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Abstract 12 

This paper presents an efficient reliability-based methodology for the seismic design of viscous/visco-13 

elastic dissipative devices in independent and/or coupled buildings. The proposed methodology is 14 

consistent with modern performance-based earthquake engineering frameworks and explicitly considers 15 

the uncertainties affecting the seismic input and the model parameters, as well as the correlation between 16 

multiple limit states.  17 

The proposed methodology casts the problem of the dampers’ design for a target performance objective in 18 

the form of a reliability-based optimization problem with a probabilistic constraint. The general approach 19 

proposed in this study is specialized to stochastic seismic excitations and performance levels for which the 20 

structural behavior can be assumed linear elastic. Under these conditions, the optimization problem is 21 

solved efficiently by taking advantage of existing analytical techniques for estimating the system reliability. 22 

This analytical design solution is an approximation of the optimal design and can be used as a hot-start 23 

point for simulation-based techniques, which can be employed to find the optimal design solution. An 24 

efficient correction formula is proposed to obtain an improved design solution that is generally sufficiently 25 

close for engineering purposes to the optimal design solution obtained from significantly more 26 

computationally expensive simulation-based techniques. The proposed design methodology is illustrated 27 

and validated by considering two steel buildings modeled as linear elastic multi-degree-of-freedom systems 28 
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for different linear damper properties and collocation, for both independent and coupled configurations.  29 

KEY WORDS: performance-based earthquake engineering; linear viscous dampers; visco-elastic dampers; design 30 
procedure; non-stationary random process; reliability-based optimization. 31 

Introduction  32 

The use of supplemental damping in the form of viscous or visco-elastic dampers has become increasingly 33 

widespread in the design and retrofit of civil structures excited by earthquake loads because it often permits 34 

to mitigate undesirable aspects of the structural response at a lower cost than other more traditional 35 

approaches. Experimental and analytical studies have demonstrated that the addition of viscous or visco-36 

elastic dampers inside a building (Soong and Spencer 2002, Takewaki 2009) and/or between adjacent 37 

buildings (Zhang and Xu 1999, Kim et al. 2006, Roh et al. 2011, Tubaldi 2015) permits to control motion 38 

amplitude, interstory drifts, and absolute accelerations induced by earthquake actions.  39 

In recent years, different methodologies for the optimal design of these damping devices under uncertain 40 

seismic input were proposed. However, significant simplifications were often introduced to reduce the 41 

complexity of the problem. Several of the design methods proposed in the literature (Shukla and Datta 42 

1999, Takewaki 2009, Zhu et al. 2011, Richardson et al. 2012) expressed the performance objectives in 43 

terms of mean-square displacement or interstory drift response of the buildings, without explicit reliability 44 

considerations in terms of damage and loss risk. Numerous studies employed simple stochastic models 45 

(e.g., stationary white noise or Kanai-Tajimi models) to describe the seismic input, by disregarding its non-46 

stationary characteristics (e.g., Bhaskararao and Jangid 2007, Takewaki 2009, Taflanidis and Scruggs 2010, 47 

Taflanidis 2010, Zhu et al. 2011). Only a few studies considered explicitly the effects of (1) model 48 

parameter uncertainty (MPU) (i.e., the uncertainty affecting the parameters used to define both the structural 49 

model and/or the limit states), which can have a non-negligible influence on the structural performance 50 

(Guo et al. 2002, Taflanidis 2010); and (2) correlation between different component response and failure 51 

modes in evaluating the system reliability (Taflanidis 2010, Taflanidis and Scruggs 2010). The latter effects 52 

may significantly influence the seismic reliability estimates for a given system, especially in the case of 53 

adjacent buildings connected by dampers (Tubaldi et al. 2014). 54 

In the last decade, significant progress was made towards overcoming the aforementioned limitations in 55 
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reliability-based design procedures for passively-damped buildings. Marano et al. (2007) developed a 56 

reliability-based design approach for linear multi-story frames protected by using linear viscous dampers. 57 

This approach was based on the minimization of a deterministic objective function defined as the total 58 

added damping, while stochastic constraints were imposed to limit the system failure probability for a given 59 

earthquake hazard level. Taflanidis (2010) presented a reliability-based methodology for the optimal design 60 

of systems subjected to stationary stochastic loading with uncertain model parameters. The study 61 

highlighted the importance of the correlation between the failure modes and MPU from a design 62 

perspective. Jensen and Sepulveda (2012) proposed a method for the design of structures equipped with 63 

passive dissipation systems by considering both record-to-record variability and MPU. The damper design 64 

was formulated as an optimization problem with a single objective function and multiple reliability 65 

constraints. The problem solution was sought through a sequential optimization approach (Jensen and 66 

Sepulveda 2011) that involved a converging series of approximate reliability analyses. 67 

The present study presents a simple yet comprehensive probabilistic methodology for the reliability-based 68 

design of viscous/visco-elastic dampers that are added to structural systems subject to seismic hazard. This 69 

methodology explicitly considers the uncertainties affecting the seismic input and the model parameters, as 70 

well as the correlation between multiple limit states. The problem of the design for a target performance 71 

objective is cast in the form of a reliability-based optimization problem. Although the proposed 72 

methodology is general, in this paper it is specialized to the case of seismic excitation modeled as non-73 

stationary stochastic processes, and performance objectives for which the structural behavior can be 74 

assumed linear elastic. This specialization permits to take advantage of recently derived time-variant 75 

reliability analysis techniques (Barbato and Conte 2008, Barbato and Vasta 2010, Barbato and Conte 2011, 76 

2014) for evaluating the system risk of deterministic systems, and to obtain an approximate optimal design 77 

at a computational cost that is several orders of magnitude lower than that required to obtain the optimal 78 

design by using simulation-based techniques. A correction formula is also proposed to derive an improved 79 

design solution at a very low computational cost. The proposed design methodology is illustrated and 80 

validated by considering two steel buildings modeled as linear elastic multi-degree-of-freedom systems 81 
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under different configurations and design conditions. 82 

Problem formulation  83 

Failure probability estimate for systems equipped with damping devices 84 

The basis of the proposed design method is the efficient solution of the direct reliability problem, which 85 

corresponds to evaluating the failure probability, , Lf tP , of the system with added dampers during its design 86 

life, Lt , i.e., the probability of not satisfying the performance objective during Lt . In this type of problem, 87 

the building and dampers’ properties, the seismic input characteristics, and the seismic hazard at the site 88 

are known quantities.  89 

Under the assumption that the failure events can be described as a Poisson process and that the buildings 90 

are immediately restored to their original condition after failure, , Lf tP  is obtained as: 91 

 
, 1 f L

L

t

f tP e
 

   (1) 92 

in which vf  = mean annual frequency (MAF) of system failure, which can be computed through the 93 

following convolution integral:  94 

    df IMf IM

im

v P im v im   (2) 95 

where  f IM
P im  = fragility function expressing the probability of system failure conditional to the seismic 96 

intensity measure IM = im, and  IMv im  = MAF of exceedance of a specific value im of IM. For the sake 97 

of simplicity, this study considers only scalar seismic intensity measures. The most challenging task of this 98 

direct reliability problem is the computation of the conditional failure probability,  f IM
P im . The 99 

reliability of multi-component structural systems, such as those considered in this study, depends on the 100 

reliability of its components, i.e., the building structural elements and the dampers. The computation of the 101 

conditional failure probability of the components,  f IMi
P im  ( 1,2, , lsi N , where lsN  = number of 102 

component limit states), and of the system,  f IM
P im , requires solving a time-variant reliability problem 103 
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by accounting for all pertinent sources of uncertainty. The simplest approach for solving this time-variant 104 

reliability problem is Monte Carlo simulation (MCS). However, this approach can be computationally 105 

expensive, since it requires a very (sometimes prohibitively) large number of time-history analyses to obtain 106 

accurate results when small failure probabilities need to be estimated. Thus, advanced simulation techniques 107 

(Au and Beck 2001a, 2001b) or analytical techniques based on random vibration theory (Guo et al. 2002, 108 

Park et al. 2004, Marano et al. 2007, Taflanidis 2010, Tubaldi et al. 2014) are usually preferred to MCS for 109 

practical structural engineering applications.  110 

Reliability-based design of damping devices 111 

The design of the damping devices that are needed to achieve a target system failure probability over its 112 

design life can be cast as an optimization problem, which identifies the optimal dampers properties (e.g., 113 

the properties that minimize a specified objective function) that also satisfy the stochastic constraints on 114 

the probability of exceeding a prescribed damage level. Additional constraints are needed to ensure that the 115 

dampers’ properties assume physically admissible values. The objective function depends on the type of 116 

device considered. For example, if a visco-elastic material such as rubber is employed, the dampers’ cost 117 

can be assumed proportional to the rubber volume, which can be expressed as a function of the dampers’ 118 

stiffness and geometric parameters (Park et al. 2004); whereas, for linear viscous dampers (e.g., fluid 119 

dampers), the sum of the dampers’ viscous constants can be employed as a simplified approximation for 120 

the dampers’ cost (Takewaki 2009). A more accurate cost estimate could also consider the dampers’ peak 121 

force and stroke (Hwang et al. 2013). However, the introduction of these variables would require a 122 

stochastic objective function, whose treatment is considered out of the scope of this paper. In this study, the 123 

design problem is mathematically formalized as follows:   124 

 

 

 

 ,

min                 

subject to    0

                    0
Lf t f

C

P P

d
d

f d

d



 

 (3) 125 

where ,1 , ,1 , ,1 ,, , , , , , , ,
T

d d m d d m d d mk k c c a ad      = vector of design variables; ,d ik , ,d ic   and ,d ia  126 
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 1,2, ,i m = stiffness, damping constant, and parameter describing the geometry, respectively, of the 127 

i-th damper; the superscript T denotes matrix/vector transposition; m = total number of dampers;   0f d  128 

= additional (linear and/or nonlinear) deterministic constraints specifying the feasible domain of the damper 129 

properties;  C d  = deterministic objective function; and fP  = target (design) failure probability. 130 

The evaluation of  , Lf tP d  (in which the explicit dependency on the design variables d is shown for 131 

clarity) is the most computationally challenging task in the design procedure corresponding to Eq. (3). This 132 

study focuses on the development of efficient solution techniques based on the assumption of linear elastic 133 

structural behavior. In fact, the dampers are often employed to achieve performance levels corresponding 134 

to negligible structural damage, e.g., immediate occupancy or operational performance level, as defined in 135 

FEMA 273 (1997) and FEMA 356 (2000). For these performance levels, the assumption of linear elastic 136 

structural behavior is satisfied.  137 

Efficient solution of the reliability-based design of structural systems with added dampers 138 

This section describes an efficient methodology for solving the reliability-based design problem defined by 139 

Eqs. (1) through (3) for performance levels corresponding to linear elastic behavior of the structural systems 140 

under consideration. First, the equations of motion of a general system of two building coupled using 141 

viscous/visco-elastic dampers and the seismic input model are introduced. Then, an efficient methodology 142 

for obtaining an approximate solution for the design problem expressed by Eq. (3) is presented. Finally, a 143 

correction formula to improve the approximate optimal design at a very low computational cost is proposed. 144 

Equations of motion for coupled buildings with added dampers  145 

Under the assumption of linear elastic behavior, the equations of motion of two adjacent buildings with 146 

dampers added both inside and between the building’s frames (Fig. 1) can be written as follows: 147 

            d d gt t t t       M U + C C U + K K U = M R U  (4) 148 

in which 
A

B

 
  
 

U
U

U
; 

A

B

 
  
 

M 0
M

0 M
; 

A

B

 
  
 

K 0
K

0 K
; 

A

B

 
  
 

C 0
C

0 C
; iU  = displacement vector 149 
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of the free degrees-of-freedom of building i (i  = A, B); iM , iK ,and iC  = mass, stiffness, and damping 150 

matrices of building i (i  = A, B), respectively; dK  and dC  = stiffness and damping matrices corresponding 151 

to the added dampers, respectively; R  = influence coefficient matrix;  g tU  = vector containing the 152 

different components of the input ground motion; t = time; and a superposed dot denotes differentiation 153 

with respect to time. The equations of motion of a single building with added dampers are a particular sub-154 

case of Eq. (4). 155 

Matrices dK  and dC  contain the information regarding both the properties and the location of the dampers 156 

within and/or between the buildings (see Fig. 1). Any set of structural responses that can be obtained from 157 

the displacement response vector  tU  by means of a linear operator (e.g., interstory drifts, base shear, 158 

floor shears) can be used as engineering demand parameter to monitor the response of the system 159 

components. 160 

In this paper, the input ground acceleration components are modeled as separable non-stationary stochastic 161 

processes (Barbato and Vasta 2010). This analytical representation of the seismic input is completely 162 

defined by a power spectral density (PSD) function of an embedded Gaussian stationary process and by a 163 

deterministic time-modulating function. The parameters needed to describe both the PSD and the time-164 

modulating functions must be appropriately chosen in order to accurately represent the characteristics of 165 

the seismic input expected at the site (e.g., frequency content, spectral acceleration at specified frequencies, 166 

and input duration). The description of the seismic input is completed by an appropriate hazard function for 167 

the site, i.e.,  IMv im . The IM should be selected based on sufficiency and efficiency criteria (Luco and 168 

Cornell 2007) and should be easily related to the stochastic description of the input ground motion process. 169 

It is noteworthy that, if multiple active seismic sources can affect the site of interest, a different seismic 170 

ground motion model can be used for each source.  171 

Efficient approximate solution of the reliability-based design problem  172 

A previous study by the authors (Tubaldi et al. 2014) proposed an analytical technique for the seismic risk 173 
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assessment of adjacent buildings connected by linear and nonlinear viscous/visco-elastic dampers. In 174 

particular, the seismic risk , Lf tP  for deterministic systems can be efficiently and accurately approximated 175 

by (1) evaluating the component fragilities  f IMi
P im  ( 1,2, , lsi N , where lsN  = number of 176 

component limit states) by solving a first-passage reliability problem through the use of approximate 177 

analytical time-variant hazard functions (i.e., based on the Poisson’s, classical Vanmarcke’s, or modified 178 

Vanmarcke’s approximations); (2) estimating the system failure probability conditional to im,  f IM
P im , 179 

by using a series system idealization and assuming perfectly correlated limit states; and (3) computing the 180 

MAF of the system failure, fv , and the failure probability over the design life of the structural system, 181 

, Lf tP , via Eqs. (2) and (1), respectively. In the case of systems with uncertain properties, the computation 182 

of  f IMi
P im  ( 1,2, , lsi N ) is performed by using the total probability theorem in conjunction with 183 

simulation techniques such as Latin hypercube sampling (LHS), as described in Tubaldi et al. (2014). 184 

The optimization problem defined by Eq. (3) can have multiple local minima and, thus, must be solved 185 

using global optimization techniques. In this study, a multiple start point algorithm based on gradient-based 186 

iterative local optimizers was employed (Ugray et al. 2007, MathWorks 2015). Local optimization 187 

algorithms require to compute repeatedly the system failure probability,  , Lf tP d , and its gradient with 188 

respect to the design variables d ,  , Lf tPd d . The analytical technique proposed in Tubaldi et al. (2014), 189 

referred to as analytical (AN) algorithm, provides a smooth representation of these quantities, denoted 190 

respectively as  AN
, Lf tP d  and  AN

, Lf tPd d , and can be efficiently used to calculate them. The AN 191 

algorithm neglects the effects of MPU and provides a fully analytical and computationally efficient 192 

approximation of the reliability-based design problem. The assumption of deterministic system and the use 193 

of analytical estimates of the first-passage failure probability in the AN algorithm also permits to avoid 194 

numerical issues which may arise when stochastic simulation is used in conjunction with gradient-based 195 

optimization algorithms (Taflanidis and Beck 2008, Jensen et al. 2009). The local optimization algorithm 196 
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is assumed to converge at iteration 1i  to the solution *
AN,jd ( sp1,2, ,j n , where spn = number of start 197 

points) when 
   

 
1

1

i i

i

C C

C


 


d d

d
 and  AN

, 1 2Lf t i fP P   d  respectively, where 1 2,  = user-198 

defined tolerances. The design solution is given by  * *
AN AN,min j

j
d d . 199 

In general, due to the approximate nature of the time-variant hazard function, the assumptions made on the 200 

correlation among the failure modes, and the effects of MPU that are neglected by the AN algorithm, the 201 

stochastic constraint on the system failure probability in Eq. (3) may not be strictly satisfied by the 202 

approximate design solution 
*
ANd , i.e., the condition  SIM *

, AN 2Lf t fP Pd    may occur, where 203 

 SIM *
, ANLf tP d  = system failure probability evaluated through MCS at 

*
ANd . However, 

*
ANd  can be used as 204 

a “hot-start” point for optimization algorithms based on stochastic simulation techniques, such as the 205 

simulation (SIM) algorithm and the hybrid (HYB) algorithms proposed in Barbato and Tubaldi (2013), 206 

whose solutions (
*
SIMd  and 

*
HYBd , respectively) strictly satisfy the constraint on the system failure 207 

probability within a user-defined tolerance. The SIM algorithm is an iterative optimization algorithm that 208 

uses the estimate of the failure probability and its gradient obtained through stochastic simulation, 209 

respectively denoted to as  SIM
, Lf tP d  and  SIM

, Lf tPd d , whereas the HYB algorithm uses the estimate of 210 

the failure probability obtained through simulation,  SIM
, Lf tP d , in conjunction with the analytical estimate 211 

of the failure probability gradient,  AN
, Lf tPd d . It is noteworthy that the computational cost of the SIM 212 

and HYB algorithms is several orders of magnitude higher than the computational cost of the AN algorithm. 213 

Furthermore, numerical problems often arise when stochastic simulation is used in conjunction with 214 

gradient-based algorithms (Taflanidis and Beck 2008, Jensen et al. 2009), which may further increase the 215 

number of iterations required to achieve convergence. 216 

Design correction formula 217 

In order to improve the approximate design solution obtained using the AN algorithm while avoiding the 218 
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higher computational cost of the SIM and HYB algorithms, the following correction formula for the 219 

solution 
*
ANd  is proposed in this study:  220 

 
 

 

SIM *
, AN* *

corr ANAN * *
, AN AN

1
L

L

f f t

f t

P P

Pd

d
d d

d d

 
   
  
 

 (5) 221 

The corrected approximate design point 
*
corrd  is obtained by equating to fP  the first-order Taylor’s series 222 

approximation of the failure probability about 
*
ANd  along the direction defined by 

*
ANd , with the gradient 223 

 AN *
, ANLf tPd d  computed using the analytical approximation of the hazard function. Thus, the proposed 224 

correction formula corresponds to scaling the optimal damper properties found using the AN algorithm. 225 

Fig. 2 provides a graphical representation of the correction for a case involving two design variables. The 226 

proposed correction formula is based on two main assumptions: (1) the design solution obtained through 227 

the AN algorithm yields a damper distribution along the building height which is proportional to the 228 

distribution corresponding to the optimal design solution, and (2) the optimal design solution lies at the 229 

boundary of the reliability constraint, i.e., increasing the target failure probability always results in a 230 

decrease of the dampers cost. It is noteworthy that the results of the application examples presented in this 231 

study confirm that the second assumption is generally satisfied. 232 

The computational cost of the proposed correction is mainly due to the computation of  SIM *
, ANLf tP d  233 

through stochastic simulation, whereas the computational cost of evaluating  AN *
, ANLf tPd d  is almost 234 

negligible. The effects of the MPU on the optimal damper properties can also be included through Eq. (5) 235 

by using the LHS technique to evaluate  SIM *
, ANLf tP d . In general, the proposed first-order correction 236 

formula provides a start point 
*
corrd  for the SIM and HYB algorithms that is closer to satisfying the 237 

stochastic constraint on the system failure probability when compared to 
*
ANd , and is often sufficiently 238 

accurate for design purposes. 239 
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Application examples 240 

The reliability-based design methodology and correction formula developed in this study were applied to 241 

determine the optimal properties and location of viscous dampers under two different design scenarios: (1) 242 

viscous dampers located inside two adjacent buildings, and (2) viscous dampers connecting two adjacent 243 

buildings. In the second scenario, the effects of MPU is also considered. 244 

The two adjacent buildings considered in this study were steel moment-resisting frames modeled as linear 245 

elastic multi-degree-of-freedom shear-type systems (Fig. 1). The properties of these buildings, initially 246 

assumed as deterministic, were taken from Tubaldi et al. (2014). Building A was an eight-story frame with 247 

constant floor mass, mA = 454,540 kg, and stiffness, kA = 628,801 kN/m (Lin 2005). Building B was a four-248 

story building with constant floor mass, mB = 454,540 kg, and stiffness, kB = 470,840 kN/m. The story 249 

heights were equal to H = 3.2 m. Matrices AC  (with dimensions 8 x 8) and BC  (with dimensions 4 x 4) 250 

describe the inherent buildings’ damping. They were based on the Rayleigh model and were obtained by 251 

assuming a damping factor A =B = 2% for the first two vibration modes of each system. The fundamental 252 

vibration periods of buildings A and B were TA = 0.915 s and TB = 0.562 s, respectively.  253 

The stochastic seismic input considered in this study was modeled as an embedded stationary Gaussian 254 

process modulated in time through a Shinozuka-Sato’s modulating function (Shinozuka and Sato 1967), 255 

i.e., 256 

      1 2b t b t
I t c e e H t

   
     (6) 257 

in which 
1

1  0.045  sb   , 
1

2  0.050  sb   ,  25.812c  , and  H t unit step function. A duration 258 

max  30 st   was assumed for the seismic excitation. The PSD function of the embedded stationary process 259 

was described by the widely-used Kanai-Tajimi model, as modified by Clough and Penzien (Clough and 260 

Penzien 1993), i.e.,  261 

  
4 2 2 2 4

0 2 2
2 2 2 2 2 2 2 2 2 2

4

4 4

g g g

CP

g g g f f f

S S
    


         

   
  

            
   

 (7) 262 
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in which 0S  = amplitude of the bedrock excitation spectrum, modeled as a white noise process; g and g  263 

= fundamental circular frequency and damping factor of the soil, respectively; and f and f  = 264 

parameters describing the Clough-Penzien filter. The following values of the parameters were used: 265 

 12.5 rad/s ,g      0.6g  ,  2 rad / sf  , and    0.7f  .   266 

The peak ground acceleration, PGA, was assumed as IM. In order to derive the fragility curves in terms of 267 

the selected IM, the relationship between the parameter 0S  of the modified Kanai-Tajimi spectrum and the 268 

PGA at the site was assessed empirically based on the procedure shown in Tubaldi et al. (2012). The site 269 

seismic hazard curve was: 270 

   5 2.8576.734 10PGA pga pga      (8) 271 

This seismic hazard curve was chosen so that, for the site of interest, a PGA = 0.3 g (where g = gravity 272 

constant) corresponded to a probability of being exceeded equal to 10% in 50 years (i.e., to a return period 273 

of 475 years). 274 

Design of viscous dampers located inside the buildings 275 

The first application example consists of the design of linear viscous dampers inserted inside the building 276 

frames. The target performance objective was defined so that the probability , Lf tP  of exceeding the 277 

immediate occupancy performance level for the coupled system in tL = 50 years must be less than or equal 278 

to fP =10%. The component limit states considered corresponded to the exceedance of the interstory drift 279 

limits of 0.7% by any of the two buildings’ stories, as specified in FEMA 273 (1997) and FEMA 356 280 

(2000). This interstory drift value can be considered as a conventional limit for the linear elastic behavior 281 

of multi-story steel buildings and for their immediate occupancy limit state, which corresponds to negligible 282 

structural damage. The assumption of linear elastic behavior was deemed accurate for this specific 283 

performance level, since the fact that the buildings may experience nonlinear behavior for high (and rare) 284 

IM values was not expected to bias the risk estimates. The damper limit states were not considered in this 285 

application, since the dampers are commonly sized so that their failure probability is significantly smaller 286 
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than the probability of exceedance of the 0.7% drift limit in the frame. It is noteworthy that, in modern 287 

design codes, the performance objectives are usually expressed as required performance for a seismic event 288 

with a prescribed return period (FEMA 2000), e.g., as a maximum acceptable drift limit for an earthquake 289 

intensity with a given probability of being exceeded in 50 years. However, a rigorous reliability-based 290 

design approach requires selecting the values of the target failure probability for the maximum acceptable 291 

drift limits at each performance level of interest. Failure probability values and their selection commonly 292 

depend on the interacting needs of the different stakeholders; thus, the value of 10% failure probability in 293 

50 years was selected in this study based on engineering judgment and economic considerations. 294 

Without dampers, the probabilities of exceedance for the immediate occupancy performance level in 50 295 

years, , Lf tP , were 26.07% and 28.55%, for buildings A and B, respectively. Two design options were 296 

investigated: (1) viscous dampers with uniform properties located at all building stories (referred to as 297 

uniform distribution case); and (2) viscous dampers with properties variable from story to story (referred 298 

to as variable distribution case). This latter damper distribution corresponded to eight design variables, i.e., 299 

 1 8,...,
T

d dc cd  , for the 8-story building (building A), and to four design variables, i.e., 300 

 1 2 3 4, , ,
T

d d d dc c c cd  , for the 4-story building (building B). The feasible domain for the damper viscous 301 

constants was described by the nonlinear constraints  , ,min , 0d i d d ic c c   , where ,mindc = 200 kN∙s/m, 302 

and by the lower bound , 0d ic  . These constraints ensured that, at any given floor, the optimal solution 303 

corresponds either to the case of no dampers or to values of ,d ic ≥ ,mindc , which was assumed as the 304 

minimum value of the damper viscous constant for which dampers were readily available at a market 305 

competitive cost.  306 

The AN algorithm employed the modified Vanmarcke’s approximation of the time-variant hazard function 307 

in conjunction with the assumption of perfect correlation between the failure modes to estimate  AN
, Lf tP d  308 

and  AN
, Lf tPd d  during the iterations. The estimates of  SIM

, Lf tP d  required at each iteration of the SIM 309 

algorithm were obtained via MCS by considering 10,000 artificial ground motion records compatible with 310 
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the input PSD and generated through the spectral representation method (Shinozuka and Deodatis 1991). 311 

This number of samples ensured accurate estimates of the MAF of system failure, vf , with a coefficient of 312 

variation of the estimate of vf smaller than 1%. The tolerances for the design problem were selected as 313 

3
1 2 10    .  Multiple start points were considered for the AN algorithm to find the global minimum of 314 

the objective function. To limit the number of iterations needed for convergence, the AN algorithm’s 315 

optimal solution, 
*
ANd , was used as a hot-start point for the SIM algorithm, the results of which were 316 

considered as the reference solution for this application example. In applying both AN and SIM algorithms, 317 

the failure probability’s gradients (i.e.,  AN
, Lf tPd d  and  SIM

, Lf tPd d , respectively) were computed at each 318 

iteration using the finite difference method, i.e., by perturbing each component of vector d one at a time 319 

and calculating the corresponding change in failure probability. For this specific application example, the 320 

use of the modified Vanmarcke’s approximation in conjunction with the assumption of perfect correlation 321 

between failure modes were shown to provide more accurate estimates of the failure probability than other 322 

analytical approximations (Tubaldi et al. 2014). It is also noteworthy that these approximations can affect 323 

the value of the optimal solution obtained through the AN algorithm, 
*
ANd , but have only a negligible effect 324 

on the value of reference optimal solution. 325 

Tables 1 and 2 report the optimal design results obtained using the AN algorithm, the correction 326 

corresponding to Eq. (5), and the SIM algorithm for building A and B, respectively. In all cases considered 327 

here, the design solution obtained using the AN algorithm is already close to the design solution obtained 328 

using the SIM algorithm (with a 7.8% difference in the uniform distribution case and a 5.8% difference in 329 

the variable distribution case for building A, and a -8.3% difference in the uniform distribution case and a 330 

-7.1% difference in the variable distribution case for building B). The proposed correction formula provides 331 

dampers’ properties that are very close to those obtained through the SIM algorithm (with a 2.8% difference 332 

in the uniform distribution case and a 0.9% difference in the variable distribution case for building A, and 333 

a 0.6% difference in the uniform distribution case and a 0.4% difference in the variable distribution case 334 

for building B). It is observed that the design solution for the variable distribution case requires dampers 335 
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located only at the two lower stories, and allows to reduce the cost associated with the retrofit (measured 336 

in terms of total added viscous damping) when compared to the design solution corresponding to the 337 

uniform distribution case. 338 

Fig. 3a and 3b report the component fragility curves (i.e., failure probabilities conditional to PGA) for the 339 

interstory drift ratios (IDRs) and the corresponding failure probabilities during the design life, respectively, 340 

for building A. These estimates correspond to the solution obtained using the SIM algorithm by considering 341 

both the cases of uniform and variable distribution. The curves of the system fragilities and of the system 342 

risk are very close to the corresponding curves for the first story and, thus, they are not reported in Fig. 3a 343 

and 3b. This results is due to the fact that (1) the IDR demand at the first story is higher when compared to 344 

those at the other stories, and (2) the correlation between the IDR responses within the frame is very high.  345 

Figs. 4a and 4b plot the probabilities of exceedance in 50 years for the dampers’ forces at the different 346 

stories of building A, corresponding to the uniform and variable distribution cases, respectively. It is 347 

observed that, for a given probability of exceedance, the sum of the dampers’ forces in the variable 348 

distribution case is significantly lower than the sum of the dampers’ forces in the uniform distribution case. 349 

Thus, the optimal design for the variable distribution case is more efficient than the optimal design for the 350 

uniform distribution case also in terms of the total forces acting in the dampers. Similar results to those 351 

presented in Figs. 3 and 4 were obtained also for building B, but are not reported here due to space 352 

constraints. 353 

Design of viscous dampers connecting adjacent buildings 354 

The second application example consists of the design of linear viscous dampers connecting two adjacent 355 

buildings with the same properties as the buildings A and B considered in the previous application example. 356 

Two design options were investigated also in this case: (1) viscous dampers with uniform properties 357 

connecting the four lower stories of the two buildings (uniform distribution case), which corresponds to a 358 

single design variable, dc ; and (2) viscous dampers with variable properties connecting the four lower 359 

stories of the two buildings (variable distribution case), which corresponds to four design variables, 360 
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 1 2 3 4, , ,
T

d d d dc c c cd  . Both deterministic and uncertain structural models were investigated. In the latter 361 

case, following Sues et al. (1985), the lumped mass and story stiffness of each building were assumed to 362 

be lognormally distributed, with mean value equal to the value initially assumed as deterministic and 363 

coefficients of variation equal to 0.10 and 0.11, respectively. The damping ratios used to build the Rayleigh 364 

damping matrixes for the two separate systems were also modeled as random variables with mean value 365 

equal to 2% and with coefficient of variation equal to 0.65. Perfect correlation was assumed between the 366 

lumped masses and story stiffness within each building. Thus, six random variables were used to describe 367 

the MPU (i.e., story mass, story stiffness, and damping ratio for each building). Similar to Tubaldi et al. 368 

(2014), the assumption of perfect correlation is preferred here to a more rigorous random field approach 369 

(Lee and Mosalam 2004) in order to avoid difficulties due to the lack of data associated with the correlation 370 

lengths of the pertinent random fields. It is noteworthy that this assumption (which corresponds to assuming 371 

that the correlation length for the corresponding random field is larger than the dimension of the structural 372 

system considered) provides an upper bound of the MPU effects on the failure probability and, thus, on the 373 

reliability-based design results. 374 

50 samples of structural models were generated by means of LHS (Iman and Conover 1980), in order to 375 

describe with sufficient accuracy the variability of the uncertain parameters. An exterior sampling approach 376 

was adopted for the study of the uncertain structures, i.e., the same set of 50 LHS realizations of the vector 377 

of uncertain model parameters was employed at each iteration of the SIM algorithm to obtain the 378 

approximate and reference design solutions for the uncertain structural models. The selected sample number 379 

provides estimates of the failure probability at the design points corresponding to structures with uncertain 380 

parameters with coefficient of variations lower than 0.05. The results presented hereinafter correspond to a 381 

single set of parameters’ samples. However, in order to assess the effect of using different samples, the 382 

reliability-based design procedure was repeated for several samples’ sets and provided design results that 383 

had differences smaller than 0.5% in terms of  *C d . 384 

The probability of exceeding the immediate occupancy performance level in 50 years for the uncoupled 385 
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deterministic system was estimated equal to 33.8% by using MCS. The same constraints, target 386 

performance objectives, and termination rules employed in the previous application example were adopted 387 

also here. The AN algorithm was based on the modified Vanmarcke’s approximation and the assumption 388 

of perfect correlation between the failure modes. The failure probability estimates used in the SIM 389 

algorithm were obtained using MCS and 10,000 samples. Multiple start points were considered for the AN 390 

algorithm to find the global minimum of the objective function, and the design point obtained from the AN 391 

algorithm was used as a hot-start point for the SIM algorithm. 392 

Tables 3 and 4 report the optimal design results obtained using the AN algorithm, the proposed correction 393 

formula, and the SIM algorithm for the deterministic and uncertain models, respectively. When compared 394 

to the design solution obtained using the SIM algorithm, the design solution obtained using the AN 395 

algorithm is a fair approximation for the case of deterministic models (with a 22.0% difference in the 396 

uniform distribution case and a 24.4% difference in the variable distribution case) and a very good 397 

approximation for the case of uncertain models (with a 0.8% difference in the uniform distribution case and 398 

a 2.2% difference in the variable distribution case). The proposed correction formula provides dampers’ 399 

properties that are always an excellent approximation of those obtained through the SIM algorithm (with a 400 

0.8% difference in the uniform distribution case and a 2.0% difference in the variable distribution case for 401 

the deterministic models, and a 0.8% difference in the uniform distribution case and a 0.3% difference in 402 

the variable distribution case for the uncertain models).  403 

It is observed that, in general, the uncertainty in model parameters results in an increase of the total added 404 

damping,  *C d , at the optimal design point, 
*

d , due to an increase of the seismic risk (Tubaldi et al. 405 

2014). For both deterministic and uncertain models, the value of  *C d  is significantly lower for the 406 

variable distribution case than for the uniform distribution case. Similar observations were already made in 407 

previous studies (Zhang and Xu 1999, Roh et al. 2011) and can be explained by considering that the energy 408 

dissipated by the damper(s) is roughly proportional to the maximum relative velocity between the stories 409 

of the two buildings. Since this relative velocity generally increases for increasing heights of the damper 410 
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location, it is more efficient to locate the dampers at the upper stories of the buildings, where the peak 411 

relative velocity is expected to be the highest. At the optimal design points, the first-mode damping ratios 412 

of the deterministic models of buildings A and B are 0.160 and 0.063, respectively, for the uniform 413 

distribution case, and 0.155 and 0.068, respectively, for the variable distribution case. 414 

Fig. 5 plots the probability of exceedance in 50 years (evaluated using the SIM algorithm) for the IDRs of 415 

the first story of building A and B for the two different optimal dampers’ distributions. Fig. 5a shows the 416 

results for the case of deterministic model parameters, whereas Fig. 5b shows the results for the case of 417 

uncertain model parameters. In both cases, it is observed that the distribution of the peak interstory drift 418 

demand at the various stories is not significantly affected by the dampers’ configuration. This result 419 

confirms that employing only a single damper at the optimal location permits to achieve the same system 420 

performance of four uniformly distributed dampers at a significantly lower value of the total added 421 

damping.  422 

The statistical properties of the strokes and forces produced in the dampers are also relevant design 423 

quantities that can affect the dampers’ reliability and actual cost (Hwang et al. 2013). Fig. 6a reports the 424 

50-year probability of exceeding a specified value of the stroke in the dampers for the optimal designs 425 

corresponding to the uniform and variable distribution cases, relative to the deterministic model case. As 426 

expected, in the uniform distribution case, the strokes corresponding to a given probability of exceedance 427 

increase at the upper floors. Furthermore, the single damper corresponding to the variable distribution case 428 

(which is located at the fourth floor) shows probabilities of exceeding a given stroke that are almost 429 

coincident to those of the damper located at the fourth floor in the uniform distribution option. Fig. 6b 430 

reports the 50-year probability of exceeding a specified value of the force acting in each individual damper 431 

and the sum of the forces acting in all dampers, for the optimal designs corresponding to the uniform and 432 

variable distribution cases, relative to the deterministic model case. For a given probability of exceedance, 433 

the force acting in the single damper corresponding to the optimal design for the variable distribution case 434 

is significantly higher than the forces acting in each of the dampers for the uniform distribution case. This 435 

phenomenon is expected because the design requiring the smallest number of dampers is also characterized 436 
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by the largest damper force (Hwang et al. 2013). However, for the same probability of exceedance, the sum 437 

of the forces acting in all dampers for the uniform distribution case is significantly higher than the force 438 

acting in the single damper for the variable distribution case. Thus, the optimal design for the variable 439 

distribution case is more efficient than the optimal design for the uniform distribution case also with respect 440 

to the values of the forces acting in the dampers. 441 

Conclusions 442 

This study presents a reliability-based methodology for the seismic design of linear viscous/visco-elastic 443 

damping devices within and/or between adjacent buildings structures. The proposed methodology, which 444 

is consistent with modern performance-based earthquake engineering frameworks, considers the 445 

uncertainty affecting both the seismic input (i.e., record-to-record variability and uncertain intensity level) 446 

and the model parameters. The optimal design of the dampers’ properties and location for a target 447 

performance objective is cast in the form a constrained optimization problem with a deterministic objective 448 

function (e.g., dampers’ cost) and a stochastic constraint on the system failure probability during the 449 

buildings’ design life. 450 

The general approach proposed in this study was specialized to the case of buildings with linear elastic 451 

behavior under non-stationary stochastic earthquake input, in order to take advantage of an efficient 452 

analytical technique to evaluate the system failure probability during the optimization process. The AN 453 

algorithm, previously developed by the authors to obtain the optimal separation distance to avoid seismic 454 

pounding between two adjacent buildings, was extended here to obtain an approximate solution of the 455 

optimal design of the of the dampers’ properties and location. A correction formula for the solution provided 456 

by the AN algorithm was proposed to obtain an improved design solution at a small computational cost.  457 

The proposed design methodology was illustrated by considering the retrofit of two steel buildings, modeled 458 

as shear-type multi-degree-of-freedom linear elastic systems, by using viscous dampers. The application 459 

examples considered include individual and coupled buildings, deterministic and uncertain structural 460 

models, and viscous dampers characterized by uniform and variable properties at the various buildings’ 461 

stories. The dampers’ viscous constants were assumed as design variables. Their optimal values were 462 
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obtained by minimizing the total added damping while satisfying the stochastic constraints on the 463 

probability of exceeding the immediate occupancy level during the buildings’ design life. Based on the 464 

results obtained using the proposed design methodology for the application examples presented in this 465 

paper, the following observations are made: 466 

(1) The AN algorithm is very computationally efficient but does not strictly satisfy the stochastic constraint 467 

on the system probability of exceeding the target performance level.  468 

(2) In general, the proposed correction formula provides approximate solutions that are very close to the 469 

optimal design obtained using SIM and HYB algorithms at a very small computational cost in addition to 470 

the computational cost of the AN algorithm. This computational cost is several orders of magnitude smaller 471 

than the computational cost required by the SIM and HYB algorithms, even when the solution obtained 472 

from the AN algorithm is used as a hot-start point. 473 

(3) Model parameter uncertainty commonly produces an increase of the seismic risk estimates, which 474 

causes an increase of the total added damping for the uncertain model case when compared to the case of 475 

deterministic model. 476 

(4) For the application examples considered here, optimization of the damper location yields a significant 477 

reduction of the total added damping required to achieve a target performance level when compared to a 478 

design option in which equal dampers are used at different stories within a building or between adjacent 479 

buildings.  480 

(5) The design methodology presented in this study provides a simple yet efficient technique for the optimal 481 

design and placement of viscous/visco-elastic dissipative devices into linear elastic structural systems while 482 

controlling their seismic performance.  483 
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Table 1. Optimal design of viscous dampers placed inside building A.579 

Story 

number 

Uniform distribution Variable distribution 
*
ANd

[kN∙s/m] 

*
corrd

[kN∙s/m] 

*
SIMd

[kN∙s/m] 

*
ANd

[kN∙s/m] 

*
corrd

[kN∙s/m] 

*
SIMd

[kN∙s/m] 

1 5,826.70 5,561.90 5,407.48 18,376.80 17,538.45 17,718.94 

2 5,826.70 5,561.90 5,407.48 5,726.50 5,465.26 5,068.33 

3 5,826.70 5,561.90 5,407.48 0 0 0 

4 5,826.70 5,561.90 5,407.48 0 0 0 

5 5,826.70 5,561.90 5,407.48 0 0 0 

6 5,826.70 5,561.90 5,407.48 0 0 0 

7 5,826.70 5,561.90 5,407.48 0 0 0 

8 5,826.70 5,561.90 5,407.48 0 0 0 

Sum 46,613.60 44,495.20 43,259.84 24,103.30 23,003.71 22,787.28 

, Lf tP 9.65% 9.92% 10.05% 9.71% 9.95% 10.00% 

580 

581 
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Table 2. Optimal design of viscous dampers placed inside building B. 582 

Story 

number 

Uniform distribution Variable distribution 
*
ANd   

[kN∙s/m] 

*
corrd  

[kN∙s/m] 

*
SIMd   

[kN∙s/m] 

*
ANd   

[kN∙s/m] 

*
corrd   

[kN∙s/m] 

*
SIMd   

[kN∙s/m] 

1 2,631.50 2,886.91 2,869.38 6,041.30 6,524.60 6,500.90 

2 2,631.50 2,886.91 2,869.38 0 0 0 

3 2,631.50 2,886.91 2,869.38 0 0 0 

4 2,631.50 2,886.91 2,869.38 0 0 0 

Sum 10,526.00 11,547.65 11,477.52 6,041.30 6,524.60 6,500.90 

, Lf tP  10.71% 9.98% 10.07% 10.81% 10.10% 9.95% 

 583 

  584 
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Table 3. Optimum design properties of viscous dampers connecting buildings A and B: 585 

deterministic models. 586 

Story 

number 

Uniform distribution Variable distribution 
*
ANd

[kN∙s/m] 

*
corrd

[kN∙s/m] 

*
SIMd

[kN∙s/m] 

*
ANd

[kN∙s/m] 

*
corrd

[kN∙s/m] 

*
SIMd

[kN∙s/m] 

1 1,363.51 1,126.40 1,117.63 0 0 0 

2 1,363.51 1,126.40 1,117.63 0 0 0 

3 1,363.51 1,126.40 1,117.63 0 0 0 

4 1,363.51 1,126.40 1,117.63 3,044.85 2,496.49 2,447.51 

Sum 5,454.04 4,505.6 4,470.52 3,044.85 2,496.49 2,447.51 

, Lf tP 8.92% 9.98% 10.00% 8.97% 9.98% 10.00% 

587 

588 
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Table 4. Optimum design properties of viscous dampers connecting buildings A and B: 589 

uncertain models. 590 

Story 

number 

Uniform distribution Variable distribution 
*
ANd

[kN∙s/m] 

*
corrd

[kN∙s/m] 

*
SIMd

[kN∙s/m] 

*
ANd

[kN∙s/m] 

*
corrd

[kN∙s/m] 

*
SIMd

[kN∙s/m] 

1 1,363.51 1,363.51 1,353.14 0 0 0 

2 1,363.51 1,363.51 1,353.14 0 0 0 

3 1,363.51 1,363.51 1,353.14 0 0 0 

4 1,363.51 1,363.51 1,353.14 3,044.85 2,987.68 2,979.21 

Sum 5,454.04 5,454.04 5,412.56 3,044.85 2,987.68 2,979.21 

, Lf tP 9.98% 9.98% 10.00% 9.98% 9.99% 10.02% 

591 
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Figure captions 592 

Fig. 1. Buildings equipped with visco-elastic dampers placed inside and between the buildings. 593 

Fig. 2. Graphical representation of the correction formula. 594 

Fig. 3. Failure probabilities for building A: (a) component fragility curves, and (b) component failure 595 

probabilities during the design life. 596 

 Fig. 4. Probability of dampers’ forces exceeding prescribed values in 50 years in building A: (a) uniform 597 

distribution case, and (b) variable distribution case. 598 

Fig. 5.  Probability of exceedance in 50 years for the IDRs of the models with (a) deterministic properties, 599 

and (b) uncertain properties. 600 

 Fig. 6. Probability of exceeding in 50 years for the deterministic models of: (a) dampers’ strokes, and 601 

(b) dampers’ forces.602 



Building B 

Building A 

Figure 1 



( )AN
, Lf t fP P=d

*
ANd

*
corrd ( )AN *

, ANLf tP−∇d d

( ), Lf t fP P=d

d1

d2 

( ) ( )C C ∗=d d

*d

( ) ( )ANC C ∗=d d

Figure 2 



 

PGA [g] 

P f
(im

) [
-]

 

uniform
variable

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1 

1

7 

6 
5 

4 

2 

3 

8

(a)  

P f
,t
[-

] 
L 

[ ] -IDR
10-1

(b)

10-6

10-5

10-4

10-3

10-2

10-1

100

10-4 10-3 10-2 

8

5 

7 
6 

4 
3 

2
1

fP

uniform
variable

Figure 3 



 

Fd [kN] 

P f
,t 

 [-
] 

L 

8

5 

7 
6 

4 
3

2 

1 

102 103 104
10-6 

10-5 

10-4 

10-3 

10-2 

10-1 

100 

sum

(a)  

Fd [kN] 

1
2 

102 103 104 
10-6

10-5

10-4

10-3

10-2

10-1

100

sum 

(b)

P f
,t 

 [-
] 

L 

Figure 4 



10-2 
10-6 

10-5 

10-4 

10-3 

10-2 

10-1 

100 

IDR [-] 

P f
,t 

 [-
] 

L 

10-3 

fP

uniform 
variable 

Building B 

Building A 

10-2 
10-6

10-5

10-4

10-3

10-2

10-1

100

IDR [-] 

P f
,t 

 [-
] 

L 

10-3

fP

uniform
variable

Building B 

Building A 

Figure 5 



 

10-3 10-2 10-1 10010-6 

10-5 

10-4 

10-3 

10-2 

10-1 

100 

Δd [m] 

1 
2 

3 

4 P f
,t 

 [-
] 

L 
(a) 

uniform 
variable 

 

Fd [kN] 
102 103 10410-6

10-5

10-4

10-3

10-2

10-1

100

1
2

3 

4 

P f
,t 

 [-
] 

L 

(b)

uniform
variable

sum 

Figure 6 




