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ABSTRACT 

GeV Ic has been performed using the isobar model for' the 3rr 

system. The 3fT mass covers the range- .B2 to 1.9 GeV. No 

significant At production can be seen. The spin-parity of the 

w·( 1700) is determined to T. Properties of Az and w· production 

are determined and compared with theoretical models. The 

background is similar to that seen in analyses of charged 3fT 

systems. 

This work was done with support fronl the U.S. 
!':ne rgy Re sea rc It and ])evclopn1ent AdJl1inistration. 



I. Introduction 

For several years isobar model analyses of produced charged 

three pion systems have been available i •Z• They confirmed the 

resonant nature of the Az(1310),but cast doubt on the resonant 

nature of the Ai (1070). Although Ii large enhancement appears in 

the I(JP)=l(1+) partial wave,theassociated phase does not have the 

Breit-Wigner behavior associated with a resonance. The 

respectability of the Ai' is further impaired by the existence of the 

Deck effect, a combination of t-channel exchange and kinematic 

accident, which qualitatively explains the Ai enhancement. On the 

other hand , a resonant Ai seems required by many theories, 

notably the L-excitation quark model,chiral symmetry, and 

. exchange degeneracr. In an attempt to find the "true" Ai lurking 

beneath the large Deck background, we studied the reaction 

1T+P-+(1T+1T-1TO)~++, (1) 

for which the Deck mechanism is inoperative4 • Reaction (1) also is 

suitable for the study of 1=0,2 meson final states not accessible to 

study with charged final states. 

By inclusion of information from the ~++ decay and the neglect 

of double flip amplitudes, we obtain amplitudes free from the 

continuous ambiguities inherent in density matrix analyses. This 

allows us, in principle, to determine the phase between natural 

and unnatural parity exchange amplitudes, and to determine 

phase variation in a particular three pion partial WtlVe even when 
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the three pion density matrix is not approximately rank one. 

The plan of the report is as follows. In section II we give a 

brief description of the -data and what selections were made . 

. Section III and the appendices describe our formalism. Section IV 

describes the fitting procedure and the quality of the fits. In 

Section V. we. present our results. Finally. Section VI summarizes 

the work and poses questions for further study. 

II. The Data 

These data come from a 700.000 picture exposure of a 7.1 

GeV/c rr+ beam On the Hz filled 82" SLAC-LBL bubble chamber. 

Experimental detaiils and scanning and measuring efficiencies can 

be found elsewhere5 •6 •7 • There were 85.856 events which fit the 

reaction 

rr+p~rr+p1f+rr-rro (2). 

corresponding to a cross section of 2.16 :i: .09 mb. Events were 

selected which had 1. 16SM,,+ pS 1.28 GeV. Ambiguous selections for 

the correct rr+ to be included in the ~++. which ranged from 5 to 

12% of the sample depending on the recoiling 3rr mass.· were 

weighted according to the ~++ Breit-Wigner. In this sample all 

moments. (Y~). of the rr+p decay distributions with L~3 are 

consistent with being zero. We then selected those events which 

had ItpAI~ .8 (GeV /c)2 and 3rr mass in the interval .82 ~ M)" ~ 1.9 

GeV. giying 12788 events to be analyzed. 
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To study the amount of pollution from higher N"'s we consider 

the region where their effect is expected to be maximal: large Itp~1 

and MJn. Figure 1 shows the 6++1T- and 6++ 1To mass distributions, 

where the diamonds represent the N"+'s and the histogram gives 

Notice that both 'graphs peak sharply at low mass. However, the 

only known N" in this region has isospin l/Z, so the N"++ signal 

here must be a reflection of some other feature of the data. 

Similarly, we argue that much of the N"+ signal is also a reflection. 

Consequently, we estimate the total N" pollution as < 70 events in 

this 883 event sample8 • Because what N" signal exists is 

distributed among many N"'s, none of which dominates the cross 

section in its region, the effect of exclusions (biased angular 

distributions and greatly decreased statistics) is worse than the 

malady that they would seek to cure. Therefore, no cuts were 

performed on the data. 

III. Formalism 

For reaction (1) we define the production amplitude 

JPMn 
T A A (MJn,t pA)' where J,P ,M)n' and tPA are the angular momentum 

A' p 

of the produced three pion system. its parity, its mass, and 

momentum transferred squared between the incoming proton and 

the outgoing 6++. respectively. n labels the set of 3-pion 
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quantities: lisospin, isobar, orbital angular momentum between, 

isobar and odd pion!, and will be more fully described in Appendix 

A. M(Ap,AL\) is the z-component of spin of the three pion system 

(incoming proton, outgoing 6) along the vector C (C') in the three 

pion (6) rest frame. C,. (C,.') is the four vector independent of M3" 

(ML\L orthogonal to the four-momentum of the produced meson 

(baryon) system, and whose spatial components lie in the. 

production plane. In the situation that ItpL\1 « s, we have: 

(3), 

where q" (qp' ~) is the momentum of the pion (prolon, 6) in the 

rest frame of the 3 pion system. And, 

-. -> t-mz ... ... 
C' = q , + ~ (q , + q ') 

p 2s " 3" 
(4), 

where qp' (q,,', q3"') is the momentum of the incoming proton 

(pion, outgoing three pion system) in the 6 rest frame. In both. 

cases we take the Y axis as the normal to the production plane: 

(5). 

These choices for quantization axes are motivated by the vector 

dominance model of Cho and Sakurai9 6S extended by W6gner 10 , 

which predicts helicity conservation in lhis fr6me. This model h6s 

been successful in describing the production of bolh vector 

mesons and difrractive meson 6nd N* syslems. Therefore, this 

frame was adopted with the hope thal its use would reduce the 

number of p6r6meters required to fit the d6la and as 6 lest of 

these dynamical models. On the other hand, for most of our 

4 



I., 

To sludy the amounl of pollution from higher N*'s we consider 

lhe region where lheir effeclis expecled lo be maximal: large Itpdl 

and'M3/r' Figure 1 shows the 6++1T- and 6++1TO mass distributions, 

where the diamonds represent the N*+'sand the histogram gives 

Notice thal bolhgraphs peak sharply at low mass. However, the 

only known- N" in this region has isospin 1/2, so the N*++ signal 

here must be a reflection of some other feature of the data. 

Similarly, we argue thal much of the N·+ signal is also a reflection. 

Consequently, we estimate the total N* pollution as < 70 events in 

this 883 evenl sample8 • Because whal N· signal exist.s is 

distributed among many N*'s, none of which dominales the cross 

section in its region, the effect of exclusions (biased angular 

dislributions and greatly decreased slatistics) is worse than the 

malady lhal they would seek lo cure. Therefore,' no culs were 

performed on the dala . 

• III. Formalism 

For reaction (1) we define the production amplitude 

JPMn 
T" ,,(M3/r,t pd)' where J,P ,M3/r' and tpA are the angular momentum 

A' p 

of the produced three pion system, its parity, its mass, and 

momentum transferred squared between the incoming proton and 

the outgoing 6++, respectively. n labels the set of 3-pion 
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quantities: lisospin, isobar, orbital angular momentum between .. 

isobar and odd pionL and will be more fully described in Appendix 

A. M(Ap,AIl ) is the z-component of spin of the three pion system 

(incoming proton, outgoing ~) along the vector C (C') in the three 

pion (~) rest frame. C,. (C,.') is the four vector independent of M3n 

(Mil)' orthogonal to the four-momentum of the produced meson 

(baryon) system, and whose spatial components lie in the 

production plane. In the situation that Itpill « s. we have: • 

(3), 

where qn (qp. ~) is the momentum of the pion (prolon. 6) in lhe 

rest frame of the 3 pion system. And, 

-, -> t-m2 -> -> 
C' = q , + ~ (q , + q ') p 2s n 3n (4). 

where qp' (qn', q3n') is the momentum of the incoming prolon 

(pion. outgoing three pion system) in the ~ resl frame. In bolh 

cases we take the Y axis as the normal to the production plane: 

(5). 

These choices for quantization axes are ,motivated by the veclor 

dominance model of Cho and Sakurai9 as exlended by WagnerlO. 

which predicts helicity conservation in lhis frame. This model has 

been successful in describing the production of bolh veclor 

mesons and diffractive meson and N· systems. Therefore, lhis 

frame was adopted with the hope that ils use would reduce the 

number of parameters required to fit the dala and as a lest of 

these dynamical models. On the other hand, for most of our 

4 



kinematic range this coordinate system is' within 300 of the 

t-channel frame, for which approximate helicity conservation has 

been observed in similar anaiyses of charged three pion 

systems 1". This fact weakens our ability to test these 

models, while making it likely that we can't be too far wrong in our 

choice of coordinate systems. 

The dependence of the production amplitude under rotations 

oh the baryon spins is of the form: 11/2)xI3/2). We decompose this 

Kronecker product as: 

T~:~np = 1: (1/2 "p S 1-'13(2 All) TJ;~n v' (2S+ 1) /2 (6) ~ 
s ,I-' 

If S is restricted to 1, we have the 'so-called class A predictions of 

the quark model": those which depend only on additivity. That 

is, the meson-baryon scattering amplitude is the sum of 

constituent, quark-quark scatterings. Since a single quark can 

experience only single flip and both 'proton and 6++ have the same 

orbital angular momentum in the symmetric quark model 

classification scheme", the baryon current must behave as a 

spin-one object under rotations. Similar predictions come from a 

dipole coupling model13 or for natural exchange alone, (see below) 

the venerable Stodolsky-Sakurai model 14 • These models have been 

successful in describing the production of the delta isobar when 

the associated meson system was either a 7r, K, p, K-(890), or 

w(780): 

This decomposition of the production amplitude is also useful 
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in imposing parity· constraints. By reflecting in the production 

plane, we obtain: 

T~PM~n = P( _OJ-M-A4 -Ap-l TJP~-Mn (7). 
"6'''p -"4,-Ap. 

The decomposed amplitudes obey the following rule: 

TJPMn= p(_OJ-M+S-'J-L-1 TJP- Mn (8) 
SJ-L SJ-L • 

This restriction is built into our formalism as follows. If we define 

(9), 

for the meson vertex and 

(10) 

for the baryon vertex,. then a new amplitude can be written which 

manifests parity conservation for the production reaction: 

JPMn JP - Mn . JPMn JP - Mn 
e(/.t)e(M)118[ (T s,.. +11 .. Y m T s,.. I +118 Y B(T s-,. +11 .. YrnT s-,. )] 

( 11), 

where the quantities 11 .. and '1B can take the values :t: 1, and 

dJ-L) v'2/4 , for J-L=O 

= v'2/2, for J-LJIoO 

. (12). 

This expression, denoted by TJP~~I~11 vanishes unless 11 .. =11B='1. To 

the order (t/s), '1=+1{-1) corresponds to exchange in the 

t-channel of objects of natunil (unnatural) parit y15. 

The amplitude for a meson system of quantum numbers 

J,P ,M,n to decay into three pions, denoted by GJPMn, is given in 

reference 16. We sketch a derivation in Appendix A. The 6++ decay 

amplitude is given by 

D:3/2~ (a,p,y), where Ap' is the helicity of the decay proton and 
"6'''p' 
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a.{3;y are the Euler angles which rolale the outgoing proton from 

C' to ils direction. The total amplitude for a parlicular event for 

given incoming prolon spin. Ap. and oUlgoing prolon helicity. Ap' , 

is then of the form: 

(13), 

( 14). 

For a particular choice of JP,n,S,Ap' and Ap' consider the partial 

sum: 

(15), 

where -y(M) = 1/2 for M=O, 
(16) 

1 for M~O. 

In terms of ampliludes of definite TI, we have: 

K = -y(M)-y(y) [(T+ + T-) (Y GMH + Y G-MH ) 
4E(M)E(}.t) B -,.. M ,.. 

+ (T+ - T-) (YM Y sG-MH_,.. +GMH,..)] ( 17), 

= -y(Mh(y) [T+(GM + Y G-Y) (H + Y H ) 
4E(M)E(}.t) M,.. s-,.. 

+r (-iGY+iYMG-M) (-iH,..+ iYsH_,..)] (18). 

Consequently, 

( 19). 
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SchematiCally, we have· 

T -) -) ->-) 

Ap,Ap' = ~IJ..LI (H;,lul T;,lurG+ + Hs,lul Ts,lurG-) (20). 

The spin averaged intensity is: 

(21), 

where A is a matrix calculated in Appendix B. 

IV Fitting 

The programs employed were extensively modified versions of 

programs used for isobar model analyses of low energy rrN ~ Nrrrrl7 

programs and a number of subsidiary ones, whiCh in various 

versions run on large CDC and IBM computers. The first program in 

the string, LTRI, computes the G functions and the A matrix (seE' 

section III and the appendiCes) for both the data and Monte Carlo 

generated events. Roughly, 10-20 Monte Carlo events were 

generated for each real event. The Monte Carlo events were input 

to the program KREBS which calculated normaliz6tion integrals. If 

G+ and G- are vectors of G-funclions for natural and unnatural 

exchange,respectively, and 

(22), 

where the integrals are over three pion phase space and t denotes 

Hermitian adjoint, then we have for the cross section 

(23), 
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where the sums are over p-~ labels and all possible inner products 

are to be performed. The K matrices can also be calculated with a 

numerical integration over the Dalilz plot, but the Monte Carlo 

events were also useful for comparisons of the fits with the data. 

The G-vect.ors, A and K matrices were input for the program 

PWA3PI, a user functior: for the general purpose fitting system, 

OPTIME I8 • Using a modified Newton-Raphson technique, OPTIME 

maximixed the log likelihood given by 
N 

In L = L In(II) - NO' 
i= 1 

(24), 

where N is the number of events, I (eq. 21) is the probability for a 

given event and a is given by eq. 23, in which the T's act as fitting 

parameters. This form of likelihood function automatically 

normalizes our ampJiludes to the number of experimentally 

observed events. A quoted partial wave cross section is then given 

by1T11
2 KIi , where Ti is a particular element of a particular T vector 

and Kil is the associated diagonal element of the matrix K. 

The data were binned in the three pion mass, M]rr' and 

momentum transferred squared, t pA ' between proton and ~++ with 

approximately 500 events/bin. ror mass dependent fits, two t 

intervals were used: <>sltls.35 and .35sltls.8 (GeV /dz (hereafter, 

low t. and high t). t-dependent fits were performed in t.wo mass 

regions: 1.2 S MJrr S 1.4 GeV (Az region) and 1.6 S MJrr S 1.8 GeV (w· 

region). Since the Az and w· amplitudes vary considerably over 200 

MeV, we inc1ud~d factors in t.he filt.ing 

9 



parameters, where the central ,mass and width had been 

determined in the mas~ dependent fits. This procedure was also 

applied to mass dependent fits. Across the peak of the Az this 

improved the log-likelihood by 50 for equal numbers of 

parameters, although individual partial wave cross sections ,were, 

within errors, unchanged. 

For a list of meson partial wave quantum numbers allowed at 

each M3rr see Table I. We neglected amplitudes which had helicity 

changes of more than one unit at either meson or baryon vertex. 

At the highest masses, this still gives, counting both meson and 

baryon quantum numbers, 473 real parameters. This wealth of 

parameters is associated, unfortunately, with a paucity of event.s. 

Consequently, we adopted the following filling strategy: First, we 

varied only those w.:wes which were present in t.he charged 3fT 

system as determined by previous analyses 1•l for both 1=0 and 1= 1 

amplitudes, and only S=l amplitudes at. lhe p-~ vertex. Then, in 

succeeding fils, we added parameters with the aim of significant Iy 

increasing both the likelihood and the energy continuity of the 

solutions. We rejected those parameters which did not meet. these 

criteria. This procedure was iterated until the major waves 

stopped changing. Not only did we vary the set of waves, but we 

also tried multiple starting points for a given set: usually t.he fits 

converged to the same solution. The results present.ed here are 

those of our highest likelihood solutions (for M3rr ~ 1.2 GeV we USE' 

10 
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those where the resonances have energy dependent 

parametrization) but share major features with earlier fits. 

We were guided in our selection of parameters by certain 

moments of the A++ decay distribution. If (Px.Py.pz) is a unit 

vector in the direction of the outgoing proton in the A++ rest 

frame, we have. using the K matrices as metrics, the following 

relations between the T~LuI and certain moments (see Appendix B): 

(25) 

(26) 

(27) 

Note that if only 5=1, i.e. quark model. amplitudes contribute, W+ 

gets contributions from natural exchange only. while unnatural 

exchange contributes to Wo and W_. However. the total amounts of 

natural and unnatural exchange can be determined from the 

meson ver lex alone. These independent measurements of 

naturality contributions give a direct lest of the hypot tlE'sis: S= 1 

only. In fact, large amounls of 5=2 were required. A comparison 

of the Wi as determined from the fits with those from the 

t 1 



moments as a function of M3n for low and high t is shown in figures 

2-4. 

In figures 5-10 we compare the fit at high t for the mass 

interval 1.6~M3n~ 1. 7 with various projections of the data. X2 ,s of 

30 for 20 degrees of freedom were' typical. Thi'5 can be compared 

with the results of a low energy 1TN -+ 1T1TN isobar model analysis t9 

which had sufficient statistics to simultaneously bin in (til 

kinematic variables. For one dimensional projections they had 

typically, X2/ND = 20/10, while lheir 4-dimensional X2/ND were 

typieally 225/225. This illustrates several poinls concerning isobar 

model likelihood fits. First, they can't lrack rapid fluctuations 

unless they are put in by hand. For instance, on figure 10 .lhe pO 

signal is well fit, while the bump near the fO mass is much 

narrower than the fO is thought to be. Second, these model fit.s 

average over regions in the lolal phase space to maximize th€' 

agreement between model predietion and local event density. This 

means that they are less sensitive lo measurement errors dnd 

statistical fluctuations than analyses where this one-Lo-one 

correspondence between the. events and Lhe model is lost. Thus, if 

these models are to be improved to better understand th€' 

underlying dynamie5, we must. drastically improve statistics (so 

that failures of the model can be septu'ated from the statistical 

jitter) and find ways to propagate measurement. errors to the 

fitted amplitudes. 

12 
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V. ResultsZO 

Figure 11 shows the mass distributions for both t intervals. 

The peak at M),,~ 1.3 GeV is taken up by the IJP= 1 2+, Az, and that 

at M)" ~ 1.7 GeV by the c./( 1700) found earlier in its (31T) and (51T) 

decaysZl,ZZ. This analysis has determined that lhe IJP assignment 

of lhis slale is 0 T. A fit wilh a Breil-Wigner dislribution to lhe 

poinls for lhe Az cross section al low l gives a mass of (1.298 ± . 

0.008) CeV and a widlh of (0.122 ± 0.012) GeV. Figures 12 and 13 

give lhe phase of lhe T!rJ:l [I(JPisobar)] = T?o [1(2+p)], T~r [1(2+p)], 

Tg~ [1(0-£)], rg~ [1(2-~)] amplitudes relative lo lhe 

rg~ [1(2-f)] amplitude in lheAz region. The Az phases are modulo 

The large shows nice 

Breit-Wigner phase behavior, while lhe smaller T~r [1(2+p)] 

although consislenl with Breil-Wigner behavior is much less 

stable. Integrating lhe Az Breil-Wigner gives a production cross 

section of (53 ± 7) Jlb for III s .8 (GeV /c)z. 

A Breit-Wigner fil lo lhe c,/ mass plot al high t gives t\ mass of 

(1.669 ± .Oll) GeV and a width of .(0.173 ± 0.019) GeV. Inlegrating 

lhis gives a production cross section of (33 ± 12)Jlb for Ills .8 

(GeV/c)z. Figures 14 and 15 give lhe phases of the T?o [O(Tp»), T?\ 

[O(Tp»). rgti [1(0-£)]. Tgti [1(2-f)1. relative lo lhe Tg~ [1(2-£)] in the 

high t interval. 

tan- 1[.086/( 1.669 - M),,)]. 

The • w phases are modulo 

The combination of small cross 

sections. N· pollution. absence of ldrge cons~ant background Wtwes 

13 



and averaging over large t-intervals makes obtaining reliable r./ 

phases difficult. The situation is further complicated by the fact 

that the r./ branching ratio into T?o and T?l changes across the 

peak of the distribution. That is, the w· polarization is constant 

across the bump, but the associated t:. polarization changes. This 

is reflected in the Wo and W_ moments which have spikes at 

slightly different masses (figures 2,3). Nevertheless, the 

Breit-Wigner shape of the mass plot, together with a mass and 

width comparable to that of the g-meson,_ makes a resonance 

interpretation plausible if not certain. 

Both the A2 and the w· are produced dominantly by unnatural 

exchange as predicted by Fox and Her3 , and in agreement with 

fact, semi-inclusive dualitr5 predicts the following scaling law for 

the ratio R of natural to unnatural exchange: 

2 (2aN(t)-2au(t» 
R "" (m ) (28), 

where m is the resonance mass, and aN and au are the natural and 

unnatural exchange trajectories. Taking aN - au as O.S26(this 

value comes from effective trajectory fits to density matrix 

elements of the reaction 1T+P ... t:.++w and thus includes the effect 

of cuts and ill understood backgrounds, but agrees with the 

theoretical idea of 1T-B exchange degeneracy) and using the value 

R~6.27 _ .8 :t .07, we obtain the predictions RA - 0.29 :t 0.03 and 
2 

R,... - 0.18 :t 0.02. This is in fine agreement with our observed 

14 



ratios of RA = 0.34 ± .03 and R", * = 0.24 ± 0.04. However, this 
z 

agreement may be fortuitous as we shall see when the results of 

the t-dependent fits are presented. 

There are marked differences in the production mechanisms 

between the natural spin parity resonances and the unnatural- spin 

parity background. Whereas we have seen that the resonances are 

produced dominantly by unnatural exchange, the background is 

produced by natural exchange. Figures 16a,b show the ratios of 

unnatural to natural exchange for the background amplitudes. 

The non-quark amplitudes TkM~1 are not required for the 

resonances, but they dominate the background. This is shown in 

figures 17a,b. Apparently this background cannot be produced via 

a Deck or multiperipheral mechanism since the p-A coupling is 

unlike that found in other natural exchange dominated reactions. 

Furthermore, the background is helicity conserving to the level of 

10% in our coordinate system as figures 18a,b bear out. 

The background is shared by many partial waves. In figures 

19-22 we show the strongest of these. The I(JP) = 1(1+) At is quite 

small (figures 19a,b) in the At region (1.06 S M3JT S 1.2 GeV). For a 

width less than 150 MeV we estimate a(At ) < 3.5#-,b. An At hiding 

under the Az as proposed in reference 28 is also excluded. The 

1(2-) A3 (figures 20a,b) although large does n?t exhibit a resonance 

like structure. The peaks differ in the two t. bins and also differ 

from that observed in the reactions 1I'*p -+ 1I'*1I'+1I'-p l.2.29.JO. The 

15 



0(1+) wave (figure 21) wave has a peak al lhe B meson mass, bUl 

has u < 4.5 J.Lb for a widlh of 150 MeV in lhis region and exisls only 

al low l. However, it is comparable to the "Al" in magnitude. The 

only other large background wave, the 1(0-) is shown in figures 

22a,b. The 1=2 background, shared among many angular 

momentum slates is shown in figures 23a,b. 

There is also a low mass enhancement for the 1+ 1=0 waves 

which is partly due to misidentified photons from '1' decays3l. The 

production cross section for tl++'1' production for this experiment? 

is 14.7 ± 1.7 J.Lb when the tl++ Breit-Wigner is integrated. 250 fake 

events coming from the decay '1'-+rr+rr-r were generated and of 

. these 209 fit the hypothesis rr+rr-rrO 32. This fact, together with 

the known branching ratie of .2722 of 71' into rr+rr-r, gives 

approximately 90 events of '1' con lamination in the region 

.~M3,rs; 1.06 GeV. C conservation and Bose statistics require thdt 

the rr+rr- system have odd spin (henceforth, we assume spin one). 

Since the '1' is spinless, there can be no preferred' orientation in 

the decay into pOr. Therefore, when the photons are misidentified 

as pions, we expect the p"rr" distribution to be S-wave. The I = 

0,2 1 +S prr amplitudes coming from the analysis are such that 

when prr charge eigenstates are formed in the region . 82SM3nS 1.06 

. GeV, we fin<d 249 pOrro events. This is more than we expected fr'om 

'I' contamination and accounts for most of the I = 0,2 signals. 

furthermore, the Illinois group)) has pointed out that the 
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smallness of the, Dalitz plot in this region makes distinguishing 

1 +Pe and 1 +Sp waves difficult. This is just another face of the 

problems caused when the unitarity violating isobar model is used 

to fit regions wit.h large overlaps of resonance bands. Therefore, 

results for this lo:w mass region for 1+ waves should be viewed with 

some caution. 

We now turn to a discussion of the t-dependence of the 

resonances. All of the quoted distributions, in what follows, have 

been corrected for t m1n effects by scaling the observed number of 

events to equal phase space volumes. for the Az this is a factor of 

two correction in the lowest t-interval, while for the w· this 

amounts to a tenfold increase. figure 24 shows the Az differential 

cross sections together with the total differential cross section in 

that region, while figure 25 gives the natural and unnatural 

contributions to the Az. figure 26 shows the total "'/ differential 

cross section and the total differential cross section for 1.6 ~ M3n 

~ 1.8 GeV, while figure 27 gives the nat ural and unnatural 

contributions to the wo. The ratio R of natural to unnatural 

exchange contributions calculated from these graphs is slightly 

different from that given previously. The previous numbers come 

from including all resonant events, and here we have laken only Ii 

200 MeV wide slice in meson mass. 

Then' is another prediction of semi-inclusive duality collateral 

to equation 2B, namely 
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(29), 

where i corresponds to either natural or unnatural exchange, ai' is 
f 

the slope of the Regge trajectory i, and m is the mass of the 

resonance. If we assume a slope of one for the trajectories, then 

this formula predicts that the slope of the t-distribution decrease 

by 2 and 3 units ;for Az and w·, respectively, relative to the w. In 

figures 28 and 29 we plot the natural and unnatural exchange 

contributions to w27 , Az and w· production. The lines are the 

results of fits of A e bt to the approximately exponential regions of 

the t-distributions. For natural exchange contributions we find: 

bCoJ = 5.58±.44, b
A 

= 4.42± 1.04, and b • = 6.2 ± 4. So within these 
z w 

large errors the results are consistent with the antishrinkage 

prediction. For unnatural exchange contributions we have b.., = 

3.43 ± .39, b A 
z 

with theory. 

3.29 ± .74 and b • = 3.17 ± .67, in disagreement 
w 

The relative phase between the Tlt and T?o Az amplit.udes is ~ 

700 (figure 28b). We remind the reader that our unnatural 

exchange amplitudes differ by a minus sign from the usual 

convention. This implies that the rr-p-Az and rr-B-A2 couplings 

are of opposite sign, if the phase between the amplitudes is to be 

compatible with that coming from the Regge signature fae-tor 

e-hro/ 2 and .5 S up - as S 1. 

The relative phase between r?o (1(2+>J and the T~~ [t(0-E)) 

shows Ii 1800 change around t - -0.175 (figure 28a). We see I hal 
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this is reflect.ed ,in t.he IT?oIZ Az int.ensity which has a dip in the 

same region(figure 29a), as does the net helicity flip zero 

amplitude 1/2(Ttr Ttl) (figure 29b). This is behavior is 

characteristic of the Bessel function Jo(bF-t:) suggested by 

various absorption models34 •35 • However, these absorption models 

specify their stliucture in the s-channel helicity frame (SCH). 

When we crossed our amplitudes to the SCH the previously 

observed structure becomes much less marked (figures 30a,b). 

Note, however, that an amplitude which is essentially helicity 

conserving in one coordinate system (as in this case) will lose 

successively larger amounts of cross section to other amplitudes 

in another coordinate system as the crossing angle increases. 

The effect of this is to wash out structure at low It I with a general 

decrease in cross section at higher values of Itl: we replace one 

"lumpy" amplitude by many smooth ones. Furthermore, an effect 

concentrated in the region .15<ltl.2 is mainly frame independent 

since the crossing angle is small here. 

VI. Conclusions 

The first partial wave analysis of the reaction 71'+p-+A++(71'+71'-71'°) 

has been ,performed. In the (371')° mass dist.ribution between 0.82 

and 1.9 GeV ,we have observed the Az and a peak due to the 

production of, a 3- w· state with the same mass as the g meson. No 
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significant A1 production has been found. Resonance production 

agrees with the. predictions of the quark model and some of those 

of semi-inclusive duality. Evidence for possible absorptive effects 

in Az production was given. The background waves behave very 

similarly to the corresponding ones found in other 3". systems, 

although their production mechanism violates the additivity 

assumption of the quark model. 

Finally, we mention some problems whic~ remain for futurp 

investigaton. Better methods are required for comparing the fils 

with t he data than those involving binning data. The ("ffeet of 

measurement errors and finite experimental resolution should be 

taken into account in the fits. More work must be done to 

understand the extent to which the isobar model violates the 

axioms of unitar,ity and analyticity of S-matrix theory. This is 

important for two reasons. First, our inferences regarding meson 

spectroscopy would be suspect if the model on which they are 

based were in violent disagreement with the accepted principles of 

physics. Second, developing reliable techniques for calculations in 

strong interactions is in itself a laudable goal and three n1Pson 

physics seems an ideal testing ground for such methods. 

In this analysis we found major contributions from 5 T 

vectors. We were able to distinguish these by using information 

from the decay of the 6++. However, this incoherence can arise 

not only from production dynamics (as we supposed). but also Cf\ll 
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come from averaging over bins where there are rapid var'iations in 

productions matrix elements. That this is a major problem in this 

analysis is unlikely, since the structure of T vectors was 

,unchanged when we changed from an energy independent 

parametrization of the resonances to an energy dependent one. 

Nevertheless, this will be checked when the large increase in 

statistics due to the large multiparticle spectrometers allows finer 

binning. 

Repetition of this analysis on data at other energies seems 

quite worlhwhile. It would not only check lhis analysis, but also 

offer new information aboul Regge phenomenology: we would have 

independent delerminations: of Regge trajectories from phase 

behavior and energy dependence. A study of the reaction K-p ~ 

(31T)01\0 CQuid be accomplished with minor changes in technique . 

.In this reaction the 1\0 polarizalion can be directly measured so no 

assumptions .. concerning lhespin struclure at the baryon vert£'x 

need be made . 
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Appendix A:Meson Decay Amplitude 

Before we begin a detailed description of the formalism we 

give a qualitative discussion of the problems faced in fitting 

3- body final states and our motivations for adopting the isobar 

model. 

There are 3N:-4 independent kinematic variables, in this case 

5 (in formation reactions one of these is trivial), required t.o 

describe an N particle final state. For this problem one possible 

choice is:. one dipion invariant mass, one dipion decay angle and a 

set of 3 Euler angles which describe the orientation of the plane 

defined by the three pions with respect to some external 

coordinate system. This choice of variables is picked with a 

sequential decay picture in mind. Now we have some decay 

amplitude f(mmr;6D;a,(j,l) which, when squared, gives the 

distribution of the outgoing pions. If G1(9D) and H/a,(j,l) are 

complete sets of orthogonal.functions, 

f = L ai.j(mmr) Gi (6D) Hj(a,(j,l) (A.t). 
i,j 

There are certain practical problems with the expansion given for 

r. It is not manifestly Bose symmetric. Thus, any biases 

introduced in data reduction are propagated to t.he expansion 

parameters, aij(m""), which therefore have no simple physical 

interpretation. This can be remedied by writing the amplitude in 

the following symmetrized form: 
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f = -L L at(m~n) GI(e~) Hj(ak,~k .. yk) (A.2). 
k= ti,j= 1 

The label k indicates the choice of diparticle. The various 

symmet.ry properties amount to constraints on the at(m~). Now 

we are left with the problem of determining the alj(mnn) with 

limited statistics: 500-1000 events in a typical bin of 3 pion mass 

and momentum transferred squared. If one is interested only in 

the angular momentum properties of the initial state defined by 

the 3 Euler angles, one can bin in the remaining variables mnn and 

eD' or more symmetrically in the Dalilz plot variables, s~~ and s~';l 

, and perform a moments analysis. Unfortunately, for a grid 

system as coarse as 5x5 this procedure gives us only 20 to 40 

events per bin. Consequently, this will not become a viable 

procedure unt.il statistics have improved by factors of 10-100. 

Therefore, to avoid binning on the Dalitz plot, a prescripton for the 

smr dependence of the amplitude is required. 

The isobar model supplies this prescription. It amounts to 

taking the sequential decay picture literally, that. is, as ft 

dynamical model not just an accounting device. It is motivated by 

the fact that resonance bands dominate the Dalit.z ploL 

The formalism now begins with some definitions of sttlte 

vectors and their normalizations. If lj;pl< is a state of momentum p 

along the z-axis with helicity A, the general slt.te is then 

Ip A> == Ip e I/J A> == R(I/J,e,-I/J) ""pI< (A.]), 

where R is the rotation opertltor. Our normalization is: 

24 

i 
. f 



• 

(A.4). 

Following Jacob and Wick36 we define a X state as: 

XpA:: (_1)s-A R(O,7T,O) 1/IpA = (_1)s-A 1/I-p,A (A.5), 

where s is the intrinsic spin of the state. Mulliparticle states are a 

direct product of single particle states: 
n 

Ipi "1' pz "z,·····Pn "n) == n IPi ,,) 
. i=l . 

For two particle states we introduce relative coordinates: 

-, ..... -; ..... 1 ~ ..... 
P = PI + Pz ' P = -?PI - pz) 

and 

(A.6). 

(A.7). 

(A.B). 

To discuss the decomposition of two particle states into angular 

. momentum states, it is convenient to work in the two particle 

center of mass and to take particle two as a x-state. Thus, 

IF' = O,p,"1'''z) = R(t/>,e,-t/» 1/1 , X , 
P'''1 p,,,z 

(A.9). 

The angular mJmentum states are then defined by: 

Here, J is the total angular momentum. M is it z-component, " = 

. . .. (2J + 1) 1/2 
"I - "z, and NJ • a normalization factor. IS given by. 47T 

(4'W) 1/2. W is the total energy in the center of mass. To convert 
, from a helicity basis to an L-S basis we have the following formula: 

Having disposed of preliminaries we now begin cakulation of 
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the isobar amplitude, G. Consider an initial state InM)s' , where M 

is the spin projection in an external· coordinate system S' and n 

labels the set of quantum numbers p, P, I, Iz!. However, we want 

to evaluate the decay amplitude in a body fixed coordinate system 

S: 

(A.12). 

Here OJ, Ok' 0 1 are the momenta in the three pion rest frame of 

the outgoing pions. I j. k, I! is a cyclic permutation of II, 2, 31. 

the latter set being a specific ordering of particles--say that on 

the data tape. But, 

s( OJ, Ok' 011 Tin M)s' == L s(01' Ok' 011 Tin M)s D:nW(Cl,(3;Y) 
m 

(A.13). 

With (x, y, z) and (x', y', z') the basis vectors in systems Sand S', 

respectively, the Euler angles are given by: 

(l = tan-t(§:·t) 
. Z'x 

(A.14) 

(A.15) 

( X"Z) 1 = tan- t ..,.....,.. 
y'·z 

(A.16) 

Introducing a sequential decay scheme, T = T, T l' we have 

3 3 
-> -> -->. ~ dOd ° . 3 --> --> 

(01' Ok' 0Il Tin m) = ... J~2E" 2En 6 (Om + On) 
J.t m n 
~ -. -. -~ -..,.... ..-.~ 

(01' Ok' 0Il T210n• J.t n; 0m)(On,l-'n ; Oml T t In 

m) 

(A. 11) 

We have just assumed that only two particle intermediate st.ates 
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contribute. We now make one further assumption: T2 acts only on 

10n,l-1-n}. Therefore, 

(OJ> Ok' 011 T2 I On I-1-n i Om) = 2Em 63 (0) - Om)(Ok' 011 T2 IOn I-1-n} 

(A.18). 

Consequently, 

(OJ' Ok' 011 T In m) = L (Ok' 0"T21-0) )}(OJ'-O) AjlT lin m} (A. 19). 
A 

Here the isobar is tak~n lo be a X slale wilh helicily Aj . 

Decomposing (OJ,-Oj Ajl inlo angular momentum states we have, 

-> -> (2J + 1) 1/2(4W) 1/2 J* 
(OJ' -OJ All TI I n m) = -4- -0 D -A (0) 

1T j m, j 

x (OJ Jm,Ajl TI IJ n m) (A.20). 

If we choose the z axis of the syslem S along OJ and the y axis 

normal to the 3-pion plane, the argument of the rolation function 

vanishes and the funclion becomes a Kronecker delta in its 

indices. Thus, 

(OJ,-Oj Ajl TI In rn) 

IJnm} 

6 (2J + 1) 1/2 (4W) 1/2(0 J A.I T 
• 4n OJ J' m,) I m'-"j 

(A.21). 

To fix lh\.' parity of the system it is convenient to convert. from 

helicity to LS states. Using (A.tt) we have: 

10J' Jm, Aj }'" L 
• LS 

j j 

(A.22). 

SI' Lj are the spin of the isobar and the relative orbit.al angular 

momentum between the isobar and the odd pion, respectively, and 
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01 m l iz m21 J M} 'is a Clebsch-Gordan symbol. Thus, 

-, -,' (2L. + 1) 1/2 (W) 1/2 
(OJ; -OJ Ajl Til n m) = L 6 -A j -0 

L.5 m, J 1T I 
J I . 

(Lj 0 SJ -AIIJ m}(J LI Sj ml T 1 IJ m n) 

(A.23). 

Using rotalonal invariance we write 

In 
(J Lj 5j ml Tl I J m n) = TLj5J (W, t, Wj) (A.24), 

where Wj is the mass of the diparticle. We now evaluate the Tz 

matrix element in t.he rest frame of the isobar. 

(A.25). 

qk is the momentum of pion k in the dipion rest frame. 

Performing an angular momentum decomposition, we have 

-, -, -> ( W )/2 1/2 s.* 
(Ok,OII T2 I -OjtAI) = ~ (25) + 1) 0::\ 0 (decay) 

. 1Tqk jt 

x (qk Sj -AJI T2 ISj -AJ) (A.26). 

By rotational invariance, the last factor may be written· as BSj( Wj)' 

We are free to pick a coordinate system such that 

S* 5 
D~A.,O (decay) = dA!,O(OD) 

J J 

finally, we can write 

5(Oj Ok 011 T InM)s' = L gn(j) T n(W, Wjt t) 
n' 

where 

and 
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(A.29) 
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(A.30). 

Near threshold TJL~"'.(W, Wj,t) should be governed by barrier 
r-J 

penetration factors. In our normalization we take these to equal 

(&) 1/2 l(O.R) Ih(I)(O R)II- 1 
W J Lj j 

(A.31), 

where R is a radius of interaction, taken in this analysis to be one 

fermi, and t{l)(x) is the spherical Hankel function of the first kind 
J 

of order Lj . The charge dependence can also be made explicit by 

using isospin Clebsch-Gordan symbols. Therefore, 

(AdZ) 

for a neutral three pion system. Similarly, the charge dependence 

S.( can be removed from B J wj ): 

BSj(w;) = (1 I~ 1 I~I Iiso I~O) ASj(wj) (A.33). 

ASj(w) is given by the Wat~on theoremJ7 . 

ASj c. (el'S~jn6)/q~j+ 1 x(wjQk)I/2 (A.34). 

6 is lhe elastic scattering phase shift at the mass Wj. A factor 

(qk)I/2 is added to insure proper thresh·old behavior in this 

normalization. 

The following forms were used for the phase shifts. For t he I 

"" 0 S-wave, E, we used the phase shifts of the CE:RN-Munich 

spectrometer groupJ8 with their dependpnt 

parameterization: 

l,i6s in6 "" 1 Ken9a - i detlKlq.9" 
- detIKlq"qJ( - i(K""q" + KJ(J(qJ() 

(A.35), 
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where qn(qK) is the momentum of the pion(kaon) in a 

dipion(dikaon) system of energy w. The symmetric K-matrix is 

given by: 

(A.36). 

The parameters in appropriate powers of GeV are: ~ = .11, ~ 

1.19, lnn = 2.86, nn = 2.28, f3 n = -1.00, lnK = 1.85, UK = 2.02, f3 K 

= .47, f'KK = 1.00. The I = 1 P-wave, p, phases are given by lhe 

parametrization o'f Morgan39: 

(A. 37). 

The I = 0 D-wave, f, is given by a relativistic Breit-Wigner formula: 

(1.264)2 - w2 
cot 6 = -'------''----

1.264r 
(A.38), 

and 

(A.39), 

where R is one fermi and qo is a pion momentum al resonance. 

We must deal with isobars in other dipart iele combinations as 

well. While an expansion in one type of isobar is complete, til(' 

description of resonances in other diparticle combinations would 

require pr;ohibitively many terms. Therefore, we write our 

amplitude as a coherent sum over different diparticle 

combinations. This procedure while justified in the limit of 

infinitely nanow isobars, violates unitarity when resonance bands 

overlap on the DaIHz plot. Two groups40.41 have s~udied this 

problem and produced "unilarized" amplitudes which were then fit 
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to the data. Both groups use a K-matrix technique with purely 

on-shell amplitudes and arrive at the same Volterra equation from 

somewhat different start.ing points .. They find that these new 

amplitudes, when fit to the data, produce results not qualitatively 

different from the old but with appreciably worse likelihoods. 

Aitchinson42 argues that the cause of this failure is the mass shell 

condition of the K-matrix formalism. That is, in the process of 

removing cuts due to normal thresholds in the subenergies, extra 

subenergy dependence has been introduced into the amplitude. 

This is a disaster since the isobar model is used mainly because its 

fitting parameter:> have,hopefully, minimal subenergy dep~ndence. 

Consequently, although there is continuing work on this problem, 

the conventional isobar prescription seems the best currently 

available. 

If we assume that the only diparticle mass dependence is that 

given explicitly, and place all factors depending only on Wand t in 

the production matrix element for the overall reaction, we obtain 

the amplitude for decay via a part.icular isobar (notice that the 

,set, n, of quantum numbers has been expanded to include isobar 

labels); 

G~:~I (W,t) = (2L + 1)1/2(25 + 1)1/2rl (Ilso I~sO 1 I~II 0) 
- Iso . 

(A.40). 

J ~ i 6 
(1 I~ 1 1~lIlsO I~SO) (OjR)-llhP>(OjR)I-1 e q~+7 Wj 

k . 

r d:",o(8b> D~",M(aj,(Jj .. )'j) (L 0 S -AI J '-A)I 
A 
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Notice. that there. is a different set of angles for each dipiOri 

combination. eb is the angle. in the dipion rest frame. between 

particle j (the odd pion) and particle k. The normal to the three 

pion plane. the Y axis of system 5. is defined by OJ x Ok' 

To check that our amplitude obeys Bose statistics. we see 

what changes occur when partic.1es k and I are interchanged. The 

following changes OCCUI' in the arguments of the functions: 

eh -+ 1T. - eh. e~ -+ 1T -e6. e6 -+ 1T- e~; 

OJ -+ OJ' Ok -+ 0.. O. -+ Ok; 

y -+ - Y implies 

and for the isospin labels 

(A.4l). 

These changes have the following effects on the components 

of G. 

1) If particle j is the odd particle(not in the dipion combination): 

D~", .. (aj .~J. "J) -+ (-1)" D~", .. ((lj .~j. "J) 

d:",o(8h> -+ (-05
-" d:",o(eh) 

(1 I~ 1 I~I Iiso I~SO) -+ (_1)1150 (1 I~ 1 I~I 1150 I~'O) (A.42). 

If (- 1)lllIO + S "" I. the contribution to G from j-type isobars is 

invariant under interchange of the part.icles composing it. This 
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condition is just that imposed by generalized Bose statistics. 

2) If partiCle k was originally the odd particle( the one not in the 

isobar), under k-l interchange we obtain: 

O~".w(ak,J3k,)'k) -. (-1)" O~".M(al,J31,)'I) 

d:".o(8~) -. h Os-" d:".0(8b) 

(riso Ifso 1 1~1 I 0) -. ( 1150 I~sO 1 r~1 I 0) 

(1 r~ 1 1~1 liso I~SO) -. (_l)liso (1 l~ 1 1~1 1150 1~0) (A.43). 

This just Interchanges the contributions of k and type isobars. 

Therefore, G satisfies generalized Bose statistics. 

The function g obeys a symmetry under the intercha~ge M -. 

-M. Consider the factor of g for dipion j, 

l: d:".0(8h) O~".w(aj,J3j,-,J) (L 0 S -AI J -A) 
A 

(A.44), 

all other factors being invariant under this interchange. From 

this select the partial sum 

K(M) = d:".o O~".w (L 0 S -AI J -A) + dto Otw(L 0 S AI J A) 

(A.45). 

Using well known properties of Clebsch-Gordan coefficients and 

rotation functions, we obtain 

K = (OJ + (_l)L+S-J-MOJ- ) (L 0 S -AI J -A) dS -".M -".-w - -".0 (A.46). 

Apparently, 

(A.47). 

Since the whole function g(M) is obtained from Iiriear combinations 

or the K(M)'s, we have: 

(A.48). 
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Conseql1ently, the linear combinations of G's, which multiply the 

parity conserving amplitudes, are composed of terms proportional 

to Re(g) forry = +1, arid Im(g) for 1J = -1. 
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Appendix B: The Spin Averaged Intensity 

In this seeton we calculate the spin averaged intensity. We 

consider not only JP = ~+ rrp systems, but also JP = ~-, S-w8ve 

systems for which Y B = -1. If we abbreviate ("r'G)S,lul by TS,lul' we 

can write 

(B.1), 

where 

(B.2), 

,and 

(B.3), 

and 

(B.4). 

Substituting for HS,a' we have 

a,a' 
ll, S' 'I J' , ') DJ' 
'-2 "p -- a "6 A' A ' 

6' P 

(B.5). 

Now, 

(B.6). 

Therefore; summing over the outgoing proton helicity (Ap') , we 

obtain: 
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6L,l ( -1) 1/2 v'2( 6 J ,3/26 J' ,1/2 

+ 6L,O(_l)1/2v'2(6J ,l/26J',l/2) 

+ (_1)(L+3)/2 6J ,3/2 6J ',3/2(6L,o + 6L,2) 

(B.7). 

If we write, 

Y(S,S' ,r},rl' ,IJLI,IJL'I,a,a' ,J,J' ,L) 

(B.B), 

then t.he spin averaged intensity equals 

L Y x (1: (_l))o..p' (J -)o..p' J' )o..p,l L 0» 

5,S' ,r} ,TI' ,IJLI,IJL'I J'-J+5+S'-1 
a,a',J,J',L x v'2L + 1 J2J + 1 v'2J' + 1(-1) 

x~ (_1)-)o..£\'-M ( J J' L) DL 
.'- -)0.. )0..' -M MO 

)0..£\ ,)0.. P.)o..£\, (1/2 S J ) (1/~ S~ J' ) 
. • -)0.. • '-)0..' (B.9), 

"p a £\ "p a £\ 

where ( j. jz i
M

) is a Wigner 3j symbol. The inner sum equals, m. mz 
( -1) 1/2+o'+S'+S+L (S' L S ) S S' L S 1 (B 10) 

-a' Mal J 1/2 J' } . , 

+ 

where the braces denote a Wigner 6j symbol. Substituting (B.7), 

(B.B), and (B.I0) into (B.9) and performing some t.edious 

arithmetic we find the following expression for t he spin averaged 

intensity, I: 

(B.ll), 

where X is the n-tuple (Tr,I'T1.o,T1.I'To,o,Ti,I'T;.o,Tt,), nnd in 

terms of the components of a unit vector ,p', along the din'dion of 

the outgoing proton in the delta rest frame, the symmetric matrix 
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Table I 

311" partial waves allowed in this analysis. The columns headed Iso 

contain the isobar: E,p,or r. I is the total isospin. L is t.he orbital 

angular momen.tum between the isobar and the odd pion. J and P 

are the total angular momentum and the parity, respectively . 

. 62sM3nSi.2 GeV 
1 ~<M. < .4 r,pV 14:M <I lr,,·V 

Iso I L J P Iso I '''L J P Iso (' L J P 

p 0 0 1 + p 0 1 0 - P 0 0 1 + 
P 0 1 2 - p 0 0 1 + p 0 1 2 -
p 0 1 0 - p 0 1 2 - p 0 2 3 + 
E 1 0 0 - E 1 0 0 - p 0 2 1 + 
E 1 1 1 + E 1 1 1 + P 0 1 0 -
E 1 2 2 - f 1 2 2 - E 1 0 0 -
f 1 0 2 - f 1 0 2 - E 1 1 1 + 
P 2 0 1 + E 1 3 3 + E 1 2 2 -
p 2 1 2 - f 1 1 1 + f 1 0 2 -
p 2 1 0 - f 1 1 3 + f 1 3 3 + 
p 1 1 0 - p 2 1 0 - f 1 1 1 + 
P 1 0 1 + p 2 0 1 + f 1 1 3 + 
P 1 1 2 - p 2 1 2 - p 2 0 1 + 
P 0 1 1 - p 1 1 0 - p 2 1 ? .. -
p 2 1 1 - p 1 0 1 + P 2 2 3 + 
P 1 2 2 + p 1 1 2 - p 2 2 1 + 
n. 1 1 . 1 P 0 2 2 + p 2 1 0 -

p 0 1 1 - P 1 1 0 -
f 1 1 2 + p 1 0 1 + 
p 2 2 2 + p 1 1 2 -
p ~2 1 1 - P 1 2 1 + 
p 1 2 2 + p 1 2 3 + 
fl 1 1 1 - P 0 1 1 -

p 0 :3 :3 -
f 1 1 2 + 
p 2 1 1 -
p 2 3 :3 -
p 1 2 2 + 
.D. t t 1 -
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Figure Captions; 

1. N* pollution in the bin 1.7 S M3n S 1.8 GeV and .35 S Itp61 s .8 

(GeV / c)G. The triangles represent tolhe 6++1T- distribution and 

the histogram represents the 6++rro distribution. 

2. The moment (W_> (see eq. 26) of the 6~+ decay distribution. 

3. The moment (Wo> (see eq. 27) ·of the 6++ decay distribution. 

4. The moment (W+> (see eq. 25) of the 6++ decay Clistribution. 

5. The Euler angle a with z along the 1T+ for the bin 1.6 S M3n S 1.7 

GeV and .35 S Itp61 s .8 (GeV /cf2. 

6. Cosine of the Euler angle (3. Other specifications <same 'as 5. 

7. The Euler angle -y. Other specifications same as 5. 

8. Invariant mass of the 1T-1T
O system. Other specifications same as 

5. 

9. Invariant mass of the 1T+1T
O system. Other specifications same as 

5. 

10. Invariant mass of the'1T+1T- system. Other specifications same 

as 5. 

11. The experimental 31T mass spectrum for 1T+P -+ (31T)oA++ as d 

function of M)If is given by the triangles. The lef', hand sCi\le is 

events per 50 MeV; the right hand, J.tb/GeV. Fig. 11a :is for" Itp61 S 

.35 (GeV /c)2 and Fig. lib for .35s Itp61 s .8 (GeVy'c)G. The tolal Az 

int.ensity is given by the solid circles; the w' intensity by the open 

ones. Solid cureves are Breit,-Wigner fits to the 2+ intensity at low 

t an.d totheT" intensity at high t. Dashed curves are the same fits 
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normalized to the number of events in that bin. 

12. Phases relative to the Tg~ [1(2-5 fn)] at low t. in the Az region. 

Fig. 12a is t.he largest unnatural parity Az wave, the r?o[ 1 (2+ 

Dpn)]. Fig. 12b is the natural parity Az T~t [1 (2+ Dpn)]. 

13 .. Phases relative to the Tg~ [1(2-5 fn)] at low t in the Az region. 

Fig. 13a is the rg6 [1 (0- SEn)); fig.13b the Tg~ [ 1(2- DEn)]. 

14. Phases relative t.o the Tgo [1(2- DEn)] wave as a function of M3n 

at high t in the w· region. Fig. 14ais the T?o [0 (T Fpn)]; fig. 14b 

the T~o [0 (3~ Fpn)]. 

15. Phases relative to the Tgo £l (2- DEn)] at high t as a function of 

MJn in the w· region. Fig. 15a.is the Tgo [1 (0- SEn)]; fig.15b the Tgo ' 
[l (2- Sfn)]. 

16. The r"ltio or unnat ural to natural exchange contributions to 

oackground as a function o~ MJ ". Fig. 16a is at low t and fig.16b is 

at ,\igh t. 

17. The ratio of the amplitudes allowed by the quark model (s= 1) 

those not allowed by the quark model (5=2) as 6 function of M3n . 

Fig. 17a is at lew t; Fig. 17b is at high t. 

lB. The ratio of helicity nonconserving background at the meson 

vedex to helicity conserving background as a function of Mjn . Fig. 

IBa is at low t and fig. lBb. is at high t. 

19. The total 1+ 1""1, "AI", intensit.y as a function of Mj ". Fig. 196 i:" 

tlt high t; fig. 19b at. low. 

20. The tot.al 2- 1= 1, "A)", int",nsity as a function of MJ". Fig. 20tl i!' 
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at high t; fig. 20b at low. 

21. The total 1+ 1=0 intensity at low t as a function of M3n• 

22. The t.otal 0- 1= 1 intensity as a function of M3n• Fig. 22a is at 

high t; fig. 22b at low. 
, 

23. The total I=2 intensity as a function of M3n• Fig. 23a is at low t; 

fig. 23b at high. 

24. Differential cross sections in J,tb/(GeV /c)'z for 1.2·~ M3n ~ 1.4 

GeV as a function of·ltplll. The histogram gives the total intensity 

and the plotted points give the Azcontribution. 

25. Differential cross sections ·in J,tb/(GeV)c)zror 1.2 ~ M3n ~ 1.4 

GeV as a function of ItpAI. The squares give the unnatural exchange 

contribution t.o the Az, and the diamond~ give the natural 

exchangecont ribution. 

26. Differential cross' sections in J,tb/(GeV /c)2' for 1.6 ~ M3n ~ 1.8 

GeV as a function of Itplli. The histogram' gives the t.otal 

differenti~lcross section, while the plotted points give the w· 

contribution. 

27. Differential. cross sections in J,tb/(GeV /c)z for 1.6 ~ M3n ~ 1.8 

GeV as a function of Itplli. The squares give the natural excha.nge 

contribution to the w· and the diamonds give the unnalural 

exc hange contribu lion. 

28. Differential cross sectons in J,tb/(GeV /c)l as a function of It pAl. 

The points, diamonds, squares give the nalun,l exchdng(:" 

contributions to w,Az , and w· production, respectively. Ttl(' lines 
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are the results of fits to exponential functions overlhe monolone 

decreasing regions in t. 

29. Differential cross seclions in J,Lb/(GeV /c)z as a function of ItpAI. 

The points, diamonds, squares give the unnatural exchange 

cont.ributions to ,w, Az, w· production; respectively. The lines are 

the results of fits to exponential functions over the rT'Qnotone 

decreasing regions in t. 

30. t dependent phases in the region 1.2 S M)" s 1.4 GeV. Fig.30a 

gives the phase between, the T~o A2 and the Tg; [1 (O-or)] waves, 

Fig. 30b gives the relative phase between the T?o and T~t AI. 

amplit.udes. 

31. Differential cross sections in J,Lb/(GeV /c)2. as a function of ItpAI 

in the region 1.2 S M)" s 1.4 GeV. The points are the contributions 

from net helicity flip zero amplitudes In the coordinate system of 

the text. Fig. 31a is the T?o Az wave. Fig. 31b is the net helicity 

flip zero combination of the Tlr and TIl amplitudes .. 

32. Same a's figure 32 except the plotted intensities are the result. 

of crossing to the s channel helicity system. 
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