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ABSTRACT OF THE DISSERTATION

Generalized Mackey and Tambara Functors

by

Benjamin Ezra Spitz
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2024
Professor Michael A. Hill, Co-Chair
Professor Burt Totaro, Co-Chair

We present a definition of Bi-Incomplete Generalized Mackey and Tambara Functors, which
in special cases reduces to both the notion of (bi-incomplete) G-Mackey and G-Tambara
functors and the notion of motivic Mackey and Tambara functors (as defined in [2]). We
then prove a foundational theorem about these generalized objects, whose incarnation for

G-Mackey and G-Tambara functors is due to Mazur [18], Hoyer [14], and Chan [10].

A G-Mackey functor is a product-preserving functor Ag_s: — Set satisfying a certain
additivity condition (G-Tambara functors have a similar definition). Here Ag_get is a certain
category constructed from the category GG—set of finite GG-sets. The perspective we take is that
the category G-set may be replaced here by another category C to obtain a generalized notion
of Mackey/Tambara functor. We furthermore generalize the notion of bi-incompleteness
introduced by Blumberg and Hill [4] to our setting. We spell out precisely the conditions
needed on C to interpret the definitions of bi-incomplete Mackey and Tambara functors and
prove the generalized Hoyer-Mazur theorem in question. Finally, we discuss applications of

this generalized theorem to computations with motivic Tambara functors.
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CHAPTER 1

Introduction

Good morning!

Joshua Mundinger

Let GG be a finite group. In G-equivariant homotopy theory, the primary algebraic invariants
of interest are G-Mackey functors and G-Tambara functors. These are generalizations of
abelian groups and commutative rings (respectively) “in the equivariant direction”, meaning
that for G = 1 the respective notions coincide. Whenever one would see an abelian group in
ordinary homotopy theory, one can expect to find a Mackey functor in equivariant homotopy

theory; likewise for commutative rings and Tambara functors.

Classical Algebra ~» Equivariant Algebra

Abelian groups  ~» G—Mackey functors

commutative rings ~» G—Tambara functors

Figure 1.1: A dictionary between classical and equivariant algebra.

An abelian group is a commutative monoid with inverses, and a commutative monoid
is simply an algebraic structure with exactly one operation of each arity. Said another way,
operations M"™ — M on a commutative monoid M are in bijective correspondence with

functions n — 1; there is exactly one of each.

More generally, if M is a commutative monoid and n,m are natural numbers, the

operations M"™ — M™ are indexed by isomorphism classes of spans from n to m (diagrams



of the form n < e — m) in finite sets. Explicitly, a span

nd kL m
encodes the operation
(z)izy = Z Tp(z) M — M™.
z€g=1(7) im1

There is a category A (to be formally defined later) whose objects are finite sets and
whose morphisms are isomorphism classes of spans; it will turn out that the category of
product-preserving functors As; — Set is equivalent to the category CMon of commutative
monoids. In other words, Ase: is the Lawvere theory of commutative monoids, and CMon is

the category of Lawvere algebras of Aset.

Among commutative monoids, there are some which admit inverses, and these objects are
called abelian groups. The corresponding subcategory of the category of product-preserving

functors As; — Set therefore gives a “purely syntactic” construction of Ab.

In a very similar way, the the operations of a G-Mackey functor are (ignoring additive
inverses) indexed by spans of finite G-sets. To define G-Mackey functors, we begin by
generalizing the construction of the Lawvere theory Ase: of commutative monoids, replacing
finite sets with finite G-sets to obtain a category Ag_set- Then we take the Lawvere algebras
of Ag_set, and consider only those which admit inverses (in a precise sense to be defined

later). These objects are called G-Mackey functors.

There is an analogous story with Tambara functors: we take the construction of the
Lawvere theory Ps; of commutative semirings, and replace set with G—set to obtain a
category Pg_set- Then we take the Lawvere algebras of Pg_eet, and consider only those which

admit additive inverses. These objects are called G-Tambara functors.

We need not stop here. Instead of replacing set by G—set, we could use any category C,

so long as we can still interpret the constructions of A¢ and Pe, and so long as we can still



interpret what it means for a Lawvere algebra of A¢ or Pr to admit additive inverses. The
structure needed by C to interpret all of this is that C is locally cartesian closed with finite

disjoint coproducts (abbreviated LCCDC).

This procedure gives us a definition of “C-Mackey functors” and “C-Tambara functors” for
any LCCDC category C. Of particular interest are the category of finite G-sets (for G some
finite group) and the category of finite étale S-schemes (for some scheme S). The former
recovers precisely the classical notions of G-Mackey functors and G-Tambara functors; on
the other hand, the latter yields precisely the notion of (naive) motivic Tambara functors, as

first defined in [2].

In this thesis, we make precise this generalized notion of Mackey and Tambara functors.
Following this, we generalize a theorem of Mazur, Hoyer, and Chan about G-Tambara functors,

and subsequently apply it to motivic Tambara functors.

1.1 Locally Cartesian Closed Categories

A category C is said to be cartesian if it admits all finite products (including the empty
product, i.e. a terminal object). Dually, a category is said to be cocartesian if it admits
all finite coproducts. Of course, any complete category is in particular cartesian, but there
are many important examples of categories which are cartesian but not complete, e.g. the

category of schemes.

“Cartesian” is a property of categories, but it can also be viewed as a structure. Every
cartesian category C has a “canonical” monoidal structure called the cartesian monoidal
structure — the monoidal operation is given by the categorical product, and the unit is
the terminal object. The word canonical is in quotes in the preceeding sentence because
this description does not, strictly speaking, uniquely determine a monoidal structure on C.
However, it does determine a monoidal structure unique up to unique isomorphism, as things

usually go in category theory.



So, in the case that C is cartesian, we may ask whether or not this canonical monoidal
structure is closed — i.e. if, for all objects x € C, the functor x x — : C — C admits a right
adjoint. If this condition is met, we say that C is cartesian closed. This is a much stronger
condition than simply being cartesian — for example, the category of schemes is cartesian but

not cartesian closed.

Finally, for any property P of categories, we can speak of categories which are “locally

P”, meaning that each slice category has property P. To recall:

Definition 1.1.1. Given a category C and an object x € C, the slice category C/z is the

category whose:

e Objects are morphisms in C with codomain z;

e Morphisms a@ — (8 are morphisms v : @ — b in C such that § oy = a, where a and b

are the domains of a and (3, respectively, as in the diagram below
a——b
x
e Composition is performed as in C.

There are a few particular instances of local properties we will be most interested in here,

so we highlight these:

Definition 1.1.2. A category C is said to be

1. locally cartesian iff the slice category C/x is cartesian for all objects x € C;
2. locally cocartesian iff the slice category C/x is cocartesian for all objects x € C;

3. locally cartesian closed iff the slice category C/x is cartesian closed for all objects « € C.

We will often abbreviate “locally cartesian closed” as LCC.

4



It is worth making explicit what these properties amount to. C/z always has a terminal
object, namely id,. Now, given two objects «, § € C/x, it turns out that their product in
C/x (if it exists) is simply their pullback in C, i.e. the limit of the diagram e < x Lo Thus,

C being locally cartesian is equivalent to C admitting all pullbacks.

Pullbacks will play a central role in this work, so we introduce some terminology:

Definition 1.1.3. A commutative square
x a
b z

is said to be cartesian if it exhibits = as the pullback of the cospan a — 2z < b. We may

—

—

indicate that a given square is cartesian by decorating it with the symbol J in the corner

where the pullback object sits.

A basic but important feature of cartesian squares is that they satisfy part of a “2-out-of-3”

property.

Proposition 1.1.4. Let C be any category, and consider a commutative diagram in C of the

form

| (A)fj (B)'j

Then:

1. If (A) and (B) are both cartesian, then the composite square is cartesian;

2. If the composite square and (B) are both cartesian, then (A) is cartesian.

Proof. This is an easy exercise in category theory, and appears as e.g. [17, §3.5, Exercise

8b). u



Now consider a morphism ¢ :  — y in C. There is a canonical functor ¥; : C/z — C/y,

given by ¥;(«) =i o «, as in the diagram below:

N

vy

Assuming that C is locally cartesian guarantees that this functor has a right adjoint 7*,

given by sending 5 € C/y to its pullback i*3 in the diagram

e — o

oD
More precisely, there may be many functors ¢* which are right adjoint to ¥;, but for each of
them we have that i*3 and S fit in a pullback square with i as above. And, as always, i* is

unique up to unique isomorphism. In practice, however, we often find that the category C

comes equipped with a canonical pullback construction, yielding a canonical choice of i*.

To summarize the story so far: having that C is locally cartesian (i.e. C/x is cartesian
for all x) is equivalent to saying that, for each morphism ¢ : x — y in C, the functor
Y :C/z — C/y admits a right adjoint *.

Being LCC is indeed a stronger condition — it amounts to saying that the right adjoint to

each ¥; admits a further right adjoint.

Proposition 1.1.5. A category C is LCC if and only if, for all morphisms i :x — y in C,
the functor 3; : C/xz — C/y fits in an adjoint triple ¥; 4 i* 4 11;.

For a proof, we refer the reader to [15], Corollary A1.5.3.

Again, 3; is always precisely defined by a + 7 o o, but ¢* and II; are only determined
up to unique isomorphism, as are the particular choices of adjunction data (i.e. the unit
and counit of each adjunction). In any case, these functors are often known by the names

“dependent sum” (%;), “pullback” (i*), and “dependent product” (II;).
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In light of Proposition 1.1.5, an LCC category comes with a plethora of functors between
its slices. These operations (in some sense) encode the structure of Tambara functors, and so
it will be necessary to get a handle on the behavior of these operations and the slice categories
of an LCC category. We refer the curious reader to [11] for a thorough introduction to the

topic, with more detail than we will be able to cover here.

Before we continue, we fix some notation for working with slice categories.

Definition 1.1.6. Let F': C — D be a functor, and let = be an object of C. Then F induces
a functor C/x — D/Fz, which we denote by F/x.

Now we note one small fact of functor yoga. Using our previous observation that products

in slice categories are given by pullback squares, we have that

Proposition 1.1.7. For any morphism i : x — y in an LCC category C, ¥; 0" and i X —

are isomorphic as endofunctors of C/y.

Proof. Let a be an arbitrary object of C/y. Pulling back along i yields a cartesian square

—_— ®

[ J
J
i*a e}
[ ]

— ®
)

Now ;7*a = 7 o i*«v exhibits the top-left corner of the square as an object over y — since

this square is cartesian, this is is also the product of ¢ and « in C/y. ]

Now, we make an observation about local properties of categories in general.

Proposition 1.1.8. Let P be a property of categories which is invariant under isomorphism,

and let C be a category which is locally P. Then for all objects x € C, C/x is locally P.



Proof. The key idea is an expression frequently relayed to me by Mike Hill,

Slogan 1. A slice of a slice is a slice.

Let o : a — 2 be an object of C/x. Then (C/z)/« is isomorphic to C/a by sending
an object 5 :b—aof C/ato f:aof — ain (C/z)/a (and acting as the identity on
morphisms). Since C/a is P by assumption, (C/x)/a is also P. Since o was arbitrary, we

conclude that C/x is locally P. O

Corollary 1.1.9. FEvery slice category of an LCC category is LCC.

Next, we make an interesting observation about LCC categories — they admit no nontrivial
morphisms to initial objects (just as how, in Set, there are no functions from a nonempty set

to the empty set).

Proposition 1.1.10. Let C be a locally cartesian closed category. Let x € C be some object
and let @ € C be an initial object. Then any morphism x — & is an isomorphism; i.e. C/&

15 equivalent to the terminal category.

Proof. In the category C/@, idy is both initial and terminal. Since C is locally cartesian

closed, C/@ is cartesian closed, and so we apply Lemma 1.1.11 below. O

Lemma 1.1.11. Let C be a cartesian closed category with an object O € C which is both
initial and terminal. Then C is equivalent to the terminal category; i.e. every object in C is

1somorphic to 0.

Proof. Let x,y € C be arbitrary. Then C(x,y) = C(z x 0,y) because 0 is terminal, and
C(x x 0,y) = C(0,[z,y]) by cartesian closure. Finally, C(0, [z,y]) is a singleton because 0

is initial. Since y was arbitrary, this shows that x is initial, and thus = = 0. Since x was




arbitrary, this completes the proof. ]

1.2 LCCDC Categories

Being locally cocartesian is a condition which does not admit a nice reformulation in terms
of adjoint functors. However, it is worth noting that (in contrast with cartesian structure)

cocartesian structure is automatically inherited by slice categories.

Proposition 1.2.1. Let C be a cocartesian category. Then C is locally cocartesian, and
in particular the coproduct of a tuple of objects (o; : a; — x)I, in C/x is the object
(i) Ty @i — x with structure morphisms oy — [}, oy equal to the structure morphisms

n .
a; = [,y a; inC.

In this paper we will consider categories which are locally cartesian closed, cocartesian,

and satisfying one additional condition, namely that finite coproducts are disjoint.

Definition 1.2.2. A category C is said to have finite disjoint coproducts if it is cocartesian

and, for all coproduct diagrams x Ll y, the following three conditions hold:

1. ¢ is a monomorphism;
2. j is a monomorphism;

3. The square
—

i

is cartesian, where @ is an initial object of C.

N 8

J

Intuitively, this says that the coproduct in C behaves more like a “disjoint union” operation
(in e.g. Set) than a “max” operation (in e.g. a poset). Indeed, Set is an examle of a cocartesian
category with disjoint coproducts, while the poset ({0,1}, <) is an example of a cocartesian

category whose coproducts are not disjoint.



The importance of this condition for us is that in cocartesian, locally cartesian closed
categories satisfying this disjointness property, slice categories over coproducts are well-
behaved — an object living over a I b splits into a piece living over a and a piece living over

b.

Proposition 1.2.3. Let C be a category which is locally cartesian closed and cocartesian with
disjoint coproducts. Then any coproduct diagram x RN Y < y induces an equivalence of

categories

C/(zy) GCION C/x xCly.
The quasi-inverse functor is the composite
EiXEj I
ClexCly — (C/(x11y)) x (C/(z1y)) = C/(z L y);
we relegate the proof to Appendix A. This property of the category C is known as extensivity

[9], and the content of this proposition that all LCCDC categories are extensive.

It will be convenient to have a shorthand phrase for “locally cartesian closed categories
which are cocartesian with disjoint coproducts”, since these will be our main objects of study.

Thus,

Definition 1.2.4. We will say that a category C is LCCDC if it is locally cartesian closed,

cocartesian, and has disjoint coproducts.

Just as with LCC, LCCDC is a local property. That is,

Proposition 1.2.5. Let C be an LCCDC category. Then, for all x € C, the slice category
C/x is LCCDC.

Proof. That C/z is LCC is covered by Corollary 1.1.9. Proposition 1.2.1 says that C/x
is cocartesian, and moreover that a coproduct diagram in C/z is a coproduct diagram
a % allb < bin C which happens to lie over z. The assumption that C has disjoint

coproducts says that ¢ and 7 are monomorphisms in C and that the cospan a L allb < b

10



has pullback @ in C. Consequently, the pullback of a allb L binC /x is an object
over x whose domain (as an object of C) admits a map to @. By Proposition 1.1.10,
this shows that the limit of @ = ¢ I1b < b in C/z is also @, which is initial in C/x by
Proposition 1.2.1. Furthermore, since ¢ and j are monic in C, they are also monic in

C/x. O

We now record a couple straightforward lemmas about the mechanics of LCCDC categories.

Lemma 1.2.6. Let C be an LCCDC category and let f : x — y and g : ¥’ — 3’ be morphisms

inC. Let iy :x — a2’ and iy :y — y Ly be the canonical inclusions. Then

112 W y]:[y/

1S @ cartesian square.

We again relegate this proof to Appendix A.

Corollary 1.2.7. Let C be an LCCDC category and let f : x — y be a morphism in C. Let

Veralle =2 and Vy, 1y Iy — y be the codiagonals. Then

ez ylly

vzl lvy

Qf—>f Yy

1S a cartesian square.

Proof. f*:C/y — C/x is both a left and right adjoint, so it preserves finite coproducts

and terminal objects. Thus, we have

v, =f(>id,0id,) = f*id, 11 f*id, = id, IIid, = V,.

11



This establishes that there is a cartesian square of the form

sl —— yly

W e

ZL‘—>f Yy

and we need only identify the top morphism. To do so, we form a further pullback
*o —— |

L

rlr —— yly |idy

o

.I'—)Jc Yy

since the right-hand triangle commutes, the left-hand column must compose to f*id, =
id,., and thus the top morphism in this diagram must be f. We would get a similar result

forming a further pullback along i5 : y — y I1 y, and thus by Proposition 1.2.3 we have

established the claim. O]
Lemma 1.2.8. Let C be a category with finite disjoint coproducts. Let @ be an initial object

of C, and let ¢ : @ — z be an epimorphism. Then @ is an isomorphism.

Proof. Since ¢ is an epimorphism and & is initial, we have |C(z,y)| < 1 for all objects y.
In particular, the two coprojections 71,45 : 2z — z Il z are equal. Note that the following

two squares are both cartesian:
0]
z

Since i1 = iy, the top-left corners of these squares must be isomorphic, i.e. @ = 2. Thus

id

z z
l@é idl
I z

z

z
Js
il

_
z—> z z
1

’i—> z
1

@ is an isomorphism. ]

Lemma 1.2.9. Leti:xz — y be an epimorphism in an LCCDC category C. ThenIl; : C/x —

C/y sends initial objects to initial objects.

12



Proof. We will use the symbol & to denote all initial objects, with the specific meaning
to be interpreted from context. The existence of the counit i*I1I;& — & forces i*II;& = @

by Proposition 1.1.10. Thus, we have a cartesian square

Since i is epic and (I;@)* is a left adjoint, the top morphism is also epic. By Lemma 1.2.8,

we conclude that z = @, i.e. I, = . ]

1.2.1 Mackey and Tambara Functors

We will now introduce the notions of Mackey and Tambara functors, which are our key
objects of study. This comes in two stages: first, we define categories A¢ and Pe, which
syntactically encode the operations in Mackey and Tambara functors. Then, we define Mackey

and Tambara functors to be certain types of functors from these categories to Set.
For the remainder of this chapter, we fix an LCCDC category C. The prototypical example
of such a category for us is the category of finite G-sets, where G is some group. Here are

some other examples:

Example 1.2.10. The category étalé of topological spaces with local homeomorphisms

between them is an LCCDC category. To see this, we make use of a crucial fact: if

X f %

Z

is a commutative diagram of topological spaces, and h and ¢ are local homeomorphisms,

then f is a local homeomorphism. Thus, every slice category étalé/ X is the same as the

13



category of étalé spaces over X, with all continuous maps between them. We conclude
that étalé/ X is equivalent to Sh(X) (the category of sheaves of sets on X) by the étalé
space construction. We know that Sh(X) is cartesian closed, so we conclude that étalé is

LCC. Additionally, étalé clearly admits finite disjoint coproducts (by disjoint union).

Example 1.2.11. Any Grothendieck topos is an LCCDC category. This is because
Grothendieck topoi admit finite disjoint coproducts, Grothendieck topoi are cartesian

closed, and every slice of a Grothendieck topos is a Grothendieck topos.

Example 1.2.12. Let fét denote the category of schemes with finite étale maps between

them. Then fét is an LCCDC category (see [2]), and thus so is fét/S for any scheme S.

1.2.1.1 The Lindner Category

We will first produce from C a category Ac, from which we will define the notion of C-Mackey
functors. When C = G—set, these will exactly coincide with the standard notions of G-Mackey

functors.

Definition 1.2.13. The Lindner category of C, denoted Ag, is the category whose:

e Objects are the same as the objects of C;

e Morphisms x — y are isomorphism classes of diagrams x <— z — y in C, where two
diagrams x < 2z — y and x < 2’ — y are said to be isomorphic if and only if there

exists an isomorphism z — 2z’ making

8
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e Composition is given by pullback: given morphisms [z < z — y] and [w < u — z], we

form a pullback

U/:\Z
w/ \x/ \y

to obtain a diagram w < e — y, whose isomorphism class is declared to be the

composite [x < z — y| o [w « u — z].

Since we only needed to construct pullbacks to define the category Ae, this construction
makes sense for any locally cartesian category C. There are a few unsurprising facts to learn

about the Lindner category. First, it is self-dual: “flipping” morphisms
[z 2>yl [y 2z —x]

yields an isomorphism A — Ac.

Next, A¢ is essentially small whenever C is — of course, the collection of objects of A¢
is always in bijection with that of C, and when C; is a small skeleton of C, any morphism
x — y in Ae can be realized by a span x <— z — y in C with z € Cy, from which it follows

that Ac(x,y) is small.

Our last unsurprising fact is that every morphism [z ERSER y] in A factors as T, o Ry,

where

in other words, we have

for all f,g.

There is another important perspective one can take on the category Ag:
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Slogan 2. The morphisms 7, and Ry in A¢ syntactically model the functors ¥, and f*

(respectively) between the slices of C.

In other words, assigning to each object x the slice category C/x and to each morphism
T, o Ry the functor ¥, o f* yields a faithful functor from A¢ to the category of categories

with isomorphism classes of functors between them. In particular, for every cartesian square

oL e

s

o — e
in C, the equality T, o Ry = Ry o Ty is reflected by the fact that ¥, o f* = (f)* o X,. This
isomorphism of functors is sometimes known as the Beck-Chevalley isomorphism.

As a result, facts about dependent sum and pullback translate to give facts about Ac.

With Proposition 1.2.3 in mind, we obtain:

Proposition 1.2.14. Ac admits all finite products, given by the coproduct in C. That is:

e Any initial object of C is terminal in Ac;
e Given a coproduct diagram x NN Y & y in C,
Ri, Ri,
r«—ally — vy
is a product diagram in Agc.

Proof. First, let @ be initial in C. A morphism z — @ in A¢ is given by a diagram
x < 2z — & in C. Proposition 1.1.10 nows tells us that this diagram is isomorphic to
xr <+ & — @, and thus is uniquely determined up to isomorphism. Thus, & is terminal
in Aec.

Next, we claim that the natural transformation

((R’q)*:(R'

Ac(—, xz 1 y) —2))> Ac(—, 1) X Ac(—,y)
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has inverse

(Til )* X

Ac(=2) % Ac(—y) T 020 A e T y) x Ae(—, 2 1 y) 5 Ao(—, 211 y),

where + sends a pair of morphisms
([t z—axlly], [t + w— z1y])

to

(t <~z w — 1 y)).

Checking that these natural transformations are inverses is a direct translation of the

proof of Proposition 1.2.3. ]

Since A¢ is self-dual, these finite products are also finite coproducts, and indeed A¢
admits all finite biproducts. We state Proposition 1.2.14 in the form above to align both with

Proposition 1.2.3 and (later) with Proposition 1.2.23.

By Proposition 1.2.5 and Proposition 1.2.14, we see:

Corollary 1.2.15. IfC is an LCCDC category, then we can also speak of Ac/, for any object

x € C, which again admits all finite products.

1.2.2 Mackey Functors

A Mackey functor is a functor F': Az — Set satisfying two important conditions. The first
is easy to state, and must be assumed in order to even interpret the second. Thus, we give

functors satisfying just this first condition a name:

Definition 1.2.16. A C-semi-Mackey functor is a finite-product-preserving functor Az —
Set. The category of semi-Mackey functors (indexed by C), denoted SMack(C), is the full
subcategory of Fun(Ac, Set) spanned by the semi-Mackey functors.

In light of Proposition 1.2.14, a semi-Mackey functor F' satisfies F'(z1ly) = F(x) x F(y) for
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all objects x,y € Ac, where I denotes the coproduct in C. More specifically, if a, xy & Yy
is a coproduct diagram, then this isomorphism is given by (F(R;,), F'(R;,)) : F(z I y) —
F(z) x F(y). Now, given a semi-Mackey functor F' and an object = € A, we can consider

the morphism

V= (id,,id,) ez —
in C, which yields the morphism Ty : x Iz — z in Ac. Then since F is finite-product-
preserving, we obtain a binary operation

(F(Ri;),F(Riy))™" F(Tv)

F(z) x F(z) » Fl(x 1 x) F(x)

which we denote by +5, (or simply + when clear from context). It is not hard to check that

this operation is associative and has an identity element, i.e.

Proposition 1.2.17. +5, makes F(x) into a commutative monoid.

We should make note of what this identity element is. Since @ (the initial object of C)
is terminal in A¢, F' being finite-product-preserving implies that F'(@) is a singleton. Now
given an object x, we take the unique morphism ! : @ — x and consider T} : @ — x in Ac.
F(T)) is then a function from the singleton set F(&) to F(z). The element of F(z) in the
image of this function is the identity element of (F(x),+). That this element actually is an
identity essentially follows from the categorical fact @ II — is naturally isomorphic to the

identity functor C — C.

So, each semi-Mackey functor F' : Ac — Set comes with a canonical commutative monoid
structure on each of its output objects, and actually even more is true — we can fully upgrade

F to a functor A; — CMon.

Proposition 1.2.18. If F': Ac — Set is a semi-Mackey functor, then F factors uniquely
through the forgetful functor CMon — Set. This unique factorization is given by endowing

each output set F'(x) with the binary operation +p .
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We relegate the proof to Appendix A.

Noting that the forgetful functor CMon — Set preserves and reflects products, we have

Corollary 1.2.19. SMack(C) is isomorphic to the category of finite-product-preserving

functors Ac — CMon via postcomposition with the forgetful functor CMon — Set.

We are now ready to state the full definition of a Mackey functor:

Definition 1.2.20. A C-Mackey functor is a semi-Mackey functor F': Ae — Set such that
(F(x),+) is an abelian group for all . The category of Mackey functors (indexed by C),
denoted Mack(C), is the full subcategory of SMack(C) spanned by the Mackey functors.

In other words, a semi-Mackey functor is Mackey if and only if, for all objects z, the
binary operation +p, admits inverses. Corollary 1.2.19 tells us that, equivalently, Mack(C)

can be viewed as the category of finite-product-preserving functors Az — Ab.

Since Ab is a reflective and coreflective subcategory of CMon, it follows that Mack(C) is

reflective and coreflective in SMack(C). That is:

Proposition 1.2.21. The inclusion Mack(C) — SMack(C) admits both a left and right

adjoint.

Proof. Let (=)*,(=)* : CMon — Ab denote the left and right adjoints (respectively) to
the inclusion Ab — CMon. To remind, for a commutative monoid X, X is the abelian
group generated by the elements of X modulo the relations present in X, and X* is the

submonoid of invertible elements in X.

These functors both preserve products: (—)* clearly because it is a right adjoint,
and (—)" because it is a left adjoint and CMon and Ab both have finite biproducts.
Thus, postcomposition with these functors define functors SMack(C) — Mack(C). It

follows formally that these functors are left and right adjoint to the inclusion Mack(C) —
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SMack(C). O

We denote the left adjoint of the inclusion Mack(C) — SMack(C) by ()" and the right
adjoint (—)".

1.2.3 The Polynomial Category

We now produce from C a category Pc, from which we will define the notion of C-Tambara
functors. When C = G—set, these will exactly coincide with the standard notions of G-

Tambara functors.

Definition 1.2.22. The Polynomial Category of C, denoted Pe, is the category whose:

e Objects are the same as the objects of C;

e Morphisms x — y are isomorphism classes of diagrams x < z — w — y, where two
diagrams x < z — w — y and x <+ 2’ — w’ — y are said to be isomorphic if and only

if there exist isomorphisms z — 2’ and w — w’ making

—

g

< IR—

N 7

8 «r—

f—

N

commute.

In order to define the composition in Pe, we will temporarily introduce an auxilliary
construction of a category Pp. The objects of Pp are the same as those of Pe, i.e. they are the
same as the objects of C. Each morphism f : x — y in C will give rise to three distinguished
morphisms in P/, denoted by Ty : ¢ =y, Ny : x — y, and Ry : y — x. The category Pp will
be generated by these morphisms, modulo some relations which we will now describe.

Just as with A¢, these generating morphisms are meant to syntactically encode the

functors X¢, fi, and II; between slices of C which are given to us by the locally cartesian
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closed structure. As such, the morphisms of type T" and R will compose exactly as in A,

and it suffices to explain how composition with morphisms of type N works.

First of all, we set N, o N, = Ny, for any pair of composable morphisms (a, b) in C. Next,

given any cartesian square

/

a—25b
f’lJ g
CTd

we set Ry o Ny = Npo Ry.

Finally, we introduce a complicated composition relation. Given a pair of composable
morphisms x EN y % 2 in C, we take a dependent product along ¢ to get

Jrs

Yy—g—7%
and then form a pullback along g to get

(Hgf)*g
e —— o

g*Hgfl lngf

Yy —Yg7 %
Now the counit of the adjunction g* - II, gives a morphism
g;oind . g*Hgf N f

in C/y, and so in total we have a commutative diagram (called a distributor diagram")

° Ugf)*g °
5(j:coind N
/ l lngf
T2 Y~ 2

in C. We then declare that

Ng ©) Tf = THgf o N(Hgf)*g o Ra?oind.

!These are also sometimes called exponential diagrams in the literature.
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With these generators and relations (plus the relations between T’s and R’s as in A¢) in
place, we certainly obtain some category P/. Moreover, every morphism in P} can be written

in the form Ty N, R;, since a composite of two such morphisms can be reduced as

(TNR)(TNR) ~ TN(TR)NR
~ T(TNR)RNR
~ TNRNR
~ TN(NR)R

~ TNR.

Moreover, it turns out that two parallel morphisms Ty N,R;, and Ty Ny Ry, are equal if

and only if the bispans

0(£0—>0—>0

and
! !

h/
VLA NPT I

are isomorphic — see [11, Lemma 2.15] for a proof. Thus, for any objects x,y, we obtain a
bijective correspondence between the Hom-sets Pe(x,y) and Pp(z,y). We can then transport
the composition operation from P} to Pc, and henceforth entirely identify these categories.

With this identification in place, we have that
Tf:[x<id—zxid—z>xi>y]
idg id
Nf:[x<ixi>y—y>y]
Rf:[yixmi)x%x]

and

TrNyR), = [x&zimugy]
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Slogan 3. The morphisms T}, Ny, and Ry in P¢ syntactically model the functors X, II,,

and f* (respectively) between the slices of C.

For a careful account of the category Pe, its construction, and its properties, we refer the

reader to [11] (for general LCC categories) and [20] (in the case of G—set).

As opposed to Ac, Pc is typically not self-dual. However, it is still true that P is
essentially small whenever C is. And, as with A¢, the existence of finite disjoint coproducts

in C induces finite products in Pe.

Proposition 1.2.23. If C is LCCDC, then Pe admits all finite products, given by the

coproduct in C. That 1is:
o Any initial object of C is terminal in Pc;
e (fiven a coproduct diagram x KNl Y & y i C,
Ri, Ri,
r«—ally —vy
1s a product diagram in Pe.

Proof. The proof is exactly the same as that of Proposition 1.2.14, since the natural
transformations involved are all of the form 7T, and R,, which compose in P¢ in exactly

the same way that they do in Ac. ]

1.2.4 Tambara Functors

Definition 1.2.24. A C-semi-Tambara functor is a finite-product-preserving functor Pe —
Set. We write STamb(C) to denote the category of C-semi-Tambara functors (which is a full
subcategory of Fun(Pe, Set)).

Now given a semi-Tambara functor F': Po — Set and an object € P, the morphism

Ty : zllz — x in P¢ yields a binary operation 4+, on F'(z), and the morphism Ny : Iz — x
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yields a binary operation -p, on F(x). As before, (F(x),+p,) is a commutative monoid,
and by the same argument so is (F'(x),-g,). Distributor diagrams are so named because
the composition relation they impose in P¢ says in particular that g, distributes over 4.

Thus, (F(z),+,-) is a commutative semiring” for all objects z.

Definition 1.2.25. A Tambara functor (indexed by C) is a semi-Tambara functor F' such
that (F(x),+,-) is a ring for all z. We write Tamb(C) to denote the category of C-Tambara

functors (which is a full subcategory of STamb(C)).

Warning. As opposed to (semi-)Mackey functors, Tambara functors cannot be viewed as
functors into commutative monoids, or semirings, etc. This is because, given a semi-Tambara
functor F': Pe — Set, the functions F'(N;) will generally not respect the additive structure,
and the functions F'(T) will generally not respect the multiplicative structure. Indeed, in the
other direction, if F': P — CMon preserves products, the composition P, — CMon — Set
with the forgetful functor will be a semi-Tambara functor, and the Eckman-Hilton argument
will show that + and - coincide on each F'(z). Then by uniqueness of identity elements, we

will have that 0 = 1 in each commutative semiring F'(x), and thus F'(z) = 0 for all z.

Since the morphisms of type T" and R in Pc compose exactly as in A¢, Ac embeds as a
wide subcategory of Pe. More explictly, this embedding functor e : A — P acts as the

identity on objects and acts on morphisms by
[x<—z—>y]+—>[a:ez£>zﬁ>y].

Proposition 1.2.14 and Proposition 1.2.23 tell us that e sends product diagrams in A¢ to
product diagrams in Pg; i.e. e preserves products. Thus, precomposition with e yields a

“forgetful functor”

STamb(C) — SMack(C)

2A semiring is a triple (A, +,-) satisfying the same axioms as a ring, except that we do not require the
existence of additive inverses. These are also sometimes known as rigs.
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which we will denote by U. This forgetful functor also preserves the binary operation +,
i.e. +p, and +y(p), are equal for all semi-Tambara functors F' and all objects x. Thus, U
restricts to a functor Tamb(C) — Mack(C) (which we will also denote by U). From this point
of view, a Tambara functor is just a semi-Tambara functor whose underlying semi-Mackey

functor is Mackey. In total, we obtain a pullback diagram

Tamb(C) ——— STamb(C)

Mack(C) —— SMack(C)

For an appropriate choice of C, this recovers precisely the notion of motivic Tambara

functors introduced by Bachmann.

Proposition 1.2.26. Fix a scheme S, and let fét be the category of schemes with finite étale
morphisms between them. Then a fét/S-Tambara functor is precisely the notion of Tambara

functor defined in [2] (which are also called naive motivic Tambara functors in [1]).
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CHAPTER 2
(Bi-)Incompleteness and Separability

There is no math without courage.

Bar Roytman

2.1 (Bi-)Incompleteness in Equivariant Homotopy Theory

In equivariant homotopy theory, G-Tambara functors arise as the 7y of genuine G—FE, ring
spectra, by which we mean an algebra in genuine G-spectra for a so-called “G—FE_..” operad.
The operations encoded by such an operad give rise to the norm maps in the resulting
Tambara structure on 7y, and G—F,, ring spectra arise naturally in practice (they played a
key role in the work of Hill, Hopkins, and Ravenel in their resolution of the Kervaire Invariant
One Problem). However, it is also common to encounter equivariant ring spectra without
quite as much structure: for example, a Bousfield localization of a G—F, ring spectrum
always admits a homotopy-coherent multiplication (on 7, this gives norms along codiagonals
x Iz — x), but will not always retain the structure of a G—E,, algebra. So, we can ask:
what are the possible collections of norm maps that an equivariant spectrum may admit?
The answer is certainly not “any collection whatsoever”, since for example the collection of

norm maps which a given spectrum admits will be closed under composition.

In [6], Blumberg and Hill axiomatize these possible collections of norm maps and define
the operads indexing these collections of operations, which they christened “N,, operads”.

Furthermore, in combination with the following work of Bonventre-Pereira [7], Gutierrez-
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White [12], and Rubin [19], they show that the homotopy category of N, operads (for a
fixed finite group ) is equivalent to a finite poset (the poset of indexring systems for the
group G). For a fixed N, operad O, the 7y of an O-algebra in geniune G-spectra will be a
Tambara functor admitting some norms but perhaps not all — such objects were christened

“incomplete Tambara functors” in [5].

The very same indexing systems which describe admissable collections of norms can also
be viewed as describing admissable collections of transfers in a Mackey functor, and so we
can also consider “incomplete Mackey functors”, and from here we could ask what is possible
if one wishes to simultaneously restrict the admissible norms and transfers of a Tambara
functor. This was first explored by Blumberg and Hill in [4], and the resulting notion of
bi-incomplete Tambara functors was introduced. These bi-incomplete Tambara functors arise,
for example, as the my of algebras in equivariant spectra for an N, operad (specifying the
admissable norms), where the equivariant stable homotopy category is developed with respect

to a not-necessarily-complete G-universe (specifying the admissable transfers).

(Bi-)incompleteness also turns out to be very important in the study of motivic Tambara
functors. When motivic Tambara functors were first introduced in [2], Bachmann considered
only complete Tambara functors indexed by fét/S, since his main objects of interest had this
structure. Later, in [1] and [3], Bachmann and Bachmann-Hoyois investigate incomplete and
bi-incomplete Tambara functors indexed by Sm/S, fét/S, and related categories. Actually,
the categories over which they index are not neccesarily LCCDC (e.g. Sm/S is not, because
it does not admit dependent products along all morphisms), so it is not quite right to say (in
our terminology) that Bachmann and Hoyois study bi-incomplete Tambara functors indexed
over Sm/S. Instead, their observation is that Sm/S does admit dependent products along
finite étale morphisms, and so a version of the polynomial category can still be constructed
so as to ensure that every dependent product which needs to be computed does indeed exist,
from which these sorts of Tambara functors can be defined. This exactly parallels (at a more

categorical level) the idea of bi-incomplete Tambara functors, as we will see in this chapter.
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In forthcoming work, we will investigate this not-quite-LCCDC situation further. For now,
to keep the discussion focused, we will develop a theory of bi-incomplete Tambara functors

indexed over an arbitrary LCCDC category.

The point of developing this theory here is to prove (in the proceeding chapter) a new
theorem for generalized Tambara functors, e.g. naive motivic Tambara functors. Mazur [18]
(for cyclic p-groups) and Hoyer [14] (for arbitrary finite groups) showed that Tambara functors
are the same as G-commutative monoids in Mackey functors, in the sense of [13]. Later, Chan
[10] generalized their work to prove the conjecture of Blumberg and Hill that bi-incomplete
Tambara functors are the same as O-commutative monoids in incomplete Mackey functors.
Our work in the proceeding chapter will generalize this further to the context of bi-incomplete

Tambara functors indexed over arbitrary LCCDC categories.

2.2 Indexing Subcategories and Compatibility

Definition 2.2.1. Let C be a cocartesian and locally cartesian category. A subcategory O of

C is said to be an indexing category on C (or an indexing subcategory of C) if it is:

1. Wide, i.e. all objects of C are also objects of O;

2. Pullback stable, i.e. for all morphisms f in O and all cartesian squares
e — @
f 'l lf
e — @
inC, f'is in O;
3. Finite-coproduct complete, i.e. the initial object of C is also initial in O, and every

binary coproduct diagram of C is a binary coproduct diagram in O (and in particular

lies in O).
Definition 2.2.2. Let C be a cocartesian and locally cartesian category and let O be an
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indexing category on C. The category Ac o is defined to be the wide subcategory of A¢

containing precisely the morphisms TR, such that f € O.

The second condition in Definition 2.2.1 ensures that A o is closed under composition;
and the first condition ensures that A¢ o contains all identity morphisms of A¢. The third

condition ensures that A¢ ¢ is finite-product complete.

Proposition 2.2.3. Let C be an LCCDC category and let O be an indexing category on C.
Then Ac o is a finite-product complete subcategory of Ac — in particular, Ac o admits all

finite products and the inclusion Ac o — Ac is finite-product-preserving.

In fact, something more general is true. Indexing subcategories of C form a (possibly large)
poset Ze under inclusion, and any inclusion of indexing categories yields a finite-product-

complete inclusion of Lindner categories.

Proposition 2.2.4. Let C be an LCCDC category and let O C O be an inclusion of indexing

subcategories of C. Then Ac o is a finite-product complete subcategory of Ac.or.

Clearly, for any subclass S C Z¢, we have (| S € Z¢. In particular, Ze has a maximum
element, namely C itself, and a minimal element O™, which consists of finite coproducts
of morphisms isomorphic to codiagonal maps. In other words, the morphisms in O™V are
precisely those of the form

ai Qan L_ll an
(H xl) -1 (H xn) PSS - Ty,
i=1

i=1

where each f; : x; — y; is an isomorphism and each a; is a natural number. Proposition 2.2.3

is the special case of Proposition 2.2.4 for an inclusion O C C.

2.2.1 Incomplete Mackey Functors

The purpose of defining these “incomplete Lindner categories” is to index the operations of

“incomplete Mackey functors”. So, we make the following definition.
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Definition 2.2.5. Let C be an LCCDC category and let O be an indexing category on
C. An (C,O)-semi-Mackey functor is a finite-product-preserving functor A o — Set. The
category of (C, O)-semi-Mackey functors (denoted SMack(C, Q)) is the full subcategory of

Fun(Ac o, Set) spanned by the O-semi-Mackey functors.

Since A¢ o is finite-product-complete in A¢ o, it contains all the morphisms needed in the
definition of the binary operation 4. Thus, we can also define the notion of a (C, O)-Mackey

functor.

Definition 2.2.6. Let C be an LCCDC category and let O be an indexing category on C. A
(C,0)-Mackey functor is a (C, O)-semi-Mackey functor F' such that (F'(x),+) is an abelian
group for all objects z. The category of (C, O)-Mackey functors (denoted Mack(C, O)) is the
full subcategory of SMack(C, O) spanned by the (C, O)-Mackey functors.

Exactly as before, a (C, O)-semi-Mackey functor factors uniquely through CMon, and
consequently the inclusion of (C, O)-Mackey functors into (C, O)-semi-Mackey functors has
both a left and right adjoint.

Proposition 2.2.7. Let C be an LCCDC category, and let O be an indexing subcategory
of C. Then every (C,O)-semi-Mackey functor F': Aco — Set factors uniquely through the
forgetful functor CMon — Set.

Proposition 2.2.8. Let C be an LCCDC category, and let O be an indexing subcategory of
C. Then the inclusion Mack(C,O) — SMack(C, O) has both a left and right adjoint, given by
post-composition with the left and right adjoints (respectively) of the inclusion Ab — CMon.

In light of Proposition 2.2.4, an inclusion of indexing subcategories also gives a forgetful

functor between the corresponding categories of (semi-)Mackey functors:

Proposition 2.2.9. Let C be an LCCDC category, and let O C O be an inclusion of indexing

categories on C. Then precomposition with the inclusion Aco — Ac.o yields a forgetful
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functor from (C,O")-(semi-)Mackey functors to (C,O)-(semi-)Mackey functors, forming a

commutative square
Mack(C, ©O') —— SMack(C, O’)

| !

Mack(C, ©) —— SMack(C, O)

2.2.2 Compatible Pairs of Indexing Categories

Definition 2.2.10. Let C be an LCCDC category, and let (O,, O,,) be a pair of indexing
subcategories of C. We say that (O,, O,,) is compatible if, for all morphisms i : x — y in O,,

and all morphisms « : a — z in O, Il;« lies in O,.

Warning. Compatibility is not a symmetric notion, i.e. it is possible for one of (O, O,,)

and (O, O,) to be compatible but not the other.

The definition of indexing category was cooked up precisely so that the morphisms in the
indexing category could be used as the T-components of spans, yielding a nice subcategory
of the entire Lindner category. Likewise, a compatible pair (O,, O,,) of indexing categories
yields a nice subcategory of the polynomial category, where the morphisms in O, are the

T-components of morphisms and the morphisms in O,, are the N-components.

Definition 2.2.11. Let C be an LCCDC category and let O = (O,, O,,) be a compatible
pair of indexing subcategories of C. P o is the wide subcategory of Pc containing precisely

the morphisms Ty NyRy, with f € O, and g € O,,.

The well-definedness of the incomplete Linder category was obvious, but it is less imme-
diately clear that the above description of P¢ o is actually well-defined. In particular, we
must check that morphisms of the form Ty N,R;, with f € O, and g € O,, are closed under
composition. The only nontrivial part of this check is that a composition N,oTy with g € O,,

and f € O, is still of this desired form. Recalling the discussion of distributor diagrams from
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Section 1.2.3, we have

Ng o) Tf = THgf o N(Hgf)*g o Rs;oind.

But we know that II,f € O, by the compatiblity condition, and so that (II,f)*g € O,, by

pullback stability, whence things are fine.

The canonical partial order on indexing categories induces a partial order on compatible
pairs of indexing categories: we say (O, O,,) < (0.,,0. ) if and only if O, C O! and

O, C O... We use B to denote the poset of compatible pairs of indexing categories.

Proposition 2.2.12. Let C be an LCCDC category and let O < O’ be a morphism in Be.

Then Pe.o is a finite-product-complete subcategory of Pe or.

Again, Be has a maximum element, namely (C,C), and so the above proposition implies
(in particular) that finite products in Pc o are the same as finite products in Pe. And,

analogously to the complete setting, we have

Proposition 2.2.13. Let C be an LCCDC category and let O, be an indexing subcategory
of C. Then, for any indexing subcategory O, of C such that (O, On,) is compatible, Ac o,
naturally embeds as a wide, finite-product-complete subcategory of Pec o, .0,,, via sending a
morphism [z RPN y| to [z RPN s ).

For any indexing category O, the pair (O, O™") is compatible, because forming a dependent
product along a codiagonal is the same as forming a product in a slice category — since O is
pullback-stable and closed under composition, it follows that it is closed under dependent

products along codiagonals.

It is also the case that (C, Q) is compatible for all O — the compatibility condition becomes

trivial. Overall, we see that Be has a minimum element (O™, O™V) and a maximum element
(€, C).
For the remainder of this chapter, we will often have in play a triple (C, O,, O,,) of an

LCCDC category C and a compatible pair (O,, O,,) of indexing categories on C. It will
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become cumbersome to continue writing out such a triple of data in full, so we now introduce

a definition to simply the notation in our exposition.

Definition 2.2.14. An indez is a triple (C, O,, O,,), where C is an LCCDC category and
(Oq, O,) is a compatible pair of indexing categories on C. We will often abuse notation and
use the same symbol (in this case, C) to refer to both the index and the underlying LCCDC
category. In this case we will use C, and C,, to denote the two components of the compatible

pair of indexing categories.

If C is simply an LCCDC category, we may also view it as an index (C,C,C) (the “fully

complete index” on C). We may do this in the following work when clear from context.

Definition 2.2.15. For an index C, we will use A¢ to denote the category Acc, and P to
denote the category Pecc, c,.- Note that, when C is the fully complete index on an LCCDC

category, Ac and Pe agree with their definitions from Chapter 1.

2.2.3 Bi-Incomplete Tambara Functors

The point of introducing indices was to define a generalized notion of bi-incomplete Tambara

functors, which we will now do.

Definition 2.2.16. Let C be an index. A C-semi-Tambara functor is finite-product-preserving
functor Pe — Set. The category of C-semi-Tambara functors (denoted STamb(C)) is the full

subcategory of Fun(Pc, Set) spanned by the C-semi-Tambara functors.

Since finite products in P are the same as finite products in P¢, each C-semi-Tambara

functor comes equipped with a semiring structure on each of its output sets. Thus, we can

define

Definition 2.2.17. Let C be an index. A C-Tambara functor is a C-semi-Tambara functor F’
such that (F'(z),+) is an abelian group for all objects x. The category of C-Tambara functors
(denoted Tamb(C)) is the full subcategory of STamb(C) spanned by the C-Tambara functors.
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The rest of the basic setup falls into place exactly as expected.

Proposition 2.2.18. Let C be an index. Precomposition with the canonical embedding
Ac — Pe defines a forgetful functor U : STamb(C) — SMack(C) which identifies Tamb(C) as
the full subcategory of STamb(C) lying over Mack(C).

Proposition 2.2.19. Let C be an LCCDC category, and let O < O be an inclusion of pairs
of compatible indexing categories on C. Then precomposition with the inclusion Peco — Pe .o
yields a forgetful functor from (C,O")-(semi-)Tambara functors to (C,O)-(semi-)Tambara

functors, forming a commutative square

Tamb(C, 0') —— STamb(C, O’)

| |

Tamb(C,O) —— STamb(C, O)
This assembles with the forgetful functors of Proposition 2.2.18 and the square of Proposi-

tion 2.2.9 to form a commutative cube

Tamb(C,0’) ——— STamb(C, O’)

| /

Tamb(C,0) ———— STamb(C, O)

Mack(C, O') — | — SMack(C, O')

- e

Mack(C, ) ——— SMack(C, O)
2.3 Compatibility with Slices

As mentioned, we wish to develop this theory of bi-incomplete Tambara functors for the
purpose of generalizing a theorem of Hoyer and Mazur. This Hoyer-Mazur theorem concerns
the norm functor NG : Tamb(H —set) — Tamb(G—set) for H < G an inclusion of finite
groups, and this norm functor is given by left Kan extension along the induction functor

H—set — G—set. At first glance, it is not clear how this should be generalized to the context
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of LCCDC categories — what relationships would we have in general between two LCCDC
categories like H—set and GG—set? However, there is an interesting observation to be made

about this setup which greatly clarifies the situation.

Proposition 2.3.1. Let G be a finite group. Given a morphism f: X — G/H in G—set,
the fiber f~Y(H) above the trivial coset is a sub-H-set of X. Sending f to f~'(H) defines an

equivalence of categories G—set/(G/H) — H—set (where we act on morphisms by restriction).

Now, via the equivalences G—set/(G/G) = G—set and G—set/(G/H) = H—set, the
restriction functor G—set — H—set corresponds to pulling back along the unique map
i: G/H — G/G. Thus, induction (which is left adjoint to restriction) corresponds to ¥; —
the functor we wanted to Kan extend along was actually encoded by the LCC structure of
G —set! From this perspective, we see that the Hoyer-Mazur theorem is really about a single

LCCDC category (G—set) and Tambara functors indexed over its slice categories.

For this reason, if we want to prove a bi-incomplete version of the generalized Hoyer-Mazur
theorem, we need to understand how indexing categories interact with slices. The news here

is good — everything works very smoothly.

Definition 2.3.2. Let O be an indexing subcategory of C. For an object = € C, we use O/z

to denote the subcategory of C/x consisting of precisely those morphisms
f
a———b
x
with f € O. Note that O is wide in C, so O/z is wide in C/z: the object a — z itself need

not lie in O!

This does overload our notation — the meaning of O/x now depends on whether O is
viewed as an indexing subcategory of C or independently as a category with no relationship

to C. In what follows, we will take care to make sure it is clear from context which is meant.
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Proposition 2.3.3. Let C be an LCCDC category, and let O, be an indexing subcategory
of C. Then, for each object x € C, O,/x is an indexing subcategory of C/x. Moreover, for
any indezing subcategory O,, such that (Ou, On,) is compatible, (Oy/x, Op,/x) is a compatible

pair of indexing subcategories of C/x.

Proof. Let (O,, O,,) be a compatible pair of indexing subcategories of C. Then O,/ is
wide (because O, is wide) and pullback-stable (because pullbacks in C/z are computed as
in C). Proposition 1.2.1 shows that the initial object of C/z is @ (which is also initial in
O/z), and binary coproduct diagrams in C/z are simply coproduct diagrams in C which
happen to lie over x — since the binary coproduct diagrams in C all lie in O, the binary
coproduct diagrams in C/x all lie in O,/x. Thus, O,/z is an indexing subcategory of

C/x. We only used that O, is indexing, so O,,/z is also an indexing subcategory of C/z.

For (O,/x,O,,/x) to be compatible means that, for all morphisms i : « — §in O,,/x
and all morphisms g : v — « in O, /x, Il;g lies in O, /x. Diagramatically, this setup looks
like

o s e—" 3o
el A
T
with ¢ € O, and i € O,,. Then compatibility of (O,,O,,) says that II,g € O,, as
desired. O

In light of the above proposition, when C is an index, we obtain an index C/z for each

object x € C.

Proposition 2.3.4. Let C; and Cy be LCCDC categories, let O be an indexing category on
Cy, and let Oy be an indexing category on Cy. Let F': C; — Co be a functor which preserves
cartesian squares, and sends morphisms in Oy to morphisms in Oy. Then F' induces a functor
Ap + Ac 0, — Acy0, by sending a morphism TR, to TppRp). If ' preserves finite

coproducts, then Ap preserves finite products.
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Corollary 2.3.5. Let C be an index. For any morphism f : x — y in C,, X5 induces a
finite-product-preserving functor between Ac, — Acyy. For any morphism i :x — y in Cy,,

II; induces a functor Acjy — Acyy-

Proof. ¥ preserves cartesian squares by Proposition A.4.3, and sends morphisms in
C./z to morphisms in C,/y since it acts as the identity on morphisms. Additionally, X,

preserves finite coproducts because it is a left adjoint.

II; preserves cartesian squares because it is a right adjoint, and sends morphisms in

C,/x to morphisms in C,/y by the compatibility condition. O

Proposition 2.3.6. Let C; and Cy be indices. Let F : C; — Co be a functor which preserves
cartesian squares, distributor diagrams, and sends morphisms in (C1)q (resp. (Ci)m) to
morphisms in (Ca), (resp. (C2)m). Then F induces a functor Pr : Pe, — Pe, by sending a
morphism Ty NgRy, to TppNpg)Rery. If F' preserves finite coproducts, then Pr preserves
finite products.

Here, “preserves distributor diagrams” means that, given N;/T, = T, Ny R, in Pe,, we also

have Nr(5)Trg) = Tr@Nre Rre i Pe,.

Corollary 2.3.7. Let C be an index. For any morphism 1 : x — y in O, X; induces a

Jinite-product-preserving functor Pe;r — Pey.

Proof. We know that YJ; preserves cartesian squares by Proposition A.4.3. ¥, sends
morphisms in C,/x (resp. Cp,/x) to morphisms in C,/y (resp. C,,/y) because it acts as
the identity on morphisms. ; preserves finite coproducts because it is a left adjoint.
All that remains to be shown is that Y; preserves distributor diagrams, which turns out

to be (essentially) just an application of Slogan 1. So, begin with a composable pair of
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morphisms o ER 8L yinC /x. Diagramatically, in C, we have
a—1sb—2s ¢
xﬁl /
x

We then form II,f € (C/x)/~, whence ¢*Il,f € (C/x)/3, and put these together to form

our distributor diagram in C/x:

[
E(}oind
/ g 1y f lng f
> C

7

\ﬂl /

Here, we are viewing II, as a functor (C/x)/5 — (C/x)/, defined by being right adjoint
to g*: (C/x)/v — (C/z)/B. But by Slogan 1, we have isomorphisms (C/z)/8 = C/b and
(C/x)/~ = C/c under which g* : (C/x)/y — (C/z)/B is identified with g* : C/c — C/b.
Thus, II, : (C/z)/8 — (C/x)/~v is also identified with II, : C/b — C/c. Likewise, the

counit Ecomd cg*Il,f — fin (C/x)/« coincides with the counit z—:jf’ind g, f = fin

C/b. In other words, the entire construction of the distributor diagram can be performed

simply in C, forgetting the structure maps to x.

Thus, when we form the distributor diagram for the composable pair (3, f, ¥;g) in
C/y, we can also perform this construction directly in C, forgetting the structure maps
to y. But X; acts as the identity on morphisms, so this distributor diagram we end up
constructing for (X; f, ¥;g) is precisely the same as the distributor diagram we constructed

originally for (f, g) (which is the same as its image under ;). ]

The reason for establishing this corollary is that the functor Py, : Pe/, — Pejy gives rise
to an interesting construction on Tambara functors, called “restriction”, which will play a

central role in the next chapter.

Proposition 2.3.8. Let C be an index. For any morphism i : x — y in C,,, precomposition
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with Py, : Peje — Peyy gives a functor STamb(C/y) — STamb(C/x) which restricts to a
functor Tamb(C/y) — Tamb(C/x).

Proof. Let F' € Tamb(C/y). Its image under precomposition with Py, is a semi-Tambara
functor because Py, preserves finite products. For any object a € C/x, the operation

+FoPg, a is exactly equal to the operation + gy, which has additive inverses by assumption.

]

2.4 Separability

A crucial tool in the study of G-Tambara functors is the result of Mazur [18] which states
in particular that, for all G-Tambara functors S, all morphisms X — Y between transitive
G-sets, and all a,b € S(X), S(N¢)(a) + S(Ny)(b) is a summand of S(N¢)(a + b). This is
in fact true of semi-Tambara functors, and implies that in a semi-Tambara functor, norms
between transitive G-sets preserve additively invertible elements. We would like to have a
similar result in the generalized context, but to do so an additional assumption on the index

is required.

Definition 2.4.1. A morphism f : a — ¢ in a category C is said to be complemented if there

exists a morphism ¢ : b — ¢ such that a Ledbisa coproduct diagram.

Definition 2.4.2. Let C be an index. For any f : x — y in C,,, letting V, : x Iz — x denote
the codiagonal, we obtain an object II;V, € C/y. Let j; : id, — II;V, denote the adjunct of
the first coprojection f*id, = id, — V, (noting that V, is the coproduct id, ITid, in C/z).

We say that C is separable if j; is complemented in C/y for all f € C,,.

We note that j; is always a monomorphism, because id, is terminal in C/y. So, if C
is such that all monomorphisms in slices of C are complemented, then C is separable. For

example, this is true of the category of finite G-sets.
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Proposition 2.4.3. If C = G—set, then C is separable.

Proof. In this case (by Proposition 2.3.1 and Proposition 1.2.3), a slice C/y is equivalent
to G;—set x --- x G, —set for some finite collection of finite groups Gy, ...,G,. Since

all monomorphisms in each G;—set are complemented, all monomorphisms in C/y are

complemented. O

Separability also holds in the motivic context, although this is slightly less trivial.
Proposition 2.4.4. IfC = fét/S, then C is separable.
Proof. For all x € fét/S, V, is a separated finite étale morphism. Then for any finite

étale f: x — y, [1;V, is separated finite étale ([8, §7.6, Proposition 5] for separated and

[2, §3] for finite étale). Now we apply Lemma 2.4.5 below. O

Lemma 2.4.5. Let f : X — Y be a separated finite étale morphism of schemes. Then any

section of f is complemented.

Proof. Let g : Y — X be a section of f. Thinking of g as a morphism of Y-schemes,
its domain and codomain are étale, so g is étale. Since g is a section of a morphism, it
has degree 1. Moreover, idy = f o ¢ is finite, and f is separated, so ¢ is finite. Since

finite morphisms are closed and étale morphisms are open, we conclude that g is an

isomorphism onto its image, which is clopen in X. Thus, ¢ is complemented. O
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CHAPTER 3

A Generalized Hoyer-Mazur Theorem

...represent...

Nobuo Yoneda

In [14], Hoyer establishes, for each inclusion of finite groups H < G, a commutative square

Tamb(H —set) —— Tamb(G—set)

l l (3.1)

Mack(H —set) —— Mack(G—set)

where the vertical arrows are the forgetful functors, the top arrow is left adjoint to
the restriction functor Tamb(G—set) — Tamb(H —set) (and is given by left Kan extension
along induction H—set — G—set), and the bottom arrow is given by left Kan extension
along coinduction H—set — G'—set (but is not left adjoint to any functor Mack(G—set) —

Mack(H —set)).

Actually, we should pause to be a bit more precise here. The induction functor Indg :
H—set — G—set (defined by Indfl X = G xy X) enjoys many nice properties: it preserves
cartesian squares, finite coproducts, and distributor diagrams. So, by Proposition 2.3.6,
it induces a finite-product-preserving functor Indg : PH—set — Pa—set, and the restriction
operation Tamb(G—set) — Tamb(H —set) is given by precomposition with Ind§ — which
indeed sends semi-Tambara functors to semi-Tambara functors because Indg t PH_set —

P _set preserves finite products! It is also not hard to see that this operation sends Tambara
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functors to Tambara functors: given a G-Tambara functor A and a finite H-set X, the
restriction of A evaluated at X is simply the commutative monoid A(Ind% X), which we know
is an abelian group. So, it is easy to establish the restriction operation RY : Tamb(G—set) —
Tamb(H —set) in question. The name “restriction” comes from the fact that (RGA)(H/K) =
A(G/K) for all subgroups K < H — i.e. the K-fixed points of the restriction of A are the

same as the K-fixed points of A.

In any case, by universal property, left Kan extension along Indg * PH—set = Po—_set 18
left adjoint to precomposition with Indg : P _set = Po_set, assuming that this global left
Kan extension functor even exists. The first bit of good news is that the global left Kan
extension does exist (by the “Kan lemma”: H-set is essentially small and Set is cocomplete),
at least as a functor Fun(Py _eet, Set) — Fun(Pg_set, Set). Moreover, global left Kan extension
functors preserve finite-product-preserving functors [16, Proposition 2.5], so this operation
sends semi-Tambara functors to semi-Tambara functors. A separate argument is required
to show that this operation actually sends Tambara functors to Tambara functors — we will

return to this point later.

Such is the real story of the top arrow in the square which introduces this chapter. The
story for the bottom arrow N : Mack(H —set) — Mack(G—set) is similar, but not exactly the
same. This operation on Mackey functors is defined to be left Kan extension along CoIndg ;
Ap_set = Ag_set, where again this coinduction functor between Lindner categories is actually
induced from the coinduction functor H—set — G—set (defined by X — Mapy (G, X)).
Similarly, it is necessary to note that functor between Lindner categories is well-defined (see
Proposition 2.3.4), and then that this global left Kan extension functor exists at the level
of functor categories (by the Kan lemma [17, X.3. Corollary 2]), and sends semi-Mackey
functors to semi-Mackey functors (by [16, Proposition 2.5]), and indeed furthermore sends
Mackey functors to Mackey functors (which requires a separate argument that we again elide
for now). It is surely tempting at this point to think that this left Kan extension operation

is necessarily left adjoint to precomposition with CoIndg s Ap_cet — Ac_set! While this is
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true at the level of functor categories, it is false at the level of categories of (semi-)Mackey
functors. The problem is that CoIndg : H—set — (G—set does not preserve finite coproducts
(unless H = G), and so CoIndfl t A —set = Ag_set does not preserve finite products, and
thus precomposition with CoIndg s A _set — Ag_set does not preserve semi-Mackey functors.
Indeed, one can show that N : Mack(H —set) — Mack(G—set) does not preserve coproducts,

and so it cannot be a left adjoint at all. Nonetheless, the square (3.1) commutes.

We now recall Proposition 2.3.1, which we re-print here due to its importance:

Proposition. Let G be a finite group. Given a morphism f : X — G/H in G—set, the
fiber f7Y(H) above the trivial coset is a sub-H-set of X. Sending f to f~'(H) defines an

equivalence of categories G—set/(G/H) — H—set (where we act on morphisms by restriction).

Via the equivalences G—set/(G/G) = G—set and G—set/(G/H) = H —set, the restriction
functor G—set — H—set corresponds to pulling back along the unique map i : G/H — G/G.
Thus, induction (which is left adjoint to restriction) corresponds to ¥;, and coinduction
(which is right adjoint to restriction) corresponds to II;. Putting this all together, we can

rewrite the commutative square (3.1) as

Tamb(G—set /(G/H)) % Tamb(G—set/(G/G))

| |

Mack(H —set/(G/H)) P Mack(G—set/(G/Q))

The main result in this chapter is a generalized version of Hoyer’s theorem, where we
replace i : G/H — G/G with an arbitrary multiplicative morphism ¢ :  — y in an arbitrary
index. If you have been keeping track at home, we will need to check a few things to ensure

that this even parses — in particular, we need that:

1. ¥; : C/x — C/y induces a product-preserving functor Pe/, — Pe/y;

2. II; : C/x — C/y induces a functor A¢;, — Ac/y;
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3. The functors Lanp, : Fun(Pc/q, Set) — Fun(Pc,, Set) and Lany, : Fun(Ac/., Set) —
Fun(Ac/y, Set) exist;

4. The functors Lanp, : Fun(Pc/., Set) — Fun(Pc),, Set) and Lany, : Fun(Ac., Set) —
Fun(Ac/y, Set) send Mackey (resp. Tambara) functors to Mackey (resp. Tambara)

functors.

The first two points have already been covered by Corollary 2.3.7 and Corollary 2.3.5.
For the third point, we would like to use the Kan lemma, but in order to do so we would
need to know that C/z is essentially small! So, in what follows, we will make this assumption,
i.e. we will assume that C is locally essentially small. In the examples of primary interest to

us (fét/S for any scheme S and G—set for any group G), this sufficient condition is satisfied.

Finally we come to the fourth point, which, as mentioned earlier, is not completely
formal and automatic. We will not prove both parts of this final point directly. Instead,
we will first prove that the desired square commutes at the level of semi-Tambara and
semi-Mackey functors. Then, we will identify in which circumstances it happens to be the
case that this commutative square of functors between categories of semi-Tambara and
semi-Mackey functors restricts to give a square of functors between categories of Tambara
and Mackey functors — it will turn out that we are in such a circumstance if and only if
7 is an epimorphism and C is separable. Having already established the commutativity
of the square at the semi-Tambara/semi-Mackey level, it will then suffice to show that

Lan 4, : SMack(C/z) — SMack(C/y) sends Mackey functors to Mackey functors.

With this overview of the setting, we are finally ready to state the main theorem of this

chapter.

Theorem 3.0.1. Let C be an index which is also locally essentially small. For eachi:x — vy

44



in Cp,, we obtain a square

Lan
STamb(C/z) —% STamb(C/y)

l l (3.2)

SMack(C/z) o SMack(C/y)

which commutes up to natural isomorphism, where the vertical maps are the forgetful functors

of Proposition 2.2.18.

Moreover, when C is separable and i is an epimorphism, each functor in this square

preserves Mackey structure, i.e. the above square restricts to give a square

Tamb(C/x) —— Tamb(C/y)

| |

Mack(C/x) —— Mack(C/y)

which commutes up to natural isomorphism.

There is prior work in this direction due to Chan [10], who proved this theorem for
bi-incomplete G-Tambara functors (with G any finite group), where 7 is a morphism between
transitive G-sets (note that such morphisms are necessarily surjective). Our generalization is
to allow any underlying LCCDC category in the index C, which places some restriction on

the techniques we can use in the proof.

Our proof strategy is as follows: first, we note that all of these functors are restricted
from functor categories (e.g. STamb(C/x) is a full subcategory of Fun(Pc/,,Set)), and so

square (3.2) is restricted from

Lanpg,
Fun(Pc /., Set) - Fun(Pc/y, Set)

[ |+
Lan

Fun(Ac,., Set) ——% Fun(Ac,, Set)
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Thus, it suffices to show that this square commutes. But all of the functors here are

cocontinuous', so it is equivalent to show that the two composites

P %5 Fun(Peya, Set) = Fun(Acyy, Set)

are naturally isomorphic, where X represents the Yoneda embedding.

Once we have established this, we must further show that Lan, sends Mackey functors
to Mackey functors, which will require the additional assumption that C is separable and ¢ is

an epimorphism.

3.1 Comparing Kan Extensions along > and II

In this section, we will complete the first step outlined above, that is, showing that the two

composites

Pl EX Fun(Pc /., Set) = Fun(Ac/y, Set)

coming from the square

Lanpg,
Fun(Pe/s, Set) —— Fun(Pe,, Set)

= J
Lan 4

Fun(Ac/z, Set) —% Fun (Acyy, Set)

are naturally isomorphic. For readability, we will abuse notation a bit and write Ay,
and Py, simply as II; and %;, respectively, since this is their action on both objects and

morphisms.

'Notably, these functors are not all cocontinuous between the categories of semi-Mackey and semi-Tambara
functors, where colimits are not computed pointwise! It is essential to consider their extensions to the full
functor categories here.
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Taking an arbitrary object o € g}’x and going around the bottom-left of the square, we

get

Lany, e* &a = Lang, " P/, (o, —) = Lang, Pe/a (o, e(—)).

On the other hand, going around the top-right, we get

e" Lany, o = e* Lany, Pe/u(o, —) = € Pejy(Bia, =) = Pejy(Xiar, e(—)).
So, we aim to show that, for all & € C/x,
Pejy(Lia,e(—)) + Aejy — Set

is the left Kan extension of
Peje(a,e(—)) + Agsz — Set
along II; : Ac/y — Acjy, and then that this identification with the left Kan extension is

natural in «.

Notation. For readability, we will henceforth elide writing the inclusion functors e, and use

the shorthand notations

= s 303
| I Il
S < 8

y = Acyy

Thus, the desired Kan extension will be witnessed by a universal natural transformation

w as in the following triangle

A i » A
X " /7 Y
\/ / (3.3)
’Pm(oh_) ’Py(zioﬁf)
Set



Universality here means that, for any functor I : A, — Set and any natural transformation
7 : Pu(a,—) — F oIl;, there is a unique natural transformation o : Py (3;o, —) — F such

that oll; ow = 7.
We will begin by constructing w, then proceed to show it is universal. In what follows,

we fix adjunction data X; 4 ¢* 4 1I; in the form of unit/counit pairs.

Notation. The unit and counit of ¥; - i* will be denoted n™¢ and ™4, respectively, and the

unit and counit of i* - IT will be denoted 1" and ™, respectively.

Our proof is similar to Chan’s in [10], with some essential differences coming from the
fact that C is arbitrary. A crucial tool in the proof below will be Proposition A.4.8; which
generalizes [14, Lemma 2.3.5]. This will be proved in Appendix A, but we state it here for

accessibility to the reader:

Proposition (A.4.8). For any morphism i : x — y in an LCC category C and any object
b e Cly, the functors Il mi o (£;/i*b) and (ngond)* o (T1;/i*b) are naturally isomorphic.

We will also make use of some key facts about the adjunction ¥; 4 7*. Namely:

Lemma (A.4.1, cf. Slogan 1). Let C be a category, and let i : © — y be a morphism in C.
For any object v € C/x, the functor ¥;/a: (C/x)/a — (C/y)/Eia is an isomorphism.

Proposition (A.4.2, A.4.3, A.44). Let C be a locally cartesian category and let i : x — y be

a morphism in C. Then:

1. X, preserves and reflects cartesian squares;
2. 1" preserves cartesian squares,

3. Fach naturality square for the unit and counit of the adjunction ¥; 4 i is cartesian;
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4. A commutative square (A) is cartesian if and only if its adjunct (B) is.

Y,a —— ¢ a —— 1'c
zipl (4) lq pl (B) lq
b ——d b —— *d

With these notations and results in place, we are ready to continue the proof.

3.1.1 The Natural Transformation w

To define the desired natural transformation w from (3.3), we begin with an auxilliary

construction.

Proposition 3.1.1. There is a natural transformation t filling in the square

AILAy

defined by components

ind
i€ €

. coind . 0o id
ty = N _ind RE~ coind = [Eza St EiZ*HiCY — HiCY — HZOé]
El'[ia ifo

for a € A,.

Proof. First, we must ensure that the definition of ¢, above parses at all. That is, we

must check that eff, lies in Oy, /y. For this, we note that eff? : ¥;i*id, — id,, is simply

the morphism ¢ : ¢ — id,, and thus we have a naturality square for gind

Emd

. I«

| |

By Proposition A.4.3, this square is cartesian, and since i € O,,/y, we conclude that
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el € O,,/y by pullback-stability.

Next, we must check naturality. So, let ¢ = [« &¢ ER f] be an arbitrary morphism

in A,. Then ¥,ep = Ty, Ry, and ell;o = Ty, s Riy,4, 50 we must show that
Yo e 1L«
Ty, Ry, Tiu, R, g
%8 t—5> I1;8

commutes in P,. First, we will go around the top-right. We have

T, s R, gta = T, fRHigNgil_rI);:la Ry, ccoina (definition of t)
= T, Nogge, et B, o (+)
= T,y Nfiﬁidg Ry, (ceoimdoior, g) (Ry 0 Ry = Rioa)
=T, fNEil_T;iC Ry, (gosgoina) (naturality of e

where the starred equality comes from the square

ind
o €11,¢
i 1 I;¢
¥ 19 ILg
*
Y Lo — I«
II;

7

which we know to be cartesian by Proposition A.4.3.

Next, we go around the bottom-left. To start, we form a cartesian square

comd

Y —) Z*Hzﬁ

k o
¢

—>B

20



For convenience, we denote (5%‘”“1)* f by f’. Then by Proposition A.4.3,

Em’l lzisgoind (3.5)

5~ Xl

is also cartesian. Thus,

tﬁTEifRZig = Nsil_rfidg RziscﬁoindTZifREig (deﬁnition of t)
= NE%’?BTEifIREih/REiQ ((3.5) is cartesian)
= Nepa T, p Rxs (gon) (Ra o Ry = Ryoa)

Next, we will commute the Naiﬁ,qﬁ past the Ty, . So, we form a distributor diagram

(Hgind Ezfl)*si'r[ldﬂ
I; 8 g
[ ] > @

J

coind

=5 Hgi_rf;dﬁ E’Lf/ (36)

%if 511'?;1/3

By Proposition A.4.8, we have a natural isomorphism

. 2, /i1 8 -
(C/x)/i*TL3 — (C/y)/S" LB
IL; /311 8 = Hsilgll;iﬁ
(€)M TLH — s (C/9)/TL5

of functors (C/x)/i*11;8 — (C/y)/11;5. The fact that II; preserves pullbacks gives an
isomorphism

(Higgoind)* N Hz ° (ggoind)*

of functors (C/x)/B — (C/y)/11;i*11;8. We can paste this natural isomorphism onto the
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above square to obtain

(/)i T8 ——2 (Cfy) /T T8
(e 1L, /i*1L; 8 ~ Heiﬁ‘fﬁ
(C/)/B ~gmgay (€)M TS — s (€/3)/TLP
Then, the unit-counit identities give us
(/) [T — s (Cy) /T T8
(egoind)> L, /i*11,8 o Hgiﬁ]fﬁ

o

(C/x)/B (C/y) /M1 —————— (C/y)/ILp

_— -
11,/8

From this, we have that

Hsﬁ‘fﬁzif/ = g, S5 )"
= (i L S

= () (™)
II

if

1%

Now we take (3.6) and pull back along this isomorphism to obtain

/ B
[ ] d >
I - d S *Em,
E(E::oinld ( Eﬁ]iﬂ lf ) ;8
if I _ina Zif’
I, 8
Sk
ZZ’}/ —)E-f’ >t Hlﬁ — > HZ/B
K Eniﬁ

o2



The composite of the two cartesian squares in this diagram is a cartesian square

[ > HZC
IL; f

i)

But now by Proposition A.4.3, this square is isomorphic to

Ein.d
S ¢ ———— TIC
Eii*l'[if Hif
II; 8
This gives a new diagram
. e
0 ST IL f
2 = X IL3 Qa7 1L, 8
i ;8

whose encoded bispan (going around the top of the diagram) is isomorphic to the original
from (3.6). The diagonal morphism ¢ factors as

coind
~ &

IR A | WL 3Py

and underlies a morphism X;i*I1; f — X, f" in (C/y)/%;¢*I1;5. The isomorphism in this
factorization is (ef}%)* applied to the isomorphism (3.7) from II; f to Haiﬁ)idﬁzi f’, and so
the composite § is the adjunct of the isomorphism (3.7) with respect to the adjunction

(etigs)™ = Tagga, -

Also, by Lemma A.4.1, § is ¥; applied to a morphism d : i*II; f — f’ in (C/x)/i*I1; .
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This morphism d fits in the diagram

P#TI,¢

T f
X

Y —) Z*Hlﬁ

‘/ Ecoind
B

( ———F—— 68

and, by tracing through the factorization above via the proof of Proposition A.4.8, we

have h' od = 5201“(1. We conclude that
Newa, Trpr = T, Nejga fsia.
Over all, this yields

taTsp g = Nowa Ty pr By (gom)
= T, fNEirrde Rs,qRs; (gon)
== THigNgil_fI‘fig REi(goh’od)

— TH;QN md RE gogcolnd)

which is precisely the expression we found earlier for Ty, ¢ Ry, gt - [

With this in place, the definition of w is straightforward.

Definition 3.1.2. We define w : P,(a, —) = Py (X;c, II;—) to be the composite
Pola,e—) Py p y(Eia, Yie—) = Ly Py(Zic, ell;—),

where we recall that Py, : P, — P, is a well-defined functor by Corollary 2.3.7.
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3.1.2 Universality

Now we must show that w is the initial natural transformation from P,(c, —) to a functor
precomposed with II;. Thus, let f : A, — Set be an arbitrary functor, and let 7 : P,(a, —) —
II; F' be an arbitrary natural transformation. We then aim to show that there exists a unique

natural transformation o : P,(¥;«, —) — F such that oll, ow = 7.

So, suppose we are given some equivalence class of bispans
h
[Eia —a— e — f] € Py(E;c, B).

By Lemma A.4.1, the map h : a — ¥;« can also be (canonically) expressed as 3;h : ¥;ah —
¥;c, where now h : ah — o is a morphism in C/z. In other words, elements of P,(X;«, 3) can
be canonically expressed in the form Ty Ny Ry, = [E;« Zil Ya b ER c| for some morphism

h:a — «in C/x. Now, if o is to exist as desired, it will need to satisfy a naturality square

Py(Eia, b) = s F(b)

j\‘rg RE,jh —_— Jp (A\vg RZ;h)

l F(Ty)

F<Tf) (Ub<j\‘7gRZ,,-h)>
— (fg(Tf;Vngih)

T/ :\Y(] RZ ih ?

v ~

P, (L., ) . F(5)

98

and thus it suffices to define o only on morphisms of the form N, Ry, ;. We will next argue
that the behaviour of ¢ on such morphisms is completely forced. To do so, we make use of

the following observation:

Lemma 3.1.3.

R coind O C(J(Ng!Rh) — NgREih

U
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where g' : a — i*b is the adjunct of g : X;a — b.
Proof. By definition,

Rngoind e} W(Ng!Rh) = Rngoind 9 ti*b o) NEig!REih = Rngoind Neil_r[x;ii*bREisggznd NEZ‘Q!REih'

Now take a cartesian square
P . .
c —— *11;2*b

|
coind
ql J/Ei* b

4 —— i*b
"

and apply ¥; (using Proposition A.4.3) to obtain a cartesian square

Xip . .
EiC E— ZiZ*HiZ*b

-
Eiql lzz‘efﬁi,“d

Zig

showing that
Rziagi);)nszig! - szpREzq

Thus,

Rngoind o w (Ng! Rh) - Rm(;oind Nei_r[];il*b Rzieggéjld Nzig! Rzih

= Rngoind Neiﬁl;ii*bNgipREingih.

Now, by Proposition A.4.3, the naturality square

ind

Yith —2 4 b

. i ind
E”*n(b:omdl/ lngom

I;i*b

for ¢4 is cartesian. Thus,

Rngoind Ngi_r[ldz* b - Neibnd Rzii*ngoind ;
%
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and so

Rnl(;oind o w(Ngl Rh) = Rng"i“dNeil_r[‘?‘i*bNEz'pREiqREih
7

- N&.;’nd Rzii*ngoind szprlqREzh .

Now, form a further pullback

4
l lzii*ngoind

ip . .
Eic E— ZiZ*HZ’Z*b

-
Ei‘li l&ﬁfﬁib“d

29

By the unit-counit identities, the composite of the right column is
Dieip o Dyt = Bi(e50 0 ™) = By idiey, = idx,ie,
and thus (up to isomorphism) this diagram is of the form

Sig' .
EZ‘CL ;g) Ell*b

]
sl lzii*ngoind

ip . .
Zic E— EZ’Z*HZ'Z*Z)

o
Eiql l&sgﬁib“d

29

with »,q o s = idy,,. Now we have that Rzii*ngoindNEip = Ny, 4 Ry, and so

R _coina © w(Nngh) = Ne}f‘dNEig!RSRziqREih

M

= stndozig! REihoZiqos .
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By definition of e, il o ¥,¢' = g, and since ¥;q o s is an identity, we conclude that
y b g =9 Yy

Rngoind o w(Ng! Rh) = Ng};‘dozig!REihO(Eiqos) = NgREiha

exactly as desired. ]

Now, consider the following diagram.

P, 1*b)
b~

Py(Zia, Hzl*b) m} FHZZ*b
l(Rngoind)* lF(Rngoind)
Py(Za, b) T> Fb
In order for o to be natural and satisfy oll; o w = 7, this diagram must commute. Now,

starting with the element Ny R), € P,(c,i*b), we chase

Ny Ry
’w‘(A\“T‘U! R/,) T/j*’[)(j\i(]l R/,,)
‘\v.’lez/l F(R//;/‘”i”" ) <T/ ‘I)(AvgI Rh))

and conclude that oy (NgRy,) must equal F/(R,coina)(7ixs(Ny Rp)). This completely determines

o, which we can now write a complete formula for:

Definition 3.1.4. o : Py(X;o, —) — F'is given by the components
05([Sia &% Sia L b D B]) = F(TyR gona) (riey(Ny Ri)),

where ¢' : @ — i*b denotes the adjunct of g : ;a — b.

We must show that o is natural and satisfies oll; o w = 7. Once that is done, the above
argument implies that o is the unique natural transformation satistying olIl; o w = 7, so this

will complete the proof.
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First, to show naturality of o, let [3 <~ ¢ & 3] be an arbitrary morphism in A /y- Then

we wish to show that
Py(Lia, B) ————— Fp3

(TpRq) F(TyRyq)

commutes. So, let ¢ 1= [E;« Zit Sia b ER Bl € Py(Z;c, B) be arbitrary. Going around
the bottom-left, we have

o5 ((TpRy)(9)) = 05 (T, R TNy Rs,n) = 05 (1, Ty Ry Ny R, 1,)
= O'ﬁ/(Tpof/Ng/RgihoqN) = 0'5/ (Tpof’Ng’RZi(hoq”)) = F<Tpof’Rngoind)(Ti*z(Ng/! Rhoq”))

= F(Tpof/ Rngoind ) (Ti*z (Ng/! Rq// Rh))

where f’, ¢, ¢, q" come from forming pullback squares
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Next, going around the top-right of the square, we have

PT,R)(05(9)) = F(TyR,)(03(Ty Ny Rs,) (Definition of
= F(T,Ry)(F (T Rygoima ) (T36(Ng R))) (Definition of o
= F(T,R Ty Rygoma) (Tiss (N g Ri)) (Functoriality of F
=F

Ty Ty Ry Rypcoma ) (Tisp(Ng R )) ((A) is cartesian

Tp e} Tf/Rncolnd )(Tz*b(Ng!Rh)) (Raob - b oR

po s B g ongoima ) (Ti=p (Ng B )) (Naturality of 7"

Tpof/Rngoind RHii*q/)(Ti*b(Ng!Rh)) (R o Rb Rboa

Tpof/Rngoind 9] HiRi*q/)(Ti*b(Ng!Rh)) (H R = RH a

1

Do Rypeoina ) (F(I1; Ry ) (Tisy (Nt R))) - (Functoriality of F

I
ﬁj"qﬁjﬁj"qﬁjﬁ

( )
( )
( )
( )
( )
(T Rygonaog ) (706 (N R) (Tup =T o T))
< )
( )
( )
(Tyop R )
( )

Tpo g Rypcoina ) (T (Ri= gy Nt Rp,) ) (Naturality of 7

Now the cartesian square
g
o —— 2

IR

EZ’G, T> b
above yields (by Corollary A.4.4) a cartesian square

/"

g .
e — 5 ¥z

q//l ll * q/

g
Thus,
F(Tqu)(Uﬁ(QO)) = F(Tpof/Rngoind)(Ti*Z(RZ‘*q/Ng!Rh)) = F(Tpof/Rngoind)(TZ‘*Z(NQI! Rq//Rh)),

as desired. This establishes the naturality of ¢, and it only remains to be shown that

oll;ow=r.
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So, let € A, and [« LA N RER f] € P.(a, B) be arbitrary. Then
wy(NyRp) = tyNy,n Ry,n = NEil_rIA;ibREiggoindNZigRZh
= Nsilf[‘beEig’REieREih
= Nggﬁozig/Rzi(hoe)
where ¢’ and e come from choosing a cartesian square

/
— 5 LD

z
eJ/ lstb:oind
a

— b

Then

op(wo(Ng ) = F(Ryeona) (Tirmo(Nicipd ox, g7y Bhoe )
et F(Rncnc;lé]d)(TZ*Hlb(N(‘Ei‘I[]ldbozlg,)'ReRh))
Where we recall that (]} o 3;¢')' denotes the adjunct of ef$ o X;¢’ under the adjunction

3 4. Of course, by definition of €™, we have (¢}, o 3;¢')' = ¢/. Thus,

O'Hib(Wb(Nth>> = F(Rnlc_[()i;‘d)(Ti*Hib<Ng/R€Rh)) - F(Rnﬁo_il:‘d)(T’i*nib(REgOi"ngRh))‘

A

Then, by naturality of 7, we obtain

O-Hlb(Wb(Nth)) - F(R coind)(F(Hz‘Raioind)(Tb(Nth))) - F(Rncno.iéldRHiagoind)(Tb(Nth)).

i, b

By the unit-counit identities, ILef*™? o nfP! = idy,. Thus, we have
omb(ws(NgRp)) = 1o(NgRp)-
Finally, by naturality of 7, w, and o, we have
onp(ws(TyNgRn)) = om,a(IL Ty ) wy(NgRp)
= F(ILTy) (o (ws(NgBp)))
= F(ILTy)(n(NgRp))

= TB(TngRh).

61



Since  and [« AP N RER B] were arbitrary, we conclude that oll; o w = 7. This completes

the proof.

3.1.3 Naturality in «

We have now exhibited P, (X;a, II;—) as the left Kan extension of P,(a, —) along II;, i.e. we
have demonstrated that (3.2) commutes up to pointwise isomorphism. To show that this
isomorphism is natural in o € P2, we need only show that, for any morphism ¢ : @ — o' in

P.., the natural isomorphisms w fit in a commutative square

P/, =) ——— P,(Ziar, II;—)
©* (Zip)*
Pr(o, =) ——— Py(Eia, ILi-)

However, this is straightforward: by definition, the square above factors as

Pm<Oé,, —) i) Py(ZiOé,, Ez—) L) Py(Zia, Hz_)
4 (Sie)® (Si)”
Pm(O[,—) T> Py(EiOé,ZZ‘—) t—*> Py(Zia,Hi—)

Both sub-squares commute by direct computation.

This completes the proof that (3.2) commutes up to natural isomorphism.

3.2 Separability and Preservation of Mackey Structure

We have completed the proof of the first half of the theorem, and would now like to show
that left Kan extension of semi-Mackey functors along Ay, sends Mackey functors to Mackey

functors. This requires some additional assumption on i, as shown by the following example.
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Example 3.2.1. Consider the morphism i : @ — G/e in G—set. G—set/ is the terminal
category, so SMack(G—set/@) is equivalent to the terminal category — each semi-Mackey
functor indexed by G—set/@ sends idy to a singleton. In particular, every semi-Mackey

functor indexed by G—set/@ is Mackey.

On the other hand, G—set/(G/e) is equivalent to set, so SMack(G—set/(G/e)) is

equivalent to the category of commutative monoids.

So, now consider the (G—set/@)-Mackey functor F' represented by idg. Then Lang, F
is represented by II;idy = idgj.. Under the equivalence G—set/(G/e) ~ set, idg/.
corresponds to a singleton set, so Lany, /' corresponds to the set-semi-Mackey functor
represented by a singleton, i.e. the free commutative monoid on a singleton. In other

words, we have

Mack(G—set/@)&SMack(G—set/(G/e)) ~  CMon

F N

Since N is not an abelian group, we conclude that Lany, does not preserve Mackey

functors in this case.

It turns out that the correct assumption to place on ¢ is that it is an epimorphism. We

can see that this should be the case by the following heuristic:

Slogan 4. Lany, preserving Mackey functors is a categorification of A(N;) preserving

additively invertible elements for all semi-Tambara functors A.

Indeed, we see that A(N;)(0) = 1 when the domain of i is an initial object. 1 is not
additively invertible at every level of an arbitrary semi-Tambara functor over an arbitrary
index C, so we cannot expect Lany, to preserve Mackey functors when the domain of ¢ is an

initial object. On the other hand, A(N;)(0) = 0 for all semi-Tambara functors A whenever i
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is an epimorphism. Thus, we should expect that Lany, preserves Mackey functors whenever

7 is an epimorphism, and 0 is always additively invertible.

To leverage the fact that A(N;)(0) = 0 to prove that A(JV;) preserves additively invertible
elements, we would like to make use of a formula akin to Mazur’s [18, §1.4.1] for G-Tambara

functors:

A(Nyg)(a+b) = A(N¢)(a) + A(N¢)(b) + (other terms) (3.11)
We don’t actually need something quite this strong; it would suffice to have a formula like
A(Ny)(a+b) = A(Ny)(a) + (other terms). (3.12)
Then, whenever a is additively invertible and A(Ny)(0) = 0, we would have
0 = A(N7)(0) = A(N}){a + (=a)) = A(N)(@) + (other terms),

and so A(Ny)(a) is additively invertible. Thinking about what (3.12) would say about a

representable semi-Tambara functor, we find exactly that we need C to be separable.

Proposition 3.2.2. Let C be an index. The following are equivalent:

(i) C is separable;

(ii) For every C-semi-Tambara functor A, every morphism i : x — y in C,,, and all elements

a,be A(x), A(N;)(a) is a summand of A(N;)(a+b);

(iii) For every representable C-semi-Tambara functor A, every morphism i :x — y in Cp,
every morphism i : x — y in Cp,, and all elements a,b € A(x), A(N;)(a) is a summand

of A(N;)(a+b).

Proof. 1t’s clear that (ii) implies (iii), so we will prove that (i) implies (ii) and that (iii)
implies (i).

First, suppose C is separable. Let A € STamb(C), i: x — y in C,,, and a,b € A(zx) be
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arbitrary. The element A(N;)(a + b) is produced by

Alx) x Az) = Allz) 259 a@) —28 0 4@

(a,b) a+b—— A(N;)(a+b)

Now we compute N;oTy by forming a distributor diagram step-by-step. First, we produce
the dependend product of V along i, and recall by separability of C that this decomposes
as I,V = id, Iy for some v € C/y. Thus, we have

yllc

l(idy )
> Y

Now we pull back along ¢ (recalling that i* commutes with coproducts) and attach the

I x o

counit of the adjunction ¢* 411;, to get

eI 2o yllc

/ l(idx 77/) l(idy 77)

xx e — Y

By naturality of the counit, the diagonal morphism is equal to id, IIy. Now we have that

NyTy = Tiq, ) Nie Ria, 11y- This gives us a commutative diagram

id xA(R,/) A(Ni)xA(N¢)
A(z) x A(x) —— A(z) x A(d) — A(y) x A(c) Aly) x

gl % gl l \

Az I x) Ay Az 1I¢) - —>ZHC) A(y I c) —>A(Tldyuw Ay y) TS A(y)

id X A(T)

Going along the top, we see that (a,b) is sent to A(N;)(a) + (stuff). On the other hand,
this is a factorization of N;Tvy, so also (a,b) is sent to A(N;)(a +b). Thus, A(N;)(a) is a
summand of A(N;)(a +b).
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Next, suppose (iii) holds, and let i : x — y in C,, be arbitrary. Let A be the C-semi-
Tambara functor represented by z. In A(x), we have id, +id, = Ty Ry. We have by
assumption that A(N;)(id,) = N; is a summand of A(N;)(id, +id,) = N;Ty Ry. Now we

form a distributor diagram to compute N;Ty:

(I, V)*i
e — o
/ l*nv lnlv
xllx > X >y

)

and note by commutativity of the triangle therein that
NIy Ry = Tr,v Nu,vy-i Ry, v-

Now the claim that N; is a summand of this morphism says that there is a decomposition
(II;V)*i (up to isomorphism) as a coproduct i I1 ¢ for some morphism ¢, in such a way

that the class

equals
[ (1dz7’7) HC H / (1dy:7) y]

for some bispan z <- ¢ Sel y. In particular, this demonstrates that j; : id, — I,V is

complemented. Since i was arbitrary, we conclude that C is separable. O]

So, we will now prove that Lany, preserves Mackey functors whenever C is separable and

7 is an epimorphism.

Proposition 3.2.3. Let C be an indez, and let F' € STamb(C) be arbitrary. Leti: x — y be an
epimorphism lying in C,,. For each object o € C/x, the unit map n : F(o) = (Lang, F)(IL;«)
sends 0 to 0.
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Proof. We recall that the element 0 € F(«) is the image under F(T}) of the unique
element of F'(&), where | : @ — « is a morphism from an initial object. By naturality of

1, we have a commutative square
F(@) ——— (Lang, F)(I;2)
F(T) (Lan, F)(Tm,1)
F(a) ———— (Lany, F)(IL;«)

so we may assume o = &. Now Lemma 1.2.9 tells us that II;& = & (this is where we use

that ¢ is an epimorphism), so (Lany, F')(I1;&) = (Lanp, F')(@) is the singleton {0}, and

we are done. O]

Proposition 3.2.4. Let C be a separable index, and let F' € STamb(C) be arbitrary. Let
i:x —y be an epimorphism lying in C,,. For each object o € C/x, the unit map n : F(a) —

(Lanp, F')(IL;«) preserves invertible elements.

Proof. Let s € F(a) be an arbitrary invertible element, with inverse s’. By separability,
the inclusion j : Il;ae — II;(ev I @) is complemented; let k£ : @ — IL;(a I ) be a
complement. Now we have

(Lanl'[i F)(T(j’k)fl)

Flalla) ——— (Lang, F)(I(a 1l a)) ——— (Lang, F)(ILa 11 Q)
l(Lanni F)(id HTHiVOk)

F(Tg) (Lang, F)(Ti1,v) (Lang, F')(IL,a I IT;«)

mTv)

F(a) » (Lang, F)(I1;«)
The left-hand square commutes by naturality of 1, and the right-hand quadrilateral

n
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commutes because

(alla) < a11Q

w

Lo I (o 1T )

l(ld II;V)

HZ'OC 11 HZOC

(id,I1; Vok)

commutes. Overall, we conclude that
0 =n(0) =n(s+s") =n(s) + (other terms),

and thus 7(s) is invertible. O

Proposition 3.2.5. Let C be a separable bi-incomplete index, and let i : © — y be an
epimorphism lying in C,. Then Lan s, : SMack(C/x) — SMack(C/y) sends Mackey functors

to Mackey functors.

Proof. Let ' € Mack(C/x) and € C/y be arbitrary. Take an arbitrary element
t € (Lanp, £)(8). Then there is some a € C/z, some morphism ¢ : Il,a — 8 in Ag/y,

and some element s € F'(«) such that ¢ is the image of s under

F(a) % (Lang, F)(Ia) <229 @ ang 0)(8).

We know that 7 sends invertible elements to invertible elements, and (Lang,z)(p) is a

homomorphism of commutative monoids. Since F' is a Mackey functor, s is invertible, so

we are done. O]

3.3 Conclusions

We now summarize the results of this chapter and their consequences. In the case that

1 :x — y is an epimorphism in C,, for C a locally essentially small, separable index, the two

68



commutative squares established in Theorem 3.0.1 give a commutative cube

Tamb(C/x) 2k » Tamb(C/y)
\ N ‘ \
STamb(C/x) l » STamb(C/y)
Mack(C/z) » Mack(C/y)

Ni

T T

SMack(C/x) v > SMack(C/y)

For emphasis, we will spell out what this tells us. Under these hypotheses, two things are

true:

1. The restriction functor R; : Tamb(C/y) — Tamb(C/x) has a left adjoint N :
Tamb(C/x) — Tamb(C/y).

2. Given a Tambara functor A € Tamb(C/x), we can compute the underlying Mackey

functor of NV;A by Lan Ap, €A, where e*A is the underlying Mackey functor of A.

In particular, this result holds for naive motivic Tambara functors. The only part of the
assumptions which we have not yet checked is that fét is locally essentially small, which we

will now show.

Proposition 3.3.1. For any scheme S, fét/S is essentially small.

Proof. In fact, the category of schemes finite over S is already essentially small. Recall
that a morphism f : X — S of schemes is finite if and only if there exists an open
cover {U;}ier of S by affine subschemes such that for each i, f~1(U;) is affine the ring
homomorphism Og(U;) — Ox(f~1(U;)) is finite.

So, a finite morphism X — S is determined up to isomorphism by the data of an affine

open cover {U;};er of S, a set of (isomorphism classes of) finite ring homomorphisms
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{Os(U;) = A;}ier, and gluing data for the set of maps {Spec(A;) = U; — S}tier.

There is a set of affine open covers of S. For a fixed affine open cover {U, };er of S and
a fixed 7 € I, there is a set’s worth of isomorphism classes of finite ring homomorphisms
Os(U;) — A; (because there is a set’s worth of isomorphism classes of finitely generated
Os(U;)-modules, and a set of Og(U;)-algebra structures on any given finitely generated
Os(U;)-module). Finally, for a fixed affine open cover {U;}icr of S and a fixed set of
finite ring homomorphisms {Og(U;) — A;}, there is a set of possible gluing data for the
maps {Spec(4;) = U; = S}tier. We conclude that the collection of isomorphism classes
of finite S-schemes forms a set, and thus the category of finite S-schemes is essentially

small. O]

Corollary 3.3.2. For any finite étale cover f : X — S of schemes, the restriction functor
Ry : Tamb(fét/S) — Tamb(fét/X)
between categories of naive motivic Tambara functors given by
(ReA)(g) = A(foyg)

has a left adjoint
Ny : Tamb(fét/X) — Tamb(fét/S)

such that the value of Ny A on an object h € fét/S can be computed (as an abelian group)
with the coend
gefét/S
WA = [ Ays(TLig. ) x Alg)
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APPENDIX A

Technical Lemmas

A.1 The Proof of Proposition 1.2.3

Proposition. Let C be a category which is locally cartesian closed and cocartesian with
disjoint coproducts. Then any coproduct diagram x Lol Y < y induces an equivalence of
categories

C/(x1ly) GEMN C/lx xCly.
Proof. The desired quasi-inverse functor is given by the composite
EiXEj I
ClexCly —=C/(xlly) xC/(xy) = C/(x1y),

where the second functor is the categorical coproduct described by Proposition 1.2.1.
We will show that both composites are naturally isomorphic to the identity. First, let

a € C/(x Il y) be arbitrary. Then we have a natural isomorphism
YatallYjfa= (ixa)ll(j xa)=(G1llj) xa

in C/(z L y), where the first isomorphism comes from Proposition 1.1.7 and the second
isomorphism comes from the fact that — x « is a left adjoint (since C/(z L1 y) is cartesian
closed), and thus commutes with coproducts. However, we also have that 4 I j = id,,

(this follows simply from the characterization of coproducts in a slice category from
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Proposition 1.2.1). Since id,, is terminal in C/(x Il y), we conclude that
Yiitall Y a = a
naturally in «. Thus, the composite
C/(zlly) - C/x xCJly —C/(z1ly)

is naturally isomorphic to the identity.

Next, let § € C/x and v € C/y be arbitrary. We have

so we want to show that i*¥;v = @ and *};3 = [ naturally in 8. Now notice that
Y;v naturally lives as an object of (C/(x Ily))/j, and thus, i*3;7 lives as an object of
(C/x)/i*j. But, since finite coproducts in C are disjoint, 7*j is the initial object of C/z. By
Proposition 1.1.10, we conclude that ¢*¥;v = @&. Next, we wish to show that i*3;3 = 3
naturally in 5. By hypothesis of disjointness of coproducts, ¢ is a monomorphism, so

idg
—

8

idy %

|88

=

R

is a cartesian square. This says also that ¢*3;id, = i*i & id, (with this isomorphism
being unique since id, is terminal in C/x). Now we view 3,3 as an object of (C/(x11y))/i

and pull back along i to obtain

e —— ©

i*3,8 r——x 8
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where the composite square is cartesian, thus exhibiting *Y;5 as an object of (C/x)/id,.
By Proposition 1.1.4, since the lower square and composite square are cartesian, the

upper square is also cartesian. This forces the diagram to be of the form

.—).

| |#

i*3,8 T —> T ;8

J

T Ty
Commutativity of this diagram now implies that i*3;5 = id, o8 = .

We conclude that ¢*(3;8113,7v) =  naturally in 8. Symmetrically, 7*(2;511X,7v) = v

naturally in v. Thus, the composite

ClexCly—C/(xlly) - C/x xCJy

is naturally isomorphic to the identity. ]

A.2 The Proof of Lemma 1.2.6

Lemma. Let C be an LCCDC category and let f:x — y and g : £’ — y' be morphisms in C.

Letiy, :x = xlla’ and i, :y — y Ly be the canonical inclusions. Then

x Il o/ g y Iy

1S a cartesian square.

Proof. First, we note that the square commutes, simply by definition of coproduct. Since
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C is locally cartesian, we know that there exists some cartesian square

*o — Y

/ /
and we wish to show that this square is isomorphic to the original square in the statement

of the lemma. To do so, we claim that it will suffice to show that ¢ is isomorphic (as an

object of C/(xz Il 2")) to i, — then we will have a commutative diagram

o)

x > ® >y

I

x Il o — x Il 2 —g y Iy

The left-hand square is cartesian because it commutes and its horizontal arrows are
isomorphisms, whence the composite square is also cartesian. This gives a cartesian

square
6o —— Yy

Il
112 W yﬂy,

We then note that replacing the top morphism with f would make the square commute,
and 7, is a monomorphism (by the LCCDC hypothesis on C). Thus, the top morphism

equals f, and we have the desired cartesian square.

So, we have left to show that ¢ is isomorphic to i, in C/(x11z’), and for this purpose we
make use of Proposition 1.2.3 — letting i,/ : x — x I 2’ denote the canonical inclusion, it

will suffice to show that ¢3¢ = %4, and ¢}t = i},3,. We will tackle these two isomorphisms

in order. First, we form a further pullback

o > o >y

S [ (A1)

/ /
xi—z>xﬂm Wyﬂy
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Now the bottom row composes to give (f Il g) o i, =i, o f, and so the composite square
can also be formed by pulling back i, first along ¢, and then along f. Since C is LCCDC,
iy 1S monic, 1.e.

y—Y

7 e

y— y Iy

id
a

is cartesian. So the composite square of (A.1) is also the composite square in

In particular, we have i)t = id,, and since ¢, is monic we also have 7}, = id,. Thus
e~ ok
10 =10,

We only have left to show that i%,¢ = i7,i,, and so we consider the pullback

° > ® >y

a a
i;/tl tl lzy

/ / /
x Txﬂx Wyﬂy

The bottom row composes to give (f Il g) o i,y = iy 0 g, where iy : v/ — y Iy is the
canonical inclusion. So, the composite square can also be obtained by pulling back 4,
first along 7, and then along g. Since C is LCCDC, this first step of pulling back ¢, along
iy gives us @. Then pulling back further still yields @ (for example, since ¢g* is a left
adjoint and therefore preserves initial objects). Thus, i, = @. Since C is LCCDC, we

also have },i, = &, and so indeed 7},t = i7,1,. O

A.3 The Proof of Proposition 1.2.18

Proposition. If F': Ac — Set is a semi-Mackey functor, then F factors uniquely through

the forgetful functor CMon — Set. This unique factorization is given by endowing each output
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set F'(z) with the binary operation +p,.

Proof. The existence part of this claim amounts to checking that, for each morphism
p:x—yin Ae, F(p) : F(x) = F(y) is a monoid homomorphism with respect to +5,
and +p,. First, let | : @ — 2 be the unique morphism in C from a chosen initial object
to x. Then ¢ o T} is a morphism @ — y in Ac, but & is initial in A (it is terminal by
Proposition 1.2.14 and Ag is self-dual), and so ¢ o T} = Ty, where !! : @ — y is the unique
morphism in C. Thus F(7y) (which picks out the identity element of (F'(y),+)) is equal
to F(¢) o F(T). In other words, F(¢) sends the identity element of (F(z),+) to the
identity element of (F(y),+). Next, we must check that F'(¢) commutes with the binary

operation +. We will show this separately for morphisms of type T" and R.
First, suppose ¢ = T for some f : x — y in C. Then consider the diagram

F(z) x F(z) —= Fzlz) 2% pa)

F(Tf)XF(Tf)l F(Tfuf)l F(Tf )l

Fy) x Fly) — Flyly) 47 Fv)

The right-hand square commutes because f oV, =V, o (fII f) in C. To check that the

left-hand square commutes, we invert the isomorphisms on top and bottom to obtain

F(R;, ), F(R;
Fz) x F(z) Co D) pgr g
F(Tf)XF(Tf)l F(Tfo)l

F(y) x F(y) (m)F(yHy)

The two composites we must show are equal are morphisms F(x Il z) — F(y) x F(y),

so we check the two components separately. For the first component, we must compare

F(Ty) o F(R;,) with F(R;,) o F(Tyuy). So, it suffices to prove Ty o R;; = R;, o Tyiiy. For
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this, it suffices to prove that

s

1z 7 Y Ty
is cartesian in C, but this is just a special case of Lemma 1.2.6. Thus, the composite

square commutes, which says exactly that F(Ty) commutes with +.

Now suppose ¢ = R, for some g : y — x in C. Then

F(R;,),F(R;
F(z) x F(:L")(M)F(xﬂx)
F(R;;)xF(Rg)l F(Rgug>l

F(y) XF(CU)(M)F(QHQ)

commutes, because (g1l g)oi; = i3 0¢g and (g1l g) ois = iy 0 g in C. Inverting the
horizontal arrows, we get that
F(z) X F(z) ————— F(zI2)
PR F(Ry) | PRgg) |
Fly) x Fly) ——=—— F(yLy)
commutes. We only have left to show that

F(z 1l x) Hv) F(x)

F(Rgug>l lF(Rw

Flyly) 7 F)

commutes, for which it suffices to show that R, o Ty = Ty o Ryy. For this claim, it

suffices to show that
yly BN P

v v

Yy—35 7

is cartesian. This is Corollary 1.2.7.
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We have now established that F': Az — Set factors through CMon. For uniqueness,
suppose we have some other factorization, i.e. on each F'(x) we have a commutative
monoid operation - such that F'(¢) commutes with - for all morphisms ¢ € Ac. Then
+=F(Ty)o (F(Ri,), F(R;,))™" : F(x) x F(z) — F(z) is a monoid homomorphism with

respect to -. The Eckmann-Hilton argument now shows that - = +. [

A.4 Hoyer’s Lemma 2.3.5

Now we build up to an important technical lemma which is key the theorem in Chapter 3.

Lemma A.4.1. Let C be a category, and let i : x — y be a morphism in C. For any object

a € C/z, the functor ¥;/a: (C/x)/a — (C/y)/Lia is an isomorphism.

Proof. This is essentially another rephrasing of Slogan 1. Both (C/x)/a and (C/y)/%;a

are canonically isomorphic to C/dom(«), and via these isomorphisms ¥;/a factors as

the identity. ]

Lemma A.4.2. Let C be a locally cartesian category and let i : x — y be a morphism in C.

Then %; : C/x — C/y preserves and reflects pullbacks.

Proof. Consider an arbitrary commutative square (A) in C/x

and let (B) be its image under ¥;:
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Note that (A) is cartesian iff Las g is a product diagram in (C/x)/d§. By

Lemma A.4.1, ¥;/§ is an isomorphism, so this happens iff ;v i pTe" Zie, ;P is a

product diagram in (C/y)/3;6. This happens iff (B) is cartesian. O
Proposition A.4.3. Let C be a locally cartesian category and let i : x — y be a morphism in

C. Then:

1. ¥; and v* preserve cartesian squares;
2. Fach naturality square for the unit and counit of the adjunction is cartesian.

Proof. By Lemma A.4.2, 3; preserves pullbacks, and ¢* preserves pullbacks because it is
a right adjoint. Next we must check that the naturality squares for the unit and counit
are cartesian.

We begin with the counit. Let f : « —  be an arbitrary morphism in C/y, where
a:a—yand B :b— y are any objects. Then pull back along ¢ to get the commuting

triangular prism below.

/
N

\

) it f )
i*a s 1*b
e

i

a —— a b —— b
The “left and right faces” i*al la and % lﬁ are cartesian by construc-
'a ;> 7*b
tion. By Proposition 1.1.4; the “top face” l l is then cartesian, because
a—1

pasting with the right face yields the left face. The naturality square for the counit
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of the adjunction and the morphism f is then cartesian, because it is essentially the

aforementioned top face:

Z'*

Za—)l*b

A \\

Yit*a

Next, we will show that the naturality squares for the unit of the adjunction are cartesian.

Let f : @ — [ now be an arbitrary morphism in C/x. The naturality square in

question is

Na

o — Y0

fl (A) l@Z f

The image of (A) under ¥; is

3im, .
Zioz l—a> Eil*ZiO[

Eifl (47 lzii*zif

) m DI

By the triangle identities, (A’) fits in the commutative diagram
id

in . E2ja
2,‘0& 7 ZZ‘Z*EZ‘O( E— EiQ{

Eifl (A7) lEﬂ'*Eif lzz'f

i w i
id
The right-hand square is the naturality square of the counit n, which we showed above is

cartesian. The composite square is the “identity square” of ¥, f, which is also cartesian.
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We conclude that (A’) is cartesian. By Lemma A.4.2, 3; reflects pullbacks, so (A) is

cartesian, as desired. O

Corollary A.4.4. A commutative square (A) is cartesian if and only if its adjunct (B) is.

Y64 —— ¢ a —— i¥c
zl-pl (4) lq pl (5) lq
b —— d b —— *d

Lemma A.4.5. Let D and D' be categories such that D admits all (binary) pullbacks. If
F:D — D isleft adjoint to G : D' — D and d € D is some object, then F/d is left adjoint
to o (G/Fd), where ng : d — GFd is the unit of F 4 G.

Proof. Consider arbitrary objects a :a — d in D/d and : b — Fd in D'/Fd. Then
Homp4(a, n3(G/Fd)B)
( f 3
a ——— Gb
=< f € Homp(a, Gb) la lGB commutes
\ d — GFd )
( 3\
Fa —2— b
=~ ¢ g € Homp/(Fa,b) lFa Lg commutes
\ Fd 47 pq )
= Homp:/ra((F/d)v, 3)
and this bijection is natural in a and f. ]

Lemma A.4.6. Let F : D — D' and G : D' — D" be functors, and let d € D be an object.
Then (G o F)/d = (G/Fd) o (F/d).

Proof. Unravel the definitions. ]
Lemma A.4.7. For all objects 5 € C/y, we have (e§)* = (3; 0i*) /3.
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Proof. Let b be the domain of 3, so that i*/ fits in the pullback square

b —— b

o)

l’—)y

By definition, ¥;i*3 = i 0i*3, so we can notice that " : ¥;45*3 — 3 is actually the
top morphism in the above square. Now we let v € (C/y)// be arbitrary and form the

further pullback
(elnd)y*c —— ¢

( 1nd) ,Yl - l’y
Eind

*b—>b

I

r——
Now since both squares are pullbacks, the composite rectangle is a pullback as well. This

says precisely that ((X; 0i*)/8)7 equals (¢"4)*y as an object of (C/y)/%i* 5. O

Proposition A.4.8 (cf. [14], Lemma 2.3.5). The functors 11, ind © (3;/i*b) and (ng°"®)* o

(IL; /i*b) are naturally isomorphic for all objects b € C/y.

Proof. We have isomorphisms

Home,y) (e, (m;™")" (IL;/i"b)a)
= Homc/q) /i+5(("/b)c, a)
= Homycyy)/s,05((3:/i70) (2% /b)c, (i /i"b)a)

(Lemma A.4.5)
( )
= Home/y) i (i 0%) /b)e, (3/i7b)a) (Lemma A.4.6)
( )
( )

Lemma A .4.1

= Homc/y)/x, 1*6(( ) . (X;/i"b)a) Lemma A.4.7

= Homcyy) (¢, Mapa (3/7)a) (e5®)* = Tgna

natural in @ € (C/z)/i*b and ¢ € (C/y)/b. O
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