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a b s t r a c t

Results from large-eddy simulations are reported for the flow and heat transfer in the annular gap
between two concentric cylinders with the outer cylinder stationary and the inner cylinder rotating
about its longitudinal axis. The objective of the study was to document the effects of destabilizing rota-
tion on the turbulent transport of heat and momentum. The inner cylinder was heated by applying a con-
stant heat flux while the conditions at the outer wall were adiabatic. Results were obtained for a
stationary inner cylinder to serve as baseline for isolating the effects of rotation, and for the inner cylinder
rotated at two different rotation numbers viz. 0.21 and 0.86. The Reynolds number was set at 9000 for all
cases. With the outer cylinder stationary and the inner cylinder rotating, the effects of rotation are to
destabilize the turbulence leading to enhanced mixing and significant increase in wall shear stress and
Nusselt number. Additional effects include the displacement from each other of the points where the
Reynolds stresses and the corresponding rates of strain are zero, and the non-alignment of their respec-
tive directions. These and other results reported herein provide a useful contribution to the very limited
literature on heated turbulent flows destabilized by rotation, and can serve as benchmark to aid in the
development and validation of turbulence closures for engineering applications.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

The importance from both fundamental and practical stand-
points of the study of the effects of rotation on turbulence is evi-
denced by the substantial body of published literature on the
subject. Nowhere are these effectsmore immediately apparent than
in the case of flows in single or concentric cylinders that are rotated
about their longitudinal axis. For the case of the flow in a single
rotating cylinder, the gradient of angular momentum is positive
away from the axis of rotation and thus, according to Rayleigh’s sta-
bility criteria [1], the effects of rotation are stabilizing leading to
reduction in turbulence activity relative to the non-rotating case.
Results for this flowhave been obtained by utilizing all the tools that
are available for the study of fluid-flow phenomena including
analytical solutions [2,3], experiments [4,5], large-eddy and direct
numerical simulations [6–9] and turbulence closures [10,11].
Collectively, these studies have served to document in detail the
substantial modifications of the flow and heat transfer processes
wrought by stabilizing rotation. In terms of bulk flow parameters,
these are seen in the significant reduction in the friction factor
and in Nusselt number relative to the stationary case, and at suffi-
ciently high rotation rates, in the suppression of turbulence such
that the flow comes to exhibit a laminar-like behavior.

The present work is also concerned with the study of the effects
axial rotation on turbulent pipe flow but for the far less well doc-
umented case where these effects on the turbulence structure are
destabilizing. This is achieved in the annular gap between two con-
centric cylinders where the inner cylinder is rotating while the
outer cylinder is kept stationary. In this case, the angular momen-
tum decreases with radial distance from the axis of rotation and
hence a fluid element following a circular path, once displaced
from equilibrium, does not encounter a force sufficient to restore
it to its original path [1]. In the presence of axial flow, this config-
uration is sometimes referred to as the Taylor-Couette-Poiseuille
flow [12]. Here, and in contrast to the flow in a single rotating
cylinder, far fewer studies have been reported, especially for the
case where heat transfer is present. Fenot et al. [12] present a com-
prehensive review of the available experimental results from
which it can be seen that, in most cases, the flow was either lam-
inar or transitional. Their review also indicated that the heat trans-
fer characteristics depended strongly on the entrance conditions of

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2017.07.022&domain=pdf
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2017.07.022
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Table 1
Parameters of the computational grid.

Parameter LES present LES/DNS [22] LES [23] LES [24] LES [25]

Nh 124 129 129 128 65
Nr 52 39 65 64 39
Nz 154 129 129 192 65
Drþmin 0.474 0.08 0.04 0.75
Drþmax 7.95 17.6 9.4 15
RDhþ 9.58 9.06 8.7 36
Dxþ 28.7 36.05 27.9 30

Length 12D 10D 10D 10D 10D

Nomenclature

Cs smagorinsky coefficient

Cf friction coefficient ¼ sw
1
2qU

2
b

� �
D pipe diameter
L domain length
N rotation number ¼ XR=Ubð Þ
Nu Nusselt number ¼ �Dh

@H
@r jw

Hw�Hb

� �
Pr Prandtl number
_Q wall heat flux
R pipe radius
R� radius ratio ¼ R1=R2ð Þ
Rij two-point correlations coefficient
Re Reynolds number (=UbD=m)
Ret turbulence Reynolds number (= k2

me)
Ta Taylor number
Ui velocity vector

us friction velocity ¼
ffiffiffiffiffiffi
swj j
q

q� �
uiuj Reynolds-stress tensor
uit turbulent heat flux

Greek symbols
d half height of annular gap (=1=2ðR2 � R1Þ)
e dissipation rate
cg strain rate angle
cs Reynolds shear stress angle
m kinematic viscosity
X rotational velocity of inner cylinder (annular) or pipe

wall
q density
sij sub-grid scale correlations in momentum equations
H grid resolved temperature

Hs friction temperature ¼ � _Qw
qcpus

� �

Subscripts
1 inner wall value in annular flow
2 outer wall value in annular flow
b bulk
s smooth
sgs sub-grid scale
t turbulent
w wall
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the axial flow. This poses a problem for the computation of these
flows since the inlet conditions are rarely documented in the detail
that is sufficient for this purpose, especially with regards to the
profiles of the turbulent kinetic energy dissipation rate - a param-
eter which plays a critical role in determining the patterns of flow
development downstream of the inlet. For the fully turbulent case,
only the experiments of Becker and Kaye [13] and Kuzay and Scott
[14] appear to provide data for heated annular flow with inner
cylinder rotation though their focus was largely on bulk parame-
ters such as the torque coefficients and the Nusselt number. With
regards to computations, large eddy simulations were reported by
Murata and Iwamoto [15] but these were confined to the relatively
low Reynolds number of 1000. Chung and Sung [16] obtained
results using direct numerical simulations for Re = 8900 and
reported that the turbulent thermal statistics near the outer wall
were greater than those near the inner walls - a result which they
attributed to the effects of transverse curvature. Considering the
degree of uncertainty inherent in both computations and experi-
ments, the present study was undertaken with the objective of
using large eddy simulations to document the principal features
of the heated flow in concentric annulus with destabilizing rota-
tion at high Reynolds number. The aim was to further improve
our understanding of the physical processes involved, and to
Fig. 1. Grid and schematic representat
provide data suitable for the development and verification of tur-
bulence closures suited for engineering applications.

The remainder of this paper is in four sections. The mathemat-
ical formulation and details of the computations are presented in
Section 2, the problem is defined and details of the computational
procedure are presented followed in Section 3 with presentation
and discussion of the results. Results for pipe and annular flows
both with and without rotation are presented, the latter serving
to provide a baseline for isolating the effects of rotation. Conclud-
ing remarks are presented in Section 4.
ion of geometry and coordinates.



Fig. 2. Pipe flow: Mean velocity and turbulence statistics. (See above-mentioned references for further information.)

Table 2
Pipe flow: Predicted and measured Nusselt number.

Present
(Th1)

Present
(Th2)

Reynolds
analogy

[8]
DNS

[30]
DNS

[28]
EXPT

Nu 18.70 19.33 19.82 19.36 18.54 18.17
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2. Mathematical formulation

2.1. Governing equations

In formulating the equations that describe the flow in rotating
pipes and annular gaps, a choice exists in whether these equations
are cast with respect to a coordinate system that is fixed in space,
or one that is rotating at the same rate as the rotating cylinder. In
the former approach, body-force terms appear in the momentum
equations, while in the latter approach, these terms are absent
and the effects of rotation are introduced via the appropriate no-
slip boundary conditions at the rotating walls. In this study, and
in an effort to check the overall extent of the numerical uncertainty
in the predictions, both approached were tried with results that
were indistinguishable from each other. In what follows, the equa-
tions are presented with reference to a fixed coordinate system. In
large eddy simulations, the equations governing the conservation
of mass, momentum and thermal energy for an incompressible,
constant properties fluid are expressed as:

@Ui

@xi
¼ 0 ð1Þ

@Ui

@t
þ Uj

@Ui

@xj
¼ � 1

q
@P
@xi

þ @

@xj
m
@Ui

@xj
� sij

� �
ð2Þ

@H
@t

þ Uj
@H
@xj

¼ @

@xi
C
@H
@xi

� shi
� �

ð3Þ
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In the above, Ui; H and P are, respectively, the filtered velocity,
temperature and pressure, q is the density, m and C are the kine-
matic viscosity and thermal diffusivity, sij are the turbulent correla-
tions that represent the effects of the unresolved, sub-grid motions
on the transport of momentum, and shi are the corresponding terms
for thermal energy [17].

Several alternative approaches to modeling the unknown tur-
bulent correlations have been reported in the literature. For the
momentum equations, the most widely used model is based on
Boussinesq’s hypothesis in which these correlations are made pro-
portional to the local mean rates of strain, thus:

�sij ¼ 2msgsSij ð4Þ
where Sij is the mean rate of strain, and msgs is a pseudo eddy
viscosity:

Sij ¼1
2

@Ui

@xj
þ @Uj

@xi

� �
ð5Þ

msgs ¼ðCsDÞ2ðSijSijÞ0:5 1� exp
�yþ

Aþ

� �� �
ð6Þ
Fig. 3. Pipe flow: Predicted and measured thermal statistics. (
In the above, D is the characteristic length scale taken as the
cubic root of the cell volume and Cs, the Smagorinsky constant,
is assigned the value of 0.065 which is widely used in the
computation of wall-bounded flows. The term involving the
exponential function provides for the effects of wall damping of
the sub-grid scale terms. Here, yþ is the normal distance in usual
wall coordinates, and Aþ is a constant assigned its usual value
of 26.

To check the sensitivity of the computed results to the sub-grid
scale model, computations were performed in which the
Smagorinsky constant was set equal to zero, and further computa-
tions that used Germano et al.’s [18] dynamic sub-grid scale model
which, in essence, provides for Smagorinsky’s constant to vary in
space and in time by making it a function of D and Sij. The results
of these tests are included in Appendix A.

Modeling the sub-grid scale correlations in the thermal
energy equation follows the usual approach of adopting Fourier’s
law to relate these correlations to the local gradients of
temperature:
See above-mentioned references for further information.)
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�shi ¼Csgs
@H
@xi

;

Csgs ¼ msgs
Prsgs

ð7Þ

In the above, Csgs is the sub-scale thermal diffusivity, and Prsgs is the
sub-grid Prandtl number assigned here the value of 0.41.

2.2. Computational details

The governing equations and associated sub-grid models were
solved using the open source CFD toolbox OpenFOAM [19]. Dis-
cretization of the spatial and temporal gradients was achieved
using second-order accurate schemes. In constructing the compu-
tational grids, care was taken to ensure that the flow in the near-
wall region was adequately resolved as this is essential for the
accurate computation of wall friction and Nusselt numbers. In all
subsequent computations, the grid nodes closest to the walls were
Fig. 4. Rotating pipe: Mean veloc
located such that the normal distance from their centers to the
wall satisfied the constraint yþ < 1:0. Thereafter, the grid was
stretched in the radial direction constrained by an expansion ratio
of 5%. The time-step size was constrained by the requirement that
the Courant number remained below 0.6 everywhere in the flow-
field, and at all times.

In deciding on the axial extent of the solution domain, consider-
ation was given to two requirements: the need to obtain results
that are independent of assumed inlet conditions (equivalent to
obtaining measurements in the fully-developed regime), and the
need to keep the computational demands within realistic bounds
in order to improve the prospects of achieving an acceptable level
of numerical accuracy. In this work, these requirements were met
by employing cyclic boundary conditions such that the computed
results at the outlet plane were successively mapped back onto
the inlet plane until no further changes were detected within rea-
sonable limits. To ensure that the longitudinal extent of the com-
putational domain was sufficient for the large-scale turbulent
ity and turbulence statistics.
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motions to develop unconstrained by the boundary conditions, the
computations were repeated over progressively longer domain
lengths until the two-point correlations for the velocity fluctua-
tions in all three directions dropped to effectively zero over a
significant length of the domain. This was taken to indicate that
the computed flow details there were effectively independent of
the conditions at the boundaries. A sample of these results is pre-
sented in the next section. In implementing the cyclic boundary
conditions, care was taken to ensure that the sectional-averaged
velocity and the sectional-averaged modified temperature (accord-
ing to Eq. 8) remained constant along the entire length of the pipe.
For the velocity field, this was achieved by implementing the pro-
posals of Patankar et al. [20] in which the pressure field is decom-
posed into a periodic part, and a part that provides for a constant
global pressure gradient. Substitution into Eq. (2) produces a term
that is linear in the axial distance (x) and whose slope represents
the global pressure gradient. This slope is adjusted iteratively
within the solution cycle until the desired flow rate is achieved.
For the thermal field, the way in which the sectional-averaged
temperature was kept constant was by recognizing that, when a
Fig. 5. Rotating pipe: Mean tempe
uniform heat flux is applied, the bulk temperature increases lin-
early with axial distance (x). Thus the temperature field (H) can
be decomposed into a periodic part, and another that takes into
account the overall increase in temperature:

Hðx; y; zÞ ¼ Hðx; y; zÞ þ cx ð8Þ
The temperature gradient (c) can be derived from consideration of
the energy balance applied across the entire pipe length where it
can be shown:

c ¼ Hð0; y; zÞ �HðL; y; zÞ
L

¼
_Q

_mcpL
ð9Þ

where _Q is the heat flux into the domain, cp is the specific heat at
constant pressure and _m is the mass flow rate. Substitution into
Eq. (3) yields the appropriate equation for cyclic boundary
conditions.

Concerning the boundary conditions at the walls, for the sta-
tionary pipe, the no-slip conditions were applied to the velocity
components in all three coordinate directions. For the rotating
rature and thermal statistics.
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pipe, the velocity component in the circumferential direction was
assigned a value (X) that yields the desired Rotation number (N):

N ¼ XR
Ub

ð10Þ

where R is the radius of the rotating cylinder.
In performing large eddy simulations, several options for spec-

ifying the initial conditions exist, most aiming to accelerate transi-
tion to turbulence and thus aid in the establishment of a
sustainable turbulence field within a reasonable time interval. A
number of these options were tested in this study, and the one
found to be most successful was provided by the software tool
(perturbU), developed by De Villiers [21] and already implemented
in OpenFOAM. This tool is based on the assumption that the vorti-
cal structures near the walls are essential for the initiation of tur-
bulence via instabilities produced by the ejection of low speed flow
away from the wall. To develop these structures, a laminar profile
is prescribed, superimposed with random streaks. The result is a
near-wall vorticity field that is of sufficient strength to be sustain-
able in the initial period of flow development but whose influence
recede with time.

3. Results and discussion

3.1. Pipe flow

To provide basis for later analysis, results were obtained for the
fully developed flow in a pipe with and without rotation. The com-
putations were performed on a Cartesian grid, and the results
transformed to cylindrical-polar coordinates for comparison with
Fig. 6. Annular flow: Axial velocity tw

Table 3
Grid resolutions for annular flow calculations.

Present LES [32] LES [33] LES [34] DNS [35] DNS

Nx 120 120 128 128 256
Nh 360 360 65 192 256
Nr 64 64 64 65 65
Lz 18d 18d 18d 18d 18d
Drþin 0.31 0.8 0.27 0.13

Drþout 0.27 0.7 0.23 0.12
Drþmax 21.4 13.86 12.96 12.89
RinDh

þ 5.7 7.1 8.01 3.75 1.84
RoutDh

þ 10.4 12.5 13.86 7.1 3.68
Dxþ 24 29 22.95 14.30 10.55

Averaging time 1350d=Ub 960d=Ub 1200d=Ub
experiments. The computational grid, the cross section of which
is shown in Fig. 1, was formed in five parts: a square section in
the middle surrounded by four semi-circular sections. The grid
spacings in all three coordinate directions were specified in accor-
dance with the best practices of previous studies with LES and DNS
as can be seen in Table 1.

The results presented here were obtained for Re = 5500. The
time interval (T) over which the results were averaged was taken
as 75 multiples of a typical large-eddy turn-over time i.e.
T = 75L/Ub. The predicted mean velocity and the Reynolds-stress
components (presented as the root-mean-square fluctuations) are
shown in Fig. 2. Also plotted there are results from previous LES
and DNS studies. There is little that distinguishes the present
results from the others obtained by LES, or indeed from the results
of the DNS except, perhaps, close to the pipe axis where the DNS
results for the radial fluctuations show an uneven and more rapid
approach to the axis of symmetry condition. Our experience sug-
gests that such behavior is sometimes due to the time period for
averaging not being sufficiently long. The close correspondence
elsewhere suggests that the grid resolution in this and in the other
LES studies is such that the effects of the sub-grid-scale model are
negligible.

Calculations of the thermal field in the stationary pipe were
performed for two different boundary conditions viz. a constant
wall temperature (Th1) and a constant heat flux (Th2). For the for-
mer, the wall temperature was fixed at 343.15 K and the bulk tem-
perature at 293.15 K. The calculated temperature at the outlet was
mapped back to the inlet where it was re-scaled to maintain the
same bulk temperature. For the latter, the wall heat flux was set
equal to 25 W/m2 yielding a radial temperature gradient at the
wall of 975.76 K/m. With this gradient fixed, the computations
were performed using the cyclic thermal boundary conditions
explained above. The predicted values of Nusselt number obtained
using both boundary conditions are presented in Table 2, together
with values obtained with DNS for the same Reynolds number.
Also presented there is the value obtained from the experimental
correlations of Gnielinski [28]. The DNS of Piller [30] were per-
formed with the constant wall temperature boundary condition
and the value of Nu = 18.54 correlates very well with the present
value of 18.70 obtained with the same condition. In contrast, in
the DNS of Redjem-Saad et al. [8], a constant wall heat flux bound-
ary condition was used and here their higher value of Nu = 19.36
compares well with the present result of 19.33. The differences
in the results obtained with the two types of thermal boundary
conditions is most likely due to small differences that arise from
o-point correlations coefficient.
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calculating rather than prescribing the temperature gradient at the
wall.

The predicted mean temperature, its variance, and the heat-flux
components in the axial and radial directions are presented in
Fig. 3. It is generally accepted that, similar to the case for velocity,
the temperature, plotted in wall coordinates, varies linearly with
distance from the wall within the viscous sub-layer, and logarith-
mically with the same distance in the fully turbulent region of
the flow [31], thus:
Fig. 8. Annular flow: Profiles of mean axial velocity. (See

Fig. 7. Near wall velocity profile in wall units for inner and outer cylinder.
Hþ ¼Pr yþ

Hþ ¼ 1
jh

lnðyþÞ þ Bh ð11Þ

The DNS results of Satake [27] suggest the values jh ¼ 0:35 and
Bh ¼ 2:347. These yield distributions that very closely match the
present results. There is also much agreement between the various
DNS and LES results for the temperature variance and the heat
fluxes. It is interesting to note that while the axial gradients of
temperature are far smaller than those in the radial direction, the

axial heat flux (uþ
x h

þ) is almost one order of magnitude greater

than the radial flux (uþ
r h

þ). This behavior can not be captured by
a simple gradient-transport model such as Fourier’s law since in
such a model, the ratios of the fluxes would be proportional to
the ratio of the temperature gradients in their respective
directions.

Consideration is turned next to the case where the pipe is rotat-
ing around its longitudinal axis. With the angular velocity increas-
ing in the radial direction away from the pipe axis, the sense of
rotation is stabilizing the flow and the turbulence activity is
expected to reduce relative to the stationary case. This is amply
demonstrated in Fig. 4. Plotted there are the predicted radial pro-
files of the mean velocity and the Reynolds-stress components
for two values of the rotation number, viz. N = 0.5 and 1.0. Also
plotted there are the distributions for N = 0, and the experimental
results of [5] and the DNS results [27] for the same rotation num-
bers. While the LES and DNS are generally in close correspondence
with each other, some differences with the experimental results
are apparent. These are due in part to the possibility that, in the lat-
ter, the flow had not yet reached a fully-developed state as evi-
denced by the departure of the measured shear stress uþ

x uþ
r from

the expected linear distribution. Both the LES and DNS show a
steady reduction in the shear stress magnitude with increasing
N. Similar trends are observed in the root-mean-square velocity
fluctuations where the magnitudes of the near-wall peaks are
reduced and displaced towards the pipe axis.

The predicted profiles of mean temperature, the temperature
variance, and the turbulent heat fluxes are presented in Fig. 5. Pro-
files for N = 0 and 0.5 are presented, together with the DNS results
above-mentioned references for further information.)



Table 4
Mean flow parameters.

Researcher Present LES [34] DNS [35] LES [32] LES

Re 9000 8900 8900 8900
Cf (inner) 0.00961 0.00941 0.00981 –
Cf (outer) 0.00788 0.00848 0.00824 –
Cf (averaged) 0.00846 0.00880 0.00855 –
Res (inner) 164.60 153.00 150.72 –
Res (outer) 149.56 144.00 142.79 –
Umean=us (inner) 14.420 14.65 – 14.92
Umean=us (outer) 15.920 15.43 – 16.95
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of [27]. The presence of rotation appears to produce opposite
effects on the heat-flux components in the axial and radial direc-
tions, enhancing the former, but reducing the latter with respect
to the stationary case. As before, the axial component is almost
one order of magnitude greater than the radial component.
3.2. Annular flow

Here again our interest is confined to the fully-developed flow
case in order to compare the present predictions with existing
experimental data and with other numerical simulations. In what
follows, the radius ratio R� (¼ R1=R2) was 0.5, and the Reynolds
number (based on bulk velocity and hydraulic diameter) was set
equal to 9000. The parameters that define the computational grid
Fig. 9. Annular flow: Mean veloc
used here are given in Table 3 (with d there being half of the annu-
lar gap width i.e. 1=2ðR2 � R1ÞÞ.

In common with the other LES studies on annular pipe flows,
the domain length L was taken as 2.25 D (= 18d). To check that this
length is sufficient to allow for the flow to become fully developed,
two-point correlations for the fluctuating velocities were evalu-
ated, thus:
Riiðx1; x2Þ ¼ uðx1; tÞuðx2; tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2
i ðx1; tÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2
i ðx2; tÞ

qr ð12Þ

These correlations were evaluated for all three components of
the fluctuating velocity, and at three radial locations viz. at the
computational nodes closest to the surfaces of the inner and outer
pipes, and at the node in the middle of the gap between them. In all
cases, the correlations were evaluated with respect to conditions at
inlet i.e. for x1 ¼ 0. The expectation was that the value of these cor-
relations will, by definition, be unity at inlet, dropping thereafter to
almost zero with increasing distance from inlet and then rising to
become unity at the outlet plane consistent with the fact that the
imposition of cyclic boundary conditions requires the conditions
at the inlet and outlet planes to be perfectly correlated. This was
indeed borne out in the present calculations, as can be seen from
Fig. 6 where, for brevity, only the correlations for the streamwise
component of velocity fluctuations (Rxx) are presented. As
expected, the unity values at the inlet and outlet planes are
ity and turbulence statistics.
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obtained, together with the rapid drop to values around zero at a
distance of around 1 D from the inlet. The drop to values of nearly
zero in the two other correlations (Ryy and Rzz) was even more rapid
than in Rxx, the latter being more susceptible to the presence of
strong low-speed streaks [36].

For the case of annular flow with no rotation, the predicted
mean velocity profiles are presented in Fig. 7. The profiles are plot-
ted in wall coordinates using the appropriate values of friction
velocity for the inner and outer walls. Also plotted there are the
laminar-flow relation, and the log-lawwith the standard constants.
The plots show that the computational grid provides for an ade-
quate resolution of the viscous sub-layer with the grid nodes near-
est to the walls being located at yþ < 1:0, and with there being
around 10 nodes within the range where yþ < 5:0. In the outer
regions of the flow, the log-law with standard constants appears
to provide a good fit for the velocity near the inner cylinder but clo-
ser to the outer cylinder, the simulations appear to suggest that the
log-region is better fitted with a lower values of both j and B.

The predicted mean velocity profile, non-dimensionalized by
the bulk velocity, is plotted in Fig. 8 where it is compared with
available experimental data, and with results from LES and DNS.
The experimental data of Nouri [37] were re-scaled as suggested
by Chung [34] in order for the velocity profiles, when integrated
across the annular gap, to yield a value that equals the quoted bulk
velocity. The present predictions are in many places indistinguish-
able from other LES and the DNS results. Note the asymmetry in
Fig. 10. Annular flow: Mean temperature and thermal statistics
the mean-velocity profile with the maximum value occurring
inboard of the mid-point of the annular gap.

The predicted skin friction coefficients for the inner and outer
walls are presented in Table 4 where they are compared with other
LES and DNS results. For the inner wall, the present results are
close to the average of the previous computations while, for the
outer wall, a lower value compared to the DNS result is obtained.

The cross-stream distributions of the Reynolds-stress compo-
nents are presented in Fig. 9 where they are compared with mea-
surements and with other simulations. While all the numerical
simulations yield very similar distributions, especially for the
root-mean-squares of the velocity fluctuations, the experimental
data show consistently higher values everywhere in the gap.The
asymmetry noted earlier in the mean velocity profiles is also pre-
sent in the turbulent shear stress which changes sign at a point
inboard of the gap center. This is well predicted in the present
simulations.

Turning now to the heated annular flow, since the outer cylin-
der was adiabatic, the behavior of interest is confined to the vicin-
ity of the inner wall which is where the following profiles are
presented. In Fig. 10, these profiles are plotted in wall coordinates,
and are compared with results from a number of previous direct
numerical simulations. The differences between the various simu-
lations are now somewhat more apparent and are most likely due
to the differences in the time period over which the averaging of
the instantaneous temperature fluctuations was performed. In
. (See above-mentioned references for further information.)



Table 6
Annular flow: Skin friction coefficients for different rotation numbers.

N Cf outer Cf inner Cf averaged

Present 0 0.0079 0.0095 0.0084
0.2145 0.0081 0.0104 0.0088
0.858 0.012 0.0175 0.0138

LES [33] 0.2145 0.00891
0.429 0.00986
0.858 0.0120

DNS [34] 0 0.00941 0.00848 0.00888
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our experience, the averaging period required for the temperature
fluctuating is always greater than that required for the velocity
fluctuations.

The predicted Nusselt number is compared to the measure-
ments of [40,41] in Table 5. The measured values are underesti-
mated by about 5% due, in part, to the higher Reynolds number
of Re = 10,000 used in these experiments.

Computations of the flow with rotating inner cylinder were per-
formed for two rotation numbers, viz. N = 0.2145 and 0.858. These
values were chosen to correspond to the values obtained in the
experiments of [43]. The strength of rotation can also be quantified
in terms of the Taylor number, defined as [34]:

Ta ¼ R2 � R1

R1

� �0:5

UU;wall
ðR2 � R1Þ

m
ð13Þ

The two rotation numbers considered here thus correspond to val-
ues of Ta of 1018 and 4075, respectively.

The predicted profiles of axial velocity for all three values of N
are presented in wall coordinates in Fig. 11. The effects of destabi-
lizing rotation are manifested in these plots by the apparent depar-
tures from the standard log-law, especially in the vicinity of the
rotating inner wall, and at high rotation number. The effects of
rotation propagate through the gap and are thus also felt in the
vicinity of the outer wall albeit to a much lesser extent. The
changes in the velocity profiles plotted in wall coordinates are
directly attributable to the increase in the wall shear stress
wrought by destabilizing rotation. This is clearly seen in Table 6
where the predicted skin friction coefficients for the inner and
outer cylinders are presented for various rotation numbers. For
Fig. 11. Rotating annular flow: Mean velocity profiles near inner and outer walls.

Table 5
Annular flow: Predicted and measured Nusselt number.

Present LES [39] ANA [40] EXPT [41] EXPT

Nu 25.64 26.34 27.07 27.08
the outer cylinder, the increase in Cf relative to the stationary case
produce by the highest N amounts to about 50%, whereas for the
inner cylinder, the corresponding increase is 84%.

The effects of destabilizing rotation on the root-mean-square
values of the velocity fluctuations in the three coordinate direc-
tions are shown in Fig. 12. The greatest effect is seen in the radial
velocity fluctuations ur which is due to the increase in the rate of
production of this quantity produced by the gradients of the cir-
cumferential velocity. Also affected, albeit to a lesser extent, is
the tangential component of the velocity fluctuations u/ - an effect
which is due to the transfer of energy into this component by the
Fig. 12. Rotating annular flow: Root-mean-square of (a) axial, (b) radial and (c)
azimuthal velocity fluctuations in wall units for N ¼ 0; N ¼ 0:2145 and N ¼ 0:858.
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action of the fluctuating pressure-strain correlations. The profiles
of the axial component of fluctuating velocity become increasingly
asymmetric with higher values of N where, here again, the rate of
generation is enhanced by the radial gradient of tangential
velocity.

The effects of rotation are also clearly evident in the profiles of
the turbulent shear stress component uxur which are shown in
Fig. 13. Also plotted there are the LES results of [33] and the DNS
results of [34]. As expected, the enhanced turbulence activity
wrought by the inner cylinder rotation has led to significant
increase in the level of this component relative to its value near
the outer cylinder. Fig. 13 also shows the distribution of the two
remaining components of turbulent shear stresses, namely uxuh

and uruh. Note the change in sign of the first of these components
- a behavior that is difficult to capture with Reynolds-stress trans-
port closures. The sign of the other component is consistent with
@Uh=@r being negative throughout the annular gap.

It is of interest here to consider the implications of the above
results on the computation of annular rotating flows using eddy-
viscosity based turbulence closures. Such closures are usually
based on Boussinesq’s linear stress-strain relationship that aligns
the Reynolds stresses with the appropriate mean rates of strain.
In three-dimensional flows, this implies that the angle cg that
mean strains make with the axial direction is coincident with cs,
the angle that the Reynolds stresses make with the same direction,
where:

cg ¼ tan�1 @U/=@r

@Ux=@r

" #
; cs ¼ tan�1 uru/

urux

� �
: ð14Þ
Fig. 13. Rotating annular flow: Distri
In Fig. 14, these angles are plotted against the radial distance.
The behavior of cg follows from the fact that @UU=@r is everywhere
negative whereas @Ux=@r is positive near the inner cylinder and
negative near the outer one. For N = 0.858, the point where the
mean-strain angle changes sign occurs at distance from the inner
cylinder of approximately 0.24 d. In contrast, the location where
the shear-stress angle changes sign is located at distance of
0.28d. Taken together, the results for N = 0.21 and 0.858 suggest
that the misalignment between these angles increases very rapidly
with N and this in turn suggests that eddy-viscosity closures would
yield increasingly inaccurate predictions with increasing N.

The effects of destabilizing rotation on the thermal field are
considered next. A sensitive indicator of the state of turbulence is
the Nusselt number as its value is directly related to the strength
of turbulent mixing in the near-wall region. Table 7 shows the vari-
ation of this parameter with N. Also presented in that table are the
values suggested by the experimental correlations of [44]:

Nu
Nu0

¼ 1þ 2
p

Do

Di

U/;wall

Ub

� �2
" #0:8714

¼ 1þ 2
p

1
R� N

� �2
" #0:8714

: ð15Þ

The present results, while adequately capturing the overall
trend in the correlations, do not capture the rapid increase in Nu
that occurs with increasing N. It is generally accepted that the
increase in turbulence mixing due to destabilizing effects reaches
a plateau which, in the present flow, would result in a slowdown
in the rate at which Nu increases at higher values of N. In the
absence of other LES or DNS results for the present value of R�,
the trends in Nu at higher rotation rates cannot be determined with
much certainty.
bution of Reynolds shear stress.



Fig. 15. Rotating annular flow: Mean t

Fig. 14. Rotating annular flow: Direction of mean strain rate cg and Reynolds shear stress cs .

Table 7
Nusselt number relation Nu=Nu0 compared to experimental correlation.

Present [44]

N = 0 1.0 1.0
N = 0.2145 1.162 1.065
N = 0.858 1.856 1.982
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The profiles of mean temperature, temperature variance and
the heat-flux components are presented in Fig. 15 were all are
non-dimensionalized with the friction velocity and friction tem-
perature. The trends here are similar to those observed for the
velocity field with the mean temperature distribution, for example,
falling below the logarithmic distribution due to the substantial
increase in the fluxes of both momentum and heat at the wall.
emperature and thermal statistics.



Fig. A.16. Turbulent kinetic energy.
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4. Conclusions

Large eddy simulations of the heated flow in an annular gap
with inner cylinder rotation were presented for two values of
the rotation number (N = 0.21 and 0.858) and for Re = 9000. To
better identify the effects of destabilizing rotation, comparative
simulations were also performed for the stationary annular flow.
The verification of the numerical solutions was accomplished via
comparisons with previously published results from DNS, LES and
experiments for the case of flow in a pipe with and without rota-
tion. The destabilizing effects of rotation were most apparent in
the vicinity of the inner cylinder where, at N = 0.858, the mean
velocity profiles exhibited dramatic departure from the standard
logarithmic law. This behavior suggests that engineering turbu-
lence closures that rely on wall functions to bridge the viscous
sub-layer will yield increasingly less accurate predictions with
increasing N, especially for wall-related parameters such as the
skin-friction coefficient and the Nusselt number. Another result
that has implication for engineering turbulence closure is the
asymmetry in the profile on mean axial velocity which becomes
more prominent with increasing N. This asymmetry results in
the displacement of the points where the velocity gradient and
the Reynolds shear stress are zero. Eddy-viscosity closures that
are based on Boussinesq’s hypothesis assume that these points
are always coincident, and hence such models will become unre-
liable with high values of N. The simulations also show that the
direction of the resultant axial and tangential velocity gradients
does not coincide with the direction of shear stress components
in the same directions. This feature of rotating flows is entirely
due to non-local effects arising from the transport of shear stress
by combined mean-flow advection, and turbulent transport. In
terms of turbulence closure, such mechanisms can only be cap-
tured by using complete Reynolds-stress transport models where
the effects of mean-flow transport can be accounted for exactly,
while those of turbulent transport would require the use of an
appropriate model for the triple velocity correlations of
turbulence.
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Appendix A. Sub-grid scale model

The results presented above were obtained by setting the
Smagorinsky coefficient Cs ¼ 0:065. To check the sensitivity of
the results to this value, calculations were performed with the
sub-grid scale correlations obtained from Germano et al.’s [18]
dynamic model, and again with no sub-grid scale model at all
(i.e. with Cs ¼ 0). The results, of which a representative sample is
shown in Fig. A.16 where the turbulence kinetic energy k is plot-
ted, indicate that the grid used was sufficient to render negligible
the contributions of the sub-grid scale correlations to the flow
field.
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