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Partial Wave Analysis of the Reaction

n'p m*n n%att at 7 GeV/c

Max Tabak

Lawrence Berkeley Laboratory
University of California

Berkeley, California

September, 1975

ABSTRACT

An amplitude analysis of the reaction n*p - a*a~n%** at 7
GeV/c has been performed using. the isobar model for the 3m
system. The 37 mass covers the range- .82 to 1.9 GeV. No
signit’icant’Al production ‘can be seen. The ,sp‘in—parity of the

w*(1700) is determined to 3. Properties of A, and " production

are determined and compared with theoretical.- models. The

background is similar to that seen in analyses of charged 3n

systems.

This work was done with support from the U,S-..
bnergy Research and Development Administration,



I. Introduction
For several years isobar model ahalyses of produced charged

three pion systems have been available!'?,

They confirmed the
resonant nature of the A2(1310),but cast doubt on .'the resonant
nature of the A;(1070). Although a lérge" enhancement appears in
the 1(JP)=1(1%) partial wave,the(associatevcli phase does not have the
Breit-Wigner be;havior as.sociated with a resonance. The
respectability of the A, .is further impaired by the existence of the
Deck effect, a combination of t;channel exchange and kinematic
accident, which qualitatively explain.s_the‘A, enhancément. On the
other hand , a resonant A; seems required by many Lheories,
notably the L-excitation quark model,chiral symmetry, “and
‘exchange degeneracy>. In an attempt to find the “true” A.i lurking‘
beneath‘lhe large Deck backgroﬁnd. we studied the reaction

ntpa>(mtnn0)att, , : o ' (1)
for which the Deck mechanism is inoperative!. Reaction (1) also-is
suitable for the study of I=0,2 meson final states not accessible to
study with charged final states.

By inclusion of information from the A** decay and the neglect
of double flip amplitudes, we obtain amplitudes' free_ from t_he
continuous émbiguities inherent in density niat_rix analyses. This
allows us, in principle, to determine the phase between natural
and unnatural parity exchange amplitudes, and to: detc;rmine

. phase variation in a particular three pion partial wave even when



the three pion density matrix is not appr\o,ximately rank one.

Thé plan of the report is as follows. In sectioln II. we give a
brief description of the "data and what selections were made.
) Sectio‘n III and the appendicés describe our formalism. Section IV
describes the fitting procedure and the quality of- ihe 'fits. In
Section V, we present our results. Finally, Section VI summarizes

the work and poses questions for further study.

II. The Data

These data come from a 700,000 pictﬁre exposure of a 7.1
GeV/c n* béam on the H, filled 82" SLAC-LBL bubble chamber.
Experimental detaiils and_scanning and measuring efficiencies can
be found elsewhere®®?. There were 85,856 events which fit the
reaction _

m*pantprtnn® o (2),
corresponding to a cross section of 2.16 t .09 mb. Events wvere
selected which had 1.16<M,+.<1.28 GeV. Ambiguous selections for
the cc;rrect n* to be included in the A**, which rangea from 5 té'
12% of the sample depending on the récoiling 3n 'mass,v were
weighted according to the.A.M Breit-Wigner. In this sample all
moments, (Yf)._of the n‘p decay distributions with L23 are
consistent with being zero. We (hen selected those events which
had |t ,l< .8 (GeV/c)? and 3m mass in the interval .82 < M, < 1.9

GeV, giving 12788 events to be analyzed.
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To study the amount of pollution from higher N™s we consider

the region where their effect is expected to be maxirhal; large ILPAI

~and M;,. Figure 1 shows the A**n~ and A**n® mass distributions,

*+'s and the histogram gives

where the diamonds represent the N
the N™**s,for 1.7 < M;, < 1.8 GeV and .35 < |t ,| < .8 (GeV/c)%.
Notice that both graphs peak sharply at low mass. However, ‘the

only known N*® in this. region has isospin 1/2, so the N*** signal

here must be a  reflection of some other feature of the data.

Similarly, we argue that much of the N** signal is also a reflection.

Consequently, we estirﬁate the total N* pollution as < 70 events in
this 883 event sample®. Becéuse what NA' signal exists is
distributed among many N*s, none of which dominates t;he_cross
section in itS region, the effect of exclusions (biased angular
distributions and greatly decreased s.tatistics)v is worse than the

malady that they would seek to cure. Therefore, no cuts were

‘performed on the data.

III. Formalism

For reaction (1) we define the production amplitude ]
P v
Ti:';:’(MJ,,.tPA), where J,P,M;,, and t , are the angular momentum

_of the produced three pion‘system, its parity, its mass, and

momentum transferred squared between the incomihg proton and

the outgoing A**, respectively. n labels the set of 3-pion



quantities: }isospin, isobar, orbital angular momentgm : between '
isobar and odd pion{, and will be more fﬁlly de‘.scribed in‘.App'endix

A. M(Ap,)\A) is the z—component of spin.of the thrée pion system

(in'coming proton. outgoing‘ A) along the.vectpr 6 (6') in the. Lhreé

pion (4) rest frame. C,. (Cp‘) is the four vector iﬁdependent of M;,
(M,), orthogohal to the four—momén_tum of the produced meson
(baryon) system, and whose spaﬁal components. lie in tﬁe.
production plane. .In the situation that ItpAI << s, we have:

Geg + MG 43y | 3,
2s P .
where a" (ap, aA) is the momentum of the pion (proton, 4) in the

rest frame of the 3 pion systerh. And,

_'n - . t’—mz g 0 nd . ‘

C = qp +T(Qu + Q3n) (4)v
where ap' (q,'s 63,,‘) is the momentum of the incoming proton
(pion, outgoing three pion system) in the A resbtA frame. In both

cases we take the Y axis as the normal to the production plane:

e

Y o qp X qu. ' . (5)
These choices for quantization axes are motivated by the véc@or

9 0

dominance model of Cho and Sakurai’ as extended by Wagner!®,
which predicts helicity conservation in lh;_lS frame. This model has
been successful in describing. the production of both vector
mesons and diffractive meson and N* systems. Therefore, this
frame was adopted with the hope that its use would reduce the

number of parameters required to fit the data and as a test of

these dynamical models. On the other hand, for most of our



. To study the amount of pollution from higher N™s we consider
the region where their effect is expected to be maximal: lvar'ge ItPAI
and 'M,,. Figure 1 shows the 4**n~ and A**n® mass distributions,

**+'s ‘and the histogram gives.

where the diamonds represent the N
the N***'s,for 1.7. < M3, s 1.8 GeV and .35 s.ltpAI < .8 (GeV/c)?.
Notice that both graphs peak éharply at low mass. However, the
only known N* in this region has isospin 1/2, so the ‘N'“A signal
here must be a reflection of some other feature of the data.
Similarly, we argue that much of the. N** signal is also a reflection.
Consequently, we estirﬁate the total N* péllution as < 70 events in
this 883 event sample®. Because what N.' signal exists is
distributed among many N*s, none of which dominates the croSs
section in its rggion. the effect of exclusions (biased angular
distributions and greatly decreased statistics) is worse than the
malady that they would seek to cure. Therefore, no cuts were

performed on the data.-

I11. Formalism

-

For reaction (1) we define the production amplitude ]

4 Mn h P.M d |
TAA.AP(MJ,,,tPA). where J,P,M;,, an tps are the angular momentum
. of the produced three pion system, its parity, its mass, and

momentum transferred squared between the incoming proton and

the outgoing A**, respectively. n labels the set of 3-pion’



quantities: }isospin, isobar, orbitél.angular mornent_urn between |
_isobér and odd p‘ioni, and will be more full); deiscribed in App_endix
A. M()\P,)\A) is the z—component of spin of the three pion system
(incoming proton, outgoing A) along the vector ¢ (&) in the three
pion (A) rest frame. C” (C"') is the four vector independent of M,,
(M,), orthogonal to the four-momentum of the produced meson
(bar;yon) system, and _ whose spatial components lie in th‘e
production plane. In the situation that Itp;\I << s, we have: °

.. bem? - Lo

C= Qp +?"-(qp +q,) (3),
where a" (ap, HA) is the momentum of the pion (protoh; 4) in the

rest frame of the 3 pion system. And,

F A t,-mz-»‘ - ’ . N
C= qp + 2s (qn + an) (4)'
where Eip' (q, 63,,') is. the momentum of the incoming proton
{pion, 'outgoing three pion system) in the A res( frame. In both

cases we take the Y axis as the normal to the production plane:

- -

Yoq,xqy : - (5).
These choices for quantization axes are qmotivated by the vector

9 0

dominance model of Cho and Sakurai as extended by Wagnerl ,
which predicts helicity conservation in Lhis frame. This model has
been successful in describing‘ the production of both vector
mesons and diffractive meson and N° systems. Therefore, this
frame was adopted with the hope that l.ts use would reduce the

number of pérameters required to fit the data and as a test of

these' dynamical models. On the other hand, for most of our

4
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kinematic range this coordin‘éte system is' within 30° of the
t-channel frame for which apvproxi.mate helicity conservation has
been observ'ed in similar analyses of charged three pionb
systems!: ThlS fact weakené our ability to test these
models,while making it likely‘.thatwe can't be too far wrong in our
choice of coordinate systems. K

The dependence 6f the production amplitude under rotations
oh"the baryon spihs i's of the form: |1/2)x|3/2). We decompose this
Kronecker product as:

iM;? =z (1/2’\ SMIE‘/2)\A)TJ Mn\/(25+1)/ (6).
7P s,u

If S is restricted to 1, we have the 'so—called class A predictions of

the qhark model!!: those which depend only on additivity. That

is, the meson—-baryon scattering amplitude is the sum of

constituent. quark—quark scatterings. Since a single quark can

experience only single flip and both proton and A** have the same

"orbital angular momentum in the symmetric quark model

classification schemelz. the baryon current ‘must behave as a

spin-one object under rotations. Similar predictions come from a
dipole coupling model'? or for natural exchange alone (see below)

'the venerable Stodolsky~-Sakurai model!4

. These models have been
successful in describing the production of the delta isobar when
the associated meson system was either a n, K, p, K'(890), or

w(780).

This decomposition of the production émplit,ude is also useful



in imposing parity constraints. By reflecting in the production

plane, we obtain:

JPMn

J-M=Ay=A,~1 JP-Mn
Ay

Toah, .

The decompdsed amplitudes obey the following rule:
J-M+S-p-1 .JP-Mn '
L oy (8).

This restriction is built into our formalism as follows. If we define

T = P(-1)

Py
T Su = P(-1)

Yy = P(=1)/-M-! ),
for the meson vertex and |
Yg = (-1)5™ o o (10)

for the baryon vertex, then a new amplitude can be written which

- manifests parity conservation for the production reaction:

JPM JPM JP-M
e(u)E(M)nB[(T " Ts,, MY YT 4y Y, T oM™

(11),
where the quantities 7 and ng can take the values ¢1, and.
e(u) = vV 2/4, for u=0

- (12).
=V 2/2, for u»0 '

Thisvexpression , denoted by TJPét("In'n vanishes unless ’iu="8=”- To
the order (1/s), n=+l(;1) corresponds to -exchange in the
t—channel of objeqts of natural (unnatural) parit-y‘s

The amplitude for a meson sysiem of quantum numbers
J,P.M,n to decay into three pions, denoted by G’P"". is given‘ in
reference 16 We sketch a derivation in Appendix A. The A“ decay

amplitude is given by

;\3/2 (x,B,7), where Ay is the helicity of the decay proton and
arA : ‘



a,B,7y are the Euler angles which rotate the outgoing pr'oton from
¢' to its direction. The total amplitude for a particular event for
given incoming proton spin, )\p, and outgoing proton helicity, Ap s

is then of the form:

. p Py ,
T, . =Z Hg , , T ¢! Mn TJSM" (13),
PP s el gP Mo S
where,
W

eI IYZY, . *3/2
S"")‘p')‘p' = V{(2S+1)/2 (1/2 )\P S ul3/2 Ap) D’\A')‘p' (14).

For a particular choice of JP.n,S,)\p, and )\p. consider the partial
sum:
- M, ~M ~M =My ~M~—-M M ~M
K = y(M)y{(u)[T*uG Hu + T“ G H“ + T_PG H_M +T_MG H_M]
(15),

_whefe (M) 1/2.for M=0,

(16)
1 for M#0.

In terms of amplitudes of definite 5, we have:

s o o
K—ﬁ%}){ﬂ' +T7) (YgGMH_, + Yy G™"H,)

+(T* = T) (Y_“YBG‘“H_M}(:“HM)] an),
M teeM 4 v aMy (k |
%[T 4+ Y™ (b YHo)
+T7 (-iGM+iYyG™) (-iH,+ iYgH_))] ~  (18).
Consequently, ' |

T - ZSEZ JP'Mh\!!MZ ' M -M
Mot = Gl 2eaylMon * Vel 2 T oc0ey (G NET

. _ . JPJMIn— iy(M) M_ .-M

(19).



Schematically, we have .

T o . -> ~» - N ﬂ’_ —)_ ' v . b.
Ao = ;{:I I (HZ TS G + H5 y T5,440G7) (20).
el
The spin averaged intensity is: ‘ _
[= T (FO,,, Ak, (TGSl | (21),
Sluln -
S'luln’

where A is a matrix calculated in Appendix B.

IV Fitting
The progvra‘ms employed were extensively modified versions of -
programs used for isobar model analyses of low energy nN -» Nmr_l7
fovrmation reactions and n*p » (n*n*n7)p 1. There are three major
programs and a number of sﬁbsidiary ones, which in various
versions run on large CDC and IBM computers. The first program in
| the string, LTRI. computes the G functions and the A matrix (see
section III and the appendices) for both the data énd Monté Carlo
generated events. Roughly, 10—20 Monte Carlo events were
generated_for éach real event. The M§nte Carlo ‘events were inpﬁt,
to the program KREBS which calculated normalizétion integt;als. If
G* and G~ are vectors of G-functions for natural and unnatural
exchange,respectively, and
K, = fG*G")! and K_ = JG(C)! (22),
where (he integrals are over three pion phase space and.t denotes
Hermitian adjoint, then we have for'th'e cross section

o o« L(FHNK, Ty + Z(FTMK_T} . (23),
i J
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where the sums are over p-A labels and all poésible innerv products
are to be performed. The K matrices can also be calculated with a
numerical integration over the Dalitz plot, but the Ménte Carlo
e\rerits were also useful for comparisons of the fits ‘with the data.
The G—vecr.ors. A and K matricés were input for tﬁe program
PWA3PI, a user functior for the general. purpose fitting system,
OPTIME'®. Using a modified Newton-Raphson techniqqe. OPTIME
maximixed the log likelihood given by | |
L= }N: In(I') ~ No - (24),

where N is tl;el number of events, I (eq. 21) is the probability for a
given event and o is given by eq. 23, in which vthe T‘'s act as fitting
parameters. This form of likelihood function automatically

normalizes our amplitudes to the number of experimentally

observed events. A quoted' partial wave cross section is then given

by IT,°K;;,» where T, is a particular element of a particular T vector

and K;j; is the associated diagonal element of the matrix K.

The data were binned in Athe three pion rrmss, VM3,,, and
momen(um transferred squared, LPA. between proton and A*_* with
approximaiely 500 events/bin. For mass dependent fits, two t
iritervals were used: 0<|t|s.35 and .355|t|<.8 (GeV/c)® (hereafter,
lovr t and‘ high t). t—dependént fits were performed in two mass
regions: 1.2 < My, s 1.4 GeV (A, region) and 1.6 < M3, < 1.8 GeV (w*
region). Since the A, and w* amplittndes vary considerably over 200

MeV, we includéd factors of (EO—MJ"—iF/2)" in the fitting



paramet'ers, wﬁere _the central .mass an_d width Had béen
determined in the mass dependent ».fits. This procedure was also
applied to mass dependent fits. Acros; Lhe peak of the Az this
improved .the log.—likelihood" by 50 for equal numbers of
parameters, élthohgh individual parti_al wave cross sections were,
vlvith'm errors, un‘cvhanged. : |

For a list of meson partial wave quantum numbers allowed at
each M,, see Table I We neglected amplitudes which had helicity
changes of more than one Alunit at either meson or baryon vertex.

At the highest masses, this still gives, counting both meson and

baryon quantum numbers, 473 real parametérs. This wealth of

parameters is associated, unfortunately, with a paucity of events.
Consequently, we adopted the following fitting strategy: First, we

varied only those waves which were present in the charged. 3nm

system as determined by previous analyses!'? for both I=0 and I=1

amplitudes, and only S=1 amplitudes at the p—4 vertex. Then, in
succeeding fits, we added parameters with the aim of significantly
increasing both the likelihood and the energy continuity of the
solutions. We rejected £hose parameters which did not meet these

criteria. This procedure was iterated until the major waves

stopped changing. Not only did we vary the set of waves, but we

also tried multiple starting points for a given set: usually the fits
converged to the same solution. The results presented here are

those of our highest likelihood solutions (for M;, 2 1.2 GeV we use

10



(hose ,where- t‘he resonances have energy 'dependent
parame_:trization) but share major features with eaflier fits.

We were guided in our seiection of pérametérs by certain
moments of the A** decay distribution. If (p,,py.p,) is a unit
vector in the direction of the_ou‘tgoi‘ng_ proton in the a** fest
frame, we have, using the K matrices as rriétrics, the fdllowing

reiations between the T, and certain moments (see Appendix B):
W, = (5p2 =3) = [T, + 5l + 5,2
| L2y 12 2 R- "—. v :
- 3T + 75 Re(T T3y | (25)
W= (5p% - D) = [T, 12 + 35l - 315,12
+ T + S Re(El ) ' " (26)
Wo = (5p; - %) = Tl + %l'_fgolz + -gi'_fgllz
+ [T3l2 + %ﬁg,ﬁ - %Re(,‘f;g-‘f;l + T
(27) | o
Note that if only S=1, i.e. quark model,. amplitudes contribute, W,
gets contributions from natural e*change oqu. while unnAturaL
exchange contributes fo W, and VW_. However‘,_ihe total amounts of
natural and unnatural .exchan.ge can be determin.e‘d from the
meson véitex alone. These independent measurements of
natu;‘ality contributions give a direct test of the hypothesis: S=1

only. "In fact, large amounts of S=2 were required. A comparison

of the W, as determined from the fits with those from the

11



moments as a function of M;, for low and high t is shown in figures
2-4.

In figure.s 5-10 we compare the fit at high t for the mass

interval 1.6sM5,<1.7 with various projections of the data. x%'s of -

30 for 20 degrees of freedom were typical. This can be compared .

with fhe results of.a low energy nN -» nnN isobar model analysisl
which had sufficientb statistics LQ simultaneously bin in eill
kinematic variables. For one dimenéi;)nai projections they héd
typically, XZ/ND = 20/10, whivle their 4—dimensional xz/N_D were
typi'caily 225/225. This illustr;ates several points concerning isobar

model likelihood fits. First, they can't track rapid fluctuations

unless they are put in by hand. For instance, on figure 10 .the po.

signal is well fit, while the bump near the f° mass is much

narrower than the f% is thought to be. Second, these model fits

average over regions in the total phase space to maximize the

agreement between model prediction and local event density. This -

means that they are less sensitive to measurement errors and
statistical fluctuations than analyses where this one-to-one

correspondehce between the events and the model is lost. Thus, if

these models are to be improved to bettef understand the

underlying dynamics, we must drastically improve statistics (so
that failures of the model can be separated from the statistical
jitter) and find ways to propagate measurement errors to the

fitted amplitudes.

12
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V. Results26
Figure 11 'shows‘th.e mass distributions for both t intervals.
The peak at M;,~ 1.3 GeV is taken up by the 1JP= 1 2%, A;, and that
at My, = i.?‘ GeV by the w'(1700) found earlier in its (3m) and (5m)

decays®1:%2,

This analysis has determined that the IJP assignment
of this state ié 0 37. A fit with a Br'eit—Wigner distribution to the -
points for the A, cross section at low t. gives a rﬁass of (1.298 E
0.008) GeV and a width of (0.122 + 0._012) GeV. Figures 12 and 13
give the phase of the TL"J:{ [I(JPisobar)] ='T?; [1(R%0) ], T{‘{ [1(2*p)],
T (1(07€)], T2 [1(27¢)] amplitudes relative to the ~

20 [1(270)] amplitude in the A, region. The A, ph@ses are modulo
tan~![.061/(1.298 — M;,)]. The large T9 [1(2*p)] shows nicé
Breit—Wigner phése behavior, while the smaller Tiv [1(2*p)]
although consistent with Breit-Wigner behavior is much less
stable. Integrating the A, Breit—Wigner gives a productioh Cross
" section of (53 + 7) ub for |t} < .8 (GeV/c)3.
| A Breit-Wigner fit to the o' mass plot at high t gives a mass of
(1.669 + .011) GeV and a width of (0.173 £ 0.019) GeV. Ir.ltegrati'ng'
this gives a pr.od‘uc_:tion'cross section of (33 &+ 12)ub for |t| < .8
(GeV/c)?. Figures 14 and 15 give the phases of the T% [0(37p)], T‘l’f
[0(37p)], TS [1(07€)], TS [1(271)], relative to the T3¢ [1(27¢)] in the
_high t interval. “The w* phases are ‘modulo
tan"[.‘OBG/( 1.669 - M3,)]. Th; combination of small cross

sections, N* pollution, absence of large constant background waves

13



and averaging over large t-intervals makes obtaining reliable w*

phases difficult. The situation is further complicated by_thé fact

that the ' branching ratio into T?a and T‘l’; changes across the

peak of the distribution. That is, the w’ polarization is constant
across the bump, but the associated A polarization changes. This
is reflected in thev W, an_d w_ moment's which have spijkes at
slightly different masses (figures 2,3). Nevertheless, the
Breit-Wigner. shape of the mass plot, together with a mass and
width comparable to that of the g-meson, makes a resonance
interpretation plausible if not certain.

Béth the A, and the w" are produced dominantly by unnatural
exchange as predicted by Fox and Hey?3, and in agreement with

recent experimental results®® on the reaction n*n » (n‘n‘nO)p. In

fact, semi—-inclusive duality®® predicts the following scaling law for

‘the ratio R of natural to unnatural exchange:

(Ray(t)—2ay(t))

R ~ (m?) (28),

where m is the resonance mass, and ay and ay are the natural and:

unnatural exchange trajectories. Taking ay - ay as 0.5%8(this
value comes from effective trajectory fits Lo ‘density matrix

elements of the reaction n*p -+ A**w and thus includes the effect

of cuts and ill understood backgrounds, but agrees with the

theoretical idea of m—B exchange degeneracy) and using the value

R26:27 = .8 + .07, we obtain the predictions RA = 0.29 + 0.03 and
2

R* = 0.18 ¢ 0.02. This is in fine agreement with our observed

14



ratios of Ry = 0.34 £ .03 and R.» - 0.24 + 0.04. However, this
.agreem>ent may be fortuitous as we shall bsee when the results of
: tAhve t—dependent fits are presented. |

Theré are marked differences in the production mechanisms
between the natural spin parity resonaﬁces and the unnatural spin
parity background. Whereas we have seen that the r'esona}nces' are
produced dqminantly by unnatural exchange, the _background‘ is
producéd by natural exchange. Figures 16a,b show the ratios of
.unnatural to natural.exchange for the background amplitudes.
The non—quark amplitudesv TL“J"[ are not required for the
resonances, but they dominate the background.. This is.showﬁ.in
figures 17a,b. | Appafently this background cannot be produced via
a Deck or multiperipherai mechanism since the p‘-A coupling is
ﬁnlike that found in other natural exchange dominated reactions.
Furthermore, the backgr‘ound is helicity conserving to the level of
107 in our c_oord'mate system as figu-fes 18a,b bear out.

The background isb shared by' many partial waves., In figures
19-22 we show the strongest of these. The I(JF) = 1(1*) A, is quite
small (figures 19a,b) in the A, region (1.06 < M;, < 1.2 GeV). ‘For a
width less than 150 MeV we estimate o(A;) < 3.5ub. An A, hiding
under the A; as ‘pr'opo‘sed‘ in reference 28 is also excluvded. The
1(27) A, (figures 20a,b) although large does not exhibit a resonaﬁce

like structure. The peaks differ in the two t bins and also differ

from that observed in the reactions m*p » n*m*n p!2:29.30  The

15



(o] { 1*)‘ wave .(f'l'gure 21) wave has a peak at the B meson mass, but
hgs 0 < 4.5 ub for a width of 150 MeV in this region and exist.s only
at low t. However, it is comparab@e to the "A,"' in ma:gnvitude.‘ ‘The
only other large background wave, the 1(07) is shown in figures
22a,b. The VI=2 background; ‘shared among many angular
momentum states is shown in figures 23a,b.

There is also-a low mass enh.anceme,nt»for‘the 1* I=0 waves
"which is _partly due to misidentified photons from n' decays”. "The
production cross section for A“r)_' production for this experiment’
is 14.7 £+ 1.7 ub when the a** Breit—Wignef is integrated. 250 fake
eventsb coming from the decay ‘n‘-’n*nfy were generated and of
‘these 209 fit the hypothesis n*n~n® 32, This fact, together with

t

the known branching ratic of .27°% of 7' into n*m™y, gives
a'ppr.oximately 90 events of 7' contamination in the region
.9<M,,<1.06 GeV. C.conservation and Bose statistics require that
the ﬁ*n‘ system have odd spiﬁ (henceforth, we assume spin one).
Since the 7' is spinless, there can be no pre_ferred'oriehtati'on in
‘the decay into p%y. Therefore, when the photons are.misidentified_
as pi.ons, we expect the p"nm" distribution to be S—wave; _Thé I =
0,2 1*S pn amplitudes coming from the analysis are such that
when pn charge eigenstates are formed in the region .82£M3"sl.06
GeV, we find 249 p°n° events. This is more than we expected from

n’' contamination and accounts for most of the I = 0,2 signals.

Furthermore, the lllinois group33 has pointed out that the
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smallness of'thé.D_alitz plot in this region makes distinguiShing_
1"Pe and_i"Sp waves difficult. This .is just another face of the
pr§bleﬁs_causéd when @he unitarity violating isobar model is usea
to fit regions wit,h. large overlaps of resonance bands. Therefore,
results for thfs low mass region for 1* waves should be viewed with
some caution. |

We now turn to a discussion of the t-—dependence of the
resonances. All of the quoted distributions. in wbhat. follows, have

been corrected for t ; effects by scaling the observed number of

n
events to equal phase space volumes. For the A, this is a factor of
two correction in the lowest t-interval, while for the ‘w' this
amounts to a tenfold increase. Figure 24 shows the A, differential
cross sections together with the Lotalldifferential cross section in
that r\egion, while figure 25 gives the natural and unnatural
contributions to the A;. Figure 26 shows the total w" differential
cross section and thle total differential cross section for 1.6 < M;,
< 1.8 Gev, bwhile figure 27 gives the natural and unnat\jral
contributions to the w'. The ratio R of natural to unnatural
exchange contributions calculated from Lhesejgraphs is slightly
dift_’erent‘ from that given previously. The previous numbers come
from includi_ng all resonant ebvents. and here we have t.aken only a
200 MeV wide slice in meson mass.

There is another prediction of semi-inclusive duality collateral

to equation 28, namely
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do
dt

m?2) ~ e—2a“t In(m?) - (29),

where i corre:sp'oricis to either natural or unnatural éxéﬁange, dib"is
the -slope of the Regge .trajéctory. i. and m is the mass of the
resonénce. If we assume a slope of one fof' the tv_'rajectoriés, then
this formula predicts that the slope of the t—distr;bution decrease
by 2 and 3 units ;for A; and W', respectively, relative to the w. In
figures 28 and 29 we plot the natural and unnatural exchange

27, A, and o' production. The lines are the

contributions to w
results of fits of A e® to the approximately exponential regions of
the t—distributions. For natural exchange contributions we find:

b, = 5.58+.44, b

w

A= 4.42+1.04, and bw. = 6.2 £+ 4. So within these
2

large errors the results are consistent with the antishrinkage
prediction. For unnatural exchange contributions we have b, =

3.43 ¢+ .39, b, = 3.29 + .74 and bw' = 3.17 ¢+ .67, in disagreement

Az
with theory.

The relati\}e éhasé between the Tit and TS A, amplitudes is &
70° (figure 28b). We remind the reader vt.h.at our unnatural
exchange amplitudes‘ differ By é minus sign from the usuél
convention. This implies that the n-p-A, and n-B-A, coﬁplingS
are of opposite sign, if the phase between £he amplitudes is to be»
compatible with tha}t coming from the Regge sjgnature factor
e"/2 and 5 a, - ags 1.

The relative phase between T3 [1(2*)] and the T3§ [1(07¢)]

shows a 180° change around t ~ —6.175 (figure 28a). We see that
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this is;refle'ct,ed in the |T?6|2 A, intensity which has a dip in the
same region(figure 29a), as does the net Helicity flip >zero
amplitude 1/2(Ti} - TIT) (figure 29b). This is behavior is
charactéristic of the Bessel function Jo(b\/_—_t) suggested By

various absorption models34:3%,

However, these absorption models
specify their structure in the s—channel helicity frame (SCH).
When we crossed our amplitudes to the SCH the previously
observed structure becomes much less ‘marked (figures 30a,b).
.Note, however, that an amplitude which is essentially helicity
conserving in one coordinate system (as in this case) will lose
successively largér amounts of cross section to other amplitudes
in another coorc}inate system as the crossing angle increases..
The effect of this is to wash out structure at low It} with a general
decrease in cross section at ',higher values of |t|: we replace one
“lumpy” amplitude by many smooth ones. Furthermore, an effect
concentrated in the reg.ioﬁ .15<|t].2 is mainly framé indepen.dent '

since the crossing angle is small here.
VI. Conclusions.
The first partial wave analysis of the reaction n*p-)AA“(rr‘n’no)
has been performed. In the (3m)° mass distribution between 0.82
and 1.9 GeV, we have observed the A, and a peak due to the '

~ production of a 37 w* state with the same mass as the g meson. No
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significant A; production has been found. Resonance production
agrees with the predictions of the quark model and some of those
of semi—inclusi\}e duality. Evidence for possible absorptivé effects
‘in A, production was given. The background waves behave vefy
similarly to the corresponding ones found in other 3n systems,
although their production mechanism violates the additivity
assumption of the quark mbdel.

Finally, we mention some problems which remain for future
investigaton. Better methods are required for comparing the fits
with the data than those involving binning data. The effect of
measurement errors and finite experimental resolution should be
taken into account in the fits. More work must be done to
understand the extent to which the isobar model violates t,hé
- axioms of unit.ar‘ity and analyticity of S—-matrix theory. This is
important for two reasons. First, our infereﬁces regarding meson

spectroscopy would be suspect if the model on which they are

based were in violent disagreement with the accepted principles of

physics. Second,‘developing reliable techniques for calculations in
strong interactions is in itself a laudable goal and three meson
physics seems an ideal testing ground for such methods.

In this analysis we found vmajor contributions from 5 T
vectors. We were able to distinguish these by using information
from the_décay of thve A**. However, Lhis incoherence can arise

not only from production dynamics (as we supposed), but also can
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come from averaging over bins where.there are rapid variations in
productions matrix eléments. ‘That this is a major problem in this
’anél)}sis_ is unlikely, since the structure of 'i" vectors was
_unchanged when we changed from an - energy independevnt
parametvri;zation of the_a resonances to an energy dépendent- one.
Nevertheles_s‘, vthis will  be checked when the large increase in
étatistics dﬁe to the large fnultipar_ticle spectrometers allows finer
binning.

Repetition of this- analysis on data at oih_er energies seems
quite worthwhile. It would not only check this analysis, but also
offer new in'formation about Regge phen_omenology:. we would have
independent determinations :of Regge trajectories fr§m phase
behavior and ehergy dependence. A study of the reaction K'p -
(31!_)01\0 could be accomplished with minor changes in t.echbique.
In this reaction the A° polarization can be directly measured so no
assumptions.concerning the spin structure at the baryon vértex

need bé made.
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Appendix A:Meson Decay Arﬁplitude

vBéfore we begin a detailed descriptién §f t_he formalism we
give a qualivtative discussion of the. problems faced in fitting
'3—bod)‘/'f'mal states and our motivations for adopt,ing the isobar
rﬁodel.

There are 3N-4 indepvendent‘ kinematic variables, in this case
5 (in formation reactions one of these is trivial), required to
describe an N particle final state. " For this problem one poséible
‘choice is:. one dipion invariant méss, one dipion decay angle and a
set of 3 Euler angles which dvescribé the orientation.of the plane
defined .by the three pions with‘ respect to some external
coordinate system. This choice éf variables is picked with a
sequential decay picture in mind. Now we have some decay
~ amplitude f(m,,;0pa,8,7) which, when squared, gives the
d.istributionv of the outgoing pions. If G{(@p) and Hj(a'.ﬁ,y) are
complete sets of orthogonal functions, | o

f=I o (my,) G(6p) Hia,B,7) A
There anrl;eJ certain practical problems with the expansion giveh for
f. It is not manifestly Bose symmetric. Thus, any Biases
‘introduced in data reduction are propagatéd to the expansion
parameters, a;(m,,), which therefore have no simple physical
interpretat'ion. This can be remedied by writing the amplitude in

the following symmetrized form:
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5 o . . : .
=2 I au(m'ﬁn) G,(65) Hj(ak,B¥,7¥) , (AR
k=1i,j=1 ' : v

The label k indicates the choice of diparticle. The various

symmetry prop.er’ties amount to constraints on the a{}(mi,‘,").. Now

"we are left with the problem of determlmng the ay(m,,) with

llmlted statistics: 500-1000 events in a typlcal bin of 3 pion mass

and momentum transferred squared. If 6he is interested only in
the angular momen.tum_ brpperties of the initial state defined by
the 3 Euler angles, one can bin in the remaining variables m,, and

Op, or more symmetrically in the Dalitz plot variables, ss,‘,,) and s

, and perfor'm.a moments anaiysis. Unfortunately, for a grid

system as coarse as 5x5 this procedure gives us only 20 to 40

events per bin. : Consequyently, -this will .not become a viable

procedure until statistics have improved by factors of 10_100-‘.

Therefore, to avoid binning on the Dalitz plot, a prescripton for the

S dependencé of the amplitude is required.

The isobar model supplies this prescription. It. amounts to
taking the sequential decay picture literally, that is, as a
dynamical model not just an acéounting device. It is motiyatéd bj/‘
the fac_t that resonance bands dominate the Dalitz plot.

The formalism now 'begins witrh some definitions éf state
vectors and their normalizations. If Ypa is a étate of momentum p
. along the z—axis with .helicity A, the general stinte is then
IPA) = 1p 6 ¢ A) = R(8,0,-9) ¥ (A.3),

where R is the rotation operator. Our normalization is:
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(6" NP A) = 2E 63(p' = B) bpr | (A.4).
F‘ollowirig Jacob and Wick3® we define a x state as: |

Xen = (1P R(0,m,0) Yo = (-1 g, (A.5),
where s is the intrinsic spin §f the state. Multiparticle states are a

direct product of single particle states:

’El Afs BZ Az»‘_""sn )\n) = rI}I IE. )\i) o | (A.6).
For two particle states we intl;o1duce relative coordinates:

B=Pi+ b B=aBi-p) am,
aﬁd . ‘ |

IB.p.ALAL) = 1B ADIP2A,) (A.8).

To discuss the decomposition of two particle states into 'angular_
“momentum states, it is convenient to work in the two particle
center of mass and to take particle two as a xy—state. Thus,

P = 0,5,AA2) = R($,6,-9) ¥_ , x (A.9).
_ PA,

PA;
The angular momentum states are then defined by:

IP = 0,p,J M,A[LA,) = Ny S Din(9.6,~9) 1B = 0.5,)\;')\2) d2(A.10).
Here, J is the total angular momentum, M is it z-component, A =

Ay = Az, and N,, a normalization factor, is given by (5—4—7'—1- /2.

1/2 | »
(-;‘L) / . Wis the total energy in the center of mass. To convert
"from a helicity basis to an L-S basis we have the following formula:

(ZL + 1\1/2

IP = 0,pIM,LS) = L (55— ( Sy Ay Sz =A IS A=Ay)
Al,Az

2] +1
x (L OS A=Al M) [P = 0,pIM,A, A,)  (A.11)

Having disposed of preliminaries we now begin calculation of
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the isobar ampliiude', G. Consider an initial state In .M)S. 7, wbher.e M
is the spin projection in an exterﬁal'coordinate syystefn S' and n
labels the set of quantum numbers }J, P, I, I,]. Ho'wever, we Qant
t§ evaluate thé decay amplitude in a bod} fixed coordinate sys'tem
S: . . . |

G=(8,8a8ITIaMs . (A12)
Here 6,. 6k, 6( are the ‘rr-lomenta in the three pion reét frame of
the outgoing pions. | j, k, 1§ is a cyclic permutation of {1, 2, 3{,
the latter set being a speéifié ordering of particles——say that on
the data tape. But,

{8, 8u8ITInMg =L (3, 6, 8 T1n My Dlyla.br)
(A.13). "
With (x, y, z) and (x', y', z') the basis vectorsA in systems S and &',

respectively, the Euler angles are given by:

a= t.an"(ﬂzzr-:-:-‘)!(-) » , ' (A.14)
B = cos™Mz-2) | (A.15)
v.7 = &an"(ﬁ) ' _ ‘ (A.16)

Introducing a sequential decay scheme, T= T,T,, we have

- -» - 3 3
(. G, G TIn m)= fi—oﬂ% 2K, 6’(0 + 3,

(o]t ok’ ol Tzlon» Mn- 0 )(on""n ’ Q l T In
m)
(A.17)

We have just assumed that only two particle intermediate states



contribute. We now make one further assumpti.on: T, acts only on
|6,,, o). Therefore, » .

(@}, Bo Bl T2 | B s B) = 2Epm 673, - Tou)(Br 81l T2 16, 1)
(A.18).
Consequéhtly, »

(§;, 8 G| TIn m) = E (Gier GiIT21=8; XG;,=8; AITyIn m) (A.19).
Here the isobar is takén to be a x state with helicity Aj.

Decomposing (Sj,—b’, Ajl into angular momentum states we have,

@, 8, A Tl Inm)= (2J + 1)1/2(4W)1/2 Jx

A (@)
x (Qj Jm,)\jl T, |J n m) (A.20).

If wé choose the z __axis of the system S along 6j and the y axis

normal to the 3—pion plane, the argument. of the rotation function

vanishes and the function becomes a Kronecker delta in its

indices. Thus,

GGy NI Ty Inm) =6\ (aJ 1 1/3(4w)1/2(0j.Jm AT
|Jnm)
(A.21).
To fix the parity of the system it is cqnvenient to convert from
vhelicity_to LS statnes. Using (A.11) we have:

2+t 1/2

1]

(A.22).

' 5j, Lj are the spin of the isobar and the relative orbital angular

momentum between the isobar and the odd pion, respectively, and
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(i, m, j, my| J M) is a Clebsch—-Gordan symbol. Thus,
C(2L+ 1)1/2 (Wy1/2
G -Gaiinm = o, (S20)75 ()70

(A.23).
Using rotatonal invariance we write
(JL.S m|T,|Jmn)=T1" ~
17 1 L;S; (W, t, wj)'. (A.24),

where w; is the mass of the diparticle. We now' evaluate the T,
matrix element in the rest frame of the isobar.
<—Qk|-ol| Tz | —bthj) = <Qkazl|l TZ ISJ)-)‘J) . (A.25)

ak is the momentum:  of pion k in the dipion rest frame.

‘Performing an angular momentum de.composit.ion. we have
' (Gk.b’,l T, | _—c")j,}\,) = (—WJ—)/Z (2s) + 1)1/2 D“ji; o (decay)
mq, . -}
x(ai S; -M T2 1S5 -A) (A.26).
By rotationél invariance, the iast faétof may be written.as BSi(wj).

We are free to pick a coordinate system such that

S,* S : :
ay) = d°J
.D-))\i,O (dgcay) d)\j,O(GD) v (A.27).
Finally, we can write
(0 O, G TInM)s. = £ g,(j) T(W, wj, 1) | ~ (A.28),
: : n’ : '
where
T (Wowit) = T (W,wiot) BoHwy) : (A.29)
alWawjt LS j ‘ ' .
and ‘
1/ Ww \1/2 ’ e S
SO Y LAY 1/2 1/2 )
mli) = 20 @y s ) L dZ) g00) 1
J R :
D__AjM(a.ﬁ.r)
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(L; 0'S; =Alj =A;)

(A.30).

Near threshold Ti‘nq(w,wj.t,) should be governed by barrier
1

penetration factors. In our normalization we take these to equal

1

N1/2 ‘ -
(%)% ;R I ogR (a31),
. *j .

- . where R is a radius of interaction, taken in this analysis to be one

fermi, and '(”(x) is the spherical Hankel function of the first kind
.j . .

of order L;. The charge dependence can also be made explicit by

using isosp‘in Clebsch-Gordan symbols. Therefore,

In ‘ Q;\1/2 n ‘ (1) -1
TLij(W'ijU = (TVJ-) HLij(w,wj.t) HQ;R) Ith (Q;R)If
x (% ¥ 1 1|1 0) | (A:32)

for a neutral three pion system. Similarly, the charge dependence
can be removed from Bsi(wj):

S, o S. '
B J(w,) = (1 I¥ 1 I} 1°° 1) Ai(w;) (A.33). -

Abi(wj) is given by the Watson theorem

1

37

A e (e""sin°)/qii+ x(w;q,)'/? _ (A.34).

6 is the elastic scattering phase shift at the mass w;. Avfactor
(qk)‘/2 is added to insure proper threshold behavior in ._this
normalization.

The following forms were used for the phase shifts. For the I

= 0 S-wave, ¢, we used the phase shi:fts of the (TERN—Muni(*h_

spectrometer - group?® with their energy dependent
parameterization:
0bsing = —Kaade = 1 detlKla gy (A.35),

1 - det'Klq"qK - i(Knnq'y + KKKqK)
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where q.(qg) is the momentum of the pion(kaon) in a
dipidn(dikaon) system of energy w. The symmetric K-matrix vis

given by:

K, = -8 B 7y (A.36).

Uoos—ws sy-w,

The parametérs in appropriate powers of GeV are: Vs, = .11, Vs,

1.19, 7., = 2.86, a, = 2.28, 8, = —-1.00, 7, = 1.85, ax = 2.02, B

It

.47_. rkk = 1.00. The I = 1 P-wave, p, phases are given by the

parametrization of Morgan3?:

cot 6 = (m? ~ 0.1536q°)(m?2 + 0.028q3%)(m? + q%)'/2/(0.035m3q"%)
(A.37).
The I = 0 D-wave, f, is given by a relativistic Breit-Wigner formula:

_(1.264)° - w?

1.2647 (A.38),

cot 6

. and
o (qR)3InE(qgR)I?
= - 15%q RIEAI(q RO

where R is one fermi and q; is a pion momentum at resonance.

r (A.39),
We must deal with isobars in other diparticle combinations as
. well. While an ekpansion in one type of isobar is complete, the .
description of resonances in OLhEI;‘ diparticle combinations would
require ‘pl.jo'hibitively many terms. Therefore, we write .our
amplitude as a coherent "sum over different diparticle
combinations. This procedure while justified in the timit of
infinitely narrow isobars, violates unitarity when resonance bands

overlap on the Dalitz plot. bTwo groups?0:4!

have studied this

problem and produced "unitarized" amplitudes which were then fit
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to the data. Both groups use a K-matrix technique with purely
on-shell amplitudes and arrive at the same Volterra equation from
somewhat different starting points. . They find that these new
amplitudes, .when‘fit to the data,. produce results not qualitatively
different from the old but with appreéiably worse likglihoods.

42 argues that the cause of this failure is the mass shell

Aitchinson
condition of the K-matrix formalismn. That is, in the process of
removing cuts due to normal thresholds in the subenergies, extra
subenergy dependence has been introduced int§ the amplitude.
This is a disaster since the isobar model is used mainly because its
fiui‘ng parameters have,hopefully, minimal subenergy dependence.
Consequently, although there is continuing work on this problem,
the conventional isobar prescription seems the best currently
available.

If we assume that the only diparticle mass dependence is that
given explicitly, and place all factors depending only on Wand t in
- the production matrix element for the overall reaction, we obtain

the amplitude for decay via a particular isobar (notice that the

.set, n, of quantum numbers has been expanded to include isobar

labels):
P .
GH'J (W,t) = (2L + 1)/3(25 + 1)!/2E} (1" 13° 1 11 0)
~iiso .
]
16
- - ind
(L3 LG 12°) (ORI ORI it w,
T dS, 0(6h) DYy w(a) B, 7) (L O'S =Nl 1°=A)
| : o _
(A.40).
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“Not.ice _Athatr there. is va different set of angles for eacﬁ dipion
combination. 9{, is the angle. in. the d_ibion rest frame, -between
particle j (t.he. édd pion) and particle k. The h'ormal to the three v
pion plane, the Y axis of system S, is defined by 6, x Q.

'i‘o check that’ our amplitude obeys Bose statistics, we see
what changes occur when particles k and | are interchanged. . The
following changes occur _in the arguments of the functions:

6h> m ~ 6h, 65> m -6l 6L m— ek 1

Wi W, W W, W Wy

Q> Q; Q> Q; Q > Qy;

Y > -Y implies ’

a; > a; +m, a_k-’al"‘".' a > a +m,

B, B By B By By

Vi P NP e
and for the isospin labels

Uot, xar, 1fs1k 5 (A.41).

| These changes have Lhe‘following effects on the components
of G. | |
1) If particle j is t‘he .odd particle(not in the dipion combination):

D2, ulad, 8, 99) » (- 1)* DI, L(al,),7)) |

a5, oBh) + (~1)5* d, 5(6h)

(1151 1) 1% 1%0) o (—p)lise (1 1K 1 [}) [0 i)  (A.42).

+ S

If (—I)I"0 = 1, the contribution to G from j-type isobars is

invariant under interchange of the particles composing it. This
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‘conc‘iitio.n is just that imposed by generalized Bose stati’s_tic's.
,3) If particle k was originally the odd barticle( the. one not in the
i.sobar). under k-1 interchange we obtain: |

D, u(a*,B8%,7%) » (-1)* DL, y(a',8'.7")

d3, 0(88) » (=1)57 5, o(6}) |

(0% 12, 118 ¢ 0)’-> ( 1‘5° i*11)10)

(1 LI ™ e) » (—1')11"so (1 1 1 1¥ qise qise) (A.43).
‘This just interchanges the contributions of k and ! type isobars.
'i‘her_efore, G satisfies generalized Bose sta‘tistics.

The function g obey_s a symmetry under the interchange M -»
—M. Consider the factor of g for dipion j,

T d3, o(8h) DL, y(ah,Bl,7) (LO S —Al J =A) (A.44),
all o):her factors being invariant under this interchange. From
this select the paﬂial sum

K(M) = d3, o D1, x (LOS —AlJ —=A) + df o DX y(L O S Af JA)

(A.45). o
Using wvell known _properties of Clebsch-Gordan coeffiéients and .
rotation functions, we obtain | _ |
K= (Dl + (m)STIMDE ) (LOS =Nl I -A) dS, 6 (A.46).
Apparently, ‘

K{~M) = (=1)b*S=9-M g*(M) (A.47).

Since the whole function g(M) is obtained from linear combinatibns

of the K(M)'s, we have:

g(-M) = (-1)U*SIM g*(M) (A.48).
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Consequently, the linear combinations of G's, which multiply the
" parity conserving amplitudes, are composed of terms_p'r_oportiohal‘

to Re(g). forn = 4»1. and Im(g) forn=-1.
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Appendix B: The Spin Averaged [ntensity

In this secton we calculate the spin averaged intensity. We

consider not only P o= %‘* np systems, but also JP =%‘. S-wave

systerﬁs for which YBV'—b' -1. If we abbreviate (?-E)g',ﬂ, by'Tg.M. we

can write
T = X T3, HI (B.1),
A ‘A ' 'hl bvb“ . *
PP S luln
where
HEL =T Hs, S | (B.2),
Q . ’
and
Xa™ = 2¢(a) [ Sa, - * Yo% ull Y(B-3).
and '
swl- . irla) -
Xa = 2e(a) [Gu;—m _Ys‘sa,M] | (B.4).
Substituting for Hg 5, we have
o | e A —
Ty T, = L' Ty T 5VRS +1V2S T+
S'l/‘lo” J* ’
1l kA Sal JA) D .
S 'lin'2 e o Uaauh,
a,a’
C A s al s A DY
AaAg” Y27 AN LAY v
xSk xS - - (B.5).
Now, '
o) J A=Ay AL L
AaAp DAA'.AP' =(-0 y (J —Ag 7' ATL M) Dy g
(J =Ap I ALl L 0) (B.6).

Therefore, summing over the outgoin-g proton helicity (XP.), we

obtain:
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-z (-l)AP'(J'—)\p- J )\é'l Lo)y= - ‘51.,1(‘Ul/zﬁ“i.a/z"r.‘t/z -t
6),1/201,3/2) - , _ |
‘ o+ 5L_0(‘1)1/2_\/5(%,'1/26)'.1/2)
+ (—1)(L3)/2 6y,3/2 6p,372(6L0 + 612)
(B.7). |

If we write,

Y(S,S,n,n" b lwla,a0,0,00,L)

= —i—Tg.M TL N xS Sk V2s + 1 Vas + 1

(B.8),

then the spin averaged intensity equals

2 Y x (Z (-1)M (4 ~Ay I AL L 0Y)
8,8 n,0 ul | e CaSi_
aa L x VL + L V2T F 1 V2E  1(-1)) IS L
5 (~1)~ MM '_J r _L ) Dk,
A A A Ay Ay -M
a.%p. A'(1/25 J )(1/ZS‘J'.) (B.9)
’ Ap a —A, )\p a' —A, ’ T
where ( v bz d ) is a Wigher 3j symbol. The inner sum equals,
1/2+a'+S'+S+L ( S LS \{S'L S
(-1) : (—a' M a)zJ 1/2 J'( (B.lO)»,

wh.efe the braces denote a Wigner 6j symbol. .Substitutiﬁg (B.7),
(B.8), and (B.10) into (B.9) and pe‘rforming some tedious
arithmetic we find the foll;)wing expression for the spin avveraged' '
intensity, I |

8nl=IX,A,X, : (B.11),
where X is the n-tuple (T} .T{ 0.T7,1.76,0:T2,1:T2,0:T2,1), and in
terms of the components of a unit veélor,ﬁ‘. along the direction of

the outgoing proton in the delta rest frame, the symmetric matrix
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2P;Px 2 l;x Pz/ 3 . . \/3 _ 3
- 5PyPx  ~3PuPR SPES— —Ver  S(pE-pd) Zpirs

' . vy
V2p, Vzp, -Vap, 1 0 0 0
V3 o - ‘ v
Kok V3 V3, 3, V3
5 PyPx = 5 PiPx 5 (PyPZ) 0 S(1-p%) - PP,
33, -3 | V3 3,1 V3
fpgpspx 0 ~ 2PzPy 0 = 5 PzPy ,-a-p5+-2- ~ 5 PP«
\/3 2 ) 2 - \/3 ‘ \/-3_ 3 \6
=2 (Px—Pz) S PPy S PP O SPyPx 5 PaPx
31— p2  (B.12)
E(l-py) {B.12).
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Table I .

The_ columns head'ed Isb )

3n partial waves allowed in this analysis.

L is the orbital . .

I is the total isospih.

contain the isobar: ¢,p,or [.

Jand P~

angular mom'enltum' between the isobar and'the_ odd pion.

are the total angular momentum and the par.ivty, respectively.
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Figure Captions:
t. N* pollution in the bin 1.7 < M, <. 1.8 GeV and .35 < Itpal < .8
(GeV/c)?. The triangles represent ‘to the A**n~ distribution and
the histogram represents the A**n° distribution. -
2. The moment (W_) (see eq. 26) of the A** decay distribution.
3. Thé moment <W0) (see eq. 27)-of the A** decay dist_rib'utioh.
4. The moment (W,) (see eq.. 25) of the A** decay distribution.
5. The Euler angle a with z along the n* for the bin 1.6 < M3, < 1.7
GeV and .35 < |t ] < .B (GeV/c)?.
6. Cosine of the Euler anglé B. Other specifications same as 5.
7. The Euler angle 7. Other spe'ci_fic‘ations.sam'e as 5.
8. Invariant mass of the 11_"170 system. Other specifications same as
5. | .
9. Invariant mass of the n*n® system. Other specifications same és
5. |
- .10. Invariant mass of the ntn system.VOther' specifications same
as 5.
11. The experimental 3m mass spectrum for n*p = (3m)%** as a
function of M,, is given by the triangles. The lef: hand scale is
events per 50 MeV; the right hand, ub/GeV. Fig. 1la‘is for Il.pAI s
.35 (QeV/c)z and Fig. 11b for -35'5“”' < .8 (GeV/c)?. The total A,
intensity is given by the solid circles; ﬁhe Q' intensity by the open
ones. Solid cureves are Breit—Wigner fits to the 2* intensity at low

‘t and to the-3” intensity at high t. Dashed curves are the same fits
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: normalized to the nu_mbgrv of events in thavt bin. ‘

12. Phasés relative io the T34 [1(R7S fn)] at low t in the-Aé reg'gon.v
F‘ig. 12a is the largest unnatural parity A, wavev.“the 19501 (Zf'.
Dpm)]. Fig. 12b is the natural parity A, T} [1 (2* Dpn)].

13. Phases relative to the ‘Tga [1(2"S fn)] at low t in the A; region.
Fig. 136 is the T3 [1 (0 Sem)]; fig.13b the T3 [ 1(2™ Dem)].

14. Phases relative to the T3 [1(2™ Den)] wave as a function of Ms,
at high t in the Q' region. Fig. 14a is the‘T?a [0 (3™ Fpn)]; fig. 14b
the T}; [0 (37 Fom)].

15. Phases relative to the T3 [1 (2™ Dem)] at high t as a funcbtion.ofl
M;, in the w* region. Fig. 15a.is the T3 [1 (0™ Sen)]; fig.15b the T3
[1 (2" Sfm)).

16.. The ratio ot unnatﬁral to natural exchange contributions to
hackgr‘ound as’a function of My,. Fig. 16a is at low t and fig.16b is.
at aigh t.

17. The fatio of the amplitudes allowed by the quark model (s=1)
those nqt allowedvby the quark model (s=2) as. a function of M.
‘ Fig. 17a is at locw t; Fig. 17b is- at high t.

18. The ratio 6f helicity non‘convserving background at the meson
vertex to helicity conserving background as a function .of M,,. Fig.
18a is at low t and' fig. 18b. is at high t. |
19. The total 1* I=1, "A,", intensity as a fuuctién of M. Fig.v 19a is
at high t; fig. 19b at low.

20. The total 27 I=1, “Ay", intensity as a function of M,,. Fig. 20a is
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at high t; fig. 20b at low.

21. The'_ total 1* [=0 intensity at low t as a function of M;,.

<2. The total 07 I=1 intensity as a function of M;,. Fig. 22a is at
high t; fig. 22b at low.

" 23. The total'>I=2 int.ensitAy as a function of Mi,. .Fig’. 23a is at low t;
fig. 23b at high.

24. Differential cross sections in ub/(GeV/c)? for 1.2 < M3, s 1.4
GeV as a function of..ltpAI.. The hiétogram gives the total intensity
and tl__\e plotted poin-ts vgi’ve the Aé contribution.’

25.. Differential cross séctions-in ub/(GeV)c)? for 1.2 < M;, < 1.4
GeV as a function of |ty,l. The squares give the unnatural exchange
‘contribution to ‘the A, and the diamonds give the natural
exchange ~co‘ntribution. ‘

26. Differential cross’sections ‘in ub/_(GeV‘/c)szor'vll'.G < M;, < 1.8
GeY as a function of ItpAI.- The histogram gives the total
differential cross section, while ihe plotted points give the &'
contribution. | |

27. Differential. cross sections in ub/(GeV/c)? for 1.6 < M3,, < 1.8
GeV as a function of ILPAI. The squares give the natural exchange
cont‘ribution. to the ' and the diamonds give | the unnatural
~exchange contribution.

28. Differential cross sectons in ub/{GeV/c)? as a function of ltpAl.
The points, diamonds, Squares give the nature}al exchange

contributions to w, A,, and w"production, respectively. The lines
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are-the results of fits to exponential functions oVer'the monotone
-c‘iecreasing‘ regions in t. |

29. Differential _Croés sec-tibns in ub/(GeV/c)? as a function of Itégl.
The points, diamonds, squares give the 'unﬁatural exchangé
contributions to w, Az, w' production, respé'ctively. 'I‘be lines are
the results of fits to exponential functions over the monotone
~decreasing »region_s int.

30. t dependent phases in the fegion 1.2 < M3, < 1.4 GeV. Fig.30a
gives the phase between the T{5 A, and the T35 [1 (07em)] waves.
Fig. 30b gives the relative phase between the T{; and T|} A,
ahplitudes. |

'31. Differential cross seciions in ub/(GeV/c)? as a function of It pal
in the region 1.2 £ M3, < 1.4 GeV. The points are the contributions
from net hel_icity flip zero.amplitudes in the coordi‘nate.syst.em.'of
the text. Fig. 31a is the T{5 A, wave. Fig. 31b is the net helicity
flip zero combination of the T!} and T!] amplitudes..

32. Same as figure 32 except the plot‘.ted intensities are the -result

of crossing to the s channel helicity system.
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