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wnm ﬂmmvopwwvwm for nrm small denominators, and the nmmmmnom.mamww
mmzoawsmnoﬂm unvr»mrmﬂ onmﬁam of conventional perturbation n#monw
are responsible for the secular terms. In the second mmﬁn»oz of this
vmvmn.ﬁm show how our perturbation theory avoids these problems.

Hn.m WSHNQ section we wumanm.nrm n:mmn»o=w om.EonMon of the system
near a resonance of the unperturbed menmE||=mBme :mmw the usual small
denominators. We show how ‘the frequencies of the motion in the lmwmerﬂl
hood of the resonance are QA\MV as wnm the deviations of momenta or
action variables mnoa their resonant values. Off resonance, as usual,
nrm frequencies are order unity and the changes in Bosmnnmgomumonwou
are O(E). The attractive mmwncnm of the present mmnncncmnuon theory
»wvnrwn the same formulae can be used in both resonant and non-resonant
ummwamm.vvuo<uawsm. as it ewnm. a smooth analytical »:nmnvOHmnwnm.amnroa.

,mnsmwuw..nym anrnn is smooth near separatrices so may be used to con-
..wnnrnn adiabatic invariants and use them to examine motion nrnocwr singular
vowunm.. erwm Emw.vno<m quite useful in the study ommmmnnanwm.nﬁmvvﬁum by
time varying electromagnetic waves. m»nmpww.vmwnnm.zm are nmmunwm.zuns
approximations to the manm eigenfrequencies of the Liouville operator s0
that no secularities znpp be ‘present, the. perturbation theory developed
here will be useful for studying the Hosm.nwamvvmrm<uon of mechanical
systems. .

The Hmnmcmmm of this paper is couched in the mode of classical
particle mechanics. Since eikonal ray trajectories obey particle like
equations of motion with the dispersion relation playing the role of the

6

mmauwnonwmn. the perturbation theory developed here is useful for that

situation as tmww.

o

II. Fredholm Perturbation Theory

We want to determine the evolution in time of a function >Auu.aHv

onmrmvﬁmmmmvmnm vu_.ou uqu....ZOmvmnanHmmsromm Bonwos.wm

governed by the Hamiltonian

H n.moAvuv +.mmHAcu.nuv.

"We take the system determined by Hy to be soluble and have made a

canonical ﬁﬂmwmmOHEwn»mi to make Hy a function of the Py only. The
question then is to make a calculation of nwm.nwam development of A
treating € as a mamww nu&mnmuonwmmm parameter setting nrm scale of
perturbation of the original system.

. Central to the nwsm.am<mwovsm=n of A Avu.nuv is nrm rwo=<HHHm

ovmumnonu

n
iR R
L AME TR I
AMy(py) 4 OH, o OH o
= [+ | — ——
. . 9q, . 9P,
%u wnu .%u 9 Eu u_vu
= Ly + €Ly,

As is nmnmmfpww mxuumwnmn in Reference H. the nwam mmemwowsmun of
>Avu.nuv is given by operating on A by the time evolution operator
T(t) satisfying

dT(t)

- LT(t) .

1)

(2)

3)

(%)

(5)
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__
which is unlikely to vanish. Were this also to vanish, some térm along
the Hnsm.tocwm have a non-vanishing residue mm:mnmmnsm vO£NMm of t——i.e.
secular terms,in the expansion of bamu.owv..

~ The small nm:oawswnomm are also exhibited in Awmv. To »Hﬁcmnmmnm
mrum.,mmwm,vu and 93 to be action and angle variables Huvmsm wu. The
m»wm:n::nnmmum of ﬁo are now ucmn.mxv i mfm zvmnm m.um an N-vector
with Integer components m = ABH.....EZV..tB < my < The eigenvalues
are yom = MM.HOAHHV. EonAHuv w mmo\wH&. The term of order € Hw the

perturbation series is

e ] B =Rl ) ——3] . _ oan
m,n s-iw,°m s=iw,*n ' :
0 0 .
> >

In the integration over s we pick up the pole at s = iwy*m, say, with

residue

> > >

Heo.ﬁalsv

e I @l B L3, a8)
n : : :

and for resonant values of w. on which N& depends, the mmaowuumnon will
<muwmr. | o - | .

Both of these problems with conventional vmWnrﬂvmnwon theory arise
from the wmvmmnmm appearance of the operator Amlﬁ0vlw. However, it is
nwmmn.mﬂoa (9) that the function U(s). is singular :ow at s = eigenvalue
of L. but at s = mwmmﬂ<mwcm of L, + €L

0 0 1’

These eigenvalues are in general not at

the full Liouville operator.’

ymmv but are '"renormalized" or

shifted by the action of L, which mixes the eigenmodes of L Secular

1 0’

terms and small denominators are artifacts of the method of perturbation

nrmomw' they are not present in the full answer.

8
In the inversion of an ovmmmnong such as mnﬁOlmﬁH. one expects
to encounter something like
AmuﬁOImrHVIH = ovmnmnon\mmnAmIEOIthv
by analogy with the usual rule for matrix inversion. The determinant
of an: operator is to be interpreted by the rule
.amnﬁw|ﬁ0|mrwv = exp tr HomAm|ﬁ0LmHHV . . ) 19)
and, expanding the logarithm in € we encounter the trace of products
.om the operator 0 = Amlr0vlwmrw. The trace of an operator is indepen-
dent of basis and can be evaluated in terms of any noEvanw set, call
it maavu.auv as
tr 0 = J{n|0|n), . (20)
. n . v
where
Cal 0] = [¢%a% Fy(ppoa) OFyiCog, o). (21)
Fredholm perturbation theory represents AmIH0|mﬁHle as a ratio of
power series in €. Each series is entire in € with the denominator
vanishing at the poles of Am|ﬁolmHHV|H. which is to say at the true
eigenvalues of L = rov+ nﬁH.
To proceed we write
B(s) = (s-Lg)U(s) (22)

80
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straightforward, by mmmcsvnwms. since we took Hy to be soluble. It is
also straightforward in actual practice.

In pmunm this result we must be careful when doing the contour

1

integration in the s plane to recover >Amu.0uv not to pick :v.n:m residue

at the apparent pole- of Amlﬁ0vlw since formally it is absent. That is

clear from (7) and the mvvmmmmnnm of Amlronw is due to our writing

1 VIH

-1 - -1 . (s-1.y (1=
(s-Lg-eLy) ™" .Am Lg) " (1-eLy =

ﬂswnr. since it is an Hmmnnwn% has no pole at the eigenvalues of Ly.
Formally, the series, both numerator and denominator in (39) diverge
at s = eigenvalues of Ly--and diverge in such a way as to cancel the
apparent pole in AmlﬁOVIH. .The o:w%.muzmcwmnwn»mm present in the s .

o0 . .
plane are those of mﬁmv =1+ M NsAmvmz where we note that 2
R nel

n

depends on s since M does.

III. Illustrating the Perturbation Series

In this section we give some illustration of our perturbation
series by considering first its application to mamww.vmuncuvmn»onm
around a multiply periodic system. The system is described by N

actions, Hu. and N conjugate angles, mu which lie in 0 mm@u <2m,

The problem is periodic in 6., and H = moﬁwv + mmHAW.mv.

..mu
The Ly operator is

_ >0 nv|w| >
Ly = :JAHmeMw » wi(I) = wHu Ho(D),

and its eigenvalues are

+
™ (D) = 1@3(h

(40)

(41)

(42)

The quantity of direct interest to us is (see Equation (10))
: v : (s-Ly~eL) 1A, B).
We use the periodicity in ou.nohmwinm A in a fourier series
,. . o > >
Ad,8) =T A@, Tein®
- s =
n

and write (43) as

4n8 :
I — :.T%-:m.m»amr

M.ﬂ.mﬁwEAcha
) . > >
where M = rw\mtﬁo has the n,m matrix element

. -
R

am¥ | .

H A —”w .vlv |vg
im, [5— h(n-m,I)
s-im-u(h) ¢ H3Ty

N e > >
- R 46 -8+ im.g

-
2 an

+ ih(@-1,1) (m-n)
+ 0GB (oom) my 3, (D /ot BD)

In this we have written the fourier component of Hy Amwmv as

Z. RN
n(m, 1) = W O ~in-By (7).
Awﬁ%m : 1

> >
"h(0,I)=0, since.that term 1s in moawv. Further we have introduced the

Hessian tensor

12

43)-

(44)

(45)

(46)

(47)

(48)

(49)
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One can see this immediately by expanding the Hamiltonian about -

its resonant value keeping only the N.m term in Hy. One mwnamm

(L) = Ho(lp) + 5 (-1, (=T, (1) -
+ NmrAN..mxvnom Y+ oAva

with

v =13 o 56

Srm:.rAw.wwv is real. Then the mcsnwsmanmu frequencies of motion about

the resonance are precisely O( mrnﬁ vab hcv and the deviation of

a ab

1 from wx along 1 1is o( vaN.va\HmevﬁVV. The important hmmncﬂm of
our wﬂmnroua vmnnauvwnuon formalism is that n:wm”nmmoumnn Emn»oz as
well as the smoother non-resonant motion is totally contained in the
same analytic formula (53) or its expression at higher orders in €.

As a mmnomn illustration we show that energy is formally conserved
by this perturbation theory to the next higher order in ¢ than the one
cmwuw computed. First keep O0(c) only. We can always arrange for
wn M = 0 by incorporating the diagonal elements of H; into Hy, so to
0(g) we have (see (9), (10), and (39))

t=0). (57)

1
H(pj>q4,8) = s I,

Since LH = 0, we have

L H . .
mzmn|-o|+m:L (58)

80

L H
B(p3058) = o2 [B = 2+ 0(D)| = B(p,,q,,t=0)/5 + 0D, (59)

0 3
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To second order in ¢ we write
. : ) 2,2 °
mﬁvu.nu.mv = mmﬁo 1+ e +Nm i - mAvu.Au.nuov : (60)
) H..MW&H zN i :
1 1 - .
Now . sy - L6l (1 —-eM), so
H(pj a4 8) = m;ﬁp-mw 1 +,oAmuvaAvu.nu.n = 0) . (61)
0 1
= U1+ 0D Gy t = O). (62)

So it is clear how at order &, energy 1s conserved by our perturbation

series to order mb+..—. If one requires exact energy conservation at any
glven order of ¢, then solving for, say, P1s+++»Py and qy,...,qy_1 by
the Fredholm series and then for qy from mﬁvu.auv = E will guarantee

the desired result.

IV. Discussion and Comments

We have presented a vmnmcnvmnwoz formalism for classical Hamiltonian
anrmSHnm based on recognizing that the essential problem is nrm H=<mnl
sion of the operator mlﬁOumﬁH srmnm s is a complex variable, Lo 15 the
Liouville operator mon the unperturbed Hamiltonian Hy, while rH is the
same operator for the perturbation H; H= Hg +€H;. By writing
Amah01mﬁwvlp = [entire power series in € ]/det Amlronmrwv we have shown
explicitly how one avoids the secular terms arising from a straight-
forward expansion of Amlr0|mbwvlw in €. Further, if the system is almost
acwn»vww periodic this device avoids the appearance of the notorious
small denominators that plague the usual perturbation theories. Actually

we have demonstrated a further useful result in the. case of almost multiply
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