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Logica l  an d Diagrammat i c Reasoning :  th e Complexit y o f  Conceptua l  Spac e 

Olive r  Lemo n (lemonoj@cs.man.ac.iik ) 
Ia n Prat t  (ipratt@cs.man.ac.uk ) 

Departmen t  o f  Compute r  Science ,  Universit y o f  Mancheste r 
Oxfor d Road .  Mancheste r  M 1 3 9PL .  U K 

Abstrac t 

Researchers currently seek to explain the observed tractability 
of  diagrammati c reasonin g (DR )  vi a th e notion s o f  "limite d ab -
straction "  an d inexpressivit y (Stennin g an d Oberlander ,  1995 ; 
Stennin g an d Inder ,  1995) .  W e poin t  ou t  tha t  thes e explana -
tion s ar e inadequate ,  i n tha t  the y assum e tha t  eac h structur e 
t o b e represente d (i.e .  eac h model )  ha s a  correspondin g dia -
gram.  W e sho w tha t  inefficac y (i n th e sens e o f  incorrectness ) 
arise s i n D R becaus e som e (logicall y possible )  model s fai l  t o 
hav e correspondin g diagrams ,  du e t o non-trivia l  spatia l  con -
straints .  Further ,  ther e ar e goo d explanation s o f  wh y certai n 
restricte d language s ar e tractable ,  an d w e loo k t o complex -
it y theor y t o establis h suc h results .  Th e ide a i s tha t  graphi -
cal  representatio n system s ma y b e fruitfull y  analyse d a s cer -
tai n restricte d quantifie r  fragments  o f  first-order  logic ,  simila r 
t o moda l  logic s an d vivi d knowledg e base s (Levesque ,  1986 ; 
Levesque ,  1988) .  Thi s focu s raise s som e problem s fo r  th e ex -
pressiv e powe r  o f  graphica l  systems ,  relate d t o thei r  topologi -
cal  an d geometrica l  properties .  A  simpl e cas e stud y i s carrie d 
out ,  whic h pinpoint s th e inexpressivenes s o f  Euler' s Circle s 
and it s variants .  W e conclud e tha t  ther e i s littl e mUeag e i n 
spatia l  (i.e .  diagrammatic )  approache s t o abstrac t  reasoning , 
excep t  perhap s i n relatio n t o studie s o f  huma n performance . 
Moreover ,  thes e result s hav e ramification s fo r  certai n claim s 
about  menta l  representations ,  an d th e recen t  tren d i n cognitiv e 
semantics ,  wher e "meanings "  an d "concepts "  ar e t o b e expli -
cate d spatially .  W e sho w tha t  ther e shoul d b e combination s o f 
"concepts "  o r  "meanings "  whic h ar e prohibite d b y th e struc -
tur e o f  th e space s the y supposedl y inhabit .  Th e forma l  result s 
thu s sugges t  a n empirica l  programme . 

Introduction 

Recen t  year s hav e see n m u c h effor t  i n th e expUcatio n 
of  h u m a n informatio n processin g whid i  employ s diagram -
mati c representation s (se e Glasgow ,  Narayana n an d Chan -
drasekara n (1995 )  fo r  example) .  T h e much-laude d efficac y 
(Larki n an d S imon ,  1987 )  o f  reasonin g wit h diagrammati c 
representation s (DRs )  ha s bee n explore d bot h experimentall y 
an d theoreticall y (Stennin g an d OberlandCT ,  1995 ;  Stennin g 
an d IndCT ,  1995) ,  bu t  ther e ar e a s ye t  fe w forma l  result s con -
cernin g th e efficienc y an d expressiv e powe r  o f  diagranmiati c 
represaitatio n schemes .  Furthar ,  recen t  logica l  analyse s o f 
diagrammati c representations ,  eg :  ( H a m m e r ,  1995) ,  d o no t 
accoun t  fo r  th e w a y s i n whic h spatia l  relation s ar e employe d 
i n representation .  Fo r  example ,  overla p betwee n region s m a y 
b e use d t o represen t  se t  intersection ,  relativ e siz e o f  point s 
m ay rq)resai t  relativ e population s o f  cities ,  an d s o on .  A s 

we shal l  show ,  neglectin g th e analysi s o f  spatia l  representin g 
relation s lead s t o seriou s misapprehension s abou t  th e effec -
tivenes s o f  D R .  I n fact ,  w e shal l  b e carefii l  t o distinguis h tw o 
type s o f  efficac y o f  diagrammati c reasoning :  representationa l 
efficac y (ca n th e syste m represen t  al l  tha t  i t  i s  require d to? ) 
and computationa l  efficac y (wha t  i s th e complexit y o f  infer -
enc e wit h th e diagrams? ) 

Indeed ,  i t  i s argue d tha t  curren t  forma l  analyse s fai l  o n tw o 
count s (Lemon ,  1997 ;  Stennin g an d L e m o n ,  1997) ; 
(a )  t o d o justic e t o di e ric h representationa l  behaviou r  o f  D R s 
(i n particular ,  thei r  exploitatio n o f  spatia l  an d mereologica l 
relation s permitte d b y a  mediim i  o f  representation) , 
(b )  t o accoun t  fo r  thei r  efficac y i n computationa l  terms . 

We propose to remedy this situation as follows: first we 
conside r  s o m e natura l  diagrammati c system s fo r  logica l  rea -
soning ,  an d s o m e topologica l  restriction s o n them .  Th e re -
sultin g lac k o f  expressiv e power ,  an d it s potentia l  computa -
tional  pay-offs ,  ar e the n explored .  Al l  i n all ,  w e shal l  con -
side r  thre e classe s o f  languag e an d thei r  inter-relationships : 
th e languag e S  o f  set-inclusio n an d intersectio n statements , 
di e diagrammati c syste m E C o f  Euler' s Circle s (an d som e 
weake r  variants) ,  an d relationa l  fragment s o f  first-orda-  logic . 

Reasoning with convex regions 

Suppose ,  then ,  tha t  a s i n f  C  a  reasone r  solve s logica l  prob -
lem s i n th e monadi c predicat e calculu s b y drawin g region s o f 
di e plan e representin g th e extaision s o f  variou s predicates . 
For  th e present ,  le t  u s suppos e tha t  thes e "blobs "  representin g 
th e atomi c propertie s ar e convex ,  an d henc e connecte d (bu t 
not  necessaril y  circular) .  Th e ide a i s tiiat  n  sud i  blob s di -
vid e th e plan e m t o (a t  mos t  2" )  regions ,  an d tiiat  eac h regio n 
represent s a  possibl e typ e o f  individual . 

Determinin g whethe r  a  finite  se t  o f  formula e i n th e 
monadi c predicat e calculu s i s consisten t  (whic h i s o f  cours e 
equivalai t  t o determinin g whethe r  on e formul a follow s from 
a finite  se t  o f  formulae )  ca n the n b e see n a s a  matte r  o f  deter -
minin g whethe r  dier e i s a n arrangemen t  o f  conve x region s i n 
whic h al l  o f  thes e formula e c o m e ou t  true .  Drawin g "blobs " 
i s a  natura l  w a y t o reaso n abou t  combination s o f  properties . 
But  ther e i s jus t  on e snag :  i t  doesn' t  work ,  i n general .  T o se e 
tills,  conside r  di e followin g reasonin g task . 

The examinations problem: A number of university stu-
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Rgur e 1 :  Th e Hell y constrain t  fo r  tw o dimension s 

dent s hav e enrolle d fo r  end-of-ter m examination s i n var -
iou s combination s o f  subjects .  Ther e i s n o limi t  t o th e 
nimibe r  o f  examination s a  singl e studen t  m a y enro l  for . 
Four  o f  th e examinatio n subject s ar e A(lgebra) ,  B(iology) , 
C(hemistry )  an d D(ivinity) .  S o m e student s hav e enrolle d 
fo r  (a t  least )  A ,  B  an d C ;  som e student s hav e enrolle d fo r 
(a t  least )  B ,  C  an d D ;  som e student s hav e enrolle d fo r  (a t 
least )  A ,  C  an d D ;  an d som e student s hav e enrolle d fo r  (a t 
least )  A ,  B  an d D .  (I n othe r  words ,  an y tri o o f  subject s i s 
take n b y som e students. )  W h a t  follows ? 

^swer: not much. Trivially, some students take A and B; 
some student s tak e A ,  an d s o on .  Bu t  i t  shoul d b e clea r  tha t 
aothin g els e o f  substanc e follows .  However ,  tha t  i s  no t  th e 
answer  tha t  yo u woul d ge t  i f  yo u represente d th e stat e o f  af -
fair s b y drawin g conve x region s o n papa .  A n d th e reaso n fo r 
thi s i s th e followin g standar d result : 

Theorem 1 (Helly's theorem) Let Xi,..., X^ be convex 
region s i n n-dimensiona l  Euclidea n space ,  N  > n +  I ,  suc h 
tha t  an y n  +  1-membere d collectio n o f  th e Xi , . . . ,  X n ha s 
a nonempt y intersection .  The n Xi , . . . ,  X ^  ha s a  nonempt y 
intersection . 

For instance, let N = 4 (for the 4 regions A. B. C. D). and 
sinc e th e region s ar e plane ,  n  =  2 .  The n i f  ever y tri o o f  th e 
region s ha s a n intersection ,  al l  fou r  o f  the m mus t  intersec t 
too .  Se e figure  1 ,  wher e ther e i s n o wa y t o ad d a  ne w conve x 
regio n (eg :  th e dotte d ellipse )  overlappin g eac h pairwis e in -
tersectio n (th e region s denote d b y "X" )  o f  th e others ,  withou t 
als o producin g a  quadrupl e into-sectio n (i n th e regio n marke d 
" 0 " ) .  Regardin g th e abov e examination s problem ,  then ,  n o 
matte r  ho w yo u dra w th e blobs ,  provide d the y ar e convex , 
th e intersectio n o f  A ,  B ,  C  an d D  wil l  unavoidabl y tur n ou t 
non-empty .  Thi s force s an y would-b e diagrammati c reasone r 
t o dra w th e unwarrante d conclusio n tha t  som e student s tak e 
al l  fou r  examinations .  Th e upsho t  o f  th e examination s prob -
le m i s tha t  spatia l  rq)resentation s isomorphi c t o conve x blob s 
woul d b e a  ba d ide a fo r  reasonin g i n th e monadi c predicat e 

calculus^ ,  eve n i f  tha t  reasonin g wer e restricte d t o relativel y 
simpl e problem s involvin g u p t o fou r  terms .  (Fo r  thre e o r 
mor e dimensions ,  not e tha t  increasin g th e numbe r  o f  exami -
nation s lead s t o analogou s errors. ) 

The importan t  poin t  t o notic e abou t  th e examination s prob -
le m i s th e exten t  t o whic h i t  relie s o n th e spatia l  natur e o f 
th e representation s involved .  Helly' s theore m i s non-trivia l 
wher e n  >  N +  I .  Tlia t  is .  i t  identifie s a  constrain t  o n th e 
representationa l  syste m o f  conve x blob s whic h doe s no t  aris e 
fro m logi c alone .  Tha t  i s w h y thi s representatio n schem e i s 
boun d t o yiel d incorrec t  inferences ,  becaus e i t  canno t  repre -
sen t  som e logicall y possibl e situations .  I n othe x words ,  a s 
we hav e see n above ,  th e spatia l  representatio n schem e m a y 
"force "  representation s whic h ar e geometrically ,  radie r  tha n 
logically ,  necessary .  Tli e representatio n schem e i s  "over -
specific "  o r  "informatio n enforcing "  t o us e th e terminolog y 
of  Shimojim a (1996 )  o r  Stennin g an d Inde r  (1995) .  I f  peo -
pl e reall y reasone d b y drawin g somethin g lik e "picture s m 
thei r  heads" ,  th e inferenc e tha t  som e student s tak e al l  exam -
ination s i s jus t  th e sor t  o f  erro r  on e woul d expect .  Fa r  fro m 
bein g merel y a n intuitiv e characterisatio n o f  representationa l 
inefficac y (a s i s c o m m o n i n th e D R literature )  w e ca n sho w 
i n thi s instanc e precisel y wha- e "mistakes "  wit h D R migh t 
sprin g from .  Befor e beginnin g a n analysi s o f  th e expres -
siv e powe r  an d complexit y o f  certai n diagrammati c systems , 
we shal l  conside r  som e othe r  topologica l  constraint s o n dia -
grams . 

Reasoning with connected (non-convex) regions 

To obviat e th e proble m describe d above ,  a  spatia l  represen -
tatio n schem e fo r  th e monadi c predicat e calculu s mus t  us e a t 
leas t  non-conve x blobs .  Again ,  th e syste m usin g non-conve x 
connecte d plan e region s i s a  les s constraine d versio n o f  th e 
conve x "EuIc t  regions "  syste m presente d abov e (whic h itsel f 
i s a  les s constraine d versio n o f  Euler' s  Circles) .  Thu s th e re -
sult s derive d fo r  non-drcula r  an d non-conve x plan e region s 
certainl y appl y t o th e standar d syste m £C . 

Let  u s suppos e tha t  th e blob s representin g th e atomi c prop -
ertie s ar e connecte d (i.e .  "on e piece "  regions) .  Otherwise ,  le t 
thei r  interpretatio n b e a s fo r  th e conve x regions .  Bu t  migh t 
not  a  simila r  proble m aris e here ? Migh t  ther e no t  b e a  non -
trivia l  propert y o f  connecte d region s i n 2 D whic h render s 
the m similarl y unsuitabl e a s a  representatio n scheme ? Again , 
th e us e o f  connecte d plan e region s t o reaso n abou t  propertie s 
strike s on e a s quit e natural .  A n d agam .  i t  doesn' t  work ,  i n 
general .  T o se e this ,  conside r  th e followin g reasonin g task . 

The musicians problem: Nine musicians, A(Uson). B(rian), 
C(omeha)... .  an d I(an )  pla y variou s piece s o f  musi c i n al l 
sort s o f  combinations .  S o m e piece s involv e a t  leas t  th e fol -
l owm g player s (possibl y other s a s well) : 
ABC,  DEF .  Gffl ,  A D G,  BEH ,  CF .  CI .  H . 
I n addition ,  n o piece s involv e an y tw o musician s no t 
groupe d togethe r  i n th e abov e Ust .  (Fo r  example ,  A  an d 

^  Ther e i s a  suggestio n tha t  a n analogou s resul t  exists ,  du e t o Mar -
ti n Gardner ,  thoug h a s ye t  w e hav e bee n unabl e t o confir m it . 
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I  ar e no t  groupe d together ,  s o n o piece s involve d bot h Ali -
so n an d Ian. )  W h a t  follows ? 

Again ,  no t  much ,  apar t  from  th e trivia l  inference s tha t  som e 
piece s involve d bot h Ahso n an d Brian ,  n o piece s involve d Al -
ison ,  Bria n an d Ian .  an d s o on .  Bu t  tha t  i s no t  th e answe r  tha t 
yo u woul d ge t  i f  yo u represente d th e stat e o f  affair s b y draw -
in g coimecte d (bu t  no t  necessaril y  convex )  blob s o n paper .  I t 
turn s ou t  t o b e impossibl e t o realiz e th e abov e arrangemen t  s o 
as t o m a k e C .  F  an d I  overlap ,  correspondin g t o th e conclu -
sio n tha t  n o piec e involve d Cornelia .  Fion a an d Ian .  Again . 
thi s conclusio n i s unwarranted ,  becaus e ther e coul d hav e bee n 
si x trio s A B C ,  D E F ,  G H I .  A D G .  B E H .  C H .  consisten t  wit h 
th e statemen t  o f  th e problem . 

Th e reaso n fo r  thi s i s tha t  th e situatio n describe s a  non -
plana r  grap h (Kuratowski ,  1930) .  i f  th e relatio n o f  playing -
music-togethe r  i s rqjresente d a s overla p o f  regions .  W e shal l 
see thi s propert y o f  limite d representabilit y  fo r  overla p rela -
tio n i n th e plan e wor k ou t  i n detai l  i n th e proo f  o f  theore m 2 
below . 

Complex i t y o f  f ragment s o f  F O L 

Th e primar y motivatio n fo r  investigatin g diagrammati c lan -
guage s a s spatiall y  restricte d logica l  languages ,  i s computa -
tional.  W e wis h t o establis h th e noted  computationa l  efficac y 
(meanin g tractabiUty )  o f  D R s b y wa y o f  th e complexit y prop -
ertie s o f  th e logic s t o whic h the y correspond . 

I t  i s  wel l  k n o w n tha t  certai n fragments  o f  F O L ar e decid -
able ,  an d enjo y polynomia l  satisfiability .  Fo r  example ,  satis -
fiability  o f  th e Hor n fragment  o f  F O L i s i n P  (Papadimitriou , 
1994) .  Othe r  interestin g fragments  includ e th e purel y uni -
versa l  fragment,  th e purel y existentia l  fragment,  th e monadi c 
predicat e fragment,  an d restricte d quantifie r  fragments  (cor -
respondin g t o moda l  logics) .  I n connectio n wit h spatia l  log -
ics .  Bennett' s  intuitionisti c logi c (Bennett ,  1994 )  fo r  quali -
tativ e spatia l  reasonin g ha s bee n show n t o b e a  polynomia l 
tim e fragment  (Nebd .  1995 )  (actually ,  i t  i s i n N C ;  efficienti y 
solvabl e o n paralle l  madiines) .  W e shal l  begi n t o as k simila r 
question s abou t  logica l  fragments  whic h correspon d t o dia -
grammati c systems . 

Constraints and expressive power 

Her e w e conside r  th e simpl e diagrammati c languag e o f  non -
conve x connecte d region s o f  th e plan e fo r  representin g an d 
reasonin g abou t  S ,  th e languag e o f  se t  inclusio n an d inter -
section .  Thi s exampl e illustrate s th e propose d analysi s o f  di -
agrammati c efficac y i n term s o f  expressiv e powe r  an d com -
plexit y theory . 

Conside r  th e simpl e diagranmMti c languag e wher e con -
necte d region s o f  th e plan e ar e interprete d a s sets .  Se t  s  prop -
erl y include s se t  s '  i f  an d onl y i f  th e connecte d regio n rg -
representin g se t  s '  i s  entirel y containe d i n th e regio n T s rep -
resentin g se t  s .  Similarly ,  se t  s  ha s a  non-empt y intersectio n 
wit h se t  s '  i f  an d onl y i f  th e regio n r, -  representin g se t  s ' 
overlap s th e regio n r ,  representin g se t  s .  Thus ,  di e diagram -
mati c syste m allow s u s t o expres s fact s abou t  se t  inclusio n 
and intersection . 

Indee d i t  i s  trivia l  t o not e tha t  th e syste m exhibit s self -

consistency :  ever y diagra m ma y b e interprete d a s consisten t 
set  o f  set-inclusio n an d intersectio n statements .  Thi s consis -
tenc y i s guarantee d simpl y b y th e propertie s o f  region s o f  th e 

plane ;  inclusio n o f  region s i s transitiv e (a s i s se t  inclusion) , 
overla p o f  region s i s symmetri c (a s i s se t  intersection) ,  an d 
so on .  However ,  altiioug h di e structura l  restriction s (transitiv -
ity ,  symmetry )  o n th e set-theoreti c operation s ar e preserve d i n 
th e spatia l  restriction s o n inclusio n an d overla p o f  connecte d 
plan e regions ,  i t  turn s ou t  tiiat tiiis  relatio n o f  overla p obey s 
mor e constraint s tha n tha t  o f  se t  intersection . 

Constraint mis-matching 

"Constraints" ,  t o us e th e terminolog y o f  Barwis e an d Shimo -
jim a (1995 )  an d Shimojim a (1996) .  ar e th e restriction s inher -
ent  i n a  clas s o f  structure s (fo r  example ,  tha t  collection s o f 
conve x region s obe y Kelly' s theorem ,  o r  tha t  se t  intersectio n 
i s symmetric. )  Problem s o f  representationa l  efficac y i n D R 
aris e whe n ther e i s a  mis-matc h betwee n th e constraint s o f 
th e diagrammati c system ,  an d thos e o f  th e syste m i t  i s  sup -
pose d t o represent . 
Conside r  di e system s above .  Th e set-inclusio n relatio n form s 
a stric t  partia l  order .  Similarly ,  th e diagrammati c relatio n o f 
on e regio n bein g insid e anotiie r  als o form s a  stric t  partia l 
order .  However ,  se t  intersectio n relation s for m a  symmet -
ric  structure ,  whil e overla p relation s i n E C for m a  symmetri c 
structur e i n th e plane .  Thus ,  i n som e cases ,  E C i s mor e con -
straine d tha n S .  I n fact ,  w e ma y identif y thes e problemati c 
case s a s thos e correspondin g t o th e non-plana r  graphs ,  lead -
in g t o th e followin g result . 

Limited representability of 5C: non-planarity 

Let  ful l  representabilit y  o f  a  diagrammati c languag e G  wit h 
respec t  t o a  se t  o f  model s M b e th e propert y tha t  ever y mode l 
m G  j M m a y b e represente d b y a  diagra m oiQ .  Thus ,  fo r  th e 
fu h representabilit y  o f  EC .  w e nee d t o sho w tha t  an y logi -
call y possibl e collectio n o f  set s m a y b e draw n a s a  diagra m 
of  tha t  system .  Sadly ,  a s w e shal l  show ,  thi s i s no t  generall y 
true .  Jus t  a s i t  i s impossibl e t o us e E C t o represen t  a  contra -
diction ,  i t  turn s ou t  t o b e impossibl e fo r  E C t o represen t  som e 
logicall y possibl e model s too . 

Theore m 2  Ther e ar e consisten t  set s o f  se t  intersectio n state -
ment s whic h canno t  b e represente d b y an y diagra m o f  EC . 

Proof :  Conside r  th e syste m wher e set s ar e represente d b y 
(non-convex )  connecte d region s o f  di e plane .  Le t  ther e b e 5 
set s Hi.. .  t;5 .  an d 1 0 set s e^ ,  1  <  i  <  j  <  5 .  suc h tha t  di e 
followin g constraint s hold ; 

1. ViHeij ^9 

2. Vj n e,j # 0 

3. eijnei'j- =<Difi^i' or j ^ j' 

4. ViDvj =9iSi^ j 

5. Vjt n e.j = 0 if A: # i and fc 7^ j 
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Thi s situatio n i s logicall y possible ,  bu t  thi s  i s no t  th e conclu -
sio n yo u woul d reac h i f  yo u wer e t o represen t  th e set s b y wa y 
of  connecte d region s o f  th e plane .  T o se e why ,  le t  th e set s 
be region s o f  th e plane .  Sinc e region s v ,  ar e connecte d an d 
^ j  ̂ i ,  Ci j  n  u ;  ̂  0 .  w e ca n aeat e node s V j  e  V i  an d \  ', j  l 
Vi  n  d j ,  an d edge s {Vi,Vij )  whic h intersec t  onl y a t  V, .  N o w 
add edge s (Vij,Vji )  fo r  al l  1  <  i  <  j  <  5 .  draw n en -
tirel y withi n Cij ,  sinc e th e Cj j  ar e connected .  Th e resultin g 
grap h i s Fs ,  whic h i s non-plana r  (Kuratowski .  1930) .  Thu s 
th e £ C rq)resentatio n force s ther e t o b e a n overla p violatin g 
th e abov e constraints .  A s regard s th e "musician' s problem " 
(state d above) ;  i t  reUe s o n di e fac t  tha t  a  simila r  constructio n 
may b e carrie d ou t  fo r  di e non-plana r  grap h Tsa ,  usin g 9  re -
gions . 

Obviously ,  i f  w e restric t  th e nimibe r  o f  set s whic h w e wis h 
t o reaso n about ,  s o tha t  th e planarit y problem s canno t  arise , 
the n th e (non-convex )  diagrammati c syste m exhibits/i</ /  rep -
resentabilit y  o f  th e restricte d proble m domain .  T o summa -
rize ,  th e followin g restriction s apply ,  fo r  ful l  representability , 
i n th e sens e tha t  (a s fa r  a s w e know )  spatia l  difficultie s d o no t 
aris e i f  restricte d t o reasonin g abou t  di e followin g number s o f 
regions . 

Convex 2D £C: 3 sets. 
Conve x 3 D £C :  4  sets . 
Non-conve x connecte d 2 D £ C :  8  sets . 

Constraints for convex regions arise from the Helly prop-
erty ,  an d thos e fo r  connecte d plan e region s aris e from  pla -
narit y considerations .  A s fa r  a s w e know ,  ther e ar e n o restric -
tions  o n representabiUt y fo r  representatio n system s whic h 
emplo y 3 D non-conve x rqiresentations ,  o r  fo r  dios e whic h 
emplo y non-connecte d regions .  However ,  suc h systems,  al -
thoug h perhap s nominall y spatial ,  ar e s o unconstraine d a s t o 
fai l  t o b e diagrammati c i n an y contentfu l  saise . 

Give n dia t  effectiv e diagrammati c system s exploi t  spatia l 
propertie s o f  th e medium ,  h o w migh t  a  logica l  analysi s pro -
ceed ? W e n o w describ e a  clas s o f  first-ordo-  language s whic h 
allo w u s t o investigat e diagrammati c system s mor e formally . 

Logics and Diagrammatic systems 

We identify a certam class of languages, defined over £r = 
{ A , ^ , = , C o n s , V } ,  who- e C o n s i s a  se t  o f  distinc t  con -
stants ,  P  i s a  se t  o f  distinguishe d predicates ,  an d negatio n 
onl y appUe s t o atomi c formulae .  Thes e fragments  o f  F O L 
ar e furthe r  constraine d t o exhibi t  onl y restricte d quantifica -
tion  fo r  thei r  distinguishe d predicate s (i n th e sens e use d i n 
correspondenc e theor y fo r  moda l  logics) ,  ar e imphcation-fre e 
and disjimction-free ,  an d thu s avoi d expressin g indetermi -
nacy .  W e propos e tiiat  som e D R system s exhibi t  a  forma l 
correspondenc e t o certai n o f  thes e languag e ,  wher e distinc t 
constant s stan d fo r  distinc t  connecte d region s o f  th e plane , 
and relation s betwee n constant s ar e constraine d s o a s t o cap -
tur e th e structur e o f  thes e plan e regions .  Further ,  th e lan -
guage s i n £ r  operat e unde r  di e followin g conditions ; 

1.  (Uniqu e Names/Specificity ) 
al l  constant s ar e non-identica l  (ie :  region s ar e distinct) . 
Vcj ,  C j  e  C o n s ,  i f  i  ̂  j ,  die n q  ^  C j 

2. (Closed World Assumption) 
For  al l  consisten t  set s o f  sentence s T  C  Ct , 
T \/(j )  = > T  h  ̂ (j ) 

Note that these languages are similar to Levesque's notion of 
a vivi d knowledg e bas e (Levesque ,  1986 ;  Levesque ,  1988) ;  a 
first-order  languag e whic h contain s onl y groun d atomi c sen -
tences ,  inequalitie s betwee n al l  constants ,  universall y quan -
tified  sentence s ove r  th e domain ,  an d whos e predicate s obe y 
th e closed-worl d assumption .  Determinin g entailmen t  i n suc h 
knowledg e base s i s know n t o b e tractable .  Indeed ,  Levesqu e 
speculate s furthe r  tiiat, 

" perhaps die main source of vividly represented knowl-
edg e i s pictoria l  information ^  (Levesque ,  1986) . 

Similar claims may be found in literature on die logical form 
of  picture s a s menta l  representation s (Howell ,  1976 ;  Sober , 
1976) . 

Complexity of spatial inference 

Recal l  ou r  motivatio n fo r  investigatin g diagrammati c lan -
guage s a s spatiall y  restricte d logica l  languages .  W e wis h t o 
establis h th e computationa l  efficac y o f  D R s b y wa y o f  th e 
complexit y propertie s o f  di e logic s whic h die y embody .  W e 
hav e see n dia t  reasonin g wid i  £ C (an d it s variants )  i s oid y 
correc t  fo r  a  smal l  numbe r  o f  sets .  W h e n restricte d i n thi s 
way,  reasonin g wid i  £ C i s clearl y polynomia l  (i t  reduce s t o 
tabl e look-up) . 

T wo cheer s fo r  D R ? 

But  wha t  o f  di e complexit y o f  th e unrestricte d system s (wher e 
non-plana r  representation s ma y occur) ? W e k n o w dia t  thi s 
versio n o f  £ C i s incorrec t  fo r  set-theory ,  an d wors e still ,  tha t 
it s  complexit y i s dia t  o f  reasonin g abou t  overla p an d inclu -
sio n fo r  connecte d region s o f  di e plan e -  recentl y show n t o 
be N P har d ((jfrign i  e t  al. ,  1995) .  Furthermore ,  th e us e o f 
circle s (a s oppose d t o simpl y connecte d regions )  m a y impos e 
eve n mor e geometrica l  constraint s o n di e representation s dia n 
dios e whic h w e hav e considered . 

Mor e positively ,  not e tha t  althoug h di e spatia l  restriction s 
on possibl e diagrammati c representation s lea d t o incorrec t  in -
ference s i n di e case s presente d here ,  the y ar e effectiv e i n di e 
representatio n o f  smularl y constrame d structure s (mos t  obvi -
ously ,  dios e whic h diemselve s obe y spatia l  constraints) .  Thi s 
fact ,  fo r  example ,  make s cartograph y a  successfu l  venture . 

Such consideration s poin t  t o di e conclusio n dia t  ther e i s 
Utti e mileag e i n spatia l  (i.e .  diagrammatic )  approache s t o ab -
strac t  reasoning ,  imles s on e i s fortunat e enoug h t o b e abl e t o 
prov e tha t  th e proble m domai n obey s al l  th e (topologica l  an d 
geometrical )  restriction s inheren t  i n di e chose n diagrammati c 
syste m O f  course ,  tiiis  leave s ope n th e possibilit y  dia t  dia -
grammati c reasonin g i s interestin g from  di e poin t  o f  vie w o f 
a mode l  o f  huma n performance . 
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Imp l i ca t ion s fo r  spatia l  m o d e l l i n g 

We conclud e wit h som e wide r  consideration s fo r  cognitiv e 
scientist s generally ,  w h o migh t  b e tempte d t o us e spatia l 
structure s i n thei r  cognitiv e models . 

S o me mileag e ha s bee n found ,  i n recen t  years ,  i n th e clai m 

tha t  ther e i s a  spatia l  structur e t o concept s an d wor d mean -
ings ,  eg :  (Gardenfors ,  1 9 % ;  Gardenfors ,  1995) .  Cognitiv e 
semantic s ofte n employ s th e ide a tha t  meaning s an d con -
c^t s hav e a  spatia l  nature ;  tha t  ou r  mechanism s fo r  reasonin g 
abou t  an d representin g spac e ar e als o m a d e us e o f  i n ou r  rep -
resentation s o f  other ,  mor e abstract ,  properties ,  entities ,  an d 
relations .  Thus ,  categorie s o r  concepts ,  a s wel l  a s wor d mean -
ings ,  ar e suppose d t o hav e a  spatia l  structure^ .  Th e spatia l 
versio n o f  th e ide a tha t  meaning s ar e menta l  entitie s hold s tha t 

the y exis t  a s position s o r  region s withi n "conceptua l  spaces" . 
I n particular ,  i t  seem s tha t  a n analysi s o f  metapho r  an d o f  spa -
tia l  preposition s hav e give n ris e t o thi s view .  Fo r  example : 

"What  characterize s a  metapho r  i s tha t  i t  expresse s a 
similarit y i n topologica l  o r  metrica l  structur e betwee n 
differen t  qualit y dimensions. "  (Gardenfors ,  1995 ) 

Thu s a  conceptua l  spac e i s take n t o b e determine d b y a 
number  o f  qualit y dimensions .  Region s o f  conceptua l  spac e 
ar e the n t o b e imderstoo d a s spatia l  entities ,  wit h respec t  t o 
th e topolog y an d metri c o f  tha t  space .  Fo r  example ,  w e migh t 
tal k o f  th e "opposition "  o f  colour s re d an d green ,  o r  o f  poUti -
cal  parties ,  o f  "lengths "  o f  time ,  an d s o on .  Thes e ar e no t  jus t 
ways o f  speaking ,  i t  i s claimed ,  bu t  the y rel y o n th e structur e 
of  "conceptua l  spaces "  whic h reall y d o hav e som e particula r 
spatia l  strucdjr e an d properties . 

As w e hav e see n above ,  suc h spatia l  representationa l  struc -
ture s mus t  b e constraine d i n importan t  way s (i.e .  thei r  topolo -
gie s an d metric s mus t  b e specified) ,  o r  els e the y ar e structure s 
of  som e odie r  sort ,  an d "spatial "  i n n a m e only .  I f  interna l 
rqjresentation s ar e t o b e interestingl y spatia l  the y mus t  sat -
isf y som e particula r  structura l  properties .  S o w e as k h o w se -
riously  thi s "spatia l  turn "  i n cognitiv e scienc e ca n b e taken . 
Th e result s presente d abov e sho w tha t  topolog y an d geometr y 
must  constrai n possibl e spatia l  representation s -  dia t  "con -
cq)ma l  spaces "  caimo t  represen t  ever y combinatio n o f  thei r 
amstituoits .  Tha t  mean s tha t  certai n combination s o f  con -
c^t s o r  meaning s shoul d b e impossibl e i n certai n conceptua l 
spaces .  Thes e "impossibl e representations "  shoul d b e empiri -
call y detectable .  Perhap s thi s i s th e kin d o f  evidenc e cognitiv e 
semanticist s shoul d seek .  Otherwis e th e claim s o f  th e "con -
ceptua l  space "  versio n o f  cognitiv e semantic s ar e i n dange r 
of  bein g un f  alsifiable . 

An Empirical Programme 

Regardin g th e forma l  result s presente d above ,  w e currend y 
hav e onl y informa l  evidenc e tha t  peopl e typicall y d o no t 
m a ke th e kind s o f  infermtia l  mistake s tha t  th e result s pre -
dic t  fo r  th e us e o f  conve x o r  connecte d 2 D regions .  Fo r  in -
stance ,  give n th e examination s problem ,  subject s typicall y d o 

^Thi s structur e i s argue d t o suppor t  non-monotonicit y an d 
metaphor . 

not  mak e th e inferenc e tha t  som e studen t  take s al l  fou r  ex -
aminations ,  bu t  thi s  i s th e mistak e tha t  the y woul d b e force d 
t o m a k e (vi a Kelly' s theorem )  i f  the y happene d t o represen t 
th e proble m b y wa y o f  conve x plan e region s i n £C .  Simi -
larly ,  w e foun d tha t  subject s ar e no t  tempte d t o mak e mis -

take s predicte d b y th e planarit y constraint s i n th e musician' s 
problem .  However ,  sinc e 9  region s ar e involve d i n thi s prob -
lem ,  i t  seem s unlikel y tha t  an y would-b e diagrammati c rea -
sone r  woul d attemp t  th e proble m withou t  penci l  an d paper . 
So i t  m a y b e tha t  "diagram s in-the-head "  ar e onl y use d wher e 
smal l  number s o f  region s ar e required .  Again ,  experimoita l 
wor k remain s t o b e don e o n thes e issues . 

Th e genera l  empirica l  issu e arisin g i s tha t  o f  t o wha t  ex -
ten t  th e "spatial "  structure s posite d i n cognitiv e scienc e mee t 
requirement s o n interestingl y spatia l  representations .  I f  the y 
d o no t  obe y contentfu l  spatia l  constraints ,  w e clai m tha t  the y 
ar e merel y structura l  descriptions ,  a s "spatial "  a s an y othe r 
theory .  Th e concer n i s tha t  thi s spatia l  metaphor ,  a s i t  stand s 
i n cognitiv e science ,  m a y b e a n empt y one .  Ou r  proposa l  i s 
that ,  empiricall y an d formally ,  "spatial "  hypothese s i n cogni -
tiv e scienc e ough t  t o b e investigate d b y wa y o f  th e structura l 
constraint s impose d b y th e us e o f  spac e a s a  representationa l 
medium ,  an d it s potentia l  computationa l  payoffs . 

For  example ,  b y th e topologica l  result s applie d above . 
ther e ough t  t o b e configuration s o f  region s i n ever y "concep -
tua l  space "  whic h ar e no t  possibl e withi n tha t  space :  tha t  is , 
combination s o f  representation s ("concepts "  o r  "meanings" ) 
whic h ar e prohibite d b y th e struchir e o f  th e spac e the y m -
habit .  Ther e coul d b e empirica l  studie s explorin g suc h phe -
nomena,  a s wel l  a s forma l  result s establishin g th e th e compu -
tationa l  propertie s o f  suc h spatiall y  restricte d representatio n 
languages .  Bu t  w e ar e unawar e o f  an y suc h studie s t o date . 

Conclusion 

Th e representationa l  powe r  o f  diagrammati c system s suc h a s 
Euler' s Circle s i s investigate d wit h respec t  t o thei r  us e i n solv -
in g simpl e logica l  conundrum s i n se t  theory .  Topologica l  re -
sult s expressin g constraint s o n possibl e diagram s ar e use d t o 
sho w tha t  certai n logicall y possibl e configuration s (models ) 
caimo t  b e represente d diagrammaticall y  (or ,  i n general ,  spa -
tially) .  W e conclud e tha t  diagrammati c reasonin g i s onl y ef -
fectiv e fo r  a  certai n tightl y constraine d se t  o f  problems ,  an d i s 
onl y interestin g a s a  potentia l  mode l  o f  huma n performance . 
Eve n ther e w e ar e unawar e o f  an y stud y whic h investigate s 
th e Impac t  o f  spatia l  constraint s o n possibl e representatio n 
and reasonin g strategies . 

I t  i s propose d tha t  th e efficac y (representationa l  an d com -
putational )  o f  diagrammati c system s b e explicate d vi a th e ex -
pressiv e powe r  an d computationa l  propertie s o f  th e restricte d 
language s o f  whic h the y mak e use .  W e beUev e tha t  th e com -
putationa l  propertie s o f  languag e fragment s m a y b e use d t o 
explai n th e efficienc y o f  diagrammati c reasonin g i n mor e de -
tai l  tha n th e "limite d abstraction "  hypothesi s o f  (Stennin g 
and Oberlander ,  1995) .  W e identif y a n interestin g clas s o f 
(restricte d first-order)  language s i n thi s regard .  Thi s first  at -
temp t  t o appl y th e concept s o f  complexit y theor y t o system s 

434 



of  diagrammati c rqjresentatio n i s a  necessit y i n th e evalua -
tio n o f  non-psychologica l  claim s abou t  thei r  tractability .  Fur -
thermore ,  ramification s o f  thes e result s fo r  a  curren t  "spatial " 
tren d i n certai n branche s o f  cognitiv e science ,  ar e discussed . 

A potentiall y  fruitful  groun d fo r  collaboratio n ha s bee n 
prq)ared ;  tha t  betwee n spatia l  logic ,  forma l  semantics ,  com -
plexit y theory ,  an d th e analysi s o f  diagrammati c representa -
tio n systems . 
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