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Abstract: Conditions are given for a class of mini-max optimal designs to have a minimum number of support points. The result is 
applied to construct a G-optimal design when the error variance depends on the independent variable exponentially. 
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1. Introduction 

Much of the literature in approximate optimal design theory is on finding checking conditions to verify if 
a given design is optimal (Fedorov, 1972; Kiefer, 1985). This is useful when the experimenter can 
conjecture the optimal design in advance but if he has little idea what the optimal design might be, the 
results are of limited use. Studden (1971) rightly pointed this out in his paper. He noted that the main 
problem seems to be that for any given situation, it is difficult to determine in advance the points where 
the observations are to be taken. Some iterative computational procedures are available for finding 
optimal designs but they are rarely available except for finding D- or L-optimal designs only (Fedorov, 
1972). Under this situation, the only resort one has is find the optimal design by trial and error; each 
time the experimenter guesses the optimal design and verifies if the design satisfies the checking 
condition; if not, a different design is conjectured. This could be a frustrating process since some of these 
checking conditions are tedious or impractical to verify. The general checking condition for an E-optimal 
design (Kiefer, 198.5, p. 318) is one such example. 

In this paper, we give conditions under which one can restrict the search for an optimal design within 
the class of designs with minimal support points. For polynomial regression models of degree k, this 
would mean restricting the search to designs having k + 1 support points only. This approach usually 
simplifies the problem considerably and, in many cases enable the derivation of the theoretical optimal 
design, see Lau and Studden (1988). From the practical viewpoint, using a design with a minimal number 
of support points may also result in cost reduction, especially when it is expensive to take observations at 
a new site. 

Unfortunately, the problem of determining if an optimal design with a minimal number of support 
points exists is a difficult one. This is because the answer is typically non-intuitive and involves much 
mathematical complexity, see the example in Section 3. It appears that, except for the D-optimality 
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criterion, there is very little work addressing this issue. For D-optimality, there is a well known result 
relating the minimal number of support points for an approximate D-optimal design for polynomial 
regression and is discussed in various monographs, Fedorov (1972, p. 88) and P&man (1986, p. 179). In 
the next section, we will give conditions for the existence of an optimal design with a minimal number of 
support points for a class of min-max optimality criteria and which includes D-optimality as a special 
case. 

The statistical setup and terminology is the same as Wong (1992), except that the components of the 
regression function f(x) are now specialized to f,(x) =xi-‘, i = 1, 2,. . . , p. The design space 0 is 
assumed to be a compact Euclidean subspace and the efficiency function A(x) is assumed to be known 
and continuous. Following Kiefer and Wolfowitz (1960), all designs considered here are approximate, i.e. 
they are probability measures on R. Thus, if a design 5 concentrates mass ci at xi, i = 1, 2,. . . , k, then 
approximately nti observations are to be taken at xi, i = 1, 2,. . . , k. The class of optimality criteria of 
interest is 

@(M(t)) = mz; tr B(y)M(t)-’ (1.1) 

where B(y) is a non-negative definite matrix, Z is an arbitrary compact set and M(t) = 
/,A(x>f(x)fT(x)t(dx> is the information matrix for the approximate design 5. Many of the commonly 
used criteria are included in (1.1) by proper choice of the sets B(y) and Z, see Wong (1992). For 
example, if the goal in the experiment is to estimate all the parameters as accurately as possible, one 
could set B(y) = A(y)f(y)fT(y), Z = J2 and (1.1) is equivalent to the D-optimal&y criterion. More 
generally, a design t* is called @ = optimal if @(M([*)) = min @(M(t)>, where the minimization is 
over the set of all approximate designs on LI. 

2. Main result 

The stimulus of this work comes from Fedorov (1980), where he formulated a general theory for finding 
mini-max optimal designs. Wong (1992) modified, extended and applied the results to a variety of design 
problems. In both papers, the important object to study is the set 

A([) = zEZ tr B(z)M(t)-’ 
i I 

= fjgi; tr B(y)M(b))l). 

Denoting 

where z is an arbitrary element in A(t), Wong (1992) showed that [* is @-optimal if and only if there 
exists a probability measure p.* on A([ *) such that for all x E 0, 

g(e*, p*, x) GO, 

with equality at the support points of [*. 
(2.1) 

It is precisely the form (2.1) that suggests the same set of conditions, which ensures when a D-optimal 
design has a minimal number of support points, could be generalized to other optimal@ criteria as well: 

Theorem 2.1. Let &! = [a, b] and fT(x> = (1, x, x2,. . . , x P-l). There exists a @-optimal design supported 
at p points if any one of the following conditions is satisfied: 

(1) The system of functions 1, A(x), A(x)x,. . . , AXIS-* is a Chebyshev system of functions on the 
interval [a, b]. 
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(2) A(X) = P-l(x), where P(x) is a positive polynomial on [a, b] and its (2p - 1)st derivative P(2pp ‘j(x) 
has no zero on the open interval (a, 6). 

(3) h(x) = P-‘(x), where P( > x IS a polynomial of degree no higher than 2p - 1 and positive on [a, b 1. 
0 

The proof parallels to that given in Fedorov (1972, p. 88) or P&man (1986, p. 179), if one identifies 
the appropriate ‘m’ or ‘p’ in these texts with the term tr B(z)M([ *>- ’ in (2.1). The rest of the argument 
is quite straightforward and the details are omitted. 

A point worth noting in Theorem 2.1 is that the degree of the polynomial in condition (3) cannot 
exceed 2p - 1. This is slightly different from the result “not to exceed 2(p - 1)” given in the literature. 
A straightforward inspection of the proof for the 2(p - 1) case shows that the proof remains valid if 
2(p - 1) is replaced by 2p - 1. 

Theorem 2.1 is also useful in situations where the construction of a design depends crucially on the 
assumption that an optimal design with a minimal number of support points exists. Such is the case in 
Studden and Tsay (1976) where they proposed an algorithm for generating a c-optimal design. 

The crux of the problem in finding an optimal design is typically in the determination of its support 
points; once the support points are known, the mass at each of these points is found using standard 
argument (Studden, 1980). A more general prescription of the mass for the optimal designs once the 
support is known is given in Pukelsheim and Torsney (1991). 

3. An illustrative example 

Suppose our criterion is G-optimality, the model is f T(x) = (1, x>, R = [ - 1, 11 and the error terms have 
means zero with variances which depend on x exponentially, i.e. h,(x) = exp(cx), where for convenience 
we shall assume c < 0. The goal here is to find the G-optimal design and this corresponds to the case 
when Z = R and B(Z) = f(r)f T(z) in (1.1). Although an algorithm based on heuristics is proposed in 
Wong and Cook (1993) for generating a (heteroscedastic) G-optimal design, its theoretical convergence 
to the optimal design has not been fully established. 

Since we are interested in nonsingular designs, at least two support points are required. For small 
values of c (- 1 < c < 0), the mass of the optimal design is readily found by equating its variances at 
x = + 1. Letting 6, denote the design which puts all its mass at y, it can be shown that the G-optimal 
design tot is (l/(exp(2c) + 1))6, + (exp(2c)/(exp(2c) + 1))6_, and its optimality can be verified by 
taking p* = fc,c in (2.1). Notice that, as expected, {c,c p uts more mass at x = 1 where the variance of 
the response is greatest. However, this simple technique for finding G-optimal designs works only when 
the efficiency function does not vary significantly across R. When c = - 2, for example, the above 
mentioned algorithm generates a design which is not supported at x = 1. This somewhat non-intuitive 
result is the motivation behind Theorem 2.1. 

A direct verification shows Theorem 2.1(i) is applicable and the optimal design .$c,c has the form 
~6, + (1 -PM, for some p E [O, 11 and y, z E [ - 1, 11. Since k* = q6, + (1 -q)6_, for some q E [O, l] 
in (2.1), we have a constrained optimization problem involving four variables y, z, p and q. For the case 
c = - 2, calculation below shows the solutions are y = - 1, z = 0.2785, p = 0.0913 and q = 1. 

Define 

A(c, 2) = exp(c +cz), 

p=l/(l-cexp(l-c)), p’=(l-z)/(l-z-(2_tc+cz)A(-CJ)), 
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c=-6 

c=4 

Fig. 3.1. Graph of g([G,c, 6,,x)forc=-2, -4and -6. 

Table 3.1. 
Characteristics of [c,c for selected values of c 

c 0 -2 -3 -4 -5 -6 
Y -1 -1 -1 -1 -1 -1 
P 0.5 0.0913 0.1378 0.1593 0.1717 0.1797 
z 1 0.2785 - 0.1477 - 0.3608 - 0.4886 - 0.5739 
4 0.5 1 1 1 1 1 
max variance 2 5.1725 4.7557 3.2714 1.9371 1.0465 

and let d be the negative root of the equation 

4(1-c exp(1 -c)) - (1 -c)’ exp(l-c) =0 

Cd = - 1.557). Tedious algebra shows the G-optimal design ,$G,c is given by 

5G,c = 
pS_,+(l-p)S_,,, if d<c< -1, 

P’S_, + (1 -p’)S, if c<d, 

where z is the largest root in [ - 1, 11 of the equation 

(2+c +cz +A(c, z)(z - 1))(4+4c +C2+4cz+2ZC2+c222-44A(c, 2)) =o. 

The optimality of these designs can be verified using (2.1) with w* = qS, + (1 - q)S_, where 

q= (l-c)* exp(l-c)/4(1-cexp(l-c)) if d<c< -1, 

i 1 if c<d. 

Figure 3.1 shows the plot of g(cG,c, S,, X> for c = -2, -4 and -6 and Table 3.1 lists the 
characteristics of &o,c for selected values of c. Notice that condition (2.1) is satisfied, verifying to,= is 
G-optimal. For large negative values of c, the above equation has essentially one root at x = - 1 on 
[ - 1, 11, so that 5G.c tends to S _, as c goes to - 00. 

4. Comment 

We have constructed an example whereby the G-optimal design avoids taking observations at points 
where the response has the greatest variability. This somewhat surprising result is contrasted with the 
situation where the response variability is fairly constant across R. The question regarding how large is 
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large would have to depend on the nature of A(x). If we denote the maximum and minimum values of 
A(x) on R by A,,, and h,i, respectively, the quantities A,JA,,, and (A,,, - A,in>/Amax may be 
helpful to quantify the variation of A(x) across 0. While we have restricted attention to exponential 
efficiency functions, the methodology presented here is quite general and can be applied to other kinds 
of efficiency functions and design problems as well. 
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