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Abstract

The Importance of Eigenstructure in High-dimensional Statistics: Examples from

Overparameterized Machine Learning and Graphical Models
by

Ke Wang

Modern data sets are large and complicated. The demand for understanding the
nature of such big data has motivated the development of high-dimensional statistics.
Understanding covariance matrices and their eigenstructure plays a central role in high-
dimensional statistics. In this thesis, we examine the critical role of the eigenstructure
of data covariance matrices in two popular high-dimensional problems. Understanding
the covariance matrices and their eigenstructure is essential for both problems. First, we
focus on overparameterized machine learning. This line of research is motivated by the
empirical observation that deep neural networks can generalize well despite learning a
number of parameters that far exceeds the size of the training set. Our work contributes
to this field by proving that analogous behaviors can be observed in simpler, binary and
multiclass linear classification models. We show the equivalence between support-vector
machines (SVM) and the interpolating classifiers. We derive generalization bounds and
characterize the role of regularization in the overparameterized regime. Our bounds reveal
that the feature covariance matrix plays a central role in guaranteeing good generaliza-
tion under overparameterization. Specifically, our analysis is the first to demonstrate this
for multiclass rather than binary classification. The second topic is Gaussian graphical
models (GGM). GGM are widely used to estimate network structures in several appli-
cations. Specifically, estimating graph structures accurately is challenging when latent

confounders exist. In this work, we theoretically compare two commonly used methods

vi



that can remove latent confounders when estimating GGM. The theory depends heavily
on the analysis on feature covariance matrices and their inverse. Our results reveal that
the eigenstructure of feature covariance matrices is crucial to determine the performance
of different methods. Based on the theory, we propose a new method that combines the
strengths of previous approaches. We demonstrate the effectiveness of our methodology

with simulations in two real-world applications.
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Chapter 1

Introduction

Many of the data sets arising in modern applications are very large, often with the fea-
ture dimension of the same order, or even larger than the sample size. The demand for
understanding the nature of big data inspires the development of high-dimensional statis-
tics. With techniques in high-dimensional statistics, we can theoretically characterize the
performances of different machine learning and statistical estimation methods.

In high-dimensional statistics, analyzing covariance matrices is a very important and
challenging topic. Covariance is the second-moment and characterizes linear relation-
ships between the features. Specifically, let n be the number of observations, p be the
number of features and matrix X € R™*P be the data matrix of features, the sample
covariance matrix is defined as (1/n)X”?X. The terms X7 X, X X* and their inverse
appear in many machine learning and statistics problems. However, analyzing these
terms can be challenging. The first challenge is due to the high dimensionality. When
p > n, the sample covariance might not be a consistent estimator for the population
covariance. More involved analysis is needed to understand the behavior of covariance
matrices under high-dimensionality [163, Chapters 1 and 6]. The second challenge comes

from the data distributions. In many analyses, the underlying distribution of data is

1



Introduction Chapter 1

assumed to be multivariate Gaussian with zero mean. In many applications, however, it
is more appropriate to use more complicated distributions and the data matrix X thus
has a more complex form. For instance, in binary classification under Gaussian mixture
models (GMM), the data distribution has a non-zero mean and thus the feature matrix

X becomes

X =yn" +Q, (1.1)

where 1) is the mean vector, y is the label vector and the noise matrix Q@ € R™*? has
independent zero-mean Gaussian rows. In multiclass classification under GMM with &

classes, the feature matrix X includes more components:

k
X => v +Q, (1.2)

j=1

where p;’s are mean vectors, v; are label vectors and again the noise matrix @ € R™*?
has independent independent zero-mean Gaussian rows. In estimation Gaussian graphical

models, if latent confounders exist, then one way to write the observed data matrix is
X=X, +AZ, (1.3)

where X, is the uncorrupted data matrix and AZ reflects the effect of latent con-
founding. Characterizing covariance matrices in these examples is challenging due to the
extra components in data matrices, e.g., the mean vectors in and and the
latent confounders in ([1.3]).

In this work, we focus on two important machine learning problems. Understanding

the covariance matrices of feature matrix X and their eigenstructure is essential to both.
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The first topic is overparameterized machine learning. The motivation of this line of
research is to understand some surprising phenomenon observed in highly overparame-
terized problems, i.e., deep neural networks can still generalize well despite being highly
overparameterized and being trained without explicit regularization [59, 169]. This cu-
rious phenomenon has inspired extensive research activity in establishing its statistical
principles: Under what conditions is it observed? How do these depend on the data
and on the training algorithm? When does regularization benefit generalization? While
such questions remain wide open for deep neural nets, recent works have attempted gain-
ing insights by studying simpler, often linear, models. We contribute to this growing
line of work by examining linear classification. We study both binary and multiclass
classification under Gaussian mixture models. The data matrix follows in binary
classification and follows for the multiclass case. We will see in Chapters [2] and
that upper/lower bounding quadratic forms involving (X X*)~! plays central roles for
these problems. One of our main contributions is to propose new methods that can ef-
fectively bound quadratic forms involving (X X7)~! even if the data matrix X includes
mean and label vectors. Our results reveal that the bounds and conditions in these sec-
tions depend heavily on the eigenstructure of the covariance matrices of feature matrix
X.

The second topic is estimating Gaussian graphical models. Gaussian Graphical mod-
els are widely used to estimate network structure in domains ranging from biology to
finance and one way to estimate the graph is to learn the inverse covariance matrix
(XTX)~! [92]. In practice, data is often corrupted by latent confounders which biases
inference of the underlying true graphical structure. When latent confounders exist, the
data matrix becomes (1.3). In our work, we theoretically understand (X TX)~" when X
follows (1.3). Again, our theory shows the central role of eigenstructure of the covariance

matrices of the data matrix. Based on our findings, we propose new methods that can
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Introduction Chapter 1

effectively remove the latent confounders. More details are introduced in Chapter [4

We now provide a brief summary for each chapter.

1. Chapter 2.

We study binary classification in the overparameterized regime under a generative
Gaussian mixture model in which the feature vectors take the form * = +n + g,
where for a mean vector 1 and feature noise ¢ ~ N(0,X). Motivated by recent
results on the implicit bias of gradient descent, we study both max-margin SVM
classifiers (corresponding to logistic loss) and min-norm interpolating classifiers
(corresponding to least-squares loss). First, we leverage an idea introduced in [120]
to relate the SVM solution to the min-norm interpolating solution. Second, we
derive novel non-asymptotic bounds on the classification error of the latter. Com-

bining the two, we present novel sufficient conditions on the covariance spectrum

4
2

and on the signal-to-noise ratio (SNR) SNR = lull

AT under which interpolating

estimators achieve asymptotically optimal performance as overparameterization in-
creases. Interestingly, our results extend to a noisy model with constant probability
noise flips. Contrary to previously studied discriminative data models, our results
emphasize the crucial role of the SNR and its interplay with the data covariance.
Finally, via a combination of analytical arguments and numerical demonstrations
we identify conditions under which the interpolating estimator performs better than

corresponding regularized estimates.

2. Chapter 3.

Many modern machine learning applications operates in the multiclass setting.
Motivated by this, we study benign overfitting in multiclass linear classification.
Specifically, we consider the following training algorithms on separable data: (i)

empirical risk minimization (ERM) with cross-entropy loss, which converges to the
4



Introduction Chapter 1

multiclass support vector machine (SVM) solution; (ii) ERM with least-squares loss,
which converges to the min-norm interpolating (MNI) solution; and, (iii) the one-
vs-all SVM classifier. First, we provide a simple sufficient deterministic condition
under which all three algorithms lead to classifiers that interpolate the training data
and have equal accuracy. When the data is generated from Gaussian mixtures, this
condition holds under high enough effective overparameterization. We also show
that this sufficient condition is satisfied under “neural collapse”, a phenomenon that
is observed in training deep neural networks. Second, we derive novel bounds on the
accuracy of the MNI classifier, thereby showing that all three training algorithms
lead to benign overfitting under sufficient overparameterization. Ultimately, our
analysis shows that good generalization is possible for SVM solutions beyond the

realm in which typical margin-based bounds apply.

3. Chapter 4.

In Chapter 4, we focus on estimating Gaussian graphical models (GMM) with latent
confounders. We compare and contrast two strategies for inference in graphical
models with latent confounders: Gaussian graphical models with latent variables
(LVGGM) and PCA-based removal of confounding (PCA+GGM). While these two
approaches have similar goals, they are motivated by different assumptions about
confounding. In this work, we explore the connection between these two approaches
and propose a new method, which combines the strengths of these two approaches.
We prove the consistency and convergence rate for the PCA-based method and use
these results to provide guidance about when to use each method. We demonstrate
the effectiveness of our methodology using both simulations and two real-world

applications.



Chapter 2

Benign overfitting in binary

classification

2.1 Introduction

2.1.1 Motivation

Deep-learning models are increasingly more complex. They are designed with a huge
number of parameters that far exceed the size of typical training data sets and training
is often completed without any explicit regularization [89, 117, 132, 59]. As a con-
sequence, after training, the models perfectly fit (or, so called interpolate) the data.
Classical statistical wisdom suggests that such interpolating models overfit and as such
they generalize poorly, e.g. [64]. But, the reality of modern deep-learning practice is very
different: such overparameterized learning architectures achieve state-of-the-art general-
ization performance despite interpolating the data [169] [11], 121]. Interestingly, similar
empirical findings, albeit in much simpler learning settings have been recorded in the

literature even before the era of deep learning [I58, [122] 43]; see discussion in [104].
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Empirical observations like these raise a series of important questions [43, 169, 1T 13]:
Why and when are larger models better? What is the role of the training algorithm in
this process? Can infinite overparameterization result in better generalization than any
finite number of parameters or even training with explicit reqularization? Answering
these questions is considered one of the main challenges in modern learning theory and
has attracted significant research attention over the past couple of years or so, e.g.,
[11], 12, 110} 65], 100, 10T, B9l 6], 119, 167, 32].

Among the earliest attempts towards analytically investigating the question “why do
overparameterized models generalize well?” focused on linear-regression including both
asymptotic and non-asymptotic analyses [65], 15, 118, 157]. While certainly a simplified
model, this is a natural first step towards gaining insights about more complex models.
Closest to our work, [I0] derived non-asymptotic bounds on the squared prediction risk
of the min-norm linear interpolator for a linear regression model with additive Gaussian
noise and (sub)-Gaussian covariates. They subsequently used these bounds and identified
conditions on the spectrum of the data covariance such that the risk asymptotically
approaches the optimal Bayes error despite perfectly fitting to noisy data. This behavior
was termed “benign overfitting” in their paper and the terminology has already been
widely adapted in the literature.

A step further in the direction of understanding generalization in overparameterized
regimes is the study of linear classification models, since arguably most deep learning
success stories apply to classification settings. Classification is not only more relevant,
but also typically harder to analyze. The challenge is that even in linear settings, the
solution to logistic loss minimization is not given in closed form. This is to be contrasted
to the solution to least-squares minimization typically used in regression (e.g. [10, 65]).
As such, central questions have remained largely unexplored until very recently.

[149, 142, 116, 39, 84, 114], 80, 143] study overparaterized binary linear classification
7
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in the proportional asymptotic regme, where the size n of the training set and the size p of
the parameter vector grow large at a fixed rate. These works overcome the aforementioned
challenge by relying on powerful tools from modern high-dimensional statistics [148]
153], [154] and yield asymptotic error predictions that are sharp, but remain limited to
the proportional regime and are expressed in terms of complicated—and often hard to
interpret and evaluate—systems of nonlinear equations.

A different approach, resulting in more general non-asymptotic, albeit non-sharp,
bounds was initiated by [119] who studied a ’Signed’ classification model with Gaussian
features. Their key observation, that drives their analysis, is that the max-margin clas-
sifier linearly interpolates the data given sufficient overparameterization. This allowed
the authors to establish a tight link between the (hard to directly analyze) SVM and
the (amenable to analysis) LS solutions. In turn, this resulted in identifying sufficient
conditions on the covariance spectrum needed for benign overfitting. While this paper
was being prepared, a follow-up work [72] has extended their analysis to binary classifi-
cation under generalized linear models (including the ‘Signed’ model as a special case)
and to subGaussian/Haar-distributed features. Motivated by these works, we investigate
the following related open questions: Does the mazx-margin classifier interpolate data
that are generated from generative (rather than discriminative) models? If so, under
what conditions? How do optimally tuned reqularized estimators compare to interpolating
classifiers? Are there settings in which the latter perform better? How does label noise
affect any interpolating properties of the maz-margin classifier? What does this imply for

benign overfitting?
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2.1.2 Contributions and novelty

We answer the questions above by focusing on the popular Gaussian mixture model
(GMM). Unlike discriminative classification models, the GMM specifies the feature con-
ditional distribution x|y, setting it to be a multivariate Gaussian that is centered around
a mean vector yn (of their respective class y = 1) and has covariance matrix X (Sec-
tion for details). We outline our contributions below and then highlight the novelties

compared to prior work.

(i) Abundance of support vectors (Section [2.5): We show for the first time that the
max-margin classifier linearly interpolates GMM data given sufficient overparameteriza-
tion. Notably, our analytic sufficient conditions for this to happen involve not only the
covariance spectrum, but also the problem’s signal-to-noise-ratio (SNR), which we define
as SNR = HnH%/nTzn. Thus, we uncover a key difference compared to discriminative data
(e.g. Signed model [119, [72]). We complement our sufficient conditions with numerical

results that suggest their tightness.

(i) Non-asymptotic bounds for min-norm estimators (Section[2.4]): We derive novel
non-asymptotic error bounds for the min-norm linear interpolator. Our bounds explicitly

capture the effect of the overparameterization ratio, of the covariance spectrum and of

the SNR.

(i1i) Interpolators’ risk under high overparameterization (Section : Combining our
findings above, we derive sufficient conditions on the spectrum of 3 and on the SNR that
guarantee both the SVM and the LS solutions (a) perfectly interpolate the data, and, (b)
achieve asymptotically optimal risk as overparameterization increases. Our conditions

improve upon the state of the art [31] in the noiseless case (see discussion below).

(w) The effect of reqularization (Section[2.6): We study the effect of ridge-regularization

on the risk. Interestingly, we identify regimes that the interpolating estimator (corre-

9



Benign overfitting in binary classification Chapter 2

sponding to zero regularization) outperforms regularized estimates in the overparameter-

ized regime.

(v) Interpolation and benign overfitting in noisy models (Section .' We extend our
findings to a noisy isotropic Gaussian mixture model, where labels are corrupted with
constant probability. First, we find that the favorable interpolating property of SVM
continues to hold, but under stronger conditions due to the label corruptions. Second, in
the regime of interpolation, we upper bound the risk of the minimum-norm interpolator
and use this result to identify regimes of benign overfitting, i.e. regimes where the SVM

risk asymptotically approaches the Bayes risk despite perfectly fitting the data.

On the technical front, while our analysis uses tools similar to those in [10} 119], there
are key differences in the GMM, which further complicate the analysis and impose new
challenges. This can be illustrated at a high-level as described below (see also Section
. We will show that at the heart of our analysis lies the challenge of upper/lower-
bounding quadratic forms such as y? (X X) 'y, where y is the label vector and X is
the feature matrix of the training set. Under the GMM, and unlike in linear regression
and discriminative classification models, the matrix X “includes” both the label vector
y and the mean vector n. Hence, considering y and X separately as in [10, [119] leads to
sub-optimal bounds. Instead, we first show that it is possible to decompose the original
quadratic form of interest into several more primitive quadratic forms on inverse-Wishart
matrices (rather than on the original Gram matrix). This decomposition is central to
our proof technique, but the technical challenge remains because: (a) the decomposition
involves the new quadratic forms in a convoluted way requiring us to establish both
lower and upper bounds for each one of them and then combine them carefully, and, (b)
while more primitive, the desired bounds for the new quadratic forms do not follow from

previous works. Besides, as mentioned above, a particular distinguishing feature of GMM

10
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compared to previous works is that in the process of doing the above we need to carefully
capture the impact of not only the covariance spectrum, but also of the model’s SNR.
Compared to previous works, we also complement our analysis with numerical results
validating the tightness of our findings. Also, we study the effect of regularization and
identify regimes in which interpolating estimators have optimal performance. Compared
to [119] [72] we also extend our results to a noisy model with constant probability label
corruptions.

The most closely related work in terms of problem setting and results is the recent
paper by [31], which thus deserves its own discussion. [31] are the first to derive non-
asymptotic risk bounds for overparameterized binary mixture models and use them to
characterize benign-overfitting conditions. Notably, their bounds hold for sub-Gaussian
features and for an adversarial noisy model that is more general than ours. On the other
hand, in the special case of GMM, our results improve upon theirs as follows. In the
noiseless case, we significantly relax the conditions under which interpolating estimators
asymptotically attain Bayes optimal performance with increasing overparameterization.
Also, our risk bounds capture the key role of the covariance structure unlike theirs. In
the noisy case, our benign overfitting conditions are the same, but our risk bounds on the
min-norm interpolator hold under relaxed scaling assumptions. It is worth mentioning
that our proof strategy towards upper bounding the risk of SVM is also entirely different
compared to [3I]. In comparison to [31], we are also the first to establish interpolating
conditions for the SVM solution under GMM data. Finally, our risk bounds also hold
for regularized least-squares.

A more elaborate discussion on the above closely related works, as well as, a compar-
ison to classical margin-based bounds is deferred to Section [2.9| due to space limitations.

The Appendix includes detailed proofs of all our results.

Notation. For a vector v € R? | let ||v]l2 = /D b, 07, |vlli = Y0 |uil, |v]l-1 =
11
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P o lvil, [|[v|le = max;{|v;|} and e; denotes the i-th standard basis vector. For a
matrix M, ||M]||s denotes its operator norm. [n] denotes the set {1,2,...,n}. We also
use standard “Big O” notations O(-), w(-), e.g., see [34, Chapter 3]. Finally, we write
N(p,X) for the (multivariate) Gaussian distribution of mean p and covariance matrix
¥, and, Q) = P(Z > z), Z ~ N(0,1) for the Q-function of a standard normal.
Throughout, ‘constants’ refer to numbers that do not depend on the problem dimensions

n or p.

2.2 Learning model

2.2.1 Data model

Consider the following supervised binary classification problem under a Gaussian
miztures model (GMM). Let & € RP denote the feature vector and y € {—1,+1} its class
label. The class label y takes one of the values {#1} with probabilities 71; such that
w41 + 71 = 1. The class-conditional probability p(x|y) follows Gaussian distribution.
Specifically, conditional on y = +£1, the feature vector x is a Gaussian vector with mean
vector +1 € RP and an invertible covariance matrix 3. Summarizing, the data pair

(x,y) is generated such that

1, W.p. T4
y = and xly ~ N(yn, X). (2.1)

-1, wp. 1—my

We denote the eigenvalues of ¥ by A 1= [Ay, -+, ),], with Ay > Ay > --- > A, and
write the eigendecomposition of ¥ as ¥ = >F | \vvl = VAV, where A is a diagonal
matrix whose diagonal elements are eigenvalues of 3 and the columns of matrix V are

eigenvectors of 3. Using the eigenvecotrs of 3 as a basis, the mean vector 1) can be

12
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expressed as 7 = V3, where 3 € RP. Note that ||n]l2 = |82

Consider training set {(x;,y;)}1; composed of n IID data pairs generated according
to the GMM in (2.1). Let X = [z, @s, -+ ,x,]" € R™*? denote the feature matrix and
Yy =[y1, - ,yn]" denote the class-label vector. Following (2.1]), the data matrix X can

be expressed as follows for a “noise matrix” @ € R™*? with independent N (0, X) rows,

X =yn" +Q.

Data covariance structure

One of our contributions is demonstrating how the classification performance on data
from the GMM depends crucially on the structure of the data covariance. To explic-
itly capture this dependency, we consider two ensembles for the spectrum of the data

covariance Y.

Definition 2.2.1 (Balanced ensemble). No eigenvalues of ¥ are significantly larger than

others. Specifically, there exists a constant b > 1 such that
bnAr < [|A]| -1, (2.2)

where [|A[[Z1 = >"%_, A;. An example of special interest is the isotropic case ¥ = I with

sufficient overparameterization, i.e., p > Cn, for some constant C' > 1.

Definition 2.2.2 (Bi-level ensemble). One eigenvalue of 3 is much larger than others.

Specifically, there exist constants by, by > 1 such that
p
by > Ao and bendy <) A (2.3)
i=3

The different nature of the two models leads to different conclusions on how the co-
13
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variance structure affects our key results on abundance of support vectors and benign
overfitting. Similar data covariance structures were considered in [I19], but for the dis-
criminative model y; = Sign(z{n),i € [n] with features &; ~ N(0,X). The two ensembles
above are also related to the notions of effective ranks introduced by [10] in the study of

benign overfitting for linear regression (see Section for details).

Key summary quantities

As mentioned, our results naturally depend on the spectrum of 3. Specifically, we
will identify ||A]|; and ||A||2 as two key relevant summary quantities. But as hinted by
the data covariance X is expected to interplay with the mean vector n in the results.
We will show that this interplay is captured by the the signal strength in the direction of

3., which we denote

o= |nl3% =n"2n=B"AB.

Finally, the signal strength ||n||; will also be important. Note that the two quantities o2
and ||m||2 define a natural notion of signal-to-noise ratio (SNR) for the GMM. To better
see this, take inner products of both sides of (2.1)) with 1 to express the label-feature

relation asx = yn+q — y = 'z i‘%, where ¢ ~ N(0,X). Then, following the
2

[l nll
T 4 T
standard definition in random-design regression and noting that Xiﬁ((ZTZ’; = C”””,fign =0
clmllz + 1, for 0 < ¢ < 1 depending on 74, we let SNR := nll; 1Bl . Lemma
nTsn ) = = P g +1, T nT=n T BTARY

bounds the classification error in terms of the same quantity, which further validates its

role as the SNR.

2.2.2 Training algorithm

Given access to the training set, we train a linear classifier 1) by minimizing the

empirical risk Remp(w) := 4 Sor Uy - wha;), where the loss function £ is chosen as: (i)

T on

14
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Least-squares (LS): £(t) = (1 —t)?, or, (ii) Logistic: £(t) = log (1 + e*). Throughout, we
focus on the overparameterized regime p > n. As is common, we run gradient descent
(GD) on the empirical risk. The following results characterizing the implicit bias of GD
for the square and logistic losses in the overparameterized regime are well-known. For
one, when data can be linearly interpolated (i.e., 33 € RP such that y; = ! 3, Vi € [n]),
then GD on square loss with sufficiently small step size converges (as the number of

iterations grow to infinity) to the solution of min-norm interpolation, e.g. [65]:
g = argmin ||w||, subject to y; = w’x;, Vi € [n]. (2.4)
w

Second, when data are linearly separable (i.e., 33 € R such that y;(z/' 3) > 1, Vi € [n]),
then the normalized iterates of GD on logistic loss converge in direction E to the solution

of hard-margin SVM [146], [77] (see also [I38] for earlier similar results):
fgyy = argmin ||w||s subject to yaw’ x; > 1,Vi € [n]. (2.5)

Now, specializing to data from the GMM, it can be shown that when p > n + 2, then
the data can be linearly interpolated with high probability (whp.). In turn, this easily
implies that data are also linearly separable. See Appendix for a formal statement
and proof of these claims. Combining those, in the overparameterized regime, whp., GD
on data from the GMM converges to either or for a square and logistic loss,
respectively.

The behavior above holds when no explicit regularization is used. To see the role of

Nsvm ”2 t—oo

t
!Precisely, convergence is in the sense of the normalized GD iterations n?, i.e. || H:W Tl
SVM

0.
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regularization, we also consider the ridge estimator given by
i, = argmin{|ly — Xw|3 + rwl3} = X" (XX" +7I)""y. (2.6)

Note that 7);4 can be obtained from by setting 7 = 0 (XX is non-singular whp.
for p > n, e.g., [162]).

Henceforth, we focus on the classifiers in , , . With some abuse of
terminology, we often refer to the minimum-norm interpolator in as LS solution for

brevity.

2.2.3 Classification error

For a new sample (z,y), the classifier 7} classifies & as § = sign(f”x). Then, the

classification error is measured by the expected 0-1 loss risk

R(n) = E[L(g # y)] = P(7" (yz) < 0), (2.7)

where the expectation is over the distribution of (x, y) generated as in ({2.1)). The following

simple lemma gives an upper bound on R(7).

Lemma 1. Under the Gaussian-miztures model, the classification error of a classifier m

. L\ AT , p T - (2" n)?
satisfies, R(n) = Q( ZTT;n) In particular, if 7' 7 > 0, then R(n) < exp (— m)

Proof. For a new draw x,y, using ¢ = yn + X%z, 2 ~ N(0,I) and symmetry of the
Caussian distribution, it can be easily checked that R(f) = P(%" (yq) < —H'n) =
P(El/2ﬁTz > f'n). Now, »273T2 is a zero-mean Gaussian random variable with
variance 77 7). Thus, the advertised bounds follow directly: the first, by definition of
the Q-function, and, the second, by the Chernoff bound for the Q-function, e.g., [163,

Ch. 2. 0
16
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Thanks to the lemma above, our goal of upper bounding the classification error,
reduces to that of lower bounding the ratio ;7;—;); We do this in Section for the
classifiers 1, and 7);g. In large, this is possible because these estimators can be con-
veniently written in closed forms (see (2.6]). In contrast, the SVM solution cannot be
expressed in closed form. To get around this challenge, Section establishes sufficient

conditions under which the SVM-solution 7)qy,, linearly interpolates the data, thus, it

coincides with the LS solution.

2.3 Link between SVM and linear-interpolation

This section establishes a link between the SVM solution in (2.5) and the LS solution
in (2.4)) for general X. Specifically, Theorem [1] below identifies sufficient conditions under
which all training data points become support vectors, i.e., Mgy linearly interpolates

the data: x7 gy = vi, Vi € [n].

Theorem 1. Assume n training samples following the GMM defined in Section [2.3.
There exist constants C1,Cy > 1 such that, if the following conditions on the eigenvalues

of ¥ and on the signal strength in the direction of ¥ defined as o 2 P \iBE hold:

Al > 72(J[A]l2 - ny/logn + | Ao - ny/nlogn + 1), (2.8)

[All1 > Cin/log(2n) o, (2.9)

then, the SVM-solution TNigyy satisfies the linear interpolation constraint in (2.4]) with

probability at least (1 — <2).

For the isotropic case, condition (2.8)) can be sharpened as shown in the following

theorem.

17
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Theorem 2. Assume n training samples following the GMM with ¥ = 1. There exist
constants Cy,Cy > 1 such that, if the following conditions on the number of features p

and the mean-vector n hold:

p>10nlogn+n—1 and p > Ciny/log(2n)||n|s, (2.10)

then, the SVM-solution Mgy Satisfies the linear interpolation constraint in (2.4) with

probability at least (1 — <2).

The theorems establish two sufficient conditions each for all training samples to be-
come support vectors. In the isotropic setting, the first condition requires that the number
of features p is significantly larger than the number of observations n. For the anisotropic
case, the corresponding condition is related the the effective ranks rq and Ry [10} [119],
e rp o= (20 N)/Aesr and Ry, = (020, Ai)2/ (320, A?). The condition requires that
the covariance spectrum has sufficiently slowly decaying eigenvalues (corresponding to
sufficiently large Ry), and that it is not too “spiky” (corresponding to sufficiently large
ro). [I19, Remark 4] provides a detailed discussion on how the effective ranks relate to
different spectrum regimes. Specifically, the bi-level ensemble (Deﬁnition does not
satisfy (2.8)). To see that, implies ||A||1 > 72n+/n(logn)A;, meaning that nA; should
not be large compared to the sum of other eigenvalues. In contrast, the bi-level ensemble
requires bynA; > [|A]|—1. The second conditions in the two theorems above are the same
to each other, since 0 = ||n||2 in the isotropic setting. These latter conditions relate to
the SNR and constrain the signal strength in the direction of 3.

To better interpret the result of the two theorems we show corresponding numerical
results in Figure[2.1] As explained, the figure also confirms the tightness of our theoretical
prediction. In all our simulations throughout this paper, we fix 7, = 0.5 and plot

averages over 300 Monte-Carlo realizations. For simplicity, we choose diagonal X; thus,
18
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Figure 2.1: Proportion of support vectors for various values of o2. Note that the five

curves nearly overlap when plotted versus ny/log(2n)o?/|| A1 as predicted by (2.9)
in our Theorem [I| confirming its tightness. See text for details on choices of 7, 3 and

p.

n = B. In Fig. 2.1 we guarantee (2.8) by setting p = 1500 and varying n up to 150.

For the eigenvalues of 3, we set \y = 7.5, g = --- = \,_; = 1 and A\, = 0.2. For
n, we chose m = -+ = 1, = n, where n = 0.1,0.15,0.2,0.25 or 0.3. Fig. 2.1 Left)

shows how the fraction of support vectors changes with n for different n. Smaller 7
results in higher proportion of support vectors. In order to verify the second condition in
(2.9), Fig. (Right) plots the same curves over a re-scaled axis ny/log(2n)a/||A||; (as
suggested by ) Note that the 5 curves corresponding to different settings overlap in
this new scaling, which agrees with the prediction of Theorem [T}

Next, we explain how Theorems (1| and [2| are useful for our purpose of studying the
classification error of Nqyy. Suppose and (or in the isotropic case) hold.
Then fjgyy = Mg = X2 (XXT)~ly. Thus, under these conditions we can analyze the
classification error of , by studying the simpler LS solution in ([2.4)). This observation
was recently first exploited in [I19] and sharpened in [72], but for a different data model.
To see why the above statement is true, note that when and (or (2.10))
hold, then 7)gy); satisfies the linear interpolation constraints; thus, it is feasible in .
Consequently, Mgy is in fact optimal in . To see the latter, assume for the sake of

contradiction that | slla < |fgvalle- But, for all i € [n], y:(fisx:) = 32 > 1; thus, ;g
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is feasible in ([2.5)), which contradicts our assumption. We will rely on this observation
in Section to study benign overfitting of SVM.

Finally, we compare our result to [I19] that established similar conditions to Theorem
i} but for a ‘Signed’ model: y; = sign(z!n) with x; ~ N(0,%). Interestingly, [I19]
obtained sufficient conditions that are identical to the first conditions in Theorems [I]
and 2] More recently, [72] sharpened the overparameterization condition (2.8)) to [|A[l; >
Ci1v/n||All2 and || A1 > Canlogn||Al|s with large constants C; and C for the anisotropic
case. While their proof technique does not appear to be easily extended to the analysis of
GMM, sharpening can be an interesting future work. The second conditions related
to SNR are tailored to the GMDM. Intuitively, this is explained since in the ‘Signed’ model,
the data are insensitive to the value of the signal strength ||7||3; what matters is only the
direction of 1. In contrast, both the direction and the scaling of the mean vector n are
important in the GMM as apparent from . Our analysis captures this in a concrete
way. Note that the first condition in Theorem [2] is sharper than in Theorem [I This is
because, in the isotropic case, we can leverage special properties of Wishart matrices; see

Section 2.8.2] for more details.

2.4 Classification error

This section includes upper bounds on the classification error of the unregularized
min-norm LS solution 7);4 and fs-regularized LS solution 7). for the isotropic, balanced
and bi-level ensembles. The implications of our bounds on 7); g and 7). are discussed later
in Sections2.5]and[2.6] The bounds that we provide can be achieved with probability 1—4
over the randomness of the training set. We will assume throughout that 0 < § < 1/C

for some universal constant C.

20



Benign overfitting in binary classification Chapter 2

2.4.1 Balanced ensemble

Recall from Lemma (1| that " > 0 is needed to ensure that R(7) < 1/2. The
following lemma shows that this favorable event occurs with high probability provided

sufficiently large overparameterization and high SNR.

Lemma 2. Assume the balanced ¥ ensemble (Definition [2.2.1). Fiz § € (0,1) and

suppose n is large enough such that n > clog(1/6) for some ¢ > 1. Then, there exist

constants C1,Cy > 1 such that with probability at least 1 — 4, ﬁfn > 0 provided that

Cyno?

2
> ———— 4 (Y. 2.11
HnH2 T+ H)‘Hl 2 ( )

We are now ready to state our main result for the balanced ensemble.

Theorem 3. Assume the balanced ¥ ensemble (Definition . Fiz § € (0,1) and
suppose large enough n > clog(1/§) for some ¢ > 1. Further assume that (2.11)) holds
for constants Cy and Cy > 1. Then, there exists constants Cs,Cy > 1 such that with

probability at least 1 — 0,

2
—(Imli3 - L2 — Coo)
+AT ) (2.12)

Cs max{1, Z= A3 + Cao?

R(7,) < exp (

The bound for the unregularized LS estimator 7,4 can be obtained from (2.12)) by

setting 7 = 0. Thus, with probability at least 1 — §, R(7g) is upper bounded by

2
~(Imllg - S22 - o)
exp< ) (2.13)

Csmax{1, ﬁfﬁi}u)\ug + Cyo?
By (2.13)) we notice that the classification error depends on ||n||3, || A]|3 and o?. Specifi-

2

cally, increasing ||n||3 and/or decreasing either | A||? or 0% can make the bound smaller.
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Increasing overparameterization can also help the bound decrease. To see that, consider

no? _ %H"?H% is directly related to the

for example the case \y = Ay = -+ = \,. Then, E =

overparameterization ratio p/n and the numerator becomes (||n||3(1 — Ciy) — Cyo)?.

2.4.2 Isotropic ensemble

We have a slightly sharper bound on the classification error of the unregularized
estimator in the isotropic regime, which is also easier to interpret. For simplicity, we

only state the result for the min-norm interpolating solution (aka 7 = 0).

Theorem 4. Assume ¥ = I. Fiz 6 € (0,1) and suppose large enough n > clog(1/9)
for some ¢ > 1. There exist constants C,b > 1 such that with probability at least 1 — 9,
fitgn > 0 provided that p > b-n and (1 — “Ninll2 > C. Further assume that these
two conditions hold for C.b > 1. Then, there exist constants C1,Cy > 1 such that with

probability at least 1 — 9

(1= 2)]nl. —01>2>.

ACETTD (2.14)

R{ins) < exp  — Iml3

The bound depends on the overparameterization ratio p/n and the SNR ||n||3 when
3 = I. To clarify the dependence, it is instructive to consider separately the following
two regimes. (a) High-SNR regime: |3 > 2. (b) Low-SNR regime: ||n|j3 < E.

The following is an immediate corollary of Theorem 4] specialized to the two regimes

Corollary 4.1. Let the same assumptions of Theorem [J] hold. Then, there exists con-

stants Cy > 1,Cy > 0 such that with probability at least 1 — 9, in the high-SNR regime:

Ris) < exp (= Co- Il (1= 5) = €y YY) (215)
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Figure 2.2: The left plot depicts — log ( classification error) for ||n||3 = 3,5,8,10 as a
function of p. The middle and right figures depict — log (test error)/||n||3 for small p
(aka High-SNR regime) and — log (test error)/||n||3 for large p (aka Low-SNR regime),
respectively. The rescalings are as suggested by our bounds (2.15)) and (2.16]), respec-
tively. Note that, after rescaling, the error curves indeed become almost parallel as

suggested by Corollary

and, in the the low-SNR regime:

(1-2)— Clﬁf)

Riins) < exp (= o flli=—"

(2.16)

We use simulations to validate the above bounds. In Fig. R.2fLeft) we fix n = 100
and plot the classification error (in log-scale) as a function of p for four different SNR
values 3,5,8 and 10. Observe that —log R(7ng) initially increases until it reaches its
maximum at some value of p > n and then decreases as p gets even larger. This “increas-
ing/decreasing” pattern is explained by the transition from the high-SNR to the low-SNR
regime as per Corollary [£.1] On one hand, the negative of the exponent of the high-SNR
bound is increasing with p for ||n||3. On the other hand, as p increases, and we
move in the low-SNR regime, the negative of the exponent in decreases with p when
p is large enough. Additionally, in Figs. (Middle,Right), we plot re-normalized values
—log R(MNs)/|Iml|3 and —log R(7;5)/|Imll3- Notice that after appropriate normalization

the curves become almost parallel to each other and almost overlap for large values of

[n]3, as suggested by (2.15]) and (2.16)).
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2.4.3 Bi-level ensemble

In this section we study the classification error under the bi-level ensemble in Defini-
tion [2.2.2] i.e. when one eigenvalue of 3 is much larger than the rest. Compared to the
balanced ensemble, the analysis here depends on a more intricate way on the interaction
between the mean vector and the spectrum of 3. To better understand this interaction
we will assume (3 is one-sparse, i.e., the signal is concentrated in one direction. We
will also assume, this time without loss of generality, E] that X is diagonal; thus, 8 = n.
Hence, taking B to be one-sparse with (say) the k-th element non-zero, the SNR becomes
f—é = % Specifically, £ = 1 corresponds to the smallest SNR, for which we expect high-
est classification risk among all other choices of k. For better classification performance,
large signal and noise components should not be in the same direction. This motivates

the following assumption.

Assumption 1. The covariance matrix 3 is diagonal and its diagonal elements follow the

bi-level structure in Definition 7 is one-sparse with nonzero k-th element 7, and
k#1.

Under Assumption , the signal strength in the direction of ¥ is 02 = M\yn? and

the ratio needed to be lower bounded 0 m)? becomes (ZL’“)QQ The following theorem

) =1 il

establishes an upper bound on the classification risk for this setting.

Theorem 5. Let Assumption[]] hold. Fiz 6 € (0,1) and large enough n > clog(1/4) for

some ¢ > 1. Let Assumption[1] hold. Then, there exist constants cy,co > 1 such that with

cino?

AT T c20. Further assuming the

probability at least 1 -4, ’fﬁ’r) > 0 provided that n? >

above condition holds, there exist constants C;’s > 1 such that with probability at least

2Recall £ = VAVT and n = VB. Thus, X = ynT + Q = (yB8~ + ZA*)VT = XVT, where
~T 2
Z € R™¥P has IID standard normal entries. With this, it is not hard to check that % =
(" (XXT+7D) "' Xn)? _ @ (XX 47" XB)?
YT (XXTHr DT IXEXT(XXT+r D7 ly — T (XX 47D XAX (XX 47Dy
we can equivalently analyze the simplified model with diagonal covariance: * = y3 + ¢q, ¢ ~ N(0, A).

24
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1-94,

—(ni(l - ) - CW)Q) (2.17)

h.) <
R(7),) < exp ( A+ B+ Cs(X2 +0?)

with A = C3\3(ZINEG00)? gng B = C5 (30, A2) (1+ =Se-)”.

A bound for unregularized estimator ;4 can be obtained by setting 7 = 0. Recall the
4 2
SNR under Assumption [1|is % = Z—i We observe that the bound above depends not only
on the SNR, but also on \;, for ¢ # k, i.e., the spectrum of X in every direction. Note
.. . . . n .
that similar to previous sections, in (2.17)), the term m on the numerator is related
to the sufficiency of overparameterization. As we will see, the role of regularization in the

bi-level ensemble is more subtle compared to the balanced ensemble and will be discussed

in Section

2.5 SVM generalization under high overparameteri-
zation

Now that we have captured the classification error of the min-norm LS estimator 7); g

in (2.13]) and (2.14)), and we have established conditions ensuring 7,5 = Mgy in Theorem

and Theorem [2 we establish sufficient conditions under which the classification error
of hard-margin SVM vanishes as the overparameterization ratio p/n increases. Note
that the bi-level ensemble will not satisfy the first condition in Theorem [I} hence we
focus on the balanced and isotropic ensembles. For later use, define the term in as

A i= T2([|A]]2 - nv/log n + | A]|so - ny/mlogn + 1). We first focus on a special case where
T

B = {ﬁ B .. ﬂ} for simplicity.
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Corollary 5.1. Let the same assumption as in Theorem[3 hold with 7 = 0 and sufficiently
large n > C/4 for some C' > 1. Also let B = [5 6. 51T. Then, for large C;’s > 1,
with probability at least (1 —0), figyn linearly interpolates the data and the classification
error R(Ngyy) approaches 0 as p — oo provided the two following sets of conditions on

IAll1 hold:
A1 > max{A\., C1/5%n? log(2n)} and maX{B’QH)\H%, IAllL} < Cy3%p™, for a < 2.

The first condition above requires sufficient overparameterization and the second one
a large enough SNR. To see that, note for the setting of Corollary that SNR =
p?B2/||All1. Thus, the second condition imposes SNR > ¢p?~® implying that SNR > ¢p*
for some € > 0.

Corollary assumes that 3 has equal elements. Now we allow the mean vector n

to have different entry values but let 3 = I, then we have the following result.

Corollary 5.2. Let the same assumptions as in Theorem [ hold and n sufficiently large
such that n > C/§ for some C > 1, thus 3 = I. Then, for large enough positive con-
stant C;’s > 1, gy linearly interpolates the data and the classification error R(figym)
approaches zero as (p/n) — oo with probability at least (1 — &) provided either of the two
following sets of conditions on the number of features p and mean-vector n hold:

(1). High-SNR regime
1
5n||77||§ > p > max{10nlogn +n — 1, Cony/log(2n)||n||2}.
1
(2). Low-SNR regime

p > max{10nlogn +n — 1, Csny/log(2n)||nl|2, n|nll5}, and ||n|3 > 04(%)0‘, for a > 1.
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Figure 2.3: Numerical demonstration of benign overfitting for the GMM. The left
plot shows the classification error with n = 50 and mean vector 1 with entries
m = ... =1, = n. The solid lines correspond to the LS estimates and the (al-
most overlapping) dashed lines show the SVM solutions. The error vanishes with
p — oo indicating benign overfitting as predicted by Corollary [5.1l The right plot
illustrates the proportion of support vectors in the same setting.

T
We first compare Corollariesandassuming both ¥ =T and 3 = [5 B .. ﬁ] .

Then ||All1 = ||Al]3 = p and ||n||2 = ||B]]3 = pB. Tt is not hard to check that under those
assumptions, they both require p > Cn?log(2n), for sufficiently large constant C. One
might expect that a sharper condition can be obtained by Corollary when 3 = 1.
Unfortunately, that is not the case because although the first condition in Theorem [2| is
sharper than that of Theorem |1} the second conditions become equivalent when 3 = T

T
and B = l@ B 5] and are stronger than the first condition.

Remark 1 (Comparison of noiseless conditions to [31]). Using different tools to directly
analyze Mgy (see Section [2.9.2)), [31, Thm. 3.1] proved that for noisy mixtures with

possibly adversarial corruptions and with subGaussian features
p > Cymax{n|n|Zn?log(n)} and [mlli> Cop®, a > 1, (2.18)

suffice for benign overfitting, i.e., for making the classification error asymptotically ap-
proach the noise level as p/n — oo. Our corollary holds for the special case of

Gaussian features and noiseless labels. Since labels are not corrupted, the noise floor
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is zero. In this special case, our result relaxes significantly the sufficient conditions for
which the risk approaches zero compared to a direct application of their result. To see
this note that condition is reminiscent of our ‘low-SNR regime’ condition (2) in
Corollary [5.2] First, our condition relaxes the requirement on overparameterization from
p > Cn?log(n) in to p > Cn+/log(2n). Second, our condition ||n||3 = w(p/n) on
the SNR can be equivalent to theirs ||n||3 = w(p), for example in a setting of constant n.
In order to better understand different conditions, consider a somewhat concrete setting
in which n is fixed and only p and ||n||2 grow large. Then for the classification error to
go to 0 as p — oo, [31] requires (see (2.18)) that [|n|ls = O(p?) for § € (1,1]. Instead,
our Corollary [5.2| requires that [|n|ls = ©(p”), 8 € (1/4,1/2] (low-SNR) or ||n||> = O(p”)
for € (1/2,1) (high-SNR). We repeat that this improvement is for zero label noise. In
Section [2.7, where we study a noisy GMM, we show that our sufficient conditions can

indeed change in the noisy case.

Finally, we present numerical illustrations validating Corollary 5.1} In Fig. 2.3] we

let gy = --- =m, = n with n = 0.1,0.15,0.2 or 0.25. Thus, ||n||? = n*p. We also fix

n = 50. The eigenvalues of ¥ are generated as follows: Ay = 0.005p, A, = 0.2 - %9?
P

and g = -+ =\, = %. This setting is different from the isotropic case, but

ensures ||All; < Cip, |All2 £ Cyp/? and conditions in Corollary are satisfied. In
Fig. [2.3|Left), we plot the classification error as a function of p for both LS estimates
(solid lines) and SVM solutions (dashed lines). The solid and dashed curves almost
overlap, so it can be hard to distinguish in the figure. We verify that as p increases,
the classification error decreases towards zero. Similarly, Fig. (Right) reaffirms that
all the data points become support vectors for sufficiently large p (cf. Theorem . In
addition, Fig. [2.3(Left) shows that the classification error of SVM solutions is slightly

better than that of LS estimates when p is small. The error becomes the same for large p,

since then the SVM solutions are the same as LS solutions. Another observation is that
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the classification error goes to zero very fast when SNR is high (e.g., purple curves), but
the probability of interpolation increases at a slow rate. In contrast, when the SNR is
low (e.g., red curves), the probability of interpolation increases fast, but the classification
error decreases slowly. Intuitively, the harder the classification task (aka lower SNR), the

larger the classification error and the more data points become support vectors.

2.6 On the role of regularization

In this section, we discuss how the f>-regularization affects the classification error of
7, under the balanced and bi-level ensembles. For convenience, we start with a brief
summary of our findings.

(a). Balanced ensemble:
1. The classification error is decreasing with 7. Thus, it is minimized as 7 — 4o0.

2. Our bounds verify that in the limit 7 — +o00, 7, has the same error as the so-called

averaging estimator 7, = 1 Zie[n] y;X;, where x! is the i-th row of X.

n

3. The averaging estimator is the best among the ridge-regularized estimator and the

LS interpolating estimator.
(b). Bi-level ensemble:

1. Our upper bound on the classification error is not monotonically decreasing with
7. Hence regularization might not be helpful and the averaging estimator is not

optimal.

2. There are regimes where 7 = 0 is optimal. Specifically, the interpolating estimator
performs the best when \; is large enough compared to other eigenvalues of 3 and

overparameterization is sufficient.
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These observations are illustrated in Figures[2.4] 2.5 and [2.6) which are discussed in detail

in the next sections.

2.6.1 Balanced ensemble

We first analyze the bound in . Observe that both the terms % in the
numerator and % in the denominator decrease as the regularization parameter 7
becomes larger. This suggests that, under the balanced ensemble, increasing regulariza-
tion always helps decrease the error. The remaining terms, o and [|A||3 in (2.12)), that are
not affected by changing 7 reflect the intrinsic structure of the model and characterize the
difficulty of the learning task. As 7 — 400, the “regularization-sensitive” terms vanish

and only those “regularization-insensitive” terms remain. Specifically, the upper bound

on classification error becomes

exp (= (2 _ )2/, 25 L ). (2.19)

In Appendix we show that the bound in (2.19) is the same as the bound for the

so-called averaging estimator which simply returns

v = X y/n. (2.20)

Therefore, under the balanced ensemble, the classification performance of the averaging
estimator is superior to that of the ridge and interpolating estimators. A similar finding
was recently reported in [I114], but in an asymptotic setting and only for the isotropic
case.

We now use numerical simulations to validate the above claims. In our simulations

in Fig. 2.4} we fix n = 100 and vary p. To check (2.12)), for each p, we set || A]|2 to be p
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Figure 2.4: Classification error as a function of p under 3 model setups with differ-
ent regularization parameter values 7. In the right plot all n;’s are the same. The
middle/left ones correspond to the extreme cases of largest/smallest values o?; see
text for details. Also plotted (in magenta) the averaging estimator defined in (2.20).
As predicted by our theory, for fixed |12 and ||A||3, larger 7 and smaller o2 lead to
better performance and 7, has the same performance as 7),,, when 7 is large.

and \; = /0.0125p, A, = /0.000125p and all the rest \’s are \/(p — X2 —X2)/(p—2).

This setup makes A; slightly larger than other A;’s and A, slightly smaller. For example,
when p = 1000, then A\; = 3.53, A\, = 0.35 and all other \;’s are 0.99. Note that although
A;’s are not equal, those settings still satisfy the requirements of the balanced ensemble.
Then, we look at different signals 17 with the same strength ||n||3 = (0.125%)p. To make
o? in different, we consider 3 cases: all 7;’s are the same, only 7; nonzero and
only 7, nonzero. The right plot in Fig. [2.4] shows the classification error of the same-7;
case, the middle one shows the nonzero-7; case and the left plot shows the nonzero-n,
case. To see the role of regularization, we look at the classification error with different
7 values and also include the averaging estimator. We can see that among the three
plots, the nonzero-n, case (left) has the smallest classification error and the nonzero-n;
case (middle) has the largest classification error. This is in agreement with the fact that
the nonzero-n, case has the smallest 0% and the the nonzero-n; case has the largest 0.
For large p, regularization always helps reduce the classification error. When 7 is large,
the performance of 7, becomes the same as that of 7),,,. All those observations are

consistent with Theorem [B]
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Figure 2.5: The left-most plot shows the classification error for different A\; /|| Al|—1
ratios with n = 100 and mean vector m with entries 7, = --- = 7,1 = 0 and
Ny = v/200. Other plots show how #;’s vary with 7. As predicted by the theory,
under the balanced ensemble, 7; and 72 decrease at similar rates, but have different
behaviors when X has a highly spiky eigen-structure. See text for details.

2.6.2 Bi-level ensemble

We have seen that regularization is always useful in reducing the classification risk
in the balanced ensemble. For the bi-level ensemble, the story is quite different: the
classification error is no longer monotonically decreasing as 7 increases. Recall that under
Assumption , with high probability, R(7,) is upper bounded by . Moreover, when
T goes to infinity, it is not hard to check that this bound matches the corresponding for
the averaging estimator (see Appendix . Thus, in this case the averaging estimator

is not optimal.

T—‘,—HAH,1+047’L0' .

To see why ([2.17) is no longer monotonically decreasing in 7, the term = T T

A is increasing in 7 and thus A is increasing in 7 when Ay > Cyo = Cy/ g, i.€., when

A1 is large enough compared to A, and 7. Note that (2.17)) is obtained by lower bounding

(ki)

v and A is related to the term A\;7?, i.e., the estimate in the direction of \;. Since
=1 "'y

A1 is much larger than others, even if the regularization is useful in other directions, the
performance won’t keep improving as 7 increases, because it won’t help in the direction
with the largest “noise”. Term B in , on the other hand, is related to A\;i?, for
1 # 1 or k, and it becomes smaller as 7 becomes larger, thus regularization is useful in

these directions. B becomes less important than A if A\; becomes larger than other \;’s,
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hence the regularization becomes less helpful in this case. Another observation is that in

the numerator of (2.17)), the term % decreases as 7 increases. Note that when \y =

= A, ﬁ = 1%’ hence this term measures the sufficiency of overparameterization.

When the overparameterization is sufficient, i.e., p is much larger than n, ﬁ is already

very small, hence —2t— won’t be much smaller than H even for large 7. In other

THAl -1
words, strong regularization won’t help very much. Summarizing all those observations,
we conclude that the regularization becomes less useful in reducing the classification error
when \; is large enough relative to other eigenvalues and when overparameterization is
sufficient. Under those conditions, 7 = 0 minimizes , therefore, the interpolating
estimator 7); g has better performance than the regularized estimators. Since small or zero
regularization can provide the best estimation in the bi-level setting with Assumption
in the overparameterization regime, it seems that the model structure itself provides the
implicit regularization. This phenomenon is also discussed in [10} 118, 86], 119, 157].

The following numerical experiments validate our analysis. First in Fig. 2.5 we illus-
trate how the ratio A /||A|| -1 affects the classification error and the role of regularization.
In our simulation, n = 100, p = 200. 1 € R?® is one-sparse and only the last element
is non-zero, i.e., n” = [0,0,---,0,/200]. For the eigenvalues of ¥, in the balanced en-
semble, the diagonal elements are all equal, i.e.;, A\ = --- = Aypp = 150. In the bi-level
ensemble, we fix ||A|l; = 200 - 150 and let Ay = a||A||1, with @ = 0.1,0.4 and 0.8. Then
Ay =--=X, = (1—a)-||A]l1/(p—1). Note that larger v makes A /||A||-1 higher and that
a = 0.005 in the balanced ensemble. Fig. [2.5] illustrates how classification error and 7;’s
change with the regularization parameter 7. Based on previous analysis, we divide those
7;’s into 3 groups, {71; M2, -+ , M199; T200 }- 71 has true value 0 with large noise, 7, - - - , 199
have true value 0 with small noise and 7599 has non-zero true value with small noise. The
figures show 71, 72 and 7js99. We can see that the classification error keeps decreasing

as 7 increases for the balanced ensemble (red curves). Part of the reason is that 7y, 7
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Figure 2.6: For all the plots here, we fix n = 30, Ay =,...,= ), = 50 and

A1/lIAll=1 = 10 (corresponding to the bi-level ensemble). (a) Classification error

versus 7/n for different p and fixed 7, = 25. Observe that the classification error

increases monotonically with 7 for large p. (b) A regime where 7);¢ performs the

best and its classification error approaches 0 as p — oo. Specifically, we set here

Np = 0.1/50p%6. See text for details.
and 7909 decrease at similar rates. In contrast, for the bi-level regime, as 7 increases, the
classification error decreases first, then increases. 7, decreases with 7, but 7); increases
slowly with 7 for large 7 when \; /|| A||_1 is large. This is consistent with Theorem [5|in
which A is increasing in 7 when \; is large enough. When \; is not large enough, as the
green curve shows, 7); decreases at a similar rate as 7; and all the curves are closer to
those of the balanced ensemble.

Finally, we illustrate how the overparameterization ratio p/n affects the role of reg-
ularization in Fig. 2.6 (a). Here to guarantee p/n sufficiently large, we fix n = 30. We
plot how the classification error changes with 7 for p = 75,100, 200, 300 and 500. 7 is
one-sparse with 1, = 25. For eigenvalues of 3, to make A\ /||A]|_; sufficiently large, we
set g = -+ = A\, = 50 and A\ = 10||A[|=;. We observe from Fig. [2.6| (a) that when
p is large, the classification error increases with 7, thus 7 = 0 performs the best. The
optimal choice of 7 is larger than 0 when p is not large enough (e.g., p = 75 and 100).
In Fig. [2.6| (b), we show a regime where 7, ¢ performs better than 7, and 7jq,; when p
is large. Again we fix n = 30 to ensure sufficient overparameterization. Same as before,

we set A\g = --- = A, = 50 and A\; = 10||A||_;. To make the classification error approach
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0 as p — oo, according to Corollary in Appendix, we set 1, = 0.1v/50p"6. Fig.
(b)(Left) shows the classification error over different p for various 7. We also added the
curve for ngyy. Fig. (b)(Right) zooms in to p > 600. The classification error for
the case with the largest 7 is too large to be shown. We can see that the interpolating

estimator 7); g performs better than the regularized estimators when p is sufficiently large.

2.7 Noisy GMM: Interpolation and benign overfit-
ting

We extend our results to a probabilistic label-noise Gaussian mixture model.

2.7.1 Model and assumptions

We formally define the noisy model below; note that this is a special case of the

adversarial noise model studied in [31].

Definition 2.7.1 (Noisy GMM). A data pair (x,y.) € RP x {£1} is generated from
the noisy Gaussian mixture model (GMM) with mean vector n, covariance matrix 3
and corruption probability v as follows. First, the clean data pair (x,y) is generated
according to . Then the label y. is generated by flipping the correct label y with
probability 7. We assume that ~ is independent of everything else (i.e., independent of
the label y and the Gaussian noise term q). Also, we assume that 0 < v < 1/C for a

large constant C'.

We define the label vector with clean/corrupted labels as y/y,.. For brevity, we focus
here on the isotropic case ¥ = I and we derive analogues of Theorems and of
Corollary [5.20 Throughout this section, we let 7);g/fgyy be the LS and SVM solutions
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obtained by solving minimizations (2.4) and (2.5)) but with the unobserved clean label

vector y substituted by the observed corrupted vector y..

2.7.2 Interpolation

Our first result establishes the equivalence between SVM and LS solutions for high
enough effective overparameterization for noisy GMM data. As we will see, the required

overparameterization conditions are now stronger compared to the noiseless case.

Theorem 6. Assume n training samples following the noisy GMM with 3 = 1. There
exist large constants C;’s > 1 such that, if the following conditions on the number of

features p and the mean-vector m hold:

p>Cinlogn+n—1 and p> Comax{n/log(2n)||n|l2, nlnl3}, (2.21)

then, the SVM-solution T)gyy satisfies the linear interpolation constraint with probability

at least (1 — <2).

Note the extra term n|n||3 in the second condition above compared to Theorem [2}
When SNR = ||n]|2 = Q(log'/?(n)), this new condition becomes dominant and the over-
parameterization ratio p/n should exceed SNR to guarantee interpolation. In Corollary
4.1} we called the regime p/n > SNR the low-noise regime. Hence, in the noisy case, we

can guarantee equivalence of the SVM and LS solutions only in the low-SNR regime.

2.7.3 Error bounds

Our next result upper bounds the risk of the LS estimator. The bound holds in a

regime where 7); g = T)gy, SO it also applies to the risk of the SVM solution.
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Theorem 7. Assume that conditions in hold for noisy GMM data with 3 = 1.
Fiz 6 € (0,1) and suppose n is large enough such that n > ¢/é for some ¢ > 1. Then,
there exist constants C,b > 1 such that with probability at least 1 — 9, ﬁfsn > 0 provided
that p > b-n and (1 — 2)[|nlls > C. Further assume that these two conditions hold for

C,b> 1. Then, there exist constants Cy,Cy > 1 such that with probability at least 1 —¢:

(=7 - 01”%2)2)

o (2.22)

R(’ﬁLS) < v+ exp ( —Cy - H"?Hél

Since the conditions in (2.21]) hold, we operate here again in the low-SNR regime.
The bound has two additive terms. The first term is the noise-level v which we cannot

beat due to the corruptions. The exponential term is the same as the bound for noiseless

GMM in the low-SNR regime presented in Corollary [4.1]

Remark 2 (Comparison of risk bounds to [3I]). For an adversarial noise model and

subGaussian features [31] prove that
A 13
R(Nisyn) < 7 + exp ( - CT>, (2.23)
in the following regime:
p > Cmax {n*log(n), n|n|3}, |nl3> Clog(n) and n>C. (2.24)

While our model is a special case of theirs, note that Theorem [7| holds under relaxed

assumptions. Specifically, we relax (2.24]) to
p > Cmax {nlog(n), n|n|3}, Inl3>C and n>C. (2.25)

Also, assuming the special case (2.24)) of [31] our bound in Theorem [7] reduces to the one
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n @29,

2.7.4 Benign overfitting

Paralleling the exposition in Section 2.5 we use the results above to show that both
the SVM and LS solutions approach the Bayes error as overparameterization increases.
The requirements for this to happen are now stronger. However, the conclusion is some-
what more surprising in the noisy case: interpolating solutions nearly achieve optimal
Bayes error despite perfectly fitting to corrupted labels. Borrowing the terminology in-

troduced by [10], our result establishes “benign overfitting” for noisy GMM data.

Corollary 7.1. Let the same assumptions as in Theorem[7 hold and n sufficiently large
such that n > C/6 for some C > 1. Then, for large enough positive constant C;’s > 1,
Ngyu linearly interpolates the data and the classification error R(Ngyy) approaches vy as
p/n — oo with probability at least (1 —6) provided the following sets of conditions on the

number of features p and mean-vector n hold:

p > max{Conlogn +n — 1,Csn+/log(2n)||nl|2, n|nll5}, and ||n|3 > 04(%)"‘, for a > 1.

Note that the benign overfitting condition above is identical to the condition of Corol-
lary [5.2] for the Low-SNR regime in the noiseless case. However, instead of ||n||> = O(p”)

with € (i, 1) in the noiseless case, the conclusion of Corollary holds under the

stronger condition [|n|l; = ©(p”) for B € (4, 3]. We remark that (according also to the
discussion in Remark , our conditions for benign overfitting of noisy GMM coincide

with the conditions derived by [31].
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2.8 Proofs outline

The complete proofs are given in the Appendix. Here, we provide an outline. For
simplicity, we focus on the noiseless GMM in (2.1)). At a high-level, the proofs for the
noisy model remain the same with some more care needed to account for the mismatch

between the clean and the corrupted labels (see Appendix for details).

2.8.1 Reductions to quadratic forms

We first show that the proofs of all theorems reduce to establishing lower/upper
bounds on quadratic forms of the Gram matrix (X X7 + 7I)~1.
Link between SVM solution and LS solution. We start with Theorems [l and
2l As in [I19, Theorem 1], it suffices to derive conditions under which the following

complementary slackness condition of ([2.5)) is satisfied with high probability:

yie] (XXT) 'y >0, for all i € [n]. (2.26)

Note that the LHS of (2.26) is a quadratic form involving (X X7)~'.
Classification error. When deriving upper bounds on the classification error, it suffices

from Lemma [I] that we lower bound the ratio

(im)? (y'(XX" 4+ 7I)"' Xn)? (2.27)
'en. yT(XXT+rD) I XSXT(XXT + 711y’ '
Specifically, when 7 = 0 and ¥ = I, we have
~T 2 T Ty—1 2
XXNH1x
(msm)? (v ( ) Xn) (2.28)

TLsATLs - yT(XX) Ty
Note that both the numerator and denominator above include terms such as y” (X X7 +
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7I)~" and y7(XX")'y. Our key technical contribution is bounding those for GMM
data.

Challenge. Bounding quadratic forms of (X X* +7I)~! is challenging for GMM data,
since X X7 = (yn” + Q)(yn” + Q)7, i.e. the Gram matrix “includes” both y and 7.
Specifically, this is different to [I19, [10, [I57], since in their setting X X* = QQ" and
their results on quadratic forms of inverse Wishart matrices do not directly apply here.
Our approach. For concreteness, consider the problem of bounding the quadratic form
T :=y"(X X" +7I)"'y. A possible approach is to start from bounds on the eigenvalues
of X XT 47T and then obtain bounds for the eigenvalues of its inverse. Specifically, this
turned out to be appropriate in the setting of [10, 119]. The situation is different here:
the same eigenvalue approach fails to capture the dependence of X on y when bounding
T} and results in suboptimal bounds. Instead of decoupling y and the inverse Gram
matrix that appear in 7T}, we consider both terms simultaneously. To make this possible

we begin with the following decomposition of the Gram matrix:

[nll2y”
XXT+TI:(QQT+TI>+[I\77IIzy Qn y} y"

(Qn)”

which already isolates the (translated) Wishart matrix (QQ" +71I) from the terms 1 and
y. Once decomposed in this form, our observation is that with an appropriate application
of the matrix inversion lemma we can now express quadratic forms of interest (such as
T1) in terms of five more primitive quadratic forms. This idea is materialized in the

following key lemma.

Lemma 3. Let U, := QQ" + 71 (thus, Uy = QQ") and d := Qn. Further define the
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following five primitive quadratic forms

s =y Uty t:=d'U'd, h-=y"U;'d, g;:=y"Uj'e;, fi:=d"Uy'e; ic[n],
(2.29)

and denote D := s(||n||3 —t) + (h+1)%. With this notation, the following identity is true:

029"
1
y (XX + 71 =y U - [||n||2s, h? 4 h— st, s] 4T UL (230)

T T

dT

The five quadratic forms defined in involve now the inverse of the Wishart
matrix QQ7 rather than of the original Gram matrix X X7; this is why we call them
“primitive”. Despite that feature, bounding these terms still does not follow by mere
application of results appearing in previous works [10] 157, [IT9]. Moreover, observe in
identity that the five primitive forms appear with mixed signs each and both in
the numerator /denominator. Thus, it is critical to obtain both lower and upper bounds
for them. We derive these in the two lemmas below, which together with Lemma 3] form

key technical contributions of our work.

Lemma 4 (Balanced). Recall that c* =Y 7 \iB2. Assume that ¥ follows the balanced
ensemble defined in Definition [2.2.1, Fix § € (0,1) and suppose n is large enough such
that n > clog(1/6) for some ¢ > 1. Then, there exists constants Cy,Cs,Cs,Cs > 1,

Cs > C4 > 0 such that with probability at least 1 — ¢, the following results hold:

n <5< O n o no? ct<C no?
N NN >~ T TN 47 N >~ T TN
Ci(T + [IAll) CGEAEYD (7 + [[All) “(r+ [A)
no no Vn
—Cy———~ < h < Co————, ||d|3 < C3no®, ||y"U M|z < Co— .
(7 + [[All) (7 + [[All) ? (7 + A1)
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We state our finding on f;, i € [n] separately since it requires extra technical work to
yield a bound that is uniform over [n] and dimension independent. See Appendix

for details.

Lemma 5. Assume the condition in (2.8)) is satisfied, Fix 0 € (0,1) and suppose large
enough n > ¢/d,c > 1. There exists constant C' > 1 such that with probability at least

1—9,

C'y/log(2n)o
max |fil < — L (2.31)

2.8.2 Proof sketch of Theorems [ and [2]

With the technical lemmas above, we are now ready to sketch the proof of Theorem
. For simplicity here, consider the unregularized estimator (7 = 0). As mentioned
previously, it suffices to derive conditions under which holds with high probability.
Thanks to our Lemma 3] we derive the following decomposition in terms of the primitive

terms defined in (2.29)) (with 7 = 0 therein):
gi + hgi — sf;

v XX e = Tl T o 1 (2.32)

The denominator above is positive with high probability. Thus, we only need to ensure
that y;(g; + hg; — sf;) > 0. For this, we use Lemmas 4| and [5| (see also for a lower
bound on y;g;). Detailed proof is in Appendix [A.2.1]

The proof of Theorem [2|is similar, except that the bounds on quadratic forms of the
Wishart matrix are used when 3 = I, thus providing a sharper result. Specifically, when

lower bounding ¥;¢;, less overparameterization is needed, i.e., the first condition in ([2.10))

is sharper than (2.9).
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2.8.3 Proof sketch of Theorems [3] and 4

As per Section , we will lower bound the ratio in (2.27). First, work with the
denominator. Observe that XXX 7T = (y8" + ZA%)A(yBT + ZA%)T. Further let A :=
(XXT + 7D 'yy" (X X" + 7I)7" and z; denote the i-th column of Z. Then, we
show the following by applying the cyclic property of trace and the inequality v Mu <

1(v"Mv + u" Mu), true for any PSD matrix M:

Tv <yT(XXT +rI) ' XEXT(XXT + ’TI)_ly>
—Tx((yp" + ZAH)A(yS" + ZA1)TA)

p
<2 S N Al + 0y (XX + 1) 'y)?).
i=1

Now, to upper bound >_7_, A?|| A||2||2:]|3, note || z;]|3’s are independent sub-exponentials;
thus, for fixed B > 0, we can bound Y7  A?B||2;]|3 using the Bernstein’s inequal-
ity. Specifically, we choose B as an upper bound on ||Al, = |ly"(XXT + 71)7'|)3,
which we obtain thanks to Lemma {] after the following decomposition as per Lemma
: y'(XX" +70)7' = (1 + h)y"U;" — sd"U;")/D. Similarly, we can upper bound
o?(y"(X X" 4 7I)~'y)? since again by Lemma 3{y” (X X* 4 7I)~'y = s/D.

Next, focus on the numerator in . Thanks to Lemma |3, we have the decompo-
sition
slmllz =) +h* + h

Yy (XXT +7I) ' Xn = 5

(2.33)

and the desired bound is obtained by a careful application of Lemma [4| that bounds the
primitive quadratic appearing above. See Appendix for details and proof steps for
Theorems [3] and 4l
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2.8.4 Proof sketch of Theorem [3l

(Arm)? _ _(kin)®

We need to lower bound the ratio =2 = =4 —.
T X7, i=1 Ail;

To do this, we divide 7;’s into 3

groups ( 71, Mx and the rest) and upper bound the following:

M2 i N nd T
(Ukﬁk)2 ’ (77k77k)2 (Ukﬁk)z ’

where note from 7; = e7'7) that 7, = v Az (X X' +71I)"'y, fori # k, and i = (ney” +
VAezE) (X X' + 7T)'y. As before, thanks to Lemma [3| this reduces to upper/lower
bounding quadratic forms involving U;* = (QQ" + 7I)~'. However, because here )\, is
much larger than other eigenvalues of X, instead of directly bounding the eigenvalues of
U ., we leverage the leave-one-out trick introduced in Bartlett et al. [10] and first separate

A1 from the other eigenvalues. Specifically, by Woodbury’s identity, U is expressed as

T

p -1 Trr—1
U'=(rT+ E Nzizl + Mziz )P =U1 . — = =z,
T ( — ) 1~1 1) 1,7' 1 +)\1Z{U:i_’_21

where U_y, = 71T+ >}, Niz;z!. Now, we first bound the eigenvalues of U_,,, and
then use these results to bound the eigenvalues of U, and U, '. See Appendix for

details.

2.9 Discussion

Here, we include further details on how our results fit in the related literature.

2.9.1 Comparison to classical margin-based bounds

We start by arguing that classical bounds on the generalization of SVM are unimfor-

mative in the highly overparameterized settings of GMM data that we focus on. We do
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this by quantitatively comparing our results with classical margin-based bounds applied
to GMM data.

First, consider the following well-known bound.

Proposition 7.1. [145, Theorem 26.13]. Consider a distribution D over X x {£1} such
that there exists some vector n° with Py p(y-n*" @ > 1) = 1 and such that |||, < R
with probability 1. Let Mgy be the SVM solution. Then with probability at least 1 — 9,

we have that

. 2R|n* ||, oy, [ 21og(2/6)
R(fgym) < —/n + (L+ R|n*[|2) Y, (2.34)
We apply Proposition to the setting studied in Corollary [5.2] Specifically, we
will apply the bound for n* <— 1. But, first we need to show that this choice satisfies
the conditions of the proposition. To this end, by definition of @, we have y - nTx =

Im[13 +n"(yq) with ¢ ~ N(0,1,). Therefore,

P(y-n'z<1)=P(n"(yq) <1 |nl3) =Pn"(yq) = [nl3 - 1)

(llnll3 — 1)2) ( Il )
< exp (—— <exp| —+1
2(|m|l3 2

< exp (—C(p/n)**)

p/n—o00
[

0.

The inequalities in the second line used Hoeffding’s tail bound. In the third line, we
used the conditions of Corollary that ||n|ls > Co(p/n)* for some a > 1/4. Now,
we compute the upper bound R. Bernstein’s inequality gives with probability at least
1 —2e7P/e,

Inll5 + (1 = (1/C)p < llz]l5 < [Inllz + (1 + (1/C))p.
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Thus, in our setting with probability 1, |lx|s < |In|2 + Cy/p =: R. Plugging this in
(2.34) we see that

Rln*l2/vn = © (Inl/v/n + Vpnlnll)

This bound becomes vacuous in the setting of Corollary .2 Indeed, by using |7, >

Co(p/n)®, we find that y/p/n||n|ls — oo as p/n — .

One might wonder if the conclusion would be different have we instead used a margin-
based bound. We show that such bounds are also not able to explain why SVM nearly

achieves Bayes optimal (aka zero) error in the highly overparameterized regime of Corol-

lary [5.2]

Proposition 7.2. [145, Theorem 26.14]. Assume the conditions of Proposition |7.1|

Then, with probability at least 1 — &, we have that

. 4R||m log (41og,(||n )

In order to analytically evaluate the bound above, we need a means to control the
inverse margin ||7)gyyll2- While it is not a-priori clear how to do this, our analysis
establishes an upper bound on |[fgyy|l2 in the sufficiently overparameterized regime.
Specifically, we do this as part of the proof of Theorem [3|in the process of upper bounding
the correlation of the LS solution in Section (see Equation|A.13]). But in the setting
of Corollary IMsvmll2 = IMsllz. Thus, and show that ||fgyylls <

___c ; _ . .
(YIS Recalling from above that R = |||, + C/p and putting things together

proves that

R!Ifi%MHz 0 (% N \/ﬁ) | (2.36)
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In the High-SNR regime of Corollary[5.2recall that p < n||n||3/C, thus the value in (2.36)
is O(1 4 1/4/n). We see that (at least in the High-SNR regime) the bound we obtained
by combining Proposition with our upper bound of ||7)gyy]|2 is indeed improved
compared to that of Proposition [7.1] However, it still fails to predict the fact that the
error goes to zero with increasing overparameterization (as predicted by Proposition .
The bound is similarly inconclusive about the Low-SNR regime.

We end this section by noting that the fact that margin-based bounds are loose
in the overparameterized regime has been previously also discussed in [116], [39] and
[T19]. Specifically, [116], B9] showed that Proposition [7.2|fails to predict the exact double-
descent behavior of the risk in linear models even if the inverse margin ||7)gyyl|2 in
is evaluated using sharp asymptotic formulas. Here, we have used our non-asymptotic
bound for ||fgypll2 and showed that a margin-based argument is insufficient to yield
the conclusions on Section . Finally, see also the discussion in [IT9, Sec. 6] where
the authors demonstrate the deficiency of margin-based explanations in classification of
signed data via numerical simulations. Here, we have arrived at the same conclusion,

this time for GMM data, via an analytic study.

2.9.2 Comparison to previous works

We have already discussed how our results are motivated and how they differ from
previous works in the Introduction. Here, we focus on the three most closely related

papers [10, 119 B1] and provide a more detailed discussion.

Bartlett et al. [10]

As mentioned in the Introduction [I0] is amongst the first to analytically study gen-

eralization principles under overparameterization. Our work is inspired by them, but
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otherwise differs in four important aspects as outlined next.

(i) First, unlike linear regression, we study a linear classification model in which labels
y are binary and covariates are of the form @ = yn + q. As discussed in Section this
implies that y = &’ + 2 with 5 := n/||n||3 and 2z = q"'n. While this latter formulation
resembles the linear regression model, where noise is additive, note here that the additive
“noise” term z is highly signal dependent. The analysis of [10] makes heavy use of the
assumption that noise is signal independent, hence their techniques cannot be directly
applied to the GMM (see why in point (iii) below).

(ii) Second, our model is also different in that the feature vectors, although still
Gaussian, are now signal dependent. Again, this does not allow a direct application of
the technical results in [I0] in our setting. Specifically, [10] show that in their setting
bounding generalization can be mapped to a question about controlling the rate of decay
of eigenvalues of inverse Wishart matrices. Instead, as explained in Section in our
setting we first express the generalization metric of interest as a non-trivial function of a
number of simpler quadratic forms. While these quadratic forms involve inverse Wishart
matrices, their statistics are not solely governed by the eigenstructure of the latter, but
they also involve the mean vector 7.

(iii) Third, beyond the model itself what differs fundamentally in classification is the
measure of generalization performance. Instead of the squared prediction risk studied
by [10], relevant for us is the expected error as measured by the 0/1 loss. For Gaussian
covariates, the former essentially reduces to the mean-squared error and the authors show
that it suffices controlling a quantity €’ Ce, where C = (XX7) ' XEZXT(XX")~! and
€ is the additive noise in the linear regression model [I0, Lemma 7]. To do this, they
exploit the assumption that € is independent of X and sub-Gaussian, which reduces the
problem to upper bounding Tr(C) [10, Lemma 8]. Their subsequent analysis is tailored

to this term. Instead, Lemma [l| shows that controlling the 0/1 risk requires bounding
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the estimator’s correlation. For the latter, we show that one needs to both upper bound
y?Cy and lower bound y? (X X))~ Xn (see (2.27)). Our goal is now more complicated
compared to the situation faced in linear regression because: (a) In the first term y is
not random (unlike €). (b) The second quadratic form involves a matrix other than C
and both vectors y and 7. (¢) The feature matrix X is a non-centered Gaussian matrix
whose mean involves both the response y and the mean vector 7.

(iv) The fourth difference is that in our setting, we are interested in the generaliza-
tion performance of the SVM solution rather than the minimum-norm interpolator. The
challenge is that the former is not given in closed form in terms of the label vector y and
the feature matrix X. The key innovation to circumvent this challenge is attributed to
[119] who realized that under sufficient overparameterization SVM becomes equivalent
to LS. We remark though that identifying the appropriate conditions for this to happen
for GMM data is key contribution of our work (see Section [2.9.2)). Following the above
discussion emphasizing differences to the setting of [10] it should not be surprising the our
error bounds in Section [2.4] are of different nature to those in [I0]. The first key difference
is that our bounds involve not only the eigenstructure of the covariance matrix, but also
the mean vector of the GMM. Second, as a natural follow up, our conditions in Section
for which the classifier’s error approaches the Bayes error are different to those in
[T0]. Despite the differences, it might be interesting to the reader noting that the two
ensembles introduced in Definitions and [2.3] can be expressed in terms of the notions
of “effective ranks” defined by [10], i.e. 7 := (3 7., Ai)/Akt1.To see the relationship, let
i := (D 1o p1 Ai)/ A1 = re — 1. With this notation, in the balanced ensemble, 7y > bn,
which directly implies rqg > bn. For large enough n, the reverse direction of implication
is also true. In the bi-level ensemble, the first condition 7y < bn implies again ro < b'n

for large enough n. Similarly, the second condition 7; > byn implies r; > bin.
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Muthukumar et al. [119]

The paper by [119] is the most closely related to this work in terms of the approach
that we follow. We complement the discussion in the Introduction regarding the different
setting between the two works with a more detailed exposition of our key technical
differences. For concreteness, we focus on the proof of equivalence between SVM and LS
in Theorems [I] and [2] since the same differences apply to the error analysis in Theorems
B [ and

There are two main steps in proving Theorems[[Jand[2] The first step involves a deter-
ministic sufficient condition guaranteeing that the constraints of the SVM optimization
in (2.5)) are active. The second step involves a probabilistic analysis of this deterministic
condition using the generative statistical model at hand. The first part of our proof is
same as in [119] and [72]. Specifically, we use their deterministic condition (2.26). On
the other hand, the second part of our analysis is technically challenging. The reason
is that unlike previous work where the covariates are zero mean Gaussians, in our case,
X = Q + yn? for a zero-mean Gaussian matrix Q. Note that the deterministic condi-
tion to be checked involves the inverse Gram matrix. The key relevant technical
argument in [I19] (i.e., Lemma 1 therein) controls how far the inverse Wishart matrix
(QQT)~ ! is from (Zie[p} ])\Z|) I;. This results is clearly not sufficient in our case as
(X XT)~! involves more terms. We repeat our strategy at circumventing this challenge
as also sketched in Section . We start by expanding the terms in (X X7) and rec-
ognizing that after appropriate application of the matrix inversion lemma together with
some algebra we can express the LHS of as a function of five quadratic forms
of either of two random matrices, (QQ™)™' or QT (QQ”)~'. It should be noted that
this function involves the five quadratic forms in a convoluted way making it necessary

to provide both upper and lower bounds for those forms (see Equation (2.32))). Besides
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lower bounding one of the first two terms that involves (QQ")~! using Lemma 1 in [119],
none of the remaining quadratic forms appear in the analysis of [I19]. Lemmas @ and
10, where we obtain lower /upper bounds for them, form a main technical contribution of
our work (see Appendix for details). Finally, the delicate piece of putting together
those bounds to guarantee a positive quantity overall is also new compared to previous
works (see Appendix [A.2)).

As we have highlighted in the previous sections, differences to [119] are not only techni-
cal. Most importantly, the differences extend to the conclusions regarding the conditions
playing a key role for interpolation of the SVM solution and for the classification error
of SVM to approach the Bayes error. See discussions in Sections and As a side
technical note here, we have here relaxed the one-sparse assumption [119, Assumption 1]
on the parameter vector 1 in the balanced ensemble. Finally, unlike [119], our bounds
further apply to regularized LS and are extended to a model with label corruptions.

As a last note, we discuss the nice follow-up to [119] by [72], which involves two
key contributions. The first concerns conditions for interpolation. The first step in
their analysis (aka the deterministic condition discussed above) is the same as
in [119], but is eventually expressed in a different equivalent form that allows
tightening the probabilistic analysis that follows in the case of anisotropic convariance.
Their second novelty involves relaxing the requirement for Gaussianity of the features
to subGaussianity and Haar distribution. These improvements still only apply to the

discriminative model, thus they are not directly applicable here.

Chatterji and Long [31]

We now compare our work to [31], who also derive non-asymptotic error bounds on

the classification error of GMM data.
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First, there are certain differences in the problem setting. On the one hand, [31]
relaxes the assumption on Gaussianity by studying the case where q in has sub-
Gaussian entries E[ On the other hand, while we require that g is Gaussian, our results
capture explicitly the role of the data covariance matrix and its interplay with the mean
vector via the key parameter 02 = n7’¥Xn. As we have seen in Sections , and
, the error behavior can differ substantially for different covariance structures (e.g.,
balanced vs bi-level ensembles). This phenomenon is not revealed by [31, Thm. 3.1] [
Another distinguishing feature of the results in [31] is that they apply to a noisy model
that allows for (bounded number of) adversarial label corruptions. Our main focus is
the noiseless GMM, but we also extended our results to a special case of their model in
Section

In terms of analysis, our techniques are very different. As mentioned we follow the
high-level recipe of [119] (also adapted by [72]), that is first showing equivalence of SVM to
LS and then deriving error bounds for the latter. Instead, [31] analyze the SVM solution
by viewing it as the limit of gradient-descent updates on logistic loss minimization with
sufficiently small step-size [146]. Specifically, they produce a recursive argument that
at each iteration lower bounds the the expected margin of the current gradient-descent
iterate on a clean point with respect to the margin of the previous iterate [31, Lem. 4.4].
We believe that both techniques are of interest. Via the connection to logistic loss
minimization, their approach also yields insights on the degree to which one example
(possibly a noisy one) can affect the quality of the learnt classifier [31, Lem. 4.8]. It also
allows the study of subGaussian features (rather than Gaussian) rather naturally. On

the other hand, the approach followed here leads to Theorems [I| and [2| on equivalence of

3This is interesting as for example it includes a Boolean noisy version of the rare-weak model by [78],
for which our results do not directly apply.

4We note that the key role played by data covariance in double-decent and benign overfitting has
been also emphasized in several related works, e.g., [65] 10} [1T9] 116 [30]
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SVM to LS under sufficient effective overparameterization, which is a result of its own
interest. Besides, as mentioned, our technique allows us to capture the effect of data
covariance.

We already discussed in Sections [2.5]and [2.7/how our findings compare to those in [31].
In summary, for the noiseless case, we show that interpolating solutions asymptotically
achieve the Bayes error under relaxed assumptions compared to the noisy model (see
Remark [I} For the noisy model, our benign-overfitting conditions are identical, but our
risk bounds hold under relaxed assumptions (see Remark . Finally, in addition to the
risk bounds for SVM derived by [31], we also derive conditions for which SVM solution

interpolates the data and we investigate regularized LS.

2.9.3 Contemporaneous and follow-up work

While the current version of our paper was undergoing review and after an earlier
version of our paper [164], we became aware of contemporaneous independent work by
[27]. Compared to our setting, [27] only requires sub-Gaussian features. Similar to us
their results capture the key role of the spectrum of the data covariance. Their proofs for
the correlated case build on ideas developed in our earlier version [164] for the isotropic
case. Compared to them, we also derived bounds for regularized LS in our paper. A more
detailed technical comparison between the two paper is as follows. First, [27] obtains a
sharper first condition ||All; > max{n\/n||A||s, n||Al|2} for equivalence of SVM to LS in
Theorem [I}, by invoking stronger concentration arguments. Their second condition is the
same as Theorem [I] For this, we further present insightful simulation results suggesting
its tightness (see Figure [2.1)). Regarding the classification error, [27] provides both upper
and the lower bound for R(7gy,). However, note that their results only apply to the

balanced ensemble. For the anisotropic balanced setting, compared to Theorem , [27,
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—Clnll3
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Theorem 3.1] proved that R(n.q) < exp ( ) Under the same assump-
tions in Theorem , [27, Theorem 3.1], the numerator of our corresponding bound in
can be simplified to the same as the result in [27]. However, the denominators
are slightly different, where instead of ||A||2/n in [27], we obtain ||A]|3 and an additional
|A]|s term. For the isotropic setting, after some simplification, the bound on R(7);g) in
[27, Corollary 3.3] is the same as Theorem [d] Therefore, the benign overfitting condition
(IImll2 = ©(p®), 8 € (1/4,1)) is matching for finite n in the isotropic setting. As men-
tioned, we also investigate regularized LS in this paper. Additionally, in Section [2.7] we
extend our results to a probabilistic label-noise model and derive conditions for benign
overfitting that are not studied in [27].

More recently, [4] derived lower bounds for the conditions required to make SVM and
LS solutions equivalent for discriminative models. For unconditional Gaussian covariates
they show a sharp phase-transition characterizing the equivalence phenomenon. It is
interesting to extend their analyses focusing on lower bounds to GMM data as studied in
our paper. Finally, it is worth mentioning exciting related work [173], [161] that explores
benign overfitting of stochastic gradient descent (SGD) (instead, note in Section [2.2|that
our motivation for studying SVM or the minimum-norm interpolator comes from imiplicit

bias of GD rather than SGD).
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Benign overfitting in multiclass

classification

3.1 Introduction

Modern deep neural networks are overparameterized (high-dimensional) with respect
to the amount of training data. Consequently, they achieve zero training error even on
noisy training data, yet generalize well on test data [169]. Recent mathematical analysis
has shown that fitting of noise in regression tasks can in fact be relatively benign for
linear models that are sufficiently high-dimensional [10, 15 65, 118 [86]. These analy-
ses do not directly extend to classification, which requires separate treatment. In fact,
recent progress on sharp analysis of interpolating binary classifiers [120], 31l 164} 27] re-
vealed high-dimensional regimes in which binary classification generalizes well, but the
corresponding regression task does not work and/or the success cannot be predicted by
classical margin-based bounds [144. [9].

In an important separate development, these same high-dimensional regimes admit
an equivalence of loss functions used for optimization at training time. The support
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vector machine (SVM), which arises from minimizing the logistic loss using gradient
descent [146], [77], was recently shown to satisfy a high-probability equivalence to interpo-
lation, which arises from minimizing the squared loss [120, [72]. This equivalence suggests
that interpolation is ubiquitous in very overparameterized settings, and can arise nat-
urally as a consequence of the optimization procedure even when this is not explicitly
encoded or intended. Moreover, this equivalence to interpolation and corresponding anal-
ysis implies that the SVM can generalize even in regimes where classical learning theory
bounds are not predictive. In the logistic model case [I120] and Gaussian binary mix-
ture model case [31], 164, 27], it is shown that good generalization of the SVM is possible
beyond the realm in which classical margin-based bounds apply. These analyses lend the-
oretical grounding to the surprising hypothesis that squared loss can be equivalent to, or
possibly even superior, to the cross-entropy loss for classification tasks. Ryan Rifkin pro-
vided empirical support for this hypothesis on kernel machines [137, [I36]; more recently,
corresponding empirical evidence has been provided for state-of-the-art deep neural net-
works [74], 131].

These perspectives have thus far been limited to regression and binary classification
settings. In contrast, most success stories and surprising new phenomena of modern ma-
chine learning have been recorded in multiclass classification settings, which appear nat-
urally in a host of applications that demand the ability to automatically distinguish be-
tween large numbers of different classes. For example, the popular ImageNet dataset [141]
contains on the order of 1000 classes. Whether a) good generalization beyond effectively
low-dimensional regimes where margin-based bounds are predictive is possible, and b)
equivalence of squared loss and cross-entropy loss holds in multiclass settings remained
open problems.

This paper [165] makes significant progress towards a complete understanding of the

optimization and generalization properties of high-dimensional linear multiclass classi-
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fication, both for unconditional Gaussian covariates (where labels are generated via a
multinomial logistic model), and Gaussian mixture models. Our contributions are listed

in more detail below.

3.1.1 Owur contributions

e We establish a deter-

Data arising from GMM or MLM,

mmzstzc sufﬁcient COHditiOD or all ¢ ¢ [k] sufficient overparameterization

under which the multiclass

Features that exhibit the
neural collapse phenomenon

Theorem 1

SVM solution has a very sim-

Multiclass/OvA SVM Pe(Wsvm) = Po(Woua) = Pe(Wn
constraints are active Corollary 1
Both SVMs equal,
interpolate training data

ple and symmetric structure:

it is identical to the solution

P.(Wpin1) < (Theorems 4 and 5)

Corollaries 3 and 4:
Benign overfitting of SVM and MNI under GMM and MLM

of a One-vs-All (OvA) SVM

classifier that uses a simplez-

type encoding for the labels

(unlike the classical one-hot Figure 3.1: Contributions and organization.
encoding). Moreover, the constraints at both solutions are active. Geometrically, this
means that all data points are support vectors, and they interpolate the simplez-encoding
vector representation of the labels. See Figure for a numerical illustration confirming
our finding.

e This implies a surprising equivalence between traditionally different formulations of
multiclass SVM, which in turn are equivalent to the minimum-norm interpolating (MNI)
classifier on the one-hot label vectors. Thus, we show that the outcomes of training with
cross-entropy (CE) loss and squared loss are identical in terms of classification error.

e Next, for data following a Gaussian-mixtures model (GMM) or a Multinomial lo-

gistic model (MLM), we show that the above sufficient condition is satisfied with high-
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probability under sufficient “effective” overparameterization. Our sufficient conditions
are non-asymptotic and are characterized in terms of the data dimension, the number
of classes, and functionals of the data covariance matrix. Our numerical results show
excellent agreement with our theoretical findings. We also show that the sufficient con-
dition of equivalence of CE and squared losses is satisfied when the “neural collapse”
phenomenon occurs [125].

e Finally, we provide novel non-asymptotic bounds on the error of the MNI classifier
for data generated either from the GMM and identify sufficient conditions under which
benign overfitting occurs. A direct outcome of our results is that benign overfitting oc-
curs under these conditions regardless of whether the cross-entropy loss or squared loss
is used during training.

Figure describes our contributions and their implications through a flowchart. To
the best of our knowledge, these are the first results characterizing a) equivalence of loss
functions, and b) generalization of interpolating solutions in the multiclass setting. The
multiclass setting poses several challenges over and above the recently studied binary
case. When presenting our results in later sections, we discuss in detail how our analysis

circumvents these challenges.

3.1.2 Related work

Multiclass classification and the impact of training loss functions There is
a classical body of work on algorithms for multiclass classification, e.g., [166, 2] 42]
36, 93] and several empirical studies of their comparative performance [136], 53, 3] (also
see [71) 55, Q0 20, B8, [74, 131] for recent such studies in the context of deep nets).
Many of these (e.g. [136, [74, 20]) have found that least-squares minimization yields

competitive test classification performance to cross-entropy minimization. Our proof of
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equivalence of the SVM and MNI solutions under sufficient overparameterization provides
theoretical support for this line of work. This is a consequence of the implicit bias of
gradient descent run on the CE and squared losses leading to the multiclass SVM [146,
77] and MNT [45] respectively. Numerous classical works investigated consistency [170),
93, 152, 129, 128] and finite-sample behavior, e.g., [88] B35, 96, 109, O7] of multiclass
classification algorithms in the underparameterized regime. In contrast, our central focus
is the highly overparameterized regime, where the typical uniform convergence techniques

cannot apply.

Binary classification error analyses in overparameterized regime The recent
wave of analyses of the minimum-/;-norm interpolator (MNI) in high-dimensional lin-
ear regression (beginning with [10] 15, [65, 118, 86]) prompted researchers to consider
to what extent the phenomena of benign overfitting and double descent [14] [56] can be
proven to occur in classification tasks. Even the binary classification setting turns out
to be significantly more challenging to study owing to the discontinuity of the 0-1 test
loss function. Sharp asymptotic formulas for the generalization error of binary classi-
fication algorithms in the linear high-dimensional regime have been derived in several
recent works [73], 149] 107, 142, 150, 1511, 39, 116} 8T, 09, 143, 5], 103, 40]. These formulas
are solutions to complicated nonlinear systems of equations that typically do not admit
closed-form expressions. A separate line of work provides non-asymptotic error bounds
for both the MNI classifier and the SVM classifier [31], 120, 164 27]; in particular, [120]
analyzed the SVM in a Gaussian covariates model by explicitly connecting its solution
to the MNI solution. Subsequently, [164] also took this route to analyze the SVM and
MNTI in mixture models, and even more recently, [27] provided extensions of this result
to sub-Gaussian mixtures. While these non-asymptotic analyses are only sharp in their

dependences on the sample size n and the data dimension p, they provide closed-form
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generalization expressions in terms of easily interpretable summary statistics. Interest-
ingly, these results imply good generalization of the SVM beyond the regime in which
margin-based bounds are predictive. Specifically, [120] identifies a separating regime for
Gaussian covariates in which corresponding regression tasks would not generalize. In
the Gaussian mixture model, margin-based bounds [144], 9] (as well as corresponding re-
cently derived mistake bounds on interpolating classifiers [98]) would require the intrinsic
signal-to-noise-ratio (SNR) to scale at least as w(p'/?) for good generalization; however,
the analyses of [164], 27] show that good generalization is possible for significantly lower
SNR scaling as w(p'/4). The above error analyses are specialized to the binary case, where
closed-form error expressions are easy to derive [120]. The only related work applicable to
the multiclass case is [155)], which also highlights the numerous challenges of obtaining a
sharp error analysis in multiclass settings. Specifically, [I55] derived sharp generalization
formulas for multiclass least-squares in underparameterized settings; extensions to the
overparameterized regime and other losses beyond least-squares remained open. Finally,
[85] recently derived sharp phase-transition thresholds for the feasibility of OvA-SVM on
multiclass Gaussian mixture data in the linear high-dimensional regime. However, this

does not address the more challenging multiclass-SVM that we investigate here.

Other SVM analyses The number of support vectors in the binary SVM has been
characterized in low-dimensional separable and non-separable settings [41], 22] [T08] and
scenarios have been identified in which there is a vanishing fraction of support vectors, as
this implies good generalizationE] via PAC-Bayes sample compression bounds [160} [61], 58].
In the highly overparameterized regime that we consider, perhaps surprisingly, the op-

posite behavior occurs: all training points become support vectors with high probabil-

Tn this context, the fact that [120, (164, 27] provide good generalization bounds in the regime where
support vectors proliferate is particularly surprising. In conventional wisdom, a proliferation of support
vectors was associated with overfitting but this turns out to not be the case here.
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ity [41], 22, 108, 120} [72]. In particular, [72] provided sharp non-asymptotic sufficient
conditions for this phenomenon for both isotropic and anisotropic settings. The tech-
niques in [120, [72] are highly specialized to the binary SVM and its dual, where a simple
complementary slackness condition directly implies the property of interpolation. In
contrast, the complementary slackness condition for the case of multiclass SVM does
not directly imply interpolation; in fact, the operational meaning of “all training points
becoming support vectors” is unclear in the multiclass SVM. Our proof of deterministic
equivalence goes beyond the complementary slackness condition and uncovers a surpris-
ing symmetric structure by showing equivalence of multiclass SVM to a simplez-type OvA
classifier. The simplex equiangular tight frame structure that we uncover is somewhat
reminiscent of the recently observed neural collapse phenomenon in deep neural net-
works [125]; indeed, Sectionm shows an explicit connection between our deterministic
equivalence condition and the neural collapse phenomenon. Further, [120, [72] focus on
proving deterministic conditions for equivalence in the case of labels generated from co-
variates; the mixture model case (where covariates are generated from labels) turns out

to be significantly more involved.

3.1.3 Organization

The paper is organized as follows. Section describes the problem setting and
sets up notation. Section presents our main results on the equivalence between the
multiclass SVM and MNI solutions for two data models: the Gaussian mixture model
(GMM) and the multinomial logistic model (MLM). In the same section, we also show
the equivalence under the Neural Collapse phenomenon. Section presents our error
analysis of the MNI solution (and, by our proved equivalence, the multiclass SVM) for the

GMM and Section presents consequent conditions for benign overfitting of multiclass

61



Benign overfitting in multiclass classification Chapter 3

classification. Finally, Section [3.6] presents proofs of our main results; auxiliary proofs are
deferred to the appendices. Please refer to the table of contents (before the appendices)

for a more detailed decomposition of results and proofs.

Notation For a vector v € RP | let [[v|ls = /S0, v, [[v|h = 30, Juil, [[V]lee =
max;{|v;|}. v > 0 is interpreted elementwise. 1,, / 0,, denote the all-ones / all-zeros
vectors of dimension m and e; denotes the i-th standard basis vector. For a matrix
M, ||[M]||s denotes its 2 — 2 operator norm and ||[M]||r denotes the Frobenius norm. ®
denotes the Hadamard product. [n] denotes the set {1,2,...,n}. We also use standard
“Big O” notations O(-), w(:), e.g., see [34, Chapter 3]. Finally, we write N'(u, X) for the
(multivariate) Gaussian distribution of mean g and covariance matrix X, and, Q(z) =
P(Z > x), Z ~N(0,1) for the Q-function of a standard normal. Throughout, constants

refer to strictly positive numbers that do not depend on the problem dimensions n or p.

3.2 Problem setting

We consider the multiclass classification problem with k classes. Let & € RP denote
the feature vector and y € [k] represent the class label associated with one of the k
classes. We assume that the training data has n feature/label pairs {x;, y;}7,. We focus
on the overparameterized regime, i.e., p > Cn, and we will frequently consider p > n.
For convenience, we express the labels using the one-hot coding vector y;, € R*, where
only the y;-th entry of y, is 1 and all other entries are zero, i.e., y; = e,,. With this
notation, the feature and label matrices are given in compact form as follows: X =

T
|j1;1 Ty - wn:| € RPX" and Y = |:y1 Yy - yn:| = |:U1 vy vk:| c ]kan,

where we have defined v, € R", ¢ € [k] to denote the c-th row of the matrix Y.
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3.2.1 Data models

We assume that the data pairs {@;,y;}, are independently and identically dis-
tributed (IID). We will consider two models for the distribution of («,y). For both

models, we define the mean vectors {Nj}§:1 € RP, and the mean matrix is given by

M = {I"q Hy - ﬂ'k:| € RP*F,

Gaussian Mixture Model (GMM) In this model, the mean vector p, represents the
conditional mean vector for the i-th class. Specifically, each observation (x;,y;) belongs
to to class ¢ € [k] with probability 7. and conditional on the label y;, «; follows a

multivariate Gaussian distribution. In summary, we have
Ply=c)=mn, and x=p,+q, g~ N(0,X). (3.1)

In this work, we focus on the isotropic case ¥ = I,,. Our analysis can likely be extended

to the more general anisotropic case, but we leave this to future work.

Multinomial Logit Model (MLM) In this model, the feature vector x € RP is
distributed as N(0,3), and the conditional density of the class label y is given by the

soft-max function. Specifically, we have

exp(plx)

x~N(0,X) and P(y =c|xz) = S exp(uT)
Jelk] J

For this model, we analyze both the isotropic and anisotropic cases.
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3.2.2 Data separability

T
We consider linear classifiers parameterized by W = |w;, w, --- wi| € RFxP,

Given input feature vector x, the classifier is a function that maps @ into an output of &
via © — Wz € R* (for simplicity, we ignore the bias term throughout). We will operate
in a regime where the training data are linearly separable. In multiclass settings, there
exist multiple notions of separability. Here, we focus on (i) multiclass separability (also
called k-class separability) (ii) one-vs-all (OvA) separability, and, recall their definitions

below.

Definition 3.2.1 (multiclass and OvA separability). The dataset {x;, y; }icpn is multi-

class linearly separable when
IW : (w, —w.) ;> 1, Ve # yi,c € k], and Vi € [n]. (3.3)
The dataset is one-vs-all (OvA) separable when

>1lify, =c
W wlx, , Ve € [k], and Vi € [n]. (3.4)

<-lify #c

Under both data models of the previous section (i.e., GMM and MLM), we have
rank(X') = n almost surely in the overparameterized regime p > n. This directly implies
OvA separability. It turns out that OvA separability implies multiclass separability, but

not vice versa (see [16] for a counterexample).

3.2.3 Classification error

Consider a linear classifier W and a fresh sample (x,y) generated following the same

distribution as the training data. As is standard, we predict ¢ by a “winner takes it all
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strategy”, i.e., § = arg max;e '&\J;Fm Then, the classification error conditioned on the

true label being ¢, which we refer to as the class-wise classification error, is defined as

Py :=P(§ #yly =c) = P(@ z < max W) x). (3.5)

In turn, the total classification error is defined as

P, :=P(y # y) = P(arg me[mk)f ib?w #y) = P(@gw < max {IJ;‘F:I:) (3.6)
je i#y

3.2.4 Classification algorithms
Next, we review several different training strategies for which we characterize the

total /class-wise classification error in this paper.

Multiclass SVM  Consider training W by minimizing the cross-entropy (CE) loss

’LUTiE'
e it
LW) .= -1 —_
( ) 0g (Zce[k] 6wfm¢>

with the gradient descent algorithm (with constant step size n). In the separable regime,
the CE loss £(W) can be driven to zero. Moreover, [146, Thm. 7] showed that the

normalized iterates {W'},>1 converge as

t

w
m |

e i Wvul|, =0,
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where Wy is the solution of the multiclass SVM [166] given by

Weym = argm“i/nHWHF sub. to (w,, —w.) x; > 1, Vi € [n],c € [k] s.t. ¢ # y..

(3.7)

It is important to note that the normalizing factor logt here does not depend on the
class label; hence, in the limit of GD iterations, the solution W* decides the same label

as multiclass SVM for any test sample.

One-vs-all SVM In contrast to Equation (3.7]), which optimizes the hyperplanes
{wc}eep jointly, the one-vs-all (OvA)-SVM classifier solves k separable optimization
problems that maximize the margin of each class with respect to all the rest. Concretely,

the OvA-SVM solves the following optimization problem for all ¢ € [k]:

> 1, ify, =c,
Woya = argmin |w|, sub. to w'x; Vi € [n]. (3.8)
w

S _17 lf yz 7£ c,

In general, the solutions to Equations (3.7) and (3.8)) are different. While the OvA-
SVM does not have an obvious connection to any training loss function, its relevance
will become clear in Section [3.3] Perhaps surprisingly, we will prove that in the highly

overparameterized regime the multiclass SVM solution is identical to a slight variant of

GE)

Min-norm interpolating (MNI) classifier An alternative to the CE loss is the
square loss L(W) := &Y — WX|3 = 5= 3" | [[Wax; —y,]|3. Since the square loss is

tailored to regression, it might appear that the CE loss is more appropriate for classifica-

tion. Perhaps surprisingly, one of the main messages of this paper is that under sufficient
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effective overparameterization the two losses actually have equivalent performance. Our
results lend theoretical support to empirical observations of competitive classification
accuracy between the square loss and CE loss in practice [137, [74, [131].

Towards showing this, we note that when the linear model is overparameterized (i.e.
p > n) and assuming rank(X ) = n (e.g this holds almost surely under both the GMM
and MLM), the data can be linearly interpolated, i.e. the square-loss can be driven
to zero. Then, it is well-known [45] that gradient descent with sufficiently small step
size and appropriate initialization converges to the minimum-norm -interpolating (MNI)

solution, given by:
Wyn = arg r%‘l/nHWHF, sub. to X w, = v,, Ve € [k]. (3.9)
Since X* X is invertible, the MNI solution is given in closed form as
Wi =X(XTX)'Y"

From here on, we refer to (3.9) as the MNI classifier.

3.3 Equivalence of solutions and geometry of sup-
port vectors

In this section, we show the equivalence of the solutions of the three classifiers defined

above in certain high-dimensional regimes.

67



Benign overfitting in multiclass classification Chapter 3

3.3.1 A key deterministic condition

We first establish a key deterministic property of SVM that holds for generic mul-
ticlass datasets (X,Y’) (i.e. not necessarily generated by either the GMM or MLM).
Specifically, Theorem [§] below derives a sufficient condition (cf. (3.12))) under which the
multiclass SVM solution has a surprisingly simple structure. First, the constraints are all
active at the optima (cf. (3.13))). Second, and perhaps more interestingly, this happens
in a very specific way; the feature vectors interpolate a simplex representation of the

multiclass labels, as specified below:

k—
- > C=UY;
Wlx; = 2, = : for all i € [n], c € [k]. (3.10)
_% y C 7é Yi
To interpret this, define an adjusted k-dimensional label vector ¥; := [21;, 22, - - . , 25] T for

each training sample ¢ € [n]. This can be understood as a k-dimensional vector encoding
of the original label y; that is different from the classical one-hot encoding representation
y,; in particular, it has entries either —1/k or 1—1/k (rather than 0 or 1). We call this new
representation a simplex representation, based on the following observation. Consider k
data points that each belong to a different class 1,..., k, and their corresponding vector
representations yy, ..., y,. Then, it is easy to verify that the vectors {0,vy,,...,y,} are

affinely independent; hence, they form the vectices of a k-simplex.

Theorem 8. For a multiclass separable dataset with feature matric X =[xy, @, ..., @,] €
RP*™ and label matriz Y = [vy, v, ..., vp]T € R denote by W gy = [y, W, . . ., w]T

the multiclass SVM solution of (3.7). For each class ¢ € [k] define vectors z. € R™ such
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that
1
zC:'vC—Eln, c € [k]. (3.11)

Let (XTX)* be the Moore-Penrose generalized mvers of the Gram matriz X' X and

assume that the following condition holds
2.0 (XTX)" 2z, >0, Vce k] (3.12)

Then, the SVM solution W gy is such that all the constraints in (3.7)) are active. That

18,
(W, — w.)"x; =1, Ye # yi,c € [k], and Vi € [n]. (3.13)
Moreover, the features interpolate the simplex representation. That is,
XTw, = z., Ve k] (3.14)

For k = 2 classes, it can be easily verified that Equation (3.12) reduces to the condition
in Equation (22) of [120] for the binary SVM. Compared to the binary setting, the
conclusion for the multiclass case is richer: provided that Equation holds, we
show that not only are all data points support vectors, but also, they satisfy a set
of simplex OvA-type constraints as elaborated above. The proof of Equation is
particularly subtle and involved: unlike in the binary case, it does not follow directly from
a complementary slackness condition on the dual of the multiclass SVM. A key technical

contribution that we provide to remedy this issue is a novel reparameterization of the

2Most of the regimes that we study are ultra-high-dimensional (i.e. p > n), and so X T X is invertible
with high probability. Consequently, (X X)* can be replaced by (X” X)~! in these cases.
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SVM dual. The complete proof of Theorem [§| and this reparameterization is provided in
Section 3.6.1]

We make a few additional remarks on the interpretation of Equation (3.14]).

First, our proof shows a somewhat stronger conclusion: when Equation holds,
the multiclass SVM solutions w,, ¢ € [k] are same as the solutions to the following simplex

OvA-type classifier (cf. Equation (3.8))):

Vv
o
L

<

I
o

1
min §ch\|§ sub. to ] w, Vi € [n], (3.15)

= % 73/1'%67

for all ¢ € [k]. We note that the OvA-type classifier above can also be interpreted as
a binary cost-sensitive SVM classifier [75] that enforces the margin corresponding to all
other classes to be (k — 1) times smaller compared to the margin for the labeled class
of the training data point. This simplex structure is illustrated in Figure [3.2] which
evaluates the solution of the multiclass SVM on a 4-class Gaussian mixture model with
isotropic noise covariance. The mean vectors are set to be mutually orthogonal and equal
in norm, with SNR [[u]z = 0.2,/p. We also set n = 50, p = 1000 to ensure sufficient
effective overparameterization (in a sense that will be formally defined in subsequent
sections). Figure shows the inner product @CT:I; drawn from 8 samples. These inner
products are consistent with the simplex OvA structure defined in Equation , ie.,
W'x; =3/4ify; = cand W x; = —1/4 if y; # c.

Second, Equation shows that when Equation holds, then the multiclass
SVM solution Wy has the same classification error as that of the minimum-norm in-
terpolating solution. In other words, we can show that the minimum-norm classifiers that
interpolate the data with respect to either the one-hot representations y, or the simplex

representations y; of (3.10) have identical classification performance. This conclusion,
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Figure 3.2: Inner products Wgyma. € R?* for features x; that each belongs to the
c-th class for ¢ € [k] and k = 4 total classes. The red lines correspond to the values
(k—1)/k = 3/4 and —1/k = —1/4 of the simplex encoding described in Theorem
Observe that the inner products Wgyma@,. match with these values, that is, Equa-

tion (3.10]) holds.

stated as a corollary below, drives our classification error analysis in Section [3.4]

Corollary 8.1 (SVM=MNI). Under the same assumptions as in Theorem @ and pro-
vided that the inequality in Equation (3.12) holds, it holds that Peic(W svar) = Peje(W yini)

forallc € [k]. Thus, the total classification errors of both solutions are equal: Po(W gypr) =

]P)e(WMNI) .

The corollary follows directly by combining Theorem |8 with the following lemma
applied with the choice « = 1,8 = —1/k. We include a detailed proof below for com-

pleteness.

Lemma 6. For constants o > 0, 3, consider the MNI-solution w®*® = X (X T X)*(awv.+

B1),c € [k] corresponding to a target vector of labels aw, + B1,. Let P%° ¢ € [k] be the

ele?

class-conditional classification errors of the classifier w™?. Then, for any different set

of constants o > 0, ', it holds that Pg]cﬁ =P*F vee [k].

ele

Proof. Note that wo=1=% = wyi., ¢ € [k] and for arbitrary a > 0,3, we have:

w? = awynie + BX (X T X)*1. Moreover, it is not hard to check that Wil <
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max; s, Wypyy ;& if and only if (cwyni.+b) "2 < max;..(awyn;+b) '@, for any b € R?.
The claim then follows by choosing b = X (X "X)*1 and noting that o > 0, 8 were

chosen arbitrarily. O

3.3.2 Connection to effective overparameterization

Theorem [8| establishes a deterministic condition that applies to any multiclass sepa-

rable dataset as long as the data matrix X is full-rank. In this subsection, we show that
the inequality in Equation (3.12]) occurs with high-probability under both the GMM and

MLM data models provided that there is sufficient effective overparameterization.

Gaussian mixture model

We assume an equal-energy, equal-prior setting as detailed below.

Assumption 2 (Equal energy /prior). The mean vectors have equal energy and the priors

are equal, i.e. we have ||u|2 := || ]|2 and 7. = 7 = 1/k, for all ¢ € [k].

Theorem 9. Assume that the training set follows a multiclass GMM with ¥ = 1,
Assumption [9 holds, and the number of training samples n is large enough. There exist
constants ¢y, ¢y, c3 > 1 and Cy,Cy > 1 such that Equation (3.12)) holds with probability at

least 1 — & — czk‘e—%ﬁ, provided that
p> Cik*nlog(kn) +n—1  and p> Cok™n/n| . (3.16)

Theorem [J] establishes a set of two conditions under which Equation (3.12) and the
conclusions of Theorem [§] hold, i.e. Wgym = Wunt. The first condition requires suf-
ficient overparameterization p = Q(k3nlog(kn)), while the second one requires that the

signal strength is not too large. Intuitively, we can understand these conditions as fol-
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lows. Note that Equation is satisfied provided that the inverse Gram matrix
(XTX)"!is “close” to identity, or any other positive-definite diagonal matrix. Recall
from Equation (3.1) that X = MY +Q = Zle ,ujv]T + Q where Q is a p x n standard
Gaussian matrix. The first inequality in Equation (i.e. a lower bound on the data
dimension p) is sufficient for (Q” Q)" to have the desired property; the major technical
challenge is that (X7 X)~! involves additional terms that intricately depend on the label
matrix Y itself. Our key technical contribution is showing that these extra terms do not
drastically change the desired behavior, provided that the norms of the mean vectors
(i.e. signal strength) are sufficiently small. At a high-level we accomplish this with a
recursive argument as follows. Denote Xy = Q and X; = 22:1 p;vl + Q for i € [k].
Then, at each stage i of the recursion, we show how to bound quadratic forms involv-
ing (X rx ,;)_1 using bounds established previously at stage ¢ — 1 on quadratic forms
involving (X D, ¢ i,l)_l. A critical property for the success of our proof strategy is the
observation that the rows of Y are always orthogonal, that is, vl v; = 0, for i # j. The
complete proof of the theorem is given in Section |3.6.2]

We first present numerical results that support the conclusions of Theorem @ (In
all our figures, we show averages over 100 Monte-Carlo realizations, and the error bars
show the standard deviation at each point.) Figure (a) plots the fraction of support
vectors satisfying Equation (3.14)) as a function of training size n. We fix dimension
p = 1000 and class priors m = % To study how the outcome depends on the number of
classes k and signal strength ||p||2, we consider k = 4,7 and three equal-energy scenarios
where Ve € [k] 1 [[p.]l2 = ||p|l2 = py/p with g = 0.2,0.3,0.4. Observe that smaller s
results in larger proportion of support vectors for the same value of n. To verify our
theorem’s second condition (on the signal strength) in Equation (3.16), Figure [3.3|a)

also plots the same set of curves over a re-scaled axis k'5n'5| pu|lo/p. The six curves

corresponding to different settings nearly overlap in this new scaling, showing that the
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Figure 3.3: Fraction of training examples satisfying Equation (also called “sup-
port vectors”) in the GMM case. The error bars show the standard deviation. Figure
(a) considers k = 4 and 7, and Figure (b) considers £ = 3 and 6. On the legend,
“(4) 0.3” corresponds to k = 4 and ||pu||2/y/p = 0.2. Observe that the curves nearly
overlap when plotted versus k!n!?||u|2/p as predicted by the second condition in

Equation of Theorem @
condition is order-wise tight. In Figure[3.3(b), we repeat the experiment in Figure [3.3{a)
for different values of £ = 3 and k = 6. Again, these curves nearly overlap when the
x-axis is scaled according to the second condition on signal strength in Equation (3.16)).
We conjecture that our second condition on the signal strength is tight up to an extra
v/n factor, which we believe is an artifact of the analysisﬂ We also believe that the &?
factor in the first condition can be relaxed slightly to k% (as in the MLM case depicted in
Figure [3.4] which considers a rescaled z-axis and shows ezact overlap of the curves for all
values of k). Sharpening these dependences on both k and n is an interesting direction

for future work.

Multinomial logistic model

We now consider the MLM data model and anisotropic data covariance. Explicitly,

the eigendecomposition of the covariance matrix is given by X = Y7  N\u;ul, where

A=A, , ). We also define the effective dimensions dy := ||A[|2/[|A]|3 and dw =

3Support for this belief comes from the fact that [164] shows that p > Cy||p|/2n is sufficient for the
SVM = interpolation phenomenon to occur in the case of GMM and binary classification.
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IA1/]|Al]so- The following result contains sufficient conditions for the SVM and MNI

solutions to coincide.

Theorem 10. Assume n training samples following the MLM defined in (3.2). There
exist constants ¢ and C1,Cy > 1 such that Equation (3.12)) holds with probability at least

(1 — £) provided that

dso > C1k*nlog(kn) and dy > Co(log(kn) + n). (3.17)

In fact, the only conditions we require on the generated labels is conditional independence.

For the isotropic case ¥ =1, this implies that Equation (3.12)) holds with probability

at least (1 — ) provided that

p > Cik*nlog(kn). (3.18)

The sufficient conditions in Theorem require that the spectral structure in the
covariance matrix ¥ has sufficiently slowly decaying eigenvalues (corresponding to suffi-
ciently large dy), and that it is not too “spiky” (corresponding to sufficiently large d..).
When 3 = I, the conditions reduce to sufficient overparameterization. For the special
case of k = 2 classes, our conditions reduce to those in [72] for binary classification.
The dominant dependence on k, given by k2, is a byproduct of the “unequal” margin in
Equation (3.10)). Figure empirically verifies the sharpness of this factor.

The proof of Theorem [10]is provided in Appendix [B.2l We now numerically validate
our results in Theorem [I0]in Figure [3.4] focusing on the isotropic case. We fix p = 1000,
vary n from 10 to 100 and the numbers of classes from £ = 3 to & = 6. We choose
orthogonal mean vectors for each class with equal energy ||u||3 = p. The left-most

plot in Figure shows the fraction of support vectors satisfying Equation (3.14) as a
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Figure 3.4: Fraction of training examples satisfying equality in the simplex label

representation in Equation in the MLM case with ¥ = I,. The middle plot

shows that the curves overlap when plotted versus k?nlog(kn)/p as predicted by

Equation (3.18).
function of n. Clearly, smaller number of classes k results in higher proportion of support
vectors with the desired property for the same number of measurements n. To verify the
condition in Equation , the middle plot in Figure plots the same curves over
a re-scaled axis k’nlog(kn)/p (as suggested by Equation (3.18)). We additionally draw
the same curves over knlog(kn)/p in the right-most plot of Figure[3.3] Note the overlap
of the curves in the middle plot. We now numerically validate our results in Theorem
in Figure [3.4], focusing on the isotropic case. We fix p = 1000, vary n from 10 to 100 and
the numbers of classes from k£ = 3 to k = 6. We choose orthogonal mean vectors for each
class with equal energy ||p||3 = p. The left-most plot in Figure shows the fraction of
support vectors satisfying Equation as a function of n. Clearly, smaller number
of classes k results in higher proportion of support vectors with the desired property for
the same number of measurements n. To verify the condition in Equation , the
middle plot in Figure plots the same curves over a re-scaled axis k*nlog(kn)/p (as
suggested by Equation (3.18])). We additionally draw the same curves over knlog(kn)/p

in the right-most plot of Figure [3.3] Note the overlap of the curves in the middle plot.
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3.3.3 Connection to Neural Collapse

In this section, we provide a distinct set of sufficient conditions on the feature vectors
that guarantee Equation , and hence the conclusions of Theorem |8 hold. Interest-
ingly, these sufficient conditions relate to the recently discovered, so called neural-collapse
phenomenon that is empirically observed in the training process of overparameterized

deep nets [125] (see also e.g. [172, [115] [63], 105], 48] [49, 130, [62] for several recent follow-
ups).

Corollary 10.1. Recall the notation in Theorem|[8. Assume exactly balanced data, that
is |{i : yi = ¢}| = n/k for all ¢ € [k]. Also, assume that the following two conditions

hold:

e Feature collapse (NC1): For each ¢ € [k| and all i € [n] : y; = ¢, it holds that

A . .
x; = W, where p, = %zi;yi:c x; 1is the “mean” vector of the corresponding class.

e Simplex ETF structure (NC2): The matriz of mean vectors,

M =, ... aﬂ'k}pxk’

is the matriz of a simplex Equiangular Tight Frame (ETF), i.e., for some orthogonal
matriz Upyy, (with UTU =1;) and « € R, it holds that

k 1
M = ~U(I,— =117 . 1
O‘\/; (k k ) (319)

Then, the sufficient condition (3.12)) of Theorem@ holds for the Gram matriz X* X .

Proof. For simplicity, denote the sample size of each class as m := n/k. Without loss
of generality under the corollary’s assumptions, let the columns of the feature matrix

X be ordered such that X = [M,M,..., M| = M ® 11 . Accordingly, we have z, =
77



Benign overfitting in multiclass classification Chapter 3

(e, ®1,,) — % (1, ® 1,,,) where e is the c-th basis vector in R¥. Then, the feature Gram

matrix is computed as

2
XTX = (M™M) ® (1,,1%) = % <1k - %1,@{) ® (Ln1}) . (3.20)

Observe here that we can write (I — +1,1]) = VVT for V. e R¥*# 1 having
orthogonal columns (i.e. Vv = Ir—1) and V71, = 04. Using this and the fact that

(VVT)* = (VVT), it can be checked from (3.20) that

1 1
(XTX)" = —— (Ik — Elﬂf) ® (1,,11). (3.21)

Putting things together, we get, for any ¢ € [k], that

1 1
(XTX) 2, = ((Ik — El’“lz) ® (1m1§)> (e.®1,,)
1 1 1
:g (ec — Elk) X 1m = &ZC'

Therefore, it follows immediately that
n 1
Z2.OM Tz, = —Z2:O 2z >0,
«

as desired. This completes the proof. O]

It might initially appear that the structure of the feature vectors imposed by the
properties NC1 and NC2 is too specific to be relevant in practice. To the contrary, [125]
showed via a principled experimental study that these properties occur at the last layer
of overparameterized deep nets across several different data sets and DNN architectures.

Specifically, the experiments conducted in [125] suggest that training overparameterized
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deep nets on classification tasks with CE loss in the absence of weight decay (i.e., without
explicit regularization) results in learned feature representations in the final layer that
convergeﬁ to the ETF structure described by NC1 and NC2. Furthermore, it was recently
shown in [62] that the neural collapse phenomenon continues to occur when the last-layer
features of a deep net are trained with the recently proposed supervised contrastive loss
(SCL) function [83] and a linear model is independently trained on these learned last-
layer features. (In fact, [62] 83] showed that this self-supervised procedure can yield
superior generalization performance compared to CE loss.)

To interpret Corollary in view of these findings, consider the following two-stage

classification training process:

e First, train (without weight-decay and continuing training beyond the interpolation
regime) the last-layer feature representations of an overparameterized deep-net with

either CE or SCL losses.

e Second, taking as inputs those learned feature representations of the first stage,
train a linear multiclass classifier (often called the “head” of the deep-net) with CE

loss.

Then, from Corollary[I0.1] the resulting classifier from this two-stage process interpolates
the simplex label representation, and the classification accuracy is the same as if we had
used the square loss in the second stage of the above training process. Thus, our results
lend strong theoretical justification to the empirical observation that square-loss and CE

loss yield near-identical performance in large-scale classification tasks [1537, 136, 74, [151).

4Here, “convergence” is with respect to an increasing number of training epochs. Since the architec-
ture is overparameterized, it can perfectly separate the data. Hence, the training 0-1 error can be driven
to zero. Nevertheless, training continues despite having achieved zero 0-1 training error, since the CE
loss continues to drop. [125] refers to this regime as the terminal phase of training (TPT). In sum, [125]
show that neural collapse is observed in TPT.
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3.4 Generalization bounds

In this section, we derive non-asymptotic bounds on the error of the MNI classifier

for data generated from GMM.

3.4.1 Gaussian mixture model

We present classification error bounds under the additional assumption of orthogonal

means for ease of exposition — this can be relaxed with some additional work as described
in Appendix B.3.1}

Assumption 3 (Orthogonal means). In addition to Assumption , we assume that the

means are orthogonal, that is ,u,cTuj =0, for all ¢ # j € [k].

Theorem 11. Let Assumption [3 and the condition in Equation (3.16) hold. Further
assume constants Cy,Cs, C5 > 1 such that (1— % - %) |pe]]2 > Cs min{v/k, /log(2n)}.
Then, there exist additional constants ¢y, co, c3 and Cy > 1 such that both the MNI solution

W vt and the multiclass SVM solution W gy satisfy

((1- % — )l — Oy min{vE, /iog@)})

Py < (k—1)exp | —|ul? i
Ca (1 + nnuu%>

(3.22)

with probability at least 1 — <+ — cgke_ca%’@, for every c € [k]. Moreover, the same bound

holds for the total classification error IP..

For large enough n, Theorem |11 reduces to the results in [164] when & = 2 (with
slightly different constants). There are two major challenges in the proof of Theorem ,
which is presented in Appendix |[B.3.1l First, in contrast to the binary case the classifi-

cation error does not simply reduce to bounding correlations between vector means g,
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and their estimators w,. Second, just as in the proof of Theorem [9] technical complica-
tions arise from the multiple mean components in the training data matrix X. We use
a variant of the recursion-based argument described in Section to obtain our final
bound.

3.5 Conditions for benign overfitting

Thus far, we have studied the classification error of the MNI classifier under the
GMM data model (Theorem , and shown equivalence of the multiclass SVM and MNI
solutions (Theorems @ and Corollary . Combining these results, we now provide
sufficient conditions under which the classification error of the multiclass SVM solution
(also of the MNI) approaches 0 as the number of parameters p increases. First, we state
our sufficient conditions for harmless interpolation under the GMM model — these arise

as a consequence of Theorem and the proof is provided in Appendix [B.3.2]

Corollary 11.1. Let the same assumptions as in Theorem hold. Then, for finite

number of classes k and sufficiently large sample size n, there exist positive constants

¢;’s and C;’s > 1, such that the multiclass SVM classifier W gyar in satisfies the

simplex interpolation constraint in and its total classification error approaches 0 as
a

(%) — 0o with probability at least 1— _—Cle_C?’ﬁ, provided that the following conditions

n

hold:
(1). When [|p|l3 > *2

n

B > p > max{Cok*nlog(kn) +n — 1, Cak**n' ¥ ull,}.
1
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(2). When ||pl3 < %7

n

2
p > max{Canlog(hn) + n — 1, Cyk 0 ], 1212

and ||p|)5 > Cy <§> , fora>1.

When n is fized, the conditions for benign overfitting for W gy become

Il = ©(p7). for B € (1/4,1).

Note that the upper bound on |||/ comes from the conditions that make SVM=MNI
in Theorem [0} indeed, a distinct corollary of Theorem [I1]is that Wy overfits benignly
with sufficient signal strength ||/l = Q(p'/*). We can compare our result with the binary
case [164]. When k and n are both finite, the condition ||u|| = ©(p?) for 8 € (1/4,1) is
the same as the binary result.

We particularly note that, like in the binary case, Corollaries [I1.1] imply benign over-
fitting in regimes that cannot be explained by classical training-data-dependent bounds
based on the margin [144]. While the shortcomings of such margin-based bounds in
the highly overparameterized regime are well-documented, e.g. [44], we provide a brief
description here for completeness. For the GMM, we verify here that the margin-based
bounds could only predict benign overfitting if we had the significantly stronger condition
B € (1/2,1) (see also [164, Section 9.1]): in the regime where SVM = MNI, the margin
is exactly equal to 1. The margin-based bounds (as given in, e.g. [9]), can be verified
to scale as O ( %) with high probability, where 3, := E [a:azw denotes the
unconditional covariance matrix under the GMM. In the case of the binary GMM and

isotropic noise covariance, an elementary calculation shows that the spectrum of ¥, is

given by [HN”% +1 1 ... 1} ; plugging this into the above bound requires ||p[|3 > 2
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Figure 3.5: Evolution of total classification error and fraction of support vectors as a
function of p in the GMM case. Figure (a) considers k = 4 and Figure (b) considers
k = 6. We consider the energy of all class means to be ||p||2 = p\/p, where p = 0.2,0.3
and 0.4. Observe that the total classification error approaches 0 and the fraction of
support vectors approaches 1 as p gets larger.
for the margin-based upper bound to scale as o(1). This clearly does not explain benign
overfitting when SVM = MNI, which we showed requires |3 < .

n

Finally, we present numerical illustrations validating our benign overfitting results
in Corollary . In Figure (a), we set the number of classes k = 4. To guarantee
sufficient overparameterization, we fix n = 40 and vary p from 50 to 1200. We simulate
3 different settings for the mean matrices: each has orthogonal and equal-norm mean
vectors ||p|l2 = py/p, with p = 0.2,0.3 and 0.4. Figure plots the classification error
as a function of p for both MNI estimates (solid lines) and multiclass SVM solutions
(dashed lines). Different colors correspond to different mean norms. The solid and
dashed curves almost overlap as predicted from our results in Section [3.3] We verify that
as p increases, the classification error decreases towards zero. Observe that the fraction
of support vectors approaches 1 as p gets larger. Further, the classification error goes to
zero very fast when p is large, but then the proportion of support vectors increases at a
slow rate. In contrast, when p is small, the proportion of support vectors increases fast,
but the classification error decreases slowly. Figure [3.5(b) uses the same setting as in

Figure (a) except for setting k£ = 6 and n = 30. Observe that the classification error
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continues to go to zero and the proportion of support vectors continues to increase, but

both become slower as the number of classes is now greater.

3.6 Proofs of main results

In this section, we provide the proofs of Theorems [§ and [9] The proof techniques we
developed for these results convey novel technical ideas that also form the core of the

rest of the proofs, which we defer to the Appendix [B]

3.6.1 Proof of Theorem

Argument sketch. We split the proof of the theorem in three steps. To better convey
the main ideas, we first outline the three steps in this paragraph before discussing their
details in the remaining of this section.

Step 1: The first key step to prove Theorem (8] is constructing a new parameterization

of the dual of the multiclass SVM, which we show takes the following form:
1
T 2
c— =1 X 3.23
g lmax CGEW Beze = I XAl (3.23)

sub. to Byii = — Zﬁm, Vie[n] and B.0 z.>0,Vce [kl
c#Y;

Here, for each ¢ € [k] we let B, = [Bcn1, Be2s - - -5 Ben) € R™. We also show by complemen-

tary slackness the following implication for any optimal 37, in (3.23)):
Zeif; >0 = (W, —w.) @ = 1. (3.24)
Thus, to prove Equation (3.13), it will suffice showing that z.;5;; > 0,Vi € [n],c € [K]

provided that Equation (3.12]) holds.
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Step 2: To do this, we prove that the unconstrained maximizer in , that is
Bc = (XTX)*z,, Vc € [k] is feasible, and therefore optimal, in (3.23)). Now, note that
Equation is equivalent to z. ® BC > 0; thus, we have found that BC, ¢ € k] further
satisfies the n strict inequality constraints in (3.24)) which completes the proof of the first
part of the theorem (Equation (3.13)).

Step 3: Next, we outline the proof of Equation . We consider the simplex-type
OvA-classifier in . The proof has two steps. First, using similar arguments to
what was done above, we show that when Equation holds, then all the inequality
constraints in are active at the optimal. That is, the minimizers woya . of
satisfy Equation . Second, to prove that Equation (3.14) is satisfied by the min-
imizers w. of the multiclass SVM in (3.7)), we need to show that woya,. = W, for all
¢ € [k]. We do this by showing that, under Equation (3.12), the duals of and
are equivalent. By strong duality, the optimal costs of the primal problems are also the
same. Then, because a) the objective is the same for the two primals, b) woya . is feasible

in (3.15) and ¢) (3.7)) is strongly convex, we can conclude with the desired.

Step 1: Key alternative parameterization of the dual. We start by writing the

dual of the multiclass SVM, repeated here for convenience:
1
mv‘1/n§||W||2F sub. to (w,, —w.) " x; > 1, Vi € [n],c € [k] : ¢ # ys. (3.25)

We have dual variables {\.;} for every i € [n],c € [k] : ¢ # y; corresponding to the
constraints on the primal form above. Then, the dual of the multiclass SVM takes the

form

z. (3.26)

p 3 (S) 32| B (Taa- X e

i€n]  celk] celk] i€n]yi=c €[k i€[n]:yi#c
c#y; c'#y;
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Let 5\671,2' € [n],c € [k] : ¢ # y; be maximizers in Equation (3.26). By complementary

slackness, we have

~

Aei >0 = (W, —w,) = = 1. (3.27)

Thus, it will suffice to prove that j\c,i > 0,Vi € [n],c € [k] : ¢ # y; provided that
holds.

It is challenging to work directly with Equation because the variables A.; are
coupled in the objective function. Our main idea is to re-parameterize the dual objective

in terms of new variables {f3.;}, which we define as follows for all ¢ € [k] and ¢ € [n]:

Ec’ ; )\C/,i yYi = G
Beq = . (3.28)

_)\c,i » Yi 7"é C.

For each ¢ € [k]|, we denote B, = [5c1, Be2s - - -, Ben) € R™. With these, we show that the

dual objective becomes

OIIEAED i prewes

celk] ce[k]  i€[n]

2 T 1 2
oY En-liXs B2)
celk]

The equivalence of the quadratic term in 3 is straightforward. To show the equivalence

of the linear term in B, we denote A := Zie[n] (Zce[k]ﬁ " )\Cﬂ-), and simultaneously get

A = Z 5y¢,i and A = Z Z(_ﬁc,'i)a

i€[n] i€[n] c#yi
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by the definition of variables {5.;} in Equation (3.28)). Then, we have

kE—1 1 k-1 1

1€[n] cFy;

Q Z thiﬁyi,i + Z Z zc,’iﬁc,i

i€[n] i€[n] c#y;

=> > zeiBei= ) Blze

1€[n] c€[k] celk]

Above, inequality (i) follows from the definition of z. in Equation (3.11)), rewritten

coordinate-wise as:

Zei =

_%7 Yi 7&6'

Thus, we have shown that the objective of the dual can be rewritten in terms of vari-
ables {f.;}. After rewriting the constraints in terms of {f.;}, we have shown that the
dual of the SVM (Equation ) can be equivalently written as in Equation .
Note that the first constraint in ensures consistency with the definition of 3, in
Equation . The second constraint guarantees the non-negativity constraint of the
original dual variables in , because we have

(X

Beizei = for all i € [n],c € [k] : ¢ # y;.
Consequently, we have

Beizei 20 <= Aci 20 (3.30)

for all ¢ € [k] and @ € [n] : y; # c. In fact, the equivalence above also holds with

87



Benign overfitting in multiclass classification Chapter 3

the inequalities replaced by strict inequalities. Also note that the second constraint for
¢ = y; yields % Do 4y, A = 0, which Is automatically satisfied when Equation (3.30)

is satisfied. Thus, these constraints are redundant.

Step 2: Proof of Equation (3.13). Define
B.:=(X"X)*z, Vee k]

This specifies an unconstrained maximizer in . We will show that this unconstrained
maximizer BC, ¢ € [k] is feasible in the constrained program in (3.23). Thus, it is in fact
an optimal solution in (3.23)).

To prove this, we will first prove that BC, ¢ € [k] satisfies the n equality constraints
in (3.23). For convenience, let g; € R" i € [n] denote the i-th row of (X' X)*. Then,

for the i-th element Bcﬂ- of BC, it holds that qu =g/ z.. Thus, for all i € [n], we have

By + Z Bei = gi <Zyi + Z Zc) = Qj( Z Zc) =0,

c#Yi c#Yi celk]

where in the last equality we used the definition of z. in (3.11) and the fact that
Zce[k] v. = 1, since each column of the label matrix Y has exactly one non-zero element

equal to 1. Second, since Equation (3.12)) holds, BC, c € [k] further satisfies the n strict

inequality constraints in ((3.23)).

We have shown that the unconstrained maximizer is feasible in the constrained pro-
gram (3.23). Thus, we can conclude that it is also a global solution to the latter. By
Equation (3.30]), we note that the original dual variables {).;} are all strictly positive.

This completes the proof of the first part of the theorem, i.e. the proof of Equation (3.13)).

Step 3: Proof of Equation (3.14). To prove Equation (3.14)), consider the following
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OvA-type classifier: for all ¢ € [k],

v
N
L

&

I

o

1 A
min §||wc||§ sub. to @, w, Vi € [n]. (3.31)
< _%7 Yi 7é &

To see the connection with Equation ((3.14)), note the condition for the constraints in (3.31])
to be active is exactly Equation (3.14]). Thus, it suffices to prove that the constraints
of are active under the theorem’s assumptions. We work again with the dual of
(13.31):

1
max _§HXVcHg +zlv, sub. to 2z, O v, > 0. (3.32)

v ERK

Again by complementary slackness, the desired Equation holds provided that all
dual constraints in are strict at the optimal.

We now observe two critical similarities between and (3:23): (i) the two dual
problems have the same objectives (indeed the objective in is separable over ¢ €
[k]); (ii) they share the constraint z. ®v. >0 / z.® B8, > 0. From this observation, we
can use the same argument as for to show that when Equation holds, ﬁc is
optimal in (3.32)).

Now, let OPT @35 and OPT be the optimal costs of the multiclass SVM in ([3.25))
and of the simplex-type OvA-SVM in parameterized by ¢ € [k]. Also, denote
OPT @z and OPT, ¢ € [k] the optimal costs of their respective duals in and
, respectively. We proved above that

OPTEzg = ) OPTigm. (3.33)
celk]
Further let Woua = [wovat,- .-, Wova k) be the optimal solution in the simplex-type

89



Benign overfitting in multiclass classification Chapter 3

OvA-SVM in (3.32). We have proved that under Equation (3.12) woya . satisfies the
constraints in (3.31)) with equality, that is X "woes.e = 2., Ve € [k]. Thus, it suffices
to prove that Wo,a = Wgyn. By strong duality (which holds trivially for (3.31) by

Slater’s conditions), we get

OP Ty = OP Ty, c € k] = Z OP Ty = Z OP T

celk] celk]

B33) .
€2 3" 0PTgyy = OPTEm

celk]

(3:31) 1

D 3 Clwon i = OPTgm.  (334)
celk]

Again, by strong duality we get OPTgz3 = OPTEzg). Thus, we have

1
Z EHwOVA,C“g = OPT
celk]

Note also that Wy, is feasible in (3.25)) since
XTwOvA,c = Z, Ve € [k‘] — (’UJOVA,% —wOVA’C)TQZi = 1, Ve 7& Y;, C € [k’], and Vi € [n]

Therefore, Wya is optimal in (3.25)). Finally, note that the optimization objective in
(3.25) is strongly convex. Thus, it has a unique minimum and therefore Wgyn = Woya

as desired.

3.6.2 Proof of Theorem

In this section, we provide the proof of Theorem [9] First, we remind the reader of
the prescribed approach outlined in Section and introduce some necessary notation.

Second, we present the key Lemma [7], which forms the backbone of our proof. The proof
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of the lemma is rather technical and is deferred to Appendix along with a series of
auxiliary lemmas. Finally, we end this section by showing how to prove Theorem [9] using

Lemma [7]

Argument sketch and notation. We begin by presenting high-level ideas and defining

notation that is specific to this proof. For ¢ € [k], we define
Aci=(Q+ ) po]) (Q+ ) o)),
j=1 j=1

Recall that in the above, p; denotes the j th class mean of dimension p, and v; denotes the
n-dimensional indicator that each training example is labeled as class j. Since we have
made an equal-energy assumption on the class means (Assumption , we will denote
lellz := ||t ]|2 throughout this proof as shorthand. Further, recall from Equation ([3.1))
that the feature matrix can be expressed as X = MY + Q, where Q € RP*" is a

standard Gaussian matrix. Thus, we have
XX =4, and Q7'Q=A,.

As discussed in Section , our goal is to show that the inverse Gram matrix A,;l is
“close” to a positive definite diagonal matrix. Indeed, in our new notation, the desired

inequality in Equation (3.12) becomes
zeiel Az, >0, for all c€[k] andi € [n]. (3.35)

The major challenge in showing inequality (3.35) is that A, = (Q + Z§:1 pvl )T (Q +
Z?Zl va;;) involves multiple mean components through the sum 25:1 ujv]T. This

makes it challenging to bound quadratic forms involving the Gram matrix A,;l directly.

91



Benign overfitting in multiclass classification Chapter 3

Instead, our idea is to work recursively starting from bounding quadratic forms involving
A"l Specifically, we denote Py = @ + p,v7T and derive the following recursion on the

Ay, Ay, ..., A matrices:

Il
A= PIP = Ao+ [l QT v | o |,
piQ
v
Ay = (1 oD (P pod) = At ey PTy w] | of |0 (330
ps Py

and so on, until Ay, (see Appendix for the complete expressions for the recursion).
Using this trick, we can exploit bounds on quadratic forms involving Ag 1 to obtain
bounds for quadratic forms involving A;*, and so on until A,;l.

There are two key ideas behind this approach. First, we will show how to use a
leave-one-out argument and the Matrix Inversion Lemma to express (recursively) the
quadratic form el A, 'z, in in terms of simpler quadratic forms, which are more
accessible to bound directly. For later reference, we define these auxiliary forms here.
Let d. := Q" p,, for ¢ € [k] and define the following quadratic forms involving A ' for

¢,j,m € [k] and i € [n]:

Sy = VAL v,
tgrczz = dﬁAc_ldja
= v AT'd,, (3.37)

g§? =vI A e,

fi = dT A e,
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For convenience, we refer to terms above as quadratic forms of order ¢ or the c-th order
quadratic forms, where ¢ indicates the corresponding superscript. A complementary use-

ful observation facilitating our approach is the observation that the class label indicators

T

are orthogonal by definition, i.e. vj v; =0, for4, j € [k]. (This is a consequence of the fact
that any training data point has a unique label and we are using here one-hot encoding.)
Thus, the newly added mean component g, H'UCTJrl is orthogonal to the already existing
mean components included in the matrix A, (see Equation (3.36))). Consequently, we
will see that adding new mean components will only slightly change the magnitude of

these these quadratic forms as ¢ ranges from 0 to k.

Identifying and bounding quadratic forms of high orders. Recall the desired
inequality (3.35)). We can equivalently write the definition of z. in Equation (3.11]) as

k—1 1 - -
=0 3l G DIEETRRS e (338)

i j#c

where we denote

_%7 lf J#C
Zjle) =
ELdf j=c

Note that by this definition, we have 2, := 2. This gives us

T A—1 2 T A—1 s T A-1
Zei€; Ay Ze = 250 Ay vy, + E 2aiZjoe; Ay vy,
I#Yi

k ~ k
J#Yi

Note that this expression (Equation (3.39))) involves the k-th order quadratic forms

()

95 = el A, 'v;. For each such form, we use the matrix inversion lemma to leave the
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j-th mean component in A, out and express it in terms of the leave-one-out versions of
quadratic forms that we defined in (3.37)), as below (see Appendix for a detailed
derivation):

1+h( 7) ) (fj) (=3)
gy = el Aglv; = ( )9, = o, — . (3.40)

D(|pl3 = 57 + @+ hG72

Specifically, above we defined sg-;j ) = 'UJTA:Jl-’vj, where A_; denotes the version of the
Gram matrix Ay with the j-th mean component left out. The quadratic forms hg-;-j ),
f](; J ), gj(-i_j ) and tg-]_-j ) are defined similarly in view of Equation (3.37]).

Specifically, to see how these “leave-one-out” quadratic forms relate directly to the
forms in Equation ([3.37]), note that it suffices in to consider the case where j =
k. Indeed, observe that when j # k we can simply change the order of adding mean
components, described in Equation , so that the j-th mean component is added
last. On the other hand, when 5 = k the leave-one-out quadratic terms in involve
the Gram matrix Ay ;. Thus, they are equal to the quadratic forms of order k — 1, given
by skk b t(k b h;’; R gkl ) and f(k b

The following technical lemma bounds all of these quantities and its use is essential
in the proof of Theorem [9 Its proof, which is deferred to Appendix relies on the

recursive argument outlined above: We start from the quadratic forms of order 0 building

up all the way to the quadratic forms of order k — 1.

Lemma 7 (Quadratic forms of high orders). Let Assumption|[d hold and further assume
that p > Ck3nlog(kn) +n — 1 for large enough constant C > 1 and large n. There exist

constants ¢;’s and C;’s > 1 such that the following bounds hold for every i € [n] and
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Jj € [k] with probability at least 1 — < — cgke_ca%k,

G-l n_p Gtl n
Ch kp =79 = Oy kp’
t( ) C2”||NH2
p
iy kC:%”HN\b <h) < kcanM’b
n, \/Ep —'717 — n, \/Ep Y
|f J)| <C4\/_Hp,||2
ji D
SELBS L\ 1
g]z —(1_O5> fOrj_yM
|g]Z ‘ —C k2 Y forj % y“

where pp = min{l, y/log(2n)/k}. Observe that the bounds stated in the lemma hold for

any j € [k] and the bounds themselves are independent of j.

Completing the proof of Theorem [9 We now show how to use Lemmal[7]to complete
the proof of the theorem. Following the second condition in the statement of Theorem [9)

we define

k’l'5
o . Fonvllell (3.41)
p

where 7 is a sufficiently small positive constant, the value of which will be specified later
in the proof. First, we will show that the denominator of Equation (3.40) is strictly

positive on the event where Lemma [7| holds. We define
det_; := s (3 = £5;7) + (14 B3

By Lemma El, the quadratic forms sgj_-j ) are of the same order © (kﬂ) for every j € [k].
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Similarly, we have t§-;j) =0 <§HHH%) and |h§»;j)| = pniO (kff/ﬁ) for j € [k]. Thus, we

have

n| |2 Cyn Csen \’ Cynl| )2 Cyen
— (1 - — 1——F— | <det_; < ———= 1+ —— 3.42
Cikp p - yn) ==k * +k2\/ﬁ o (342)

with probability at least 1 — < — cgke_%%, for every j € [k]. Here, we use the fact
that tj_jj > 0 by the positive semidefinite property of the leave-one-out Gram matrix
A:jl. Next, we choose 7 in Equation (3.41) to be sufficiently small so that Cs7 < 1/2.
Provided that p is sufficiently large compared to n, there then exist constants C7, Cf > 0

such that we have

det_
O] < T <, forall j,m € [K],
1= ot = 2 J k]
with probability at least 1 — < — czkze_csﬁ. Now, assume without loss of generality that

n

y; = k. Equation shows that there exists constant ¢ > 0 such that det_; > ¢ for
all j € [k] with high probability provided that p/n is large enough (guaranteed by the
first condition of the theorem). Hence, to make the right-hand-side of Equation ([3.39)
positive, it suffices to show that the numerator will be positive. Accordingly, we will

show that

(4N g = sV B0 + Caa Y (AT =SSP > 0,

ik
(3.43)
for some C > 1.
We can show by simple algebra that it suffices to consider the worst case of z,; = —1/k.
To see why this is true, we consider the simpler term zgz.gf/;y” i DI zci,%j(c)g](i—j)|.
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Clearly, Equation (3.43) is positive only if the above quantity is also positive. Lemma

shows that when z,; = —1/k, then zagzs ,Lyl) > (1 o%) w7y and |zeiZj( gjZ | <& kdp, for

j # v;. Hence

1
Clgyzl | Z ZCZZJ C)g]z | - < ) l{?2

J#Yi

Here, z.; = —1/k minimizes the lower bound zmgzs e DY AETe) g](l )\ To see this,

we first drop the positive common factor |z.;| in the equation above and get |z| g( vi) _
| D ity Zite gjZ | If we had z,; = —1/k, then || is either (k—1)/k or 1/k. In contrast,

if we consider z,; = (k — 1)/k, then we have |Z;;)| = 1/k for all j # y; and so the term
|Zcz'|gg(m |Zﬁéyz c)g]Z | is strictly larger.
Using this worst case, i.e. z,; = —1/k, and the trivial inequality |Z;)| < 1 for j # v

together with the bounds for the terms s§;j ),tg-;-j ), hg-;j ) and f](l_ D derived in Lemma

gives us
(13.43)
S (oSN (o L)L Ge
k2 k2\/n Cy) p k'Sn kp
L 1 14 Csén, 1 Ce€n n
Cuk k2\/n kLS kp
1 1 Clo€n C’11611 1
>—(1—-——=— — — Cha€p | —
= k2 ( Co  k2n k2 12€ )
1 1
>—\(1—-—-C 3.44
> (1- g - owr), (3.44)
with probability at least 1—< —coke % for some constants Ci’s > 1. Above, we recalled

k2\/n k15n

with high probability. To complete the proof, we choose 7 to be a small enough constant

the definition of ¢, and used from Lemma [7| that h < Pn., R and | fj(; J )| < Cien

to guarantee C1o7 < 1 — 1/Cy, and substitute this in Equation (3.44) to get the desired

condition of Equation (3.43).
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Chapter 4

Learning Gaussian graphical models

with latent confounders

4.1 Introduction

In many domains, it is useful to characterize relationships between features using net-
work models. For example, networks have been used to identify transcriptional patterns
and regulatory relationships in genetic networks and applied as a way to characterize
functional brain connectivity and cognitive disorders [50], [159] [7, 133]. One of the most
common methods for inferring a network from observations is the Gaussian graphical
model (GGM). A GGM is defined with respect to a graph, in which the nodes corre-
spond to joint Gaussian random variables and the edges correspond to the conditional
dependencies among pairs of variables. A key property of the GGM is that the presence
or absence of edges can be obtained from the precision matrix for multivariate Gaussian
random variables [92]. Similar to LASSO regression [I56], we can infer the sparse graph
structure via sparse precision matrix estimation with /;-regularized maximum likelihood
estimation. This family of approaches is called graphical lasso (Glasso) [52) [168§].
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In practice, however, network inference may be complicated due to the presence of
latent confounders. For example, when characterizing relationships between the stock
prices of publicly trade companies, the existence of overall market and sector factors
induces extra correlation between stocks [33], which can obscure the underlying network
structure between companies.

We focus on estimating 2 = £ 7!, the precision matrix encoding the graph structure
of interest [168], [52] 24, T26]. When latent confounders are present, the covariance matrix

for the observed data, 3,5 can be expressed as

Eobs =3 + LZ; (41)

where the positive semidefinite matrix Ly reflects the effect of latent confounders. One
approach, which we will call PCA+GGM, is motivated by confounders that affect the
marginal correlation between observed variables [126] and uses principal component anal-
ysis (PCA) as a preprocessing step to remove the effect of these confounders [79, [§].
PCA removes the leading eigencomponents from 3 ,; which are assumed to be Ly, then
a second stage of standard GGM inference follows. PCA+GGM has shown to be use-
ful in estimating gene co-expression networks, where correlated measurement noise and
batch effects induce large extraneous marginal correlations between observed variables
[57, 041, 147, 54], 511, [76].

Alternatively, equation (4.1)) can be reparametrized as the observed precision matrix
by applying the Sherman-Morrison identity [70] as,

Qobs = 2_1

obs

—Q- L, (4.2)

where Lgq again reflects the effect of unobserved confounding, i.e. unobserved nodes in
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a graph [28]. One such approach, known as latent variable Gaussian Graphical Models
(LVGGM), uses parameterization and involves joint inference for 2 and Lg. The
motivation behind LVGGM is to address the effect of unobserved variables in the complete
data graph, which affect the partial correlations of the variables in the observed precision
matrix 2. This perspective can be particularly useful when the unobserved variables
would have been included in the graph, had they been observed.

In previous work, either parameterization ([L.I), e.g. PCA+GGM, or ([£.2), e.g.
LVGGM, has been used, depending on the source of confounding and motivations as
described earlier. Typically, LVGGM is appropriate when confounding is induced by
unobserved nodes in a complete data graph of interest, whereas PCA+GGM is more
appropriate when confounding corresponds to nuisance variables, e.g. from batch effects.

In practice, the selection between these two methods will depend on user’s belief
about the type of confounding present in the observed data. In this paper, our goal is to
explore a way to address the effect of confounders in order to obtain the graph structure
encoded in 2 without making such selection.

To achieve this goal, we generalize two seemingly different methods, PCA4+GGM and
LVGGM, into a common framework for addressing the effect of Lx in order to obtain the
graph structure encoded in © = 37!, Based on the generalization, We propose a new
method, PCA+LVGGM, to address two different sources of confounding. The combined
approach is more general, since PCA+LVGGM contains both LVGGM and PCA+GGM
as special cases. To our knowledge, the two methods of addressing confounding have not
been discussed together in the literature.

In summary, in this paper,

e we carefully compare PCA+GGM and LVGGM, and illustrate the connection and

difference between these two methods. We first theoretically characterize the per-
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formance of PCA+GGM. Different from [126] who derives asymptotic results, we
provide a non-asymptotic convergence result for the performance of PCA+GGM.
We observe that the performance of PCA+GGM are largely determined by the

spectral structure of ¥ and Ly.

e we propose PCA+LVGGM, which combines elements of PCA+GGM and LVGGM.
In simulation, PCA+LVGGM can outperform PCA+GGM or LVGGM when the
data is corrupted by multiple confounders. We perform extensive numerical exper-
iments to validate the theory, compare the performance of the three methods, and

demonstrate the utility of our approach in two applications.

The remainder of this paper is organized as follows: In section [£.2] we introduce the
problem definition for GGM, LVGGM and PCA+GGM followed by a brief literature
review. Next, we introduce our hybrid method, PCA4+LVGGM, and present a novel
theoretical results for PCA+GGM in section [£.3] We use these result to analyze the
similarities and differences between LVGGM and PCA+GGM. In section[4.4] we compare
the utility of the various approaches in the simulation setting. Finally, in section we
apply the methods on two real world data sets. We also extend our analysis to joint
estimation of multiple graphs when latent confounders exist. The analysis is in Appendix
[CA

Notation: For a vector v = [vy, ...,0,|T, define ||v]ly = />, 07 , ||v]L = 20, |vi]
and [|v]|oc = max; |v;]. For a matrix M, let M;; be its (4,j)-th entry. Define the
Frobenius norm || M||r = />, >, M7, the element-wise (1-norm || M ||y = >7, > |Mj
and || M || = max ;) |M;;]. We also define the spectral norm || M ||y = supj,,<; [[Mv]|2
and | M|, = max; ) . |M;;|. The nuclear norm ||M]|. is defined as the sum of the
singular values of M. When M € RP*P is symmetric, its eigendecomposition is M =

P hivvl, where ); is the i-th eigenvalue of M, and v; is the i-th eigenvector. We

7
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assume that A\; > Ay > ... > A\, We call )\i’vi'viT the i-th eigencomponent of M.

4.2 Problem setup and review

4.2.1 Gaussian graphical models

Consider a p-dimensional random vector X = (Xj, ..., X,,)7 with covariance matrix
3. and precision matrix 2. Let G = (V, E) be the graph associated with X, where V
is the set of nodes (or vertices) corresponding to the elements of X, and E is the set of
edges connecting nodes. The graph shows the conditional independence relations between
elements of X. For any pair of connected nodes, the corresponding pairs of variables
in X are conditionally independent given the rest variables, i.e., X; I X;|X\;;, for all
(i,7) ¢ E. If X is multivariate Gaussian, then X; and X; are conditionally independent
given other variables if and only if £2;; = 0, and thus the graph structure can be recovered
from the precision matrix of X.

Without loss of generality, we assume the variable X has mean zero in this paper.
Assuming that the graph is sparse, given a random sample {X . ¢ (")} following
the distribution of X, the Glasso estimate QGlasso[lfi& 52] is obtained by solving the

following log-likelihood based ¢;-regularized function:

m(izni;n%)ze Tr(QX,) — log det(2) + A1, (4.3)
where Tr denotes the trace of a matrix and 3,, = % Yo X ®) x (07 5 the sample covari-
ance matrix. Many alternative objective functions for sparse precision matrix estimation
have been proposed [24], 112 127, [82]. The behavior and convergence rates of these
approaches are well studied [19, [I8] 139, OT], 134, 25].

In presence of latent confounders, Glasso and other GGM methods would likely re-
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cover a more dense precision matrix owing to spurious partial correlations introduced
between observed variables. In other words, even when the underlying graph is sparse

conditioned on the latent variables, the observed graph is dense marginally.

4.2.2 Latent variable GGaussian graphical models

One method for controlling the effects of confounders is the Latent Variable Gaussian
Graphical Model (LVGGM) approach first proposed by Chandrasekaran et al. [29]. They
assume that the number of latent factors is small compared to the number of observed
variables, and that the conditional dependencies among the observed variables conditional
on the latent factors is sparse. Consider a (p+ ) dimensional mean-zero normal random
variable X = (X, Xg)7, where X € R” is observed and Xy € R” is latent. Let
X have precision matrix Q € R®+)x®+7) and the submatrices Qo € RP*?, Qp €
R™" and Qo y € RP*" specify the dependencies between observed variables, between
latent variables and between the observed and latent variables respectively. By Schur
complement, the inverse of the observed covariance matrix satisfies:

Qops = T = Qo — QouQy' Uy = 2 — La. (4.4)

obs

where 2 = Qo encodes the conditional independence relations of interest and is sparse
by assumption. Lo = Qo Q25 Qg’ g reflects the low-rank effect of latent variables X .

Based on this sparse plus low-rank decomposition [29] proposed the following problem:

minirlrfize — (2 — La; Xy) + M|y + 7] Lall«
, Lo

subject to Lg >~ 0, (4.5)

Q— Lo >0,
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where ¥, is the observed sample covariance matrix and £(€2, ¥) = log (det (€2)) —Tr(Q23)
is the Gaussian log-likelihood function. The ¢;-norm encourages sparsity on 2 and the
nuclear norm encourages low-rank structure on Lgq.

The sparse plus low-rank decomposition is ill-posed if Lg is not dense. If Lgq is sparse,
then it is indistinguishable from €2, that is, the sparse plus low-rank decomposition works
well only when the sparse component is not low-rank and the low-rank component is not
sparse [28]. In practice, Lg is dense if the latent variables have widespread effects..
Identifiability of €2 coincides with the incoherence condition in the matrix completion
problem [26] which requires that |vle;| is small for all k € {1,...r} and i € {1,...,p}
where vy is the k-th eigenvector of Lo and e; is the i-th standard basis vector. More
analysis on LVGGM can be found in [I] and [113].

Finally, [135] shows that the standard GGM approaches can still recover € in the
presence of latent confounding as long as the spectral norm of the low-rank component

is sufficiently small compared to that of 3. This is also verified in our simulations.

4.2.3 PCA+GGM

Unlike LVGGM, which involves a decomposition of the observed data precision ma-
trix, PCA+GGM involves a decomposition of the observed data covariance matrix:

Eobs - Q_l - (Q - Lﬂ>_1 = Q_l + LE. (46)

obs

Motivated by confounding from measurement error and batch effects, [126] proposed the
principal components correction (PC-correction) for removing Ly. Consider observed
data X ., such that

X=X+ AZ, (4.7)
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Procedure 1 PCA+GGM Procedure 2 PCA+LVGGM
Input: Sample covariance matrix, Input: Sample covariance matrix,
Eobs _ %22:1 XEIZLXSZZT, rank of f/zh ﬁ]obs; rank of I:z, rp; rank of iQ, L
r Output: Precision matrix estimate, £2

Output: Precision matrix estimate, ¢  1: Estimate Ly from eigencomponents:
1: Estimate Ly from eigencomponents:

~ L LT
D T r T ZJobs — /\10101 ) LE - /\10101
Sops = »_Ai0ib;, L = 16,0, =1 =1

= = 2: Remove f}g:

2: Remove f)g: . . .
¥ =3us — Ls.
3 =3, — L. 3 .
obs > 3: Using 32, compute €2 as solution to (4.5)

3: Using 2, compute 2 as solution to (4.3 with 7 such that rank(Lg) =1,

where X ~ N(0,%¥) and Z ~ N(0,I,). Matrix A € RP*" is non-random so that
Ly, = AA”. In general, additional structural assumptions are needed to distinguish Ly,
from X. As we will discuss in section [4.3] one of our contributions is to show that if the
spectral norm of Ly is large relative to that of 3, then under mild conditions, Ly is close
to the sum of the first few eigencomponents of 3. Therefore, one can remove the first
r eigencomponents from X, [126]. This PCA+GGM method is described in Procedure
[1l Note that the number of principal components needs to be determined a priori, which

we discuss in subsequent sections.

4.2.4 Combining PCA+GGM and LVGGM

As previously mentioned, while LVGGM and PCA+GGM solve the same problem,
they are motivated by different sources of confounding. In applications, the observed
data may be corrupted by multiple sources of confounding, and thus elements from both
methods are needed. For example, in the biological application discussed in section [4.5.1]

both batch effects and unmeasured biological variables likely confound estimates of graph
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structure between observed variables. This motivates us to propose the PCA4+LVGGM
strategy described below.

As illustrated, the observed precision matrix Q may have been corrupted by a
latent factor Lq:

Q =Q-— Lg. (4.8)

Now, rewriting 1} intermsof X = Q land ¥ = Q/_l, applying the Sherman-Morrison
identity on Q' gives,
¥ =%+ L, (4.9)

where L/Q is still a low-rank matrix. If &' is further corrupted by an additive latent factor

represented by Ly, the following equation described the observed matrix 3 :
Ys =% + Ly =%+ Lo+ Ly (4.10)

In the above example, following our theoretical analysis in section [£.3], if the spectral
norm of Ly is much larger than that of ¥ and Lg, then removing Ly using the PC-
correction is likely to be effective. If the spectral norm of L/Q is not much larger than
that of X, then PC-correction is not a good choice to remove L. If L, is dense, then 2
and Lg can be well estimated by LVGGM. In (£.10), the overall confounding Lg, + Ly,
is the sum of two low-rank components with different norms, we can consider using both
methods: first remove Ly via eigendecomposition, then apply LVGGM to estimate €2
and Lg. We call this procedure PCA+LVGGM and it is shown in Procedure 2 We
discuss methods for setting the ranks for Ly (defined as rp) and Lg, (defined as 71) in

section 4.3.5
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4.3 Theoretical analysis and model comparisons

In this section, we investigate the theoretical properties of PCA+GGM. Our results
reveal precisely how the eigenstructure of the observed covariance matrix affects the
the performance of PCA+GGM. The theoretical analysis provides practical insights into
when each graph estimation method should (or should not) be applied. Specifically, we
derive the convergence rate of PCA4+GGM and compare it to that of LVGGM. As shown
in theoretical analysis by [126], the low-rank confounder can be well estimated by PC-
correction if the number of features p — oo with the number of observations n fixed. We
provide a non-asymptotic analysis depending on p and n and our result shows that the
graph can be recovered exactly when n — oo with fixed p. When additional assumptions

are satisfied, e.g. spiky covariance structure and incoherent eigenvectors, the convergence

rate can be improved to O(4/ 10%).

4.3.1 Convergence analysis on PCA+GGM

Without loss of generality, we consider the case of a rank-one confounder. Assume
that we have a random sample of p-dimensional random vectors:

obs

where Cov(X ") = ¥ and Z is a univariate standard normal random variable. v € R?
is a non-random vector with unit norm, and o is a non-negative scalar constant. Without
loss of generality, we assume that X @_l Z®). To see how v affects estimation, we assume

that v is the k-th eigenvector of 3. The discussion on general v is deferred to section
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(@)

4.3.2L Therefore, the covariance matrix of X, is:

Sos = X+ ?vv’ = + (M\(T) + o*)vo, (4.12)

where ¥_j is the matrix ¥ without the k-th eigencomponent and Az (X) is the k-th
eigenvalue of 3. When 02 > A\ (), M\ (X) + 02 becomes the first eigenvalue of 3, and
v is the corresponding first eigenvector. We remove the first principal component from

the sample covariance matrix 3J:

~ T
1>

3= — \6,0 (4.13)
where 5\1 is the first eigenvalue of 201,3 and 91 is the first eigenvector of 2055. Then we use
3 to estimate . We first show that under mild conditions, 3 is close to X. Following

[19] 3.1], we assume that there exists a constant M such that:

1

Al(zobs) < M and )‘p(zobs) > M

(4.14)

Theorem 12. Let \; be the i-th eigenvalue of Xps and v = A\; — Ao be the eigengap of

Yops- Suppose Xy satisfies condition and X((fb)s 1S5 generated as . Further
assume that 0* > X\ (2). Suppose n > p and ||Z||24/“5/E < 135, then:

1287

R lo v+1
15— 2l < Cuy/ =22 4 05/ 22 \/E+Cg\/E+Ak(E)||0101T||OO,
n 1% n n

with probability greater than 1 — Cy/p for constants C;’s > 1.
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Proof. By (12) and (E13),

~ T
1

32 = (B — M010,) — (Sops — M16,07 + ),.0,07)

A ~ A AT
- (EObS - 2:obs) + (>\1010€1F - )\10191) - )\keleTa

where A, is the k-th eigenvalue of X, and 6y, is the k-th eigenvector of X,,. At a high
level, we bound |3 — 3||s by bounding the norms of X, — Zops, A1 — A and 61 — 6.
The details of the complete proof is in Appendices [C.1.1] and [C.1.2] O]

The bound in Theorem |12 can be further simplified as Cy/Z + A\, (X)[|0:67 || for
some large constant Cs. We express it in the above form because it provides more insight
on how each term affects the result. Now we analyze the bound in Theorem [12]in detail.

The error bound in Theorem [I2]depends on the largest eigenvalue of X, the eigengap
v = M(Zops) — A2(Beps), the eigenvector of the confounder and n and p. The term
\/% shows that if the eigengap v is larger, the estimation error bound will be smaller.
Recall that when ¢ > \(X), A\.(2) + 02 becomes the first eigenvalue of X,. Hence
if 02 > A\(X), then the eigengap v is large. The fact that a larger eigengap leads to
a better convergence rate is closely related to the concept of “effective dimension” (also
known as “effective rank”). The effective rank, r(M), of any positive semidefinite matrix

M € RP*Pis defined as:

r(M) = - < (4.15)

where C' > 1 can be viewed as the effective dimension of M ([113], 87, 163]). M is approx-
imately low-rank if the first few eigenvalues are much larger than the rest, and (M) will
be much smaller than the observed dimension p. In this case, we can significantly reduce
the magnitude of the dependence on O(\/g) by replacing p with effective dimension C,
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in . We provide a sharper bound for matrices with small effective rank in Theorem
L3l

Next, we reason about the last term in the error bound, A\;(X)||6107||~. In practice,
in many sparse graphs inferred from real world data, the first few eigenvalues of ¥ are
much larger than the rest, i.e., A;(X) > A\y(3X) for large enough k£ > 1. This is also true
for many common graph data generating models (see Appendix . This means that if
the eigenvector of the low-rank component is one of the first few eigenvectors of 3, then
the error bound will be much larger. This result shows that the first few eigencomponents
play a more important role in determining the structure of 3 and its inverse. Thus, the
error of the PCA4+GGM estimator will be large if those first few eigencomponents are
removed by PC-correction.

Note that ||0,07 || is upper bounded by 1, since 6 is the eigenvector of some matrix,
and thus has unit Euclidean norm; however, ||8,07||o can be much smaller than 1 when
0, is incoherent with standard basis, e.g. dense. One extreme case is when all the
elements of 8, are Lp, in which case ||0107 |0 = %. This setup corresponds to a scenario
in which the confounder has a widespread effect over all the p variables in the signal,
which is in accordance with one requirement in LVGGM. LVGGM requires the low-
rank component to be dense. For both PCA4+GGM and LVGGM, more ”widespread”
confounding implies smaller estimation error. Based on these observations, we provide a

tighter bound under small effective rank and incoherent 6.

Theorem 13. Following the same notations and assumptions for X, tn Theorem
and again assume that o > M (X). Further assume that there exist constants C;’s > 1

such that the effective rank of Xops (defined in (4.15)) r(Xos) < Cin, the eigengap v
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satisfies \/pv > Ca(pAi(X) V 0°) and 0y is incoherent, i.e. ||0|| < C3//p. Then:

- lo
DEDNESAVECS

with probability greater than 1 — Cs/p for some C;’s > 1.

Proof. The complete proof is in Appendices [C.1.T] and [C.1.2] ]

After obtaining f], we can use Glasso, CLIME [24] or any sparse GGM estimation
approach to estimate Q. We can have a good estimate of  when || % —|| is small. With
the same input ﬁ], the theoretical convergence rate of the estimate obtained from CLIME
is of the same order as the Glasso estimate. The derivation of the error bound of Glasso
requires the irrepresentability condition and restricted eigenvalue conditions (see [134]).
Due to the length of the article, we only show the proof of the edge selection consistency
for CLIME, meaning that for the theoretical analysis, we apply CLIME method after
obtaining 3.

The CLIME estimator €2, is obtained by solving;:

minimize ||,
2 (4.16)
subject to |2 — I||s < Ay

Since € might not be symmetric, we need the symmetrization step to obtain Q.

Following [24], we assume that € is in the following class:
p
U(so, Mo) = {2 =wij: Q= 0,[Qz, < Mo, 112%};2;]{%#0} < so(p)}, (4.17)

where we allow sq and M, to grow as p and n increase. With 3 obtained from equation

(4.13) as the input of (4.16]), we have the following result.
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Theorem 14. Suppose that assumptions in Theorem [19 hold, Q@ € Ul(so, My), and A, is

chosen as My(Cy/ 52 + Cor/E + Cs0 /2 /2 + Mie(2)]|60167 || ), then:

19 — Qo < 2MoA,,

with probability greater than 1 — Cy/p. C;’s are defined the same as in Theorem .
When assumptions in Theorem hold, @ € Ulsg, My) and X, is chosen as My(Csy/ 22),

n

then:
12 — Q|0 < 2M N,

with probability greater than 1 — Cg/p for C;’s > 1.

Proof. The main steps follow the proof of Theorem 6 in [24]. The complete proof is in
Appendix [C.1.3] O

Therefore, if the minimum magnitude of €2 is larger than the error bounds above,

then we can have exact edge selection with high probability.

4.3.2 Generalizations

The analysis in previous sections assumes that the low-rank confounder has rank
1, is independent of X and the eigenvector of the covariance of the Ly is one of the

eigenvectors of 3. We now comment on more general settings.

e Higher rank: For ease of interpretation, we assume that the confounder can be
expressed as Y., o;v;. If min;{o?} > A\;(¥), then when running PCA+GGM, the

low-rank component can be removed due to its larger norm compared to that of
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3. According to Theorem [12), PCA+GGM can still perform well if v;’s are not the

top eigenvectors of X.

e General v: When the eigenvector of the low-rank component is not one of the
eigenvectors of 3, we can express that vector using the eigenvectors of 3 as basis.
For example, we assume that in (4.11), v = "7 | a;0;, where 6; means the i-th
eigenvector of 3. We say v is closely aligned with 6y if |a;| is significantly large
compared with other |a;|’s. Equivalently, |[v780,] > |v78,| for i # 1, if v is closely
aligned with 0. In this case, the first eigencomponent of 3 will be removed, thus
leading to a poor estimate of 3 using PC-correction. If the eigenvector of the
low-rank component is not closely aligned with the first few eigenvectors of 3,

then we won’t lose too much useful information when removing the top principal

components and PCA4+GGM can still perform well.

4.3.3 Comparison with LVGGM

Now we compare LVGGM to PCA+GGM in more detail. We observe that PCA4+GGM
can be viewed as a supplement to LVGGM. The assumptions of PCA+GGM can be well
satisfied when the assumptions of LVGGM cannot be satisfied. In , now let v be the
k-th eigenvector of € (thus the (p — k + 1)-th eigenvector of X), the Sherman-Morrison

identity gives

E—l - QO Ak(Q)z

obs Ak(ﬂ) + (1/0_2),01) =0 - LQ (418)

We can see that as o increases, #% increases. In the simulations in section ,
we observe that LVGGM performs poorly when v is closely aligned with the first few
eigenvectors of 2 (thus the last few eigenvectors of ¥). One way to interpret why LVGGM

does not work well under this setting is because the nuclear norm penalty in LVGGM

will shrink large eigenvalues. Specifically, when k is small and o2 is large, Ak(%%
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is large. Therefore, the nuclear norm regularization in LVGGM introduces larger bias.
Additionally, when k is small, v is one of the top eigenvectors of 2. We empirically
observe that the top eigenvectors of €2 can be coherent with standard basis and this
will lead to the identifiability issue of LVGGM, thus increasing the error of LVGGM
estimator.

This observation is consistent with the conclusion in [I]. They impose a spikiness
condition, which is a weaker condition than the incoherence condition in [29]. The
spikiness condition requires that ||Lgl/~ is not too large. shows that Lq tends to
have a larger spectral norm when v is aligned with the first few eigenvectors of {2 and o
is large, since in this case, #9()12/02) is close to A1(£2). The large norm of Lg implies
that the spikiness condition is not well satisfied, thus the error bound of LVGGM is large.
Note, however, that the first few eigenvectors of {2 are the last few eigenvectors of X.

Our analysis shows that the error bound of the estimate of PCA+GGM is small when v

is aligned with the first few eigenvectors of €2 and o is large.

4.3.4 PCA+LVGGM

In this section we discuss the PCA4+LVGGM method briefly. We use the same formu-
lation as to (£.10). We claim that PCA+LVGGM outperforms using PCA+GGM
or LVGGM individually when Lx’s spectral norm is large compared to that of L/Q and X2,
Lx’s vectors are not aligned with the first few eigenvectors of 3, and the spectral norm
of Lg, is not significantly larger than that of 3. This is because based on Theorem [12/and
[14, PCA4+GGM is effective only when the spectral norm of the low-rank confounding is
larger than that of the signal. PC-correction, however, can only effectively remove Lx
but not Lg, because the norm of Lg, is not significantly larger than that of 3. In contrast,

LVGGM can estimate L/Q well, but not Ly because it has a larger spectral norm and its
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eigenvectors might be aligned with the first few eigenvectors of €2.

4.3.5 Tuning parameter selection

In both LVGGM and PCA+GGM there are crucial tuning parameters to select. For
LVGGM, recall that A controls the sparsity of {2 and v controls the rank of Lg. Chan-
drasekaran et al. [29] argues that A should be proportional to \/g, the rate in the con-
vergence analysis, and choose v among a range of values that makes the graph structure
of € stable [see 28, for more detail].

When using PCA+GGM, we need to determine the rank first (i.e. how many princi-
pal components should be removed). [94] and [95] suggest using the sva function from
Bioconductor, which is based on parallel analysis [69, 23], [[02]. Parallel analysis com-
pares the eigenvalues of the sample correlation matrix to the eigenvalues of a random
correlation matrix for which no factors are assumed. Given the number of principal
components to remove, we can use model selection tools such as AIC, BIC or cross-
validation to choose the sparsity parameter in Glasso. One may also decide how many
principal components to remove by considering the number of top eigenvalues of the
observed covariance matrix (see section and section [1.3.2). Note that these rank
selection approaches perform well when the low-rank confounding has large enough spec-
tral norm compared to the norm of signal (more details on these conditions are discussed
in [05, 102]). We will see in later sections that these conditions can be satisfied in many
real-world applications. When the spectral norm of the latent confounder is small, ap-
proaches which do not account for confounding, such as Glasso and CLIME, are actually
robust enough to perform well even when confounding exists. This is theoretically proved
by [135] and our simulations in next section also confirm this.

The PCA4+LVGGM method has three tuning parameters: the rank of Lx, 7 and
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A. To start, we first look at eigenvalues or use the sva package to determine the total
rank of the low-rank component, Ly + L/ﬂ. We think it is natural to determine the rank
of confounder first because we will see in later applications, we can have some domain
knowledge on the ranks of coufounders, e.g. in finance applications, some financial theory
suggests the number of latent variables in the market. We then need to partition the
total rank between Ly and Lg. If we determine that rank(Ly + L) = k, we look for
an eigengap in the first k eigenvalues and allocate the largest m < k eigenvalues for
PC-removal. Our experiments in section show that domain knowledge can be used
to motivate the number of components for PC-removal. After removing the principal
components, we choose v in LVGGM so tha Lg, is approximately rank &k —m . We
observe that when running LVGGM, the rank won’t change for a range of A values when
using a fixed . Thus, it suffices to fix v first to control the rank, then determine A to
control the sparsity.

Practically, network estimation is often used to help exploratory data analysis and
hypothesis generation. For these purposes, model selection methods such as AIC, BIC or
cross-validation may tend to choose models that are too dense [37]. This fact can also be
observed by our experiments. Therefore, we recommend that model selection should be
based on prior knowledge and practical purposes, such as network interpretability and
stability, or identification of important edges with low false discovery rate [I11]. Thus,
we recommend that the selection of tuning parameters should be driven by applications.
For example, for biological applications, the model should be biologically plausible, suffi-
ciently complex to include important information and sparse enough to be interpretable.
In this context, a robustness analysis can be used to explore how edges change over a

range of tuning parameters.
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4.4 Simulations

In this section, numerical experiments illustrate the utility of each sparse plus low rank
method. In section we illustrate the behavior of Glasso, LVGGM and PCA+GGM
under different assumptions about rank-one confounding. In section 4.4.2] we show the
efficacy of PCA4+LVGGM in a variety of simulation scenarios. In all experiments, we set
p = 100 and use the scale-free and random networks from huge.generator function in
R package huge [I71]. To generate random networks, each pair of off-diagonal elements
are randomly set, while the graph is generated using B-A algorithm under scale-free

structures [2]. Due to space limit, we only include results on the scale-free structure.

4.4.1 The efficacy of LVGGM and PCA+GGM

We compare the relative performance of PCA4+GGM, LVGGM and Glasso in the
presence of a rank-one confounder, L. Guided by our analysis in section [4.3] we show
that the relationship between L and the eigenstructure of ¥ determines the performance
of these three methods. We first generate the data with

x@ _ x@) + L9 =1

s = y ooy T,

LY=oV ZY,

where X @ € R? is normally distributed with mean zero and covariance matrix 3. Z® ¢
R", the low-rank confounder, follows a normal distribution with mean zero and identity
covariance matrix. V'€ RP*" is a non-random semi-orthogonal matrix satisfying V'V =
I, and o € R represents the magnitude of the confounder. Without loss of generality, we
assume that X and Z® are independent. We illustrate the performance of different

methods under various choices for, V', the eigencomponents of L.
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We first set r = 1, p = 100 and n = 200. The largest eigenvalue of ¥ is around
5. We use v; to denote the i-th eigenvector of 3. When examining the effect of o, we
choose the 95-th eigenvector of 3 as V' to ensure that V is not closely aligned with the
first few eigenvectors of . We then compare the cases with 2 = 20 and 3. Next, we
examine the effect of eigenvectors. We fix o2 as 20, and use the i-th eigenvector of ¥ as
V', where i € {1,60,95}. Following previous notation, we use v, vgo and vgs as V. 1 is
chosen as the rank for PC-correction and LVGGM. We generate ROC curves [64], 9.2.5]
for each method based on 50 simulated samples and use the average to draw the ROC
curves (Figure [4.1]). We truncate the ROC curves at FPR=0.2, since the estimates with
large FPR are typically less useful in practice.

From Figure [4.1], we observe that when the confounder has large norm and its eigen-
vectors are not closely aligned with the first few eigenvectors of 3, PCA+GGM performs
better than LVGGM and Glasso. LVGGM preforms the best when the confounder has
large norm and its eigenvectors are not aligned with the last few eigenvectors of 3 (also
the first few eigenvectors of ¥7'). When the low-rank component does not have a large
norm, Glasso also performs well. This reaffirms the fact that Glasso can be robust enough

to address the low-rank confounding with small norm.

4.4.2 The efficacy of PCA4+LVGGM

In this section, we use examples to demonstrate the efficacy of PCA+LVGGM. We
introduce corruption of the signal with two low-rank confounders. The data is generated

as follows:

X4 = X0+ viD,Z0 + VD, 2 i=1,..n,

obs
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Figure 4.1: n = 200. The low-rank component has rank 1. ¢~ is the magnitude of
the low-rank component, v; is the i-th eigenvector of 3. The first row illustrates the
effect of o: we use the 95-th eigenvector of 3 as V, and set o2 to 20 and 3 from left
to right. The second row illustrates the effect of V: we fixed o2 as 20, and use the
60-th and first eigenvector of 3 as V' from left to right. PCA4+GGM works the best
when o2 is large and V is not aligned with the first eigenvector of 3. LVGGM works
the best when o2 is large and V is not aligned with the last eigenvector of . When
o? is small, Glasso works as well as the other two.

where X; € RP is normally distributed with mean zero and covariance matrix 3.
Z Y) € R%, corresponding to the first source of low-rank confounder, has a normal dis-
tribution with mean zero and covariance matrix Iy,. V; € RP*¥ is a non-random,
semi-orthogonal matrix satisfying V1V, = I, and D, € R%*% is a diagonal matrix,
measuring the magnitude of the first confounder. Similarly, Z g) € R% corresponding to
the second source of low-rank confounder, has normal distribution with mean zero and
covariance matrix I4,. Vy € RP*% is a semi-orthogonal matrix satisfying V3V, = I,

and D, € R%*% ig a diagonal matrix, measuring the magnitude of the second low-rank

confounder. Without loss of generality, we assume that X, Z gi) and Zgi) are three
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pairwise independent vectors. Hence the observed covariance matrix is

Cov(Xops) = Bops = 2+ VDIV + VoDV =S 4+ L) + L. (4.19)

Our first simulation setup (case 1) shows an ideal case for PCA4+LVGGM, meaning
that PCA+LVGGM method performs much better than using PCA4+GGM, LVGGM, or
Glasso. Let dy = dy = 3. We set p = 100 and n = 100. In our first example, the columns
of V1 and V3 come from the eigenvectors of 3. We expect that PC-correction removes
Ly, so we set the diagonal elements of D3 all 50, and use the last 3 eigenvectors of ¥
as V5. This can guarantee that PC-correction performs much better than LVGGM and
Glasso when removing L. Then we use LVGGM to estimate L;, so we need a moderately
large magnitude. We set all diagonal elements of D% to 20, and use the first 3 eigenvectors
of 3 as V1. This ensures that LVGGM performs better than PC-correction and Glasso
when estimating L.

Using the sva package, we estimate the rank of L; + Ly to be 6. Then we look
at the eigenvalues of the observed sample covariance matrix and we can see the first 3
eigenvalues are much larger than the 4-th to 6-th eigenvalues (shown in the top row of
Figure . We therefore allocate 3 to PC-correction, and 6 —3 = 3 to LVGGM. We also
try allocating 1 to PC-correction and 5 to LVGGM. Then we compare more approaches,
including using PC-correction individually by removing only 3 principal components or
6 principal components, using LVGGM with rank 6 for the low-rank component as well
as the uncorrected approach Glasso. We still use 50 datasets and draw the ROC curve
for the averages with varying sparsity parameters A. The ROC for the scale-free example
is in the bottom row of Figure 1.2l We also include the AUC (area under the ROC
curve) for each method. We compare PCA+LVGGM with rank 3 in PC-correction with
other methods. For each data set, we calculate (AUC of PCA+LVGGM)/(AUC of one
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other method), then compute the sample mean and sample standard deviation of that
ratio over 50 data sets to compare the average performance and the variance of different
methods. The results for the scale-free graph are shown in the first column of Table [.1]
We can see that PCA+LVGGM with rank 3 for PC-correction and 3 for LVGGM do
perform much better than other methods for both graph structures, indicating that if
the assumptions are satisfied, our method and parameter tuning procedure are useful.

Finally, we try setups that are more similar to real world data. We still use
to generate the data and set p = 100 and n = 100. Differently from previous settings,
we now use some randomly generated eigenvectors as columns of V'; and V5. We look
at the distribution of eigenvalues of gene co-expression and stock return data covariance
matrices, and try to make simulation settings similar to those examples. We run two
setups - the first is called a large-magnitude case (case 2), with D? a diagonal matrix with
diagonal elements (7,6,6) and Dg a diagonal matrix with diagonal elements (20, 10, 10).
The second setup is referred to a moderately large magnitude case (case 3), in which
the low-rank component has the same eigenvectors as the large-magnitude case, but
the elements of D, and D, become smaller, with diagonal elements of D? (3,3, 3) and
diagonal elements of Dj (10,8, 6).

Using the sva package, we estimate the rank of L; + Ly to be 6 for both case 2 and
case 3. We observe that the first 3 eigenvalues are larger than the rest, so we allocate 3
to PC-correction and use 6 — 3 = 3 as the rank for the low-rank component for LVGGM.
We also try allocating 1 to PC-correction and 5 to LVGGM, using PC-correction by
removing only 3 PC-components and 6 PC-components, using LVGGM with rank 6 and
using Glasso. Again, we run over 50 datasets and include ROC curves and AUC tables.

From Figure and Table [4.1} we can see that other approaches considered hardly
outperform PCA+LVGGM. Actually, using PCA+GGM or LVGGM can be viewed as

a special case of the PCA+LVGMM methods. To see that, we can have LVGGM from
121



Learning Gaussian graphical models with latent confounders Chapter 4
Case 1 Case 2 Case 3
50 20
40 9
g g 15 g
cEY 5 =5
> > =
c < 10 S
520 S S
[} (] ] 3
10 S “ “ Method
o Mk 0 |||||||||||||||||||||||||IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII|||||||||||||||||||| ...... 0 |I|||II||||I||||||||||||||||||||||||||||||l||||IIIIIIIIIII|||||. | 9tasso
0 25 50 75 100 0 25 50 75 100 0 25 50 75 100 - LVGGM
index index index B
—{ Pc(1)+Lv
Case 1 Case 2 Case 3 N
- | Pc@3)
1.00 1.00 1.00 -
| Pc(3)+LV
0.75 0.75 0.75 =2 PC(6)
o o o
a 0.50 a 0.50 & 050
= [= [=
0.25 0.25 0.25
J
0.00 0.00 0.00
000 005 010 015 0.20 000 005 010 015 0.20 000 005 010 015 020
FPR FPR FPR

Figure 4.2: We use the scale-free structure when generating graphs. The first row
shows the eigenvalues of 3,5 under 3 setups, and the second row shows the corre-
sponding ROC curves with different methods. PC(k) means that we use k as the
rank in PC-correction and PC(k)4+LV means that we use PCA+LVGGM with k as

the rank for PC-correction.

Method Case 1 Case 2 Case 3
PCA(3)+LVGGM 1 1 1
Glasso 1.58(0.073) 1.25(0.080)  1.07(0.048)
LVGGM 1.64(0.088) 1.06(0.044)  1.01(0.036)
PCA(Full) 2.46(0.22)  1.01(0.12) 1.36(0.14)
PCA(3) 1.08(0.017) 1.05(0.027) 0.99(0.018)
PCA(1)+LVGGM | 1.47(0.11) 1.04(0.038) 1.01(0.035)

Table 4.1: We use the scale-free structure when generating graphs. We compute the
ratio of AUC between PCA+LVGGM with rank 3 in PC-correction and other methods,
using PCA+LVGGM as the numerator. The table shows the sample mean and sample
standard deviations of that ratio (in the parenthesis) over 50 data sets. In case 3, the
magnitude of the confounding is not as large as other cases, so PC-correction with
rank 3 has the best performance.
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PCA+LVGGM by allocating a rank of 0 to PC-correction. From the simulation and
real data examples, we observe that using PCA+GGM with higher ranks often removes
some useful information, resulting in more false negatives. On the other hand, if the
effect of multiple confounders exists in the data that are not well represented by the
first few principal components, using PCA4+GGM alone might not be enough to remove
the additional sources of noise. Note that LVGGM may not be enough to remove the
confounding with large norm, leading to spurious connections between nodes. In this case,
we would suggest PCA+LVGGM as a default setting and a starting point for problems
with low-rank confounding. We can adjust different rank allocations based on the specific

problems and goals of interest.

4.5 Applications

4.5.1 Gene co-expression networks

Our first application is to reanalyze the gene co-expression networks originally an-
alyzed by [126]. The goal of gene co-expression network analysis is to identify tran-
scriptional patterns indicating functional and regulatory relationships between genes. In
biology, it is of great interest to infer the structure of these networks; however, the con-
struction of such networks from data is challenging, since the data is usually corrupted
by technical and unwanted biological variability known to confound expression data. The
influence of such artifacts can often introduce spurious correlation between genes; if we
apply sparse precision matrix inference directly without addressing confounding, we may
obtain a graph including many false positive edges. [126] uses PCA+GGM to estimate
this network and shows that PC-correction can be an effective way to control the false

discovery rate of the network. In practice, however, some effects of confounding may not
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be represented in the top few principal components. This motivates the more flexible
PCA+LVGGM approach. The PC-correction effectively removes high variance confound-
ing, and then LVGGM subsequently accounts for any remaining low-rank confounding.
We consider gene expression data from 3 diverse tissues: blood, lung and tibial nerve,
with sample sizes between 300 to 400 each. 1000 genes are chosen from each tissue. More
detail about the source of the data and pre-processing steps are introduced in Appendix
C4

Blood PCA-1 Blood —Quarter PC Blood Half PC

PI’eCISIOI’]
PI’eCISIOI’]
PI’eCISIOn

50 100 150 200 250 100 150 200 250 100 150 200 250
P TP TP
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Figure 4.3: Precision-recall plots for gene expression data. TP represents number of
true positives. PCA+LVGGM(L) means larger v in LVGGM and PCA4+LVGGM(S)
means small v in LVGGM. We can see that PCA+LVGGM performs the best or
equivalently well compared to other approaches for almost all 3 tissues.

We observe that all of the sample covariance matrices are approximately low-rank by
looking at the eigenvalues of the covariance matrices of genes, indicating the potential

existence of high variance confounding. Then we use sva package to estimate the rank
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for PC-correction and call this the full sva rank correction. [126] suggests that the rank
estimated by sva might be so large that some useful network signal is removed. To reduce
the effect of over-correction, we apply the PC-correction with half and one quarter of the
sva rank, which we refer to as half sva rank correction and quarter sva rank correction,
respectively. For many tissues, the first eigenvalue is much larger than the rest, this
motivates us to try rank-1 PC-correction. We include the results with half sva rank,
quarter sva rank and rank 1 PC-corrections in Figure After running the above PC-
corrections to remove high-variance confounding, we run LVGGM as an additional step
to further estimate and remove the low-rank noise with moderate variance. We use two
different values as the v parameters in LVGGM. Larger ~ leads to removing lower-rank
confounding and smaller v leads to remove higher-rank confounding. We show the results
for both choices of 7. We use different T to control sparsity of the estimated graph and
draw Figure similar to the precision recall plot. The y-axis represents the precision
(True Positives/(True Positives 4+ False Positives)), and the x-axis is the number of true
positives. We can see that PCA+LVGGM can yield better or equivalently good results
compared to other methods, indicating that it can be useful to run LVGGM after the

PC-correction when estimating gene co-expression networks.

4.5.2 Stock return data

In finance, the Capital Asset Pricing Model (CAPM) states that there is a widespread
market factor which dominates the movement of all stock prices. Empirical evidence for
the market trend can be found in the first principal component of the stock data, which
is dense and has approximately equal loadings across all stocks (Figure , left). In

fact, the first few eigenvalues of the stock correlation matrix are significantly larger than

1Specifically, [126] provides a range of proper A and based on this, we use 50 values of A\ between 0.3
and 1.
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the rest [40], which suggests that only a few latent factors are mainly driving stock
correlations.

In this section, we posit that the conditional dependence structure after accounting
for these latent effects is more likely to reflect direct relationships between companies
aside from the market and, perhaps, sector trends. Our interest is in recovering the
undirected graphical model (conditional dependence) structure between stock returns
after controlling for potential low rank confounders.

We compare networks inferred by PCA+LVGGM, PCA+GGM, LVGGM and Glasso
by analyzing monthly returns of component stocks in S&P 100 index between 2008 and
2019 [66]. The 49 chosen companies are in 6 sectors: technology (10 companies), fi-
nance (11), energy (7), health (8), capital goods (7) and non-cyclical stocks (6). For
PCA+GGM, we remove the first eigenvector which corresponds to the overall market
trend. For the other latent variable methods we use the sva package to identify a plau-
sible rank. For PCA+LVGGM, we remove the first principal component corresponding
to the overall market trend and use LVGGM to estimate remaining latent confounders
and the graph. Figure shows the networks obtained by each approach.

For each method, the sparsity-inducing tuning parameter was chosen to minimize
negative log-likelihood using a 6-fold cross-validation procedure, and the number of low
rank components are chosen manually. Specifically, in cross-validation, we use negative
log-likelihood to measure the out-of-sample error and choose the parameters that mini-
mize the average out-of sample error over 6 validation sets. We observe that when using
LVGGM, allocating rank 1 or 2 to the low-rank component won’t make the estimates
very different from Glasso, while allocating ranks higher than 6 to the low-rank compo-
nent leads to higher out-of-sample error, so 5, the rank picked by sva, is among the best
choices. For PCA-based methods, removing more than 1 principal components leads to

higher out-of-sample error. As expected, the Glasso result is denser than the networks
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Figure 4.4: Stock connections between 2008 and 2019 learned by different methods.
The following sectors are included: Tech, Finance, Energy, Health, Capital goods and
Non-cyclical (NC) from left to right.
learned with sparse plus low rank methodology with PCA+LVGGM yielding the sparsest
network.

For LVGGM, we note that the method effectively controls for sector effect but is
less effective in controlling for the effect of the overall market trend. Let 3.5 be the
empirical observed covariance matrix and v; be its i-th eigenvector. We have the following
observations: first, the first principal component is closely aligned with the overall market
trend, because the absolute value of the inner product between the first eigenvector of ﬁ]obs
and the normalized “all ones” vector is 0.98. Second, the observed empirical covariance

matrix has an approximately low-rank structure, because the first eigenvalue of ﬁ]obs is
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18.25 and the second is 3.5 and all other eigenvalues are close or smaller than 1. Third,
LVGGM does not capture the full effect of the market trend. Let Ly be the estimate
of Lo in ([4.9). When we apply LVGGM on 35, the inner product between the first
eigenvector of IA/Q and v; is close to 1 but the first eigenvalue of IA/Q is only 0.55, much
smaller than the first eigenvalue of b

We argue that PCA+LVGGM is the most appropriate method for this application
because it appropriately controls for both market and sector effects. Let Ls, and f/Q
be the estimates of the low-rank components defined in . For PCA4+LVGGM, we
remove Ly by removing the first eigencomponent of 3, then run LVGGM to estimate
Lg and €. We claim that PCA+LVGGM can remove the confounding effect fully in the
market trend direction, as well as the remaining confounding effect in other directions.
To see that, first, v; is removed in PC-correction. Second, the inner product between
the first eigenvector of IA/Q and v,, the second eigenvector of ﬁ]obs, is 0.99. The first
eigenvalue of I:;l is 0.4 and the second eigenvalue of f]obs is 3.5. This shows that when
applying LVGGM, only part of the information in the direction of v, has been removed.
We know that the direction of v; reflects the market trend, but v, might include both
true graph information and some latent confounding effect, hence using LVGGM might
be a good choice for capturing the confounding effect in the direction of ©5. Overall
PCA+LVGGM, therefore, might be a better choice than LVGGM and the PCA-based
method.

Figure shows heat maps of Ly, obtained via PCA and E;z obtained with LVGGM
(rank 5). As expected, the elements of Ly, are roughly equal in magnitude, reflect the
market trend and the large first eigenvalue of ﬁobs. In contrast, [A/Q shows a block-diagonal
structure and its elements have smaller magnitudes, which suggests that LVGGM does
not adequately account for the overall the market trend. On the other hand, the block

diagonal structure of Ly, reflects inferred sector effects. PCA+GGM is most effective at
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Figure 4.5: (a) Rank one approximation to Ly obtained with PCA. (b) I:’Q obtained
with LVGGM with rank 5. The rank-one approximation to Ly, is close to a constant
matrix. In contrast, IA/Q reflects sector effects but does not reflect the strong effect
due to overall market trends.

reducing confounding from overall market trends and LVGGM is more effective at ac-
counting for remaining confounding, such as the sector effect. Therefore, PCA+LVGGM,
which combines the benefits of PCA and LVGGM is arguably the most appropriate choice

for addressing the latent confounding in this context.
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Appendix for Chapter

A.1 Key Technical Lemmas

For the reader’s convenience, we repeat here some definitions and lemmas that were

previously stated in Section 2.8.2l Define U, := QQT + 7I and d := Qmn; thus U, =
QQ". The lemma below expresses y7 (X X +7I)~" in terms of the following quadratic

forms:

s=y Uy,
t=d'U;'d,
h=y'U;'d,

gi = yTUaleh 1€ [TLL

fi = dTUalei, 1€ [Tl]
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Lemma 8. Define D := s(||n||5 —t) + (h + 1)?, then

Imll2y™
1
y (XX D) =yTU? -5 71|25, h* + h — st, s] y' | U (A.1)

T

dT

The lemma below derives upper /lower bounds for those quadratic forms involving the

inverse Gram matrix U "

Lemma 9 (Balanced). Recall that 0* = >0 X\;52. Assume the 3 follows the balanced
ensemble defined in Definition m Fiz § € (0,1) and suppose n is large enough such
that n > clog(1/6) for some ¢ > 1. Then, there exists constants Cy,Cy, Cs, Cg,C7r > 1,

Cs > Cy > 0 such that with probability at least 1 — 6, the following results hold:

n <s<( n
— _S ~ —’
Ci(7 + [IAll1) NG

2 2
Cy

no no

M <o
(7 + [IAllL) “(r+ 1A
<h<Cy—"9

(T lIAl) = 7 7+ A

Idl; < Csno®,

— 0,

Ty <C’i,
-l = G T

FU )y < YT
140 e =

To bound the term f;, we need some additional work, which leads to the following

result.

Lemma 10. Assume that the condition in (2.8) is satisfied, Fiz 6 € (0,1) and suppose

n is large enough such that n > c/§ for some ¢ > 1. Then, there exists a constant C > 1
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such that with probability at least 1 — 9,

C+/log(2n)o
52%3](|fi| < W (A.2)

The proofs of Lemmas [§] [9 and [I0] are given in Section [A.7 We will also need the

following lemmas adapted from [I19, Proof of Theorem 1].

Lemma 11. Let E = QQT — |Al|; - I and E' = - (QQT)'E. Assume that the

R

condition in (2.8) is satisfied, then there exists a constant C' > 1 such that with probability

at least (1 — <),

/ 1
El||,<——. A,
1= 3 A A9
Lemma 12. Let d (n) := (p — n + 1). With probability at least (1 — 2,
P — 1 2v/nd (n) — 2n+/4log(n)d (n) — 4nlog(n) ,
1o Y 2 R )+ /Alommd () (n) A log(ma ()

A.2 Proof of Theorem [1] and Theorem 2

A.2.1 Proof of Theorem [1

Now we are ready to prove Theorem In this section, we only consider the un-
regularized estimator, i.e., 7 = 0. Define 4* := (XX”) 'y. Using duality (see [119,
Appendix C.1]), all the constraints in ([2.5)) hold with equality provided that

yiyi > 0, for all i € [n]. (A.4)
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Hence it suffices to derive conditions under which (A.4)) holds with high probability. Note
that v = y"(X X ") 'e;, for all i € [n]. Using (A.1)) and some algebra steps, it can be
checked that:

Inll2y"Uge;
3 _ 1
Yy (XXT) e =y'U;'e; - D |:H77H23 h* +h — st s} y'Uy'e;

dTUalei
71|29
1
=95 {Hnst h? +h — st s} gi
fi
_gis(mll3 =) + (A +1)%) — |Inll3s9: — (h* + h — st)g; — sf;

D
gi + hg; — sf;
— . A5
SME=1) + (h+ 17 (4.5)

Here, s, h,t, g; and f; are as defined in Section with 7 = 0. The denominator of (A.5))

is non-negative, thus to make ~; > 0, we only need to study the numerator:

yi(gi + hgi — sfi) = 1+ y" U ' d)yi(e] Uy''y) — yi(e] Uy 'd)y" Ugly.

First, consider the term y;(e! Uy 'y). By the proof of [IT9, Theorem 1], if (2.8)) is satisfied,

then with probability at least (1 — %),

1

Yigi 2 Sy
2[[Alk

(A.6)
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We know that U, ' =

|>\1H1 I—E'. Thus for y'U,'d, by Lemma|§| and , with probability

at least (1— <),

E,)d> Cino C’Q\/_J _Csno
BN [P/ IR P R PV /P

y'Us'd=y" (-
||>\||1

where the first inequality above follows from the fact v"Mu > —||lv|o||w|2||M]|2.

Lemma (10| gives for every i € [n], with the same high probability,

Cyr/log(2
yie?UJId =y f; > —max|f;| > _w
i€[n] H)\Hl

Similarly, the fact v Mwu < ||v||o||u|l2||M |2 gives with probability at least 1 — 4,

O5TL

T
Yy <
AL AN

y'U'y=y" (-~

1 ,
—~E)y<y"
||>\||1

Combining the results above gives

All1 — Cino 1 Cony/log(2n)o
yi(gi+hgi_5fi)2(|| IR 1 > 2 (2n)

[l 2IAllL 1Al
|A|l1 = Cino — 2Conq/log(2n)o
- 2[ A7

To make the expression above positive, it suffices to have [|A[|; > Cny/log(2n)o. This

completes the proof.

A.2.2 Proof of Theorem 2

According to section [A.2.1] we need to study:

yilgi +hgi — sfi) = 1+ y Uy ' d)yi(e] Uy 'y) —vi(e] Uy 'd)y" Uy 'y
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First, consider the term y;(e/U;'y). By Lemma if d(n) =p—n+1>9nlog(n),

then, 4nlog(n) < id'(n) gives

12\/_65/() \/_d()

4

19i = vi(e] Uyt 5 (n)
é
9

. 2\/_d() \/_d() \/_d/(n)
NG 2 (n)?
BRIV,
4y/n 2p
>%p. (A7)

Second, by Lemmas [9] [10] and (A.7), we find that for large enough constants C;’s > 1,

with probability at least 1 — %,

Yi(gi + hgi — sfi) = (L + h)yigi — yisfi

>(1—1h I)gp —Hé?>]<|fi|8
> (1= g o - VR 2
36p
i Cg?’LH"]HQ — 36C5+/ 2108;(2”)”"77H2
= 36]?2
i 3604\/@71”7”2'
- 36p

To make the expression above positive, it suffices to have p > Csny/log(2n)||n||2, for
large enough Cs > 1. The result above holds for every 7, i € [n] with probability 1 — &
each (by Lemma . Applying union bound over all n training data points, we conclude

that ;77 > 0 for all ¢ with probability at least 1 — % This completes the proof.
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A.3 Proof of Theorem [3 and Theorem 4

A.3.1 Proof of Theorem (3

From Section we need to lower bound the ratio

(y"(XX" +70)"' Xn)*
yI(XXT + 7D XEXT(XXT +71) 1y

(A.8)

We will upper bound the denominator and lower bound the numerator. We first look
at the denominator. We know XX X” = (y8" + ZA%)A(yBT + ZA%)T. Define A :=

(X X" 471 'yy" (X XT+7I)~". Then by the cyclic property of trace, the denominator
of (A.8) can be expressed as

Tr (yT(XXT + ) XEXT(XXT + TI)_ly)
= Tr((yB” + ZAN)A(WE" + ZA1)TA)

p p p
=Y NzlAzi+ ) Ny Ay) +2) APzl Ay
=1 =1 =1

p
<2 < Z Nzl Az + a2yTAy>

i=1

p
<2 S XN All=l} + oW (XXT 4 7D y)),
i=1

where the first inequality follows from the inequality v" Mu < 3 (v Mv + v’ Muw) for
positive semidefinite matrix M and z; is the -th column of matrix Z. Thus, we need to

upper bound Y7 Af||All2]|z:[3 and o (y"(X X" + 7I)~'y)®. For 337, X[ Alla]|2:]3,

i=1"" 1=1""
note that ||z;]|3’s are independent sub-exponential random variables [162, Chapter 2],

thus for a fixed number B > 0, >.¥_ A\?B||2;||3 is the weighted sum of sub-exponential

1=1""

random variables, with the weights given by BA? in blocks of size n [10, Lemma 7 and
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Corollary 1]. By Lemma |15.1] with probability at least 1 — 2e™%,

p p
Z M B||zi||3 < an A? + Bemax ()\%x,

P
n E A?)
i=1 i=1 i

< Bni A} + Bemax (mi 22, \/ﬁi A?)
i—1 i=1 i

<CnB i A2
i=1

for © < n/cy. The number B above should be replaced by the upper bound of || Al|s.
Recall A == (X X' + 7I) 'yy" (X X" + 7I)7!, thus ||A, = [|y"(XXT +71)7"|3.

Further recalling D := s(||n||3 — ) + (h + 1)?, by Lemma [§|
Imll2y”
1 _
yT(XXT + TI)_I — yTUTl _ 5 |:HT]H2$ h2 + h — st 8:| yT UTl
dT

1
== ((1 +hy'Ut - sdTU;l).
D
Therefore, by Lemma [0}, with probability at least 1 — ¢,

_ 1 _ _
Iy XX o0 e < (106 ) el e + sl U2 )

< 1 (<1+ Cl’fLO’ ) CQ\/% I an\/ﬁ(f )
- D (T IA)/ (7 + 1A+ M) )
The above result can be further simplified. If 1 < T!ﬁ—(;”l, then,
1 Cyny/no
TXXT+70) o < = — 0
Iy~ ( )" l2 < D (t+ |A]L)?
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If1> then,

T+|I>\H ’

1 Csvn
XX 4707 Yy < =—2Y——.
v = D

Combining the above gives, with probability at least 1 — ¢,

c n? n?c?
2| Al —— L, —— 5. A.

Now we look at o?(y” (X X* 4 7I)"'y)2. We need to upper bound y* (X X +7I)~*

Using Lemma 9] gives with probability at least 1 — 4,

 |Imll3s® + sh® 4 2sh — s*t

s(nll3 =) + (b +1)?

s(nllz —t) + (b + 1)
S 1 Cn

D= D+ AL

yT(XXT + TI)_ly =

Therefore, o2y’ Ay < Hence the denominator of - is upper bounded by

DQW
! n’ n?o?
D+ ALE L e Al + Cao® ). A.10
D2 (T—i— H)\H1)2< 1maX{ (T—|— H)\Hl)g}” HZ 20) ( )

Now we look at the numerator of (A.8). By Lemma

y (XX + 717 Xn = nl3y" (XX + 7Dy +y" (XX +71)7'Qn

slmll3 =) +h* + h
- - -
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The numerator needs to be lower bounded and Lemma [9] gives with probability at least

1—9,

O 2
s(Iml3 =) + B2+ h > s(||n)2 —t) +h > " 1no

2
S L T o).
> s i U = g~ )

(A.11)

Combining ((A.10]) and (A.11]) gives with probability at least 1—4, (A.8) is lower bounded

by

2
2
(Il — S5 — o)

—3 5 > (A.12)
Cs max{l, =Sz HIAlZ + Cao
This completes the proof of the theorem.
A.3.2 Proof of Theorem {4
We need to lower bound the ratio
T XXT —lX 2

y'(XXT) 1y

Here we will lower bound y” (X X”*)~' X7 and upper bound y”(X X*)~'y. By Lemma
, we know that the bound is not useful if y”(XX*)"'Xn < 0, hence we need the
conditions that ensure y”(XX”)"'Xn > 0 with high probability. Using (A.1]) and

some algebra steps, it can be checked that:

_ |nl3s* + sh? + 2sh — 5% s

XY= 0+ (1 smlE ) O 1P

(A.14)
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Similarly,

_ sl|nl|3 — st + h*+h
s(mllz —t) + (h 4 1)%

y (XX Xn = [Inl3y" (XXT) Ty +y" (X XT)7'Qn
Combining the above gives

X xne  (UmB— 0+ 82+ n)
v XXy s(s(mll3 - )+ (ot 12

(A.15)

The numerator needs to be lower bounded and Lemma [9] gives with probability at least

1-4,

s(nll3 = t) + 1* + 1 > s([nll3 — ) + 4

n n n
> (1= 2)|n|2 - Com
> G (1= Dl - Co il

Vv
>

(1=l = Csllmlz). (A.16)

Similarly, the denominator is upper bounded by:

s(s(ml =1+ (h+1)?) < s(slml3 + 1+ |)?)
n n n
< v v 2 v 2
< G (Ol + (14 Colimlo))
n n
< v v 2
< (Co Il + Ca)

TL2 P
< G (Il + 7).
< G5 (Il + 2
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where we also use the fact (a +b)? < 2(a® 4+ b*) and n < p. Combining the above results

gives with probability at least 1 — 6,

(1= 2)lInll — C5)"
Co(% + [Imll3)

(y'(XXT)"'Xn)?
Yy (XXT) 1y

> |Inl (A.17)

To ensure the classification error is smaller than 0.5, we need p > b-n and (1-2)|[n|[> > C3
for b > 1 to make 'fﬁsn > (0 with high probability. This completes the proof of the

theorem.

A.4 Proof of Theorem [5 and benign overfitting for

the bi-level ensemble

A.4.1 Proof of Theorem [5l

We first introduce some new notations. Following Assumption [I, we assume that the
covariance matrix X is diagonal and the mean vector 7 is one-sparse (1, # 0 and k # 1).

Hence the data matrix X can be written as

X =yn" +Q=yn" + ZA-=.
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Let z; be the i-th column of the matrix Z above whose elements are IID standard

Gaussian. Recall U, := QQ" + 71, define

. JTrr—1
tk .—ZkU Zk,

fl = yTU;lzlﬂ

Lemma 13 (Bi-level). Assume that X follows the bi-level ensemble defined in Definition
2.4 Fiz ¢ € (0,1) and suppose n is large enough such that n > clog(1/d6) for some
¢ > 1. Then, there exists constants C;’s > 1 such that with probability at least 1 — 9, the

following results hold:

n g < Con
Ci(r + A=) = = (7 + A=)’
Csn Csn
<fr < ,
(7 + A=) == (7 + M)
n <t C5n
Colr + A2 = = (r+ Al
~ Can <fi < Con ,
(7 + [[All=1 + nA1) (T + A1 +n\)
C?” C7TL
- <g1 < ,
(7 + A1 + nA1) (7 + [IAl[ -1 +nA1)

Csyvn

ly" U e <
G YY)

_ Cov/1
12U e < i
S G DY

Now we are ready to prove Theorem [5] We know from the proof outline that we need
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to lower bound

(rm)?  (gein)? AL
AT~ D \ ~9 - ( . 8)
n; 27’7’ Zi:l il

We divide 7;’s into 3 groups: 7, 7y and the rest. Rather than lower bounding (A.18)),

we will upper bound its reciprocal. Specifically, we will upper bound

i Zi;ﬁl,k il
(k)% (k1)

A\iTii

and .
(nknk)2

(A.19)

then reverse the sum of the upper bounds of the three ratios above to obtain the lower

bound of (A.18)).

Following the fact that 7; = e!'n, we have

;= \/)\_iziT(XXT + 7'y, for i #£Ek, (A.20)
=y (XX" 471y + VA (XX 41Dy, (A.21)

To upper bound the 3 terms in (A.19)), we need to lower bound (77 )?. Recall that under

Assumption [ 0% is Ayn?. By Lemma [§ and using our newly defined notations, we have

. 2g 25 + A 24V — s(\imPt + VA\enites
e = %Jr \//\_k77k<fk_ [ml13s.fx + (V2w fr) \/_kgksz (Nemete)) fr + V Akinte )

1
= 5(%35(1 — Mti) + 0 + 02f13>7
where D becomes (o fy, + 1)® + s(n? — o?t;,). Lemma [13| gives with probability at least
1 -9,

o 1 n CQTL)\k
> — 21— —= 7% Y _ o). A.22
NNk = D Cl<T + HAHfl) (nk( 1) 0) ( )
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Now we upper bound ), 21k A\iN2. From the proof of Theorem , we know

YoniE =Y Nzl Az <Y Nzl Al

i#1,k i£1,k i#£1.k

where A = (X X7 +7I)'yy" (X X" +7I)~'. Then we need to upper bound |ly” (X X+
7I)7!|. Following Lemmas [ and [13} we have

_ 1 _ _
ly"(XXT D)7 = |15 (" U (1 + o) = 20U (09)) 2

1 _ _

< (W + oy U 2+ (09|21 U7 )
1 Cl\/ﬁ CQTLO'

S = 1+ .
D O A

Note for a fixed number B > 0, 3., , Af[|2:[|3B is the weighted sum of sub-exponential

random variables. By [10, Lemma 7], with probability at least 1 — 2e™*,

p p
> XB|zills <Cn > NB,
=1 i=1

for x < n/cy. Combining (A.22)) and bounds above with B replaced by the upper bound

of A gives with probability at least 1 — 9,

Zi;ﬁl,k )‘17712 < i Zi;ﬁl,k )\zz (1 I Csno )2 (A.23)
~\9 = n 2 + Al ’ )
(k7 (n,%(l — o) — a) (7 + A1)
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Next we upper bound \;77. (A.20) gives

= vz (XX 471y

= \/A_l(fl +0fife —0g15)

D
VAL Csn ( Csno )
D (7 + [|A[l-1 +nA1) (7 + A=)/

Combining the result above and (A.22)) gives with probability at least 1 — 9,

U C1)7 (7 + 1A -1)? (1+ 7 ) (a2
(i) = (2 — _Comrey _ )7 (T H A1+ 1) (T + Al /- '
M (1 7'+||>\H—1) o

... AefiZ . : i
In addition, (n:ﬁlk)Q in (A.19) is ;‘—g Then the sum of (A.23)), (A.24) and ;‘—g is

2
A—I—B—l—)\k(nk(l—%)_\/)\_/&) A+B+>\k<n,3+Ak>

2 — 20
ConA ConA
(771%(1 - T+ﬁ>\||'il) - ‘7) (771%(1 - T+ﬁ>\||’il) - ‘7)

where we use (a — b)? < a® + b? for a,b > 0 and with

+ [[All-1) )2 Cyno \?
A= —T I LA
’ 1(T+”)\1 + [ Al ( T+ H)\H1>

B:C5<Z Af) (1+%>27

i£1.k

A

o gives the lower bound
k

for large constants C;’s. The inverse of the upper bound of
of (A18). To ensure 72 > 0 with high probability, we need 77 > % + o0 for

C1,Co > 1.
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A.4.2 Benign overfitting for the bi-level ensemble

For the bi-level ensemble, the first condition in Theorem [I] is not satisfied, hence we
can no longer analyze nqyy by studying 7). We show a regime that suffices to make

the classification error of 7); ¢ vanish as p increase to +00. Consider the setting:
Ay=---=XN =X and A\ =ap), fora>1. (A.25)

For large enough p, the setting above can ensure the bi-level ensemble condition in ([2.3])

is satisfied.

Corollary 14.1. Assume that the data generating process follows Assumption [1 and
(A.25). Fix d € (0,1) and suppose n is finite but large enough such that n > clog(1/9)
for some ¢ > 1. Then for large enough C > 1, with probability at least 1 — 0, R(n.g), the
expected 0-1 loss of the least squares estimator m;g, approaches 0 as p — oo, provided

that ni, > CN\p", forr > %

Proof. First, the bound on the unregularized estimator 7);q can be obtained by setting

7 =01in (2.17). Thus, with probability at least 1 — §, R(7).g) is upper bounded by

2

2 Cindg) _

ex ~ (- B - Coo) (A.26)
P A+ B+ Cs(M2+02) )’ '

o X1+ Cino \? Cino \2
wmhA_ogAf( TUREE > ,B—O5<Z)\?><1+—> .

Note from (A.25]) that || A||-1 = (p—1)A. We first look at the denominator of the exponent
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of (A:26). Assuming nn, < pv/\, we have

All_1 + Cono)\?
MU+ A

( ))\"‘CQTLU)Q
napX + (p — 1)\
A 2
< Caalp?\2 p
=t (nap)\+(p—1))\>
A
< 2 2y2( P
< Caa'p'A (napA

e a2p2)\2<

2
) , by nap>1

2)\2

Moreover,

p=c( ) ()

i£1,k
C(ﬂ”LO'
= C DN (1 +
(=20 ||A||_1>
9 n?c?
< _
S 07(}7 2) ()\ —+ (p_ 1)2)
S Cg(p - 2))\27

where the last inequality comes from nn;, < pv/A. Combining the results above, we have

the denominator of the exponent of (A.26|) is upper bounded by

2)\2

2
(p — 2)A2 + Cy(A2 + 0?) < Cw(%AQ +pA2). (A.27)
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Now we look at the numerator.

ConA
21— 2228 _ Cho ) > i1 — — OV}
<nk( ||A||_1> 2) nk( p) 9 nk

> — 2077;?% — CoVAn. (A.28)

Let n, = CV/\p", for some C' > 1. Combining (A.27) and (A.28), if p > n?, in (A.27),
2 > p, then the negative exponent of (A.26)) is lower bounded by

771?”2 O nkn Clllr/an\/_'

Then

A29 Z n2p47‘—2 . C«lon3p4r—3 . C«Hn2p3r—2

Z n2p47‘—2 _ ClOnp4 _ 01177/2 3r— 2

where we use Z; > p in the last inequality. Thus to make the bound above approach +oc
as p — 0o, it suffices to have r > %

If p < n?, then the negative exponent of (A.26)) is lower bounded by

o o YA

_ n g .
Np Y0z TN >ptt - Cloz—)l94 L= Cnp’

It suffices to have r > to make the bound above approach +o0o as p — oco. Combing
previous results, it suffices to have n, = CVAp", for r > % and some C' > 1. Recall
that we assume nm, < pv/\, and actually nim, > pv/\ is stronger than the condition
ne > CV/\p", for r > % and some C' > 1 for finite n, hence the later condition is sufficient

to make the classification error approach 0 as p — oo. O

148



Appendix for Chapter|§| Chapter A

A.5 Proof of Corollaries 5.1 and 5.2

A.5.1 Proof of Corollary

We need to find the conditions that make the negative exponent of (2.13)) vanish as

p increases when conditions in Theorem (1| hold. Recall Theorem (1| requires

Al > max{\., Cin+/log(2n)c}, (A.30)

for some C7,Cy > 1 and A\, = 72(”)\“2 ‘ny/1ogn + || Alloo - ny/nlogn + 1). It is not hard
to check that (A.30]) implies that i AHQ < 1. Then the negative exponent of - is lower
bounded by

2
(Imllg - G2 cga) >(|I17H§ G’ — Cyo)
CSmaX{l ﬁ)‘ﬂz}Zz 174 +O402 a CS( i= 1)\z2+0)

(IInII%- %n% 020>2
C5< 11)‘127”7)

>(HTIH§— ﬁ—020>2

o a(Tnee)
(Inll3 — Coor)

_C5< 11A$+a2)

o _mliz = Crlinll3o

oS o)

>

(A.31)
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T
Note that B = {5 B .. 5} , hence 0 = B+/||A|l1. Looking at the denominator of
(A.31), when Y7 A2 < o2 ie. |[A3 < B2 AL,

)

o Inliz = Crlinl3o
B 080'2

o (p87)? = C2(pB*) v/ BlIA Ly
N

pB \2  CopB
- . A.32
- <\/||>\||1> VAL ( )

To guarantee ([A.32)) — oo as p — oo, it suffices to have ||Al|; < CB%p?, for a < 2. Note

(A.31)

that the second condition in Theorem [I] becomes

IA|lL > C’n\/log(2n)ﬁ\/||)\|]1 — ||AlF > C%n? 10g(2n)ﬁ2.

Combing the conditions above, the SVM solution goes to 0 with p — oo provided the

assumptions of Theorem [3| with 7 = 0 hold and
max{\,, C18°n*log(2n)} < | Al < Co%p®, for a < 2. (A.33)

When >0 A2 > o2 ie. [[A]I3 > B2||AllL,

)

N CS( ?:1 >‘12>

>( p5 )2_ Copp?
WL A VA

To guarantee (A.34) — oo as p — oo, it suffices to have Y 7 A2 < CB*p~, for a < 2,

(A.34)

which is equivalent to [|A|s < CB?*p®, for a < 1. Combing the conditions in Theorem ,

the SVM solution goes to 0 with p — oo provided the assumptions of Theorem |3 with
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7 =0 hold and

A1 > max{\,, C18*n*log(2n)} and |||, < CB%p%, for a < 1. (A.35)

Combining (A.33)) and (A.35]) completes the proof.

A.5.2 Proof of Corollary

We start from the high-SNR regime. In fact, we can assume a bit stronger that
|3 > C’g, for some large C > 1. (A.36)
n
Then the exponent in (2.15)) becomes:

n n n
Inl2(1 = =)*+ C1 = 2C1(1 = =) nll2 > [Inll3 = 2lnlz— — 2C1[nl
p p p

P n
> Cg—2||"7|\§5 —2C1 ]2, (A.37)

where the last inequality comes from (A.3€]). Following Theorem 2, we further assume

that

p>10nlogn+n—1 and p > Cyn/log(2n)||n|l2, (A.38)
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for some constant C; > 1. Then combining the relationships above gives

L R Y S N NP
n Cony/log(2n)/ p n+/log(2n)
_ C'B _ 2p _ 2C1p
n Cynlog(2n)  ny/log(2n)
P 201 2
—Y(c— _ ) A.39
n ( A /log(Qn) Cy log(Qn) > ( )

Notice that (A.39) — oo as (p/n) — oo for sufficiently large C' and n. Thus we have
proved that in the high-SNR regime, the error of SVM solution goes to 0 with (p/n) — oo

provided that the assumptions of Theorem 4 hold and

1
6n||77||§ > p > max{10nlogn +n — 1, Cin+/log(2n)||n||2},

for sufficiently large constants C, C; > 1.

For the low-SNR regime, assume that

p > 10nlogn +n —1, p > Ciny/log(2n)||n||2, (A.40)
and [[nf}3 < 2, 4 = Cao(2)°, for a>1. (A41)

Then the exponent in (2.16)) becomes:

N, 4 n 1
— 1--)-C
Clia(0 =)

2 n n?. 4 an 5
s ) > Sl — 22 Il — 22 Gy
Inll/ = p" T2t T 2

> cg(g)al _ 202(5)“ —20305(2 )0'75“1, (A.42)

n

where the last inequality comes from (A.40]) and (A.41]). (A.42)) will go to +o0 as (p/n) —

oo provided that o > 1. Overall in the low-SNR regime, we need the assumptions of
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Theorem [3] plus

p > max{10nlogn +n — 1, Cyny/log(@n) [ nll>, nln]2},

and || > @(%)a, for o € (1,2)].

A.6 Results for the averaging estimator

The theorem below shows an upper bound on the classification error for the averaging
estimator 7,,,. Note the result below is for general X, i.e. no balanced or bi-level

structure is required.

Theorem 15. Assume that the data are generated with the GMM model. Fiz § € (0,1)
and suppose n is large enough such that n > clog(1/d) for some ¢ > 1. Then, there
exist a constant ¢y > 1 such that with probability at least 1 — 9, fﬂvgn > 0 provided that

|mll3 > c10. Then, there exists constants C;’s > 1 such that with probability at least 1—4,

—mm@—cm))_ s

R(IﬁAvg) S exp ( CQH)\Hg + 030_2

The bound above is the same as (2.19).

(A hvem)?
Proof. We need to lower bound —2——
nAvgznAvg

. Recall that 7,,, = + X Ty. For the denomi-

nator,
AT ~ 2 2T T T
Mavg 2N Avg < ﬁ<n n Xn+y QXQ y>,

where we use the fact v7u < L(vTv+u”u). Then we need to upper bound y” QEQ"y.
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Following what we show in the proof of Theorem [3 with probability at least 1 — 0,

p p p
y'QuQ"y = Tr( D X2l (yy")z:) < D Nlyy" lallzili < On D] Xzl < O,
=1

=1 =1

where the last inequality follows the fact that Y 7 | A?||z,]|3 is the weighted sum of sub-
exponential variables. Next we lower bound the numerator f]ivgn, Lemma @ gives with

probability at least 1 — 4,

) 1 1
Flavg = ~y"ylnll; + ~y"d > |nll; - Co.

We need ||n]|3—Co > 0 to guarantee ﬁivgn > 0 with high probability. Combining results

above completes the proof. O

A.7 Proof of Lemmas

A.7.1 Proof of Lemmas 2|

For Lemma [2] the proof of Theorem [3 gives

o s(ml3—t)+h*+h
7_77— D 9

for D > 0. Then we proceed by directly applying (A.11]).
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A.7.2 Proof of Lemma

Recall
Imllay”
T
XX"+7I = QQ+rI+|ml3yy" +Qny"+(Quy") = Uﬁ{llnllgy d y} y'
dT
Thus, by Woodbury identity [70], (X X”)~! can be expressed as:
-1
Imll=y® Inll2y”
U U iy d y] [T w7 | U iy @ o) | wr [U
d’ d’
(A.44)
Imll2y”

We first compute the inverse of the 3x3 matrix A := [I—i— y’ U:' [HnHQy d y” .

dT
By our definitions of s, h and ¢ in Section [A.1}

L+ nl3s ik |nll2s
A= In]|2s 1+h s

Inll2h t  1+h

Recalling A™! = madj(A), where det(A) is the determinant of A and adj(A) is the

adjoint of A, it can be checked that:

det(A) = D = s(|nll; —t) + (h + 1),
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and

(h+1)? — st Imll2(st = h = h?) —Inll2s
adj(A) = —[Inll2s h+1+nll3s =5

Imll2(st = h = h%) |nl3h* = t(1+ |nll3s) h+1+ [nlls

Combining the above gives

Iml2y"
Yy (XX D) =y U - [HnHQs h S} AT yr | U

T

dT
Inllay”
_ 1 _
:yTUrl—E[Hnst B2+ st } y" | U
dT

This completes the proof of the lemma.

A.7.3 Proof of Lemma [9 and Lemma [10l

To prove Lemma @, we need to bound the eigenvalues of U,. Recall Uy = QQT =
le Aizizf, where z; € R™ are independent vectors with IID standard normal elements.
Let Ax(M) represent the k-th eigenvalue of matrix M. We start from Bartlett et al. [10]

Lemma 5 (3)]:

Lemma 14. There are constants b,c > 1 such that, for any k > 0, with probability at

least 1 — 2e~"/¢, if Z/\%f;\l > bn, then

>k i>k i>k >k
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First note that the balanced ensemble requirement bnA; < ||A]|_; implies bnX; <
|A|li. We can then obtain the bounds for eigenvalues of Ug by letting £ = 0 in Lemma
[14 Then the eigenvalues of U, are bounded as follows.

Lemma 15. Assume the balanced X assumption is satisfied. Suppose that 6 < 1 with
log(1/6) < n/c for some ¢ > 1. There is a constant C > 1 such that with probability at

least 1 — 0, the largest and smallest eigenvalues of U, satisfy:
1 P 12 p P
5(T+Z N) <TG ; A < M(U;) S MU) S 74+CY N < C(T+YN). (Ad5)

=1 =1 =1

Now we are ready to prove Lemma [9]

Bounds for s

For s = y"U 'y, from (A.45) and ||y||? = n, the variational characterization of

eigenvalues gives:

1 n
=y Uy < ylBM (U7 < < Cr—
s=y Uy < |ly|sM(U; )—nAn(UT)_ EEEYH

The lower bound can be derived in a similar way and is omitted for brevity.

Bounds for t and h

We begin by presenting the definitions of sub-Gaussian and sub-exponential norms.
For a detailed discussion of sub-Gaussian and sub-exponential variables, we refer the

readers to [162, Chapter 2].

Definition A.7.1. For a sub-Gaussian variable X defined in [162] 2.5], the sub-Gaussian

157



Appendix for Chapter|§| Chapter A

norm of X, denoted by || X]||y,, is defined as
1X ||, = inf{t > 0 : E[eX"/*] < 2}.
Then [162, Example 2.5.8 (a)] states that if X ~ AN(0,0?), then X is sub-Gaussian
with || X ||y, < Co, where C is an absolute constant.
Definition A.7.2. For a sub-exponential variable X defined in [162], 2.7], the sub-
exponential norm of X, denoted by || X||y,, is defined as

1 Xy, = inf{t > 0:E[XV1] < 2}.

[162, Lemma 2.7.6] shows that sub-exponential is sub-Gaussian squared.

Lemma 16. A random variable X is sub-Gaussian if and only if X? is sub-exponential.

Moreover,
12 [l = 11X,
We now look at ||d||s. Recall d = Qn = ZA2. 1dll; = >0, d;?, where d; =
le \/)\_,/6’12]Z and zj;’s are IID standard Gaussian variable. Hence d; is Gaussian with
mean zero and variance Yt A;37 and d;* is sub-exponential with [|d3[|,, < ¢ >, A7

and mean Y 7_ A\;2. To bound ||d||2, we need the Bernstein’s inequality [162, Theorem
2.8.2]:

Lemma 17. Let &, ..., &, be independent, mean zero, sub-exponential random variables

with sub-exponential norm ||&||y,, and a = (ay,...,a,) € R™. Then for every t > 0, we
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have

g t2 t
IP<| ai§i|2t> SQexp{—cmin( = , >}
2 €115, - D25z @i €], - maxicpy |ail

i=1 i=1""

Corollary 15.1. Suppose {a;} is a non-increasing sequence of non-negative numbers such
that Y, a; < oo. Then there is a constant c such that for any sequence of independent,
zero-mean sub-exponential random variables {&} with sub-ezponential norm ||€||y,, and

any x > 0, with probability at least 1 — 2e™7%,

> aitil < el - max (az, [23a?)),
i=1 %

Let fix the length of the sequence as n and let a; = 1, for ¢ € [n]. Then combing
the inequality above with x = n/c and the fact that djz’s are sub-exponential gives with

probability at least 1 — 2e~ ¢,
p
]2 < C|n ) X2 = Cyno. (A.46)
i=1

Recall t = dTU;ld and h = y"U_-'d, we can obtain the upper and lower bounds of ¢
by the variational characterization of eigenvalues. The bounds of A can be derived from
the fact —|[dlla[|yll2|U- " [l2 < b < [|d]l2lyll2[[U7"|l>- The bounds for [|y"U |, and

|d"U " ||5 can be obtained from Cauchy-Schwarz for matrices.

Proof of Lemma 10!

Now we prove Lemma [I0] Recall

1 ,
fi=elU;'d=e;"(——1I— E')d,
Al
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thus,

1 T
max | fi| < +—=—||d|| + [l&; E dl|o
i€[n] ||)\||1

1 /

< - lldlle + llef E d])s,
Al

where the last equality comes from the fact that the /5 norm of a vector won’t be smaller
than its infinity norm. By Markov’s inequality [163, 2.1.1], for sufficiently large constant
C>1,

P(max [d;| > CE[m?vf\diH) <.
€n

1€[n]

Thus it suffices to bound E[max;ecp, [d;|]. We know that the elements of d are IID zero-

mean Gaussian variables with variance Y 7 \;87. By [163, Exercise 2.11],

E[max |d;|] <
i€[n]

p
Z Nif2/2log(2n) = \/2log(2n)o.
i=1

Thus with probability at least 1 — 4,

Il < Cv/2log(@n)o.

To bound ||el E'd||, using v7 Mu < ||v|)2||w|2||M]|; and the bound on ||d||; in (A.406)
and the bound on || E’||y in (A.3) give, for n > ¢/d and for every i € [n],

el E'dl|s < |leill2/|d]|2]| E ||
< G
BYH
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Combining results above completes the proof.

A.7.4 Proof of Lemma 13

To prove Lemma [13] the first step is to separate the largest eigenvalue from others.

Specifically, by Woodbury identity, U ' can be expressed as

p
U = (rT+)  Nziz] + Mzz]) ™! (A.A47)
=2
MUTY z,2TUE
— U:iﬂ_ . 1 71,7’ 1 1 71,7’7 <A48)

1+ M2{UZ | 2
where U_y, =71+ Y ", \iz;zl. By Lemma above, with probability at least 1 — 6,

é(T + zp:)‘z) S )‘n(U—l,T) S /\I(U—l,r) S C(T + i /\z) (A49)

=2 =2

Then we need to bound ||z1|]2 and ||zg[]2. In Lemma let x < 2 with sufficiently
large co, if n > Cylog(1/6) for some Cy > 1, then there exist Cy,Cy > 1 such that with

probability at least 1 — 4,

1
= n < |zl < Con, i€ [pl.
Ch

Now we are ready to derive the bounds in Lemma

For s = y"U 'y, by (A48) and (A.49) and using the variational characterization of
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eigenvalues and v Mu < ||v||2||u||2||M||2, with probability at least 1 — 6,

YU y+Mz{UZ 219" U” )y — \My'UZ) 22{U Ly

o= 1+ /\1Z{U:%7TZ1

Cin Cani

_ TR <1 + mwm)
n
L+ G

< C’ln ) <7' + ||A||_1 + CQTL)\1> ) ( 03(7' + ||A”_1) )
(T A-) T+ [[Al Cs(7 + [|A[-1) +nAy
< Cln ) <0203(7' + H)‘Hfl) + CQ”)\:[) ) ( Cg(T + H)\”,l) >
(T A=) T+ [ Al Cs(1 + [[All-1) + nAy

0471
T

For the lower bound of s, we need to show leUj,Ty is sufficiently small compared with

z21U_y 2z, and y"U_] .y. We thus need the following Hanson-Wright inequality [140].

Lemma 18. Let z be a random vector whose elements are IID zero-mean sub-Gaussian
random variable with parameter at most 1. Then , there exists universal constant ¢ > 0

such that for any positive semi-definite matriz M and for every t > 0, we have

t? t
P(\zTMz—]E[zTMz]|>t> §exp{—cmin{ : }}
M7 (| M

Note | M ||% < n||M]||3 and let t = CLOnHMHg for sufficiently large constant Cy to get

with probability at least 1 — 267%,
1
|2"Mz —E[z"Mz]| < EnHMHQ (A.50)
0
Then we use the similar trick as [119, D.3.1] and apply the parallelogram law to leU:iTy,

_ 1 - _
20Uy = (24 9)' U (1 +y) — (21— 9) U (21— y)).
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To use the Hanson-Wright inequality, we need to calculate the conditional expectation
Elz{ Uy ,ylUZ1,] =E[Te (U ,y21)|U1 | = Tr(UZ  Elyz1 ),

where we use the fact that y and z; are independent of Uj’T. It is not hard to check
that E[yz7] = 0, where 0 is the matrix with all elements 0. Now applying Lemma (18| to
both (21 +y)"UZ] (z1 +y) and (21 —y)"U_} (21 — y) gives with probability at least
1—2 a1,

_ 2 _
21Uyl < ?”HU_%,TH%
0
Now for the numerator of s, using the bound of eigenvalues of U_, ; in (A.49) and the

fact that Cj is sufficiently large gives with probability at least 1 — 9,

712)\1

\N2TU Y 2 4TU Y - \yTU Y 2. 2TU Y 4> y
12U ziy Uy 1y Y250 .Y 2 Co(T + ||| =1)?

for some large Cy. Therefore,

___n_ _nA
. G (1 + 02<r+|\A||_1>)

- an)\l
N PV
S n ‘ (02(7—_'_ | Al|=1) —|—n)\1> . < (T + Al -1) )
— Ciu(T + A1) Co(T + [IAl[-1) (7 + [|A]|21) + C3ny
> n . (C2(T+ [All-1) +”>‘1> , < (7 + 1Al -1) )
— O+ IA <) Co( + [|A][-1) (CoCs(7 + || Af| 1) + C3n)y

S n
— Gu(m+ A

The derivation of bounds for ¢, is the same as the procedure above.
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For f;, with probability at least 1 — ¢,

Tyrr—1 Tyrr—1 Trr-1 Tyrr-1 Trr-1
yU_ ze+ My Uy 221U 20 — My Uy 2121 UZ) 2
Ty7—1

| fel = |

Cin Con
. CHIA (1 + r+ﬁA||il>

ni
L+ oD
0471
T

Similarly we can obtain upper bounds for ||y?U ||, and ||zfU*|..

For fy,

Tyr-1 Tyr-1 Ty7-1 Tyr-1 Ty7-1
Al |y U- 21+ MU 21y Uy oz — My UZy 22U 2
1 pu—
T77—1

Trr—1
= T 1
Cin
(THIAl-1)

IN

nii
L+ o
< C’ln ) ( OQ(T+ H)\”,l) >
T (A=) NCa(T + A1) + Ay
< C3Tl
4|2+ A
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For g;, we have

Tyr-1 Tr7-1 Tr7-1 Tr7-1 Tr7-1
2, Uz + Mz U 212, U 20 — Mz UDy 22U 2

|gl| - | 1 + AlleUj,Tzl

Tyrr—1
Zk U_l’,rzl
-1

Cin
(Tl =1)

ni
1+ G

< C’ln ) ( CQ(T + H)\H,1) )

T (A=) NCT A+ ([ A]-1) + Ay
an

< .

T T4 A2 + A

IN

This completes the proof.

A.8 Proofs for Section 2.7

The proofs follow similar conceptual steps to the noiseless case, but several technical

adjustments are needed. This is because: on the on hand, the clean label vector y enters

the features equation X = yn’ + @Q; on the other had, the estimator 7 is generated

according to the noisy label vector y.. We start from defining some additional primitive

quadratic forms on Uy = QQ”*:

se=19y. Up'y,
hc = ycTUalda
Gei = ycTUaleh (S [n]7

_ Trr—1
See = Y. UO Yo
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The subscript ¢ here emphasizes that the corrupted noise vector enters these quantities
(unlike the corresponding ones in Appendix [A.1]). The lemma below is our analogue to

Lemma [§

Lemma 19. Recall D := s(||n||3 —t) + (h + 1)2, then

25"
_ _ 1 -
y, (XX")™ :ycTUol_E'U y" Ug',

dT

where
v = [[mllase + [mlla(sch = she), heh + he = st = [nl3(sch = she). e + soh — sh|.

Next, the lemma below gives upper/lower bounds for the newly defined quadratic

forms in (A.51]).

Lemma 20. Assume 3 = I and p > Cnlogn +n + 1 for a sufficiently large constant
C. Fiz 0 € (0,1) and suppose n is large enough such that n > ¢/ for some ¢ > 1. Then,

there exist constants C;’s > 1 such that with probability at least 1—0, the following results

hold:
C’ln
- <§. < —
1p b
Con||n||2 <h, < C2nH77H2’
p p
n Csn
—— <See < —
3P p

Note that the bounds for the quadratic forms above are of the same order as those

for the corresponding quadratic forms defined with y, e.g., both s and s, are at the order
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of ©(n/p). Now we are ready to prove the theorems.

A.8.1 Proof of Theorem

Similar to the proofs in Appendix we again start from the duality argument of

[119] and so we need to find the conditions ensuring
Yeiy, (X XT)le; >0, for all i € [n], (A.52)

where ¥, ; is the i-th element of y,. Lemma [19| and some algebra steps give:

Dy A+ B

T T\—1
Y., (XX € =(0ci— —~ = ,
(XX7) D~ S(mE=D+hF1p

where

A= gei+29.ih — s.fi

B = ||77||g(9c,i3 — giSc) + 9iSct — geist + gc,ih2 — gihch — gihe + sfihe — schf;

Dy =
m1|29:
mll25c + |nll2(sch — she), heh + he — st — ||0||5(sch — she), e + sch — she g;
fi

Let us start with an observation regarding the numerator A+ B. We have already derived

conditions making y.;A > 0 in Appendix (to be precise, Appendix considers

yi(gi + gih — sf;), but the quadratic forms are of the same order, so the same results
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apply). Specifically, when showing y.,A > 0, we first have

yc,igc,i > 1/(017) > O

with high probability (obtained by Lemma . Then, in Appendix we show that
the rest of the terms in A, i.e., |g.ih|, |scfi|, are sufficiently small compared to 1/(Cp).
Note that when there is no label noise, i.e., v = 0, then g.; = ¢;,5. = s, he = h and
A+ B = g; + gih — sf;, which becomes the same as what we have in Appendix [A.2.2]

Now, in order to derive conditions under which y.;(A + B) > 0, we first decompose
A+ B =gei+ Ay — Ap+ A,
where

Ah = Qgcﬂ'h + gc,ihz — gzhch — gihc
Ay = scfi — sfihe + schfi

Ay = geilmllzs — gillnllzse + giset — gest.

The idea is to that show that: (a) in A, the term g.;h is dominant; (b) in Ay, s.f; is

the dominant term; (c) |As| is sufficiently smaller than 1/(Cp). To achieve this, we need

p > Comax{ny/log(2n)[nll2, nllnlz} (A.53)

for a sufficiently large constant Cj. The reason is that in A, and Ay, || (and |h|) is
upper bounded by O(n||n||2/p) with high probability. In A,, s.||n||2 < O(n||n||3/p) and
st < O(n?||n||3/p*) with high probability. Therefore, ensures the terms mentioned
above are sufficiently smaller than 1 as desired.

168



Appendix for Chapter|§| Chapter A

A.8.2 Proofs of Theorem [7] and Corollary

Again, similar to the proofs in Appendix we need to lower bound the ratio

(v (XXT)'Xn)?
y  (XXT) 1y,

(A.54)

Here we will lower bound ¢, (X X”)~'Xn and upper bound y,” (X X”)~'y,. Lemma

and some algebra steps give:

T Ty—1 2 T T\-1 T -1 SelInll3 — sct + heh + he
Yy, (XX')" Xn=|nly (XX") y+y. (XX') Qn= :
? s(nllz —t) + (h 4 1)

Similarly, the denominator y, 7 (X X ) 'y, is

Sce T ||M3(Sces — 82) + 8%t — SeeSt + 28cch + Sech® + sheh — 28..heh — 25:h,
s(nllz —t) + (h + 1)?

Combining the two expressions above gives that we need to lower bound:

2
(scllmllg = sct + hch + )

D, (s(Imllg =)+ (h +1)2)

(A.55)

where

Dy = 5ce + |[N||3(Sces — 82) + 82t — Seest + 25ch + Sech® + sheh — 28..heh — 28.h,.

2
(s(llnll%—t)+h2+h>

Recall that in Appendix |A.3.2] we have lower bounded and since

s\ s(Inl3=t)+(h+1)?

Sees Se, 8 are of the same order and h., h are also of the same order, we actually have
2

(30”"I||§_Sct+hch+hc
s(nll3—t)+(h+1)?

close to s.. This is true since due to the assumption p > C max{n+/log(2n)||n|2, n||n||3}

the same bound for in (A.55). The next step is to show that Dy is
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for a large constant C, the bounds for terms such as ||n|[3s, st, h?, h. are sufficiently small
compared to 1 (we also illustrate this under (A.53])). Therefore, in Dy, s is the dominant

term and we finally need to lower bound the term

(sclml = sct + el +h)

see(s(llmll3 = 1)+ (A +1)2)

2
(S(IIWII%*tHhQ%)

DO

This satisfies the same bound as

in Appendix|A.3.2l Since p > Cn/||n||3

s| s(Inl3—t)+(h+1)2
falls into the low-SNR regime in Corollary [£.1], we can directly apply the results of low-

SNR regime in Corollaries [4.1] and [5.2], which gives the desired.

A.8.3 Proofs of auxiliary lemmas
We first prove Lemma [19]

Proof of Lemma[19. The proof follows Appendix except for in the last steps, we

have

Inll2y"
y. (XXT) =y Uy [Hnstc he sc] AL g U (A.56)
dT
where A71 is
(h+1)% = st [nll2(st — h — h?) —|[nll2s
1
D —Inll2s h+1+ |nll3s —5 :

Inllz(st —h—=n?%) nll3h?* = t(1 +[Inll5s) h+1+[nl3s

with D = s(||n||3—t)+ (h+1)?. Then plugging the expression above in (A.56]) completes
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the proof. O]

We now prove Lemma We first start from a lemma bounding ||y. + |3 and

ly. — yll3-

Lemma 21. Assuming the probability ~v of a label flipping is small enough such that
11—~ >1—(1/Cy) for some large constant Cy, there exist large constants Cy,Cy > 1

such that the event

1 4
&= {llve+yl3 > 41— ZIn and Jly. g} < 5}, (A7)

holds with probability at least 1 — de s .

Proof. We first look at (; + v;)?, which evaluates to either 4 or 0. Since bounded, these
variables are independent sub-Gaussians. The mean of ||y, +y/||3 is 4(1 —~)n. Therefore,

Hoeffding’s bound [163] Ch. 2] gives

t2
P(Illy. + 93— 40—l > 1) < 2exp (~ ).

We complete the proof by setting ¢ = C% for a large enough constant Cs3. (7; — y;)? also
evaluates to either 4 or 0 and the mean of ||y, — y||3 is 4yn. Thus, we can repeat the

previous derivation to obtain the advertised results. O
Now we are ready to prove Lemma [20]

Proof of Lemma[20. The bounds for h., s.. and the upper bound for s. follow exactly
as in Lemma [9] since ||y, [|3 = n same as ||y[|3 = n. We now derive the lower bound for
s.. We will need the following standard lemma (here adapted from [119, Lemma 2]) to

bound quadratic forms of a Wishart matrix.
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Lemma 22. Define p'(n) := (p —n + 1). Let matric M ~ Wishart(p,1,). For any

unit-frobenius norm vector v and any t > 0, we have

P(UTT > p/(n) + \V th’(n) + Qt) S €7t

P < /() — V2l () <

v M v

provided that p'(n) > 2max{t, 1}.

We use the parallelogram law to write
_ 1 _ _
v Uity = 1 (0 +9) U5 (v + ) — (0. —9) " Us (v~ ).

Let t = logn and recall that p’(n) > Cnlogn for a sufficiently large constant C. To lower

bound s., conditioned on event &,, we have with probability at least 1 — %,

1( 4(1—1/C)n B (4/C)n )

AN (p'(n) +/2log(n)p/(n) +2log(n))  (p'(n) — y/2log(n)p'(n))

(1 —1/Cn(p'(n) — y/2log(n)p'(n)) — (1/Ci)n(p'(n) + y/2log(n)p'(n) + 2log(n))
(p'(n) — v/2log(n)p'(n))(p'(n) + \/2log(n)p'(n))

y., Uy'y >

where we replaced log(n) with p’(n)/C using the fact that p'(n) > Cnlogn for a suffi-
ciently large constant C above. Let £ be the desired event that y."Uy'y > n/(Cp). We
then complete the proof by adjusting the probability using P(£°) < P(£°|E,) + P(&;) <

(1/n) +4exp(—n/c1) < cy/n. O
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A.9 On linear separability of GMM

The main result of this section Lemma [24] proves that GMM data are linearly sep-
arable with high-probability as long as p > n + 2. The arguments presented are pretty
standard in the literature, but included here for completeness. Sharp separability thresh-
olds for the GMM have been recently derived in [39].

We will first need the following technical lemma that lower bounds the minimum
singular value of a non-zero mean isotropic Gaussian matrix. The result is a minor
extension of the standard proof using Gordon’s Gaussian min-max inequality for the

case of a centered isotropic Gaussian matrix (e.g. see [162], Exercise 7.3.4]).

Lemma 23. Let Q € RP*"™ a matriz with IID standard normal entries and y € R",

1 € R? fized vectors. Consider the matrix A = ny’ + Q. For every t > 0 it holds that

”Hﬁln |Aulls > /p—2—+n—t (A.58)

with probability at least 1 — 4e~t/8,

Proof. We now prove the lemma using Gordon’s Gaussian comparison inequality [60].
Specifically, we apply a version that appears in [I53]. We start by writing

®(A) := min HA | = min max w' Qu+ (w'n)(y u)

l[ull2= [ull2=1 [lw]|2=1

Now, following [I53 Thm. 3(i)] we focus on the following auxiliary problem where g € R”

and h € R? have iid standard normal entries:

#(g,h) := min max h'w + g"u+ (w'n)(y" ).

llull2=1 [Jwl[|2=1

T T
€ [0,1] and P I, — ', we can see
||7l|| Imll3
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that

¢(g.h) = min max [P h||2¢1—a2+a” r P gTut (el (A59)

[w]2=1 a€[0.1]
> ”Hﬁln ||PLhT|| +g"u (A.60)
= [Pkl — [lg] (A.61)

But now from standard concentration arguments (e.g. see [124, Lemma B.2], for all t > 0
with probability at least 1 — 2e~*"/2 it holds that |Pjhlls — |lglls > VP — 2 — v/n — 2t.

We now invoke Gordon’s inequality to complete the proof:

Pr(0(A) < Vp—2- Vi —t) <2Pr(6(g.h) < Vp— 2 Vi —t) <de

(A.62)

m
We are now ready to state and prove the main result of this section.

Lemma 24. Let training data {(x;,y;) }icp) be generated from the GMM in Equation
. Assume p > n + 2+t for somet > 0. Then with probability at least 1 — 4e~1*/8
the following statements hold:

(i) The min-norm interpolator is feasible, i.e. there exists 3 € RY such that for all
i €[n]:y; =xlB.

(ii) The training data are linearly separable, i.e. there exists 3 € R® such that for all

i€ lnl:y(@l) > 1

Proof. To prove the first statement we need to show that the feature matrix X € R"*? has
full row-rank with high probability. Equivalently, we show that min,,—1 [| X ullz > 0
with high-probability. This is a direct application of Lemma [23| above for A = X7
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Now we prove the second statement. From part (i), there exists 3 such that y; =
xl'B3,i € [n]. Since y; € {&1},i € [n] it then holds that y;(x!3) = 1,7 € [n]. Thus, the

same vector 3 from part (i) that interpolates the data is also a linear separator. O
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Appendix B

Appendix for Chapter

B.1 Lemmas used in the proof of Theorem [9

B.1.1 Auxiliary Lemmas

In this section, we state a series of auxiliary lemmas that we use to prove Lemma [7]
The following result shows concentration of the norms of the label indicators v, ¢ € [k]
under the equal-priors assumption (Assumption . Intuitively, in this balanced setting
there are ©(n/k) samples for each class; hence, ©(n/k) non-zeros (in fact, 1’s) in each

label indicator vector v,.

Lemma 25. Under the setting of Assumption |9, there exist large constants Cy,Cy > 0

such that the event

g, = { <1 - Cil) % < Jlv2 < (1 + Cil) % , Ve e [k:]}, (B.1)

holds with probability at least 1 — e T2

Next, we provide bounds on the “base case” 0-th order quadratic forms that involve
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the Gram matrix A;'. We do this in three lemmas presented below. The first Lemma
follows by a direct application of [I64, Lemma 4 and 5]. The only difference is that we
keep track of throughout the proof is the scaling of O(1/k) arising from the multiclass
case in the v;’s. For instance, the bound of the term hgﬁ; = vl Aj'd; involves a term
pns = min{1,/log(2n)/k} compared to the binary case. The other two Lemmas
and [28) are proved in Section [B.1.3]

Lemma 26 (0-th order Quadratic forms, Part I). Under the event &,, there exist con-
stants ¢;’s and C;’s > 1 such that the following bounds hold with probability at least

1 —c ke <.

g < S o e
Czn”lvbﬂz .
|h |< forallm,j € |k
N []
2
|t | < = Cnllplz for allm # j € [k],
p

;13 < Canllpllz for all j € [K],

Cs+/Tog(2
7O og( ””“”2 for all j € [k].

max | fi

(0)

To sharply characterize the forms s;;” we need additional work, particularly for the

cross-terms where ¢ # j. We will make use of fundamental concentration inequalities

on quadratic forms of inverse Wishart matrices. The following lemma controls these

quadratic forms, and shows in particular that the s( )

(0)

terms for ¢ # j are much smaller
than the corresponding terms s;;’. This sharp control of the cross-terms is essential for

several subsequent proof steps.

Lemma 27 (0-th order Quadratic forms, Part II). Working on the event &, defined in
Equation (B.1]), assume that p > Cnlog(kn) +n — 1 for large enough constant C' > 1
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and large n. There exist constants C;’s > 1 such that with probability at least 1 — %, the

following bound holds:

Ci—1 Ci+1
: ' " < (0) < L ' i? fOTj S [k]7
p

Q

?TA
i
|

2

|

Q

-

-\k{—;, fori# j € [kl

The proof of Lemma [27] for the cross terms with ¢ # j critically uses the in-built or-
thogonality of the label indicator vectors {v.}ccp. Finally, the following lemma controls
(0)

the quadratic forms g;;".

Lemma 28 (0-th order Quadratic forms, Part III). Working on the event &, defined in
Equation (B.1]), given p > Ck3nlog(kn) +n — 1 for a large constant C, there exist large

2

enough constants Cy,Cy, such that with probability at least 1 — =, we have for every

B.1.2 Proof of Lemma

In this section, we provide the full proof of Lemma [7] We begin with a proof outline.

Proof outline

As explained in Section [3.6.2] it suffices to consider the case where j = k, since
when j # k we can simply change the order of adding mean components, described in
Equation (3.36)), so that the j-th mean component is added last. For concreteness, we

will also fix i € [n], y; = k and define as shorthand m := k — 1. These fixes are without
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loss of generality. The reason why we fix j = k and m = k — 1 is that when we do the
proof, we want to add the k — 1-th and k-th components last. This is for ease of reading
and understanding.

For the case j = k, the leave-one-out quadratic forms in Lemma [7] are equal to the

quadratic forms of order k — 1, given by skk 2 t,(:z 2 h (k=1) ,(j Y and f,gffl). We will

proceed recursively starting from the quadratic forms of order 1 building up all the way
to the quadratic forms of order k — 1. Specifically, starting from order 1, we will work

on the event

&, = {all the inequalities in Lemmas and [2§ hold}, (B.2)

Further, we note that Lemma shows that the bound for g?(f]z is different from the bound

for g](-?) when j # ;. We will show the following set of upper and lower bounds:

Ci—1 ESS&)S Cn+1 ﬁ’

Ci kp Cny kp

<012+1) \/_< ) < <Cl2+1) Vn

Cia kp — Pmk = Ch2 kp’
A < 013”“11”3

kk — )
p

C
nt ﬁn,k—MnH“HQa
Vkp
2
|t(1k| < CI5””NH2’ (B.3)
p
ez < Crenllpll2.

Cizv/nl |2

1] <
F D

1\1 _ o 1)1
1—— )= 1+ ) -, and
( 018) _g(yl)’_( Ch )p o

1 o
0191472]? 019k2p
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with probability at least 1 — =. Comparing the bounds on the terms of order 1 in
Equation (B.3) with the terms in Lemmas , and [28| of order 0, the key observation
is that they are all at the same order. This allows us to repeat the same argument to
now bound corresponding terms of order 2, and so on until order £ — 1. Note that for

each j € [k], we have n terms of the form gﬁ), corresponding to each value of ¢ € [n].
Thus, we will adjust the final probabilities by applying a union bound over the n training

examples.

Proofs for 1-st order quadratic forms in Equation (B.3))

The proof makes repeated use of Lemmas 20} [27] and 28] In fact, we will throughout
condition on the event &,, defined in Equation (B.2), which holds with probability at

least 1 — & — 026760%. Specifically, by Lemma 26| we have

(0)
o _ -~ Ci& ), _ Caey S .
P < Pmkm, Tzfelﬁf](|fmz| < 15, and F < % for m, j # k, (B.4)
kk

where we recall from Equation the notation €, := w. Also, recall that we
choose €, < 7 for a sufficiently small constant 7.

In order to make use of Lemmas [26] [27] and we need to relate the quantities of
interest to corresponding quadratic forms involving Ay. We do this recursively and make
repeated use of the Woodbury identity. The recursions are proved in Appendix [B.4.1]

We now provide the proofs for the bounds on the terms in Equation (B.3|) one-by-one.

Bounds on SSLL By Equation (B.28)) in Appendix , we have

1
1 0
Stk = Suk — Tots (0, (B.5)
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where we define

0 0 0 0 0 0 0 0 0

( )(0) (“NHQ - tn))sgk) gn)z + s lmhkl h( ) + 1k)h£n)1h§1) - h k1 hini (n)mhgql) + Sgk)hgn)l
0 0 0

deto := s\ (||pl|2 — t17) + (1 + A2 (B.6)

()a

The essential idea is to show that |-32—| is sufficiently small compared to |S(OL| We first

look at the first term given by <(||,u,||2 - 1511))31,,C sﬁ%)/det By Lemmas E H and the

definition of dety, we have

0 0 0 0
1 s o0 0\ (elE=tD)slsio] siisin) G G+l a
o (el = 57)s < - <
e

11 /21K °1m 0 0 0 =T~ T
358(””“% _t§1)) 3%1)

where we use dety > s\0(||p2 — £\V) and s /5(0) < C/y/n for all m,j # k. Now, we
upper bound the other two dominant terms |51m ol / detg | and |51,C h(o)l / detg |. Note that

the same bound will apply to the remaining terms in Equation because we trivially

have \hg?)| = O(1) for all (7,7) € [k]. Again, Lemmas [26 and [27] give us

Stmhit byt _ PurCsen  Catl Vi
f— 0 —
deto (1+ hgl))2 (1 - Cic@’yf”) k2y/n C kp

The identical bound holds for \3(0) hml\ Noting that \S(O)| < Cé—';l : *,f;, we then have

s < 159 +] S ]
< 1+ﬁ+ C7 P, kEn 020—1-1_\2_5
\/ﬁ <1_C?£7\L/kfn> kQ\/ﬁ 2 p
Co+1 /n
< (1 . - — B.7
<(1+a) Gk (B.7)

where in the last inequality, we use that ¢ < 7 for sufficiently small constant 7 > 0, and
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defined
o= 06 077'
o—_— T = 2 .
vn (1- &%) wvn
Now, we pick 7 to be sufficiently small and n to be sufficiently large such that (1 +
oz)CQC—gl < CSC—? for some constant C's > 0. Then, we conclude with the following upper
bound:
| 5(12‘ < Cst+1 \/_ﬁ
" Cs kp

Bounds on s,(:k) Equation (B.29)) in Appendixm gives us
1 0 1 0)y _(0)2 0)7.(0); (0 0)7.(0)2 0)7.(0
s = st~ g (el =) + 2500 — P04 250n(Y).

2
First, we lower bound s by upper bounding g <(H,LL||% — D500 ) Lemmas [26/and

yield

0)y . (0)2 0)y.(0)?
1 2oy 02 o (lwl = 67)s)y _ (el =)y o
dot (el = ti)s1e ) < (0) 5 (0 0)ve — (0 9 0y = 'k
cto si ([ellz —61y) + (1 + hyy) si (Iwllz = #7) norp
It suffices to upper bound the other dominant term |5§?€)h,(€01)|/ dety. For this term, we
have
‘sii’hifi)‘ SORY _ Capuaen Gl VR
_— 0 — - 2 .
deto (1 + hgl))Z (1 . ng,:/%en) kZ\/ﬁ Cg kp
Thus, we get
C Cspn kN€p Cs — 1 Cs—1
s,(glk)z 1- - 5~p ,knez 60 '%Z(l—a)- 60 k:ﬁ
n (1 _ Ci@%) k2 6 p 6 P
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Next, we upper bound 3,9,3 by a similar argument, and get

1 0 0 0 0), (0
Sl(ck) < "Sl(ck)’ +—|2s gk)hkl h’ll + s S11 h( ) + 28§k)hl(cl)

detg )

(1_ Czﬂzr:,/%ﬁn) k2 /m 8 P 8 14

where we used <(||p,||2 - tn )S1 (©) ) > 0 in the first step. As above, we can tune € and

det

n such that (1 + « )C8+1 < C(f’j—;rl and (1 — @)ngl > Cg—gl for sufficiently large constant

Cg > 0.
Bounds on hgjf Equation (B.30) in Appendix gives us

1
h(l) h(o) . (0)
k mk deto (*) )

where we define
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
O = (allz = D)0 + RORDRE + RO R + 5040 4 OO0 _ OO

We focus on the two dominant terms ((|[p)2 — £9)s (O)huC )/ deto and s\t th /deto For

the first dominant term ((||ge]|3 — ¢1; )3&2,)1 hiy, )/ dety, Lemmas 26| and [27] yield

(0) (0 (0) (0 ~
1 _ 4050 0| < (Ilullz —t) )|81 hi| )h v h(o) Copnien
detn (lleell3 )S1m i = k;2\/ﬁ :

511 (”NHz - 11 )
For the second dominant term sgmt(o) / detg, we have
0 -

SO0 mm”|< Convlpld — _ Csen Puken

m — — — _ 2 2 9

deto (1 + hll ) <1 . Czp;:/;ien> k,p2 <1 _ %) k’l"r’\/ﬁ k \/ﬁ
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where we use the fact 1/\/E < pn,i for k> 1. Thus, we get
IRING! C Cspn k€n CéPn k€n
B < WS+ || < [ 1+ =2+ ’ ’
k k deto h \/ﬁ (1 i ng%n)Q k1_5\/ﬁ k2\/ﬁ

07/3n,k€n
s (o) 00

and there exists constant Cg such that (1 + «)C7 < Cg, which shows the desired upper
bound.

Bounds on t,(:k). Equation (B.32)) in Appendix gives us

(D) — 40

b 0 0)2 0),.(0), (0 0 .(0)2 o). (0
W detg ((HNH% N t§1)> hgk) + 2t§k)hgk)h§l) - s%l)tﬁk) + 2t§k)h§ )) )

We only need an upper bound on ¢

2
we- The first dominant term sﬁ) t§0)

» / detg is upper
bounded as follows:

0),(0)2 0),(0)2

st st Con?|| 3 Crél nllul3
= (0)y2 = mren N2 7 3 e ) 2 '

deto AN (1o G ) g (1- B ) i P

Next, the second dominant term, tg(,? hﬁ) / detg, is upper bounded as

0),.0 0)4 (0 -
T Copren  npl3
detg — )2 — pnien | '
eto (14 hiy) kz\/ﬁ@_ca’;g\,/%) p
Combining the results above gives us
1 2
1 0 0);.(0) (0 0),(0 0),.0
0 <1 P+ 2 2
Ny el Conlaly

C’~nen2 -
(1_ ?;;\;ﬁ)yﬁ p p
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This shows the desired upper bound.

Bounds on tgi Equation (B.31]) in Appendix gives us

1 0 1 0
=i

mk deto

where we define

0 0 0 0 0 0
(O = (a2 = RO R + t QDR + e OB + 0B 1+ VRO — V04D

(

Again, we only need an upper bound on ¢, ;. As in the previously derived bounds, we

have

(0) |

0 ~2 2 2
_1 (I Hg —tﬁ?)h(")h“’) (HNH% — 11 )|y < Clpn,kn 12|35 . @ < C'1n||u\|%.

Im'"1k —= = >~
deto sit (liell3 = 67) fp? n P
The other dominant term t(o)h( ) -/ detg is upper bounded as:
0) 7 (0 0) 7 (0 .
Bl timbinml Copupen  npl3
— 0 — 2 M
detg (1 + hgl))2 k‘z\/ﬁ( (1 o Cip;:/;ien> p
Combining the results above yields
) ‘ ‘
t < |t
< 10+ 3o
~ 2 2
oy s Comuser | mlall _ Camlual}
(1- %) eyn ) P v

Note that both t,(gf) and tig,l are much smaller than ||g/|2. The above upper bound shows
that this continues to hold for t,(;c) and tﬁii since p > n.

Bounds on ,S) . Consider ¢ € [n] and fix y; = k without loss of generality. Equa-
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tion (B.33]) in Appendix gives us

m_ 0 10
Jo= ) *)¥, B.8
ki ki deto( )f ( )
where we define
0 0 0 0
(*)Sf) = (Ieell3 - tgl))hgk)g§z) + tgk)giz) + tlk hgl 911 + hlk s hlk h11 ( )~ t( )fu :
(B.9)

We only need an upper bound on fk(}). We consider the dominant terms (||pl3 —

t( )) 1(,?g§? /deto, r gh /d eto, h lk /deto and 511 ) fI?)/deto Lemmasg Hand

give us

0 0 0 0
(leell3 = 5 a1e _ (el = 65D)IAR g7 |
deto B (HH“z - tll))sgl)
cCopnllply 1y G5 Vs
- \/Ep 02]{32]? n k»lS\/_ P ’

t@dﬁ<|m%m __ Cmlpl3 Cren Vol
detg — (1+ hu) B (1 — C}?f:}fe) k2p? N <1 _ %)2;63.5” p ’
MLFS _ IR _ Coparen v/l

deto — (1+h{)2 ™ (1 - —Cii’&%e")Qk?ﬁ po

st fii) <”mn|< Crel Valul,

detg - (1_|_h11) B Lin (1_02@%”)2 D )

where, in the last two steps, we used the upper bound C'v/n||ul|2/p for | fj(f )| and previ-
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ously derived bounds on \hlk | and \311 t(0)| Thus, we have

(0>‘
A2 <UD+ |
< n Cg n C8€n 09\/5’“1’“2
( N > k2\/n
010671
<(1+a) 15y’

and we have (1 + a)Cjp < Cy; for a large enough positive constant C;. This shows the

desired upper bound.

Bounds on g( ) and 97(13 Equation (B.34]) in Appendix gives
T pA—1 2( T A-1 1 (0) (0) 1 (0)
zael AT ug = |zl (e A7 vy — —()5)) = |zl (o) — —0(*)gk), (B.10)

deto

where we define
0 0)\ (0 0 0 0 0 0)
(*)(gk) = (l I3 — tg ))Sgk)g§z + 91z)h§1)hk1 + 91z h( Lt Sgk)flz + 51k h( )flz - 3&1 hyq flz :

Lemmas and [28] give us

0) 0) 0
Uleall3 = i) stgny | _ (el = 6iD)Isans’| _ €1 1

deto = (M- )Y S Vn Gk
ol _ Ihde ] Chpusen L
detg (1+h11) - (1 _ Cz;;j/,ien> N Cgk? p’
|81kf1(0)’ < ’ S1k (0)‘ < Csen ' 1
deto = (14 A{7)2 (1_ C‘Z@r\t/’fﬂ) VEym OGP
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We then have

M 0 1 (0) 1 C, Coén 1
2 o - ol = (1- 5 1 e - e 1
deto C k \/ﬁ (1 - Cﬁ;/;v\z,/l%en) k2.5\/ﬁ p
> (1 - l) l—a

c) p
W _ © 1 (0) 1 4 Cren 1
9 < gp +—|(*) ]§(1+—> -
k k deto gk C k2\/_ ( - %)2 kQﬁ\/ﬁ p

C+l  Cotl

- < =& and

where for large enough n and positive constant Cy, we have (1 + «)

(1-a)<t > CQ L. Similarly, for the case m # k, we have
_ _ 1 0 1
Zcie;rAl 1um = |ZC@'|2 (elTAO 1’vm — E(*)é%) = ’zczl (gfnz) E(*)é%), (Bll)
where we define
(0) 5 (0) 0 0
(*) (”NHz - tll))sgrr)19§z) +911 h )h( +glz)h1(’n)l +s 1mflz + grr)thl) 1(1) h( )1f11 .

As a consequence of our equal energy and priors assumption (Assumption , we can

directly use the bounds of the terms in (*);(,? to bound terms in () ) We get

1 Cy Csey, 1 1 1+a
g < = 1+ %=+ g ST T
C\ Ve - (S )k K

Finally, there exists a sufficiently large constant Cio such that (14 «)/C < 1/Cyp. This

shows the desired bounds.
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Completing the proof for k-th order quadratic forms

Notice from the above analysis that the 1-st order quadratic forms exhibit the same

order-wise dependence on n, k and p as the 0-th order quadratic forms, e.g. both 31(3; and

s

mk

are of order 9( ) Thus, the higher-order quadratic forms that arise by including
more mean components will not change too muchE|. By Equation (3.36)), we can see that
we can bound the 2-nd order quadratic forms by bounding quadratic forms with order

. 2
1. We consider sfni as an example:

where

Dy (1 1, (1 1,1 1, (1 1)
(*)gl) = (HNH% - té ))S(Qk)sém ( )h( )h22 + So h( )h( ) — g2)h§c2)hm2 + éfr)zhl(cQ + Sop o

m2

1 1 1
dety = gy (|| pall3 — 1) + (1 + ).
We additionally show how f,gf) relates to the 1-st order quadratic forms:

@ _ ,m L @
— (%)

ki = Jki det, T
where we define
1 1 1 1 1) (1 1), (1) (1 1
(*);) = (Hlng - téQ))h’;k)géz) + ték)gél) + tQk hgz)gm + h;k) Q(i) + hgk)th)fQ(i) t( )f21 ‘

Observe that the equations above are very similar to Equations (B.5) and (B.6) (for s),

!There are several low-level reasons for this. One critical reason is the aforementioned orthogonality
of the label indicator vectors {v.}.c[x], which ensures by Lemma that the cross-terms |s£ﬁ€| are always

dominated by the larger terms |51(ch)| Another reason is that hgg;ﬂ, which can be seen as the “noise” term
in our analysis, is small and thus does not affect other terms.
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and Equations and (for f), except that the quadratic forms are in terms of
Gram matrix A;. We have shown that the quadratic forms with order 1 will not be
drastically different different from the quadratic forms with order 0. Hence, we repeat
the above procedures of bounding these quadratic forms k£ —1 times to obtain the desired
bounds in Lemma [7] The only quantity that will change in each iteration is «, which
nevertheless remains negligibld?

Our analysis so far is conditioned on event &,. We define the unconditional event

&, = {all the inequalities in Lemma (7] hold}. Then, we have

P(&) < P(EIE,) +P(&;) < P(EIE,) + P(E1E) + P(E))
a2 TG e @M
o + - +csk(e 4 +e )

C __n_
S _6 + C7k€ 65k2a
n
for constants ¢;’s > 1. This completes the proof.

B.1.3 Proofs of Auxiliary lemmas

We complete this section by proving the auxiliary Lemmas [25] 27 and [28], which were
used in the proof of Lemma [7]
Proof of Lemma 25

Our goal is to upper and lower bound ||v.||3, for ¢ € [k]. Note that every entry of v,
is either 1 or 0, hence these entries are independent sub-Gaussian random variables with

sub-Gaussian parameter 1 [163, Chapter 2]. Under the equal-prior Assumption , we

2To see this, recall that in the first iteration we had a; := o =

c C

vt TG vyeRe s for the
first-order terms. Thus, even if we repeat the procedure k — 1 times, then we have ap < Ckaq, which
remains small since we consider n > k.
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have E[||v.||3] = n/k when we assume equal priors. Thus, a straightforward application
of Hoeffding’s concentration inequality on bounded random variables [163, Chapter 2]

gives us

t2
P ([l - 7| 2 1) < 2030 (—%) |

We complete the proof by setting ¢t = Yo for a large enough constant C) and applying

the union bound over all ¢ € [k].

Proof of Lemma

We use the following lemma adapted from [120], Lemma 2] to bound quadratic forms

of inverse Wishart matrices.

Lemma 29. Define p'(n) := (p —n+ 1), and consider matriz M ~ Wishart(p,1,). For

any unit Fuclidean norm vector v and any t > 0, we have

P<; > p/(n) + V20 () +2t) < e and P L - ) < e

vI M v vIM 'y
provided that p'(n) > 2 max{t, 1}.
We first upper and lower bound s for a fixed ¢ € [k]. Recall that we assume

p > Cnlog(kn) +n — 1 for sufficiently large constant C' > 1 and this can be obtained

by assuming p'(n) > Cnlog(kn). Let t = 2log(kn). Working on the event &, defined
in (B.1]), Lemma [29| gives us

2
§0) < vellz < Ci+1 ' n/k < Cy+1 n

T p(n) = Alog(kn)p(n) T G p(p) (1 _ VL@) =70, kp

with probability at least 1 — ﬁ Here, the last inequality comes from the fact that p is
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sufficiently large compared to n and C' is large enough. Similarly, for the lower bound,

we have

0 > v/l . C; -1 n/k < Co—1 n

“ 7 p(n) + \/Alog(kn)p'(n) + 2log(kn) —  Ch 'p’(n) (1+ \/407) - O, .k'p

2
T k2n2-

with probability 1
Now we upper and lower bound s ) for a fixed choice j # ¢ € [k]. We use the

parallelogram law to get

_ 1 _ _
vl Ag'v; = 1 ((’Uc +v;)" Ay (v 4+ v)) — (ve — ;)" Ay (ve — Uj)>~

T

Because of the orthogonality of the label indicator vectors (v, v; = 0 for any j # c¢), we

have ||v. + v;[]3 = ||v. — v,||3, which we denote by 7 as shorthand. Then, we have

1 n n
'UTAglvj < - —
¢ = 4 (p’(n) — /4log(kn)p'(n)  p'(n)+ /4log(kn)p'(n) + 410g(kn)>
< 1 2ny/4log(kn)p'(n) + 4nlog(kn)
4 (p(n) — VAlog(kn)p' (n))(p'(n) + \/4log(kn)p/(n))
< Ch+1 ‘ 2n+/4log(kn)p'(n) + 4nlog(kn)

=20k (p(n) — /Alog(Rn)p () (¢ (n) + /Fog(kn)p/ ()

with probability at least 1 — # Here, the last inequality follows because we have n <

—2(0011“) -7 on &,. Because p'(n) > Cnlog(kn), we have

T Ay C’1+1 2\/_p ) /4/C+4/C - p/(
"= 20k (1- 4mcm)pmv

SO+t Vi 2¢/4/C + /4/(Cn)
T 200k p(m)(1-\/4/(Cn)
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where in the last step we use the fact that C' > 1 is large enough. To lower bound sg),

we get

T A-1
v, A, v; >

RS,

((p’(n) + /Alog(kn)p'(n) + 4log(kn)) — (P/(n) — / 4108;(/%)29’(%)))

- 1 —2n+/4log(kn)p'(n) — 4nlog(kn)
4 (p(n) — /4log(kn)p'(n))(p/(n) + /4 log(kn)p'(n))

S Ci+1 2n+/4log(kn)p’(n) + 4nlog(kn)

T 26k (p(n) = \/Alog(kn)p/(n))(p'(n) + \/4log(kn)p'(n))

with probability at least 1 — ﬁ Then following similar steps to the upper bound of

T A=1oy o
v, A, v, gives us

Ci+1 2y/np'(n)y/4/C+ (4/C)p'(n)

vTAglvj_—
¢ =720k (pn) — YAy () ()

>_Cl+1.@.2 4/C + (4/C/n)
200k p(m)(1 - /4/(Cn)
> 02+1.ﬂ

We finally apply the union bound on all pairs of ¢, j € [k] and complete the proof.

Proof of Lemma 28|

We first lower and upper bound g((gi))i. Recall that we assumed y; = k without loss of
generality. With a little abuse of notation, we define ||v,||2 = 7 and u := v/ie;. We use

the parallelogram law to get

1
e Ag'vy = —= ((u+vp) Ay (u +vy) — (u—vi) Ay (u — vy)) .

Wn
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Note that |lu + vi|? = 2(A + V) and ||u — vi||} = 2(72 — V/A). As before, we apply

Lemma 29 with ¢ = 2log(kn) to get with probability at least 1 — 5

TA ’Uk_

4\/_ ( )+ \/W—i- 4log(kn)) (p’(n) — /4log(kn)p'(n))
S 1 4\/_p — 4n\/W 8nlog(k
- 4\/— (p'(n) + \/W-I—éllog kn))p'(n )
\/HW 2\/_log (kn)
)+ \/W+4log kn)) ( )
- p’(n) — /(1 + 1/C’1 n/k+/4log( kn) —2¢/(1+ 1/Cl)n/k:log(kn)

N n) + /4 log(kn)p +4log (kn))p'(n)

2(7 + /) 2(7 — /i) )

. . . ~ 2(C1+1)n
The last inequality works on event &,, by which we have n < % Then, p'(n) >

Ck3nlog(kn) gives us

510y YOO =V TO TR O ) U O R i)
e TR )+ /4log(kn)p' (n) + 4log(kn))p’(n)
S 1-0 /(02\/_)) (1/(C3k35\/_))
= V(1 + 24/2/(Ckon)

C'4—1_1
Cy 7

>

il
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where in the last step we use the fact that C,Cs, C5 > 1 are large enough. To upper

bound g( , we have with probability at least 1 —

k2n2 I

o Ay, < | ( 27 + V/71) - 27 — v/72) )
VT T 4V \ (0 (n) — VAlog(kn)p'(n)) (¢ (n) + /Alog(kn)p/ (n) + 4log(kn))

< 1 4\/_p +4n\/410gT—|—8n10g kn)
T ava (¢'(n) — y/4log(kn)p'(n))p'(n)
n) + Viiy/4log(kn)p'(n) + 2/ log(kn)
(p’( ) — /4log(kn)p'(n))p' (n)
)+ /(1 +1/C)n/k+/4Alog(kn)p' (n) + 24/(1 + 1/C’1)n/klog(kn)
(¢'(n) — /4log(kn)p'(n))p'(n)

)

| /\

Then p'(n) > Ck®>nlog(kn) gives us

e Ay'vy < P'(n) + (1 +1/Ci)n/ky/4/(CEn)p'(n) +21/(1 +1/C1)n/k(4/Ck*n)p'(n)

(p'(n) — \/4log(kn)p'(n))p'(n)
+ (1/(CoVEY) + (1/(Csk>/n))
- P(n)(1 —24/4/(Ck3n))
Cy+1 1
C,

<

S |

We now upper and lower bound g](-?) for a fixed 7 # y;. As before, we have

el Ajlv; = (w+v)" A7 (u+v;) — (u—v) Ay (uw —vy)).

1
wn
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Since e/ v; = 0, we now have ||u + v;||3 = ||[u — v;||3 = 2A. We apply Lemmawith

t = 2log(kn) to get, with probability at least 1 — 3,

1 2n 2n
=W (<pf<n> ot )) () + /Aloathmp ) + 4log<zm>>>
_1 471\/41og(kn)p' (n) + 8i log(kn)
T AV (p(n) — /Alog(kn)p (n))p/(n)
_ Vi TRl ) + 2y ogtin)
T ((n) = /Alog(kn)p'(n))p/(n)
V(1 +1/Cn/ky/4log(kn)p'(n) + 24/(1 + 1/Cl)n/k:10g(kn)'

(P'(n) — /4log(kn)p'(n))p'(n)

T A—1

<

(C1+1)n

. . . - 2
The last inequality works on event &,, by which we have 7 < ==2=~=. Then, p'(n) >

Ck3nlog(kn) gives us

V(L+1/C)n/k/4/(Ck*n)p'(n) + /(1 +1/C)n/k(2/Ck*n)p/ (n)
(p'(n) — \/4log(kn)p'(n))p' (n)

< (1/(CoVEY) + (1/(Csk>+/n))

T p()(1—/4/(Ckn))

< Cy+1 . L

- Oy k2p’

T A4—1
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where in the last step we use the fact that C,C5, C3 > 1 are large enough. To lower

bound gw , we have with probability at least 1 —

k2n2 9

oAy, > ( 27 - 27 )
4\/_ (P'(n) + \/4log(kn)p'(n) + 4log(kn))  (p'(n) — \/4log(kn)p'(n))
S 1 —4n\/W 8n log(kn)
TR (p(n) — /Alog(kn)p (n))p (n)
ViAol () + 2V log(kn)
('(n) — \/4log(kn)p'(n))p/(n)
B V(1 +1/C)n/ky/4log(kn)p' (n) + 2+/(1 + 1/C1)n/klog(kn)
N (¢ (n) — y/4log(kn)p'(n))p/ () '

Because p'(n) > Ck3nlog(kn), we get

Aty > VAT LCOn/E/A/(CRmp (n) + /(1 1/Cn/k2/CKn)p(n)
s (p/(n) — /4log(kn)p(n))p/(n)
(1/(CoVED) + (1/(Csk*5 /)
P (n)(1 — /4/(Ck*n))

_04 +1 L
= Cy ka,

where in the last step we use the fact that C, Cy, C5 > 1 are large enough. We complete

the proof by applying a union bounds over all k classes and n training examples.

B.2 Proof of Theorem [10

In this section, we provide the proof of Theorem [I0, which was discussed in Sec-
tion . After having derived the interpolation condition in Equation for mul-
ticlass SVM, the proofs is in fact a rather simple extension of the arguments provided
n [120] [72] to the multiclass case. This is unlike the GMM case that we considered
in Section [3.6.2] which required substantial additional effort over and above the binary
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case [164].

For this section, we define A = X* X as shorthand (we denoted the same quantity as
Ay, in Section . Recall that the eigendecomposition of the covariance matrix is given
by ¥ =37 Nvjo! = VAVT. By rotation invariance of the standard normal variable,

we can write A = QT AQ, where the entries of Q@ € RP*™ are IID N(0,1) random

variables. Finally, recall that we denoted A = [)\1 )\p} and defined the effective
dimensions dy = Hi”% and dy, = ”H;‘”E Observe that Equation (3.12) in Theorem [§ is

equivalent to the condition
zee] A7 z. >0, for all c€ [k] and i€ [n]. (B.12)

We fix ¢ € [k] and drop the subscript ¢, using Z to denote the vector z.. We first provide
a deterministic equivalence to Equation (3.12)) that resembles the condition provided
in [72, Lemma 1]. Our proof is slightly modified compared to [72, Lemma 1] and relies

on elementary use of block matrix inversion identity.

Lemma 30. Let Q € RP*™ =[q,,--- ,q,]. In our notation, Equation (3.12)) holds for a
fixed c if and only if:

L (AT o -
z—iz\i(Q\iAQ\i> QlAg <1, forall i=1,--- ,n. (B.13)

Above, Z\; € RM=1x1 s obtained by removing the i-th entry from vector Z and Q\ €

R>*(=1) s obtained by removing the i-th column from Q.
Proof. By symmetry, it suffices to consider the case 1 = 1. We first write
aiAq,  qiAQ a b’

Q@A‘h Q{lAQ\l b D
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By Schur complement [17], we have

bb”
A > 0 iff either {a>0andD——>—0} or {D>—Oanda—bTD_1b>0}.
o

Since the entries of Q are drawn from a continuous distribution (IID standard Gaussian),
both A and D = Qc\plAQ\l are positive definite almost surely. Therefore, « —b?’D~'b >
0 almost surely.

Thus, by block matrix inversion identity [17], we have

= (a —b"D ') ! —(a—-b"D'b)"'o" D!
—D'b(a—b"D ') D'+ D 'bla—-b"D'b)" ' D!

Therefore,el’ A™! = (o — bTD_lb)_1 [1 _bTD11 . Hence we have

zef A7'Z = (a—b"D7'b) (2] —b" D' (2121)),
where we use the fact that Z; = z;. Since @« — b"D~!'b > 0 almost surely, we have

216 A7'Z2>0 &= (a—b"D'b) (2 —b"D ' (2121)) > 0
1
<> —bTD_lz\l < 1.
21

Recall that b7 = qlTAQ\1 and D = Q\TlAQ\l. This completes the proof. n

Next, we define the following events:

(]

1. For i € [n], B; := {%E\TAA\_ilQ@Aqi > 1}.

2. For i € [n], given ¢ > 0, &(t) := {||(E\TiA\‘ilQ@A)TH§ > %}.
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We know all the data points are support vectors i.e., Equation (B.12)) holds, if none of
the events B; happens; hence, B is the undesired event. We want to upper bound the

probability of event B. As in the argument provided in [72], we have

<Z( (B:|&:(t +1@(5())). (B.14)

The lemma below gives an upper bound on P(B;|&;(t)°).
Lemma 31. For any t > 0, P(B;|£(t)¢) < 2exp (—523)-

Proof. On the event &(t)¢, we have ||(ZLAZIQT A < 1 Since, by its definition,
\i 4\ ¥ \i 2 t

1| <k, we have 1 Iz T AT QT Ag; is conditionally sub-Gaussian [163, Chapter 2] with

z \i“ ™\ *®\i i

parameter at most ck:QH(z\ZA\Z Q\Z )T)|2 < ck?/t. Then the sub-Gaussian tail bound

gives

P51 (0°) < 200 (575 ). (B.15)

which completes the prof. m

Next we upper bound P(&(t)) with ¢ = dwo/(2n). Since [|z\ill2 < [lyy;ll2, we can

directly use [72, Lemma 4].

Lemma 32 (Lemma 4, [72]). P (& (£2)) <2-9"' - exp (—c; min {2, 9= 1).

4c?0 ¢

The results above are proved for fixed choices of i € [n| and ¢ € [k]. We combine

Lemmas [31] and [32] with a union bound over all n training examples and k classes to
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upper bound the probability of the undesirable event B over all k classes by:

kn9" ! exp (—cl min{ ds dﬁ}) < exp (—01 min{ 2 dﬁ} + C log(kn) + 02”)

4c?’ ¢ 4c?’ ¢

doo doo
and 2kn - exp <_26k2n) < exp (—C;an +Cs log(kn)) .

Thus, the probability that every data point is a support vector is at least

dy do doo
1 —exp (—cl min{ 2 —} + Cy log(kn) + C'gn> — exp (—62 + Cj log(kn)) :

4¢?’ ¢ ck2n

To ensure that exp (—c¢; min { £, %=1 + O} log(kn) 4+ Con)+exp (—2%= + Cslog(kn)) <

4c?) ¢ ck?

. we consider the conditions ¢; min { %, %=1 — C}log(kn) — Can > log(n) and 2%= —

Cslog(kn) > log(n) to be satisfied. These are equivalent to the conditions provided in
Equation (3.17). This completes the proof. Note that throughout the proof, we did not
use any generative model assumptions on the labels given the covariates, so in fact our

proof applies to scenarios beyond the MLM. O

B.3 Classification error proofs

In this section, we provide the proofs of classification error of the MNI under both

GMM and MLM models. We begin with the proof for the GMM case (Theorem [11)).

B.3.1 Proof of Theorem [11]

Proof strategy and notations

The notation and main arguments of this proof follow closely the content of Section

2.0.2
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Our starting point here is the lemma below (adapted from [I55, D.10]) that provides

a simpler upper bound on the class-wise error P,.

Lemma 33. Under GMM, P, < 7., Q (%) In particular, if (W.—w;)" p, >
Wo—w;) )

0, then P, < Z#C exp (—%)

4(w, chrﬁ)?fI)j)

Proof. [155, D.10] shows P, is upper bounded by Z#CQ <%) Then if (w, —

[We—wjl2

w;)"p,. > 0, the Chernoff bound [163, Ch. 2] gives

(@~ @) )’ (@, — @) )’
roo < Yo (g P ) < Do <_4<A“ T >>’

e e W, We + W; W

where the last inequality uses the identity a’b < 2(a’a + bTb). O

Thanks to Lemma , we can upper bound P, by lower bounding the terms

7, forall c#jec [kl (B.16)

Our key observation is that this can be accomplished without the need to control the
more intricate cross-correlation terms . @, for ¢ # j € [k].

Without loss of generality, we assume onwards that ¢ = k and j = k — 1 (as in
Section . Similar to Section , the quadratic forms introduced in Equation ((3.37))

play key role here, as well. For convenience, we recall the definitions of the c-th order
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quadratic forms for ¢, j,m € [k] and i € [n]:

(€ . )T p—1
S, = U, Al 5,

19 .= dr A7d,,

h9 =T AZld,,

Further, recall that w, = X(X'X) v, and X = Z?ﬂ p;v; + Q. Also, from or-
thogonality of the class mean vectors (Assumption , we have pu!l' X = ||p||3vf + d.
Thus,

~T ~T
w, K, — wj M.

=llulzvs (X' X) v + v (XTX) e — [[plivs (X X) ™Moy — 0] (XTX) .. (B.17)
Additionally,
w'w, = v (XTX) v, and ’l/l\)]T’l/l\]j = (X" X) ;.

Using the leave-one-out trick in Section and the matrix-inversion lemma, we

show in Appendix that

(B.18)
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where

a3 — st + D"+ b — |pl3st) — hY — RSP R + s
detj

Ay =

() (—3)
B, — | Jec y Zii
2 (detj + det_j>

det; = (|lull3 — t&)s& + (h

cc

U+ 1)%

C

Note that det; = det_. when ¢ =k and j =k — 1.

Next, we will prove that

G- ) |, — Cymin{VE, /log(@n)})
Cs (lul3 + 2)

n

2

((
BI9 > ul?

(B.19)

Proof of Equation (B.19)

We will lower bound the numerator and upper bound the denominator of Equa-

tion (B.18). We will work on the high-probability event £, defined in Equation (B.1)) in

Appendix [B.1.1} For quadratic forms such as séj;), 9 and hg;), the Gram matrix Aj_1

does not “include” the c-th mean component because we have fixed ¢ = k,j = k — 1.

Thus, we can directly apply Lemma [7| to get

Ci—1 £<Sj)< G+l ﬁ,
01 k:p - - Cl kp
tg) <O2n||M||§7
I %

5 Canl|pe| <h) < 5 Csnl\qu’

kp kp

on the event &,. We need some additional work to bound 5%) = vjAjflvc and h;i) =

'vjAj_ldc, since the Gram matrix Aj_1 “includes” v;. The proof here follows the machin-
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ery introduced in Appendix for proving Lemma [7] We provide the core argument
and refer the reader therein for additional justifications. By Equation (B.28) in Ap-
pendix (with the index j — 1 replacing the index 0), we first have

W _ -0 _ Lo

S = S
c c
J J detj,1

?

where we define

. - - - - . N2
(Y7 = (ol — 15750+ 5

(-1 7 (G-1) (-1, G-1)
s i )85 S T iy A sy he

and det;_y = (||p]|2 — ¥ )sY ) (h%fl) + 1)%. Further, we have

Jj JJ
2 4Gy G- | -1
s = |1 (lells =155 sy +hjj G- _ 1 (sUDRGD 4 D=1y
je det;_, je det;_y ¢ i gi - e
< Lo LRG0 | G- G-y
= ol%je det_, '~ e i i e Il
We focus on the dominant term ]s%il)hﬁfl) |. Using a similar argument to that provided
in Appendix [B.1.2, we get
i—1), (-1 i—1), (-1 -
s R s R G e
det;y  — (1+h(.j._1))2 - (1 ogf;n,ken>2 kp k2\/n
17 - kQ\/ﬁ
< CSﬁn,ken . @
< - 5 .
C2pn,kEn kp
(1- S ) w2
Thus, we have
|S(~j_1)| < Cyt1 . \/_ﬁ
N O kp-
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Similarly, we bound the remaining term hg-?. Specifically, by Equation (B.30) in Sec-
tion [B.4.1] we have

A
where we define
(*) 97D = (|2 - JJJ 1))85;‘;1)“ 1) +h’ 1% 1)2 +h3 1>hj 1) ngl)t%ﬂ)_
Furthermore,
|h§gc‘>| — 1= (leell3 = gi 1))8§§*1)+h%"1>2 RU=D _;(h(]c 1)h(] 1)+S(] ”t(] 1))

detj_l Je detj_l

1 i—1), (j—
<—|hj 1)|+ |(h(~] D=1 4 (U= 1)t(J 1))’.
detj_l

Jc JJ ]J

We again consider the dominant term ]s%_l)t%_l)] /det;_q and get

1 1) 1
[Vt >| s Y] C o nlpl3
et (1+hj Dy T (1- Ozpnken>2 kp o p
k2y/n
- Cien pngn] >
< “atn .
(1- S ) wevm Vi

Thus, we find that

- Ol
RID] < 2
Vkp

We are now ready to lower bound the RHS in Equation (B.18) by lower bounding its

numerator and upper bounding its denominator.
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First, for the numerator we have the following sequence of inequalities:

le]|3s9) — sDtD + 19* 4 hY — [|p)2s2) — Y — D RG) 4 s40)

CC cc Jc cc Jjc cc
>|pl2s) — ||pl3s) — sDtD + sDtD) 4+ p@ — pD — pRY
=1 Julin G+l uldvi  Gan JulBn  Can w3V Cspunlinll,
- kp Cy kp P kp D kp Vip

Above, we use the fact that the terms |h£ﬁ)|, |h§]C)| < Ce/(k*y/n) are sufficiently small

compared to 1. Consequently, the numerator is lower bounded by

D3

3 B.20
det? ( )

where Dj is

Ci—1 |ulin  Co+1 |ul3vn  Csn |ullin  Cin |pllivn  Csp, enllells
Cy kp C, kp » kp p kp VEkp

Second, we upper bound the denominator. For this, note that under the assumption
of equal energy and equal priors on class means (Assumption , there exist constants
C1,Cy > 0 such that C; < det; /det_; < Cy. (In fact, a very similar statement was

proved in Equation (3.42) and used in the proof of Theorem E[) Moreover, Lemma

shows that the terms 3(] ) and sg-;-j ) are of the same order, so it suffices to upper bound

s . Again applying Lemma , we have

det;

(4)

Sce n

Cs
< — B.21
detj - d tj k’p ( )
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on the event &,. Then, combining Equations (B.20)) and ( gives us

n 1 C Con . 2
> " L ((1 - S0 O - Cymin v, \/log(2n)}|lu|lg)

Cokp  det; Vn
> N,
2
- (1% — ) Il — Cymin{VF, o2} -
> || , .
? Cs (/I3 + 2)
where
n 1
N4 <N5>27

Cokp ’ c4||m|2n Loy Csn Hull2

C C: .
N, (1 _O0 ﬂ) 14l3 — Cs min{VE, /log(2n)} .

and the second inequality follows from the following upper bound on det; on the event

Ey:

det; =(a]3 — 19)s9) + (h9) + 12 < |39 + 2% + 1)

<C’4Hullzn Log C5n2|\uH§_
kp kp?

Completing the proof

Because of our assumption of equal energy on class means and equal priors, the

analysis above can be applied to bound EATA% for every j # ¢ and ¢ € [k]. We

define the unconditional event

(w! W, + w; w;)

_ ) (e —w;)"p,)” .
Eun = ~——— is lower bounded by (B.22) for every j # c p .
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We have

P(En) < P(ElEy) + P(E))

C _n ——n_ C I
<2 yck(e s +e ) < = 4 cgke Tt
n n

for constants ¢;’s > 1. Thus, the class-wise error P, is upper bounded by

(1= % — %) e — CminfVF, /log@)})’

C (|| ll3 + %)

n

(k= 1exp | =3

with probability at least 1 — < — cgke_ﬁ. This completes the proof. O

Proof of Equation (B.18)

Here, using the results of Section we show how to obtain Equation (B.18)) from
Equation (B.16)). First, by [164, Appendix C.2] (with y replaced by v,,), we have

(-=m)

Smm

m XTX - m =
U ) det_,,

, for all m € [K],

where det_, = (||g]|2 = toom?)sbom? + (hoom? + 1)2. Then [164, Equation (44)] gives

. . . N2 .
||“' ||2 ) (XTX)—l,U +o (XTX)—ld o ||p’c||%sgj0) - ngc) gjc) + hgjc) + hg]c)
cll2 (& & (& c

detj ’

where det; = (||p]l3 — 5;1))39) + (R 4+ 1) Note that det; = det_. when ¢ = k and
j=k—1.

For v.(XTX ) 'v; and v;(X? X)~'d,, we can again express the k-th order quadratic
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forms in terms of j-th order quadratic forms as follows:

9 4 DR — DnY

v (XTX) oy, = -2 je
( ) / detj ’
_ 2 (j h h(] h _ ])t()
)32 h) — (g3 n + h YD) + 4

v;(X"X)'d, = o
J

Thus, we have

l2l359) + B 4 RS — Q)
detj '

lell306(XT X) " o +0;(XTX) " d =
This completes the proof. O

Extensions to not-orthogonal means

While we made the orthogonality assumption on class means (Assumption |3 for sim-
plicity, our error analysis can conceivably be extended to the more general unorthogonal
setting. We provide a brief discussion of this extension here. To upper bound the class-
wise error [P, recall that we need to lower bound the quantity in Equation . As
with the orthogonal case, we consider ¢ = k, j = k — 1 without loss of generality. Recall

that @, = X (X" X) v, and X =3>"  poT + Q. Thus

£)
o7

pe = [|pl3of (X X) oo+ Y phpon (XTX) o, 4+ 0] (XTX)d, and
mzc

Q/IJ?/J,C = N6 + .ZV77
Ne = [[pllv] (XTX) v, + pj poo] (XTX) ™

= 3 Whp ol (XTX) M + o7 (X7 X) ..

m#c,j
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In Appendix we have already obtained the bounds for
lusll2ve (XTX) " e + v (XTX) 7N de — [|pl3o; (X X) "o, — 0 (XTX) ..

Moreover, under the equal energy and priors assumption, the v; T(XTX) v, terms have
the same bound for every j € [k]. Similarly, the v} (X" X)~'v,, terms also have the same
bound for all j # m € [k]. An upper bound on classification error can then be derived in
terms of the inner products between the mean vectors. We leave the detailed derivation

to the reader. Expressions are naturally more complicated.

B.3.2 Proof of Corollary

We now prove the condition for benign overfitting provided in Corollary [11.1] Note

that following Theorem [9] we assume that

p> Cik*nlog(kn) +n—1 and  p > Cok™’n'®||pl,. (B.23)

We begin with the setting where ||p|? > Cl;—p,

2
get that Equation (B.22)) is lower bounded by %((1 — 3—% - 04”) lelle — C'5\/E> , and

we have

for some C > 1. In this case, we

Cy  Cyn 2
((1——3—i) |Iu|!2—05\/%) > ||l — 2Hu|!2 2Hu||2 % 205V 2
p \/—
1-=2) = 9
( ﬁ) =2 1245 g CsVk|| |-
(B.24)
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Then Equation (B.23]) gives
(B.24) > (1 - %) kp _ ( p )2 Con  Covkp
vn) n LLl5pL5 D PRIEISIE

which goes to +00 as (%) — 00.

Next, we consider the case ||u]]3 < %. Moreover, we assume that ||p|3 = Co (2)%, for

2
a > 1. Then, Equation (B.22) is lower bounded by %}Hu“% (( - 3—% - %) - ﬁf‘\‘f) :

and we get

3 047”& 05\/E ’
gt (- " Tl
n C’ Cin
-( —f)k—u 13- Sl — 2

O RO R IO S

n

where the last inequality uses Equations (B.23)) and condition |3 <

< %. Consequently,
the RHS of Equation (B.26) will go to +oco as (%) — o0, provided that a > 1. Overall,

it suffices to have

2
p > max {Clk3nlog(/€n) +n — 1,0k n"|| |2, nHZHQ} ;

4 p\“ ‘
and ||pl|s > Cs (n> , for a € (1,2]

All of these inequalities hold provided that |u|ls = ©(p?) for 8 € (1/4,1/2] for finite k

and n. This completes the proof. O
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B.4 Recursive formulas for higher-order quadratic
forms

We first show how quadratic forms involving the j-th order Gram matrix A;l can be
expressed using quadratic forms involving the (j — 1)-th order Gram matrix A;';. For
concreteness, we consider j = 1; identical expressions hold for any j > 1 with the only

change being in the superscripts. Recall from Section that we can write

[ pll2vf | pll2vf
T
A= Aot ||pllvr QTpy 1’1} o] | =QQ+ {Hlllﬂﬂ’l dy Ul} v
niaQ di

The first step is to derive an expression for A;*. By the Woodbury identity [70], we get

ATl = Ayt - AT NGAY (B.27)
1
| pll2vf |20t
Ng = {HMHWl d, Ul} I+ | of |Ag {HNHTUI dy v1} CH
di d’

We first compute the inverse of the 3 x 3 matrix

[ ll2vf
Bi= T+ | o | A’ {Huﬂﬂl d, Ul}
di
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Recalling our definitions of the terms sffl)] h ; and t ; in Equation (3.37) in Section|3.6.2

we have:

0 0
T (28] [pellohS (aal]2s'
B=| |puls) 144 s
0 0 0
”F’f||2hg1) tgl) 1+ hg1)

Recalling B~ = ﬁadj(B), where dety is the determinant of B and adj(B) is the adjoint

of B, simple algebra gives us
0 0
deto = 517 (|ll3 — 157) + (b +1)?,
and adj(B) is

0 0 0 0 0
(B + 1) — s lllo (59D — nQ — 1% —[lael2sY
0 0 0

_||N||25(11) hgl +1+ ||lll||2511 _351)

0 0 0)2 0 0 0 0
Lll2 (040 — B — BO%) 1l2h” = Q1 + [[e)25D) A 41+ )25

We will now use these expressions to derive expressions for the 1-order quadratic forms

that are used in Appendix |B.1.2]

B.4.1 Expressions for 1-st order quadratic forms

We now show how quadratic forms of order 1 can be expressed as a function of
quadratic forms of order 0. All of the expressions are derived as a consequence of plugging

in the expression for B~! together with elementary matrix algebra.
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First, we have

st
e [T I
hy3
0o (B.28)

mk deto

where we define

0 0),(0);(0)  (0),(0),(0 0) (0 0), (0
=(lalls = 65755 st + st 1YY + sy b by — s\P R AL + st + 51 ).

Thus, for the case m = k we have

g [
(1) 0 0 o | adj(B 0
sw = Vi AT v = v Ag vy — {Ilulb 0o s qer | Sk
0
hyy
0 1 0 0), (0 0); (0)2 0); (0
= Sl(ck) - E((HN”% - t(n)) (k) + 281k: hl(cl h( ) — (l)hl(cl) + 2S§k)h§cl)>‘
(B.29)
Next, we have
0
g2k
_ _ adj(B
W) = o AT = o A | uls ) 0] SEL
deto
0
iy
1
= h{ = — ), (B.30)

mk deto

215



Appendix for Chapter|§| Chapter B

where we define
0 0)y (0); (0 0) , (0), (0 0) (0 0 0 0) 0
() = (lel3 = D)0 + BARORS + RO + s + sintiVn) — st n).

Next, we have

) lallohin
1 _ _ adj(B
tor = dif AT dy, = df Ay — ||| pl|ohD 10 hgﬂ dety K
o
1
=t — — ()1, (B.31)

- km detg

where we define

0 0 0 0 0 0 0 0 0
(O = (|3 =tV R + t BB + 6RO D + 1O + VRO — sV

m

Thus, for the case m = k we have

) 1|21
adj(B
1 _ _
th, = df AT dy = df Ay dy — [Ilulbh(ﬁ? ) h(o)} e |
0
£

0 1 0); (0)2 0)7 (0)4 (0 0 0
= 142 = o (lell3 — £)05" + 26 — 9" + 20207,

(B.32)
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Next, we have

(0)
B) [el291:
1 _ _ adj(B
fii = diAr"e; = di AT e — ||| onl]) 1) hi‘?ﬁ] dotg | O
(0)
1z
R (8.33)
ki deto Fo
where we define
0 0 0 0 0); (0 0) (0 0 (0),(0
007" = (laells = A9 01 + 000 + EA 0L + LAY + RS = SV A
Finally, we have
0
® lall2gt
(1) _ T a-1, _ T -1 0 0 (o] adj(B 0
gy =vj A e =v;A; e — ||NH2S§‘1) hg‘l) §1) dety 9&)
(0)
14
_o_ 1 o
= gj; _Et()(*)gj’ (B.34)
where we define
0 0)y (0 0);(0 0 0);.(0 0); (0
() = (lanlls = )51 017 + 01 MV + g1 WY + 9 A7+ 3700 AP — st A7
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B.5 One-vs-all SVM

In this section, we derive conditions under which the OvA solutions woya . interpo-

late, i.e, all data points are support vectors in Equation (3.8]).

B.5.1 Gaussian mixture model

As in the case of the multiclass SVM, we assume equal priors on the class means and

equal energy (Assumption .

Theorem 16. Assume that the training set follows a multiclass GMM with noise co-
variance X = 1, and Assumption@ holds. Then, there exist constants ci,ca,c3 > 1 and
C1,Cy > 1 such that the solutions of the OvA-SVM and MNI are identical with probability

at least 1 — < — CQk@i%% provided that
p> Ciknlog(kn) +n—1 and p > Cyn®|| . (B.35)

We can compare Equation (B.35) with the corresponding condition for multiclass
SVM in Theorem 0] (Equation ([3.16)). Observe that the right-hand-side of Equation
above does not scale with k, while the right-hand-side of Equation scales with k
as k®. Otherwise, the scalings with n and energy of class means |||z are identical. This
discrepancy with respect to k-dependence arises because the multiclass SVM is equiva-
lent to the OvA-SVM in Equation with unequal margins 1/k and (k —1)/k (as we
showed in Theorem .

Proof sketch. Recall from Section that we derived conditions under which the mul-
ticlass SVM interpolates the training data by studying the related symmetric OvA-type
classifier defined in Equation (3.15)). Thus, this proof is similar to the proof of Theo-

rem [J) provided in Section[3.6.2] The only difference is that the margins for the OvA-SVM
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are not 1/k and (k — 1)/k, but 1 for all classes. Owing to the similarity between the
arguments, we restrict ourselves to a proof sketch here.
Following Section and Equation (3.43)), we consider y; = k. We will derive

conditions under which the condition

(14 hG™ae ™ = sV ) + 03 (40 =GP 87P) >0, (B.36)
Jj#k

holds with high probability for some C' > 1. We define

s
p
where 7 is chosen to be a sufficiently small constant. Applying the same trick as in

Lemma (7| (with the newly defined parameters € and 7) gives us with probability at least

__n_
1 — % — ke b

(B-36)

>E<w%ia><lé);m)k<( ey L Gy

> . i . Choe . Cire€ _C 6) 1
Z Co \/E\/ﬁ 2 12 p
1 1
1 — _(C B.37
> (1- g - o). (B.37)

for some constants C;’s > 1. We used the fact that |gﬂ)| < (1/C)(1/(kp)) for j # y; with
probability at least 1 — & — coke e provided that p > Ciknlog(kn) +n — 1, which is

the first sufficient condition in the theorem statement. O
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B.5.2 Multinomial logistic model

Recall that we defined the data covariance matrix 3 = -7 \jv;o7 = VAVT and

its spectrum A = {/\1 .. )\pl . We also defined the effective dimensions dy := ”i”; and
2
— Il
doo = [ Alloo *

The following result provides sufficient conditions under which the OvA SVM and

MNI classifier have the same solution with high probability under the MLM.
Theorem 17. Assume that the training set follows a multiclass MLM. There exist con-
stants ¢ and Cy,Cy > 1 such that, if the following conditions hold:

doo > Cinlog(kn) and dy > Cy(log(kn) + n), (B.38)

the solutions of the OvA-SVM and MNI are identical with probability at least (1—<). In

the special case of isotropic covariance, the same result holds provided that

p > 10nlog(Vkn) +n — 1, (B.39)

Comparing this result to the corresponding results in Theorems we observe that k
now only appears in the log function (as a result of k£ union bounds). Thus, the unequal
1/k and (k —1)/k margins that appear in the multiclass-SVM make interpolation harder
than with the OvA-SVM, just as in the GMM case.

Proof sketch. For the OvA SVM classifier, we need to solve k binary max-margin classifi-
cation problems, hence the proof follows directly from [120, Theorem 1] and [72, Theorem

1] by applying k& union bounds. We omit the details for brevity. [
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One-vs-one SVM

In this section, we first derive conditions under which the OvO solutions interpo-
late, i.e, all data points are support vectors. We then provide an upper bound on the
classification error of the OvO solution.

In OvO classification, we solve k(k — 1)/2 binary classification problems, e.g., for

classes pair (¢, j), we solve

W0oy0,(c) := argmin [|[w(2 sub. to w'x; > 1, ify, =c¢; wia; < -1ify, =j, Vi€ nl
w

(B.40)

Then we apply these k(k — 1)/2 classifiers to a fresh sample and the class that got the
highest +1 voting gets predicted.

We now present conditions under which every data point becomes a support vector
over these k(k — 1)/2 problems. We again assume equal priors on the class means and

equal energy (Assumption [2)).

Theorem 18. Assume that the training set follows a multiclass GMM with noise co-
variance X = I, and Assumption @ holds. Then, there exist constants cy,co,c3 > 1 and
C1,Cy > 1 such that the solutions of the OvA-SVM and MNI are identical with probability

at least 1 — < — cgke_%% provided that
p > Cinlog(kn) + (2n/k) —1  and p > Con'®|| 2. (B.41)

Proof sketch. Note that the margins of OvO SVM are 1 and —1, hence the proof is
similar to the proof of Theorem (16| Recall that in OvO SVM, we solve k(k —1)/2 binary
problems and each problems has sample size 2n/k with high probability. Therefore,

compared to OvA SVM which solves k problems each with sample size n, OvO SVM
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needs less overparameterization to achieve interpolation. Thus the first condition in

Equation (B.35) reduces to p > Cynlog(kn) + (2n/k) — 1. O

We now derive the classification risk for OvO SVM classifiers. Recall that OvO
classification solves k(k — 1)/2 binary subproblems. Specifically, for each pair of classes,
say (i,7) € [k] x [k], we train a classifier w;; € R? and the corresponding decision rule for
a fresh sample & € RP is §;; = sign(z”w;;). Overall, each class ¢ € [k] gets a voting score
8 = Z#i 1j,,=11. Thus, the final decision is given by majority rule that decides the class
with the highest score, i.e., arg max;ec(y) ;- Having described the classification process, the
total classification error [P, for balanced classes is given by the conditional error P.|. given
the fresh sample belongs to class c. Without loss of generality, we assume ¢ = 1. Formally,
Pe = Py = Peji(s1 < sp 0or 51 < sgor---or s; < s;). Under the equal prior and energy
assumption, by symmetry and union bound, the conditional classification risk given that

true class is 1 can be upper bounded as:

Peji(51 < sp or 51 < sg or---or 51 < s)

SPei(si<k—1)=Pp(3j st gu; #1) < (k= 1)Pepp (g2 # 1).

Therefore, it suffices to bound Pej;(y12 # 1). We can directly apply Theorem (11| with

changing k to 2 and n to 2n/k.

Theorem 19. Let Assumption [ and the condition in Equation (B.41) hold. Further
assume constants Cy,Cy, C3 > 1 such that (1 — C’l\/g — %;)”H”Z > (C3. Then, there

exist additional constants cq, co, c3 and Cy > 1 such that the OvO SVM solutions satisfies:

((1- /s~ ) s — )

C (|| ll3 +57)

n

]P)e|c < (k - 1) exp _||“’||%

(B.42)
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with probability at least 1 — <+ — cgke_ca%, for every c € [k]. Moreover, the same bound

holds for the total classification error IP..
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Appendix for Chapter

C.1 Proofs

C.1.1 Proof outline and auxiliary lemmas

To prove Theorems |12| and we first write 33 — 3 as below:

~ T
1

YX-¥= (EObs - j‘lélé ) - (Eobs - )\1010{ + )\kOIin)

A Aoa AT
= (Bops — Zops) + (A10:07 — 1160,0,) — 10,07, (C.1)

where )\ is the k-th eigenvalue of X, and @y is the k-th eigenvector of 3,,,. To bound
I 32, we need to bound the norms of X, — 20;,3, Al — ;\1 and 6, — 91, and the lemmas

below show these bounds.
Lemma 34. Assuming that Eo_bi satisfies the maximum and minimum eigenvalue con-

dition in , then

. 1
P(Hzobs - zJobs“oo Z t) S p201p_37 t= SC12 &P
n

Y
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where C and Cy depends on the eigenvalue bound M in (4.14)).

Proof. The proof follows [19, Lemma A.3]. O

The next two lemmas provide bounds for [A; — Ay].

Lemma 35. Under the assumptions of Theorem[1d, we have

A1 — ;\1| < 01)\1\/?7
n

with probability at least 1 — 2e™P/C2 for some constants C;’s > 1.

Proof. By Weyl’s lemma [70]
'maxp |>\j(Eobs) - /\j(gobs)l S Hiobs - Eobs||2-

The bound on ||Zops — ops||2 is then obtained from [163, Theorem 6.5]. O

Following [87, Theorem 5], a tighter bound can be obtained using the effective rank
7(Xops) defined in (4.15)).

Lemma 36. Under the assumptions of Theorem[13, we have

. . r(y
M ] < (8 — Sl < Coh () )\/Ev Py,
n n n

with probability at least 1 — e /2 for some constants C;’s > 1.

Then the two lemmas below provide bounds for ||6; — 61 w.

Lemma 37 (adapted from Wainwright (2019, Corollary 8.7)). Under the assumptions

of Theorem suppose n > p and |||z / /B < 135, then

- 1
”91—91||2§C1\/V—2 \/E7
1% n
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with probability at least 1 — Coe ™/ for some C;’s > 1, where v = A\ (Zops) — Ao (Zops) -

The lemma below shows a tighter bound with a large eigengap v = A (Zops) — Ao (Zions)
following [47, Section 3.1].

Lemma 38. Under the assumptions of Theorem suppose \/pv > Ci(pA(X) V 0?),

~ lo
61— 01l < Coy/=2E,

with probability at least 1 — C3/p for some C;’s > 1.

then

Before moving to the proofs of Theorem [12] and [13] we first show an upper bound for
%~ S using ().

~ ~ NP
HE - 2Hoo < Hzobs - 2ol?SHOO + H)‘lelelT — X166, Hoo + HAkOlelTHoo- (C-2)
The term [|), 0,07 — XlélélTHoo can be expressed as:

& oA AT
126,67 — X16,8,
~T ~T o ~T o ~T s~ o~ AT
:H)\1010¥1 - )\10101 ‘|— )\10191 - )\19101 + )\10101 — )\16101 Hoo
~T ~T ~ ~T o ~T ~ A AT
<[A10:107 — 1010, || + [| 11610, — 110160, |00 + X100, — 110,06, ||

<IAll64]loc 161 = B1llos + [Ar = Adll[O1]loclBrlloc + [Au][|6:1 ][O — Bullc.  (C3)

We can then use the bounds for [A\; — A;| and [|@; — 6| in previous lemmas to bound

& oA AT
1X10,07 — 110,60/ |-
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C.1.2 Proof of Theorems [12 and 13

Now we are ready to prove Theorem [12] We first plug in the bounds in Lemmas [34]
and [37 to (C.3). Since 6, is the eigenvector of a matrix, [|61]|o < 1. Combining these
two results completes the proof.

To prove Theorem [I3] we need to plug in the bounds in Lemmas [34] [36] and [3§] to
(C.3). Then we use the fact that ||6:]/« = O(1/,/p) to complete the proof.

C.1.3 Proof of Theorem [14

The proof follows the proof of [24, Theorem 6]. First we know,
132 — I = [[(X = 2)2 < 1 = e[|, -
Then we have,

HE(Q - Q1)Hoo = HEQ —I+1- 291”00

<1392 = Iloo + 11 = B |oc + 12 = el Q)z, + A
We know,
12 = Qi = 1922 = D)oo < 122 = )]/ 1,
To bound the terms above, we need,

IZ(2 = 2)lloe < 122 = Q)loo + 132 = S|,
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We know |||, < My from (4.17) and combining the relations above with the result of
Theorem [I2] or Theorem [13], with the choice of A, specified in Theorem [14], we can obtain
the bound for ;. The bound of the same order can be obtained for €, the symmetric

version of €2.

C.2 Generalization of section 4.3

The analysis in section assumes that the low-rank confounder is independent
of X and the eigenvector of the covariance of the low-rank confounding is one of the
eigenvectors of 3, the covariance of X. Those two assumptions can be extended to
the more general setups. In equation (4.11), when X and Z are not independent, the

convariance matrix for X ;s becomes
Yo = 2+ 0Cov(X, Z)v" +ovCou(X, Z)" + d?vov”,

where Cov(X, Z) is a p-dimensional column vector. We can see that cCov(X, Z)vT +
ovCov(X, Z)T+o?vv! has rank at most 3, hence X, can still be expressed as the sum of
3} and a low-rank matrix. Here, to ensure that the confounding can be identified in PCA-
based approach, we assume that both o and ¢? are large compared to the eigenvalues of
3. Then, our analysis in section can still be applied here, but the eigenvectors of the

low-rank matrix are not necessarily the eigenvectors of X.

C.3 Eigenvalues of sparse graphs

Figure shows the first 25 eigenvalues of sparse graphs. We use huge package

[I71] to generate the sparse graphs with three different structures: scale-free, random
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scale-free cluster

5

w ES
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Figure C.1: The distribution of the top 25 eigenvalues created by scale-free, random

and cluster graphs using huge package with p = 100 and n = 10000.
and clustered. We set p = 100, n = 10000 and assume default for all other parameters
(see [I7T] for more detail). We generate 10 realizations for each graph structure and show
the distribution of the first 25 eigenvalues of 3 in Figure We notice that the top

eigenvalues are typically larger than the rest, especially for the scale-free graphs.

C.4 Gene co-expression networks data

Now we briefly introduce the data and the pre-processing procedure of gene co-
expression networks in section [4.5.1] More detail can be found from [126]. We use
the RNA-Seq data from Genotype-Tissue Expression (GTEx) project v6p release EI We
consider three diverse tissues with sample sizes between 300 to 400 each: blood, lung and
tibial nerve. We first filter the non-overlapping protein genes and perform a log transfor-
mation with base 2 to scale the data following [126, Appendix 2.4]. Since the underlying
true network structure is unknown, we obtain the interaction information from some
canonical pathway databases including KEGG, Biocarta, Reactome and Pathway Inter-
action Database. To make better use of those information, we pick 1000 high-variance

genes which are included in all these databases, thus p = 1000 in this example.

Thttps://www.gtexportal.org/home/
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C.5 Joint estimation of multiple graphs with latent
confounders

Now we propose methods to estimate multiple graphs jointly when latent confouding
exists. LVGGM is used to estimate a single graph with latent variables, assuming that all
observations are drawn independently from the same distribution. In practice, we might
need to estimate multiple related Gaussian graphical models with latent confounding.
The graphs won’t be estimated correctly if latent confounding is ignored. In this case,
we can apply LVGGM jointly. In our model, we assume that all the classes share the
same latent variable structure, this can be easily generalized to the case with different
latent confounding structures. We will introduce two forms of penalties, corresponding
to different graph structures that we expect. [123] study similar problems. Their goal is
to estimate differential networks rather than graphs.

Suppose we are given K data sets XV, ..., X5 with K > 2. X® is an ny, x (p+h)
matrix consisting of ny observations with dimension (p + k), which is common to all K
data sets. We further assume ny = n, for all k, and it is not hard to generalize current
analysis to different sample sizes cases. Furthermore, we assume that Zszl nyj obser-
vations are independent, and that the observations within each data set are identically
distributed: azgk), e a:g? ~ N(pu®), EEkO), H)). Without loss of generality, we assume that
the features in each data set are centred such that p*) = 0.

The following discussion is for all the K classes. Suppose that each X *) can be

divided into the observed part and hidden part. X (Ok ) € RP and X EZ;) € R" are subvectors

(k)

(O,H) is the covariance matrix of X,

of X®_ Assume that we can only observe X (Ok ), by
Eg ) is the marginal covariance matrix of X (Ok) and Eg) is the marginal covariance matrix

of X g), the complete data covariance matrix Egko)’ my 18
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k k
s s,

k k
5, B

Q, = (E(Ok))_1 is the marginal concentration matrix of X gc ). If we only observe X (Ok ),
then we only have access to Eg) (or Qg{:)). QEQH) = (ZEZ)’H))*1 is the complete data

concentration matrix:

~ (k) k)y— k k k)\ — k
0y = (=) = 0l - oL@l ek, = s -1

Qgc ) is the concentration matrix of the conditional variables of the observed variables
given latent variables. We assume that QO is sparse. 2, k) (Q(k ) Q 0 is a summary
of the effect of marginalization over the latent variables X 't H . This matrix has low rank
if the number of latent variables is small relative to the number of observed variables.
Here we assume the latent structures are the same across all K classes, so we use L
to denote the low-rank component for all K classes.We let 2(Ok) = (1/n)(X®HTx®),

the empirical covariance matrix for X®) We need to solve the following penalized log-

likelihood problem:

mlnz [Tr(S k)E ) log det(S™®) — L)]
MDD ISFIH DD IS — S AR T(L)  (Ca)
k  i#Aj k<k’ i

subject to S® = 0,L = 0, for all k.

We use the proximal gradient-based alternating direction method (PGADM) in [106]
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to solve ((C.4). We first write the problem in this form

K
min Y [Te(RMEG) — log det(R®)]

k=1

FAD ISP+ Y YIS = SEY + 4K Tr(L)

k i#j k<K' i,

subject to R® —8® 1 =0, S® =0 for k=1,...,K and L = 0.
Then we group two sets of variables {S} and L as one set of variables and solve:

min f({R}) +o({W})

subject to R® — 1, —I}W(k) =0, for all k,

where {S} = {SW, ..., 8"} (R} = {RY, .. R®)} (W} = (WO _ WU} and

W = S99, 1] and f({R}) = 15, FURYY) = T TH(ROSY) — log det(RY)]

k K
and p({W}) = 0 5, T 1S5+ de Ty 24, 185 = 8571+ 7K Te(L) + I{L - 0}.
The problem is decomposable for each class, so the ADMM procedure for the kth class

becomes:

) 1
R, = avgming f(RY) = (A, RO — [L-DW") + I RY — [L-IW" 5.
. 1
W = argmingwe(W®) — (AF, RY, — 1, -IW®) ZIIR& — [, -N|W® |2,

A =AY — (R - [1,-DIW ) /. (C5)

t+1 — t+1

We need to solve the following four problems until convergence. More details can be

found in [106, 123]. In the t 4 ¢ th iteration, we update { R} first

1
R, = argming f(R) — (AP, R — [I, -IW{") + 2B — w2, vk. (C.6)
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Then, when updating {S}, we need to solve

K K
. 1 /
min_=— > (8% — B + NIy D ISP+ 0 Y80 — 85 ()

v
ij 94 k=1 k=1 k<k'

where B® = §% 4 g™ and G® = RW, — W 4 I — ,uA(k). We next update L and A
T & (1) = 1~ O t

K
. 1
Li1 = argmin, K~yTr(L) + o STIL = (L — G| (C.8)
k=1
k R
AR = AP — ;(Rﬁﬁl — L, -nW). (C.9)

(C.6) and (C.8) have analytic solutions, ((C.7]) can be solved using fused lasso algorithms
137, 67, 6]
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