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ABSTRACT OF THE DISSERTATION

Numerical invariants of Quot schemes of curves

by

Shubham Sinha

Doctor of Philosophy in Mathematics

University of California San Diego, 2023

Professor Dragos Oprea, Chair

I present formulas for the Euler characteristics of tautological sheaves over the punctual
Quot scheme, which parameterizes zero-dimensional quotients of a fixed vector bundle over
curves. We observe a striking similarity with the formulas for the Hilbert scheme of points on
surfaces. Furthermore, we study the Quot schemes of higher rank quotients for a genus-zero
curve. We calculate the holomorphic Euler characteristics of Schur bundles and tautological
bundles over Quot schemes. These formulas can be considered a generalization of the formulas
for Grassmannians, which were obtained using the Borel-Weil-Bott theorem. Additionally, we
show non-trivial vanishing results using these formulas.

The symplectic (or orthogonal) Grassmannian parameterizes isotropic subspaces of a

X1



vector space endowed with a symplectic (or symmetric) bilinear form. I study the intersection
theory of the symplectic and orthogonal isotropic Quot schemes. In particular, I construct a
virtual fundamental class for these Quot schemes and find explicit formulas for certain inter-
section numbers. I also calculate the Gromov-Ruan-Witten invariants of the corresponding

Grassmannians and compare the answers with those for the isotropic Quot schemes.
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Chapter 1

Preliminaries

Mathematicians have been interested in counting geometric objects for centuries. The
earliest questions to be studied include counting number of conics passing through five general
points and Apollonius’s problem of determining the number of circles tangent to three circles
in general position. Even in the Euclidean geometry, the early mathematicians understood the
importance of parameter space. Projective algebraic geometry over the complex numbers is often
the most convenient place to study enumerative problems, and several classical problems can be
solved using the machinery developed here.

The intersection theory of the Grassmannian, known as Schubert calculus, is an important
development in enumerative geometry, representation theory and combinatorics from nineteenth
century. It helps solve several counting problems in projective geometry and still an active area
of research. In late twentieth century, physicists and mathematicians started enumerating curves
on Grassmannians and other projective varieties. This led to the construction and the study of
many moduli spaces.

The Quot scheme is a natural generalization of the Grassmannian. In particular, the Quot
scheme provides a compactification of the space of morphisms from a smooth projective curve C
to the Grassmannian. Quot schemes play an important role in constructing and understanding the
moduli space of vector bundles (or sheaves) and other moduli spaces of interest. The intersection

theory of the Quot scheme is related to many important topics in enumerative geometry and



mathematical physics such as Gromov-Witten theory, Verlinde numbers, and topological quantum
field theory. In this chapter, I give basic definitions and theorems on Grassmannian and Quot

schemes.

1.1 Schur polynomials

An integer partition A is a non-increasing finite sequence of positive integers (41,...,4,).
A partition A is graphically represented using Young diagrams, in which we place A; boxes in

the i’th row. For example, the Young diagram (in English notation) of the partition (4,2, 1) is

The number of parts of a partition A = (41,...,A,) is r and the size of a partition is the number
of boxes in its Young diagram and denoted by |A| = A; + - - - 4+ A,. The conjugate partition of A,
denoted A’, is the obtained by taking the transpose of the Young diagram of A. For example, the

transpose of the partition (4,2,1) is (3,2,1,1).

Definition 1.1.1. For any r variables x,x3,. .. ,x, and an integer partition A with at most r parts,

the Schur polynomials associated to A is defined using the Jacobi bialternant formula

XT,I—Q—I‘—I . X&I—Q—I‘—l
1 x/lz+r72 L x/’Lz+r72
1 r
s,l(xl,...,xr): ; (1.1)
det(x))
A P
X1 X,

where the denominator is the r X r Vandermonde determinant. If the number of parts of A is
strictly less than r, concatenate required number of zeros 0’s at the end to define the above

matrix.



Schur polynomials are symmetric polynomials in the variables x1,x3, . .., x,. Furthermore,
any symmetric polynomial in x,x7,...,x, can be uniquely expressed as linear sum of Schur
polynomials corresponding to partitions with at most r parts (i.e they form a basis for the space
of symmetric polynomials).

The ring of symmetric polynomials is generated by elementary symmetric polynomials

ei(x1,...,x,) for 0 <i<r} where

ek(xla---axn): Z Xjrm o X
I<j1<<jx<n

The (second) Jacobi-Trudi formula expresses the Schur polynomials in terms of elementary

symmetric polynomials and is given by the ¢ x ¢ determinant

en A+l €Al
€r—1 €x TG 4e-2
§; = det ! ! ! (1.2)
| CAJ—t+1 CAj—t+2 " ey,

where A’ is the conjugate partition of A and £ = A, is the number of parts of A’. Here we define
er = 0 when £ is negative or k > r.
Note that s(jn (x1,...,Xr) = en(x1, ..., %), where (1) = (1,1,...,1) (repeated n times).
Similarly, s(,)(x1, .. ,X) = hn(x1,...,X) is the complete homogeneous symmetric polynomial.
The product of Schur polynomials can be expressed in terms of Schur polynomials using

the Littlewood Richardson rule, which states that

1
SAS/J = ZCJL,/,LSV
A%

where CX u is the number of Littlewood Richardson tableaux (see 4.1.7) of skew shape v/A and

weight (.



1.2 Schubert Calculus

Let V be a rank N vector space over C. The Grassmannian Gr(r,V) parameterizes r

dimensional subspaces of V. There exists a universal short exact sequence of vector bundles on
Gr(r,V)
0—S8S—VxGr(rhbV)—Q—0.

For any point g € Gr(r,V), the corresponding subspace of g equals S|;,y CV x {g}.
The cohomology ring of Grassmannian H*(Gr(r,V),C) can be described using the Chern
classes of the tautological subbundle (or equivalently the tautological quotient bundle). The

chern classes of S, denoted by

a; == c;(S") € H*(Gr(r,V)),

forms a multiplicative generator of the cohomology ring H*(Gr(r,V)). All the relations are

derived from the identity

e(8)-c(Q) = 1.

More concretely, the Chern classes of Q can be viewed as a polynomial in g;’s and is given by

Segre ploynomials b; = ¢;(Q), where the polynomials s; recursively obtained by solving

(1—aj+ar—-+(=D*a,) (1 +by +by+---) = 1.

Note that Q is a rank N — r vector bundles, thus b; = ¢;(Q) =0 for i > N — r+ 1. This gives a

presentation for the cohomology ring of Gr(r,V):

H*(GI(F,V),C) = C[al,az,...,ar]/<bN,r+1,...,bN>.

Schubert calculus describes a linear basis for the cohomology ring H*(Gr(r,V),C) and



multiplication of these basis elements. This is explicitly understood using the combinatorics of
Schur polynomials. Let x1,x5, . . ., x, denote the Chern roots of SV, that is, ¢;(S") = e;(xy,...,x)
where e;’s are the elementary symmetric polynomials. The linear basis of the cohomology
ring H*(Gr(r,V),C) is given by the Schur functions. Let " denote set of integer partition A

contained in r x ¢ rectangular box, i.e.
P={A=A,. . A) | 0< A < <Ay < 4D

Then H*(Gr(r,V),C) is generated (as a vector space) by {s3 (x1,...,x,) : A € P"N="}. Further-
more, these classes can be represented in terms of the multiplicative generators {ay,ay,...,a,}
using the Jacobi-Trudi formula (see (1.2)), and the multiplication rule for these classes are given

by the Littlewood Richardson rule.

1.3 Symmetric powers of curves

Let C be a smooth projective curves over the field of complex numbers (or a compact Rie-
mann surface). The cohomology ring of C, H*(C,Z), admits symplectic basis {1,61,..., 5, ®}
with the relations

0;0iyg = O = —0;440;

forall 1 <i < g. Here  is Poincaré dual of the single point class in C.
The symmetric power of the curve C(4) is isomorphic to the Hilbert scheme of d points
on C, denoted C?) (since the Hilbert-Chow morphism C 4] — (@) is an isomorphism for curves).

There is a universal sequence over C 4l %
0—=K = Onaye =T —0.

Consider the Kiinneth decomposition of the cohomology classes ¢1(K") in C ) % C with respect



to a chosen symplectic basis of H*(C,Z),

2g
(k) =x21+ Y yo§+doo. (1.3)
k=1

The cohomology classes x € H>(C,Z) and y* € H'(C,Z) for 1 < k < 2g generate the cohomology

ring H*(C,Z). There is a natural map
¢ :C 5 Pic?, D — Oc(D)

where Pic?(C) denote the Picard group parameterizing degree d line bundles on C. By abuse of
notation, we let € H>(C,Z), is the pullback of the usual theta class on Pic? under the map ¢.

We have the following relation (explained in [ACGH])

(%(yk®5k)>2=—29®w-

k=1

The following are some known facts about the x, 6 and y classes (see [ACGH] and [Tha])

over Cl4l

e The intersections of x and 6 are given by:

g!
/ ol _ ) &0 f<s
[d]
¢ 0 (>g
In particular, for any polynomial P, and ¢ < g
/e%m: g /x@m. (1.4)
cld) (g—10)! Jcl

e The non-zero integrals in the y classes over C ] satisfy

(i) y* appears with exponent at most 1 because these are odd classes.



(ii) y* appears if and only if y*& appears.

(iii) For any choice of choice of distinct integers ki, ..., ks € {1,...g} and a polynomial

P in two variables,

—¢)!
/ quykl—i-g . ‘yksyks'i'gp(x’ 0) = <g 'S) - / OSP(.X, 6) (15)
cld) g! cld]

1.4 Quot scheme of curves

Definition 1.4.1. Let E be a vector bundle (or a locally free sheaf) of rank N over C. The
punctual Quot scheme Quot,(E) parameterizes degree d rank 0 quotient sheaves of E. Here,
a sheaf has rank 0 if it is supported on a divisors of C. Equivalently, Quot,(E) parameterizes

short exact sequences of sheaves
0=-S—E—0—0,

such that S is a locally free sheaf of rank N and deg Q = d.

The punctual Quot scheme Quot,(E) is a smooth projective scheme. There is a map
from Quoty(E) — C 1] sending the quotient Q to the support of Q. When E is a line bundle, this
map is an isomorphism.

Several geometric properties of Quot,(E), such as the Poincaré polynomial and motives
[Bif, BFP, Che, Ric], stabilization of cohomology [Moc], the automorphism group [BDH],
the Picard group and certain cones of divisors [GS] have been studied. Recently, the derived
categories of Quoty(E) was studied in [Tod]. In joint work with Dragos Oprea, we study

K-theoretic invariants of Quot,(E) (see Chapter 3).

Definition 1.4.2. Fix a vector bundle E over a smooth projective curve C. The Quot scheme

Quot,(E, r) parameterizes rank r subsheaves of E of degree —d. We denote Quoty(N,r,C) for



Quoty (O®N 7).

In general, the Quot scheme Quot,(N,r,C) provides a compactification of the space
of degree d morphisms Mor,(C,G(N,r)) from C to the Grassmannian. This approach was
pioneered by Bertram and collaborators [Ber, BDW]. A geometric comparison of the Quot
compactification to the stable map compactification was studied by [PR].

Explicit expressions for the count of maps to the Grassmannian subject to incidence
conditions with Schubert subvarieties are given by Vafa-Intriligator formulas. In the mathematics
literature, these formulas were obtained in [Ber], [ST] and [MO 3] using the two compactifica-
tions mentioned above, see also [Int] for the physics reference.

One of the most spectacular applications of the Vafa-Intriligator formula for the Quot
scheme appears in its connection to the Verlinde numbers [MO 2, Wit]. Furthermore, other
invariants over the Quot scheme are also related to the invariants over the moduli space of vector

bundles [MO 1, BDW, RZ].

1.5 Vafa-Intriligator formula

Below we describe the Vafa-Intriligator formula in the context Quot schemes. Let C be a
smooth projective curve of genus g. The Quot scheme Quot, (N, r,C) is not smooth in general.
The intersection theory of the Quot scheme was studied in [MO 3] by constructing the virtual

fundamental class and virtual C* localization.

Theorem 1.5.1 (IMO 3]). The scheme Quoty(N,r,C) admits a virtual fundamental class
[Quoty (N, r,C)]V' € Hyyq(Quoty (N, r,C),C),

where vd is the expected (or virtual) dimension given by vd = Nd + (1 — g)r(N —r).

In this subsection, we describe the virtual invariants and postpone the definition of virtual

fundamental class to the next subsection.



Here, we consider the universal exact sequence over C x Quoty(N,r,C),
05S—p 0N —0—0,

where p and 7 are the projection maps to C and Quot, (N, r,C) respectively. For any point x € C,

let S be the restriction of S to {x} x Quot,(N,r,C). Then we define
a; = ci(SY) € H*(Quoty(N,r)).

Theorem 1.5.2 ((MO 3]). Let P(z1,...,2,) be a polynomial in r variables of weighted degree

vd, where the variable z; has degree i. Define

J(x1,. %) = N'xy ! ---x;l(det(x{))_2

where det(x!) is the r x r Vandermonde determinant. Then
/ Plar,...a)=u- Y R(E,....E)E (&, E) (1.6)
[QUOtd]VIr 517"'751”

where {&1,... &} runs over (];]) tuples of distinct N™ roots of unity. Here

= (—1)e D)=
and R is the symmetric polynomial obtained by expression P(ay,...,a,) in terms of the Chern

roots of S).

Note that a;’s generate the ring of symmetric polynomials in the Chern roots of S,
thus we may replace P with product of Schur polynomials of Chern roots of S to obtain an
analogous formulas. When d = 0 and C = P!, the Quot scheme Quot, (N, r) is isomorphic to

the Grassmannian Gr(r, CV). In this case, the formula (1.6) gives a new approach to Schubert



Calculus.
Let {1,01,...02¢, @} be a symplectic basis for the cohomology of C. Let the Kiinneth

decomposition of SV over C x Quoty (N, r,C) be
2g
ci(8)=ai®1+ Y b @&+ fioo,
k=1

where a; € H*(Quoty,C), b¥ € H*~1(Quot,,C) and f; € H*?(Quot,, C). When the Quot
scheme Quot, (N, r,C) is smooth, for example punctual Quot scheme or when C = P!, the classes
ai, bf and f; forms a generator the cohomology ring. In [MO 3], formulas for finding intersection

numbers involving the above classes were also obtained.

1.6 Perfect obstruction theory

We will briefly describe the results pertaining to the construction of virtual fundamental
classes in [BF]. Let X be a scheme (or a stack) over a scheme (or a stack) S and Ly /S be the

relative cotangent complex.

Definition 1.6.1. A 2-term relative perfect obstruction theory is a morphism in the derived
category

¢ :E* — 1_y glx/s,

where E® = [E~! — E] is a complex of vector bundles over X of amplitude contained in [—1,0]

and satisfies:
e 10 is an isomorphism and
. h_l , Lo
is a surjection.

Let [Eyp — E;] be the dual of E®. Given a 2-term perfect obstruction theory, [BF] and

[LT] define a cone inside E;. The virtual fundamental class is then defined to be an element

10



in H.(X) given by the refined intersection of the cone with the zero section of E;. Here
e =rank £y —rank E| is called the virtual dimension of X.

Let X be a projective scheme. The group Ko(X) (resp. K°(X)) denotes the Grothendieck
group of coherent sheaves (resp. locally free sheaves) on X. For practical purposes, we only need

the description of the virtual tangent (or cotangent) bundle, which is an element in the K-theory
TYE = [Eo] — [E1] € K°(X).

The simplest case is when X is a closed subscheme of a smooth scheme Y cut out
by a section s of a vector bundle V over Y. In this case, there is a natural 2-term perfect
obstruction theory given by [VV|x — Qy|x]. Note that when s is a regular section, we get the

usual fundamental class.

1.7 Schur bundles on Grassmannian

We move our attention to K-theoretic invariants. In Section 1.2, we observed that the
Chern classes of the universal subbundle S (or its dual SV) generated the cohomology ring of
Gr(r,V). It turns out that the K-theory of Grassmannian, K°(Gr(r,V')), admits a basis consisting

of the Schur bundles associated to S.

Definition 1.7.1. Let A = (A1, A3, ..., A,) be an integer partition and V = C" (standard represen-
tation of GL,(C)). The Schur functor S* associates S* (V), the unique irreducible representation

of GL,(C) of highest weight A. For any g € GL,(C), the trace of g on s (V) is given by

Xsi(v)(8) = sa (X1, Xn)

where x1,...,x, are eigenvalues of g. In particular, dimS* (V) = s, (1,1,...,1).
——

n times

The Schur functors also associates to a partition A and a vector bundles V — X, for a

variety X, another vector bundles denoted st (V) — X (see [Wey] for detailed description).

11



Recall that P"¥~" denote the set of partitions A inside the rectangular partition (N —
r,...,N —r) (repeated r times). Then the Grothendieck group K°(Gr(r,V)) (equivalently
K°(Gr(r,V))) admits a Z-basis {S*(S) : A € P"*N~"} consisting of Schur bundles of the universal
subbundle S. The cohomology groups of the these Schur bundles are explicitly described using

Borel-Weil-Bott theorem on flag manifolds. The precise statements are noted below:
Proposition 1.7.2. For any partition non-empty partition A € PN=7,
(a) Foralli>0, H(Gr(r,V),S*(S)) =0.

(b) Foralli>0, H(Gr(r,V),S*(8V)) =0, and
H(Gr(r,V),$*(8")) =sH(vY),

where V" is the dual representation of the standard representation.

Let E be a coherent sheaf over scheme X, then the holomorphic Euler characteristics of
Eis

x(X,E)=Y dim H'(X,E).
i=0

When higher cohomology vanish y (X, E) equals the dimension of the space of global sections of
E. The Euler characteristics is well behaved in flat families, and it is often easier to compute than
individual cohomology groups. In particular, the above proposition implies that for a non-empty

partition A € P"N=", x(Gr(N,V),S*(S)) = 0 and

Gr(N,V),S*(SV)) = s, (1,1,...,1).
X(Gr(N,V),5%(8")) = sa( )
N times

In Chapter 4, I prove a generalization of the above formula for Quot, (N, r,P!).

12



Chapter 2

Summary of results

2.1 Punctual Quot scheme

Let E be a vector bundle of rank N over C. The punctual Quot scheme Quoty(E)

parameterizes short exact sequences
0O—-S—FE—->Q0—0

where Q has rank zero and degree d. It is a smooth projective scheme of dimension Nd.
Define the vector bundle LI := r,(p* L ® Q) for any line bundle L — C. Here Q is the
universal quotient over C x Quoty, and p and 7 are the first and the second projection. For any

vector bundle V, we can package all exterior powers of V into the polynomial
AV =Y Y AR,
k
Theorem 2.1.1. Let E — C be a vector bundle and let L — C be a line bundle. Then
i g% % (Quot,(E), AyL[d]) =(1- q)—%(Oc) (1+ qy)x(E®L), @2.1)
d=0

There is an analogous result for the Hilbert scheme of points on surfaces. Let X be a

smooth projective surface, and L a line bundle over X. The tautological bundle L) is defined in

13



the same fashion as above. Then

[}

g2 X AL = (1= g) OV (14 gy P,
d=0

The case of surfaces was proven by Luca Scala and Andreas Krug in [Sca 1, Kru] using the
celebrated Bridgeland-King-Reid equivalence D (X14)) = ng (X?), and was obtained in [Arb]
using Donaldson-Thomas theory of toric Calabi-Yau 3-folds.

We have a generalization of Theorem 2.1.1 to with multiple insertions.

Theorem 2.1.2. For any line bundles Mi,M,, ..., M, and L over C, where 0 <r <rk E —1, we

have

qul (Quotd(E),/\yL[d} ', (Axi Mi[d])v>
d=0

r

= (1—¢) %O (] 4 gy)*(ESL) [T~ qriy) XM EL)
i=1

For Hilbert scheme of points on surface, the formula for the Euler characteristics lifts to
an isomorphism between the cohomology groups. It is natural to ask if a similar result holds for
the punctual Quot schemes Quot,(E). In particular, we formulate a conjecture (see Subsection

3.1.4 for the notation):

Conjecture 2.1.3. For any line bundle L — C,
H* (Quotd (E), /\kL[d]> = NH*(E® L) ® Sym?*H*(O¢), (2.2)

where the above exterior and symmetric powers are understood in graded sense.

The symmetric powers over the Hilbert scheme of points on surfaces were studied by

[Dan, Arb, Sca 2]. We obtain an analogous formula for the Quot scheme:
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Theorem 2.1.4. For C = P! and d > k, we have

X <Quotd(E),Syka[d]) _ (X(E®L) +k— 1)‘

k

Let Sym\V =3}, Al SymkV. In arbitrary genus, we use the cobordism argument of

[EGL] to show that there exist universal series A and B in Q(y)[[g]] such that
qux (Quotd,SymyL[d]> — AX(Oc) | gX(E®L)
d

that depend on N, but not on the triple (C,E,L). Our results give precise information about the

series B. While we can determine A in principle, we do not have a closed-form expression.

o= (=)

where f(z) is the analytic solution to the equation f(z)N — f(z)NT! 4z =0 with f(0) = 1.

Theorem 2.1.5. We have

In the special case N = 2, we obtain

4,1 (332
f(z)—1+§smh <§arcsmh< 5 )>

2.2 Quot scheme of P!

The Quot scheme Quot,(N, r,P') (denoted Quot, (N, r)) is a smooth scheme. Recall that
the cohomological invariants of Quot, (N, r) were calculated using the Vafa-Intriligator formula
(see Section 1.5). We further the study to obtain K-theoretic formulas for the Quot scheme over
P!

Recall that there is universal exact sequence over P! x Quoty (N, r),

08— p O —Q9—0,
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where p and 7 are the projection maps to P! and Quoty(N, r) respectively. For any point x € P!,
the restriction of S to {x} x Quot,(N,r), denoted Sy, is a rank r vector bundle. For any partition
A, let S*(S,) denote the associated Schur bundle. We prove the following theorems, extending

the known results for Grassmannian (see Proposition 1.7.2):

Theorem 2.2.1. For any non-empty partition A € P"N=r+d,
x(Quoty(N,r),S*(Sx)) = 0.
Theorem 2.2.2. For any partition A with at most r parts, we have
x(Quoty(N,r),S*(SY)) = [t"sa(z1, - 2w)
where z1,. ..,z are roots of (z— 1)V + (—=1)"ZV""t = 0, and the partition
A=(d+N,d+Ay,....,d+ A;).

Remark 2.2.3. Recall that the Schur polynomial sp(z1,...,zn) is a symmetric polynomial that
can be expressed in terms of the elementary symmetric polynomials in z1,...,zy using Jacobi-

Trudi formula. The elementary symmetric polynomials are given by

B mAr

M) +r m=r

This implies that that sp(z1,...,zy) is a polynomial in t (that depends on d, N and 1.).
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Corollary 2.2.4. We have

o N1 r
qu(QUOtd(N, I’), /\m(S)\c/)) _ (m) 1 m 75
o (7) : 7 m=r

Remark 2.2.5. The vanishing result in the Theorem 2.2.1 and the Littlewood-Richardson rule

implies that for any partitions A', ..., A™, the power series

F(g Al A™) = iqu(Quotd(N,r),Sll(Sx) ® - ®S)Lm(8x))
i=0

is a polynomial in q of degree at most 7Lll +---+ A" — (N —r). The bound on the degree can be

improved by imposing extra conditions.

Proposition 2.2.6. Let r < N. For any non-trivial partition A with exactly r parts (i.e A, #0)

and Ay < d+2(N —r), we have y(Quoty(N,r),S*(S,)) =0.

Corollary 2.2.7. For any partitions A and [ contained in the rectangular partition (N —

t,...,N —r) where N —r is repeated r times, and d > 0,
x(Quoty(N,r),detS, @ S*(S,) @SH(Sy)) = 0.

Remark 2.2.8. The genus 0, 3-pointed Quantum K-invariants of Grassmannian X = Gr(r,CV)
are defined as follows. Let ev; : Mo 3(X,d) — X for the evaluation maps from the moduli space

of 3 pointed degd stables maps from My 3(X,d). The quantum K-invariants are defined by
- ' 3
(a1, 00,05)03.4:= x | Mo3(X,d), Oy - ) 'Hevf(%‘) :
1=
In the upcoming work with Ming Zhang, we show that

<Sv<S)aSA (S)’S“ (S>>O,3,d - X(QUOtd(Na r)’SV(Sx) ®S)L (Sx) ®S“ (Sx))7
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where S is the universal subbundle on X and v,A,u € P"N=". The new formulas for Quot
scheme in this section give a new way to study the quantum K-theory of Grassmannian. For

example, Corollary 2.2.7 implies that for all d > 0 and any F,G € K°(X), (detS, F, G)oj3.a=0.

In Proposition 4.1.1, we calculate Euler Characteristics of det(r, S¥)! ® S*(S,) where
A is a partition with at most r parts and —(N —r) < £ < r. The case £ = —1 gives us formula for
the tautological line bundles over Quot,(N, ).

For any line bundle M over P!, we define the tautological K-theory class is defined by
M =m[pxL®Q),

where Q is the universal quotient. The formula for all the exterior powers of M 4] is calculated in

[OS]. I prove the following formula as a corollary of Proposition 4.1.1:

Theorem 2.2.9. Let M be a line bundle over P! of degree m and —r < e < N —r,
2(Quoty(N.r), (detM”)) = [('ls (21, .., 2n)

for rectangular partition A = (m+1)e+d,...,(m+ 1)e+d) (repeated r times), and zy, ... ,zy

are roots of the equation

(z— DN+ (=)t =0.

2.3 Isotropic Quot schemes

Let E be a vector bundle over a smooth projective curve C endowed with L-valued
non-degenerate symplectic form

O:EQE—L,

where L is a line bundle. A subsheaf S C FE is said to be isotropic if &|sgs = 0. The isotropic

Quot scheme, Q4 (E, o,r) (IQ  for short) parameterizes isotropic subsheaves of E of rank r and
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degree —d. Several geometric properties of isotropic Quot scheme was studied in [KT, CCH 2].

When E is a trivial vector bundle, 1Q; provides a compactification of the morphism
space Mor,(C,SG(N,r)) to the symplectic Grassmannian SG(N,r). I find a Vafa-Intriligator
type formula for the isotropic Quot scheme of rank 2 subsheaves. This answers a question posed
in [CCH 1]. Moreover, I study the stable map compactification and compare the invariants. The

precise results are given below.

Virtual fundamental class

The isotropic Quot scheme is almost always singular. When C = P! and E is a trivial
rank N vector bundle, the usual Quot, is a smooth space and |Q, can be described as zero locus

of a section of a vector bundle. In arbitrary genus, we have:

Theorem 2.3.1. 1Q,(E, 0, r) admits a 2-term perfect obstruction theory induced by a morphism
in the derived category from (Rﬂ;k (J '))v to the truncated cotangent complex T_y o/Liq, where

J* = [Hom(S, Q) — Hom(N>S, p*L)].

Here S and Q denote the universal subsheaf and the universal quotient sheaf respectively
over C x 1Qg, and p and 7 are projections to C and 1Q, respectively.

Over a closed point [0 — S — E — Q — 0] in 1Qg, the tangent space and the obstruction
space are given by the hypercohomology of the complex of sheaves [Hom(S, Q) — Hom(A2S,L)].

The virtual dimension is

x(C,SV®Q)—x(C,N*SV® L) when o is symplectic
vd = ’

2(C,8V®Q)—x(C,Sym?>SY®L) when o is symmetric

These are easy to calculate as an application of the Riemann-Roch formula. The above theorem
gives a virtual fundamental class [IQy]""" € H3y4(IQy) using the construction of Behrend-Fantechi

[BF] and Li-Tian [LT].
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Remark 2.3.2. When 2r = N and o is symplectic, the isotropic Quot scheme is irreducible and
generically smooth [CCH 2] for d >> 0 and its dimension equals the virtual dimension obtained

above. In this case, the virtual fundamental class agrees with the fundamental class.

We note that the method in [MO 3] for constructing the virtual fundamental class for
Quot,(E, r) does not suffice for the isotropic case. When E is trivial, IQ, can be realized as the
moduli of quasi-maps from a fixed curve to the isotropic Grassmannian SG(N,r). The 2-term

perfect obstruction theory constructed here matches the one obtained using [CFKM].

Compatibility of virtual fundamental classes

The group G = Sp(N) (or G = SO(N)) acts on the isotropic Quot scheme with ¢ sym-
plectic (resp. symmetric). The perfect obstruction theory we construct is equivariant under any
one-parameter subgroup C* C G. In this case, we use the virtual localization theorem [GP] to
study the virtual intersection theory of 1Q . This has been done extensively for Quot, in [MO 3].

We first show a compatibility result for the virtual fundamental classes. Fix a point g € C.
There is a natural embedding

iq : IQd — IQd+r

which sends a subsheaf S C C¥ ® O to the composition
S(—q) »S—-C"®0,

which is also an isotropic subsheaf of degree —(d +r).

Theorem 2.3.3. We have the following identity in the homology H,(1Qg.,) :
iy (Cuop (A28 20 1Q4I™) = cu(S))Y 1 [1Qur ] 23

where we assume that o is symplectic. The corresponding identity for symmetric form is obtained

by replacing N* with Sym?.
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This means that the virtual fundamental classes we construct, [IQd]Vir, are related as we
vary the degree d by a multiple of ». An analogous result was proven in the case of the Quot

scheme in [MO 3].

Intersection numbers

Virtual invariants are obtained by integrating natural cohomology classes over the virtual
fundamental class of 1Qg. Let {1,8i,...,8,, ®w} be a symplectic basis for the cohomology of C.
The standard tautological classes are obtained by considering the Kiinneth decomposition of the

Chern classes of SV over C x 1Qy:

2g
ci(SV)=1®ai+ Y G @b+ f.
k=1

We have the following algebro-geometric description: f; = m.c;(SY) and a; = ¢;(S;/) for any x €
C. We obtain a Vafa-Intriligator type formula for the virtual intersection numbers over isotropic

Quot scheme when r = 2. The virtual dimension in this case is vd = (N — 1)d — (2N — 5)g.

Theorem 2.3.4. When E = O and my + 2m, = vd > 0,

/ A =Ty () Y (1™ (§)e, (2:4)
[I d]wr {#+1

where the sum is taken over N'" roots of unity { # +1. Here
JO)=-NCT1=-0)72(+0)"" and TNy = (=15 XL, (§)(=N) .

We use virtual equivariant localization with respect to a torus action [GP] to prove the
above theorem. Localization is a standard technique, but this is attempted on 1Q for the first

time. Extending these methods to the higher rank is combinatorially cumbersome .

Example 2.3.5. When N = 4, the virtual dimension vd = 3d — 3g. The above theorem specializes
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to

mi amz —

22 2 g3g vd > 0
/Q i
“ d]v1r

28(38 4+ (—1)8) vd=0.

When vd = 0, the resulting invariant can be interpreted as a ‘virtual’ count of isotropic sub-
sheaves of E. This virtual count matches the enumerative count [CCH 1] of the rank two
maximal degree isotropic subbundle of a general rank 4 stable bundle endowed with an O-valued
symplectic form. It is natural to ask if the formula in Theorem 2.3.4 give an enumerative count

of maximal degree rank 2 isotropic subbundles of a stable rank N symplectic bundle E.

I also obtain an explicit formula for the intersection numbers of the form ffa'f‘a'znz N
[IQd]Vir in [Sin]. The analogous formula for Quot schemes was found for ¢ = 1 in [MO 3].
Compared to [MO 3], the combinatorics here is different and enables calculation for higher

exponents £. The following is a specialization of Theorem 5.7.1 to ¢ = 1:

Theorem 2.3.6. Let m;+2my+1=vdand d > g, then

/“Qd]vieraT'aﬁnz :(1 - %)g Y (DoB(l,C) _ %)

C#+1
where
2122 ( 0 0
DoR == —4+— R
o (Z],Zz) 5 (aZ] +9Z2) (Z1,Zz)

is a differential operator and

_ my mz(Z1+Z2)d7g 2 —1\g
B(z1,22) = u(z1 +22)" (2122) WH(NZf-V DE.

I also consider the case where the vector bundle E is endowed with a non-degenerate
symmetric L-valued form and construct a virtual fundamental class here as well. Even when

r =1, we obtain new formulas.
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Proposition 2.3.7. Let r =1, let N be even and let ¢ be a symmetric form. Then

ay = (N —2)82%78,
St =V -2)

where vd = (N —2)(d — g) is the virtual dimension and d > g.

The orthogonal Grassmannian OG(N, 1) is a quadric in PV ~!. The invariants obtained
above are related to the Tevelev degree for quadrics found in [LP].

When r = 2, we obtain a Vafa-Intriligator type formula for the virtual intersection
numbers over (symmetric) isotropic Quot scheme I@d. The virtual dimension of |Q in this case

isvd=(N—-3)d—g(2N—17).
Theorem 2.3.8. Let m| +2my; = vd and N =2n+2. When my > 0, then

(i) When my > 0, then

[ ata =Taglom) ¥ (140" Cmi(1,0)f
[|Qd}V1r C;éi]

(ii) When my =0,

/[~ ay" :Td,g(2n)(4ng+ Z (1—}—@’)’"'*‘1](1,4‘)&’),

|Qd]vir §;£il

where the sum is taken over 2n'" roots of unity £ # +1. Here
JO)=—n*(1+0)7'1-8)7  and  Tye(N) = (=4 FLLo(5)(=N)"
Virtual Euler Characteristic

Let N = 2n.The topological Euler characteristics of schemes 1Qg is given by

i e(IQ)q" =2" (’:) (1—q)2),

d=0
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e (1Qq)]

0 1 2 3 4 5 6 7 8 9 10 11

Figure 2.1. The absolute value of the virtual Euler characteristic of 1Q in log scale, where r = 2
and o is the standard symplectic form on C* ® O over P!,

Let X be a scheme admitting a 2-term perfect obstruction theory. The virtual Euler

characteristic is defined [FG], [CFK]

evir(X) _ /[X]VirC(T)}/ir)'

The virtual Euler characteristic of Quot scheme parameterizing zero dimensional quotients over
surfaces were calculated in [OP].

When X is smooth and the obstruction bundle vanishes, the virtual Euler characteristic
¢'I"(X) matches the topological Euler characteristic of X. The isotropic Quot schemes, 1Q;, are
smooth for C = P! and all values of N = 27 and r. By contrast, the isotropic Quot schemes 1Q
are not smooth for d > 1 even when C = P!. Thus the virtual Euler characteristics, e"'f (1Qq),
are new invariants. While we do not a have a closed form expression for these power series,
nonetheless we find a finite number of values using Sagemath [The]. We provide a small list of
these invariants in Section 5.8.

When r =2, N =4 and o is symplectic, we plot a log scale graph for the absolute value

of e'"(IQy). The plot (see Figure 2.1) indicates an exponential growth in contrast with the
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polynomial expression for the topological Euler characteristics.

2.4 Gromov-Ruan-Witten invariants

In the previous subsections, we considered the Quot scheme compactification of the
morphism space Mor,(C,SG(2,N)) and Mor,(C,0G(2,N)).

Let (M, m) be a compact symplectic manifold with a generic almost complex structure J
tamed by o (i.e. ®(v,Jv) > 0 for all non-zero v € TM). We will further assume that H, (M, Z) =
Z and M is positive in the sense that ¢ (TM,J) - f.[P'] > 0 for all non-constant J-holomorphic
maps f: P! — M.

The morphism space of J-holomorphic maps from C to (M, ®) can be compactified
by letting the curve C ‘bubble’ [RT]. The boundary of this compactification includes C with
finitely many trees of rational curves. This leads to the definition of quantum cohomology
and Gromov-Ruan-Witten (GRW) invariants. We briefly describe these terms, but a detailed
description is available in [ST] and [MS].

Let o € H*(M,Z) be a positive generator. Define the index e of M by ¢ (M) = ea. Let

d € H*(M,Z7) and o, ..., 0, be cohomology classes in H*(M,7Z) satisfying

| =

ideg 0 = ed +dim(M)(1 —g). (2.5)
i=1

The right side of the above expression is the expected dimension of the moduli space of maps
f:C— Mwith f,(C) =d € H,(M,7Z).
Let By,...,B; be a generic choice of the Poincaré dual homology classes of a, ..., ¢.

Then for s generic points py,...,ps € C, the GRW invariants
D, q(0u,...,04)

is the algebraic count (considering sign and multiplicities) of J-holomorphic curves f: C — X
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such that f(p;) € B; and f.([C]) = d. The GRW invariants depend on the genus but not the
complex structure of the curve.

Quantum cohomology packages the information of 3-point genus zero GRW invariants
giving a deformation of the usual cohomology ring (see [MS] for more details). A presentation
of quantum cohomology of SG(r,N) and OG(r,N) was described in [Tam] and [BKT]. In
[CMMPS], the authors gave a simpler presentation for SG(2, N). We extend their result obtaining
a similar presentation for OG(2,N).

Let N = 2n+ 2. We have the universal exact sequence
0-5S—-C"20—-Q0—0
over OG(2,N). Let S € CN ® O be the rank N — 2 orthogonal complement.
We have the following cohomology classes :
e The Chern classes a; = c;(S") fori € {1,2}.

o Leth, = czl-(SL/S) forie€ {1,...,n—1}. The bundle SL/S is self dual, hence all the

odd Chern classes vanish.

e Let & be the Edidin-Graham square root class [EG] of the bundle S+ /S. In particular, it

satisfies

(_l)n—152 =b, 1.

Proposition 2.4.1. The quantum cohomology ring QH*(OG(2,2n+-2),C) is isomorphic to the

quotient of the ring Clay,ay,by,...,by—2,E,q| by the ideal generated by the relations

Ear =0
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and

(14 (2ar —aD)x® + aBxH (A +b1x® + -+ by x4 4 (= 1) 1EX?2) = 1 +-4ga ™",

where x is a formal variable.

Define the GRW invariant

<a’1"‘a'2"2>g = CIDg,d(al,.. .,ady,an, ... ,612),

where a; and a, appear m; and m, times respectively; and d is chosen (if possible) such that it
satisfies (2.5).

In [ST], Siebert and Tian gave a remarkable technique to compute the higher genus
GRW invariants using a given presentation for the quantum cohomology. We explicitly calculate
the GRW invariants for SG(2,N) and OG(2,N) in Theorems 6.4.3 and 6.5.3 respectively. In

particular, we prove the following theorem.

Theorem 2.4.2. Let d, m; and my be non-negative integers such that vd = my 4 2my is the

expected dimension. The GRW invariants for SG(2,N) (and OG(2,N))

where |Qq is the symplectic (respectively symmetric) isotropic Quot scheme.
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Chapter 3

Punctual Quot schemes

In this chapter, we prove explicit formulas for the Euler characteristics of exterior powers

and symmetric powers of tautological vector bundles over Punctual Quot schemes of curves.

Proposition 3.0.1. For any rank N vector bundle E over C, Quot,(E) is a smooth projective

scheme of dimension Nd.

Proof. Quot schemes are, by general construction, always projective. The deformation theory of
Quot,(E) is given by Ext*(S, Q) for any point g = [0 - S — E — Q — 0]. Since Q is supported
on a zero dimensional scheme, Ext'(S,Q) = 0 for all i > 0. Moreover, we note that the tangent

space at the point ¢ equals dim(Hom(S,Q)) = Nd. O

The Quot scheme admits a universal exact sequence
0-S—=>p'E—-Q—0

over C X Quoty(E), and we let p and 7 denote the two projections over the factors of C x

Quotd (E)

Definition 3.0.2. For any line bundle L — C, there is an induced tautological vector bundle over
Quoty(E) given by

L9 =7, (p’L® Q).
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Proposition 3.0.3. For any line bundle L — C, L\ is a rank d vector bundle.

Proof. Letq=[0— S — E — Q — 0] be a point in Quot,(E). Since Q is supported on a degree
d divisor, H(L® Q) is a rank d vector space and H'(L® Q) = 0 for all i > 0. The proposition

follows using Grauert’s theorem. [

3.1 Exterior powers

We first study the holomorphic Euler characteristics of all exterior powers AKLI) For

any vector bundle V over a scheme Y, we set
AV = Zyk ARV
k

We show the following two theorems. The second theorem is a generalization of the first

theorem. To ensure clarity, we will prove the theorems in the specified sequence.

Theorem 3.1.1. Let E — C be a vector bundle over a smooth projective curve, and let L — C be

a line bundle. Then
Y. ' 7(Quoty(E), Ay L) = (1 - g) 06 (1 4 qur(E<D),
d=0
Example 3.1.2. Theorem 2.1.1 in higher genus immediately implies
x (Quotd(E),A"L[d}) —0 ifd>k+g g> 1.

This follows by examining the coefficient of ¢%y* in the expression (1 —q)~%(9c) (1 4 gy)X(ESL)

The same methods will establish a slightly stronger result:

29



Theorem 3.1.3. For any line bundles My,M,, ..., M, and L over C, where 0 <r <rk E —1, we

have

(1+ gyt
(1= )X O T](1 — xiyq)¥ (LMD

Y o'z (Quota(E). AL sy (A M%) ) =
d=0

The proof of the above theorems can broadly be divided into three steps.

Universality: Using the arguments similar in spirit to [EGL], we show that there exists

universal powers series A, B, and C in y and ¢ (depends only on E by its rank N) such that

Y g% (Quoty, Ay L)) = A(Oc) gleglcdegE,
d
Universality reduces the calculations to Quot scheme over P!, where the vector bundle E

splits as a direct sum of line bundles.

Localization: Over Quot schemes over P!, we use equivariant Atiyah-Bott localization
(using a torus action) to reduce the calculations to integrals over the fixed loci. Since the
fixed loci are comprised of products of projective spaces, we can simplify the problem to a

tedious summation.

Combinatorics: We use several combinatorial identities, such as Lagrange-Biirmann
formula, to realize the expression as a Schur polynomial evaluated at roots of a polynomial
with coefficients involving g and y. We then use Jacobi-Trudi identities to obtain explicit

formulas.

3.1.1 Universality

Relying on the ideas of [EGL], we show how the calculations for C = P! imply Theorems

2.1.1 and 3.1.3 for arbitrary genus. We explain this for Theorem 2.1.1, the case of Theorem 3.1.3

being entirely similar. The argument is also noted and used in [OP] over surfaces for punctual
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quotients of trivial bundles, and extended to quotients of arbitrary vector bundles in [Sta 1]. The
case of curves is analogous, but we record the details for the benefit of the readers who seek a

self-contained account.

Proposition 3.1.4. For any line bundles L — C and vector bundle E
Z(C,.LE):=Y q'x <Quotd(E),AyLM> — AX(C.Oc)  gdegL | degE
d=0

where A, B and C are universal series in Q[y|[[q]] (that may depend on N).

Proof. Consider a disconnected curve C = CyUCy, E =EjUEy and L = Ly LU Ly. We compare

the Quot schemes of C,Cy,C; and the tautological bundles over them:

QUOtd(E) — I_I QUOtdl (El) X QUOtd2 (E2)7 L[d] — I_I L[ldl] EEL[Zdz}
di+dy=d di+dy=d

Since A, (L[ldl] EHL[Zdﬂ) = Ay (L[ldl}) Ay (L[ZdZ]), this implies
Z(C,L,E) =Z(Cy,L1,Er) - Z(Ca, Ly, En). (3.1

Using Lemma 3.1.6 we know that the function Z is a composition of 4 : Z> — Q[y][[q]]
(each exponent of g is a polynomial in the inputs and y) and y(C,L,E) = (% (C,O¢),degL,degE).
The image of y is Zariski dense Z>, and over this image & satisfy h(z; +22) = h(z1)h(z2). Thus

logh is a linear function, hence proving the theorem. 0

The same proof as above also gives us the following proposition:

Proposition 3.1.5. For any line bundles M,M5, ..., M, and L — C and vector bundle E — C

Y ¢'x (Quotd(E),/\yL[d] Q' (AxiM,'[d])v> _ AX(C.Oc)  gdegL | cdegE HD?egM‘
d=0

i=1

where A, B, C and D;’s are universal series in Q[y||[q]] (that may depend on N).
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Lemma 3.1.6. Let P be a polynomial in the Chern classes of the tangent bundle of Quot,(E)

and tautological bundles L[ld} . ,LLd]. Then

/ P (3.2)
Quoty (E)

is a polynomial in degE, degL,,...,degL, and x(Oc) (that may depend on N and d).

Proof. We first analyze the case of split vector bundles

N
E=@PF, tkF=1.

i=1

For such a vector bundle, we can use the action of C* on the summands of E (with distinct

weights) to evaluate (3.2). The fixed loci consists of product of symmetric powers of the curve
cld) ...« cldn]

where dy +---+dy = d. The points in C i} corresponds to the short exact sequences 0 — K; —
F; — T; — 0 such that deg T; = d;. Let ; denote the universal subbundle on cldil x (and by
abuse of notation its pullback to the product C 4] ... x Clavly, Note that the restriction of the
Chern classes of the tangent bundle of Quot,(E) and tautological bundles to the fixed loci, and

the normal bundle can be represented (in the K-theory of the fixed loci) using Chern classes of
T (Ki®p™M), m(K/op™M), n(K/oK;ep™M) (3.3)

where M are the classes of the form M = FY @ F; or M = L; ® F;. Here p and 7 denote the
projections from C x C [} ... x CldN] to C and C191] x ... x Cldv] respectively. Using Atiyah-Bott

localization, we are led to considering integrals of the form

3.4
/c[dl]x...xc[dm Q (3.4)
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where Q is a polynomial involving Chern class of elements in (3.3). With the aid of Grothendieck-
Riemann-Roch, we can express the above as an integrals over Cl91] x - .. x Cl¥] x C of the first

Chern class of K;’s and classes from C. The integrals (3.4) can be pulled back via the finite map
C?x C— Chl x ...l x C

The pullbacks of ICl.V over C¢ x C correspond to sums of diagonals A, 4.1, and thus (3.4) takes

d1!~--dN!/ ~
d! CdxCQ

where Q is a universal expression in the diagonals and classes from C. In general, monomials in

the form

diagonals and classes from C can be evaluated explicitly using that for A <— C x C we have

A’ =2x(O¢), A-M=degM,

for all smooth projective possibly disconnected curves C, M — C. Therefore (3.2) is a polynomial
in degF;, degL; and x (Oc).
We next argue that the above polynomial only depends on degE = ) ;deg F;, degL; and

% (Oc¢). This requires additional considerations. We write

x;=degF;, yj=degL; z=2(0c),

and R(xy,...,xn,y1,...Yr,2) for the universal polynomial found above. The polynomial R is
certainly symmetric in x, ..., Xy.
We claim that if x; are sufficiently large, R(x1,...,xn,y1,...Yr,2) is in fact a polynomial

in ):f’: 1 X;. Indeed, for large degrees, the line bundles F; are globally generated (over connected
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curves C). Thus we can write E as a quotient
0—-K—-W-—=FE—Q,

where W is a trivial bundle (whose rank depends on deg E'). By [Sta 2, Theorem 5], modified

from the original setting of surfaces to the case of curves, there is an embedding
Quot,(E) < Quoty (W) (3.5)

cut out by a canonical section of the bundle (K v)[d]' With this observation, the integral (3.2)

rewrites as

/ p— P (3.6)
Quot,(E) Quoty (W)

where P is a polynomial in the Chern classes of the tangent bundle of Quot;(W) and the

]

tautological bundles (K") 9 and L i

. Applying the localization argument as earlier once again,

this time to Quot, (W), we see that (3.6) only depends on
degK' =degE, degL;, x(Oc).

Thus, the polynomial R(x1,...,Xy,Y1,-..yr,2) is a function of ¥ | x;,y1,...y,,z, when x; are
large. Hence

R(X1, -y XN V1o Vi 2) = S(X1 + oo XN, V15 - -V 2),

for a new universal polynomial S. This proves the statement we need about (3.2) when the bundle
E splits.

The general case follows from the following observation. Assume E sits in an extension

0—FE —E—FE,—0.
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Considering the universal extension
0—p'Ey—E—p'Er—0

over p : C x Ext!(Ey,E;) — C, and constructing the relative Quot scheme Quot, (&) over the

extension space, we see that

/ P P.
Quoty(E) Quot, (E1DE,)

To reduce to the case of split E, consider M a line bundle such that
O-M—E—F—0

is exact and F is a vector bundle of smaller rank. By the above observation we can replace E by

M @ F, and then continue inductively. [

3.1.2 Localization

The proofs of the two Theorems 2.1.1 and 3.1.3 are similar. The calculations for Theorem

2.1.1 are however simpler and already illustrate the main points.
Torus action

We first establish Theorem 2.1.1 when C = P! and E = O(a;) ®--- ® O(ay), and for L
such that

degL+a;+1>0

for all i. The arbitrary genus case follows from here by universality arguments, see Section 3.1.1

below.
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Under the above assumptions, we seek to show that

Y ¢/x(Quoty, A\LH)) = (1= g)~ (1 + gy) (=L, (3.7)
d=0

Here, for simplicity, we wrote Quot, instead of Quot,(E).

We evaluate expression (3.7) via Hirzebruch-Riemann-Roch

X (Quotd,/\yL[d]> :/ ch(/\yL[d])Td(Quotd),

Quoty

and we use C*-equivariant localization to compute the integral. !
To this end, we let C* act on E with weight —w; on the summand O(a;). This induces a

C*-action on Quot,. The fixed subbundles correspond to split inclusions

N

N
S= @Ki(a,') — FE = @O(Cli).

i=1 i=1
Thus, the fixed loci are products of projective spaces

Fj:IP’dl X oo x P

for vectors d = (dy,...,dy) such thatd, +---+dy = d. The factor P corresponds to the Hilbert

scheme of d; points of P! parameterizing short exact sequences
0=-Ki—-0—=T,—0

such that 7; is a torsion sheaf of length d;.

There is a universal exact sequence

0-Ki—-0—=T—0

't is natural to attempt localization directly in K-theory, but we were unable to establish the result in this fashion.
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over the product P! x P4 with the universal kernel given by
Ki = Opi (—=d;) X Opa; (—1). (3.8)

For future reference, we note that the universal exact sequence 0 — S — p*E — Q — 0 over

P! x Quoty restricts to P! x F;as

0— P Ki(ar) = O(ar) @ ®O(ay) — B Ti(ai) — 0, (3.9)
i€[N] i€[N]
where pullbacks from the factors are understood above. We also set [N] = {1,2,...,N}.

By Atiyah-Bott localization, we have

[] d Td(QUOtd)
x(Quoty, Ay L) dZd / h(A, LI TN, . (3.10)

Here N 7 denotes the normal bundle of the fixed locus F 7

Explicit calculations

We proceed to calculate the expressions appearing in the localization sum (3.10). In the
next subsections, we record the Todd genera, the normal bundle contributions and the Chern

characters of the tautological bundles.
Todd Classes

By (3.9), the tangent bundle 7Quot; = Homz (S, Q) restricts to

D = (K (—a) ©Tj(a)))

i,j€[N]
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over the fixed locus F 7= P9 x ... x PN, Here 7 : Quoty, xPl — Quot, denotes the projection.

In K-theory, the above expression equals

@ Ty (ICZV(aJ —a,-)) — @ Ty (K:lv ®1Cj(aj —ai)) .
i,j€[N] i,j€[N]
Therefore the Todd class of Quot, restricted to each fixed locus is
-1
H Td(ﬂ* (IC;/(aj—a,-))) ( H Td(TL'* (/C,V@/Cj(aj—ai)))) .
i,je

i,j€N] [N, i#]

The above (i, j)-terms carry the weight w; —w;. The assumption i # j in the second product can

be made since the term i = j is trivial in genus O.
Equivariant normal bundles

Over each fixed locus, the normal bundle is given by the moving part of the tangent

bundle:

N;=T"" =P (K/(—a)®7T;(ay)) (3.11)
Fg o i#j
=P (K (aj—a)) —Pr (K @ Kj(aj—a)),
i] i]

where we continue to keep track of the weights w; —w;. Therefore, we find the Euler classes

1 y —1 |
ec+(Ny) - 11 (e@* (. (K (a,-—a,)))) [T ec(m(Ki®Ki(a;—a))).

i,j€[N], i#j i,J€[N],i#j

Collecting all expressions above, we obtain that over the fixed locus Fy, the factor
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Td(Quot,)

in the localization expression (3.10) restricts to

ecx(Ny)

Vi Td v e(c* v
[[Td(z (&) ]I e—(ﬂ* (K; (aj—ai))> [1 ﬁ(ﬂ* (K; ®ch(aj—a,-))>.
i€[N] i,jelN], i#j °C i,JEIN] i ]

(3.12)
Explicit contributions

The terms in (3.12) can be made explicit. For the first term, recalling (3.8), we immedi-

ately compute

A hi di+1
T(K)) = €t 0 O (1) = Td(m(K))) = (1_6—@») ,

where A; is the hyperplane class on P% (by abuse of notation also pulled back to P4 x - .. x P),
The equivariant weights vanish for this term. (This is the Todd genus of the projective space, as
it should.)

Turning to the remaining terms, more generally, equation (3.8) straightforwardly yields

(. (KY (aj—ai))) = (1+ hy)“te—art!

c(m(KY @Kj(aj—a;))) = (1+ (h; — hj))%i—ditai—ait],

In the equivariant cohomology, recalling that the above sheaves carry the weight w; —w;, we

obtain

o(m (K (@) — a)))

o(m (K} @ Kjlaj—a)) = (14 (hi+wig —hj —wje)) i drtaimatt,

(1 + (hi +wW;€ — ng))d,’+ajfa,-+1

Here, € denotes the equivariant parameter. This implies the following expressions for the
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equivariant Todd genera

hi+w;e—w;€ ditaj—ai+l
(e (K (0 a) = )

_ e—(hi+w,~8—w_]-8

hi+wie—hi—wi€ di—dj+aj—a;+1
Td(m(fc,v@icj(aj—ai))):( e —hy W) ) |

1— e*(hH»W,‘S*hj*WjS)
Similarly we obtain the Euler classes

ec (MK (aj — i) = (hi+wig —wje)Feimat]

e(c*(n*(IC,V & ICj(aj — a,-))) = (//l,’ +W;€ — hj — Wj8)di7dj+aj*a"+1.

Simplification. All told, substituting the above expressions into (3.12) and cancelling terms, we

obtain

dit+aj—a;+1 di—di+a;—a;+1
Td t H . H i e At P —Zi i—ajraj—a;
i,j€[N] ije

ecMNg) Ir; e G TR i 13
(3.13)

where we set for notational convenience

We rewrite this in a slightly more convenient form in terms of the polynomial

R(z) = [] (z— ).

J€EN]

Combining the (i, j) and (j,)-factors in the last product appearing in (3.13), and judiciously
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accounting for the remaining terms, we eventually obtain

:”'H]<R?;i))di+lzfl+]( R(z) ai)>ai+£+l. [T G-z)

F; ic[N e (2 = i.jEIN], i< i

Td(QUOtd)
ec+(N7)

for the sign

U — (_1)(N—1)(d+2(a,»+€+1))+(g’)_

The integer ¢ included in the above expression will be useful later on. For now, the value of ¢

plays no role. Any ¢ will work since

R(zi) {
i Tz — o)
Chern classes

For the remaining term in (3.10), we record the following

Lemma 3.1.7. The equivariant restrictions of the Chern characters of the tautological bundles

to the fixed loci are given by

a;i+0+1 d;
zZi(0G+Yy al zZi+y\"
F; i i\<i i
1+ai ai+m+1 .
ch ((AXM[‘”)V> =11 ( 1 +Z.}’:> (14 zix)% (3.16)

Fy i
where L and M are line bundles of degree { and m respectively.
Proof. We only explain the first formula, the second assertion being entirely similar. We note

that over F 7= P91 x ... x PN the bundle Ll splits as contributions coming from each factor

L =g (Q®p'L) = P n(Ti @ p*La)),
i€[N]
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with each summand acted on with C*-weight —w;. In K-theory, we have by (3.8) that
7; - O — ,Cl' — OPI XPdi - O]P)l (_dl> IE O]P’di (_1)
This yields
77:*(7;®p*L(a,')) _ Ca;+€+1 ® O]Pdi . Ca;fdi+f+1 ® O]Pdi (_1)‘

The result follows immediately from here, using that A,(V +W) = A,V - A,W and accounting

for all terms. ]

3.1.3 Proof of Theorem 2.1.1

With the above ingredients in place, the key steps of the argument are as follows:

(1) after judiciously accounting for all localization terms, the fixed point contributions are

summed using the Lagrange-Biirmann formula;

(i1) next, the answer is recast as a quotient of suitable determinants. Schur polynomials

evaluated at the roots of a certain algebraic equation arise at this step;

(iii) finally, an application of the Jacobi-Trudi formula to the Schur polynomials greatly

simplifies the answer and gives the result.

To begin, we substitute equations (3.14) and (3.15) into the localization expression (3.10).

We obtain that y(Quoty, /\yLM) equals

) [h‘fl...h;’;v}{H(ngﬁix)bi(z’:y)di<%)di+lz?+l(%)bi (3.17)

|d|=d i

TG —Zj)z}

i<j

e=0

Here, we wrote for simplicity

bi=a;+/(+1.
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The brackets indicate extracting the coefficient of hcfl ...hi,N in the relevant expression; this
corresponds to integration over the product of projective spaces F; = P4 x ... x P The
equivariant parameter € is set to O at the end.

The rest of this section is dedicated to the explicit combinatorial manipulations (i)-(iii)
which bring the above expression into the form stated in Theorem 2.1.1. We first apply the
multivariable Lagrange-Blirmann formula [WW]. The formulation we need in this case is as
follows. Consider formal power series @ (hy), ..., Py(hy) with @;(0) # 0, and consider a power

series W(hy,...,hy). We have

~| &

Y gl [ | (@) ) W) ) = = (Bu18)
(dy i)

for the change of variables

with Jacobian
_dq1  day
dhy dhy’

This formula will be used to derive equation (3.23) below. The intermediate calculations are
straightforward; nonetheless, we record the details for completeness.

Set
hi zi+y
R(zi) z

®;(h;) =

and let

T(GE) () 4 (mie) e

i i<j

be determined by the remaining terms in (3.17). 2 Due to the factor z; — ¢; in R(z;) which has a

’In expression P, we regard the exponent d in the term zf“ as an independent parameter, foregoing for the

moment the requirement that d = d; + ... +dy. The careful reader may wish to replace the term zfl“ by a more
general zf“ for e > d in the proof below. This leads to (3.26) written instead for the partition A; = (eV,k) or
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simple zero at h; = 0, we have ®;(0) # 0. We apply (3.18) with

q1 -+ =4gN = (.-

Thus, letting z; be the root of the equation
q(zi+y) =zR(z),  zl,_o= o,

and letting A; be determined by z; = o€, we have q= # It follows from (3.17) and (3.18)
that

X (QUOtda/\yL[d]> = [qd} ?(hl(Q)V"vhN(Q))'

Equivalently, x (Quotd, AyL[d]> equals

) () B ()

i i<j

(3.19)

e=0

Consider the polynomial
P(z) =zR(z) —q(z+Yy). (3.20)

Note that P has degree N + 1, so it admits N + 1 roots, with zy,...,zy being N of them. Let zy |

be the additional root of P which satisfies
IN+1 ‘q:O =0.

We will greatly simplify (3.19) using the additional root zy .

(k—N,(e-+1)N). One then specializes back to the case of interest e = d and continues by applying Lemma 3.1.8.
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To this end, write P(z) = (z—z1) - (z—2zn+1). A simple calculation gives

dq _dq dz dq Zi gy
49 _ 49 9 _ P(z). 321
dh " de dh Ydm T aayl G (3-21)

Here, we used that

wR(z) . dg _ R(z) +ZiR'(Zi) _ aR@) _ P()
zi+y dzi  zi+y zi+y (zi+y)?  zi+y’

q:

where the definition of P was necessary in the last equality. The terms in (3.19) with exponent b;

further simplify since

zi(ai+y)R(zi) _ (_1)N(ZN+1 — 0)

0i(zi+y) Hljyzl(zj — Q) B (04 = (0t y)uRG) = ~(@+y)P(e) (322)

where the last identity holds true using (3.20) and the fact that P(z;) = 0, R(a;) = 0. Substituting

identities (3.21) and (3.22) into (3.19), we obtain the expression

d 1(N71)4N % —IN+1 biZ?Jrl R 3.23
oM (SR S T @) 62

i=1 1<i#j<N £=0

Having arrived at (3.23), a new idea is needed to go further. Note that

N N N+l N Vo

—) = ' i—2j) = .

E gg Z]) EP/(ZI') 1<,1;!<N(Z ZJ) VN_H
J#i

Here, we introduced the two Vandermonde determinants

~1

le\’ e 1 ZJIV ez 1
Vy = , Vnp1=

-1 N

VTR VI Ny o oaver 1
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We thus rewrite expression (3.23) in the form

AN NS
_ d+N  _d+N—1 ar1| y b
g1 (=DHW=Dd |z5 ) 2 0 — N1\
9| —; [T{——— (3.24)
N+1 i=1 Qi e=0
AN NS

Next, recall that [¢°]zy,1 = 0, hence we may add terms which are multiples of Zf(,ill
without changing the coefficient of ¢¢. Using this observation, we enlarge the determinant in
the numerator by adding one more row and column. The answer is recast as the quotient of two

determinants of size (N+1) x (N+1):

d+N _d+N-1 d+1 N [ 0=z \b;

3 % RS i1 (T )"

_ d+N _d+N-1 d+1 N [ Gi—2\b;

0 a1 (=)D 2z S [T, (F52)"
g (3.25)

VN1
d+N _d+N-1 d+1 N (Qi—ZN41\D;
IN+1 AN+1 oy T o )

This does not change expression (3.24). Indeed, expanding along the last row, the first entries do
not contribute by the above reasoning, while the rightmost corner contribution matches (3.24).
The assumption deg L+ a; + 1 > 0 made in the beginning of this section is also used here. This
condition rewrites as b; > 0, so the terms we added on the last column do not contribute poles at
q=0.

Expression (3.25) is symmetric in the roots zj,...,zy+1 of P(z). The answer can be
rewritten in terms of the elementary symmetric functions in the z;’s which depend polynomially
(hence continuously) on the ¢;’s. Thus (3.25) is a rational fraction in the &’s, with denominator
Y, Ocib " (coming from the last column). Since we are interested in the coefficient of €°, by

continuity we may substitute o; = 1, noting that there are no poles in (3.25) at these values.
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After the substitution, the z;’s solve z(z— 1)V — g(z+y) = 0. Furthermore, since

=

N
Il
—

bi=x(E®L):=x,

the entries in the last column of the determinant (3.25) become

(1-z)% = Z(—l)k<7£)zf.

Expanding the determinant along the last column yields sums over Schur polynomials.

Specifically, we obtain

[‘ld] Z (— 1)k (i) Sp (215 52N 1) (3.26)

k>0

Here, we set

M= (dN k)=(d,...,dk),

and s;, (z1,...2v+1) denotes the corresponding Schur polynomial, when k < d. The terms for
d < k < d+ N have vanishing contribution due to repeating columns in the determinant. To
account for the ordering of the exponents, the shape of the partition changes when k > d + N. In

all cases, we find

(aV, k) ifk<d
A = .
(k—N,(d+1)N) ifk>d+N
The lemma below identifies the coefficient of ¢¢ in s 4. (21, --,2v+1). We obtain

%(Quoty, ALLI) ::):O (’,f)yk = [¢]| 1+ a1 —g).

This completes the proof of Theorem 2.1.1 in genus O under the assumption b; > 0 for all

1 <i<N.
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Lemma 3.1.8. We have

[qd} s/lk<Zla---aZN+l) =

(=D D(=p)F ik <d

0

ifk>d+N

Proof. Since the z;’s are the roots of the polynomial P(z) = z(z — 1)V — g(z +), the elementary

symmetric functions in zy,...,Zy41 are

p

\

@
J
1+(-1)N"1lg ifj=N

(—1)Vgy

if j#£N,N+1

if j=N+1.

Assume k < d so that A; = (", k). The Jacobi-Trudi formula expresses the Schur polynomial

as a d x d determinant in the elementary symmetric functions. The entries are dictated by the

conjugate partition A} = ((N + 1)¥, N97%), so that

S,lk =

eN+1 0 0 0 0 0 0
eN E€N+1 0 0 0 0 0
eN—-1 en E€N+1 0 0 0 0
EN—k+2 ©ON—k+3 EN—k+4 eN+1 0 0 0
eN—k  eN—k+l EN—k+2 eN—1 en 0 0
€N—d+2 €EN-d+3 EN-—d+4 €N—d+k+1 €N—d+k+2 €N  EN+1
eéN—d+1 €EN—d+2 €N-d+3 eN—d+k EN—d+k+1 éN—-1 €N
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Each of the ¢;’s is at most linear in g. Since the determinant has size d, extracting the q°
coefficient is immediate. In fact, we can replace the e;’s by their linear terms in g; these are zero

unless j = N or j = N + 1. We obtain that

eNi1 0 0O --- 0 0
ey evy1 O -+ O 0 O
0 0 0 - ey enyl
#'Jon = |
eéN €enN+] 0 .. 0 0
0 ev evy1 -+ 00
0 +
0 0 0 o 0 ey
Thus,
The case k > d + N changes the conjugate partition A/, but the reasoning is identical. O

Proof of Theorem 2.1.1. We specialize to (C,L) = (P!, Opi(¢)) with £ sufficiently large, and

E=0(a;)®...®0O(ay). Comparing (3.7) and (??), we obtain
A=(1-q) " (1+q)", B=(1+gp", C=1+gqy
Substituting these expressions back into (??), we obtain Theorem 2.1.1 for all genera:
Zere = AX(COc)  gdeel cdegE — (1 _ g)=x(Oc) . (] 4 gy)X(ESL)

This completes the argument. [
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3.1.4 Conjecture 2.2

It is natural to inquire whether Theorem 2.1.1 can be refined to yield information about
all cohomology groups of the tautological bundles AKLI We first explain some notations: If

V® =Vy@® V) is a Z,-graded vector space, we define the graded vector spaces

Aky® = @ AVo®Sym/Vy,  Sym've = @ Sym'Vo ® AV
i+j=k i+j=k

where the summands have degree j. With the convention
dim W* =Y (—1)/ dim W/

for the superdimension of a graded vector space, the usual formulas hold true

dim AFV® = (dm;cv ) dim Symtv* = (—1)k <_dllr€nv )

Conjecture 3.1.9. Is it true that
H* (Quotd (E), /\kL[d]) = AVH*(E® L) @ Sym?*H*(O¢)? (3.28)

Thus, taking dimensions in (2.2), we immediately match the expressions in Theorem
2.1.1, thus providing a geometric interpretation of our result. There is also a natural analogue for

Theorem 3.1.3. The study of these questions may require understanding the derived category of

Quoty (E )
Evidence. Formula (2.2) is true in the following cases

(1) over the symmetric product of a curve, that is for rank £ = 1. This was shown in [?,

Section 3] using the derived category;

(ii) for d =1 so that Quot;(E) = P(E), the projective bundle of length 1 quotients of E;
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(iii) for k = 0, the formula predicts the Hodge numbers #7°(Quoty(E)) = (}‘; ) for p < d. This

follows from [BFP, Ric] which give the Hodge polynomials

tk(E)—1 (1 _uivi+1t)g(1 an ’t)

Zhnq(QUOtd(E))(_u)p(_v)qtd - 11 (1 —uivit) (1 —uitlyitly) -

i=0

3.1.5 Proof of Theorem 3.1.3

A similar but slightly more involved argument yields Theorem 3.1.3 in genus O when

b; > 0forall 1 <i<N. Specifically, we prove that

X <Quotd,/\yL[d] ® (/\xpM[d]> ) = [qd} (1— ) (1+gy)* 2(ESL) H 1 —xpyq) ~x(LeMy),
- (3.29)

We indicate some of the steps.
Just as in Theorem 2.1.1, we begin by applying Hirzebruch-Riemann-Roch followed by

Atiyah-Bott localization:

v\ Td(Quoty)
Quoty, AL @7y (A, My ) / ch(ALI) |ch( Ap MY )— .
X( 4>y < p ) zd;Fa ( ! p> e(C*(NJ) F;
(3.30)

All terms that appear here have been computed in the previous subsections. Using (3.14), (3.15)

and (3.16), we rewrite (3.30) as

R () () B8 e
“(arera) ) L]

where b =a; +¢+1andu=(—1 (N=1)(d+Ebi)+ () Here, we set m, = degM,,.
p g

e=0
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Next, the Lagrange-Biirmann formula with the change of variable

r

q(zi+y) [T(1 +zixp) = ziR(zi) (3.31)
p=1

turns (3.30) into the following unwieldy expression

N bi r ai+my+1 r 1
p zi(oi+y)\"” 1+O¢fxp) i (Ziﬂ . ) dh; d+1< R(z)
[q } ’ H [(O‘i(zi"‘)’)) [l <1+Zixp ~ 110 dg” I1;

i=1 p=I <

(zi—z))*
1<i<j<N

e=0
However, there are further simplifications. To this end, we define the polynomial
P(z) =zR(z) —q(z+y) [T (1 +2xp).

p=1

Since r < N — 1, the degree of P is N + 1, so there is an additional root zy | for P. Following

the same steps that led to (3.23), we simplify the above expression to

@) ey [T TT @)

(3.32)

where

r N L b;
o) =TT+ T (%)

p=1 1
We record the details of the simplification in the lemma below; the reader can also skip directly

to (3.35).

Lemma 3.1.10. We have

(5 i1 -20) 2 =i
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and

N (a R 1+ o aj+mp+1 - A
(e ) ()™ )
i=1 z i —1 i

(3.34)

Proof. Equation (3.33) follows by differentiating the expression for g given in (3.31). For (3.34),

recall b; = a;+ ¢+ 1, and use the following identities

r

ZiR(z) = q(zi+y) [T(1 +zixp),

p=1
N . r .
[T o = (v 28 gy (Bl )
s IN+1 — O IN+1 — O

In the last line we used the definition of P and the fact that R(o;) = 0. Then (3.34) becomes

( (o) ()™ )

p=1

Finally, recalling that ¢; and z; are roots of R and P, for each fixed p we have

Nl4+ax, R(—1/xp) ( 1 )
= ———znt1 | = (I +avp1xp).
,-I:—! I+zixp  P(=1/xp) Xp ’

In the last equality, we used again the definition of P in terms of R. The lemma follows from

here. O]

Having arrived at (3.32), by the same reasoning as in (3.24) we rewrite the answer as the

quotient of two determinants

N dEN=L
N—1)d |,4+N _d+N—-1 = _d+1
[qud] % S E fznt1)- (3.35)
det(z; /7)) | : oo
LN diN-1 d+1
N ZN Y ZN
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The denominator is the Vandermonde determinant of size (N + 1) x (N + 1), while the numerator

has size N x N. Using the previous arguments, in particular that [¢°]zy, | = 0, we enlarge the

determinant appearing in the numerator of (3.35) by adding one row and one column:

Z611+N ZtllJerl Zzli+1 f(Zl)
o ar (—D)N=D G ZENEE L f(2)
[£°q ]Tﬂ (3.36)
det(z; ')
d+N  _d+N—1 d+1
v v v flave)

Since (3.36) is symmetric in z.s, it can be written as a rational function in the o;’s whose

denominator equals H?]:I Ocib  coming from the denominator of f. The substitution o; = 1

therefore makes sense. After this substitution, the last column can be rewritten in terms of

r

FOla=1 = [T (1 +apn)" =5 (1 =)

p=1

for the values t = z1,22,...,2v41. Here y = ¥ (E ® L). We expand f(¢) into powers ¢, and then

we expand the determinant (3.36) along the last column yielding

(DYDY [ £0)- [0 sn ez, (3:37)
k>0
for the partition
(dV k) ifk <d
A =

(k—N,(d+1)N) ifk>d+N.

By Lemma 3.1.11 below, for k < d we have

1
(=) (T =xiyt) - (1 —2xpyt)

[qd] 53,21, aNy1) = (_1)(N—1)d(_y)k [td_k}
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Substituting the last formula into (3.37), we obtain that

e (@t e ()

— k _ESD) T o)) L (p)e [k 1

g <(1 e 0 ) ) Sl P ey
Lok 2(ESL) T mo—t\ [ d—k 1

:k:() [r } <(1+yt) I[[l(l — Xp)t) ) , [t } 0T (=)

B T
(1= (1 —xpyt)X(L@)Mp)

This completes the proof of (3.29) and of Theorem 3.1.3 in genus 0 when b; > 0 for all i.
Schur polynomials

Let zq,...2v+1 be N+ 1 roots of

P(z)=z2z— D" —q(z+y)(1+2zx) - (1+2x,),

where 0 < r <N — 1. We show

Lemma 3.1.11. For the partition A, above, and k < d, we have

1
(=) (T =xiyr) - (1 —xny1)

[qd] S)Lk(Z1,...,zN+1) = (_1)(N*1)d(_y)k [rd*k}

If k > d+ N, the coefficient vanishes.

Proof. The proof is similar to that of Lemma 3.1.8. Assume k < d, the other case being similar.

Since the z;’s are the roots of the polynomial P(z), the elementary symmetric functions are

= () + (1 (1) (1421
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We examine again the Jacobi-Trudi determinant (3.27)

ent1 0 .. 0 0 .. 0 0
eN eN+1 ... 0 0 ... 0 0
eN_1 eN . 0 0 .. 0 0
EN—k+2 EN—k+3 '° €N+l 0 0 0
Slk =
eN—k  eN—k+1 " en—1 en -0 0
éN—d+2 EN—d+3 - EN—d+ik+1 EN—d+k+2 " EN  EeN4]
eéN—d+1 €EN—d+2 °°°  eN—d+k EN—d+k+1 " EN-—1 EN

The ¢;’s are at most linear in ¢. To find the coefficient of g in the above d x d determinant, we

may thus replace e; with the coefficient of the linear term in g. Thus, we may take
ej= (=17 [ () (T+za) - (1+2x,). (3.38)

In particular ey, | = (—1)"y. Furthermore, note that the first k x k block of the determinant is

lower triangular, hence

[qd] Sk = €§v+1 Taq = (—1)Nkyk Ty
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where T, is the m x m determinant

EéN EeN+1 0 ce 0 0
en-1 en eny1 - 0 0
eN—2 eN—1 en o0 0
T, =
€N-m+2 €N—-m+3 €N—-m+2 " €N  EN+]
eN-m+1 €N-m+2 €N-m+1 “°° EN—-1 €N
The argument is completed using the Lemma below. [

Lemma 3.1.12. Assume ey, ... ,eN1| are given by (3.38). For any m > 0, we have

1

T = O ) ) ()

(3.39)

Proof. We set Ty =1 and Ty = 0 for ¢ < 0. By expanding the determinant 7, along the first

column and then successively along the rows, we obtain the recursion

r .
Tn = Z (—1)J€fv+1€ijTm_j_1 for all m > 0.
j=0

Note that by (3.38), for degree reasons we have ey ; = 0 if j > r. This explains the upper bound

of the index j in the sum. Forming the generating series

T = i Tt™,
m=0

the above recursion immediately yields

r ) ) —1
T = (l—Z(—l)Je]jv+1€th]+l> .
j=0
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Substituting the values of e; from (3.38), we obtain for all 0 < j < r that

(_1)j+161<]+16N_j = (= 1)NUFD /1 [zj“} ((1+§) (1+le)...(1+zxr))

= [ = DY (= ()Y ) - (1= (=DM o))

where the substitution z = (—1)Nyr was carried out in the last step. Therefore

r o ) —1 1
T:(l_ﬁ)(_l)J‘er“eN‘f”H) T (1 (DY Tap)

Taking the coefficient of " gives the required identity. 0

3.2 Symmetric Powers
3.2.1 Genus zero.

Theorem 2.1.4 concerns the symmetric powers of the tautological bundles SymyL[d] in
genus 0 and is proven in a similar fashion as Theorem 2.1.1. The calculations are however more

involved. The higher genus case and Theorem 2.1.5 will be considered in Section 3.2.2.

By Section 3.1.1, for each d and k, the Euler characteristic of
X (Quotd,SykaM)

depends polynomially on ¢. To prove Theorem 2.1.4, it suffices to assume b; = +a;+1 > d+1
for all .

By Hirzebruch-Riemann-Roch followed by Atiyah-Bott localization, we calculate

Td(Q UOtd)
ec*(N7) g J‘
(3.40)

X (Quotd,SymyL[d]> :/

Quoty

ch(SymyL[d])Td(Quotd) = Z/ ch(SymyL[d])
=~ JE-
d d
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Instead of Lemma 3.1.7, for the current computation we use the expression

_ H (ai(zi_y)>ai+€+l( Z )di. 3.41)
FJ i€[N] Zi(ai_y) =Yy

The Todd genera and the normal bundle contributions are found in (3.14). We substitute

ch(SymyL[d})

(3.14) and (3.41) into (3.40) and apply Lagrange-Biirmann. Carrying out these steps carefully,

we arrive at the following. Consider the polynomial

P(z) = (z—y)R(z) — gz,

and let zy,...,zy+1 be its roots with z;(¢ = 0) = o; for 1 <i < N. Then, just as in the derivation

leading up to (3.23) for exterior powers, (3.40) turns into

(N-1)d [ d oG-\ oz \ !
A (55) e T e
ey N FTY a=y/)  P) e, i =0
This simplification makes use of the fact that
dq /
— =P (7).
an, ~ P

As in (3.24), the above expression can be recast as the quotient of determinants

=A™ (=)
[Soqd} (1) N-1d | (23 — )4V (22— )24 8 (ai_ZN+1>bi
e R ey
(ev =)™ v =)
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The same derivation that led to (3.25) yields the enlarged (N + 1) x (N + 1) determinant

(Zl _y)Z?—i-N—l (Zl —y)ZﬁH_N_l (Zl _y)Zfll Hﬁ\’:1<%)bi
[ qu (_1)(N71)d (Zz_y)zcziJerl (Zz_y)zcziJerl (Zz—y)z‘zi ?le(ﬁi;_zyz)bi
det(z) 7t
(zn+1 —ykﬁf\{_l (zn+1 _Y)Zf‘(fi]\ll_l o (av —)’)ZKIH ?/:1(%)@ I

This uses b; > d + 1 for all i, and the fact that ¢; — z; has no free g-term, so in particular the first
N entries of the last column do not contribute to the ¢?-coefficient.
The expression above is symmetric in the roots of P, and as previously remarked the

substitution o; = 1 is allowed to obtain the coefficient of €°. Thus z, ... ,ZN+1 become roots of

P(z)=(z—D)N(z—y) — gz.

This also turns the last column into the vector with entries

(1—z)* 1 X (y
(I—yx  (1—y¥ > (5)(—1)%.

=0

Here x =Y,bi = x(E®L).
Using the additivity of the determinant with respect to the first N columns, we split the

last determinant into a sum

Z(}H-N o chl—i—m—l—l chz+m—1 o 2
_ d+N d+m-+1 d+m—1 d V4
_ N—j+1 .
Si= (I=y)% ¢ det(z; /)|
d+N d+m+1 d+m—1 d {
INHL T OANHL ANHL T ANHL AN+ I

Indeed, from each of the first N columns we select N powers of z; whose exponents range from

d to d + N. Exactly one value d +m must be skipped, giving a term in the sum. The contribution
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(—y)™ comes from terms with exponents between d and d +m — 1.

Regarding the last sum, we make the following three remarks.

(i) When ¢ < d, the above quotient of determinants is the Schur polynomial for the partition

A = (d"~™ (d —1)™,¢). Using Jacobi-Trudi as in Lemma 3.1.8, we obtain that

. (=)W1 ifp=m=0
|:q ]SA,(Zl?"'vZN—H): .
0 otherwise

(ii) When £ > d + N, the shape of the partition changes to A = (¢ — N, (d +1)N=",d™), and
we also acquire an additional (—1)" coming from permuting the columns to bring the last
one to the front. Note that A contains the rectangular partition (4¥+!) and a hook partition

u:= ({ —N—d,1¥N~™). Examining the determinant, we can factor zfl from each column.

Thus
d d
Sy :€N+1 ‘Su =Yy 'S”.
Here we used that ey = y which can be seen from the expression P(z) = (z— 1)V (z —
y) — 4z

(ii1) Finally, for d < ¢ < d+ N, the only value that can contribute is £ = d + m, in which case
we can directly evaluate the corresponding quotient of determinants to be (—1)"y¢. The

coefficient of ¢? vanishes in this case (for d # 0).

Putting everything together we conclude

X <Quotd, SymyL[dO =

Consequently, for d > k, we have

2 (utssmt) - [ = (),
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The result is also correct for d = k; this can be seen for instance from the result below. ]

With a bit more effort, the same ideas (combined with a residue calculation) yield a
general expression in genus 0. We need this result in order to prove Theorem 2.1.5 in all genera

in Section 3.2.2.

Theorem 3.2.1. When C = P! and x = y(E ® L), we have

d /_y+d(N+1)\ (=)
*(Quoty(E), Sym, L) = 3 ( k ) (1)

Proof. Since both sides depend polynomially on /, see for instance the arguments in Section
3.1.1 for the left hand side, we may assume / is sufficiently large. In this case, we have seen

above that

N

X
ay_ 1 1 CNN=Dd+N+t (X d [ d
H(QuotaE) SymE) = (et 2 iy ()]

(_y)msl,t(&m) 7|

m=0

for the partition u(¢,m) = ({ —N —d, 1N="™).

Lemma 3.2.2 below evaluates the sum over m. We obtain

Sym. LI 1 1 : [YN=Dd+e (X d+1 [-N-d (N

= ! 1+ f (_1)(Nfl)d+€ X d+1R t(N+1)df£ "
e 0) O N T

We can allow all values £ > 0 in the sum above since the residue vanishes in the range { <N +d.

The binomial theorem evaluates the sum over /. Letting

t(N+1)d—x(1 _ t)x—Nd
R (R
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we conclude that

1
(1-y)x

x(SymyL[d]) = 14 (—1)N=Dd+2yd+TRes, o .

Lemma 3.2.3 finishes the proof. 0

Lemma 3.2.2. Let zy,...,2y+1 be the roots of P(z) = (z— 1)V (z—y) — qz. For £ > 0, we have

Ao Ve yeN(@d=1)+1

Proof. Using Jacobi-Trudi, the left hand side of the expression in the lemma equals the ¢ x ¢

determinant
EéN+1-m EN+2—-m €EN43—m *°° EN+l—m

e el 2) e

N
m

Z <_y) 0 €0 el s ey
m=0

0 0 0 el

Summing with respect to m, we obtain that the ith term in first row becomes

A=Y (=0)"entiom = [N (1 =y + (=)W ) (1 et 4 eyt
_ (_1)N+l [Z‘N—H} M 'l‘N—HP(l/l‘).
11—yt
Expanding with respect to the first row, we obtain the required determinant equals

Alhé—] _A2h£_2 4+ (_l)g_lAg

where hj = s(;) is the homogeneous symmetric polynomial. We know that the homogeneous
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symmetric polynomials are given by

i 1 S D
hi = [t'] (I1—zit)--- (1 —znp1t) ] NP1 /t)

Thus the required sum equals

é(_l)i_]AihZ—i _ g(_l)zvﬂ [[ZNH] (1 —l(iti:’“)tzvﬂp(l/t)} { [té—z} tN+111(1/t)}
(3.42)
~ i o[ S g [[49) epe |
~ é(_l)N [ [IN_JJ thLllf(ylt/t)] { [réﬂ} tN+1;(1/t)]’

where ~ means equality of the ¢¢ coefficients. To justify the second line, we note that the

difference with the previous term equals

] (1 v+ (LWIN+I P1J1)

1
=0
1—yr tN+1P(1/t))

for d > 0. Moreover, since j runs from 0 to N, we may also ignore the term (yt)"*! in the second
line, thus yielding the third equality.
Note that

NP1/ = (1 —ye) (1 =)V — gV,

Thus

NPy g (=Y () ifj>0
[tN ]] tl— = [;N J] ((1 — )N — ) )
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Hence the qd -coefficient in the sum (3.42) equals

N . .
4 ,;(_1)1(7) ) e O ] o=

0
AN
=) [ g O e )

We note that the order in which we take the ¢? and t*N-coefficients can be switched. This is
allowed in our case since we are considering expressions of the form (1 — A(q,t))f1 expanded
near g =t = 0, where A is a polynomial in ¢, (and y). Thus, taking the respective coefficient of

powers of g in the above expression we obtain

(Nd N(d-1)

(D% [IHN] (1 —yt)d+1(1 —¢)Nd +(=D' [tg] (1 —yt)d(1 —¢)Nd*

This immediately implies the lemma. ]
Lemma 3.2.3. For y > Nd, set

t(N—H)d—x(l _ t)x—Nd

W= (1—yt)d+1 dt.

We have

d k
NI dod —x+(N+1)d (=)
1+(_1)( ) +Xy + Restoa):k;)< k (1_y)(N+1)d7x.

Proof. Since ¥ > Nd, the form ® has poles at worstatt =0, =occand t = % By the residue
theorem, we have

Res;—gw = —Res;—coc ® — Res,zl/y .

. . _ 1
Changing variables t = _, we compute

d
Res;_oo 0 = —Res,_g (s — 1) N (5 —y) =1L — (L yz-(V+1)dy—d—1.
S
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Similarly, changing variables t = y , we find

- N g1 ds
© = —Res, o (1 —5) FH VM y — )Nyl L
= _y—d—l [Sd] (1 _S)—%+(N+1)d(s_|_y_ I)Z—Nd
d
—d—1 k —}C+(N+1)d x —Nd CNd—d ik
y Y (=) ( f e oD

k=0

Res, 1
y

Collecting terms, we obtain

d —
14 (=1)N=Dd+2yd+1Res, o Z ( 2+ ( N+ 1)d> (Xd _A]/Cd)(l ) Nd—d+k
i( X+ N+1)d) (—y)k

(1 _y)(N+l)d—x ’

To justify the last equality, we write u = —) + (N + 1)d and show more generally

£ (or=£ (Do

This follows by induction on d. Indeed, write L; for the left hand side. Using Pascal’s identity

and then rewriting the binomials, we obtain

- E Q) () -E O (o
B (o

The proof follows immediately from here. 0
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3.2.2 Universal functions

Over a smooth projective curve C of arbitrary genus, let
W= Z q’x (Quotd(E),SymyL[dD .
d=0

The arguments in Section 3.1.1 exhibit W as a product of universal series >

W = AX(Oc) . g (ESL) (3.43)

In principle Theorem 3.2.1 determines both series A, B from the genus 0 answer. Theorem 2.1.5

asserts that more precisely we have

where f(z) is the solution to the equation

fOY =¥ +z2=0, f(0)=1.

Proof of Theorem 2.1.5. The function f is most conveniently expressed in terms of a change of

variables. We have
1 t

f(Z):l_—f—l' forz:—m.

We record the one-variable version of the general Lagrange-Biirmann formula (3.18).

3Strictly speaking, we only explained the factorization W = A% (©c), B¢X . BI*2" in terms of 3 universal series.
An argument of [Sta 1] shows that only 2 series are needed. Indeed, tensorization by a line bundle M — C gives an
isomorphism Quot,(E) ~ Quot,(E ® M) in such a fashion that LI! gets identified with (L& M~!) I On the level

of generating series this implies BY = B, which then yields the result with A = A - B]_N ,B=B;.
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Assuming ©(0) # 0, for the change of variables z = %, the following general identity holds

) ([f"] q’(f)"-‘l’(t)) ~ () i (3.44)

We introduce two functions which will be useful in the argument. Write

Fylz) = izd (_XJF(;VH)‘J) — Fy(z) = izd (M (1+r)—%+<N+1>d). (3.45)

d=0 d=0

An immediate application of (3.44) yields

1 +¢)xt1 t
a+n* forg=— . (3.46)

Fr(e) = 1 — Nt (141)N+1

Setting ¥ = 0 and integrating, we also obtain the expression

X N(NHD)(d-1)\ 1
G(z)—dzlzd-z( i >_1—m, (3.47)

for the same change of variables. With this understood, we note that for the function f in the

theorem, we have

The statement to be proven thus becomes

or equivalently

o N ((N+1)(d-1 d
BN=1+6;1(—1)€1+13.<( +d)_(1 )).<—<1_qyy)N+l) , (3.48)

Turning to the generating series (3.43), we specialize to genus 0 and we keep track on
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the dependence on deg L = ¢ in the notation, so that
= Z q“x (Quotd(E),SymyL[d]> =A"1.BX,
d=0
Asusual, y = ¥(E ®L). This yields
Wy =W, -BY. (3.49)

By Theorem 3.2.1, we have

We=Y ci(2) 4%, We1=Y ca(x +N)-¢*
d=0 d=0

where for simplicity, we wrote

L (—x+dNFDY ()
ca(x) = kz%) ( k )m (3.50)

Examining the coefficient of qd in the identity (3.49), it follows that in order to confirm (3.48) it

suffices to prove

wom=eans im0 5 (D) ()

We use the defining expressions (3.50) to verify this equality. After multiplying by
(1— y)d(N +1) and extracting the coefficient of y* on both sides, we need to show that for

0 <k <d, we have

(—x—de(NnLl)):( x+d(N+1> g%f(NH)(f )) <X+(dk££>(N;511)))'I

Using Pascal’s identity, it is easy to see that if (3.51) holds for k and all y, then it also holds for
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k —1 and all x. Thus, by downward induction it suffices to assume k = d. In this case, we seek

to show

Zé%(mﬁ(f_ 1)> (—x+(dd—_€2(N+1)> _ <—x +dd(N+ 1)) - (—X—de(N+ 1)).|

This is indeed correct. Recalling (3.45) and (3.47), we see that the two sides equal the o

coefficient in the identity

G(z) - Fy (2) = Fy (2) — Fx+n (2).

The latter equality is immediately justified using the explicit formulas (3.46) and (3.47) after

changing variables from z to ¢ as above.
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Chapter 4

Quot schemes over P!

Let Quoty(N, r) denote the Quot scheme Quot,(CY,r,P'). Let0 -+ S — p* Oc — Q —
0 denote the universal exact sequence.

We first note that Quot,(N,r) is a smooth projective scheme.

Proposition 4.0.1. For any choice of N, r and d, Quoty(CN,r,P') is smooth.

Proof. The deformation theory for Quot schemes is given by Ext*(S,Q). Since we work
over curves it is enough to show that Ext!(S,Q) = 0. Using Serre duality, Ext!(S,Q) =
Ext(Q,S5(—2))Y. Since CN @ O — Q is a surjection and § — CN x O is an injection, it is

enough to show that Hom(CN ® O,CN @ O(—2)) = 0, which is clear. O

The dimension of Quot(N, r) equals ) (Quoty(N,r),S¥ @ Q) = Nd + (N —r)r.

4.1 Torus action

We will use the Atiyah-Bott localization formula to obtain the Euler characteristics of
schur bundles associated to S, and S over Quoty (N, r). The localization calculation is slight
different from that for punctual Quot scheme.

Let C* act on CN ® Oc¢ with distinct weights —w, ..., —wy. This induces a C*-action
on the Quot scheme Quoty(N, r). The fixed loci of this action is parameterized by pairs (d, 1)

where d = (dy,...,d,) with ]cﬂ =d|+---+d, =d,and I C [N] is a subset of size r. Moreover,
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the fixed loci are isomorphic to products of symmetric products of P

FJI:IP’dl X oo P

”

The factor P% corresponds to the Hilbert scheme of d; points parameterizing short exact sequences
0—=Ki—Op =T —0
such that 7; is a torsion sheaf of length d;. The corresponding point in the fixed locus F3, is

0—=S—> @0 — P Op —0—0,
icl i€[N]

where

S=Ki®--- @K, and Q=Ti@---aLoO .

Define IC; and 7; denote the tautological subbundle and the quotient bundle on P! x P4, We

shall use the same notation for their pullback to P! x F 7+ Note that

/Cl' = Opl (—di) X O[P’di (_l)‘

Todd Calculations

We observe that Tq,,ot, = Homz (S, Q) restricts to

PrKieT] P K ©Op]

i,jel i€l je[N]\I

over the fixed loci F i
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In K-theory, it equals

D k! - Dk 9k

i€l, je[N] i,jel

Therefore the Todd class of Tq,q, restricted to the fixed loci is

I Td(nK)) ( T] Td(z.c) @Kj)) -

i€l,je[N] i,jel
The above classes comes equiped with weight w; —w; and w; — w respectively.
Equivariant normal bundle

We know that the normal bundle is given by the moving part of the Tangent bundle over

the fixed loci. We observe that the moving part is

AV — pmov| EB T, [’sz ® 7;] @ T, [/Clv]

F; ijeli#j icl,je[N]\I
- @ K- P mkek)
i€l,je[N),i#j i, jELiF#]

The above classes comes equiped with weight w; —w; and w; — w; respectively.

We know that taking Euler class is multiplicative in K-theory. Thus

1 V - V
—wim I () ] eclciox)

i€l JEIN]; kit i,jELiA ]
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Riemann Roch

Let h; € H*(F 7;) denote the pull back of the hyperplane class in P4 In the equivariant

cohomology,

o(m k)

(1 + (h,~+w,~8 —WjS))dH—l

c(m Y @ Kj) = (1+ (hi+wie —hj—we) )4t

where € is the equivariant parameter.

Using Riemann-Roch, we can calculated corresponding equivariant Todd classes:

d,'+1
Td(zr*IC-V) _ hi+w;e —w;€
1 £)

— e_(hj+Wj€—Wj

hi+Wi8—hj—Wj8 di=dj+1
) )

hi+w,-8—hj—wj£

Td(TE*/Cly ®IC]') = (1 =
— e

the later equals 1 when i = j. Similarly we obtain the Euler classes :

e (ﬂ*/Cl\/) = (hl' —+ w;€ — WjS)dH_l

ecx (n*lclv ® IC]) = (hz +w;€— hj _ st)di_dj+1_

Simplification

Observe that over the fixed locus F- , the factor %

ar restricts to

[ee- (=) I T_f(n*zcy) n e« (IC,V(X)ICJ-).

icl icl,je|N) €C i jelit]

For notational convenience, we set
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Thus

M _thﬁ—l ( Zﬁ’v )di_H ‘ H (Zi—zj)di_dj‘H
ecx (N) Fj, i€l i R(Zi) i jelit] Z
B h.ZN*r di+1
=( 1)(r 1)dH< 1lel . ) Zld—i-l H (zi—2;)
icl (z) i jelit]

4.1.1 Schur bundles

In this subsection, we use C* localization to reduce the calculations of K-theoretic
invariants of Quot schemes to the theory of symmetric functions. We are primarily concerned
with the K-theory classes of the Schur functors associated to S, (and its dual) over Quot, (N, r).
Let ay,ay,...,a, be the Chern roots of SJ\C/. Note that the Chern character of the Schur bundle
associated to Sy (and its dual) over Quot, (N, r) are given by corresponding Schur polynomial in
et e, ... e,

Let A = (A1,42,...,4,) be tuple of n (not necessarily ordered) integers. We define the

corresponding Schur function using the bialternant formula

Z%l +n—1 . Z,)ltl +n—1
-2 -2
1 Z/}z-i-n o Zﬁtz—l-n
s/l(Zla---aZn): j (41)
det(z;)
Z?’” e Z%n
Note that any symmetric Laurent polynomial in zy,...,z, can be uniquely expressed as a linear

combinations of s ’s.
In the proposition below, we give a formula for the Euler characteristics of a K-theory

class F(S,) and its twist with line bundles det(7, SV)*.
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Proposition 4.1.1. Let —(N —r) < £ < r denote the level and let F (Sy) be a K-theory such that
ch(F(Sy)) = s (e",...,e")
where A = (A1, ..., A,) is an r-tuple of integers, then
%(Quoty(N,r),det(m. S¥)' @ F(8x)) = [t]sa(z1, - 2w)
where 71,22, .. ,zy are roots of the equation (z— 1)N 4+ (—=1)"ZVN""*+t = 0; and A = (A +d +
l,... e +d+1,0,...,0).
Proof. Using C* Atiyah-Bott localization, the holomorphic Euler characteristic of det(7, S v)g ®

F(Sy) equals

Y

FJJ

L, odutms ), ) R

Fi ec

where I = {iy,...,i,} runs over r element subsets of {1,2,...,N}, and d runs over the tuples of
non-negative integers (dj,...,d,) that sum to d.

Recall that K; = Opi (—d;) X Opq; (—1). Over the fixed loci F; |,

= Opa; (1)B---BOps, (1) and det(m,S")

dJl

= OPdl (d1+1)&---&0pd,(d,+l)
F-

dr

In particular, the Chern roots of the above (in the equivariant cohomology) equals { (h; + w;€) :

i €1}. Thus

ch (F(Sx)

> =s3(zis---,zi,) and ch(det(n*SV)|FJ ) :HZfi“
F- N

d,l iel

where z; = €€ and s, is the corresponding Schur polynomial.
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We use the explicit calculations from the previous subsections to obtain

01y 7, d ) T L) B N e .
CID N EARRENE) § (R R E ISy ) JCE!

i1 i€l i=1 i,jeli#j

-1

il 5o

Here zl‘l =(z '7Zi71) and [hj] denotes taking the coefficient of [];, hf"; this corresponds to
integrating over F 7, = P4 x ... x Pér,
We invoke the multivariate Lagrange-Biirmann formula to sum over d (see (3.18)). Recall
that for formal power series W(hy,...,h,), and @ (hy),...,Pn(h,) with ®;(0) # 0, we have
o r o " d hi

WP ) TT @i = [ ) [T
i=1 i=1 """

4.2)

where we use the change of variable ¢; = %, and express /; in terms of #; in the right hand

side of (4.2). In our problem, we use the change of variable

R(z)
t, = Nt 4.3)
1
where ¢; is considered as a power series in /; and furthermore
-1
dt; _ R'(zj)) — (N —r+40)z; R(zi)‘ @.4)

d_hl. Z;V—H—E—l

The Lagrange-Biirmann formula implies that the previous expression equals

icl i,jeli#j

L@ [T 5 -0 [T z))
dl

. . . d .
In the above expression, we regard d appearing in the exponent z{ as an independent
parameter. We thus observe that the summand is independent of d;’s. In particular, to evaluate the

above sum, we let#; = --- = ry = ¢ and find the coefficient of ¢ in the result sum. Furthermore,
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we note that zy, ..., zy are distinct solutions (see (4.3)) to

which is a degree N polynomial in z.

Using (4.3) and (4.4), we observe that

dhl' Zf}l—r—i—é—l

dr — Pl(z)

where the derivative P/(z) is taken with respect to the variable z. We thus rewrite the required

expression as

(_1)(r71)d[80] le[td]s/l (ZI) HZZP,T H (Zi —Zj).

iel i,jeli#]

The crucial observation is to view the above expression as ratio of N x N determinants

MAN—1+d+l _A+N—1+d+¢ M +N—1+d+4
Zl Z2 ... ZN
MAN-=2+d+l _A+N-2+d+/ M +N—2+d+{
Zl Z2 DEEY ZN
(_ 1)(r—1)d
O11,d d A+N—r+d+{  _AAN—r+d+{ Ar+N—r+d+0
[€”][t 7 det|z] % . P :
det(z;)
—r—1 -r —r—1
o =) o
1 1 1

Here det(z]) in the denominator is the N x N Vandermonde determinant. We used generalized
Laplace expansion of the determinant along first » rows to compare the previous expression.

Another crucial observation is that the above expression is a symmetric Laurent polyno-
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mial in z;’s given by

€07t ) (= 1) V57 (21, zw),

which are in turn Laurent polynomial in ;’s and . Here A = (A, +d +¢,... A, +d +¢). This

means we can set € = 0 and obtain «; = 1 for all j. In particular, z;’s are roots of
P(x)=(z— 1N =" =0.

We finish the proof of Proposition 4.1.1 by substituting r — (—1)""z. O

Note that for any integer partition A, the Schur bundle
ch(S’l (8)) =sale™,....e").

This gives us the following corollary.

Theorem 4.1.2. For any partition A with at most r parts, we have
x(Quoty(N,r),S*(SY)) = [t"sa(z1, - 2w)
where z1,...,zy are roots of (z— 1)N 4+ (—=1)"zY~"t = 0, and the partition
A={d+M,d+N,...,d+A).
Corollary 4.1.3. We have

Oy mAr

S

Y 45 (Quoty(N,r), A"(SY)) =
d=0
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Proof. Note that the elementary symmetric polynomials in z;’s are

N
(w) — m#r
em(zl,...,zN): .
N —
(r) +t m=r
Note that A = (1,1,...,1), where 1 appears m times. We may express the Schur polynomial
sa(z1,---,zn) in terms of elementary symmetric polynomial using Jacobi-Trudi formula as a
(d+1) x (d+ 1) determinant
er €r+1 €r+2 0 €ryd—1  €rid
€r—1 er €ri1 Tt €r4d-2  Cr+d-1
€r—d+1 €r—d+2 €r—d+3 - er €r+l
€m—d Cm—d+1 €m—d+2 " €m—1 €m

When m < r, the above determinant is a polynomial in ¢ of degree d with leading coefficient

em= (). When m = r, itis a polynomial in ¢ of degree d + 1, with t¢ coefficient (d+1)(). O
Corollary 4.1.4. When m < r,

(o)

l—gq

—1 1
¢ 7(Quota(N, r), Sym" (8Y)) = (N’%m )

d—0 m

Proposition 4.1.5. For any partition A with at most r parts, we have
% (Quoty(N,r),S*(Sy)) = [t)sa(z1, - 2n),
where A= (d — Ay,...,d —M\,0,...,0), and z1,22,...,2n are roots of the equation (z—1)N +

(=)t =0.
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Proof. Note that the Chern character
ch(S’L (Sx)) =sple™™,...,e ) =s53(e",....e").

where A = (—A,,...,—A;). The result follows from Proposition 4.1.1. O

Theorem 4.1.6. For any non-trivial partition A with at most r parts and Ay <d + N —r,
x(Quoty(N,r),S*(Sx)) = 0.

Proof. When —(N —r) <d—2; <0, the ™ row in the bialternant formula (see (4.1)) for sy,
where A= (d — A,...,d —A1,0,...,0), has exponents 0 <d —A; + N —r < N—r—1. Thus
the " row equals one of the last (N — r) rows, hence the determinant is equal to zero .

When d — A; > 0, A is an integer partition strictly contained (since A is not trivial) in the
rectangular partition (d,d ...,d), where d appears r times. The highest exponent of e, appearing

in the Jacobi-Trudi expansion of s3 in terms of elementary symmetric polynomial is strictly less

than d for degree reasons. Thus sz(z1,...,2zx) is a polynomial in 7 of degree at most d — 1.
[
Lemma 4.1.7. Let A', ..., A™ be m partitions, and let
spisp2 e spm =Y CJ1i amsv
v Y )
be the expansion of the product of Schur polynomials in the Schur basis. Then C/‘{lw am =0

unless ),11 + AT >V

Proof. Using Littlewood-Richardson rule, for any two partitions A and u

1%
Sy ‘S,u = ch,ﬂsv
\4
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where c){’ u equal the number of Littlewood-Richardson tableaux of skew shape v /A of weight
u. The Littlewood-Richardson tableaux are skew semi-standard tableaux such that the word
obtained by the concatenating the entries in each of v/A in the reverse order is a lattice word (i.e
for each positive integer i, every initial part of the word contains more number of i’s than i + 1°s).
This implies that the first row of v/A (if it is not empty) must only contain 1’s. Since there are
w1 number of 1’s, for CX, u= O unless (; + A; > v;. This argument can be applied repeatedly to

obtain finish the proof.

]

Remark 4.1.8. The vanishing result in the previous corollary and the Littlewood-Richardson

rule implies that for any partitions A\, ..., A", the power series

[e]

F(g A", A" ==Y ¢2(Quoty(N,r),§* (S0) ®--- 0S¥ (Sy))
i=0

is a polynomial in q of degree at most 7Lll +---4+ A" — (N —r). The bound on the degree can be

improved by imposing extra conditions.

Proposition 4.1.9. Let r < N. For any non-trivial partition A with exactly r parts (i.e A, #0)

and Ay <d+2(N—r),
%(QUOtd(Nv r)’SA (Sx)) =0.

Proof. Letzy,...,zy be roots of the equation (z —1)¥ + (—1)"z¥~"t = 0. Note that [T ;z; = 1.

Using Proposition 4.1.5 and the defining equation (4.1),
N N—r
2(Quoty(N,r),§*(8,) = [1 (Ha) SAz1- - 2)
i=1
= [td]SAﬁ»(Nfr,...Nfr) (Zl g 7ZN)~

where A+ (N —r,...N —r) is the N-tuple obtained by adding (N — r) to each coordinate.

82



Note that A+ (N —r,...N —r) is not in decreasing order. We reorder the rows of the
determinant in its bialternant formula (in (4.1)) such that the corresponding exponents are in
decreasing order (we may assume that the exponents of each rows are distinct, otherwise the
determinant vanishes as desired). Recall that A = (d — A4,,...,d —211,0,...,0). Let 0 </ <r
be the largest index such that the exponent in the (r — £+ 1)™ row is less than the exponents
appearing in the last row of the bialternant formula for the sy, v, ~n_ (z1,..-,2nv)- By

reordering the rows by placing the last N — r rows above the (r — ¢+ 1)th, we obtain that

SA+(N—r,...N—r) (21,--r2v) = (—1)(N7r)gsv(Z1 1225+ 52N);
where v = (vy,...,Vy) is the integer partition is given by
(
(N—r)+d—Api1-i when 1 <i<r—/
Vi=4N—-r—/ whenr—( <i<N-—/{-

2(N—r)+d—Ayt+1—i whenN—(<i<N

\

Here are a few important properties of the partition v that we will use. Let k=N —r— /¢

and v’ denote the partition conjugate to v. Then
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Vi

Moreover, the first part of v is given by

(N—r+d)—A (<r
V| = .

N —2r l=r

In either case, since A, > 1, the first part vi <N —r+d — 1.
We will now use Jacobi-Trudi formula to express the above Schur polynomial in terms

of the elementary symmetric polynomial. Note that the elementary symmetric polynomial are

given by
(w) — m#r
em(21,---,2N) = )
M)+t m=r
The Schur polynomial sy(zj,...,zy) equals the determinant of the following v; x v;. For
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notational convenience, let M = vj.

€v; Evi+1 ot Cyipk Tt CyieM-
e,/ é.,
v,—1 123
e, e, )
v, —k+1 v, —k+2 v;
e,
Vit
eV}/V[—M—Fl “ e o e .« oo ev}/l/l

We claim that e, is not present as a entry in the first N — r columns of the above
matrix, thus the highest exponent of e, in the expansion of the above determinant is at most
vi — (N —r) <d — 1. Thus the above determinant is a polynomial in 7 of degree at most d — 1,
hence proving [t%]sy(z1,...,2v) = 0.

To see the claim, first note that first kK columns does not contain e, since
Vi—k+1>r+1

and v,’c < (r— ) < r. Furthermore, since v,g G Sr— ¢, the next ¢ columns does not contain e,

as entry. Therefore, the first K+ ¢ = N — r columns does not contain e, as an entry.

O

Remark 4.1.10. In the above Proposition, we may replace the assumption A, # 0 with the

condition on the degree d > r. The last step of the proof has to be slightly modified.

Theorem 4.1.11. For any partitions A and [ contained in the rectangular partition (N —

r,...,N—r) where N —r is repeated r times, and d > 0,

x(Quotd(N, r),deth®Sl (Sx) ®SH (Sx)) =0.
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Proof. Note that detS, = S!!')(S,) where (1) = (1,1,...,1). Let
ch(§")(Se))eh(S* (Se))eh(SH(8)) = X i) 4 u€h(8" ()
v

By Lemma 4.1.7, C(V DAL O unless vi <1+ A;+pu; <2(N—r)+ 1. Moreover, the Littlewood

Richardson rule also implies C("l,) = 0 unless that the partitions (1”), A and p are contained

in v. We may thus apply Proposition 4.1.9 since v, > 0, and v; <2(N —r)+d (as d > 0).

4.2 Tautological classes

Let M — P! be a line bundle. We define the tautological class
MY =Rz (p"M® Q) —R'm. ("M © Q),

where p and 7 continue to denote the projections over C x Quot,(E,r), and Q stands for the
universal quotient. We calculate the Euler characteristic of the determinant of tautological classes

using Proposition 4.1.1. The proof of Theorem 2.2.9 follows from the following lemma.

Lemma 4.2.1. Let M = Opi(m), then in the cohomology group of Quot,(N,r),
det M = det(m, $Y) ! - det(SY)"*2.
Proof. We first note that in the K-theory,
MY = 1 (p"M @ ON) —m(p" M ® S).

The Chern classes of the first term m(p*M @ O®Y) vanish since 7 : P! x Quoty(N,r) —

Quot,(N,r) has connected fibers. To compute the first Chern class of the second term, we
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use Grothendieck-Riemann-Roch for 7. Note that in the Kiinneth decomposition of P! x
Quoty(N,r),
ch(S) = 1®ch(Sy) +h® [ch(m S) — ch(Sy)]

where £ is the Poincaré dual of the points class in P!. Using Grothendieck-Riemann-Roch,

ch(m(p*M ©8)) = m.(ch(p*M) - ch(S) - Td(P'))
= m,((1+mh) - (ch(Sy) + hlch(m S) — ch(S,)]) - (1+ 1))

=ch(mS)+m-ch(Sy).

In the first two line, we have suppressed the ® sign appearing in the Kiinneth decomposition.

We finish the proof by noting ¢;(SY) = —c1(S,) and ¢1(m S) = ¢ (m SY) — 2¢1(Syx), and thus

M9y = (m+2)ei(8Y) —e1(mSY).

Example 4.2.2. An interesting specialization of Theorem 2.2.9 arises for £ = 0. We show

N
) —
x(Quotd(N,r),detO ) (N—r—i—d)'

We have
x(Quotd,detO[d]) = [td] sa(z1y---528)

where A = ((d+1)"). The elementary symmetric functions in zy,...zy are

(];/) j#Er+1

(N)—t j=r+1
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Using Jacobi-Trudi, we have

er €r+1 €r+2 "t €rid-1  €ryd
€r—1 er €r+1 " €r4d-2 Cryd-1
S;L(Zl,...,ZN) =
€r—d+1 €r—d+2 €r—d+3 " er €r+l1
€r—d  €r—d+1 €r—d+2 " €r-1 er

In the (d+ 1) x (d + 1) determinant, the only term yielding the power t* is (—1)%e?, e, g4,

coming from the lower left corner e,_4 and the terms e, above the diagonal. To conclude, it

[td] el erg=(—1)" (r fd)

Example 4.2.3. Assume d > r(m+ 1). The Schur polynomial s; has weighted degree |A| =

remains to note that

r(d+m+1) < (r+1)d in the elementary symmetric functions e;, where we set dege; = i. We
noted in Example 4.2.2 that only e, | contains a linear t-term. By degree reasons, e, | appears

in s, with exponent < d. Thus, in this case the t*-coefficient vanishes, and
X <Quotd(N, r),detM[f”) —0.

Example 4.2.4. Assume d =r(m+1), sothatd+m+1=(r+1)(m+1) and |A|=d(r+1)

for A = ((d+m+1)"). With these numerics, we claim that

Sy = (—l)defﬂ + lower order terms in e, 1. 4.5)
Using that the only nonzero t-contribution in e;(z1,...,zy) is given by
[qleri1(z1,- .- 2v) = —1,
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we obtain [td} sp(z1y...,znv) =1, and thus x (Quotd(N,r),detM[d]) =1.

To justify (4.5), we let
(X1, 0xn) = (1,4, 82,...,85,0,...,0),
where { is a primitive (r + 1)-root of 1. In this case, we have
est1(x1,...,xn) = (=1)", ej(x1,...,xny) =0for j#0, j#r+1.
Thus, to confirm (4.5) it remains to show that
sy (X1, xn) = 1. (4.6)

This follows from the (first) Jacobi-Trudi identity

R 1) (mr1) hsymrv+1 0 Ay ma D +—1)

h(r+1)(m+1)—1 h(r+1)(m+1) h(r+1)(m+1)+(r—2)

S) = : : : ;
Rty mt1)—(r—2)  Pot)mt)-—1) 0 A min 1
Aoy mrD)——1) M )me)—(—2) = sy men)

where hj are the homogeneous symmetric functions. In our case, we have

hj(xi,...,xy) =1if j=0 modr+1, hj(xy,...,xn) =0 otherwise.

Hence the above matrix evaluated at (xy,...,xy) is the identity, yielding (4.6).
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Chapter 5

Isotropic Quot scheme

The isotropic Grassmannian SG(r,C") (or OG(r,C")) is the variety parameterizing r
dimensional isotropic subspaces of a vector space CV endowed with symplectic (or symmetric)
non-degenerate bilinear form. The classical intersection theory of the Grassmannian G(r, C") and
isotropic Grassmannians has been an important subject connecting many areas of mathematics.

The Quot scheme Quoty(E,r,C) (for short Quot,) parameterizes degree —d, rank r
sub-sheaves of a fixed vector bundle E over C. Let L be a line bundle over C and let ¢ be a

symplectic or symmetric non-degenerate L-valued form on E:
0:EQFE— L.

A subsheaf S C E is isotropic if the restriction &|sgs = 0. The isotropic Quot scheme Q4 (E, o,r,C)}

(for short 1Qy) is the closed subscheme of Quot, consisting of isotropic subsheaves.

5.1 Perfect Obstruction Theory
5.1.1 Genus 0

Over P!, the Quot scheme Quoty (CN .7, IPI) is smooth for any choice of N,r and d. The
isotropic Quot scheme 1Q, is smooth for d = 0,1 for all  and N, but it is singular for higher

values of d.
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The isotropic Quot schemes IQ, can be described as the zero locus of a section of a
vector bundle over Quot,. Therefore, the virtual fundamental class exists and is given by the

Euler class of the vector bundle.

Proposition 5.1.1. Let 7 : Quoty xP! — Quoty be the projection. Then mt,(A>SV) is a locally

free sheaf.

Proof. Note that for any point g = [0 — § — OV — Q — 0] in the Quot scheme, C¥ ® O — SV

is generically surjective and so is

¢ : N2(CN®0) — A%SY.

N
2

Observe that A?(CN @ O) = c(2) ® O. We have the following exact sequences of sheaves
0 - k¢ —» CGlo0 - imp — 0
0 — im¢ — AZSY = coker¢ — O
Since coker(¢) is zero dimensional and (C(g]) ® O is a trivial vector bundle over P!, their
first sheaf cohomology groups vanish. The first exact sequence implies H'! (IP’1 ,im¢) = 0. The
second exact sequence gives us H' (P!, A?(5V)) = 0, hence h°(A%8Y) = x(A%SY) is constant.

Using Grauert’s theorem we conclude that 7, (A?(SY)) is locally free. O

The symplectic form ¢ : A2(CY ® ©) — O induces an element of H°(P!, A2SV) given
as the composition

NS s AN CVN 20 S 0

for any subsheaf S of CN ® . This induces a section, denoted as &, of 7.(A2S"Y) over Quot,.
Recall that 1Qy is the subscheme of Quot, consisting of subsheaves S of CN ® O such
that the above composition is zero, hence |Q,; = Zero(&). Therefore, we have a natural perfect

obstruction theory and a virtual fundamental class proving Theorem 2.3.1 in this case.
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5.1.2 The Perfect Obstruction theory in general

In the general case, the two main aspects of the above proof break down, namely Quot,
is not always smooth and the sheaf 7, (A?S") may not be locally free. To construct a perfect
obstruction theory, we will have to make a few auxiliary constructions.

Fix E,L,r and d. Let Bun be the moduli stack of rank r and degree d vector bundles over
C. There is a natural forgetful map u : Quot; — Bun sending the exact sequence 0 — S — E —
Q —0to [SY] € Bun.

We define another stack WS which parameterizes pairs (S, @), where S is a vector bundle
with ¥ € Bun and ¢ : A2S — L is a morphism of sheaves. This also comes equipped with a
natural map 1 : WS — Bun sending the pair (S,¢) to [SV].

We have tabulated the situation in the following commutative diagram

1Q; —~— Quoty

b g Lo

Bun j) WS

Here 6 is the map sending the short exact sequence 0 — S — E — Q — 0 € Quot, to the pair
(S,0), where ¢ is the composition A2 — A2E % L.

Recall IQg is precisely the closed locus in Quot; which is sent to (S,0) under the map
6. There is a zero section z : Bun — WS sending [SV] to (S,0), and we see that |Qy is the fiber
product of the maps & and z.

The advantage of the above description is that we understand the cotangent complex
of Quot,; and Bun, and the new stack WS is an abelian cone over Bun. We will first describe
relative perfect obstruction theory for the maps t and 7, and use it to obtain a relative perfect

obstruction theory for 1Q, relative to Bun. Since Bun is a smooth Artin stack, this standardly

yields a global perfect obstruction theory for 1Q,, by [GP, Appendix B].
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5.1.3 A perfect obstruction theory for WS

We will first carefully define the stack WS and show that it is an abelian cone over Bun.

We will use the results in [Sca] and [Sca 3] to obtain perfect obstruction theory of WS over Bun.

Definition 5.1.2. A Wedge system is a pair (S,9) where S is a locally free sheaf on C and ¢
is a morphism of sheaves ¢ : NS — L over C. A family of Wedge systems over a scheme T is
(T:CxT —=T,8,0: \>S — p*L) where p: C x T — C is the first projection and S is a locally

free sheaf over C X T.

An isomorphism of two families of Wedge system (7 :Cx T — T,S,¢ : A>S — p*L)
and (1:CxT —T,5 ¢ : A>S' — p*L) over T is an isomorphism & : S — S’ over C x T such

that ¢ = ¢’ o A2cx.

Definition 5.1.3. Let WS be the category fibered in groupoids defined by WS(T') being the

families of Wedge systems over T. Let 1 : WS — Bun be the forgetful morphism.

Proposition 5.1.4. There is a natural isomorphism of Bun-stacks
WS — SpecSym(R!' 7. (A2 S@p*LY @ w7)) (5.1)
where @y is the relative dualising sheaf of ®: WS xC — WS. In particular WS is an abelian

cone over Bun. Thus WS is an algebraic stack.

Proof. The proof is almost same as the proof of Prop 1.8 in [Sca]. Let T be a scheme, then
WS(T)={t:T — Bun,¢ : 7* A>S — p*L}, where 7 is the induced map from C x T — C x Bun.
Using Grothendieck duality and base change there is a canonical bijection between Hom(7* A2

S, p*L) and Hom(t*R' 7, (A2 S ®p*LY ® wy),Or) which is compatible with pull backs. O

Corollary 5.1.5. There is a relative perfect obstruction theory for 1 induced by
R7, (Hom(A2S, p*L))Y — T_1,0/Lny-
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Proof. The corollary follows using Lemma 5.1.6 by observing that
RHom(R7, (A2 S@p*LY @ 0;[1]), Ows)

is isomorphic to Rz, (Hom(A%S, p*L)) in the derived category. O

Lemma 5.1.6. Let T : Y’ — Y be a relative dimension one, flat, projective morphism of algebraic
stacks and let F € Coh(Y') be flat over Y, then the abelian cone WS := Spec Sym(R! 7, F) Ay

has a relative perfect obstruction theory induced by the canonical morphism
R, (F[l]) — T[_Lo]Ln (52)

where & : Y' xy WS — WS and F is the induced sheaf on Y' xy WS.

Proof. We will briefly explain the argument assuming Y is a scheme. The complete proof is
exactly the same as the proof of Proposition 2.4 in [Sca].

Under the given conditions, F' can be shown to admit a resolution
0OK—-M—F—>0

where M is locally free, 7. K = m.M = 0 and the first derived pushforwards R!7.M and R'7m,. K

are locally free. Then 1 admits a factorization
WS 5 SpecSym(R! 7z, M) Iy

where 1 = g o1, g is a smooth morphism and 7 is a closed embedding. Then 7;_; gL, = [Ilws —
Q,|ws]. where I is the ideal sheaf of i. There is a natural isomorphism n*Rln*M — Q4|ws and
surjection N*R! . K — I|ws.

Therefore, it remains to show that [n*R!'m.K — n*R!7.M] is quasi-isomorphic to
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R7,(F[1]). By cohomology and base-change, [*R! 7, K — n*R! 7w, M] is isomorphic to [R! 7, 7* K — |}

R!7,7*M], where

O—-K—M—F—=0

is the induced resolution on Y’ xy WS. The required statement is obtained by the distinguished

triangle of the above short exact sequence. 0

5.1.4 Perfect Obstruction theory

Recall that we have a map 6 : Quot; — WS which takes a subsheaf [0 - S — E — Q —
0] to the point (S, ¢) in WS where ¢ is the composition of A2S — A2E — L. This can be defined
as a morphism of Bun-stacks.

Consider the morphisms

Quot — 5 . WS L> Bun.

Let 4 = no&. There exists a distinguished triangle
6'Ly — Ly — Ls — 6 Ly[1]. (5.3)

Note that the Quot schemes over smooth curves have perfect obstruction theories as
described in [MO 3]. In order to obtain the relative perfect obstruction theory over Bun, we

consider Quot, as an open substack of the abelian cone
SpecSym(R! 7, (S®@p*EY @ w)).
Therefore Lemma 5.1.6 and relative duality implies that the morphism
R7,.(Hom(S,p*E))" — 71,0/ Ly
induces a perfect obstruction theory for u : Quot; — Bun. We also recall Corollary 5.1.5. Thus
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we get a map of distinguished triangles completing (5.3) by the axioms of derived category:

Rz, (Hom(A2S, p*L))Y —2% Rr,(Hom(S,p*E))" —— R, (D*)"

l l (5.4)

-
[oT!

where D* = [Hom(S, p*E) 4o, Hom(A*S, p*L)]. The description of do, given below, is impor-
tant for proving Lemma 5.1.8.

Fix a vector bundle S in Bun, then the map & restricts to a quadratic map Hom(S,E) —
Hom(A2S,L) sending f to 6 o A2f. Vanishing of this map is precisely the locus of the fiber of
Qg over S. Hence the tangent space at a point f = [0 — S i> E — Q — 0] in 1Qq relative to
Bun is given as kernel of the linear map d& : Hom(S, E) — Hom(A%S, L) sending g to the map
[unv— o(f(u) ANg(v)+g(u) A f(v))]. The corresponding map of sheaves do : Hom(S,E) —
Hom(A2S, L) over the fiber C x {f} is given by the same expression over each open sets of C.

Over C x |Qg we have the universal section f of the vector bundle Hom(S, p*E). The

above description induces a morphism of locally free sheaves
do : Hom(S,p*E) — Hom(A* S, p*L).

We have seen in Proposition 5.1.4 that WS is an abelian cone, therefore it comes equipped
with the zero section z : Bun — WS which is a closed immersion. Recall that 1Q sits inside the
commutative diagram

1Qy ‘% Quoty

by

Bun —— WS
1

Observe that 1Qy is the inverse image 6! (z(Bun)). The perfect obstruction theory

Rz, (D*)Y of ¢ induces a perfect obstruction theory of |Qy relative to Bun using the map of
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cotangent complex

i*L(} — ]L‘le/Bun' (55)

Lemma 5.1.7. There is a perfect obstruction theory of |Qq relative to Bun induced by
R7.(D*)" — 7_1 gLiq, /Bun- (5.6)

where D* = [Hom(S, p*E) 40, Hom(A?S, p*L)| is the two term complex over vector bundles

with amplitude in [0,1] over C x 1Qq.

Proof. We obtain the perfect obstruction theory in (5.6) by restricting the perfect obstruction
theory of G in (5.4) to 1Q, using (5.5).
Let D*|c = [Hom(S,E) 4 [ om(A2S,L)] be the restriction to a fibers, denoted as C, of

7 : C x Qg — 1Qg. Consider the hypercohomology long exact sequence
.- = H'(Hom(S,E)) — H' (Hom(A*S,L)) — H*(D*|¢) — H*(Hom(S,E)) = 0.

Since do is generically surjective (see Lemma 5.1.8) and C is one dimensional, H' (Hom(S, E)) —|

H'!(Hom(A%S,L)) is surjective. Thus we conclude that H?(D®|¢) vanishes. O

Lemma 5.1.8. The restriction of do to each fiber C =C x {f}, where [0 — S LE- 0 — 0]

is an element in |Qq, is generically surjective.

Proof. Note that f is morphism of vector bundle over C\A where A is finite set of points in C.

We will show that the linear map of vector spaces

¢ : Hom(S, — E,) — Hom(A%Sy, L)

g [unv—o(f(u)Ag(v)+g() A f(v))]
is surjective for all x € C\A. This is now an exercise in linear algebra.
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Let N = 2n. We can choose symplectic coordinates {ey,...ex} of E, such that 6 (e;,e,+;) =[]
1 and f identifies the isotropic subspace S, with span{ey,...,e,}. Anelement g € Hom(S, — E)
can be identified with an N x r matrix (B; ;). A simple calculation shows that g € ker ¢ if and only

if B; 1k = By pyi forall 1 <i,k <r. Thus the rank of ker ¢ is Nr— (;) , hence ¢ is surjective. [

Proof of Theorem 2.3.1. In Lemma 5.1.7, we constructed a relative perfect obstruction theory.
We follow the arguments in [GP, Appendix B] verbatim to obtain an absolute perfect obstruction
theory. Here we use the fact that Bun is a smooth Artin stack with obstruction theory given by

R, (Hom(S,S))"[~1] = Lyun. O

Remark 5.1.9. We note that when E and L are trivial and ¢ is induced from a standard
symplectic or symmetric form on CV, there is another way to construct the virtual fundamental
class for |Qq using the theory of quasi-maps to GIT quotients as discussed in [CFKM].

Indeed, Qg can be considered as the moduli space of quasi maps from C to SG(r,N)
(or OG(r,N)). The isotropic Grassmannian can be realized as a GIT quotient of W /| G,
where 0 = det™! is the multiplicative character of G = GL, and W = {f € Hom(C",CN) :
o(f(u),f(v)) =0Vu,v € C"} is a closed subscheme of the affine space Hom(C",CN).

5.2 Symplectic isotropic Quot schemes

Throughout this section we will assume that o is the standard symplectic form on C¥ ® O;

i.e., it is induced by the block matrix

where N = 2n.
There is a natural action of Sp(2n) on 1Q, induced by the respective action on C?".

We consider the subtorus G = C* C Sp(2n) given by (¢+~"1,...,t7"N) where w; = —w;, for
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1 <i < n. The weights w; are assumed to be distinct, unless stated otherwise.

5.2.1 Fixed Loci

Each summand O of C¥ ® O is acted upon with different weights. A point [0 — § —

CN® O — Q — 0] in 1Qq is fixed under the action of G if and only if :

(1) S splits as a direct sum of line bundles

where L; is subsheaf of one of the N copies of O of CN ® O. Denote k ; by the position of

this copy of O.
(ii) kj —k; 20 modn for any 1 <i < j <r: This ensures that S is isotropic.

Let k = {ky,...,k } and d= (di,...,d,) where d; = degL; and
di+-+d —d.

We require {i,i+n} ¢ kforany 1 <i<n. LetF 7 be the set of fixed points with the numerical
data d and k. Note that there are 2" ('rl) possible values of k and (djffl) choices of d.

Denote Oy, be the k;’th copy of O in CV¥ @ O. The short exact sequence
0—=Li— O —Ti—0
defines an element of C[di}, the Hilbert scheme of d; points on C. Therefore we have

F- =l «cldad ...« cld]

dk
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5.2.2 The Equivariant Normal bundle

Let 0 — KC; = Oy, — T; — 0 be the universal exact sequence over C X Cl9]. We use the
same notation for the pull-back exact sequence over C x F;
Let0 > S —» C¥N®O — Q — 0 be the universal exact sequence over C x 1Q,. This

restricts to
05K &K -C"o0-Tid--0T,aCV "0 -0

onC xF ik
Let m be the derived pushforward ROz, — Rl7, in the K-theory. Recall that in Theorem
2.3.1, we provided a perfect obstruction theory for the isotropic Quot scheme. In the K-theory of

IQq, the corresponding virtual tangent bundle is given by
TV' = m[(RHom(S, Q))] — m[(Hom(A%S, 0))].

The restriction of the virtual tangent bundle in the C*-equivariant K-theory of F7, is

given by the following formula

m( Y KeTl+ ¥ K- Y [KY@K}]),

i,j€lr] i€lr], kekc 1<i<j<r

where the above three groups of elements have C* weights (wy, —wy, ), (Wi, —wi) and (wy, +wy;)
respectively.

Note that the fixed part of the restriction of 7V" to F 718

Y mK/ @i,

i€[r]

which matches the tangent bundle of F;, . The induced virtual class [F~ ]"lr agrees with

Fg ]
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the usual fundamental class.
The virtual equivariant normal bundle NV'" is given by the moving part of the restriction

of TVI'. Using the identity in K-theory,
K @ Tj] = [Ki' ® O ] - [Ky @ K,

we obtain the following equality

Nvir:m( Y K- Y Kec]- Y [/@@/CJV-]), 57
ielr] ke = 1<i<j<r
KAk oy

where the terms are acted on with wights (wy, —wy), (Wi, —wy;) and (wy, +wy;) respectively.

5.2.3 Chern polynomials

In the subsection we briefly describe certain Grothendieck-Riemann-Roch calculations

for the map 7 : C x X — X, where
X :C[dl] X C[dﬂ X oo X C[dr}.

Let {1,61,...,0,, @} be the symplectic basis for the cohomology ring of C with the
relations §;0;4¢ = 0 = —J;4¢0; for all 1 <i < g. Consider the Kiinneth decomposition of the

cohomology classes ¢ (K") in C x C ] with respect to a chosen symplectic basis of H*(C),
28
a(K)=xiel+ Y yie§+doo. (5.8)
k=1

The theta class, 6; € H* (C[di} ), is the pullback of the usual theta class under the map

cldil _ picd
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We have the following relation (explained in [ACGH])

(zzg‘,(yﬁ-‘@ék))z = _26,Q 0.

k=1

We will use the same notation for the pullback of x;, yf? and 6; under the map
pri: X — c.

Let E be a vector bundle of rank m and let ¢;(E) = 1+ ¢ (E)t + -+ 4 c,u(E)t™ be its
Chern polynomial. We extend the definition of ¢; to the K-theory in the usual way. We can

use Grothendieck-Riemann-Roch to obtain expression for the Chern polynomials ¢, (m [KY]),

e (m[KY @ Kj]) and o (m[KY © KY]):

lel‘

c/(m[K}]) = (1 4-1x;)% 8¢ (5 (5.9)
. 7’(9i+9j+¢ij)
a(mIC @K]) = (1+1(x —xj) i~ 4 8e T
t(9i+9j—¢ij)

(1—1—t(x,~—|—xj))d"+df_g_ei e (x+x))

4t Gi

C,(TL'! [ICIV ®IC>/])

a(m[Ky @K/]) = (1+ 2tx,~)2di_ge_m
where ¢ = —Y;_, (}’f'(ylﬁg + ylj‘-yf+g ). The detailed calculation for the first two expression can be

found in [ACGH] and [MO 3]. The other two expressions are obtained in a similar way. We will
briefly explain the last one for completeness: The first Chern class is ¢ (KY @ KY) = 2¢1(KY),

therefore the Chern character
h(KY@KY)=e*@1+e™(2d—40) 0 0+2) y @ §.
k

We may further apply Grothendieck Riemann Roch to obtain the Chern characters of 7 [V @ KV]
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and then covert it into Chern polynomials to obtain the required result. The Chern character is

ch(m[KY @ KY]) = m(ch(KY @ KV)(1+ (1 — g)w))

= e>(2d 4 (1 —g) —40).

5.2.4 The Euler class of virtual normal bundle

Next we would like to find the equivariant Euler class of A"V in the equivariant coho-
mology ring H*(F i I t~1]]. This will be useful in the virtual localization formula.

Let E be one of the line bundles appearing in the formula for NVI* in (5.7). We evaluated
the formula for the total Chern classes ¢, (mE) in (5.9). Let mE be acted on with weight w, then
the equivariant Euler class is a homogeneous element in H*(F7 [z, t~!'] and is given by

e(c*(ﬂ'gE) = (Wt)mCLO'L'[E)

wt

where m = y(mE) is the virtual rank.
Consider the polynomial P(X) = [TY_, (X —w;t). Let ¥; = x; + wy.t be a change of variable

over C[[t]]. Then

1 0

_ - —di+8 , Wi—wyt) 5.10
H v H (Y — wyt) ek (5.10)
icikev €o (mIKED)  cpiiem
k#k; k#k;
8 _dl+g_ / i
— H (@) eef(l;éyi))*xl,-)
i€lr] Xi

Here we are using the elementary identity

PX) i 1

P(X)  HX—w
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For the remaining classes, we obtain

o (6;46+9;))
[1 ec:(mKy @Kj]) = ] i—Y;) 4% 7% (5.11)
i,j€lr] i,j€lr]
i#] i#]
e I A
i<j
_ (6;+6;—-¢;))
[T ec(miKy @K} =¥+ 1)) t8e 7 (5.12)
i,jelr] i<j
1<J

Using the multiplicative property for the Euler classes, we have the the following expression for

the equivariant Euler class of the virtual normal bundle :

1 (Y;+Y;)ditdi=8 _bit6j-9ij

di—§ 6z Y+Y;
————=ul | A" e ——e i (5.13)
€(C*(NVIr) I:I [ E (Yi_Yj)Zg
where u = (—l)g(g)‘Ld(V*l), hi = P&) and
P(y) 1
— — . 5.14

5.3 Symmetric isotropic Quot scheme

Throughout this section we will assume N = 2n, E = CN ® O is the trivial vector bundle
over C and o is induced by a non-degenerate symmetric form on CV. We may assume that the

symmetric form o is given by the block matrix
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There is a natural action of SO(N) on the 1Q; induced by the respective action on CV.
The subtorus G = C* C SO(N) given by (+~"1,...,t7"N) also acts on |Q; where the weights

wi=—wijp, for 1 <i<n.

5.3.1 Fixed Loci

When the weights are distinct, we get the same description of fixed loci as in the case of

o symplectic. Thus the fixed loci of the C* action are isomorphic to a disjoint union of

for each possible tuple of positive integers d= (dy,ds,...,d;) such thatd| +d, +---+d,=d
and k = {ky,...,k,} C{1,...,N} such that {i,i+n} ¢ kforany 1 <i<n.

We will use the localization formula with distinct weights to show compatibility of the
virtual fundamental classes in Theorem 2.3.3. We will use non-distinct weights to obtain the
Vafa-Intriligator type formula in Theorem 2.3.8. In the latter case, we will obtain different fixed
loci; we will describe it in Section 5.6. The description of the equivariant normal bundle will be

crucial in proving both the theorems.

5.3.2 Equivariant Normal bundle

Let0 S - C¥N®O® — Q — 0 be the universal exact sequence over C x |Q . This

restricts to

05K @K -CVNo0 =T aT,oaCV "0 =0

onC xF> , where 0 — K; — O — T; — 0 is the universal exact sequence over C x C 4] at the

d.k’
position k;.

Recall that in Theorem 2.3.1, we provided a perfect obstruction theory for the isotropic
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Quot scheme. In the K-theory of IQg, the corresponding virtual tangent bundle is given by
TV" = m[(RHom(S, Q))] — m[(Hom(Sym> S, 0))].

The restriction of the virtual tangent bundle in the C* equivariant K-theory of F7, is

given by

m(zvcy@’m Y K- Y [/ciV@icy]).

i,j€[r] i€[r],kek’ 1<i<j<r

where the above three summands have C* weights (wy, —wy;), (Wi, —wi) and (wy, +wy;)
respectively.

The fixed part of the restriction of 7V" to F 78
%
Z 71'[ [lCl ® m
ick

which matches with the K-theory class of the tangent bundle of F 7, .
The virtual normal bundle AV is given by the moving part of the restriction of 7VI*. In

the K-theory of F 7

NVir:m<Z[IC,V]— Y KYek)- Y [/C,V®/C]V). (5.15)
i€lr] i,j€lr] I<i<j<r
k#k; i#]

Next we would like to determine the equivariant Euler class of N"VI* in the equivariant cohomology
ring H*(ng)[t,t_l].
Let P(X) = Hivzl(X —wyt) and Y; = x; + wyt. Using (5.10), (5.11) and (5.12)and the

identity

[1ec (mlKy @ KY]) = H(zn)z”’i‘g'e‘% (5.16)

ie[r] i€[r]
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we obtain the expression for the equivariant Euler class of AV

1 e T 1 di—7y2di—3 Y4y )ditdi—g 000
I gee,«zin( i+Y)) S 517
ect (M) i=1 iy (Y=Y

where u = (—1)?—D+()¢ and
Xi
hi =
- P(Y) .
Py 2 1 (5.18)
TR

5.4 Compatibility of virtual fundamental classes

In this section we only consider 1Q; with E|, L trivial and N even. Fix a point ¢ € C. Then
there is a natural embedding

iq : |Qd — |Qd+r (5.19)

which sends a subsheaf S € CV ® O to the composition S(—¢) — § — CN¥ ® O. Observe that

S(—gq) is an isotropic subsheaf because the composition
S(—q) S =-C"20 5 CVNo0 -8V — 8(—q)"

1S zero.

Proof of Theorem 2.3.3. We work with the symmetric isotropic Quot scheme. The argument in
the symplectic case is similar.

Let j be the inclusion of the fixed loci into |Q,. The virtual localization formula [GP]
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asserts that

in AT (1Q) ®Qlr,+~!] where  is the generator of the equivariant ring of C*. Note that [F pi i vir —

[F- ] in our case. We will show the compatibility of the virtual fundamental classes by equating

asl
the fixed loci contributions.

We denote F=F a1, )k and F=F Ik for notational convenience. These are fixed loci
on Qg and 1Q ., respectively.
The map i, restricts to the natural map over the fixed locus i, : F — F. This sends the

fixed point L; ©--- @ L, CCVN® O to Li(—q) ®---®L,(—q) C CN ® O. We have the identity

(see [MO 3] for more details)

r

ig«[F] =[x N[F],

(=1

where ¥; are the cohomology classes on F defined in (5.8).

In the equivariant cohomology of the fixed loci F,

copSm2 S = [ (i+Y)

I<i<j<r

where ¥; = x; +wy,t, and over F we have

~

cop(Hom(S4,CN @ )| = [[5 [ (5.20)

Using the description of the Euler class of the equivariant normal bundle in (5.17), we

have
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I v —

1<i<j<r ec(NV"g /1q,

1

- ol .1 .
1 TN 1q,,,)

J— x
)
Hence the fixed loci contribution matches in the application of equivariant virtual localization
in [GP] to 1Qg., for the fixed loci of the kind F=F Tk with d; > 0 for any 1 < i < r with the

corresponding contribution over 1Q;. When d; = 0 for some i, the fixed point contribution

vanishes since X; appears in (5.20). L]

5.5 Symmetric powers of curves

In this section we will describe the intersection theory of the products of symmetric
powers of curves

X;= clal ... x cldrl,

where d = (dy,...,d,). This will be needed to obtain the Vafa-Intriligator type formula for the
intersection of a and f classes over isotropic Quot schemes.

There are two difficulties in the calculation of the virtual intersection numbers involving
the above classes : knowing how to intersect 6, ¢;; and x (defined in section 5.2.4), and summing
over all the fixed loci. Note that the number of fixed loci increases as d increases. Moreover, the
expressions for the Euler class of the virtual normal bundles (5.13) and (5.17) over the fixed loci
involve many complicated terms.

We describe techniques to evaluate intersection numbers involving the above terms. For
the summation, we will use a beautiful combinatorial technique called multivariate Lagrange-
Biirman formula.

For 1 <i < r, define the cohomology classes x;, yé‘ and 6; on X 7 obtained by pulling back

the corresponding classes from C 4] (see Section 1.3 for known intersection numbers).
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Proposition 5.5.1. Let P be a polynomial in 2r variables, then

/Xq‘Plsz(LQ) = (‘UZ (25) (i)_l/xq(elez)fp(g,g) (5.21)

d
where x = (x1,...,x,) and 8 = (6y,...,6,).

Proof. Recall that
8
k+ k k+
g2 =—) Oy +250 ).
k=1

For parity reasons, ¢, must appear with even exponent.

Using (1.5), ¢>12§ can be replaced by a constant multiple of efef , where the constant is

—_N"2 . .
(gg—é)' times the sum of coefficients of

ki kit+g ko ket+g ki kitg

k
DR RN I TR LI 1)) 5

kitg
2

in the multinomial expansion of ¢12§ We observe that

k+ ket ktg k. k+ kg k k+
(y’fyz g+y§y1 g)zzylf)b gy]§y1 g+)’§Y1 g)”sz ¢

kg k ket
= =21y "6yhys e,

Thus the required sum of coefficients is

(=2 (ﬁ) (2%2)

where ($) is the number of choices for {k;, ...,k } and (,*,) is the number of ways of picking

¢ pairs of factors in ¢122£ each of which contributes (—2). The binomial identity

I L= R O N
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completes the proof.

O]

In Section 5.6 and 5.7, we will use the localization formula to calculate the tautological

intersection numbers. We use the independence of the weights in the localization formula. We

will describe how to sum over the fixed point contributions for a special choice of weights. The

following two Propositions are crucial for our argument.

Let wy,...,w, be r distinct N™ roots of unity and let P(Y) = ¥V — 1.

Proposition 5.5.2. Let py,...,p, and d be non-negative integers and R(Y,...,Y,) be a ho-

mogeneous rational function of degree s = Nd —rg(N — 1) — p where py +---+ p, = p. Let

B(Y)= “YI;M, Y; = xi+wi, hi = 53 and

Then we have the following identity

r

0F o 4o
Y /XR(YI,...,Yr)H%‘e Tipgi 8

\d|=a”’"d i=1 Pi-

R(Wl,...,Wr) 4 <g) Di d _ d—
_ w' a+b+aq)s P(1+ "8qP.
(w1 - w,)2 g o il @) P (1+49)""%q

Proof. The expression inside the integral is considered in the power series ring Q[[xy, .

We will first single out the terms containing 6;. We know that 6% = 0 for k > g thus

i —pi gpitl ¢
ieﬂm — gzp Gl'p <B(Yt) . l)
pi! /=0 piw! P(Y,) Xi

We replace el.p"M by ﬁ?_@!xf’ i using (1.4). We further simplify

WS (B0) 1Y () (B00)
= pillg—pi—OMI\PY:) X pi) ! P(Y;)
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Plugging this back in (5.23), we obtain the following integral of a power series in the

variables xq,...,x,

L [ roe I (G) o () a

We now have to find the coefficient of xf‘ ...x% in the above expression and sum it over
|J | =dj +---+d, = d. For such problems, we have a very useful result from combinatorics, the

Lagrange-Biirmann formula [WW], which states

r r

A 1 dx;
Zq‘lll...qczlz([xclil--~xf’]f()C1,...,X,«)| |h?1):f(-xl7"'7xr)' h_d . (5.24)
a . -

where ¢; = ;% and h; := h;(x;) are power series with £;(0) # 0.

We can apply this formula to

fx,.x) :R(Yl,...,Y,)i:rl (i) 3 (ﬁg;)g_p’([)&)>‘g

and the inverse is given by

xi=Yi—wi=wi(1+¢)"™N —w;.
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Observe that the derivative

dxi . 1
dg;  P'(Y;)
By direct computation
o) [T e =R [T (8) 2R sas)
XlyeosXp) | | 5 = yeees . .
: 7L hidg; : Y \pi P'(Y))

In (5.23), we are interested in finding the sum over the coefficients of q‘f‘ - -qf’ where

di+---+d, = d. To find this sum, we will substitute

G=-=q=q

to obtain a power series in one variable ¢ and find the coefficient of ¢¢.

In this situation,

N—

P(Y;)=Nw; '(1+¢)~.

—_

Note that R is a homogeneous rational function of degree s, thus R(Y1,...Y,) = R(wy,...,w,)(1+

q)s/ N Substituting, the power series (5.25) becomes

r Pi—8 —pi

s g\w;' °(a+b+aq)s P
R(wi,...,wy)(1+q)¥ ( ) ! ———¢g"

,131 pi) N (1+q)gzv7p’+%

_ _ RW1,. oW ) Y (8 .
— (a+b+aq)sP(1+q)? gpNT oL ) P
(a+b+aq)* P(1+4q)" %q CRTAY E o)

where p = p1+---+ pr. O

Remark 5.5.3. When p > rg then p; > g for some i, thus the integral is O since Gl-p = 0. Therefore
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we may assume that the first term is a polynomial. Moreover, whend > rg orb=0and d > p
then the answer in (5.23) is given by
a’® R(wi,...,wy) 1~ (g) wh
N’ (Wl . Wr)g =1 Di aPbi )
Remark 5.5.4. The above proposition, specialized to B(Y) = P'(Y) and p = 0, greatly simplifies

the combinatorics used in finding the Vafa-Intriligator formula for Quot schemes in Section 4 of

[MO 3].

The previous result does not suffice for the calculation of virtual intersection numbers
over isotropic Quot schemes. When rank r = 2, the following proposition can be used to find

Vafa-Intriligator type formulas for 1Q.

Proposition 5.5.5. Let R(Y},Y>) be a homogeneous rational function of degree s = Nd —2g(N —
1). We borrow the notation X3, Y;, P(Y), B(Y), h; and z; from Proposition 5.5.2. Let T (q) =

(a+b-+aq)/q. Then we have the following identity

_ 91+927¢1

2

2 =

) /R(Yl,Yz)e i [T ebwn e
Xq i=1

o o) g (D) (1L

T NZ (wiwy)8
In particular, when d > 2g the above value is

as(a—1)8 R(wy,w)
N2 (W1W2)g ’

Proof. We will first replace exponents of ¢1» with the exponents of 6, 6, using Proposition 5.5.1.

For parity reasons ¢;> must appear with an even power to obtain a non-zero number. Thus we

114



can make following replacements:

_8116—91p

p r 20
e Y141 — < ( ) 61 95¢]2)
p= Op Y1+Y2) ZE—}—;s—p 2€,I’,S
> — 2/
Z (—1)? €( D )(Z) 91r+€92s+€

%
pZ=:02£+r+s_p p! 26,15) (§) (Y1 +12)P
v )Pt Gy ) etlestt

_p:OZE-i-H—s:p (Yl +Y2) (r+£) ( ) (r+€) (S—Ff)

Now we use Proposition 5.5.2 to reduce the problem to finding

P () B 1 Ry

T (7)) (5) N2(wit+wo)P(wiwp)8 \r+£) \s+¢
J Jfa+b+aq g( q )”

1+ ————) [ ——

l2°)( q)< 1+gqg ) a+b—+aq

where the sum is taken over r, s, such that r+ ¢, s+ ¢ < g. Rearranging the binomial coefficients,

the above expression is same as

o ()
LB )

The summation in the above expression greatly simplifies via the following lemma. 0

Lemma 5.5.6. Let g and d be integers, then

IO T - ()
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Proof. The lemma follows by observing that the given expression simplifies as

%(ﬁéEé“Jﬂﬁ337ﬁ—n@&hwof%O—T@ﬁf+m0$%
w w wiw &
:(Q‘T@wiﬂm)O‘T@wfwm)‘T@%%imﬁ)

()

5.6 Intersection of a-classes

In this section we will prove Theorem 2.3.4 and 2.3.8, which are explicit expressions for

the intersections of a-classes in the symplectic and symmetric case respectively.

5.6.1 a-class intersections for ¢ symplectic

Let r = 2. In this case the virtual dimension of 1Q is given by
vd=(N—-1)d— (2N -5)3.
Let us define

d d— N-11\*%
TaaN) =0+ #1472 g) 520

In particular, when d > g, we get Ty ,(N) = (1 — 1/N)%. A simple usage of Lagrange inversion
theorem implies

Tag(N) = [q")(1-q/N)*(1-q)~"!
and hence Ty ,(N) is the sum of the first d terms in the binomial expansion of (1 —1/N)$.

Theorem 5.6.1. Let Q(X1,X7) be a polynomial of weighted degree vd, where the variables X;
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have degree i. Then,

/“Q Jvir Q<a1’a2) - qu’g(N> Z S(thz)J(WlaWZ)g_(wl +W2>d (5.27)
d

wi,w2

where the sum is taken over all the pairs of N roots of unity {w1,w2} with wy # +w,. Here

u=(—1)& and
J(wi,wy) = Nzwflwgl(wl _W2>72<W1 +wz)*1,

and S(wi,wy) = Q(w1 +wa,wiwp).

Proof. The equivariant pull back of a; to the fixed loci is the ith elementary symmetric function
oi((wit +x1),(wat +x72)), hence Q(ay,az) pulls back to S(wit + x1,wot +xp). We are in a

position to apply the equivariant virtual localization formula [GP] which yields

S(Y1,Y2)
Z / e V)’ (5.28)
dk

d1+d2 dwi,w2

ai,ap) =
/UQd]V“Q<1 )=

where the sum is taken over all the prescribed choices for {wj,w,} and ¥; = x; + w;t.

After appropriately replacing 0 and ¢y, classes with x classes as described in Section
5.5, the above expression can be written as a rational function in x1,x; and ¢ of with total degree
d . The integral can thus be evaluated by finding coefficient of xl1 x%. The homogeneity and
the identity d; + dy = d ensures that resulting element in C|t, t_l] has r degree 0. Hence we can
safely assume ¢ = 1 for the purpose of our calculation without changing the value of integral.

Moreover, the localization formula is independent of the choice of the weights (wy,...wy)
as long as these are distinct and satisfy w; = —w;, for 1 <i < n. Hence we may assume these

to be distinct roots of the polynomial P(X) = XV —1.
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We substitute the expression (5.13) of the Euler class of N Vir into (5.28) to get

_91+92—¢712 2 .
Z Z R(Y1,Yr)e M0 Heeithl{iz g
i=1

wi w2 dy+dr=d Fg?_,k

—

where by (5.14) z; = 5

N Ny AR
% h; = PV and

(Y1 +Y,)48

R(Y,Y2) =uS(Y1,Y>) i7 —Yz)zg .

The homogeneous degree of R is vd+(d —3g) = Nd —2g(N — 1), therefore Proposition 5.5.5

gives the required intersection number

1 R(Wl,Wz) d 2 d— N—l g
— 1 =2 1g%IN“8(1 (14 —— 5.29
Wg,vz N (pn)? [g“IN*(1+q) +— , (5.29)

completing the proof. [

Proof of Theorem 2.3.4. In the statement of Theorem 5.6.1, the expression

S(wi, wa)J (wi,w2)&(wy +wr)?

is homogeneous of degree N(d — 2g), hence this equals S(1,&)J(1,£)8(1+¢)4, where { =

wa/wi. O

Example 5.6.2. When g = 1, the virtual dimension vd = (N — 1)d. Then

_ N(1—g)N-!
[ M (o ) >0
(1Qq]Vrr N(N—2)
2
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5.6.2 a-class intersections for o symmetric
Define

Tag0) = ¢ (1+ 2 24) 10

Proposition 5.6.3. Over |Qg, where N is even, r = 1 and © is symmetric, the top intersection of

the tautological class is given by
/ a)d = N8T, ,(N)2*~8 (5.30)
[1Qq]r

where vd = (N —2)(d — §) is the virtual dimension.

Proof. The restriction of a; to the fixed locus Fy; = C 4] is Y; = x; +w;t. The Euler class of the

equivariant normal bundle of the fixed locus is given by (5.17)

1
v1r (NVII’)

22d gYZd gh Q,Zl

where z; = (B(Y;)/P(Y;) — 1/x;) and

The equivariant virtual localization formula gives

/|Qd]v1r Z /Fd, €E£ V1r

We choose the weight of the action to be N™ roots of unity, thus P(X) = XV — 1, hence B(Y) =

(N-2)YN42 . . . .. . B
~————, and we obtain the integral as a special case of Proposition 5.5.2 by putting » = 1 and

Y
p=0. O

Remark 5.6.4. Similar results can be obtained when N is odd, r = 1 and ¢ symmetric. In
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particular, when the virtual dimension is non-zero,

/“Q . ajd = (N—1)82%781; (N —1). (5.31)
d

When r =2, localizing with distinct weights makes combinatorics very difficult. However
using two equal weights enable us to find a simple formula for these intersections. Using exactly
two equal weights results in getting Cl91) x 1Qq, (C>®0O,r=1,0) as part of the fixed loci. We
will first show that

1Q(C?®0,r=1,6)=Ccl yucl,

and the two components C ] come equipped with a non-standard virtual structure. We will use
Proposition 5.6.3 to understand how to intersect over these non-standard loci.

Recall that the virtual dimension of 1Q is
vd=(N-3)d—g(2N—17).
Let N =2n. Let G = C* act on 1Q, with weights

(Wi,..owy) = (£,8%,...¢710,¢m, ..., 8%72,0),

where ( is a primitive (N — 2)’th root of unity. A point [0 =S — C¥® 0O — Q — 0] in IQy is

fixed under the action of G if and only if one of the following is satisfied:

(i) The sheaf S splits as L & L, where L; is a subsheaf of one of the N — 2 copies of O, at

position k; ¢ {n,2n}, in C¥ ® O such that k; —k; Z0 mod n. The corresponding fixed

locus is

F-, ~Cldl x o

dk

where degL; = d; and k = (ky, k7).
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(i) The sheaf S splits as L| & E where L, is a subsheaf of one the copies of O, at position
k ¢ {n,2n}, in CN ® O and E is an isotropic rank one subsheaf of O, ® O,,, the sum of
copies of O at positions n and 2n. Let F 7, be the component of the fixed loci consisting of

(L1,E), where dy = degL;, d, = degFE and k is the position mentioned above. Note that

Fj = 5 1Q4, (00C?,r=1,0).

Theorem 5.6.5. Let Q(X1,X7) be a polynomial of weighted degree vd, where the variables X;

have degree i. Then,

/ Oay,a) =hL+1h
[1Qq]Vir

where S(Xl,Xz) = Q(X1 —|—X2,X1X2),

I = u4de7g(N— 2) Z S(Wl,WQ)J(WI,Wz)g<W] +W2)d,
wiFLw

L= (=128, (N —2)(N - 2)¢- 0(1,0),

o2
and J(wy,wa) = (N42) (w1 +w2) " H(wy —wa) 2.

Proof. Using equivariant virtual localization formula, we can write

/ Oar,a2) =N +D,
“Qd]wr

where

. [ ‘o)
ko £Tn.2n} dy-tan=a Fiy €0 N, )
k1 —kz |#n
i*(Q(ar,a2))
L= / A
kez[;'v} d1+§2:d Fik ec: (N rF[zk)
k¢{n,2n}
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Here we denote i* the restriction to the fixed loci. The next two subsections will be devoted to

the calculation of /; and I, respectively.
Fixed loci of the first kind

Fix

bundle is given by

TV' = m[(RHom(S, Q))] — m[(Hom(Sym> S, 0))].

]

= Clh) 5 Cle] | In Section 5.3.2 we noted that the C* equivariant virtual tangent

The non-moving part of the restriction of 7" to F 7, matches the K-theory class the tangent

bundle of F i The virtual normal bundle

ven( ¥ K- LKk~ Y ieK)),

i=1,2 i.j€(2] 1<i<j<2
1<k<N i#j
kiFk

Therefore using (5.17), we have

1 202 (Y1 +Y2)" 8 , Othop 2
— =u2 8§V "2 (v V)8e  hth pdi—8 o0
where Py(X) = X¥=2 — 1 and
X,‘Y-z X; ,
hi= 5oy = B(Y;) = Py(Y;
SR Ry BT =R

Proposition 5.6.6. We have

I = u4de7g(N— 2) Z S(Wl,WQ)J(WI,Wz)g<W] +W2)d

wi,w2
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where the sum is taken over pairs of (N — 2)™ roots of unity {wy,w,} with w # +wy, and

(N-2)°

2 (wq —f—wz)_](wl —wz)_2

J(wi,wp) =

In particular when d > g, Ty o(N —2) = (N —=3)8(N —2)~¢

Proof. For notational convenience, we assume k = (1,2). The classes a; and a restrict to
Y1 + Y, and Y1 Y; respectively, where ¥; = x; + wit in the equivariant cohomology ring H*(F Tk =
Cldi] « C[dzl)[[t]].

We are interested in evaluating the following sum

S(Y1,Y2)
Z Z /J,k e(C*(NVirFJk)’

di+dy=dw1,w2

where S(Y;,Y;) = O(Y; + Y»,Y1Y2). After replacing the classes 6; and @ as in the proof of
Theorem 2.3.4, the above expression becomes a homogeneous degree rational function of degree
d = dy +d» in the variables x; and ¢ and a power series in x; and x, with coefficients in C[[t,#~1]].
dz

Integrating over C 41} % Cl2] amounts to finding the coefficient of xl'

Using the calculation of e(AV'") in (5.32), we reduce our problem to finding

_Ote 9 2 .
Z / Yl Yz 1B H /’l?’ 8 eOIZI
i=1

dj +d2 dwi,w2

where (w1, w) are the prescribed pair of (N — 2)’th roots of unity and

Y| +Yp)48
R(Y1.Y>) = u2%4-285(Y,.Y,) (Y, Y <—.
(Y1,Y2) =u (11, Y2) (" 12)* (i — 1)

We apply Proposition 5.5.5 to find

1 R(wi,w2) . 4

I = Z (N=2)2 (wy,m2)? q°](N —2)%(

wi,w2
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Fixed Loci of second kind

We will first understand the virtual geometry of the isotropic Quot scheme I1Q; =

1Q(O®C2,r=1,0).

Lemma 5.6.7. The isotropic Quot scheme |Qy is isomorphic to the disjoint union C 4l cldl,

The virtual tangent bundle of |Q; restricted to either copy of C 4] i given by
™ =m(K' e (Te0) - K aK),

where T is the projection 1 : C x C4 — Cl¥l and 0 — K — O — T — 0 is the universal exact

sequence on C x C ],

Proof. A subsheaf E C C?>® O is isotropic if and only if E factors through a copy of O in

C2® O, hence 1Q;=C 9] L1Cld], The universal short exact sequence over C x |Qj restricts to

0K—=C200=Ta0O =0

[d]

over each copy of C x C!%. The lemma follows using the description of TV of IQy in Theorem

23.1. u

Therefore we see that the virtual fundamental class [C [d]]Vir induced over each component
cldl of IQy is different from the usual fundamental class [C [d]]. We also observe that the virtual

d]

dimension for C'%! is zero.

Lemma 5.6.8. Let C14) pe equipped with the non-standard virtual structure as described above,

/ , 1:22d(—1)d(g).
[C[d]]wr d

then
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Proof. We have a natural automorphism obtained by swapping the copies of the O in C>® O.
Therefore the above intersection number is independent of the copy of Cl9l we have chosen. The

Proposition 5.6.3 tells us

1
1= 1 =21 (1+q)"¢.
/[C{d]]vir 2 [IQZ]Vir [q ]< q)
O
Now we are ready to prove
Proposition 5.6.9. We have
b = (=12 (N = 2) Ty (N = 2)-0(1,0)
Proof. We are working over the fixed loci F;, . =C ] 5 %) where k ¢ {n,2n} and the first

factor corresponds to the copy of O at position k and the index ¢ differentiates between the two
components of IQ22 = Clolcld] Let K 1 and K be the pullbacks of the universal subsheaves
over Cl1l and C¢l%! (o the product F 7, . The virtual normal bundle is the moving part of the

restriction of the 7V and is given by

W —m( L KT U K 0K - oK) - K oK)~ K ).
JEIN]—{k} JEIN]
Jj#{n2n}
where the above terms have C* weights (wy —w;), —w;, wi, —wi, wy and 2wy respectively.

We may assume ¢ = 1 (see the proof of Theorem 5.6.1. Let ¥ = x| +wy, u = (—1)%+8

and P(X) = XN=2 — 1. A careful calculation using (5.10), (5.11) and (5.12) gives

2 —d\+3 / /y
L (PO (k) e 0
ec+(NYIT) x|

_ _ (_811+6e—9p _ 201
'“(Yl—xs)_zg'(Y1+xg)d_ge( (1-+xe) )-(2Y1)2d1_ge f
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Since Cg[dﬂ has virtual dimension zero, x¢ and 6 yield zero when intersected with the virtual
fundamental class [C¢%2/]Y'. Thus for the purpose of our calculation, we may substitute xe =

0 = ¢12 = 0 in the above expression to get

u2? _ngd_zg_h”l’l 8,011, (— 1>(§—dz)7

where h1 =x1/P(Y1) and 1 = P/(Yl)/P(Yl) — I/Yl — l/xl.
Note that a; and a; restrict to Y1 + x¢ and Yjx, respectively over the fixed loci. We want

to calculate

Q(a1,a2))
12_ / P\, a2))
k 1 dy+da= dezi vir ec NV“ )

Substituting x; = 0, we get

N=2
O)]g Z/ v1r ec Nwr) (534)

di+dy=de=1 dk

Simplifying further using Lemma 5.6.8, we get

N-2 2
— 2d, g g dy Vd+d 2g,d1—8 Pt
L=0(1.0) ¥ Z::d g‘, 2 /C N i /{ddﬂ]ml

= h=

Q(l O)N zi Z M22d g (g) YVd+d_2ghd1_g69121
k=1 e=1d+dr=d !
N-2 2 _ _ _ 3

01.0) ¥ ¥ a4 (-1 - 21+ (1452
k=1¢e=1

The last equality follows from noting that ( 5_2 ) = [¢®](1+ q)® and the following Lemma. [
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Lemma 5.6.10.

o i _ N—-3 \*
y, T2 8 0 :(N—Z)g[qdll(l+61)d_g_g<1+— )

clei] N—2q

Proof. Proposition 5.5.2 does not directly apply here due to shape of d;. However, we closely

follow the proof of Proposition 5.5.2. Correctly replacing e%1% yield

/ yYd+d=2g,d1—3 x1B(Y1)\*
1 1 / :
clay] P (Yl)

Applying the Lagrange-Biirmann formula, we obtain

[qdl ]Yvdﬁ*d*ng(Yl )g
1 P/(Yl)

where Y} = wy (1 +q)ﬁ and Y1 B(Y;) = (N —3)YN "2 + 1. Therefore, it equals

_ 8
=2+ g (145730

5.7 Intersection of f classes

We will find an explicit expression for the intersection numbers of polynomials in a and
f classes in terms of multivariate generating functions. We obtain Theorem 2.3.6 as a corollary.
While the computations are more involved, the basic ideas are similar to those in Section 5.6.

We will only work with symplectic isotropic Quot scheme 1Q; with r = 2. A similar
analysis can be carried out when o is symmetric.

Over the fixed loci F g the equivariant restriction of the f classes are given by f; =d

and f = @12 +d (x2 +wot) +da(x] +wt). The formula for the intersection of f classes with a
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polynomial in a classes involves differential operators.

Let P(X) = XV — 1 and

T, (t,Y1,Y2) = (]j (1—m) Hr n)

P(Y;)

TAIESDE When Y; = w;(1+ qi)%, T,(t,Y1,Y2) is a power series in g1 and g, over

where n; =

Clt]. This should be considered as an analogue of T, ,(N) in (5.26). In particular,

Tg(l,wl(l —|—6])%,W2(1 —i—q)%) = <1 —ﬁ) .

Let d; and J; be the partial derivatives with respect to ¥; and ¢ respectively. Define the

differential operators 0, = — (Y, + Y2)9;,

A=Y (bzt> (9101) (g202)" " V3Y{ ",

i=0

(A+o)" =Y (m) A

u=0
Note that A defined above is not ™ power of the operator A.

Theorem 5.7.1. Let Q(X1,X>) be a weighted homogeneous polynomial and m be a positive

integer satisfying vd = m+deg Q, where deg Q is the weighted degree. Then
[ o) = X l¢)(a+0)" B0 )T (011, 5)
[1Qa]* wi,W2 1=1,9=q1=q>
where the sum is taken over N roots of unity {wy,wy} such that wi # £ws, u = (—1)84,

Y =wi(l +q,-)1/N and

(Y1+Y2)d7g 2 / g
B(Y,1h) = i+, ) — | | P (V)8
(Y1,Y2) =uQ(Y1 + Y2, 1112) Y1 —1,)% i|:|1 (¥;)
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Proof. Using the same arguments as in the proof of Theorem 5.6.1, we see that the required

intersection number equals

y 6+ -9 2 .
)y (’Z) / 05 (di Vs + o))" *R(YV1, Va)e TTs Oripie,
Fix I I

i=1

)

where z; = % — % and h; = % and

(Y1 + Yz)d_g

R(Yl,Yz) = uQ(Y1 +Y27YIY2) (Yl _ Y2)2g '

We pursue this calculation in Proposition 5.7.3 and Proposition 5.7.4 below.

O

When m = 0, we recover Theorem 2.3.4. We specialize to the case m =1 to obtain a

simple expression.

Corollary 5.7.2. Recall the definition of Ty 4(N) from Theorem 2.3.4. Let Q be a homogeneous

polynomial such that vd = m+ deg Q, where deg Q is the weighted degree. Then

2
/“Qd}vierQ(ah‘Q) :ﬁ Z <Td—1,g(N)DoB(w1,w2)_|_

wi,w2
1 WIWQB(Wl,Wz)
N (Wl —i—Wz)

(Td—27g<N) - NTd—Lg(N)))

where Do B(z1,22) = <52 (% + %)B(Zl ,22) and the sum is taken over all the pairs of N"* roots

of unity {wy,wy } with wy # +wy.

In particular, when d > g we get

2 1)¢ o _ wiwaB(wi,w2)
/[IQd}V“fZQ(al’az) _N(l N) L (D B, w2) (w1 +w2) )

wi,w2

Proof. Since B is a homogeneous rational function in variables Y; and Y, of degree Nd — 1,
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substituting Y /w; = Y2 /wy = (1 + q)% gives a constant multiple of (14 ¢)?~'/N. We use
product rule to split the calculation.

First we see that

2
[qd]Tg(t,Yl,Yz)AB(Yl,Yz) :—Td,lyg(N)DOB(Wl,Wz), (5.35)

q91=92=4

since substituting Y1 /w; = Y2 /wp, = (1 + q)% in AB(Y},Y,) gives us a constant times g(1+¢)¢~".
The rest follows from the definition of D and Ty 4 (N).

Now we will find [¢]B(Y1,Y2)(A+0,)T,(t,Y1,Y2). Let us define
g
q
T(qg)=(1-—T
0= (1 w'ra)
for notational convenience. Note that
0T (t,Y1,Y2) = —(Y1 +12)8To—1(2,Y1,Y2)(—=2tM11M2)

therefore
2T
wiwy g lg I(Q) 1

0,1, (1,Y1,Y2)|i=1.q1=g=q, =2 1 N,
t g( 1,Y2)]s Lgi=q=q> gwl—l—szZ(l-l—q)z( +9)
hence the the corresponding contribution is
2 wiwaB(wi,wy)
d IW2b(Wi, w2
[q ]B(Y17Y2)atTg<t7Y17Y2)‘Z=1,(11=q=q2 - m Wl +W2 Td727g71(N>' (536)
The other term simplifies as
AT,(1,Y1,Y2) = —gT,—1(1,Y1,Y2) (q1Y2(di M1 + 91m2) + ¢2Y1 (021 + 0212)), (5.37)
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where we evaluate the partial derivatives

5 _( 1 PMP'()  P(Y) )M

M=\y1rn PEYRW+1) PO +n)2) o
P(Y-

i = — L) Y.

P’(YQ)(YI +Y2)2

Similar expressions hold for 6> and d21,. Note that we also know that 9,Y; = —— = -7

Nyt P
Using this we find the following identities:
1
QY2 @Y _ 2 wiwy g(l4g)¥
M +n)P(Y1)  M+R)P(Ya)], NWwit+w) (14+49)
1
aHLP(N)P'(Y) | " PM)P" ()| _2(N—1) wiwa  ¢*(1+q)V
M +)P(1)? M+R)PM)? |, N (witw) (1+g)?
1
@1Y>P(Y)) @Y1P(Y2) _ 1L wiwm F(l+g)V
Y +1)2P(Y1)* (M +Y)*P ()2, N> (witw) (1+49)°
1
1 ( q|Y2P<Y2) q2Y1P(Y|) ) _L wiws q2(1—|—q)ﬁ
N+h \P(M)P () PP ()], N?>wit+w) (14+¢)*
Substituting the above expressions back in (5.37), we obtain
wiwy 2 —¢q 1
AT,(1,Y1,Y; =gT,_ — 1 N,
g< L1 2) S 81g l(q)W]+W2N(1+C[)2( +(])
Therefore
—2wiwyB(wi,w»)
d 1wW2b(wy,wr
B(Y1,Y2)AT,(1,Y1,Y- =g=q, = —— Ty 1,-1(N). 5.38
[¢°]B(Y1,Y2) AT, (1,11, Y2)| 4)=g=g, N Wi +wo d-1,4-1(N) ( )
O

We get the required expression by summing (5.35), (5.36) and (5.38).

The following results are crucially used to obtain Theorem 5.7.1. They are analogue of

Proposition 5.5.2 and 5.5.5.

Proposition 5.7.3. Let R be a homogeneous polynomial with weighted degree Nd —2g(N —
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1) — p—u. Let R(Y1,Y>) be a homogeneous rational function of degree s = Nd —2g(N —1). We

borrow the notation X3, Y;, P(Y), B(Y), h; and z; from Proposition 5.5.2. Then

2 6f -
/ (d1Y2—{-szl)uR(Yl,Yz)H;ee’zih;il &
Xy i=1 Pit
) . .
di i su g\ B(Y:)¥PiP(Y;)"
=141 9> A (R Y],Y2 ( )

where Y; = w;(1+ ql) as a power series in q; on the right hand side.

Proof. Let g(x) = Y ayx?. The generating functions of the form f (x) = Y d¥a x4 can be evalu-

)= (v2) st

This holds true for multivariate generating functions (by using partial derivatives). Using the

ated as

proof of Proposition 5.5.2, specifically equation 5.25, we get the required expression. [l
Proposition 5.7.4. The following identity holds

91+9 912

/ (])12 dlY2+d2Y1)m kR(Yl Yz n+n He lZlhdl

= [ ¢PIA" R E (71, 12)

t=1
, 0y = —(Y1+Y2)a, and

Y; g

2
E(N1,Y2) =R(11,Y2) H

o (0-m- T

Proof. Using Proposition 5.5.1 we may replace even powers of ¢ with suitable expression in
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0;’s. Therefore we can make the following replacement

91 92¢€+k)
£+r+zs—p (E,F,S)

f=k mod?2

0;+6,—9¢ p—O—F
che 1yliY212 Z
P‘ 11+12

bk oLk

o 1 prk—5k —lg
)Y X L( P ) (gzikk) (sz) O "% ~
p! trs)\ =55 (Y1 +1,)P

p=0 {l+r+s=p 2
{=k mod?2

We use Proposition 5.7.3 and binomial identities to obtain that the required expression is

i (—1)Phe Hk( P )(erk)!(ptfk)_l(eZkk) (egk)_l
=0 4iem tLrs) pt \r+5 5 /\F

=k mo

() g2 G )

where h(Y;) =Y;B(Y;)/P(Y;) and

2
J(Y1,Y2) =R(Y1, o) [ ]
i=1

The binomial factor simplifies to give us

et Ty () (g—r“k) (g——)

p=0{l+r+s=p 2
200k

| <JYEY-l’YYf>)P (h_wyf))w <{<—YY§>)

We sum over r and s keeping /¢ fixed after pulling out the terms independent of r, s and ¢ to obtain

g L1k
(u)< b
2|(¢—k) !

2
JJ(-=n Fa-—mE Tt

i=1

" g (— 1) + 1)K (1, 1)
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The result follows by noting that

Y (k_;g)!(“k) DFI-n l—m)g‘%kzaf(fl(l—m)—nfzm)g

2/(0—k) i=1

5.8 Virtual Euler characteristics

The Euler characteristic of the symmetric product of curves is given by the well known

formula

Letd = (d;,...,d,) and X 7=C 1] % ... x Cl4"] Then the multiplicative property of Euler

characteristic implies

fy

Let IQ  be the symplectic isotropic Quot scheme with N = 2n. The fixed loci under the
C* action described in Section 5.2.1. The localization formula give us explicit expression for the

Euler characteristics:

¥ etQu =2 (") (1- gy 2.

d=0
Since the isotropic Quot scheme are not necessarily smooth, the virtual Euler characteris-
tic e"'"(1Qy) may not coincide with the topological Euler characteristic. Define the formal power

series

Arg(q) =Y € (1Qa)¢"

d=0
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The virtual localization formula gives

Vil’)

S1Q,) = ) / g ]

d +d2 dwiw eC*

We know how to evaluate the above integral (see Section 5.2.4), but the details are computation-
ally challenging. We do not a have a closed form expression or a conjecture for Ay .¢(q).
Over P!, we find a finite number of values using computers. We used Sagemath [The]

for these calculations:

Aa20(q) =4+169+3297 + 11247 + (~396)¢" + 68004" + (—85856)° + 112254447+
(—14660608)g% + 1920112644° 4 (—2520726176)q'° + 331645479684 + - --
A620(q) =12+ 48q +964* +2284° —32464" + - --

Ag20(q) =24+ 96+ 1927 +4644° + - - -

We observe that ¢""(IQ,) differs from the topological Euler characteristic when d > 2, which

indicates that IQ, is not smooth. When d = 0, 1, the space 1Q is always smooth.
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Chapter 6

Gromov-Ruan-Witten Invariants

In this section we will compare the sheaf theoretic invariants obtained using isotropic
Quot schemes and Gromov-Ruan-Witten invariants for Isotropic Grassmannians. We will
denote by SG(2,N) and OG(2,N) the symplectic Grassmannian and orthogonal Grassmannian

respectively.

6.1 Quantum Cohomology

The small quantum cohomology of the Isotropic Grassmannian and its presentation are
known (see [BKT], [Tam]). However, the explicit expressions for the high genus and large
degree Gromov-Ruan-Witten invariants require further arguments.

When the rank r = 2, a simpler presentation for the quantum cohomology of SG(2,2n)
was obtained in [CMMPS]. We will briefly describe their result and find a similar presentation
for the quantum cohomology of OG(2,2n+2).

Let N = 2n. We have the universal exact sequence 0 -+ S — C¥ ® O — Q — 0 over
SG(2,N). Let S* € CN ® O be the rank N — 2 vector bundle consisting of vectors perpendicular
to S.

Moreover, S is the kernel of the composition CN @ O 2 (CM)Y @O — S which gives
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us an identity for the Chern polynomial ¢,(S")¢,(S*) = 1. This implies

ci(8)e/(8V)e (ST /8) =1. (6.1)

The above identity suggests us to define the following cohomology classes :
e The Chern classes a; = ¢;(S") fori € {1,2}.

o Letb; = c2;(St/S) fori € {1,...,n—2}. The bundle S* /S is self dual, hence all the

odd Chern classes vanish.

The cohomology ring H*(SG(2,2n)) is isomorphic to the quotient of the ring Clay,az,b1, ..., b, ]|}

by the ideal generated by

(14 (2ay —aD) P +apx )1+ b + -4 by_px* ) = 1. (6.2)

The above identity is simply a restatement of (6.1). The quantum cohomology ring is H*(SG(2,2n)) Q}}
C[[g]], where the quantum products is described in the following theorem. Note that deg(q) =

2n — 1 is the index of SG(2,2n).

Theorem 6.1.1 ((CMMPS)). The quantum cohomology ring QH*(SG(2,2n)) is isomorphic to

the quotient of the ring Clay,ay,by,...,by_2,q] by the ideal generated by

(1+(2ax — a%)xz + a2x4)(1 b4+ bn,2x2"_4) =14 gax™" (6.3)

The detailed proof of the above result can be found in [CMMPS]. Now we will describe
a similar presentation for the orthogonal Grassmannian OG(2,N), where N = 2n+ 2. We will
assume 1 > 3, otherwise H>(OG(2,N),C) may have rank greater than one.

We have the universal exact sequence 0 — S — C¥ ® O — Q — 0 over OG(2,N). Let

S+ ¢ CM ® O be the rank N — 2 vector bundle consisting of vectors perpendicular to S.
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Unlike the symplectic case, there is a cohomology class which is not obtained using the
universal exact sequence. Let Q C P(CV) be the quadric of isotropic lines in CV equipped with
a non-degenerate symmetric bilinear form ¢. Let w : P(S) — OG(2,N) be the projective bundle.
We have the natural the map 6 : P(S) — Q.

Note that O(2n+2) acts on C>"+2. There are precisely two SO(2n+2) orbits of maximal
isotropic subspaces. Two maximal isotropic subspaces E and F' lie in different orbits if and only
if dimENF is even. Let e and f be the cohomology classes corresponding to P(E) and P(F)
inside the quadric Q C P(CV). The classes e and f corresponds to two rulings of Q.

The cohomology ring of Q is generated by the hyper plane class 4 and ruling classes e
and f (see [EG]).

Over OG(2,N), we have the following cohomology classes :

e The Chern classes a; = ¢;(S") fori € {1,2}.

o Letb; = c2;(St/S) fori€ {1,...,n—1}. The bundle S* /S is self dual, hence all the

odd Chern classes vanish.

e Let w: P(S) — OG be the projection, then we define

§=m6"(e—f).

The above classes still satisfy the identity (6.1), but two new identities involving & are required.

We will briefly describe these for readers convenience.
Lemma 6.1.2. The cohomology class & satisfy Ea; = 0 and E* = (—1)""1b,_;.

Proof. Let h=c1(O(1)) on P(S), then h0*(e — f) = 0. Multiplying 6* (e — f) to the identity

W —hey(n* SY) + (" SY) =0,

we obtain 6*(e — f)m*a; = 0. The projection formula implies Eay = 0.

138



Using the identities ¢;(S)c¢,(SY)c;(S* /S) =1 and ¢;(S)¢;(Q) = 1, we obtain ¢, (S* / S) =]

¢1(Q)c—4(Q). In particular, forall 1 <k <n-—1

(=1 = (@ +2 Y (— 1wy i(Q)ek—i( Q)

9

i=1

When k = n — 1, the right side of the above equality is £ by [BKT].
O

Remark 6.1.3. The class & is the Edidin-Graham characteristic square root class for the

quadratic bundle S+ / S.

Proposition 6.1.4. The cohomology ring H*(OG(2,2n+2)) is isomorphic to the quotient of the

ring Clay,an,by,...,by_2,&] by the ideal generated by the relations Eay = 0 and
(14 (2ay —a)x® + aBx) (A +b1x® + - 4 by x4+ (=1 1EW2) = 1.

Proof. Note that the topological Euler characteristic of OG is the vector space dimension of
H*(OG) and is given by 22 (”erl) This is obtained by counting the number of fixed points under

C* action on OG.

We can unpack the relations to obtain the generators of the ideal:

fo=Ear
fi =b1+ (2ay —a?)
(6.4)
foo1 = (=1)""'E2 4+ b, 2 (2a2 — a}) + by_3d3

fo=(=D)""1%2(2ay — a?) + bp_rd3

Define R’ = (C[Cll,az,bl, cee ,bnfz,é]/<f0, ce ,fn>
Using Lemma 6.1.2 and ¢,(S)c;(SY)c; (ST /S) = 1, we know that f; =0 forall0 <i <n
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in H*(OG) . Moreover, the classes a1,a, and £ generates H*(OG) (see [BKT]). Therefore we

get the surjective ring homomorphism
R — H*(0OG).

It is enough to show that R’ is a vector space of dimension at most 22 (";]) We bound

the dimension of R’ using the exact sequence
0— (&) >R - R /(&) —0.

Using (6.2), we observe that R'/(E) = H*(SG(2,2n)). Thus R'/(&) has dimension
2n% —2n, which is the Euler characteristic of SG(2,2n).
Note that b; € a?' + (az), £ € a3" % + (ap) and E2a3 € (ay). Hence dimR'/{ap) <

{l,ay... ,af"’l, . .éa?"’1}| = 4n. Consider the exact sequence
0—ker—R 2R — R /{ay) — 0.
Note that (§) C ker, thus

dim(&) < dimker = dimR'/(a;) < 4n.

Now we will turn our attention to the small quantum cohomology.

Proposition 6.1.5. Let n > 2. The small quantum cohomology ring QH*(0G(2,2n+2)) is
isomorphic to the quotient of the ring Clay,as,b1,...,by—2,&,q| by the ideal generated by the

relations Eay = 0 and

(14 (2ay —aD) x> +a3xH) (4 + by ox® 4 4 (=D 1E22) = 1 +4ga;x®.  (6.5)
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Proof. The degrees of the relations in the given presentation of H*(OG) are

n+1 i=0
deg f; =
2i 1<i<n.

Since g has degree 2n — 1, the quantum term can appear only in degree 2n in the above presenta-

tion of the cohomology. Therefore,

(—1)"'E*(2ar — a7) + bu—2a3 = cqay

for some constant c. Recall that (—1)""162 = b, | = c3,_2(S*/S). The first term E2ay = 0

since Eap = 0. Note that we have the following Schubert classes

bp_1a1 = c2p-1(Q)

bp_2as +by_1 = c2p-2(Q).

It is enough to show that the three point GRW invariants

Dy 1(ar,con-1(Q),a7) =2, Dy 1(az,con-2(Q),a7) =2,

where aj corresponds to the class of a line. It follows by carefully applying the quantum Pieri
rule stated in [BKT], which describes the three term genus zero GWR invariants (equivalently

the quantum product) of the Schubert classes. ]
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6.2 Jacobian Calculation

We can unpack (6.3) to write that the ideal of relations is generated by

];1 =b+ (2612 — a%)
o =b» +b1(2a; — a%) —l—a%

(6.6)

j;—Z::bn—Z%_bn—3(2a2__a%)4_bn—4a%
fn—l :bn_2(2a2 — a%) + bn_ga%

fo =bn_2d3 — qay.

LetR = Clay,az,b1,...,by_2,q]/{f1,..., f,) be the quantum cohomology ring of SG(2,2n) over

Clg].
In order to calculate the Gromov-Ruan-Witten invariants, we are required to compute the

Jacobian

afl afn

da; T da;

J =det
afl afn
abn 2 aban

at the vanishing locus of (fi, 5, ..., f,). Substituting b = (a% — 2ay), this determinant equals

1 by by bs . b,_» %

1 (a2+0b1) (axbi+0by) (axby+0b3) ... (asby—3+by—2) asb,—>

1 —b a3 0 - 0 0
—4qy det | 1 —by a3 . 0 0

0 0 1 —by . 0 0

0 0 0 1 by .
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After subtracting first two rows, we observe that the above equals

1 b by bz ... b,» 2qu
0 1 b by ... by_3 by_o— ﬁ’az
1 —by & 0 0 0
—4ajaydet |0 1 —by @ ... 0 0
0 O 1 —b 0 0
0 O 0 1 —-b aj;
Let vg,v1,...,v,—1 be the column vectors in the above matrix. Then the

det[vo,...,v,—1] = det[Vp,...V,_1]

where V; = v;bg +v;_1b1 + - - - +vob;. Using the identity, a%b,-_z —b1b;_1+ b; =0, we observe

that
1 B Bp By ... B,_» B,_1+ 2ch1
0 1 By B ... B, 3 B, »— Za?az
1P 0 0 0 ... O 0
[V07 EE aVn—l] =
0O 1 0 O 0 0
0 0 O 1 0 0

where b, :=0and B; := b;bg+ b1b;_1 + byb; >+ --- + bob;. Therefore the required Jacobian
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is given by

Bn72 an 1+ 2qu

J = —4aja;det (6.7)

Bn—3 Bn—2_ 4

2aiay *

6.3 Residues

We will use the presentation of the quantum cohomology in (6.3) and (6.5) to obtain the
higher genus GRW invariants for SG(2,2n) and OG(2,2n + 2) using the techniques in [ST]. We
will briefly describe the result we require from [ST].

Let F € C|xy,...,x,] be a polynomial, and f = (fi,...,f,) : C" — C" be a tuple of

polynomials such that £~1(0) is finite. For any p € f~1(0), we define

1 F

ReSf(P;F) = (27‘[i>" re fie f

dxp...dx,

with I, = {qg € U(p) : | f(q)| = €}, U(p) small neighborhood of a with Yoy nu(p)={p}

and '} relatively compact in U (p). We may further define

Resy(F) = Z Resy(p;F).
pef~1(0)

Note that when p is a regular point, i.e. the Jacobian J = det (0 f;/dx;) # 0 at p, then

Resp(p;F) = (?) (p)-

Let M be a Fano manifold with #?(M,C) = 1 and the cohomology ring H*(M,C) =
Clxty. .-y Xa]/{f1,- -, fn), where each x; corresponds to a pure dimensional cohomology class.

Let
QH*(M,(C> :C[Xl,---,xn,Q]/<f~l,---7f~n>
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be the quantum cohomology as an algebra over Cl[q].

Substitute g for a complex number, and let f4 = (f{,..., f;¥) be the corresponding tuple
of polynomials in xy,...,x,. Let R, = OH, (M, C) be the corresponding quantum cohomology
ring. Note that R, and H*(M, C) are isomorphic as vector spaces. The ring R, is equipped with a

quantum multiplication that matches the usual multiplication of cohomology classes when g = 0.

Theorem 6.3.1. [ST] Let M and f9 be defined as above. Let F € C[x1,...,x,| be a weighted

homogeneous polynomial satisfying the dimension condition (2.5) for a natural number d. Then

<F>qu=ches,zq(J§F>:§g% Y, ((cJg)3F)(x)
xe(f) )

where the limit is taken over regular points y, c is a constant and J; = det (07 fl.q /dx j) is the

Jacobian.

6.4 GRW invariants for SG(2,2n)

We will the apply Theorem 6.3.1 to the presentation of the quantum cohomology R =
QH*(SG(2,2n)) in (6.3). To be precise, let (x1,x2,3,...,X,) = (a1,a2,b1,...,b,_) and let f
defined by (6.6).

Fix ¢ = —1 (or any non-zero number). Equation (6.3) can be rephrased as
(=)@ =5)0() =" +q(z1 +22)

where a; = 71 + 22, ap = 2122 and Q(z) = 22"+ b1z*" %+ .-+ b,_,. Observe that b; can be

represented in terms of @y and ap forall 1 <i<n-—2.
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Evaluating at z; and z,, we obtain

z%” =—q(z1+22)

2n

7' = —qlz1 +22)-

The structure of R, is described in [CMMPS]. The set (f4)~!(0) has two types of points:

e Reduced points: The points described by the unordered pair {z;,z,} satisfying

2 =1{z (6.8)
2= o(1+)7T,
where ®*"! = —¢, {?" =1 and { # +1. Since {z1,z2} is an unordered, (®,{) and

(w,{~ ") yields the same point. Thus there are (n — 1)(2n — 1) such points. The non-

vanishing of the Jacobian computed below implies that these points are reduced.

e Fat point : The origin is the only other point in ( f4)~!(0). Since the vector space dimension

dim(R,) = 2n(n — 1), the origin is a non-reduced point of order (n — 1) in Spec(R;).

Thus R, = Ay x Ay where A; = Cle] /(") corresponds to the fat point at origin in Spec(R,)

and Spec(A) consists of (n—1)(2n — 1) distinct reduced points.

Proposition 6.4.1. Let p € A, be a reduced point described using (6.8). The Jacobian at p is

Jo(p)=2n(2n = 1) (1+4) 7 (1-4) 72", (6.9)
Proof. We recursively calculate a concise expression for by,...,b,_7:
bi=g'(1+ 8%+ + %),

We define b; for all i € N using the above identity. Note that b, =0 and by = 1.
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We are now going to give a simple formula for the convolution products B;, and use it to
find the Jacobian.

Lett =z3. Let P(x) = 1 +byx+byx* + - - - be the power series in x. Then

(o)

(1=8HP() = Y (1 C%2) (1)’

i=0
1 <

T 1oix 1—C%tx

Observe that P(x)? = 1+ Bjx+ Box? + - - -, which can be expressed as

_ 1 1 ¢ 202 (1 S
PO =gy ((1—@2* (- 1-02 (1—rx‘ l—c%x))'

Extracting the coefficient of x in the above expression gives

2
B, — ; _1C2)2 ((i-l— D 4 (i 4+ 1) 24— 12—CC2 (ti_€2i+2ti))
(D) 2821 =)
‘( -7  (1-0) )t'
In particular, we have
1+¢2 2n
B =n ! B gt
n(1 2 _
o=

Substituting g = b,—2a3/a; and using a? =1(1+§)?, by = —t""2/{? and a = t{ we get the
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expression for Jacobian for f4 = (flq,fzq, ) at p

bp_nd?
B,>» B, By %{12
Jy(p) = —4ajay | det +det

b,_»a
Bn73 Bn72 Bn73 - nzazz 2
1

n2 n 2n—4
= aes( - o+ o)
_ 2n(2n— 1)@—1(1 + C)*l(] — C)fzzéll"fs.

]

Proposition 6.4.2. Let vd = (2n—1)d — g(4n—5) and F = da}"' ay* such that m) + 2my = vd,

then

Y Resp(pJ§F) = 2oL ¥ (e QM@ 140 (—a) (610)
PEA2 {#+1

where § # +1 is an 2n™ root of unity and J({) :=2n(2n— 1)1+ )1 (1 - ¢) 2
Proof. Let p be given by (®, {). Using Proposition 6.4.1

Resjo(p:JSF) = (J5'F)(p)

= J(EF(+Lymgmg ),

Observe that z\lld+g(4n75) = (14 ) (—q)?, thus

Y Resz(piJ§F) =) (1+ )™ ™I ()3 (1+ ) (—q)!

PEA (,8)

where the latter is summed over pairs (@, ) such that ®*"~! = (—¢) and { is a 2n™ root of
unity with strictly positive imaginary part. The above expression does not depend on the choice

of @ and it is invariant under { — ¢ ~!. When summed over these choices the required formula
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is obtained. ]

Theorem 6.4.3. Let m; +2my =vd = (2n—1)d — (4n—5)g. The GRW invariants for SG(2,2n)

equal the top virtual intersections of the a-classes on the corresponding isotropic Quot scheme:
(@M, = /[ Ml (6.11)

Proof. The origin y = 0 := (0,...,0) is not necessarily a regular point for the function f4 =

(ff,.... fi). We will evaluate the limit

lim JEF 6.12

y*”,,e(%—l(y)( )(p), (6.12)
where the limit y — 0 is taken over regular values of y. Let € be a non-zero complex number
with small absolute value, and let y. = (0,...,0,&"!,0). We will see that y is regular for &
small enough.

Reduced points : Since the Jacobian for each point p € A; is non-zero, the inverse
function theorem implies that for small enough €, there is exactly one reduced point pe near p
satisfying f(pe) = ye. Thus yg is a regular value for all € in a neighborhood of 0.

Let AS be the set of unique points pe near p € A,. Observe that the residue contribution
is

lim Y (J8F)(pe) = Y Ress(p;JeF). (6.13)

€0 pe€AS PEA
This has been calculated in Proposition 6.4.2.
Fat point : The vanishing of flq, o ,f,f_z implies that by,...,b,_5 is a polynomial in a;
and a,. Observe that

bi = (=1)"(i+ 1)ab+ (a?).
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Since ¢ # 0, the vanishing of £,/ implies

a1 =g+ (@),
Therefore a; = a4hy(az) for some power series /4 that defines a holomorphic function for an open
set containing 0. A similar argument shows that f, | = a3~ 'hy(ap) where h is holomorphic
with non-zero constant term. Observe that ag*IhQ (az) = € # 0 has exactly (n— 1) simple zeros
for all € lying in a neighborhood of 0.

Note that a; = O(€), a; = O(€") and b; = O(&) as € approaches 0. Substituting the
above orders in (6.7), we get J = O(¢"2). Thus the residue contributions of these n — 1
points has order O(g"™+m2+&("=2)) \which vanishes in the limit € — 0 when the the exponent
nm) +my + g(n — 2) is non-zero.

There are exactly two cases when the above exponent is zero: (i) vd =0,d =g —1,
N =2n=4;and (ii)) vd =d = 0, g = 1. An easy calculation shows that the residue contribution
are (2¢)¢ and 1 respectively. These are the only instances where vd > 0 and d < g.

We apply Theorem 6.3.1 to obtain the GRW invariant up to a constant c. When g =d =0,
the GRW invariants are the top intersections in the cohomology ring of SG(2,2n). Note that
Qo = SG(2,2n) when g = 0, thus the virtual invariants in (2.4) must match the GRW invariants.
Comparing the two we obtain ¢ = —1.

Putting together all the terms, we get

/

(D)LY (14 Q)M (0)F d>g

(@\"ay?)g = 2838 4 (—1)82d n=2d=3-

2n(n—1) g=1,d=0

\

This match the expression in Theorem 2.3.4 (also see Examples 2.3.5 and 5.6.2) for all d, g and
N. O
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6.5 GRW invariants for OG(2,2n+2)

Let n > 3. Recall the definition of fy, fi,..., f, from (6.4). Let fi = fifor0<i<n—1

and let f, = f, —4qay as prescribed by (6.4). In particular,

fi=¢a

f~1 =b+ (2612 — a%)

F = (1) E2 4 by n (2a0 — ad) + bysa3

f=(=1)"""1&%(2a2 — a) + by-2a3 — 4qar

Let R' = C[§,ay,a2,b1,...,by_2,9]/{fo,...,fn) be the presentation for the quantum
cohomology of OG(2,2n+2) (see (6.5)). The Jacobian J' for f = (fy,...,f,) is calculated in

similar fashion as it was done in the symplectic case. Observe that

B, > By +24
ST B3 6.14)

4
B3 Bpo— 2a1qaz

S —4a1a% det

where by = 1, b,_1 := (—1)""1E2 and B; = b;bo + - - - + bob;.

Note that modulo (a,), we have

fo=0

fi=b—a?

fnfl - (_1),1_1&2 _bn72a%

fo= (=183 (—at) —4qan
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An easy calculation shows that
J' € =2b, |(2a1B,_1 +4q) + (a2).
Note that b; € a}' + (a), thus we may further write
J € —2a2"2(2na> ! +4q) + (az). (6.15)
Fix a non-zero number g. Note that f; = 0 implies that either & = 0 or a; = 0. The set

(f9)~1(0) has three types of points:

e Reduced points (ap # 0): The reduced points with & = 0 have almost the same description
as that of Spec(A;) in the symplectic case. It is obtained by replacing ¢ — 4¢ and letting

a; and ap be described (similar to (6.8)) using Chern roots {z1,z,} in this case.
e Reduced points (£ # 0): Thus a» = 0 and hence b; = a3'. Moreover, f | = £ =0 implies

—1g2 2n—2
(-1ytg = at

a?" = —4qa,.
Thus there are (4n — 2) points given by (&,a1) = (/—4qu~", u?) where y is a (4n —2)®
root of (—4¢g). We observe that the Jacobian (see (6.15)) is non-zero.
e Fat point A;: The origin is the non-reduced point of order (n+ 1).

The Artinian ring R, is isomorphic to Aj x Ay x A3 where A; = Cle]/ (e"*1). The Spec of Ay
and A3 corresponds to the distinct reduced points with ap # 0 and & # 0 respectively.

Over the points p € Spec(A,) given by a choice of {z1,z2 } as defined in (6.8) by replacing
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q — 44, the Jacobian

Jy(p) =2n(2n =1+ £~ (1= )2

We obtain an analogue of Proposition 6.4.2:

Proposition 6.5.1. Let vd = (2n—1)d — g(4n—3) and F = da}"' a5* such that m) + 2my = vd,

then

2n—1

). Res(piJ"F) = Y, (L 8)mHagmy (§)3(—4q) (6.16)
PEA; C#+1

where { # +1 is 2n™ root of unity and J'({) :=2n(2n—1)(1+ &)1 (1 - &) 72
Proposition 6.5.2. Let F = a}" ay?, where m; +2my = vd. Then
(=1)8(4n—2)%(—4q)? my=0

Y Resp,(p;J'*F) = : (6.17)
PEAS 0 my >0

Proof. Let p € A3 be determined by (£,a;) = (v/—4qu~", u?) where i is a (4n — 2)™ root of

unity. Note that a; = 0, thus the residues vanish when m, > 0.

We may assume my = 0. Using (6.15) and the equality a%”_l +4g = 0, the Jacobian is

—2a{"73(2n—1). Thus

Res, (p:'%al?) = (—1)8(2(2n—1))%a™""

]

Theorem 6.5.3. Let m; +2my = (2n—1)d — (4n—3)g and n > 3. The GRW invariants for

OG(2,2n+2) involving a; and ay equal the top virtual intersections of the a-classes on the
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corresponding isotropic Quot schemes.

In particular, when d > g and

(i) When my > 0, then

2n—1

(aTlagiz) e = u4?

1 my+d Fmy ‘w g7
DEIELA (%)

where u = (—1)¥% and J'(§) =2n(2n— 1)(1+{)~ (1 =) 2.

(ii) When my =0, then

my (—1)%(4n—2)8  2n—1 (L+8)™m* I (§)8
<a1 >g = Lt4d( 42 + > C7éZ:tl 42 > .

The proof of the above theorem is similar to that of Theorem 6.4.3.
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