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Mechanics of Minimal Surface-based Architected Materials  
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Professor Lorenzo Valdevit, Chair 

 

For decades, high strength and high fracture toughness have been among the most 

sought-after mechanical properties by scientists and engineers in the field of light-weight 

materials. One way to achieve such mechanical properties is by using an architected cellular 

material (a two-phase material where one phase is void space and the other phase is the 

constituent solid, with the volume fraction of the latter defining the relative density �̅�) with 

optimized unit cell topology. Hence, one can design a lighter and lighter cellular material 

with the same constituent solid by reducing �̅� while striving to achieve the highest possible 

strength and fracture toughness. In addition, size effect (often leading to a ‘smaller is 

stronger’ behavior) can further improve mechanical properties if the constituent solid is a 

metal or a ceramic with nanoscale dimensional features.  
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The ultimate material is hence an architected material with an optimal topology at 

the nanoscale. However, such materials are often not scalable by conventional additive 

manufacturing technologies for practical engineering applications. We propose that the 

spinodal cellular topology derived from spinodal decomposition of a solid (or liquid) 

solution could provide a possible solution, as such a process followed by material conversion 

techniques has been demonstrated to produce architected material samples with overall size 

in the centimeter range and the smallest feature size of the architecture ranging from a few 

hundred nanometers to tens of microns. Unlike topologically optimized architected 

materials (which are almost always periodic), spinodal-derived architected materials are 

intrinsically stochastic. Given the large body of knowledge that supports the structural 

benefit of periodic architectures, a fundamental question arises on the mechanical efficiency 

of these stochastic topologies.  

In this thesis, we first numerically investigate the stiffness and strength of architected 

materials with spinodal topologies, considering both spinodal cellular solids (when one 

spinodally decomposed phase represents the solid constituent)  and spinodal cellular shells 

(where the solid constituent occupies the thickened interface between two spinodally 

decomposing phases). We show that spinodal cellular solids are generally inferior to state-

of-the-art topologies, whereas spinodal cellular shells are extremely stiff, strong, and 

imperfection-insensitive, features attributed to their minimal surface characteristics.  

Inspired by the excellent mechanical efficiency and scalability of spinodal shell 

topology, and the possibility to design spinodal shell architected materials with extremely 

large specific surface area (the smaller the unit cell size, the larger the surface area per unit 
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volume), we numerically explore the potential benefits of these architected materials as 

porous long bone bio-implants, and compare them with more established periodic truss and 

minimal surface-based designs. By using mechanical and bio-mechanical performance 

indices, we suggest that minimal surface-based topologies are in general more suitable for 

bone implants than beam-based topologies. Furthermore, we show that spinodal shells have 

the potential to evoke more bone growth via periodic application of shear stresses to the 

surrounding tissues. When coupled with the intrinsic scalability of spinodal shell-based 

architected materials, which allows fabrication of biologically relevant implants with pore 

sizes at the micron-millimeter range (hence promoting large tissue/implant contact), these 

results suggest a strong potential as long bone implant materials.  

Although micro/nano-architected materials can be designed with exceptional specific 

strength, their fracture toughness (an essential engineering properties for structural 

materials) is typically very low. While compressive strength and stiffness are relatively easy 

properties to model and experimentally measure in architected materials, extraction of 

fracture toughness (whether from numerical or experimental approaches) is much more 

challenging. In the final chapter of this thesis, we develop a versatile numerical approach to 

calculate the fracture toughness/R-curve of a cellular material.  The approach is based on 

Finite Elements Analysis of the J-integral on a single-edge-notch-bend specimen, with a local 

maximum strain-based damage model. This approach is applied to 2D isotropic lattices. We 

show that the initial fracture toughness calculated from our approach agrees well with the 

results obtained from other methods.  In addition, we show that careful design of unit cell 

topology can result in values of the steady-state fracture toughness that match or even 

exceed the initial fracture toughness of the constituent material itself. In the future, we plan 
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to apply this approach to investigate the fracture toughness and R-curve of spinodal shells-

based architected materials, with the overarching goal of identifying design strategies to 

optimize this essential property.  
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CHAPTER 1 

Introduction 

 

1.1 Overview 

Architected materials are multi-phase solids consisting of many repeating unit cells 

whose topology can be optimally designed to result in the desired effective properties or 

functionalities. Because of this multifunctional tunability, architected materials have been 

widely used in a wide range of multi-disciplinary fields.  For mechanical functionality, the 

unit cell topology can be optimized to obtain unprecedented stiffness, strength, and fracture 

toughness at ultra-low relative density. In addition, recent advancements in additive 

manufacturing technologies allow architected materials with nearly arbitrary unit cell 

complexity to be fabricated in a relatively scalable manner (subject to limitations discussed 

in section 1.2.3) for several practical engineering applications, from metamaterials for 

controlled wave-matter interaction to bone implants.  

 

In this chapter, we provide an overall introduction to three aspects of architected 

materials performance and design that are investigated in this thesis: (i) stiffness and 

strength of architected cellular materials, (ii) bio-mechanical properties of architected 

cellular materials relevant for bone implant applications, and (iii) fracture toughness of 

architected cellular materials. We first introduce two classes of unit cell topologies (strut and 

shell-based topologies) and explore the impact of unit cell topology on stiffness and strength. 

We then proceed to discuss the benefits of micro/nanoscale unit cell dimensions and the 

associated issue of scalability (section 1.2). Second, we explore the opportunities of using 
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architected materials in porous bone implants: the need, requirements, and the types of 

common bone implants are briefly discussed, together with advantages and disadvantages 

of state- of-the-art implant topologies (section 1.3). Third, we introduce the most common 

approaches to calculate the fracture toughness of architected cellular materials, including  

analytical (dimensional analysis and continuum Cosserat theory) and numerical approaches 

(finite element modeling on established fracture toughness specimens and boundary layer 

analysis) (section 1.4). We conclude this chapter with a concise problem statement for this 

thesis and the key research objectives (section 1.5).  

 

1.2 Mechanics of architected cellular materials 

1.2.1 Stiffness and strength of cellular materials 

 Architected materials are multi-phase materials. In the simplest form, we can have bi-

phase architected materials where one phase is void and the other phase is the constituent 

material, also known as “architected cellular materials” or “cellular materials” in short. Their 

Young’s modulus, E, and yield (or buckling) strength, 𝜎𝑦, are a strong function of the relative 

density, �̅�  (i.e., the volume fraction of the constituent material phase), generally following a 

power-law behavior: 𝐸~𝐸𝑠𝜌 ̅𝑛  and 𝜎𝑦~𝜎𝑦𝑠�̅� 𝑚 , with 𝐸𝑠  and 𝜎𝑦𝑠  the Young’s modulus and 

yield (or buckling) strength of the constituent material, respectively. The values of the 

exponents n and m have a dramatic effect on the mechanical efficiency of the material and 

are strongly affected by the topology of the unit cell architecture [1].   
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1.2.2 Strut-based topology 

The mechanical properties of open-cell, strut-based cellular materials like foams and 

lattices have been studied extensively over the past two decades [2–4]. Depending on the 

nodal connectivity (number of struts meeting at each node) and the balance between the 

number of states of self-stress and internal mechanisms, strut-based topologies can be 

classified into bending-dominated or stretching-dominated: in the former, local deformation 

upon global loading (e.g., compression) occurs primarily by bending of the struts (a weak 

deformation mode); by contrast, in the latter the vast majority of the strain energy is stored 

by axial deformation of the struts [5]. The implication is that stretching-dominated lattices 

are much more mechanically efficient than bending dominated lattices, with effective 

stiffness and yield strength scaling as 𝐸, 𝜎𝑦  ~ (ρ̅)1  (versus 𝐸 ~ (ρ̅)2  and 𝜎𝑦  ~ (ρ̅)1.5  for 

bending-dominated 3D lattices and stochastic foams) [6]. In all cases, at low relative density, 

strut buckling limits the strength of both stretching- and bending-dominated lattices. For 

nearly any strut-based lattice architecture, the effective elastic buckling strength scales with 

ρ̅  as 𝜎𝑒𝑙 ~ (ρ̅)2 [2,7,8], dramatically reducing mechanical performance at low relative 

densities. For most solid-strut topologies, the yielding-to-buckling transition occurs at a 

relative density of the order of ~1% [9]. 

 

Hollow-strut lattices  can potentially delay the onset of buckling, shifting the yielding-

to-buckling transition to ρ̅<0.1% [10–16]. However, their mechanical properties are often 

much worse than analytical predictions suggest: for example 𝐸 ~ (ρ̅)1.61 and 𝜎𝑦  ~ (ρ̅)1.76 has 

been experimentally extracted for hollow-strut ceramic octet lattices [12]. The hollow nodes 

of these lattices were shown to deform through bending (regardless of the nodal 
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connectivity); this phenomenon, coupled with stress concentration at the nodes,  causes a 

knock-down from classical scaling laws, which do not account for nodal topology 

[10,12,13,15,17,18]. Local node buckling (at low relative densities) and high sensitivity to 

imperfection (waviness of the strut and non-ideal strut cross section) during fabrication of 

these structures also contribute to the reduction of strength [10,19] . Adding fillets to the 

nodes efficiently reduces these stress concentrations, enhancing the strength of hollow-strut 

lattices. Increasing node-smoothening gradually converts hollow-strut lattices to shell-based 

cellular materials [20]. 

 

1.2.3 Shell-based topology 

Shell-based cellular materials can be classified in closed-cell and open-cell materials, 

based on the connectivity of their porosity. The former include closed-cell stochastic foams 

[9] and 3D periodic arrangements of polygonal cells, e.g octet and cubic-octet regular foams 

[21]. While some of these materials are remarkably efficient (e.g., the nearly-isotropic cubic-

octet regular foam approaches the theoretical Hashin-Shtrikman stiffness bounds [21]), 

their topology still results in stress localization near face edges and vertices, and hence sub-

optimal material utilization. By contrast, open-cell shell-based materials can be constructed 

as a thin, smooth, interconnected membrane that occupies a 3D volume, with interconnected 

porosity. These topologies usually take the form of a locally area-minimized geometry [22], 

and are characterized by a mean curvature (the average of the principal curvatures)  

approximately equal to zero everywhere on the surface. The most famous examples are 

triply periodic minimal surfaces (TPMS), such as the Schwarz P surface [23,24], the Schwarz 

D surface [23,24] and the gyroid surface [25]. The uniform curvature of these surfaces has 
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been numerically shown to dramatically reduce local stress intensification upon 

macroscopic loading [26]. Furthermore, Schwarz P shell and Schwarz D shell materials were 

shown to be stretching-dominated, with E and 𝜎𝑦  on par with or better than most of the 

existing lattice architectures [20,27,28]. Unfortunately, all these thin shell materials are 

significantly imperfection sensitive, as any surface roughness or waviness due to 

manufacturing imperfections would cause them to buckle prematurely under compression 

[27,29]. 

 

1.2.4 Advantages of nanoscale architectures and associated scalability issues  

 Both the strut-based and shell-based topologies discussed thus far are generally 

difficult to fabricate in a scalable manner with the smallest feature size at the nanometer 

scale and overall sample size in the centimeter range (inverse opal and gyroid materials can 

be fabricated at the nanoscale, but upscaling is challenging). The development of architected 

materials that can be fabricated at macroscale dimensions while still retaining dimensional 

control of their nano/micro-scale features is a very active research endeavor. The driving 

force has been the quest for scale-up of the well-known beneficial size effects on strength 

that metallic and ceramic materials exhibit when one or more component dimensions are 

reduced to the nanoscale. Excellent performance has been demonstrated in solid ceramic 

nanolattices (Bauer et al., 2016), hollow metallic [11,31] and ceramic [12] micro and nano-

lattices and nano-shell-based cellular materials [32,33]. The practical applicability of all 

these nano-architected materials, though, is dramatically hindered by scalability challenges 

that derive from their manufacturing process [15,34]. Approaches based on self-assembly, 

possibly combined with additive manufacturing at a larger scale, have the potential to 
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dramatically increase scalability. In this thesis, we will investigate architected materials with 

spinodal topologies, which can be fabricated by spinodal decomposition of a solution 

followed material conversion approaches; this material could provide the ideal combination 

of topological control of the micro/nanoscale architecture and scalable fabrication.  

 

1.3 Architected materials for bone implants 

1.3.1 The need for bone implants 

Defects in bones can happen due to diseases (e.g., cancer), accidental damages 

(trauma or injuries) and surgeries (e.g., tumor resection, revision surgery) [35,36]. If the 

defects are small, the bone can self-heal through remodeling [37,38], via the process of 

mature bone resorption by osteoclasts followed by new bone generation by osteoblasts [39–

42]. For large-scale bone defects (mostly bone fractures), complete self-healing by the body 

is not possible [43,44], and implants are often required to fixate and realign the bones for 

proper healing [45]. 

 

1.3.2 Requirements for bone implants 

For these implants to be safe and effective in facilitating bone growth, they must be 

biocompatible with the tissues surrounding the bone defects. More specifically, the implants 

must be porous to allow efficient transport of nutrients and removal of waste and promote 

bone ingrowth (which is controlled by the surface area and permeability of the implant) [46–

50]; they must have sufficient strength to support daily physical loadings and minimize the 

occurrence of fatigue failure (which is governed by the peak stress experienced in the 

implant) [47,51]; and they should have similar stiffness (characterized by the effective 
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Young’s modulus of the implant) to the host bones, to prevent bone loss due to post-surgery 

stress shielding [47,52–54]. Designing and fabricating architected materials to meet these 

objectives is a significant challenge.  

 

1.3.3 Categories of bone implants 

The most biocompatible choice of implants is autograft (derived from a patient’s own 

tissue), followed by allograft (derived from tissue harvested from another person). However, 

autograft requires additional surgical sites, with potential associated complications such as 

hematoma, whereas allograft increases the risk of infection and potential host rejection [55]. 

Additionally, due to their limited availability, they are not a suitable option for large bone 

fractures. As a synthetic alternative, one can choose biomimetic implants (i.e., implants that 

derive their design inspiration from natural bone), with porous metallic implants as the most 

prominent examples. Metallic cellular materials — made of either non-degradable metals, 

such as pure titanium, titanium alloys, cobalt alloys, and stainless steels [56–59], or 

degradable metals, such as magnesium, iron and zinc [60–62] — have been used for a long 

time in orthopedic applications [63,64], thanks to their combination of high mechanical 

strength, corrosion resistance and biocompatibility [65,66]. By careful introduction of 

porosity (𝜑), the stiffness of cellular materials can be fine-tuned to match that of patients’ 

bones. As a critical added benefit, the porous environment resembles the physiological bone, 

and evokes a healing response similar to that of bone graft [67]. All these features make 

porous metallic implants ideal candidates for long bones (stiffest, strongest, load-bearing 

bones in the body), as illustrated in Fig. 1.1.  
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Fig. 1.1 (a) Long bones (indicated in red hollow circles): femur, tibia, fibula, radius, ulna, and 
humerus in human skeleton [68,69] and (b) Anatomy of a long bone [69] for illustration 
purposes. 

 

1.3.4 Topological design and fabrication of porous metallic implants  

Cellular materials, i.e. porous solids consisting of a (generally) periodic repetition of 

an optimally designed unit cell, have been extensively investigated over the past couple of 

decades: topology optimization of the unit cell provides a unique opportunity to tailor the 

effective properties of the material to maximize multifunctional performance for a wide 

range of applications. In the case of implants, the porosity 𝜑 and its topological arrangement 

(i.e., the unit cell design) can be designed to optimize bone growth, by matching the stiffness 

of the surrounding bone while providing constant mechanical stimulation to evolving tissue 
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in the pores, maximizing surface area for bone/implant adhesion [70,71] and maximizing 

fluid transport [48,72] through the pores, and to minimize stress intensification for optimal 

fatigue life [73,74]. With the advancement of metal additive manufacturing technologies, in 

particular selective laser melting (SLM) and electron beam melting (EBM),  it is now possible 

to accurately and cost-effectively fabricate porous metallic implants made of unit cells with 

nearly arbitrary topological complexity [75–80].  

 

1.3.5 State-of-the-art implant topologies 

Currently, the most widely used unit cell topologies for implants are strut-based 

designs, such as cubic, diamond, and octet lattices [47,80–84]. This is because the mechanical 

properties of various beam-based topologies are well documented from the past studies and 

can be accurately predicted by well-established design principles [3,5,9]. Despite their 

popularity, though, beam-based implant topologies have the following shortcomings: (1) the 

substantial peak stresses, localized at beam-connecting nodes, often result in the short 

fatigue life [85–87]; (2) the sharp change in local geometrical environment is anti-

biomorphic and creates an adverse environment for homogeneous cell migration [26,88,89].  

 

Shell-based unit cell topologies, characterized by very uniform near-zero mean 

curvature and the lack of any defined nodes, can address both shortcomings. The most 

notable examples of these shell-based topologies are triply periodic minimal surfaces 

(TPMSs), such as Schwarz P (primitive) and Schwarz G (gyroid) surfaces [90]. Over the past 

few years, TPMSs have received significant attention and have been investigated for their 

multifunctional performance in multiple fields [91–93]. For bone implant applications, 
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TPMSs are rapidly becoming topologies of choice, thanks to their uniform curvature, high 

specific surface area, high strength, high permeability, and topological similarity to human 

trabecular bones [94–96]. 

 

1.4 Approaches to obtain fracture toughness of architected cellular materials 

1.4.1 Fracture toughness of cellular materials 

The optimal design of the architecture to achieve maximum stiffness and strength has 

been extensively investigated over the past two decades, both numerically and 

experimentally. While a number of efficient designs have been identified, both properties are 

limited by theoretical bounds: for any cellular material, the relative Young’s modulus, �̅� =

𝐸/𝐸𝑠   and the relative yield strength, 𝜎𝑦 = 𝜎𝑦/𝜎𝑦𝑠  (with the subscript s denoting the 

properties of the constituent materials) cannot exceed the relative density of the material, 

�̅� = 𝜌/𝜌𝑠 (Voigt bound). In the case of isotropic cellular materials, much tighter bounds exist, 

namely the  Hashin-Shtrikman bound [97] and the Suquet-Ponte-Castaneda nonlinear bound 

[98,99], respectively. Conversely, the fracture toughness of cellular materials is theoretically 

unbounded, and has been much less investigated.   

 

1.4.2 Dimensional analysis 

The first systematic investigation dates back to 1984, when Maiti, Gibson, and Ashby 

derived the analytical expressions of mode I fracture toughness, 𝐾𝐼𝑐 , for both open and 

closed-cell brittle isotropic foams, by using dimensional analysis that relates the global stress 

intensity factor, K, to the local microscopic stress in the cell wall [100]; fracture occurs (K= 

𝐾𝑐 ) when the maximum stress in the cell wall around the crack tip reaches the tensile 
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strength, 𝜎𝑇𝑆, of the constituent material. 𝐾𝐼𝐶  of open and closed-cell isotropic foams is found 

to scale with �̅�1.5 and �̅�2, respectively [100].  Later, Gibson and Ashby showed that the 𝐾𝐼𝐶  of 

2D elastic brittle hexagonal lattices scales with �̅�2  [9]. Huang and Lin used the same 

approach to obtain analytical expressions for mode II fracture toughness, 𝐾𝐼𝐼𝐶 , and mixed 

mode fracture toughness for both 2D hexagonal lattices and 3D elastic brittle isotropic foams 

[101]. These models predict that for all cellular materials, the initial fracture toughness can 

be expressed as 𝐾𝐼𝐶 = 𝐷 σTS √ℓ �̅�𝑑, with  ℓ, the unit cell size, and d and D,  non-dimensional 

parameters that depend on the topology. While the exponent d can be derived from 

analytical considerations, the pre-factor D is in general extracted by numerical simulations 

or experiments. 

 

1.4.3 Continuum Cosserat theory 

Alternatively, one can evaluate the fracture toughness analytically using a enriched 

continuum Cosserat  (micropolar) theory; the continuum model is developed by equating its 

strain energy to that of discrete lattices, in analogy with strain gradient theories [102–104]. 

The first applications of the enriched continuum theory to lattice structures were proposed 

by Banks and Sokolowski [105] and Bazant and Christensen [106] . Using this method, Chen 

et al. obtained the expressions of 𝐾𝐼𝐶  for 2D triangular, square, and hexagonal lattices, 

predicting the exponent value d = 1 [107]. Such prediction for hexagonal lattices is in 

disagreement with d = 2 obtained previously by dimensional analysis and experiment data 

[9]; this discrepancy is attributed to the assumption of affine deformation (stretching) 

implicit in the Cosserat medium calculations, which ignores cell wall bending [108].  As an 

additional limitation, enriched continuum techniques, as all techniques utilizing 
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homogenization, lack the ability to capture local instabilities in the individual struts of 

discrete lattices, such as those induced by elastic buckling [109]. 

 

1.4.4 Finite element modeling on the single-edge-notched-bend and center-cracked plate  

Several numerical techniques, based on the Finite Elements method, have been 

introduced to calculate the fracture toughness of cellular materials (including the pre-factor 

D). Discrete lattices are modeled in configurations with known relations of stress intensity 

factor  to remote boundary conditions such as single edge notched bend (SENB)  or center-

cracked plate specimens, and treated as a framework of rigid-jointed interconnected beams; 

the stresses in individual beams as a function of the remotely applied loads are then 

calculated using the finite element method and the fracture toughness is obtained under the 

same linear elastic fracture mechanics (LEFM) assumption implicit in the analytical 

derivations of  Gibson and Ashby [9] and Maiti et al. [100].  Under these assumptions, 

accurate estimation of fracture toughness requires that the global K-field be sufficiently 

larger than the local microscopic cell size. The implication is that in the case of cellular 

materials, the characteristic size of the overall sample, L, must be much larger than the crack 

length, a, which in turn must be much larger than the unit cell size, ℓ. Huang and Gibson 

investigated 2D elastic brittle diamond lattices and showed that a/ ℓ  must be larger than 7 

[110]. Quintana and Fleck demonstrated the existence of a transitional crack size, 𝒂𝑻, such 

that below it no K-field exists (strength-controlled failure) and above it failure is well 

predicted by LEFM (toughness-controlled failure). It was shown that 𝑎𝑇 =  0.9(ℓ2/𝑡)  for 

single edge notched bend (SENB)  specimens and 𝑎𝑇 =  0.14(ℓ3/𝑡2)  for a center-cracked 

plate subjected to uniaxial tension, with t the in-plane thickness of a bar [111,112]. The 
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implication is that for �̅� < 16%,  smaller SENB specimens suffice as a fracture toughness 

testing method. These 𝑎𝑇 values also explained the contradictory results between center-

cracked plate specimens and SENB specimen of the same 2D lattice found by Huang and 

Chiang [113].  

 

1.4.5 Boundary layer analysis 

As an alternative to center-cracked plate and SENB specimens, the fracture toughness 

of 2D lattices can also be obtained via boundary layer analysis. In the simplest term, 

boundary layer analysis relates the local maximum stress around the macroscopic crack tip 

to the global asymptotic K-field of a crack [114,115] in an equivalent homogeneous medium 

with effective elastic properties, and K-corresponding displacements and rotations are 

prescribed onto the outer periphery of the finite element mesh. This technique was first 

applied by Schmidt and Fleck [116] to gain insights of fracture toughness of regular and 

irregular elasto-plastic hexagonal lattices. However, extensive usage of such technique is on 

the study of elastic brittle materials. For example, Fleck and Qiu [108] applied this technique 

to extract the fracture behaviors of 2D isotropic brittle elastic kagome, triangular, and 

hexagonal lattices, and demonstrated that 𝐾𝐼𝐶  scales as �̅�0.5  for kagome lattices, as �̅�1  for 

triangular lattices, and as �̅�2 for hexagonal lattices. The superior fracture behavior of kagome 

lattices was attributed to a reduced stress level around the crack tip due to elastic crack tip 

blunting [1]. Subsequently, Romijn and Fleck applied the same technique with orthotropic 

K-field boundary conditions to show that 𝐾𝐼𝐶  of both square and diamond lattices scale as �̅�1 

[117,118]. Finally, Christodoulou et al. used a similar technique to investigate the effect of 

cell regularity on the fracture toughness of 2D hexagonal lattices [119]; they found that mode 
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I fracture toughness is more sensitive to topological variations than mode II in the vicinity of 

the crack tip. 

The boundary layer analysis can also be used to investigate the crack initiation and 

crack propagation of elastoplastic 2D lattices [116]. Under the conditions of small yielding, 

Schmidt and Fleck applied the displacement boundary conditions corresponding to a KI field 

to hexagonal lattices and assumed that the constituent material follows a bilinear hardening 

law until one of the beams near the crack tip attains the fracture strength, 𝜎𝑓. The beam is 

then gradually removed while the magnitude of the applied K field is increased during the 

process, such that the work of fracture at the failed joint equals the prescribed fracture 

energy of the beam. Such requirement of adjusting the applied K field so as to match the 

prescribed value of fracture energy in a beam disallows the simulation of simultaneous 

failures of multiple beams. The initial fracture toughness of hexagonal lattices was shown to 

scale as �̅�2  and  the subsequent R-curves were extracted in both regular and irregular 

topologies [116]. More recently, Tankasala, Deshpande and Fleck [120]  extracted the initial 

fracture toughness of elastoplastic 2D lattices (triangular, kagome, diamond, and hexagonal) 

by combining the boundary layer analysis with two sets of failure criteria: (i) maximum local 

tensile strain and (ii) average tensile strain. They showed that the predicted fracture 

toughness is only sensitive to the choice of failure criterion for hexagonal lattices (which are 

bending-dominated) but not for triangular and kagome lattices (which are stretching-

dominated). The initial fracture toughness of elasto-plastic 2D lattices was shown to scale 

with the relative density with the same power laws as for elastic brittle materials [120]. 
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1.5 Problem statement and research objectives 

Additive manufacturing technologies have vastly improved over the past decade, in 

terms of resolution, printing speed, material palette and many other aspects. Notably, we can 

now additively manufacture artifacts and architected materials with nearly any complex 

topology in an efficient and cost-effective manner, for relatively large scale engineering 

applications (with features from hundred microns to few centimeters in size). This allows 

many architected materials with optimized unit cells topologies designed and studied over 

the years to be employed in real products in our daily life (for example, architected materials 

are used in shoe soles and bone implants). However, upscaling of architected materials (to 

further exploit nanoscale size effect and increase surface area), where the smallest feature 

size is of the order of hundreds of nanometers and the overall sample size is at the 10-100 

centimeter scale, remains a great challenge. A potential solution for the scalable fabrication 

of nanoarchitected materials is to adopt self-assembly techniques to rapidly generate 

materials with billions of unit cells of semi-controlled desirable topologies. One such 

approach utilizes spinodal decomposition of a solution, resulting in a two-phase material 

with spinodal topology, followed by suitable materials conversion tecniques. While this 

approach is certainly scalable and can produce shell-based macroscale architected materials 

with shell thickness at the micro/nanoscale, the resulting topology is intrinsically stochastic. 

As two decades of research in the field of architected materials have consistently shown that 

stochastic topologies are less mechanically efficient than periodic designs, before much 

effort is spent in developing and perfecting scalable manufacturing techniques for 

architected materials with spinodal topologies, a thorough investigation of the mechanical 

performance of these topologies is warranted. Such an investigation is provided in this 
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thesis. Furthermore, the possibility to scalably fabricate shell-based architected materials 

with porosity at the microscale and exceptionally large surface area per unit volume suggests 

that these materials might be excellent candidates for bone implant applications. Here we 

will compare the performance of these materials with that of other state-of-the-art 

architected materials, in terms of a combination of properties that relate to bone implant 

performance. Finally, although strength is increased by exploiting size effects in 

micro/nanoarchitected materials, the fracture toughness decreases with the square root of 

the unit cell size. This worrisome trend could be somewhat compensated by a possible 

toughening effect provided by the nature of spinodal-shell topologies, which could deflect 

propagating cracks. Hence, it is instructive for us to investigate the fracture toughness of 

architected materials with spinodal shell topologies. Due to the lack of versatile approaches 

to obtain the fracture toughness/R-curve of architected cellular materials in 2D or 3D, in this 

work we develop a new numerical approach to address this issue.    

In the subsequent three chapters, we will address the issues mentioned above by 

presenting and discussing the results from our studies as follows: 

• Chapter 2 – The mechanics of architected materials with spinodal topologies. We 

investigate the topological characteristics, stiffness, strength, and imperfection 

sensitivity of architected materials with spinodal topologies and compare them to 

other state-of-the-art strut-based and shell-based topologies.  

• Chapter 3 – Architected implant designs for long bones: The advantage of minimal 

surface-based topologies. We investigate the suitability of architected materials with 

spinodal shell topology as bone implants and compare their mechanical and bio-
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mechanical performance to that of octet lattice (strut-based) and primitive shell (shell-

based) architected materials.  

• Chapter 4 – A versatile numerical approach to obtain fracture toughness/R-curve of 

cellular materials. We develop a versatile numerical approach to obtain the fracture 

toughness/R-curves of cellular materials, applicable to 2D or 3D topologies and elastic-

brittle or elastoplastic constituent materials. 
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CHAPTER 2 

The mechanics of architected materials with spinodal topologies 

(the work in this chapter has been published before in doi:10.1016/J.JMPS.2019.01.002 ) 

 

2.1 Introduction 

Spinodal decomposition is a near-instantaneous diffusion-driven phase 

transformation that converts a single-phase material into a two-phase material (one possibly 

being void space), with the two phases arranged in a bi-continuous (both phases are 

interpenetrating and physically continuous) topology and separated by a surface with nearly 

uniform negative Gaussian curvature (the product of the principal curvatures)  and nearly 

zero mean curvature (the average of the principal curvatures) [121,122]. Spinodal 

decomposition may occur by a variety of physical processes, e.g., the dealloying of an Au/Ag 

solid solution[123] or the heating/cooling of an emulsion gel through a critical point [124]. 

The former results in a gold solid spinodal structure with ~50% porosity and nanoscale 

feature size (Fig. 2.1a), whereas the latter gives rise to a ~50%/50% mixture of two liquids 

with microscale feature size, called a bicontinuous interfacially jammed emulsion gel (bijels) 

(Fig. 2.1b). While thermodynamics favors the growth of the feature size over time, this 

process can be arrested (thereby controlling the length scale), by lowering the temperature 

(in the case of nano-porous metal) or by jamming the interface with solid nano-particles (in 

the case of bijels). Bijels can be used as templates for the development of structural and 

functional micro-architected materials, via a suite of materials conversion processes 

[125,126]. For example, one of the liquid phases can be replaced by a photosensitive 

monomer, which is subsequently photopolymerized, and the other liquid phase removed, 

http://www.doi:10.1016/J.JMPS.2019.01.002
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resulting in a ~50% dense polymeric cellular spinodal architecture. The surface of this 

cellular solid can be subsequently coated with metal or ceramic, and the polymer ultimately 

dissolved, with the end result being a stochastic shell-based architected material with 

spinodal topology [124] (Fig. 2.1c). This process is extremely scalable and can result in rapid 

fabrication of macro-scale shell-based cellular materials with microscale feature size. The 

stochastic nature of this shell-based architecture, though, raises questions about its 

mechanical efficiency.  

In this chapter, we thoroughly investigate the mechanical response (stiffness and 

strength) of both solid and shell-based architected materials with spinodal topologies. We 

numerically generate 3D spinodal cellular materials with different relative densities and 

characteristic feature sizes and extract shell-based spinodal cellular materials from the 

interface between the solid and the void space. We compute stiffness and strength under 

uniaxial compression by finite element simulations, which are verified by mechanical 

experiments conducted on polymeric samples produced by 2-photon polymerization Direct 

Laser Writing.   

 

Fig. 2.1 Examples of self-assembled spinodal topologies at different length scales: (a) nano-
porous Au, obtained by selective etching of Au/Ag solid solutions (reproduced from [123]); (b) 
spinodally decomposed bijel (reproduced from [124]); (c) micro-porous metallic shell spinodal 
architected material, obtained by material conversion of spinodally decomposed bijels 
(reproduced from [124]). 
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2.2 Numerical construction of spinodal topologies 

2.2.1 Generation of solid spinodal topologies 

Spinodal structures are formed through spinodal decomposition, a diffusion-type 

phase separation process that separates a compound into a mechanical mixture of phase A 

and phase B solid solutions by reducing the total free energy of the system [127]. The phase 

separation processes during spinodal decomposition can numerically be described with 

phase field approaches [128–130]. One of the most commonly used formulations is the Cahn-

Hilliard equation [131,132], which can be written as: 

 𝜕𝑢

𝜕𝑡
=  ∆(

𝑑𝑓(𝑢)

𝑑𝑢
−  𝜃2∆𝑢)                    (2-1) 

where 𝑢(𝑥, 𝑦, 𝑧, 𝑡) , is the concentration difference between the two phases (phase A and 

phase B) at a coordinate (x,y,z) at the evolution time, t (𝑢(𝑥, 𝑦, 𝑧, 𝑡) is bounded between −1 

and 1, with 𝑢 = −1 denoting full phase A and 𝑢 = 1 denoting full phase B), and ∆  is the 

Laplacian operator. At time 𝑡 = 0, the system is nearly homogeneous, with 𝑢~0 everywhere. 

As the simulation starts, phase separation is driven by a free-energy function with a double 

well, which can be chosen as 𝑓(𝑢) =  
1

4
(𝑢2 − 1)2. Regions of phase A and phase B quickly 

develop, with 𝜃 denoting the width of the interface between the two phases (here set to 1.1, 

as suggested by [132]). As time progresses the size of the single-region domains increases 

and the curvature of the interface decreases. For a cellular material, one of the two phases 

represents void space. This equation is discretized by the Finite Difference method and 

solved on a cubic domain of 100  ×  100 ×  100 nodes, subject to periodic boundary 

conditions. The solution procedure is nearly identical to that reported in [132]; a synopsis is 

reported in Appendix A for completeness. Solid spinodal volumes at 5 different evolution 

times, 𝑡1 − 𝑡5  (and hence different domain sizes and surface curvatures) and 4 different 
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relative densities, �̅�1 = 20%, �̅�2 = 30%, �̅�3 = 50% and �̅�4 = 70%, are extracted for post-

processing (Fig. 2.2). Spinodal volumes were subsequently sliced in 2D images and the stack 

of images was imported in the commercial software Simpleware ScanIP to generate a 3D 

tetrahedral finite element mesh for subsequent mechanical characterization.  

 

Fig. 2.2 3D spinodal solid models with different relative densities, �̅� = 0.2, 0.3, 0.5, 𝑎𝑛𝑑 0.7,  
extracted at different evolution times, t1, t3, and t5.  
 

2.2.2 Calculation of the characteristic feature size 

Whereas periodic architected materials have a very well-defined unit cell size, for 

stochastic spinodal solid this definition is fuzzier. Nonetheless, a measure of the 

characteristic feature size, 𝜆 , is necessary to enable comparison with periodic cellular 

materials. This dimension can be defined as the inverse of the dominant frequency in a Fast 

Fourier Transform (FFT) of the spinodal model [133,134]. To graphically illustrate the 

relationships between real domain and frequency domain, FFTs are initially extracted on 
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two-dimensional slices of the solid spinodal topologies (Fig. 2.3). The results show three 

important features: (i) the intensity profiles in the FFT images are all nearly axisymmetric, 

indicating that all our spinodal models are isotropic; (ii) the dominant frequencies shrink as 

the evolution time increases, indicating that the characteristic feature size increases with 

evolution time; (iii) the dominant feature size is unaffected by the relative density of the solid 

spinodal models and only depends on evolution time, suggesting that this unique 

characteristic length scale can be used to uniquely describe the morphology evolution of the 

system (in lieu of time), a description that we adopt henceforth for both solid and shell 

spinodal topologies. 

 

Fig. 2.3 2D slices of spinodal solid models in (a) space domain and (b) frequency domain, at 
different relative densities (�̅� = 0.2, 0.3, 0.5, 𝑎𝑛𝑑 0.7) and different evolution times (t1, t3, and 
t5). The characteristic feature size is extracted from the FFT transforms of the models, and 
depends on the evolution time, but not on the relative density.  
 

To properly measure the characteristic feature size for each topology, FFTs are 

extracted for full three-dimensional spinodal models. Plots of amplitude VS frequency along 
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the x-direction are extracted and depicted in Fig. 2.4a (the specific direction is immaterial, 

as the models were shown to be isotropic). Notice that the frequency has been multiplied by 

the domain size L in Fig. 2.4a; with this normalization, the x-position of the dominant 

frequency peak represents the number of unit cells in the domain, 𝑁 = 𝐿/𝜆 , with 𝜆  the 

characteristic feature size.  

 

 

Fig. 2.4 Time evolution of the inverse of the characteristic feature size, as extracted from 3D 
FFT analyses of solid spinodal models. (a) FFT amplitude along the x direction at five evolution 
times; the frequency with highest amplitude is the inverse of the characteristic feature size. (b) 
The characteristic feature size scales with the cubic root of the evolution time (normalized by 
t5), as predicted by the LSW theory of spinodal decomposition.  

 

Fig. 2.4a clearly shows that the characteristic feature size increases with evolution 

time, as qualitatively observed in the 2D FFTs. This time evolution is explicitly plotted in Fig. 

2.4b, where the characteristic feature size is shown to scale with the cubic root of the 

evolution time, as expected by the LSW (Lifshitz-Slyozov-Wagner) theory of spinodal 

decomposition [133,135], for all but the first simulation. The slight disagreement on the first 

simulation point is attributed to an incomplete phase separation in the Cahn-Hillard 
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evolution model (i.e., evolution is not yet fully completed at that short time, and feature 

growth had not fully started).  This finding confirms that the numerical topologies obtained 

with the technique described in section 2.2.1 possess the characteristic features of naturally 

occurring spinodal structures.    

 

2.2.3 Generation of shell spinodal topologies 

Spinodal shell geometries are generated by extracting the interface between solid and 

void phases of spinodal solid models with a three-step process: (i) the stack of 2D images for 

each model is imported in Matlab and a 3D matrix containing the phase information of any 

point in the cubic domain at a particular instant in time is generated; (ii) the Matlab 

‘isosurface’ function is used to extract the interface between solid and void phases; (iii) the 

Matlab ‘surface smoothening’ algorithm is applied to the isosurface patches, in order to 

remove sharp geometric transitions. The resulting three-dimensional surface is then meshed 

with triangular shell elements within Matlab and subsequently imported in the commercial 

finite element software Abaqus for further mechanical analysis. The relative density of 

spinodal shell topologies is tuned by controlling the shell thickness in Abaqus. With this 

procedure, we generate spinodal shell topologies from each of the five solid spinodal 

topologies with 50% relative density discussed above (each with a different evolution time, 

and hence domain size and surface curvature); three such topologies are depicted in Fig. 

2.5a. Once the surface area per volume ratio, S/V, of each model is extracted, the relative 

density of the shell spinodal model is calculated as �̅� = 𝑏𝑆/𝑉, with b the shell thickness. This 

relationship is plotted in Fig. 2.5b; notice that the shell thickness has been normalized by the 

characteristic domain size, 𝜆 , defined in section 2.2.2 above. Using this approach, we 
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generate shell spinodal structures with relative densities, �̅� = 0.01%, 0.1%, 1%, 5%, 7%, 

and 10% for further analysis.  

 

Fig. 2.5 (a) 3D spinodal shell models corresponding to the interfaces of spinodal solid models 
of �̅� = 0.5,  extracted at three different evolution times (t1, t3, and t5). (b) Relative density of 
shell spinodal cellular materials, as a function of the shell thickness, b, normalized by the 
characteristic feature size, 𝜆. L denotes the cubic domain size. 
 

2.2.4 Calculation of the surface curvature 

While clearly stochastic in nature, spinodal structures possess a remarkable uniform 

distribution of surface curvatures, with every surface patch characterized by a near-zero 

mean curvature and negative Gaussian curvature. Mean and Gaussian curvatures can be 

expressed in terms of the principal curvatures as 𝐻 =  
1

2
(𝜅1 + 𝜅2)  and 𝐾 = 𝜅1 ∙ 𝜅2 . To 

confirm that the models generated in sec. 2.21 conform to this important signature of 

spinodal structures, we extract the principal curvatures at any location in each shell spinodal 

model with the algorithm described in Appendix B. The results are plotted in Fig. 2.6. A 
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number of important results clearly emerge: (i) for all topologies derived from 50% dense 

solid models (i.e., same amount of solid and void phases), 𝐻~0 and 𝐾 < 0, with most surface 

points within a very narrow range, as predicted by the theory of spinodal decomposition 

[133]; henceforth, we will use these models to construct shell spinodal topologies for 

mechanical characterization; (ii) for topologies derived from solid models with densities 

lower (higher) than 50%, 𝐻 < (>)0  and 𝐾 < 0 , with most surface points within a very 

narrow range; (iii) for all topologies, the magnitudes of the principal curvatures decrease 

with evolution time, remaining consistent with the trends mentioned above; this is clearly 

consistent with the characteristic feature size coarsening over time, as noticed above.   

 

2.3 Mechanical performance of spinodal topologies 

2.3.1 Numerical modeling of mechanical response 

 The finite element (FE) meshes of the solid and shell spinodal models, generated as 

described in section 2.2, are imported in the commercial FE software package Abaqus 

Standard, and static simulations are performed to extract the mechanical response of these 

cellular materials under uniaxial loading, specifically the effective Young’s modulus, E, and 

the effective yield strength, 𝜎𝑦 . The constituent material is modeled as isotropic elastic-

perfectly plastic, with Young’s modulus, 𝐸𝑠 = 210 𝐺𝑃𝑎 and yield strength, 𝜎𝑦𝑠 = 235 𝑀𝑃𝑎 

(the actual values are immaterial, as the effective properties are normalized by these values). 

Geometric nonlinearity is allowed during deformation.   
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Fig. 2.6 Principal curvature maps of the surface of shell spinodal models, derived from different 
relative densities (�̅� = 20%, 30%, 50%, 𝑎𝑛𝑑 70%) and different characteristic features sizes ( 
𝜆

𝐿
=

1

8
,

1

5
, 𝑎𝑛𝑑

1

3
 ) of solid spinodal preforms. Notice that only the 50%-derived shell topology has 

near-zero mean curvature,  𝐻 =  
1

2
(𝜅1 + 𝜅2), throughout the surface. 

 

To simulate the uniaxial response of an infinite solid, the following boundary 

conditions are applied on the cubic domains (Fig. 2.7): (i) the nodes on the –x face are 

restrained from moving in the x-direction but allowed to move freely in the y- and z-

direction; (ii) a compressive displacement, 𝛿𝑥 = −6, corresponding to a lattice level strain 

휀𝑥 =  −6%, is applied to all the nodes on the +x face, which are otherwise free to move in the 
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y- or the z-direction; (iii) all the nodes on the +y face are free to move in all directions, 

although their y-displacement is coupled to that of a reference node (and hence is the same 

for all nodes on the face); similarly, all the nodes on the +z face are free to move in all 

directions, although their z-displacement is coupled to that of a reference node (and hence 

is the same for all nodes on the face); (iv) the nodes on the –y face are constrained from 

moving in the y-direction but are free to move in the x- or z-direction, and the nodes on the 

–z face are constrained from moving in z- direction but are free to move the in x- or y- 

direction. Although not as rigorous as periodic boundary conditions, these boundary 

conditions can be applied to nonperiodic cellular materials (in this case spinodal topologies) 

simulating the mechanical response of infinite cellular structures, ensuring that all plane 

faces remain plane and allowing for Poisson’s contraction upon uniaxial compression.  

The reaction force (𝐹𝑅) integrated on all the nodes on the –x face is extracted through the 

simulation. The stress-strain curve for the cellular material can then be generated, with 

stress and strain defined as 𝜎 = 𝐹𝑅/𝐿2 and 휀 =
𝛿𝑥

𝐿
, respectively, with L the cubic domain size. 

The effective Young’s modulus of the cellular material, 𝐸, is calculated as the slope of the 

linear region in the stress-strain curve, and the effective yield strength, 𝜎𝑦, is extracted as the 

0.2% offset strength.  

2.3.2 Imperfection sensitivity analysis 

Thin shells (and by extension thin shell-based architected materials) are known to be 

stiff and strong but significantly sensitive to geometric imperfections [29], a characteristic 

that significantly limits their load carrying potential in practical applications. To quantify this 

effect in spinodal shell models, an imperfection sensitivity analysis is performed. 
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Fig. 2.7 Finite element model of (a) a solid spinodal model ( �̅� = 50% ) and (b) the 
corresponding shell spinodal model. The nodes on the positive x surface are highlighted in red 
indicating how the boundary conditions are applied to the models. (c-d) Boundary conditions 
applied to a spinodal solid model in the x-y and x-z planes. Red, green, and blue triangles 
indicate that translations are constrained along the x, y, and z directions, respectively. The sides 
opposite to those indicated with red, green, and blue triangles are allowed to displace in the x, 
y, and z directions, respectively, but with the condition that all nodes on the side displace by the 
same amount. The same boundary conditions are applied to spinodal shell models. 
 

First, linear eigenvalue (elastic buckling) analyses are performed on the original 

meshes and the first ten eigenmodes with positive eigenvalues are extracted from each mesh. 

Second, imperfections are introduced in the original meshes as linear combinations of the 

first ten eigenmodes with equal weights; the magnitude of the imperfection parameter, 𝜓 =

ℎ𝑚𝑎𝑥/𝑏, with ℎ𝑚𝑎𝑥 the largest displacement from the original mesh and b the shell thickness, 

is systematically increased in order to probe the imperfection sensitivity. Finally, post-

buckling non-linear quasi-static Ricks analyses are performed in uniaxial compression, 
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subject to same boundary conditions described above, in order to capture the deformation 

evolution in imperfect meshes. Fig. 2.8 and 2.9 show meshes and stress-strain curves for two 

different 10% dense shell spinodal topologies, differing by the size of the characteristic 

feature, 𝜆, relative to the domain size ((a) 𝜆/𝐿 = 1/8, (b)  𝜆/𝐿 = 1/3). For each topology, the 

response of the perfect structure (𝜓 = 0) is compared to the responses of the same topology 

with increasing amounts of imperfection. A very notable conclusion emerges: the topology 

with 8 X 8 X 8 ‘unit cells’ in the domain (Fig. 2.9a) is absolutely imperfection insensitive, with 

imperfection magnitudes as large as 20 times the shell thickness showing no effect on the 

mechanical response. Even for very coarse topologies, with only 3 X 3 X 3 ‘unit cells’ in the 

domain (Fig. 2.9b), the imperfection sensitivity becomes appreciable only when 𝜓~10. (To 

further emphasize the imperfection insensitivity of these topologies, notice that the topology 

with characteristic feature size, 
𝜆

𝐿
= 1/3 (Fig. 2.8c-d and Fig. 2.9b) has much smaller surface 

area per unit volume than the topology with 
𝜆

𝐿
= 1/8 (Fig. 2.8a-b and Fig. 2.9a), and hence 

larger shell thickness; hence, in absolute terms, the imperfection magnitudes displayed in 

Fig. 2.9b are much larger than those in Fig. 2.9a (as evident from comparing Fig. 2.8a-b with 

Fig. 2.8c-d), explaining the emergence of some degree of imperfection sensitivity). Overall, 

the remarkable conclusion is that, unlike regular shell-based architected materials, spinodal 

shell based architected materials are remarkably imperfection insensitive; this important 

characteristic is attributed to the stochastic nature of the spinodal shell topologies. With this 

conclusion, all subsequent finite element analyses are performed on perfect meshed, without 

loss of conservatism.   
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Fig. 2.8 Comparisons of perfect (a,c) and perturbed (c,d) meshes for spinodal shell topologies 

with characteristic feature size, 
𝜆

𝐿
=

1

8
 (a,b) and 

𝜆

𝐿
=

1

3
 (c,d).The magnitude of the imperfection 

is equal to 𝜓 = 20 (b) and  𝜓 = 9.3 (d), respectively. Red circles in (a,b) represent examples of 
subtle imperfections.  

 

Fig. 2.9 Imperfection insensitivity of shell spinodal models. The non-dimensional imperfection 
magnitude, 𝜓, is defined as the largest displacement from a perfect mesh normalized by the 
shell thickness. Comparison of post-buckling stress-strain curves of 10% dense spinodal shells 

with characteristic feature size, 
𝜆

𝐿
=

1

8
 (a) and for  

𝜆

𝐿
=

1

3
 (b), with three different magnitudes of 

imperfection. The constituent material has Young’s modulus, 𝐸𝑠 =  210 𝐺𝑃𝑎 and yield 
strength, 𝜎𝑦𝑠 = 235 𝑀𝑃𝑎. 
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2.3.3 Experimental verification 

The accuracy of the finite element simulations is verified with a selected set of 

uniaxial compression experiments. Solid and shell spinodal samples were fabricated at the 

micro-scale via two-photon polymerization Direct Laser Writing (DLW), using a Nanoscribe 

Photonic Professional GT and a negative tone photoresist (IP-Dip, produced by Nanoscribe 

GmbH). All samples were fabricated using the Galvo mode with the 63X, N.A. 1.4 objective 

lens. Printing parameters were 35 mW and 17,000 µm/s for laser power and scan speed, 

respectively. Cubic samples with edge length, 𝐿 = 140 𝜇𝑚, are generated, using the solid and 

shell spinodal geometries generated in Section 2.2. A characteristic feature size, 𝜆/𝐿 = 1/5, 

is used for all samples. Solid spinodal samples with relative densities of 20%, 30% and 50%, 

and shell spinodal samples with relative densities of 5%, 7% and 10% were fabricated, 

respectively (all shell spinodal topologies were extracted from a 50% dense solid spinodal, 

as explained in Section 2.2.3). After DLW, samples were first immersed in propylene glycol 

monomethyl ether acetate (PGMEA) for 20 minutes to dissolve the remaining liquid resin, 

and subsequently in isopropanol for 2 minutes for final cleaning. See Fig. S1 for SEM images 

of all samples. 

The mechanical response of all spinodal structures was characterized by 

displacement-controlled uniaxial compression tests with a maximum strain of 15%, 

performed at a constant strain rate of 0.005/𝑠. All tests were performed with an Alemnis 

Nanoindenter. Load-displacement curves were recorded, extracted, and converted to stress-

strain curves as explained in section 2.3.1. To compare experimental results with numerical 

predictions, finite element models of the same topologies were generated and loaded in 

uniaxial compression. In order to best approximate the experimental conditions, FE 
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simulations are performed with the bottom face fully constrained, the lateral faces free and 

the top face subjected to uniform vertical displacement but unconstrained laterally. In order 

to extract the constituent material properties for the numerical analyses, a number of IP-Dip 

cylinders with diameters between 12.5 and 50 μm and aspect ratios of four were DLW 

printed with the same parameters as the spinodal samples and tested in uniaxial 

compression (see Supplementary Material Fig. S2) [136]. As the mechanical properties of 

this DLW acrylate resin are affected by the printing conditions and feature size (which 

cannot be kept identical for all the structures being printed), extracting an accurate stress-

strain curve for the base material is challenging. To simplify the model, and in agreement 

with the results in Fig. S2,  the constituent material was modeled as elastic-perfectly plastic, 

with Young’s modulus, 𝐸𝑠 = 2  GPa, and yield strength 𝜎𝑦𝑠 = 60  MPa. While this 

simplification will slightly under-predict the ultimate strength of the structures, it is 

appropriate for the scope of this section. 

Experimental and numerical stress-strain curves are compared in Fig. 2.10a-b, for solid and 

shell spinodal models, respectively. With the caveat on ultimate strength mentioned above, 

the agreement is very good throughout, thus validating all the finite element results 

presented in this work.  

 

2.3.4 Scaling laws and mechanical performance 

Effective Young’s modulus and yield strength were extracted from finite element 

calculations (performed as described in section 2.3.1) for solid and shell spinodal models, 

for a range of relative densities, �̅� and characteristic feature size, 𝜆/𝐿. In all simulations the 

constituent material was modeled as isotropic elastic-perfectly plastic, with Young’s 
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modulus, 𝐸𝑠 = 210 GPa and yield strength, 𝜎𝑦𝑠 = 235 MPa. These values are representative 

of a relatively low yield strain metal, with yield strain 휀𝑦  ~ 0.001. Most results presented 

here are general and independent on the choice of base material.  

 

 

Fig. 2.10 Comparison of numerical and experimental stress-strain curves for (a) solid and (b) 
shell spinodal topologies at different relative densities, loaded in uniaxial compression. The 

characteristic feature size, 
𝜆

𝐿
=

1

5
 is used for all models. The insets depict SEM images of the 

samples, fabricated by two-photon polymerization Direct Laser Writing in IP-Dip, with a 
Nanoscribe GT Photonics Professional, and tested with an Alemnis Nanoindenter. Higher 
resolution SEM images of all samples are shown in Fig. S1. The properties of IP-Dip were 
measured by micropillar compression tests, and input in the simulations as an elastic-perfectly 
plastic solid with 𝐸𝑠 = 2 𝐺𝑃𝑎, and yield strength 𝜎𝑦𝑠 = 60 𝑀𝑃𝑎.  

 

The effective Young’s modulus and yield strength of solid spinodal models depending 

on ρ̅ are depicted in Fig. 2.11. Notice that 𝐸 ~ (ρ̅)2.0−2.6 and 𝜎𝑦  ~ (ρ̅)1.7−2.3, with the lower 

exponents corresponding to topologies with larger characteristic feature size to domain size 

ratios. We excluded the 20% dense samples from the scaling calculations, as the 20% dense 

spinodal topologies displayed isolated islands on the inside of the models that depressed the 

mechanical properties and unrealistically steepened the slopes. While these large exponents 

are not unexpected at such large relative densities, this likely indicates that the solid spinodal 
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topologies are bending dominated and the spinodal arrangement of matter is not very 

mechanically efficient. The numerical simulations indicate that solid spinodal models are 

yielding-limited (as opposed to elastic buckling-limited) for all relative densities of interest, 

20-70%.  

 

 

Fig. 2.11 Numerical predictions of (a) Relative Young’s modulus and (b) relative yield strength 
of spinodal solid models, as a function of their relative density, �̅� . Hollow markers indicate 
models with isolated internal islands, which have been excluded from the scaling calculations. 
The constituent material has Young’s modulus, 𝐸𝑠 =  210 𝐺𝑃𝑎 and yield strength,  𝜎𝑦𝑠 =

235 𝑀𝑃𝑎. Different curves refer to models with different characteristic feature size, 𝜆. L denotes 
the domain size.  
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Remarkably, these conclusions change dramatically for shell spinodal topologies (Fig. 

2.12). Here, 𝐸 ~𝜎𝑦~ (ρ̅)1.2−1.3, a scaling that is very similar to that of the best stretching 

dominated lattice materials. We attribute this exceptional performance to the deformation 

behavior of doubly curved surfaces, which cannot be readily bent without the introduction 

of significant membrane stresses – and hence deform in a stretching-dominated manner. For 

the base material yield strain used in the calculation, shell spinodal topologies remain 

yielding-limited down to relative densities in the order of 0.1%. Once the failure mechanism 

switches to buckling, the scaling worsens somewhat (as expected), but remains reasonably 

close to one. Interestingly, the relationship between scaling law exponent and characteristic 

feature size to domain size ratio, 𝜆/𝐿, is inverted compared to the case of solid spinodal 

topologies. In shell spinodal topologies, a larger 𝜆/𝐿  corresponds to a steeper scaling 

exponent for both stiffness and strength.  

The exceptional mechanical efficiency of shell spinodal topologies is attributed to its 

uniform surface curvature (see section 2.2.4), which results in a very uniform local stress 

distribution upon loading, avoiding areas of substantial stress intensification. To confirm this 

hypothesis, we contrast the local stress distribution upon uniaxial loading of a shell spinodal 

sample and a hollow microlattice material of the same relative densities, reproduced from 

[10] (Fig. 2.13); the difference in Mises stress uniformity is clearly evident. In other words, 

shell spinodal topologies are extremely efficient in terms of material utilization, with the 

entire structure yielding (or buckling) nearly simultaneously, rather than localizing failure 

at the nodes (a well-known shortcoming of hollow lattice materials [10–13,137].  
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Fig. 2.12 Numerical predictions of (a) Relative Young’s modulus and (b) relative yield strength 
of spinodal shell models, as a function of their relative density, �̅�. The constituent material has 
Young’s modulus, 𝐸𝑠 =  210 𝐺𝑃𝑎 and yield strength, 𝜎𝑦𝑠 = 235 𝑀𝑃𝑎. Different curves refer to 

models with different characteristic feature size, 𝜆. L denotes the domain size. The black dots 
mark the transition from yielding to buckling failure.   
 



38 
 

 

Fig. 2.13 Comparison of von Mises stress distribution in a hollow microlattice  unit cell with 
bar aspect ratio ~6, and angle 𝜃 = 60°  [10] and a spinodal shell model with characteristic 

feature size, 
𝜆

𝐿
=

1

3
, both at relative density of 0.01%, and under a compressive strain of 0.1%. 

The constituent material has Young’s modulus, 𝐸𝑠 =  210 𝐺𝑃𝑎 and yield strength,  𝜎𝑦𝑠 =

235 𝑀𝑃𝑎. The stress limits (used to distinguish stress contours where 
𝜎𝑣𝑚

𝜎𝑙𝑖𝑚𝑖𝑡
≥ 1) are colored 

“red”, with  𝜎𝑙𝑖𝑚𝑖𝑡 = 4 𝑀𝑃𝑎. Notice that the spinodal shell topology has a much more uniform 
stress distribution, yielding excellent mechanical efficiency.  
 

An obvious question emerges regarding the role of near-zero mean curvature on the 

uniformity of the stress distribution and hence the mechanical efficiency of shell spinodal 

topologies. As clearly illustrated in Fig. 2.6, all 50%-derived spinodal shell topologies possess 

the characteristics of minimal surfaces (i.e., κ1 = −κ2  almost everywhere on the surface), 

while the same is not true for shell spinodal topologies derived from solid spinodals with 

densities different from 50%. To quantitatively ascertain the impact of zero mean curvature 

on the mechanical properties of spinodal shell topologies, we generated finite element 

models of 20% and 70%-derived spinodal shell topologies at two different characteristic 
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feature sizes ( 
λ

L
 = 

1

8
 and  

λ

L
 = 

1

3
 ), and compared their stress-strain curve to those of 50%-

derived topologies. All shell thicknesses were chosen so that all shell topologies had a 10% 

relative density. The results are reported in Fig. 2.14. Two interesting results emerge: (i) 

50%-derived shell spinodal topologies outperform both the 20% and the 70%-derived 

topologies, at both characteristic length scales, confirming that the minimal surface 

characteristics of 50%-derived spinodal structures are partly responsible for their 

mechanical efficiency. This is attributed to a more homogeneous stress distribution (see 

insets). (ii) The mechanical performance of topologies derived from solid spinodal structures 

with densities significantly different from 50% seem to be largely unaffected by the 

characteristic feature size, in contrast with 50%-derived spinodal topologies.   

 

 

Fig. 2.14 The effect of mean surface curvature, H, on the mechanical efficiency of shell spinodal 
topologies. The insets display contours of von Mises stress. Notice that spinodal shell topologies 
derived from 50%-dense spinodal solids (and hence exhibiting near-zero mean curvature 
everywhere on the surface) are more efficient than spinodal shell topologies of equal relative 
density but derived from 20% and 70% solid spinodals (and hence having non-zero mean 
curvatures throughout the surface). The constituent material has Young’s modulus, 𝐸𝑠 =
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 210 𝐺𝑃𝑎 and yield strength,  𝜎𝑦𝑠 = 235 𝑀𝑃𝑎 . The stress limits (used to distinguish stress 

contours where 
𝜎𝑣𝑚

𝜎𝑙𝑖𝑚𝑖𝑡
≥ 1)  are colored “red”, with (a)  𝜎𝑙𝑖𝑚𝑖𝑡 = 2.2 MPa and (b)  𝜎𝑙𝑖𝑚𝑖𝑡 = 2 

MPa. 
 

It is instructive to compare the mechanical efficiency of solid and shell spinodal 

topologies to that of a wide range of strut-based and shell-based architected materials, in 

particular solid strut metallic nanolattices [32], solid strut carbon nanolattices [30], hollow 

strut metallic microlattices [11,138], hollow strut ceramic nanolattices [12,137], and two 

mechanically efficient metallic shell-based architected materials, the P-surface material [20] 

and the D-surface material [27] . These comparisons are presented in Fig. 2.15 in terms of 

relative Young’s modulus, 𝐸/𝐸𝑠, and relative yield strength, 𝜎𝑦/𝜎𝑦𝑠, versus relative density, 

�̅�. Only spinodal topologies with 𝜆/𝐿 = 1/5 are depicted for clarity, for two different values 

of the base material yield strain: 휀𝑦𝑠 =0.01 (representative of IP-Dip, thus allowing direct 

comparison with experimental results) and 휀𝑦𝑠=0.001 (representative of a metal). As all the 

results depicted in Fig. 2.15 for the 10 comparison structures are obtained experimentally, 

experimental results for solid and shell spinodal topologies (obtained as described in section 

2.3.3) are depicted as well. Also plotted on Fig. 2.15 are the Hashin-Shtrikman upper bound 

for stiffness [97] and the Suquet-Ponte-Castaneda nonlinear upper bound for strength 

[32,98,99], which represent theoretical limits for the mechanical performance of isotropic 

cellular materials. We emphasize that solid and shell spinodal architectures are the only 

isotropic topologies in Fig. 2.15. Notice that while spinodal solid topologies are worse than 

double gyroid materials and glassy carbon lattices at high relative densities, shell spinodal 

topologies are on par with or better than all referenced ultralight topologies across a relative 
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density range covering three orders of magnitude, clearly demonstrating their exceptional 

mechanical efficiency.  

While the model predictions for spinodal shell topologies at ultra-low density (i.e., in 

the buckling-limited regime) are not verified experimentally due to fabrication challenges, 

the remarkable imperfection insensitivity of spinodal shell topologies demonstrated in 

section 2.3.2 strongly suggest that very small knock-down factors will apply, providing 

confidence in the numerical results.    

 

 

Fig. 2.15 Comparison of the mechanical performance of solid and shell spinodal topologies and 
well-established strut-based and shell-based architected materials: hollow octahedral-type 
metallic microlattices [11], hollow octet ceramic nanolattices [12], hollow octet metallic 
microllatices [138], hollow octahedron-octet nanolattices [137], solid glassy carbon 
nanolattices [30], double gyroid nanolattices [32], P-surface [20] and D-surface [27] 
architected materials. Only spinodal topologies with characteristic feature size, 𝜆/𝐿 = 1/5 are 
depicted for clarity, for two different values of the base material yield strain: 휀𝑦𝑠 =0.01 

(representative of IP-Dip, thus allowing direct comparison with experimental results) and 
휀𝑦𝑠=0.001 (representative of a metal). Also depicted are the Hashin-Shtrikman upper bound for 

stiffness [97] and the Suquet-Ponte-Castaneda nonlinear upper bound for strength [32,97–99], 
which represent theoretical limits for the mechanical performance of isotropic cellular 
materials.  
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2.4 Conclusion 

The mechanical performance of spinodal topologies was numerically investigated 

and experimentally verified. Cellular materials with spinodal architectures were numerically 

generated by solving the Cahn-Hillard evolution equation with a Finite Difference numerical 

scheme. Topologies were extracted at different evolution times, corresponding to different 

characteristic feature size to domain size ratios, and different relative densities, i.e., different 

ratios of solid to void phase. We refer to these topologies as solid spinodal models. Another 

class of spinodal topologies was generated by retaining the interface between the solid and 

void phases of solid spinodal models and eliminating both volumetric phases: we refer to 

these topologies as shell spinodal models. The characteristic feature size of spinodal models 

was calculated by Fast Fourier Transform analysis, and used as a metric for ‘unit cell size’ of 

these stochastic cellular materials. This feature size was shown to scale with the cubic root 

of the evolution time, in agreement with the theory of spinodal decomposition. The 

distribution of principal curvatures of all spinodal models was also extracted, and verified to 

be representative of naturally occurring spinodal systems. The mechanical performance of 

solid and shell spinodal topologies was investigated numerically by finite element analysis. 

 The numerical models, verified by mechanical experiments performed on solid and 

shell spinodal samples fabricated at the microscale by two-photon polymerization Direct 

Laser Writing (DLW), showed three key results: (i) shell spinodal topologies are remarkably 

efficient, displaying stretching dominated behavior over a very wide range of relative 

densities; (ii) whereas shell-based architected materials are generally imperfection 

sensitive, shell spinodal topologies display remarkable imperfection insensitivity, which is 

expected to result in superior mechanical response at ultra-low relative densities, where 
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buckling knock-down effects plague the response of most architected materials; (iii) in the 

low-relative density regime (�̅� < 1%) architected materials with shell spinodal topologies 

outperform most strut and shell-based architected materials in terms of specific stiffness 

and strength, while displaying complete isotropy in three dimensions. 

These remarkable properties are entirely due to the topological characteristics of the 

architecture, and are attributed to the very uniform double curvature across the entire 

surface of the material, which avoids stress intensifications and prevents local bending 

deformations of the surface without the introduction of membrane stresses, thus imparting 

stretching dominated behavior to the cellular material. Importantly, base material effects 

have not been considered in this analysis: if emerging nano-scale fabrication techniques are 

used to exploit size effects in metallic and ceramic base materials [32,139,140], 

unprecedented specific strength can be achieved. These opportunities are currently under 

investigation.  

Finally, we emphasize that the true potential of these topologies stems from the fact 

that they can be self-assembled, using a variety of physical processes at multiple length 

scales. While the experiments in this article are performed on 3D printed samples to facilitate 

fabrication of samples of controlled size and shape and application of mechanical loads, 

macroscale samples can be produced by selective etching of a metallic solid solution [123] 

or by phase separation of a colloidal suspension (bijel technology) [124], resulting in 

nanoscale and microscale characteristic feature size, respectively. These self-assembly 

methodologies can be combined with additive manufacturing at a larger scale to create 

macroscale architected materials with unprecedented structural hierarchy, vastly improving 

the scalability of micro/nano-architected materials processing.    
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CHAPTER 3 

Architected implant designs for long bones:  

The advantage of minimal surface-based topologies 

 

3.1 Introduction 

In chapter 2, we characterized the topology and studied the mechanical properties of 

spinodal shell-based architected materials. The spinodal shell topology consists of a 

stochastic minimal surface extracted from the interface of two spinodally decomposing 

phases [141]. While naturally stochastic, architected materials based on this topology exhibit 

fully isotropic properties, exceptional specific stiffness and strength and energy absorption  

(almost on par with those of topologically optimized TPMSs), combined with high 

imperfection insensitivity (unique for shell-based systems) [141,142]. All these advantages 

suggest that spinodal shells-based architected materials might be an excellent choice for long 

bone metallic implants. Importantly, while spinodal-shell architected materials can be 

computationally designed and additively manufactured with pore sizes comparable to those 

of existing implants, they are uniquely amenable to self-assembly, where spinodal 

decomposition of a sacrificial material followed by materials conversion approaches can be 

used to cost-effectively generate cm-scale implants with micro-scale porosity, with 

unprecedented combination of specific surface area and pore topology optimization 

[126,143]. To the best of our knowledge, spinodal shell-based architected materials have not 

been explored for bone implant applications.  

In this chapter, we numerically investigate and compare the performance of three 

distinct implant topologies for long bones, at three relative densities (�̅�𝑟 = 0.1, 0.2 and 0.3): 
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the octet  truss-based lattice (one of the most mechanically efficient periodic truss-based 

lattices), the Schwartz P shell-based lattice (a periodic and minimal surface-based design) 

and the spinodal shell-based lattice (a stochastic and minimal surface-based design). 

Performance metrics are defined based on the Young’s modulus, the safety factor (related to 

the peak stress) under service conditions, the interfacial surface area per unit volume and 

the relative bone growth rate (the relative extent of endochondral ossification due to pure 

mechanical stimuli). Each implant topology (reinforcement) and its surrounding tissue (soft 

matrix) are modeled as a composite system via finite element analysis, for calculation and 

analysis of stress fields.  

 

3.2 Materials and methods 

3.2.1. Synopsys of approach 

We use four measures of biomechanical efficiency used to assess implant 

performance: the Young’s modulus of the implant, the safety factor of the implant under 

service load, the specific surface area of the implant and the relative bone growth rate index. 

Whereas the first three measures could be extracted by finite elements analyses of the 

porous metallic implant alone, the fourth one requires modeling of the tissue occupying the 

pores of the implant material. Hence, we model each implant as a composite material 

consisting of a metallic phase (the actual implant structure) with the desired topology, 

surrounded by a softer phase simulating the bone-forming tissue. Finite element meshes for 

each implant design (varying implant topology and relative density) are constructed as 

detailed in section 3.2.2, and interfacial surface areas per unit volume are extracted as 

explained in section 3.2.3. The models are then loaded in uniaxial compression, and the 
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Young’s modulus, the safety factor and the bone growth rate index are calculated as 

described in section 3.2.4 and Appendices C and D.      

 

3.2.2. Generation of composite topologies 

Each of the three distinct implant topologies is generated numerically to fill a cubic 

volume of length 𝐿𝑠  with 3 x 3 x 3 unit cells. The void space in the cubic unit cells is 

subsequently filled with a soft matrix to build the topology-reinforced composite. The 

generation process is illustrated in Fig. 3.1 (a)-(c) and is explained in detail below. 

Octet lattices of relative densities �̅�𝑟 = 0.1, 0.2, and 0.3 (defined as the material-filled volume 

over the unit cell volume) are generated by manually connecting cylindrical beams of equal 

radius 𝑑  and length ℓ , in the Dassault Systèmes CAD software Solidworks. The relative 

densities can be approximated by [2]: 

 �̅�𝑟 = 
3√2𝜋

2
(

𝑑

ℓ
)2 − 𝐶1(

𝑑

ℓ
)3                                                                                                               (3-1) 

where 𝐶1  is a constant depending on nodal geometry and determined to be 5.75 for the 

current study by fitting the Solidworks-calculated �̅�𝑟 to 𝑑/ℓ. The octet lattices are exported 

to the Dassault Systèmes finite element software Abaqus where a Boolean operation is 

performed to fill the open space with a matrix. The resulting octet-reinforced composites are 

subsequently meshed in Abaqus.  

Schwartz P shells-based lattices of  �̅�𝑟  = 0.1, 0.2, and 0.3 are generated using the 3D 

image processing tool SimpleWare ScanIP. First, the mask generator function (a thresholding 

process that separates a portion of a given volume from the rest by assigning values to its 

voxels) of the built-in lattice factory is used to generate two masks, for the solid and its 
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inverse, by infilling the two equally divided sub-domains separated by the level set equation 

[26,144,145]: 

 ϕ = cos (
2𝜋𝑛𝑥

𝐿𝑠
) + cos (

2𝜋𝑛𝑦

𝐿𝑠
) + cos (

2𝜋𝑛𝑧

𝐿𝑠
) = 𝜇                                                                  (3-2) 

where 𝑛𝑥, 𝑛𝑦, and 𝑛𝑧 are the number of unit cells in the 𝑥, 𝑦, and 𝑧 direction, respectively, 

and 𝜇 is a level-set constant, here set to zero. Second, the shell active mask function is used 

to generate a thin shell on the boundary of the two masks obtained above; this step is 

conceptually equivalent to thickening the minimal surface represented by equation (3-2) 

such that it is bounded as −𝜇 ≤  𝜙 ≤ 𝜇, where 2𝜇 represents the thickness of the Schwartz 

P shells that are generated. Third, Schwartz P shell-reinforced composites are generated 

using Boolean operations and meshed in ScanIP, and subsequently exported to Abaqus for 

mechanical analyses.  

Spinodal shell-based lattices are generated by solving the Cahn-Hillard equation (the 

governing equation to model spinodal decomposition) [131]: 

 𝜕𝑢

𝜕𝑡
=  ∆[

𝑑𝑓(𝑢)

𝑑𝑢
− 𝜃2∆𝑢]                                                                                                               (3-3) 

where −1 ≤ 𝑢 ≤ 1 is the concentration difference between the material and the void phase 

( 𝑢 = 1  denotes full material and 𝑢 = −1  denotes void space); 𝜃  is the interfacial width 

between the two phases; 𝑓  is a double-well free-energy function, chosen as 𝑓(𝑢) =

 
1

4
(𝑢2 − 1)2; and time 𝑡 describes the coarsening process (with 𝑡 = 0 representing a nearly 

homogeneous system, and the final value of t chosen to result in a domain size, m). Eq. (3-3) 

is solved over a cubic domain A of 𝑀 x 𝑀 x 𝑀 nodes using a finite difference approach, as 

detailed in [132,141]. The solution to equation (3-3) is a stochastic spinodal solid with 50% 

relative density [146]. The spinodal solids of �̅�𝑟  = 0.5 at early (𝑀/𝑚 = 6) and later (𝑀/𝑚 = 
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3) coarsening stages are obtained and resampled into 2-dimensional image slices. Note that 

the images of early stage spinodal solids are cropped along all directions, to result in 3 x 3 x 

3 unit cells, consistently with all the other topological samples discussed above. 

Subsequently, we mask these images in ScanIP, where spinodal shells of �̅�𝑟 = 0.1, 0.2, and 0.3 

are subsequently generated by adjusting the shell thickness pixel values via the shell active 

mask function; this is equivalent to assign a finite thickness to the interface of spinodal solids 

at �̅�𝑟 = 0.5. Finally, Boolean operations are performed where spinodal-reinforced composites 

are generated and meshed. The meshed spinodal-reinforced composites are imported into 

Abaqus for mechanical analyses.  
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Fig. 3.1 The numerical generation process of (a) octet lattice, (b) Schwartz P shell and (c) 
spinodal-shell reinforced composites. For illustration purposes, only 10%-reinforced 
composites are shown. All insets are not drawn to scale.  
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3.2.3. Investigation of interfacial morphology 

The interfacial surface area (𝑆𝐴) between the two phases (implant reinforcement and 

tissue matrix)  of a composite is proportional to the number of unit cells 𝑛 and the unit cell 

volume 𝑉, and inversely proportional to the unit cell size 𝑚 in the composite. We can write 

the topological relation as follows:  

 𝐷 =
𝑆𝐴 ∙ 𝑚

𝑉 ∙𝑛
                                                                                                                                        (3-4) 

where 𝐷 is a constant that uniquely depends on the interfacial surface topology.  

For octet-reinforced composites, 𝐷 can be obtained by the first-order approximation 

as:  

 𝐷 =  
24 ∙ 𝜋𝑑ℓ  

 𝑚2                                                                                                                                    (3-5) 

with d and ℓ the diameter and length of the truss members, respectively. Equation (3-5) 

overestimates 𝑆𝐴 by double counting the same surface area several times around the nodes. 

A higher-order approximation of 𝐷 is given by:  

 𝐷 =  
24 ∙ 𝜋𝑑ℓ−𝐶2𝑑2  

 𝑚2                                                                                                                          (3-6) 

where 𝐶2 = 115.8 is determined by fitting the Solidworks-calculated 𝑆𝐴  at various 

reinforcement phase densities (�̅�𝑟 = 0.1, 0.2, and 0.3) in this study. 

For Schwartz P shell-reinforced composites, we first construct the interfacial surface 

according to equation (3-2) using MiniSurf, a minimal surface generating software [147]. The 

generated interfacial surface is composed of many triangular patches. 𝑆𝐴  can then be 

obtained as: 

 𝑆𝐴 = ∑ ‖𝒂 × 𝒃‖𝑖
𝐻
𝑖=1                                                                                                                       (3-7) 
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where 𝐻 is the total number of triangular patches, 𝑖 is the patch index that goes from 1 to 𝐻, 

𝒂 and 𝒃 are the two edge vectors of patch 𝑖, ‖ ‖ is the norm operator, and × stands for the 

cross product. Finally, 𝐷 is extracted using equation (3-4).  

For spinodal-reinforced composites, 𝑆𝐴  can be simply calculated by the following 

procedures: first, the two-dimensional slices of spinodal images generated in section 3.2.2 

are imported into Matlab as binary three-dimensional matrices (entries of 0 and 1 only). 

Second, The Matlab built-in function isosurface is used to generate a discretized three-

dimensional interfacial surface between the 0s and 1s of the matrices; the discretization 

provides us with the information about the nodal connectivity. Third, equation (3-7) is used 

to obtain 𝑆𝐴 of spinodal-reinforced composites and finally 𝐷 is calculated using equation (3-

4).  

 

3.2.4. Mechanical simulations 

All mechanical simulations are performed using quasi-static finite element analyses 

in Abaqus. All constituent materials are modeled as linearly elastic solids. The denser phase 

(�̅�𝑚  = 0.9, 0.8, and 0.7) of each composite is modeled as a soft matrix with Young’s modulus, 

𝐸𝑏 = 1  MPa, and Poisson’s ratio, 𝜐𝑏 = 0.3  (representing the elastic response of a weak 

cartilage tissue), while the less dense phase (�̅�𝑟  = 0.1, 0.2, and 0.3) is modeled as a stiff 

implant reinforcement with 𝐸𝑏 = 123 GPa and 𝜐𝑏 = 0.3 (representing the elastic response 

of the commonly used titanium alloy Ti-6Al-4V).  

We simulate the mechanical response of each composite under a displacement-

controlled uniaxial compression by applying the following boundary conditions (Fig. 3.2):  
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(1) A downward displacement 𝛿 (corresponding to an effective strain 휀 =
𝛿

𝐿𝑠
= 1%, with 𝐿𝑠 

the cube side length) in the 𝑧-direction is applied on the top surface while the bottom surface 

is constrained from moving in the same direction. Both surfaces are free to translate in the 𝑥 

and 𝑦-directions.  

(2) All the side surfaces are free to translate in all directions.  

(3) Two corner nodes are constrained to prevent rigid body translations and rotations: one 

node is fixed in the 𝑦-direction and the other node is fixed in the 𝑥-direction.   

 

Fig. 3.2 Illustration of the applied boundary conditions in the 𝑦-𝑧 and 𝑥-𝑦 plane. The triangles 
represent roller supports.  
 

To obtain the effective Young’s modulus, 𝐸, we extract the reaction force F in the 𝑧-

direction such that,  

 𝐸 =  
𝐹

𝐿𝑠𝛿
                                                                                                                                           (3-8) 
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The maximum allowable load in a porous implant is limited by the resulting peak stress 

𝑆𝑝𝑒𝑎𝑘 , subjected to a desired safety factor, SF (SF > SFmin = 𝜎𝑦/𝑆𝑝𝑒𝑎𝑘 , where 𝜎𝑦 is the yield 

strength of the porous implant’s constituent material, taken to be 932 MPa —Ti-6Al-4V— in 

this case). For highly complex implant topologies, 𝑆𝑝𝑒𝑎𝑘  could be strongly affected by the 

underlying irregular mesh; hence we adopt a more robust measure of 𝑆𝑝𝑒𝑎𝑘  as the upper 1% 

von Mises stress threshold, as described in Appendix C. 

Finally, the relative bone growth (an indicator of the extent of endochondral 

ossification, the process by which cartilage is gradually turned into bones) in the tissue 

matrix phase is estimated by calculating the combined effect of maximum shear strain and 

compressive volumetric strain following the procedures summarized in appendix D.  

 

3.3 Results and discussion 

3.3.1 Young’s modulus 

As we assumed linearly elastic small strain response in all mechanical simulations 

discussed in section 3.2.4 and the reinforcement dominates the mechanical response (the 

modulus of the reinforcement is 105 times larger than that of the matrix), the results 

corresponding to the constituent material Ti-6Al-4V can be readily extrapolated to other 

implant materials by simple scaling. 𝐸 of composites with octet lattice, Schwartz P shell, and 

spinodal shell implant topologies in three different metallic materials (Ti-6Al-4V, 316L SS, 

and Co-Cr-Mo) commonly used in long bone implants [148] are plotted against the relative 

density of the implant in Fig. 3.3 (a). 

Regardless of the choice of implant material and relative density of the implant, 

minimal surface-based topologies (spinodal and Schwartz P) are consistently stiffer than the 
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beam-based topology (octet lattice), with both early-stage and late-stage spinodal-

topologies having very similar and the largest 𝐸. This can be explained by examining the von 

Mises stress distribution, displayed in Fig. 3.3(b): notice that spinodal topologies have the 

largest distribution of high von Mises stress, followed by the primitive and then by the octet 

topology. As discussed above, it is evident that the tissue matrix phase provides essentially 

no structural support, with nearly zero von Mises stress present everywhere.  

In terms of mechanical biocompatibility (degree of similarity in mechanical 

properties, such as Young’s modulus, between the porous implant and adjacent native 

tissue), all topologies are suitable in a wide range of densities:  spinodal (�̅�𝑟 = 0.1 − 0.3), 

primitive (�̅�𝑟 = 0.13 − 0.3), and octet (�̅�𝑟 = 0.3 − 0.3) as shown in Fig. 3.3(a). A summary on 

𝐸 of the composites and Young’s modulus of each category of long bones are tabulated in 

Table 3.1 and Table 3.2 respectively. Since 𝐸  is a main factor to consider in designing a 

mechanically compatible implants, it is plotted with other factors such as interfacial surface 

area in the subsequent sections.  
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Fig. 3.3 (a) Effective Young’s modulus 𝐸 of composites with four different implant topologies 
(represented by the markers) — octet, primitive, early-stage and late-stage spinodal— with 
three different implant constituent materials (represented by colors) — Ti-6Al-4V, 316L SS, and 
Co-Cr-Mo — at implant relative density �̅�𝑟 = 0.1, 0.2  and 0.3. The typical Young’s modulus 
range for human long bones are bounded by two brown dashed lines [149–162]. (b) The von 
Mises stress field in both the encompassed tissue and the implant of the composites under 1% 
uniaxial compressive strain. The stress legend bar is limited by a stress limit 𝜎𝑙𝑖𝑚𝑖𝑡  such that all 
stresses above it are colored with red. 𝐸𝑏  is the base material Young’s modulus.  
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Table 3.1 The effective Young’s modulus E of composites with spinodal, primitive, and octet 
implant topologies. 

Composites �̅�𝑟 of the implant Implant material 𝐸 (GPa) 

 

Spinodal 

 

10–30% 

Ti-6Al-4V 3–14 

316L stainless steel 5–22 

Co-Cr-Mo 6–28 

 

Primitive 

 

10–30% 

Ti-6Al-4V 2–10 

316L stainless steel 3–17 

Co-Cr-Mo 4–21 

 

Octet 

 

10–30% 

Ti-6Al-4V 2–8 

316L stainless steel 3–14 

Co-Cr-Mo 4–17 

 

Table 3.2 The typical Young’s modulus of human long bones. 
 Long bones Young’s modulus (GPa) 

 

Arms 

humerus 10 [160], 17 [156,157] 

radius 9-14 [158], 10-19 [159], 16 [160], 

19 [156,157] 

ulna 13-16 [154], 16 [160], 18 [156,157] 

 

Legs 

femur 8-22 [161], 13-21 [162], 15-22 [151], 

15 [152,153], 17 [156,157] 

tibia 15 [149], 8-23 [150], 17 [155], 18 [156,157] 

fibula 15 [149], 5 [155], 19 [156,157] 
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 3.3.2. Interfacial surface area  

The interfacial surface area between an implant topology and its surrounding tissue 

is another important factor that affects mechanical biocompatibility, as larger interfacial 

surface area allows more bone-implant contact and osseointegration [163,164]. In Fig. 3.4, 

the relative Young’s modulus 𝐸/𝐸𝑏, with Eb the Young’s modulus of the base metal, is plotted 

against the interfacial surface area constant 𝐷, a non-dimensional measure of surface area, 

defined in section 3.2.3. It can be immediately noticed that 𝐷  of beam-based topologies 

(octet) increases with increasing relative density, while 𝐷  of minimal surface-based 

topologies (primitive and spinodal) is independent of relative density. The implication is that 

with minimal surface-based topologies we can decouple 𝐸 from surface area: the relative 

density of the implant �̅�𝑟  can be chosen to match the desired long bone modulus, while the 

implant can still exhibit large surface area; by contrast, with beam-based topologies, the 

Young’s modulus of an implant would need to be increased beyond that of human long bones 

in order to obtain the same surface area. Importantly, the early-stage spinodal topology has 

the largest interfacial surface area, almost 1.5–2 times that of the octet topology. This surface 

area can be further dramatically increased by reducing the pore sizes to the microscale, an 

opportunity only provided by self-assembly manufacturing approaches unique to spinodal 

topologies.   
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Fig. 3.4 Relative Young’s modulus 𝐸/𝐸𝑏 versus interfacial surface area constant D for implant 
topologies: octet, primitive, early and late stage spinodal with relative densities of 10%, 20%, 
and 30% (�̅�𝑟 = 0.1, 0.2, and 0.3).  
 

3.3.3. Safety factor: peak stress 

The effective normalized Young’s modulus 𝐸/𝐸𝑏 is plotted against the safety factor  

SFmin = 𝜎𝑦/𝑆𝑝𝑒𝑎𝑘  in the implants, resulting from an applied macroscopic stress of 10 MPa (a 

reasonable physiological estimate which is used to  allow comparison of different implant 

topologies) in Fig. 3.5. At �̅�𝑟 = 0.3, all minimal surface-based topologies have similar and 

much larger SFmin (i.e., smaller 𝑆𝑝𝑒𝑎𝑘) than beam-based topologies; however, this difference 

slowly diminishes as �̅�𝑟 is decreased to 0.2, where SFmin in both minimal surface-based and 
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beam-based topologies are essentially the same. As �̅�𝑟 is decreased to 0.1, SFmin in beam-

based topologies is about 18% larger than (𝑆𝑝𝑒𝑎𝑘  is 15% smaller than) in minimal surface-

based topologies. Such difference in SFmin is attributed to the fact that at �̅�𝑟 > 10% beam-

based topologies carry the majority of the load through their connecting nodes, resulting in 

high nodal stress concentration (higher 𝑆𝑝𝑒𝑎𝑘) [18,165,166]. In addition, at �̅�𝑟 > 10%, the 

nodes, rather than the connecting beams, are often the initial point of failure [12,167,168]. 

By contrast, there are no defined nodes in minimal surface-based topologies [20,141], 

resulting in much more uniform stress distribution. Furthermore, minimal surface-based 

topologies also have higher Young’s modulus, for a choice of SF and implant constituent 

material, than the beam-based topologies; notably, 𝐸 of spinodal topologies outperform all 

others by almost 1.4-1.9 times. The implication is that with minimal surface-based topologies 

(especially spinodal-shell topologies), we can choose a smaller implant relative density �̅�𝑟 

(resulting in less material) than with the beam-based topologies, in order to achieve the 

same required 𝐸 while satisfying the desired SF and the choice of the implant material.  
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Fig. 3.5  Relative Young’s modulus 𝐸/𝐸𝑏  versus minimum safety factor 𝑆𝐹𝑚𝑖𝑛 = 𝜎𝑦/𝑆𝑝𝑒𝑎𝑘  

(𝑆𝑝𝑒𝑎𝑘  is the von Mises peak stress and 𝜎𝑦is the yield strength of Ti-6Al-4V) for octet, primitive, 

early and late stage spinodal implants with relative densities of 10%, 20%, and 30% ( �̅�𝑟 =
0.1, 0.2, and 0.3). 
 

3.3.4. Relative bone growth index 

The relative bone growth index  𝐼 , an indicator of the relative endochondral 

ossification rate in the tissue surrounding an implant topology subject to external periodic 

loading, is estimated as detailed in  appendix B and plotted against normalized effective 

Young’s modulus 𝐸/𝐸𝑏 in Fig. 2.6. In general, 𝐼 scales with 𝐸/𝐸𝑏 in a power-law fashion, with 

topology-specific exponent: 𝐼 of minimal surface-based topologies decreases linearly with 

with increasing 𝐸/𝐸𝑏 , while it decreases parabolically in beam-based topologies. 

Furthermore, minimal surface-based topologies have much higher 𝐼, almost by a factor of 
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two, then to beam-based topologies. This can be explained by examining two strain fields in 

the soft tissue matrix: (1) the maximum shear strain 휀𝑚𝑎𝑥𝑠 (accelerating bone growth) and 

(2) the volumetric strain  휀𝑣𝑜𝑙 (delaying bone growth when compressive), as shown in Fig. 

2.7. Tissue matrices in beam-based topologies experience moderate 휀𝑚𝑎𝑥𝑠 , but highly 

compressive 휀𝑣𝑜𝑙 ; on the other hand, minimal surface-based composites experience high 

휀𝑚𝑎𝑥𝑠 and relatively low compressive 휀𝑣𝑜𝑙 . Due to their stochastic nature, spinodal topologies 

induce higher 휀𝑚𝑎𝑥𝑠 than other topologies; but in early-stage spinodal topologies, this gain is 

offset by a decrease in 휀𝑣𝑜𝑙 , resulting in overall lower 𝐼 than the primitive topologies.  

 

Fig. 3.6 Bone growth index 𝐼 in the tissue (the green matrix phase in each composite inset) 
surrounding octet lattice, Schwartz P shell and spinodal shell-based implants versus effective 
Young’s modulus 𝐸/𝐸𝑏. 



62 
 

 

Fig. 3.7  The maximum shear strain 𝑆𝑚𝑎𝑥𝑠  and the volumetric strain 𝑆𝑣𝑜𝑙  field experienced in 
the tissue matrix phase (analogous to the encompassed tissue of an implant) of octet, primitive, 
early and late-stage spinodal-reinforced composites.  
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3.4 Conclusions 

The biocompatibility of both beam-based (octet) and minimal surface-based 

(primitive and spinodal) implant topologies was investigated numerically, and presented in 

terms of four key design factors:  the Young’s modulus 𝐸, the interfacial surface area 𝑆𝐴, the 

peak stress 𝑆𝑝𝑒𝑎𝑘  and the relative bone growth index 𝐼. Four key results emerged:  

(i) All metallic implant topologies, across a wide range of relative densities, can 

be designed to have similar Young’s modulus as human long bones (𝐸 = 5-22 

GPa).  

(ii) Unlike in beam-based topologies, 𝐸 and 𝑆𝐴 are decoupled in minimal surface-

based topologies, allowing the choice of the desired implant stiffness without 

compromising the specific surface area. 

(iii)  Bone growth in the tissue surrounding the implant is expected to be much 

higher in minimal surface-based topologies than in beam-based topologies.  

(iv) For a desired implant stiffness and a given external design load, spinodal shell-

based implants require the smallest safety factor, resulting in minimal amount 

of metal required to meet all design constraints. The advantage is particularly 

pronounced over beam-based implants.   

In summary, considering all the design factors discussed in this study for long bone 

implants, minimal surface-based topologies clearly emerge as superior candidates over 

beam-based designs. Among minimal surface-based topologies, one must consider the trade-

offs between bone ingrowth (𝑆𝐴 and 𝐼), safety (𝑆𝑝𝑒𝑎𝑘), and mechanical biocompatibility (𝐸) 

of the implants, with spinodal-shell designs often offering the best combinations of 
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properties. Although not explicitly investigated in the current work, the potential of scalable 

fabrication via self-assembly of spinodal shell-based micro-architected materials present a 

unique opportunity for a dramatic increase in specific surface area 𝑆𝐴 , without 

compromising any other attribute. 
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CHAPTER 4 

A versatile numerical approach to calculate the fracture toughness/R-

curve of cellular materials 

(the work in this chapter was published in doi:10.1016/j.jmps.2020.103925) 

 

4.1 Introduction 

In chapter 2, we showed that the spinodal shell topology is extremely mechanically 

efficient. Furthermore, architected materials with this topology can be manufactured in a by 

spinodal decomposition and material conversion, resulting in macroscopic cellular solids 

with unit cell size at the microscale and shell thickness at the nanoscale. These approaches 

potentially allow scalable fabrication of architected materials that exploit nanoscale size 

effects on strength, with further improvement on mechanical properties. However, the 

reduction of the unit cell size to micro/nanoscale necessary for these size effects to become 

appreciable also dramatically reduces the fracture toughness of the cellular material (please 

refer to section 1.4.2). This intrinsic reduction might be somewhat compensated by the shell-

based topology of the material, which could induce toughening by crack deflection. Hence, it 

is our interest to investigate the fracture toughness of the spinodal shell-based architected 

materials. In section 1.4.5, we discussed the numerical approach, boundary layer analysis, 

that has been widely used to obtain the fracture toughness of cellular materials in many 

studies. We emphasize that all these numerical studies make three fundamental 

assumptions: (i) regardless of the constituent material response (linearly elastic brittle or 

elasto-plastic), the asymptotic stress field is governed by LEFM; (ii) the local fracture event 

is predicted using maximum stress/maximum strain criterion governed by a constituent 

http://www.doi.org/10.1016/j.jmps.2020.103925
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material parameter such as tensile strength 𝜎𝑇𝑆, fracture strength 𝜎𝑓, or fracture strain 휀𝑓; 

(iii) the crack tip must lie within the empty space of a unit cell. Under assumption (i), the 

numerical technique for ductile materials is limited to small displacement analyses such that 

the plastic zone size remains confined at the crack tip (small-scale yielding). Furthermore, 

complexity in applying the K-dependent displacement boundary conditions in the periphery 

of a finite element mesh could rise significantly in complicated topologies such as those with 

anisotropic properties. Finally, despite few recent attempts [117,169], this technique has yet 

to be proven as a viable approach for 3D lattice materials. The implication is that fracture 

toughness investigations of architected materials with spinodal shell-based topologies 

require the development of novel numerical approaches. In this chapter, we establish a 

versatile numerical approach (applicable to 2D or 3D cellular materials made of elastic 

brittle or elastoplastic constituent materials): finite element modeling on the single-edge-

notched-bend (SENB) specimen with the maximum strain failure criterion.   

 

4.2 The numerical model 

4.2.1 Synopsis 

In this work, we combine the maximum strain failure criterion with the single edge 

notched bend (SENB) specimen configuration to extract the initial fracture toughness, 𝐾𝐼𝐶 , 

and the R-curve of cellular materials. We apply this technique to three isotropic 2D lattice 

topologies (triangular, kagome, and hexagonal), two constituent materials (silicon carbide 

(elastic brittle) and titanium alloy (power-law elasto-plastic)), and three different relative 

densities �̅� = 13%, 16%, and 20% ). We verify that our predictions for initial fracture 

toughness agree with previous works summarized in Table 4.1 [120,170], validating our 
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numerical approach. In addition, we show that scaling relationships for fracture toughness, 

𝐾𝐼𝐶 , with relative density only depend on the lattice topology and not on the constituent 

material (i.e., the same scaling exits for elastic brittle and elastoplastic constituent 

materials). Furthermore, we demonstrate that triangular lattices exhibit toughening (rising 

R-curve) even when made of brittle constituent materials. When made of ductile elasto-

plastic materials, triangular lattices have the largest initial fracture toughness and the most 

pronounced R-curves, with multi-stage stable crack propagations and significant spread of 

plasticity, while hexagonal lattices show nearly no toughening and very low resistance to 

crack growth. We conclude that the nature of crack propagation in lattices (brittle vs ductile) 

depends both on the constituent material and the lattice architecture. Finally, we emphasize 

that the numerical approach presented in this work is applicable to both 2D and 3D 

architected materials (whether truss or shell-based) made by both brittle and ductile 

constituent materials, with the only proviso that the crack tip must lie within the empty 

space of a unit cell (i.e., no stress singularity at the crack tip). These features make this 

approach ideally suited for further investigations on the toughness characteristics of a wide 

range of mechanical metamaterials. 
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Table 4.1 Pre-factors, D, and scaling exponents, d, for mode-I initial fracture toughness, KIC 
(elastic brittle base materials) and KJIC (elastoplastic base materials) of triangular, kagome, 

and hexagonal lattices. Results are taken from I [108], II [120], * current work. The strain 
hardening exponent, p =16* is obtained by fitting the titanium alloy material properties used 
in this work to Ramberg-Osgood description. ℓ is the bar length. εys is the yield strength, and 

εf is the fracture strain.  
 

 

 

 

4.2.2 Specimen design 

Proper design of SENB specimens for fracture toughness investigations in cellular 

materials is dictated by several conditions: (i) the specimen aspect ratio must follow the 

ASTM E1820 standard for bulk materials [171], namely L = 4.5W = 9B, with L the in-plane 

specimen length, W the in-plane specimen width, and B the out-of-plane specimen thickness 

(B is only important if a physical experiment is conducted in accordance with the ASTM 

standard or in simulations of 3D lattices, but irrelevant in the 2D plane strain simulations 

discussed in section 2.4); (ii) the number of unit cells must be sufficient to ensure that the K-

field exists and is accurately captured [167,169]; (iii) the number of elements per bar (in the 

case of strut-based structures) must be sufficient to allow nonlinear finite strain analysis 

under large deformations [120]; (iv) the degree of orthotropy of the cellular material must 

be carefully considered, given that K depends on a dimensionless function of  orthotropy 

[112,172].  
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In this study, SENB specimens made of three isotropic 2D lattices (kagome, triangular, 

and hexagonal) were treated as rigid frames of connected bars, ignoring the nodal geometry. 

The unit cell of each topology is shown in Fig. 4.1 (a). As these lattices are isotropic, K is only 

a function of the number of unit cells for a given set of ℓ, �̅� and 𝜎𝑦𝑠. First, we investigated the 

convergence of mode-I K-field with increasing number of unit cells, as detailed in Appendix 

A. Second, we investigated the convergence of the load-line displacement at which the 

maximum axial strain reached the fracture strain 휀𝑓, with increasing number of Timoshenko 

beam elements per bar, as detailed in Appendix F. The specimens were built by tessellating 

the unit cells of each topology according to the results from Appendix E. A notch with a = 

𝑊/2 was subsequently cut in the out-of-plane direction by removing bars. We ensured that 

a > ℓ2/𝑡all densities of all topological specimen, so that failures are toughness-controlled 

[112]. The final designs of specimens are shown in Fig. 4.1 (b). See Table 4.2 for full 

specimens’ specifications tabulated in Table 4.2. 

 

Table 4.2 Specifications of triangular, kagome, and hexagonal specimens with bar length of 
(a) ℓ = 3 mm and (b) ℓ = 10 mm. 
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Fig. 4.1 (a) Unit cell topology and (b) SENB (single edge notched bend) specimen dimensions 
of triangular, kagome, and hexagonal specimens from top to bottom. Out-plane thicknesses are 
shown to illustrate the physical dimensions that would be required to perform a SENB 
experiment in accordance with ASTM standard; these thicknesses are irrelevant for the 2D 
plane-strain simulation performed in this work. 
 

4.2.3 Constitutive and damage models 

The mechanical behavior of the cell wall materials is described by two models: (i) a 

constitutive model, which governs the stress-strain behavior of the base material, and (ii) a 

damage model, which governs fracture of the base material, i.e. material 

degradation/removal of elements in the finite element analyses, as shown in Fig. 4.2 (a). The 

constitutive model is divided in two regions: (a) the linear elastic region, defined by the base 

material Young’s modulus, 𝐸𝑠  and Poisson’s ratio, 𝜈𝑠 , and (b) the power-law strain-

hardening plastic region, i.e., 𝜎 =  𝜎𝑦𝑠(1 + 휀𝑝
 𝑛), with  𝜎𝑦𝑠  the initial yield strength, n the 
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strain hardening power, and 휀𝑝 the plastic strain of the base material. The damage model is 

described in terms of the fracture strain, 휀𝑓, of the base material: fracture occurs when the 

maximum axial strain around the crack tip reaches 휀𝑓. To bracket realistic material behavior, 

two extremely different base materials were considered: (i) titanium alloy (Ti-6Al-4V), 

representative of ductile metals, with 𝐸𝑠  = 123 GPa, 𝜈𝑠  = 0.3, 𝜎𝑦𝑠 = 932 MPa, 𝑛 =0.7237 and  

휀𝑓 = 0.1105 [173], as shown in Fig. 4.2 (b); and (ii) silicon carbide, representative of elastic 

brittle ceramics, with 𝐸𝑠  = 410 GPa, 𝜎𝑓 = 550  MPa,  𝜈𝑠 = 0.14, and no strain hardening 

(resulting in 휀𝑓 = 𝜎𝑓/𝐸𝑠 = 0.0013), as shown in Fig. 4.2 (c).  

 

 

Fig. 4.2 Representative stress-strain curves of (a) constitutive and damage model, (b) titanium 
alloy (Ti-6Al-4V), and (c) silicon carbide.  
 

4.2.4 Finite element methodology for extraction of the fracture toughness  

Mode-I fracture toughness of SENB specimens made of triangular, kagome, hexagonal 

lattices at �̅� = 13%, 16% and 20%, and ℓ = 3 mm and 10 mm was investigated by simulating 

three point bending experiments (as outlined in ASTM E1820 [171]) by finite elements 

analysis. We used Abaqus/Explicit for all simulations, with mass scaling appropriately 
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chosen to approach quasi-static response. To represent two-dimensional bars with 

rectangular cross sections in plane strain with one-dimensional beam elements, Es and 𝑣s of 

the base materials were replaced by modified Young’s modulus, 𝐸𝑠
′  = 𝐸𝑠/(1 − 𝑣s

2)  and 

Poisson’s ratio, 𝑣s
′ = 𝑣s/(1 − 𝑣s)  [108,174]. Three spreaders (defined as analytic rigid 

surfaces in Abaqus) were used to apply three-point-bending boundary conditions without 

suffering local indentations; this practice had been used previously for fracture toughness 

testing of strut-based lattices [112,167] and was also recommended by ASTM C393/C393M 

[175] for flexural testing of sandwich beams. Frictionless contacts were assumed between 

the spreaders and the specimen, to further reduce localized deformation. One spreader was 

placed at the top midspan above the sample notch, while the other two spreaders were 

placed four sample widths apart at the bottom of the specimen, as shown in Fig. 4.3 (a).  

Boundary conditions were applied as follows: (i) each bottom spreader could rotate 

around a fixed reference point, representing the center of a roller, and (ii) a sufficiently large 

load-line displacement was applied at the top spreader in the negative y-direction, until the 

final crack length is greater than the maximum crack capacity for fracture toughness 

calculations specified by ASTM E1820 [171], as shown in Fig. 4.3 (a). The damage model with 

maximum axial strain criterion (refer to section 4.2.3) was used to describe the local fracture 

around the crack tip.  

For this criterion, accurate calculation of the axial stresses and strains in each beam 

is essential. For bending-dominated lattices, the maximum axial strain at the surface of each 

beam is significantly higher than the value at the neutral axis. As the default stress outputs 

for beam elements are at the neutral axis, an Abaqus user subroutine VUSFLD (vectorized 

user defined field) was created to extract beam surface stress and strain levels. As high 
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frequency oscillations of the mechanical response could occur during a fracture event, we 

applied Butterworth real-time filtering with a cutoff frequency equals to the twice natural 

frequency of the specimen, extracted during quasi-static analyses. The natural frequency of 

each specimen was obtained by performing a linear perturbation analysis (see Appendix G). 

Following the procedures outlined for fracture toughness calculations in ASTM 

E1820 [171], and summarized in Appendix H, the load-line displacement and the load-line 

reaction force were extracted at the top spreader and used to calculate the J-integral, 𝐽 , 

consisting of both elastic and inelastic contributions to crack resistance. As the specimens 

have simple 2D prismatic architectures, crack extensions were tracked visually in post-

processing. The fracture toughness, 𝐾𝐽 , was then calculated as 𝐾𝐽 =  √𝐸𝐽  where E is the 

effective Young’s modulus of the lattice material, simply extracted from the scaling laws of 

triangular, kagome, and hexagonal lattices [1,108]. The details of all fracture toughness 

calculation procedures are summarized in Appendix H. R-curves were constructed by 

plotting 𝐾𝐽(𝑖) against the change of crack length at instant (i), i.e., ∆𝑎(𝑖) = 𝑎(𝑖) − 𝑎(1), and 

fitted with a two-term power law equation:  

 𝐾𝐽 = 𝐾𝐽𝐼𝑐 + c(
𝑎(𝑖)−𝑎(1)

𝑎(1)
)m                                                                                                            (4-1)        

where KJIC is the initial fracture toughness, c is the toughening coefficient, and m is the 

toughening power.                                                                                
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Fig. 4.3 (a) Boundary conditions on a SENB specimen made of 2D lattices.  Three spreaders are 
used: one at the top midspan and two at the bottom locations distance 4W from each other, to 
prevent highly localized deformation. Load-line displacement are applied at the top spreader 
while each of the bottom spreaders can rotate around a reference point, representing the center 
of a roller. (b) Construction of R-curve with fracture toughness, KJ  against normalized change 

of crack length, 
∆𝑎

𝑎
. Two-term power law fit, KJ = KJIC + c(

∆𝑎

𝑎
)𝑚 , where KJIC is the initial fracture 

toughness, c is the toughening coefficient, and m is the toughening power.  
 

4.3 Fracture toughness of 2D lattices 

4.3.1 Mechanisms of deformation and damage and the size of the plastic region 

(a) Silicon carbide specimens 

The load-line reaction force, P, versus load-line displacement, v, curves for the three 

cellular specimens made of elastic brittle silicon carbide are shown in Fig. 4.4 (a). Two 

different relative densities are explored for each topology. Filtered and unfiltered curves are 
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identical until the initial fracture event, at which point the unfiltered P-v  curves start to 

display high frequency response. In general, deformations are elastic brittle, such that P 

increases linearly with ν until initial fracture (denoted as point 1 in Fig. 4.4 (a)), followed 

immediately by catastrophic failure (significant loss of load-carrying capacity). The 

exception is the triangular specimen at �̅� = 20%, which retains most of its load-carrying 

capacity after initial fracture and requires additional, albeit small, load to come to 

catastrophic failure. We hypothesize that this unusual behavior is likely due to crack 

deflection and crack branching occurring right after the initial fracture event, as shown in 

Fig. 4.4 (c): after the first bar, which is aligned with the principal stress direction, breaks, the 

crack hits a node and the next failure event occurs at side bars which are slightly less loaded, 

requiring additional work to fracture. Clearly, this behavior can be modified by node design, 

which is absent in the FEM simulations presented herein. The implication is that careful 

architectural design can potentially increase the fracture toughness, even in the case in 

which the constituent material is elastic brittle. In Fig. 4.4 (b), zoomed-in crack tip regions 

are drawn for each specimen to indicate initial fracture locations. These initial fracture 

locations agree well with those identified using boundary layer analyses in [108].  

(b) Titanium alloy specimens 

The specimens made of elastoplastic titanium alloy (Ti-6Al-4V) initially deform in a 

linear elastic manner, followed by yielding, strain hardening and subsequently initial 

fracture; afterwards, the specimens experience gradual damage propagation (rather than 

abrupt catastrophic load drop as in elastic brittle base materials), up to final failure (defined 

as significant loss of load-carrying capacity). As for the case of the brittle materials, both the 

filtered and unfiltered P- v curves are identical until the initial fracture events.  
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Triangular lattices exhibit the most gradual transitions to final failures: after the 

initial fracture (denoted as point 1 in Fig. 4.5 (a)), P still increases with ν to a peak load 

followed by multiple stages of small load drops (denoted as points 2, 3, 4, and 5 in Fig. 4.5(a)). 

Each load drop is determined by fracture of a few bars, with the precise sequence indicated 

in Fig. 4.5(d). Kagome lattices display the second most gradual transition to final failure: after 

initial fracture (denoted as point 1 in Fig. 4.5 (b)), P increases with 𝑣  up to a peak load, 

followed by a couple of load drops (denoted as points 2 and 3 in Fig. 4.5(b)); each drop 

corresponds to fracture of a number of bars, which is generally larger than for triangular 

lattices, as shown in Fig. 4.5(e). Finally, hexagonal lattices show the most sudden transition 

to final failure: after the initial fracture event (denoted as point 1 in Fig. 4.5 (c)), P increases 

with 𝑣 up to a peak load, but is immediately thereafter followed by a catastrophic load drop 

(denoted as point 2 in Fig. 4.5 (c)). In addition, the corresponding crack extends and 

branches along two paths (both at a 45-degree angle to the horizontal) as shown in Fig. 4.5 

(f). Interestingly, the hexagonal lattice is the only lattice that exhibits crack branching. 
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Fig. 4.4 Deformation maps of topological specimens made of silicon carbide at �̅� =13% and 
20%: (a) load, P, versus load-line displacement, 𝑣 , were plotted till overall kinetic energy 
exceeds 5% of overall internal energy of each specimen in each simulation. Encircled number 
one corresponds to the initial fracture followed immediately by catastrophic failures 
(significant load drop) and(b) the corresponding initial fracture locations are represented by 
red dashed line (c) Illustration of crack branching of the �̅� =20% triangular lattice immediately 
after fracture.  All lattices are not drawn to scale. 
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Fig. 4.5 Deformation maps of topological specimens made of Titanium Alloy (Ti-6Al-4V) at �̅� 
=13% and 20%: load, P, versus load-line displacement, 𝑣 , of (a) triangular specimens, (b) 
kagome lattices, and (c) hexagonal lattices were plotted till overall kinetic energy exceeds 5% 
of overall internal energy of each specimen in each simulation. Encircled number one 
corresponds to initial fracture and the subsequent encircled numbers correspond to each load 
drop. The fracture locations of each encircled number in (a), (b), and (c) are represented by 
corresponding colored dashed line in (d), (e), and (f) respectively; the lattices are not drawn to 
scale. 
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These differences in crack propagation can be directly related to the size of the 

process zone ahead of the crack tip. The larger the process zone (i.e., the number of bars that 

are experiencing significant plastic deformation during crack propagation), the more 

gradual the loss of load carrying capacity in the sample, and the more pronounced the 

toughening response of the lattice. For the purpose of simple comparison between three 

lattices, we arbitrarily define the process zone as the rectangular region encompassing all 

the bars that attain the plastic strain limit, 휀𝑝𝑙𝑖𝑚𝑖𝑡 = 0.01. The process zone size right before 

the initial fracture event for the three sample topologies at two relative densities is plotted 

in Fig. 4.6. Regardless of the relative density, the triangular specimens have the largest 

fractional area (defined as the process zone area normalized by the sample size) of 2.4%, 

about twice as large as that for kagome specimens; by contrast, the hexagonal specimens 

have extremely localized failures, with negligible process zone size.  
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Fig. 4.6 Contours of absolute normalized plastic strain, 휀𝑝/휀𝑝𝑙𝑖𝑚𝑖𝑡 ,  around the crack tip 

between (a) triangular lattices, (b) kagome lattices, and (c) hexagonal lattices made of 
titanium alloy (Ti-6Al-4V) with ℓ = 3 mm at relative density, �̅� = 20% and 13% right before the 
initial fracture. The corresponding location on the load-displacement curve of each contour is 
indicated by a red dot. Plastic strain limit, 휀𝑝𝑙𝑖𝑚𝑖𝑡 = 0.01 is used in the strain contours such that 

for all 휀𝑝/휀𝑝𝑙𝑖𝑚𝑖𝑡  > 1, the contour appears to be red. Red rectangles or circles are used to 

estimate the size of plastic regions. The inset lattices are not drawn to scale. 
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4.3.2 Scaling relations for fracture toughness and R-curve 

(a) Silicon carbide specimens 

The fracture toughness of elastic brittle specimens was extracted using the J-integral 

method, only considering the elastic J component, Jel, (see Appendix D for details). The 

fracture toughness, 𝐾𝐼𝐶 , scales with relative density, �̅�  as �̅�1 , �̅�0.5 , and �̅�2  in triangular, 

kagome, and hexagonal specimens, respectively, as shown in Fig. 4.7 (a). In addition, we 

found that the fracture toughness is largest for the Kagome specimens and lowest for the 

hexagonal specimens. Furthermore, we verified that 𝐾𝐼𝐶  depends linearly on the square root 

of the strut length, √ℓ   [100], as shown in Fig. 4.7 (b). All these findings are perfectly 

consistent with the results obtained using boundary value analysis in [108], and thus 

validate our numerical approach for the calculation of the fracture toughness in cellular 

materials specimens.  

(b) Titanium alloy specimens 

The initial fracture toughness, 𝐾𝐽𝐼𝐶 , toughening coefficient, C, and toughening power, 

m, of the titanium alloy (Ti-6Al-4V) lattice specimens were extracted following the 

procedures discussed in section 4.2.4.  

The initial fracture toughness reveals some important results: (i) while the scaling 

relationships for  𝐾𝐽𝐼𝐶  with �̅� remain the same as for the elastic brittle case, the actual values 

of 𝐾𝐽𝐼𝐶  are ~5 times larger, as shown in Fig. 4.8 (a); (ii) the difference between the 

performance of the triangular and kagome lattices is reduced relative to the brittle base 

material case, while the hexagonal lattice remains the least efficient design. The implication 

is that high initial fracture toughness can be achieved at low relative density by designing a 

triangular or kagome lattice made of a ductile base material. In addition, we show that even 
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in the plastic case, 𝐾𝐽𝐼𝐶  still linearly depends on √ℓ, as shown in Fig. 4.8 (b). The superior 

efficiency of the triangular lattices can be attributed to the extent of the process zone ahead 

of the crack tip (Fig. 4.6), which more than compensates the elastic crack blunting that makes 

kagome designs preferred for brittle materials  [108]. 

Similar scaling relationships can be extracted for the toughening coefficient, C, as 

shown in Fig. 4.9 (a). Remarkably, the scaling exponents are the same as for the initial 

fracture toughness. Triangular lattices have the largest toughening coefficients, followed by 

kagome and hexagonal lattices. By contrast, the toughening exponent, m, does not 

substantially depend on the relative density or lattice topology, maintaining a value ~0.52-

0.58. These features are evident in the R-curves displayed in Fig. 4.9 (b). Notice the 

substantial difference between triangular and kagome lattices: while their initial fracture 

toughness is very similar, triangular lattices toughen much more strongly during crack 

propagation. Again, this can be attributed to the larger process zone dimension in triangular 

specimens. Consistently with their very isolated yielding events, hexagonal lattices display 

much lower fracture toughness than the other lattice classes, especially at low relative 

density. We should emphasize that our choice to define local strut fracture when a critical 

value of the strain is reached at the outer surface of the strut potentially penalizes bending-

dominated lattices made of ductile base materials, in which struts can still carry load after 

surface cracking has initiated. As hexagonal lattices are bending dominated, while triangular 

lattices are stretching dominated (with kagome lattices in between), this factor might 

contribute to the large performance difference among the three lattice topologies examined 

here. While in practice hexagonal and kagome lattices might perform a bit better than 
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predicted here, we do not expect this contribution (if present) to affect any of the conclusions 

of this work.  

 

Fig. 4.7 Scaling relationships for initial fracture toughness in triangular, kagome, hexagonal 
specimens made in silicon carbides with (a) the relative density �̅� and (b) the square root of bar 

length, √ℓ. 

 

Fig. 4.8 Scaling relationships for initial fracture toughness in triangular, kagome, hexagonal 
specimens made in titanium alloys (Ti-6Al-4V) with (a) the relative density �̅� and (b) the square 

root of bar length, √ℓ. 
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Fig. 4.9 (a) scaling relationships for toughening coefficients, C, and (b) R-curves of triangular, 
kagome, and hexagonal specimens made in titanium alloy (Ti-6Al-4V).  
                   

It is instructive to compare the fracture toughness of lattices with the universe of 

existing materials. We plot both initial fracture toughness, KJIC, and fracture toughness at 

final failure, KJFC, of triangular, kagome, and hexagonal lattices of ℓ = 3 mm at �̅� = 13%, 16%, 

and 20% (corresponding to density of 585-900 kg/m3) made in titanium alloy (𝐸𝑠  = 123 GPa, 

𝑣𝑠 = 0.3, 𝜎𝑦𝑠 = 932 GPa, n = 0.7237,  휀𝑓 = 0.1105) as shown in Fig. 4.10. Both triangular and 

kagome lattices at this length scale outperform the majority of natural materials in terms of 

KJIC. When considering KJFC, triangular lattices approach the fracture toughness of bulk 

titanium alloy. In contrast, hexagonal lattices are comparable to other natural materials (e.g, 

paper) in terms of both KJIC and KJFC. The conclusion is that topology manipulations can 

significantly alter both KJIC and KJFC. However, this conclusion is here only proved for 2D 

lattices, and remains unexplored for 3D topologies, either strut-based or shell-based.  
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Fig. 4.10  Material space charts for fracture toughness versus density. Three lattices are shown 
by their representative unit cell topologies: triangular (red), kagome (black), and hexagonal 
(blue). The prediction is based on titanium alloy material properties with the bar length, ℓ = 3 
mm.  
 

4.4 Discussion 

 In the case of elastic brittle base materials, the fracture toughness is governed by 

linear elastic fracture mechanics (LEFM) and in general depends linearly on the tensile 

strength of the base material. The fracture toughness of lattices predicted from the proposed 

numerical approach is in good agreement with solutions derived using boundary layer 
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analyses for elastic brittle lattices as shown in Fig. 4.7 [108]. The 24% discrepancy in the pre-

factor, D (see Table 1) for kagome lattices between this work and Fleck and Qiu, 2007 [108] 

is attributed to different density ranges over which the parameter was fitted (�̅� = 13% - 20% 

in the current analyses VS �̅�  = 0.3% - 20% in [108], and the larger sensitivity of the 

parameter D over the density range in kagome lattices, due to the elastic blunting zone 

around the crack tip [108].  

 In the case of elastoplastic constituent materials, the fracture toughness is still 

governed by LEFM if the plastic region size in front of crack tip is negligible compared to the 

crack length, i.e., small-scale yielding (SSY); conversely, elasto-plastic fracture mechanics 

(EPFM) governs if the plastic region size in front of the crack tip grows comparable to the 

crack length. The simple criterion for the SSY conditions to be satisfied in SENB specimens 

can be derived by combining the ASTM specification that 𝑎, 𝐵 > 2.5(𝐾𝐼/𝜎𝑦𝑠)
2

 and the 

expression for the plane strain plastic zone size in a perfectly plastic solid, i.e.,  𝑟𝑝 =

1

3𝜋
(𝐾𝐼/𝜎𝑦𝑠)2, resulting in the condition a, B > 25rp. The plastic region sizes right before initial 

fracture in three lattices (Fig. 6) reveal that only the hexagonal lattice satisfies the SSY 

criterion. Hence the initial fracture toughness, 𝐾𝐽𝐼𝐶 ,  of hexagonal lattices derived from 

current numerical approach should be comparable to the results obtained using K-field 

boundary layer analyses under small-scale yielding conditions in [120]. For this reason, the 

D pre-factors for the hexagonal lattices obtained with the two approaches agree well for 

hexagonal lattices but deviate for triangular and kagome lattices (Table 4.1). These findings 

further validate the current numerical approach for elastoplastic materials. 
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 Finally, we emphasize that the numerical approach proposed herein can be easily 

extended to 3D cellular materials (strut or shell-based) with small modifications on the 

sample design (number of unit cells, number of elements, degree of isotropy) and boundary 

conditions. The only essential assumption is that the crack tip must be within the empty 

space of a unit cell, in order to avoid stress singularity and hence mesh-dependent damage 

in the finite element analysis. In the case of shell-based cellular materials, care must be taken 

to ensure the shell surfaces are sufficiently smooth to avoid sharp corners. We recognize two 

limitations of the proposed approach: (i) SENB specimens can only be used to predict mode-

I fracture toughness, and (ii) progressive failure of individual struts can only be properly 

addressed by using continuum elements (not beam element as done in the current study), 

with significant increase in computational expense.  

 

4.5 Conclusions 

 We proposed a versatile numerical approach for fracture toughness and R-curve 

modeling of both brittle and ductile cellular materials, combining J-integral calculations in 

SENB specimens and a local maximum strain damage model. The proposed model does not 

impose small-scale yielding restrictions, and hence does not require exceeding large 

numbers of unit cells for highly deformable constituent materials. This approach was applied 

in finite element modeling to investigate fracture toughness (R-curves) of three 2D isotropic 

lattices: triangular, kagome, and hexagonal lattices, made of both silicon carbide (elastic 

brittle) and titanium alloy (elastoplastic) constituent materials. First, specimen design 

studies were systematically conducted in order to extract the required number of unit cells, 

number of elements per bar and degree of isotropy, in order to ensure that accurate 
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stress/strain fields are captured around the crack tip. Second, we validated the current 

numerical approach by comparing the predicted initial fracture toughness in both elastic 

brittle and small-scale yielding elasto-plastic cases with previous works [108,120]. Finally, 

we extracted four key results: (i) toughening via topological designs of the lattice 

architecture seems possible even in elastic brittle lattices; (ii) the power-law scaling 

relations for initial fracture toughness and toughening coefficients with relative densities 

only depend on the topology of the lattice, and not the mechanical response of the base 

material; (iii) triangular lattices outperform both kagome and hexagonal lattices in terms of 

toughening (R-curve) in the range of �̅� = 0.13 – 0.2, and (iv) careful design of topology to 

exploit toughening mechanisms in cellular materials can significantly increase the steady-

state fracture toughness that possibly exceed the initial fracture toughness or even the 

steady-state fracture toughness of the constituent material itself (especially true in the case 

of brittle base materials). 

 We emphasize that the strength of the proposed approach lies in its versatility, 

allowing analysis of both 2D and 3D lattice materials with virtually any topology (both truss 

and shell-based) and any constituent material behavior, with the only restriction that the 

crack tip must be contained inside the unit cell. This topological condition could be relaxed 

with further development. These features make the proposed approach ideally suitable for 

the toughness calculation of shell-based lattice materials.  
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CHAPTER 5 

Summary and Conclusions 

 

 The best approach to design architected cellular materials with superior stiffness, 

strength and fracture toughness is to synergistically combine optimization of the unit cell 

topology and exploitation of constituent material size effects at the nanoscale. Traditionally, 

strut-based topologies have dominated the field. More recently, the interest has shifted to 

shell-based topologies with minimal surface characteristics. Although more complex in 

shape and behavior, these shell-based topologies can still be fabricated with the smallest 

feature size at the nanoscale through advanced additive manufacturing technologies. 

However, regardless of the topology of choice, upscaling of these architected materials with 

nanoscale feature sizes remains a incredible challenge. We propose that spinodal 

decomposition of an appropriate solution followed by material conversion approaches is a 

possible route for the scalable fabrication of architected materials with shell-based 

topologies. In this thesis, we fully investigate the mechanical (stiffness and strength) and bio-

mechanical (specific surface area and bone growth index) properties of these architected 

materials and contrast them with those of state-of-the-art strut and shell-based topologies. 

Although the fracture toughness of spinodal topologies is not investigated in the thesis, we 

develop a versatile numerical approach that is applicable to 2D or 3D cellular materials 

(regardless of the topologies) made of elastic brittle or elastoplastic constituent materials, 

and apply it to obtain the fracture toughness/R-curve in 2D isotropic lattices.  In the future, 

this approach can be extended to calculate the fracture toughness of spinodal topologies. The 

key conclusions of this work are summarized below: 
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• Chapter 2 — Spinodal shells derived from the interface of two spinodally 

decomposing phases are shown to be stochastic minimal surfaces (i.e., surfaces with 

mean curvatures approximately equal to zero everywhere). Due to such uniform 

double curvatures, spinodal shells are found to be extremely mechanically efficient, 

with stiffness and strength on par with or better than many other state-of-the-art 

periodic strut-based and shell-based topologies, in spite of their intrinsically 

stochastic nature. Furthermore, spinodal shells are extremely imperfection-

insensitive even at ultralow relative densities and can be fabricated in scalable 

manner, providing a unique opportunity for the development of multi length-scale 

architected materials.   

• Chapter 3 — The biocompatibility of porous metallic implants with spinodal shell 

(stochastic minimal surface-based design), primitive shell (one of the most common 

triply periodic minimal surface-based design) and octet lattice (one of the most 

mechanically efficient periodic truss-based lattices) topologies are investigated. 

Minimal surface-based topologies clearly outperform strut-based topologies in terms 

of Young’s modulus, specific interfacial surface area, peak stress, and relative bone 

growth. Out of three implant topologies considered, the spinodal shell topology has 

the best combinations of properties. In addition, spinodal shells can be scalably 

fabricated to significantly increase its specific interfacial surface for better bone-

implant integration.  

• Chapter 4 — A versatile numerical approach based on the J-integral calculation of 

fracture toughness/R-curve in the SENB specimen with a maximum strain failure 

criterion is developed. The approach is applied to both elastic brittle and elastoplastic 
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2D isotropic lattices: triangular, kagome and hexagonal. The current approach is 

verified by comparing the obtained initial fracture toughness to that obtained in 

previous studies by boundary layer analyses. We conclude that careful architecture 

designs can result in toughening even though the constituent material is elastic 

brittle; in the case of elastoplastic constituent materials, it is possible to obtain a 

steady-state fracture toughness far greater than the initial fracture toughness or 

stead-state fracture toughness of the constituent material itself.  Finally, we 

emphasize the versatility of the current numerical approach: It can be applied to 

obtain fracture toughness of virtually any topologies including 3D shell-based 

topologies such as TPMS and spinodal shells.  
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APPENDIX A 

Synopsis of algorithm for spinodal decomposition 

 

The spinodal decomposition equation (Eq. (2-1)) is solved numerically with a Finite 

Difference scheme, as described in detail in Sun et al., 2013. Here we report the key details 

of the algorithm for completeness.  

Equation (2-1) is solved on a cubic volume with edge length, L=100, which is discretized into 

a lattice of mesh size, ℓ = 𝐿/100 = 1. Let 𝑢𝑖𝑗𝑘
𝑚  denote the discrete value of the phase field 

variable 𝑢(𝑖, 𝑗, 𝑘, 𝑚𝜏) at nodal point (𝑖, 𝑗, 𝑘), where 𝜏 is the integration time step (𝜏 =0.005 is 

chosen as a good compromise between solution accuracy and computational cost, as 

suggested by [132] and m is the number of time steps.  

A finite difference scheme is used to discretize equation (2-1) as:  

𝑢𝑖𝑗𝑘
𝑚+1−𝑢𝑖𝑗𝑘

𝑚

𝜏
= ∆[ (𝑢𝑖𝑗𝑘

𝑚 )
3

− 𝑢𝑖𝑗𝑘
𝑚 − 𝜃2∆𝑢𝑖𝑗𝑘

𝑚 ]                                                                               (A1) 

where again 𝜃 represents the thickness of the phase A / phase B interface (here chosen as 

1.1) and ∆  is the Laplacian operator. Equation (A1) is solved with periodic boundary 

conditions: 

𝑢(𝑖, 𝑗, 𝑘, 𝑚𝜏) = 𝑢(𝑖 + 𝐿, 𝑗, 𝑘, 𝑚𝜏)                                                                       (A2.1) 

𝑢(𝑖, 𝑗, 𝑘, 𝑚𝜏) = 𝑢(𝑖, 𝑗 + 𝐿, 𝑘, 𝑚𝜏)                                                                       (A2.2) 

𝑢(𝑖, 𝑗, 𝑘, 𝑚𝜏) = 𝑢(𝑖, 𝑗, 𝑘 + 𝐿, 𝑚𝜏)                                 (A2.3) 

and a randomly generated initial condition, 𝑢(𝑖, 𝑗, 𝑘, 0) = 𝑢0(𝑖, 𝑗, 𝑘, 0) ∈ [−5,5] ∗ 10−4  ≠ 0. 

Here, phase A ( 𝑢 = −1 ) represents void space, and phase B ( 𝑢 = 1 ) represents solid 

material. As the solution progresses, the system phase separates at relative early times, and 

subsequently continues to coarsen; during the coarsening phase, the curvature of the 
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interface between solid and void decreases and the size of the single-phase domains 

increases.  

To enforce a specific relative density (i.e., a prescribed ratio of phase A and phase B regions), 

the threshold method with the cutoff  𝑢𝑐
𝑚 is used. The phase value of point (𝑖, 𝑗, 𝑘) at time 𝑚𝜏 

is defined as: 

𝑃𝑉𝑖𝑗𝑘
𝑚 = 𝐻(𝑢𝑖𝑗𝑘

𝑚 − 𝑢𝑐
𝑚)                                                                                                           (A3) 

where 𝐻(𝑢𝑖𝑗𝑘
𝑚 − 𝑢𝑐

𝑚)  is the Heaviside function. When  𝑢𝑖𝑗𝑘
𝑚 − 𝑢𝑐

𝑚 > 0 , then 𝑃𝑉𝑖𝑗𝑘
𝑚 = 1 , 

indicating the space is occupied by material. When 𝑢𝑖𝑗𝑘
𝑚 − 𝑢𝑐

𝑚 < 0  then 𝑃𝑉𝑖𝑗𝑘
𝑚 = 0 indicating 

void space. For a desired relative density �̅�, the cutoff 𝑢𝑐
𝑚 is adjusted such that:  

�̅� =
1

𝐿3
∑ ∑ ∑ 𝑃𝑉𝑖𝑗𝑘

𝑚𝐿
1

𝐿
1

𝐿
1 =

1

𝐿3
∑ ∑ ∑ 𝐻(𝑢𝑖𝑗𝑘

𝑚 − 𝑢𝑐
𝑚)𝐿

1
𝐿
1

𝐿
1                                                                          (A4) 

With this approach, dense spinodal topologies with arbitrary relative densities are 

generated.  
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APPENDIX B 

Algorithm for extraction of curvature probability maps 

 

The principal curvatures of a surface at a point P, 𝜅1  and 𝜅2 , are defined as the 

minimum and maximum curvatures at that point, respectively. A paraboloid fitting method 

can be used to extract these curvatures at each point of the shell spinodal meshes, as 

proposed in [176,177]. The following procedure is implemented: (i) The triangular shell 

mesh (generated as described in sec. 2.2.3) is imported in Matlab. (ii) For any node P in the 

surface mesh, a number J of elements is identified as the set of elements belonging to the 

three neighboring rings of node P, with the first neighboring ring defined as all the elements 

sharing node P, and the next two rings as the elements sharing the boundary nodes of the 

previous ring. (iii) Unit normal vectors to each element in the set J is are constructed by 

normalizing the cross product of two edges of the element. (iv) The unit normal of the surface 

at node P, np, is obtained as the average of the unit normals of all the elements in the first 

three neighboring rings of the point P as follows  

𝐧P =
1

J
∑ 𝐧e

J
1                                                                                                                                         (B1) 

where ne is the unit normal of element “e”. (v) All the nodes in the first three rings of P, along 

with P, are transformed using a rotation matrix such that 𝐧p align with the z-axis of the global 

coordinate system. (vi) The transformed coordinates of these nodes are used to least-square 

fit the coefficients ao to a5 of the biquadratic polynomial surface:  

zv = ao + a1x + a2y + a3xy + a4x2 + a5y2                                                                              (B2) 

(vii) The Hessian matrix of the polynomial surface is calculated as: 
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[
2a4 a3

a3 2a5
]                                                                                                                                            (B3) 

(viii) The pairs of minimum and maximum principal curvatures, 𝜅1 and 𝜅2,  at P are extracted 

as the eigenvalues of the Hessian matrix. (ix) The process above is repeated to find the 

principal curvatures at every single node of the spinodal shell mesh. Outliers in  𝜅1 and 𝜅2 

are determined based on a median absolute deviation method [178], and any (𝜅1, 𝜅2) pair 

that has an outlier is removed. (x) Principal curvature density function maps are generated 

as contour plots of the probability density function 𝑃(𝜅1, 𝜅2), defined as: 

𝑃(𝜅1, 𝜅2) =  
𝑁(𝜅1 ,𝜅2)

∑ 𝑁(𝜅1 ,𝜅2)
                                                                                                                      (B4) 

where 𝑁(𝜅1, 𝜅2)  is the number of (𝜅1, 𝜅2)  pairs having curvatures in the range 

[(𝜅1, 𝜅2), (𝜅1 + ∆𝜅1, 𝜅2 + ∆𝜅2)].  Here, 𝛥𝜅1 =  
max(𝜅1)−min (𝜅1)

𝑁1 
 and 𝛥𝜅2 =  

max(𝜅2)−min (𝜅2)

𝑁2
 , 

with 𝑁1 and 𝑁2 the number of intervals in 𝜅1 and 𝜅2, respectively. 

This procedure was used to generate the contour plots in Fig. 2.6.  
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APPENDIX C 

Evaluation of peak stresses 

 

The peak stress, 𝑠𝑝𝑒𝑎𝑘  (i.e., the maximum stress) extracted by finite element analysis 

of architected materials is in general vey localized and mesh sensitive. To allow a robust and 

unambiguous estimation that allows comparison across different topologies, we define the 

peak stress in a porous implant as the von Mises stress that is exceeded by exactly one 

percent of the implant volume (Fig. C1); a similar implementation has been previously used 

in finite element analyses of bones [179].  

The procedure to obtain the peak stress in a porous implant subject to an externally 

applied compressive effective stress of 10 MPa is as follows:  

(1) The load-controlled stress field 𝜎𝑙 is obtained using the relation 𝜎𝑑/𝜎𝑙 =  𝜎𝑑𝑒/10 (all in 

MPa), where 𝜎𝑑  and 𝜎𝑑𝑒  are displacement-controlled stress field and displacement-

controlled effective stress that can be found from mechanical simulations in section 2.3.  

(2) The elemental volume and the von Mises stress at the centroid of each element are 

extracted as pairs.   

(3) The volume-von Mises stress pairs are then fitted with the weighted kernel density 

estimator [180–182]: 

 𝑓(𝑠|𝒑) =  
1

𝑒ℎ
∑ 𝑝𝑗 ∙ 𝐾

𝑠−𝑠𝑗

ℎ

𝑒
𝑗=1                                                                                                               (C1) 

where 𝑓  is a probability distribution as a function of von Mises stress variable 𝑠  and 

probability weight vector 𝒑 = [𝑝1, 𝑝2, … , 𝑝𝑒]𝑇; 𝑝𝑗 is the volume of 𝑗-th element divided by the 

volume of all elements, and  𝑒  is the total number of elements. 𝐾  is a symmetric kernel 
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smoothing function which takes the shape of a normal distribution in this study. ℎ is the 

bandwidth that controls the smoothness of the resulting probability distribution.  

(4) 𝑆𝑝𝑒𝑎𝑘  (1% von Mises threshold) is extracted by calculating the inverse cumulative 

distribution of 𝑓 such that the probability that a random von Mises stress variable 𝑠 to take 

on a value less than or equal to 𝑠𝑝𝑒𝑎𝑘  is 99%, 𝑃(𝑠 ≤ 𝑠𝑝𝑒𝑎𝑘) = 0.99.  

    

Fig. C1 Determination of 1% von Mises stress threshold as the peak stress in a porous implant. 
Percentage of the porous implant volume is defined as the volume of partial implant regions, 
that have a specific von Mises stress value, divided by the total volume of the implant.  
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APPENDIX D 

Prediction of long bone growth 

 

Most of the bones in human bodies are long bones such as femurs and tibias. These 

long bones grow longer through endochondral ossification, the process by which cartilage is 

gradually turned into bones. It was shown that endochondral ossification is related to the 

osteogenic index 𝐼 (defined in [183]) as a linear combination of shear stresses (bone growth 

facilitator) and compressive dilatational stresses (bone growth inhibitor) experienced in 

cartilage cells [183–185]; we can write a similar relation for the relative bone growth in the 

tissues surrounding the  implants as a linear combination of average maximum shear strain  

휀�̅�𝑎𝑥𝑠 > 0 and average compressive volumetric strain 휀�̅�𝑜𝑙 < 0 , experienced in the tissue 

matrix phase of the composite models, as: 

 𝐼 = 𝑉𝑚 ∙ (휀�̅�𝑎𝑥𝑠 + 𝜅 ∙ 휀�̅�𝑜𝑙)                                                                                                               (D1) 

where 𝑉𝑚 is the volume of the matrix phase over the volume of the composite and 0 ≤ 𝜅 ≤

 −휀�̅�𝑎𝑥𝑠/휀�̅�𝑜𝑙 is an empirical constant. 휀�̅�𝑎𝑥𝑠 and 휀�̅�𝑜𝑙 are assumed to have the equal weight 

(𝜅 = 1) in the current study. Note, 𝐼 is only a relative index for comparative purposes.  

In order to obtain the osteogenic index 𝐼 for the tissue matrix phase, we perform the 

following procedures:  

(1) The three normal strains 휀11 , 휀22 , 휀33 , the maximum principal strain 휀𝑚𝑎𝑥𝑝  and the 

minimum principal strain 휀𝑚𝑖𝑛𝑝 are extracted at the centroid of each element, together with 

the volume fraction of the corresponding element — where 𝑝 is the ratio of the volume of 

the element to the total volume of the matrix phase.  

(2) The quantity 휀𝑚𝑎𝑥𝑠 is calculated as  
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휀𝑚𝑎𝑥𝑠 = 
( 𝑚𝑎𝑥𝑝+ 𝑚𝑖𝑛𝑝)

2
, 

and 휀𝑣𝑜𝑙 is calculated as  

휀𝑣𝑜𝑙 = 휀1 + 휀2 + 휀3.  

(3) We then produce two sets of data for all elements, with one consisting of [𝜺𝒎𝒂𝒙𝒔 𝒑] and 

the other consisting of [𝜺𝒗𝒐𝒍 𝒑] , where 𝒑  = [𝑝1, 𝑝2, … , 𝑝𝑒]𝑇 , 𝜺𝒎𝒂𝒙𝒔 = 

[휀𝑚𝑎𝑥𝑠,1 휀𝑚𝑎𝑥𝑠,2, … , 휀𝑚𝑎𝑥𝑠,𝑒]𝑇 , 𝜺𝒗𝒐𝒍 = [휀𝑣𝑜𝑙,1 휀𝑣𝑜𝑙,2, … , 휀𝑣𝑜𝑙,𝑒]𝑇 , and 𝑒  is the total number of 

elements in the matrix phase.  

(4) In order to reduce the effect of extreme high local strains (outliers) on the measures of 

central tendency, we eliminate all rows in [𝜺𝒎𝒂𝒙𝒔 𝒑]  whose first component is less than the 

0.5th or greater than the 99.5th percentile of 𝜺𝒎𝒂𝒙𝒔. Similarly, we eliminate all rows in [𝜺𝒗𝒐𝒍 𝒑]  

whose first component is less than the 0.5th or greater than the 99.5th percentile of 𝜺𝒗𝒐𝒍.  

(5) Weighted kernel density estimators (A.1) are used to fit [𝜺𝒎𝒂𝒙𝒔 𝒑] and [𝜺𝒗𝒐𝒍 𝒑] as 𝑓𝑚𝑎𝑥𝑠 

and 𝑓𝑣𝑜𝑙 respectively.  

(6) 휀�̅�𝑎𝑥𝑠 and 휀�̅�𝑜𝑙 can be calculated as the mean of 𝑓𝑚𝑎𝑥𝑠 and the mean of 𝑓𝑣𝑜𝑙 respectively. 

𝐼 = 𝑉𝑚 ∙ (휀�̅�𝑎𝑥𝑠 + 𝜅 ∙ 휀�̅�𝑜𝑙) then can be found.  
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APPENDIX E 

Extraction of the minimum number of unit cells for accurate toughness modeling 

 

Linear elastic, small-strain finite element simulations were performed to calculate the 

minimum number of unit cells along the y-direction, 𝑛𝑦 , of SENB specimens in order to 

secure accurate toughness measurements. The overall specimen dimensions follow the 

ASTM E1820 standard [171], with aspect ratio of  S = 4W, W = 2B and 𝑎/𝑊 = 0.5, as shown 

in Fig. E1 (a). Displacement-controlled boundary conditions were applied as follows (see Fig. 

E1(a)): (i) A unit displacement of 1 mm was applied along the negative y-direction on the top 

surface node at the mid-span of the specimen; (ii) Two pin-jointed supports were applied at 

bottom nodes, distanced 𝑊/4 away from each end of the specimen, to prevent displacement 

in the y-direction. (iii) A fixed boundary condition was applied at one of the pin-jointed 

supports, to prevent rigid body motion in the x-direction. Each bar is represented by a single 

Euler-Bernoulli beam element (element B23 in Abaqus) with cubic interpolation; these 

elements can capture the deformation of a slender bar subjected to arbitrary bar end 

moments and forces in a small strain analysis. We varied the number of unit cells in the y-

direction from 𝑛𝑦 = 4 to 𝑛𝑦 = 45, while keeping the unit cell size at ℓ = 3 mm and relative 

density at �̅�  = 0.1. The pre-factor, D, for each topology was then calculated as D = 

KIC/(σTSρ̅√ℓ) . As these are small-displacement linear elastic analyses, KIC/σTS  can be 

replaced by KIC/σmax, where 𝐾𝐼 is the imposed mode-I stress intensity factor and 𝜎𝑚𝑎𝑥 is the 

maximum stress around the crack tip under the imposed displacement. Note that the 

constituent material properties are immaterial and would not change the results in these 

analyses. The normalized axial stress contours of triangular specimens with 𝑛𝑦 = 8 and 𝑛𝑦 = 
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40 were plotted in Fig. E1 (b). Maximum axial stress occurred immediately in front of the 

crack tip; the same conclusion can be drawn for hexagonal and kagome specimen (contours 

not shown here). The pre-factors D for the three topologies were plotted against 𝑛𝑦, and the 

minimum 𝑛𝑦 for sufficient accuracy is then determined as the number of unit cells at which 

the pre-factor is within 5% of the final converged value. The chosen 𝑛𝑦  for hexagonal, 

kagome, and triangular lattices are 40, 45, and 40 respectively, as shown in red circles in Fig. 

E1 (c) 

 

 

Fig. E1 Specimen design: number of unit cells. (a) Specimen aspect ratio. (b) Normalized axial 
stress contour of triangular specimens at number of unit cells, 𝑛𝑦  = 8 and 𝑛𝑦  = 40. (c) 

Convergence of the pre-factor, D, with number of unit cells, 𝑛𝑦 . The chosen 𝑛𝑦  for the 

simulations are circled in black.  
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APPENDIX F 

Mesh sensitivity analysis 

 

Finite-strain elasto-plastic finite element simulations were performed to determine 

the number of elements per bar, 𝑛𝑒 , required to accurately capture the initial fracture 

response of SENB specimens. The minimum number of unit cells in the y-direction, ny , 

determined for each topology in Appendix E was used in all simulations, while keeping �̅� = 

13% and ℓ = 3 mm. The boundary conditions described in section 4.2.4 were applied. Each 

bar, representing a Mindlin-Reissner isotropic plate [186,187], was modeled with first-order 

Timoshenko beam elements (element B21 in Abaqus) for large strain and rotation analyses. 

To increase computational efficiency, only a rectangular region spanning approximately 10 

x 13 unit cells in each in-plane direction around the crack tip has refined mesh, varying from 

𝑛𝑒 = 4 to 𝑛𝑒 = 50 as shown in Fig. F1 (a) and (b). We ensured that this rectangular region 

encompasses the maximum crack length extension specified in ASTM E1820 [171]. Outside 

of the rectangular region, each bar is modeled with one Timoshenko beam element. Such 

coarse meshing far away from the crack tip would only affect local deformation and 

simulated results would give the fracture response of an ideally scaled-up specimens. 

Titanium alloy (Ti-6Al-4v) is chosen as representative material, with plane-strain-modified 

Young’s modulus, 𝐸𝑠
′ = 135 GPa and  modified Poisson’s ratio, 𝜈s

′= 0.43; the plastic behavior 

is modeled as σ =  σys(1 + 휀𝑝
 𝑛), where 𝜎𝑦𝑠 = 932 GPa is the initial yield strength, n = 0.7237 

is the strain hardening power, and εp  is the plastic strain; a fracture strain 휀𝑓  = 0.1105 is 

assumed.  The load-line displacement at which the maximum axial strain around the crack 

tip reached 휀𝑓 was plotted against 𝑛𝑒. The minimum 𝑛𝑒 was then determined as the number 
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of elements per bar at which the load-line displacement is within 10% of the final converged 

value. The chosen minimum 𝑛𝑒 for hexagonal, kagome, and triangular lattices are 30, 20, and 

4 respectively, as shown in red circles in Fig. F1 (c).  

 

 

Fig. F1 Specimen design: number of elements per bar. (a) Demonstration of refined mesh region 
around the crack tip. (b) Magnified views of mesh seeding around the crack tip with number of 
elements per bar, 𝑛𝑒 = 4 and 𝑛𝑒 = 50. (c) Convergence of the load-line displacement, at which 
the maximum axial strain around the crack tip reached 휀𝑓, with number of elements per bar, 

𝑛𝑒. The chosen 𝑛𝑒 for simulations are circled in red. 
  



118 
 

APPENDIX G 

FE linear perturbation analysis to calculate the natural frequencies of 2D lattice 

materials 

 

Linear perturbation finite element simulations were performed to calculate the 

natural frequencies, 𝜔𝑛, of all SENB specimens. Similar boundary conditions as defined in 

appendix A were applied, but without any loadings, as shown in Fig. G1. The minimum 

number of unit cells, ny, and required number of elements per bar, 𝑛𝑒, derived from appendix 

E and F were used. Titanium alloy (Ti-6Al-4V) was used as constituent material, with 

modified Young’s modulus, 𝐸𝑠
′  = 135 GPa and Poisson’s ratio, 𝜈s

′ = 0.43, and density 𝜌𝑠  = 

4,500 kg/m3. The ten smallest eigen-frequencies with corresponding eigen-modes were first 

extracted in each simulation. The smallest eigen-frequency with a physical eigen-mode was 

then taken as the natural frequency. Natural frequencies at each relative density and 

topology are reported in Table G1. For lattice specimens made of silicon carbide and/or with 

mass scaling (artificial increase of density in Abaqus to speed up simulation), natural 

frequencies were inferred proportionally, using 𝜔𝑛 = (𝐸𝑠
′/𝜌𝑠)0.5. 

 

Fig. G1. Illustration of boundary conditions applied in linear perturbation analyses: (i) two pin-
jointed supports at 4W distance apart to prevent translate in the vertical direction and (ii) a 
fixed boundary condition applied at the left pin-jointed support to prevent rigid body motion.  
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Table G1 Natural frequencies of titanium alloy (Ti-6AL-4V) lattice specimens made of 
triangular, kagome, and hexagonal topologies, at ρ̅  = 0.13, 0.16, and 0.2. Base material 
properties of modified Young’s modulus, Es

′ = 135 GPa and Poisson’s ratio, νs
′ = 0.43, and 

density  ρs = 4,500 kg/m3 were used. 
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APPENDIX H 

Fracture toughness calculation procedures 

 

Fracture toughness calculation procedures are taken from ASTM E1820 [171] and  

summarized below with minor modifications. Fracture toughness is first quantified in terms 

of J-integral, J. J is composed of an elastic part, Jel and a plastic part, Jpl:  

 J = Jel + Jpl                                                                                                                                                                                                                    (H1) 

These components are calculated at instant (i), corresponding to each crack extension (load 

drop), as Jel (i) and Jpl (i) respectively. Jel (i), is related to mode-I stress intensity factor, KI as 

follows: 

 Jel (i) = 
(𝐾𝐼 (𝑖))2

𝐸
                                                                                                                                       (H2) 

where E is the effective Young’s modulus of the lattice specimens. KI (i) at each instant of 

crack extension is related to the load-line reaction force, P (i) as shown in Fig. H1: 

 𝐾𝐼 (𝑖) =  [
4𝑃 (𝑖)

𝐵√𝑊
]  ∙  𝑓(

𝑎 (𝑖)

𝑊
)                                                                                                                        (H3) 

where a (i) is the crack length at the instant (i) and the calibration factor 𝑓(𝑎 (𝑖)/𝑊) is 

calculated as,                                                             

 𝑓(
𝑎 (𝑖)

𝑊
) = 3√

𝑎 (𝑖)

𝑊
 ∙  

1.99 − 
𝑎 (𝑖)

𝑊
 ∙ (1 − 

𝑎 (𝑖)

𝑊
) ∙ (2.15 − 3.93

𝑎 (𝑖)

𝑊
+2.7(

𝑎 (𝑖)

𝑊
)

2
)

2(1 + 2
𝑎 (𝑖)

𝑊
) ∙(1 − 

𝑎 (𝑖)

𝑊
)1.5

                                                (H4) 

As the specimens under investigation are 2D lattices, crack extensions can be visually 

determined in post-processing. Jpl (i) is related to the area under the load-line force / 

displacement curve, 𝐴𝑝𝑙  (i), at instant (i) as follows (see Fig. H1): 

 Jpl (i) = 
2𝐴𝑝𝑙 (𝑖)

𝐵 ∙ (𝑊 − 𝑎 (𝑖))
                                                                                                                              (H5) 
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The fracture toughness at crack extension instant (i), KJ (i), is then calculated as KJ (i) = (E ∙ J 

(i))0.5. 

 

Fig. H1 Illustration of load-line reaction force, P, versus load-line displacement, v, at crack 
extension instant i = 1 and 2 with the area under the curve, 𝐴𝑝𝑙 , at crack extension instant i = 1 

for J-integral calculations. 
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Supplementary Material 

 

 

Fig. S1 SEM images of spinodal samples fabricated in IP-Dip by two-photon polymerization 

Direct Laser Writing. All samples have characteristic feature size, 
𝜆

𝐿
=

1

5
, with L the domain size. 

(a) Spinodal solid model, �̅� = 50%. (b) Spinodal solid model, �̅� = 30%. (c) Spinodal solid model, 
�̅� = 20%. (d) Spinodal shell model, �̅� = 10%. (e) Spinodal shell model, �̅� = 7%. (f) Spinodal shell 
model, �̅� = 5%. 
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Fig. S2 Uniaxial response of the material IP-Dip, measured by compression experiments on 
micro-pillars of aspect ratio of 4 and different diameters, manufactured by two-photon 
polymerization Direct Laser Writing with a Nanoscribe Photonics GT Professional.  
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