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ABSTRACT

The'Kffproton and K+=proton S-wave scattering is analyzed by using
8 re;ativistic effective range formula derived by studying the analytic
properties of partisl wave scattering amplitudes. The influence of the
pion~pion interaction on the elastic and reaction cross sections.is

discussed.
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University of California
Berkeley, California

October 13, 1960

I. INTRODUCTION

An interesting analysis of the low eneréy K~ elastic and reaction
processes on protons, has been worked out by using an effective range expansion
for S-state interactions. Jackson, Ravenhall and Wyld have shown that in
order to describe these processes, only two complex phase shifts are neededol
In particular, exteﬂsive calculations carried out by Dalitz and Tuan on the
basis of zero range formulas, and considering explicitly the %K~ mass
difference, have succeeded in reproducing all the gross features of the
elagtic and reaction cross sec_:tions.,2

Unfortunately, although these phenomenological approaches give a
reasonable fit to the experimental data, they are deficient from a theoretical
point of view inasmuch as there are no clear relations between the phenome-

nological parameters and the dynamics of the interaction. On the other hand,

more fundamental theoretical attempts based on conventional field theory
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have so far been meaningless because of the difficulties of ﬁandling strong
interactions. The static model, although tractable, is inadequate for the
K;nucleon problem.

The aim of this paper is to discuss the K-nueleon interaction in terms
of relativistic effective range formulas, derived by studying the analytic
properties of partial wave scattering amplitudes. This new way of looking
" at strong interaetion theory, originated by the works of Chew-Mandelstam

3

and Chew-Low,” marked an important step forward with respect to previoﬁs
theoretical attempts. The fundamental principle of the theory is that the
"interactions" are associated with singularities of the scattering amplitudes
in the unphysical region. The location of these singglarities is determined
by the masses of the physical systems involved, whereas their strengths are
related to physical cross sections and restricted by the unitarity eonditionoh
It follows that the "long range forces", due to the exchange of one or two4
particles, are associated with "near by" singularitieéa At the present
stage, it is possible to calculate the "long range forces", while the "short
range forces", due to the exchange of three or more particles, have still
to be treated phenomenclogicelly.

Returning to-the K-nucleon interaction, we would like to emphasize
the fact that, as a consequence of the small mess of the pior with respect
to the K-meson, the singularity asscciated with the exchange of a two-pion
system is very close to the K-nucleon physical threshold and, more important,
may be considered as the only "near-by" singularityo5 From this point of
view, the "long range part" of the K-nuclecn interaction should, in principle,
give clearer information on the pion-pion interaction than that obtained by

studying the nucleon-nucleon and pion-mucleon problems. It is unfortunate
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that, due to the complexity of the K-nucleon forece, other strongly interacting
particles tend to confuse the situation with major contributions to the S-wave
phase shifts. Nevertheléss, the presence of a strong pion-~pion interaction
should affect in a detectable way the energy dependence 6f the low energy

K -proton elastic and reaction cross sections.

In a previous note,6 we have analyzed the elastic and charge exchange
K=-proton cross sections on the basis of a model in which there is a strong
pion-pion interaction in the I = 1, J = 1 state. It has been found that
a sharp resonance, such as suggested by‘Frazer and Fulco,7 is consistent with
the present experimental data. Here we will discuss the influence of the
pion-pion interaction on hyperon production.

Finally, the relation between the "long range force" of the K-nucleon
and K-nucleon systems is pointed out,8 which follows from charge conjugation
symmetry. There is no simple relation for the short range forces that involve

exchange of particles other than pions.
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TI. REIATIVISTIC EFFECTIVE RARGE FORMUIAS FOR THE K-NUCIEON INTERACTION
Let us consider the K-nueleon interaction under the assumption of
charge independence and neglecting mass corrections. The partial-wave

scattering amplitudes for the processes

XK + N » K + N

=i

+ N = Y + =

Y + x - Y + «x

can be written in terms of two matrices T(I) (I=O,l are the isotopic spin):

(1) (1)
Tiew, *v Tiw, v
oD _ | (II.1)
p(I)_ o(I)
Yn KN : Yﬁ Y=
O
For I =0, TYn,Yﬁ and TY K are l=by-1 matrices, whereas for I =

1 ' : . .
TYK,Yﬂ and T%N,YT are 2-by-2 and 2-by-1 submatrices referring to Znx and

At channels, As pointed out in FNP and FFP, it is convenient to express

the analytic behavior of the T(I) matrix in terms of a matrix G(I) defined
by
” ppe1 /2 2 12
oKD - L | & (1) (II.2)
V. |E¥vm] ¢ E+M | °
where G(I)

is of the form

oD . L K(E e, (Ve -, T 107He v )

-4 1 (1 - (I) -z 1
S E+l) e By ' T (11.3)
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-Az and Bz are the partial-wave projections of the amplitudes A and. B
which satisfy the Mandelstam representation; ¢, E, and M are disgonal
matrices with components equal to the center-of-mass momentum, baryon energy
and baryon mass, respectively; ﬁij ='%(Mi + Mg) and W/; is the total
energy. G has been defined so as to contain, in the cut 1/;=plane, only
singularities connected with the Mandelstam representation. (In what follows
we will suppress, for simplicity, the isotopic spin index.)

From Eq. (II.2), it follows that the unitarity condition requires:

-1 1 24+1
ImG (s) = -—= 4+ ¢ : (1T.4%)

\[; E+M

where © 1is a diagonal matrix of step functions

1 W< Vs

6 = ' (1I1.5)

0 W, > Vs .

Wi being the threshold energy of the ith channel.
The location of the singularities of G israiscussed in Ref. (9).

The main point is that all the dynamic cuts, except that arising from the

KK-ntx interaction, lie below the threshold for the Ax channel,‘(sAﬂfn-BOm“Q)e

Therefore, restricting our discussion to energies close to the E;nucléon'

physical threshold (plab'é 250 Mev/c, i.e., 104 mﬂ:2 £ s £ 113 mzf), the

single baryon poles, the cuts associated with the absorptive part of the

processes # + x> Y +'Y', the crossed K-nucleon and ﬁmhyp;;on cuts, should

affect weakly the energy dependence of the scattering amplitudes. Moreover,

only some of the discontinuities across these cuts may be considered as known

functions (for example, the single baryon terms containing the baryon masses,

the K-nucleon and the n-hyperon coupling constants). Thus, it is plausible to
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describe the effect of these singularities by phenomenclogical constants or

by “far away" polesju) The introduction of phenomenological parameters makes

it immaterial, for S-wave processes, te work in the cut'\[;-plané; for

simplieity, we shall use the cut s-plane later on (see Appendix.A),

The dynamic singularity due to the KK-msr interaction instead extends

2 2 2 2 .2 | o

to s = | Mﬁ -m + me - m ] and should produce the strongest

energy dependence in the physical amplitudes. The discontingity acroés this

cut, i.e. [Im G(é)]“ﬁ , depends on8the matrix elements fof the reactions

f+x>K+K and x +x+N+8§ ., Extensive calculations are required to

determine the influence the long renge force has on the physicsl processes.

To simplify the problem, we will represent the distributed spectrum [Im G(S)]ﬁﬁ

by the function R3(s - al)° This approximstion is gquite accurate for a

narrow pion-pion resonance of the type introduced by Frazer and Fulec in the

I=1 J =1 sta;te° In particular, if the two pion system interacts

prevalently in this state, the long range contributions to the I = 0 and

A 8
I =1 K-nmucleon states are in the ratio .~ =3,

Let us now go on to calculate the scattering amplitudes. We definell

¢"i(s) = D(s) N X(s) (II.6)

where the matrix N(s) has only the left hand cuts and the matrix D(s) has
only the unitarity cuts starting from the physical thresholds g, for the
different K-nucleon and f-hyperon processes. Applying Cauchy's theorem in

the complex s-plane, we have for a given set of poles on the dynamical cuts:
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-9
R, D(a,)
N(s) = = s 1 1
" 1 S - 8
1
| | (11.7)
-1
o' ImG (s') R, D(a,)
D(s) = 1-222 [as' 3, I
s, (8* = 8)(s* = a;)(s' - @)

where D(s) is normalized by setting D(w) = 1. R, are matrices in channel

space. In particular, Rl refers to the nx interaction and has only the

(1,1) element RKK,nn different from zero.

A two-pole approximation to the left hand cuts leads to the following

expressions for the elastic and reaction amplitudes:

(11.8)
e IS T G ¢ B SR U PR
,KN (E + M)\/;- KW, KW (E + M)\/; fI(si + Zr
1/2 "(E +M) Vs
(1) Ay M Zr 1 (1)
Aﬁnxzﬁ(s) B QN; zp + £(s Aﬁh,ﬁh(s) s (II.9)
‘ 1/2 :
q, M zZ. Y
i-l,),m(s) = .qfi - zlki fi _ ‘LIBEN(S) (11.10)
where
(s -a))(s-8) @ Im G°1(§')_
#e) = n — F si as Y(S" - s)(s' - a,)(s" - a,)
(1)
R
fI(s) e - KK,TUF

x(s - a)(1 +p RL)_)

5700
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«10=-
8, -8 @ Im Gnl(s°)
B = ] ds’ .
e s (s* - a )2(5, - a,)
0 1 2

Zg 5 25 Mg 7N, and ;{ depend on the parameters (Rij)z and a, of

the second pole and on the center-of-mass momenta qﬁn and qﬂﬂ for the

pion-hyperon systems; they may be regarded as complex constants if we neglect

the energy dependence of qp ~and g, Wwith respect to q (Appendix B).
Finally, by considering the ﬁnitarity condition we have the following

relations between the constants ZO’ zl, no, nl, and y{ :

|2

a, | 1 = - Im (1/z) (II.11)

Dy iﬂ)o % a5, | 1 ® = - In (1/zy) - (1I.12)

It is easy to see that the elastic scattering amplitudes, Eq. (II.8),
reduce to the two complex scattering lengths of JRW if the KKxn interaction
is disregarded, i.e. if fI(s) ~ 0, Note that the energy dependencé of #(s)
is negligible in the approximation an ~ constant.

The generalization of Egs. (11.8), (I1.9) and (II.10) for any finite

number of poles on the left hand cuts is straightforward.
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III. EFFECT OF K K  MASS DIFFERENCE ON THE SCATTERING AMPLITUDES
The kinematic effects which result from the mass difference between
K° and K~ mesons have been discussed in detail by Jackson and Wyld,12
Owing to the mass difference the isotopic spin is not strictly conserved in
reactions involving both E° and XK  mesons. It is then necessary to
transform the matrix G-l(s), defined by Eq. (II.6), from the isotopic
spin representation to a charge representation. In this new representation,
we have to deal with a S5-by-5 matrix in which the rows and columns refer to
the elastic and charge exchange processes K p » K p, Kn - K'n and to the
reactions K p = (Zﬁ)I in the two isotopic spin state I = 0,1 and

Kp -~ At, respectively. If we indicate with ggj and gij the elements of

the matrix \/q“T';\&;-for the twoe isotepic spin states 0,1 we have explicitly:

L el ) ige Mal - &) 1 0 11 1 1
28117611/ " Y9 2811 T 811 T3 812 73 G2 7> 813
2811 " &3 2'811%811/ = 1%y V2 €10 vz €12 V2 €13
. 1 0 1 0 0
M= vz G2 TE G2 €p = 185y 0 0
11 11 1 1
73 2 75 &2 © 8op = 1%, €3
1 1 11 1 1
L L 0 -1
vz &3 Ve 13 823 £33~ *nx
(171.1)

wvhere q' is the momentum in the It n channel. By inverting the matrix M

and recalling Eq. (II.2), the elastic reaction and scattering amplitudes are

_given by:
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=10-
Lo (1-1qge A2 =) +A2 = (1.1 gz AZ =)
A o s 1 v, Ry %y Ak, kv’ * M 7y Ak, R
K p;,Kp 2 A
(III.2)
1 0
v gw - Mg
) _ 1 “Kw,Rw KN
*p, k% = 3 N < | (1I1.3)
1 Poal o
A - = Mw S R (III.4)
b - oo A
- _ 1 1, -t 9%y “Rw, KN '
"p, (), "5 M R — (II1.5)
1 1 g A
- I SR R U v xR (II1.6)
" wWhere
1 yal 1
& = 51— [ -3 logy * o) 7 * M, )
Aaw kv Ak, R
't 0 1
A e e R

; . 9 _ i _
The two elastic amplitudes AKN,KN and AKNQKN , as well as the parameters
Mgy Ny and o) are defined in Sec. II.
Sufficiently above the threshold for the charge exchange scattering

these formulas reduce to those given by Egs. (II.8), (II.9) and (II.10).
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IV. TOTAL ELASTIC AND REACTION CROSS SECTIONS

The available experimental data on the K -proton elastic and reaction
cross sections are too crude in order to get any reliable information on the
pion-pion forceso13 However, we think itlimportant to recognize that a
strong pion-pion interaction, like that discussed by Frazer and Fulco in
their analysis of the nucleon electromagnetic structure; is consistent
with both the X -proton and K+=proton data (see also Sec. V).

As an example of the effects the pion-pion foreces may have on the
R;nncieon S-wave scattering, we have calculated the elastic, charge exchange
and hyperon production cross sections according to Eqs. (II.11-12) and {(III.1-3).
Assuming a pion-pion interaction in the I =1, J =1 state, with a
resonant energy mh ~ 3.6 m  and l Fn(mh) 12 ~ 16, the spectral function
[Im G(s)]mt can be calculated in terms of the parameter f, describing the

8
charge structure of the K-meson (Fig. 1). The corresponding function

R(T)

KK,nﬂs(s - al) is given by:

(O)ﬂ“ ~ - 2,8 fK MLL fermi
5

ox 2
al =~ 93 m. o

The elastic and charge exchange cross sections are given in Fig. 2;
the an, and Z=n+ production cross sections are given in Fig. 3. The
dotted curves refer to the Dalitz and Tuan solution (a+)o2

Inspection of Figs. 2 and 3 exhibits some interesting features
related to the long range contributions to the S-wave K-nucleon interaction.

In particular, it is worthwhile to note:
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£
k 80—
[
2 60}
I}
13
= 40
20+
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MU—-21795

Fig.1l. Spectral function JImG(s);t o assuming the pion form
. . S _ 4' l ‘2~
factor of Frazer and Fulco with wg = 3.6mTr and I F"in)! 16.

Sg is the R-nucleon physical threshold.
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Fig. 2. Cross section for elastic and charge exchange K-proton

scattering. The cross sections are normalized at Pr Lab.:
172 Mev/c. The parameters used are z )= [—0.41+i 1. 17.; ;
=12.01+i 0.20 M7 fermi; a, = 55 m .
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Fig. 3. Cross section for s vt and Z'n” production. The_cross
sections are normalized at PK. La b= 172 Mev/c. The phase

difference between the I=0 and I=1 2mr production amplitudes
is -112°
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(a) The levelling off of the low energy (pL ~ 150 Mev/e) K -proton elastic
scattering cross section; ,

(b) The different form of the cusps for the %" and £Tx* production
eross sections.

These results are extremely sensitive to the ratio between the long
range contributions in the two I % O and I =1 E-nucleon isotopic spin
states which, if the two pion pair interacts in the I =1, J = 1 state
only, is <=3. Since the curves plotted in the fiéures are obtained with the
ratio Réﬁ?ﬂa (lfnx ~ =3.8, we have a feeble indication in favor of a strong
pion-pion interaction in the I =1, J =1 state,

If thé last conclusion is qualitatively correct, the picture that
seems to be emerging is that for the K-nucleon system the long range force
is repulsive in the isotopic spin I = O state and attractive for I = 1,

whereas the net Ka-proton short range interaction is attractive. The sane

experimental fit requires fK ~ 1.5.
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V. RELATIVISTIC EFFECTIVE RANGE FORMULA FOR THE K'-PROTON INTERACTION

In this section we shall discuss briefly the K+~proton interaction.
Two considerations determine the nature of our results: (a) The dynamical
singularity closest to the physical threshold is agsin dﬁe to the KK,nx
interaction; (b) The long range forces, arising from the exchange of a pion
pair, give opposite contributions to the K-nueleon and K-nucleon systems.,8

Using the same technique as outlined in Sec. II, a two-pole approximation
to the left hand cuts leads to the following expression for the elastic

{ K&p | K+p ) amplitude:

. =1
: 1 1 9Nk
A = ——= #(s) + - ——
K*p,Ktp (E + M)'Vr; SHOIEN Ve (E + M)
Here (1+) (v.1)

R .

KK, 7t
£1.(8) = (TF)

(s - 8)(1+8 R )

and z, is a real constant depending on the parameters R, and s, of the

2 2
second pole. As the K+-proton is a pure I = 1 state the distributed
(1+)
spectrum [Im G(s)]Im will be described by the functien RKK,ﬁﬁ (s - al)
where )
PV £ M* fermi
KK, 1t
2
al ~ 93 mﬂ o

Very few experimental data are yet available for the low energy
+
K -proton scattering. The cross section increases slightly with increasing

K* momentum and is of the order of 15 mb at 250-300 Mev/c. Using Eq. (V.1)
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and normalizing the cross section at 250 Mev/b, we get a smoothly varying
monotonic cross section ranging between 10 mb for Piap = 0 and 15 mb for
Piap = 250 Mev/'co It is gratifying that the long range forces here do not

produce sharp variations in the cross section, in contrast to the K -proton

results described above.
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APPENDIX A
It is known that, in order to avoid kinematic s'ingularities R the
boson-baryon partial wave amplitudes should be given as functions of W = Vs .

We define ‘Ehe scattering amplitude as:

£ = Z(E + M)l/2 G(E + M)l/g,
0 W
where
= 1 = E =M - E - M
G = Tz [AO + (W - M)BO] + [-.Al + (W + M)Bl]
shows the proper threshold behavior at W = WO and W = -WO.
Following the method outlined in Sec. II, we have:
N(W) = 1 [ 1 - 1 + \/ - l) ]
E+M W + Val W=Val W+\/;2 W~\/a2
W - '\/a @ . ' .
D(W) = 1 + —_—t 2 f aw* ('q )(E + M) N(W')

e Wy wiw - '\/3,_2)(W’ - W)
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APPENDIX B
In this Appendix we give the relations between the ZO’ Z5 ‘no, ql

and ya and the parameters of the second pole.

Isotopic Spin I = 0

2
R (n5)9
z, nll 0 Ab
(ny5),
T‘ = -
0 A
where
B = (ngly - 1ag -
Isotopic Spin I = 1
(n,.), =1 (n,,), = 1
5; = (nll)l = (n?_e)1 2551 ik - niE)l “221 ke
1 & 4
(n,)
+ 2y, (ny5)) 21
((n,), - 1q,_] (n,;)
- 33°1 Axt 23’1
ny = =(np)y A + (ny3), A
[(nyp)y - 1 a5 (n55),
’)1 = - (ny5), A =~ (ny5)) A
where
a = (ng)(mgs)) = (055)) = ap qu = 1l(ng)) ap + (np); g0 1 -
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The ( n, j)I .are related with the parameters of the second pole by:

(1)
Ry

I s-a2

1
(ng) = -3
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