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Abstract

Uniqueness of VOA structure of 3C-algebra and 5A-algebra

by

Wen Zheng

In this thesis, we study the structure of 3C-algebra and 5A-algebra constructed by

Lam-Yamada-Yamauchi. We mainly use relevant braiding matrices to establish

the uniqueness of the vertex operator algebra structure of these two algebras.

Besides, we also give the fusion rules for these two algebras.

Keywords: Vertex operator algebra, Fusion rule, Quantum dimension
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Chapter 1

Introduction

The Monster simple group M [18] is generated by some 2A-involutions and the

conjugacy class of the product ττ ′ of two 2A-involutions is one of the nine classes

1A, 2A, 3A, 4A, 5A, 6A, 4B, 2B and 3C in M [5]. Moreover, each 2A-involution τ

defines a unique idempotent eτ in the Monster Griess algebra, which is called an

axis. The inner product of eτ and eτ ′ is uniquely determined by the conjugacy

class of the product of two 2A-involutions ττ ′. From the construction of the moon-

shine vertex operator algebra V \ [17] we know that the Monster Griess algebra is

the weight two subspace V \
2 of the V \. It was discovered in [13] that V \ contains

48 Virasoro vectors, each Virasoro vector generates a Virasoro vertex operator

algebra isomorphic to L(1
2 , 0) in V \ and L(1

2 , 0)⊗48 is a conformal subalgebra of

V \. Such a Virasoro vector is called an Ising vector. Miyamoto [27] later realized

that 2eτ is an Ising vector for any 2A-involution τ. Conversely, for an Ising vector

e in V \
2 , one can construct a 2A-involution τe which is called Miyamoto involu-

tion. Thus there is a one-to-one correspondence between 2A-involutions of M and

Ising vectors of V \. According to a result in [5], the structure of the subalgebra

generated by two Ising vectors e and f in the algebra V \
2 depends on only the

conjugacy class of τeτf . For the nine classes 1A, 2A, 3A, 4A, 5A, 6A, 4B, 2B and
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3C, the inner product 〈e, f〉 are 1
4 ,

1
25 ,

13
210 ,

1
27 ,

3
29 ,

5
210 ,

1
28 , 0, 1

28 , respectively.

It is natural to ask what the vertex operator subalgebra generated by two

Ising vectors in an arbitrary vertex operator algebra is. A beautiful result given

in [28] asserts that the inner product of any two different Ising vectors again take

these 8 values as in the case of the moonshine vertex operator algebra. In [24],

[25], for each of the nine cases, they constructed a subalgebra of V√2E8
, which is

generated by two Ising vectors. These vertex operator algebras generated by two

Ising vectors are simply called 1A, 2A, 3A, 4A, 5A, 6A, 4B, 2B and 3C-algebras,

denoted by UnX . But this raises two more questions: (1) Is the vertex operator

algebra structure of these algebras constructed in [24], [25] unique? (2) Is any

vertex operator algebra generated by two Ising vectors isomorphic to one of these

9 algebras? The uniqueness of VOA structure of U6A has been given in [7]. In

[29], they proved the VOA generated by two Ising vectors whose inner product

is 13
210 has a unique VOA structure, so 3A case in question (2) has been solved

thoroughly.

Now consider the uniqueness of VOA structure of UnX-algebra where nX 6=

3A or 6A. Note that U1A ∼= L
(

1
2 , 0

)
and U2B ∼= L

(
1
2 , 0

)
⊗ L

(
1
2 , 0

)
. So the

uniqueness of VOA structure of these two algebras is trivial. We also know that

U2A ∼= L
(

1
2 , 0

)
⊗ L

(
7
10 , 0

)
⊕ L

(
1
2 ,

1
2

)
⊗ L

(
7
10 ,

3
2

)
is a simple current extension of

the subVOA L
(

1
2 , 0

)
⊗L

(
7
10 , 0

)
, U4B ∼= L

(
1
2 , 0

)
⊗L

(
7
10 , 0

)
⊗L

(
7
10 , 0

)
⊕L

(
1
2 ,

1
2

)
⊗

L
(

7
10 ,

3
2

)
⊗L

(
7
10 , 0

)
⊕L

(
1
2 ,

1
2

)
⊗L

(
7
10 , 0

)
⊗L

(
7
10 ,

3
2

)
⊕L

(
1
2 ,

1
2

)
⊗L

(
7
10 ,

3
2

)
⊗L

(
7
10 ,

3
2

)
is a simple current extension of the subVOA L

(
1
2 , 0

)
⊗ L

(
7
10 , 0

)
⊗ L

(
7
10 , 0

)
, so

the uniqueness of the VOA structure of U2A and U4B follows from [12], also see

Remark 2.5.4. U4A ∼= V +
N , So U4A, U5A and U3C are the three nontrivial cases left.

In this paper, we only consider the uniqueness of VOA structure of U5A and U3C .

The main idea is to use relevant braiding matrices.
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This thesis is organized as follows. In Chapter 2, we review some basic notions

and some well known results in the vertex operator algebra theory. In Chapter 3,

we study the structure of the 5A-algebra and prove the uniqueness of the vertex

operator algebra structure on U5A. In Chapter 4, we study the structure of the

3C-algebra and prove the uniqueness of the vertex operator algebra structure on

U3C . In Chapter 5, we give fusion rules of the 5A-algebra and 3C-algebra.
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Chapter 2

Preliminaries

2.1 Basics

We first state the definition of vertex operator algebra from [4], [17].

Definition 2.1.1. A vertex operator algebra (V, Y,1, ω) is a Z-graded vector space

with a linear map

Y : V → (EndV )[[z, z−1]]

v 7→ Y (v, z) =
∑
n∈Z

vnz
−n−1, vn ∈ EndV

called the vertex operator of v for each v ∈ V satisfying:

(1) For any u, v ∈ V , unv = 0 for n sufficiently large.

(2) There is a specific element 1 ∈ V0 called the vaccum such that

Y (1, z) = IdV ,

v−11 = v, vn1 = 0 for n ≥ 0.

(3) There is a specific element ω ∈ V2 called the Virasoro element such that

4



(i) {L(n) := ωn+1} is a Virasoro algebra generator, that is , they satisfy

[L(m), L(n)] = (m− n)L(m+ n) + δm+n,0
m3 −m

12 c

where c ∈ C is called the rank of V .

(ii) The L(−1)-derivative property:

[L(−1), Y (v, z)] = d

dz
Y (v, z)

(iii) L(0)|Vn = n · IdVn.

(4)Jacobi identity: For any u, v ∈ V ,

z−1
0 δ

(
z1 − z2

z0

)
Y (u, z1)Y (v, z2)− z−1

0 δ
(
z2 − z1

−z0

)
Y (v, z2)Y (u, z1)

= z−1
2 δ

(
z1 − z0

z2

)
Y (Y (u, z0)v, z2),

where δ(z) = ∑
n∈Z

zn and all binomial expressions (here and below) are to be ex-

panded in nonnegative integral powers of the second variable.

From now on, we denote by (V, Y,1, ω) a vertex operator algebra. Next we

recall notions of weak, admissble and ordinary modules from [17], [31], [9].

Definition 2.1.2. A weak V -module M is a vector space equipped with a linear

map

YM : V → (EndM)[[z, z−1]]

v 7→ YM(v, z) =
∑
n∈Z

vnz
−n−1, vn ∈ EndM,

5



which satisfies the following conditions: for u, v ∈ V , w ∈M ,

ulw = 0 for l� 0,

YM(1, z) = IdM ,

z−1
0 δ

(
z1 − z2

z0

)
YM(u, z1)YM(v, z2)− z−1

0 δ
(
z2 − z1

−z0

)
YM(v, z2)YM(u, z1)

= z−1
2 δ

(
z1 − z0

z2

)
YM(Y (u, z0)v, z2).

We use Z+ to denote the set of nonnegative integers.

Definition 2.1.3. An admissible V -module M is a weak V -module which

carries a Z+-grading M = ⊕n∈Z+M(n) satisfying the following condition: for

m ∈ Z, n ∈ Z+ and homogeneous v ∈ V , vmM(n) ⊆M(wtv + n−m− 1).

Definition 2.1.4. An ordinary V -module M is a weak V -module which carries

a C-grading M = ⊕λ∈CMλ, where Mλ = {w ∈ M |L(0)w = λw} and L(0) is the

component operator of Y (ω, z) = ∑
n∈Z L(n)z−n−2. We also require that dimMλ

is finite and for fixed λ, Mλ+n = 0 for small enough n ∈ Z. From now on, if we

say M is a V -module, we mean M is an ordinary V -module.

Definition 2.1.5. A vertex operator algebra V is said to be rational if the ad-

missible module category is semisimple.

Definition 2.1.6. A vertex operator algebra V is called C2-cofinite if it satisfies

dim V/C2(V ) <∞, where C2(V ) = 〈u−2v|u, v ∈ V 〉.

It is proved in [9] that if V is rational, then there are finitely many inequivalent

irreducible admissible modules M0,M1, . . . ,Md and each irreducible admissible
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module is an ordinary module. Each M i has weight space decomposition

M i = ⊕n∈Z+M
i
λi+n,

where λi ∈ C is a complex number such thatM i
λi
6= 0 andM i

λi+n is the eigenspace

of L(0) with eigenvalue λi + n. The λi is called the conformal weight of M i. If

V is both rational and C2-cofinite, then each λi and the central charge of V are

rational numbers [10].

For a vertex operator algebra V , the following skew symmetry property [16]

Y (u, z)v = ezL(−1)Y (v,−z)u

for u, v ∈ V is useful later.

Definition 2.1.7. A vertex operator algebra V is said to be CFT type if V =

⊕n∈Z+Vn and V0 = C1.

We say V is simple if as a V -module, V is irreducible. If V is both rational

and CFT type, then it is easy to see that V is simple.

The following lemma from [7] will be used later.

Lemma 2.1.8. Let (V, Y,1, ω) be a vertex operator algebra and σ : V → V be a

linear isomorphism such that σ (1) = 1, σ (ω) = ω. Then (V, Y σ,1, ω) is a vertex

operator algebra where

Y σ(u, z) = σY (σ−1u, z)σ−1

and (V, Y,1, ω) ∼= (V, Y σ,1, ω).
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2.2 Ising vector

Definition 2.2.1. A vector e ∈ V2 is called a conformal vector with central

charge ce if it satisfies e1e = 2e and e3e = ce
2 1. Then the operators Len :=

en+1, n ∈ Z, satisfy the Virasoro commutation relation

[Lem, Len] = (m− n)Lem+n + δm+n, 0
m3 −m

12 ce

for m, n ∈ Z. A conformal vector e ∈ V2 with central charge 1/2 is called an Ising

vector if e generates the simple Virasoro vertex operator algebra L(1/2, 0).

2.3 Invariant bilinear form

LetM = ⊕λ∈CMλ be a V -module. The restricted dual ofM is defined byM ′ =

⊕λ∈CM∗
λ where M∗

λ = HomC (Mλ,C) . It is proved in [16] that M ′ = (M ′, YM ′) is

naturally a V -module such that

〈YM ′ (v, z) f, u〉 =
〈
f, YM

(
ezL(1)

(
−z−2

)L(0)
v, z−1

)
u
〉
,

for v ∈ V, f ∈ M ′ and u ∈ M , and (M ′)′ ∼= M . Moreover, if M is irreducible, so

is M ′. A V -module M is said to be self-dual if M ∼= M ′.

Let C[z1, z2] be the polynomial ring and C(z1, z2) be the field of all rational

functions in z1 and z2. Set S = {z1, z2, z1 ± z2}. Let C[z1, z2]S be the subalgebra

of C(z1, z2) generated by z±1
1 , z±1

2 and (z1± z2)−1. Define ι12 to be the linear map

ι12 : C[z1, z2]S → C[[z1, z
−1
1 , z2, z

−1
2 ]]

such that ι12(f(z1, z2)) is the formal Laurent series expansion of f(z1, z2) involving

8



only finitely many negative powers of z2. Analogously, we define the linear map

ι21(f(z1, z2)) using the opposite expansion.

Proposition 2.3.1. Let u, v, w ∈ V and w′ ∈ V ′ be arbitrary. We have:

(a) (rationality of products) The formal series

〈w′, Y (u, z1)Y (v, z2)w〉
=

∑
m,n∈Z

〈w′, umvnw〉z−m−1
1 z−n−1

2

 (2.3.1)

lies in the image of the map ι12:

〈w′, Y (u, z1)Y (v, z2)w〉 = ι12f(z1, z2), (2.3.2)

where the (uniquely determined) element f ∈ C[z1, z2]S is of the form

f(z1, z2) = g(z1, z2)
(z1 − z2)kzl1zm2

for some g ∈ C[z1, z2] and k, l,m ∈ Z, where k depends only on u and v; it is

independent of w and w′.

(b) (commutativity) We also have

〈w′, Y (v, z2)Y (u, z1)w〉 = ι21f(z1, z2), (2.3.3)

that is, in informal language,

"Y (u, z1)Y (v, z2) agrees with Y (v, z2)Y (u, z1)

as operator-valued rational functions."

Definition 2.3.2. A bilinear form 〈 , 〉 on a V -module M is said to be invariant

9



if it satisfies the condition

〈Y (a, z)u, v〉 = 〈u, Y (ezL(1)(−z−2)L(0)a, z−1)v〉

for a ∈ V, u, v ∈M .

The following result about invariant bilinear forms on V is from [26]:

Theorem 2.3.3. The space of invariant bilinear forms on V is isomorphic to the

space

(V0/L (1)V1)∗ = HomC (V0/L (1)V1,C) .

In particular, if V is a simple vertex operator algebra of CFT type with V1 = 0,

then there is a unique nondegenerate invariant bilinear form 〈 , 〉 on V satisfying

〈1,1〉 = 1 and V ∼= V ′.

2.4 Intertwining operators and fusion rules

Definition 2.4.1. Let V be a vertex operator algebra and let (M i, Y i) , (M j, Y j),(
Mk, Y k

)
be three V -modules. An intertwining operator of type

 Mk

M i M j


is a linear map

Y (·, z) : M i → Hom
(
M j, Mk

)
{z}

u 7→ Y (u, z) =
∑
n∈Q

unz
−n−1

satisfying:

(1) For any u ∈M i and v ∈M j, unv = 0 for n sufficiently large;

(2) Y(L−1v, z) =
(
d
dz

)
Y (v, z) for v ∈M i;

10



(3) (Jacobi Identity) For any u ∈ V, v ∈M i,

z−1
0 δ

(
z1 − z2

z0

)
Y k (u, z1)Y (v, z2)− z−1

0 δ
(−z2 + z1

z0

)
Y (v, z2)Y j (u, z1)

= z−1
2

(
z1 − z0

z2

)
Y
(
Y i (u, z0) v, z2

)
.

The space of all intertwining operators of type

 Mk

M i M j

 is denoted by the

symbol IV

 Mk

M i M j

. Without confusion, we also denote it by Iki,j. Let Nk
i, j =

dim Iki,j. These integers Nk
i,j are called the fusion rules.

Definition 2.4.2. Let M1 and M2 be V -modules. A tensor product for the

ordered pair (M1,M2) is a pair (M,Y (·, z)) which consists of a V -module M

and an intertwining operator Y (·, z) of type

 W

M1 M2

 satisfies the following

universal property: For any V -module W and any intertwining operator I (·, z) of

type

 W

M1 M2

, there exists a unique V -homomorphism φ from M to W such

that I (·, z) = φ ◦ Y (·, z) . From the definition it is easy to see that if a tensor

product of M1 and M2 exists, it is unique up to isomorphism. In this case, we

denote the fusion product by M1 �V M
2.

Let V 1 and V 2 be vertex operator algebras. Let {M i , i = 1, 2, 3} be V 1-

modules, and {N i, i = 1, 2, 3} be V 2-modules. Then {M i ⊗ N i, i = 1, 2, 3} are

V 1 ⊗ V 2-modules by [16]. The following property was given in [3]:

Proposition 2.4.3. If NM3

M1,M2 <∞ or NN3

N1,N2 <∞, then

NM3⊗N3

M1⊗N1,M2⊗N2 = NM3

M1,M2NN3

N1,N2 .

11



2.5 Simple current extensions

Definition 2.5.1. Let V be a simple VOA. An irreducible V module U is called a

simple current V -module if for any irreducible V -moduleM , the fusion product

U �M is also irreducible.

Definition 2.5.2. A VOA is graded by an abelian group G if V = ⊕g∈GV g, and

unv ∈ V g+h for any u ∈ V g, v ∈ V h, and n ∈ Z.

Definition 2.5.3. Let V = ∑
g∈G V

g be a simple G-graded VOA such that V g 6= 0

for all g ∈ G, then V is called a G-graded simple current extension if all V g, g ∈ G

are simple current V 0-modules.

By [12], we have the following proposition:

Proposition 2.5.4. Let V = ∑
g∈G V

g be a simple G-graded VOA which is a sim-

ple current extension of V 0. Then the VOA structure of V is determined uniquely

by the V 0-module structure of V .

2.6 Quantum dimensions

Definition 2.6.1. An automorphism g of a vertex operator algebra V is a linear

isomorphism of V satisfying g(ω) = ω and gY (v, z)g−1 = Y (gv, z) for any v ∈ V .

We denote by Aut(V ) the group of all automorphisms of V .

For a subgroup G ≤ Aut(V ) the fixed point set V G = {v ∈ V |g(v) =

v, for any g ∈ G} has a vertex operator algebra structure. By [11], [8], we have the

following:

Theorem 2.6.2. Suppose that V is a simple vertex operator algebra and that G

is a finite group of automorphisms of V . Then the following hold:

12



(i) V = ⊕χ∈Irr(G)V
χ, where V χ is the subspace of V on which G acts according

to the character χ. Each V χ is nonzero;

(ii) For χ ∈ Irr (G), each V χ is a simple module for the G-graded vertex

operator algebra CG⊗ V G of the form

V χ = Mχ ⊗ Vχ,

whereMχ is the simple G-module affording χ and where Vχ is a simple V G-module.

(iii) The map Mχ 7→ Vχ is a bijection from the set of inequivalent simple

G-modules to the set of inequivalent simple V G-modules which are contained in

V .

Now we recall the notion of quantum dimensions from [6]. LetM = ⊕n∈Z+Mλ+n

be a V -module. The formal character of M is defined to be

chqM = trMqL(0)−c/24 = qλ−c/24 ∑
n∈Z+

(dimMλ+n)qn.

It is proved in [31] and [10] that chqM converges to a holomorphic function on

the domain |q| < 1 if V is C2-cofinite. We sometimes also use ZM(τ) to denote

the holomorphic function chqM with variable τ in the complex upper half-plane

H and q = e2πiτ . By [6], we have the following:

Definition 2.6.3. Let M be a V -module such that ZV (τ) and ZM(τ) exist. The

quantum dimension of M over V is defined as

q dimV M = lim
y→0

ZM(iy)
ZV (iy) ,

where y is real and positive. Sometimes we use an alternative definition which

13



involves the q-characters:

q dimV M = lim
q→1−

chqM
chqV

.

We have the following results [6], [3]:

Theorem 2.6.4. Let V be a rational and C2-cofinite simple vertex operator alge-

bra, G, Vχ and Mχ are defined as in Theorem 2.6.2. Assume V is g-rational and

the conformal weight of any irreducible g-twisted V -module is positive except for

V itself for all g ∈ G. Then

q dimV G Vχ = dimMχ.

Proposition 2.6.5. Let V be a rational and C2-cofinite simple vertex operator

algebra of CFT type with V ∼= V ′. Let M0, M1, · · · , Md be all the inequivalent

irreducible V -modules with M0 ∼= V . The corresponding conformal weights λi

satisfy λi > 0 for 0 < i ≤ d. Then

(i) q dimV (M i �M j) = q dimV M
i · q dimV M

j, for any i, j ∈ {0, 1, . . . , d}.

(ii) A V -module M i is simple current if and only if q dimV M
i = 1.

(iii) q dimV M
i ∈ {2 cos (π/n) |n ≥ 3} ∪ {a|2 ≤ a <∞, a is algebraic} .

Remark 2.6.6. Let U and V be a vertex operator algebra under the same as-

sumption with Proposition 2.6.5, M be a U-module and N be a V -module. Then

q dimU⊗V M ⊗N = q dimU M · q dimV N.

2.7 The unitary series of the Virasoro VOAs

From now on we always assume p, q ∈ {2, 3, 4, ...}, and p, q are relatively prime.

14



Definition 2.7.1. An ordered triple of pairs of integers ((m,n) , (m′, n′) , (m′′, n′′))

is called admissible if 0 < m,m′, m′′ < p, 0 < n, n′, n′′ < q, m + m′ + m′′ < 2p,

n+n′+n′′ < 2q, m < m′+m′′, m′ < m+m′′, m′′ < m+m′, n < n′+n′′, n′ < n+n′′,

n′′ < n + n′, and the sums m + m′ + m′′, n + n′ + n′′ are odd. We identify the

triples ((m,n) , (m′, n′) , (m′′, n′′)) and ((m,n) , (p−m′, q − n′) , (p−m′′, q − n′′)).

Let cp,q = 1 − 6(p−q)2

pq
, hm,n = (np−mq)2−(p−q)2

4pq , 0 < m < p, 0 < n < q.

L (cp,q, hm,n) is the irreducible highest weight representation of the Virasoro al-

gebra L with highest weight (cp,q, hm,n). Then L (cp,q, 0) has a VOA structure.

Moreover, we have the following results [30]:

Theorem 2.7.2. The vertex operator algebra L (cp,q, 0) is rational and the mini-

mal modules L (cp,q, hm,n), 0 < m < p, 0 < n < q are all irreducible representations

of L (cp,q, 0).

Theorem 2.7.3. The fusion rules between L (cp,q, 0)-modules L (cp,q, hm′,n′) and

L (cp,q, hm′′,n′′) are

L (cp,q, hm′,n′) � L (cp,q, hm′′,n′′) =
∑

(m,n)
N

(m,n)
(m′,n′),(m′′,n′′)L (cp,q, hm,n) ,

where N (m,n)
(m′,n′),(m′′,n′′) is 1 if and only if ((m,n) , (m′, n′) , (m′′, n′′)) is an admissible

triple of pairs and 0 otherwise.

2.8 Braiding matrices

Let V be a rational and C2-cofinite vertex operator algebra of CFT type and

V ∼= V ′. Let A = {0, 1, 2, ..., d} and {M i, i ∈ A} be the set of all inequivalent

irreducible V -modules. Let Ia3
a1,a2 be the space of all intertwining operators of type
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 Ma3

Ma1 Ma2

 for a1, a2, a3 ∈ A. It follows from [19] that for any a1, a2, a3, a4 ∈ A

there is a braiding isomorphism Ba1,a2
a4,a3 from ∐

a∈A
Ia4
a1,a ⊗ Iaa2,a3 to ∐

a∈A
Ia4
a2,a ⊗

Iaa1,a3 . We choose a basis Ya3
a1,a2;i of the space Ia3

a1,a2 for a1, a2, a3 ∈ A and i =

1, 2, . . . , Na3
a1,a2 . Then we obtain the braiding matrices Ba1,a2

a4,a3 corresponding to

the braiding isomorphisms Ba1,a2
a4,a3 , a1, a2, a3, a4 ∈ A, whose entries are given by

(Ba1,a2
a4,a3 )(Ya4

a1,a5;i ⊗ Ya5
a2,a3;j) =

∑
a∈A

N
a4
a2,a∑
k=1

Na
a1,a3∑
l=1

(
Ba1,a2
a4,a3

)i,j;k,l
a5,a

(Ya4
a2,a;k ⊗ Yaa1,a3;l) (2.8.1)

for a5 ∈ A, i = 1, . . . , Na4
a1,a5 , j = 1, . . . , Na5

a2,a3 .

Consider the simply connected regions in C2 obtained by cutting the regions

|z1| > |z2| > 0 and |z2| > |z1| > 0 along the intersections of these regions with

R2 ⊂ C2. We denote them by R1 and R2 respectively. For a1, a2, a3, a4 ∈ A, let

Ga1,a2,a3,a4 be the space of multivalued analytic functions on

R = {(z1, z2) ∈ C2|z1, z2 6= 0, z1 6= z2}

with a suitable choice of a single valued branch which is called prefered branch

in [19] on the regions R1 and R2. Then we have linear maps

ι12 : Ga1,a2,a3,a4 →
∐
a∈A

x
λa4−λa1−λa
1 x

λa−λa2−λa3
2 C[x1, x

−1
1 , x2, x

−1
2 ][[x2/x1]]

ι21 : Ga1,a2,a3,a4 →
∐
a∈A

x
λa4−λa2−λa
2 x

λa−λa1−λa3
1 C[x1, x

−1
1 , x2, x

−1
2 ][[x1/x2]]

where λi, i ∈ A is the conformal weight of M i. These maps are injective and

generalize ι12, ι21 discussed before. We have the following result [19]:

Proposition 2.8.1. For any a1, a2, a3, a4, a5 ∈ A, any wai ∈Mai , i = 1, 2, 3, w′a4 ∈

(Ma4)′, any i, j ∈ Z satisfying 1 ≤ i ≤ Na4
a1,a5, 1 ≤ j ≤ Na5

a2,a3, the (multivalued)
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analytic function

〈w′a4 ,Y
a4
a1,a5;i(wa1 , x1)Ya5

a2,a3;j(wa2 , x2)wa3〉|x1=z1,x2=z2

defined on the region |z1| > |z2| > 0 and the (multivalued) analytic function

∑
a∈A

N
a4
a2,a∑
k=1

Na
a1,a3∑
l=1

(
Ba1,a2
a4,a3

)i,j;k,l
a5,a

· 〈w′a4 ,Y
a4
a2,a;k(wa2 , x2)Yaa1,a3;l(wa1 , x1)wa3〉|x1=z1,x2=z2

on the region |z2| > |z1| > 0 are analytic extensions of each other. We can simply

write this property in the following way:

ι−1
12 〈w′a4 ,Y

a4
a1,a5;i(wa1 , z1)Ya5

a2,a3;j(wa2 , z2)wa3〉

=
∑
a∈A

N
a4
a2,a∑
k=1

Na
a1,a3∑
l=1

(
Ba1,a2
a4,a3

)i,j;k,l
a5,a

· ι−1
21 〈w′a4 ,Y

a4
a2,a;k(wa2 , z2)Yaa1,a3;l(wa1 , z1)wa3〉.

Remark 2.8.2. By [20], for any a1, a2, a3, a4 ∈ A,

ι−1
12

〈
w′a4 ,Y

a4
a1,a5;i (wa1 , z1)Ya5

a2,a3;j (wa2 , z2)wa3

〉

where i = 1, · · · , Na4
a1,a5 , j = 1, · · · , Na5

a2,a3 , a5 ∈ A is a linearly independent set.

Now let’s recall some formulas about minimal models of Virasoro vertex op-

erator algebra given in [15]. Let α2
− = p

p′
, α2

+ = p′

p
, here p′ = p + 1. Let x =

exp
(
2πiα2

+

)
, y = exp

(
2πiα2

−

)
, [l] = xl/2 − x−l/2, [l]′ = yl/2 − y−l/2. Denote cp =

1− 6
p(p+1) with p = 2, 3, 4, · · · , h(p)

(i′ i) = 1
4 (i′2 − 1)α2

−− 1
2 (i′i− 1)+ 1

4 (i2 − 1)α−2
− =

(pi′−(p+1)i)2−1
4p(p+1) . Now we fix the central charge cp, denote L

(
cp, h

(p)
(i′,i)

)
by (i′, i). Note

that here (i′, i) is the same as (i, i′) in Theorem 2.7.3. Let (a′, a), (m′,m), (n′, n),

(c′, c), (b′, b), (d′, d) be irreducible L (cp, 0)-modules. The braiding matrices of

17



screened vertex operators have the almost factorized form (cf. (2.19) of [15]):

(
B

(a′,a),(c′,c)
(m′,m),(n′,n)

)
(b′,b),(d′,d)

= i−(m′−1)(n−1)−(n′−1)(m−1) (−1)(a−b+c−d)(n′+m)/2+(a′−b′+c′−d′)(n+m)/2 (2.8.2)

· r′ (a′,m′, n′, c′)b′,d′ · r (a,m, n, c)b,d ,

where the nonvanishing entries of r-matrices are

r (a, 1, n, c)a,c = r (a,m, 1, c)c,a = 1,

r (l ± 2, 2, 2, l)l±1,l±1 = x1/4,

r (l, 2, 2, l)l±1,l±1 = ∓x−1/4∓l/2 [1]
[l] ,

r (l, 2, 2, l)l±1,l∓1 = x−1/4 [l ± 1]
[l] , (2.8.3)

and other entries of r-matrices are given by the recursive relation

r (a,m+ 1, n, c)b,d =
∑
d1≥1

r (a, 2, n, d1)a1,d
· r (a1,m, n, c)b,d1

,

r (a,m, n+ 1, c)b,d =
∑
d1≥1

r (a,m, 2, c1)b,d1
· r (d1,m, n, c)c1,d

, (2.8.4)

for any choice of a1 and c1 compatible with the fusion rules. The r′ matrices are

given by the same formulas with the replacement x→ y, [ ]→ [ ]′ .

Remark 2.8.3. Using the above notation, we see that the central charge of the

model L
(

25
28 , 0

)
corresponds to the parameter α2

− = 7
8 with p = 7, p′ = 8. The

pairs (1, 1), (3, 1) , (5, 1) and (7, 1) correspond to the highest weights 0, 3
4 ,

13
4

and 15
2 respectively. The central charge of the model L

(
21
22 , 0

)
corresponds to the

parameter α2
− = 11

12 with p = 11, p′ = 12. The pairs (1, 1), and (7, 1) correspond
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to the highest weights 0 and 8 respectively.

Now we will prove two lemmas which will be used in the proof of the uniqueness

of 5A and 3C algebras. First we consider braiding matrix for L
(

25
28 , 0

)
-modules.

Note that P2 = L
(

25
28 ,

15
2

)
, P3 = L

(
25
28 ,

3
4

)
,P4 = L

(
25
28 ,

13
4

)
are irreducible L

(
25
28 , 0

)
-

modules. For convenience, we will denote
(
BPc,Pd
Pa,Pb

)
Pe,Pf

by
(
Bc,d
a,b

)
e,f

, for a, b, c, d,

e, f ∈ {2, 3, 4}.

Lemma 2.8.4.
(
B4,4

3,3

)
4,4
·
(
B4,4

3,3

)
2,3
−
(
B4,4

3,3

)
4,3
·
(
B4,4

3,3

)
2,4
6= 0, and

(
B4,4

3,3

)
3,2
·(

B4,4
3,3

)
4,4
−
(
B4,4

3,3

)
4,2
·
(
B4,4

3,3

)
3,4
6= 0.

Proof. Using (2.8.2), (2.8.3) and Remark 2.8.3 , we have
(
B4,4

3,3

)
4,4

= r′ (5, 3, 3, 5)5,5.

Let [l]′ = 2i sin
(

7
8πl

)
, y = exp

(
7
4πi

)
. Using (2.8.3) and (2.8.4) we obtain:

r′ (5, 3, 3, 5)5,5 = r′ (5, 2, 3, 4)4,5 · r
′ (4, 2, 3, 5)5,4 + r′ (5, 2, 3, 6)4,5 · r

′ (4, 2, 3, 5)5,6 ,

r′ (5, 2, 3, 4)4,5 = r′ (5, 2, 2, 3)4,4 · r
′ (4, 2, 2, 4)3,5 = y

1
4 · y−

1
4
[3]′

[4]′
= [3]′

[4]′
,

r′ (4, 2, 3, 5)5,4 = r′ (4, 2, 2, 6)5,5 · r
′ (5, 2, 2, 5)6,4 = y

1
4 · y−

1
4
[6]′

[5]′
= [6]′

[5]′
,

r′ (5, 2, 3, 6)4,5 = r′ (5, 2, 2, 5)4,4 · r
′ (4, 2, 2, 6)5,5 + r′ (5, 2, 2, 5)4,6 · r

′ (6, 2, 2, 6)5,5

= y5/2 [1]′ [6]′ + [4]′ [1]′

[5]′ [6]′
,

r′ (4, 2, 3, 5)5,6 = r′ (4, 2, 2, 4)5,5 · r
′ (5, 2, 2, 5)4,6 = −y−5/2 [1]′

[5]′
.

Then we have:

(
B4,4

3,3

)
4,4

= r′ (5, 3, 3, 5)5,5 = [6]′ [3]′

[5]′ [4]′
−

[1]′2
(
[4]′ + [6]′

)
[5]′2 [6]′

. (2.8.5)
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Similarly, we obtain:

(
B4,4

3,3

)
2,3

= r′ (5, 3, 3, 5)7,3 = y−1 [6]′ [7]′

[4]′ [5]′
,

(
B4,4

3,3

)
4,3

= r′ (5, 3, 3, 5)5,3 = y2 [1]′ [6]′

[4]′ [5]′
,

(
B4,4

3,3

)
2,4

= r′ (5, 3, 3, 5)7,5 = −y−3

 [1]′ [7]′
(
[4]′ + [6]′

)
[5]′2 [4]′

+
[1]′ [7]′

(
[5]′ + [7]′

)
[6]′2 [5]′

 .
(2.8.6)

From (2.8.5), (2.8.6) and a direct computation, we obtain:

(
B4,4

3,3

)
4,4
·
(
B4,4

3,3

)
2,3
−
(
B4,4

3,3

)
4,3
·
(
B4,4

3,3

)
2,4

=
√

2− 1
2 (1 + i) 6= 0. (2.8.7)

By a similar process, we obtain:

(
B4,4

3,3

)
3,2
·
(
B4,4

3,3

)
4,4

= y−1 [4]′ [3]′

[6]′ [5]′

 [6]′ [3]′

[5]′ [4]′
−

[1]′2
(
[4]′ + [6]′

)
[5]′2 [6]′


= y−1

(√
2− 1

)
, (2.8.8)

(
B4,4

3,3

)
4,2
·
(
B4,4

3,3

)
3,4

= −y−1 [1]′ [4]′

[5]′ [6]′

 [1]′ [3]′
(
[3]′ + [5]′

)
[5]′ [4]′2

+
[1]′ [3]′

(
[4]′ + [6]′

)
[5]′2 [6]′


= −y−1. (2.8.9)

From (2.8.8) and (2.8.9), we have

(
B4,4

3,3

)
4,4
·
(
B4,4

3,3

)
2,3
−
(
B4,4

3,3

)
4,3
·
(
B4,4

3,3

)
2,4

=
√

2y−1 = 1 + i 6= 0. (2.8.10)
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Next we consider the braiding matrix for L
(

21
22 , 0

)
-modules. Note that U1 =

L
(

21
22 , 0

)
, U2 = L

(
21
22 , 8

)
are irreducible L

(
21
22 , 0

)
-modules. For convenience, we

will denote
(
BUc,Ud

Ua,Ub

)
Ue,Uf

by
(
Bc,d
a,b

)
e,f

, for a, b, c, d, e, f ∈ {1, 2}. Now we are

ready to give the following lemma:

Lemma 2.8.5.
(
B2,2

2,2

)
2,1
6= 0.

Proof. Let [l]′ = 2i sin
(

11
12πl

)
, y = exp

(
11
6 πi

)
. By a careful computation which is

similar to Lemma 2.8.4, we obtain

(
B2,2

2,2

)
2,1

= y6 · [1]′3 · ([2]′ + [4]′) · ([2]′[3]′ + [2]′[5]′ + [5]′[4]′)
[3]′2 · [4]′ · [5]′2 · [6]′ 6= 0.
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Chapter 3

Uniqueness of VOA structure of

the 5A-algebra U5A

As in [24], we denote the irreducible module L
(

1
2 , h1

)
⊗L

(
25
28 , h2

)
⊗L

(
25
28 , h3

)
by [h1, h2, h3] for simplicity. Let

V 1 = [0, 0, 0], V 2 = [0, 15
2 ,

15
2 ], V 3 = [0, 3

4 ,
13
4 ], V 4 = [0, 13

4 ,
13
4 ],

V 5 = [12 , 0,
15
2 ], V 6 = [12 ,

15
2 , 0], V 7 = [12 ,

3
4 ,

3
4], V 8 = [12 ,

13
4 ,

13
4 ],

V 9 = [ 1
16 ,

5
32 ,

57
32], V 10 = [ 1

16 ,
57
32 ,

5
32], V 11 = [ 1

16 ,
57
32 ,

165
32 ], V 12 = [ 1

16 ,
165
32 ,

57
32].

Then the 5A-algebra

U5A ∼= V 1 ⊕ V 2 ⊕ ...⊕ V 11 ⊕ V 12

as V 1-modules. Since V 1 is rational and C2-cofinite, by [1] and [22], it is easy to

see that U5A is a simple, rational and C2-cofinite VOA.

Lemma 3.0.1. Let W = V 1 + V 2 + V 3 + V 4, then W is a subVOA of U5A and

the VOA structure of 5A-algebra U5A is uniquely determined by W .

22



Proof. By the fusion rules of L
(

1
2 , 0

)
modules and L

(
25
28 , 0

)
modules, we see

that W = V 1 + V 2 + V 3 + V 4 is a subVOA of V 1 + V 2 + ... + V 7 + V 8 and

V 1 +V 2 + ...+V 7 +V 8 is a subVOA of U5A. By [27], we can define an involution τ

of U5A by letting it act by −1 on V 9 +V 10 +V 11 +V 12 and by 1 on V 1 +V 2 + ...+

V 7 + V 8. Then it follows from [6] that V 9 + V 10 + V 11 + V 12 is a simple current

module over V 1 + V 2 + ...+ V 7 + V 8. Similarly, one can define an involution σ of

V 1 + V 2 + ...+ V 7 + V 8 which acts by 1 on W = V 1 + V 2 + V 3 + V 4 and by −1

on V 5 + V 6 + V 7 + V 8. Then again by [6] we see that M = V 5 + V 6 + V 7 + V 8 is

a simple current module over W .

Claim 1. The W -module structure of M is unique. That is, if M1 is also a

W -module such that M1 ∼= M as V 1-modules, then M1 ∼= M as W -modules.

We need to use some category theory to prove that claim. Recall some basics

on category theory from [23], [14]. An object A in a braided fusion category C

is called regular commutative algebra if there are morphisms µ : A � A → A

and η : 1C → A such that µ ◦ (µ � idA) ◦ αA,A,A = µ ◦ (idA � µ), µ ◦ (η �

idA) ◦ l−1
A = idA = µ ◦ (idA� η) ◦ r−1

A , µ = µ ◦ cA,A and dim hom(1C, A) = 1 where

αA,A,A : A�(A�A)→ (A�A)�A is the associative isomorphism, lA : 1C�A→ A

is the left unit isomorphism, rA : A � 1C → A is the right unit isomorphism and

cA,A : A � A → A � A is the braiding isomorphism. A left A-module N is an

object in C with a morphism µN : A�N → N such that µN ◦ (µ� idN)◦αA,A,N =

µN ◦ (idA � µN). We denote the left A-module category by CA. Let N1, N2 ∈ CA.

Define N1 �A N2 = N1 �N2/Im(µ1 − µ2) where µ1, µ2 : A�N1 �N2 → N1 �N2

are defined by µ1 = µN1 � idN2 , µ2 = (idA � µN2) ◦ cA,N1 � idN2 . Then CA is a

fusion category with tensor product N1 �A N2. An A-module N is called local if

µN ◦ cN,A ◦ cA,N = µN . We denote the local A-module categoy by C0
A. Then C0

A

is a braided fusion category. Moreover, if C is modular tensor category, so is C0
A
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[23]. For any N ∈ CA and X ∈ C, N � X ∈ CA. From [21] we know that the

module category CV of any rational, C2-cofinite, selfdual vertex operator algebra

V is a modular tensor category with tensor product �. Thus both CV 1 and CW

are modular tensor categories. Moreover, W is a regular commutative algebra in

CV 1 [22]. From the discussion above, (CV 1)W is a fusion category and (CV 1)0
W is

exactly CW [22].

We now can prove M ∼= M1 ∼= W �V 1 V 5 as W -modules. Note that

qdimV 1(W �V 1 V 5) = qdimV 1(W )qdimV 1(V 5) = qdimV 1(W )

by Proposition 2.6.5 as V 5 is a simple current. Thus

qdimW (W �V 1 V 5) = qdimV 1(W �V 1 V 5)
qdimV 1(W ) = 1.

From Theorem 1.6 of [23] we have isomorphisms

Hom(CV 1 )W (W �V 1 V 5,M) ∼= HomV 1(V 5,M) ∼= Hom(CV 1 )W (W �V 1 V 5,M1).

Since (CV 1)W is a semisimple category,M andM1 are irreducibleW -submodules of

W�V 1V 5.Using the fact that qdimW (M) = qdimW (M1) = qdimW (W�V 1V 5) = 1

we immediately conclude that M ∼= M1 ∼= W �V 1 V 5 as W -modules.

Claim 2. The vertex operator algebra structure on W +M is unique.

From Claim 1 and the discussion above, W +M is a simple current extension

of W. The Claim follows from Proposition 2.5.4.

Claim 3. The W -module structure of N = V 9 +V 10 +V 11 +V 12 is unique. That

is, if N1 is also a W -module such that N1 ∼= N as V 1-modules, then N1 ∼= N as

W -modules.
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Consider W �V 1 V 9 ∈ (CV 1)W . By Theorem 1.6 of [23] again we have isomor-

phisms

Hom(CV 1 )W (W �V 1 V 9,W �V 1 V 9) ∼= HomV 1(V 9,W �V 1 V 9)

∼= HomV 1(V 9 �V 1 (V 9)′,W )

where (V 9)′ is the restricted dual of V 9 and is isomorphic V 9. It is easy to see

that the projection V 9 �V 1 V 9 to W + M is isomorphic to V 1 + V 3 + V 5 + V 7.

Thus HomV 1(V 9 �V 1 (V 9)′,W ) is 2-dimensional and W �V 1 V 9 is a direct sum

of two inequivalent irreducible W -modules in (CV 1)W . As before one can compute

that qdimW (W �V 1 V 9) = qdimV 1(V 9) = 4 + 2
√

2. Also, both N and N1 are

submodules of qdimW (W �V 1 V 9). If N and N1 are inequivalent W -modules then

qdimW (W �V 1 V 9) = N ⊕N1. But this is a contradiction as qdimW (N + N1) =

2qdimW (N) = 4.

Claim 4. There are two inequivalent W +M-module structures on N.

Define an automorphism σ of W + M such that σ = 1 on W and −1 on M.

Following [10] N ◦ σ is also a W +M -module such that YN◦σ(v, z) = YN(σv.z) for

v ∈ W +M where N ◦ σ = N as vector space. Since N is an irreducible module,

N◦σ andN are inequivalentW+M -modules [12]. Note that YN◦σ(v, z) = YN(v, z)

if v ∈ W and YN◦σ(v, z) = −YN(v, z) if v ∈M.

Now let N1 = (N1, Y1) be any irreducibleW+M -module such that N1 ∼= N as

W -modules. Then YN(v, z) = Y1(v, z) for v ∈ W by Claim 3. Since M is a simple

current, the space of intertwining operators IW

 N

M N

 is one dimensional and

spanned by YN . Then there is a nonzero constant λ such that Y1(u, z) = λY (u, z)
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for all u ∈M. Using the associativity

YN(Y (u, z0)v, z2)

= Resz1

(
z−1

0 δ
(
z1 − z2

z0

)
Y1(u, z1)Y1(v, z2)− z−1

0 δ
(
z2 − z1

−z0

)
Y1(v, z2)Y1(u, z1)

)
= λ2·

Resz1

(
z−1

0 δ
(
z1 − z2

z0

)
YN(u, z1)YN(v, z2)− z−1

0 δ
(
z2 − z1

−z0

)
YN(v, z2)YN(u, z1)

)
= Resz1

(
z−1

0 δ
(
z1 − z2

z0

)
YN(u, z1)YN(v, z2)− z−1

0 δ
(
z2 − z1

−z0

)
YN(v, z2)YN(u, z1)

)

for u, v ∈ M, we see that λ = ±1. So N1 is either isomorphic to N or N ◦ σ. We

denote these two module structures by N+, N−.

Claim 5. VOA structure of 5A-algebra U5A is uniquely determined by W.

Let V be a vertex operator algebra such that V ∼= U5A as V 1-modules. From

the discussion above we see that V ∼= W +M +N+ or W +M +N− as W +M -

modules. Note that both W + M + N+ and W + M + N− are simple current

extensions ofW +M. By Proposition 2.5.4, the vertex operator algebra structures

on both W +M +N+ and W +M +N− are unique.

Finally we show that W +M +N+ and W +M +N− are isomorphic vertex

operator algebras. Note that as vector space W + M + N+ = W + M + N− =

W + M + N. We now extend the action of σ from W + M to W + M + N+ so

that σ = 1 on N. Then σ is a linear isomorphism of W + M + N+ satisfying

σ(1) = 1 and σ(ω) = ω. Let Y defines the vertex operator structure on W +

M + N+. Then Y σ(v, z) = σY (σv, z)σ defines a new vertex operator algebra

structure on W +M +N+ and (W +M +N+, Y,1, ω) ∼= (W +M +N+, Y σ,1, ω)

by Lemma 2.1.8. It is easy to verify that Y σ(u, z) = Y (u, z) for u ∈ W and

Y σ(u, z) = Y (u, z) on W + M and Y σ(u, z) = −Y (u, z) on N for u ∈ M. Thus,
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(N, Y σ) ∼= (N ◦σ, YN◦σ) where YN(a, z) = Y (a, z) on N for a ∈ W +M. Using the

uniqueness of the vertex operator algebra structure on W +M +N− we conclude

that (W + M + N+, Y σ,1, ω) ∼= W + M + N−. As a result, W + M + N+ and

W +M +N− are isomorphic vertex operator algebras. The proof is complete.

Let U1 = L
(

25
28 , 0

)
⊗ L

(
25
28 , 0

)
, U2 = L

(
25
28 ,

15
2

)
⊗ L

(
25
28 ,

15
2

)
, U3 = L

(
25
28 ,

3
4

)
⊗

L
(

25
28 ,

13
4

)
, U4 = L

(
25
28 ,

13
4

)
⊗ L

(
25
28 ,

3
4

)
and U = U1 + U2 + U3 + U4. Then

W = L
(

1
2 , 0

)
⊗ U and U admits a VOA structure. Next we will prove the vertex

operator algebra structure on U over C is unique.

Remark 3.0.2. By [1] and [15], U is rational and C2-cofinite. Since U1 = 0 and

dimU0 = 1 by Theorem 2.3.3, there is a unique nondegenerate invariant bilinear

form on U and thus U ′ ∼= U . Without loss of generality, we can identify U with

U ′.

Set

P1 = Q1 = L
(25

28 , 0
)
, P2 = Q2 = L

(25
28 ,

15
2

)
,

P3 = Q4 = L
(25

28 ,
3
4

)
, P4 = Q3 = L

(25
28 ,

13
4

)
.

Then U i = Pi ⊗Qi for i = 1, 2, 3, 4, and

U ∼= P1 ⊗Q1 ⊕ P2 ⊗Q2 ⊕ P3 ⊗Q3 ⊕ P4 ⊗Q4 = U1 ⊕ U2 ⊕ U3 ⊕ U4.

For convenience, we list fusion rules IP1

(
Pc

Pa Pb

)
and IU1

(
Uc

Ua Ub

)
with a, b, c ∈

{1, 2, 3, 4} in the following table.
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P1 P2 P3 P4

P2 P1 P4 P3

P3 P4 P1 + P3 + P4 P2 + P3 + P4

P4 P3 P2 + P3 + P4 P1 + P3 + P4

U1 U2 U3 U4

U2 U1 U4 U3

U3 U4 U1 + U3 + U4 U2 + U3 + U4

U4 U3 U2 + U3 + U4 U1 + U3 + U4

Let IQ1

(
Qc

Qa Qb

)
= CYca,b and IP1

(
Pc

Pa Pb

)
= CYca,b. Then IU1

(
Uc

Ua Ub

)
= CIca,b

where Ica,b = Yca,b ⊗ Y
c

a,b. Let (U, Y ) be a vertex operator algebra structure on U

with

Y (u, z) =
∑

a,b,c∈{1,2,3,4}
λca,b · Ica,b (ua, z)ub

where λca,b ∈ C.

Lemma 3.0.3. λca,b 6= 0 if N c
a,b = dim IU1

(
Uc

Ua Ub

)
6= 0.

Proof. The proof consists of several claims.

Claim 1. λkk,1 6= 0, for k = 2, 3, 4.

For any uk ∈ Uk, k = 1, 2, 3, 4, using skew symmetry of Y (·, z), we have

Y (uk, z)u1 = ezL(−1)Y
(
u1,−z

)
uk = λk1,k · ezL(−1)Ik1,k

(
u1,−z

)
uk

= λkk,1 · Ikk,1
(
uk, z

)
u1.

Since Uk is an irreducible U1-module, we have λk1,k 6= 0, for k = 1, 2, 3, 4. So

λkk,1 6= 0, for k = 2, 3, 4.

28



Claim 2. λ1
k,k 6= 0, for k = 2, 3, 4.

By Remark 3.0.2, U has a unique nondegenerate invariant bilinear form 〈·, ·〉

with 〈1,1〉 = 1. For uk, vk ∈ Uk, k = 1, 2, 3, 4, we have

〈
Y
(
uk, z)vk

)
, u1

〉
=
〈
vk, Y

(
ezL(−1)

(
−z−2

)L(0)
uk, z−1

)
u1
〉
.

That is,

〈
λ1
k,k · I1

k,k

(
uk, z

)
vk, u1

〉
=
〈
vk, λkk,1 · Ikk,1

(
ezL(−1)

(
−z−2

)L(0)
uk, z−1

)
u1
〉
.

By Claim 1, we see that λkk,1 6= 0,. Hence λ1
k,k 6= 0, for k = 2, 3, 4.

Claim 3. λ4
3,2, λ4

2,3, λ3
2,4, λ

3
4,2, λ2

3,4, λ
2
4,3 are all nonzero .

Let u2 ∈ U2, u3 ∈ U3, u4 ∈ U4 . It follows from the skew symmetry of Y that

〈
Y
(
u2, z

)
u3, u4

〉
=
〈
ezL(−1)Y

(
u3,−z

)
u2, u4

〉
.

That is,

〈
λ4

2,3 · I4
2,3

(
u2, z

)
u3, u4

〉
=
〈
λ4

3,2 · ezL(−1)I4
3,2

(
u3,−z

)
u2, u4

〉
. (3.0.1)

So λ4
2,3 and λ4

3,2 are both zero or nonzero. Similarly, λ3
2,4 and λ3

4,2 are both zero

or nonzero, λ2
4,3 and λ2

3,4 are both zero or nonzero. For any u1 ∈ U1, u2, v2 ∈ U2,

u3, v3 ∈ U3 and u4 ∈ U4, commutativity of Y implies

ι−1
12

〈
u1, Y

(
u2, z1

)
Y
(
u3, z2

)
u4
〉

= ι−1
21

〈
u1, Y

(
u3, z1

)
Y
(
u2, z1

)
u4
〉
,
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ι−1
12

〈
u1, Y

(
u4, z1

)
Y
(
u3, z2

)
u2
〉

= ι−1
21

〈
u1, Y

(
u3, z1

)
Y
(
u4, z1

)
u2
〉
,

ι−1
12

〈
v2, Y

(
u2, z1

)
Y
(
u3, z2

)
v3
〉

= ι−1
21

〈
v2, Y

(
u3, z1

)
Y
(
u2, z1

)
v3
〉
.

Equivalently,

ι−1
12

〈
u1, λ1

2,2λ
2
3,4 · I1

2,2

(
u2, z1

)
I2

3,4

(
u3, z2

)
u4
〉

= ι−1
21

〈
u1, λ1

3,3λ
3
2,4 · I1

3,3

(
u3, z2

)
I3

2,4

(
u2, z1

)
u4
〉
, (3.0.2)

ι−1
12

〈
u1, λ1

4,4λ
4
3,2 · I1

4,4

(
u4, z1

)
I4

3,2

(
u3, z2

)
u2
〉

= ι−1
21

〈
u1, λ1

3,3λ
3
4,2 · I1

3,3

(
u3, z2

)
I3

4,2

(
u4, z1

)
u2
〉
, (3.0.3)

ι−1
12

〈
v2, λ2

2,1λ
1
3,3 · I2

2,1

(
u2, z1

)
I1

3,3

(
u3, z2

)
v3
〉

= ι−1
21

〈
v2, λ2

3,4λ
4
2,3 · I2

3,4

(
u3, z2

)
I4

2,3

(
u2, z1

)
v3
〉
. (3.0.4)

Claim 3 now follows from (3.0.1), (3.0.2), (3.0.3), (3.0.4) and Claims 1 and 2.

Claim 4. λ3
3,4, λ3

4,3, λ4
3,3, λ

4
4,4, λ

3
3,4, λ

4
3,4, λ4

4,3, λ3
3,3, λ

3
4,4 are all nonzero .

First we will show that λ3
4,3, λ4

3,3, λ
4
4,4, λ

3
3,4 are all zero or all nonzreo. Let
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u1 ∈ U1, u2 ∈ U2, v3, u3 ∈ U3, v4, u4 ∈ U4 . By skew symmetry of Y , we have

〈
Y
(
u3, z

)
u4, v3

〉
=
〈
ezL(−1)Y

(
u4,−z

)
u3, v3

〉
.

Equivalently,

〈
λ3

3,4 · I3
3,4

(
u3, z

)
u4, v3

〉
=
〈
λ3

4,3 · ezL(−1)I3
4,3

(
u4,−z

)
u3, v3

〉
. (3.0.5)

So λ3
3,4 and λ3

4,3 are both zero or nonzero. By commutativity of Y , we have

ι−1
12

〈
u1, Y

(
u3, z1

)
Y
(
u4, z2

)
v3
〉

= ι−1
21

〈
u1, Y

(
u4, z1

)
Y
(
u3, z1

)
v3
〉
,

ι−1
12

〈
u2, Y

(
u3, z1

)
Y
(
u4, z2

)
v4
〉

= ι−1
21

〈
u2, Y

(
u4, z1

)
Y
(
u3, z1

)
v4
〉
.

That is,

ι−1
12

〈
u1, λ1

3,3λ
3
4,3 · I1

3,3

(
u3, z1

)
I3

4,3

(
u4, z2

)
v3
〉

= ι−1
21

〈
u1, λ1

4,4λ
4
3,3 · I1

4,4

(
u4, z2

)
I4

3,3

(
u3, z1

)
v3
〉
, (3.0.6)

ι−1
12

〈
u2, λ2

3,4λ
4
4,4 · I2

3,4

(
u3, z1

)
I4

4,4

(
u4, z2

)
v4
〉

= ι−1
21

〈
u2, λ2

4,3λ
3
3,4 · I2

4,3

(
u4, z2

)
I3

3,4

(
u3, z1

)
v4
〉
. (3.0.7)

Combining with Claims 1-3 and (3.0.5), (3.0.6), (3.0.7) we have λ3
4,3 and λ4

3,3

are both zero or nonzero, λ4
4,4 and λ3

3,4 are both zero or nonzero. In total, λ3
4,3,

λ4
3,3, λ

4
4,4, λ

3
3,4 are all zero or all nonzero. Similarly, λ4

3,4, λ4
4,3, λ

3
3,3, λ

3
4,4 are all zero
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or all nonzero.

Next we use braiding matrices to establish this Claim 4. Let p3
1⊗p3

2, t
3
1⊗t32 ∈ U3,

u4
1⊗u4

2, v
4
1⊗ v4

2 ∈ U4. Let B4,4
3,3 , B̃4,4

3,3 be as defined in (2.8.1). Then by Proposition

2.8.1 we have

ι−1
12

〈
t31 ⊗ t32, Y

(
v4

1 ⊗ v4
2, z1

)
Y
(
u4

1 ⊗ u4
2, z2

)
p3

1 ⊗ p3
2

〉
= ι−1

12 〈t31 ⊗ t32, λ3
4,2λ

2
4,3 · Y3

4,2 ⊗ Y
3
4,2

(
v4

1 ⊗ v4
2, z1

)
· Y2

4,3 ⊗ Y
2
4,3

(
u4

1 ⊗ u4
2, z2

)
· p3

1 ⊗ p3
2

+ λ3
4,3λ

3
4,3 · Y3

4,3 ⊗ Y
3
4,3

(
v4

1 ⊗ v4
2, z1

)
· Y3

4,3 ⊗ Y
3
4,3

(
u4

1 ⊗ u4
2, z2

)
· p3

1 ⊗ p3
2〉

+ λ3
4,4λ

4
4,3 · Y3

4,4 ⊗ Y
3
4,4

(
v4

1 ⊗ v4
2, z1

)
· Y4

4,3 ⊗ Y
4
4,3

(
u4

1 ⊗ u4
2, z2

)
· p3

1 ⊗ p3
2〉

= ι−1
12 〈t31 ⊗ t32, λ3

4,2λ
2
4,3 · Y3

4,2

(
v4

1, z1
)
Y2

4,3

(
u4

1, z2
)
p3

1 ⊗ Y
3
4,2

(
v4

2, z1
)
Y2

4,3

(
u4

2, z2
)
p3

2

+ λ3
4,3λ

3
4,3 · Y3

4,3

(
v4

1, z1
)
Y3

4,3

(
u4

1, z2
)
p3

1 ⊗ Y
3
4,3

(
v4

2, z1
)
Y3

4,3

(
u4

2, z2
)
p3

2

+ λ3
4,4λ

4
4,3 · Y3

4,4

(
v4

1, z1
)
Y4

4,3

(
u4

1, z2
)
p3

1 ⊗ Y
3
4,4

(
v4

2, z1
)
Y4

4,3

(
u4

2, z2
)
p3

2〉

= ι−1
21 〈t31 ⊗ t32, λ3

4,2λ
2
4,3A+ λ3

4,3λ
3
4,3B + λ3

4,4λ
4
4,3C〉 (3.0.8)

where

A =
∑

i=2,3,4

(
B4,4

3,3

)
2,i
Y3

4,i

(
u4

1, z2
)
Y i4,3

(
v4

1, z1
)
p3

1

⊗
∑

j=2,3,4

(
B̃4,4

3,3

)
2,j
Y3

4,j

(
u4

2, z2
)
Yj4,3

(
v4

2, z1
)
p3

2,

B =
∑

i=2,3,4

(
B4,4

3,3

)
3,i
Y3

4,i

(
u4

1, z2
)
Y i4,3

(
v4

1, z1
)
p3

1

⊗
∑

j=2,3,4

(
B̃4,4

3,3

)
3,j
Y3

4,j

(
u4

2, z2
)
Yj4,3

(
v4

2, z1
)
p3

2,
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C =
∑

i=2,3,4

(
B4,4

3,3

)
4,i
Y3

4,i

(
u4

1, z2
)
Y i4,3

(
v4

1, z1
)
p3

1

⊗
∑

j=2,3,4

(
B̃4,4

3,3

)
4,j
Y3

4,j

(
u4

2, z2
)
Yj4,3

(
v4

2, z1
)
p3

2.

In the meantime, we have

ι−1
21

〈
t31 ⊗ t32, Y

(
u4

1 ⊗ u4
2, z2

)
Y
(
v4

1 ⊗ v4
2, z1

)
p3

1 ⊗ p3
2

〉
= ι−1

21 〈t31 ⊗ t32, λ3
4,2λ

2
4,3 · Y3

4,2

(
u4

1, z2
)
Y2

4,3

(
v4

1, z1
)
p3

1 ⊗ Y
3
4,2

(
u4

2, z2
)
Y2

4,3

(
v4

2, z1
)
p3

2

+ λ3
4,3λ

3
4,3 · Y3

4,3

(
u4

1, z2
)
Y3

4,3

(
v4

1, z1
)
p3

1 ⊗ Y
3
4,3

(
u4

2, z2
)
Y3

4,3

(
v4

2, z1
)
p3

2

+ λ3
4,4λ

4
4,3 · Y3

4,4

(
u4

1, z2
)
Y4

4,3

(
v4

1, z1
)
p3

1 ⊗ Y
3
4,4

(
u4

2, z2
)
Y4

4,3

(
v4

2, z1
)
p3

2〉.

(3.0.9)

By Proposition 2.3.1, we have

ι−1
12

〈
t31 ⊗ t32, Y

(
v4

1 ⊗ v4
2, z1

)
Y
(
u4

1 ⊗ u4
2, z2

)
p3

1 ⊗ p3
2

〉
= ι−1

21

〈
t31 ⊗ t32, Y

(
u4

1 ⊗ u4
2, z2

)
Y
(
v4

1 ⊗ v4
2, z1

)
p3

1 ⊗ p3
2

〉
. (3.0.10)

Then by (3.0.8), (3.0.9), (3.0.10) and Remark 2.8.2, comparing the coefficients of

ι−1
21 〈t31 ⊗ t32,Y3

4,2

(
u4

1, z2
)
Y2

4,3

(
v4

1, z1
)
p3

1 ⊗ Y
3
4,2

(
u4

2, z2
)
Y2

4,3

(
v4

2, z1
)
p3

2〉,

ι−1
21 〈t31 ⊗ t32,Y3

4,3

(
u4

1, z2
)
Y3

4,3

(
v4

1, z1
)
p3

1 ⊗ Y
3
4,2

(
u4

2, z2
)
Y2

4,3

(
v4

2, z1
)
p3

2〉,

ι−1
21 〈t31 ⊗ t32,Y3

4,4

(
u4

1, z2
)
Y4

4,3

(
v4

1, z1
)
p3

1 ⊗ Y
3
4,2

(
u4

2, z2
)
Y2

4,3

(
v4

2, z1
)
p3

2〉
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in (3.0.8) and (3.0.9), we have



λ3
4,2λ

2
4,3

(
B4,4

3,3

)
2,2
·
(
B̃4,4

3,3

)
2,2

+ λ3
4,3λ

3
4,3 ·

(
B4,4

3,3

)
3,2
·
(
B̃4,4

3,3

)
3,2

+λ3
4,4λ

4
4,3 ·

(
B4,4

3,3

)
4,2
·
(
B̃4,4

3,3

)
4,2

= λ3
4,2λ

2
4,3

λ3
4,2λ

2
4,3

(
B4,4

3,3

)
2,3
·
(
B̃4,4

3,3

)
2,2

+ λ3
4,3λ

3
4,3 ·

(
B4,4

3,3

)
3,3
·
(
B̃4,4

3,3

)
3,2

+λ3
4,4λ

4
4,3 ·

(
B4,4

3,3

)
4,3
·
(
B̃4,4

3,3

)
4,2

= 0

λ3
4,2λ

2
4,3

(
B4,4

3,3

)
2,4
·
(
B̃4,4

3,3

)
2,2

+ λ3
4,3λ

3
4,3 ·

(
B4,4

3,3

)
3,4
·
(
B̃4,4

3,3

)
3,2

+λ3
4,4λ

4
4,3 ·

(
B4,4

3,3

)
4,4
·
(
B̃4,4

3,3

)
4,2

= 0

(3.0.11)

If λ3
4,3 = 0 , then (3.0.11) becomes



λ3
4,2λ

2
4,3

(
B4,4

3,3

)
2,2
·
(
B̃4,4

3,3

)
2,2

+ λ3
4,4λ

4
4,3 ·

(
B4,4

3,3

)
4,2
·
(
B̃4,4

3,3

)
4,2

= λ3
4,2λ

2
4,3

λ3
4,2λ

2
4,3

(
B4,4

3,3

)
2,3
·
(
B̃4,4

3,3

)
2,2

+ λ3
4,4λ

4
4,3 ·

(
B4,4

3,3

)
4,3
·
(
B̃4,4

3,3

)
4,2

= 0

λ3
4,2λ

2
4,3

(
B4,4

3,3

)
2,4
·
(
B̃4,4

3,3

)
2,2

+ λ3
4,4λ

4
4,3 ·

(
B4,4

3,3

)
4,4
·
(
B̃4,4

3,3

)
4,2

= 0.

(3.0.12a)

(3.0.12b)

(3.0.12c)

Replacing (3.0.12b) and (3.0.12c) by the following:

(
B4,4

3,3

)
4,4
· (3.0.12b)−

(
B4,4

3,3

)
4,3
· (3.0.12c),(

B4,4
3,3

)
2,3
· (3.0.12c)−

(
B4,4

3,3

)
2,4
· (3.0.12b),
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then we get:



λ3
4,2λ

2
4,3

(
B4,4

3,3

)
2,2
·
(
B̃4,4

3,3

)
2,2

+ λ3
4,4λ

4
4,3 ·

(
B4,4

3,3

)
4,2
·
(
B̃4,4

3,3

)
4,2

= λ3
4,2λ

2
4,3

λ3
4,2λ

2
4,3

((
B4,4

3,3

)
4,4
·
(
B4,4

3,3

)
2,3
−
(
B4,4

3,3

)
4,3
·
(
B4,4

3,3

)
2,4

)
·
(
B̃4,4

3,3

)
2,2

= 0

λ3
4,4λ

4
4,3

((
B4,4

3,3

)
4,4
·
(
B4,4

3,3

)
2,3
−
(
B4,4

3,3

)
4,3
·
(
B4,4

3,3

)
2,4

)
·
(
B̃4,4

3,3

)
4,2

= 0.

(3.0.13)

Since by Lemma 2.8.4

(
B4,4

3,3

)
4,4
·
(
B4,4

3,3

)
2,3
−
(
B4,4

3,3

)
4,3
·
(
B4,4

3,3

)
2,4
6= 0,

from the last two equations of (3.0.13) we have

λ3
4,2λ

2
4,3

(
B̃4,4

3,3

)
2,2

= 0, λ3
4,4λ

4
4,3

(
B̃4,4

3,3

)
4,2

= 0.

But then by the first equation of (3.0.13) we get 0 = λ3
4,2λ

2
4,3, contradicting Claim

3. So λ3
4,3 6= 0. By a similar procedure, we get λ3

4,4 6= 0. Hence λ3
3,4, λ3

4,3,

λ4
3,3, λ

4
4,4, λ

3
3,4, λ

4
3,4, λ4

4,3, λ3
3,3, λ

3
4,4 are all nonzero .

Let (U, Y ) be a vertex operator algebra structure on U . First we fix a basis{
Yca,b (·, z) |a, b, c = 1, 2, 3, 4

}
for space of intertwining operators of type

 Qc

Qa Qb

,
a, b, c ∈ {1, 2, 3, 4} as in [15]. By Lemma 3.0.3, without loss of generality, we can

choose a basis
{
Yca,b (·, z) |a, b, c = 1, 2, 3, 4

}
for space of intertwining operators of

type

 Pc

Pa Pb

, a, b, c ∈ {1, 2, 3, 4} such that the coefficients λca,b = 1 if N c
a,b 6= 0.

Now we have (U, Y ), a vertex operator algebra structure on U = U1⊕U2⊕U3⊕U4

such that for any uk, vk ∈ Uk with k = 1, 2, 3, 4, we have
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Y
(
uk, z

)
u1 = Ikk,1

(
uk, z

)
u1, k ∈ {2, 3, 4} ,

Y
(
u2, z

)
ua = Ib2,a

(
u2, z

)
ua, {a, b} = {3, 4} ,

Y (ua, z)u2 = Iba,2 (ua, z)u2, {a, b} = {3, 4} ,

Y
(
u2, z

)
v2 = I1

2,2

(
u2, z

)
v2,

Y
(
uk, z

)
vk = I1

k,k

(
uk, z

)
vk + I3

k,k

(
uk, z

)
vk + I4

k,k

(
uk, z

)
vk, k ∈ {3, 4} ,

Y (ua, z)ub = I2
a,b (ua, z)ub + I3

a,b (ua, z)ub + I4
a,b (ua, z)ub, {a, b} = {3, 4} ,

(3.0.14)

where Ica,b ∈ IU1

(
Uc

Ua Ub

)
, a, b, c ∈ {1, 2, 3, 4} are nonzero intertwining operators.

Furthermore, for each ui ∈ U i, we write ui = ui1 ⊗ ui2 where ui1 ∈ Pi and ui2 ∈

Qi, Ica,b = Yca,b ⊗ Y
c

a,b where Yca,b ∈ IP1

(
Pc

Pa Pb

)
, Yca,b ∈ IQ1

(
Qc

Qa Qb

)
with a, b, c ∈

{1, 2, 3, 4}.

Theorem 3.0.4. The vertex operator algebra structure on U over C is unique.

Proof. Let (U, Y ) be the vertex operator algebra structure as given in (3.0.14).

Suppose
(
U, Y

)
is another vertex operator algebra structure on U . Without loss

of generality, we may assume Y (u, z) = Y (u, z) for all u ∈ U1. From our settings

above, there exist nonzero constants λii,1, λ1
2,2, λk2,j, λkj,2 λ

p
3,4,λp4,3, λl33, λl4,4 where

i, p = 2, 3, 4, {j, k} = {3, 4}, l = 1, 3, 4 such that for any ui, vi ∈ U i, i = 1, 2, 3, 4,

we have

Y
(
uk, z

)
u1 = λkk,1 · Ikk,1(uk, z)u1, for k ∈ {2, 3, 4} ,

Y
(
u2, z

)
v2 = λ1

2,2 · I1
2,2(u2, z)v2,

Y
(
u2, z

)
ua = λb2,a · Ib2,a(u2, z)ua, for {a, b} = {3, 4} ,

Y (ua, z)u2 = λba,2 · Iba,2(ua, z)u2, for {a, b} = {3, 4} ,
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Y
(
uk, z

)
vk = λ1

k,k · I1
k,k

(
uk, z

)
vk + λ3

k,k · I3
k,k

(
uk, z

)
vk + λ4

k,k · I4
k,k

(
uk, z

)
vk

for k ∈ {3, 4},

Y (ua, z)ub = λ2
a,b · I2

a,b (ua, z)ub + λ3
a,b · I3

a,b (ua, z)ub + λ4
a,b · I4

a,b (ua, z)ub

for {a, b} = {3, 4},

where Ica,b ∈ IU1

(
Uc

Ua Ub

)
, for a, b, c ∈ {1, 2, 3, 4} are nonzero intertwining opera-

tors.

The rest of proof is similar to that of Lemma 3.0.3. In the proof of Lemma

we need to show certain constants are nonzero. But we need to determine these

constants explicitly here.

Claim 1. λkk,1 = 1, for k ∈ {2, 3, 4} .

For any u1 ∈ U1, uk ∈ Uk, k ∈ {2, 3, 4}, skew symmetry of Y (·, z) and Y (·, z)

imply

Y (uk, z)u1 = ezL(−1)Y
(
u1,−z

)
uk = ezL(−1)Y (u1,−z)uk

= Y
(
uk, z

)
u1 = Ikk,1

(
uk, z

)
u1.

In the meantime, Y
(
uk, z

)
u1 = λkk,1 · Ikk,1(uk, z)u1. Thus we get λkk,1 = 1.

Claim 2. λ1
k,k = 1, for k ∈ {2, 3, 4} .

Note from Remark 3.0.2 that U has a unique nondegenerate invariant bilinear

form 〈·, ·〉 with 〈1,1〉 = 1. For u1 ∈ U1 and uk, vk ∈ Uk, k ∈ {2, 3, 4}, we have

〈
Y
(
uk, z)vk

)
, u1

〉
=
〈
vk, Y

(
ezL(−1)

(
−z−2

)L(0)
uk, z−1

)
u1
〉
.
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This implies that

〈
I1
k,k

(
uk, z

)
vk, u1

〉
=
〈
vk, Ikk,1

(
ezL(−1)

(
−z−2

)L(0)
uk, z−1

)
u1
〉
.

The invariant bilinear form on
(
U, Y

)
gives

〈
λ1
k,k · I1

k,k

(
uk, z

)
vk, u1

〉
=
〈
vk, λkk,1 · Ikk,1

(
ezL(−1)

(
−z−2

)L(0)
uk, z−1

)
u1
〉
.

Using Claim 1, we get λ1
k,k = 1.

Claim 3. λ4
2,3 = λ4

3,2 = λ3
2,4 = λ3

4,2 = λ2
4,3 = λ2

3,4 = λ, for λ2 = 1.

Let u2 ∈ U2, u3 ∈ U3, u4 ∈ U4. By skew symmetry of Y we have

〈
Y
(
u2, z

)
u3, u4

〉
=
〈
ezL(−1)Y

(
u3,−z

)
u2, u4

〉
.

That is, 〈
I4

2,3

(
u2, z

)
u3u4

〉
=
〈
ezL(−1)I4

3,2

(
u3,−z

)
u2, u4

〉
.

Skew symmetry of Y gives

λ4
2,3

〈
I4

2,3

(
u2, z

)
u3, u4

〉
= λ4

3,2

〈
ezL(−1)I4

3,2

(
u3,−z

)
u2, u4

〉
.

The above two identities give λ4
2,3 = λ4

3,2. Similarly, we can prove λ3
2,4 = λ3

4,2,

λ2
3,4 = λ2

4,3. Then for any u1 ∈ U1, u2, v2 ∈ U2, u3, v3 ∈ U3 and u4 ∈ U4,

commutativity of Y implies

ι−1
12

〈
u1, I1

2,2

(
u2, z1

)
I2

3,4

(
u3, z2

)
u4
〉

= ι−1
21

〈
u1, I1

3,3

(
u3, z2

)
I3

2,4

(
u2, z1

)
u4
〉
,
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commutativity of Y implies

ι−1
12

〈
u1, λ1

2,2λ
2
3,4 · I1

2,2

(
u2, z1

)
I2

3,4

(
u3, z2

)
u4
〉

= ι−1
21

〈
u1, λ1

3,3λ
3
2,4 · I1

3,3

(
u3, z2

)
I3

2,4

(
u2, z1

)
u4
〉
.

The above two identities and Claim 2 together imply

λ2
3,4 = λ3

2,4. (3.0.15)

Similarly, using (3.0.3) and (3.0.4) gives

λ4
3,2 = λ3

4,2, (3.0.16)

λ2
3,4 · λ4

2,3 = 1. (3.0.17)

So λ4
2,3 = λ4

3,2 = λ3
2,4 = λ3

4,2 = λ2
4,3 = λ2

3,4 = λ, for λ2 = 1.

Claim 4. λ3
3,4 = λ4

4,3 = λ4
3,3 = λ4

4,4 = µ, λ4
3,4 = λ4

4,3 = λ3
4,4 = λ3

3,3 = γ, for

µ2 = γ2 = 1.

The proof of equalities λ3
3,4 = λ4

4,3 = λ4
3,3 = λ4

4,4, λ4
3,4 = λ4

4,3 = λ3
4,4 = λ3

3,3 is

similar to Claim 3, we denote them as µ, γ respectively. Now we prove µ2 = γ2 = 1.

For (U, Y ) and
(
U, Y

)
, similar to (3.0.11) we have



(
B4,4

3,3

)
2,3
·
(
B̃4,4

3,3

)
2,3

+
(
B4,4

3,3

)
3,3
·
(
B̃4,4

3,3

)
3,3

+
(
B4,4

3,3

)
4,3
·
(
B̃4,4

3,3

)
4,3

= 1(
B4,4

3,3

)
2,2
·
(
B̃4,4

3,3

)
2,3

+
(
B4,4

3,3

)
3,2
·
(
B̃4,4

3,3

)
3,3

+
(
B4,4

3,3

)
4,2
·
(
B̃4,4

3,3

)
4,3

= 0(
B4,4

3,3

)
2,4
·
(
B̃4,4

3,3

)
2,3

+
(
B4,4

3,3

)
3,4
·
(
B̃4,4

3,3

)
3,3

+
(
B4,4

3,3

)
4,4
·
(
B̃4,4

3,3

)
4,3

= 0,
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(
B4,4

3,3

)
2,3
·
(
B̃4,4

3,3

)
2,3

+ µ2 ·
(
B4,4

3,3

)
3,3
·
(
B̃4,4

3,3

)
3,3

+ γ2 ·
(
B4,4

3,3

)
4,3
·
(
B̃4,4

3,3

)
4,3

= µ2

(
B4,4

3,3

)
2,2
·
(
B̃4,4

3,3

)
2,3

+ µ2 ·
(
B4,4

3,3

)
3,2
·
(
B̃4,4

3,3

)
3,3

+ γ2 ·
(
B4,4

3,3

)
4,2
·
(
B̃4,4

3,3

)
4,3

= 0(
B4,4

3,3

)
2,4
·
(
B̃4,4

3,3

)
2,3

+ µ2 ·
(
B4,4

3,3

)
3,4
·
(
B̃4,4

3,3

)
3,3

+ γ2 ·
(
B4,4

3,3

)
4,4
·
(
B̃4,4

3,3

)
4,3

= 0.

If 1− µ2 6= 0, by the two systems above, we have

(1− µ2) ·
(
B4,4

3,3

)
3,3
·
(
B̃4,4

3,3

)
3,3

+ (1− γ2) ·
(
B4,4

3,3

)
4,3
·
(
B̃4,4

3,3

)
4,3

= 1− µ2, (3.0.18)

(1− µ2) ·
(
B4,4

3,3

)
3,2
·
(
B̃4,4

3,3

)
3,3

+ (1− γ2) ·
(
B4,4

3,3

)
4,2
·
(
B̃4,4

3,3

)
4,3

= 0, (3.0.19)

(1− µ2) ·
(
B4,4

3,3

)
3,4
·
(
B̃4,4

3,3

)
3,3

+ (1− γ2) ·
(
B4,4

3,3

)
4,4
·
(
B̃4,4

3,3

)
4,3

= 0. (3.0.20)

Replacing (3.0.19) and (3.0.20) by the following:

(
B4,4

3,3

)
4,4
· (3.0.19)−

(
B4,4

3,3

)
4,2
· (3.0.20),(

B4,4
3,3

)
3,2
· (3.0.20)−

(
B4,4

3,3

)
3,4
· (3.0.19),

then we get



(1− µ2) ·
(
B4,4

3,3

)
3,3
·
(
B̃4,4

3,3

)
3,3

+ (1− γ2) ·
(
B4,4

3,3

)
4,3
·
(
B̃4,4

3,3

)
4,3

= 1− µ2

(1− µ2) ·
((
B4,4

3,3

)
3,2
·
(
B4,4

3,3

)
4,4
−
(
B4,4

3,3

)
4,2
·
(
B4,4

3,3

)
3,4

)
·
(
B̃4,4

3,3

)
3,3

= 0

(1− γ2) ·
((
B4,4

3,3

)
3,2
·
(
B4,4

3,3

)
4,4
−
(
B4,4

3,3

)
4,2
·
(
B4,4

3,3

)
3,4

)
·
(
B̃4,4

3,3

)
4,3

= 0.

(3.0.21)

By Lemma 2.8.4,
(
B4,4

3,3

)
3,2
·
(
B4,4

3,3

)
4,4
−
(
B4,4

3,3

)
4,2
·
(
B4,4

3,3

)
3,4
6= 0, so from the last two

equations of (3.0.21) we have (1−µ2)
(
B̃4,4

3,3

)
3,3

= 0 and (1−γ2)·
(
B̃4,4

3,3

)
4,3

= 0. But

then from the first equation of (3.0.21), we get 1−µ2 = 0, which is a contradiction.

So µ2 = 1. Similarly, we have γ2 = 1.

40



Claim 5. (U, Y ) is isomorphic to
(
U, Y

)
.

Define a linear map σ such that

σ|U1 = 1, σ|U2 = λµγ, σ|U3 = γ, σ|U4 = µ,

where λ2 = µ2 = γ2 = 1. It is clear that σ is a linear isomorphism of U .

Using Lemma 2.1.8, σ gives a vertex operator algebra structure (U, Y σ) with

Y σ(u, z) = σY (σ−1u, z)σ−1 which is isomorphic to (U, Y ). It is easy to verify that

Y σ (u, z) = Y (u, z) for all u ∈ U . Thus we proved the uniqueness of the vertex

operator algebra structure on U .

Theorem 3.0.5. The vertex operator algebra structure on 5A-algebra U5A over C

is unique.

Proof. Recall that U5A = W +V 5 +V 6 +V 7 +V 8 +V 9 +V 10 +V 11 +V 12. Assume

there are two VOA structures (U5A, Y
1), (U5A, Y

2) on U5A. By Lemma 3.0.1, W

is a subalgebra of both (U5A, Y
1) and (U5A, Y

2), so there are two VOA sturctures

(W,Y 1|W ) and (W,Y 2|W ) on W . The unique VOA structure on U by Theorem

3.0.4 implies that the VOA structure on W = L
(

1
2 , 0

)
⊗ U is unique. So we

have Y 1|W = Y 2|W . Then again by Lemma 3.0.1, we have Y 1 = Y 2 on U5A, as

desired.
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Chapter 4

Uniqueness of VOA structure of

the 3C-algebra U3C

Set

V 1 = L
(1

2 , 0
)
⊗ L

(21
22 , 0

)
, V 2 = L

(1
2 , 0

)
⊗ L

(21
22 , 8

)
,

V 3 = L
(1

2 ,
1
2

)
⊗ L

(21
22 ,

45
2

)
, V 4 = L

(1
2 ,

1
2

)
⊗ L

(21
22 ,

7
2

)
,

V 5 = L
(1

2 ,
1
16

)
⊗ L

(21
22 ,

31
16

)
, V 6 = L

(1
2 ,

1
16

)
⊗ L

(21
22 ,

175
16

)
.

Then from [24], the 3C-algebra

U3C ∼= V 1 ⊕ V 2 ⊕ V 3 ⊕ V 4 ⊕ V 5 ⊕ V 6.

Since V 1 is rational and C2-cofinite, by [1] and [22], it is easy to see that U3C is a

simple, rational and C2-cofinite VOA.

Lemma 4.0.1. Let W = V 1 + V 2, then W is a subVOA of U3C and the VOA

structure of 3C-algebra U3C is uniquely determined by W .

Proof. The proof is similar to that of Lemma 3.0.1. By the fusion rules of L
(

1
2 , 0

)
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modules and L
(

21
22 , 0

)
modules, we see that W = V 1 + V 2 is a subVOA of V 1 +

V 2 + V 3 + V 4 and V 1 + V 2 + V 3 + V 4 is a subVOA of U3C . By [27], we can

define an involution τ of U3C by letting it act by −1 on V 5 + V 6 and by 1 on

V 1 + V 2 + V 3 + V 4. Then it follows from [6] that V 5 + V 6 is a simple current

module over V 1 + V 2 + V 3 + V 4. Similarly, one can define an involution σ of

V 1 +V 2 +V 3 +V 4 which acts by 1 on W = V 1 +V 2 and by −1 on M = V 3 +V 4.

Then again by [6] we see that M is a simple current module over W .

Claim 1. The W -module structure of M is unique. That is, if M1 is also a

W -module such that M1 ∼= M as V 1-modules, then M1 ∼= M as W -modules.

We need to use category theory to prove this claim. For the notations, see

Lemma 3.0.1 or [23], [14]. We prove M ∼= M1 ∼= W �V 1 V 3 as W -modules. Note

that

qdimV 1(W �V 1 V 3) = qdimV 1(W )qdimV 1(V 3) = qdimV 1(W )

by Proposition 2.6.5 as V 3 is a simple current. Thus

qdimW (W �V 1 V 3) = qdimV 1(W �V 1 V 3)
qdimV 1(W ) = 1.

Theorem 1.6 of [23] gives isomorphisms

Hom(CV 1 )W (W �V 1 V 3,M) ∼= HomV 1(V 3,M) ∼= Hom(CV 1 )W (W �V 1 V 3,M1).

Since (CV 1)W is a semisimple category, M and M1 are irreducible W -submodules

of W �V 1 V 3. Noting that qdimW (M) = qdimW (M1) = qdimW (W �V 1 V 3) = 1

we immediately conclude that M ∼= M1 ∼= W �V 1 V 3 as W -modules.

Claim 2. The vertex operator algebra structure on W +M is unique.

From Claim 1 and the discussion above, W +M is a simple current extension
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of W. The Claim follows from Proposition 2.5.4.

Claim 3. The W -module structure of N = V 5 + V 6 is unique. That is, if N1 is

also a W -module such that N1 ∼= N as V 1-modules, then N1 ∼= N as W -modules.

First it is easy to see that N is an irreducibleW -module. ConsiderW�V 1V 5 ∈

(CV 1)W . By Theorem 1.6 of [23] we have isomorphisms:

Hom(CV 1 )W (W �V 1 V 5,W �V 1 V 5) ∼= HomV 1(V 5,W �V 1 V 5)

∼= HomV 1(V 5 �V 1 (V 5)′,W )

where (V 5)′ is the restricted dual of V 5 and is isomorphic V 5. It is easy to

see that the projection V 5 �V 1 V 5 to W + M is isomorphic to V 1 + V 2 + V 4.

Thus HomV 1(V 5 �V 1 (V 5)′,W ) is 2-dimensional and W �V 1 V 5 is a direct sum

of two inequivalent irreducible W -modules in (CV 1)W . As before one can compute

that qdimW (W �V 1 V 5) = qdimV 1(V 5) = 3 +
√

3. Also, both N and N1 are

submodules of qdimW (W �V 1 V 5). If N and N1 are inequivalent W -modules then

qdimW (W �V 1 V 5) = N ⊕N1. But this is a contradiction as qdimW (N + N1) =

2qdimW (N) = 4.

Claim 4. There are two inequivalent W +M-module structures on N.

The proof is exactly same as Claim 4 in Lemma 3.0.1.

Claim 5. VOA structure of 3C-algebra U3C is uniquely determined by W.

The proof is exactly same as Claim 5 in Lemma 3.0.1. The proof is complete.

Let U = U1 +U2, for U1 = L
(

21
22 , 0

)
, U2 = L

(
21
22 , 8

)
. Then W = L

(
1
2 , 0

)
⊗U

and U admits a VOA structure. By [1] and [22], U is simple, rational and C2-
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cofinite. Next we will prove the vertex operator algebra structure on U over C is

unique.

Remark 4.0.2. Since U1 = 0 and dimU0 = 1 by Theorem 2.3.3, there is a unique

nondegenerate invariant bilinear form on U and thus U ′ ∼= U . Without loss of

generality, we can identify U with U ′.

Let (U, Y ) be a vertex operator algebra structure on U with

Y (u, z) =
∑

a,b,c∈{1,2}
λca,b · Ica,b (ua, z)ub,

where IU1

(
Uc

Ua Ub

)
= CIca,b, for a, b, c ∈ {1, 2}.

Lemma 4.0.3. λca,b 6= 0 if N c
a,b = dim IU1

(
Uc

Ua Ub

)
6= 0.

Proof. The proof consists of three claims.

Claim 1. λ2
2,1 6= 0.

For any uk ∈ Uk, k = 1, 2, using skew symmetry of Y (·, z), we have

Y (u2, z)u1 = ezL(−1)Y
(
u1,−z

)
u2 = λ2

1,2 · ezL(−1)I2
1,2

(
u1,−z

)
u2

= λ2
2,1 · I2

2,1

(
u2, z

)
u1.

Since U2 is an irreducible U1-module, we have λ2
1,2 6= 0. So λ2

2,1 6= 0.

Claim 2. λ1
2,2 6= 0.

By Remark 4.0.2, U has a unique invariant bilinear form 〈·, ·〉 with 〈1, 1〉 = 1.

For uk, vk ∈ Uk, k = 1, 2, we have

〈
Y
(
u2, z)v2

)
, u1

〉
=
〈
v2, Y

(
ezL(−1)

(
−z−2

)L(0)
u2, z−1

)
u1
〉
.
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This implies that

〈
λ1

2,2 · I1
2,2

(
u2, z

)
v2, u1

〉
=
〈
v2, λ2

2,1 · I2
2,1

(
ezL(−1)

(
−z−2

)L(0)
u2, z−1

)
u1
〉
.

Applying Claim 1 gvies λ2
2,1 6= 0, hence λ1

2,2 6= 0.

Claim 3. λ2
2,2 6= 0.

Assume λ2
2,2 = 0. Let X1, X2 be two subspaces of U. Define X1 · X2 to be

the linear span of unv for u ∈ X1, v ∈ X2 and n ∈ Z. Then we have U1 · U2 =

U2, U2 · U1 = U2, U2 · U2 = U1. Define σ : U1 + U2 → U1 + U2 such that

σ|U1 = 1 and σ|U2 = −1. Then σ is an order 2 automorphism of U1 + U2

with (U1 + U2)σ = U1 and U2 is a U1-module. By Theorems 2.6.2 and 2.6.4,

q dimU1 U2 = 1 because any irreducible representation of the group generated by

σ is 1-dimensional, contradicting the fact that q dimU1 U2 = sin( 5π
12 )

sin( π12 ) 66= 1. Therefore,

λ2
2,2 6= 0.

Let (U, Y ) be a vertex operator algebra structure on U . Without loss of

generality, we can choose nonzero Ica,b ∈ IU1

(
Uc

Ua Ub

)
for a, b, c ∈ {1, 2} such that

the coefficients λca,b = 1 if N c
a,b 6= 0. Now we have (U, Y ), a vertex operator

algebra structure on U = U1 ⊕ U2 such that for any uk, vk ∈ Uk with k = 1, 2,

Y
(
u2, z

)
u1 = I2

2,1

(
u2, z

)
u1,

Y
(
u2, z

)
v2 = I2

2,2

(
u2, z

)
v2,

Y
(
u2, z

)
v2 = I1

2,2

(
u2, z

)
v2.

(4.0.1)

Theorem 4.0.4. The vertex operator algebra structure on U over C is unique.

Proof. Let (U, Y ) be the vertex operator algebra structure as given in (4.0.1).
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Suppose
(
U, Y

)
is another vertex operator algebra structure on U . Without loss

of generality, we may assume Y (u, z) = Y (u, z) for all u ∈ U1. From our settings

above, there exist nonzero constants λ2
2,1, λ1

2,2, λ2
2,2 such that for any ui, vi ∈ U i,

i = 1, 2, we have

Y
(
u2, z

)
u1 = λ2

2,1 · I2
2,1(u2, z)u1,

Y
(
u2, z

)
v2 = λ1

2,2 · I1
2,2(u2, z)v2,

Y
(
u2, z

)
u2 = λ2

2,2 · I2
2,2(u2, z)u2,

where Ica,b ∈ IU1

(
Uc

Ua Ub

)
for a, b, c ∈ {1, 2} are nonzero intertwining operators.

Claim 1. λ2
2,1 = 1.

For any u1 ∈ U1, u2 ∈ U2, skew symmetry of Y (·, z) and Y (·, z) imply

Y (u2, z)u1 = ezL(−1)Y
(
u1,−z

)
u2 = ezL(−1)Y (u1,−z)u2

= Y
(
u2, z

)
u1 = I2

2,1

(
u2, z

)
u1.

In the meantime, Y (u2, z)u1 = λ2
2,1 · I2

2,1(u2, z)u1. Thus we get λ2
2,1 = 1.

Claim 2. λ1
2,2 = 1.

Note from Remark 4.0.2 that U has a unique nondegenerate invariant bilinear

form 〈·, ·〉 with 〈1,1〉 = 1. For u1 ∈ U1 and u2, v2 ∈ U2, we have

〈
Y
(
u2, z)v2

)
, u1

〉
=
〈
v2, Y

(
ezL(−1)

(
−z−2

)L(0)
u2, z−1

)
u1
〉
.

Consequently,

〈
I1

2,2

(
u2, z

)
v2, u1

〉
=
〈
v2, I2

2,1

(
ezL(−1)

(
−z−2

)L(0)
u2, z−1

)
u1
〉
.
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The invariant bilinear form on
(
U, Y

)
gives

〈
λ1

2,2 · I1
2,2

(
u2, z

)
v2, u1

〉
=
〈
v2, λ2

2,1 · I2
2,1

(
ezL(−1)

(
−z−2

)L(0)
u2, z−1

)
u1
〉
.

Using Claim 1 obtains λ1
2,2 = 1.

Claim 3. λ2
2,2 = ±1.

For simplicity, we denote λ2
2,2 := λ. For

(
U, Y

)
, let p2, t2, u2, v2 ∈ U2, we have

ι−1
12

〈
t2, Y

(
v2, z1

)
Y
(
u2, z2

)
p2
〉

= ι−1
12 〈t2, I2

2,1

(
v2, z1

)
I1

2,2

(
u2, z2

)
· p2 + λ2I2

2,2

(
v2, z1

)
I2

2,2

(
u2, z2

)
· p2〉

= ι−1
21 〈t2,

∑
i=1,2

(
B2,2

2,2

)
1,i
I2

2,i

(
u2, z2

)
I i2,2

(
v2, z1

)
· p2

+ λ2 ·
∑
i=1,2

(
B2,2

2,2

)
2,i
I2

2,i

(
u2, z2

)
I i2,2

(
v2, z1

)
· p2〉. (4.0.2)

On the other hand,

ι−1
21

〈
t2, Y

(
u2, z2

)
Y
(
v2, z1

)
p2
〉

= ι−1
21 〈t2, I2

2,1

(
u2, z2

)
I1

2,2

(
v2, z1

)
· p2 + λ2I2

2,2

(
u2, z2

)
I2

2,2

(
v2, z1

)
· p2〉. (4.0.3)

By Proposition 2.3.1, (4.0.2), (4.0.3) and Remark 2.8.2, comparing the coefficients

of

ι−1
21 〈t2, I2

2,1

(
u2, z2

)
I1

2,2

(
v2, z1

)
· p2〉

in (4.0.2) and (4.0.3), we have

(
B2,2

2,2

)
1,1

+ λ2 ·
(
B2,2

2,2

)
2,1

= 1.
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Similarly, for (U, Y ), we have

(
B2,2

2,2

)
1,1

+
(
B2,2

2,2

)
2,1

= 1.

From these two equations, we get

(1− λ2) ·
(
B2,2

2,2

)
2,1

= 0.

By Lemma 2.8.5, we have
(
B2,2

2,2

)
2,1
6= 0, which implies λ2 = 1.

Claim 4. (U, Y ) is isomorphic to
(
U, Y

)
.

Define a linear map σ such that

σ|U1 = 1, σ|U2 = λ,

where λ2 = 1. It is clear that σ is a linear isomorphism of U . Using Lemma 2.1.8, σ

gives a vertex operator algebra structure (U, Y σ) with Y σ(u, z) = σY (σ−1u, z)σ−1

which is isomorphic to (U, Y ). It is easy to verify that Y σ (u, z) = Y (u, z) for all

u ∈ U . Thus we proved the uniqueness of the vertex operator algebra structure

on U .

Theorem 4.0.5. The vertex operator algebra structure on 3C-algebra U3C over

C is unique.

Proof. Recall that U3C = W + V 3 + V 4 + V 5 + V 6. Assume there are two VOA

structures (U3C , Y
1), (U3C , Y

2) on U3C . By Lemma 4.0.1, W is a subalgebra of

both (U3C , Y
1) and (U3C , Y

2), so there are two VOA sturctures (W,Y 1|W ) and

(W,Y 2|W ) on W . By Theorem 4.0.4 the VOA structure on U is unique, we

conclude that the VOA structure on W = L
(

1
2 , 0

)
⊗ U is unique. So we have
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Y 1|W = Y 2|W . By Lemma 4.0.1 again, we have Y 1 = Y 2 on U3C . The proof is

complete.
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Chapter 5

Fusion rules

In this section, we will use the following result:

Proposition 5.0.1. [2] Let V be a vertex operator algebra and let W 1, W 2, W 3 be

V -modules among which W 1 and W 2 are irreducible. Suppose that V0 is a vertex

operator subalgebra of V (with the same Virasoro element) and that N1 and N2

are irreducible V0-modules of W 1 and W 2, respectively. Then the restriction map

from IV
(

W 3

W 1 W 2

)
to IV0

(
W 3

N1 N2

)
is injective. In particular,

dim IV
(

W 3

W 1 W 2

)
≤ dim IV0

(
W 3

N1 N2

)
.

5.1 Fusion rules of the 5A-algebra U5A

First we need the following theorem:

Theorem 5.1.1. (Theorem 3.19 in [24]) There are exactly nine irreducible mod-

ules U5A(i, j), i, j = 1, 3, 5, for U5A. As L
(

1
2 , 0

)
⊗ L

(
25
28 , 0

)
⊗ L

(
25
28 , 0

)
-modules,
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they are of the following form:

U5A(i, j) ∼=[0, hi,1, hj,1]⊕ [0, hi,3, hj,5]⊕ [0, hi,5, hj,3]⊕ [0, hi,7, hj,7]

⊕ [12 , hi,1, hj,7]⊕ [12 , hi,3, hj,3]⊕ [12 , hi,5, hj,5]⊕ [12 , hi,7, hj,1]

⊕ [ 1
16 , hi,2, hj,4]⊕ [ 1

16 , hi,4, hj,2]⊕ [ 1
16 , hi,6, hj,4]⊕ [ 1

16 , hi,4, hj,6],

where hm,n = (7n−8m)2−1
4·7·8 .

Now we can state our theorem:

Theorem 5.1.2. dim IU5A

(
U5A(i′′,j′′)

U5A(i,j) U5A(i′,j′)

)
= 1 if and only if both ((i, 1), (i′, 1)

,(i′′, 1)) and ((j, 1) , (j′, 1) , (j′′, 1)) are admissible triples of pairs for p = 7, q = 8

(see Definition 2.7.1) and 0 otherwise.

Proof. Theorem 5.0.1 implies the following inequality:

dim IU5A

(
U5A(i′′,j′′)

U5A(i,j) U5A(i′,j′)

)
≤ dim I[0,0,0]

(
U5A(i′′,j′′)

[0,hi,1,hj,1] [0,hi′,1,hj′,1]

)
= dim I[0,0,0]

(
[0,hi′′,1,hj′′,1]

[0,hi,1,hj,1] [0,hi′,1,hj′,1]

)
.

On the other hand, by directly computation, we have

q dimU5A U5A(i, j) = q dim[0,0,0][0, hi,1, hj,1] =
sin(8iπ

7 )
sin(8π

7 ) ·
sin(8jπ

7 )
sin(8π

7 ) .

So we have

dim IU5A

(
U5A(i′′,j′′)

U5A(i,j) U5A(i′,j′)

)
= dim I[0,0,0]

(
U5A(i′′,j′′)

[0,hi,1,hj,1] [0,hi′,1,hj′,1]

)
= dim IL( 25

28 ,0)
(

L( 25
28 ,hi′′,1)

L( 25
28 ,hi,1) L( 25

28 ,hi′,1)
)
· dim IL( 25

28 ,0)
(

L( 25
28 ,hj′′,1)

L( 25
28 ,hj,1) L( 25

28 ,hj′,1)
)
.

Then we can conclude our theorem by using Theorem 2.7.3.
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5.2 Fusion rules of the 3C-algebra U3C

First we need the following theorem:

Theorem 5.2.1. (Theorem 3.38 in [24]) There are exactly five irreducible U3C-

modules U3C(2k), for 0 ≤ k ≤ 4. In fact, U3C(0) = U3C and as L
(

1
2 , 0

)
⊗L

(
21
22 , 0

)
-

modules,

U3C(2) ∼= [0, 13
11]⊕ [0, 35

11]⊕ [12 ,
15
22]⊕ [12 ,

301
22 ]⊕ [ 1

16 ,
21
176]⊕ [ 1

16 ,
901
176],

U3C(4) ∼= [0, 6
11]⊕ [0, 50

11]⊕ [12 ,
1
22]⊕ [12 ,

155
22 ]⊕ [ 1

16 ,
85
176]⊕ [ 1

16 ,
261
176],

U3C(6) ∼= [0, 1
11]⊕ [0, 111

11 ]⊕ [12 ,
35
22]⊕ [12 ,

57
22]⊕ [ 1

16 ,
5

176]⊕ [ 1
16 ,

533
176],

U3C(8) ∼= [0, 20
11]⊕ [0, 196

11 ]⊕ [12 ,
7
22]⊕ [12 ,

117
22 ]⊕ [ 1

16 ,
133
176]⊕ [ 1

16 ,
1365
176 ].

Now we can state our theorem:

Theorem 5.2.2. dim IU3C(0)
(

U3C(k)
U3C(i) U3C(j)

)
= 1 if and only if ((i+ 1, 1), (j + 1, 1),

(k + 1, 1)) is an admissible triple of pairs for p = 11, q = 12 (see Definition 2.7.1)

and 0 otherwise.

Proof. Let hm,n = (11n−12m)2−1
4·11·12 . Then the irreducible L

(
21
22 , 0

)
-module L

(
21
22 , hm,n

)
with hm,n = 0, 13

11 ,
50
11 ,

111
11 ,

196
11 corresponds to (m,n) = (1, 1), (3, 1), (5, 1), (7, 1), (9, 1)

respectively. If we use the pair (m,n) to denote the irreducible L
(

1
2 , 0

)
⊗L

(
21
22 , 0

)
-

module [0, hm,n], then by Theorem 5.0.1, we have

dim IU3C(0)
(
U3C(k)
U3C(i) U3C(j)

)
≤ dim IL( 1

2 ,0)⊗L( 21
22 ,0)

(
U3C(k)

[0,hi+1,1] [0,hj+1,1]

)
= dim IL( 1

2 ,0)⊗L( 21
22 ,0)

( [0,hk+1,1]
[0,hi+1,1] [0,hj+1,1]

)
.
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On the other hand, by directly computation, we have

q dimU3C(0) U3C(i) = q dimL( 1
2 ,0)⊗L( 21

22 ,0)[0, hi+1,1] =
sin( (i+1)π

11 )
sin( π11) .

So we have

dim IU3C(0)
(
U3C(k)
U3C(i) U3C(j)

)
= dim IL( 1

2 ,0)⊗L( 21
22 ,0)

( [0,hk+1,1]
[0,hi+1,1] [0,hj+1,1]

)
= dim IL( 21

22 ,0)
(

L( 21
22 ,hk+1,1)

L( 21
22 ,hi+1,1) L( 21

22 ,hj+1,1)
)
.

Then we can conclude our theorem by using Theorem 2.7.3.
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