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Dynamic energy budget (DEB) theory has been applied to model a wide range of organisms, including microbes.
In the standard DEB model, biomass is partitioned into reserve and structural compartments, where reserve
biomass is mobilized in a pseudolinear manner (while the reserve biomass density, defined as the ratio between
reserve and structural biomass, decays linearly) to drive maintenance and the growth of structural biomass (and
extracellular enzyme production if it is considered). However, the linear dynamics of the reserve biomass density
makes the standard DEB model incapable of explaining the slowdown of microbial growth at high reserve density
that is caused by macromolecular crowding effect which reduces biochemical reaction rates (a typical situation
occurs when microbes are experiencing severe moisture stress) and is inconsistent with the observation that
intracellular enzymatic reactions generally follow non-linear kinetics. By partitioning biomass into reserve, ki-
netic, and structural compartments, we show here that the Equilibrium Chemistry Approximation (ECA) kinetics
can be used to represent enzymatically catalyzed reserve biomass mobilization that can then drive the kinetic and
structural biomass synthesis. This revised DEB model better represents the tradeoff in ribosome allocation for
structural growth and internal enzyme production, is structurally compatible with metabolic models of cell in-
dividuals, and includes the standard DEB model and the popular compromise model as special cases for repre-
senting population growth. We then applied the revised DEB model to interpret components of bacterial
respiration, their dependence on substrate availability, and emergent microbial carbon use efficiency dynamics
for an exponentially growing population. We found that the revised DEB model enables a better understanding of
bacterial substrates use (carbon in our examples) than that can be derived from a few other models in the
literature. In particular, the revised DEB model explains why carbon use efficiency may first increase, then
plateau, and finally decrease with growth rate (and substrate uptake rate), as a function of proteomics. Addi-
tionally, the revised DEB model explains why the kinetic biomass compartment needs to be divided to reasonably
incorporate proteomic control of microbial growth.

1. Introduction

Biological growth is a central theme in many biogeochemical
modeling problems. Taking soil carbon dynamics as an example, mi-
crobes produce enzymes to harvest Gibbs free energy and synthesize
new biomass, meanwhile transforming organic carbon from plant and
animal residues into stabilized forms that better integrate with the
mineral soil, and release mineral nutrients to support plant growth.
Therefore, without microbial growth there would be no recycling of
carbon and nutrients, and no biosphere.

A variety of models have been proposed over the past decades to
model microbial population growth dynamics. From simple to complex,
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these include the Monod model (Monod, 1949), the Pirt model (Pirt,
1965, 1982), van Bodegom model (van Bodegom, 2007), the compro-
mise model (Beeftink et al., 1990; Wang and Post, 2012), the cybernetic
model (Song and Ramkrishna, 2011), and the dynamic energy budget
(DEB) model (Kooijman, 2009). Among them, the DEB model has also
been applied to plants and animals (including both individuals and
populations), and is compatible with thermodynamics, an essential
feature to resolve the tradeoff between growth rate (or substrate uptake
rate) and growth yield (Calabrese et al., 2021). Thus, the DEB model is a
robust framework for developing a unified theory and model for bio-
logical growth.

The main features of a DEB model are that it (1) delineates the
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biomass of an organism into structural and reserve compartments; (2)
connects the two compartments through the mobilization dynamics of
reserve biomass; and (3) represents organism interactions with the
environment through the creation of reserve biomass from assimilated
external substrates. These features allow an organisms represented by a
DEB model to be resilient with respect to fluctuations in environmental
conditions (e.g., continued growth after a pause of external substrate
supply, which is very typical for animals who feed infrequently), and
have shown success in various contexts (Kooijman, 2009). However, we
show here that the reserve mobilization dynamics of the standard DEB
model prevents it from being consistently derived from enzyme kinetics,
so that a logically coherent scaling from a single enzymatic reaction to
overall biomass growth cannot be established. We remedy this short-
coming with the Equilibrium Chemistry Approximation kinetics, leading
to a revised DEB model that is logically coherent with the law of mass
action (for chemical reactions that can be derived from Newtonian
statistical mechanics (Pauli, 1973; Hill, 1987)), flux balance analysis
(for microbial individuals (Labhsetwar et al., 2017)), and phenological
models such as the Monod model.

In the following, we first present the theoretical development on why
the standard DEB (sDEB) model needs to be improved, and then how the
ECA kinetics can be applied to derive a revised DEB (rDEB) model. Next,
we compare the sDEB model, rDEB model, and some other empirically
based models with three example applications. Finally, we discuss the
potential for further improvement of the rDEB model to obtain a scaling
consistent modelling framework of microbial growth.

(a) 2-compartment sDEB conceptual model

W
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2. Theory

In this section, we first give a brief description of the SDEB model,
focusing on its underlying principles and limitations (section 2.1). Then
we propose strategies to resolve those limitations (section 2.2), leading
to the rDEB model (section 2.3), the major contribution of this theo-
retical study.

We note that a full list of symbols can be found in the nomenclature
table (Table A). Throughout this work: (1) “specific” variables are
normalized by structural biomass, and (2) variables subscripted with “s”
and “r’ are for the sDEB and rDEB models, respectively. Variables
without subscript “r” or “s” are not specific to either the sDEB or rDEB
model.

2.1. The standard DEB model

In the sDEB model, biomass is partitioned into reserve and structural
components (Fig. 1a). Reserve biomass is mobilized to support mainte-
nance and growth of structural biomass (and for eukaryotes, mobilized
reserve biomass is also used to fuel maturation (Kooijman, 2009)). The
reserve dynamics are formulated according to two principles: (1) if the
environmental substrate concentration does not change, then reserve
density (defined as the ratio between reserve and structural biomass)
becomes constant even when growth (measured as increase in structural
biomass) continues; and (2) partitioning reserve biomass into
sub-components or merging reserve biomass sub-components does not
change the growth dynamics. Principle (2) is also called the partition

(b) 3-compartment rDEB conceptual model
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Fig. 1. (a) In the sSDEB model, mobilized reserve biomass (Jry,) is first used for maintenance respiration (my), and the remaining flux (Jry,s — mysXvs/Yry,) drives
structural biomass growth (gy «Xvs/Yrvs). Waste products are produced during substrate assimilation and reserve biomass mobilization. Necromass is produced from
mortality. Total respiration (Rp, thick solid red line) includes contributions from substrate assimilation (thin dashed red line), maintenance and cost for constructing
structural biomass (thin solid red lines). (b) In the rDEB model, substrates are assimilated into reserve biomass (made up of storage compounds and various me-
tabolites), which is then mobilized by kinetic biomass (constituted by various RNAs, ribosomes, and other anabolic and catabolic enzymes) to produce new kinetic
biomass (Jgn,1; including extracellular enzymes) and support maintenance and growth of structural biomass (Jry2; DNA, structural proteins, membranes, etc.).
Degraded kinetic biomass is recycled to reserve biomass with turnover time zy,. Waste products and necromass are similarly defined as for the sDEB model. Total
respiration (R, indicated by the thick solid red line) includes contributions from substrate assimilation (thin dashed red line), maintenance, and cost for constructing
kinetic and structural biomass (indicated by thin solid red lines). (c) Conceptual spatial structure of a prokaryotic cell. Reserve and kinetic biomass are distributed in
the cytoplasmic space that is protected by the structural biomass. Membrane proteins are used for taking up substrates from the environment. Eukaryotes can be
conceptualized as a cluster of prokaryotic cells. When applied to a population of cells, the above schematics represent the average state of the whole population.
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principle, making the sDEB model align with the observation that
reserve dynamics were maintained during evolution from unicellular to
multicellular organisms. With this partition principle, the sDEB model is
scaling consistent from unicellular to multicellular organisms, and from
an individual cell to a population of cells. We note that, in the standard
DEB theory, principle (2) can be derived from principle (1) and the
strong homeostasis assumption that both structural and reserve biomass
are of fixed elemental stoichiometry (but the overall biomass has fluc-
tuating stoichiometry accompanying the change of reserve density;
Kooijman, 2009). These two principles lead to the following reserve
dynamics for the sDEB model:

d-xR 5

dt :jA,s — KsXRs» (l)

where xg; = Xgrs/Xv; is the reserve density, a ratio between reserve
biomass Xz s (gC m~>) and structural biomass Xy (gC m’3); jas (s His
specific production rate of reserve biomass constructed from substrate
assimilation; and «g Y is specific reserve mobilization rate (and is
independent from xg ).

The term «;xg s in equation (1) represents the mobilization of reserve
biomass (when viewed from inside the microbial cell). Note that the
original DEB interpretation of xsxg s does not emphasize this view from
inside the microbial cell. However, by following the observation that
intracellular enzymatic reactions can often be modeled with the law of
mass action using intracellular substrate and enzyme concentrations as
primary variables (e.g., Ciliberto et al., 2007; Tadmor and Tlusty, 2008;
Vasilescu et al., 2013; Etienne et al., 2020), such a viewpoint enables us
to revise the sSDEB model with the ECA kinetics introduced later (section
2.2). Reserve mobilization described by x,xz ; is apparently based on first
order chemistry kinetics, with xgs representing the concentration of
reserve biomass inside the container formed by structural biomass
(which defines the volumetric space where reserve biomass is bio-
chemically modified). Corresponding to this representation, the reserve
density dynamics are independent of biological growth or mortality.
However, when the reserve biomass dynamics are described in the
non-normalized form (i.e., when reserve dynamics are viewed from
outside the microbial cell, which for a population include contributions
from all living cells and xg s is the mean reserve biomass density), the
effect of growth and mortality emerges:

dXgy  d(Xy,xps) dxgs  dXy,

=X,
dr dt Veg T

dr dr Xps =Jas —Jrvs — J/M,J-XR,M (2)

where Jas = jasXvs (@Cm > s71), yy;, (s71) is specific biomass loss rate
by mortality, and Jry is the gross flux of reserve mobilization:
Jrvs = (K, — 8v.e) Xas, 3

while the specific changing rate of structural biomass is

1 dXy,
Xy, dt

=8V ~ Vs> @

where gy ¢ s Dis positive growth obtained by equating Jry s in equation
(3) with its aimed use i.e., (my;s /Yrv;s +8v;s /Yrvs)Xvs (also see Fig. 1a):

_ KsXRs — mV.s/YRV.x

()]
Xps + 1 / Yrys

8v.s

where my; (s’l) is specific maintenance respiration for the structural
biomass and Ygy; is the conversion efficiency from the reserve biomass
into structural biomass. When ksxgs < mys/Yry,, it leads to gys < O,
implying reserve mobilization deficit for maintenance respiration. To
make up this deficit, senescence of structural biomass occurs (i.e., dXy s/
dt < 0 so that the nominal value of gy from equation (5) is negative),
resulting in population loss. For convenience of computation, we lum-
ped this population loss into to the mortality term yy, ; (although a more
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complicated scheme is possible by allowing concurrent degradation of
structural biomass to support maintenance (Tolla et al., 2007)).

While the sDEB model has been quite successful in numerous ap-
plications (Kooijman, 2009), two assumptions underlying its formula-
tion can be improved. First, since the reserve dynamics shown in
equation (1) are derived from Euler’s theorem for homogeneous func-
tions (Apostol, 1967) to satisfy the partition principle, the sDEB model
effectively assumes that (when viewed from intracellular space) reserve
mobilization (as represented by reserve density dynamics in equation
(1)) is effectively a one-step linear process, although many steps of
enzyme catalysis are usually involved and the gross reserve mobilization
flux Jgry,s is still a nonlinear function of reserve density due to the
growth-induced dilution effect as shown in equations (3) and (5).
However, as reserve biomass is mobilized through enzymatic processes
(Madigan et al., 2009), at least two steps are involved: (1) enzymes bind
to substrate molecules to form enzyme-substrate complexes, and (2) the
enzyme-substrate complexes release product molecules. Therefore,
reserve biomass mobilization dynamics should be nonlinear when
viewed from inside the cell, as is often formulated in the literature by the
law of mass action with intracellular enzyme and metabolite concen-
trations as primary variables (Ciliberto et al., 2007; Tadmor and Tlusty,
2008), where the reaction volume is delineated by structural biomass.
Since intracellular enzymes and metabolites are major constituents of
reserve biomass in the DEB framework (Kooijman, 2009), the upscaled
reserve dynamics should be non-linear and have reserve density as one
of its primary variables. Further, with the goal of developing logically
consistent mathematical theories (such as the generalization of positive
integers into rational numbers where operations of addition and multi-
plication are maintained), the SDEB model should be coherent with the
more detailed mechanistic flux balance approaches that directly inte-
grate kinetics in gene and protein networks, as have been widely used in
molecular studies of bacteria and fungi (e.g., Chowdhury et al., 2014;
Labhsetwar et al., 2014; Labhsetwar et al., 2017). This coherency (i.e.,
maintaining the mathematic structure of the kinetics when compared to
more detailed models such as the flux balance models) is apparently not
achieved with the linear dynamics of reserve density in the sDEB model,
although the sDEB model is scaling consistent with flux balance analysis
when metabolic fluxes are used as primary variables (which then leads
to a linear system). Second, the sDEB model assumes that only reserve
biomass can fuel metabolic activities of an organism, but Tolla et al.
(2007) suggested that structural biomass has to be degraded to fuel
maintenance respiration that cannot be fully supported by mobilized
reserves, e.g., in the case of starvation. While the second shortcoming is
conceptually less serious than the first, it incurs numerical iterations in
the calculation of structural biomass growth (because the growth rate
becomes a nonlinear function of itself; see equation C.2 in Tolla et al.
(2007)), which could be cumbersome when the sDEB model is used to
construct agent-based models, where hundreds or thousands of organ-
isms are represented (e.g., Wilmoth et al., 2018). Addressing these two
shortcomings could benefit the development of a unified model of bio-
logical growth.

2.2. Enzyme-regulated reaction network representation

To develop a more explicit and scaling consistent representation of
reserve dynamics in the rDEB model, we need a formulation to quantify
interactions between multiple enzymes and substrates. In our previous
study of enzyme-regulated reaction networks that involve many en-
zymes and many substrates, we derived the ECA kinetics based on law of
mass action, and found the ECA kinetics having scaling properties that
allow one to merge or partition substrates and enzymes (Tang and Riley,
2013, 2017), particularly when many substrates are consumed by a
single enzyme. Specifically, when N types of substrates S; (j = 1,---,N)
are being consumed by enzyme E, the consumption rate F; of S; by
enzyme E can be approximated using ECA kinetics as
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Fo— Vma.r.jS/lTET/I{j .
1+ Zsi.T/Ki +ET/KJ' ’

(6)

and the total substrate consumption by E is

F= ZF/ = ETZ V’"“"-ij.T/I(/- (7)
J

—1+ 3 Sir/Ki+Er/K}

where Vyqxj is the maximum consumption rate of Sj, K] is the dissociation
parameter for enzyme E with respect to substrate S, and subscript T
designates total concentration of a given variable (defined with respect
to the intracellular space when applied to the reserve dynamics of the
rDEB model).

We show below that ECA kinetics also satisfies the partition principle
as required by the DEB theory for reserve dynamics. Specifically, if all
these substrates are metabolically equivalent, that is, they have the same
Gibbs free energy density or are just the same substrate numerically
tagged differently (e.g., by the elapsed time when these molecules are
added to the reaction system), we have K; = Ks, and Viaxj = Vmax, Such
that equation (6) becomes

vmuE K meE Ky
F= /Ks =173 T T—{-l:i X Sz, 8
1+<zpﬂ)/Ky+EﬁKS TIES TS
where St = > Sir.
i
Accordingly, equation (7) becomes
VimarEr/Ks VimarEr/Ks ©)

TSR T BT T TS R T BT

In particular, from equations (8) and (9), we have the partition
relationship
F_Sir
TS 10$)
which states that component flux F; is proportional to the component
substrate concentration Sjr, thus justifying our use of ECA kinetics to
derive the rDEB model in section 2.3, below.

ECA kinetics have recently been successfully used to model enzyme
and mRNA interactions in bacterial cells (Etienne et al., 2020), plant-soil
competition of nutrients in land ecosystems (Zhu et al., 2016, 2019a),
and microbial competition for substrates in aqueous environments
(Cheng et al., 2019; Barnum et al., 2020) and during litter decomposi-
tion (Wang and Allison, 2019). Therefore, applying ECA kinetics to
improve the reserve dynamics of the DEB model may help bridge the gap
between intracellular flux-balance analysis or metabolic models for in-
dividuals, and DEB models for individuals and populations. Such a
bridging could facilitate upscaling of these more complex models and
thereby enable a unified mathematical treatment in the field of micro-
bial biogeochemistry modeling.

We next present the three-compartment revised DEB (rDEB) model.

2.3. The revised DEB model

To address the two limitations of the sSDEB model described above (i.
e., the assumption of linear reserve density dynamics and the numerical
difficulty induced by using structural biomass to make up the reserve
mobilization deficit for maintenance during starvation) and to bridge
the DEB theory with metabolic modeling, we derive the rDEB model
below. We achieved this revision by classifying microbial biomass into
reserve, kinetic, and structural compartments (Fig. 1b), and represent-
ing reserve density dynamics using ECA kinetics.

Soil Biology and Biochemistry 178 (2023) 108954

2.3.1. Dynamics of the reserve biomass compartment

When viewed from inside the microbial cell, reserve biomass is
mobilized by enzymes (termed as kinetic biomass Xy, in the rDEB
model) with the intracellular space (defined as the space circumscribed
by plasma membranes) as the reaction volume,
dxg, . XN,

dr =Jar —Jrns T+ P

an

where Xz, = Xg,/Xv, is reserve biomass density, xy, = Xn,/Xv is ki-
netic biomass density, ja, =Ja,/Xv, is the normalized substrate
assimilation rate, 7y, is the turnover time of kinetic biomass (including
enzymes), and jgry, is intracellular enzyme-catalyzed reserve mobiliza-
tion. (Kinetic biomass turnover is caused by lysis enzymes, which are
part of the kinetic biomass, and could be explicitly represented by
further disaggregating kinetic biomass into more compartments. Also,
lysed kinetic biomass becomes reserve biomass, closing the coupling
with reserve biomass.)

With the delineation of reserve and kinetic biomass compartments,
Jjrny can be approximated with ECA kinetics:

QA Kax,r XN,
" ——Xp, = KXR, 12)
KR.r + XR.r + Xy

jRN,r =
where a, is the number of binding sites for reserve biomass per unit of
kinetic biomass, and «,, the rDEB analog to parameter s in the sDEB
model, is

X Kmax,r- XN,

= "merar 13
KR,»‘ + X, + QXN ( )

Kr
Calculation of the affinity parameter Kz, (as a function of intracel-
lular content) between kinetic biomass and reserve biomass is described
in section 2.3.3 (and section A of the supplemental material).
For structural biomass, we have

1 dXV.r
Xy, dt

=8vr ~Yur 14)

where gy, is the positive specific growth rate (and, similar to the sDEB
model, negative gy, when it occurs, is grouped into yy,,), and y,,, is the
specific mortality rate.

Analogous to equation (2), for the non-normalized form of reserve
biomass, we have

dXg, Xy.r

=Jur — Jrvr — Vs Xrr . 15
@ A, RN = Vi XRr -~ (15)
Meanwhile, from the product rule of derivatives, we have
dXR r d de.r dXV r
—=— Xvr) =Xy, — - r - 16
@ (xrXv, ) awr + Xg, a (16)

Thence by aid of equations (11) and (12) and (14)-(16), we obtain
the gross reserve mobilization flux Jgy,, the counterpart of Jrys in
equation (3):

Jrns = Xv jrns — &v.rXrr :jRN,rXV,r = (Kr - gV,r)XR.r~ a7)

Because «, is a function of xz,, reserve biomass density decays as a
nonlinear function of reserve density (xz,; equation (12)). However,
when Kg,+ Xy >xgr, i.e., reserve density is sufficiently low,
Kr & OrKmaxrXnr / (Krr + @rXny), which is a function of only the kinetic
biomass density xy,. In this case, reserve biomass mobilization Jry,
becomes a pseudo linear function of reserve biomass (because gy, is a
nonlinear function of reserve biomass density):

X Kmax, XN,
Ty = (et oy ) Xy, 18
RN (KRJ + QXN gV7 > R ( )

similar to how Jgy is formulated in equation (3) for the sDEB model.
To make an analog to the sDEB model, by considering kinetic
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biomass Xy, and structural biomass Xy, (in the rDEB model) together to
be the sDEB “structural biomass (Xy;)” and treat xy, as a constant, we
have

_ O Kmaxr XN - 19)

Ky =K, = .
KR,r + ArXN

From equation (19), we see that the specific reserve turnover rate «;
in the sDEB model (equation (1)) is a function of intracellular enzyme
abundance (as represented by xy,), and the linear reserve density dy-
namics is a good approximation only when reserve density xz, is low
(compared to Ky, + a,Xy,). Moreover, since kinetic biomass is primarily
comprised of proteins, equation (19) suggests that the sDEB model
implicitly assumes constant proteomic distributions (i.e., the relative
distribution of types of proteins and thus kinetic traits inside the cell
does not vary). Compared to the linear decay rule of reserve density in
the sDEB model, the nonlinear decay rule of reserve density (i.e.,
equation (12)) in the rDEB model can account for the macromolecular
crowding effect (Minton, 1998; Chebotareva et al., 2004) on potential
growth rate reduction at high reserve density or under osmotic stress,
where the latter contributes to a mechanistic explanation of how
moisture stress affects microbial activity. From equation (12) for jry,
the mobilization rate of reserve biomass density, we see that, during the
growth of a microbial cell, the macromolecular crowding effect can
modify kmax, and Kg,, and consequently «,, the specific decay rate of
reserve biomass density. We will further discuss the macromolecular
crowding effect in section 2.3.3.

2.3.2. Dynamics of the kinetic and structural biomass compartments

In the 3-compartment rDEB model, growth of kinetic biomass and
structural biomass are driven by the mobilized reserve flux. Specifically,
the dynamics of kinetic biomass density is

dxy, d <XN‘,-

. Xy,
= == YN ,of v KrXRy — N (20)
XVAr

N, TN,r

dr  dr

. X
> = YenofN RN — TL

where parameter fy, designates the portion of mobilized reserve flux
used to produce new kinetic biomass (thus to some extent fy, is equiv-
alent to the ribosome effort allocated to kinetic biomass growth). When
equation (20) is written in the non-normalized form (while taking
reference of Fig. 1b),

dXN,,- XN,r d)CN.r

XN r dXV r
=Ygy Jrv 1 — — Xy, =Xy, - .
ar RN.+JRN 1.1 P Ym AN, v, ar Xy, di

(21

Xn.r
= Yrw ifv.rkr Xer — TN.' + (gV,r - yM.r)XNAra
N.

from which the mobilized reserve flux from Xg, to Xy is derived as

Jrn 1 =Sk Xpr + gV‘rXN.r/YRN.r- (22)

Combining equation (22) with the flux balance relationship between
Jrnrs Jrv1, and Jryo shown in Fig. 1b, the mobilized reserve going to
structural biomass has the following relationship with the structural
biomass maintenance (my,) and growth (gy,, assuming gy, > 0) as
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Table 1
Governing equations of the revised dynamic energy budget model (rDEB) and
the standard dynamic energy budget model (sDEB).

rDEB model sDEB model

Reserve biomass dynamics: dI:" =

(ks — 8vs)XRs — YMsXRs-

. . dX
Reserve biomass dynamics: % =Jar—

XN, Jas—
(kr — &vr)Xrr — M XRr + TNr. As

Nr

Kinetic biomass dynamics: Nr o

dt
Xnr
YenefnrkeXpr + (8vr — Var)Xnr — P
Nr
. . dX Structural biomass dynamics:
Structural biomass dynamics: Vr _ (gvr — Y
dt dXvy,
Ymr) Xvire a (8vs — rms)Xvss.
Specific reserve mobilization rate: x, = Specific reserve mobilization rate:
QArKmax,rXN.r Ks-
Krr + Xrr + 0rXny
Population growth rate: gy, = Population growth rate: gy =
(1 *fN.r)KrXR,r - mv,r/YRv.r KsXRs — mVAs/YRV,s
Lo xwr oy A Fxrs
R, R,
Yrvr  Yrnr d Yrvs *

Equation (24) together with y,,, defines the dynamics of structural

biomass as
dXy,
= (eve =) Xv,, (25)

We thus have the rDEB model formulated by equations (((13), (15),
(17), (21), (24) and (25), as summarized in Table 1.

2.3.3. Parameterization of «;, the specific decay rate of reserve biomass
density

kr is influenced by two types of macromolecular crowding effects: (1)
the chemical activity of reactants and products (Minton, 1990), and (2)
the collision rate (characterized by diffusion) among these different
chemical species (Dix and Verkman, 2008). Chemical activities increase
with increasing crowding agents (i.e., macromolecules that have mass
from 50 to 200 kD), therefore crowding effects can increase chemical
reaction rates. Further, since intracellular enzymatic reactions are often
diffusion limited, the affinity parameter Kz, (used in equation (13) for
the definition of ;) is (approximately) proportional to 1/Dg, where Dg is
effective enzyme diffusivity with respect to the substrates in the cytosol.
Because Dy decreases with increasing crowding agents (due to increased
tortuosity), Kg» increases and thus . decreases. As a first approximation
for Dg, we take an analogy to the tortuosity effect on diffusion in soil:
DE:DEU(I 740‘/(1 + Xy dy +xR,,.dR))"<1 +u)ﬁ’ (26)
where Dg is the reference diffusivity, o is set to 2 by assuming the
intracellular tortuosity resembles that in a soil (Moldrup et al., 2003;
Vasilescu et al., 2013); terms in (1 — ¢y (1 + xn,dy + Xrdr))’ represent
the crowding effect, with ¢y being the cellular space taken up by the

Jrnr2 =Jrnr — Jrnrt = (1 *fN,r) K Xrr—8v.r (XR.r + Xy, / YRN,r) =Xy, (mv,r + gv,r) / Yrv 23)

From equation (23), we obtain:

- (1= fur)kixgy — my, [ Yoy,
8vr= 1 +XN7'+XRJ .

YRy, YrN -

(24)

structural biomass and is a linear function of genome size (which is
inferred to decrease with cell size for bacteria (Kempes et al., 2016)), dy
is the ratio of mass density of structural biomass to non-structural
biomass (estimated as 1.1 using data synthesized in Milo and Phillips
(2015)), and dg is the ratio of mass density of structural biomass to
reserve biomass (estimated as 0.8 using data synthesized in Milo and
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Phillips (2015)). Details of the estimation of dy and dgr are given in
section A of the supplemental material. Terms in (1 +Z-72)" represent
the effect of turgor pressure 7 on cell volume (using results from Steudle
et al., 1977), which changes as a function of osmotic pressure and
external pressure (¢ is elasticity of the cell). For soil microbes, it can be
inferred that as soil moisture decreases, Dy decreases, then turgor
pressure decreases from full turgor Iy, and Kg, will increase to slow
down microbial metabolism, triggering either dormancy or death. We
leave discussion on this topic to future work.

Using the approach from Tang and Riley (2019) (i.e., the relationship
Krrx1/Dg), together with equation (26), we can approximate Kg, as

ﬂ) 7”7 @7

Kr,r=Kgo (1 — @y (1 + Xy, dy + xR.rdR) ) - (1 + B

where Kro = kmax®WvMy/(47rgDpoNa), with rg being the radius of
enzyme molecules, which is typically a few nanometers (Milo and
Phillips, 2015). The typical value of Dgg is about 1 um? s71, N, is the
Avogadro number (molecules mole’l), and wy (m? per unit structural
biomass) is a parameter that converts structural biomass into total
intracellular space by wyXy and M,, (so that Kgo is unitless, like reserve
and kinetic biomass density; see section A of the supplemental material
for more details).

In section A of the supplemental material, we developed an estimate
of Kgo for bacteria (as a representative of prokaryotes) and typical eu-
karyotes, and found that Kp¢ is usually much smaller than xg, + a;xn,
and therefore the macromolecular crowding effect (manifested as
diffusion limitation) on Ky, is significant only when the cell is under
severe volume reduction or turgor loss (i.e., the last term in equation
(27) is large). This inference is consistent with the finding by Tadmor
and Tlusty (2008), who showed for E. coli that the macromolecular
crowding effect on diffusion is not significant under normal conditions.
This comparison also implies that moisture stress affects microbial ac-
tivity primarily through its control of substrate diffusion to the microbes
in the soil, which for the rDEB model is through its influence on J4 » (and
analogously for the sDEB model through its influence on Jy ).

2.3.4. Parameterization of fyr

In the rDEB model, fy, represents the fraction of metabolic effort
used to construct kinetic biomass, which is made up of RNAs and pro-
teins. Therefore, fy, is a dynamic function of proteomics (i.e., the rela-
tive distribution of intracellular proteins). Proteins in the kinetic
biomass compartment are separated into ribosome proteins and others
that provide metabolic flux to synthesize structural biomass, kinetic
biomass, extracellular enzymes, and excretions. However, achieving this
detail requires us to track the RNA pools explicitly, and introduce at least
four more parameters related to protein elongation rate, fraction of
protein in structural biomass, the RNA to protein ratio associated with
ribosome, and RNA to protein ratio during translation. We thus pre-
scribe fy, with a static value and show in section 4.2 that this choice
reveals a potentially important over-simplification in the SDEB model.

2.3.5. Parameterization of specific maintenance respiration rate my ,

Based on the Pirt model of microbial growth, Kempes et al. (2017)
included the costs of protein repair, RNA repair, motility, and proton
gradients in their calculation of maintenance respiration. In the rDEB
model, the structural biomass compartment only includes DNA and its
associated proteins and cell wall membrane materials that support the
minimal survival of a bacterial cell (which require some amount of
ribosome and metabolic proteins in the kinetic biomass compartment,
and thereby a minimal proton motive force). Therefore, the rDEB
maintenance respiration only accounts for a fraction of the costs defined
in Kempes et al. (2017). Accordingly, the extra costs associated with
structural biomass repair during active growth is regarded as part of
growth respiration.

With our definition, under zero growth rate, i.e., gy, = 0, from
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equation (24) we have

QA Kax - XN rXR

— (28)
KR.r + Xgy + QXN

my,= YRV.r(l *fN.r)erR,r = YRVJ(l *fN.r)

Equation (28) suggests that even when all reserve flux to structural
biomass is used for maintenance respiration (i.e., fy, is very close to
zero), kinetic biomass may still increase, which will lead to higher xy, to
temporarily make up for the maintenance respiration deficit. However,
higher xy, will lead to greater turnover of xy,, and when the reserve
biomass increments of xz, from the assimilation of external substrates
fail to match this faster turnover, kinetic biomass will be re-translocated
into reserve biomass to temporarily support the survival of the microbe.
This result indicates that fy, should be dynamic, as reserve biomass is
more likely to be used first to fulfill maintenance costs when the
mobilized reserve flux is small.

2.3.6. Total respiration associated with reserve biomass mobilization

Corresponding to the three biomass compartments in the rDEB model
(Fig. 1b), the total respiration associated with the reserve biomass
mobilization (Ry,) includes contributions from the construction of ki-
netic biomass and structural biomass (i.e., growth respiration), and the
cost for maintaining cellular integrity (maintenance respiration):

, , 1
RM,r = (1 - YNR.r) (fN,rKrXR.r + &v. XN,r) + |:mV- + gV.r( - 1>]Xv,r‘7
Yvrr : Yrv.r
(29)
when gy, > 0, and

Rury = (1= Yogo)fvrkrXnr + (1 = fus) 6o X, (30)

when gy, < 0.
For the sDEB model, the corresponding equations are

my.g 1
Ry, = . s|l=——1)|Xvy, 31
M [ka,s oy, <ka;s ﬂ o Gn

when gy > 0, and

Ry s =k Xrss, (32)

when gy < 0.

When the respiration from substrate assimilation (i.e., that associ-
ated with Ja, or Ja,) is added to Ry, (or Ry;), we obtain the total
respiration Ry, in the rDEB model or Ry in the sDEB model.

3. Example applications

In the following, we compare the rDEB and sDEB models with some
empirical models (i.e., the compromise model for microbial growth
(Wang and Post, 2012), the quadratic model for tradeoff between spe-
cific bulk repatriation and specific growth rate (Vikstrom and Wikner,
2019), and the power law model for tradeoff between substrate uptake
rate and biomass yield (Calabrese et al., 2021)) using three examples.
We note that all variables related to the compromise model are sub-
scripted with “c”.

3.1. Comparison for an exponentially growing bacterial population

We first compare some theoretical results (i.e., specific growth rate y,
specific substrate uptake rate g, and specific total respiration rate Rjp)
from the compromise model (Beeftink et al., 1990; Wang and Post,
2012), rDEB model, and sDEB model for an exponentially growing
population feeding on a limiting substrate S (e.g., glucose). Under this
condition, the rDEB model implies constant biomass composition, i.e.,
dxg,/dt =0 and dxy,/dt =0 (which ensure dXg,/dt=g, Xz, and
dXy,/dt = g,.Xn,). Likewise, dxgs/dt = 0 holds for the sDEB model.
Further, to simplify the comparison, all models assume zero mortality or
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include mortality in the maintenance respiration. Therefore, the DEB
models derived in this section are not for generic conditions where
different biomass compartments may evolve asynchronously. Addi-
tionally, taking carbon as the chemical element of interest, for all three
models, there exists the relationship that carbon uptake rate equals the
sum of net increasing rate of living microbial biomass carbon and total
carbon respiration rate. This relationship does not hold for more generic
conditions where mortality, extracellular enzyme production and
changes in microbial elemental stoichiometry are significant (Tang and
Riley, 2015).

Based on Wang and Post (2012), we have for the compromise model:

/'tc(S) :Mmax.ch(s) - mll-,L'[l - h(S)]7 (33)

qL‘(S) :”((S)/YGF + mq.c/YG,L‘ = ﬂm(u,(h(s)/YG.c + mq.ch(s)/YG.u (34)

Ro9)= (51 1)) + 5. (35)
G YG.(‘

where p(S) is the specific net growth rate whose maximum value is
Hmaxes 9c(S) is the specific substrate uptake rate, with a substrate use
efficiency Y (also called as "true" growth yield; Wang and Post, 2012);
my is the physiological maintenance factor (which was used to define
the total maintenance respiration mr in equation (20) of (Wang and
Post, 2012)); h(S) is the dimensionless functional response to substrate
availability  (e.g., h(S)=S/(Ks+S) when adopting the
Michaelis-Menten kinetics); and Ry, is the specific bulk respiration
computed by subtracting u.(S) from q.(S) using the mass conservation
relationship for an exponentially growing population that substrate
uptake g.(S) equals to the sum of net increase of biomass . (S) and total
respiration Rp(S) (but this relationship does not hold under more
general conditions, where mortality, exudation are significant, as we
explained at the beginning of this section). The compromise model im-
proves upon the Pirt model (Pirt, 1965) and Herbert model (e.g., Dawes
and Ribbons, 1962) by incorporating the empirical observation that
biomass yield increases with specific growth rate (thus it is an empirical
model).

For the rDEB model (derived in section B in the supplemental ma-
terial), we have specific net growth rate

)= (1—f XR,r mV,r/YRV,r | XR,r
ﬂr( )= ( _fNJ‘)KV T, T XN T Ny
Yevr © Yewe Ry Yev, " Yews Yrve © Yen, Rr

(36)
and specific substrate uptake rate
Jar u.(S) (1 - YRN‘rfN.r)Kr
qr(S) = =
Ysr,  YsrrYrvr (1 7fN,r)Kr - (1 + TN.rfN,rKr)ﬂr(S)
my , (1 - yRNJ:fN,r)Kr 37)

+ YsrYrv.r (1 _fN‘r)Kr — (1 + TN.rfN,rKr),“r(S) .

From equation (36), we find that the specific growth rate y,(S) in the
rDEB model has a similar form as p (S) in equation (33) for the
compromise model, except that in the rDEB model, 4, (S) is a function of
reserve biomass density xg, or cellular nutrient quota as used in the
empirically formulated Droop model (Droop, 1974). Further, the spe-
cific substrate uptake rate g,(S) is nonlinearly related to the specific
growth rate y,(S) for the rDEB model (equation (37)) rather than linearly
for the compromise model (equation (34)).

By relating xg, and xy, with external substrate concentration (as
enabled by the assumed exponential growth) using an assimilation flux
parameterized by g-(S)eYsrr =jar = amaxsS/(Ksr + S), equations (36)
and (37) for the rDEB model can be written as

Hr(S) = Har 11-(S) = g, [1 = i (S)], (38)
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(S) | Mgy i My
L(5) =) = Pmavry e, (S),
q (S) YG.)‘ + YG,r YG.r (S) + YG.r (S) (39)

and the corresponding specific bulk respiration is found as

my ,

1
Rz,rS = -1 rS + ’ (40)
br(S) (YG.r )” ® Yo,
where
PV — my.r
_ - 41
.uma.r.r c + Czam(w,r ( AYRVJGIM.W‘) ’ ( )
_ s §
7 (S) = — = , (42)
<-|+lczci;a,u +S5 Ke+S
my,,
M (43)
E Yry €1
1 Kgr
o ! 44
a YRV,r aerax.rTN,rYRNv’fo - ( )
1 a, TN» YRNArfN r
o= + Sor @)
2 <YRN_, QrKma TN YR of N — 1) 1= Yenofvr
1 _fNr
Al Lohu (46)
1 — Yenofnr
and
Y r
Yo, =—RL (A = cop, (S)). “

Cy

Therefore, both 4.(S) and ¢,(S) for the rDEB model have the same form
as y.(S) and g.(S) for the compromise model. Thus, our derivation lends
some mechanistic support to the empirical equation for y(S) in the
compromise model, and reveals that the compromise model fails to
represent the “true” growth yield Y, as a decreasing function of growth
rate (see equation (47)). Accordingly, the specific bulk respiration Ry, is
also a nonlinear function of growth rate, rather than a linear function as
formulated in equation (35) for the compromise model.

Similarly, for the sDEB formulation (see section C in the supple-
mental material), we have specific net growth rate y,(S), specific sub-
strate uptake rate g;(S) and specific bulk respiration Ry (S) as

Hs(S) = Honashs (S) = my [1 = (S)]; (48)
_ Hy (S) my s _ FPmaxs7 my s—
qs(s) - YG,.& + YG,.& - YG.; h\(S) + YG.th(S)-, (49)
1 my
Bo)= (5= 1)(s) + 2 (50)
where
- S S
hS(S): %K, == 5 (51)
s YRy s > l‘y +S KS,S+S
Ks+max,s YRV s
K YRV simax.s my s
= aomaxs (] — ‘ 52
Hmaxs Ks + YRV.samax,s ( YRV.S“max.s) ’ ( )
Y6, =YorsYrv,s(1 = p,(S) / 5).- (53)

Once again, we find the “true” growth yield Y;; to be a decreasing
function of growth rate, and therefore the specific bulk respiration Ry is
a nonlinear function of growth rate.

For the rDEB model, we can further derive a relationship between the
maximum specific growth rate yu,,, . and the transformed specific
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maintenance respiration rate my;, as

Y, .
RV.rQmax.r _ l) ) (54)

= Yewfvr  my,

boar €1 (1—m,
- 1

mq.r 1 + Colpax,r

Similarly, for the sDEB model, we have

‘max.,s S Y S“Ymax,s
Fonaxs _ x ( R shmaz, —1>. (55)

mys Ky + Yry sQmaxs my s

In contrast, the tradeoff between y,,,, . and mg for the compromise
model has to be prescribed if it is to be considered.

Moreover, by combing Yg, in equation (47) and R ,(S) in equation
(40) for the rDEB model, and Yg s in equation (53) and Ry, 5(S) in equation
(50) for the sDEB model, the specific bulk respiration is found to be
related with growth rate y through the following form:

&m:(a

0,
—1 = 56
= )”* %)

1— 0’

where 61, 05, and 05 are positive parameters that can be estimated when
equation (56) is applied to observations of specific bulk respiration Ry,
and specific growth rate p.

From the equations in this section, we infer that (1) the compromise
model is a reduced form of the sDEB model, while the sDEB model is a
reduced form of the rDEB model; (2) the “true” growth yield Y in the
compromise model is an emergent parameter that should decrease with
growth rate (as shown by its counterparts Y, in the rDEB model, and
Y, in the sDEB model); (3) the linear relationship between the specific
bulk respiration Ry, and specific growth rate y, predicted by the
compromise model (equation (35)) is likely insufficient compared to the
nonlinear relationship predicted by both DEB models (equation (56)),
which will be further discussed in the next paragraph; and (4) the
maximum growth rate u,.. . and specific physiological maintenance
respiration factor my in the compromise model should be correlated as
shown by both DEB models (equation (54) and (55)). In particular, if we
consider that amax, (OF @maxs) scales with surface area, and my,, (or my)
scales with volume, the ratio between maximum growth rate y,,,, and
physiological maintenance rate m, can be inferred to decreases with cell
size. However, it should be noted that under conditions where microbial

it
3

w

N
)
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—
n
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Specific bacterial respiration (fmol O , cell ™' day™)

o Measurement
05F } —— Linear Model R
— = Quadratic model
—— DEB model
0 0.05 0.1 0.15 0.2 0.25 0.3

Specific growth rate (day 1)

Fig. 2. Evaluation of three respiration-growth rate relationship models. The
measurements are from Vikstrom and Wikner (2019), who collected bacterial
cell-specific respiration rate and cell-specific growth rate for August from 11
stations in the Ore Estuary, north western Bothnian Sea. The model equations
and their statistics are in Table 2. Note, all lines should stop at the maximum
growth rate (which unfortunately is unknown from the measurements).

Soil Biology and Biochemistry 178 (2023) 108954

elemental stoichiometry is changing dynamically, the relationship be-
tween fi,,,, and my is much more complicated and likely cannot be
formulated analytically.

To illustrate point (3) above, we compared the relationship between
specific bulk respiration and specific growth rate as predicted by the
compromise model (equation (35)) and the DEB (equation (56)) models
using measurements reported by Vikstrom and Wikner (2019), who
collected bacterial cell-specific respiration rate and cell-specific growth
rate from 11 stations in the Ore Estuary, north western Bothnian Sea.
The relationship based on DEB models fits better to the observations
than that based on the compromise model in terms of both R? and root
mean square error (RMSE) (Fig. 2 and Table 2). Although the empirical
quadratic relationship proposed by Vikstrom and Wikner (2019) fits the
observations better than the DEB models (the third column of Table 2
and Fig. 2), it fails to predict that specific growth rate cannot increase to
infinity, as does the compromise model (the linear model in Table 2;
though a i, can be prescribed). In comparison, both DEB models
predict that specific growth rate cannot increase to infinity, because (by
equation (56)) as u increases to infinity, R, will encounter a singular
point at 4 = 1/6,, then become zero or even negative. However, due to
the tradeoff between the maximum growth rate and maintenance
respiration (described in equations (54) and (55)), p will never reach
1/65.

3.2. Modeling biodegradation of 2,4-dichlorophenoxyacetic acid

In this example, we apply the compromise, rDEB and sDEB models
(see Table 3 for equations of the three models) to the time series data of
cumulative CO; for the microbial degradation of herbicide 2,4-dichlor-
ophenoxyacetic acid as measured by Estrella et al. (1993). We ob-
tained the model parameters using the Markov chain Monte Carlo
(MCMC) method with a Gaussian error function that measures the de-
viation of model predictions and measurements (Vrugt, 2016).

The compromise and rDEB models were found to fit the observed
CO4, time series with very similar numerical accuracy, and their corre-
sponding time series of substrate and total microbial biomass are very
similar (blue and orange lines in Fig. 3). In order to obtain similar
goodness of fit to COy time series, the sDEB model has to use much
smaller initial microbial biomass (which is 1.3% of that for the
compromise model and rDEB model). Accordingly, substrates were
consumed much faster (red line vs other two lines in Fig. 3a) and mi-
crobial biomass peaked much earlier (by about 3 days; Fig. 3b) in the
sDEB model. However, because there are no measurements to directly
constrain the temporal evolution of either the substrates or microbial
biomass, the three models can be considered equally successful in fitting
the CO, time series. Nevertheless, these results indicate that the rDEB
model is a good candidate for modeling such problems. (The compro-
mise model is equally good for this specific problem with fewer pa-
rameters, though it is not as good as the rDEB model for the problem in
section 3.1, nor for the tradeoff between substrate uptake rate and
biomass yield in section 3.3)

3.3. The tradeoff between apparent substrate use efficiency and growth or
substrate uptake rate for an exponentially growing bacterial population

Thermodynamic analyses of heat engines imply that a faster engine is
of lower energy use efficiency, and the highest efficiency is achieved
when the engine is in equilibrium with the environment (i.e., not
working at all) (Feynman et al., 2011). Since a heat engine must be
running to do work (i.e., producing power), energy use efficiency (as
measured by the ratio between power produced and the rate of energy
input) should first increase and then decrease with power. A more
relatable example is that a car engine needs to be running to produce
power to move the car. However, as the engine runs faster, heat dissi-
pation becomes more significant, such that a smaller fraction of the
burnt fuel is used to produce useful work. Therefore, between a
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Table 2
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Regression models corresponding to Fig. 2. The linear model is predicted by the compromise model (i.e., equation (35)), the empirical quadratic model was proposed
by Vikstrom and Wikner (2019) based on empirical observation, and the DEB model is based on equation (56).

Linear model

Quadratic model

DEB model

Symbolic equation Ry =601+ 6

Ry =7.91p+ 0.34, R* = 0.45, RMSE =
0.36 0.31

Best fit equation

Parameter 95% confidence
intervals

6, : [5.37,10.4], 0, : [0.194,0.478]

Ry = 014 + 62

Ry = 29.14% 4 0.58, R? = 0.58, RMSE =

61 :(17.7,40.6], 6, : [0.411,0.743]

Ro = (5 D g

1.44 0.55
Ry = (3= 282 Dt = 2820

R? = 0.58, RMSE

=032
6, :[0.150,4.40], 0, : [1.23,3.44], 05 : [0.379,0.687]

Table 3

Equations for the three models used for the example problem of biodegradation
of 2,4-dichlorophenoxyacetic acid in section 3.2. Note that here we adopted the
same assumption in Estrella et al. (1993) that dead biomass is not contributing to
growth during the experiment.

Compromise model Equation for

ds Substrate
a - qc(S)Bc,
dCO, CO.
ar = 9c(S) — e (S)IBe, 2
dB, Living biomass
T = S — ruo)Be, &
dBac _ o Dead biomass
at TM,cPe>
sDEB model Equation for
dS _ amaxsS Xvs Substrate
dt  Kss+S Yers
dCO2 _ dmaxs CO,

S 1
= —— 1)+ Ry,
dt Kgs + SX vs (YSR.S ) + R

dXgs _ arrmx.ssx
d " Ks;+S8 "

dX,
d:'s = (8vs — Yums)Xvss

dB, Total dead biomass
95 = [rg + max(0, — gv)|(Xvs + Xrs)-

Living reserve biomass

= (ks — &vs + rms)XRs

Living structural biomass

dt
rDEB model Equation for
dS  amaxsS Xvr Substrate
dt  Ks;+S Yer,
dCOz  amaxsS CO,

1
= 1)+ Rp
" Ks + V"(st,r ) M

dXrr _ GmaxsS Xnr

Living reserve biomass
SXV.r — (kv — gvir + 7mr)XRr + P &

e Ksr + Nr
dX, X Living kinetic biomass
dN'r = YanefnrkeXnr — L+ (8vr — vur)Xnis &
t INr
dx Living structural biomass
dv,r = (8vr = rm)Xvr &
t
dB, Total dead biomass
g = [+ max(0. — gup)| Xy + Xnp + Xe).

zero-power-zero-efficiency static engine and a rapidly running engine
that loses all its power through heat dissipation (resulting in zero effi-
ciency), there is a point where the engine has maximum efficiency of
fuel use to produce useful work. Such non-monotonic variation of energy
use efficiency is well established in finite-time and control thermody-
namics (Salamon et al., 2001; Roach et al., 2018). As a special type of
heat engine driven by chemical energy, we thus expect a biological or-
ganism to first increase its apparent substrate use efficiency (defined as
the ratio between specific growth rate y(S) and specific substrate uptake
rate q(s)) and then decrease it with increasing growth rate. The apparent
substrate use efficiency here has been termed ‘substrate-use efficiency’ or
‘carbon-use efficiency’ (when carbon is the substrate) in many other
studies, e.g., Bolscher et al. (2017), Qiao et al. (2019). Nonetheless, we
recognize that, for an organism, substrate use from uptake to structural
biomass construction involves multiple steps, particularly when the
organism is represented with the DEB models (where newly assimilated
substrate may be stored as reserve biomass and used later for microbial
metabolism). Consequently, the use efficiency of a substrate for an

organism is an emergent parameter that depends on the physiological
status of the organism and is generally a function of time. Therefore, we
term it ‘apparent substrate use efficiency’ to emphasize its dynamic
nature. It is noted that, when applied to carbon, the inferences here and
below are valid for the ‘apparent carbon use efficiency’. However, even
though the emergent tradeoff functions derived from the DEB models
are better at providing mechanistic interpretations to the empirical data
than existing empirical models (as we will see below), they are not
recommended to be used directly to model microbial dynamics under
general conditions.

For the compromise model, we have its apparent substrate use effi-
ciency (Ygpc) as

He He

Ya}).cziziy co 57

e T g G (57)
For the sDEB model, we have

Hy Hy Hy
) S S 1 NS 58
g, M,.+mv,.\< K) SRRV 8

And for the rDEB model, we have

U, U, 1 —fnr Yr,r
P — — e, : (59)
" qr M, +my, <1 — Yevafnr H ) Cy

For equation (59), if we take the approximation ¢; = 1/Ygy, (since
Kz, < 1071° under normal conditions as shown in section A in the sup-
plemental material), and c; = 1 /[(1 —Yzw,fn,)ks] (by neglecting the first
term in the braces of equation (B30) in section B of the supplemental
material), Yy, becomes

| — Lhe -
PP +my, \ 1 — Yenofur (1 — Yenfwr

x ) Ysr, YR, (60)

Additionally, (as derived in supplemental material D), we can relate
the apparent substrate use efficiency to specific substrate uptake rate for
the compromise model

/Y
Yapp.c = YG,C (1 - %)7 (61)

for the sDEB model

qs — mV.x/Yo

Yv jY W5 (62)
45 (1 + YorsYrv.qs /) o

Y, app,s —

and for the rDEB model

1
Yoppr =
" q(l + YSR,rYRV,;-q/[(l - YRN.rfN.r)Ks})

(63)

1 —fvr My »
- - p Y rY rs
(ql —Yevifvr  YsroYar, ) K
From equation (57) and the blue line in Fig. 4a, we observe that, in
the compromise model, the apparent substrate use efficiency is an
increasing function of growth rate, which is inconsistent with thermo-
dynamic theory. In contrast, both sDEB and rDEB models (equation (58)
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Fig. 3. Comparsion of the best fitting of three models for simulating the degradation of the herbicide 2,4-dichlorophenoxyacetic acid. (a) Evolution of substrate, (b)
evolution of microbial biomass, and (c) evolution of cumulative CO,. Model parameters are shown in Table S1 of the supplemental material. For the SDEB model, the
initial biomass is about 1.3% of that for the compromise model, with 29.4% as structural biomass and 70.6% as reserve biomass, respectively; for the rDEB model, the
initial biomass is the same as for the compromise model, with 28% as structural biomass, 6% as reserve biomass, and 66% as kinetic biomass, respectively. The
biomass for different compartments of the DEB models is shown in Fig. S1 of the supplemental material.
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Fig. 4. (a) Tradeoff between the apparent substrate use efficiency Y,,, (normalized by its maximum value Y;,.) and the growth rate ;4 (normalized by structural
maintenance respiration my) for the three models. (b) Tradeoff between the specific substrate uptake rate (normalized by structural maintenance respiration my) and
the apparent substrate use efficiency Y, (normalized by its maximum value Yqx). For the compromise model, Yo = Y., and my = my, respectively. For the sSDEB
model, Ymax = YsrsYrys, and my = my; respectively. For the rDEB model, Yy = YsrYrv, and my = my, respectively. For the rDEB model in (a), the results are
plotted using equation (60) for simplicity. Both DEB models assume k,/my = 10, with x as r and s for rDEB and sDEB models, respectively (and a different ratio does

not change the results qualitatively).

and (60), and non-blue lines in Fig. 4a) infer that the apparent substrate
use efficiency first increases and then decreases as a function of growth
rate, which agrees with thermodynamic theory and is supported by a
synthesis of large sets of empirical data (Lipson, 2015). The increase of
apparent substrate use efficiency is driven by the increase of power for
growth (assuming the cost for maintaining structural biomass is rela-
tively constant) when the organism is substrate limited, while the
decrease of apparent substrate use efficiency at high growth rate is due
to the dilution effect of reserve density (which can be understood as an
increase in entropy due to the increased intracellular space explored by
the growing microbial biomass). For instance, in the sDEB model, the
increase of structural biomass Xy ; diminishes the reserve biomass den-
sity (Xgs/Xv), as manifested by term —gy Xz ; in equation (3), making it
increasingly more difficult to maintain the high metabolic rate at a
higher growth rate. In this sense, mechanisms like overflow metabolism,
futile cycles, and increased protein synthesis costs, as proposed in Lipson
(2015), are all part of the thermodynamic necessity accompanying the
increase in intracellular volume resulting from growth. The overflow
metabolism can be accompanied by changes in proteomic allocations to
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different metabolic pathways (Basan et al., 2015), which could also be
driven by the stoichiometric necessity if nutrients are limiting (Sal-
ar-Garcia et al., 2017). Additionally, the dilution effect imposes a
maximum growth rate «; (the specific reserve mobilization rate), which
in the rDEB model is determined by intracellular enzyme kinetics (i.e., x,
in equation (12)) that are a function of the associated microbial prote-
omics (Zeng and Yang, 2020), and is accounted for with parameter fy, in
equation (59).

Following equation (61) for the compromise model, the substrate
uptake rate is positively correlated with the apparent substrate use ef-
ficiency (Fig. 4b). In contrast, the DEB models (equation (62) and (63))
show a non-monotonic relationship, i.e., a given apparent substrate use
efficiency can be realized at both a low and high specific substrate up-
take rate (non-blue lines in Fig. 4b). In particular, the non-monotonic
relationship revealed by the DEB models qualitatively better agree
with the synthesis data in Fig. 4B of Calabrese et al. (2021) (which was
based on the 132 experiments synthesized by Smeaton and Van Cap-
pellen (2018)), where they inferred that specific substrate uptake rate
decreases linearly with the apparent substrate use efficiency (i.e.
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Fig. 5. Evaluation of the DEB model (i.e., equation (64)) and compromise
model (i.e., equation (61)) predicted tradeoff between specific substrate uptake
rate and biomass yield using the synthesis data from Smeaton and Van Cap-
pellen (2018). Ensemble lines are drawn for the Bayesian posterior model pa-
rameters inferred with the MCMC method (Vrugt, 2016). The black solid line is
predicted from the power law model by Calabrese et al. (2021). In the 10-base
log space, the DEB model best fit has a regression with measured biomass yield
of y =1.22x+ 0.006, RMSE = 0.33, R? = 0.36; the power law model hasy =
0.69x — 0.23, RMSE = 0.36, R? = 0.25; and the compromise model hasy = —
0.13x — 0.85, RMSE = 0.41, R? = 0.01; with y being log10 of measured biomass
yield, and x being log10 of model predicted biomass yield. Fitted model pa-
rameters are in Table S2.

biomass yield in their terminology) in the 10-base loglog space (i.e., a
power law between substrate uptake rate and the apparent substrate use
efficiency; see their equations (6) and (7) and black line in Fig. 5), even
though there are evidently both high and low substrate uptake rates
realizing the same apparent substrate use efficiency (e.g., blue dots in
Fig. 5). This indicates that a relationship derived from the DEB models:

g —m/Y,

aj — /7 . o v to 64
" g(1 4 9:Y,9) 4

is likely a better choice to interpret their data (with parameters 94,
95, m and Yp). Indeed, when equation (64) is used to fit the tradeoff
between substrate uptake rate and biomass yield synthesized by Smea-
ton and Van Cappellen (2018), more variability of the tradeoff is
explained than the empirical power law model proposed by Calabrese
et al. (2021). Particularly, equation (64) explains that a relatively low
biomass yield may correspond to both high and low substrate uptake
rates (red and light gray lines in Fig. 5). However, because the synthesis
data covers diverse bacteria that harvest Gibbs energy using different
redox pairs (and some experiments may even not meet the criteria of the
assumed exponential growth), one should not be surprised to see that
even equation (64) fails to fit all the data points. Lastly, the compromise
model is not able to explain the majority of the synthesis data, and is
valid likely only in the low substrate uptake rate regime (cyan line and
dark gray lines in Fig. 5).

In summary, one important conclusion from this comparison of
apparent substrate use efficiency dynamics among the two DEB models
and two empirical models (i.e., the compromise and power law models)
is that a thermodynamically consistent modeling of biological growth
requires growth to be a function of cellular quota of relevant nutrients
(adopting Droop’s broader definition of nutrients which includes carbon
(Droop, 1974; Cherif and Loreau, 2010)). Among existing models, DEB
models and Droop models (Droop, 1974) adopted such a strategy (and it

11

Soil Biology and Biochemistry 178 (2023) 108954

can be shown that Droop models predict that apparent substrate use
efficiency decreases with growth rate, thus failing to resolve the non-
monotonic tradeoff), while the compromise and Monod models that
formulate growth as a function of external substrate concentration are
not able to resolve the substrate use efficiency dynamics properly (even
though the compromise model can account for the initial increase of
substrate use efficiency with growth rate (Beeftink et al., 1990)).
Additionally, we note that for a non-exponentially growing microbial
population, because the reserve biomass density (and the kinetic
biomass density for the rDEB model) are not in steady state, the dy-
namics of apparent substrate use efficiency simulated by DEB models are
much more complicated (such as shown in Tang and Riley (2015) for the
substrate use efficiency relationship with temperature). Finally, because
these inferences are made based on generic principles, they should be
applicable to both individuals and populations of microbes.

4. Discussion

4.1. Improved predictability of DEB models compared to empirically
based models

Our model evaluation with empirical data in section 3 indicates that
DEB models are more accurate than the empirically based models for
describing tradeoffs among biogeochemical variables, such as that be-
tween bulk specific respiration and specific growth rate, and between
apparent substrate use efficiency and specific growth rate (or specific
substrate uptake rate). We attribute these improvements to the scaling
coherency built into the DEB models, particularly for the rDEB model,
which links the law of mass action (which can be rigorously derived
from thermodynamics and statistical mechanics, rooted in Newton’s
laws, and conservation laws for mass, energy, momentum, etc. (Pauli,
1973)) to growth dynamics. In contrast, empirical models (which are
used by most published modeling studies) are often limited by data
availability, and the assumed functional forms used in parametric
fitting. In particular, to be parsimonious, simple functional forms with
fewer parameters are preferred (and reasonably complex functional
forms are difficult to guess). (Thus, in some sense, developing empirical
models are like machine learning without physics guidance, and ac-
counting for physical constraints is recently found critical for the success
of machine learning (Zhao et al., 2019; Zhu et al., 2019b).) These lim-
itations often force empirical functions to regard potentially meaningful
data variability as model noise, so that the resultant models have
exaggerated the model sensitivity to certain forcing variables (e.g.,
temperature (Tang and Riley, 2015)), and demonstrate less spatiotem-
poral variability than observations (one outstanding issue that is
plaguing the predictive power of existing biogeochemical models; Car-
valhais et al. (2014)). We thus advocate that more efforts should be
devoted to develop theories like DEB models that better account for
biogeochemical tradeoffs through incorporation of mechanistic pro-
cesses and conservation laws that support the explanatory and predic-
tive successes of physics (Feynman, 2017).

4.2. Potential extension to include proteomic control of biological growth
modeling

One improvement of the rDEB model over both the sDEB and the
compromise models is that the rDEB model can account for the tradeoff
between metabolic activity (that is equivalent to reserve biomass turn-
over rate) and (structural biomass) growth as a function of ribosomes
allocated for synthesizing metabolic enzymes (which are a major
component of kinetic biomass) versus growth of structural biomass. This
tradeoff manifests as the maximum growth rate decreasing with the
fraction of mobilized reserve biomass allocated to kinetic biomass syn-
thesis (fn,, Fig. 6). However, the rDEB model predicts that the greatest
maximum growth rate occurs when fy, = 0, a condition which implies
zero kinetic biomass and consequently zero turnover of reserve biomass.



J. Tang and W.J. Riley

Fig. 6. Normalized maximum growth rate as a function of fy, (the fraction of
mobilized reserve biomass allocated to kinetic biomass synthesis) as derived by
equation (41).

Since the sDEB model can be derived from the rDEB model with fy, = 0,
the sDEB model should, paradoxically, have zero growth rate. Further,
since microbes can adjust their proteomics to the environment, under
steady substrate supply, there is an fy, whose proteomic condition
maximizes the growth rate, so that a monotonic curve as shown in Fig. 6
cannot exist. This assertion can be shown with the following argument:
if fy, corresponding to the current proteomics is not maximizing the
growth rate for the given substrate supply, then by their physiological
plasticity, microbes with fy. corresponding to a new proteomic distri-
bution will outcompete microbes with other values of fy,. These two
inferences suggest that (1) the rDEB model should be modified to better
represent the proteomic control of microbial growth; (2) the sDEB
model, as a limiting case of the rDEB model, may not accurately simulate
microbial physiology, and (3) neither the rDEB nor sDEB models are
sufficient to support genome-informed microbial modeling of microbial
physiology, even though they both are superior to the compromise
model (which is parent to many other model formulations in the liter-
ature (Picioreanu et al., 2000; Moussa et al., 2005; Wang and Post,
2012)) in describing the relationship between bulk respiration and
growth rate, and the relationship between apparent substrate use effi-
ciency and growth rate (or substrate uptake rate).

We suggest that future work can incorporate proteomic controls on
microbial physiology by (1) further dividing the kinetic biomass
compartment into at least two compartments: one for catabolic enzymes
(to produce energy from reserve biomass) and the other for ribosomes
(to synthesize proteins to support the production of kinetic biomass and
structural biomass compartments), and (2) defining fy - as the allocation
of ribosomes used for kinetic biomass. With this design, one equation
can be obtained for the catabolic activity and another equation for the
anabolic activity, with fy and growth rate as two unknowns. Therefore,
the solution fy. to these two equations gives the greatest maximum
growth rate that can be achieved for a given external substrate supply
(as other solutions will either lead to a deficit in catabolic energy or
shortage in reserve flux for anabolism).

5. Conclusions

By partitioning the biomass into reserve, kinetic, and structural
compartments, and invoking the Equilibrium Chemistry Approximation
kinetics for reserve mobilization, we revised the dynamic energy budget
model for simulating microbial physiological dynamics. The rDEB
(revised DEB) model includes the sDEB (standard DEB) model as a
special case, and they both predict that emergent microbial substrate
(including carbon) use efficiency first increases and then decreases with
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growth rate. Further, their predicted relationships between microbial
respiration and growth rate better explained a dataset of marine mi-
crobial respiration collected by Vikstrom and Wikner (2019). They also
better explained the synthesis data on the substrate uptake rate and
growth yield tradeoff by Smeaton and Van Cappellen (2018). The DEB
models can also be reduced to the popular compromise model, which is
parent to some other microbial models (Picioreanu et al., 2000; Moussa
et al., 2005). The DEB models predict that the maximum growth rate and
physiological maintenance factor in the compromise model are nega-
tively correlated, a tradeoff that implies a cell-size regulation on mi-
crobial growth. However, the rDEB model predicts no optimal allocation
for ribosome effort (as proportional to the kinetic biomass) for synthe-
sizing kinetic biomass and structural biomass. This shortcoming suggests
that biomass should be partitioned into at least four compartments to
represent proteomic control on biological growth, potentially bridging
the gap between phenological growth models and flux-balance based
models. We expect further modifications to the rDEB model will allow
tradeoffs in microbial physiology to be dynamically predicted rather
than imposed for many applications.

Table A
Nomenclature.
Symbol  Unit Meaning
Amaxr s ! Maximum substrate assimilation rate for the rDEB model.
Amax.s st Maximum substrate assimilation rate for the SDEB model.
31 None Intermediate variable for the rDEB model.
[ s Intermediate variable for the rDEB model.
dy None Ratio of mass density of structural biomass to that of non-
structural biomass in the rDEB model.
dr None Ratio of mass density of structural biomass to that of reserve
biomass in the rDEB model.
fnr None Fraction of mobilized reserve flux used for kinetic biomass
synthesis in the rDEB model.
8vr s Specific growth rate for the rDEB model.
8vs s Specific growth rate for the sDEB model.
h(S) None Functional response to substrate availability for the
compromise model.
hr(S) None Functional response to substrate availability for the rDEB
model.
hs(S) None Functional response to substrate availability for the sDEB
model.
Jar st Specific substrate assimilation flux for the rDEB model.
Jas s! Specific substrate assimilation flux for the sDEB model.
JRN s Specific reserve mobilization rate for rDEB model
my s Physiological maintenance coefficient for the compromise
model.
my, st Transformed physiological maintenance coefficient for the
rDEB model.
my, st Physiological maintenance coefficient for the rDEB model.
My s Physiological maintenance coefficient for the SDEB model.
qc st Specific substrate uptake rate for the compromise model.
qr st Specific substrate uptake rate for the rDEB model.
qs s Specific substrate uptake rate for the sDEB model.
Viaxj st Maximum process rate of substrate S;.
XNr None kinetic biomass density for the rDEB model.
Xg,r None Reserve biomass density for the rDEB model
XRs None Reserve biomass density for the SDEB model
A None Intermediate variable for the rDEB model.
B, mg C Microbial biomass for the compromise model applied in
liter Fig. 3.
By mgC Dead microbial biomass for the rDEB model applied in
liter* Fig. 3.
By mgC Dead microbial biomass for the sDEB model applied in
liter ! Fig. 3.
Dg m?s7! Enzyme diffusivity (relative to substrate) in the cytosol.
E gC m3 Enzyme concentration.
F mol m~3 Consumption flux of substrate S;.
sl
F mol m3 Sum of F;.
51
Jar gCm 3! Substrate assimilation flux
Jas gC m 3! Substrate assimilation flux

(continued on next page)
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Table A (continued)

Symbol  Unit Meaning
JRNr gC m 3 Gross reserve mobilization flux for the rDEB model.
s1
JRNr1 gCm~3 Reserve mobilization flux goes to kinetic biomass in the
st rDEB model.
JRNr2 gC m3 Reserve mobilization flux goes to structural biomass in the
s rDEB model.
K; mol m Dissociation parameter between enzyme E and substrate S;.
Krr None Dissociation parameter between reserve and non-structural
biomass in the rDEB model.
Ks gCm3 Dissociation parameter between microbes and substrate S.
Ks, gCm~3 Transformed dissociation parameter between microbes and
substrate S for the rDEB model.
Kss gCm3 Transformed dissociation parameter between microbes and
substrate S for the SDEB model.
Ry s Specific bulk respiration for the compromise model.
Ry st Specific bulk respiration for the rDEB model.
Rps st Specific bulk respiration for the sDEB model.
Ry, gC m3 Total respiration for the rDEB model.
s 1
Rry gCm™3 Total respiration for the sDEB model.
s1
Ry gCm~3 Total respiration associated with reserve mobilization in
st the rDEB model.
Rus gCm™3 Total respiration associated with reserve mobilization in
s the sDEB model.
S gCm~3 Substrate
s1
Xnr gC m3 kinetic biomass for the rDEB model.
Xrr gC m3 Reserve biomass for the rDEB model.
Xrs gC m3 Reserve biomass for the sDEB model.
. gC m3 Structural biomass for the rDEB model.
Xy gC m3 Structural biomass for the sDEB model.
Yo None Apparent substrate use efficiency for the compromise
model.
Yappr None Apparent substrate use efficiency for the rDEB model.
Yapps None Apparent substrate use efficiency for the sDEB model.
Ye. None Apparent biomass yield rate for the compromise model
Yer None Apparent biomass yield rate for the rDEB model.
Y6 None Apparent biomass yield rate for the SDEB model.
Yenr None Conversion coefficient from reserve to kinetic biomass in
the rDEB model.
Yrvr None Conversion coefficient from reserve to structural biomass in
the rDEB model.
Yrvs None Conversion coefficient from reserve to structural biomass in
the sDEB model.
Ysrr None Conversion coefficient from substrate to reserve biomass in
the sDEB model.
Ysrs None Conversion coefficient from substrate to reserve biomass in
the rDEB model.
ar None Binding scaling coefficient between reserve and kinetic
biomass in the rDEB model.
YMc st Specific mortality rate for the compromise model.
Yrr st Specific mortality rate for the rDEB model.
YMs s Specific mortality rate for the sDEB model.
He st Specific growth rate for the compromise model.
Hmax.e st Maximum specific growth rate for the compromise model
Uy 5! Specific growth rate for the rDEB model.
U st Specific growth rate for the sDEB model.
Homaxr 5! Maximum specific growth rate for the rDEB model
Honacs st Maximum specific growth rate for the sDEB model.
4 None Shape parameter for intracellular tortuosity in the rDEB
model.
3 Pa Elasticity of the cell wall.
Iy Pa Turgor pressure at full turgor
n Pa Turgor pressure
™r s-1 Turnover time of kinetic biomass in the rDEB model.
Kr s-1 Specific reserve biomass turnover rate for rDEB model
Ks s-1 Specific reserve biomass turnover rate for sDEB model
Kmax; st Maximum value of «,
2% None Cellular space taken up by structural biomass
2 None Intracellular space taken up by one unit of non-structural
biomass
PR None Intracellular space taken up by one unit of reserve biomass
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