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A Hybrid Method for Solving Tridiagonal Systems on the GPU

Yao Zhang Jonathan Cohen* John D. Owens
University of California, Davis *NVIDIA

1 Background

Tridiagonal linear systems are of importance to many problems in numerical analysis and computational fluid dynamics,
as well as to computer graphics applications in video games and computer-animated films. Typical applications require
solving hundreds or thousands of tridiagonal systems, which takes a majority part of total computation time. Fast parallel
solutions are critical to larger scientific simulations, interactive computations of special effects in films, and real-time
applications in video games.

In this article, we study the performance of multiple tridiagonal algorithms on a GPU. We design a novel hybrid algorithm
that combines a work-efficient algorithm with a step-efficient algorithm in a way well-suited for a GPU architecture. We
also develop a differential technique to measure and analyze the performance of GPU programs. The technique allows us
to estimate the cost of critical performance factors such as bank conflicts, computation, synchronization overhead.

‘We hope this article will benefit parallel computing researchers, computer graphics developers, and general GPU program-
mers by (1) a detailed description of how an efficient tridiagonal solver is implemented on the GPU, (2) our discussion
of hybrid parallelism, which improves overall performance when work-efficient and step-efficient algorithms are both
available, and (3) our performance analysis technique that can be applied to other applications as well.

2 Problem Statement

We wish to solve a system of n linear equations of the form Az = d, where A is a tridiagonal matrix
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A sequential Gaussian elimination algorithm requires O(n) computation steps to solve this system. Since the 1960s, a
variety of parallel algorithms have been developed to solve a tridiagonal system in O(log, n) steps on vector supercom-
puters. Notable among these are cyclic reduction (CR) [3], parallel cyclic reduction (PCR) [3], recursive doubling [10],
and partition methods [11].

We notice that CR enjoys linear algorithm complexity but suffers from more algorithmic steps and bank conflicts, while
PCR has fewer algorithmic steps but do more work each step. To combine the merits of the two algorithms, we propose a
hybrid CR-PCR algorithm tailored for the GPU architecture. We also provide detailed performance analysis of all three
solvers: CR, PCR, and the hybrid solver, to gain insights into why a certain solver performs better or worse.



3 Related Work

The tridiagonal solver was first implemented on a GPU by Kass et al. [4] to perform efficient depth-of-field blurs. Their
solver was based on CR and was written in a GPU shading language. Sengupta et al. implemented CR with CUDA, and
applied it to real-time shallow water simulation [5, 7]. Sakharnykh simulated 3D viscid incompressible fluid on the GPU
by using the serial Thomas algorithm to solve thousands of tridiagonal systems in parallel [6]. His solver achieves high
performance when there are a large number of systems available. Goddeke et al. developed a bank-conflicts-free GPU
implementation of CR at the expense of 50% more on-chip storage, and employed it as a line relaxation smoother in a
multigrid solver [2]. Egloff developed a GPU-based PCR solver to solve one dimensional PDEs with finite difference
schemes [1]. The work by Shishkovtsov et al [9] is most similar to ours in nature. They designed a hybrid solver based
on the Thomas algrithm and PCR, and applied it to the simulation of depth-of-field effects. In this article, we expand on
and extend our previous work on hybrid tridiagonal solvers [12].

4 Algorithm Review

In this section, we review the classic sequential algorithm, the parallel cyclic reduction algorithm and its variant parallel
cyclic reduction.

4.1 The Thomas Algorithm

The Thomas algorithm is Gaussian elimination in the tridiagonal matrix case. The algorithm has two phases, forward
elimination and backward substitution. In the first phase, we eliminate the lower diagonal by
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The second phase solves all unknowns from last to first:
Ty = d;,:El = d; — C;l‘i_i_l.

The algorithm is simple, but inherently serial and takes 2n computation steps, because the calculation of ¢}, d., and z;
depends on the result of the immediately preceding calculation of ¢,_,, d}_;, and z;41.

4.2 Cyclic Reduction (CR)

CR consists of two phases, forward reduction and backward substitution. The forward reduction phase successively
reduces a system to a smaller system with half the number of unknowns, until a system of 2 unknowns is reached. The
backward substitution phase successively determines the other half of the unknowns using the previously solved values.

In each step of forward reduction, we update all even-indexed equations in parallel with equation ¢ of the current system as
a linear combination of equations ¢, ¢ + 1 and 7 — 1, so that we derive a system of only even-indexed unknowns. Equation
i has the form a;x;—1 + b;x; + ¢;x;41 = d;. The updated values of a;, b;, ¢; and d; are
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In each step of backward substitution, we solve all odd-indexed unknowns z; in parallel by substituting the already solved
x;—1 and z; 4 values to equation ¢,
d; — agxi_l - C;$i+1
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Step 1: Forward Reduction
Reduced to a 4-unknown system

Step 2: Forward Reduction
Reduced to a 2-unknown system

Step 3: Solve 2-unknown system

Step 4: Backward Substitution
Solve the rest 2 unknowns

Step 5: Backward Substitution
Solve the rest 4 unknowns

Figure 1: Communication pattern for CR in the 8-unknown case, showing the dataflow between each equation, labeled el
to e8. Letters ¢’ and e” stand for updated equation.
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Step 2

Step 2
Reduced to 4 2-unknown systems
Step 2

Step 2

Step 3 Solve the 4 2-unknown systems
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Figure 2: Communication pattern for PCR in the 8-unknown case, showing the dataflow between each equation, labeled
el to e8. Letters ¢’ and e stand for updated equations. Equations in a yellow rectangle form a system. We omit the
arrows in step 2 for clarity.

Note that for the sake of simplicity, in the above description, we disregard the special treatment of the last equation and the
first unknown respectively in the two algorithm phases. Also, we solve a 2-unknown system between the two algorithm
phases. Figure 1 shows the communication pattern of the algorithm for an 8-unknown system.

Both the parallel CR algorithm and the serial Thomas algorithm perform a number of operations that are linear in the
number of unknowns. The Thomas algorithm performs 8n operations while CR performs 17n operations. However, on a
parallel computer with n processors, CR requires 2 log, n steps while the Thomas algorithm requires 2n steps.

4.3 Parallel Cyclic Reduction (PCR)

PCR is a variant of CR. In contrast to CR, PCR only has the forward reduction phase. Although the reduction mechanism
and formula are the same as those of CR, in each reduction step, PCR reduces each of the current systems to two systems
of half size. For example, for an 8-unknown system, we reduce it to two 4-unknown systems in step 1 (see Figure 2),
then further reduce the two 4-unknown systems to four 2-unknown systems in step 2, and finally solve the four systems in
step 3. PCR takes 12nlog,n operations and logyn steps to finish. PCR requires fewer algorithmic steps than CR but does
asymptotically more work per step.

S A Hybrid Solver

First, we call CR a work-efficient algorithm and PCR a step-efficient algorithm, because CR requires 17n arithmetic
operations in 2 log, n algorithmic steps, while PCR requires 12nlog,n operations in logsn steps. CR has inefficient steps
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(a) CR: 2log,8 = 6 steps. (b) PCR: log,8 = 3 steps. (c) Hybrid: 2 4 log,4 = 4 steps.
The vector unit is partially idle during the mid- The vector unit is fully utilized across all steps. The vector unit is fully utilized across all steps.
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Figure 3: Comparison between the CR, PCR and hybrid algorithms in terms of algorithmic steps and work per step for
solving an 8-unknown system. A dot stands for a unit of work, and a row of dots stands for an algorithmic step. We
assume the length of vector unit is 4 in this example.
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Figure 4: Hybrid algorithms for an 8-known system. Letter e stands for equation, and ¢’ stands for updated equation.

where it lacks parallelism to keep the vector unit fully utilized (the amount of parallelism needs to be at least the warp size
32 in the CUDA case); PCR takes longer time per step, although it always keeps the vector unit in full occupancy. This
observation motivates a hybrid method. By switching from CR to PCR when there is insufficient parallelism, we are able
to reduce both the amount of work and the inefficient algorithmic steps as shown in Figure 3. Sengupta et al. use a similar
idea to combine a step-efficient scan algorithm with a work-efficient one for implementation on a GPU [8].

The hybrid algorithm first reduces the system to a certain size using the forward reduction phase of CR, then solves the
reduced (intermediate) system with PCR. Finally, it substitutes the solved unknowns back into the original systems using
the backward substitution phase of CR. Figure 4 shows the hybrid method schematically. In this example, we switch to
PCR before the forward reduction has reached a 2-unknown system. PCR enables us to finish the inefficient middle steps
more quickly, because they have fewer algorithmic steps than CR.

6 Implementation

To solve hundreds of tridiagonal systems simultaneously, we map the solver to the GPU’s two-level hierarchical architec-
ture with systems mapped to blocks and equations mapped to threads. We use shared memory to keep most communica-
tion between threads on chip. Although all parallel algorithms are general for any system size, our solvers only handle a
power-of-two system size, which makes thread numbering and address calculation simpler. In the following subsections,
we will walk through the implementation details of the tridiagonal solvers.



6.1 Cyclic Reduction

We first setup the kernel execution parameters as shown in Listing 1. The number of CUDA blocks is the number of
systems, since every single system is mapped to one CUDA block. The number of threads per block is half the number of
equations per system, since we start with updating only even-indexed equations in the first algorithmic step. The template
parameter T allows us to choose either single-precision or double-precision floating point data type.

We use five global arrays to store three matrix diagonals (a: lower diagonal, b: main diagonal, c: upper diagonal), one
right-hand side d, and one solution vector x. These five arrays store the data of all systems continuously, with the data
of the first system stored at the beginning of the arrays, followed by the second system, the third system, and so on. The
amount of shared memory we allocate for each CUDA block or each tridiagonal system is systemSize * 5 * sizeof(T)
bytes.

Listing 1: Kernel setup for CR
dim3 grid(numSystems, 1, 1);

dim3 threads (sizeSystem/2, 1, 1);
crKernel<<< grid, threads, systemSize x 5 x sizeof(T) >>>(a, b, c, d, x);

The forward reduction phase (Listing 2) takes log,(sizeSystem/2) algorithmic steps. All five arrays a, b, ¢, d, and
x are shared memory arrays with data loaded from global memory. The stride starts with 1, and double its value every
algorithmic step. The number of active threads decreases by half every algorithmic step. We always enable contiguously
ordered threads as active threads so that we do not have unnecessary divergent branches within a SIMD unit.

To unify the special treatment to the last equation, we set iRight to systemSize - 1 if iRight is equal or larger than
systemSize. This technique takes the advantage of the fact that c[systemSize - 1] = 0, and more and more zeros are
introduced to the array c along the algorithmic steps.

Listing 2: Forward reduction in CR

int stride = 1;
for (int j 0; J < numSteps; j++)
{

__syncthreads();
stride x= 2;
int delta = stride / 2;
if (threadIdx.x < numThreads)
{
int 1 = stride * threadIdx.x + stride - 1;
int iLeft = i - delta;
int iRight = i + delta;
if (iRight >= systemSize) iRight = systemSize - 1;

T tmpl = a[i] / b[iLeft];
T tmp2 = c[i] / bliRight];

b[i] = b[i] - c[iLeft] % tmpl - a[iRight] * tmp2;
d[i] = d[i] - d[iLeft] * tmpl - d[iRight] x tmp2;
ali] = —al[ileft] * tmpl;
c[i] = -c[iRight] * tmp2;

numThreads /= 2;

}

At the beginning of the backward substitution phase (Listing 3), we solve a 2-unknown system produced at the final stage
of forward reduction. Then we have log,(sizeSystem/2) algorithmic steps to solve all rest unknowns. We double the
number of active threads every algorithmic step.

Listing 3: Backward substitution in CR
if (threadIdx.x < 2)



int addrl = stride - 1;
int addr2 = 2 * stride - 1;

T tmp3 = bl[addr2] % bl[addrl] - claddrl] = aladdr2];
x[addrl] = (bl[addr2] = d[addrl] - claddrl] = d[addr2]) / tmp3;
x[addr2] = (d[addr2] = bladdrl] - d[addrl] x aladdr2]) / tmp3;
}
numThreads = 2;
for (int j = 0; j < numSteps; Jj++)

{
int delta = stride/2;
__syncthreads () ;
if (threadIdx.x < numThreads)
{
int i = stride % threadIdx.x + stride / 2 - 1;

if (i == delta - 1)
x[1] = (d[i] - c[i] » x[1 + delta]) / bli];
else
x[1] = (d[i] - ali] * x[i - delta] - c[i] % x[it+deltal]) / bl[il;

stride /= 2;
numThreads x= 2;

6.2 Parallel Cyclic Reduction

As in CR, we set the number of CUDA blocks to the number of systems. But in contrast to CR, we set the number of
threads per block to the number of equations per system, since in PCR we update all equations, rather than half equations,
during an algorithmic step (Listing 4). Furthermore, the number of active threads keeps constant as the number of
equations through all algorithmic steps (Listing 5).

To unify the special treatment to the first equation and the last equation, we set iRight to systemSize - 1 if iRight is equal
or larger than systemSize, and iLeft to 0 if iLeft is equal or less than O (Listing 5). This technique takes the advantage
of the fact that a[0] = 0 and c[systemSize - 1] = 0, and more and more zeros are introduced to the array a and ¢ along the
algorithmic steps.

Listing 4: Kernel setup for PCR

dim3 grid(numSystems, 1, 1);
dim3 threads(sizeSystem, 1, 1);
pcrKernel<<< grid, threads, systemSize % 5 x sizeof(T) >>>(a, b, c, d, x);

Listing 5: PCR

for (int j = 0; J <numSteps; Jj++)
{

int i = threadIdx.x;

int iRight = i+delta;

if (iRight >= systemSize) iRight = systemSize - 1;

int iLeft = i-delta;

if (iLeft < 0) iLeft = 0;

T tmpl = a[i] / bliLeft];
c

[i
T tmp2 = c[i] / b[iRight];
bNew = b[i] - c[ileft] » tmpl - a[iRight] * tmp2;
dNew = d[i] - d[iLeft] * tmpl - d[iRight] x tmp2;
aNew = —-a[ilLeft] * tmpl;
cNew = —-c[iRight] * tmp2;



__syncthreads () ;

b[i] = bNew;
d[i] = dNew;
ali] = aNew;
cl[i] = cNew;
delta *=2;

__syncthreads();

}

if (threadIdx.x < delta)
{
int addrl = threadIdx.x;
int addr2 = threadIdx.x + delta;

T tmp3 = bl[addr2] % bl[addrl] - claddrl] x aladdr2];
x[addrl] = (b[addr2] = d[addrl] - claddrl] = d[addr2]) / tmp3;
x[addr2] = (d[addr2] = bladdrl] - d[addrl] x aladdr2]) / tmp3;

6.3 The Hybrid Solver

The implementation of hybrid solver is straightforward once we have the implementations of CR and PCR. To prepare
for the PCR stage, we copy the data of the intermediate system to another contiguous space in shared memory. The copy
takes little time and extra storage space for the intermediate system, but makes the solver more modular, so that we can
directly plug the PCR solver into the intermediate system.

7 Performance Results

Our test platform uses a 2.5 GHz Intel Core 2 Q9300 quad-core CPU, a GTX 280 graphics card with 1 GB video memory,
CUDA 2.0 and the CentOS 5 Linux operating system.

We experimented with different sizes of intermediate systems to find the sweet spot for the hybrid solver to switch from
CR to PCR as shown in Figure 5. The hybrid solver outperforms CR and PCR in all cases with 256 as the best switch
point.

Figure 6 compares the results of various GPU and CPU solvers. The CPU solvers include a Gaussian elimination tridiag-
onal solver without pivoting (GE), a multi-threaded GE solver (MT), and a Gaussian elimination tridiagonal solver with
pivoting (GEP). The MT solver is an OpenMP implementation developed by us with multiple threads solving multiple
systems simultaneously. We use four threads for the MT solver with each thread running on one CPU core.

The CPU-GPU data transfer takes a significant amount of time as shown by the yellow bar in Figure 6. Whether or not we
should include the cost of the CPU-GPU data transfer depends on the application scenario. Transfer time can be ignored
if the GPU solver is used locally as a part of a GPU program (for example, GPU fluid simulation [7] and depth-of-field
effects [4]). It should be considered if the GPU solver is used as an accelerator for a part of a CPU program.

8 Performance Analysis

We use a differential technique to measure the time for each part of the algorithm. We first comment out the whole code,
then uncomment it incrementally in program order and measure execution time. Finally, we calculate the time difference
between all neighboring timing results. This way we obtain the time spent on each algorithmic step. To estimate the
overhead of bank conflicts, we replace the memory access pattern with a bank-conflicts-free pattern, and then measure the
timing difference.
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Figure 5: Timings for the hybrid solver with various intermediate system sizes. Problem size: 512 512-unknown systems.
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Figure 6: Performance comparison of various GPU and GPU solvers. Problem size: 512 512-unknown systems. PCI-E:
CPU-GPU PCI-Express data transfer. MT GE: a four-threaded CPU Gaussian elimination solver. GE: a CPU Gaussian
elimination solver. GEP: a CPU Gaussian elimination solver with pivoting from LAPACK. All CPU and GPU solvers use
single-precision floating point arithmetic.
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Figure 7: Runtime breakdown by algorithmic steps. Problem size: 512 512-unknown systems. CR requires 18 steps
including including 1 step for global memory access, 8 forward reduction steps and 9 backward substitution steps. PCR
requires 9 steps including 1 step for global memory access and 8 forward reduction steps. The hybrid solver requires 12
steps including 1 step for global memory access, 1 CR forward reduction step, 1 step for data copy of the intermediate
system, 8 PCR step, and 1 CR backward substitution step. (For simplicity, we count the global memory read and write as
one step)

8.1 Runtime Breakdown

Figure 7 shows how much time is spent on each step of CR, PCR and the hybrid solver. PCR is twice as fast as CR, mainly
because it has half the number of steps of CR. Although PCR’s theoretical amount of work per step more than CR’s, PCR
takes less time per step in reality, which results from the fact that CR suffers from bank conflicts and control overhead, as
will be discussed in the next subsection.

The hybrid solver achieves the best runtime by making a balance between the number of steps and the amount of work
per step. It first reduces the system size by half by CR’s forward reduction, then solve the reduced-size system by PCR,
and in the end compute the other half of unknowns by CR’s backward substitution. The hybrid solver takes much less
time per step than PCR and CR, because it mostly works on the reduced-size system using PCR, which is free from bank
conflicts and has fewer algorithmic steps and thus less control overhead. The system size reduction is at the cost of more
CR steps, but overall saves the total computation time.

8.2 Bank Conflicts and Control Overhead

Bank conflicts in shared memory access turn out to have a significant impact on the performance of CR. Figure 8 shows
that the penalty of bank conflicts can be as high as 4.8x in the forward reduction phase of CR. Apart from bank conflicts,
we found that the synchronization overhead included in each algorithmic step is substantial. In the forward reduction
phase of CR, we reduce the amount work by half every step, but the execution time almost remains same (blue bars
in Figure 8), which means the overall execution time depends primarily on the control and synchronization overhead
included in algorithmic steps rather than the amount of work per step. The significant overhead of bank conflicts and
synchronization makes the CR-to-PCR switching in the hybrid solver even more preferable besides the work-efficiency
and step-efficiency point of view.
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9 Additional Work

If the editors are interested, we would like to add to the article two on-going extensions of this work, (1) performance
auto-tuning, and (2) the PCR-Thomas hybrid algorithm.

(1) Performance auto-tuning: we would like to generate the optimal configuration of CUDA block size and hybrid algo-
rithm switch point, according to different tridiagonal system sizes and GPU models.

(2) The PCR-Thomas hybrid algorithm: the work-efficient Thomas algorithm and step-efficient PCR can produce another
hybrid algorithm. Our experiment shows that the hybrid PCR-Thomas solver achieves similar performance with the hybrid
CR-PCR solver. The PCR-Thomas solver was used in the video game Metro 2033 for the simulation of depth-of-field
effects [9].

10 Summary

We have discussed hybrid parallelism in the GPU context and demonstrated an efficient hybrid tridiagonal solver that
achieves 2.5x, 1.3x and 12x speedup over CR, PCR, and a multi-threaded CPU solver respectively. We develop a differ-
ential analysis technique for performance analysis. By applying this technique to tridiagonal solvers, we have shown how
and why the superior performance can be achieved with a hybrid solver.

Source Code

We have integrated the solvers into CUDA Data Parallel Primitives Library (CUDPP). The source code is available at:
http://cudpp.googlecode.com/svn/branches/tridiagonal/cudpp/
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