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Abstract

Reduced-Order Cerebrovascular Modeling of the Aging Vascular System

by

Jeffrey D. Pyne

Doctor of Philosophy in Engineering – Mechanical Engineering

University of California, Berkeley

Professor Shawn C. Shadden, Chair

In medical conditions with disrupted cerebrovascular flow, including chronic alterations
throughout aging or acute events such as ischemic stroke, cerebrovascular modeling can
provide mechanistic and treatment insights. Reduced-order cerebrovascular modeling can
be particularly useful for patient-specific or population-averaged cerebrovascular hemody-
namics, where the governing flow dynamics include physically-driven non-linear constraints
with active homeostatic regulation as well as highly variable and interconnected cerebral
blood vessel networks. A coupled one-dimensional lumped parameter network (1D-LPN)
cerebrovascular model is described with myogenic and CO2 reactivity autoregulation model-
ing, circle of willis anatomical variations, cortical collateral flow compensation, cerebrospinal
fluid generation/reabsorption, and intracranial pressure dynamics modeling. For parameter
tuning of the numerous cerebrovascular model variables, a Bayesian optimization procedure
establishes crucial parameter values with the remaining model parameters assigned through
vascular aging and cerebral autoregulation quantitative population-averaged reviews. A spe-
cific focus on cerebrovascular aging alterations, a major source of vascular variance besides
patient-specific variations, explores the parameter tuning procedure in a young population.
The coupled 1D-LPN cerebrovascular model design, age-related vascular critical review, cere-
bral autoregulation critical review, and model parameter tuning procedure, comprises a
prototype vascular test bed with the capability to model cerebrovascular-specific medical
conditions while accounting for age-related vascular alterations.
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Chapter 1

Systemic Vascular and
Cerebrovascular Aging Quantitative
Critical Review

1.1 Introduction

With natural human aging comes many global vascular-related changes and subsequent
potential cerebrovascular-related pathological events. Worldwide, cerebrovascular diseases
represent a leading cause of death and disability, especially within the elderly population,
while also placing a huge economic burden on the medical system and individuals [1, 2]. In
particular, in diseases such as acute ischemic stroke [3], Alzheimer’s disease [4, 5, 6, 7], vas-
cular dementia [8, 9], leukoaraiosis, and intracranial atherosclerosis [10, 11] to name a few,
there exists an interconnected mechanistic relationship between systemic vascular properties,
vascular geometries, cerebral blood flow, and degree of ischemia. When studying these cere-
brovascular diseases, establishing a proper baseline state for normal healthy aging becomes
important so that pathological states can be built upon an existing reference point and dis-
entangled from typical age-related changes. Proper attainment of this baseline healthy state
could aid in both diagnosis of pathology severity and the evaluation of success potential
between various treatment options. Due to the complexity of the human cerebrovascular
system with its interdependent dynamics and sheer number of influencing variables across
the cardiovascular system as well as their difficulty to experimentally and clinically measure,
computational methods can provide a physics-based approach to establish a cerebrovascular
healthy baseline state across aging.

1.1.1 Cerebral Autoregulation Mechanisms

For proper brain function, the human brain requires a continuous supply of blood flow to
deliver oxygen, glucose, hormones, and nutrients to sustain neuronal activities such as gener-
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ating membrane potentials and synthesizing neurotransmitters while additionally transport-
ing metabolites like carbon dioxide and lactic acid to other parts of the body [12, 13, 14].
To maintain this critically important constant blood supply, the cerebrovascular system uti-
lizes a protective autoregulation mechanism to prevent substantial increases or decreases in
cerebral blood flow that is controlled across a complex signaling system. Physically, the au-
toregulation mechanism utilizes circumferentially-aligned tunica media smooth muscle cells
to dilate or constrict pial and arteriole blood vessel diameters to modify cerebral vascular bed
resistance in response to this signal [15, 16, 17]. The signal generation is based on an active
feedback system that broadly has four main contributing pathways classified as myogenic,
metabolic, biochemical, and neurogenic regulation [18, 19, 20]. The myogenic regulation is
initiated when intima endothelial cells detect deviations from baseline levels of blood flow,
specifically through mechanotransduction with changes in applied pressure (normal stress)
and shear stress [21, 22]. The endothelial cells then translate this applied signal to activate
the smooth muscle cells through various vasodilators and vasoconstrictors (also known as
vasoactive substances) such as endothelial nitric oxide synthase, ion potassium channels [K+]
and reactive oxygen species [23, 24, 25]. The metabolic regulation is initiated during periods
of elevated cerebral neuronal activity that brings about increased glucose utilization, oxygen
consumption, and metabolites production such as carbon dioxide (CO2), adenosine, and hy-
drogen ion [H+] in the surrounding local parenchyma [26, 18]. These vasoactive metabolites
then rapidly, with respect to the overall metabolic regulation, diffuse into the perivascular
space to actively induce pial and arteriole smooth muscle cell relaxation through both direct
interaction and by decreasing the baseline interstitial fluid pH creating a localized acidosis
region [20, 26, 27]. The smooth muscle cells, surrounded by this local extracellular acidosis
region, therefore have diffusion altered intracellular pH levels leading to a vasoactive response
[28].

In biochemical regulation, through chemicals produced by the body such as nitric ox-
ide or adenosine, there is considerable crossover and interdependence with myogenic and
metabolic regulation. For the purposes of this classification, the authors will consider bio-
chemical regulation to be autoregulation pathways outside of typical myogenic or metabolic
response that are unique to age or disease. For example, blood brain barrier breakdown,
cerebral inflammation, or ischemic injury [29]. Lastly, the neurogenic regulation of cerebral
blood vessels is controlled via the autonomic nervous system. Broadly, the peripheral ner-
vous system controls larger intracranial and pial vessel response while the central nervous
system controls the smaller arterioles and capillaries [30]. Further, the parasympathetic and
sympathetic nervous systems, through direct innervation, induce location-dependent vasoac-
tive neurogenic regulation abilities that plays a role in neurovascular coupling (local cerebral
autoregulation) [31, 32, 30]. From a sensory standpoint, baroreceptors, primarily located
at the carotid sinuses and aortic arch, measure fluctuations in blood pressure and influence
nerve signals to produce systemic cardiovascular response in the form of vascular bed and
cardiac regulation [33]. Overall, these four interdependent autoregulation mechanisms work
to actively maintain homeostatic human cerebral blood flow to sustain the body’s essential
organ.
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1.1.2 Vascular Remodeling

As one of the most pronounced vascular consequences of aging, large elastic vascular stiffness
increases over time [34]. Mechanistically, circumferentially-aligned functional elastin within
the blood vessel wall degrade over time. This breakdown of functional elastin originates from
multiple factors including pulsatile strain inducing material fatigue, age-related changes in
signaling pathways, to calcification and cross-linking [35, 36, 37]. Throughout the elastin
fatigue process, new elastin is generated within the blood vessels, evident by older and
younger individuals having the same relative composition of elastin in the vascular wall,
but the orientation and alignment experience modifications [37, 38]. In the place of the
functional elastin, circumferentially-aligned collagen fibers begin to take more of the vessel
pressure load, leading to an increase in overall vascular stiffness [36].

In response to vascular elastin fatigue, the body utilizes vascular remodeling principles to
control blood vessel composition and morphology. Physiologically, vascular remodeling is the
body’s mechanism to maintain constant circumferential, axial, and wall shear stress (these
three being the most sensitive directions) along the vascular tree [39]. Roughly, changes in
hoop stress, wall shear stress, and axial stress will influence vascular thickness, diameter,
and length, respectively [40]. This process happens quickly, in around a month’s time, and
can be observed across numerous pathological conditions including aneurysm formation and
hypertension [41]. In the specific case of hypertension, significant vessel remodeling can be
observed within two weeks [42]. Likewise, if normotension is returned, then the vessel returns
to the original configuration. In aging, this process is non-reversible because the functional
elastin is lost representing a lower limit of vessel compliance [41].

When considering human vascular remodeling, it is important to consider differences
across arterial location and apply non-human cardiovascular aging data carefully. Regard-
ing location, each artery with location-specific wall composition experiences varying degrees
of pulsatile forces that change throughout age and lead to unique remodeling events. For
example, across aging as elastic fatigue occurs, large human elastic vasculature, such as
the aorta, will experience outward hypertrophic remodeling while arterioles will experience
inward eutrophic/hypertrophic remodeling [43, 44, 45]. Additionally, chronic pathological
conditions that alter blood flow will influence mechanical forces across the vascular bed induc-
ing regionally-based inward/outward hypotrophic/hypertrophic remodeling [43]. Regarding
non-human cardiovascular aging data, it is important to consider the cumulative vascular
remodeling path when making corresponding conclusions about human data. For example,
when comparing across non-human and human measurements, blood vessels often experience
varying cyclic stress loads along different duration life spans that result in non-equivalent
degrees of elastin fatigue. Therefore, the resultant material property changes and remodeling
across non-human vascular beds are not directly analogous to human cardiovascular aging
[37].
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1.1.3 Quantitative Critical Review

As the brain ages, it experiences region- and diameter-specific modifications in both active
and passive blood vessel material properties as well as more general changes in blood vessel
morphology, arterial tree structure, and systemic cardiovascular changes, thus altering cere-
brovascular flow in an age-related fashion. Additionally, beyond age-related changes, there
is already considerable variability in homeostatic cerebrovascular flow and the bounds of
cerebrovascular flow modification abilities across individuals. Pathological states and con-
ditions further modify this already highly variable system obscuring whether cardiovascular
alterations can be considered normal or abnormal. Establishing a more detailed fundamen-
tal age-dependent baseline to eliminate patient-specific variance is one potential strategy to
separate the effects of age from patient- and pathology-specific variability. An age-dependent
hemodynamic baseline has the potential to both improve our understanding of the aging car-
diovascular system and pathological conditions confounded with age-related changes. With
the growing prevalence of computational modeling, improved quantification of vascular ag-
ing could enhance vascular model predictions of how pathological alterations or treatment
plans could impact essential hemodynamic features. This quantitative critical review works
to establish a healthy baseline hemodynamic state across typical human aging, with special
focus on cerebrovascular flow and cerebral autoregulation.

Beginning with the experimental foundation for age-related changes in the cerebrovascu-
lar system, quantitative evidence was compiled to provide the healthy aging basis for subse-
quent computational model tuning. Critical age-related observations taken into account in-
clude modifications of heart rate, cardiac output, blood pressure, flow distributions, vascular
bed rarefaction, total cerebral blood flow, cerebrospinal fluid flow, atherosclerosis develop-
ment, vascular stiffness, vascular thickness, tortuosity, passive/active blood vessel material
properties, collateral rarefaction, pulse wave velocity, vascular tension and endothelial dys-
function. Additionally, static/dynamic autoregulation ability and CO2 vasoreactivity along
with autoregulation mechanism relative strengths are characterized. All of these changes are
driven by various fundamental age-related biological mechanisms including elastin degrada-
tion due to pulsatile load, vascular remodeling, and biochemical regulation.

Throughout aging, there are additional vascular modifications that often occur concur-
rently with what is considered typical aging. One of the most critically important comor-
bidities is atherosclerosis. Atherosclerosis affects the vascular wall by increasing vascular
stiffness, modifying blood flow patterns by stenosis of the affected vessels, and changes wall
thickness, among other changes. Aging is difficult to disentangle from atherosclerosis since
age-related changes in vascular stiffness make blood vessels more susceptible to vascular dis-
eases such as atherosclerosis, thus creating a feedback loop [34]. Ideally, the global effect of
these two vascular modifications could be handled completely independently, but practically
it is challenging to separate the two. For the purposes of this quantitative critical review,
adult human populations with the least degree of atherosclerosis were preferentially selected
for inclusion. Additionally, adult individuals with cormorbidities that are known vascular
modifiers such as diabetes, hypertension, cardiovascular disease, renal disease or cholesterol
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will be predominately excluded from the following data. Overall, the selection of included
data reflect, as much as possible, a healthy human adult population with ideal vascular aging.
These data do not represent the ‘typical’ aging process, but instead an idealized population
to isolate aging effects.

1.2 Age-Related Systemic Cardiovascular Changes

Globally, the cardiovascular system is entirely interconnected where one organ system’s
performance influences another organ system’s ability to operate optimally. For example,
atherosclerosis developing within systemic blood vessels requires the heart to work harder to
pump equivalent blood flow due to an increase in vascular resistance. Changes in metabolic
need of the brain across age by cerebral atrophy bidirectionally alters the total cerebral blood
flow that supplies those territories while at the same time imposes shifting requirements to
the heart. Across the body, it is clear that the systemic cardiovascular system is dynamically
remodeling with age and a better understanding of these modifications and how they interact
with each other could lead to insights in the aging process.

1.2.1 Heart-Related Changes

Starting with one of the most fundamental aspects of the cardiovascular system, across
age, a heart rate decrease is noticed with women typically having faster resting heart
rates than men [46]. Healthy adult women have heart rates following the linear rela-
tionship HeartRate[ beat

min
] = −0.086 ∗ age[yr] + 73.14 while men follow the relationship

HeartRate[ beat
min

] = −0.079 ∗ age[yr] + 68.61 [46].
Cardiac output, the total flow circulated from the heart, is reasonably maintained through-

out healthy aging after 20 years of age. There is a slight linear decrease in resting cardiac
output with age following the equation[47]: CardiacOutputresting[

L
min

] = −0.045 ∗ age[yr] +
8.344. Typically, since cardiac output is dependent on body size, cardiac index (cardiac
output / body surface area) is often reported as a way to normalize for an individual.
Cardiac index at rest also decreases with age following the linear relationship [48, 49]:
CardiacIndexrest[

L
min∗m2 ] = −0.0133 ∗ age[yr] + 3.5791. While resting cardiac output/index

is important to capture typical hemodynamic behavior, maximum cardiac output/index can
be considered a more critical measure of cardiac aging since it determines the extent of
cardiac ability. With healthy aging, maximum cardiac index goes through more substantial
changes than the age-related decline of resting cardiac index [48].

Overall, these heart-related changes showcase a fundamental shift in the metabolic needs
of the body combined with bidirectional structural changes to the cardiovascular system.
The heart itself transforms throughout aging in terms of structure (thickness, material prop-
erties), size (weight, volume), ventricular dynamics, and composition [50, 51]. Yet, even with
all of these age-related changes, the heart still maintains high efficiency, but with the loss of
adaptiveness [51].
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1.2.2 Systemic Blood Pressure

When looking on a population level, blood pressure as a cardiovascular metric is highly
variable across individuals and is influenced by many factors including hypertension status,
drug interactions, exercise, disease comorbidities, ‘white coat’ syndrome, body temperature,
body temperature, and arterial stiffness to name a few.

Even within an individual, obtaining a mean blood pressure is not a straight forward
task because there are even significant changes across very short-term (beat-to-beat), short-
term (over 24 hours), and long-term (day-by-day to year-to-year) time periods [52]. For
example, across 15 minutes of short-term blood pressure measurements, holding constant
such variables as patient posture, respiratory variations, and time of day, systolic blood
pressure has a mean variability of 4.1 mmHg (≈ 4%) [53]. If these measurement variables
are not adequately controlled, the short-term blood pressure variations within an individual
become even more pronounced. For example, across the day, an individual can have up to
a 20% drop in blood pressure when sleeping [52]. Regardless of these short-term variations
within individuals, blood pressure trends happen across age for nearly all populations.

Table 1.1 showcases systolic and diastolic blood pressure for a healthy population and a
more general population with more vascular risk factors across age and split by sex [46, 54]. In
general, systolic blood pressure progressively increases and diastolic blood pressure decreases
after 50 years old with all of these blood pressure curves following quadratic relationships
with the most significant changes occurring later in life. For the differences across sex, the
general trends remain consistent, but the mean male blood pressure remains higher [46]. For
individuals without substantial vascular risk factors, representing our healthy population, the
difference between systolic and diastolic blood pressure (pressure pulse) remains relatively
constant following a positive linear relationship with advancing age [46]. For those with
vascular risk factors, the pressure pulse trend remains similar to the healthy population
up to 50 years old, but after 50 years of age begins to experience an amplification [54].
Consistently, without clinical blood pressure intervention, this finding is supported among
populations with cardiovascular comorbidities across multiple studies [55, 56].

1.2.3 Systemic Macrovascular Flow Distributions

While there are substantial differences in blood flow distributions across individuals depen-
dent on blood vessel anatomy, an establishment of a mean flow distribution across the entire
body is critical to establish a baseline condition. By first establishing vascular territories
across organs based on tissue volume and then distributing flow based on metabolic needs
(following anatomical principles), a highly detailed vascular network of an average individ-
ual can be created [57]. Thus, by having a library of flow distributions across the body in
such fine detail, computational models of vascular systems can be customized depending on
vessels of interest.

Of interest to age-related changes beyond 20 years of age, it appears that the two major
flow distributions alterations across healthy aging are to the brain [58] and kidney [59]
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Men a b c Women a b c

ACCT Systolic 0.002 -0.1262 125.72 Systolic -0.0006 0.319 106.06

‘Healthy’ Diastolic -0.0044 0.4738 66.027 Diastolic -0.0038 0.369 66.036

NHANES Systolic 0.0002 0.2656 112.04 Systolic 0.0042 0.2402 99.51

‘General’ Diastolic -0.0135 1.3758 40.828 Diastolic -0.0141 1.4776 34.136

Table (1.1) Systolic and diastolic blood pressure curve fitting across adult age (>20
years old) with sex-dependent splitting. The curve fitting takes the quadratic form:
BloodPressure[mmHg] = a ∗ age2[yr] + b ∗ age[yr] + c. The Anglo-Cardiff Collabora-
tive Trial (ACCT) is built upon a healthy population with minimal vascular risk factors
[46] while the United States National Health and Nutrition Examination Survey (NHANES)
data represents a more general population complete with a typical distribution of vascular
risk factors [54].

excluding cases of significant vascular modifications or pathological conditions. Specifically
of interest for human cerebrovascular modeling, the ratio of flow from the ascending aorta
distributing to the brain follows the negative linear relationship: CBF

CO
= −0.127%∗age[yr]+

22.72% [58]. While the total cerebral flow distribution is lowered, along with the kidney flow
distribution lowered, it appears that flow distributions to other organs and peripheral vessels
are relatively preserved throughout aging [59]. This does not imply that flow to these regions
remains static with age, only that the flow distributions across the body are preserved.

After determining macrovascular flow distributions, from a modeling perspective, sys-
temic vascular resistance (total vascular resistance) and compliance are needed to prop-
erly populate boundary conditions. As the human body ages, arterial compliance de-
creases and vascular resistance increases. Based on invasive radial artery measurements, sys-
temic vascular resistance follows the positive linear relationship Resistancesystemic[

dynes∗s
cm5 ] =

8.1 ∗ age[yr] + 926.9, large artery compliance follows the negative linear relationship
Compliancelarge[

mL
mmHg

] = −0.02 ∗ age[yr] + 2.51, and small artery compliance follows the

negative linear relationship Compliancesmall[
mL

mmHg
] = −0.001 ∗age[yr]+ 0.113 [60]. Overall,

women have 16% higher systemic vascular resistance, 31% lower large artery compliance,
and 45% lower small artery compliance for invasive measurements (8%, -17%, and -29% for
non-invasive measurements, respectively) [60]. When measured with non-invasive means,
systemic vascular resistance and large artery compliance were found to have equivalent age-
related slopes [60]. Additionally, systemic vascular resistance can be highly variable within
healthy populations [61]. From these total values, vascular resistance and compliance for
individual arteries (branching vessels) are distributed based on blood flow distributions.
Specifically, the values for branching resistance and compliance are calculated as a vascular
network in parallel [62]. The total vascular compliance decreasing across age has implications
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for total blood volume where a consistent age-related drop in total blood volume occurs [63].

1.2.4 Cerebral Vascular Bed Rarefaction

Over age, it has been observed that beyond the age of 30, humans experience cerebral at-
rophy. While total intracranial volume longitudinally remains constant, whole brain volume
will shrink with ventricular volume increasing in its place [64, 65, 66]. Across a normative
population of 199 subjects older than 38 years of age, not controlling for vascular comor-
bidities, the mean rate of total cerebral atrophy is approximately -.23 percent per year [64].
Additionally, the rate of total atrophy accelerates with advancing age following the quadratic
relationship: %/year = −0.61+0.027∗age[yr]−0.00035∗age[yr]2 [64]. Additionally, irrespec-
tive of neurodegenerative diseases and moderate vascular risk factors, certain brain regions
may atrophy at higher rates in normal aging. These aging-related atrophy regions are primar-
ily focused in the gray matter of the aging brain, while the white matter remains relatively
fixed in volume [66]. For adults, the gray matter fraction, referenced to intracranial volume,
follows the linear trend of GrayMatterfraction[%] = 52.67 + 2.12 ∗ I(sex) − 0.154 ∗ age[yr]
(where I(sex) = 1 for women and I(sex) = 0 for men) and the white matter fraction follows
the quadratic trend of WhiteMatterfraction[%] = 27.18 + 0.23 ∗ age[yr]− 0.00288 ∗ age2[yr]
[67]. When controlling for clinical hypertension and self-reported cognition changes across
age, accelerated atrophy is present in the cerebral cortex (neocortex) within the parietal
lobe (left planum temporale, bilateral angula and postcentral gyri), frontal lobe (left mid-
dle frontal and bilateral precentral gyri), temporal lobe (transverse temporal gyri), bilateral
insular cortex, and bilateral cingulate cortex (anterior cingulate) [66]. When including indi-
viduals with hypertension and risk factors for vascular disease, typical comorbidities of an
aging population, the regions of accelerated cerebral atrophy appears to include the perivas-
cular region [64], hippocampus [65], and temporal lobe [65]. In particular, the hippocampus
and temporal lobes have overlapping atrophy associated with neurodegenerative disease that
drives the need for further disentanglement for patients with vascular risk factors [68, 69]
while the perivascular atrophy appears to be more associated with normal aging [70].

1.2.5 Total Cerebral Blood Flow

Over normal human aging, along with cerebral brain volume atrophy, total cerebral blood
flow subsequently decreases past 20 years of age [71, 72]. This decrease in total cerebral
blood flow is positively correlated with the changing metabolism requirements of total neu-
ronal activity across age. From a global perspective, as cerebral atrophy occurs across age,
total neocortical neurons also subsequently decreases with density remaining constant across
all regions [73]. To quantify neocortical neuron changes, the following two equations can be
utilized with the former being more precise with additional information [73]:

Neuron Number = 109 ∗ exp(−3.406(+0.031 if male)
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+ 0.00018*age[yr]+0.579*ln(Vcortex[cm
3]) + 0.379 ∗ ln(SAcortex[cm

2]))

Neuron Number = 109 ∗ exp(3.050(+0.151 if male)− 0.00145 ∗ age[yr])

On average, after 20 years of age, this corresponds with a decrease in 85,000 neurons per day
[73]. Over a time span of 60 years, cerebral total volume would decrease about 14% with
around 8% decrease in total neurons for a healthy individual.

From a total cerebral blood flow perspective, it is critical to understand the primary
metabolic need of the brain. One way to establish the age-related changes in metabolic
requirements is to examine cerebral blood flow measured at the large blood vessels supplying
the brain. From a healthy adult population perspective, compiled from multiple studies,
total cerebral blood flow (tCBF) decreases approximately -3.4 mL/min annually [74, 71, 75].
When the effects of vascular risk factors such as diabetes, hypertension, stroke/TIA, and/or
myocardial infarction are included (potentially a better metric for the general population),
rate of annual tCBF change falls to approximately -4.3 mL/min [76, 77, 78]. The most
important vascular comorbidities that influence tCBF, ranked from highest changes to lowest,
include cerebrovascular disease, diabetes mellitus, peripheral vascular disease, hypertension,
abdominal aortic aneurysm, current smoking, hyperlipidemia, and cardiovascular disease
[78, 79]. While looking at change of tCBF across age, a more accurate and patient-specific
approximation can be based on brain parenchymal volume [76]. This method is more accurate
due to high brain volume variance among individuals (up to ≈50% for individuals of the same
age) and because perfusion of parenchymal remains relatively constant throughout age [76,
72, 71, 79]. For those without vascular risk factors, the relationship between brain volume
and tCBF is as follows: tCBF [mL/min] = .59 ∗ volumebrain[mL]− 6.17 [72, 71]. For those
with vascular risk factors, the equation is: tCBF [mL/min] = .38∗volumebrain[mL]+127.98
[76].

When the brain is observed from both a global and local perspective, insights into age-
related cerebral metabolic requirements can be quantified. For example, measures of glucose
consumption and oxygen consumption, correlated with local cerebral blood flow, represent
the energy requirements of the aging brain. Whole-brain quantification of metabolic vari-
ables, measured in adults primarily with uncorrected positron emission tomography (PET),
indicates that total glucose consumption, oxygen consumption, and cerebral blood flow all
significantly decrease and that oxygen extraction fraction significantly increases over age
[80]. Based on a linear regression of uncorrected PET measurements, total glucose con-
sumption, oxygen consumption, cerebral blood flow, and oxygen extraction fraction, change
at annual rates of -0.6%, -0.4%, -0.5%, and +0.4%, respectively [80]. While this characterizes
whole-brain changes, locally, there are regional differences in local metabolism requirements
that vary in change across age [81]. If these changes of age-related metabolism are accu-
rate, the causality of the age-related changes remain unknown; Does the aging brain require
fewer resources or does disrupted resource delivery starve the brain into atrophy? For PET
measurements specifically, due to the low spatial resolution, partial volume correction may
be necessary in these cases of cerebral atrophy, such as in healthy aging and pathology, to
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prevent measurement underestimations [82]. For example, when brain atrophy is controlled
for, whole-brain mean cerebral glucose metabolism remains constant in healthy individuals
across age [83, 84]. This trend also holds true for measurements of local cerebral blood flow
remaining constant throughout healthy aging after the application of partial volume correc-
tion [85]. Accordingly, these findings imply that as global brain volume atrophies throughout
aging, the glucose metabolism and cerebral blood flow requirements of the remaining brain
volume could be holding constant. With additional evidence of neuron density remaining
fixed with age [73], contingent on neuron metabolism efficiency holding constant, the loss of
neurons due to atrophy would be the primary correlate for decreases of total cerebral blood
flow.

1.2.6 Cerebral Venous Flow

For cerebral venous flow, it is expected that decreases in tCBF across age will be reflected
in the venous output. Indeed, the decreases in venous flow across 43 years of age can be
predicted from decreases in tCBF [86]. While it is known that cerebral veins experience
thickening, stiffness increase, and increases in smooth muscle tone over age over age, the full
cerebrovascular implications are not well understood [87, 88].

1.2.7 Cerebrospinal Fluid Flow

Cerebrospinal fluid (CSF), which resides throughout the cerebral ventricles and subarach-
noid spaces, is responsible for transporting metabolic waste away from the brain, distribut-
ing nutrients, hormones, and neurotransmitters, maintaining a balance of electrolytes, and
providing mechanical protection against sudden cerebral impact while under neutral buoy-
ancy conditions [89]. In the traditional model for CSF flow, CSF is primarily generated
in the choroid plexus contained within the ventricles, moves throughout the cerebral aque-
duct, flows throughout the cerebral and spinal subarachnoid spaces to be finally reabsorbed
into the venous system from the arachnoid villi [89, 90]. This critical system is prone to
age-related changes in the form of increasing CSF volume (in the cerebral ventricles) while
CSF flow rates actually decrease presumably resulting in less CSF turnover. In the cer-
vical spine along the C2-C3 junction, CSF flow decreases with age following the equation
CSFcervical[

mL
min

] = −0.1191 ∗ age[yr] + 44.1 [86]. Similarly decreasing is CSF flow in the
cerebral aqueduct, with the ratio of change remaining constant with the cervical spine flow,
following the equation: CSFaqueduct[

mL
min

] = −0.017 ∗ age[yr] + 3.89 [86]. Besides changes
in flow rate, the shape of the CSF flow curves alter to become smoother over the cardiac
cycle [86]. These changes in CSF flow over age have implications in the clearing of proteins
especially important for neurological diseases [90, 86].
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1.2.8 Atherosclerosis

Across age, it is very common for atherosclerosis to develop within arteries leading to the
brain, specifically the aorta and carotid vasculature. While deviations in vessel diameter
from atherosclerosis impact flow after significant vessel stenosis [91], atherosclerosis will also
stiffen a vessel and can contribute to cerebrovascular disease [92]. Men have a higher tendency
for atherosclerosis than women following the equation: % of men with atherosclerosis =
1.58∗age[yr]−45.3 [93]. Women follow a similar rate of atherosclerosis development following:
% of women with atherosclerosis = 1.63 ∗ age[yr] − 54.1 [93]. Additionally, men typically
have softer plaque formations which could have pathological implications for rupture risk
based on material properties [93, 94].

1.2.9 Macrovascular Stiffness and Distensibility

Throughout the process of age-related remodeling, macrovascular stiffness increases / dis-
tensibility decreases in large elastic proximal arteries such as the aorta and carotid blood
vessels. Stiffness and distensibility, in the context of blood vessel measurements, are consid-
ered closely related to each other, but not interchangeable. By definition, distensibility is
defined as the inverse of the elastic modulus (a material-specific property also called Young’s
modulus), while stiffness represents a structure-dependent measure that incorporates both
the elastic modulus and blood vessel dimensions [95]. Large elastic proximal arteries have
multiple age-related alterations including fatigue-induced elastin degradation, collagen depo-
sition at points of elastin degradation, collagen/elastin cross-linking, vascular smooth muscle
cell stiffening, calcification, endothelial cell dysfunction, and inflammation, all of which con-
tributes to vascular remodeling and, ultimately, increasing vascular stiffness with age [96,
97]. With large artery stiffness being highly variable across older individuals, levels of vas-
cular stiffening can independently predict cardiovascular events and overall mortality risk
[97, 98]. Large elastic proximal artery stiffening can lead to multiple cardiovascular cascades
including increasing pulse pressure (difference between systolic and diastolic blood pressure),
increasing arterial pulsatility transmission to low-resistance vascular beds such as the brain,
and altered ventricular-arterial interactions [96, 97, 99].

In the human aorta, from the ascending to the abdominal aorta regions, circumferen-
tial stiffness, measured as tangential elastic modulus at physiological loading with biaxial
mechanical testing, progressively increases across age [100]. Roughly, averaged across the
sections of the aorta, the linear fitting of tangential elastic modulus across age leads to the
following quantification: Eθθ[MPa] = 2.02E−2 ∗ age[yrs] + 3.401E−1 (more specific quan-
tification provided by [100]). This is supported by age-related stiffness index increases in
the human abdominal aorta and common carotid artery as measured by ultrasound [101].
The primary blood vessel material property change across age is due to the substantial col-
lagen fiber elastic modulus increase [102]. Similar to stiffness and elastic modulus changes
with age, ascending aorta distensibility decrease is observed with age by magnetic resonance
imaging (MRI) measurements with the greatest changes happening before 50 years old [103].
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In the human carotid artery, distensibility decrease is observed once again with early life
changes being the most prominent [104, 105, 106].

These is a difference in age-related stiffness response within large elastic proximal arter-
ies that peripheral vessels do not mirror. For example, human femoral, radial, and brachial
artery distensibility does not change or has less alterations with age when compared to larger
proximal arteries [104, 107, 108]. This finding of age-independent stiffness in peripheral ves-
sels is supported with mouse data where posterior cerebral arteries undergo age-dependent
stiffness alterations while arterioles do not [109]. In rat cerebral arterioles though, vessel dis-
tensibility decreases with age [110]. Ultimately, further study is needed to locate the specific
regions or limit of the human cardiovascular tree where arterial stiffness does and does not
change significantly with age, especially in cerebral blood vessels. In the identification of age-
independent stiffness regions, the classification based on vessel diameter may not necessarily
be appropriate due to evidence of human middle cerebral artery stiffness alterations with
age [111] paired with larger arteries such as the human femoral, radial, and brachial arteries
having minimal distensibility modifications. Overall, larger elastic proximal arteries are the
primary location in the human cardiovascular system that experience regional age-related
vascular remodeling from circumferential wall stiffness increase.

1.2.10 Pulse Wave Velocity and Morphology

Pulse wave velocity (PWV), a measure of blood pressure wave speed between two arbitrary
arterial locations [112], increases with aging and is often used as a surrogate measure of
arterial stiffness. In principle, PWV can be measured across any arterial distance and within
any artery / vascular pathways [112]. In particular, PWV measurement between the carotid
and femoral arteries (cfPWV) is considered the gold standard in a clinical setting due to its
simplified arterial length measurement and verified association with adverse cardiovascular
events [113]. In fact, similar to age-related human stiffness findings, large elastic arteries have
age-related PWV increases while muscular arteries have relatively constant PWVs with age,
thus measurements of large elastic arteries are prioritized to capture age-related changes
[114, 37].

In a population of 1455 healthy multinational subjects with no cerebrovascular risk factors
and optimal to normal blood pressure (BP ≤ 120/80 or 120/80 ≤ BP < 130/85), carotid-
femoral PWV reference values are defined as a quadratic regression: cfPWVoptimal[

m
s
] =

0.83E−3 ∗ age2[yr] + 5.55 [115]. Generalized across a broader multinational population of
11,092 subjects, further quadratic fitting equations are provided for blood pressure categories
ranging from normal to grade III hypertension as well as linear fitting equations for age
brackets dependent on mean blood pressure [115]. In similar, but slightly lower cfPWV
values over age, 780 healthy participants residing in Tandil city, Argentina, with optimal to
normal blood pressure, confirm age-related PWV trends [116]. In general, PWV variance
and rate of increase is higher with older age, especially after 50 years of age [115, 116].
Overall, across the general population, age and mean blood pressure are both important
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determinants of PWV with older age and higher mean blood pressure being associated with
increased PWV [115] (gender does not play a significant role in PWV [115, 116]).

The pulse wave form, both flow or pressure, is comprised of both forward and backward
waves. In the vasculature, the forward pulse wave, originating from the left ventricle, travels
through the arterial system until an impedance change (such as branch points) reflects part
of that forward wave into a backward pulse wave [37, 112]. The timing of these forward and
backward waves modify the morphology of the pulse wave form and even have the potential
to amplify aortic pressure. In younger vasculature with slower PWVs (thus, reflected waves
return to the aorta slower), the backward wave often returns during the favorable time of
diastole. In older vasculature with faster PWVs, the reflected backward pulse wave returns
quicker during systole such that aortic pressure is amplified [37, 99]. The age-related pressure
pulse amplification effect, known as augmentation, has consequences for the microvasculature
due to the increasing pulsatility transferring down the arterial system and thus, increased
potential for microvasculature damage that typically receives low pulsatility flow [37].

Pulse wave analysis, utilizing techniques that including identifying amplitude and timing
of peaks to spectral analysis, the changing contour of the pulse wave can be quantified across
aging. Pulse wave morphology analysis of an individual can be executed on multiple curves
including the original pulse wave and higher order derivatives to extract characteristic metrics
[117]. For example, in the original pulse wave, amplitude and timing curve characteristics
such as the systolic peak, dicrotic notch, diastolic peak, crest time, reflection index, and
duration of diastole can be identified, to name a few [117]. Similarly, local and global
minima/maximas can be identified on the higher order derivatives [117]. Pulse wave metrics
such as aortic pulse pressure, augmentation index, and augmentation pressure all increase
with age while time of reflected wave and pulse pressure amplification all decrease [46, 117].
In particular, augmentation index may be one of the more sensitive metrics at younger age,
while PWV may experience the most change at older age [46, 103, 118].

1.2.11 Systemic Arterial Blood Vessel Intima and Media
Thickness

Arterial blood vessels, across the body, have significant age-related remodeling that results
in alterations to the wall thickness of the blood vessel. Part of these age-related changes will
encompass healthy vascular aging while other comorbid pathologies such as atherosclerosis
can additionally influence thickness [106]. The blood vessel wall, responsible for withstanding
the load of blood pressure, is comprised of the intima, media, and adventitia [119]. In terms
of both age-related changes and withstanding pressure loads, the intima and media, play an
important load. For example in aging, the intima-media layer thickness (IMT) is often used
in the diagnosis for atherosclerosis since it is accepted that the intima layer (IT) experiences
thickening as part of the atherosclerosis pathogenesis [120, 121]. Under typical physiological
pressure loading conditions, both the intima and media layers (MT) take on the highest
circumferential wall stress values while the adventitia protects against overstretching [122,
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123, 124].
To characterize human arterial age-related healthy blood vessel thickness changes, data

from MRI, ultrasound, and microscopy studies were quantitatively coalesced across the as-
cending aorta (AA), carotid arteries (CCA), and cerebral pial arteries. All of the following
healthy populations from which data were extracted have sub-clinical, asymptomatic, or
low-risk levels of atherosclerosis. Specifically, to observe age-related relationships in vascular
thickness, diameter, wall thickness, and age data were extracted from studies examining hu-
man AAs [125], CCAs [106, 126], and pial arteries [127] as well as wall thickness constituent
data (intima, media thickness/percentage) [128, 129, 127]. Data extraction are selectively
provided based on data availability and to highlight, where appropriate, age-related changes.

Overall, across the entire range of vascular diameters (200 µm - 35 mm), media thickness
(MT) and homeostatic lumen diameter follow a linear relationship (MT [mm] = 0.059 ∗
d[mm] − 0.025). Specifically for pial arteries, to extract a more accurate fit due to smaller
sample sizes, the linear relationship is: MTpial[µm] = 0.046∗dpial[µm]+5.55. In terms of age-
related diameter changes, the CCAs and pials have limited diameter changes, but the AAs
follow the following linear relationship: dAA[mm] = 0.093∗age[yr]+25.75. With age-related
thickness changes, the AAs and pials do not experience significant change in thickness, but
the CCAs undergo age-related changes. Specifically, the CCAs undergo age-related changes
in both intima thickness (IT) and media thickness (MT): ITCCA[µm] = 2.24∗age[yr]+207.1,
MTCCA[µm] = 5.12 ∗ age[yr] + 112.9 with the healthy media layer changing more than the
intima layer [129]. Normalizing by diameter, due to minor CCA diameter changes with
age, the equations transform to: ( d

IT
)CCA = −0.093 ∗ age[yr] + 26.25, ( d

MT
)CCA = −0.248 ∗

age[yr] + 32.11. Of note, globally, when examining d
IMT

across many vessels including the
carotid, common femoral, superficial femoral, popliteal, and brachial artery [106, 126], there
appears to be a consistent age-related trend of ( d

IMT
) = −0.075 ∗ age[yr] + 14.35. When

controlling for arterial diameter, the data supports an age-related wall thickening pattern
consistent across the vasculature [126]. In terms of vascular remodeling, this age-related
characterization would be considered slightly-outward hypertrophic behavior [44].

1.3 Age-Related Cerebrovascular Changes

Specifically for cerebrovascular changes, a series of age-related alterations occur in cerebral
microvascular flow distributions, tortuosity, collateral rarefaction, blood brain barrier, and
endothelial dysfunction.

1.3.1 Cerebral Microvascular Flow Distributions

Once blood is traveling up the carotid and vertebral arteries, the next junction to significantly
contribute to flow distributions leading to the cerebral lobes is the Circle of Willis (CoW)
vascular structure. Located at the base of the brain, determined largely during embryolog-
ical development, many possible anatomical variations of the CoW arise in terms of vessel
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diameter and vessel existence [130]. Variations primarily exist in the posterior communi-
cating artery, posterior cerebral artery (P1 segment), anterior cerebral artery (A1 segment),
and anterior communicating artery showcasing the diversity of CoW possibilities [131]. The
existence of or hypoplastic status of CoW arteries significantly alters blood flow between
individuals and results in various blood routing pathways to ultimately reach cerebral ter-
ritories [75, 72]. The CoW acting as a structure to counter pathological flow conditions is
a fortuitous benefit to humans, but is likely not driven by evolutionary means as commonly
cited [132]. Instead, the purpose of the CoW vascular structure could be to dissipate pressure
across the cerebral arteries or an evolutionary mechanism to establish appropriate homeo-
static flow distributions [132]. While total cerebral blood flow rates decrease with age, it
appears that CoW blood flow distributions, controlling for CoW variations within a healthy
population, are maintained throughout aging even with nonuniform cerebral atrophy [75].

To minimize inaccuracies in predicting flow rates within individual CoW blood vessels, di-
ameter plays an important role. Cerebral blood vessel diameters can have significant variance
across individuals with communicating arteries, such as the anterior and posterior commu-
nicating arteries, having the most variance [133]. Incoming arteries, such as the interior
carotid arteries (ICAs) and vertebrals have the next highest variance with outgoing arteries,
such as the second part of the anterior and posterior cerebral arteries and first part of the
middle cerebral artery, having the least variance [133]. In the absence of blood flow measure-
ments, ”power-law” or ”flow-splitting” techniques, based on Murray’s Law, are often used to
predict flow rates using diameter measurements of CoW blood vessels. In these conditions,
Murray’s Law would predict flow split exponential coefficient values of n = 1.84 − 2.45 for
the CoW vessels and ICAs [134, 135] (Murray’s Law for geometric topology exponential
coefficient values at the CoW/ICAs are n = 2.06, while cerebral microvasculature has a
larger variance with n = 2.29 − 6.14 [135, 136]). On the level of an individual, flow rates
cannot always be accurately predicted based on diameter alone (with relative error of 20%
at optimized empirical fitting of Q = k ∗ An) [134], indicating the need for some blood flow
measurements in computational modeling or alternate flow-splitting techniques, especially
in pathological conditions [137]. While, objective flow divisions across the CoW remain
constant with age, the Murray’s Law geometrical and flow split exponential coefficient val-
ues decrease with age, likely due to age-related alterations in blood vessel geometry [135].
Overall, utilizing arguments derived from microvascular bed vascular scaling, whole vascu-
lar tree relationships, rather than individual bifurcations relationships, may result in more
accurate flow split information [136]. For example, in cases of limited individualized flow
measurements, optimization-based minimization procedures across the vascular tree of in-
terest, when combined with flow splitting and hemodynamic constraints, can be an effective
strategy for improving cerebral macrovascular flow split estimations [138]. In terms of age-
related changes though, blood flow distributions throughout CoW anatomy can be assigned
irrespective of age, but care must be taken in the flow split methods.
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1.3.2 Cerebral Microvascular Bed Territories

Another approach for gaining insight into cerebral flow distributions is to look at the sub-
sequent cerebral territories fed by the arteries. From a population-averaged standpoint,
cerebral vascular territories have been categorized into atlases based on their major feed-
ing artery [139]. From a patient-specific standpoint, cerebral homeostatic vascular territory
identification could be measured via MRI using territorial arterial spin labeling (T-ASL)
[140]. Even smaller blood vessel territories such as those fed by the branching middle cere-
bral artery (as well as the entire CoW) can be quantified using vessel-encoding arterial spin
labeling (VE-ASL) [141]. While these homeostatic vascular territories are useful to quantify,
it is also important to consider the significant extent of redundancy/collaterals within these
vascular territories for cases of abnormal cerebral flow conditions such as ischemic stroke
[142, 143, 144]. An additional complicating factor is that the arterial/venous composition
highly varies depending on cerebral spatial location with gray matter having a distribution
of up to three times more arteries than white matter and up to four times more veins [145,
146]. Ultimately, having a cerebral blood supply territory atlas that covers homeostatic vas-
cular territories [147] as well as the total possible territorial range is ideal for abnormal flow
conditions [148].

1.3.3 Cerebral Microvascular Bed Equivalent Vessel Radius and
Length

For the purposes of computationally representing a vascular bed, often it is convenient to
characterize the vascular bed behavior with an equivalent single vessel. To begin the char-
acterization of the equivalent single vessel, the overall vascular bed resistance and volume
are necessary. If only the starting branch of the vascular bed is known, such as in typical
transcranial doppler (TCD) or MRI measurements, then, by making assumptions about con-
sistent aspects of vascular bed structure, an approximation of vascular resistance and volume
can be generated from only this starting branch geometry.

The primary assumptions for generating vascular bed structure include symmetric bi-
furcations down to the capillary level and that maximal blood volume will be provided to
the tissue at minimum energy expenditure (also known as Murray’s Law) [149]. Equations
1.1a and 1.1b represent these assumptions for vascular bed generation depicted as the rela-
tionship between parent and offspring vessel [149]. This form is particularly useful when a
parent vascular radius and length are known such as in the case of clinical CoW imaging.
The vascular radius and length of each generation can be approximated until the minimum
of capillary radius is reached.

With the vascular bed characterized in terms of vascular radius, length and generation
branch number, total vascular bed resistance and volume can be calculated using Equations
1.2a and 1.2b. At the smaller vascular radii (≈ 300µm), it is important to account for
variations in viscosity [150, 151]. Lastly, utilizing the calculated vascular bed resistance
and volume, a non-linear least squares problem can be solved for a single vessel equivalent
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characteristics (req and Leq) using the Levenberg-Marquardt algorithm (Equations 1.3a and
1.3b). Experimental data shows that vessel diameter, measured at the level of the CoW,
is correlated with its subsequent vascular territory size [152]. As expected, the equivalent
single vessel representation of the vascular bed meets expectations of radius and length with
respect to typical flow rates.
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1.3.4 Cerebral Microvascular Tortuosity

Cerebral age-related healthy arterial blood vessel increases in vascular resistance are partly
due to increases in arterial tortuosity. Arterial tortuosity is defined overall as arteries that
curve, curl, angulate, twist, loop, and/or kink [153]. Arterial tortuosity happens on an
individual vessel level, not all vessels in a region will be tortuous, with tortuous vessels
commonly found next to straighter vessels [154]. Various degrees of tortuosity occur across
the vascular system with the aorta to capillaries having the potential to increase in tortuosity
[153]. Importantly, tortuosity generation appears to start at mid-life, so observing vascular
changes across a wide age-range is necessary when characterizing age-related tortuosity [154].

A possible hypothesis regarding the initiation and development of arterial tortuosity
is based on mechanical instability and vascular remodeling [153]. In particular, a critical
buckling pressure of an artery is based on age-related variables including vascular dimensions,
material properties (wall stiffness), and loading conditions (axial tension) [153]. The acute
buckling event of arteries could then develop into chronic vascular tortuosity after vascular
remodeling [153].

Healthy age-related increases in human cerebral arterial tortuosity have been observed
predominately in white matter arterioles [154] as well as in larger cerebral blood vessels
[155]. In aged individuals (> 40 years old), 8% of white matter arterioles experience severe
tortuosity [154]. In contrast, preterm and young subjects (< 40 years old) rarely have
tortuous arterioles [154]. The stark contrast of age-related tortuous vessels in the white
matter arterioles has led to the theory that the formation of blood vessel tortuosity begins
in mid-life [154]. Interestingly, there exists a subset of aged individuals who do not present
with significant vessel tortuosity [154], indicating a potential population in which to study
tortuosity prevention through the mechanisms of personalized age-related vascular loading
conditions and material properties.
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1.3.5 Cerebral Microvascular Collateral Rarefaction

Of particular importance to abnormal flow conditions, which are more likely in aged indi-
viduals, are cortical/leptomeningeal collateral blood vessels. These vessels act as redundant
flow structures running along the cortical surface of the brain that can reroute blood between
cerebral vascular territories in need of supply when homeostasis is disrupted [156]. Their
existence, similar to the CoW, significantly vary across individuals yet are highly determin-
istic of acute ischemic disease severity and efficacy of treatment [156]. The initial collateral
vascular configuration and individual variance, has a genetic component [157, 158] while
the remodeling/growth of collaterals over time has an environmental component based on
changing flow conditions [159]. When analyzing the perfusion contribution of leptomeningeal
collateral vessels in rats, in the case of complete middle cerebral artery (MCA) occlusion,
rerouting to the distal MCA vascular territory can range from 25-100% compensation, de-
pending on the vessel anatomy, showcasing the importance of these vessels [160]. In terms of
absolute collateral flow, as evidence from mouse models, baseline flow is often much less than
flow passing through the major cerebral arteries [161]. After MCA occlusion, flow within
collateral vessels can increase up to 500-1000% [161].

While collateral vessels and their changes are inherently difficult to study in humans, due
to the necessity of inducing abnormal flow conditions, mice are often used to study collateral
changes across age. In mice, total cerebral collaterals decrease with age in both an absolute
and relative sense compared against general vascular rarefaction along with an impaired
ability to instigate remodeling [162]. Additionally, cardiovascular risk factors (especially
hypertension) accelerate collateral rarefaction in mice [163] along with neurodegenerative
diseases such as Alzheimer’s [164]. On the opposing side, in mice, to maintain collaterals
against age-related rarefaction, regular exercise is effective [165]. In adult mice, collaterals
change through decreasing diameter, decreasing number, decreasing axial length and span,
and decreasing tortuosity all resulting in increasing relative collateral resistance [162]. If this
same mouse data can be extrapolated to human features [166], then age-related rarefaction
of collaterals will result in the following approximate relative resistance change (compared to
a baseline 27 year old individual) [162]: RelativeCollateralResistance = 0.2748e0.0423∗age[yr].
Additionally, collaterals, when compared against arterioles, experience equivalent absolute
rarefaction in terms of vessel numbers, but collaterals are disproportionately lost due to a
smaller starting amount [162].

Human data, though less rich, supports these mice findings, with age being a major
determinate of fewer collateral vessel quantity [167, 168]. Additionally, metabolic syndrome
in humans is associated with worse collateral status [169]. Of interest for cerebrovascular
events is the collateral resistance between vascular territories that establish the maximum
possible blood flow that can be shared among cerebral territories. By quantifying the typical
leptomeningeal collateral distribution to cerebral territories, determined by vessel anatomy,
the major cortical supply pathway can be further established. Based on leptomeningeal
collateral number and average diameters, relative collateral resistances have been tabulated
in Table 1.2 [170]. For determining absolute flow through collateral channels, of which human
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MCA-PCA ACA-MCA LACA-RACA LPCA-RPCA ACA-PCA

RRelative 1 1.25 3.45 3.45 7.31

Table (1.2) Cerebral leptomeningeal collateral relative resistance between major vascular
territories based on diameter and vessel number measurements within 10 typical brains [170].
Relative resistance is with respect to the MCA-PCA vascular connection. Symmetry applies
between hemispheres. ACA = anterior cerebral artery territory, MCA = middle cerebral
artery territory, PCA = posterior cerebral artery.

experimental evidence is lacking due to difficulty of measurement, if vascular anatomy is
assumed then flow splits could be calculated or indirect methods could be utilized [171].
The inherent assumption in this calculation is that cortical leptomeningeal collaterals are
the primary channel for rerouting of blood flow compared to micro-collateral connections
on the arteriole level. Based on the degree of importance assigned to collateral existence in
experimental acute ischemic stroke, it is reasonable to assume that the majority of collateral
flow passes through these channels [172].

1.3.6 Blood Brain Barrier

The blood brain barrier (BBB), an essential divide between the central nervous system and
circulating blood, experiences healthy age-related alterations though the consequence to BBB
functionality is not well understood. One challenge in studying the BBB is that it is difficult
to disentangle healthy age-related changes from disease-related changes, since normative in-
dividuals are not necessarily healthy and in both conditions the functional requirements of
the brain are changing. In response to changing functional brain requirements, it is reason-
able to assume that the BBB is modifying accordingly [173]. The primary known alternations
to the BBB include functional alterations in leakage and convection transport, along with
alterations to pericytes, astrocytes, endovascular cells, and the basement membrane [173].

As shown from dynamic contrast-enhanced MRI, modest levels of BBB leakage increase
with age in both white and gray matter along with vulnerable age-related regions such as the
hippocampus [174, 175]. In general, convection transport is reduced in the aging brain, such
as in CSF turnover, perivascular movement, and arterial pulsations, though increased BBB
leakage is an exception [173]. Other BBB anatomical age-related alterations include the
reduction of pericytes, the potential reduction of astrocytes, and potential thinning of the
endothelial glycocalyx layer, all of which can disrupt communication between endothelial cells
and the neurovascular unit [173]. Additionally, the cerebral basement membrane thickens
with age and could influence microvascular function within specific brain regions [173]. While
the BBB experiences age-related changes, the consequences to blood flow disruption and
subsequent cognitive function or disease pathogenesis are not yet well understood.
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1.3.7 Cerebral Microvascular Endothelial Dysfunction

Endothelial cells, an essential component of autoregulatory regulation, are known to un-
dergo age-related dysfunction in humans with implications for autoregulation ability and
neuro-vascular coupling [176]. Endothelial cell dysfunction, in this context, is defined as an
imbalance of oxidant, vasoregulatory, inflammatory, and thrombotic signals that endothelial
cells typically provide in healthy blood vessels [177, 178, 179] (with, specifically, pro-oxidant,
vasocontricting, proinflammatory, and prothrombotic signals increasing with endothelial dys-
function [178]). This imbalance in signals can have an important influence on age-related
processes such as microvascular rarefaction [180] and atherosclerosis [181]. The source of
age-related endothelial cell dysfunction, where cellular senescence modifies the endothelial
cell phenotype [182], is theorized to originate from increased oxidative stress and inflamma-
tion [183, 178]. Important for autoregulatory vasoregulation, endothelial cells synthesize and
release a vasodilator, nitric oxide (NO), which partly regulates basal tone and vasoregula-
tion. NO bioavailability can highly influence blood vessels with 50% of basal tone in human
brachial arteries being determined by NO bioavailability [181]. In endothelial dysfunction,
decreased NO bioavailability becomes a hallmark feature that begins to influence basal tone
and vasoregulation [177, 179].

In regards to vasoregulation, while bioavailability of the endothelium-derived vasodila-
tor NO does not appear to affect myogenic ability [184], NO bioavailability does impact
CO2 reactivity ability [185]. To test these relationships, in age-matched populations of
healthy, hypertensive, and diabetic participants, where hypertensive and diabetic condi-
tions represent elevated endothelial dysfunction risk [186], blood pressure and end-tidal CO2

levels are modulated with the inclusion of an external NO donor to determine the NO rele-
vance to myogenic autoregulation and CO2 reactivity [185, 184]. In healthy participants, an
endothelium-independent NO donor reduces CO2 reactivity ability [185]. This is direction-
ally consistent with Figure 2.2b, where younger age (more NO bioavailability) corresponds
with reduced CO2 reactivity compared with older age. In participants with endothelial dys-
function risk, CO2 reactivity is less sensitive than healthy participants and they are not as
responsive to an endothelium-independent NO donor [184]. This data shows that modulation
of NO levels has relevance for CO2 reactivity in healthy individuals, thus implying interac-
tions with endothelial dysfunction where endothelium-dependent NO synthesize and release
is disrupted. Myogenic regulation remains consistent with and without the inclusion of ex-
ternal endothelium-independent NO donor across both healthy and endothelial dysfunction
participants suggesting that NO has a minimal role in myogenic regulation [184] (consistent
with no age-related change in static autoregulation see in Figure 2.1a).
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Chapter 2

Cerebrovascular Autoregulation and
Vascular Material Property
Characterization

2.1 Introduction

For the behavior of cerebral autoregulation and vascular material properties, the character-
ization of components including myogenic static autoregulation ability, dynamic autoregu-
lation ability, metabolic CO2 vasoreactivity, passive tension, active tension, vascular diam-
eter/tension bounds, and relative autoregulation contribution strength are critical to prop-
erly establish the complexity involved in intracranial dynamics. While some of the cerebral
autoregulation behavior and material properties have age-dependent properties, all of the
components have diameter-dependent properties based on the vascular bed location being
examined. The characterization of age-dependent and diameter-dependent properties of
cerebral autoregulation and vascular material properties informs cerebrovascular modeling
of a specific location within a vascular bed corresponding with a particular age.

2.2 Static Autoregulation Ability

When defining cerebral autoregulation response, the most common depiction is established
based on a pressure versus flow chart (Figure 2.1a) [187, 188]. The autoregulatory curve, in
the pressure/flow context, can be broken into five key parts. One aspect of the autoregula-
tion curve is the range in which autoregulation mechanisms maintain baseline cerebral blood
flow over a span of systemic arterial pressure. The slope of this autoregulatory relation-
ship, approximated as linear, is defined as Sauto. Beyond the autoregulatory maintenance
range exists the linear slopes Shypo and Shyper, which characterize the flow/pressure curve
in hypoperfusion and hyperperfusion states. The locations where baseline autoregulation is
significantly disrupted, on both ends of the autoregulatory maintenance range, are called
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the lower limit of autoregulation (LLA) and the upper limit of autoregulation (ULA). The
lower limit of autoregulation, in particular, is one of the most important variables for pathol-
ogy involving hypoperfusion, while the upper limit of autoregulation relates to pathological
hyperperfusion [188]. Of note, this autoregulation behavior depiction is best characterized
as ‘static’ autoregulation where autoregulatory mechanisms have been given adequate re-
sponse time to reach steady-state conditions [187, 188]. Conceptually, this characterization
of autoregulation does not always correspond to clinical experience due to dynamic forces
present, but instead provides the mechanistic foundation of the autoregulation mechanism
[187].

To appropriately characterize static autoregulation relationships, arterial blood pressure
must be modified over a large range while cerebral blood flow, or a proxy, is measured. Ad-
ditionally, augmentation of blood pressure (rather than spontaneous changes) can allow for
larger blood pressure ranges to be measured [189]. Reliance upon pharmacological agents for
the modification of blood pressure is discouraged in these measurements due to their poten-
tial interaction with autoregulatory mechanisms [188]. While autoregulatory measurements
are ideally captured in large diverse populations, both with and without cardiovascular risk
factors, testing of this type has only been performed in limited groups with healthy aging
[190, 189, 191]. While autoregulation slopes and limits vary highly across individuals [31],
population-averaged trends have been compiled based on best-available data within Table
2.1. Insufficient data exists to solidify age-related conclusions about relative static autoreg-
ulation changes, as age-related data comprises mostly of pharmacologically-driven blood
pressure modifications [192], so additional studies are needed to expand upon the existing
literature to exclude pharmacological interactions. Additionally, it is important to recognize
that static autoregulation relationships are modified in pathological conditions so further
research quantifying alterations is needed [191, 193].

Regarding the bounds of autoregulation ability, critically important for characterizing re-
sponses to acute ischemic stroke or complete vessel occlusion, an internal carotid compression
experiment on human subjects is another possible experiment that can provide quantitative
maximum vascular bed dilation. As the compression ratio of the internal carotid artery
increases during this experiment, restricting blood flow to the brain, the subsequent au-
toregulation response will reach maximum myogenic vasodilation [195]. For healthy, young
(late 20s), normotensive subjects with no vascular risk factors, the maximum myogenic
vasodilation autoregulation bound is a 42% increase in MCA flow velocity from baseline af-
ter internal carotid artery compression [195]. Extrapolating with reasonable assumptions for
transcranial doppler velocity measurements, such as circular and constant vessel cross-section
[196], and sufficient distance from bifurcations at the measurement location, the approximate
maximum volumetric flow rate vasodilation autoregulation bound can be considered 21% for
young healthy individuals [197]. The bound of maximum vasodilation autoregulation can
vary highly across individuals, at this young age, with the possible range of response span-
ning from 20-80% increase in MCA velocity (10-40% flow) [198]. The variability seen in
vasodilation response is partly due to patient-specific differences in autoregulation ability,
but could also be arising from differences in leptomeningeal collateral flow ability as flow is
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M1 Measurement
[cm/s/mmHg]

tCBF Conversion
[mL/min/mmHg]

Pressure Limits
[mmHg]

Shypo 0.75 7.86 LLA -2.88

Sauto 0.02 0.23 - -

Shyper 0.91 9.55 ULA +4.88

Table (2.1) Static autoregulation curve descriptions based on healthy population-averaged
data. Slopes for autoregulation behavior zones, Shypo, Sauto, Shyper, were originally measured
in the units of [cm/s/mmHg] within the M1 cerebral branch [190, 189]. The conversion
to total cerebral blood flow (tCBF), with units of [mL/min/mmHg], is based on assumed
arterial diameters [194] and the assumption of consistent slopes across similarly sized vessels.
The lower and upper limits of autoregulation, LLA and ULA, are relative comparing to mean
arterial blood pressure baseline [191]. All table metrics are based on non-pharmacological
augmented blood pressure changes in healthy individuals.

shared from the non-blocked side.

2.3 Dynamic Autoregulation Ability

While static autoregulation is a convenient way to characterize expected blood flow changes
over longer time scales (also known as steady state), autoregulation mechanisms are unable
to immediately respond to alterations in blood flow. Therefore, there is a time delay in
active blood flow response (also known as transient) that is designated as dynamic autoreg-
ulation. Conceptually, autoregulation response delay lies on a continuum that spans across
the characterizations of static and dynamic autoregulation [187], but it is often convenient
to separate these characterizations depending on the application or measurement technique.
It is important to mention that static and dynamic autoregulation appear to be governed by
the same underlying regulation mechanisms [190] even though existing indices of static and
dynamic autoregulation health are not often correlated [199]. Static autoregulation can be
roughly binned into response time domains greater than 30 seconds (oscillations of 0 - 0.03
Hz), while dynamic autoregulation can be binned into faster response rates (0.03 - 0.35 Hz)
[187]. In general, dynamic autoregulation response is better at regulating slower changes
in blood pressure and flow (low frequency) than faster ones. This means that dynamic au-
toregulation can be thought of a “high-pass filter” meaning that fast changing blood pressure
and flow changes effectively transmit beyond the control of autoregulation mechanisms [190,
200].

Dynamic autoregulation can be characterized and visualized in multiple ways, each with
their own usefulness. A prominent characterization is defining dynamic autoregulation as
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a time constant that governs response rate. A time constant, in this context, dictates how
fast active blood flow responses occur in response to a hemodynamic alteration which is
generalizable across variable situations. In studies of healthy human participants, dynamic
autoregulation time constants, in units of seconds, can be binned into regulatory mecha-
nism: τmyogenicpressure = 6.7 [201], τneurogenic = 8.3 [201], and τmyogenicshear = 60 [201]. In
this context, a higher time constant means a longer delay for an active response, therefore
myogenic pressure and neurogenic regulations are fastest, followed by slower myogenic shear
regulations.

Overall, another representation of global dynamic autoregulation can be in the form of
pressure/flow relationships similar to representations of static autoregulation. Figure 2.1b
illustrates how faster oscillations of blood pressure and flow, within the active autoregula-
tion region (Sauto), are progressively less regulated until fast enough oscillations result in
essentially a passive vascular response [190]. This characterization similarly confirms that
faster blood pressure and flow oscillations are not effectively regulated by autoregulation
while slower oscillations are controlled (Table 2.2).

Similar to static autoregulation, insufficient data exists to produce definitive conclusions
on age-related changes in dynamic autoregulation ability, though recent evidence is in sup-
port of age-related alterations both in autoregulation and cerebrovascular reactivity. In
order to properly measure dynamic cerebral autoregulation, one major challenge is repro-
ducibility using current transcranial doppler observation including transfer function analysis-
(TFA), autoregulation index-, and correlation coefficient-type analysis methods [202]. While
some dynamic cerebral autoregulation methods have methodological concerns that need to
be taken into account, TFA gain measurement within the low frequency range (0.07 - 0.2
Hz) produces the most repeatable results [202]. Keeping these methodological considera-
tions in mind, conclusions on human age-related changes of dynamic cerebral autoregula-
tion have been reviewed only considering TFA gain measurements. Both TFA gain values
and %∆MCAv/%∆MAP are seen increasing across advancing age, suggesting reductions
in healthy cerebral dynamic autoregulation efficiency [203, 204]. Another study, though,
showed the opposite gain relationship highlighting the need for further research [205]. While
other studies do not support this finding of age-related change, lower sample sizes or small
age gaps could be explanatory factors [206, 207, 208, 209]. Additionally, normalized dynamic
autoregulation ability appears to be consistent across vascular territories suggesting that the
brain does not have a heterogeneous dynamic autoregulation ability [210].

2.4 Cerebrovascular CO2 Vasoreactivity

An important part of autoregulation response is metabolic autoregulation, also known as
cerebrovascular CO2 reactivity. Conceptually, from a tCBF response perspective, cerebrovas-
cular CO2 reactivity can be thought of as a modification to the static autoregulation curve
where greater than baseline levels of CO2 (hypercapnia) moves the lower and upper limit of
autoregulation ability closer together (shrinks the pressure range where cerebral blood flow
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Oscillation
Frequency

0.03 Hz 0.04 Hz 0.05 Hz 0.06 Hz 0.07 Hz 0.08 Hz

Shypo

[cm/s/mmHg]
0.88 1.23 1.07 0.84 0.91 0.81

Sauto

[cm/s/mmHg]
-0.02 0.02 0.28 0.37 0.53 0.56

Shyper

[cm/s/mmHg]
0.97 1.07 1.09 1.17 1.01 0.89

Oscillation
Frequency

0.03 Hz 0.04 Hz 0.05 Hz 0.06 Hz 0.07 Hz 0.08 Hz

Shypo

[mL/min/mmHg]
9.19 12.85 11.18 8.77 9.51 8.46

Sauto

[mL/min/mmHg]
-0.21 0.21 2.92 3.86 5.54 5.85

Shyper

[mL/min/mmHg]
10.13 11.18 11.39 12.22 10.55 9.30

Table (2.2) Dynamic autoregulation curve descriptions based on healthy population-
averaged data. Slopes for Shypo, Sauto, Shyper were originally measured in the units of
cm/s/mmHg within the M1 cerebral branch at varying oscillatory lower body negative pres-
sure [190]. The conversion to tCBF mL/min/mmHg, for reference, is based on assumed
arterial diameters [194] and the assumption of consistent slopes across similarly sized ves-
sels. All table metrics are based on non-pharmacological augmented blood pressure changes
in healthy individuals.

can be maintained at baseline) [211]. It is less clear what happens in lower than baseline
levels of CO2 (hypocapnia), but the static autoregulation curve could be modified in the
same or opposite manner to hypercapnia [211]. This modification of the static autoregula-
tion curve occurs because CO2 is a contributing component to vasodilation/vasoconstriction
that modifies vasomotor tone and, once active, leaves a modified range for myogenic au-
toregulatory response. Additional factors regulating CO2 reactivity, beyond pH levels driven
by CO2 diffusion in the perivascular space, include state-dependent factors such as O2 and
mean arterial blood pressure (MAP), as well as the time-independent factor of age. Due
to the indirect nature of this metabolic response primarily regulated through perivascular
pH levels, vasoactive response is often experimentally manipulated through systemic stimuli
such as modification of blood arterial partial CO2 pressure (pCO2) to determine autoregu-
lation reactivity response [212]. This is due to CO2 being able to readily pass through the



CHAPTER 2. CEREBROVASCULAR AUTOREGULATION AND VASCULAR
MATERIAL PROPERTY CHARACTERIZATION 26

(a) Static autoregulation (b) Dynamic autoregulation

Figure (2.1) a) Representation of static autoregulation behavior complied across healthy
population-averaged measurements. While more data is needed on aged static autoregulation
trends, the older population representative curve maintains relative behavior while being
shifted to the right and down. To create these curves, homeostatic tCBF (section 1.2.5) was
determined from population-averaged total brain volume trends [66] and slope/limit values
were taken from Table 2.1. Arterial mean blood pressure was determined from Table 1.1. Age
was set at 30 and 70 years of age to showcase absolute changes in static autoregulation curves
while relative curve shape was maintained. b) Representation of autoregulation behavior,
spanning static to dynamic, for a healthy 30 year old. To create these curves, homeostatic
tCBF (section 1.2.5) was determined from population-averaged total brain volume trends
[66] and slope/limit values were taken from Table 2.2. Arterial mean blood pressure was
determined from Table 1.1.

blood brain barrier to affect to the local region by increasing pCO2 [213].
To set a reference point for the healthy population-based curve defining CO2 reactivity,

measurements of tCBF alterations driven by changes in PaCO2
levels within young adults (22

years old) were first extracted at baseline O2 and MAP [214]. This baseline CO2 reactivity
data, equivalent in response regardless of brain region [214], were fit to a sigmoidal function
presented in Figure 2.2a [215] (specifically, the variables of tCBFmin, tCBFmax, Pamid

and
kbaseline were fit in Table 2.3). The generalizable sigmoidal form (Equation 2.1) characterizes
general CO2 reactivity and includes the ability to capture changes in response to alterations
in age, O2, and hypotensive MAP. In particular, the approximate slope of the sigmoidal
function (Equation 2.2) can be governed by normalized variables (k̄ ∈ [0, 1]) representing
changes in age, O2, and MAP (Equation 2.3a). For the primary modifiable variables, the data
extraction goals of human measurements and tCBF measurements were not always possible
in all conditions, but reasonable surrogates were utilized. The generalizable sigmoidal form
(Equation 2.1) can also be utilized for characterizing O2 reactivity, which is weaker than CO2

reactivity, but still an important consideration in autoregulation response. Additionally,
all CO2 and O2 measurements were converted to arterial partial pressures (as opposed to
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end tidal values). The relationships used for conversion are as follows: PaCO2
[mmHg] =

0.882 ∗ PETCO2
[mmHg] + 2.47 and PaO2

[mmHg] = 0.806 ∗ PETO2
[mmHg] + 8.3 [214].

The change in heart rate throughout CO2 and O2 reactivity experiments does partially
contribute to the change in tCBF. In the context of these experiments, when the influence
of heart rate on tCBF is controlled for, the isolated tCBF behavior due to change in pCO2

and pO2 is uncovered. To control for heart rate, the influence of heart rate change on
cardiac output (CO = SV ∗HR) is first quantified by canine fitting data of stroke volume
slope over change in heart rate (dSV/dHR) normalized to human data (CO[L/min] =
(−2.1E−9 ∗HR3 + 1.395E−6 ∗HR2 − 3.53E−4 ∗HR+ 0.129) ∗HR[beat/min]) [216]. Then,
the difference in cardiac output due to heart rate is then converted to tCBF assuming
a fixed tCBF/CO ratio. When controlling for heart rate changes, tCBF alterations due
to O2 reactivity could be explained by heart rate changes alone. Likewise, the sigmoidal
behavior of CO2 reactivity becomes less sensitive when heart rate is controlled for. The fact
remains that the changes in heart rate are an aspect of the CO2 and O2 reactivity, thus the
tCBF quantification from Table 2.3 include the influence of heart rate. This investigation
into heart rate changes suggests that CO2 and O2 reactivity mechanisms influence not just
cerebral autoregulation but systemic vascular system response.

When quantifying the relationship between cerebrovascular CO2 reactivity and age, the
compilation of data utilized were collected in humans with the measurement of MCA velocity
change across CO2. In aggregate, CO2 reactivity becomes more efficient across healthy aging
(Figure 2.2b) with CO2 reactivity under hypercapnia conditions, in particular, driving the
response gain [217, 204, 218, 219, 220, 221]. While this age-related CO2 reactivity change
data relies upon MCA velocity measurements that become inaccurate surrogates of tCBF
at the extremes of CO2 measurement levels [214], this represents the best data currently
available. The age-related data has been binned into hypocapnia and hypercapnia responses
with k̄agehypercapnia

= 1/(0.012 ∗ age[yr] + 0.74) and k̄agehypocapnia
= 1/(0.0036 ∗ age[yr] + 0.92)

(combined response is reported in Equation 2.3b). It remains plausible that CO2 reactivity
response in hypocapnia becomes less effective with age (representing a ‘shift’ in midpoint
vasomotor tone), though experimental challenges could obscure this observation because it
is more difficult to produce severe levels of hypocapnia than hypercapnia (studies with more
pronounced hypocapnia tend to observe decreasing effectiveness with age [217]). Endothelial
dysfunction and the decreased release of nitric oxide, which is associated with healthy aging
but is most prominent in cases of hypertension or diabetes, is a primary cause of CO2

reactivity impairment [184, 179].
In the physiological states of hypoxia and low blood pressure, the response of CO2 re-

activity is damped seemingly to favor vasodilation for oxygen delivery and maintenance
of cerebral perfusion pressure. Specifically, for the interaction between O2 levels and CO2

reactivity, measurements in human subjects supports that acute hypoxia attenuates CO2

reactivity [222]. While hyperoxia does not appear to significantly influence CBF [214, 223],
there is limited data on the interaction with CO2 reactivity, therefore the assumption of a
linear relationship for Equation 2.3c is only relevant from baseline to hypoxic conditions.
To gather data on the relationship between cerebrovascular CO2 reactivity and hypotension,
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tCBFmin

[mL/min]
tCBFmax

[mL/min]
Pamid

[mmHg] kbaseline

CO2 Reactivity
Fit

261.05 1391.45 49.89 8.24

O2 Reactivity
Fit

522.76 736.56 43.10 -1.00

Table (2.3) This table represents the variable fitting (tCBFmin, tCBFmax, Pamid
, and

kbaseline) for cerebral CO2 and O2 reactivity based on experimental data [214]. The baseline
response is defined at 22 years old with 92 mmHg arterial partial pressure of O2 at 1MAP .
While CO2 reactivity is dependent on age, O2 and MAP , there is not yet evidence that O2

reactivity modulates in a similar fashion. While O2 is fit to a sigmoidal function here with
a low tCBFmax limit, O2 reactivity may be represented with an alternative function, such
as a decreasing exponential, if more data is collected (as illustrated by [225]). Modifiers to
k (equation 2.3a), equations 2.3b, 2.3c, and 2.3d are only relevant for CO2 reactivity.

data from canines [224] were relied upon to capture the wide range in hypotensive MAP
that would be hazardous to perform in humans. In particular, the interaction between MAP
and CO2 reactivity hints at the interaction between myogenic and metabolic autoregula-
tory forces. At very low MAP, myogenic forces become completely dominant over metabolic
forces [224]. Combined hypocapnia and hypercapnia responses are characterized in Equation
2.3d to normalized baseline MAP relevant for hypotension (MAP ∈ [0, 1]). Examples of the
influence of O2 and MAP on CO2 reactivity are provided in Figure 2.2b.

tCBF (Pa) = tCBFmin + (tCBFmax − tCBFmin)/

(
1 + exp

(
−(Pa − Pamid

)

k

))
(2.1)

tCBF ′(Pamid
) =

tCBFmax − tCBFmin

4k
(2.2)

k = kCO2baseline
∗ k̄age ∗ k̄O2 ∗ k̄MAP (2.3a) k̄age = 1/(0.0077 ∗ age[yr] + 0.83) (2.3b)

k̄O2 = 1/(0.0113∗PaO2
[mmHg]−0.04) (2.3c) k̄MAP = 1/(1.490 ∗MAP − 0.44) (2.3d)

2.5 Passive Cerebrovascular Tension Curve

Morphology

Seemingly, one of the biggest vascular alterations with age is the stiffening of passive me-
chanical properties. Specifically, mechanical properties of human intracranial arteries can
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(a) CO2 and O2 Reactivity
(b) Examples of CO2 reactivity changes across
age, MAP and O2.

Figure (2.2) a) CO2 and O2 reactivity curves, fitted from experimental data [214], represent
the baseline human response (Table 2.3). The baseline response is defined at 22 years
old with 92 mmHg arterial partial pressure of O2 at 1MAP . Overall, the CO2 reactivity
response is significantly more sensitive than O2 reactivity, though CO2 reactivity response
interacts with O2 partial pressure. b) The CO2 reactivity curve can be modulated by multiple
variables including age, MAP and O2 (Equation 2.3a). In cases of older age, CO2 reactivity
becomes more effective, while excessive decreases of MAP or O2 can effectively eliminate
CO2 reactivity. The example curves, with one variable modulated at a time to provide the
extreme response ranges, are calculated at 80 years of age, 40 mmHg of O2 arterial partial
pressure, and .35MAP .

be represented as the force required to stretch a blood vessel (circumferential tension) at
different radii. The passive mechanical properties of the blood vessel are established from
the composition of the vascular wall including elastin, collagen, etc. Of note, experimental
human data of aging blood vessels is essential to collect because age-related fatigue of elastin
is different in mice unless sufficiently matched [226].

Using pressure-inflation testing of vertebral arteries, passive tension across lumen radius
can be experimentally measured over a wide range of ages [227]. While these passive ten-
sion curves give insight into vertebral vessels at a specific age, building a more generalizable
form, such as an age-moderated exponential regression normalized to homeostatic radius
and homeostatic tension, would allow for more extensive application. First, the mechanical
behavior of individual vertebral passive tension curves [227] are well fit to exponential-type
curves (f(x) = aebx). By then fitting the exponential coefficients, a and b to age, the age-
moderated exponential regression can be established (f(x, age) = a(age)eb(age)x). For nor-
malization of passive tension, homeostatic tension and homeostatic radius were selected (as
opposed to maximum passive tension), for better compliance with clinical and computational
analysis. By using the experimentally-measured values of unstretched radius, homeostatic
tension, and homeostatic circumference [227], a normalized relationship can be founded.
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(a) Absolute human vertebral artery passive ten-
sion over age.

(b) Normalized human vertebral artery passive
tension over age.

Figure (2.3) a) Calculated and experimental age-dependent absolute passive tension curves
of human vertebral arteries. Data extracted and modified from [227]. Calculated curves
are derived from age-moderated exponential regression. b) Calculated normalized age-
independent passive tension curves across normalized lumen radius. Normalized tension
and radius are with reference to the homeostatic configuration.

When passive tension is observed in absolute terms (Figure 2.3a), there are significant
age effects [227]. The absolute age-dependent passive tension trend is driven primarily by
the reduction of homeostatic radius with age [227]. When normalized to homeostatic tension
and radius, the age-dependent effects of the passive tension curves diminish by collapsing to
a single curve (Figure 2.3b). The following age-independent homeostatic-normalized tensile
curve for passive tension over lumen radius, comprised of elastin, smooth muscle cells, and
most importantly for tensile mechanical properties, collagen stiffness, is characterized as:
T̄θθpassive = 6.44E−10 ∗ e21.16∗r̄. Importantly, while the relative cerebral blood vessel passive
mechanical behavior does not significantly change, absolute cerebral blood vessels morphom-
etry goes through alterations that impacts blood flow delivery to the brain.

2.6 Active Cerebrovascular Tension Curve

Morphology

The foundation of autoregulation resides in the circumferential smooth muscle cells lining
arteries that have the mechanical ability to tighten or relax, thus constricting or dilating
blood vessels. The active behavior of smooth muscle cells can be comprised of three distinct
parts. First, the length-tension relationship of smooth muscle cells which corresponds to
the ability cells to apply tension across various degrees of stretch. For example, there is an
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optimal stretch length where a maximum of engaged cross-bridge formations (sarcomeres)
within the muscle cell can generate force [228]. Variations of stretch away from this optimal
length will diminish the possible muscle force response [228]. This represents the maximum
possible force that can be generated by the smooth muscle cells at a particular stretch
configuration. Second, is the degree of smooth muscle cell activation. While smooth muscle
cells will have a homeostatic activation, their activation degree will be modulated based
on physiologic signals [229]. Additionally, the homeostatic tone of smooth muscle cells are
dependent on the size, and potentially age, of the blood vessel (section 2.8). Third, is the
ratio of max smooth muscle cell (active) tension to passive blood vessel tension (section 2.9).
Like homeostatic tone, the ratio of active to passive tension will change with blood vessel
size and will dictate how much active deformation the blood vessel can experience.

To characterize the ability of human intracranial smooth muscle cells to apply circumfer-
ential tension (the length-tension relationship), measurements of activated wall tension must
be separated from a passive vascular response throughout variations in pressure. In vitro
pressure-inflation experiments can provide measurements of maximally constricted (active)
and maximally dilated (passive) vascular tension to identify the bounds of vascular me-
chanical behavior. Specifically of interest for autoregulation, the mechanical behavior of
intracranial vessels, such as human vertebral vessels, will need to be measured [230]. Exper-
imentally, the in vitro vertebral vessels are first exposed to a smooth muscle cell activating
solution that fully constricts the blood vessel across pressure-inflation. Then, the same blood
vessels are pressure-inflated within a saline solution invoking only a passive response [230].
The subtraction of the entirely dilated curve from the maximally constricted curve provides
the entire range of tension that vertebral smooth muscle cells can apply (Figure 2.4a).

Fitting of entirely dilated and completely passive stress/strain curves [230], were per-
formed with physiologically-consistent exponential-type curves (f(x) = aebx). To gener-
ate the curve for normalized smooth muscle cell tension response, the data were first con-
verted from stress/strain to tension/diameter. Using unpressurized vertebral diameter [231]
(corrected for histology shrinkage [232]), pressured vertebral diameter [233], and vertebral
thickness [230], unpressurized vertebral thickness is calculated from a hollow thick cylin-
der derivation assuming incompressibility and neglecting longitudinal strain (Equation 2.4).
This allows for the circumferential strain/stress conversion (found in Equations 2.6 and 2.7)
to tension/diameter. Normalization is relative to maximum active tension and homeostatic
lumen radius (assumed to be at the curve peak). Once normalized, this relationship cre-
ates the length-tension relationship to characterize the maximum ability of sarcomeres to
apply muscle force response in a particular stretch configuration. The following homeostatic-
normalized curve for smooth muscle cell max possible tension over lumen radius is character-
ized as: T̄θθSMC = −1.49E−6∗e12.71∗r̄+2.14E−2∗e4.25∗r̄ and is represented in Figure 2.4b. Of
note, the length-tension relationship of human intracranial smooth muscle cells is asymmetric
with the ability to apply tension diminishing quicker under stretch compared to constriction.

Thick-Walled Cylinder Equations:
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Wall thickness calculations between unpressurized and pressurized configurations:

h0 = −r0 +
√

h2
d + 2rdhd + r20 (2.4)

where x0 and xd are the unpressurized and pressurized configurations, respectively. h refers
to thickness and r refers to lumen radius.

Mid-wall circumferential strain:

ϵθθ =
(Rd + rd)− (R0 + r0)

(R0 + r0)
=

√
r2d + 2r0h0 + h2

0 + rd
2r0 + h0

− 1 (2.5)

where x0 and xd are the unpressurized and pressurized configurations, respectively. h refers
to thickness, r refers to lumen radius, and R refers to outer radius.

Mid-wall circumferential strain solved for rd:

rd =
2r0 + 2ϵθθh0 + 4ϵθθr0 + ϵ2θθh0 + 2ϵ2θθr0

2ϵθθ + 2
(2.6)

Mid-wall circumferential stress:

σθθ =
Td

Rd − rd
(2.7)

where Td refers to tension in the pressurized configuration.

2.7 Cerebrovascular Passive and Maximum Active

Vessel Diameter

With homeostatic-normalized passive tension (section 2.5) and homeostatic-normalized smooth
muscle cell maximum active tension (section 2.6) curves characterized, the relative scaling
of these relationships remains necessary. In particular, the scaling between passive and
maximum active tension is dependent on homeostatic vessel radius and pressure.

The dependent variables of vessel radius and pressure for the passive vessel radius cal-
culation were derived from data measured in human pial arteries [234]. Upon passive ra-
dius data extraction, a radius-moderated polynomial regression was calculated. The fol-
lowing equation for homeostatic human cerebral vessel passive radius is: rpassive[µm] =
(7.44E−7 ∗ rhomeostatic[µm] − 7.88E−3) ∗ p2[mmHg] + (8.58E−4 ∗ rhomeostatic[µm] + 1.20) ∗
p[mmHg] + (1.08 ∗ rhomeostatic[µm]− 18.83) paired with the subsequent calculation for pas-
sive tension Tpassive = phomeostatic ∗ rpassive.

The dependent variables of vessel radius and pressure for the maximum active vessel
radius calculation were derived from data measured in human pial arteries [234]. Upon max-
imum active radius data extraction, a radius-moderated linear regression was calculated.
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(a) Smooth muscle cell maximally activated re-
sponse. (b) SMC Curve.

Figure (2.4) a) Intracranial vertebral maximally constricted behavior, maximally dilated
behavior, and isolated smooth muscle cell maximally activated response. Experimental data
extracted from [230]. b) Maximum smooth muscle response relative to homeostatic lumen
radius.

The following equation for homeostatic human cerebral vessel maximum active radius is:
ractive[µm] = (5.18E−4 ∗rhomeostatic[µm]+4.87E−1)∗p[mmHg]+(8.41E−1 ∗rhomeostatic[µm]−
50.92). Together, these two equations provide the passive to maximum active tension home-
ostatic relationship dependent on radius and expected transmural pressure. Additionally,
the absolute or relative values can be utilized depending on the application context. Impor-
tantly, when extrapolated to large blood vessels, the relationship holds reasonably well with
the error for maximum active tension being 1.3% and the error for passive tension being
10.3% [230].

2.8 Active Cerebrovascular Tension Homeostatic

Tone

While the maximum active to passive tension ratio in cerebrovascular arteries has established
the range of possible vessel dilation and constriction, the homeostatic myogenic tone and
smooth muscle cell (SMC) activation degree remain a critical aspect to characterize. The
homeostatic myogenic tone in human pial arteries (lumen diameter: 200 - 1200 µm) has been
clearly established as being a function of vascular radius and transmural pressure [234]. As
of now, extensive myogenic tone measurements have not been taken in larger human blood
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vessels, but extrapolating the linear trends of only human pial arteries would indicate that
larger human blood vessels do not posses myogenic tone at homeostasis [234]. In opposition
to the pial artery extrapolation, MCAs have been shown to dilate in conditions of hypoxia
while maintaining relatively consistent blood pressure (negating the influence of passive vessel
behavior) [235, 236]. Dilation without the influence of pressure-induced passive blood vessel
behavior provides evidence that larger human cerebral blood vessels maintain some degree
of myogenic tone at homeostasis. Therefore, the characterization of homeostatic tone and
activation will include the combined data from human pial arteries and larger sized blood
vessels.

For the large human blood vessel portion of the myogenic tone calculation, homeostatic
myogenic tone (MTone = 100 ∗ dpassive−dhomeostatic

dpassive−dmaxActivation
) can be approximated from experimental

data of vertebral stretch [230]. Experimental measurements of radius at passive tension
and maximum active tension are interpolated at homeostatic pressure [230], and with the
assumption of homeostatic vascular radius [233] and pressure [237], myogenic tone of large
human vertebral vessels can be approximated as ≈ 39% providing additional evidence that
these vessels in fact have myogenic tone. For the small human blood vessel homeostatic
myogenic tone calculation, data were extracted from pial artery experiments [234]. From
these pial artery experiments, the only modification was the approximate conversion of
unpressurized diameter to homeostatic diameter.

Once combined, utilizing data spanning from lumen diameter 200 - 3120 µm [234, 230],
a pressure-moderated linear regression is established for lumen diameter versus homeostatic
myogenic tone. The following equation for human cerebral vessel homeostatic myogenic tone
is: MTone[%] = (−1.10E−5 ∗ p[mmHg]− 1.56E−2) ∗ dhomeostatic[µm] + (2.74E−1 ∗ p[mmHg] +
5.05E1). To create an internally consistent system of equations (utilizing the variables of
MTone, dhomeostatic, phomeostatic, dpassive, and dactive), dhomeostatic and phomeostatic can both be
set, while ultimately solving for dpassive using the equations for MTone and dactive. dpassivealt =
(dactive ∗MTone − 100 ∗ dhomeostatic)/(MTone − 100).

While age-related change of myogenic tone is not supported in human pial arteries [234],
rat models do report age-related diminishes of myogenic tone in the MCA [238]. Human
age-related changes in myogenic tone may be restricted to smaller blood vessels (100 - 400
µm diameter) where the ratio of SMCs to media area decreases with age [239]. Of note,
comparisons between similarly sized rat and human blood vessel show strikingly different
myogenic tones, though it appears that myogenic tone may be similar for matching artery
types such as the MCA [240, 238].

2.9 Cerebrovascular Tension Scaling

Expanding upon the diameter equations of cerebrovascular vessels (dpassivealt , dactive), re-
lationships between passive and active circumferential tension can be formed across the
vascular tree. Overall, the calculation of applied active and passive tension components is
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represented from the effective pressure required to transition from one vascular diameter to
another. The effective pressure calculation relies upon vascular wall assumptions, namely
that collagen primarily provides tensile resistance while elastin provides equivalent tensile
and compressive resistance [37]. The effective pressure required to transition from, for ex-
ample, a passive vascular diameter to homeostatic diameter represents the active tension
value required to overcome elastin resistance. Ultimately, expressions for circumferential
tension/stress across the vascular tree can be calculated.

Starting at homeostatic diameter, the vessel wall is providing an equal and opposite force,
comprised of a passive and active component, to balance transmural pressure:
Tcompositehomeostatic

= phomeostatic ∗ dhomeostatic (homeostatic pressure acquired from [237]). To
calculate the compressive active force, applied by SMCs, required to transition from passive
diameter to a smaller diameter, an equivalent pressure calculation is utilized. Specifically,
the circumferential strain equation of an incompressible closed-ended cylindrical pressure
vessel (ϵθθ =

pd
4tE

(2− υ)) can be rearranged to produce an equivalent pressure force required
during a diameter change. To perform the effective pressure calculation, an incremental
numerical approach was utilized, due to the large diameter range calculated over, with the
incremental effective pressures summed up (Equation 2.8). In this context, the effective
pressure calculation was performed for both passive to homeostatic diameter and passive
to maximum active diameter. Thickness at each diameter was calculated using Equation
2.4. For Young’s modulus (E) in this context, the SMC active force is compressing the
blood vessel from the larger passive diameter configuration to the smaller homeostatic and
maximum active diameters. Since collagen fibers provide minimal resistance in non-tensile
configurations, an age-related Young’s modulus measured from human elastin and smooth
muscle cells in thoracic and abdominal aortas will be applied (Eelastin[mmHg] = 5250.4 −
22.5 ∗ age[yr]) [102]. The decrease in elastin modulus may be partially explained due to
elastin fatigue [37] with the remodeling of functional elastin from circumferential-aligned at
young age to heterogeneously-aligned in old age [38].

peffectivehomeostatic
=

homeostatic∑
n=passive

dn−1 − dn
dn−1

3Etn
8dn

(2.8)

Next, peffective was applied to active circumferential tension and stress components, in
both the homeostatic and max active configurations, using the following equations: Tθθactive =
peffective ∗ dhomeostatic, σθθ = Tθθactive

thomeostatic
. Once active components are calculated, the differ-

ence from the composite tension value provides the passive component: Thomeostaticpassive =
Tcompositehomeostatic

− Tactivehomeostatic
.

From here, the homeostatic circumferential tension/stress values, split into passive and
active components, across the vascular tree have been established. Additionally, the range
of possible circumferential tension/stress values that SMCs can apply, through the modu-
lation of active force have been established (Figures 2.5a and 2.5b). Analytical expressions
for absolute circumferential tension/stress and tension/stress active/passive ratios can be
found in Table 2.4. According to these expressions, a critical point between the active and
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(a) Vascular circumferential tension over vascu-
lar tree

(b) Vascular circumferential stress over vascular
tree

Figure (2.5) a) Vascular circumferential tension range comprising of maximum active ten-
sion (maximum active + passive), homeostatic tension (homeostatic active + passive), and
no active tension (only passive). Together, these curves represent the range of possible cir-
cumferential tension values that a blood vessel, at an arbitrary diameter along the vascular
tree, could experience. b) Vascular circumferential stress range comprising of maximum ac-
tive stress (maximum active + passive), homeostatic stress (homeostatic active + passive),
and no active stress (only passive).

passive tension/stress ratio occurs at 480 µm where, smaller than this diameter, maximum
active tension ability becomes greater than passive tension ability. The role of active tension
becomes more prominent at diameters below 1000 µm, while the ratio of active to passive
tension remains relatively constant above 1000 µm. Specifically for human vertebral vessels,
where data are minimal, maximum active (composite), passive, and maximum active (active
component) stress values are within 0.75%, 45%, and -46% error, respectively, indicating
at least good agreement with total vascular tension [230]. Qualitatively, data from both
humans and rats indicate that the influence of active tension increases with smaller vascular
diameter, matching our fitting [234, 241].

2.10 Relative Contributions of Autoregulation

Mechanisms

The foundation of the overall autoregulation response is underpinned by the various contri-
butions of the major autoregulatory mechanisms. Together, the contributions of myogenic
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Vascular Circumferential Tension Fitting

Tθθ[
g

mm
] = a ∗ (diameter[µm])b + c

a b c

Max Active 1.75E-4 1.16 7.03E-2

Homeostatic 1.55E-4 1.16 1.69E-16

No Active (Passive) 1.11E-4 1.18 -1.67E-2

Vascular Circumferential Stress Fitting

σθθ[
g

mm2 ] = a ∗ exp(b ∗ diameter[µm]) + c ∗ exp(d ∗ diameter[µm])

a b c d

Max Active 27.35 -9.02E-3 9.65 4.23E-5

Homeostatic 7.97 5.45E-5 -2.54 -1.56E-3

No Active
(Passive)

6.36 7.37E-5 -3.83 -1.98E-3

Vascular Circumferential Stress and Tension Component Ratio Fittings

σθθactive/σθθpassive = a ∗ (diameter[µm])b + c

Tθθactive/Tθθpassive = a ∗ (diameter[µm])b + c

a b c

Max Active 6.75E3 -1.50 3.58E-1

Homeostatic 85.02 -9.71E-1 1.47E-1

Table (2.4) Vascular circumferential tension/stress analytical fitting across homeostatic
lumen diameter comprising of maximum active (maximum active + passive), homeostatic
(homeostatic active + passive), and no active (only passive) configurations. Together, these
curves represent the range of possible circumferential tension/stress values that a blood
vessel, at an arbitrary diameter along the vascular tree, could experience. Tested and derived
from data for the diameter range of 200 µm to 3400 µm at an age of 50 years old for the
Young’s modulus of elastin and using the equation for rpassive.
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(mechanotransduction-based), metabolic (perivascular pH-based), and neurogenic mecha-
nisms regulate the amount of active tension applied by cerebral vascular smooth muscle
cells. Some of these mechanisms can be further broken down into contributing forces that
can have opposite regulating effects, such as myogenic pressure-based regulation versus myo-
genic shear-based regulation [242, 243]. In general, metabolic and myogenic forces engage
the largest changes in vascular smooth muscle cell (VSMC) activation, thus having the most
potential to modify cerebral blood flow. Neurogenic activation is considered to be a more
local activation of VSMCs related more to neurovascular coupling [30]. Other vascular reg-
ulation mechanisms such as baroreflex (MAP-sensitive), considered a subset of neurogenic
[244], act systemically on the cardiovascular system, but can also influence cerebral SMCs
directly.

While the trigger mechanisms are different for each autoregulatory mechanism, eventually
the SMCs are signaled to dilate or constrict, thus modifying vascular tension and local blood
flow in the vasculature. To compare all of these mechanisms across an equal footing, a first
step will be to establish the bounds of which each autoregulatory mechanism can maximally
modify SMC activation. The effective bounds of influence could be compared across a
different metrics such as tCBF, SMC activation, active tension, or diameter range. Note
that it is not trivial to convert between these metrics as scaling across them is not linear.
Of these options, the bounds of SMC activation for each mechanisms represents the most
consistent characteristic across diameter and age. To establish SMC activation bounds,
equation 2.8 and the methods showcased in section 2.9, can be utilized to represent SMCs
maximum and minimum activation limits.

To establish the maximum possible modification of flow, Poiseuille’s law (∆p = 8µLQ
πR4 )

provides an approximation of expected blood flow changes in response to maximal changes
in blood vessel diameter (∆Q ∝ ∆R4). Using the maximal changes in blood vessel diameter
established in section 2.7 (also representing maximal SMC activation), an approximation
of maximal blood flow modifications can be established. Further, treating homeostatic di-
ameter as the reference point, normalization for maximal dilation and compressive ranges
are established (row 1 of Table 2.5). After defining the maximal blood vessel boundaries in
different forms, the contribution of each autoregulatory mechanism can be referenced within
this overall framework to establish relative strength.

Starting with CO2 reactivity, to establish the bounds of autoregulatory contribution, Ta-
ble 2.3 and Equation 2.1 provide the maximum changes of tCBF (tCBF% ∈ [−33.2, 92.8]
where the first value provides tCBF percentage decreases in response to vascular compression
and the second value provides tCBF percentage increases in response to vascular dilation).
With normalization, the range ([-1,1]) is defined from the maximally dilated/constricted con-
figuration to the homeostatic configuration (this does not imply symmetry). Already, based
on the maximal possible tCBF changes due to vascular diameter ranges (Diameter-based
Estimate), CO2 reactivity covers nearly the entire range of possible tCBF changes, implying
that CO2 reactivity nearly has the ability to maximally activate all SMCs in the brain in
both the dilatory and compressive configurations, respectively (A ∈ [−1.03, .75]). Using the
data from O2 reactivity, with smaller tCBF range tCBF% ∈ [0, 37.0], O2 reactivity has less
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ability to activate cerebral SMCs, with about half the ability of CO2 reactivity in the dilatory
activation, but no ability in the compressive activation (A ∈ [−.54, 0]). Of particular interest
is the myogenic autoregulatory ability of SMC activation range for conditions such as acute
ischemic stroke. Overall, the maximum recorded changes in tCBF in myogenic conditions
(as described in section 2.2) are tCBF% ∈ [−3.2, 21] with higher ability in the dilatory
condition. Running through the calculations to determine degree of SMC activation, this
change in tCBF would imply that maximum myogenic dilatory strength comprises about one
third of the possible SMC range. This suggests that cerebrovascular beds cannot be fully
dilated/constricted from myogenic contributions alone, and this may extend for individual
cerebral blood vessels as well. For baroreflex ability, while the mechanism of tCBF change
does not actually directly influence cerebral VSMCs, the effective cerebrovascular change, ac-
tually due to cardiovascular changes, are provided for contribution reference. The bounds of
baroreflex ability were established from cardiac output modifications [245] from canines with
baroreceptor denervation [246]. Baroreflex activation represents an effective characterization
since it doesn’t actually influence cerebral autoregulatory mechanisms directly.

Regarding the neurogenic autoregulatory mechanism, comprised of sympathetic (adrener-
gic) and parasympathetic (cholinergic) forces [31], the primary influence of activation occurs
within the typical autoregulation pressure bounds (homeostatic maintenance) [247]. Thus,
only acting within the homeostatic maintenance range of autoregulation, neurogenic mech-
anism can only induce small flow deviations within local areas.

Beyond cerebral autoregulation, cerebrovascular reactivity [204, 217] and cardio barore-
flex [248] also show healthy age-related changes while neurovascular coupling remains un-
modified [204]. Specifically with cererovascular reactivity, advancing aging is associated with
a diminished vasoconstriction response to hypocapnia and enhanced vasodilation response
to hypercapnia [217].
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tCBF%
Range

tCBF
Range

Normalized

d% Range d Range
Normalized

SMC
Activation
Range / T
Range

Normalized

Diameter-
based

Estimate
(Reference)

- tCBF ∈
[−1, 1]

dvert% ∈
[−12.2, 17.2]

d ∈ [−1, 1] A ∈ [−1, 1]

CO2

Reactivity
tCBF% ∈
[−33.2, 92.8]

tCBF ∈
[−0.82, 1.05]

dvert% ∈
[−9.59, 17.83]

d ∈
[−0.78, 1.04]

A ∈
[−1.03, 0.75]

O2

Reactivity
tCBF% ∈
[0, 37.0]

tCBF ∈
[0, 0.42]

dvert% ∈
[0, 8.19]

d ∈ [0, 0.48] A ∈
[−0.54, 0]

Myogenic tCBF% ∈
[−3.2, 21]

tCBF ∈
[−0.08, 0.24]

dvert% ∈
[−0.81, 4.88]

d ∈
[−0.07, 0.28]

A ∈
[−0.33, 0.06]

Baroreflexeff tCBF% ∈
[−2.9, 10.3]

tCBF ∈
[−0.07, 0.12]

dvert% ∈
[−0.73, 2.48]

d ∈
[−0.06, 0.14]

A ∈
[−0.18, 0.05]

Table (2.5) Relative contribution of autoregulatory mechanisms referenced to maximal pos-
sible change as defined by limits in blood vessel diameter. All values provided are based on
calculations for vertebral-sized blood vessels (3400 µm diameter). The diameter-based esti-
mation, by definition, represents the maximum and minimum possible diameters of the blood
vessel as governed by the strength limits of SMCs. The diameter-based estimate will act as
the reference for all other comparisons. tCBF ranges of the diameter-based estimations are
approximated using Poiseuille’s law. SMC activation (represented by ‘A’), is assumed to be
linearly proportional to active tension values. For tCBF and diameter values, the first value
in each cell represents decreases while the second value in each cell represents increases. For
SMC activation, the first value in each cell represents dilatory behavior while the second
value in each cell represents compressive behavior. Gray cells represent the original mea-
sures used to define the bounds of each type of autoregulatory mechanism. White cells are
calculated based off of the respective gray cells for each autoregulatory mechanism.
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Chapter 3

1D Blood Vessel Mathematical
Formulation

3.1 Introduction

Overall for the cerebrovascular model design, a one dimensional (1D) deformable vascular
network of blood vessels is coupled to a lumped parameter network to capture systemic
blood flow behavior. To focus on cerebral hemodynamics, the 1D vessel network has nearly
complete coverage of vessels leading from the heart to the major brain blood vessels. Fur-
ther, a lumped parameter model (described in chapter 4), with multiple outlets to represent
downstream cerebral vascular beds and intracranial dynamics is coupled to the 1D vascular
network.

The 1D vascular network aspect of the model was chosen because deformable vessels
excel at pulse wave propagation, capturing bulk fluid behavior and blood redistribution
with relatively quick computation times. Additionally, there is significant flexibility in the
design the vascular model facilitating the ability to rapidly-prototype arterial systems or
work towards building patient-specific arterial systems.

The 1D deformable vascular network is governed by reduced-order Navier-Stokes equa-
tions where incompressible, newtonian fluid with impermeable and axisymmetric vessels is
assumed (section 3.3 and 3.4). A constitutive relationship is governed by Laplace’s law with
the assumption of linear, elastic, isotropic blood vessel wall material properties (section 3.6).
The 1D governing partial differential equations (PDEs) are solved using finite volume nu-
merical methods and characteristic analysis to facilitate propagating pulse waves (section
3.8 and 3.9).

3.2 General Definition and Assumptions

To characterize reduced-order blood vessel area, blood velocity, and blood pressure (A, u, p)
within flexible blood vessels, governing equations derived from the principles of conserva-
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tion of mass and conservation of momentum are paired with a constitutive equation of the
vessel wall material properties [249]. Specifically, non-linear 1D equations of blood flow and
pressure are applied to impermeable and deformable tubes with the assumption of fluid
incompressibility and Newtonian behavior [249, 250]. Figure 3.1 represents a generalized
compliant 1D blood vessel, while Figure 3.2 represents the 1D reduced-order blood vessel.

Figure (3.1) Generalized compliant 1D blood vessel representation. s represents blood
vessel curvature, t represents changes in time, S represents generalized cross-section, σ rep-
resents infinitesimal area of S, u represents cross-sectional fluid velocity, A represents cross-
sectional area, h represents cross-sectional thickness, and l represents length of the blood
vessel. Figure recreated from [250].

Assumptions of the 1D blood vessel model include incompressibility, Newtonian fluid,
constant cross-sectional material properties, uniform flow profile, and small changes in local
curvature. An incompressible and Newtonian fluid implies that ρ and µ are constant. While
the assumption of a uniform flow profile that neglects the viscosity of the fluid is required,
the difference in momentum from this assumption is accounted for with a momentum flux
correction factor (section 3.4). The assumption regarding the local curvature, s, is defined
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Figure (3.2) 1D reduced-order blood vessel representation. x represents the 1D-axis of the
blood vessel, and

∮
CS

represents the control surface of the blood vessel. Figure recreated
from [250].

such that changes are small enough everywhere such that the axial direction can be described
by cartesian coordinate x. As long as there is enough grid points along the axial discretiza-
tion, this can be considered a reasonable assumption.

Definition of independent variables:
A(x, t) =

∫
S
dσ (area of cross-section S)

u(x, t) = 1
A

∫
S
ûdσ (average velocity over a cross section)

p(x, t) = 1
A

∫
S
p̂dσ (internal pressure over cross section)

where û(x, σ, t), p̂(x, σ, t) are constant within the cross-section.

3.3 Conservation of Mass Formulation

Following conservation of mass principles, the following equation can be derived for the fluid
within a 1D vessels (following from Figure 3.2) [249]. This formulation assumes no seepage
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through the side walls.

ρ
dV (t)

dt
+ ρQ(l, t)− ρQ(0, t) = 0

V (t) =

∫ l

0

A(x, t)dx

Q(l, t)−Q(0, t) =

∫ l

0

∂Q(x, t)

∂x
dx

ρ
d

dt

∫ l

0

A(x, t)dx+ ρ

∫ l

0

∂Q(x, t)

∂x
dx = 0

Assume that l is independent of time:

ρ

∫ l

0

[
∂A(x, t)

∂t
+

∂Q(x, t)

∂x

]
dx = 0

l is not specified, thus making the control volume arbitrary.

1D Conservation of Mass:

∂A(x, t)

∂t
+

∂Q(x, t)

∂x
=

∂A(x, t)

∂t
+

∂[u(x, t)A(x, t)]

∂x
= 0

3.4 Conservation of Momentum Formulation

Following conservation of momentum principles, the following equation can be derived for
the fluid within a 1D vessels (following from Figure 3.2) [249]. This formulation assumes no
flux through the side walls.∑−→

F CV =
d

dt

∫
CV

ρ−→v dV +

∮
CS

ρ−→v (−→v · −→n )dA

x-direction: ∑
Fx =

d

dt

∫
CV

ρudV +

∮
CS

ρu(−→v · −→n )dA

To simplify the inlet and outlet (−→v ∥ −→n ), 1D principles assumptions include that v is
constant across the inlet/outlet surface, and that ρ is constant (Figure 3.3).
Inlet: −→v · −→n = −v
Outlet: −→v · −→n = v
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∮
CS

ρ−→v (−→v · −→n )dA =
∑
out

ρvA−→v −
∑
in

ρvA−→v

∑−→
F CV =

∑−→
F body +

∑−→
F pressure +

∑−→
F viscous +

∑−→
F other∑

FLHS
x =

∑
Fxgravity +

∑
Fxpressure +

∑
Fxviscous +

∑
Fxother

FLHS
x =

d

dt

∫ l

0

ρu(x, t)A(x, t)dx+ [α(l, t)ρQ(l, t)u(l, t)]x=l − [α(0, t)ρQ(0, t)u(0, t)]x=0

Due to the constant inlet/outlet velocity simplification (a consequence of the reduced-
order averaging), α(x, t) represents a momentum flux correction factor to compensate for
the difference in momentum expected from a typical flow profile and estimated blunt case
[251]. Since blood vessels actually have parabolic flow profiles, the alpha term here acts as a
momentum flux correction term to approximate for the momentum difference lost between
the real flow profiles of the vessel and the blunt approximation. The Table 3.1 provides
typical values for α.

(a) Non-uniform outlet. (b) Equivalent 1D outlet.

Figure (3.3) Flow profile assumption of 1D blood vessel formulation.

α =
MFactual

MFequivalent

=
1

A

∫
A

(
u

vavg

)2

dA ≥ 1

α(x, t) =

∫
S
û2(x, σ, t)dσ

A(x, t)u2(x, t)

The left side of the following equation represents the true momentum flux, while the right
side of the equation represents the 1D approximation of momentum flux [251].
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Flow Profile Type: α

1D Uniform Flow (Plug Flow) 1

1D Fully Developed Laminar Pipe Flow (Poiseuille Flow) 4/3

1D Fully Developed Turbulent Pipe Flow ≈ 1.02

Table (3.1) Values of momentum flux correction factor α

∫
AC

ρ−→v (−→v · −→n )dAC = αṁ−→v avg

α =

∫
AC

ρv(−→v · −→n )dAC

ṁvavg
=

∫
AC

v(−→v · −→n )dAC

vavgACvavg
=

1

AC

∫
AC

(
v

vavg

)2

dAc ≥ 1

For the right hand side of the 1D momentum force balance, the pressure force (gauge
pressure), side wall pressure force, and friction force per unit length (viscous component) are
considered. The side wall pressure force and frictional force are further covered in subsections
3.4.1 and 3.4.2, respectively.

FRHS
x = [p(x, t)A(x, t)]x=0 − [p(x, t)A(x, t)]x=l +

∫ l

0

∫
∂S

p̂(x, σ, t)nxdsdx+

∫ l

0

fdx

Subsection 3.4.1 concludes that the side wall pressure force can be represented as:∫ l

0

∫
∂S

p̂(x, σ, t)nxdsdx =
∫ l

0
p(x, t)∂A(x,t)

∂x
dx

Combining the left hand side and right hand side of the conservation of momentum
formulation (FLHS

x = FRHS
x ) results in the following:

d

dt

∫ x2

x1

ρu(x, t)A(x, t)dx+ [α(x2, t)ρQ(x2, t)u(x2, t)]x=x2 − [α(x1, t)ρQ(x1, t)u(x1, t)]x=x1

= [p(x1, t)A(x1, t)]x=x1 − [p(x2, t)A(x2, t)]x=x2 +

∫ x2

x1

p(x, t)
∂A(x, t)

∂x
dx+

∫ x2

x1

fdx

Further simplified:

d

dt

∫ x2

x1

ρu(x, t)A(x, t)dx+

∫ x2

x1

∂[α(x, t)ρQ(x, t)u(x, t)]

∂x
dx = −

∫ x2

x1

∂[p(x, t)A(x, t)]

∂x
dx

+

∫ x2

x1

p(x, t)
∂A(x, t)

∂x
dx+

∫ x2

x1

fdx
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−∂[p(x, t)A(x, t)]

∂x
= −p(x, t)

∂A(x, t)

∂x
− A(x, t)

∂p(x, t)

∂x

Assume that ρ is constant and l, also known as (x2 − x1), is independent of time:

ρ

∫ x2

x1

{
ρ
∂Q(x, t)

∂t
+ ρ

∂[α(x, t)Q(x, t)u(x, t)]

∂x

}
dx

=

∫ x2

x1

{
−∂[p(x, t)A(x, t)]

∂x
+ p(x)

∂A(x, t)

∂x
+ f

}
dx

This formulation is satisfied for arbitrary length l, also known as (x2 − x1), and thus can
be satisfied when integrads are equal.

1D Conservation of Momentum (in Q,A format):

∂Q(x, t)

∂t
+

∂[α(x, t)Q(x, t)u(x, t)]

∂x
=

−A(x, t)

ρ

∂p(x, t)

∂x
+

f

ρ

The Q,A format is not the ideal form for the 1D momentum equation, and the preference
is to write it in terms of (A,u). This can be achieved through the further manipulations of
partial derivatives [249]. Once a flow profile is assumed for α, it becomes constant value for
these derivations.

∂(uA)

∂t
+

∂(αAu2)

∂x
+

A

ρ

∂p

∂x
=

f

ρ

A
∂u

∂t
+ u

∂A

∂t
+

Z
Z
Z
Z

Au2∂α

∂x
+ αu2∂A

∂x
+ 2uαA

∂u

∂x
+

A

ρ

∂p

∂x
=

f

ρ

∂u

∂t
+

u

A

∂A

∂t
+

αu2

A

∂A

∂x
+ 2uα

∂u

∂x
+

1

ρ

∂p

∂x
=

f

ρA

Utilizing the conservation of mass:

u

A

∂A

∂t
= −∂(uA)

∂x

u

A
= −u2

A

∂A

∂x
− u

∂u

∂x

∂u

∂t
− u2

A

∂A

∂x
− u

∂u

∂x
+

αu2

A

∂A

∂x
+ 2uα

∂u

∂x
+

1

ρ

∂p

∂x
=

f

ρA

1D Conservation of Momentum (in u,A format):

∂u(x, t)

∂t
+ (α− 1)

u2(x, t)

A(x, t)

∂A(x, t)

∂x
+ (2α− 1)u(x, t)

∂u(x, t)

∂x
+

1

ρ

∂p(x, t)

∂x
=

f

ρA(x, t)
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3.4.1 Axisymmetric Side-Wall Pressure Force

To determine if an axisymmetric blood vessel is an appropriate assumption for 1D modeling,
the following section compares non-symmetric and axisymmetric side-wall pressure force
[252].

Figure (3.4) Axisymmetric assumption for a 1D blood vessel representation. Top part of
the figure represents a generalized blood vessel, while the bottom part of the figure represents
an axisymmetric blood vessel

The definition of axisymmetric means that the blood vessel geometry has no dependence
on θ (figure 3.4). The surface representation of axisymmetric: F (r, z) = r − f(z) = 0 which
simplifies to f(z) = r. This surface is saying that anywhere along z, there is a consistent
radius value in all θ directions. r can change along z, but it does so in an axisymmetric
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fashion. An example equation includes one for a cylinder: x2 + y2 = R2 or for a cone:
x2 + y2 = a2z2 or an expanding cylinder: f(z) = az + b = r. f(z) becomes more complex for
blood vessels.

∇F (r, z) =
∂F

∂r
êr +

∂F

∂z
êz = êr −

∂F

∂z
êz

Looking at the inward normal:

n̂ =
−∇F

||∇F ||
=

1√
1 + (∂f

∂z
)2

(
−êr +

∂f

∂z
êz

)

fp(
−→x ) =

∫ l

0

∫
∂S

p̂(x, σ, t)nxdsdz =

∫ l

0

∫
∂S

p̂

 1√
1 + (∂f

∂z
)2

(
−êr +

∂f

∂z
êz

) dsdZ

The first term in the following equation can be dropped out because the integral is only
considering the z direction.

fp(
−→x ) =

∫ l

0

∫
∂S

p̂

 −1√
1 + (∂f

∂z
)2
êr

 dsdZ +

∫ l

0

∫
∂S

p̂

 ∂f
∂z√

1 + (∂f
∂z
)2
êz

 dsdZ

fpz(
−→x ) =

∫ l

0

p̂
∂f
∂z√

1 + (∂f
∂z
)2

∫
∂S

dsdZ

Utilizing an example surface with a circular cross-section such as: As(z) = πr2 = πf 2(z)
where ∂As

∂z
= 2πf(z)∂f

∂z
, substitutions can be made.

fpz(
−→x ) =

∫ l

0

p
2πf(z)∂f

∂z√
1 + (∂f

∂z
)2
dZ =

∫ l

0

p∂As

∂z√
1 + (∂f

∂z
)2
dZ

If ∂f
∂z

<< 1, then
√

1 + (∂f
∂z
)2 ≈ 1

fpz(
−→x ) =

∫ l

0

p(x, t)
∂A(x, t)

∂x
dx

In summary, the axisymmetric assumption is valid if radius does not change rapidly
relative to changes in local curvature. In conditions such as an aneurysm, this assumption
wouldn’t apply.
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3.4.2 Frictional Term

To examine the frictional term in more detail, shear stress from the flow profile is considered.

f(x, t) = 2πrτ = 2πrµ
du

dr

∣∣∣∣
r=R

To characterize the flow profile (how blood velocity changes with radius) within the blood
vessel, the following form is assumed [253]:

u(r, x, t) =
γ + 2

γ
uavg(x, t)

[
1−

( r

R

)γ]
f(x, t) = 2πRµ

(
γ + 2

γ

)
u

(
−γ

R

)
= −2πµ(γ + 2)u

In a typical blood vessel flow profile, γ = 2 and α = 4/3. In a blunt profile, γ = 9
and α ≈ 1.1 (Table 3.1). Note that α becomes constant once a flow profile is assumed. A
conversion between γ and α can be based on profile assumptions:

γ =
2− α

α− 1

f =
−2α

α− 1
µπu

Importing the frictional term into the 1D conservation of momentum equation leads to:

∂(uA)

∂t
+

∂(αAu2)

∂x
+

A

ρ

∂p

∂x
=

f

ρ
=

−2α

α− 1

µπu

ρ

Expand and divide by A:

∂u

∂t
+

u

A

∂A

∂t
+ α

u2

A

∂A

∂x
+ α

∂u2

∂x
+

1

ρ

∂p

∂x
=

−2α

α− 1

µπu

ρA

Modifying the conservation of mass equations allows for further substitution:

u

A

(
∂A

∂t
+

∂(uA)

∂x

)
= 0

u

A

∂A

∂t
= −u2

A

∂A

∂x
− u

∂u

∂x

Inserting the conservation of mass substitution back into the conservation of momentum
equation:

∂u

∂t
− u2

A

∂A

∂x
− u

∂u

∂x
+ α

u2

A

∂A

∂x
+ α

∂u2

∂x
+

1

ρ

∂p

∂x
=

−2α

α− 1

µπu

ρA
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1D Conservation of Momentum (in u,A format):

∂u

∂t
+ (α− 1)

u2

A

∂A

∂x
+ (2α− 1)u

∂u

∂x
+

1

ρ

∂p

∂x
=

−2α

α− 1

µπu

ρA

3.5 Conservation of Mass and Momentum Equations

- Alternative Navier-Stokes Derivation

The 1D governing equations of mass and momentum can alternatively be derived from 3D
Navier-Stokes [254]. Similar assumptions of constant blood viscosity (independent of vessel
radius), incompressibility, homogeneous, laminar, and Newtonian fluid of low Reynolds’s
number in an axisymmetric geometry are applied. Cylindrical coordinates (r, θ, x) with x
along the local vessel axial direction are utilized. Velocity in circumferential direction is
assumed to be zero ( to eliminate dependency on θ within model).

Conservation of Mass:

A
A
A

∂ρ

∂t
+

1

r

∂

∂r
(ρrur) +

1

r

Z
Z
Z
Z

∂(ρuθ)

∂θ
+

∂(ρux)

∂x
= 0

1

r

∂

∂r
(rur) +

∂(ux)

∂x
= 0

Navier-Stokes θ-Direction:
Axisymmetric flow means that 0 = 0.

Navier-Stokes r-Direction:

ρ

(
∂ur

∂t
+ ur

∂ur

∂r
+

uθ

r

S
S
S

∂ur

∂θ
+ ux

∂ur

∂x
−

A
A
A

u2
θ

r

)
= −∂p

∂r
+ µ

[
1

r

∂

∂r

(
r
∂ur

∂r

)
+

1

r2
@

@
@

∂2ur

∂θ2
+

∂2ur

∂x2
− ur

r2
− 2

r2
S
S
S

∂uθ

∂θ

]
+HHρgr

Further simplified:

∂ur

∂t
+ ur

∂ur

∂r
+ ux

∂ur

∂x
+

1

ρ

∂p

∂r
= υ

[
∂2ur

∂r2
+

1

r

∂ur

∂r
+

∂2ur

∂x2
− ur

r2

]
Navier-Stokes x-Direction:

ρ

(
∂ux

∂t
+ ur

∂ux

∂r
+

uθ

r

S
S
S

∂ux

∂θ
+ ux

∂ux

∂x

)
=
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−∂p

∂x
+ µ

[
1

r

∂

∂r

(
r
∂ux

∂r

)
+

1

r2
@

@
@

∂2ux

∂θ2
+

∂2ux

∂x2

]
+HHρgx

Further simplified:

∂ux

∂t
+ ur

∂ux

∂r
+ ux

∂ux

∂x
+

1

ρ

∂p

∂x
= υ

[
∂2ux

∂r2
+

1

r

∂ux

∂r
+

∂2ux

∂x2

]
Dimensional Analysis:

The purpose of dimensional analysis is to get non-dimensional representation terms such that:

r = R̄r∗ where R̄ represents characteristic inner vessel radius

x = λx∗ where λ represents characteristic length. λ = R̄Uxo

Uro
where Uxo represents charac-

teristic axial velocities and Uro represents characteristic radial velocities

ux = Uxou
∗
x

ur = Urou
∗
r

t =
λ

Uxo

t∗

p = ρU2
xo
p∗

Navier-Stokes r-Direction Non-Dimensional:

−∂p∗

∂r∗
=

U2
ro

U2
xo

[
∂u∗

r

∂t∗
+ u∗

r

∂u∗
r

∂r∗
+ u∗

x

∂u∗
r

∂x∗ − υ

R̄Uro

(
∂2u∗

r

∂r∗2
+

1

r∗
∂u∗

r

∂r∗
− u∗

r

r∗2
+

U2
ro

U2
xo

∂2u∗
r

∂x∗2

)]
Assume that the radial velocity is small compared to axial velocity:

(
U2
ro

U2
xo

→ 0
)

Assume that pressure is constant across the vessel cross-section meaning that r∗ is inde-
pendent of x∗ (∂p∗

∂r∗
= 0
)

Navier-Stokes x-Direction Non-Dimensional:

∂u∗
x

∂t∗
+ u∗

r

∂u∗
x

∂r∗
+ u∗

x

∂u∗
x

∂x∗ +
∂p∗

∂x∗ =
λυ

UxoR̄
2

[
∂2u∗

x

∂r∗2
+

1

r∗
∂u∗

x

∂r∗
+

U2
ro

U2
xo

∂2u∗
x

∂x∗2

]
Conservation of Mass:
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∂(r∗u∗
x)

∂x∗ +
∂(r∗u∗

r)

∂r∗
= 0

Conservation of Momentum:

∂(r∗u∗
x)

∂t∗
+

∂(r∗u∗
ru

∗
x)

∂r∗
+

∂(r∗u∗2
x )

∂x∗ +
∂(r∗p∗)

∂x∗ =
λυ

UxoR̄
2

∂

∂r∗

(
r∗
∂u∗

x

∂r∗

)

3.6 Pressure-Area Relationship and Distensibility

(Constitutive Relationship)

In the 1D blood vessel formulation, and in order to have pulse wave formation, distensibility
of the blood vessel wall is required. Essentially, distensibility means the capability of the
blood vessel wall to dilate or compress. The distensibility of the blood vessel wall originates
with the media mechanical properties.

The governing equations of mass and momentum conservation provide two equations
with three unknowns: A(x, t), u(x, t), p(x, t). The constitutive relationship closes the system
by defining relationship between sectional pressure and area. p = fn(A, x, t). Specifically,

distensibility is defined as: D = 1
A(x,t)

dA(x,t)
dp(x,t)

.

3.6.1 First p-A Model: Linear Constant

When designing the pressure-area relationship, the most basic definition is a linear pressure-
area constitutive relation that utilizes a constant γ. In this formulation, A0 references to a
reference area at p0.

(p− p0) = γ(A− A0)

3.6.2 Second p-A Model: Laplace Law

Increasing in complexity and widely used in cerebrovascular modeling, a tube law based on
Laplace Law can be utilized for the constitutive relationship [255, 253, 256]. This tube law
is built considering an indefinitely long open-ended cylinder (circular lumen) at all internal
pressures with an arterial wall that is a linear, elastic, isotropic material with a small thick-
ness compared to the vessel radius (h << R) (Figure 3.5). Structural arterial properties are
considered constant at a section. External forces applied to the arterial wall are reduced to
stresses in the circumferential direction. Laplace Law is valid when t

r
<< ∆p

p0
which starts

to break down in small vessels below 500µm.

Following a balance of forces:
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Figure (3.5) Cross-sectional representation of a linear, elastic, isotropic blood vessel with
thickness for the application of Laplace Law.

2σθ(hL) = (pi − po)(2πrL)

σθθ =
(pi − po)ri

h
, σrr = −(pi − po)

Further, for an indefinitely long open-ended cylinder, ϵz is zero (plane strain). Assuming
constant thickness, there is not an ϵr. The assumption of incompressibility applies to Pois-
son’s ratio (υ = 1

2
). Assume that radial stress is negligible compared to the hoop and axial

stresses (σθθ >> σrr) since
ri
h
>> 1.

By the definition of circumferential stress in an indefinitely long open-ended cylinder:

σθθ =
E

1− υ2
(ϵθθ + υϵzz)

where E is Young’s modulus.

ϵθθ =
2πri − 2πro

2πro

ϵzz not considered in indefinitely long cylinder and ϵrr = 0 with constant thickness ap-
proximation.

Combining the equations for circumferential stress and strain:
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(pi − po)ri
h

=
E

1− υ2

2πri − 2πro
2πro

To match with the conservation of mass and momentum governing equations, radius is
substituted into area:

Ai = πr2i , Ao = πr2o

∆p =
h

ri

E

1− υ2

ri − ro
ro

=
hE

√
π√

A

1

1− υ2

√
A√
π
−

√
Ao√
π

√
Ao√
π

∆p =
hE

√
π

1− υ2

(
1√
Ao

− 1√
A

)
Laplace Law Constitutive Equation:

p = po +
hE

√
π

1− υ2

(
1√
Ao

− 1√
A

)
(3.1)

Occasionally, it is convenient to assume that ri
ro

= 1 in the denominator term [250], then:

∆p =
h

ro

E

1− υ2

ri − ro
ro

=
hE

√
π

1− υ2

(√
A−

√
Ao

Ao

)

3.6.3 Third p-A Model: Viscoelastic Voigt Model

More complex constitutive equations with viscoelastic properties, such as the Voigt-style
model (Figure 3.6), have also been used to study cerebrovascular pulse wave modeling [257].

The force balance within the Voigt-style model is: F = µu + ηu̇ with initial condition
u(0) = 0.

σθθ =
1

1− υ2
[µϵθθ + ηϵ̇θθ]

σθθ =
(pi − po)ri

h
, ϵθθ =

2πri − 2πro
2πro

, ϵ̇θθ =
∂ri
∂t

1

ro

(pi − po)ri
h

=
1

1− υ2

[
µ
ri − ro
ro

+ η
∂ri
∂t

1

ro

]
∂ri
∂t

1

ro
=

∂(
√
Ai√
π
)

∂t

√
π√
Ao

=
1

2

1√
Ai

√
Ao

∂Ai

∂t

(pi − po)
√
Ai√

πh
=

1

1− υ2

[
µ

(√
Ai −

√
Ao√

A0

)
+ η

(
1

2

1√
Ai

√
Ao

∂Ai

∂t

)]
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Figure (3.6) Viscoelastic Voigt model constitutive equation representation.

Viscoelastic Voigt Model Constitutive Equation:

∆p =

√
πhµ

1− υ2

(
1√
Ao

− 1√
A

)
+

√
πhη

2(1− υ2)

(
1

Ai

√
Ao

)
∂Ai

∂t

In this final representation, the first term represents the elastic portion of the equation
(Young’s modulus) and the second term represents the viscous portion of the equation (wall
viscosity).

3.6.4 Fourth p-A Model: Viscoelastic Kevin Body Model

An alternative form of the viscoelastic constitutive equation is the Kevin Body model (Figure
3.7) [258, 21].The model is composed of Kelvin-Voight solid and spring in series. The linear
spring is defined such that instantaneously a deformation is proportional to the load F = µu.
The dashpot is defined such that a velocity proportional to the load is produced at any instant
F = ηu̇.

There are four governing equations for this setup:
1) u = u1 + u′

1

2) F = Fe + Fv

3) Fe = µeu
4) Fv = ηu̇1 = µvu

′
1

Steady version:
F = µeu+ µvu

′
1 = (µe + µv)u− µvu1



CHAPTER 3. 1D BLOOD VESSEL MATHEMATICAL FORMULATION 57

Figure (3.7) Viscoelastic Kelvin Body model constitutive equation representation.

Time-dependent version:

F +
η

µv

Ḟ = (µe + µv)u− µvu1 +
η

µv

(µe − µv)u̇− ηu̇1

1D representation:

F +
η

µv

Ḟ = µeu+ η(1 +
µe

µv

)u̇

is equivalent to F + τϵḞ = ER(u + τσu̇) where τϵ = η
µv

(the relaxation time for constant

strain), τσ = η
µe
(1− µe

µv
) (the relaxation time for constant stress), and ER = µe.

3D representation:

σθθ + τeσ̇θθ =
ER

1− υ2
(ϵθθ + τθ ϵ̇θθ)

σθθ =
(pi − po)ri

h
, σ̇θθ =

∂(piri)

∂t

1

h

ϵθθ =
ri − ro
ro

=

√
Ai −

√
Ao√

Ao

, ϵ̇θθ =
1

2

1√
Ai

√
Ao

∂Ai

∂t

(pi − po)ri
h

+ τϵ
∂(piri)

∂t

1

h
=

µe

1− υ2

[(√
Ai −

√
Ao√

Ao

)
+ τθ

(
1

2

1√
Ai

√
Ao

∂Ai

∂t

)]

(pi − po) +
τϵ√
Ai

∂(pi
√
Ai)

∂t
=

√
πhµe

1− υ2

(√
Ai −

√
Ao√

Ai

√
Ao

+
τθ

2Ai

√
Ao

∂Ai

∂t

)
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Viscoelastic Kevin Body Constitutive Equation:

∆p+ τϵ
∂pi
∂t

=

√
πhµe

1− υ2

(
1√
Ao

− 1√
Ai

)
+

(
τσ
√
πhµe

2Ai

√
Ao(1− υ2)

− piτϵ
2Ai

)
∂Ai

∂t

3.7 Conservative versus Non-Conservative Governing

Equation Form

When solving a series of hyperbolic partial differential equations (PDEs) numerically, the
form of the equation matters. Specifically, equation forms can be classified as conservative
or non-conservative. Mathematically, conservative and non-conservative expressions are the
same, but they are non-equivalent in discrete form and are selectively used depending on the
solving methods. For example, numerical finite volume methods require the use of a conser-
vative scheme (Section 3.8) while characteristic analysis requires the non-conservative form
(Section 3.9). With a numerical analysis, non-conservative form could lead to a reasonable,
but incorrect solution. With a characteristic analysis, the use of the non-conservative scheme
allows for the calculation of characteristic variables along the boundary conditions [259, 260].
Below are the various conservative and non-conservative forms of the conservation of mass
and momentum 1D governing equations.

Conservation of Mass Conservative Form Q,A:

∂A

∂t
+

∂Q

∂x
= 0

Conservation of Momentum Conservative Form Q,A:

∂Q

∂t
+ α

∂

∂x
(
Q2

A
) +

A

ρ

∂P

∂x
=

f

ρ

Conservation of Mass Non-conservative Form Q,A:

∂A

∂t
+

∂Q

∂x
= 0

Conservation of Momentum Non-conservative Form Q,A:

∂Q

∂t
+

2αQ

A

∂Q

∂x
− αQ2

A2

∂A

∂x
+

A

ρ

∂P

∂x
=

f

ρ

Conservation of Mass Conservative Form u,A:

∂A

∂t
+

∂(uA)

∂x
= 0 (3.2)

Conservation of Momentum Conservative Form u,A:
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∂(uA)

∂t
+ α

∂(u2A)

∂x
+

A

ρ

∂P

∂x
=

f

ρ

∂u

∂t
+ (α− 1)

u2

A

∂A

∂x
+ (2α− 1)u

∂u

∂x
+

1

ρ

∂p

∂x
=

−2α

α− 1

µπu

ρA

For the conservative form, it is helpful to make some assumptions regarding the value of
α. For the LHS, α ≈ 1, while for the RHS, α = 1 + ϵ. To put the value of α in context, the
majority of blood vessels have blunt flow profiles so α is close to 1.

∂u

∂t
+

∂
(

1
2
u2 + p

ρ

)
∂x

=
−2α

α− 1

µπu

ρA
(3.3)

Conservation of Mass Non-conservative Form u,A:

∂A

∂t
+ u

∂A

∂x
+ A

∂u

∂x
= 0 (3.4)

Conservation of Momentum Non-conservative Form u,A:

∂u

∂t
+ (α− 1)

u2

A

∂A

∂x
+ (2α− 1)u

∂u

∂x
+

1

ρ

∂P

∂x
=

f

ρA

∂u

∂t
+ (α− 1)

u2

A

∂A

∂x
+ (2α− 1)u

∂u

∂x
+

1

ρ

∂p

∂x
=

−2α

α− 1

µπu

ρA
(3.5)

3.8 1D Governing Equation Solve - Finite Volume

Methods

In solving the 1D governing PDEs (Equations 3.1, 3.2 and 3.3) for the unknown variables
of velocity, area, and pressure (u,A, p), finite volume numerical methods provides an ap-
propriate solution. The advantages of finite volume methods include unstructured meshes,
conservative discretization, and, importantly, strong compatibility with pulse wave calcula-
tions [253, 261].

In terms of discretization, solving methods will incorporate a combination of the second
order accurate finite volume method for space discretization and explicit Adams-Bashforth
scheme for time integration (Equations 3.6, 3.7, 3.8, and Figure 3.8). The second order
accuracy of the finite volume method refers to the accuracy of discretization from the Taylor
series expansion. Ultimately, the combination of a space discretization and time integration
is considered a predictor-corrector method. Predictor-corrector methods first take values
already known and extrapolate them, then use a corrector equation to correct the solution.
Finite volume characteristics method computes intermediate solutions of (u,A, p)i±1/2 in
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a predictor stage along the cell walls using a characteristic analysis. An explicit Adams-
Bashforth time integrator recovers the solution in a corrector stage (Forward Euler is used
for the first time step).

To maintain numerical stability throughout the solve, the use of the Courant-Friedrichs-
Lewy (CFL) condition is necessary:

C =
u∆t

∆x
≤ Cmax

For an explicit solve, Cmax = 1, where u is the magnitude of the blood velocity.

Time Integration Steps: Two-Step Adams-Bashforth:

yn+2 = yn+1 +
3

2
∆tf(tn+1, yn+1)−

1

2
∆tf(tn, yn)

Discretized Conservation of Mass:

An+2
i − An+1

i

∆t
+

3

2

[
(uA)n+1

i+1/2 − (uA)n+1
i−1/2

∆x

]
− 1

2

[
(uA)ni+1/2 − (uA)ni−1/2

∆x

]
= 0 (3.6)

Discretized Conservation of Momentum:

un+2
i − un+1

i

∆t
+

3

2


[
1
2
(un+1

i+1/2)
2 +

(pn+1
i+1/2

)

ρ

]
−
[
1
2
(un+1

i−1/2)
2 +

(pn+1
i−1/2

)

ρ

]
∆x



−1

2


[
1
2
(un

i+1/2)
2 +

(pn
i+1/2

)

ρ

]
−
[
1
2
(un

i−1/2)
2 +

(pn
i−1/2

)

ρ

]
∆x

 =

3

2

[(
−2α

α− 1

)
µπun+1

i

ρAn+1
i

]
− 1

2

[(
−2α

α− 1

)
µπun

i

ρAn
i

]
(3.7)

Discretized Constitutive Equation:

pn+2
i = po +

hE
√
π

(1− υ2)

(
1√
Ao

− 1√
An+2

i

)
(3.8)
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Figure (3.8) Framework for a 2nd order finite volume and adams-bashforth discretization
scheme. i refers to spatial discretization while t refers to temporal discretization.

3.9 Pulse Wave Formulation - Characteristic Analysis

In solving for the boundary conditions of a hyperbolic PDE system, a characteristic anal-
ysis provides an appropriate solution by separating propagating waves into incoming and
outgoing waves [253, 254]. Characteristic analysis is used for solving hyperbolic systems in
the context of wave transfer (hyperbolic PDE systems with initial values are also known as
the Riemann problem). Specifically, a characteristic analysis reduces the PDEs to a family
of ordinary differential equations (ODEs) on some suitable hypersurface. This hypersurface
is a series of curves along which the PDE becomes an ODE. The ODE can ultimately be
solved along these curves. Importantly, the non-conservative form of the governing equations
(Equations 3.1, 3.4 and 3.5) are used for characteristic analysis.

To begin the characteristic analysis, it is ideal to get the governing equations in a stan-
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dardized format. The typical characteristic 1D conservative form is:

∂ū

∂t
+

∂

∂x
[F̄ (ū)] = S̄(ū)

The typical characteristic 1D non-conservative quasi-linear form is as follows:

∂ū

∂t
+ H̄(ū)

∂ū

∂x
= S̄(ū) (3.9)

where H̄(ū) = ∂F̄
∂ū

represents the jacobian.

1st Order Hyberbolic Classification:

∂ū
∂t

+ H̄(ū)∂ū
∂x

= S̄(ū) is hyperbolic if there is a matrix function P̄ such that

P̄ H̄ ¯P−1 = Λ(t, x) =


λ1(t, x) ... 0

... ... ...

0 ... λd(t, x)


is diagonal with real eigenvalues and the matrix norms of P̄ and ¯P−1 are bounded in x and
t for x ∈ R, t ≥ 0.

Characteristic Analysis:

Starting from the u,A non-conservative governing equations:

∂A

∂t
+ u

∂A

∂x
+ A

∂u

∂x
= 0

∂u

∂t
+ (α− 1)

u2

A

∂A

∂x
+ (2α− 1)u

∂u

∂x
+

1

ρ

∂P

∂x
=

f

ρA

For the LHS, α ≈ 1, while for the RHS, α = 1 + ϵ.

pi = po +
hE

√
π

1− υ2
(

1√
Ao

− 1√
A
) = po + pelastic

For simplifications:

β(x) =
hE

√
π

1− υ2

∂p

∂x
=

∂po
∂x

+
∂pelastic

∂x
=

S
S
S

∂po
∂x

+
∂pelastic
∂β

S
S
S

∂β

∂x
+

∂pelastic
∂Ao

@
@
@

∂Ao

∂x
+

∂pelastic
∂A

∂A

∂x
=

∂pelastic
∂A

∂A

∂x
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Put conservation of mass and conservation of momentum into matrix form:

∂A

∂t
+ u

∂A

∂x
+ A

∂u

∂x
= 0

∂u

∂t
+ u

∂u

∂x
+

1

ρ

∂pelastic
∂A

∂A

∂x
=

(
−2α

α− 1

)
µπu

ρA

In conforming to Equation 3.9, Ū =

A

u

, H̄ =

 u A

1
ρ
∂pe
∂A

u

, S̄ =

 0(−2α
α−1

)
µπu
ρA


∂

A

u


∂t

+

 u A

1
ρ
∂pelastic

∂A
u

 ∂

A

u


∂x

=

 0(−2α
α−1

)
µπu
ρA


Focus on the eigenvalues of H̄(Ū):∣∣∣∣∣∣

 u− λ A

1
ρ
∂pelastic

∂A
u− λ

∣∣∣∣∣∣ = (u− λ)(u− λ)− A

ρ

∂pelastic
∂A

= (u− λ)(u− λ)− A

ρ

β

2A3/2
= (u− λ)(u− λ)− β

2ρ
√
A

= 0

λ = u±

√
β

2 ρ
√
A

= u± c

where c represents the pulse wave speed of the system.

λforward = λf = u+ c, λbackward = λb = u− c

With distinct eigenvalues in H̄, there exists a set of right and left eigenvectors such that:

L̄H̄ = Λ̄L̄

H̄ = L̄−1Λ̄L̄

L̄ = δ

 c
A

1

−c
A

1

 where δ is an arbitrary scaling factor

Λ̄ =

λf 0

0 λb
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Multiply Equation 3.9 by the left eigenvector L̄.

L̄
∂Ū

∂t
+ L̄H̄

∂Ū

∂x
= L̄S̄

L̄
∂Ū

∂t
+ Λ̄L̄

∂Ū

∂x
= L̄S̄

Introduce a change of variables based on a characteristic or Riemann-type analysis:

∂W̄
∂Ū

= L̄ where W̄ =

Wf

Wb


After the substitution:

∂W̄

∂t
+ Λ̄

∂W̄

∂x
= L̄S̄

Using the definition of a material derivative:

DW̄ (x̂(t), t)

Dt
=

∂W̄

∂t
+

∂x̂

∂t
Ī∇W̄ =

∂W̄

∂t
+

∂x̂

∂t
Ī
∂W̄

∂x̂
=

∂W̄

∂t

Choose a characteristic path such that: Λ̄ = ∂x̂
∂t
Ī

This implies that: Cf :
∂x̂f

∂t
= λf and Cb :

∂x̂b

∂t
= λb (Figure 3.9).

∂W̄

∂Ū
= L̄, ∂W̄ = ∂ŪL̄

∂

Wf

Wb

 = ∂

A

u

 δ

 c
A

1

−c
A

1


Wf =

∫ A

Ao

δc

A
dA+

∫ u

uo

δdu = δ

(
u− uo +

∫ A

Ao

c

A
dA

)

Wb =

∫ A

Ao

−δc

A
dA+

∫ u

uo

δdu = δ

(
u− uo −

∫ A

Ao

c

A
dA

)
The characteristic variables are calculated as:

Wf,b = δ

(
u− uo ± 4

(√
β

2ρ
√
A

−

√
β

2ρ
√
Ao

))
(3.10)
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Figure (3.9) These are two characteristic paths, Cf and Cb, along which Wf and Wb pro-
pogate at speeds of λf and λb. These values change due to viscous dissipation and spatial
variations of external pressure, wall distensibility, and reference luminal area.

Importantly,Wf,b should be calculated at cell edges for proper wave propagation. Through
the use of linear extrapolation, Wf,b on i = ±1

2
is calculated (Figure 3.10):

Wf
i− 1

2

=
−3

2
(Wfi−2

−Wfi−1
) +Wfi−2

Wb
i− 1

2

=
1

2
(Wbi −Wbi+1

) +Wbi

Wf,b
i− 1

2

= ui− 1
2
± 4

√√√√ β

2ρ
√
Ai− 1

2

−
√√√√ β

2ρ
√

Ao
i− 1

2

 (3.11)

Wf
i− 1

2

+Wb
i− 1

2

= 2ui− 1
2
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Figure (3.10) Linear extrapolation of the characteristic analysis solution to calculate the
forward and backward waves in between the numerical cells.

pi− 1
2
= po +

hE
√
π

1− υ2

 1√
Ao

− 1√
Ai− 1

2


3.10 1D Anatomical Structure Design

The design of the 1D vascular network portion of the model, is to cover all of the blood vessels
from the heart leading up to the major brain blood vessels and include vessels relevant for
appropriate pulse wave mechanics. The vessels included in the vascular network, identified by
an ID number, are as follows: ascending aorta (1, 2), descending aorta (4, 8), brachiocephalic
(3), subclavian (7, 9), brachial (15, 16), common carotid (5, 6), internal carotid (11, 12,
18, 21, 38, 39), external carotid (10, 13), vertebral (14, 17, 44, 45), basilar (22, 35, 34),
posterior communicating (19, 20), anterior communicating (31), middle cerebral (23, 24),
anterior cerebral (25, 26, 29, 30), posterior cerebral (27, 28, 32, 33), ophthalmic (36, 37),
posterior inferior cerebellar (42, 43), anterior inferior cerebellar (41), and superior cerebellar
(40) artery. The visual assembly of blood vessels, with according ID labels, is visualized in
Figure 3.11 [253]. Terminal branches with three-element Windkessel models are marked with
filled circles (coupling is described in section 3.11.3). Terminal branches with autoregulation
models are labeled with an open circle (coupling is described in chapter 4). The reference
morphological condition of the blood vessels (area, length parameters) are from a reference
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point of zero transmural pressure. The unpressurized condition parameters are provided in
Table 5.1.

3.11 Junction Coupling and Inlet/Outlet Boundary

Conditions

Throughout the 1D vascular network, each vessel segment and terminal branch must have
defined boundary conditions. Section 3.11.1 describes 1D vessel junction boundary condi-
tions, section 3.11.2 describes the single inlet boundary condition at the aortic valve, and
sections 3.11.3 and 3.11.4 cover the boundary conditions at terminal outlets. At the inlet
boundary condition, flow rate (Qin(t)) is prescribed, while terminal pressure (Pe) is deter-
mined at each terminal outlet. 1D segment junctions utilize conservation laws to maintain
compatibility at each boundary.

3.11.1 1D Vessel Segment Junction Coupling Boundary
Conditions

At vessel segment junctions, to obtain proper interface conditions, constant characteristic
variables at each junction (x3 equations), conservation of mass (x1 equation), and conserva-
tion of total pressure (x2 equations) are enforced [249]. In total, these boundary conditions
result in six equations with six unknown quantities (Aparent, uparent, Adaughter1, udaughter1,
Adaughter2, and udaughter2) to determine how flow splits across vessel segments.

Characteristic equations for each junction (1 forward characteristic and 2 backward char-
acteristics) derived from Equation 3.10:

Wfparent =

(
uparent + 4

(√
βparent

2ρ
√

Aparent

−
√

βparent

2ρ
√

Aoparent

))

Wbdaughter1 =

(
udaughter1 − 4

(√
βdaughter1

2ρ
√
Adaughter1

−
√

βdaughter1

2ρ
√

Aodaughter1

))

Wbdaughter2 =

(
udaughter2 − 4

(√
βdaughter2

2ρ
√
Adaughter2

−
√

βdaughter2

2ρ
√

Aodaughter2

))
Wfparent , Wbdaughter1 , and Wbdaughter2 are constant and determined from the last time step.

Flow rate balance equation derived from conservation of mass:

Aparentuparent = Adaughter1udaughter1 + Adaughter2udaughter2



CHAPTER 3. 1D BLOOD VESSEL MATHEMATICAL FORMULATION 68

Figure (3.11) 1D vascular network representation with coverage of blood vessels relevant
for cerebrovascular hemodynamics. Inlet condition (section 3.11.2) supplied at the aortic
valve location (beginning of vessel 1). Terminal branches labeled with a filled circle have
three-element Windkessel boundary conditions (section 3.11.3). Terminal branches labeled
with an open circle are coupled to the LPN autoregulation model (chapter 4).
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Conservation of momentum flux to maintain static continuous pressure:

1

2
u2
parent +

pparent
ρ

=
1

2
u2
daughter1 +

pdaughter1
ρ

1

2
u2
parent +

pparent
ρ

=
1

2
u2
daughter2 +

pdaughter2
ρ

3.11.2 Inlet Boundary Condition

As shown in Figure 3.11, the inlet boundary condition is applied at the beginning of the
ascending aorta to represent the closest point to the aortic valve. A periodic inlet boundary
condition (Qin(t)) is applied to represent heart beats. Each cardiac cycle is assumed to be
a half sine wave characterized by a peak value (Qmax) and a duration representing systole
(tsystole = 0.3 sec). For the diastolic remainder of the cardiac cycle (tdiastole = 0.9 sec), a flow
value of Qin = 0 is prescribed. The purpose behind the zero flow rate is to represent the
closure of the aortic valve. The closed aortic valve acts as a reflector and this characteristic is
critical for the formation of the dicrotic notch in the aortic waveform. Note that a clinically-
measured inlet waveform is explicitly not prescribed due to waveforms of that type already
containing the influence of reflected waves which would thus be redundant to the pulse waves
generated from the model [253].

Qin(t) =

{
Qmax sin

(
πt

tsystole

)
for 0 ≤ t ≤ tsystole

0 for tsystole ≤ t ≤ tdiastole

3.11.3 Peripheral Windkessel Outlet Boundary Conditions

For the peripheral outlet blood vessels (non-autoregulation outlets), a three-element Wind-
kessel model was applied to provide boundary conditions. The three elements are comprised
of a characteristic resistance term (R1), total downstream vascular bed resistance term (R2),
and total downstream vascular bed compliance term (CT ). The characteristic resistance
(R1) is organized in series to the parallel-organized total resistance (R2) and total capaci-
tance (CT ). The governing equation, derived through Kirchhoff’s law, is as follows [262]:

dp(t)

dt
+

∆p

R2CT

= R1
dq(t)

dt
+

q(R1 +R2)

R2CT

For implementation, the Windkessel governing equation is discretized:

pn+1 − pn
τ

+
pn+1 − pv
R2CT

= R1
qn+1 − qn

τ
+

qn(R1 +R2)

R2CT

where pv refers to venous pressure.

Solving for pn+1:
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pn+1 =
R1R2CT (qn+1−qn)

τ
+ qn(R1 +R2) +

R2CT pn
τ

+ pv(
1 + R2CT

τ

)
3.11.4 Autoregulation Outlet Boundary Conditions

Autoregulation outlet boundary conditions refer to those associated with autoregulation
modeling and coupled to the cerebral lumped parameter network described in chapter 4.
Ultimately, pressure at each autoregulation outlet will be provided by the lumped parameter
network.

Pe =
Qd

2Gd

+ Pd

where Qd, Gd, and Pd will be described further in chapter 4.
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Chapter 4

Cerebral Lumped Parameter Network
Formulation

4.1 Introduction

To effectively capture cerebral hemodynamics, it is essential to model the three main ways
the brain can regulate blood flow. The first method is an autoregulatory response, where
vascular beds will actively dilate or constrict based on current blood flow need. The second
method is through the communicating arteries at the cerebral circle, also known as the circle
of willis, which provides proximal collateral pathways. The third method is through smaller
collateral connections in the distal pial arteries. These collateral connections are small vessels
that run along the cortical surface of the brain and connect vascular territories together. The
degree of communicating and collateral arteries largely determines the ability of the brain to
reroute blood flow, which can determine, for example, stroke severity and outcome [263]. The
cerebral blood flow regulation mechanisms are compelling to model because less than half
the population has a complete cerebral circle [131] and approximately half of the population
would typically be ranked has having good collateralization [263], which drives the need for
patient-specific modeling in medical conditions of blood flow disruption. Additionally, the
influence of age on cerebral hemodynamics, considering all of the various systemic vascular
changes (chapter 1), is an important effect to incorporate in patient-specific modeling.

In this section, a comprehensive cerebral vascular model that has the ability to account for
autoregulation, circle of willis variations, collateral flow modeling, and intracranial pressure
in a patient-specific manner is described (Figure 4.1). The purpose of a lumped parameter
model is to provide an equivalent vascular network representation with low computational
expense and the ability to provide coupling behavior between all of these blood flow reg-
ulation phenomenon. Lumped parameter systems have direct analogs to electrical circuits
where the design of the system utilizes a series of resistors and capacitors. In effect, a resistor-
capacitor-resistor boundary condition best mimics the lumped behavior of a vascular bed.
This means that a single radius vessel is used to represent each 1D outlet’s downstream
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network.
Autoregulation is built-in by having dynamic and nonlinear resistance elements whose

values change by active myogenic processes that influence vessel tension and dilation. Es-
sentially, this can be thought of as allowing these resistances to change based on a target
flow rate. In building the rest of the lumped parameter model, to mimic the generation of
cerebral-spinal fluid (CSF) from blood, each vascular territory has a resistor attached that
pulls some fraction of the blood to be converted to CSF. The rest of the blood of this vascular
territory then travels to the veins, hence another resistor is added for venous resistance. In
the brain though, these cerebral territories are not isolated and flow can be shared across
collateral channels. Hence, collateral connections between neighboring vascular territories
are supplied where, ultimately, all connect downstream to a common ground which is the
venous pressure. Collateral connections also exist across all six neighboring cerebral territo-
ries fed from the six major supplying arteries (such as a collateral connection between the
right anterior cerebral artery and right middle cerebral artery). Specifically, the six major
supplying arteries being represented as distal vascular territories are the anterior, middle,
and posterior cerebral arteries. Additionally, this intracranial system requires cerebrospinal
fluid reabsorption back to blood so an additional resistor is connected to the venous portion
to represent this behavior. Lastly, the intracranial lumped parameter model is surrounded
by a bounding box that represents the intracranial space filled with brain tissue. Here is
where the non-linear relationship between intracranial pressure (ICP), cerebral blood flow,
and cerebrospinal fluid generation/reabsorption is enforced. Ultimately, the lumped param-
eter network (LPN) model results in a series of ordinary differential equations with 19 total
state variables solved using a backwards differentiation formulation and newton iteration
[253, 264, 265].

4.2 Intracranial Compartment Volume Balance

In the design of the lumped parameter cerebrovascular model, an important characteristic is
how cerebral blood flow is coupled to intracranial pressure and cerebrospinal fluid behavior.
Following the Monro-Kellie principle [266], the skull (bounding box in Figure 4.1) represents
a fully constrained volume filled with brain tissue, blood, and CSF, the balance of which
then influences the intracranial pressure. The modeling of this behavior can be represented
as a volume balance within a compliant volume (Equation 4.1). The LHS of equation 4.1
represents the compliance of the elastic brain Cic with the intracranial pressure Pic. The
RHS of equation 4.1 is the volume balance of cerebral blood volume in each vascular territory
and CSF inflow/outflow [253, 267].

Cic
dPic

dt
=

6∑
k=1

(
dVk

dt
+ Ifk

)
− Io (4.1)

where Vk is the blood volume for a modeled vascular territory, with k representing the six
cerebral distal beds. Below, variables with the subscript k denote the quantity for each
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Figure (4.1) Lumped parameter model capable of modeling cerebrovascular autoregulation,
collateral flow, CSF dynamimcs, and intracranial pressure. The six major supplying arteries
being represented as distal vascular territories are the anterior, middle, and posterior cerebral
arteries (R/L ACA, MCA and PCA). As blood travels from the coupled 1D inlets to the
venous outlet of the LPN, dynamic autoregulation resistors, collateral pathways, and CSF
pathways influence the distribution of blood flow to the various vascular territories under
the volume constraint of the intracranial bounding box dynamics. Reproduced from [253]
with permission.
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vascular territory. If represents the production rate of CSF and Io represents the outflow
(reabsorption) of CSF.

4.2.1 Intracranial Compliance

Craniospinal compliance (Cic), experimentally, has been shown not to be a simple linear
relationship, but instead, is a non-linear function of ICP (Pic) [267].

Cic =
1

Ke|Pic − Picn|+ 1
Cm

where Ke represents the elastance coefficient of the craniospinal compartment, Picn repre-
sents the pressure value of maximum craniospinal compliance and Cm is a term to allow for
model stability as Pic approaches zero.

Solving for dPic

dt
, the first state equation of the LPN is derived. The typical form of state

equations is as such:
−→̇
x = A−→x +B−→u .

dPic

dt
=

∑6
k=1

(
dVk

dt
+ Ifk

)
− Io

Cic

=

(
Ke|Pic − Picn|+

1

Cm

)( 6∑
k=1

(
dVk

dt
+ Ifk

)
− Io

)

4.2.2 Vascular Territory Volume

To delineate the vascular pathways of the LPN (Figure 4.1), it is helpful to first define the
pressure at various points across the model. Pe, Pd, Pc, Ps, and Pic refers to 1D outflow,
pial/small arterial beds, capillary, sagittal sinus, and intracranial pressure, respectively.

The change in blood volume for each vascular territory, is derived by the balance of inflow
from the 1D outlets to the pial/small arterial beds, the outflow from the pial/small arterial
beds to the capillary beds, and the inflow/outflow from neighboring collateral channels. Flow
across a resistor is defined as Q = P

R
= G · P where conductance is the inverse of resistance:

G = 1
R
.

dVk

dt
= 2Kvkrdk = Gdk(Pek − Pdk)−Gdk(Pdk − Pck) + ∆Qcollk

where Pe, Pd, and Pc refers to 1D outflow, pial/small arterial beds, capillary, respectively. Gd

represents the conductance of the pial arterial beds and Kv is a constant parameter designed
to achieve a baseline blood volume in distal vascular beds further clarified in section 5.7.2.
∆Qcollk is the neighboring collateral flow further defined in section 4.4.

The conductance (also known as the inverse of the resistance) of the vascular bed ,Gdk ,
is based on vessel radius following Poiseuille’s Law:

Gdk = Kgkr
4
dk
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Note that due to the design of the LPN, Gdk is half of vascular conductance of the modeled
vascular territory. Kgk is a constant parameter defined in section 5.7.1.

4.2.3 Cerebrospinal Fluid Inflow and Outflow

To model the direction-specific inflow and outflow of CSF, the pressure difference between the
generation and reabsorption points are considered. For CSF inflow, the pressure difference
between the vascular territory capillary vessel pressure and intracranial pressure influences
the degree of CSF generation:

Ifk = Gf (Pck − Pic)H(Pck − Pic)

where Gf is the conductance for the formation of CSF and H represents a heaviside function.

CSF production and reabsorption have one-way directionality, thus the purpose of the
heaviside function is to maintain this one-way directionality.

Heaviside function:

H(x) :=

{
1, x > 0

0, x ≤ 0

For CSF outflow, the pressure difference between the intracranial pressure and sagittal
sinus pressure (Ps) influences the degree of CSF reabsorption:

Io = G0(Pic − Ps)H(Pic − Ps)

where Go is the conductance for the reabsorption of CSF.

4.2.4 Vascular Territory Pressure Equations

To further define the pressures within the LPN, the pressure in the capillary vessels of the
vascular territory is represented by:

Pc =
Gpv

Gpv +Gd

Pic +
Gd

Gpv +Gd

Pd

where Gpv is the conductance from the capillary to the venous bed.

4.3 Lumped Distal Vessel Vascular Bed

Representation

To model cerebral autoregulation in the LPN, a key aspect is designing the dynamic and
nonlinear resistance elements of the vascular territory. The changes of these resistance ele-
ments have been designed to mimic the active myogenic processes that govern vessel tension.
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In the autoregulation design, is it assumed that a lumped distal vessel model can effectively
capture the behavior of the entire vascular territory.

4.3.1 General Lumped Vascular Tension

Firstly, within the lumped distal vessel representing the vascular territory, the relationship
between transmural pressure and vascular wall tension is applied by Laplace’s law:

Pdrd − Pic(rd + hd) = Td

where rd is the lumped distal vessel radius, hd is the lumped distal vessel wall thickness and
Td is the total lumped distal wall tension.

Total vascular tension is further decomposed into three components: passive elastic ten-
sion (Te), viscous tension (Tv), and active tension (Tm).

Td = Te + Tv + Tm

4.3.2 Lumped Vessel Wall Thickness

For the derivation of the lumped distal vessel thickness at any vessel radius, a hollow thick
pressurized cylinder is examined:

As defined, the unpressurized wall volume (Figure 4.2a) of the lumped vessel is as follows:

Vo = πloho(2(ro + ho)− ho)

where Vo represents unpressurized wall volume, lo represents unpressurized length, ro repre-
sents unpressurized radius, and ho represents unpressurized thickness.

Similarily, the pressurized wall volume (Figure 4.2b) of the lumped vessel is as follows:

Vd = πldhd(2(rd + hd)− hd)

where Vd represents pressurized wall volume, ld represents pressurized length, rd represents
pressurized radius, and hd represents pressurized thickness.

Assumptions of the lumped vessel are that the vessel wall volume is incompressible
(υ = 0.5) thus remaining constant (Vo = Vd) and that longitudinal strain can be neglected
(lo = ld).

Setting the vessel wall volumes equal to each other:

πloho(2(ro + ho)− ho) = πldhd(2(rd + hd)− hd)

2roho + h2
o = h2

d + 2rdhd

2roho + h2
o = (hd + rd)

2 − r2d

hd = −rd +
√
r2d + 2roho + h2

o (4.2)
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(a) (b)

Figure (4.2) a) Unpressurized hollow thick cylinder cross-section to represent the lumped
distal blood vessel. b) Pressurized hollow thick cylinder cross-section.

4.3.3 Passive/Elastic Tension

The passive/elastic tensile behavior of the lumped blood vessel is applied through a radius-
normalized exponential function:

Te = hdσe0e
Kσ

rd
ro

where σe0 , Kσ are constant model parameters assigned in section 2.5. ro represents home-
ostatic radius of the blood vessel and acts as a normalization term for the current lumped
blood vessel radius

Of note, this passive tension formulation assumes that Te can never be negative. While
this assumption is valid for tensile stress in a pressurized configuration, this assumption
breaks down in radial compression of the blood vessel where, with enough compression, Te

can become negative [268].

4.3.4 Viscous Tension

The purpose of a viscous tension component to the total lumped vascular tension model is to
dampen the intensity of wall movement (through the dampening of circumferential strain).
The general formulation for viscous dampening is: σv = η dϵ

dt
where, ϵθθ = (rd − ro)/ro and η

is a constant model parameter described in Section 5.4.

σv =
η

ro

drd
dt
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Tv =
ηhd

ro

drd
dt

4.3.5 Active Tension

Active tension regulation of cerebral vessels, is maintained by circumferentially-aligned smooth
muscle cell contraction/relaxation in response to an autoregulation stimulus (section 2.6). In
the cerebrovascular LPN modeling, two of the most influential autoregulation components,
myogenic tension (section 4.3.8) and CO2 reactivity (section 4.3.9), are considered. While
active tension compression and dilation were previously modeled as symmetric [253, 265],
Chapter 2 describes asymmetric active tension behavior in terms of the homeostatic reference
point (with respect to the minimum and maximum bounds of active tension), the sarcomere
length-tension relationship, and varying contribution abilities of autoregulation components.
Therefore, asymmetric modeling of active tension is a novel way to capture the intricacies of
cerebral autoregulation applicable to a broad set of applications.

Broadly, the formulation for active tension (Tm) is derived around the reference point
of homeostatic tension. Further, active tension is scaled through an intermediate variable
Mtotal representing cerebral autoregulation activation factor (section 4.3.7). When Tm is at
a global minimum, Mtotal is also at a global minimum representing complete vasodilation
(Mtotal = −1). When Tm is at the homeostatic tension value, Thomeo, Mtotal is defined as
Mtotal = 0. When Tm is at a global maximum, M is also at a global maximum representing
complete vasoconstriction (Mtotal = 1).

Mtotal ⇒ −1 → 0 → 1

Tm ⇒ 0 → Thomeo → Tmax

where Thomeo refers to the active tension at the homoestatic configuration and Tmax refers to
the maximum tension ability of the smooth muscle cells.

For the vasodilation and vasoconstriction conditions, with reference to the homeostatic
state, a piece-wise formulation for active tension is defined:

if Mtotal < 0 (vasodilation):

Tm = [Thomeo(1 +Mtotal)] e
−
∣∣∣∣ r̄d−rml
rtl

−rml

∣∣∣∣nml

if Mtotal ≥ 0 (vasoconstriction):

Tm = [Thomeo(1−Mtotal) +MtotalTmax] e
−
∣∣∣ r̄d−rmr
rtr−rmr

∣∣∣nmr

where rm, rt, and nm describe the shape of the active tension sarcomere length-tension rela-
tionship covered in section 4.3.6.
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4.3.6 Active Tension Sarcomere Length-Tension Relationship

To explain the inclusion of this component of the active tension relationship, muscles gen-
erate force through having cross-bridge formations between overlapping actin and myosin
filaments (these combinations are called sarcomeres). Depending on the resting state of the
muscle, the sarcomeres can experience different levels of stretch (such as overly contracted or
stretched too far) which affects muscle force response. Active tension is therefore maximal
at a particular optimal value of inner radius and the progressively decreases with further
contraction or stretch). This is known as the length-tension relationship [229].

Section 2.6 covers the length-tension relationship of cerebral blood vessels and, in particu-
lar, highlights the asymmetric behavior. The following sarcomere length-tension formulation
splits the curve characterization into vasoconstriction and vasodilation components to cap-
ture the asymmetric fit. Importantly, the formulation is with respect to normalized vascular
radius (r̄d =

rd
ro
) to maintain compatibility over any arbitrary radius.

Vasodilation:

e
−
∣∣∣∣ r̄d−rml
rtl

−rml

∣∣∣∣nml

Vasoconstriction:

e
−
∣∣∣ r̄d−rmr
rtr−rmr

∣∣∣nmr

4.3.7 Active Tension Activation Factor

The cerebral autoregulation activation factor (Mtotal), essentially, responds to maintain
homeostatic conditions and doubles as an intermediate term to scale the maximum and
minimum extent of active tension. The activation factor control function, Mtotal, is designed
to be a sigmoid function that utilizes a first-order low pass system (x) to limit excessive
changes:

Mfunction =

(
e2x − 1

e2x + 1

)
Two of these sigmoid-type functions are built into Mtotal to account for the myogenic

and CO2 reactivity components of autoregulation. It is assumed that the autoregulation
components act independently, due to independent sensors, and that their effective signal to
smooth muscle cells is additive. Further, the additive effect is true up to the maximum and
minimum bounds of Mtotal.

Mtotal = Mmyo +MCO2

where max(Mtotal) = 1 and min(Mtotal) = −1.
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4.3.8 Active Tension Myogenic Component

Starting with the myogenic component of active tension, the state variable xmyo dictates the
activation factor of Mmyo based on deviations from the homeostatic flow rate of the vascular
territory.

Mmyo = Mfunction(xmyo)

There are an additional set of scaling parameters layered on Mmyo to account for the
component-specific activation limits. Essentially, if myogenic forces were signalling smooth
muscle cells at maximum ability, the signal would not access the full range of smooth muscle
cell ability (see section 2.10). The terms Amyo:C and Amyo:D dictate the asymmetric range
of myogenic contribution ability.

if xmyo ≥ 0 (vasoconstriction):

Mmyo = Amyo:C

(
e2xmyo − 1

e2xmyo + 1

)
if xmyo < 0 (vasodilation):

Mmyo = Amyo:D

(
e2xmyo − 1

e2xmyo + 1

)
The state variable xmyo, modeled as a first-order low pass system to limit excessive

changes in Mmyo, is characterized by a time constant τmyo and gain Gmyo. The degree of
myogenic activation is dictated by flow rate deviations from the homeostatic flow rate.

τmyo
dxmyo

dt
= −xmyo +Gmyo

Qd −Qn

Qn

where Qdk refers to cerebral blood flow rate at each of the vascular territories and Qnk

represents the homeostatic flow rate of each vascular territory.

4.3.9 Active Tension CO2 Reactivity Component

Similar to the myogenic component, the CO2 reactivity component of active tension has a
state variable xCO2 that dictates the activation factor of MCO2 based on deviations from the
homeostatic CO2 partial pressure of the arterial blood.

MCO2 = Mfunction(xCO2)

The terms ACO2:C and ACO2:D dictate the asymmetric range of CO2 reactivity contribu-
tion ability.
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if xCO2 ≥ 0 (vasoconstriction):

MCO2 = ACO2:C

(
e2xCO2 − 1

e2xCO2 + 1

)
if xCO2 < 0 (vasodilation):

MCO2 = ACO2:D

(
e2xCO2 − 1

e2xCO2 + 1

)
The state variable xCO2 , modeled as a first-order low pass system to limit excessive

changes in MCO2 , is characterized by a time constant τCO2 and gain GCO2 . The degree of
CO2 reactivity autoregulation activation is dictated by deviations from the homeostatic CO2

partial pressure of the arterial blood [269].

τCO2

dxCO2

dt
= −xCO2 −GCO2ACO2log

(
PaCO2

PanCO2

)
where PaCO2 refers to the current CO2 partial pressure of arterial blood and PanCO2 refers
to the homeostatic CO2 partial pressure of arterial blood.

ACO2 is a corrective factor term that essentially acts as an interaction term between
myogenic and CO2 reactivity regulation such that in conditions of excessive ischemia, the
CO2 reactivity influence on autoregulation is limited.

ACO2 =
1

1 + e

(
−KCO2

(
Qd−Qn

Qn

)
−bCO2

)
where KCO2 and bCO2 are constant parameters that tune the degree of ischemia that limits
CO2 reactivity ability [269].

4.4 Cerebral and Collateral Flow Balance

Across the cerebral LPN, there are a series of distal collateral connections (cortical anasomo-
sis) that allow for blood flow rerouting/sharing between vascular territories. For example,
the flow to the right anterior cerebral distal vascular territory is a flow balance of flow en-
tering the right anterior cerebral artery (from the coupled 1D model), flow shared with the
neighboring left anterior cerebral vascular territory and flow shared with the neighboring
right middle cerebral vascular territory. In the following equations, the subscripts of A, M,
and P refer to the anterior, middle and posterior cerebral vascular territories [253].

QdRA = Q1RA +QAA −QRAM

QdLA = Q1LA −QAA +QLAM
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QdRM = Q1RM +QRAM −QRMP

QdLM = Q1LM −QLAM +QLMP

QdRP = Q1RP +QRMP −QPP

QdLP = Q1LP −QLMP +QPP

For the determination of collateral flow between vascular territories, a conductance value
(Gc) is supplied for the particular cortical collateral vessels along with the pressure difference
between vascular territories. For example, the collateral flow between the right anterior and
middle cerebral territories (QRAM) is based on the conductance between these territories
(GcRAM) and their pressure difference (PdRA − PdRM).

QRAM = GcRAM(PdRA − PdRM)

QLAM = GcLAM(PdLM − PdLA)

QRMP = GcRMP (PdRM − PdRP )

QLMP = GcLMP (PdLP − PdLM)

QPP = GcPP (PdRP − PdLP )

QAA = GcAA(PdLA − PdRA)

Lastly, flow to the venous bed is determined by:

Qvenous = Gpv(Pck − Pic)

4.5 LPN Cerebrovascular Model Solving

With the six cerebral autoregulation outlets, in total, the LPN model contains 19 state
variables to be solved using a backwards differentiation formulation, with the inclusion of a
newton iteration for the non-linear aspects, of the series of ordinary differential equations
[253]. The state variables of LPN include distal radius rd, myogenic activation xmyo, and CO2

reactivity activation for each vascular bed with an additional state variable of intracranial
pressure (Pic) for the overall LPN model: rd1→6 , xmyo1→6 , xCO21→6 , Pic. The input the LPN
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equations is the flow rate from the coupled 1D outlets (Q1k). The time step size is set at:
dt = 5× 10−6 sec.

The state equations of the cerebral LPN are as follows:

drdk
dt

=
Gdk(Pek − Pdk)−Gdk(Pdk − Pck) + ∆Qcollk

2Kvkrdk

dxmyok

dt
=

−xmyok +Gmyo
Qdk

−Qnk

Qnk

τmyo

dxCO2k

dt
=

−xCO2k −GCO2ACO2log
(

PaCO2k

PanCO2

)
τCO2

dPic

dt
=

(
Ke|Pic − Picn|+

1

Cm

)( 6∑
k=1

(
dVk

dt
+ Ifk

)
− Io

)
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Chapter 5

1D-LPN Cerebrovascular Model
Parameter Values and Age-Related
Parameter Tuning

5.1 Introduction

Previous chapters cover the current state-of-the-art for modeling cerebral hemodynamics
with a coupled 1D and LPN model and age-related changes to the vascular system with age.
A core aspect of the cerebrovascular model design is to facilitate patient-specific modeling
and to provide relatively-quick hemodynamic predictions across a wide range of medical
conditions. Thus, the parameter tuning of the cerebrovascular model becomes essential for
accurate hemodynamic modeling. The following chapter discusses the on-going development
of cerebrovascular model tuning and strategies for generating patient-specific hemodynamic
simulations.

The challenges associated with tuning of the cerebrovascular model include varying sen-
sitivity of model parameters [264], unknown ranges of parameters to obtain physiologically-
valid simulations, high patient-specific variability of hemodynamic parameters, age-specific
hemodynamic variability, and the high degree of freedom due to the number of cerebrovas-
cular model parameters. In general, the tuning strategy utilized is to first reduce model
complexity by introducing population-averaged age-dependent values for those parameters
difficult or impossible to measure within an individual. Chapters 1 and 2 will supply the
critical population-averaged age-dependent values that acts as a way to fix certain parame-
ters within the 1D-LPN model and set objective function targets for parameters that cannot
be directly set. Utilizing the same tuning framework, cerebrovascular model parameters can
be further modified to be patient-specific, but with age-dependent considerations that would
not typically be measured across patients. The advantage of having age-related tuning is the
reduction of patient-specific tuning complexity by pre-determining parameter values that are
difficult or currently impossible to measure with non-invasive imaging.
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For the tuning procedure, parameter variables will be classified as age-independent fixed,
age-dependent fixed, free parameters, and scaled parameters. Age-independent fixed vari-
ables refer to cardiovascular or cerebrovascular parameters that are age-independent and
remain fixed at a population level, but could be modified if patient-specific data is provided.
Age-dependent fixed variables refer to cardiovascular or cerebrovascular variables that are
age-dependent and are known at the population level, but could be modified if patient-specific
data is provided. Both age-independent fixed and age-dependent fixed parameters will be
directly set in the cerebrovascular tuning process. Free variables are sensitive cerebrovascular
parameters that either cannot be directly set or are released to allow for additional degrees
of freedom for appropriate tuning. Scaled parameters are those parameter values directly
scaled by the free variables which could have age-dependent modifications.

5.2 Age-Independent Fixed 1D Model Parameters

As part of the parameter assignment for the 1D portion of the cerebrovascular model, there
are a series of parameters that are assigned in a age-independent fixed fashion. To fulfill
the incompressible and Newtonian fluid assumptions of the 1D modeling (Section 3.2), the
parameter values of blood density (ρ = 1.05× 103 kg ·m−3) and blood shear viscosity (µ =
4.05 × 10−3 Pa · s) are constant [253]. For the 1D cerebrovascular arterial network design,
both arterial geometry and topology, 1D arterial segments are assigned based on population-
averaged values [253]. In particular, for each 1D arterial segment, a value of unpressurized
cross-sectional area (Ao) and vascular length (L) were assigned (Table 5.1). The values of
Ao, from the Section 3.6.2 formulation, were estimated such that at typical arterial blood
pressure, the pressurized cross sectional-area (A) would approximate measured angiography
data. Similarly, the values of L, from the Section 3.8 formulation, were approximated from
angiography data.

5.3 Age-Dependent Fixed 1D Model Parameters

As part of the parameter assignment for the 1D portion of the cerebrovascular model, there
are a series of parameters that are assigned in a age-dependent fixed fashion. These pa-
rameters include cardiac output, vascular segment stiffness, outlet flow distributions, outlet
resistance, and outlet compliance.

For the inlet condition of the 1D model, the assigned cardiac output parameter is de-
pendent on age. Specifically, Qmax, formulated in Section 3.11.2, is defined based on the
relationship from Section 1.2.1. The half sine wave peak value, Qmax, is calculated such
that the total flow prescribed to the inlet matches the mean cardiac output calculated from
Section 1.2.1.

In the aging vasculature, the elastic modulus parameter for aortic stiffness, which under-
goes significant age-related changes, is assigned from Section 1.2.9. For the remaining vascu-
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Artery Name Vessel ID A0 [m2] L [m]

ascending aorta 1 4.52389E-04 4.00E-02

ascending aorta II 2 3.94081E-04 2.00E-02

brachiocephalic 3 1.20763E-04 3.40E-02

descending aorta 4 3.59681E-04 3.90E-02

L common carotid 5 1.96349E-05 2.08E-01

R common carotid 6 1.96349E-05 1.77E-01

subclavian 7, 9 5.62122E-05 3.40E-02

descending aorta II 8 3.13531E-04 1.56E-01

external carotid 10, 13 7.06858E-06 1.77E-01

internal carotid 11, 12 1.25664E-05 1.66E-01

vertebral 14, 17 5.81068E-06 1.28E-01

brachial 15, 16 5.10222E-05 4.22E-01

internal carotid III 18, 21 1.25664E-05 5.00E-03

posterior
communicating

19, 20 8.00000E-07 1.50E-02

basilar 22 8.24479E-06 1.90E-02

middle cerebral 23, 24 6.42424E-06 1.19E-01

anterior cerebral 25, 26 4.30052E-06 1.20E-02

posterior cerebral 27, 28 3.59681E-06 5.00E-03

anterior cerebral II 29, 30 4.52389E-06 1.03E-01

anterior communicating 31 8.00000E-07 3.00E-03

posterior cerebral 32, 33 3.46360E-06 8.60E-02

basilar II 34, 35 8.24479E-06 5.00E-03

ophthalmic 36, 37 8.00000E-07 1.00E-02

internal carotid II 38, 39 1.25664E-05 1.10E-02

superior cerebellar 40 2.47340E-06 1.00E-02

anterior inferior
cerebellar

41 2.47340E-06 1.00E-02

posterior inferior
cerebellar

42, 43 2.47340E-06 1.00E-02

vertebral II 44, 45 2.47340E-06 2.00E-02

Table (5.1) The artery name, vessel ID, unpressurized cross-sectional area, and vessel length
parameters of the 1D portion of the cerebrovascular model from Figure 3.11 [253]. Unpres-
surized cross-sectional areas were determined from typical arterial pressures and population-
averaged pressurized angiography data.
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Peripheral Outlet Name Vessel ID Percent of Cardiac Output [%]

descending aorta II 8 0.7983·peripheralF low
CO

R brachial 15 0.0819·peripheralF low
CO

L brachial 16 0.0825·peripheralF low
CO

external carotid 10, 13 0.0175·peripheralF low
CO

ophthalmic 36, 37 0.0011·peripheralF low
CO

superior cerebellar 40 0.0409· tCBF
CO

anterior inferior cerebellar 41 0.0081· tCBF
CO

posterior inferior cerebellar 42, 43 5.0505E-04· tCBF
CO

Autoregulation Outlet Name Vessel ID Percent of Cardiac Output [%]

middle cerebral 23, 24 0.2267· tCBF
CO

anterior cerebral 25, 26 0.1403· tCBF
CO

posterior cerebral 27, 28 0.1080· tCBF
CO

Table (5.2) The peripheral/autoregulation outlet boundary condition artery name, vessel
ID, and the age-dependent flow distribution of cardiac output assumed for the 1D portion of
the cerebrovascular model from Figure 3.11. Derived from Section 1.2.3, the flow distribution
to each peripheral/autoregulation outlet is defined with respect to the age-dependent ratio
of total cerebral blood flow (tCBF) and cardiac output (CO). tCBF

CO
is defined as the ratio

of tCBF to CO, where peripheralF low
CO

is defined as peripheralF low
CO

= 1− tCBF
CO

. Flow distribution
data was acquired from [57] for peripheral outlets and from [72, 75] for autoregulation outlets.

lature, a normalized elastic modulus equation is developed based on a stiffness gradient across
generalized homeostatic vascular diameter [37]: Eθθ[MPa] = −1.69E4∗dhomeo[mm]+1.14E6.
The use of elastic modulus is based on the formulation from Section 3.6.2.

To assign target flow rates throughout the 1D model, the age-dependent ratio of to-
tal cerebral blood flow (tCBF) to cardiac output (CO) is first calculated (Section 1.2.3).
Next flow distributions are further assigned to both peripheral and autoregulation outlets
following Table 5.2. While target flow rates are assigned at the autoregulation bound-
ary conditions, peripheral outlets have a non-direct assignment of flow rates based around
resistance scaling (Section 3.11.3). For each peripheral outlet, age-dependent total sys-
temic resistance (Section 1.2.3 and 5.6) is distributed based on Ohm’s Law for parallel
resistors: 1

Rsystemic
= 1

Routlet·FlowDistributionoutlet
. Similar to the assignment of outlet resis-

tance, total vascular compliance is distributed based on Ohm’s Law for parallel capacitors:
Coutlet = Csystemic · FlowDistributionoutlet.
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5.4 Age-Independent Fixed LPN Model Parameters

As part of the parameter assignment for the LPN portion of the cerebrovascular model,
there are a series of parameters that are assigned in a age-independent fixed fashion. These
parameters include those for passive tension, viscous tension, active tension length-tension re-
lationship, autoregulation gain and time constants, CO2 reactivity-specific behavior, relative
autoregulation strength, intracranial dynamics, CSF generation/reabsorption, and venous
behavior.

Within the passive tension formulation (Section 4.3.3), one of the parameter values, Kσ,
is age-independent and fix. The value for Kσ is derived from Section 2.5. Similarly, η, from
the viscous tension formulation (Section 4.3.4), remains fixed with age [253]. Values for both
Kσ and η are provided in Table 5.3.

Within the active tension formulation for the sarcomere length-tension relationship (Sec-
tion 4.3.6), the parameter values of rml

, rtl , nml
, rmr , rtr , and nmr are age-independent and

defined from Section 2.6. The non-symmetric behavior of the normalized length-tension re-
lationship is incorporated by the piece-wise formulation. Values for these parameters are
provided in Table 5.3.

Within the autoregulation formulation, both myogenic (Section 4.3.8) and metabolic
(Section 4.3.9), have many parameter values that are age-independent and fixed throughout
the tuning process. Age-independent values include the autoregulation gain constants (Gmyo,
GCO2) and time constants (τmyo, τCO2). Parameter values for autoregulation gain constants
are derived from [253], while parameter values for autoregulation time constants are defined
from Section 2.3. Further, additional parameters that govern the behavior of metabolic
/ CO2 reactivity, PanCO2 , KCO2 and bCO2 from Section 4.3.9, are age-independent [269].
Lastly, the autoregulation relative strength parameters, Amyo:C , Amyo:D, ACO2:C and ACO2:D

derived from 2.10, are age-independent. Values for autoregulation parameters are provided
in Table 5.3.

Lastly, LPN parameters governing intracranial dynamics, CSF generation/reabsorption,
and venous behavior have age-independent components. Parameter values for intracranial
dynamics, Ke, Picn and Cm formulated in Section 4.2.1, are derived from [253, 267]. Param-
eter values for CSF generation/reabsorption, Gf and Go formulated in Section 4.2.3, and
venous behavior, Gpv and Ps formulated in Section 4.4, are derived from [253]. Values for
age-independent LPN parameters are provided in Table 5.3.

5.5 Age-Dependent Fixed LPN Model Parameters

As part of the parameter assignment for the LPN portion of the cerebrovascular model,
there are a series of parameters that are assigned in an age-dependent fixed fashion. These
parameters include those for cerebral outlet target flow rate and collateral resistance.

The age-dependent outlet target flow rates, labeled as Qn from Section 4.3.8, are de-
fined in Table 5.2. Following similar procedures to Section 5.3, resistance and compliance
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Passive Tension Viscous Tension

Kσ = 21.16 η = 232 mmHg · s

Active Length-Tension

rml
= 1.0 rtl = 1.3168 nml

= 1.5048

rmr = 1.0 rtr = 0.8859 nmr = 3.2550

Myogenic Autoregulation

Gmyo = 0.5 1
mmHg

τmyo = 6.7 s

Amyo:C = 0.06 Amyo:D = 0.33

Metabolic Autoregulation

GCO2 = 15.5 1
mmHg

τCO2 = 20 s

ACO2:C = 0.75 ACO2:D = 1.03

PanCO2 = 40 mmHg KCO2 = 20 bCO2 = 0.65

Intracranial Dynamics

Ke = 0.077 1
mL

Picn = 9.5 mmHg Cm = 1.3671 mL
mmHg

Cerebrospinal Fluid Dynamics

Gf = 7.00E−5 mL
mmHg·s Go = 3.167E−4 mL

mmHg·s

Venous Dynamics

Gpv = 0.189 mL
mmHg·s Ps = 6.0 mmHg

Table (5.3) Age-independent fixed parameters for the LPN portion of the cerebrovascular
model.
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rdMCA
[cm] rdACA

[cm] rdPCA
[cm] Rtotal Scaling

Parameter Range [.04 -.27] [.02 -.24] [.02 -.20] [.5 - 2.5]

Table (5.4) Free cerebrovascular model parameters ranges for the Bayesian optimization
procedure.

values can be distributed to the autoregulation outlets. Lastly, the age-dependent collateral
resistances, Gc formulated in Section 4.4, are derived from Section 1.3.5.

5.6 Free Variable LPN Parameters

Remaining after the assignment of both the age-independent and age-dependent fixed cere-
brovascular model parameters is the determination of the free variables for the cerebrovas-
cular model tuning process. One of the most important free variables in the model is the
outlet state variable: lumped distal radius (rdk). As a state variable, the cerebrovascular
model does not have direct control of this value, but the assumed homeostatic value of the
lumped distal radius influences numerous sensitive features including passive tension, active
tension, and flow rate. The tuning process is thus apriori predicting the homeostatic lumped
distal radius value for each autoregulation outlet. For a coarse cerebrovascular model tuning
procedure, to decrease the number of objective function evaluations required, symmetry is
assumed for the lumped distal radius values. For patient-specific considerations, the assump-
tion of symmetry can be relaxed in exchange for a higher computational cost. Additionally,
a total systemic vascular resistance scaling term was added to the free variables due to the
variable’s strong influence on blood pressure in the model. While there is an age-dependent
estimation for total systemic resistance, considering it as a free variable add a degree of
freedom into the tuning process to assist with convergence. Ranges for all free variables are
provided in Table 5.4.

5.7 Scaled LPN Model Parameters

For each iteration of the cerebrovascular model tuning procedure, in order to reduce the
number of free variables, estimates for the remaining LPN parameters are scaled based off
of the current iteration’s free variable values. Overall, keeping lumped distal radius as a free
variable has systemic implications across the entire cerebrovascular model tuning process.
Importantly, the free variable lumped distal radius values (rdk) have a significant scaling
impact on many cerebrovascular model aspects including passive tension, active tension,
autoregulation outlet resistance, and autoregulation outlet blood volume.

The scaled LPN model parameters for passive tension include ho and σeo. ho is formulated
in Section 4.3.2 with parameter values provided from Section 1.2.11. σeo is formulated in
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Section 4.3.3 with parameter values derived from 2.5. ho and σeo are both scaled based on
homeostatic lumped distal radius.

The scaled LPN model parameters for active tension include Thomeo and Tmax. Both
Thomeo and Tmax are formulated in Section 4.3.5 with parameter values derived from 2.9.
Thomeo and Tmax are both scaled based on homeostatic lumped distal radius.

5.7.1 Outlet Resistance

Another important and sensitive variable in the cerebrovascular model is Kgk influencing the
outlet resistance of each lumped vascular bed (formulation in Section 4.2.2) [267]. Based
on the assigned target flow rate, Qn, an approximate homeostatic resistance value for each
autoregulation outlet can be calculated. Paired with the free variable value for lumped distal
radius, Kgk is scaled accordingly.

Outlet resistance for 1D model:

RCAoutlet
=

(
2

Kgr4d
+

2

Gpv

)
Scaled approximation for Kg:

Kg =
2

r4d

1

RCAoutlet
− 2

Gpv

5.7.2 Outlet Blood Volume

Keeping the lumped distal radius value as a free variable has scaling implications for Kvk

(formulated in Section 4.2.2). In the vascular bed volume balance equation, Kvk , representing
the length of the lumped distal blood vessel, is a sensitive parameter of the cerebrovascular
model [267]. The first assumption made with Kvk , like the free variable rdk , is symmetry
but this assumption can be relaxed in a patient-specific context. The second assumption
for Kvk is that Kvk , or essentially lumped vessel volume, linearly scales with lumped distal
radius rdk . Note that an alternative way to solve for Kvk is to utilize approximate vascular
bed volume, derived from Section 1.3.3.

Approximation of vascular arterial beds:

dVk

dt
= 2Kvkrdk

drk
dt

Vk =
∑

Kvkr
2
dk

Vk = Kv1r
2
d1
+Kv2r

2
d2
+Kv3r

2
d3
+Kv4r

2
d4
+Kv5r

2
d5
+Kv6r

2
d6
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Assuming rdk symmetry:

Vk = 2Kv1r
2
d1
+ 2Kv2r

2
d2
+ 2Kv3r

2
d3

Kv1

Kv2

=
rd1
rd2

Kv1

Kv3

=
rd1
rd3

Kv2

Kv3

=
rd2
rd3

5.8 Free LPN Parameter Fitting

5.8.1 Bayesian Optimization Theory

Bayesian optimization, the methodology being utilized for the free parameter tuning of the
cerebrovascular model, is a gradient-free optimization technique commonly used by machine
learning algorithms to minimize an objective function [270]. One of the main advantages of
bayesian optimization includes enhanced efficiency for situations with expensive cost function
evaluations and uncertainty in the global minima location. Bayesian optimization can be
thought of using a surrogate optimization procedure where a surrogate function is assumed
based on existing initial values or prior values (also known as a gaussian process). The
Bayesian aspect of the optimization is employed in the estimation of the confidence interval
between the gaussian process surrogate function and the true function value. Then, the
objective function is further evaluated in areas of low confidence to explore global minima
and in areas of high confidence to locate the best observed value. Any new evaluation points
are known as the posterior, and are thus added to the prior to improve the estimations for
each new iteration.

5.8.2 Latin Hypercube Initialization and Bayesian Optimization
Settings

To initially sample the free variable domain space, latin hypercube (LHC) sampling is an
alternative to Monte Carlo that is slightly more efficient due to a more evenly distributing
samples across the domain space [271]. The evaluation of the objective function at each
sample provides the prior to the bayesian optimization. As the number of input variables and
objective function evaluations increases, LHC sampling approaches Monte Carlo in terms of
efficiency. Providing an appropriate sampling of the domain space allows for the exploration
of global minima. For the cerebrovascular tuning, with four free variables (Section 5.8) and
an expensive cost function evaluation, LHC provides one of the most efficient methods for
sampling the free variable domain space. For the current free parameter tuning procedure,
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900 LHC samples are evaluated across the domain space with 2000 maximum bayesian
optimization evaluations. The objective function was evaluated at the 20th cardiac cycle for
each converged cerebrovascular simulation.

5.8.3 Objective Function

The objective function for the bayesian optimization procedure is guided by 9 different com-
parison evaluations. Relevant for the 1D portion of the cerebrovascular model, the cross-
sectional areas of each simulated vessel segment are compared against their expected area
values, model peripheral flow rates are compared against target peripheral flow rates, and
model mean systemic blood pressure, pulse wave velocity, and cerebrospinal fluid flow rates
are compared against expected age-dependent values. For the lumped parameter objective
values of the cerebrovascular model, the most important for this particular tuning problem,
model cerebral flow rates are compared against expected target values, cerebral autoregu-
lation is checked against homeostatic values, lumped parameter radius is compared against
assigned homeostatic target values and lastly, intracranial pressure range is checked against
an expected range. All objective function components are self-normalized so that weighting
terms can be equally applied across all components.

1D Cerebrovascular Objective Function Components:

1. Model 1D vessel cross-sectional mean areas matches expected angiography data (Table
5.1).

OFC1 =
∑
ID

|AID − AnID
|

AnID

2. Model peripheral mean flow rates matches target values (Table 5.2).

OFC2 =
∑
ID

|QID −QnID
|

QnID

3. Model mean systemic blood pressure matches target values (Section 1.2.2).

OFC3 =
|BPmodel −BPtarget|

BPtarget

4. Model cfPWV matches target values (Section 1.2.10).

OFC4 =
|cfPWVmodel − cfPWVtarget|

cfPWVtarget

5. Model mean CSF matches target values (Section 1.2.7).

OFC5 =
|CSFmodel − CSFtarget|

CSFtarget
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LPN Cerebrovascular Objective Function Components:

6. Model autoregulation outlet mean flow rates match target values (Table 5.2).

OFC6 =
∑
k

|qdk − qnk
|

qnk

7. Cerebral autoregulation mean activation factor is within homeostatic range (Section
4.3.7).

OFC7 =

{
0 for |Mkmodel

| ≤ 0.05∑
k |Mkmodel

| for else

8. Model lumped distal mean radius matches target homeostatic values (Section 5.6).

OFC8 =
∑
k

|rdk − rhomeok |
rhomeok

9. Model mean intracranial pressure matches within expected range (Section 4.2.1).

OFC9 =

{
0 for 7 mmHg ≤ ICPmodel ≤ 15 mmHg

1 for else

The objective function weightings (Table 5.5) focus heavily on the lumped parameter
network objectives with the objective function components of lumped distal radius and
intracranial pressure being the most heavily weighted.

OF =
9∑

a=1

OFCa ·Wa

W1 = 0.1 W2 = 0.1 W3 = 1.0

W4 = 0.0 W5 = 1.0 W6 = 1.0

W7 = 2.0 W8 = 15.0 W9 = 10.0

Table (5.5) Objective function component weights.
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Age [years] rdMCA
[cm] rdACA

[cm] rdPCA
[cm] Rtotal Scaling

25 0.0519 0.0353 0.0382 1.7197

Table (5.6) Final free variable parameter values from the completed Bayesian optimization.
Results are compiled for a population-average young 25 year old individual with idealized
vascular aging.

5.9 Fitting Results for Age-Specific Tuning

At the completion of the bayesian optimization maximum number of objective function
evaluations or the reaching of the optimal global tolerance, the tuning process identifies the
free variables with the global minimum objective function. Example free variable parameters
of a young 25 year old with idealized vascular aging are provided in Table 5.6. Figure 5.1
supplies each iteration step of the minimization of the global objective value with only
the converged simulation results counting as an iterations (all non-converged free variable
configurations were filtered out). Similarly, Figure 5.2 supplies each converged iteration step
for the highly weighted lumped distal radius objective function component. For the global
objective value and lumped distal radius objective function component, a base and ideal
tolerance level was reached for each, respectively.

5.9.1 Future Tuning Work

Further objective function weighting modifications, free variable inclusions, and/or scaling
variable alterations are needed for the fine tuning of the cerebovascular model. While coarse
tuning objectives are achieved with current tuning protocols, objective function components
such as the cerebrospinal fluid and intracranial components are not yet matched to reasonable
tolerances. Additionally, current converged total systemic resistance scaling values are higher
than expected age-related values. Lastly, the establishment of a pre-tuned model parameter
database across all ages will allow for a simpler and more efficient estimation of free variable
ranges (to lower computational expense) for future patient-specific tuning protocols built
upon the provided age-specific tuning protocol.
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Figure (5.1) Global objective function tuning of a 25 year old individual with idealized
vascular aging. Base and ideal tolerance levels are provided with the minimum objective
evaluation.
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Figure (5.2) Lumped distal radius objective function component tuning of a 25 year old
individual with idealized vascular aging. Base and ideal tolerance levels are provided with
the minimum objective evaluation.
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atherosclerosis in the tunica intima, media, and adventitia of coronary arteries: An
updated review”. In: Bosnian journal of basic medical sciences 20.1 (2020), p. 21.

[122] David M Pierce et al. “A method for incorporating three-dimensional residual stretches
/stresses into patient-specific finite element simulations of arteries”. In: Journal of the
mechanical behavior of biomedical materials 47 (2015), pp. 147–164.



BIBLIOGRAPHY 107

[123] Hannah Weisbecker et al. “Layer-specific damage experiments and modeling of hu-
man thoracic and abdominal aortas with non-atherosclerotic intimal thickening”. In:
Journal of the mechanical behavior of biomedical materials 12 (2012), pp. 93–106.

[124] Zhongzhao Teng et al. “An experimental study on the ultimate strength of the ad-
ventitia and media of human atherosclerotic carotid arteries in circumferential and
axial directions”. In: Journal of biomechanics 42.15 (2009), pp. 2535–2539.

[125] Evrim B Turkbey et al. “Determinants and normal values of ascending aortic diam-
eter by age, gender, and race/ethnicity in the Multi-Ethnic Study of Atherosclerosis
(MESA)”. In: Journal of Magnetic Resonance Imaging 39.2 (2014), pp. 360–368.

[126] I Van den Munckhof et al. “Impact of age and sex on carotid and peripheral arterial
wall thickness in humans”. In: Acta physiologica 206.4 (2012), pp. 220–228.

[127] John A Bevan et al. “As human pial arteries (internal diameter 200–1000 µm) get
smaller, their wall thickness and capacity to develop tension relative to their diameter
increase”. In: Life sciences 65.11 (1999), pp. 1153–1161.

[128] Reba Babu Alex and Lathikumari Kalyani Kutty Amma. “Microanatomical study of
age changes in tunica media of ascending aorta”. In: Journal of Evolution of Medical
and Dental Sciences 5.101 (2016), pp. 7409–7413.

[129] Jang-Ho Bae et al. “The changes of individual carotid artery wall layer by aging and
carotid intima-media thickness value for high risk”. In: Cardiovascular Therapeutics
34.6 (2016), pp. 397–403.

[130] Khaled Menshawi, Jay P Mohr, and Jose Gutierrez. “A functional perspective on the
embryology and anatomy of the cerebral blood supply”. In: Journal of stroke 17.2
(2015), p. 144.

[131] S Iqbal. “A comprehensive study of the anatomical variations of the circle of willis
in adult human brains”. In: Journal of clinical and diagnostic research: JCDR 7.11
(2013), p. 2423.

[132] Zvonimir Vrselja et al. “Function of circle of Willis”. In: Journal of Cerebral Blood
Flow & Metabolism 34.4 (2014), pp. 578–584.

[133] Arjun Burlakoti et al. “The cerebral basal arterial network: morphometry of inflow
and outflow components”. In: Journal of Anatomy 230.6 (2017), pp. 833–841.

[134] JR Cebral et al. “Flow–area relationship in internal carotid and vertebral arteries”.
In: Physiological measurement 29.5 (2008), p. 585.

[135] Christophe Chnafa et al. “Vessel calibre and flow splitting relationships at the inter-
nal carotid artery terminal bifurcation”. In: Physiological Measurement 38.11 (2017),
p. 2044.

[136] Cassot Francis et al. “Scaling laws for branching vessels of human cerebral cortex”.
In: Microcirculation 16.4 (2009), pp. 331–344.



BIBLIOGRAPHY 108

[137] Hamidreza Rajabzadeh-Oghaz et al. “Inter-patient variations in flow boundary con-
ditions at middle cerebral artery from 7T PC-MRI and influence on computational
fluid dynamics of intracranial aneurysms”. In: Computers in biology and medicine 120
(2020), p. 103759.

[138] Chang S Park et al. “Quantification of blood flow patterns in the cerebral arterial
circulation of individual (human) subjects”. In: International journal for numerical
methods in biomedical engineering 36.1 (2020), e3288.

[139] Laurent Tatu et al. “Arterial territories of the human brain”. In: Manifestations of
Stroke. Vol. 30. Karger Publishers, 2012, pp. 99–110.

[140] Nolan S Hartkamp et al. “Mapping of cerebral perfusion territories using territorial
arterial spin labeling: techniques and clinical application”. In: NMR in Biomedicine
26.8 (2013), pp. 901–912.

[141] Michael A Chappell et al. “A general framework for the analysis of vessel encoded arte-
rial spin labeling for vascular territory mapping”. In: Magnetic resonance in medicine
64.5 (2010), pp. 1529–1539.

[142] Dong-Eog Kim et al. “Mapping the supratentorial cerebral arterial territories using
1160 large artery infarcts”. In: JAMA neurology 76.1 (2019), pp. 72–80.

[143] Albert van der Zwan and Berend Hillen. “Review of the variability of the territories
of the major cerebral arteries.” In: Stroke 22.8 (1991), pp. 1078–1084.

[144] Nolan S Hartkamp et al. “Misinterpretation of ischaemic infarct location in relation-
ship to the cerebrovascular territories”. In: Journal of Neurology, Neurosurgery &
Psychiatry 87.10 (2016), pp. 1084–1090.
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