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Abstract

We consider states of holographic conformal field theories constructed by adding
sources for local operators in the Euclidean path integral, with the aim of investigating
the extent to which arbitrary bulk coherent states can be represented by such Euclidean
path-integrals in the CFT. We construct the associated dual Lorentzian spacetimes per-
turbatively in the sources. Extending earlier work, we provide explicit formulae for the
Lorentzian fields to first order in the sources for general scalar field and metric pertur-
bations in arbitrary dimensions. We check the results by holographically computing
the Lorentzian one-point functions for the sourced operators and comparing with a di-
rect CFT calculation. We present evidence that at the linearized level, arbitrary bulk
initial data profiles can be generated by an appropriate choice of Euclidean sources.
However, in order to produce initial data that is very localized, the amplitude must be
taken small at the same time otherwise the required sources diverge, invalidating the

perturbative approach.
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1 Introduction

According to the AdS/CFT correspondence [I} 2 [3], certain conformal field theories pro-
vide a nonperturbative description of quantum gravitational theories describing physics in

spacetimes that are asymptotically anti-de-Sitter. Different states of the conformal field



theory correspond to different states of the gravitational theory, but only some of these
states will have gravity dual descriptions well-represented by simple classical spacetimes.
For example, other states might correspond to quantum superpositions of macroscopically
different geometries. It is interesting to understand better the CFT characterization of the

holographic/geometric states.

A related question is the following: given a spacetime geometry which is solution to the
classical gravitational equations for some theory of gravity dual to a holographic CFT, can
we explicitly describe the field theory state (or family of states) that are dual to this ge-
ometry, i.e. whose observables can be computed by gravity methods by perturbing about
this geometry? Understanding these questions is important in order to improve our under-
standing of how gravitational physics emerges in holographic conformal field theories. For
example, in trying to derive classical gravitational equations directly from the CFT, it should

be important to work with states for which these equations are relevant.

In this paper, following various earlier works [4, [l [6], [7], we consider a large class of states in
a holographic conformal field theory obtained by adding sources for local, primary operators
(dual to classical bulk fields) to the Euclidean path integral defining the vacuum state of the

CFT. Explicitly, we consider states with wavefunctionals defined as

$(r=0)=¢o e [°_deA o
ol = [ (eSO, 0

<0
where O, are operators dual to light fields in the bulk. In [4 5], it was noted that this
construction defines states whose Lorentzian correlation functions can be computed via a
dual gravity calculation. In [6], it was argued that these states define coherent states of the
(nearly free) bulk fields, as we would expect for states describing classical field configurations.
Recently, it was shown [8] that for states of the form (Il in a large class of CFTs, there is
always an associated classical geometry (defined to second order in perturbation theory)
which captures the entanglement entropies of ball-shaped regions via the Ryu-Takayanagi
formula [9] [10] and which satisfies Einstein’s equations perturbatively to second order. To
obtain a classical bulk, here and below we take A to be parametrically of the same magnitude
as the CFT action in the holographic large N limt; e.g. A is of order the central charge ¢ for
d =2 CFTs and of order N? for N' = 4 super Yang-Mills in d = 4.

In light of these results, it is clearly of interest to understand in more detail the map between
Euclidean path-integral states ({) and Lorentzian spacetimes, provide additional checks that
the states ([Il) are indeed holographic, and investigate to what extent an arbitrary classical
bulk solution can be described by a state of the form (). This will be the aim of the present

paper.



We begin in section @by reviewing the motivations for identifying these path integral states as
holographic states. We start with a heuristic argument, that states of this form correspond
to coherent states of the bulk mode operators, as we would expect for states describing
classical field configurations in the weakly coupled bulk theory. This was emphasized in [6].
We then review the concrete prescription of Skenderis and van Rees [4, [5] for determining
the Lorentzian geometry associated with a given state of the form (II). This involves finding
a Euclidean solution associated with a CET perturbed by sources \(z,7) as in () for 7 < 0
and \*(z, —7) for 7 > 0, then slicing this solution open on a bulk spacelike slice that ends
at 7 = 0, reading off Lorentzian initial data from the slice, and finally finding a Lorentzian

solution with this initial data.

Given this construction, we would like to understand better what class of spacetimes we can
describe using states of this form. Can we associate a path-integral state to an arbitrary
Lorentzian geometry? Are there multiple path-integral states which correspond to the same
geometry? Are there some CFT states with a good classical gravity description that cannot

be described or well-approximated in this way?

The prescription to associate a Lorentzian geometry with a given path integral state is gen-
erally a complicated nonlinear classical gravity problem. However, we can ask our questions
already at a perturbative level where everything can be calculated explicitly. We perform
this linearized study in section Bl generalizing work in [6] [7]. For a CFT on Minkowski
space, states defined by () are expected to describe geometries which are perturbations of
Poincaré-AdS spacetime. We compute explicitly to first order in the sources the bulk initial
data that defines the Lorentzian spacetime dual to the CF'T state; we consider arbitrary
sources for scalar operators or the stress-energy tensor in arbitrary dimensions. Using this
solution and the usual holographic dictionary, we deduce the Lorentzian one-point function
of CFT operators used in the definition of the state. We compare this with the one-point
function computed from the sources by a direct CFT calculation and find complete agree-
ment, providing a detailed check of the proposed mapping between states ([Il) and Lorentzian

geometries.

Our results give an explicit identification between Fourier modes of the sources and modes
of the bulk fields. Formally, we can invert the mapping to find (at the linearized level)
the sources corresponding to an arbitrary Lorentzian solution (still working perturbatively).
However, there is a subtlety: in section [, we show that if we try to construct a sequence of
bulk initial data functions that approaches a delta function, the sources diverge in the limit
where the initial data becomes infinitely localized. Thus, from the bulk point of view, the

validity of perturbation theory depends not only on the magnitude of the fields but also on



how localized their features are. The conclusion is that while it is possible to generate any
smooth field profile in the initial data, in order to ensure the validity of the perturbative

approach, we need to make the amplitude smaller depending on how fine the features are.

An interesting result of our perturbative analysis is that the the one-point functions we
calculate perturbatively are always functions whose Fourier modes obey w > |k|. In section
Bl we show that this property holds non-perturbatively for the one-point function of any
local scalar operator of fixed scaling dimension in any state of a CF'T created by arbitrary
insertions of scalar quasi-primary operators in the Euclidean path integral. Qualitatively
this means that the time-variation of the one-point functions must be faster than the spatial
variation. For example, while it is possible to have a one-point function which is localized in
time but homogeneous in space, it is impossible for a one-point function to be localized in
space but constant in time - the inhomogeneity necessarily spreads out. This property has
of course been noted for holographic theories at leading order in 1/N before [11I, 12] - it is
related to the condition that the bulk fields are constructed from modes that do not diverge

as we move into the bulk.

We conclude in section [6] with a discussion of possible future directions. Finally, in appendix
[Al we comment on the perturbative map between CFT one-point functions and the sources
required to produce them at higher orders in perturbation theory. This may be useful in

extending our work beyond the linearized order.

2 Bulk geometries from path integral states

We consider conformal field theories in d spacetime dimensions. We assume that the field
theories are holographic, and that the classical limit of the dual gravitational description
is Einstein gravity coupled to scalar matter fields. Then for each matter field ¢, in this
gravitational theory, there is a low-dimension primary operator O, in the CFT such that
the asymptotic behaviour of ¢, in a given spacetime is related to the one-point function of
O, in the dual CFT state.

Our focus will be the particular class of states (l); we will now review some general arguments
that these states of the CF'T should be dual to spacetimes with a good classical description.



Motivation: path integral states as bulk coherent states

We start by considering the CFT on a spatial S9! and recalling that the vacuum state can

be constructed using a Euclidean path integral over S9! x R~ as

d(r=0)=¢0o
(Gulvac) = [ aorle )
7<0
where 7 is the Euclidean time. By a conformal transformation, the half-cylinder S! x R~
can be mapped to a ball B with the sphere at 7 = —0o mapping to the origin. According
to the state-operator correspondence in CFTs, any state in the CFT Hilbert space on S%*
can be defined by a similar Euclidean path integral on the Euclidean ball B? by inserting a
local operator into the Euclidian path integral at the center of this ball (i.e. at 7 = —oo in

the original coordinates),

¢(0B)=¢0
(6] Vo) — / [ddle520(0) 3)

Bd

Here, operators of fixed scaling dimension give rise to states with energy (measured in units of
the inverse sphere radius) equal to this dimension. General states are produced by inserting

linear combinations of these operators.

For a holographic CFT, consider the low-dimension primary operator O, associated with
some bulk field ¢,,. Inserting this operator at the origin into the path integral (3]) produces a
state corresponding to adding a single quantum to the lowest-energy mode of the field ¢, in
AdS [13]. Exciting other modes of this field corresponds to inserting conformal descendants
Ou) -] =0;, -+ 0;,0,(0). We can
f In radial quantization, the

ailin

of O,, which are derivative operators [P, [P, - , [P

n? n

denote the corresponding bulk creation operators by a

corresponding annihilation operators are given by aqi;...i, ~ [Kil, [Kiz, cee [Kin, O(Tx] . H .

In order to describe classical bulk field configurations, weak coupling intuition would suggest
that we want to consider coherent states of the various bulk modes. In a free field theory,

the coherent state associated with commuting modes af is
Faoh—2aa | 0) = N |0) = A (10 o)+ 2 Lal [0 4
€ |0) = N.e™|0) = N, |>+206aa|>+§Zalzala’a1aa2|>+“‘ (4)

where N, is a normalization factor. Thus, the coherent state “exponentiates” the infinitesi-

mal transformation that adds a general linear combination of modes z,a |0) to the vacuum

2Mathematically, this is precisely the exponential map applied to the tangent vector on state space defined
by 8|¢) = 3, zaal|vac).



Since the bulk description for a large N, strongly coupled CFT is also weakly coupled, we

expect that bulk classical field configurations can be described roughly as coherent states

built from the bulk mode operators (we have left the sum over «, i,y -+ implicit below):
N Zail---ina];i ~in |0) = N[ 10 1 0 1 T T 0 5
€ 1in |0) = 10) + 2ai;-in ey i, |0) + §z0¢i1“'inZa/ié“'i;laail~~~inaa’i’1...igl| )---) - ()

We will now see that precisely such an expression arises when we consider states

$(0B)=¢o S dor ()0
ol = [ gl et ©

Bd

obtained by adding sources for the low-dimension primaries O, to the path integral. In the

path integral exponent, we can expan

/ Aa(2)O4y(z) = / ddx)\a(x)i':zil ez, -+ 0;,04(0)
B Bd n:
= A0, -+ 0:,04(0) (7)

where A2 are the multipole moments of the sources on the ball.
At the linear order in A, we have that
W) ga-1 = / [dale™ (1= N0y, -+ 8,0a(0) + O(N?)) . (8)
Bd

0O, add quanta of the
various modes of the bulk field ¢,. Thus, we can roughly rewrite the state a

As above, insertions of the conformal descendant operators 0, - - - 0;

n

(W) g1 = [0) — A2inal L |0) + O(N2);. (9)

it in

which agrees with the leading order terms in (). Furthermore, the higher order terms in
(@) are defined by exponentiating the first order perturbation, and this is precisely what
happens in the path integral expression (@). The higher order terms correspond to inserting
multitrace operators at the origin, and these multitrace operators correspond to acting with

multiple bulk creation operators as in the expansion of the coherent state.

Of course, in field theory, we have to be careful when dealing with operator products and
introduce some type of regularization to define exactly what we mean by inserting multiple

operators at a point. But this is precisely what our original expression (@) does for us:

3Here and below, a sum over n is implied.

4We could also split the operator 9;, - - - 9;, O,, into traceless and trace parts, and define creation operators

n

corresponding to the various states in each of the irreducible representations of SO(d).



we can view it as a particular regularization of the naive expression that we would get by
trying to translate bulk coherent states to a path integral expression using the operator /state
correspondence. The discussion here is somewhat qualitative and meant primarily to provide
intuition for why states (@) are related to classical spacetimes. One point that is not clear
from this discussion is that the sources in (@) should vanish sufficiently rapidly at the edges
of the ball in order to define a finite-energy state of the original theory. We will discuss this
further below.

Semi-classical Schwinger-Keldysh

We will now describe an explicit procedure, based on the work [5], 4] by Skenderis and van

Rees, to determine the Lorentzian space time associated to a holographic CFT state of the

form ().

In the CFT, if we would like to calculate real time correlators
(U501 (1) - Op(tn) | Wy) = (Uyle T H O et .. o7 HIn Ot |y ) (10)

we can use the Schwinger-Keldysh formalism: we define a path integral that includes a
Euclidean part () to define the state, the complex conjugate of this to define the ket, and
Lorentzian parts corresponding to the real-time evolution operators that take us between the
various times corresponding to the operator insertions. We include sources in the Lorentzian
parts in order to define the generating functional for Lorentzian correlation functions. The
correlations functions are calculated by taking derivatives with respect to these sources and

then setting the sources to zero.

This path integral can be calculated holographically via a gravity problem in which we
find a saddle-point geometry obtained by patching together Euclidean and Lorentzian parts
corresponding to the various parts of the field theory contour. The geometry must satisfy
Einstein’s equations appropriate to the various parts, have asymptotic behaviour for the
bulk fields consistent with the various sources, and satisfy certain matching conditions that

ensure a smooth connection between the Euclidean and Lorentzian parts.

If we would only like to know what geometry is dual to the state ([II), we can set the Lorentzian
sources to zero. Then the Lorentzian geometry is obtained by time-evolving the initial data
on the interface between the initial Euclidian part and the initial Lorentzian part with
source-free boundary conditions. This initial data will be the same regardless of how large

or small our Lorentzian contours are, so if our goal is just to determine the initial data, we

7



can do away with the Lorentzian part altogether and consider the gravity dual of a Euclidian
path integral with sources A, (7, z") for 7 < 0 and X' (—7,2") for 7 > 0. The corresponding
geometry is the solution to the bulk equations with asymptotic behavior corresponding to
these sources. To define the Lorentzian initial data, we slice the geometry at 7 = 0 to read
of ¢, and 0.¢,; this gives the Lorentzian initial data after adding an overall i in the time
derivative. For general asymptotically AdS spacetimes, we need to specify more precisely
how this slicing and analytic continuation should be performed (going back to the detailed
discussion in [5, ]), since there are many ways to extend the boundary 7 = 0 surface into
the bulk. However, in this paper, we will work perturbatively in the sources, so that the
cutting surface can be unambiguously chosen as the 7 = 0 slice of the unperturbed bulk AdS

spacetime.

In order to define the most general real Lorentzian spacetimes in this way, we will need to
consider complex sources and thus complex Euclidean geometries. Again, this may lead to
interesting conceptual issues when dealing with general states, but is straightforward so long

as we are working perturbatively.

3 Initial data and one-point functions to first order

In this section, starting from a general path-integral state with sources, we perform a holo-
graphic calculation as outlined in the previous section to determine explicitly the dual
Lorentzian solution to first order in the sources. For simplicity, we first consider the case
of scalar fields; analogous results for metric perturbations appear at the end of the section.
Since we continue to treat the scalar fields as free and to ignore gravitational back-reaction,
our results represent first-order perturbation theory in A. Recall in particular that we take

A large at large N so that large N itself does not suffice to suppress non-linear corrections.

We start by considering the state (Il) defined by adding a source A(7,Z) for some scalar
operator O of dimension AH For a holographic CFT, this operator is associated with a bulk
scalar field ¢ with mass m?¢? = A(A — d), where ¢ is the AdS radius. To understand the
Lorentzian spacetime dual to this state, our first step is to find the Euclidean asymptotically
AdS spacetime with boundary conditions for fields determined by sources A, extended to the

full boundary via
M1, Z) = N(—7,7) . (11)

5Since we will be working at linear order in the sources, we can consider the sources for each field

individually.



Using standard Poincaré coordinates

2
ds* = E—(dz2 + dxidz; + dr?) | (12)

22
we have that the field ¢ satisfies
0207 + 07" + 929 — (d - 1)%8@’3 - <m7€)2 " =0. (13)
Using the standard Euclidean AdS/CFT dictionary [13], we have boundary conditions
li_r}r(l] 2RGE (1w, 2) = N, 1) (14)

We have used ¢” to indicate that we are considering a Euclidean solution. At first order in

the sources, we can write the solution as
o0
oF (2,7, 7) :/ dT'/dd_lf'KBa(z,T,:E’|7",a_f'))\(T',:E"). (15)
—00

where K pj is the bulk-to boundary propagator associated with the field . The requirement
that the solution not diverge in the interior fixes the propagator uniquely; it is given most

easily as a Fourier decomposition:

dd_lkd . I ad
Koo, 17, = [ S K el (16)

where
2, 2\% L
K(z,1,Z|k,wg) = %z%fﬂ,(wkz + wl 2)eETHRE (17)

Here, K, is a Bessel function that decays exponentially for large 2z, and we have defined

/ d? d
= 24 A=
v m? + 1 A 5 - (18)

To determine the Euclidean “initial data”, we can then evaluate this bulk solution on the

constant time slice at 7 = 0:

6F(sr = 0,7) = / ' / 415 Koy (2,0, 77 )\ ) (19)

0-0F (2,7 =0,%) = / dT'/dd_lzf' 0, Kpy(z,0, 7|7, 2) N7, ) (20)
Next, we analytically continue the initial data to real time
H(z,x,t =0) = ¢¥(z,2,7 = 0) Op(z,x,t =0) =i0.¢"(z, 2,7 = 0) ; (21)

9



Figure 1: We prepare a state by turning on sources in Euclidean time 7. This gives us some
initial data on the 7 = ¢ = 0 surface in the bulk, which we can obtain from the bulk to boundary
propagator (blue) and it’s time derivative. Then, we can further evolve this data in real-time ¢
using the Lorentzian propagator (red) to obtain the real-time asymptotics, from which we read off

the CFT one-point functions. Spatial directions in the CFT are supressed.

using the explicit form of the propagator, this gives

1 " kdw . .
¢(x,z,t=0) = > 1T 0) / o) E)‘wE,EZQ (K +wp)2 K, (1/k2 + w2 2)e (22)

1 dd_llgdwE d v i
Op(x,2,t=0) = ~3 ) / o) WEA,, 777 (K + w22 K, (y/ k2 4+ w2 2)e™

as the explicit result for the Lorentzian initial data in terms of the Fourier modes of the

sources. We wish to use these as initial data to evolve forward in real time using the
Lorentzian bulk equations, setting the non-normalizable modes to zero at the AdS boundary

(i.e. we assume there are no sources in real time).

We will proceed by writing a general solution to the linearized equations for the field ¢ and
then matching to the initial data. It is convenient to express this in a basis of Fourier modes

in the directions parallel to the boundary. Writing the basis functions as

Zd/2¢w E(z)eil_c'~:?:'—iwt ’ (23)
the Lorentzian version of the equations of motion (I3)) require that the functions ¢_ j satisfy
a Bessel equation

. 22
z@fgbwﬁ +20.0, 5+ 2 (w? — kz)gbwﬁ — <m2 + Z) ¢,5=0. (24)

Requiring that the solutions not diverge for large z and also that they have the correct

A

asymptotic behavior 2% ¢, r ~ z° consistent with the absence of non-normalizable modes,

10



we obtain solutions

%,E(Z) — ML(* /w2 — ]gzz) (25)

(w? — E2)u/2

with the restriction w > |k|. We have normalized by requiring that

lim 2 2%5¢, =1, (26)

z—0

The Lorentzian solution arising from the initial data (22) must be a linear combination of

the modes (23]), so we can write that

d" kdw ik-T—iw
¢A(Z,$,t) = /ch7gzd/2¢wﬁ(2)€ K ¢ . (27)
Now, using the initial data conditions and making use of the Bessel functions completeness
relations - 5k
/ dzz J,(kz)J,(pz) = ( k_p) : (28)
0
and the result 5
h dz z J,(kz) K = <§) 29
; zzJy(k2) u(PZ)—ma (29)
we find that k) )
L 2 72 w” —k7)" wp,k
C,r=senw)d(w” —k )22”F(1/)F(1/+ D /dwEw+z’wE : (30)

where () is the usual step function vanishing for = < 0.

We can simplify the result further by writing it in terms of a Laplace transform for the

time-dependence of the sources rather than a Fourier transform. Using the definition

Aop i :/ dr e PN (T) | (31)
we can perform the wg integral in ([B0)) by Cauchy’s theorem to obtain

(w2 . E2)1/
22T(w)I'(v + 1)

C=—2mb(w® — k)

w,

(e(w)m,;w +0(—w) LA _w) (32)
where we define the Laplace transform

LA;, :/ drhp(—T1)e™"" . (33)
0

The final result for the Lorentzian solution in terms of the sources is then given by (27]),
using (23] for the basis functions and either ([30) or (32) for the coefficients.

11



Making use of our final expression for the Lorentzian solution, we can write a simpler result

for the relation between sources and initial data. Defining the Bessel transform

] P dZZJV Z)f(z 4
/o (h2)f(2) (34)
we can use ([32) in 7)) to write

w 1

L (t = — A X s
(blw( O) F(V>2V\/m (E kA k242 +L k7\/k2+u2)

o) = M oy
at¢k7u(t — O) — ZF(]/)QV (c)\]a\/m ﬁ)\E7\/m) (35)
Thus, the Bessel transform of the spatial Fourier modes of the initial data functions are

proportional to the Laplace transform of the spatial Fourier modes of the sources.

We can rearrange this to obtain

I'(v)2¥ -
cAE7\/E2+M2 - (:Z < kf2 ‘l‘ M2¢E7M(t - O) - ZatQS];M(t - 0)) . (36)

Using the definition (33]), we can formally invert the Laplace transform to obtain a formula
for the sources in terms of the initial data:
etioo v

M) = / s e‘”% (s ot =0) ~i0i0, =t =0)). (37
where ¢ € R is to be chosen greater than the real part of the singularities of the integrand.
When this gives a well-defined result, we can Fourier transform to deduce the position-
space sources in terms of the initial data functions. Thus, for any initial data functions
whose analyticity properties permit the inverse Laplace transform, we can find appropriate
sources in the Euclidean path integral to produce this initial data and the corresponding
Lorentzian solution. Unfortunately, it is not immediately clear which real initial data func-
tions ¢(Z,z,t = 0),0,0(Z, z,t = 0) we can obtain from functions with these analyticity
properties. Thus, while we have a formal expression for the sources in terms of initial data,
we will need additional analysis to understand whether essentially any Lorentzian solution
at first order can be represented via Euclidian path-integral states as in (). We will return

to this analysis in section 4.

Holographic calculation of CFT one point functions in terms of sources.

From our Lorentzian solution ¢,, we can read off the Lorentzian CF'T one-point functions
in the state () using the standard holographic dictionary.

12



The one-point function are determined holographically in terms of the normalizible modes
of the asymptotic fields via [14]

1
lim = 26(2,1, ) = = (O(t, ), (39)

so making use of (26)) in (21), we find that the Fourier modes of the one-point functions are

precisely
O.0) = RA-d)C;

_ 2 7oy (248 — d)(w? — K?) Ao
= sgn(w)f(w” — k%) T+ 1) /dwEm (39)

where the coefficients C i are given by ([B0) or (32).

This is the result to first order in A for large N holographic CFTs. In part to check on
the holographic prescription, we will compare it to a direct first-order calculation for general
CFTs in the next section. In particular, we will reproduce the fact that all Fourier coefficients
vanish for modes with w < |k| vanish. In section 5, we will show that this continues to hold
non-perturbatively, at least for a large class of states defined via the Euclidean path integral

with arbitrary scalar operator insertions.

3.1 Direct CFT calculation

In the previous section, we have used the holographic Schwinger-Keldysh path integral to
compute the relation between Euclidean sources and the dual Lorentzian solution to first
order in the sources. From the solution, we used the holographic dictionary to read off the
Lorentzian CF'T one-point functions. As a check of the prescription and of our calculations,
we will now show that the same results for one-point functions in terms of sources can be
obtained through a direct CF'T calculation. Since the CFT calculation will involve only two
point functions, which have a universal form, the leading order result for one-point functions

in terms of Euclidean sources is also universal for all CFTs.

We start again with the path-integral state

@(r=0)=do 0
oWy = [ dg{r]e It dlerOnte. (40)

<0

To evaluate the one point function for arbitrary Euclidean or Lorentzian time, we note that
Op(z,7) = " Op(z,0)e 17 (41)

13
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Figure 2: Path integral contours for evaluation of one point functions in Lorentzian time (first
figure) and Euclidean time (second figure). Red contours indicate where sources have been turned
on. To compute one-point functions at Euclidean times in a neighborhood of 7 = 0 where the

sources vanish, we can use a single Euclidean contour with 7 € (—o0, 00).

We would like to sandwich this operator between the bra and ket for the state ([@Q). The

e 17 (or e for real times) gives an additional part of the path integral contour, as shown

in figure (2I)
1

(¥105(@. D]¥) = -

P e CNEN N )

where

Zy = / [de(r))e= e ¢ adrraer) (43)

and the integral is defined on the appropriate contour C' as in figure (2] making the ap-
propriate choices for + and for Euclidean vs Lorentzian action. In this expression, we have
extended the source to be defined for all real 7 by A(7,z) = \*(—7, z) for 7 > 0.

As shown in the third and fourth pictures in figure (2), if the sources are taken to vanish
in some interval [—7p, o], we can evaluate the one point function for any operator in this
interval simply by inserting it into the simple path integral without any additional parts
to the contour. Assuming that the one point functions are analytic in the time, we can
determine the one point functions for all Euclidean and Lorentzian times by analytically

continuing from this region [—o, 7]

If the sources do not vanish on any interval around 7 = 0, we can consider regulated sources,
Ae defined to vanish in [—¢, €] and agree with A outside. In this case, we can analytically
continue and then take the limit ¢ — 0. We will see below that this produces the correct

results.
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CFT result to first order in \

We will now use this general approach to write an expression for the one point function to
first order in the sources. We will suppress reference to the spatial coordinates for now.

First, we can rewrite the path integral expression as

1
|\If)\> _ —lTe_ ffde(H+A(T)O)‘O> (44)
2
Assuming the one point functions vanish in the vacuum state we can then expand this as
0
W) = 10) = [ dra(r)oamIo) + 00%). (45)
From this, we find to order A
0
(WAlOp(T)[Wy) = —/ dr 2o (1) (0[O (7)Oa(T)0) (46)

_ /0 - dT A0 (7)(0]O04(7) O, (7)]0)

= —/_OO AT Ao (T) (0T {Ou(7)O5(7)} |0) —/OT A7 2a(7)(0][04(7), O5(7)]]0)

o0
where in the last line, the first term involves the standard two-point function computed via
the Euclidean path integral, while the second term (a consequence of the extra parts of the

contour in figure [2)) takes into account the non-time ordered parts.

This second term is absent if the operator lies in a neighborhood of 7 = 0 where the sources
vanish. In this case, for a CFT in d dimensions, if Og is dimension A and we have chosen a
diagonal basis of operators

Cubap

T o - A7
1 B (47)

(Ou(21)Op(22))

we get

1
(7 =)+ (z = 2)%)
Here, Cp is a normalization constant that we will specify below. Taking 7 = 0, we see that

(U, Op(7,2)|Wy) = —Cj / drd™x)s(1, ) (48)

the result for the one-point function diverges unless the sources vanish at 7 = 0 unless A < g.
For an operator of dimension A > %l, finite one-point functions require that A\ vanishes at
T=0as 7" forn >2A —d.

Starting from this formula, we can analytically continue to find an expression for the Lorentzian
one-point functions. We get
1

(r—itP+ (x -2 (49)

(UA|Op(t, 2)|Wy) = —Cj / drd* z)s(1, 1)
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We will argue below that this should be valid as long as the sources vanish sufficiently rapidly

at 7 = 0 so that the one-point functions are finite.

One-point functions from sources in Fourier space

In order to compare with our holographic results, we would like to rewrite the general result
(@9) in terms of Fourier modes to check whether it matches ([39). Defining

O(E,w) = /dd_lxdte_ig'fe_m<\IIA|(95(t,it)|\lf,\> , (50)
and
MK, w) = / di Y xdte T\ (1, 7) | (51)
we find that .
Ok, w) = o / dr / dioX(k, &)™ K a(k,w,T) (52)
T
where

1
@+ (r—it)2)d

Ka(k,w,7) = C’g/dd_lfdte_“g'ﬁe_i“’t (53)

To evaluate K, we define x to be the spatial coordinate in the direction of k and integrate

over the remaining spatial directions to obtain

Ka(k,w,7) = G TA =G 41 [ yemin [ g - (54)
T IA] (2 + (7 — it))AF1

The = and ¢ integrals can be performed via contour integration. We will work with integer
v=A-— g and analytically continue at the end. To compute the x integral we close the

contour in the lower-half plane and use

. v e*’i“—é‘l‘
/°° o—ilflz ori L |, 720 (55)
= 2Mi¥—— |k B
2 )2+l o et
@GP M+l | Sesme,_,,, 7<0

The derivatives here give rise to v 4+ 1 terms. For 7 > 0, each of these gives a t integral of

the form
e = Criat — e~ Y
o (—t — i)V it (v+1)!
where we again use contour integration. The result for 7 < 0 is
/OO e_ww = (2mi)0(—w — |k|)e ™ (—i(w + |k|))”+l# : (57)
o (EaT)t (v+1)
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With these results, the sum of v+ 1 terms is simply a binomial sum that is easily evaluated.

The results for either sign of 7 can be written as

- Cgﬂ'g—H
KA(I{:)Q}’T) = 22A—d_1F[A]F[A _ %l ‘l‘ 1]

e h(sgn(r)w — [k)(W? — k)2 (58)

Inserting this into the result (52)) and performing the integral over 7, we get

d d
- masgn(w)f(w? — |k]?)(w? — |k|2)A_5/ (T ey
Ok,w)=C do(k, — 59
(k) = Gy 22A—dP[AIT[A — £+ 1] Ak, ©) S5 (59)
This matches precisely with the holographic result ([89) as long as
I'A)(2A —d
o, - T8~ -
m2['(A - 3)

We can check (see for example [I4]) that this is indeed the normalization of the two-point
function consistent with the standard holographic dictionary (I4)) and ([38]). Thus, we have a
detailed check of the prescription for defining holographic excited states, extending the work

in [6, [7].

3.2 Results for metric perturbations

We now consider the case of sources for the stress tensor i.e. metric perturbations on the
Euclidean space where our path integral is defined. We denote the sources as %’VMV(T, )T,
Here, we have a redundancy in the description, since some metric perturbations are pure-
gauge. Also, since we are dealing with a conformal field theory, two metric perturbations
that describe conformally related boundary geometries should yield the same CFT state.
Equivalently, we can say that since the stress-energy tensor is a conserved and traceless
operator, sources for 7%, or 9,T"" should have no effect perturbatively. We could choose to
restrict the form of 7 in order to avoid these redundancies; however, we will leave the form
of v general so that our results are applicable to any chosen description of the boundary

geometry.

As before, our first step is to find the Euclidean asymptotically AdS spacetime with boundary

conditions for fields determined by sources ~, extended to the full boundary via

V(T3 T) = Y (=T, T) (61)

We will describe the bulk metric perturbation using Fefferman-Graham coordinates,
€2
ds? = g(alz2 + dridz; + dr* + H,, (2, x, 7)datdz”) . (62)
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For this choice, the bulk equations give

az(%aJwg) _ 0 (63)
0,(0,H", —0,H*,) = 0 (64)
24710, (%@Huu) +PHyu = nw0.H +0,0,H%, + 0,0,H%, — 0,0,H", (65)
We need to solve these with boundary conditions

lim H,,(z,2,7) = Y, (7, T) . (66)

z—0

From (63) and (64)), we have that
H,} = A+ B2* o,H", = C, + 0,A+ 0,Bz* (67)
where A, B, and C' depend on = and 7. Here, A and C are determined by our boundary
conditions, and B is determined from C' by the trace of equation (63). We end up with
A=y Com 09 =00," B =gt = o
Using these, the terms on the right side of equation (65]) can be expressed directly in terms

9%0°ap (68)

of the sources 7,,. Now, working in momentum space, we can solve (63]) with the boundary
condition (B6) and the requirement that the solution should not blow up in the interior.
Making use of Lorentz invariance to write the possible tensor structures, we find in the end
tha

Hyu(K,2) = (k)| F(k2)
Fh R a(R) |2 — 2P (k2)|

0" (k) [ﬁ - ﬁF (k=)
ﬁﬁgﬁf%ﬂm[_gii+2w£1ﬁ%z+%E%F%d}
i ) = A+ (k)] (69)

where k* = (wg, k), k = \/w? 4+ k2 and F is defined in terms of a Bessel function as

F(z) Ka(z) . (70)

i)

6This expression can be simplified considerably by using the redundancy in the sources described at
the beginning of this section to put v, in a particular gauge; for example, choosing v to traceless and

divergenceless eliminates all but the first term.
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This is normalized so that F'(x) — 1 as z — 0.

The Lorentzian initial data is obtained by analytic continuation from the Euclidean metric

perturbation at 7 = 0:

d d
Hy(k,t=0,2) = —/QLWEHTT(k:,wE,z) O, Hy(k,t = 0,2) = —i/%:&HTT(k,wE,z)
d d
Ha(k,t =0,2) = i/%Hﬂ(k,wE,z) O, Hy(k,t=0,2) = —/%&Hﬂ-(k‘,wlg,z)
T T
d d
Hiy(k,t =0,2) = /%Hij(k,wp;,z) OuHyj(k,t =0, z2) :i/%ﬁTHij(k,wE,z) (71)

We can now write a general solution to the Lorentzian equations for the metric perturbation
and then match to this initial data. Requiring that the solutions not diverge for large z and
also that they have the correct asymptotic behavior H ~ z¢ consistent with the absence of

non-normalizable modes (i.e. Lorentzian sources), we find
. dw 25T (144 - .
HulaEt) = [ w205 g5 (S Rooytyu(Fw). (72)
2 (w2 _ k’2)5 2

Here, the coefficients t,, are determined in terms of the sources 7,, by the matching con-
ditions ([71]). We can extract them using the Bessel function integrals (28) and ([29) above,
and the additional relations

> 1 d > d 1 d
/0 dz z Jg(z) = —2%_1F (—2) /0 dz z Jg(z) = —2%_3F (—2 — 1) . (73)

Following analogous steps as in the scalar case, we could obtain expressions analogous to

[S]Io8

[B0) and ([B2) expressing t,, directly as an integral transform of the sources; this is most

straightforward in a gauge where v, is taken traceless and divergenceless.

Finally, the one-point function of the stress tensor in the CFT can be read off from the

Lorentzian solution as

dgd—?)

<TMV> = 167TGNtuV . (74)

4 Can we obtain arbitrary initial data?

In the previous section, we worked out the general relation (BE) between path-integral sources
and bulk initial data, working at linear order in the sources. We found a simple algebraic
relation between the mixed Laplace/Fourier transform of the sources and a Bessel/Fourier

transform of the initial data. We formally inverted this relation to express the sources
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directly in terms of the initial data as ([B7)). Thus, naively, for any Lorentzian solution we
wish to generate, we can use this result to find some corresponding initial data. However,
the existence of the inverse Laplace transform appearing in (B7) requires that we have an
analytic continuation of the transformed initial data functions and also that this analytic
continuation obeys certain constraints. It is not immediately clear what the implications of

these constraints are for the (real) initial data functions.

A separate concern is whether the sources defined by the inversion formula (7)) are suffi-
ciently well behaved to justify our use of perturbation theory. For example, if for some choice
of initial data, the sources defined by (B7) diverge (e.g. for 7 — —o0), then the restriction
to the linearized bulk equations that we have used is likely not justified. In this case, un-
derstanding whether the given initial data can be obtained from a path-integral state may

require studying the full non-linear gravity equations in the bulk.

In this section, we will try to gain insight on these questions by asking to what extent it is
possible to choose sources in order to approximate a delta function in the initial data. If we
succeed in finding sources that lead to delta function initial data, we can then take linear
combinations of such sources for various locations of the delta function to approximate any

function in the initial data.

4.1 Sources for localized initial data

For our detailed analysis, we will specialize to the particularly simple case where the source

is for a scalar operator with dimensions A = (d + 1)/2. Here, after a field redefinition
d—1
2

o(z,z,t) = - X(z, x,t) (75)

the field y satisfies the ordinary Minkowski-space wave equation

0,0+ 9y =0, (76)
I

and so many of the results simplify. In particular, the expression ([22]) for the initial data in

terms of the sources can be expressed as
Xp(z,t=0) = / dw A\ eV Rt
0
8tXE(Z7t = O) = —/ dw w )\ng eV R (77)
0

where A 1 is the Fourier transform of the sources and xz(2) represents the Fourier transform

of the initial data along the spatial field theory directions.
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4.1.1 Localizing initial data in the radial direction

Let’s consider first the case of sources and initial data that are translation-invariant in the

field theory directions (i.e. have k = 0). In this case,

Xo(z,t=0) = / dw Ao e
0
Oxo(z,t=0) = —/ dw w Ayp €% . (78)
0

If the initial data functions admit an analytic continuation to Euclidean time, we can check

that these expressions are equivalent to

1 [T
MN7)=—(x(z =1i1) + x(2 = —iT)) — L/ (Oux(z =i1) + Oyx(z = —iT))dT (79)
A a7 J,
Focusing on the case of time-symmetric initial data (corresponding to real sources), we have
simply
1 , :
M) = - (x(z =) + x(2 = —i7)) (80)

so the sources can be read off directly from an analytic continuation of the initial data.

Since we can approximate any initial data function y(z) arbitrarily well by analytic functions
(e.g. by taking a linear combination of Gaussians that approximate delta functions), the
formula (B0) gives sources for essentially arbitrary initial data. However, as we anticipated
in the introduction to this section, the sources obtained in this way can be poorly behaved.
For example, if the initial data includes a Gaussian, the required sources diverge as e“™ for

7 — —o0. This most likely invalidates our use of perturbation theory.

A more useful question is how well we can approximate arbitrary initial data using sources
that obey some type of boundedness condition. To investigate this, we will ask how well we
can approximate a delta function in the z direction using sources whose L, norm is fixed to

some specific value

"We could have chosen some other boundedness condition, choosing a different norm or requiring that
the maximum value of the source never exceeds some value. We focus on the Ly norm for convenience. We
should note the natural appearance of the Hardy norm: H,(f) = ([, |f(2)|"dz)= for a vertical contour C
in the complex plane parallel to the imaginary axis. The Hs norm of the produced initial data function is
related to the Lo norm of the source by a standard result in the theory of Laplace transforms,

o0

/ dz|x(iz)|* = / dzdwdw'e ™" @)\ (W) Mw) = 27T/ IAw)]?.

— 00 — 0o — 00

However, the Hardy norm seems unrelated to the validity of bulk perturbation theory, so we will not consider

it any further.
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4.1.2 Variational calculation

To address this question, we consider the variational problem of minimizing the variance

Jo d2x(2)P(z — 20)?

M P RN EIE

(81)

subject to f f
do W) _,  [dTNOP _
IR R O (52)

We can either think of N as the norm of the sources with the normalization condition

/0 T dEP =1, (83)

on the initial data, or we can think of N as the inverse norm of the initial data if we set the

L, norm of the source to be 1

Defining a non-increasing function V,,;,(N), as the minimum variance that we can obtain

with norm less than or equal to N, we have three possibilities:

1. The variance Vj,;,(N) goes to zero for some finite N. In this case, we can directly

represent delta function initial data with sources having bounded L? norm.

2. The variance V,,;,(N) approaches 0 as we allow N to oo. In this case, by taking the
amplitude of the initial data small enough, we can obtain initial data with arbitrarily

small variance about 2, using sources with L, norm smaller than some bound.

3. The variance V,,;,(N) approaches some nonzero constant as N — oo. In this case,
we would conclude that even by taking the amplitude of the initial data small as the
variance goes to zero, it is not possible to approximate a delta function with bounded

sources.

To determine V,,;,(NN) we can consider an actionH

5= /0 T ()2 — %) — A /0 T dn(z) — B / dwA2(w) . (84)

8We could have alternatively considered the quantity N’ defined as the source norm with the normalization
condition fooo dzx(z) = 1 (as we would have for a delta function). We have checked that the qualitative
behavior of V,in(N') and Vj;,, (IV) is similar.

9We restrict to real sources for simplicity.
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We can consider the extrema of this action as a function of A and 5. These extremize
Jo7 dzx?(2)(z — 20)?* for fixed [;”dzx*(2) and [ dwA?(w); the function that minimizes V for

fixed N will then correspond to some particular values of A and f3.

Varying the action with respect to A(w) and using (78), we get

| s = = e = aaw) 0 (85)
This gives N
| ane. ) = b, AG) = ) (36)
where
Mo(w, p) = / dze= e — %ﬂ) (87)
and

Ms(w,p) = /dze_“z(z—zo)ze_pz

— —_l_ -

(dp %0) p+w ,
B 2 220 25
BRCE e APEY, (88)

Solutions of equation (8] are eigenfunctions Ap g(w) corresponding to some allowed values

of 8. For each allowed (3, we can compute
Z05) = [l - w0
0
N@B) = [ dndae)
0

NA(A,B) = / doX () (20)
From these, we have
Z(A, B) NA(A, B)
VD) = wmm - ARG
N(AB) = x&g; (90)

Finally, we have that V,;,(/N) is the minimum of V (A, 8) over £ and A subject to N(A, ) =
N. We can think of this as the lower bound on the region of the V' — N plane covered by a
parametric plot of (V(A, ), N(A, 3)) as a function of A and .

It is straightforward to carry out this analysis numerically. We take A\(w) to be piecewise

constant on small intervals of size € covering a range [Wiin, Wmaz)- In this case, the integral
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Figure 3: Plot of z? (me)_1 vs N on a semi-log scale, where V,,;,, is the minimum variance
of an initial data function and N is the ratio of the Ly norm of sources to the Ly norm of
the initial data function. This figure uses w20 = 40 and €zg = % and plots the results
for values of w20 listed in the legend. The curve suggests that the minimum variance

approaches zero as the norm of the sources is increased for any choice of w,,i,20.

equation (Bf) becomes an ordinary matrix eigenvalue equation for a square matrix of size

6_1 (wmam - Wmin)-

Our discretisation introduces dimensionless parameters ezg < 1, Wnaezo > 1 and w20 <K
1. In the next section we will also consider the case where w,,;,2 is held fixed. Our explicit
numerical results for V,,;,(N) are plotted in figure B suggesting that 1/V},;, is a function
of log(N) that increases roughly linearly at large log(/N) For use in the next section, we
note that qualitatively similar results are obtained if we keep w,,;, fixed, i.e. we restrict the

source to vanish for w < wWyin.

These results are consistent with possibility 2 above: for any finite value of the L, norm
for the sources, there is a minimum possible value for the variance and this minimum value
appears to go to zero as the norm is taken to infinity. This suggests that we can produce
arbitrarily localized initial data, but we need to take the amplitude small as the variance
becomes small if we want the Ly norm of the sources to remain smaller than some particular

value.

YFigure Bl uses ezo = + and winag 20 = 40. Our numerical analysis found that the results in figure Bl were
stable under decreasing ez or increasing wp,q:20- Lhe discretisation may seem fairly coarse, but the small
Vinin regime is more sensitive to w20 and so a coarser discretisation allows us to reliably access lower

variances while keeping the size of the required matrix under control.
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Recalling from formula (78]) that the initial data function in this case is simply a Laplace
transform of the Fourier transformed sources, our results here imply an interesting result for
Laplace transforms: if x : [0,00) — R is the Laplace transform of a function A, then the
variance of y is bounded below by some decreasing positive function of the L, norm of A. It

may be interesting to understand this relationship more precisely.

4.1.3 Fully localizing initial data

Next, we extend the analysis of the previous section to the more general case where trans-
lation invariance in the spatial field theory directions is not assumed. Starting from the

general expression

> d(’udd_lk -V k24w2z ik-F i
X(Z,l"):/ We Pt T\ (w, k) (91)

we note first that the Fourier modes in the field theory directions of y may be expressed as
e* T (2) (92)

where F(z) is some linear combination of functions e~** with o > |k|. That is, the functions

F(2) are Laplace transforms of functions F(w) with the restriction that w > [k|.

Applying the same numerical methods as in the previous section, we have found that even
with such a restriction on F | it is still possible to produce a function F i(2) with arbitrarily
small variance so long as the sources are taken sufficiently large. Thus, for any E, we can
generate a function whose z-dependence is ¢i"7 and whose variance in the z-direction is
arbitrarily small. For our discussion below, let N, . (V') be the minimum norm necessary

to achieve a variance V' with a source whose support is in [wWynin, 00).

We will now show that by taking linear combinations of mode functions constructed in this
way, we can generate functions (&, z) with arbitrarily small variance by choosing sources
A with sufficiently large (finite) norm. We will argue that this is possible to achieve using
functions of the form x(z,2) = X(z)Z(2).

Suppose we want to generate a function X (z)Z(z) with variance less than V,. First, we note

that for large enough ko, it is possible to find a function
X(z) = / dkA(k)eF* (93)
|k|<ko
written in terms of Fourier modes with |k| < ko such that [ dzX (x)* =1 and [ dzX (z)%2? <
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V./2. Next, we can choose a function
Z(z) = / dwAp, (w)e %, (94)
ko

such that the variance is less than V, /2 and source norm is less than or equal to Ny, (V./2),

where A\, (w) is supported on [kg, 00).

Finally, consider a source defined as

)\(l{?, w) = \/Cﬂj_l_k?)\k()(v w? + k2> . (95)
This gives
A 3
(k_?_wk )\ko(\/m)ezk Z,—VkI+w?
(A)

X(z,x) = /dkdwi
k

The variance for such a function is

[ dxdzx(z,2)*(2* + (2 — 20)?)

Vo= fd:cdzx(:c 2)?
[ dxX(z) [dzZ(2)*(z — z0)?
TdeX (2) Td=2(z
= V;+Vx < V* (97)

Finally, the norm of the sources is

[ dider | 2820, (m)r
[ dzdzx(z, 2)?
f\k|<k0 dk f/joo do‘#flz(k))‘zo ()
[ dxdzx(z, z)?
< f\k|<ko dkA*(k) ka:)O do&io ()
- [ dx X (z)? [ dzZ(2)?
= %Nko(v*/2) : (98)

where we have used Plancherel’s theorem. Thus, we have seen that it is possible to obtain
arbitrarily small variance for sufficiently large source norm, so long as this is possible in the

translation-invariant case for sources with support in [Wyin, 00).
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The form of N,
N,

Wmin

(Vi) is investigated in Figure [3l We see that for a sufficiently small w,;,,
(Vi) asymptotes within the range of our numerics to the roughly linear relationship
seen for Ny(V5) in the translation invariant analysis. The delay with which N, . (V) reaches
this asymptotic behaviour increases with w,,;, and so our results are consistent with the
conjecture that this is the generic asymptotic behaviour of N, . (V,) at smaller variances
than our numerics can probe. In any case, figure Bl provides evidence that small variances
can be achieved at the cost of exponentially suppressing the amplitude independent of this
observation.

5 Absence of w > |k| modes in CFT one-point func-

tions.

An important feature of the perturbative results for the CFT one-point functions in terms
of sources is that the one-point functions have no |w| < |k| modes. For holographic theories,
this has been noted before in [I1], [12] at leading order in the 1/N expansion, and comes from
the fact that these would correspond to perturbative bulk modes that diverge exponentially
for large z From a CFT perspective, the argument for why spacelike modes decouple in
a large N CFT is that they drop out of the two-point function (as we have already seen
by explicit calculation), and at large N all correlation functions factorize in terms of two-
point functions. In this section, we show the absence of these |w| < |k| modes for one-point
functions of CFT scalar quasi-primary operators quite generally, i.e., without assuming a

large N expansion.

We consider states

U) =N, 0n(En, —7,)|0) (99)

obtained as linear combinations of states obtained by acting with scalar operators O, of
some fixed scaling dimension A, on the vacuum at spatial position ¥, and Euclidean time
—7, < 0. A state

O, (%, —7,)|0) (100)

' This property leads to the result that CFT one-point functions integrated against certain non-trivial
smearing functions will vanish for states in the “code subspace”. This is related to the “quantum error
correction” property for holographic states [I5] [I6] [I7], i.e. that local bulk operators (which according to
HKLL [I8] are equal to smeared local CFT operators at leading order) can be represented in multiple ways
as boundary operators.
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is the same as that obtained by inserting the operator O, (%, —7,) into the Euclidean path-
integral defining the vacuum state. We recall that any CFT state can be obtained by the
insertion of some linear combination of operators of fixed scaling dimension at 7 = —oc;
here, by inserting scalar operators at arbitrary position, we can reproduce states obtained

by inserting any scalar primary operator or any of its conformal descendants at 7 = —o0

Now, for the general state (@9]), consider the one-point function of a scalar operator O(x, t)
of dimension A at Lorentzian time t. This is obtained by analytic continuation from the

Euclidean three-point function. Keeping track only of the x and ¢ dependence, we have

A
U|O(z, )| ) = ) = ; :

< | ( )| > mzm ((f— fm>2 _'_ (Tm o Zt>2>§(A+Am_An)((f_ fn>2 _'_ (TTL _ /L’t>2>§(A+An—Am)

(101)
Using the identity

1 m—1 _ e\n—1
1 F[m+n]/ g5 (1—1s) ’ (102)
ArBm  T'm|lCn] J,  (sA+ (1 —s)B)mtn

we find that the x and ¢ dependent function in ([I0T]) is a linear combination of terms of the

form .
1
(F—Z02 + (o —it)2 + C2)B (103)
where
Ty = ST, + (1—135)7,
To = ST — (1 —38)7,

C? = s(1—5)((Zm —T0)? + (T + 7)?)

For C' = 0, the Fourier transform of (I03)) is the expression Ka(k,w,7) defined in (53) and
given explicitly in (58)). This contains no |w| < |k| modes. If this remains true for C' # 0,
then we would conclude that one-point functions for general states have no |w| < |k| modes.
Naively, we could expand (I03)) in powers of C; the Fourier transformation of the C?" term is
proportional to Ka, and thus contains no |w| < |k| modes, but it’s not clear that expanding,

integrating, and resumming is justified here. In any case, the result of this procedure is

da
.

T[A]

L 2 _ g2\ 271
KS (k,w, ) = 2" "0 ™0(1w)0(w? — k?) <w i ) N [CV w? — kQ] (104)

4C?

12To construct a completely general state, we must also include insertions primary operators in other SO(d)
representations and their descendants. We expect that it should be possible to generalize the arguments in

this section to that general case.
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To check this, we evaluate the Fourier transformation directly using contour integration

methods as in section 3. We have (for positive integer A),

1
(C2+ (T — Zo)2 + (1 —it)2)A

7 IT[A — eilFle
_ —zk -To / dte—zwt / dr y
A (C2 + a2 + (1 —it)2)A—5+!

d
5—1

ri-le=kdo g . 1
_ o — d —ikx dt —iwt
N 2/_00 e /_OO it (r—it?
1 —wr, —ik-& 00 co+iT
_ T2 e e 0 (_ d )A_g / dxe—ikx / dte—iwt 1

K (k,w,7) = / A1 gdte T it (105)

[\

e

T[A] C? Coiir C2+ 4% — 12
_ 2mBeeme R Tog(wr) (4 yas /00 ik SWVC? + 27)
- T[A] dC? o N
o tle—wr =ik Tog (1 d =y
= Iy 0w~ ) ) ROV
27Tg+16_°‘”e_“5'509(w7‘) ) ) w? — k2 %—% \/ﬁ
_ A 0w — ) (s Jaa [OVeT =R

which reproduces the naive result above in any CFT, the one-point function of any scalar
primary operator is built from Fourier modes with the restriction that |w|? > k?. Roughly,
this says that the spatial variation must not be greater than the variation in time. For

example, we can’t have a one-point function that is static and localized in space.

Our discussion above extends the observations in the existing literature [11], 18] [I2] about the
absence of spacelike modes from one-point functions to all orders in 1/N, and indeed even
to more general CFTs without a large N expansion. However, as shown in [12], spacelike
modes can be present in non-vanishing higher-point functions, for example in the thermal
two-point function. This is not in contradiction with the result discussed in this section, but

demonstrates the need for care in interpreting our results.

6 Discussion

In this paper, we have investigated in more detail the correspondence between states ()
defined by adding sources to the Euclidean path integral and the Lorentzian asymptotically
AdS spacetimes that these states are dual to in holographic theories. We have presented
evidence that at first order in perturbation theory, arbitrary perturbations to the background
AdS spacetime can be well-represented by such path integral states. However, an interesting
qualitative feature is that the validity of this perturbative approach depends both on the
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size of the bulk perturbations we wish to produce and on how localized these perturbations

are.

An interesting generalization of this work would be to investigate states for which sources
are added to the Euclidean path integral defining a mixed state — for instance, the thermal
state — instead of the vacuum path integral we considered here. States produced in this
way should correspond to perturbations to the black hole or black brane geometries dual to
the thermal state. Again, it would be interesting to understand the detailed map between
sources and Lorentzian solutions, starting with the linearized analysis. Of course, one could
also cast this problem in terms of the thermofield double, which points to the fact that there
will be multiple different path-integral states which produce the same bulk initial data in
the causal wedge of one side. Similarly, it might be interesting to consider the analogous
calculation for subregions in the vacuum — namely, if we were only to specify initial bulk
data in the causal wedge of some (say, ball-shaped) CFT subregion (i.e. on a Cauchy surface
in the correspondingly dual AdS hyperbolic black hole), then it is clear that several different
path-integral states in the CF'T would reproduce the required bulk data.

It would also be interesting to investigate which Lorentzian initial data can be generated via
path integral states to higher orders in perturbation theory or non-perturbatively (e.g. via a
numerical gravity calculation). For example, in a purely gravitational setting or for gravity
coupled to a scalar field, it would be interesting to study numerically which spherically
symmetric or translation-invariant initial data can be produced using sources with the same
symmetry properties by solving the full nonlinear gravitational equations. In this case, we
expect that certain sources will lead to singularities in the bulk Euclidean solution, so there
will not be a one-to-one map between sources and smooth initial data. It is also not at
all clear that we would be able to obtain arbitrary initial data by an appropriate choice of
sources. Ultimately, we would like to understand whether any physical Lorentzian spacetime
with a good classical description in a consistent quantum theory of gravity can be well-
represented by states of the form (Il or if not, whether there is a nice characterization of

which class of spacetimes these states correspond to.
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Appendix

A Higher orders

In section 3, we have obtained at first order in perturbation theory the relation between
Euclidean sources, bulk initial data, and CFT one-point functions. In this appendix, we
point out that there is a relatively simple formula valid at any order in perturbation theory
for the sources required to produce any particular one-point function. This may be useful in

extending the analysis of this paper to higher orders.

Our discussion makes use of the shadow operator formalism [19] 20, 21], 22| 23]. We will work
in Euclidean signature in this section and use the analytic continuations described above to

extract the Lorentzian one-point functions.

We wish to find the sources required to set (VU,|O,(z)|V)\) = po(z), where « labels primary
operators Expanding in the source,

pal@) = (WAOu@) W) = [[do(r)}e S5O0, 2 (106)
— [ N @HOuIOsW) + 5 [ i Ou()Os, (10O 1) N () ) (107)

+ % dy1dy2dys(Oa () O, (y1) O, (42) O (y3)) sy (1) Ao () Ass (y3) + O(AY),
(108)

where (...) denotes the vacuum correlation function.

13Repeated labels should be summed over the primary operators in the CFT.
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Similarly, the source can be expanded in terms of the target one-point function,

1
M) = [ oK a)pa(o) + 5 [ oK, .00 220 (20)pm(a2). + O(%) (109)

Plugging into (I0]) determines the integral kernels K ®:

pule) = [ dydey (Ou@)Oaw) KLY, (0. 200 20)

1
0= / 4142300, (21) P (72) / Ay{Oa(@)O5(y) KL, oy, 71, 72)

+ / dy1dya(Oa () O, (1) O, (y2)V K51 (y1, 1) K5 (y2, 2)

0 dz1dT2p0, (21) Pay (T2) Pas (T3) [/ d?/<0a(95)06(?J)>K§Zm,a2,a3 (y, 1,72, 73)

=3
+3 / dy1dy>(Oa()Op, (1) Op, (Y2 )V K5 (g1, 01V K o (Yo, 2, 3)

4 [ iy (On() O, (1) O 12) O 91 K o, (1)L (22 K ()

The first equation requires that K él()) (y, x) be the inverse of the two-point function (O, (x)Op(y))
as an integral kernel. Note that this two-point function is completely fixed by conformal sym-

metry and is diagonal in the «, 8 labels. Formal shadow operators can be defined by

Osly) = / 0K (y, 2)00(2), (110)

which transform under conformal transformations as an operator of dimension A, = d—A,.

This ensures that

(Oa(®)Op(y)) = 8%(x — ) (111)
(Oa(2)05(y)) = K., (y, ). (112)
This last equation tells us what K is, since the two-point function is determined by con-

formal symmetry This definition is a bit different in spirit from that used in [23], but can

be checked to agree using results derived in Section 2 of that work.

4 Equations in this section involving integral kernels or shadow operators should be understood to hold

when integrated against suitable test functions.
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Higher orders are straightforward:

K o (y.21,22) = —(O5(y) O, (1) Oy (2)) (113)
K @, 2a,23) = 3 [ dya(Ou(y)Ou, (1) O, (42)) (Op, (42) Oy (22) Doy (:3)

~{O5(y)Oay (21)Oay (22) Oy (3)). (114)

K® involves a new ingredient, which is the main reason to introduce the shadow operator

formalism. The OPE expansion allows us to fuse correlation functions of the form

/d:)s((’)l 000, (2O (2) Oy - .. O) ,=(01...0), (115)

subject to a projection which eliminates the contributions from unphysical “shadow confor-
mal blocks”. This projection can be realised by picking out the part of the resulting integral
with a particular monodromy behaviour for the positions of the operators O;...0,,. See
[23] for a detailed discussion of how to do this projection. As noted there, this projection
makes these expressions somewhat formal, but can be carried out in practice. Since this
projection is trivial for m = 1, all the integrals used in defining the source so far can be

redefined to include such projections. Thus,

KD oy an, 2o, 03) = 2(05(y) Oy (21) Oy (2) Oy (23)). (116)

Using this approach, a formal expression for the source required to reproduce a given target

one-point function to all orders is

) = (Ostutog (14 [ s Ouw)nnte)) ), (117)

where this expression should be understood via its series expansion in powers of p. It can
be checked by plugging into (I0G]),

<\If,\|(9a(a7)|\lf>\> = <efdy>\,8(x)(95(y) Oa($)> — <efdy05(y)<(5g(y) log(1+fdm(5a(x)pa(m))>Oa(x)>

(118)

= (142001 @) 0, (1)) = <<1 + / dz (’ja(x)pa(a:)) (’)a(:c)> = pal2).
(119)
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