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ABSTRACT OF THE DISSERTATION

Quantum-Field Effects in Ultrafast Nonlinear X-Ray and Optical Spectroscopy of Molecules

By

Kochise Bennett

Doctor of Philosophy in Physics

University of California, Irvine, 2017

Professor Shaul Mukamel, Chair

Spectroscopy, the study of matter via its interactions with light, is a vast subject that

includes many of humanity’s principle means of probing the fundamental structure of matter.

Though usually understood from the perspective of classical light, important effects arise

due to the quantum nature of the electromagnetic field. Additionally, the quantum vacuum

can serve as an effective couple between molecules in the system, generating many-body

interactions and cooperative processes in the material. While many techniques are well-

described classically, quantum-field corrections can dominate the desired signals in certain

cases, such as cascading in higher-order n-wave mixing signals, and are key for experimental

interpretation. Even spontaneous emission and light scattering are best understood from the

perspective of quantum fields. In this thesis, we utilize a systematic procedure, based on the

density matrix in Liouville space, to give a rigorous description of elementary quantum-field

effects in nonlinear spectroscopy, with specific examples made to ultrafast x-ray and optical

techniques.
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Chapter 1

Introduction

“Light brings us the news of the

Universe.”

Sir William Bragg

The Universe of Light (1933)

We know the world through light. Spectroscopy, the study of light-matter interactions,

encompasses a vast array of experimental techniques and forms the foundation for our un-

derstanding of much of the universe, from the makeup of stars to the structure and dynamics

of atoms and molecules. Indeed, humanity’s knowledge of the properties of light and of mat-

ter are historically concomitant and symbiotic. Accounting for spectral observables, such as

blackbody radiation and atomic emission and absorption spectra, famously motivated early

developments in quantum theory. The development of the laser opened up new possibilities

to produce coherent light with a narrow spectral range, which allows the probing of molecules

using precise frequencies, as well as short pulses of light that allow the temporal tracking

of material quantities. Today, a variety of spectroscopic techniques are routinely employed

to reveal the energy levels, dipolar couplings, and other quantities that reflect the structure

and conformation of molecules and determine their dynamics.

1



Spectroscopic signals are commonly simulated by treating the material quantum mechani-

cally but the electric field classically. This is known as the semiclassical approximation and

is sufficient for understanding most techniques. However, many signals and effects are due

to the quantum nature of light. Even the common phenomenon of spontaneous emission

is best understood as the creation of a photon in a vacuum mode of the electromagnetic

field, i.e., with a quantum description of the radiation field. Scattering processes, such as

x-ray diffraction, are also best understood in these terms since the light-matter interaction

generates photons in modes of the electromagnetic field that were unoccupied prior to the

scattering event. The goal of this thesis is to provide an introduction to quantum-field effects

in molecular spectroscopy and the formalism needed to calculate them. We begin with light

scattering and spontaneous emission (Chapter 2). We specialize to the simple and illus-

trative example of x-ray scattering and mention some important recent results relevent for

the ultrafast x-ray diffraction experiments. We then show that there is a deep connection

between quantum-field and many-body effects and discuss one such many-body effect that

has played a vexing role in the history of hyper-Raman experiments: cascading (Chapter 3).

Finally, we discuss the possibility of actively utilizing coupling to quantum-field modes of an

optical cavity to maniuplate chemical reactions (Chapter 4).

1.1 Background

Light-matter interactions at the molecular scale are conveniently described using atomic

units, in which e = me = h̄ = ke = 1 and we employ this system throughout the manuscript.

We will not consider dissipative effects and all time evolutions will therefore be unitary.

Nonetheless, derivations will generally be done in Liouville-space, where the system is de-

scribed by a vectorized version of the density matrix ρ = |ψ〉〈ψ| → |ρ〉〉 (we consider only pure

states since the evolution is unitary and we use a “double-ket” to indicate a Liouville-space

2



vector). This allows convenient expression of the time propagator in terms of Liouville-space

superoperators ÔL/R and Ô± defined by their equivalent action in Hilbert space:

ÔL|ρ〉〉 ↔ Ôρ, ÔR|ρ〉〉 ↔ ρÔ (1.1)

Ô− = ÔL − ÔR, Ô+ =
1

2

(
ÔL + ÔR

)
(1.2)

where, in the first two relations, the left-hand-sides are in Liouville space and the right-

hand-sides are written in Hilbert space. The assymetry in the definitions of Ô± is so that

a − subscript exactly represents the commutator but we also have 〈ÔL〉 = 〈ÔR〉 = 〈Ô+〉

and, for any two commuting operators Â, B̂, we have (ÂB̂)− = Â−B̂+ + Â+B̂−, which would

otherwise carry factors of two. This identity is useful because the field-matter interaction

Hamiltonian is a product of field and matter opertors and it will make an appearance in

chapter 3. The time-dependent density matrix can then be compactly written as

|ρ(t)〉〉 = T e−i
∫ t
−∞ dt′Ĥ−(t′)|ρ(−∞)〉〉 (1.3)

where Ĥ is the Hamiltonian, |ρ(−∞)〉〉 is the equilibrium density matrix, and T is the time-

ordering operator, which re-arranges the order of operator products so that earlier times are

to the right of later times [1]. Expectation values of operators are then evaluated via a trace

〈〈1|ÔL|ρ〉〉 ↔ Tr
[
Ôρ
]

(1.4)

Besides permitting compact representation of the various terms that arise in the perturbative

evaluation of expectation values, performing derivations from the Liouville-space perspective

allows one to more easily go back and generalize if environmental coupling is relevant. The

total system Hamiltonian is the sum of material, field, and interaction components

Ĥ = Ĥ0 + ĤF + Ĥint (1.5)

3



where Ĥ0 is the field-free material Hamiltonian and

ĤF =
∑
k,λ

ωk

(
â†ksλâksλ +

1

2

)
(1.6)

is the Hamiltonian for the quantum electromagnetic field written as a mode sum with â
(†)
k

the annihilation (creation) operators for photons in mode k. Time evolution will be carried

out in the interaction picture with respect to the non-interacting system Ĥ0 + ĤF [1].

The material hamiltonian Ĥ0 is the sum of the nuclear kinetic energy operator T̂ and the

electronic Hamiltonian Ĥel(q), the latter of which is a function of the nuclear coordinates

q. When the nuclear kinetic energy is small compared to the electronic energy scales, we

may employ the Born-Oppenheimer approximation, whereby the nuclear wavepacket evolves

separately on the various potential energy surfaces determined by the q-dependent eigen-

values of Ĥel(q). Corrections to this picture arise when the electronic energy levels become

nearby or cross each other [2, 3]. In these situations, nuclear wavepackets on nearby surfaces

become coupled and so-called non-adiabatic transitions can occur between electronic states.

Such non-adiabatic dynamics is extremely common and determine the outcomes and rates

of a broad variety of photochemical and photophysical reactions [4, 5, 6, 7, 8]. Crossings in

the potential surfaces, known as conical intersections, open up fast, non-radiative relaxation

pathways by which the molecule is funneled back to the ground state, possibly avoiding a

more violent fate such as dissosciation (as in the case of the photo-damage protection mech-

anism exhibited in the DNA bases [9, 10, 11]). Several of the signals we discuss will focus

on detecting the passage of nuclear wavepackets through conical intersections. Such signals

offer a probe of the ultrafast nonadiabatic dynamics and reveal information about the region

of the conical intersection.

We will compute signals under one of two assumptions. If the spectroscopic experiment is

temporally shorter than the reaction time of the nuclei, they may be taken as frozen and we
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may thus concern ourselves only with the electrons. Electronic energies and couplings are

then the object of study in such circumstances. We term these signals “static” because, the

electronic properties do not vary in time, though these signals still show time-dependence

due to the evolution of nonstationary electronic states. These signals will ultimately be writ-

ten in a sum-over-states fashion assuming we have diagonalized the electronic Hamiltonian.

Frequently, the object of spectroscopic study is a chemical reaction or other molecular dy-

namics that involves nuclear motion. Complete diagonalization of the Hamiltonian is then

impractical for all but the smallest molecules and signals are calculated by real-time prop-

agation. Expansion in adiabatic electronic eigenstates is still useful for making analogy to

static signals and pursuing quasi-static approximations [12]. In both cases, we will find it

convenient to introduce the pump-probe conceptual framework, whereby we take as given

an initial state that is the result of an arbitrary, unspecified pumping process that has com-

pletely terminated. We can then evolve the system freely for some variable time delay before

analysis with a probe, which may consist of one or more pulses. As long as the pumping

and probing processes are temporally well-separated, this dissection is unambiguous. This

separation might be seen as artificial, any technique can just be described as a complex probe

of the ground state, but it is useful to analyze what information about a given initial state

may be obtained by a particular probing process. The arbitrary pumping process described

here is depicted by a shaded gray rectange inside the loop diagrams that represent terms of

the perturbative expansion of expectation values (see for example Figs. 2.1 and 2.2)

The light-matter interaction Hamiltonian is written according to the minimal coupling pre-

scription p̂→ p̂− Â where p̂ is the momentum operator of the fermionic field and Â is the

magnetic vector potential (see appendix A). This yields the interaction Hamiltonian

Ĥint(t) = −
∫

dr

(
ĵ(r, t)− 1

2
σ̂(r, t)Â(r, t)

)
· Â(r, t) (1.7)

where ĵ and σ̂ are the elementary field-free current operator and the charge density operator
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respectively, defined also in appendix A. The first (̂j · Â) term in Eq. (1.7) is dominant when

the externally applied fields are (near) resonant with material transitions while the second

(σ̂Â2) term dominates the response to off-resonant fields. This will be discussed in more

detail in Chapter 2, where Eq. (1.7) will be used to obtain expressions for x-ray scattering.

The minimal coupling Hamiltonian is entirely general but requires undwieldy real-space

integrations. It is well-known that a simpler form for the interaction can be obtained by

making a canonical transformation to the so-called multipolar interaction Hamiltonian. This

consists of an infinite series of interaction terms, the lowest order of which is the electric dipole

interaction

Ĥint(t) = −
∫
drÊ(r, t) · V̂(r, t) (1.8)

where Ê(t) is the electric field operator (defined in Appendix A) and V̂(r) =
∑

α V̂δ(r−rα) is

the total system dipole operator written as a sum over molecular dipoles. In this manuscript,

we will take the sample to consist of identical molecules with non-overlapping charge distribu-

tions so that each molecule may be considered to have its own electron field (the generaliza-

tion to non-idential molecules is not difficult but clutters the presentation). Intermolecular

interactions will not be considered except as mediated through the electromagnetic field.

The electric dipole approximation is appropriate for resonant or near-resonant interactions

for which the spatial extent of the electronic states involved in the interaction is small

compared to the wavelength of the impinging light [1, 13]. The light-matter interaction

Hamiltonian given in Eq. (1.8) will be used to model pump-matter interaction throughout

and will be used exclusively in Chapters 3-4

There are several levels of theory at which spectroscopic signals can be developed. One

option is the so-called matter perspective, in which the change in energy of the material

system due to interaction with the electromagnetic fields is calculated. In this thesis, we
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instead take the field perspective. This allows us to directly calculate the electromagnetic

field quantity that is the actual observable in a spectroscopic experiment. Such an approach

is obviously essential for signals dominated by elastic contributions such as x-ray diffraction.

From the field perspective, the simplest definition of the signal is then the time-integrated

rate of change of photon number in some specified signal mode

S(ks,Λ) =

∫
dt〈 d

dt
N̂s〉 = −i

∫
dt〈[N̂s, Ĥint]〉. (1.9)

Here, N̂s = â†sâs is the photon number operator for the signal mode s, ks is the associ-

ated wavevector, and we have used the fact that [N̂s, Ĥ0 + ĤF] = 0, i.e., the non-interacting

Hamiltonian conserves the photon number. Generalizing to account for polarization-sensitive

detection is not difficult but we retain this simpler version for clarity and ease of presenta-

tion. The signal is a function of the set of parameters Λ that define the extenally applied

electromagnetic fields. Equation (1.9) is just the total change in photon number dispersed

in frequency and wavevector. It thus assumes ideal spectrographic resolution. One can in-

troduce a finite spectral resolution after the fact by convoluting with a detector sensitivity

function. A more rigorous approach is to incorporate a description of the detection process

and define the signal as the gated electric field at the detector overlap of Wigner spectrograms

describing the detector gating

S(Λ̄) =

∫
dr

∫
dt〈Ê(−)

R (r, t, Λ̄)Ê
(+)
L (r, t, Λ̄)〉 (1.10)

where Λ̄ stands for the parameters defining the gating functions. When the detector is

pointlike, this will consist primarily of the central frequencies and times of the detection

windows and the position of the detector [14]. This allows a consistent treatment of temporal,

spectral, spatial, and directional resolution in spontaneous signals. In fact, we will reserve

Eq. (1.10) for spontaneous signals and utilize only the simpler Eq. (1.9) for stimulated
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signals since the temporal field envelope suffices to set the time-resolution in the latter case.

Additionally, there are certain techniques for which the signal emitted at the source is not

identical to the observed signal (what is emitted is not the same as what is detected). In these

cases, post-emission effects must be taken into account and this is best handled from the field-

perspective. Although this type of situation is more common for electronic spectroscopies

(in which electrons rather than photons are detected, e.g., streaking [15]), accounting for the

propagation between sample and detector, as well as detector gating functions, requires such

a treatment. This treatment is relevant in photon coincidence counting experiments as well

[14].

1.1.1 Outline

Chapter 2 discusses light scattering and x-ray diffraction in particular. Free-electron laser

hard x-ray light sources can provide high fluence, ultrashort pulses down to the femtosecond

scale [16, 17, 18, 19, 20, 21]. This allows structural dynamics and elementary relaxation

processes in molecules to be probed in time. X-ray scattering from crystals is elastic and

consists of sharp Bragg diffraction peaks that arise from the interference between light coming

from different molecules. This has been used to reveal snapshots of the evolving charge

density [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. Scattering of ultrashort x-ray pulses from

gases, liquids, and even single molecules is more complex and involves both single- and two-

molecule contributions, diffuse (non-Bragg) features, elastic and inelastic components, and

contributions of electronic coherences in nonstationary states [33, 34].

In chapter 2, we derive expressions for the x-ray scattering signal using both Eqs. (1.9)

and (1.10) to make clear the difference between the two approaches. We will also discuss

how the time-resolved x-ray diffraction differs from the square of the time-dependent mo-

mentum space charge density, an issue that is known from the literature but has created
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some confusion recently [33, 35, 36, ?]. Finally, we present some calculations for the time-

resolved diffraction from NaF, an interesting case study in which coherences generated near

an avoided crossing can be detected in the diffraction signal. These corrections are about

2-3 orders of magnitude weaker than the diffraction from electronic populations but could

in principle be detected. For reasons we will discuss in chapter 2, these coherence contri-

butions are generally weaker for molecules with heavier atoms and are frequently negligible.

Nonetheless, they constitute an object of interest in their own right and can reveal spatial

information on the electronic states involved in the coherence.

In chapter 3, we shift the discussion to heterodyne detected (stimulated) signals. In this

case, the signal mode is macroscopically occupied by a laser rather than initially unoccupied

and populated by the field-matter interaction. As before, the laser field is approximated

classically. We will show that this treatment immediately leads to a signal that scales

linearly in the molecule number N . We show that accounting for the infinitely-many vacuum

modes of the electromagnetic field in addition to the laser fields results in additional, many-

body contributions to the signal that scale as N2. These “cascading” terms carry the same

phase-matching and scaling in the laser fields as the direct, single-molecule signals. The

direct signals were historically obscured by the cascading signals in multidimensional Raman

experiments, an issue that took several years to fully resolve [37, 38, 39, 40, 41, 42, 43, 44,

45, 46].

Chapter 3 presents a derivation of cascading as a lowest-order correction due to photon

exchange and demonstrates how, in macroscopic samples, a phase shift of π/2 arises relative

to the direct signal. This has been used to filter out the unwanted cascading signal [44,

43, 47, 48]. We discuss this phase in the case of arbitrary geometry and show how it will

look in the case of a few-molecule sample. Finally, we discuss possible avenues of cascade

suppression or manipulation when the usual π/2 phase-selection is inadequate.

Chapter 4 discusses molecules coupled to modes of an optical cavity. In the previous chapters,
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the only quantum fields considered were the bare vacuum modes and their interactions with

the matter were treated perturbatively. The development of high-finesse optical cavities

capable of achieving the ultrastrong coupling regime calls for a non-perturbative approach.

Strong coupling can be achieved in nano cavities [49], nano plasmon antennas [50], and nano

guides [51]. The underlying theoretical framework is well studied in theory and experiment

with atoms [52, 53, 54, 55] and has been demonstrated more recently for molecules [56, 57],

the dynamics being described using joint photon-matter states called polaritons [58]. The

inclusion of internal nuclear degerees of freedom complicates matters, leading to nonadiabatic

dynamics [59] (this effect is seen also in strong laser fields but utilizing cavities avoids certain

damage problems associated with (multi-photon) absorption [60, 61, 62, 63]).

In chapter 4, we present a multi-pronged strategy to simulate spectroscopic signals of molecules

strongly coupled to modes of an optical cavity. If the rotating wave approximation is valid,

a conserved excitation number operator exists and the problem is not too difficult (section

4.1). If the rotating wave approximation breaks down, more elaborate tools (section 4.2) are

required to obtain the new potential energy surfaces. Unfortunately, these tools are difficult

to apply to obtain non-adiabatic couplings, making the simulation of non-Born-Oppenheimer

dynamics and associated signals difficult. Section 4.2 also presents a solution that allows

direct time-propagation of the system, allowing simulation of signals without ever calculating

the Born-Oppenheimer surfaces or their non-adiabatic couplings.
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Chapter 2

Light Scattering and Spontaneous

Emission

In this chapter, we discuss scattering and spontaneous emission processes as photon creation

in vacuum modes of the electromagnetic field. As discussed in section 1.1, these signals can be

calculated in two different ways. To illustrate in detail the differences that arise in these two

approaches, we first calculate the total photon number change in the signal mode (section

2.0.2) and then the gated electric field at the detector (section 2.0.3), using the minimal

coupling Hamiltonian in both cases, and focusing on the off-resonant, σ̂Â2 scattering that

is relevant for diffraction. We then discuss time-resolved x-ray diffraction experiments and

examine a separation of the signal into single- and two-molecule contributions (section 2.1).

In the context of x-ray diffraction, the two-molecule contributions provide the intermolecular

structure while the single-molecule contributions provide information only on the single-

molecule charge density. We discuss the differences between these two contributions and how

they are calculated, which recently lead to a confusion in gas-phase pump-probe diffraction

[36, ?] and present some simulations for ultrafast diffraction in NaF.
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2.0.2 Change in Photon Number

At the core of our approach is a separation of the electromagnetic field modes into two

disjoint sets: field modes which are initially in the vacuum state and form the set of possible

signal modes, and field modes corresponding to an external light pulse. We then have

Â(r) = Â(v)(r) + Â(p)(r) (2.1)

where the “v” superscript indicates the vacuum modes and the “p” indicates modes exter-

nally populated by an incoming pulse. Later, we will make a semiclassical approximation

and replace Â(p)(r) by its expectation value. For now, our treatment will remain general and

the pulse modes will be kept quantum-mechanical. We start with the Heisenberg equation

of motion for the photon number operator N̂s = a†a

dN̂s

dt
= −i[N̂s, Ĥint] (2.2)

= i

∫
dr

(
ĵ(r) · [N̂s, Â

(v)(r)]−1

2
σ̂(r){[N̂s, Â

(v)2(r)] + 2Â(p)(r) · [N̂s, Â
(v)(r)]}

)

where we have used the relations [N̂s, Â
(p)(r)] = 0 = [Â(v)(r), Â(p)(r)]. It is straightforward

to calculate the commutators

[N̂s, Â
(v)(r)] = A∗s(r)â†s − c.c. (2.3)

[N̂s, Â
(v)2(r)] = 2(â†sA

∗
s · Â(v)(r)− c.c.). (2.4)

Here, As(r) =
√

2π
Ωωs

ε(λs)(ks)e
iks·r (and complex conjugate). Inserting these commutators

into Eq. (2.2) then gives

˙̂
Ns = 2=

[ ∫
dr

(
ĵ(r) ·As(r)âs − σ̂(r){Â(v)(r) ·As(r)âs + Â(p)(r) ·As(r)âs}

)]
(2.5)
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Defining the total electromagnetic current in the presence of the vector potential

Ĵ(r) = −1

2

[
ψ̂†(r)vψ̂(r) + (vψ̂(r))†ψ̂(r)

]
= ĵ(r)− σ̂(r)Â(r), (2.6)

where the v = (−i∇+ Â) is the velocity operator, we then have for the signal

S(ks) = −2=
[ ∫

dtdr〈â†sA∗s(r) · J(r)〉
]

(2.7)

where we have used =[z] = −=[z†] to bring the expression to the conventional form in which

the last interaction may be interpreted as an emission from the ket. Equation (2.7) is exact

as we have made no approximations thus far. The time-dependence in this equation comes

through the expectation value, which we evaluate in the interaction picture with respect to

Ĥint

〈â†sA∗s(r) · J(r)〉 = Tr
[
â†sA

∗
s(r) · J(r)T e−i

∫ t
−∞ dτĤint−(τ)

]
(2.8)

Thus far, we have instead worked in the Heisenberg picture for compactness. The difference

will be to add an explicit time-dependence to all material operators and doesn’t alter the

commutation relations since the pictures differ by a canonical transformation. The free-

evolution time-dependence for the fields will be absorbed into their coefficients Aj(r) 7→

Aj(r, t) = Aj(r)e−iωjt. We note that a zeroth-order expansion of the expectation value in

(2.7) would vanish due to the 〈0s|â†s factor. We thus require an additional order in Ĥint which

must act on the bra, to yield

S(ks) = 2<
[ ∫

dtdrdr′
∫ t

−∞
〈Ĵint(r

′, t′) · Â(r′, t′)â†sA
∗
s(r, t) · J(r, t)〉

]
. (2.9)

This expression does not vanish even without further expansion of the propagator in Eq.

(2.7). We may thus obtain the lowest-order contribution to the photon scattering into mode
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s by tracing over that mode at this point. Using the commutators

[â†s, Â(r)] = −As(r) (2.10)

[â†s, Ĵint(r)] =
1

2
σ̂(r)As(r), (2.11)

and taking the trace over mode s (using the fact that âs|0〉s = 0), we obtain

S(ks) = 2<
[ ∫

dtdrdr′
∫ t

−∞
dt′〈As(r

′, t′) · Ĵ(r′, t′)Ĵ(r, t) ·A∗s(r, t)〉
]
. (2.12)

The expectation value in the above expression excludes mode s (since it was already traced

over) and it is not technically the same as those in previous expressions, we keep the notation

〈. . . 〉 rather than making the difference explicit. The dot products in Eq. (2.12) serve merely

to pick out the projection of the current J along the vector potential As. This signal

is represented diagramatically in Fig. 2.1(i). Equation (2.12) can also be recast in the

symmetric form

S(ks) =

∫
dtdt′drdr′〈As(r

′, t′) · Ĵ(r′, t′)Ĵ(r, t) ·A∗s(r, t)〉 (2.13)

which further simplifies to

S(ks) =
2π

Ωωs

∫
dtdt′drdr′e−iks·(r−r

′)+iωs(t−t′)
[
ε(λs)(k̂s) · 〈Ĵ(r′, t′)Ĵ(r, t)〉 · ε(λs)∗(k̂s)

]
.

(2.14)

Multiplying by the density Ω/(2π)3 of states in ks space and by the volume element of ks

space per solid angle per unit frequency

dks
dΩsdωs

=
ω2
s

c3
(2.15)
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we obtain

S(ks) =
α3ωs
4π2

[
ε(λs)(k̂s) · 〈Ĵ(−ks,−ωs)Ĵ(ks, ωs)〉 · ε(λs)∗(k̂s)

]
. (2.16)

where we have employed the Fourier transform for compactness. Turning our attention to

the off-resonant regime, we substitute the definition of Ĵ into Eq. (2.14) and retain only the

σ̂ terms yielding

S(q) =
α3ωs
4π2
|ε(λs)(k̂s) · ε(λp)∗(k̂p)|2

∫
dt|Ap(t)|2〈σ̂(−q, t)σ̂(q, t)〉 (2.17)

where Ap(t) is the temporal envelope of the vector potential of the incoming x-ray pulse,

we have defined the momentum transfer q = ks − kp, and assumed an ultrashort pulse

so that t = t′. We note at this point that, in textbook derivations of scattering in the

minimal coupling picture, the incoming field is frequently treated quantum mechanically as

a plane wave. The resulting mode-quantization prefactor, once accounting for the incoming

photon flux, gives an additional factor of α/ωp. The usual Thomson scattering cross section

is then proportional to α4ωs/ωp. In this manuscript, we treat the incoming field in the

semiclassical limit (i.e., as a large-amplitude coherent state) to allow a simple treatment of

the x-ray temporal envelope. This method is more appropriate to consideration of ultrafast

pump-probe diffraction rather than the more traditional static diffraction.

Though formally complete with the total sample electron density operator σ̂, our final ex-

pression is more useful if recast in terms of single-molecule electron densities σ̂α. Assuming a

sample composed of identical molecules located at positions rα, we have σ̂(r) =
∑

α σ̂(r−rα).

The charge density operators in Eq. (2.17) then generate a double sum, the diagonal (single-
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molecule) and off-diagonal (two-molecule) terms of which yield

S(2)(q, T ) = F (q)

∫
dt|Ep(t− T )|2|〈σ̂(q, t)〉|2, (2.18)

S(1)(q, T ) = N

∫
dt|Ep(t− T )|2〈|σ̂(q, t)|2〉 (2.19)

where we have explicitly indicated the dependence on the central time T of the x-ray pulse

temporal envelope Ep(t− T ) and defined the structure factor

F (q) =
∑
α

∑
β 6=α

e−iq·(rα−rβ) (2.20)

which encodes the long-range, intermolecular structure of the sample. Loop diagrams rep-

resenting the single- and two-molecule contributions to scattering are shown in Fig. 2.2

2.0.3 Electric Field Intensity

In this section, the signal is defined as the intensity of the detected electric field

S =

∫
dt

∫
dr〈E†(r, t)E(r, t)〉 (2.21)

where the detected electric field is represented as

Ê(r, t) =
1

(2π)4

∫
dω

∫
dke−iωt+ik·rÊ(k, ω) (2.22)
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Figure 2.1: (i) Loop diagram representing light scattering and spontaneous emission as ob-
tained from the photon-number-change approach. In the minimal coupling, this corresponds
to Eq. (2.12) and the material operator that accompany the interaction arrows is the current
Ĵ. If the field-matter interaction is dipolar, the same diagram pertains but with the material
operator associated with interaction arrows then being the transition dipole operator. The
shaded area represents an unspecified process that prepares the system in an arbitrary state.
We denote the signal modes s, s′. (ii) Loop diagram representing bare spectrogram for light
scattering and spontaneous emission calculated as the gated field intensity at a detector.
Photon emission at the material sample is shown with blue arrows while photon absorption
at the detector is shown with red arrows. For example, Eq. (2.33) is represented by this
diagram when the field-matter interaction is treated in the minimal coupling and only the
off-resonant scattering is considered. In this case, the material operator associated with the
interaction arrows would be the charge density operator.
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Following the procedure outlined in Ref. [64], we add a series of gating functions to the

detected electric field:

Ê(t)(r, t) = Ft(t, t̄)Ê(r, t) (2.23)

Ê(tr)(r, t) = Fr(r, r̄)Ê(t)(r, t)

Ê(trf)(r, t) = Ff (ω, ω̄)Ê(tr)(r, ω)

Ê(trfk)(r, t) = Fk(k, k̄)Ê(trf)(k, ω)

Each of these gating functions provides a selectivity and is used to model the ability of the

detector to observe only particular frequencies, times, locations, and wavevectors. We will

see that the spatial selectivity corresponds to pixel location in a detector array and describes

the detector resolution in a diffraction experiment. The above definitions result in the total

gated field

Ê(trfk)(r, t; t̄, ω̄, r̄, k̄) =

∫
dr′
∫
dt′Ê(r′, t′)Fk(r− r′,k)Ff (t− t′, ω̄)Fr(r

′, r̄)Ft(t
′, t̄)

(2.24)

The observed signal is then given by

S(ω̄, t̄, r̄, k̄) =

∫
dt

∫
dr〈E(trfk)†(r, t)E(trfk)(r, t)〉. (2.25)

We define the bare and detector spectrograms via:

WB(t′, ω′, r′,k′) = (2.26)∫ ∞
0

dτe−iω
′τ

∫
dReik

′·R〈T Ê†R(r′ + R/2, t′ + τ/2)ÊL(r′ −R/2, t′ − τ/2)〉
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WD(t′, ω′, r′,k′; t̄, ω̄, r̄, k̄) = (2.27)∫
dω

2π
|Ff (ω, ω̄)|2Wt(t

′, ω′ − ω, t̄)
∫

dk

(2π)3
|Fk(k, k̄)|2Wr(r

′,k′ − k, r̄)

Where we have defined the auxilliary functions

Wt(t
′, ω, t̄) ≡

∫
dτF ∗t (t′ + τ/2, t̄)Ft(t

′ − τ/2, t̄)eiωτ (2.28)

and

Wr(r
′,k, r̄) ≡

∫
dRF ∗r (r′ + R/2, r̄)Fr(r

′ −R/2, r̄)e−ik·R. (2.29)

As is easily verified via substitution, the signal is then given by the overlap of the two

spectrograms:

S(t̄, ω̄, k̄, r̄) =

∫
dt′
dω′

2π

∫
dr′

dk′

(2π)3
WB(t′, ω′, r′,k′)WD(t′, ω′, r′,k′; t̄, ω̄, k̄, r̄) (2.30)

For brevity, the following definitions are used in the derivations:

WD(t′, ω′; t̄, ω̄) =

∫
dω

2π
|Ff (ω, ω̄)|2Wt(t

′, ω′ − ω, t̄) (2.31)

WD(r′,k′; r̄, k̄) =

∫
dk

(2π)3
|Fk(k, k̄)|2Wr(r

′,k′ − k, r̄) (2.32)

Having established the relationship between the bare material quantities, the detector gating

functions, and the signal that is ultimately observed, we proceed to examine the bare material

spectrogram. Beginning with equation (2.26), we expand to leading order in Ĥint (Eq. (1.7)).

This requires two interactions (one each for the ket and bra) since the signal mode is initially
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in a vacuum state.

WB(t′, ω′, r′,k′) =
∑
ks,ks′

∫
dτe−iω

′τ

∫
dReik

′·R
∫ t′+τ/2

−∞
dt′1

∫ t′−τ/2

−∞
dt1 (2.33)∫

dr1dr
′
1〈Ê

(s′)†
R (r′ + R/2, t′ + τ/2)Ê

(s)
L (r′ −R/2, t′ − τ/2)

× Â
(s′)
R (r′1, t

′
1) · Â(p)†

R (r′1, t
′
1)σ̂T,R(r′1, t

′
1)Â

(s)†
L (r1, t1) · Â(p)

L (r1, t1)σ̂T,L(r1, t1)ρT (0)〉

(2.34)

Here, the total density matrix is the direct product of field and matter density matrices

immediately following state preparation (i.e., ρT (0) = ρF (0)⊗ρM(0)). This bare spectrogram

can be represented as in the generic diagram shown in Fig. 2.1. The electric field and vector

potential of the vacuum modes, Ê(s)(r, t) and Â(s)(r, t), are given as mode expansions in

Eqs. (A.2) and (A.3) while the vector potential for the classical probe beam Â(p)(r, t) is

represented as:

Â(p)(r, t) =
∑
ν

Pνε
(ν)(k̂p)

∫
dωp
2π

Ap(ωp)e
−iωpt+ikp·r (2.35)

where Pν is the fraction of the probe pulse in polarization state ν and ε(ν)(k̂p) is a unit

vector in the direction of direction of polarization ν. Henceforth, we will use the shorthand∑
ν Pνε

(ν)(k̂p) = ε̄(k̂p) and assume a narrow beam so that k̂p = k̂p′ . Note that, by starting

the t′1 and t1 integrations at −∞, we assume that the scattered pulse is well-separated

from the state preparation process. Inserting these definitions into Eq. (2.33) and separating

matter and field correlation functions (and evaluating the latter with the conditions described
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above), we obtain

WB(t′, ω′, r′,k′) =
1

4V 2

∑
ks,ks′

∫
dτe−iω

′τ

∫
dReik

′·R
∫ t′+τ/2

−∞
dt′1

∫ t′−τ/2

−∞
dt1

× eiωs′ (t′+τ/2−t1)−iωs(t′−τ/2−t′1)

∫
dωpdωp′Ap(ωp)A

∗
p(ωp′)e

−iωpt1eiωp′ t
′
1

∫
dr1dr

′
1

×
N∑
α,β

∑
λ,λ′

(
ε(λ)(k̂s) · ε̄(k̂p)

)(
ε(λ
′)(k̂s′) · ε̄(k̂p)

)(
ε(λ)(k̂s) · µD

)(
ε(λ
′)(k̂s′) · µD

)
× eiks·(r′−R/2)e−iks′ ·(r

′+R/2)e−i(ks−kp)·r1ei(ks′−kp′ )·r
′
1〈σ̂β†R (r′1, t

′
1)σ̂αL(r1, t1)ρM(0)〉, (2.36)

where we have taken a dipolar-interaction model for the detection event with µD the dipole

moment of the detector. We have also defined σ̂α(r) ≡ σ̂(r− rα) so that σ̂T (r) =
∑

α σ̂
α(r).

We first examine the α 6= β terms in the above, i.e., the two-molecule terms. Assuming that

the molecules are un-entangled, we have ρM(0) = ρα(0) ⊗ ρβ(0). The correlation function

therefore splits and we can separately collect factors associated with each molecule. That is,

we define

Π(α)(r,t) =
1

2V

∑
ks,λ

∫ t

−∞
dt1e

−iωs(t−t1)

∫
dωp
2π

Ap(ωp)e
−iωpt1eiks·r

×
∫
dr1

(
ε(λ)(k̂s) · ε̄(k̂p)

)(
ε(λ)(k̂s) · µD

)
e−i(ks−kp)·r1〈σ̂α(r1, t1)〉α, (2.37)

where 〈. . .〉α = Tr[. . . ρα(0)] is the trace over the product of the argument and the density

matrix immediately after the state preparation process (ρα(0)). The two-molecule bare

spectrogram is then given by

W
(2)
B (t′, ω′, r′,k′) = (2.38)∑

α,β

∫
dτe−iω

′τ

∫
dReik

′·RΠ(α)(r′ −R/2, t′ − τ/2)Π(β)†(r′ + R/2, t′ + τ/2).
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In order to carry out the integration over dt1, we use the Fourier Transform

〈σ̂α(r1, t1)〉α =

∫
dω̃

2π
eiω̃t1〈σ̂α(r1, ω̃)〉α. (2.39)

We thus have

Π(α)(r,t) =
1

2V

∑
ks

∑
ij

ε̄i(k̂p)µDj

(
δij − k̂sik̂sj

)∫
dr1

∫
dωp
2π

Ap(ωp) (2.40)

×
∫
dω̃

2π
〈σ̂α(r1, ω̃)〉αeiks·re−i(ks−kp)·r1e−iωst

∫ t

−∞
dt1e

i(ω̃+ωs−ωp)t1 ,

where we have also expanded the dot products of the polarizations and used the identity

∑
λ

ε
(λ)
i (k̂s)ε

(λ)
j (k̂s) = δij − k̂sik̂sj. (2.41)

We are now free to carry out the time integration

∫ t

−∞
ei(ω̃+ωs−ωp)t1 =

(−i)ei(ω̃+ωs−ωp)t

ω + ωs − ωp − iη
, (2.42)

where η is a positive infinitesimal. We change the summation over ks to an integration via

1

V

∑
ks

→ 1

(2π)3

∫
dks =

∫
ω2
sdωs

(2πc)3
dΩs (2.43)

and make use of the relation [65]

∫
dΩs

(
δij − k̂sik̂sj

)
e±iks·r =

(
−∇2δij +∇i∇j

) sin ksr

k3
sr

. (2.44)
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This gives:

Π(α)(r,t) =
−i

2(2π)3

∑
ij

ε̄i(k̂p)µDj
(
−∇2δij +∇i∇j

) ∫
dr1

∫
dωp
2π

Ap(ωp) (2.45)

×
∫
dω̃

2π
〈σ̂α(r1, ω̃)〉αeikp·r1ei(ω̃−ωp)t

∫
dωs

sinωsr̃/c

ωs(ωs − (ωp − ω̃ + iη))

1

r̃

Where we have defined r̃ = r − r1. The dωs integral has poles at ωs = 0 and ωs = ωp − ω̃.

The term arising from the residue at the first pole will have a factor 1
ωp−ω̃ . Because the

interaction between the sample and the field is off-resonant, ωp will not be close to any

material frequency. The term arising from the residue of the pole at ωs = 0 is negligible in

such a process. Thus, we may perform the dωs integration:

∫
dωs

sinωsr̃/c

ωs(ωs − (ωp − ω̃ + iη))
=
πei(ωp−ω̃)r̃/c

ωp − ω̃
(2.46)

Using the identity

(
−∇2δij +∇i∇j

)
eikr = {(δij − 3r̂ir̂j)(ikr − 1) + (δij − r̂ir̂j)k2r2}e

ikr

r2
(2.47)

and rotationally averaging so that r̂ir̂j = 1
3
δij results in

Π(α)(r, t) = (2.48)

−i(ε̄(k̂p) · µD)

6(2πc)2r̃

∫
dωp
2π

Ap(ωp)

∫
dω̃

2π

∫
dr1e

ikp·r1e−i(ωp−ω̃)(t−r̃/c)(ωp − ω̃)〈σ̂α(r1, ω̃)〉.

Placing the origin within the sample and taking the detector to be far away (in comparison

to the size of the sample) allows the approximation r̃ = |r′−R/2− r1| ' r′− r̂′ · (r1 + R/2).

We have substituted r = r′ − R/2 since that is the point at which we will eventually

evaluate Π(α). Although we will later formally integrate over all R, this represents different

detection locations and thus should only be carried out over the area of a detector pixel. The
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assumption that R is small compared to r′ (the distance to the detector) is thus justified.

Dropping the retardation due to r′ (since this uniformly delays the signal by some constant

due to travel time) and replacing the r̃ in the denominator by r′ simplifies the expression

yielding:

Π(α)(r′ −R/2, t) =
−i(ε̄(k̂p) · µD)

6(2πc)2r̃

∫
dωpAp(ωp)

∫
dω̃

2π
e−i(ωp−ω̃)(t− 1

c
r̂′·R/2) (2.49)

× (ωp − ω̃)〈σ̂(Q(ω̃), ω̃)〉e−iQ(ω̃)·rα

Where we have also carried out the dr1 integration via

∫
dre−ik·r〈σ̂α(r, ω̃)〉 = 〈σ̂(Q(ω̃), ω̃)〉e−iQ(ω̃)·rα (2.50)

with Q(′)(ω̃) ≡ 1
c
(ωp(′) − ω̃)r̂′ − kp(′) . We are now in a position to perform the integrations

over dτ and dR in equation (2.38):

∫
dτe−i(ω

′−Ω
2

)τ = 2πδ(ω′ − Ω

2
) (2.51)

∫
dRe−i(k

′− Ω
2c

r̂′)·R = (2π)3δ(k′ − Ω

2c
r̂′) (2.52)

with Ω ≡ ωp + ω′p − ω̃ − ω̃′ defined for convenience. The bare two-molecule spectrogram is

then:

W
(2)
B (t′, ω′, r′,k′) =

|ε̄(k̂p) · µD|2

36(2π)2c4r′2

∑
α

∑
β 6=α

∫
dωpdωp′dω̃dω̃

′Ap(ωp)A
∗
p(ωp′) (2.53)

× (ωp − ω̃)(ωp′ − ω̃′)〈σ̂(Q(ω̃), ω̃)〉〈σ̂(−Q′(−ω̃′),−ω̃′)〉

× e−iQ(ω̃)·rαeiQ
′(−ω̃′)·rβe−i(ωp−ωp′+ω̃

′−ω̃)t′δ(ω′ − Ω

2
)δ(k′ − Ω

2c
r̂′)
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The single-molecule (α = β) terms differ, containing the correlation function:

〈T σ̂α†R (r′1, t
′
1)σ̂αL(r1, t1)〉 (2.54)

Since there is only one operator on each side of the density matrix, there is no time ordering

ambiguity and we may drop T . The Hilbert space expression is then

Tr[σ̂α†(r′1, t
′
1)σ̂α(r1, t1)ρα(0)] (2.55)

Although we may not factor this into a product of correlation functions, we may still go

through the same series of simplifications as in the two-molecule case resulting in:

WB,inc(t
′, ω′, r′,k′) = 2πK

∑
α

∫
dωpdωp′dω̃dω̃

′Ap(ωp)A
∗
p(ωp′)(ωp − ω̃)(ωp′ − ω̃′) (2.56)

〈σ̂(−Q′(−ω̃′),−ω̃′)σ̂(Q(ω̃), ω̃)〉e−i(Q(ω̃)−Q′(−ω̃′))·rαe−i(ωp−ωp′+ω̃
′−ω̃)t′δ(ω′ − Ω

2
)δ(k′ − Ω

2c
r̂′)

where K is a prefactor related to the Thomson cross section and is discussed below (Eq.

(2.61)). The total bare spectrogram may also be written in a form similar to this

WB,T (t′, ω′, r′,k′) = 2πK

∫
dωpdωp′dω̃dω̃

′Ap(ωp)A
∗
p(ωp′)(ωp − ω̃)(ωp′ − ω̃′) (2.57)

〈σ̂T (Q(ω̃), ω̃)σ̂T (−Q′(−ω̃′),−ω̃′)〉e−i(ωp−ωp′+ω̃′−ω̃)t′δ(ω′ − Ω

2
)δ(k′ − Ω

2c
r̂′)

when given in terms of the total (many-particle) charge density. To proceed further, we must

specify the detector gating functions that define the experiment. As shown above (Eqs. (2.27)

and (2.31)-(2.32)) we have separate detector spectrograms for the time-frequency gating and

the space-propagation gating. Both two- and single-molecule bare spectrograms (equations

(2.53) and (2.56)) carry the delta function factor δ(k′ − ω′

c
r̂′). This connects ω′ to k′ in the

usual way (though this is not automatic since the two are not a priori related in this way

but rather both begin as seperate gating variables) as well as fixing the direction of k′. For
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this reason, the logical choice for the spatial detector spectrogram is

WD(r′,k′; r̄, k̄) = δ(r′ − r̄) (2.58)

This represents a spatially resolved signal; that is, the location of the detection event (the

pixel location) is resolved.

Ordinarily, the time-resolution in ultrafast experiments is obtained by using ultrashort pulses

for the pumping and probing. That is, there is no time-dependent shutter or special temporal

sensitivity to the detector. If the detector spectrogram does not depend on t′ (no time-gating

is applied), we may separate the time-dependent phase factors from the auxilliary functions

and carry out the time integration to give a factor of δ(ωp − ωp′ + ω̃′ − ω̃). The two- and

single-molecule signals are therefore given by

S(2)(ω̄, r̄,Λ) =K

∫
dω′|Ff (ω′, ω̄)|2ω′2

∑
αβ

∫
dωpdωp′Ap(ωp)A

∗
p(ωp′) (2.59)

× e−i(q·rα−q′·rβ)〈σ̂(q, ω′ − ωp)〉〈σ̂(−q′, ωp′ − ω′)〉

S(1)(ω̄, r̄,Λ) =K

∫
dω′|Ff (ω′, ω̄)|2ω′2

∑
α

∫
dωpdωp′Ap(ωp)A

∗
p(ωp′)e

−i(q−q′)·rα (2.60)

× 〈σ̂(−q′, ωp′ − ω′)σ̂(q, ω′ − ωp)〉

where q(′) ≡ ω′

c
ˆ̄r−kp(′) is the momentum transfer, Ff (ω, ω̄) is the frequency gating function,

and Λ stands for the set of parameters that define the external pulse envelopes (including

kp(′)). We approximate

K =
|ε̄(k̂p) · µD|2

72πc4r′2
(2.61)

as a constant on the assumption that all pixels are roughly equidistant from the sample.
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In textbook approaches to static x-ray scattering, the incoming light is treated as a plane

wave and the differential scattering cross section is found to be proportional to r2
0(ωs
ωp

)|εp ·εs|2

with r0 the classical electron radius. Our incorporation of the detection event included a

summation over polarizations of the signal field and an averaging over initial polarizations

and emission directions. This was shown to lead to the replacement εp · εs → ε̄(k̂p) ·µD while

the use of atomic units equates r2
0 = 1

c4
. Finally, since we calculate the signal (defined as

the expectation value of the gated electric field) by explicitly incorporating the detection

event (which is linear in ωs) our result is proportional to ω2
s . Recalling that A(ω) ∝ 1

ω
E(ω),

we see that our result carries the appropriate proportionality factors compared to the usual

differential scattering cross section ([66]). We henceforth neglect the constant K, focusing

only on the q-dependence that carries information on the spatial structure of the sample,

the object of study in x-ray diffraction experiments.

That the arguments of Eqs. (2.59)-(2.60) are ω̄ and r̄ reflects the fact that they correspond

to taking a spectrum at every pixel. Since the final observed signal frequency is ω̄, we may as

well relabel it ωs to make the interpretation more intuitive. Aside from the expected inverse-

square dependence on r̄, the signal only depends on r̄ through ˆ̄r, i.e., the direction vector

pointing from the sample to the pixel. Since ˆ̄r is the same as the direction of propagation of

scattered light, this suggests representing the directional dependence by defining ωs
c

ˆ̄r ≡ ks.

Finally, it is important to note that, althought these signals do not depend on time directly

since we have assumed no time resolution (i.e., the pixels are simply left open to collect

incoming light), the signal does depend parametrically on the central time of the incoming

pulse through the field envelope Ap(ω) which carries a phase factor e−iωT . Here, T is the

central time of the pulse envelope and the zero of time is set at the end of the state preparation

process (where the prepared state is presumed to be known). Since T therefore represents the

time separation between state preparation and arrival of the center of the probe pulse and

this is a key experimental control, we explicitly write this dependence in future expressions.

In section 2.2, we consider this type of frequency-resolved pump-probe diffraction for cysteine
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and show that the signal exhibits ultrafast coherent oscillations indicative of the material

frequencies.

We can of course simply compute the total electric field intensity at each pixel rather than

taking a spectrogram. This corresponds to no frequency resolution and we have Ff (ω, ω̄) = 1

for the frequency gating function. The long-range (inter-molecular) structure of the sample

is captured by the structure factors

F1(q) =
∑
α

e−iq·rα (2.62)

F2(q,q′) =
∑
α

∑
β 6=α

e−i(q·rα−q
′·rβ)

in terms of which the diffraction signals can be written as

S(2)(ks,Λ) =

∫
dω

ω2

ωpω′p

∫
dωpdωp′Ep(ωp)E

∗
p(ωp′) (2.63)

× F1(q− q′)〈σ̂(−q′, ωp′ − ω)σ̂(q, ω − ωp)〉

S(2)(ks,Λ) =

∫
dω

ω2

ωpω′p

∫
dωpdωp′Ep(ωp)E

∗
p(ωp′) (2.64)

× F2(q,q′)〈σ̂(−q′, ωp′ − ω)〉〈σ̂(q, ω − ωp)〉

where we have substituted the electric field envelopes for the vector potential. For near-

elastic scattering, we approximate ω

ω
(′)
p

≈ 1, which is nearly valid even for inelasticities of

several eV since the central frequency of the x-ray pulse is on the order of 10keV. Similarly,

the momentum transfer is approximated as independent of frequency. For the purposes of

time-resolved diffraction studies, a time-domain expression is more convenient to simulate

due to the nuclear motion. We thus substitute the time-domain charge density operator

σ̂(q, ω) =

∫
dtσ̂(q, t)eiωt, (2.65)
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to obtain

S(2)(q,Λ) = F2(q,q)

∫
dω

∫
dtdt′eiω(t−t′)Ep(t)E

∗
p(t
′)〈σ̂(−q, t′)〉〈σ̂(q, t)〉 (2.66)

S(1)(q,Λ) = F1(0)

∫
dω

∫
dtdt′eiω(t−t′)Ep(t)E

∗
p(t
′)〈σ̂(−q, t′)σ̂(q, t)〉 (2.67)

where we have replaced ks by q in the argument in accordance with the quasi-elastic ap-

proximation. Upon carrying out the dω integration and using σ̂(−q) = σ̂∗(q), finally results

in

S(2)(q,Λ) = F (q)

∫
dt|Ep(t)|2|〈σ̂(q, t)〉|2 (2.68)

S(1)(q,Λ) = N

∫
dt|Ep(t)|2〈|σ̂(q, t)|2〉. (2.69)

We have relabeled F2(q,q)→ F (q) here to match Eq. (2.20) since, under the above approx-

imations, F2 is diagonal in q and F1 only contributes at F1(0) = N . Equations (2.68)-(2.69)

are identical to (2.18) and (2.19) and we have completed the derivation from both perspec-

tives.

2.1 Pump-Probe X-Ray Diffraction

Diffraction results from the interference of waves elastically scattered from different positions

in space [67, 68]. Since the phase difference between waves originating from different spatial

locations encodes the sample geometry, the diffraction of waves can be used to infer the

spatial stucture of the arrangement of scatterers. This technique has long been used with

off-resonant x-rays to reveal the atomic structure of crystalline solids, where the long-range

order amplifies the diffraction signal for certain values of the momentum transfer scattering

vector q, known as the Bragg peaks. The location pattern of the Bragg peaks then reveals
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the long-range crystal structure while their intensity pattern reflects the unit-cell structure

through the classical diffraction signal

S(q) ∝ |σ(q)|2 (2.70)

where σ(q) is the charge density and q is the scattering momentum change. An important

caveat to this technique is that the phase of the q-space charge density is lost due to the

squaring. This well-known “phase problem” complicates the retrieval of the real-space charge

density by a Fourier transform of σ(q). Several methods, such as oversampling, have been

developed to overcome this difficulty [69, 70, 71]. Diffraction has also been employed in

the absence of crystallinity, to reveal e.g., the interparticle distances in fluids. Moreover,

increasingly bright x-ray light sources, such as x-ray free-electron lasers (FELs), hold the

promise of producing detectible diffraction patterns even from single molecules, revealing

the complete real-space structure of the molecular charge density without the need for often

time-consuming crystallization [72, 73, 74, 75, 76, 77]. Recently demonstrated time-resolved

spectroscopy on single molecular ions suggests the possibility for single ion time-resolved

diffraction [77]

The development of synchrotron-based FELs [17, 16, 18] and tabletop high-harmonic gen-

eration (HHG) light sources [78, 79, 80] has permitted the generation of bright ultrashort

x-ray pulses [21, 20, 81]. This has opened up the possibility to carry out time-dependent,

pump-probe diffraction in which a system is first pumped to an excited state by a visi-

ble or UV pulse and is then probed via the diffraction of a second x-ray pulse at various

time-delays, allowing the reconstruction of “molecular movies” to visualize the dynamics

[22, 23, 24, 25, 26, 82, 27, 28, 29, 30, 31, 32, 36]. Intuitively, the time-dependent diffraction

signal would then be given by simply replacing σ(q) in Eq. 2.70 with a time-dependent
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charge density

S(q, t) ∝ |σ(q, t)|2. (2.71)

However, a more thorough analysis reveals that Eq. (2.71) may apply in some parameter

regimes but does not hold generally. It was, for example, demonstrated that the diffraction

signal for a simple nonstationary system (an excited Hydrogen atom) does not possess the

centrosymmetric property exhibited by Eq. (2.71) (i.e., S(q, t) = S(−q, t)) [35].

In sections 2.2-2.3, we discuss Eqs. (2.18)-(2.19) as the proper time-dependent generalization

of Eq. (2.70) and explore the consequences of deviation from the form of Eq. (2.71). We

show that the signal not only depends on the charge densities of the relevent electronic

states but also on the transition charge densities, off-diagonal elements of the charge density

operator. Section 2.2 calculates the x-ray scattering from an x-ray Raman pumped cysteine

molecule to track the electronic evolution. Section 2.3 calculates the x-ray scattering from

photo-excited NaF to track the resulting nuclear motion. Signals from gas-phase samples

and single molecules are compared with those from systems which have structural order

such as crystals and liquids. Formally, all results are equally applicable to the diffraction of

femtosecond electron pulses as well. This is a new emerging field that can also probe the

electronic charge density of material samples [23, 81, 83, 84, 85, 86, 87].

2.1.1 Ordered vs. Disordered Samples

In crystals, the structure factor F (q) (Eq. (2.20)) is sharply peaked at the Bragg points

qBragg directly related to reciprocal lattice vectors. At these Bragg peaks, the terms in the

double summation coherently add up and the result scales as N2, i.e., quadratically in the

molecule number. Away from the Bragg peaks, the terms in the double sum have essentially

random relative phase and the result is negligible. The positions of these Bragg peaks can
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Figure 2.2: Loop diagrams for single- (i) and two-molecule (ii) x-ray scattering processes.
The shaded area represents an unspecified process that prepares the system in an arbitrary
state (|g〉 is the electronic ground state) and T is the pump-probe delay time. The amplitude-
squared form of the two-molecule contribution is explicitly indicated. We denote modes of
the pump with p and p′ whereas s, s′ represent relevant scattering modes (kp(′) has frequency
ωp(′) and ks(′) has frequency ωs(′)). Elastic scattering corresponds to ωki = ωkj = 0 for the
single-molecule and ωij = ωkl = 0 for the two-molecule contributions. Elastic scattering
therefore originates from scattering off populations. For diagram rules, see [64, 88]

then be used to obtain the crystal structure while the q-space molecular charge density can

then be sampled at the Bragg peaks or near the central maximum, the latter requiring that

the molecules are sufficiently close compared to the probing wavelength.

The effect of structural disorder in a crystal is to blur the Bragg peaks. This is readily

quantified with the Debye-Waller factor, which results from averaging the exponential in

F (q) over Gaussian spatial fluctuations and takes the form of

FDW(q) = 〈eiq·uα〉2T = e−q
2〈u2

α〉T/3 (2.72)

where uα is the displacement from equilibrium of molecule α and 〈. . . 〉T stands for a thermal

average, though the same argument applies for any Gaussian disorder that can be treated

exactly by the second order cumulant expansion. The Debye-Waller factor is commonly

used to describe the degradation of the Bragg pattern due to unavoidable small-amplitude
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disorder from phonons in real samples. Here we use it for large fluctuations to interpolate

between ordered and disordered samples. In the case of liquids, F (q) reveals rings at the

nearest- and next-nearest-neighbor distances etc., but decays to zero for larger values as there

is no long-range structure in a liquid. In the most disordered case of a gas, the molecular

distribution is flat in space and F (q) vanishes except at the central maximum (q = 0). This

can be seen by taking the limit of large disorder in Eq. (2.72) or by taking the continuum

limit of Eq. (2.20) and integrating over all space assuming a homogenous distribution of

molecules to obtain a delta function δ(q).

When the terms in F (q) add coherently, such as at the qBragg, the resulting N2-scaling

overhwelms the N -scaling of the single-molecule signal S1 and the diffraction pattern is well

approximated by S2 (Eq. (2.18)). In contrast, the signal between the Bragg peaks or from

a sample lacking long-range order, such as a gas, will be dominated by the single-molecule

signal (Eq. (2.19)) since F (q)) is negligible in these regimes. Similarly, diffraction of an

intense FEL pulse by a single molecule is also given by Eq. (2.19) [22, 35, 89]

We note that, aside from the factor F (q) and convolution with the x-ray temporal pulse

envelope E(t − T ) (shifted to be centered at zero argument), the two-molecule signal (Eq.

(2.18)) matches the intuitive form of the time-resolved diffraction signal given in Eq. (2.71).

2.2 Frequency-Resolved Diffraction of a Single Cys-

teine Molecule

In this section, we discuss ultrafast pump-probe x-ray diffraction from a single oriented

cysteine molecule. Cysteine is a sulfur-containing amino acid which affects the secondary

structure of many proteins because of the disulfide bonds it forms. It has been implicated

in biological charge transfer in respiratory complexes [90] and various resonant x-ray spec-
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troscopic signals from this molecule, including stimulated x-ray Raman scattering (SXRS)

and x-ray photon echo, have been studied [91, 92].

In this section, the pumping process will be an x-ray Raman excitation that prepares a

wavepacket of electronic excitations. The nuclei will be assumed frozen throughout the

experiment and the time-dependence will come only through the electronic evolution. As will

be discussed further below, the elastic scattering is dominated by the core electrons, which

closely track the position of the nuclei. In contrast, the inelastic scattering is dominated

by electronic coherences, i.e., by scattering-induced transitions between excited states in

the electronic wavepacket. The inelastic scattering therefore reveals information about the

electronic excitation and we focus on the inelastic contributions in this section.

Two-particle scattering from populations is an elastic process and from coherences is in-

elastic. Single-molecule scattering, in contrast, generally produces both elastic and inelastic

contributions regardless of the initial material state, as evident from Eqs. (2.59)-(2.60) and

Fig. 2.2. Thus, the coherent terms can only induce transitions between states populated by

the electronic wavepacket while the single-molecule terms can induce transitions to any elec-

tronic state (though transitions between states occupied by the wavepacket are strongest).

Our QED approach generalizes previous treatments [66, 35] to properly account for arbitrary

pulse bandshape, non-impulsive pulses, and detection details, and the role of electronic co-

herence.

In order to selectively observe the inelastic scattering, we consider a frequency-resolved signal.

While this has not yet been demonstrated in the x-ray regime, it has been shown possible

to discriminate a single wavelength component from multiwavelength scattering data in the

EUV range [93]. From Eq. (2.60)) with |Ff (ω′, ω̄)|2 = δ(ω′ − ω̄), this signal is given by

S(ks,Λ) =
∑
ijk

ρijω
2
se
−iωijTAp(ωs + ωki)A∗p(ωs + ωkj)σki(qki)σ

∗
kj(qkj), (2.73)
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where Ap(ω) is the spectral envelope of the scattered pulse, σij(q) are Fourier transformed

matrix elements of the charge-density operator and i, j, k index electronic states. We have

also defined the momentum-transfer vector qij ≡ ks − ωs+ωij
c

k̂p.

The scattering signal from the ground state (the term in equation 2.73 with i = j = g, the

ground state) is depicted in Figs. 2.3a and 2.3b. We also show the ground-state electron

density, σgg(r), the pulse power spectrum, and the pulse wave vector for reference. We take

the scattering pulse to be a transform-limited Gaussian

Ap(ω) = Ap
√

2πτpe
−τ2

p (ω−Ωp)2/2. (2.74)

The center frequency Ωp is set to 10 keV, and we take the direction of propagation to be in the

positive x direction (for molecule orientation, see Fig. 2.3.c). The pulse duration is τp = 300

as which corresponds to a fwhm bandwidth of 3.65 eV. Future progress in pulse-generation

may make such experiments realizable. For this frequency range, the difference between q̃

and qij for any two states i and j is negligibly small, and is ignored in the calculations

presented herein.

We take the signal detectors to be on square grid, 2 cm in length on each side, located

1 cm from the molecule in the positive x direction (i.e., we detect forward-scattered light).

This corresponds to a maximum detected scattering angle of 54.7◦. We consider two different

values for the detection frequency ωs, one inside and one outside the pulse bandwidth. When

we set the detection frequency equal to the central pulse frequency, we get the signal shown

in Fig. 2.3.a. This signal is dominated by the elastic scattering terms, where the scattering

process does not change the state of the molecule. At this detection frequency, the elastic

contribution is 4.4× 106 larger than the inelastic.

The elastic scattering term can be eliminated by moving the detection frequency outside the

pulse bandwidth. In Fig. 2.3.b, we show the scattering signal with a detection frequency
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Figure 2.3: Off-resonant scattering of a Gaussian x-ray pulse from cysteine for different
detection frequencies. On the right we show the pulse power spectrum in blue, with the
detection frequency marked as a red line. The pulse propagation vector is shown as a red
arrow, pointing at the molecule aligned in the lab frame, with the scattering pattern shown
in the background. a: The detection frequency ωs is set equal to the pulse center frequency
Ωp, and the scattering signal is dominated by the elastic term. b: The detection frequency
is set to Ωp − 9 eV, and the inelastic terms are dominant. c: Chemical structure (left) and
lab-frame orientation (right) of the cysteine molecule (O is red, S is green, N is blue, C is
grey, H is white.
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ωs = Ωp − 9 eV. With this detection frequency, we see inelastic terms from valence states e

whose excitation energy satisfies the condition that ωeg + ωs is within the pulse bandwidth.

Therefore all states with an energy between 4 and 12 eV will contribute. The scattering

pattern resulting from the elastic and inelastic process are vastly different. The former is

more strongly centered around the origin, corresponding to q = 0, and elongated in the z

direction. The inelastic term, in addition to the feature at the origin, has two equal-intensity

peaks flanking the origin.

We next turn to time-resolved scattering, in which an x-ray Raman preparation pulse ER(ω),

resonant with the sulfur K edge, arrives at t = 0 followed by diffraction at time t = T . In this

process, the Raman pulse acts twice on the same side of the loop, first promoting a sulfur

1s electron to the valence band before the transient core hole is filled by another valence

electron. Raman excitation processes have been shown to dominate over photoionization

for sufficiently short x-ray pulses (below 1fs in atomic sodium [94]) and can be used to

target particular intermediate states (the Sulfur K edge excitations in this case). Because the

Raman pulse is broadband, these two dipole interactions leave the molecule in a superposition

of valence-excited states. This wavepacket is initially localized in the region surrounding the

atom whose core is in resonance (sulfur in this case), but becomes delocalized across the

molecule in a < 5 fs time scale [95, 96].

The molecular density matrix immediately following the interaction with the first pulse is

ρ̂ = iα̂ρ̂0 − iρ̂0α̂
† (2.75)

where

α̂ =
∑
c,e

∣∣e〉(εR · µec)(εR · µcg)
2π

∫ ∞
−∞

dω
E∗R (ω)ER (ω + ωeg)

ω − ωce + iΓc

〈
g
∣∣ (2.76)

is the effective polarizability operator (c is an intermediate core excitation in the x-ray
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Raman process) and ρ̂0 is the initial (equilibrium) density matrix. In Eq. (2.76), εR is

the polarization vector for the Raman pulse and µec is the transition dipole between the

valence-excited state e and the core-excited state c.

For a single-molecule system prepared in this manner (and with the simplification q→ q0),

equation (2.73) assumes the form

S(ks, T ) =
∑
e,e′

iαe,ge
−iωegTAp(ωs + ωe′e)A∗p(ωs + ωe′g)σe′e(q̃)σ∗e′g(q̃) + c.c (2.77)

Note that any amplitude in the ground state after the Raman pulse has passed (terms in

equation (2.77) where e = g) will contribute to a background signal independent of the

delay time, which can be filtered out. The remaining time-dependent scattering signal is

a difference signal and will have positive and negative features, unlike the ground-state

scattering signals from Fig. 2.3 which were only positive. The largest contributions will

come from terms where e′ in Eq. (2.77) is equal to either e or g.

We take the Raman pulse center frequency at the sulfur K-edge frequency ΩR = 2.473 keV,

and polarized along the x direction. The x-ray Raman signal is highly dependent upon the

choice of polarization vector, and the nature of the underlying wavepacket is quite different for

a y or z polarized pulses [97]. We take both the Raman and scattering pulses to be Gaussian

with duration 100 as (fwhm of 10.96 eV). The broad bandwidth connects the ground state

with the set of valence excited states with energies between 5.7 eV and 9.0 eV. Figure 2.4

shows the time-dependent x-ray scattering signal for interpulse delays ranging from 0 to 20

fs. For each signal, we also show the transition density for the Raman wavepacket prior to

interaction with the scattering pulse. This is defined by

Tr
[
σ̂(r)ρ̂

]
=
∑
e

iαege
−iωegTσeg(r) + c.c. (2.78)

38



Figure 2.4: Background: time-dependent x-ray scattering (with ωs = Ωp) following x-ray
Raman scattering (equation (2.77)) for various interpulse delay times. Foreground: real-
space transition charge densities for the Raman wavepacket (equation (2.78)). Refer to Fig.
2.3c for the positions lab-frame orientation.

The left panel of Fig. 2.4 shows that the transition density is localized near the sulfur atom

at T = 0 fs. From Fig. 2.4, we see that there is a good deal more structure in the scattering

signal along the y direction than along the z direction. This is consistent with the fact that

the electronic motion induced by the Raman pulse is mostly in the y direction. While the

correspondence between electronic motion in real space and the resulting scattering pattern

is highly suggestive, it is not immediately apparent whether the transition density can be

recovered from the scattering pattern alone. This is because the scattering pattern (equation

2.77) is not simply the Fourier transform of the density (equation 2.78).

The scattering signal shows a complex dependence on time, reflecting interference between

the many different electronic states which make up the superposition. The signal may not

simply be thought of as a snapshot of the instantaneous time-dependent charge-density. The

time variation strongly depends on the scattering direction, as can be seen in Fig. 2.5. Here

we depict the time evolution of six points from the T = 0 fs signal, corresponding to the
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Figure 2.5: Time-dependence of the off-resonant x-ray scattering plot (with ωs = Ωp). Left:
The scattering signal for T = 5 fs, with six different features labeled. Right: The evolution
of these different features with increasing interpulse delay.

Figure 2.6: Variation of the six features in the T = 0 fs scattering signal in Fig. (5) with
detection frequency ωs and delay time T.
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highest and lowest peaks therein. Each trace has a beating pattern, representing a spatially

resolved interferogram. Decay due to finite lifetime and dephasing is not included in the

time-domain signals presented here. The contribution to the signal at a given detector due

to a particular electronic coherence can be determined by Fourier transforming with respect

to the delay time. This would give information on the transition density for the contributing

excited states. However, we do not pursue this analysis here.

In Fig. 2.6 we show the variation of the time traces in Fig. 2.5 with the detection frequency

ωs. In the previous figures, ωs was set equal to the scattering pulse center frequency, Ωp.

However, since purely elastic processes do not contribute to the time-dependent signal, the

signal is larger for ωs < Ωp. The signal is maximized when, for a given e and e′ from equation

(2.77), both ωs + ωe′e and ωs + ωe′g lie within the pulse bandwidth.

2.3 Time-Resolved Diffraction of Nonadiabatic Molec-

ular Dynamics

In the previous section, we analyzed the time- and frequency-resolved scattering from a

nonstationary electronic state. While this is an exciting possible future class of experiments

current interest and capabilities are toward tracking nuclear dynamics and structural changes

in molecules. For illustration purposes, we take a model with two adiabatic electronic states,

ground |g〉 and excited |e〉, and a nuclear degree of freedom R (the formal generalization

to multiple excited states and nuclear coordinates is straightforward). The time-dependent

wavefunction is then

|Ψ(t)〉 =
∑
i=e,g

ci(t)|χi(t)〉|i〉 (2.79)
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where ci(t) is the electronic state amplitude and |χi(t)〉 is the time-dependent normalized

nuclear wavepacket on the electronic state |i〉. Electronic operators, such as the charge

density, generally depend on the nuclear configuration too, so that σ̂(q) = σ̂(q; R). The

charge density will therefore remain an operator due to this dependence even after taking

matrix elements in the electronic subspace (see appendix A.1). We thus denote

〈i|σ̂(q,R)|j〉 = σ̂ij(q; R) (2.80)

with the circumflex notating the operator-valued nature of the charge density. Below, we

will omit the explicit R-dependence for conciseness.

In the case that the sample possesses long-range order, two-molecule scattering is dominant

and the signal is given by Eq. (2.18) as described above. Expanding Eq. (2.18) using Eq.

(2.79) gives the time-resolved scattering signal

S̃2(q, t) = (2.81)∣∣∣∣ ρgg(t)〈χg(t)|σ̂gg(q)|χg(t)〉︸ ︷︷ ︸
(i)

+ ρee(t)〈χe(t)|σ̂ee(q)|χe(t)〉︸ ︷︷ ︸
(j)

+ 2<
[
ρeg(t)〈χe(t)|σ̂eg(q)|χg(t)〉

]︸ ︷︷ ︸
(k)+(l)

∣∣∣∣2,

S2(q, T ) = F (q)

∫
dt|Ep(t− T )|2S̃2(q, t), (2.82)

where we have labeled the terms to allow for convenient discussion. While F (q) is N2 at

bragg peaks and zero elsewhere (or broadened by the Debye-Waller factor for finite disorder),

the structure of the molecular charge density is encoded in Eq. (2.81). The first and second of

the three terms in the amplitude are, when squared, simply the elastic ground- and excited-

state scattering respectively. Their coefficients are ρ2
ii (i = e, g), the square of the electronic

population which is the joint probability of finding two molecules in state |i〉.
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Terms (i) and (j) of Eq. (2.81) generate cross terms when the amplitude is squared. These

come as <(σggσ
∗
ee) and constitute heterodyne interference between the ground- and excited-

state diffraction. They are proportional to the product of ground- and excited-state popula-

tions ρggρee, or the joint probability of finding one molecule each in the ground and excited

states. Thus, they scale favorably compared to the direct excited-state diffraction for pertur-

batively prepared samples, a fact that has been utilized in crystalline and powder samples to

record the excited-state charge density using the ground-state diffraction as a local oscillator

to boost the excited-state signal [98, 99]. Moreover, these cross terms carry the relative

phase information between ground and excited states. Thus, with knowledge of the ground

state charge density, the phase problem can be solved and σee(q) can be inverted to obtain

the excited state charge distribution.

Finally, terms (k) and (l) in Eq. (2.81) arise from the combination of inelastic scattering and

electronic coherences. Depending on the dynamics, the electronic coherences may quickly

decay, rendering this third term negligible so that the scattering is given only by the ground-

and excited-state diffraction and their heterodyne interference. Moreover, the coherence

ρeg(t) oscillates at electronic frequencies and thus, the inelastic scattering is also negligi-

ble when the temporal envelope of the x-ray pulse is too long to capture this oscillation.

More generally, the inelastic term as well as its cross-terms with the elastic scattering, can

all contribute. The possibility of separating out these terms in the diffraction pattern and

what could be learned by doing so is a largely unexplored area of inquiry that gradually

becomes more relevant as ultrabright x-ray pulses on the timescale of electronic motion

become available [100]. We also note that, even though our discussion has focused on elec-

tronic coherences, the same formalism applies to vibrational coherences. Indeed, vibrational

wavepackets are unavoidably created in the ground state via Raman processes during the

pumping.

In the absence of long-range, intermolecular order, the vanishing structure factor F (q) ren-
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ders the two-molecule scattering negligible and the signal is dominated by the single-molecule

scattering. Expanding Eq. (2.19) using Eq. (2.79) gives the time-resolved gas-phase scatter-

ing signal

S̃1(q, t) =

{
ρgg〈χg(t)|σ̂†ggσ̂gg|χg(t)〉︸ ︷︷ ︸

(a)

+ ρgg〈χg(t)|σ̂†geσ̂eg|χg(t)〉︸ ︷︷ ︸
(b)

(2.83)

+ ρee〈χe(t)|σ̂†eeσ̂ee|χe(t)〉︸ ︷︷ ︸
(c)

+ ρee〈χe(t)|σ̂†egσ̂ge|χe(t)〉︸ ︷︷ ︸
(d)

+2<
[
ρeg(t)〈χe(t)|σ̂†eeσ̂eg|χg(t)〉︸ ︷︷ ︸

(f)+(g)

+ ρeg(t)〈χe(t)|σ̂†egσ̂gg|χg(t)〉︸ ︷︷ ︸
(e)+(h)

]}

S1(q, T ) = N

∫
dt|Ep(t− T )|2S̃1(q, T ) (2.84)

where σ̂ij ≡ σ̂ij(q), i.e., the q-dependence is suppressed for brevity. The first two terms ((a)

and (b)) represent the elastic and inelastic scattering contributions from the ground state,

while the following two terms ((c) and (d)) are the excited-state analogues. The last two

terms correspond to mixed elastic-inelastic processes, which scatter off electronic coherences.

Each off these terms originates from two processes, which are complex conjugates and are

grouped by the final state (the excited state for (f) and (g) and the ground state for (e) and

(h)).

X-ray diffraction is ordinarily taken to be purely elastic and the possibility of the inelastic and

mixed terms in Eq. (2.83) is rarely considered [33, 22, 34, 89, 100]. In most experimental

circumstances, the majority of the charge in a molecule can be definitively assigned to a

particular atom. This inspires the independent atom approximation for the molecular charge
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density

σ(q) =
∑
a

|fa(q)|eiq·Ra+iφa(q) (2.85)

where φa(q) is the phase of fa, the atomic form factor of the a-th atom, and Ra is the position

of the ath atom. Evaluating, e.g., 〈χe(t)|σ̂†eeσ̂ee|χe(t)〉 with the density from Eq. (2.85) yields

I
(e)
mol + I

(e)
at =

∑
a

∑
b

|fa(q)||fb(q)|ei(φb(q)−φa(q))

∫
dR eiq·(Rb−Ra)χ∗e(R)χe(R). (2.86)

where we have identified the diagonal (a = b) and off-diagonal (a 6= b) terms in the dou-

ble summation as the excited-state atomic (I
(e)
at ) and molecular (I

(e)
mol) contributions to the

scattering intensity. The former gives only q-dependence of the atomic form factors while

the latter reveals the interatomic distances and thus the molecular structure. Discarding the

atomic contributions and taking the rotational average then gives [101, 102, 87]

I
(e)
mol(q) =

∑
a

∑
b 6=a

|fa(q)||fb(q)| cos(φa(q)− φb(q))
∫

dR
sin(qRab)

qRab

P
(e)
ab (Rab) (2.87)

where P
(e)
ab (R) = |χe(R)|2 is the probability distribution of the nuclear separation Rab =

|Ra − Rb| in the excited state. Compared to Eq. (2.83), this expression neglects the elec-

tronic coherences, since P only considers the nuclear wave packet in a single electronic state.

However, the vibrational coherences are included in Pab through the nuclear wave func-

tion. By using the atomic form factors fa, contributions from valence electrons are generally

neglected since there core electrons are dominant in the signal due to their much higher

number.
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2.3.1 Application to the Nonadiabatic Avoided-Crossing Dynam-

ics in NaF

Virtually all photophysical and photochemical processes in polyatomic molecules with two or

more vibrational coordinates take place via conical intersections (CoIns) [103], which raises

the fundamental question if they may be observed in diffraction experiments. Once the

molecule reaches a CoIn, a short-lived electronic coherence is created and can in principle

be spectroscopically detected [104, 15] by soft x-Rays. One example for a photochemical

prototype reaction, which is mediated by a CoIn and has been studied by x-Ray diffraction,

is the ring opening reaction in cyclohexadiene [105, 106]. Potential signatures in time-resolved

diffraction signals might also be useful to measure the Berry phase [107], which has so far

eluded detection in molecules.

We illustrate the various possible contributions to the diffraction signal with sodium fluoride.

Second and third row elements are of relevance for a broad variety of chemical reactions.

Sodium fluoride posses a similar electronic structure to NaI which we studied recently [108]:

an avoided crossing between the ionic and covalent state. Though well-known for faciliating

populating transport between adiabatic electronic states, the passage of nuclear wavepack-

ets through the region of a conical intersections also generates electronic coherences. The

resulting coherent oscillations can be monitored with, e.g., photoelectron or Raman signals

and reveal the time-evolving electronic energy gap as well as information on the differential

topology of the electronic surfaces via the decoherence time [104, 12]. Here, we explore

the consequences of these dynamics for ultrafast time-resolved x-ray diffraction in gas phase

NaF. Iodine is an excellent x-ray scatterer and its large nuclear charge leads to a charge

density distribution heavily dominated by its core electrons. While this is still the case for

molecular form factors of lighter element compounds, they have a relatively more prominent

contribution of valence electrons compared to the core electrons. For details on the electronic

structure and calculation methods see appendix B.
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Figure 2.7: Ground state contributions to the gas phase diffraction signal of NaF (S1(q, T ))
: (a) ρgg〈χg(t)|σ̂†ggσ̂gg|χg(t)〉, (b) ρgg〈χg(t)|σ̂†egσ̂ge|χg(t)〉. Probe pulse length 2.5 fs (FWHM).

We first present the ground-state contributions to the time-dependent diffraction signal.

Since an intense laser pulse has been used to create the non-stationary state, a superposition

of vibrational states is also created in the bound electronic ground state. The result is an

oscillatory pattern, which becomes clearly visible in the diffraction. Figure 2.7 shows the

diffraction signal from the ground state density (Fig. 2.7(a)) and the transition density (Fig.

2.7(b)).

Figure 2.8(a) shows the inverse Fourier transform with respect to the momentum space. The

oscillatory motion around the equilibrium position is revealed, while the respective part of

the transition density does not add new information (Fig. 2.8(b)).

The various excited-state contributions to the diffraction signal are shown in Fig. 2.10. The

contribution stemming from the excited-state density σ2
ee (Eq. (2.83)(c)), is shown in Fig.
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Figure 2.8: Contributions to the real space signal S1(qz, T ) (Fourier transform of S1(qz, T ))
of the electronic ground state: The various panels are in the same order as in Fig. 2.10: (a)
Contribution from σ̂2

gg, (b) σ̂†ggσ̂eg and σ̂†ggσ̂eg. Signal intensities are relative to Fig. 2.10(a).

2.10(a). The forward time-evolution represents the wavepacket motion, i.e., the fringe spac-

ing increases as the wave packet moves towards a longer bond length. Figure 2.10(b) depicts

the contribution of the electronic coherences. At ≈ 220 fs, when the wave packet hits the

avoided-crossing regime, a coherence is created (see Fig. B.4), resulting in a slow temporal

oscillation, which spreads over a wide range in q-space. The coherence contribution is ≈ 3

orders of magnitude weaker than the excited state density (Fig. 2.10(a)). The contribution

which stems solely from the transition densities (σ̂2
eg in Fig. 2.10(c)) is ≈ 4 orders of magni-

tude weaker. It carries no information about the electronic coherence but is dominated by

the shape and magnitude of the transition density σ̂2
eg and is closely related to the transition

dipole moment (see Fig. B.1).

Figure 2.11 shows the inverse Fourier transforms of the excited state contribution of the
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Figure 2.9: Relevant adiabatic potential energy surfaces of NaF (ionic X1Σ black, covalent
A1Σ, blue, 1Π, red).

diffraction signal components. A comparison of Fig. 2.11(a) (σ2
ee) with the time evolution of

the nuclear wavefunction (Fig. B.3) makes it clear that the features of the nuclear wavepacket

motion can be retrieved directly from the excited-state contribution. The time-independent

peak at z = 0 is derived from a magnitude squared signal and can thus be ignored. The

inverse Fourier transform of the coherent contribution Fig. 2.11(b) shows a signature at 225 fs

when the nuclear wave-packet passes through the avoided crossing for two distances: The

pattern at 8 Å is at the position of the avoided crossing, while the signal at short distances

(≈ 0.5 Å) is due to a p-orbital shaped feature in the transition density located at the fluorine.

The contribution from the transition densities (Fig. 2.11(c)) vanishes for times where the

wavepacket is located beyond 8 Å(|σeg| vanishes, see Fig. B.1). The internuclear distances

and thus the shape of the nuclear wavepacket can be extracted directly from diffraction

pattern.

2.4 Discussion

The formalisms laid out in sections 2.0.2-2.0.3 are very general and capable of handling a

broad variety of scattering and spontaneous emission experiments. A treament of the dipo-

lar interaction Hamiltonian (Eq. (1.8)) rather than the minimal coupling Hamiltonian (Eq.
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Figure 2.10: Excited state contributions to the gas-phase diffraction signal of NaF
(S1(q, T )) : (a) ρee〈χe(t)|σ̂†eeσ̂ee|χe(t)〉, (b) 2<

[
ρeg(t)〈χe(t)|σ̂†eeσ̂eg + σ̂†egσ̂gg|χg(t)〉

]
, (c)

ρee〈χe(t)|σ̂†egσ̂ge|χe(t)〉. Signal intensities are relative to (a). Probe pulse length 2.5 fs
(FWHM).

(1.7)) follows similarly and can be used to discuss Raman and fluorescence [109, 64]. Al-

though the gated-field approach presented in section 2.0.3 is somewhat more cumbersome,

it is intellectually quite satisfying and rigorously incorporates the finite sensitivity of de-

50



Figure 2.11: Contributions to the real space signal S1(qz, T ) (Fourier transform of S1(z, T )).
The various panels are in the same order as in Fig. 2.10: (a) Contribution from σ̂2

ee, (b)
σ̂†eeσ̂eg and σ̂†ggσ̂eg, (c) σ̂2

ge. Signal intensities are relative to (a).

tection processes. One important example of the difference between this and the photon

number change definition for the signal (section 2.0.2) is that, since the detector can not

distinguish between energies within its spectral resolution, states whose energies differ by
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less than this resolution should form a beating pattern in, e.g., a time-resolved spontaneous

emission signal. Computing the photon change in a signal mode and then integrating over a

sensitivity function after the fact simply blurs the signal but does not reproduce this beating

phenomenon [64].

Light scattering and spontaneous emission were shown to have single- and two-molecule

contributions. This separation holds for dipolar interactions as well, though we do not

discuss these in detail. In that case, single-molecule terms result in incoherent signals such

as (multi-photon induced) fluorescence and (hyper) Raman while the two-molecule terms

generate coherent signals and the terms in the structure factor (Eq. (2.20)) add coherently

due to phase-matching as in homodyne-detected sum/difference frequency generation and n-

harmonic generation. Two-molecule terms can also contribute when short-range correlations,

on the order of the scattered wavelength, induce (hyper) Rayleigh scattering signals, which

scale as NN ′ where N ′ is the number of molecules within this correlation distance [110, 111].

In the case of x-ray diffraction, the two-molecule terms dominate when there is a long-range,

intermolecular structure, such as in a crystal, while the single-molecule terms are all that

remain in gas-phase diffraction. In principle, one can make the separation based on single-

and two-atom or indeed -electron terms and this seems to be somewhat more common in the

literature [67, 66, 112]. The problem with this is that the nature of the excitation is molecular

and one usually treats the pumping process and subsequent evolution from the perspective of

the quantum states of the molecule. One cannot then in general factor the density matrix of

different atoms within the same molecule. The treatment in terms of molecules also makes

clear how to handle electronic coherences and how to interpret inelastic contributions to

diffraction through the transition charge densities.

The historical origins of diffraction as a ground-state technique for crystalline samples leads

one to a simple generalization (Eq. (2.71)) that is nonetheless wrong. The intuitive notion

that x-rays scatter from the instantaneous electronic charge-density (as an expectation value)
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turns out to be appropriate for two-molecule terms (Eq. (2.18)) but not for single-molecule

terms (Eq. (2.19)), leading to several errors. As had been pointed out by others, the actual

single-molecule signal from nonstationary systems does not possess inversion symmetry at all

times [35]. Additionally, taking the expectation value before squaring (as opposed to taking

the expectation value of the squared charge density as in Eq. (2.19)) yields terms that are

quadratic in elements of the density matrix ρ, i.e., they are proportional to joint probability

densities and cannot be single-molecule quantities. Considering an excited gas and neglecting

coherences and inelasticities (transition charge densities), the diffraction signal (Eq. (2.83))

would then depend on

S̃1(q, t) = ρgg|σgg|2 + ρee|σee|2 (2.88)

whereas the incorrect expression based on the intuitive Eq. (2.71) gives

S̃1(q, t) = |ρggσgg + ρeeσee|2. (2.89)

This has the aforementioned problem of being quadratic in the populations ρii but also

contains a cross-term upon squaring. This cross term allows a heterodyne-detection process

in which a weakly-populated excited state (for which ρee � 1) can be detected due to

riding on the ground-state signal. However, this heterodyne term is linear in the excited

state population, just as the actual single-molecule signal should be, clearly opening up the

possibility of confusion. Finally, this heterodyne term carries information on the phase of

the excited state relative to the ground state and could be used to solve the phase-problem

and reconstruct the charge density. All of this works just fine in crystalline samples in which

the signal is calculated along the lines of Eq. (2.89) (properly obtained from Eq. (2.81)).

Unfortunately, the actual signal (Eq. (2.88)) contains no such phase information.

Section 2.2 presented time-dependent, frequency-resolved diffraction of electronic wavepack-
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ets in cysteine created by an x-ray Raman pumping process. It was shown that this cor-

responds to taking a spectrum at every pixel and one can thus selectively look at inelastic

scattering (by out the elastic) or at specific electronic states in the wavepacket by selecting

the appropriate narrow frequency range. A more thorough analysis, not pursued here, would

be to carry out this filtering for each identifiable frequency in the wavepacket, obtaining a

full diffraction pattern in each case. These diffraction patterns could then be transformed

to give real-space information on the two states involved in the beating frequency

Section 2.3 discusses x-ray diffraction for the purposes of tracking nuclear dynamics. This can

be used to monitor chemical reactions and molecular structure changes in real space. Using

NaF as an example, we separately showed the various elastic and inelastic contributions from

both ground and excited states. The Na and F atoms are sufficiently light so that their core

electrons do not entirely overwhelm the contributions from transition charge densities, to

which only electrons involved in the transition may contribute. The excited-state oscillation

is clearly visible in the diffraction pattern (Figs. 2.10-2.11). The actinic pump-pulse creates

a wave motion not only in the excited state potential but also in the ground state potential

due to a Raman process. A small fraction of the population is moved from the ground to

the excited state, creating a “particle” excited state wavepacket and a “hole” in the ground

state. The respective signals in reciprocal momentum space and in real space given in Figs.

2.7-2.8 clearly show that the pump-pulse creates an oscillating wave packet in the 1X state.

In conclusion, the simulated gas phase diffraction signal of NaF undergoing nonadiabatic

avoided crossing dynamics in a non-stationary state is dominated by ground- and excited-

state wavepacket motion and, to a lesser extent, shows signatures of the electronic coherence

created at the avoided crossing. The interatomic distance can be extracted directly from the

diffraction signal and thus one can qualitatively retrieve the shape of the nuclear wavepacket

for a diatomic without further phase reconstruction.
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Chapter 3

Many-Body Effects; Cascading

In chapter 2, the detected field was initially in the vacuum state ρs(−∞) = |0〉〈0| and the

field-matter interaction created a photon population in the signal mode ρs → |1〉〈1|, which

was then detected. Ultrafast nonlinear optical signals in the condensed phase frequently use

heterodyne detection, whereby the signal interferes with a reference local oscillator beam.

The signal then scales linearly with the number of molecules N and is distinguished by its

power dependence in the incoming fileds and its direction (phase matching) [1, 113]. Matter

information is contained in multipoint correlation functions of the dipole operator. We will

refer to such signals as direct.

Direct, heterodyne-detected nonlinear optical signals are ordinarily simulated semiclassically,

i.e., the material is treated quantum mechanically and the fields enter as classical functions.

Corrections to the semiclassical picture arise upon taking the infinite number of modes that

are unoccupied. A fully quantum electrodynamical (QED) treatement results in a myriad of

many-body effects caused by photon exchange, i.e., the emission of a photon by one molecule

and its absorption by another. These effects include the scrambling of time-ordering of

incoming short pulses where the free-induction decay produced by one molecule can be long-
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lived and interacts with another molecule, a local-field χ(1) effect [1, 114, 115, 116]. Additonal

local-field effects include corrections to the transmission/reflection of a thin film [117] and

the Rabi oscillations of a quantum dot [118]. Nonlinearities are also induced in ensembles of

noninteracting harmonic oscillators which are otherwise linear [119]. Dipole-dipole coupling,

responsible for, e.g., Forster resonant energy transfer (FRET) and spontaneous quantum

synchronization, is also induced by the exchange of photons [120, 121]. Superradiance, a

cooperative spontaneous emission process, is another well-studied effect that finds its origin

in the quantum nature of the radiation field [122]. Quantum-field effects due to the quantum

fluctuations of laser field rather than the unoccupied modes of the electromagnetic field

have also been noted in stimulated signals [123]. This chapter analyzes a different effect,

known as cascading, that makes an important contribution to heterodyne-detected nonlinear

spectroscopic signals. This is shown to be part of the lowest-order many-body correction

due to photon exchange.

Cascading occurs when some external fields interact with one molecule to generate a field

that then acts on another molecule, together with the external fields, to finally produce a

signal. Cascading signals scale quadratically in the molecule number N2 and have the same

power dependence in the incoming fields and the same phase matching as the direct signal

[43, 44, 124, 124, 45, 46, 125, 116]. Cascading and direct signals are thus hard to distinguish

from each other, with the former frequently dominating (e.g., in neat liquid CS2 [43]) due to

the quadratic vs. linear scaling in molecular density. It is then hard to separate the direct

signal which carries a higher level of molecular information. An important example is the

direct 5th-order Raman χ(5) process which is accompanied by a product of two 3rd-order

χ(3) signals. In a pump-probe stimulated Raman experiment, a sample is excited by two

interactions with an initial light pulse to a vibrational coherence which is then probed by a

second pulse following a time delay T1. This technique probes the vibrational structure of

the molecule and is a 3rd order process in the electric field (and is therefore related to χ(3),

the 3rd order susceptibility). An extension of this technique is a 5th-order Raman process
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in which, following the initial delay T1, a second pair of interactions transfers the sample

from one vibrational coherence to another. The system then evovles freely during a second

interpulse delay T2 before being probed. This more general fifth-order (χ(5)) technique offers

the possibility of probing the coupling between participating vibrational modes. Separating

the direct χ(5) signal from the cascading χ(3)χ(3) signal had drawn considerable attention and

took several years to fully understand [37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. This has been

the main obstacle for multidimensional Raman spectroscopy (5th-and-higher orders) [125].

A number of ideas have been pursued to separate the direct and cascading signals. The N vs.

N2 scaling is an obvious way but, in many cases, it is not possible to vary the molecular den-

sity over a sufficiently large range in order to seperate the N - and N2-scaling contributions.

Another idea comes from the fact that, in an infinite homogeneous sample, it follows from

Maxwell’s Equations that the electric field emitted by a polarization is π/2 phase-shifted rel-

ative to the polarization itself. From a macroscopic perspective, the electric field E created

by a polarization P is given by the Maxwell equation

(
∂2

∂t2
− c2∇2

)
E(r, t) = − ∂2

∂t2
P(r, t) (3.1)

which in the frequency domain reads

E(k, ω) =
ω2

ω2 − k2c2 + iη
P(k, ω) (3.2)

where η is a positive infinitessimal selecting the appropriate boundary conditions of an

outgoing wave. In the limit of perfect phase matching ω2 → k2c2, we have

E(k, ω) = iπδ(ω2 − k2c2)ω2P(k, ω). (3.3)

This gives a π/2 phase shift between the polarization and the resulting field. The extra

emission event (from the source molecule) in a cascading process thus renders the cascading
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signal out of phase relative to the direct nonlinear signal (E ∝ P − iPP ) [1, 46, 48]. This

property has been parlayed into a number of successfully-implemented techniques to select for

the direct 5th-order Raman signal and eliminate the cascading contributions [44, 43, 47, 48]

(techniques based on polarization-sensitive measurements have also been pursued [126]).

In this chapter, we will derive a more general, geometry-dependent result and show under

what conditions it reduces to this simple macroscopic relation. After tracing over quantum

field degrees of freedom, general expressions for cascading signals are given that are valid

in the non-perturbative regime with respect to arbitrary external fields. The result can

then be expressed solely as a product of two single-molecule dipole correlation functions

and a geometric factor describing the relative positions of the molecules in the sample.

This presentation allows the calculation of cascading signals using only the single-molecule

calculations familiar from standard treatments of nonlinear spectroscopy and a sum of c-

numbers associated with the geometry.

Cascading shares a common origin with other collective effects observed in spectroscopic

experiments. For example, superradiant emission a cooperative process between constituent

molecules of the sample and scales quadratically in the number of molecules [127]. How-

ever, in superradiance the spontaneously emitted photons (or the associated excited-state

population decay) are ordinarily the object of detection while in cascading the exchanged

photons are virtual and the relevent experiment is a heterodyne detection with respect to

the externally applied signal (laser) field. The Lamb shift and collective analogues are also

due to virtual-photon exchange but these effects are observed as alterations of a material

resonance rather than an entirely new signal as in cascading [128]. Forster transfer (discussed

more thoroughly in the conclusion) can also be derived perturbatively as a vacuum-mediated

interaction. When the field-matter interaction is treated in the dipole approximation, all of

the above depend on the dipole-dipole coupling tensor, giving the derivations a similar flavor

[120, 65].
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Cascading therefore provides an interesting example of many-body, quantum-field effects

both from the pedagogical and historical viewpoints. We hope that the detailed derivation

and discussion of cascading in this chapter will thus provide the reader with a sound in-

troduction to this ever-growing and exciting field. We first provide a generic microscopic

derivation of cascading appropriate for arbitrary microscopic arrangements of molecules or

macroscopic geometries 3.1. We then discuss several special cases, analyzing in particular

the phase relationship between direct and cascading signals.

3.1 Direct vs. Cascading Signals

We consider a sample made of identical, noninteracting molecules with non-overlapping

charge distributions for which the coupling to the radiation field can be treated in the dipole

approximation. The total system dipole operator then takes the form of a sum over molecular

dipoles V̂(r, t) =
∑

a V̂(t)δ(r−ra). The material is subjected to a set of classical laser modes

Ej so that the total electric field is

Ê(r, t) ≡
∑
j

Ej(r, t) + Êv(r, t) (3.4)

where Êv is an electric field operator representing the infinitely-many vacuum modes. The

material system is coupled to this total electric field via the electric dipole interaction Hamil-

tonian (Eq. (1.8))

Ĥint = −
∫
drÊ(r, t) · V̂(r, t) = (3.5)

−
∫
dr
∑
j

Ej(r, t) · V̂(r, t)−
∫
drÊv(r, t) · V̂(r, t) = ĤLM + ĤvM
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where the laser modes and the quantum vacuum interact with the material via Hamiltonians

ĤLM and ĤvM respectively.

The heterodyne-detected nonlinear spectroscopic signals are given by the rate-of change of

photon number in some signal mode s, taken to be in a coherent state. Identifying the total

polarization as the expectation value of the total dipole operator 〈V̂(r, t)〉 = P(r, t), the

signal (Eq. (A.20)) may be written as

S(ks,Λ) = =
[ ∫

drdtE∗s(r, t) · 〈V̂(r, t)〉
]

= = [E∗s(ωs) ·P(ks, ωs)] (3.6)

where Es is the signal field, which we have assumed to have a precisely-defined direction k̂s,

and Λ stands for the set of parameters defining the classical fields which must be specified to

simulate particular signals. The total polarization can be written in terms of time-ordered

exponentials

P(r, t) = Tr
[
V̂(r, t)T e−i

∫ t
−∞ dτĤ−,LM(τ)e−i

∫ t
−∞ dτĤ−,vM(τ)ρ(−∞)

]
(3.7)

where ρ(−∞) is the equilibrium field+matter density matrix. Expanding Eq. (3.7) order-

by-order in ĤLM but to zeroth order in ĤvM, i.e., neglecting the vacuum modes altogether,

yields the standard semiclassical nonlinear optical signals, which we term the direct signal

Sd.

For a product of commuting operators (note that Ê and V̂ act in separate spaces and there-

fore commute), we have (ÂB̂)− = Â−B̂+ + Â+B̂−. Since the Ei are c-numbers, (Ei)− = 0

and all interactions with classical fields are associated with a V̂−. Since Tr[Ô−ρ] = 0 for any

ρ, the temporally latest interaction must be the interference with the signal field (associated

with V̂L) or a vacuum interaction (Êv,− does not vanish). Moreover, the vacuum interaction

on the emitting molecule must come prior to that on the absorbing molecule since otherwise

the trace over the vacuum mode density matrix would vanish for this same reason. An impor-
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tant consequence of this reasoning is that the relevant correlation function for each molecule

will be of the form 〈V+V− . . . V−〉 (i.e. one ”+” and several ”−” indices) as in standard

response functions. In this sense, nothing unusual happens to second-order in the vacuum

modes. This is in contrast to spectroscopy with externally generated quantum fields, which

can access dipole correlation functions of the more general form 〈V̂+V̂± . . . V̂±〉 [129]. It is

worth noting however, that the classical correlation function of the vacuum mode 〈Êv,+Êv,+〉

turns out not to contribute while the cascading and local-field corrections are determined

by 〈Êv,+Êv−〉 which would vanish classically but is finite for the quantum vacuum. Thus, in

the semiclassical approximation, all field-matter interactions in the perturbative expansion

occur on a given molecule and the signal is obtained by summing over molecules. These

signals thus scale linearly with N , the number of molecules in the sample, are proportional

to the single-molecule signal suitably averaged, and contain no cooperative many-body con-

tributions. In this sense, the quantum-vacuum field, being the mediator of intermolecular

electromagnetic interactions, is the origin of many-body effects.

We can systematically generate corrections to the semiclassical approximation by expanding

the second exponent in Eq. (3.7) (the vacuum-mode terms). Since Tr[â(†)|0〉〈0|] = 0, the 2nd-

order expansion is the lowest nonvanishing correction which represents successive emission

and re-absorption of a photon by the material. When the same molecule both emits and

absorbs this photon, the result is the lowest-order radiative correction, or one-loop correction,

to the energy (Lamb shift with radiative decay [130]). The terms in which the absorber and

emitter are different molecules lead to a transfer of a coherent excitation between the two

molecules which is the origin of cascading. This is depicted diagramatically in Fig. 3.1.

A derivation given in subsection 3.1.1 gives the total system polarization P in terms of the
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individual molecular polarizations P as

Pν(ks, ω) = (3.8)

P ν(ka, ω)f(ka − ks)+
∫
dωbP̃

ννv(ka, ωs;−ωb)P ν′v(kb, ωb)G
νvν′v(ks − ka,−kb, ωb).

where the ν’s denote cartesian coordinates (with summation implicit), P ν(k, ω) is the po-

larization of a single molecule and P̃ νν′(k, ω;ω′) is the polarization of a molecule resulting

from a single perturbative interaction with the polarization of another molecule in the sam-

ple and arbitrarily-many interactions with the classical fields (defined formally as a dipole

correlation function in Eq. (3.16)). In Eq. (3.8), ka and kb stand for any linear combination

of the set of incoming classical field modes and represent the set of laser modes that interact

with molecules a and b respectively in a perturbative expansion. Since we work in the dipole

approximation, the k-dependence of the polarizations comes only as δ-functions, originating

in the spatial phase factor, that enforce this. In practice, one must sum over the possible

subsets that generate different choices of the ka, kb (we have omitted integration over dkadkb

for brevity). Finally, G is the photon Green’s function defined in (r, t)-space in Eq. (3.34).

The first term in Eq. (3.8) is the direct nonlinear signal and comes proportional to the

sample’s form factor

f(k) ≡
∑
a

eik·ra . (3.9)

This factor carries information on the position of the molecules in the sample and, in the

continuum limit, goes over to the delta function f(k) → (2π)3nδ(k), where n = N
V

is

the molecular concentration. This corresponds to momentum conservation and yields the

phase matching condition. The second term in Eq. (3.8) is the cascading signal in which

the polarization of molecule b serves as a source, along with the external fields, for the

polarization of molecule a. Note that, when this is expanded to, say, order m in the classical

62



modes, we will have
∑

p+q=m−1 P
(p)P (q). The traditional nomenclature is to refer to those

terms with p, q = 1 as local field corrections and the remainder as cascading (the most

familiar being p = q = 3 but 3,5 cascading has also been discussed [131]). Even though

Eq. (3.8) thus represents a more general class of 2nd-order, vacuum-mediated interactions,

we will refer to them collectively as cascading. The key quantity in Eq. (3.8) that connects

the polarization emitted by molecule b with the effective field “felt” by molecule a is the

(k, ω)-space photon Green’s function

G(k,k′, ω) =
∑
ab

e−i(k·ra+k′·rb)G(ra, rb, ω) (3.10)

=
∑
ab

e−i(k·ra+k′·rb)
(
−∇2δνvν′v +∇νv∇ν′v

) eiωbc rab
2πrab

which contains all information about the sample geometry and determines the relative phase

of the cascading vs. direct contributions to the signal. Moreover, Eq. (3.8) reveals the

important point that, in the off-resonant limit where P (ω) only has the phase imprinted by

the external fields (as is relevant for Raman spectroscopy), the relative phase of cascading

versus direct processes will be controlled entirely by G(k,k′, ω). In the limit of a large,

homogeneous sample, the spatial dependence of the photon Green’s function is reduced to

the single variable ra − rb, the difference vector, and we have

Gνvν′v(ks − ka,−kb, ωb)→ f(ka + kb − ks)Gνvν′v(−kb, ωb) (3.11)

→ f(ka + kb − ks)
δνv,ν′vω

2
b

ω2
b − k2

bc
2 + iη

where we have neglected proportionality constants and G(k, ω) directly controls the phase

(i.e., if this quantity is real then the cascading process is in phase with the direct process

and if it is purely imaginary, the two processes are out of phase). The second relation follows
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on taking the integral in the continuum limit. In this regime, the total polarization is thus

Pν(ks, ω) = (3.12)

P ν(ka, ωs)f(ka − ks)− inkbcP̃ ννv(ka, ωs;∓kbc)P νv(kb,±kbc)f(ka + kb − ks).

where we have assumed perfect phase-matching kbc = ωb and both choices of ± must be

summed over.

Equation (3.12) is in the form of the simple macroscopic expression discussed in the intro-

duction that is in common use to understand the cascading contribution to nonlinear signals.

It reveals that the cascading contribution carries an additional factor of molecular density n

compared to the direct signal. Recalling that the form factor also scales linearly with n in

the continuum limit, the direct signal is linear while the cascading is quadratic. The crucial

factor of i responsible for the phase shift that is used to filter out cascades is found to origi-

nate in the phase-matching condition. Finally, it is worthwhile to note the linear dependence

on kbc in the cascading contribution, indicating that it will be stronger at higher, such as

x-ray, frequencies.

In making the assumption that kbc = ωb, we have neglected the principal value of the

denominator in Eq. (3.11) which generates a cascading contribution that is in phase with

the direct signal. Additionally, the situation can be expected to be different in the case of

few-molecule samples or oddly-shaped macroscopic systems. In the next section, we examine

these effects in greater detail.

3.1.1 Microscopic Derivation of Cascading Signals

In this section, we will derive an expression for the cascading signal from a fully microscopic

QED perspective while keeping the perturbative order in the external fields completely arbi-
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Figure 3.1: This diagram depicts the material quantities relevant for an arbitrary cascading
(or, more generally, 2nd-order vacuum-mediated interaction) contribution. The vertical lines
represent the density matrices of molecule a or b and associated propagators. We use dou-
bled lines to clarify that the propagation is with respect to the full Hamiltonian, including
interactions with externally applied fields, and not simply the free material propagation.
The straight intersecting the density matrices of molecule a represents the heterodyne signal
field while the wavy lines represent interactions with vacuum modes. In contrast to the
more familiar double-sided Feynman diagrams, we make no distinction between action on
the ket or bra. This is permissible since we work in Liouville space and convenient since it
permits us to work in the +/− representation in which the Liouvillian H− is more compactly
written. This therefore greatly reduces the number of diagrams. Since we work in the +/−
representation and without the rotating wave approximation, dressing the interactions with
arrows (to indicate positive or negative Fourier components) is unneccesary. This diagram
corresponds to the quantities relevant for equation (3.13).
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trary. This will allow us to make very general conclusions without considering particulars of

the laser fields. Expanding equation (3.6) to 2nd order in the vacuum modes of the electric

field results in

Sc(Λ) ==
[
(i)2

∑
ab

∫
dt

∫ t

−∞
dτv

∫ τv

−∞
dτ ′vE

∗νs
s (ra, t) (3.13)

× 〈V̂ νs
+ (t)V̂ νv

− (τv)〉(ra)〈V̂ ν′v
+ (τ ′v)〉(rb)〈Êv+(ra, τv)Êv−(rb, τ

′
v)〉0
]

where the factor of i2 comes from the two orders of expansion in the interaction with the

vacuum modes, the {ν} stand for cartesian coordinates coming from the dot products and

are implicitly summed over, and 〈. . . 〉0 ≡ Tr[. . . |0〉〈0|] stands for an expectation value taken

over the vacuum state. The −(+) subscripts stand for the commutator (anti-commutator)

as usual and we have selected the only appropriate contributing terms when performing

the initial spatial integrations. In particular, 3-body terms (in which each of the three

dipole operators occur at a different molecule) and that in which the action on molecule b

preceedes that on a all vanish since Tr[Ô−ρ] = 0 for all operators Ô and density matrices

ρ. Note however, that 3-body cascading does occur when expanding to 4th order in the

vacuum modes and cascading 3rd-order processes have been considered in 7th-order nonlinear

techniques [131]. Equation (3.13) is represented diagramatically in Fig. 3.1.

It is important to note that the dipole expectation values in Eq. (3.13) includes propagation

with respect to the full Hamiltonian (excepting only the vacuum modes). That is, the trace

is taken over the exact ρ(t) propagated with the externally applied semiclassical modes and

the expression incorporates all orders of interaction between the matter and laser modes.

Explicitly, we have

〈V̂ νs
+ (t)V̂ νv

− (τv)〉 = Tr
[
V̂ νs

+ (t)T V̂ νv
− (τv)e−i

∫ t
−∞ dτĤ−,LM(τ)ρ(−∞)

]
, (3.14)

where the time-dependence of the dipole operators is through Ĥ0, the free material Hamil-
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tonian, and the new interaction Hamiltonian ĤLM only includes interactions with the laser

fields. The dependence on molecule position is notated outside the expectation values since

all interactions within each expectation value occur on a particular molecule. Within the

dipole approximation, this spatial dependence comes as a simple exponential while the full

multi-polar polarization operator has a more general dependence on position.

Equation (3.13) can be simplified by introducing the polarization of a molecule

P ν(r, t) = 〈V̂ ν(t)〉(r) (3.15)

as well as the quantity

P̃ νν′(r, t; t′) =iθ(t− t′)〈V̂ νs
+ (t)V̂ νv

− (τv)〉(r) (3.16)

which represents the polarization of a molecule in the laser fields due to a perturbative

interaction with the polarization of another molecule. Finally, we identify the photon Green’s

function

Gνν′(ra, rb, τv − τ ′v) = iθ (τv − τ ′v) 〈Êν
v+(ra, τv)Êν′

v−(rb, τ
′
v)〉0 (3.17)

which comes as a time-ordered, vacuum expectation value of electric field operators. In terms

of these quantities, we may write the cascading signal as

Sc(Λ) = =
[∑

ab

∫
dtdτvdτ

′
vE
∗νs
s (ra, t)P̃

νsνv(ra, t; τv)Gνvν′v(ra, rb, τv − τ ′v)P ν′v(rb, τ
′
v)

]
(3.18)

In subsection 3.1.3, we simplify the photon Green’s function. Remaining in the time domain

for now, we substitute Eq. (3.42) to obtain
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Sc(Λ) = (3.19)

=
[∑

ab

∫
dtdτvE

∗νs
s (ra, t)P̃

νsνv(ra, t; τv)

(
−∇2δνvν′v +∇νv∇ν′v

)
2πrab

P ν′v(rb, τv −
rab
c

)

]

where the spatial derivatives (the ∇’s) act on rab, the distance between molecules. This

expression is very intuitive; the polarization of molecule b, evaluated at the retarded time

and adjusted by the action of the dipole coupling tensor and factor of 1
r
, is in place of an

external field interaction. We may make this identification explicit, writing the effective

electric field that is felt by molecule a and caused by the polarization emitted from molecule

b

Eνv
v (ra, τv) =

∑
b

(
−∇2δνvν′v +∇νv∇ν′v

)
2πrab

P ν′v(rb, τv −
rab
c

), (3.20)

in terms of which the cascading signal is

Sc(Λ) = =
[∑

a

∫
dtdτvE

∗νs
s (ra, t)E

νv
v (ra, τv)P̃

νsνv(ra, t; τv)
]
. (3.21)

Equations (3.18)-(3.21) have straightforward physical interpretations. In particular, it is

clear that the phase of the cascading signal will depend on the phase of the effective electric

field 3.20 which in turn depends on the geometry of the sample via the summation over

positions of molecule b. In physical experiments, the material is subjected to a set of lasers

with well-defined propagation vectors kj and, within the dipole approximation, the real-

space dependence of the polarizations will always come as a spatial phase factor ei
∑n
j kj ·r

where n is the order to which the polarization is expanded with respect to the laser-matter

interaction. Thus, the k-space polarization will have a delta function setting k to some linear

combination of the incoming wavevectors. In contrast, the spatial structure of the sample

can be quite complicated. We thus transform to k-space and, in the interests of brevity, we
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omit the integrations over dka dkb with the understanding that they will collapse to sums

over different choices of ka, kb. To completely put all geometric dependence on a single term,

all else that is required is to change to the frequency domain with respect to the retarded

polarization. We obtain

Sc(ks,Λ) = (3.22)

=
[
E∗νss (ωs)

∫
dωbP̃

νsνv(ka, ωs;−ωb)P ν′v(kb, ωb)
∑
ab

e−i(ks−ka)·raeikb·rbGνvν′v(ra, rb, ωb)

]

where we have used the fact that the detected signal field is E∗νss (ra, t)→ E∗νss (ωs)e
−i(ks·ra−ωst)

representing ideal frequency resolution. We explicitly highlight the signal’s dependence on

this detected mode rather than continuing to include it implicitly in the set of field param-

eters Λ. Additionally, we have substituted the spatiotemporal Fourier transforms of Eqs.

(3.15)-(3.16). In terms of the discrete Fourier transform of the photon Green’s function

Gνvν′v(ka,kb, ωb) =
∑
ab

e−ika·rae−ikb·rbGνvν′v(ra, rb, ωb) (3.23)

we have

Sc(ks,Λ) ==
[
E∗νss (ωs)

∫
dωbP̃

νsνv(ka, ωs;−ωb)P ν′v(kb, ωb)G
νvν′v(ks − ka,−kb, ωb)

]
(3.24)

or

Sc(ks,Λ) = (3.25)

=
[
E∗νss (ωs)

∫
dωbP̃

νsνv(ka, ωs;−ωb)P ν′v(kb, ωb)
∑
a

ei(ka+kb−ks)·raIνvν′v(ra,kb, ωb)

]
,
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where we have substituted the quantity

Iνvν′v(ra,kb, ωb) ≡
∑
rb

e−ikb·rabGνvν′v(ra, rb, ωb) (3.26)

=
∑
rb

e−ikb·rab
(
−∇2δνvν′v +∇νv∇ν′v

) eiωbc rab
rab

that forms the basis of our discussion of the geometric differences between cascading and

direct signals in section 3.2. Formally, Eq. (3.19) in the time domain and Eqs. (3.24) or (3.25)

in the frequency domain are our general results. They give the cascading contribution to a

heterodyne-detected signal in terms of the molecular polarization and the photon Green’s

function, which encodes all geometric information that shapes the cascading signal.

As an aside, we note that one may wish to remain in the time-domain with respect to

molecule a, while still handling the geometry more completely than in Eq. (3.19). This can

be accomplished by writing

Eνv
v (ra,kb, τv) =

∫
dωbe

−iωbτv〈V̂ ν′v
+ (ωb)〉Iνvν′v(ra,kb, ωb), (3.27)

Sc(ks,Λ) = =
[∑

a

∫
dtdτvE

∗νs
s (ωs)e

iωstEνv
v (ra,kb, τv)P̃ νsνv(t, τv)ei(ka+kb−ks)·ra

]
. (3.28)

where the ra-dependence of Ev goes away in the homogeneous limit.

In summary, we first derived an intuitive formula (Eq. (3.19)) for the cascading signal based

on the polarization of molecule b at the retarded time acting as a source to interact with

molecule a. We then obtained a convenient, compact expression (Eq. (3.25)) for the cascading

terms in the heterodyne signal based on the photon Green’s function. It can be readily

expanded to any order to obtain cascading corrections to particular nonlinear signals and can

also be recast as interaction between an effective electric field and the molecule (Eqs. (3.20)-
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(3.21) and (3.27)-(3.28)). The effect of the sample geometry is contained in the exponential

phase factor, which approaches the molecule number under good phase matching, and the

integral over the photon Green’s function I(ra,kb, ωb). Under off-resonant excitation, the

phase of the cascading signal is determined solely by this Green’s function. Finally, we note

that everything is currently written in terms of discrete summations over molecular positions

but we may take the continuum limit by replacing summation by integration
∑

r →
∫
drn(r)

where n denotes molecular concentration.

3.1.2 Alternative Derivation of the Macroscopic Homogeneous Limit

In section 3.1.1, we performed all possible simplifications, such as vacuum mode summations,

bundling all geometric dependence into the photon Green’s function and a phase-matching

exponential factor. Such an approach allows full generality in treating different geometries

and provides the necessary ingredients for a simulation of cascading processes in few-molecule

samples. The resulting expressions can then be applied directly to microscopic geometries

or, after converting summations over molecular locations to spatial integrations, various

marcroscopic geometries and smoothly taken to the infinite limit by integrating over all space.

Some additional insight into this may be obtained by pursuing an alternative derivation in

which this spatial integration is performed first, generating δ-functions that determine the

participating vacuum mode and collapse the mode sum.

We begin with

Sc(Λ) =2=
[
(i)2

∑
ab

∑
{ν}

∫
dt

∫ t

−∞
dτv

∫ τv

−∞
dτ ′vE

∗νs
s (ra, t)〈V̂ νs

+ (t)V̂ νv
− (τv)〉(ra) (3.29)

× 〈V̂ ν′v
+ (τ ′v)〉(rb)

∑
kvλ

2πωv

V
{ε(λ)∗
νv

(k̂v)ε
(λ)
ν′v

(k̂v)ei(kv·(ra−rb)−ωv(τv−τ ′v) − c.c}
]
,

obtained from inserting Eq. (3.37) into (3.13) which we then use Eqs. (3.38) and (3.9) to
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rewrite as

Sc(ks,Λ) =2=
[
(i)2

∑
{ν}

∫
dt

∫ t

−∞
dτv

∫ τv

−∞
dτ ′vE

∗νs
s (ωs)e

iωst (3.30)

× 〈V̂ νs
+ (t)V̂ νv

− (τv)〉〈V̂ ν′v
+ (τ ′v)〉

∑
kv

2πωv

V

(
δνvν′v − k̂

νv
v k̂

ν′v
v

)
× {f(ka + kv − ks)f(kb − kv)e−iωv(τv−τ ′v) − f(ka − kv − ks)f(kb + kv)eiωv(τv−τ ′v)}

]

where we have substituted the spatial dependence of the dipole expectation values and the

signal field Es as before. Switching to frequency domain, this can be written as

Sc(ks,Λ) =− 2=[
∑
{ν}

∫
dωbP

νsνv(ωs;ωb)P
ν′v(ωb)

∑
kv

2πωv

V

(
δνvν′v − k̂

νv
v k̂

ν′v
v

)
(3.31)

× {f(ka + kv − ks)f(kb − kv)

ωb − ωv + iη
− f(ka − kv − ks)f(kb + kv)

ωb + ωv + iη
}

where we have used the definitions of the frequency-domain polarizations of the previous

section to simplify the expression. In the infinite homogeneous limit, we have f(k) →

(2π)3nδ(k)

Sc(ks,Λ) = −2(2π)4n2=[E∗νss (ωs)

∫
dωbP

νsνv(ωs;ωb) (3.32)

× P⊥νv(kb, ωb)δ(ka + kb − ks){
kbc

ωb − kbc+ iη
− kbc

ωb + kbc+ iη
}],

where we have identified the transverse part of the polarization

P⊥νv(kb, ωb) =
∑
ν′v

(
δνvν′v − k̂

νv
b k̂

ν′v
b

)
P ν′v(ωb). (3.33)

Finally, we can combine the two terms above to obtain Eq. (3.59)
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3.1.3 Field Vacuum Expectation Value

In this section, we evaluate the relevant photon Green’s function for this problem defined as

a time-ordered, vacuum expectation value of electric field operators

Gνν′(ra, rb, τv − τ ′v) = iθ (τv − τ ′v) 〈Êν
v+(ra, τv)Êν′

v−(rb, τ
′
v)〉0 (3.34)

Ignoring the prefactors for the moment and expanding first the Ê− operator gives

−i
∑
kvλ

√
2πωv

V
Tr[Êv+(ra, τv){ε∗(λ)(k̂v)e−i(kv·rb−ωvτ ′v)â†kv,λ

ρv + ε(λ)(k̂v)ei(kv·rb−ωvτ ′v)ρvâkv,λ}

(3.35)

where ρv ≡ |0〉〈0| is the vacuum density matrix and we have kept only non-vanishing terms.

Due to the cyclic invariance of the trace, we may consider only action from the left with

respect to the Ê+ operator that remains. This results in

2
∑
kvλ

∑
k′vλ
′

√
2πωv

V

√
2πω′v
V

[
ε∗(λ)(k̂v)ε(λ

′)(k̂′v)ei(k
′
v·ra−ω′vτv)e−i(kv·rb−ωvτ ′v)Tr[âk′v,λ′ â

†
kv ,λ

ρv]

(3.36)

− ε(λ)(k̂v)ε
∗(λ′)(k̂′v)ei(kv·rb−ωvτ ′v)ei(k

′
v·ra−ω′vτv)Tr[â†k′v,λ′ρvâkv,λ]

]
.

The basic commutation relation then gives Tr[âk′v ,λ′ â
†
kv ,λ

ρv] = Tr[â†k′v ,λ′ρvâkv ,λ] = δk′vkvδλ′λ

and we obtain the expression

〈Êv+(ra, τv)Êv−(rb, τ
′
v)〉0 (3.37)

= 2
∑
kvλ

2πωv
V

ε∗(λ)(k̂v)ε
(λ)(k̂v){ei(kv ·(ra−rb)−ωv(τv−τ ′v)) − e−i(kv ·(ra−rb)−ωv(τv−τ ′v))}
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To simplify, we perform the polarization sum and change the vacuum mode summation to

an integration (see [132, 133])

∑
λ

ε(λ)∗
νv (k̂v)ε

(λ)
ν′v

(k̂v) = δνvν′v − k̂
νv
v k̂

ν′v
v (3.38)

1

V
∑
kv

→
∫
dωvdΩvω

2
v

(2πc)3
(3.39)

after which the integration over solid angle can be carried out

∫
dΩv

(
δνvν′v − k̂

νv
v k̂

ν′v
v

)
e±ikv ·r =

(
−∇2δνvν′v +∇νv∇ν′v

) sin kvr

k3
vr

(3.40)

which then allows us to easily perform the ωv integration

∫
dωv sin

(
ωv
rab
c

)[
e−iωv(τv−τ ′v) − eiωv(τv−τ ′v)

]
= iπ

[
δ(τ ′v − τv −

rab
c

)− δ(τ ′v − τv +
rab
c

)
]
.

(3.41)

Combining this with Eq. (3.34) yields

Gνν′(ra, rb, τv − τ ′v) =
(
−∇2δνν′ +∇ν∇ν′

) δ(τ ′v − τv + rab
c

)

2πrab
. (3.42)

with temporal Fourier transform

Gνν′(ra, rb, ω) =

∫
d(τv − τ ′v)eiω(τv−τ ′v)Gνν′(ra, rb, τv − τ ′v) =

(
−∇2δνν′ +∇ν∇ν′

) eiω rabc
2πrab

(3.43)

where acting the differential operators results in Eq. (3.57) below.
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3.2 Sample Geometry Determines the Phase of the

Cascading Signal

From the previous section, it is clear that, for the off-resonant response, the k-space photon

Green’s function (Eq. (3.11) determines the phase of the cascading signal. In the semiclassical

description, the effective electric field emitted by molecule b is given by a phase-shift of the

polarization E ∝ iP . The extra factor of i, which in this semiclassical picture comes from

the additional emision event inherent in cascading processes, renders the cascading terms out

of phase with the direct nonlinear terms. This effect has been used to discriminate between

the two [44, 43, 47, 48]. In this section, we evaluate the photon Green’s function for different

geometries and show under what conditions the cascaded signal acquires this well-defined

phase shift.

To simplify the analysis, we will seperate the summations (integrations) over the positions

over the two molecules. We thus re-write

Gνvν′v(ks − ka,−kb, ωb) =
∑
a

ei(ka+kb−ks)·raIνvν′v(ra,kb, ωb) (3.44)

Iνvν′v(ra,kb, ωb) =
∑
b

eikb·(ra−rb)Gνvν′v(ra, rb, ωb) (3.45)

where the second summation differs from the discrete Fourier transform of G with respect

to rb only by the spatial phase factor eikb·ra . In the macroscopic homogenous limit, I does

not depend on the choice of ra and we have

Iνvν′v(ra,kb, ωb)→ Iνvν′v(kb, ωb) = Gνvν′v(kb, ωb) (3.46)

in line with Eq. (3.11). Thus, we will primarily be concerned with the evaluation of Eq.

(3.45).
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3.2.1 A Simplified Treatment for a Scalar Field

The presence of the dipole coupling tensor (−∇2δνν′ +∇ν∇ν′) in Eq. (3.10) complicates

matters somewhat. For clarity, in this section, we first treat the problem by replacing the

electromagnetic field, which is a vector gauge field, with a scalar field. This simplified model

still maintains all qualitative features of the original model. The effects will be extended

for the original electromagnetic field setting later, and we will show that the scalar model

describes the relation between the cascaded and direct signals absolutely adequately.

We assume the following interaction Hamiltonian

Hint = −
∫
drϕ(r)ρ(r), (3.47)

where ρ(r) is the scalar polarization, and ϕ(r) is the scalar field that replaces the full

electromagnetic counterpart, so that the Maxwell equations are replaced with the Helmholtz

equation ((∇2 + k2)φ(r) = 0), whose Green’s function (that replaces the Green’s function of

the Maxwell equations, also known as the Green’s function of the electromagnetic field) has

the form

G(r, r′;ω) =
ei
ω
c
|r−r′|

|r − r′|
. (3.48)

We will further switch to the uniform continuum limit wherein all properties of the cascaded

signal, compared to its direct counterpart are fully contained in the integral

I(ra,kb, ωb) =

∫
V

drbe
ikb·(rb−ra)G(ra, rb;ωb), (3.49)
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where V denotes the integration region, occupied by the sample. We will focus on three

special cases. In cases (i) and (ii) there is a poor phase matching, whereas in case (iii) phase

matching is good.

Case (i): the region V is a convex 3D region with the size large, compared to the wavelength.

Introducing an inhomogeneous spherical coordinate system, associated with the convex re-

gion V , centered at r0, with the z-axis oriented in the direction of k0 (see appendix C.2.2)

we recast the integral I in a form

I =

∫ R

0

r2
bdrb

∫ π

0

sin θdθ

∫ 2π

0

dϕξ3(θ, ϕ)(ξ(θ, ϕ)rb)
−1eiξ(θ,ϕ)(

ωb
c

+kb cos θ)rb , (3.50)

where R and ξ(θ, ϕ), are determined by the shape and size of the region V , as well as the

position ra. Assuming a natural condition kb < ωb, integration over ra can be performed for

any values of θ and ϕ, resulting in

I =−
∫ 2π

0

dϕ

∫ π

0

sin θdθ
1

(ωb
c

+ kb cos θ)2
+ (3.51)∫

S2

dn

(
1

(ωb
c

+ kb · n)2
− iRξ(n)

ωb
c

+ kb · n

)
eiRξ(n)(

ωb
c

+kb·n)

The second integral over the unit sphere represents the integral over the boundary of the

sample. If the point ra is not within the wavelength region from the boundary (which is the

typical case), the integrand is a fast oscillating function and the integration can be performed

using the saddle point method. In subsection C.2.3, we briefly estimate this contribution and

demonstrate that the second integral can safely be neglected. Performing the integration in

the first term in the r.h.s. of Eq. (3.51) explicitly we arrive at

I = − 4π(
ωb
c

)2 − k2
b

. (3.52)
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This result is natural, it just means that, when ra is not within a wavelength distance from

the boundary the result is the same as in the infinite medium. Since the contribution of the

thin layer in the vicinity of the boundary provides minor contribution, the cascaded signal

can be computed using the simple expression for I, given by Eq. (3.52). Note that we have

implicitly assumed poor phase matching, i.e. Eq. (3.52) only applies in a principal value

sense and neglects the perfect phase matching point ωb = kbc. In the absense of such phase

matching, I is clearly real and the cascading signal is in phase with the direct signal. We

will see later that the singular point gives an imaginary, out-of-phase contribution which is

dominant under good phase matching.

Case (ii): V is a convex 2D region with the size large, compared to the wavelength, such

as a molecular monolayer or thin film with thickness smaller than the wavelength. We can

use an inhomogeneous polar coordinate system, resulting in the following expression for the

integral I

I =

∫ R

0

rbdrb

∫ 2π

0

dϕξ2(ϕ)(ξ(ϕ)rb)
−1eiξ(ϕ)(

ωb
c

+kb cosϕ)rb , (3.53)

where in this 2D case kb naturally denotes the projection of the cascading field wave vector

onto to the monolayer/film plane. Performing integration over rb we obtain

I = −i
∫ 2π

0

dϕ
1

ωb
c

+ kb cosϕ
+ i

∫ 2π

0

dϕ
1

ωb
c

+ kb cosϕ
ei(

ωb
c

+kb cosϕ)aξ(ϕ) = I0 + I1 (3.54)

Neglecting, similar to the 3D case the second contribution occurring from a fast-oscillating
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integral we obtain

I = I0 = −i
∫
C

dz

2πiz

1
ωb
c

+ kb(z + z−1)/2
(3.55)

= −i
∫
C

dz

2πi

1

kbz2 + ωb
c
z + kb

=
−i√(

ωb
c

)2 − k2
b

This means that in the off-resonance case, when the susceptibilities are real, the direct and

cascaded signals are in phase for 3D, whereas in the 2D case there is a π/2 phase shift

between the two signals.

Case (iii): the region V is a cylinder of generically irregular shape, located on a reflecting

plane. Let r = (x, y, z), which describes Cartesian coordinates. We assume the region V

to be a cylinder of thickness l, so that 0 ≤ z ≤ l, where z = 0 identifies a reflecting plane.

The shape of the cross section of V at 0 ≤ z ≤ l is generically irregular, but convex, and

may depend on z. We also assume kb = (0, 0, kb) to be directed along the z-axis, i.e., the

cascading wavevector is normal to the plane. The derivation of this signal follows a similar

form to case (ii) but is followed by an integration over z. It is given in detail in appendix

C.1 and results in

I(ra,kb, ωb) = 2πi
c

ωb
zae

ikbza . (3.56)

where we have taken the limit of good phase matching so that |ωb − kb|l � 1 and za is not

within the wavelength scale from the borders.

To summarize, we note that the i factor in the r.h.s. of Eq. (C.10) appeared due to the

2D-integration over a cross section (Eq. (C.3)), exactly along the lines of the Feynman’s

argument [134]. The third contribution in Eq. (C.8), which is due to the reflecting surface,

vanishes in the good phase matching limit. This tells us that in this limit the effect of
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the reflecting boundary is negligible, even if it is not perfectly reflecting. Finally, we note

that, for a co-linear beam geometry, we have kbc = ωb and this phase-matching condition is

automatically satisfied. In this case, as long as a sufficient number of molecules are involved

so as to permit the continuous 2D-integration over a cross-section of the interaction region,

we will obtain a cascading signal exactly out-of-phase with respect to the direct signal.

3.2.2 The Vector Guage Field

The previous section demonstrated how to perform the sorts of integrals needed to evaluate

G(ra,kb, ωb) for different geometries utilizing a simplifiedscalar field. Restoring the vector

nature of the coupling gives, for the real space Green’s function

Gνν′(ra, rb, ωb) =
(
−∇2δνν′ +∇ν∇ν′

) eiωbc r
2πr

(3.57)

=
−ei

ωb
c
r

2πr3

[
(δνν′ − 3r̂ν r̂ν′)(1− i

ωb
c
r)− (δνν′ − r̂ν r̂ν′)

(ωb
c

)2

r2

]

where we have used r = |ra− rb| for brevity. Equation (3.57) has terms proportional to r−3,

r−2, and r−1. The last of these terms is purely transverse and, aside from the ω2
b factor,

matches the Helmholtz Green’s function used as an example in the previous section. In the

limit of an isotropic sample, we have r̂νv r̂ν′v →
1
3
δνvν′v and this r−1 term is the only to survive

yielding

G(kb, ωb) =
−4

3

ω2
b

ω2
b − k2

b c
2 + iη

(3.58)

where we have omitted the cartesian components since the result is proportional to δνvν′v .

This is the equivalent to Eq. (3.52) for the vector coupling field and holds under the same

geometric assumptions as that equation. In fact, in the isotropic limit, we may directly obtain

the result for the full vector Green’s function by simply multiplying the corresponding result
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obtained above for a scalar field by the factor
ω2
b

3πc2
. More generally, the far-field term is

dominant when ωbr
c
� 1, corresponding to seperations of greater than 2πλ or roughly 6

times the wavelength of the cascading light. Thus, for intermolecular seperations much less

than this, the static dipole-dipole coupling is dominant while for much larger distances, the

long-range 1
r

term is dominant. As demonstrated above, it is this far-field term that leads

to a factor of i in the case of a thin sample under good phase matching |kb− ωb
c
|l� 1. Note

that the r−2 term comes with an i factor and hence, when the sample is anisotropic, we may

expect that the cascading signal has both in-phase and out-of-phase contributions relative

to the direct nonlinear signal.

The limit of an infinite, homogeneous sample can be obtained in a somewhat simpler fashion

by integrating over space before handling any vacuum mode summations. The result is a

δ-function selecting the participating vacuum mode and we obtain (see section 3.1.2)

Sc(ks,Λ) = −n2=
[
E∗νss (ωs)

∫
dωbP

νsνv(ωs;ωb)P
⊥νv(kb, ωb)δ(ka + kb − ks)

k2
bc

2

ω2
b − k2

b c
2 + iη

]
,

(3.59)

where we omit factors of 2π for brevity. It is thus apparent that the cascading signal consists

of a real, principal value part and an imaginary part with a δ-function selecting ω2
b c

2 = k2
b .

Note that kb is a linear combination of classical modes interacting with molecule b and

ωb is the corresponding linear combination of frequencies. Both parameters are therefore

externally controlled (up to permutation since which particular classical modes interact with

molecule b versus a must clearly be summed over) and we obtain a π/2 phase shift (factor of

i) only under perfect phase matching ω2
b = k2

bc
2. As demonstrated in the previous section,

this phase-shifted component is dominant for finite samples when the phase-matching is such

that |ωb − kbc|l� 1 where l is the optical path length.

Equation (3.59) strongly resembles the commonly-invoked marcroscopic relation that the
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cascading field comes as a product of two polarizations Ec ∝ PP . Our microscopic derivation

reveals the precise sense in which they are related, i.e., through integration over the (k, ω)-

space photon Green’s function.

The case of two-molecules is also easily treated and instructive. Arranging our coordinate

system such that the two molecules both lie on the z-axis, we obtain the simplified form of

the integrated Green’s function

Iνν
′
(ra,kb, ωb) =

−δνν′ei(
ωb
c
r−kb·r)

2πr3

[
(1− 3δνν′z)(1− i

ωb
c
r)− (1− δνν′z)

(ωb
c

)2

r2

]
.

(3.60)

We immediately notice that the Green’s function is now a diagonal tensor. In this two-

molecule case, the phase of the cascading signal is sensitively dependent on the distance

between molecules and the angle between the cascading beam and the intermolecular axis

and comes via the factor ei(
ωb
c
r−kb·r). Considering, for example, a co-linear beam geometry

perpendicular to the intermolecular axis, we have kb ·r = 0 and the phase ei
ωb
c
r is a sensitive

probe of the intermolecular distance. Similarly, with a co-linear beam geometry parallel to

the intermolecular axis, we obtain a phase of ei(
ωb
c
r−kbr) = 0 and the long-range cascading

signal is in phase with the direct signal. Finally, we note that the long-range term which

usually generates cascading does not contribute to the Gzz component. This means that, if

the dipoles are aligned along the axis connecting the two molecules, no long-range cascading

takes place.

3.3 Conclusions

Cascading is a vacuum-mediated exchange of coherent polarization between two molecules

in a sample. Being a coherent process, it generates terms with the same phase-matching and
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scaling with external field amplitudes as direct signals that are ordinarily of more interest

since they reveal higher nonlinearities. In this chapter, we have provided a microscopic QED

derivation of cascading processes to arbitrary order in the classical modes and connected

this to the common macroscopic result obtained via Maxwell’s equations. In particular,

we have demonstrated that the i factor used to discriminate cascading from direct signals

originates in phase-matching and geometric concerns. In few-molecule samples for example,

the cascading signal will generally produce both in phase and out of phase terms of varying

dependence on the intermolecualr seperation vector r and cascading wavevector kb. The

uniform integration over the interaction volume cross-section was found to be responsible

for this phase-shift, along the same lines as explicated by Feynman for a sheet of dipoles

[134]. A phase-matching condition |ωb
c
−kb|l� 1, where l is the thickness of the sample, was

identified as necessary for the in-phase component of the cascaded signal to vanish. This

condition can be achieved in thin films or guaranteed by a co-linear beam geometry. Because

they scale quadratically in molecular concentration, the cascading terms often dominate

direct nonlinear signals. Additionally, the cascading signal scales linearly with the frequency

ωb of the emitting polarization. This implies that cascading processes will become even

more dominant at higher frequencies, such as in x-ray Raman experiments, necessitating a

thorough understanding of cascading processes for data analysis purposes [135].

We are now in a position to appreciate the difference between cascading and fluorescence

resonant energy transfer (FRET). FRET processes are evaluated by taking the square of

the Hilbert space amplitude for molecule b to emit a photon then aborbed by molecule a

[132, 133]. But this square transition amplitude involves 4 orders in the vacuum mode, and

is thus 2 orders higher than cascading. In fact, in a FRET process, the emitting molecule

populates a photon mode while in cascading the only intermediate photon state is a coherence

between the 0- and 1-photon states. Despite these differences, the derivations given above

have much the same flavor as QED derivations of FRET [132, 136, 133, 137] with the principal

difference being that cascading depends directly on the dipole coupling tensor rather than its
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square. The derivation of section 3.1.1 can thus be extended to account for FRET and other

higher-order processes. At fourth-order, the same as FRET, we also encounter a 3-body

cascading contribution that comes as

Pν3−body(ks, ωs) =

∫
dωbdωcP̃

ννvµv(ka, ωs;−ωb, ωc)P ν′v(kb, ωb)P
µ′v(kc, ωc) (3.61)

×
∑
abc

ei(ka+kb+kc−ks)·raIνvν′v(ra,kb, ωb)I
µvµ′v(ra,kc, ωc)

and will, under phase matching, provide terms that scale cubically in the molecular concen-

tration n. Higher-order corrections generate n-body cascading terms that follow similarly.

From the perspective of Feynman diagrams, cascading is like a vertex insertion (with four

free branches corresponding to the two in-states and two out-states of the participating

molecules) while the Lamb shift is the corresponding self-energy insertion. Both come from

vacuum interactions but only the former can be incorporated into a Dyson equation. The

n-body cascading terms similarly behave like vertex insertions with 2n free branches.

An interesting future extension of this work would be to consider manipulating the cascading

signal from a system of molecules embedded in an optical cavity, systems which have drawn

recent interest [56, 57, 138, 139, 140, 141]. Optical cavities alter the density of electromag-

netic field modes from its free-space value, suppressing cascading in all but the cavity mode.

In particular, we note that the field mode participating in a cascading process is determined

only for infinite samples (when the mode summation collapses to a δ-function as in section

3.1.2) while, for few-molecule samples, all vacuum modes participate. By strongly coupling

a few-molecule sample to an optical cavity, we can effectively force the cascading to occur

with a particular field mode (the cavity mode). On the other hand, by suppressing the

density of field-modes at the cascading wave-vector for a macroscopic system, the cascading

signal can be suppressed for arbitrary sample-sizes and beam geometries. Moreover, molec-

ular coupling to the cavity mode can be tuned by the cavity volume and made much larger

than the coupling to the vacuum field. This would allow for enhancement and control of the
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cavity-mode cascading.
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Chapter 4

Molecules in Optical Cavities

The fate of a molecule after excitation with light is determined by the shape of its excited-

state potential energy surface (PES). While most molecules make their way back to the

ground state by spontaneous emission or non-radiative relaxation, some dissociate, isomerize,

or are funneled through conical intersections (CoIn) [103]. It is well-known that molecular

photochemistry can be meaningfully altered via specialized fields [142, 60, 61, 143, 144, 145,

146]. The modified photonic vacuum in nano-scale fabricated cavities allows for influencing

molecular potential energy surfaces in a nondestructive manner and without the use of

an external laser field that would allow multi-photon pathways that could interfere with

the intended control scheme. The radiation matter coupling is enhanced in small cavity

modes [52] (the coupling increases with 1/
√
V , where we use V for the mode volume in

the chapter, reserving the symbol Ω for the Rabi frequency), and substantial couplings can

be induced between electronic states with just a single photon [56] or even in the vacuum

state [147, 148]. The strongly coupled molecule-field states are known as dressed states [54]

or polaritons [58] and are well-studied in atomic samples [52, 53, 54] and the treatment has

been applied to atomic trapping and cooling [149]. Potential application to molecular cooling

[150, 151], as a tool to probe larger molecules [152, 153], to enhance vibrational spectra
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[154, 57, 155, 138], for use with electromagnetically induced transparency [156], and to allow

cavity-modified photochemistry [157, 139] have been objects of intensive studies. Recent

experimental developments show promising results, paving the way for strong coupling in

the single molecule regime [59].

While optical cavities can couple to vibrational transitons [57, 158], we discuss only the cavity

coupling to the electrons in this chapter as this is most directly relevant for manipulating

excited-state potential surfaces. For simplicity, we assume only two active electronic levels,

a ground state |g〉 and excited state |e〉. To set the stage, we first neglect the nuclear degrees

of freedom and only introduce them at a later point. This will allow us to introduce the

basic structure of the Hamiltonian and the cavity coupling. The Hamiltonian describing the

light-matter interaction of a two-level system linearly coupled to a quantized radiation field

is given by the quantum Rabi model [159]

Ĥel-c = Hel +Hc +HI =
ω0

2
(2σ̂†σ̂ − 1) + ωcâ

†â+ g(â† + â)(σ̂† + σ̂) (4.1)

where Hel(c) is the electronic (cavity) Hamiltonian, ω0 = ωe − ωg is the energy difference

between the exited state |e〉 and the ground state |g〉, σ̂ = |g〉〈e| is the annihilation operator

for the bare electronic excitation, and â(†) annihilates (creates) a cavity photon of mode

frequency ωc. The vacuum Rabi-frequency g =
√
nµegεc, the coupling between the photon

mode and the electronic degrees of freedom, depends on the electronic transition dipole

moment µeg and the vacuum field amplitude

εc =

√
2πωc
V

. (4.2)

This amplitude is determined by the active volume V of the cavity mode. Nano-scale cavities

can thus induce very strong coupling. The cavity coupling is further enhanced by a factor of

√
n if an ensemble of n molecules contributes in a coherent fashion in a cavity smaller than
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Figure 4.1: (Upper) Schematic depiction of the Hamiltonian. Under the RWA, Ĥ has a
block-diagonal structure. Each block with nonzero total excitation number is 2-by-2 and
composed, in this basis, of |e, nc〉, |g, nc + 1〉. Adding back in the counter-rotating terms
couples states that differ by 2 in total excitation number N̂ . (Lower) The simultaneous
eigenstates of parity and excitation number. States with even (odd) excitation number have
even (odd) parity.

the optical wavelength 2πc/ωc.

Different approximations can be used to find the eigenvalues of Eq. 4.1 depending on the

magnitude of g. Perturbative solutions are possible when g is much smaller than all other

system frequencies. If the time scale g−1 is faster than possible decay processes, we enter

the strong coupling regime though the counter rotating terms (aσ and a†σ†) in the Hamil-

tonian can still be neglected. This is known as the Jaynes-Cummings (JC) model [53] and

approximate solutions to the Hamiltonian are in the form of dressed states, which are then

expressed in the basis of the photon number states:

Ψc =
M∑
n=0

cg,nc |g, nc〉+ ce,nc|e, nc〉. (4.3)

Here nc is the number of photons in the cavity mode and M is the highest photon number

in the expansion. Because the JC model keeps only the aσ† and a†σ terms in the cavity-
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molecule coupling, the total matter+field excitation number, N̂ ≡ n̂c + σ̂†σ̂, is a conserved

quantity ([N̂ , Ĥ] = 0), reducing the Hamiltonian to a 2-by-2 block-diagonal form (see Fig.

4.1). Assuming that the cavity is initially in the vacuum state (no photons), the wavefunction

in the JC model can thus be expressed by the two bare states |g, 0〉, |e, 0〉 and the 1-photon

dressed ground state |g, 1〉, which is dynamically accessible through the excitation |e, 0〉

initialized by the pump. An extension of the JC model to include the nuclear degrees of

freedom is presented in section 4.1. There, we present examples illustrating how the cavity

coupling can be tailored to suppress or enhance reaction rates relative to the bare system.

The RWA is justified in the regime of a weakly-driven system (g̃ � ωc) and a reasonably-large

transition frequency (ω0/ωc > 0). Both conditions are violated if we consider ultrastrong

coupling to a molecule with a bare avoided crossing or CoIn. In this parameter regime, the

Hamiltonian acquires a band-diagonal structure as compared to a block diagonal structure

(Fig. 4.1 upper panel) and the expansion for the eigenstates (Eq. 4.3) requires a large number

of Fock states to converge, becoming intractable for quantum dynamics time propagation

(scaling with O(M2)).

The full Quantum Rabi Hamiltonian has been well-studied. Analytic expressions in terms of

continued fractions were found by Judd for an isolated set of eigenstates and the approach

was further explicated in terms of the Bargmann representation and extended [160, 161, 162].

While a purely analytic, complete solution without the RWA is not possible, the problem

has been treated in the Fock space to allow for a numerically exact solution [163, 164].

Operator methods have been discussed as well [165, 166]. Section 4.2 presents a method for

obtaining the potential energy surfaces of the coupled cavity-matter system, as well as the

non-adiabatic couplings between them, in the ultrastrong coupling regime in which the RWA

fails.

In principle, these can be used to simulate wavepacket dynamics and spectroscopic signals.

In practice, this requires great care as the system can move between the weak, strong, and
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ultrastrong regimes as the nuclear parameters change. Different techniques should really be

used in these different regimes (this is not so great a problem for the potentials but the non-

adiabatic couplings are more demanding), with final curves patched together appropriately,

but this more detailed analysis is not pursued here. Instead, in section 4.2.2, we present

a method for directly simulating spectroscopic observables by real-time wavepacket prop-

agation in the joint cavity-matter space. This allows direct quantitative access to signals

of interest, skipping the dressed potential surfaces and couplings. The two techniques are

thus complementary, one providing the signals (section 4.2.2) and the other providing the

underlying quantities that determine it (section 4.2). We demonstrate these points with

photoexcitation of NaI as an example.

4.1 Molecule-Cavity Coupling in the Rotating Wave

Approximation

Within the RWA, the eigenstates of Hel-c are the dressed (polariton) states |±, nc〉:

|+, nc〉 = cos θ|e, nc〉+ sin θ|g, nc + 1〉 (4.4)

|−, nc〉 =− sin θ|e, nc〉+ cos θ|g, nc + 1〉 , (4.5)

where the mixing angle θ is given by

cos θ =

√
Ωn − δc

2Ωn

, sin θ =

√
Ωn + δc

2Ωn

, (4.6)

and the Rabi-frequency Ωn and molecule-cavity detuning δc are

Ωn =
√

4g2(nc + 1) + δ2
c , δc = ω0 − ωc = Ve − Vg − ωc. (4.7)
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The corresponding eigenvalues are then

E±,n =
1

2
ω0 + ωc

(
nc +

1

2

)
± 1

2
Ωn . (4.8)

We assume that the cavity is initially in the vacuum state (i.e., nc = 0) and omit the photon

number nc (and the zero-point energy) in the remainder of the section.

The JC model was developed for atomic transitions and does not include nuclear degrees of

freedom. To generalize to molecules, we include the dependence of the nuclear coordinates

q = (q1, . . . , qN) into the JC model and the quantities δc, Ωn, g, and the mixing angle θ (Eq.

4.6) then depend parametrically on q. The new dressed potential energy surfaces are then

V±,0 =
1

2
(Ve − Vg)±

1

2
Ω0 (4.9)

Vg,0 = Vg (4.10)

where Vg ≡ Vg(q) and Ve ≡ Ve(q) are the bare state potential energy surfaces of the free

molecule.

We follow the standard procedure to derive the non-adiabatic coupling terms in the adiabatic

basis [103, 167, 168]. Instead of the bare adiabatic electronic states, we use the dressed states

from Eqs. 4.4 denoted |φk〉 ≡ |φk(r,q)〉, where r = (r1, . . . , rM) are the electronic coordinates.

The total wave function is expanded in the adiabatic basis:

Ψ =
∑
k

ψk(q)φk(r,q) (4.11)

where k runs over the set of dressed states (|g, 0〉, |±, 0〉). The full molecular Hamiltonian

consists of the electronic part and the nuclear kinetic energy term T̂ = −
∑

i

1

2mi

∇i where

∇i ≡
∂2

∂q2
i

is the nuclear spatial derivative operator and mi is the mass of the i-th nuclear

coordinate (see appendix B.2). Taking the matrix elements 〈Ψ|Ĥ|Ψ〉 and integrating over r

91



yields:

Ĥkl = δkl

(
T̂ + V̂kl

)
+
∑
i

1

mi

(
f

(i)
kl

∂

∂qi
+

1

2
h

(i)
kl

)
(4.12)

where f and h recover the derivative coupling term and the scalar coupling as they appear

in the theory of CoIns:

f
(i)
kl (q) = 〈φk(q)|∇i|φl(q)〉r (4.13)

h
(i)
kl (q) = 〈φk(q)|∇2

i |φl(q)〉r (4.14)

where 〈. . . 〉r indicates integration over electronic coordinates r. No assumptions have been

made on the bare electronic states. This result holds even if Vg and Ve undergo a crossing.

In the following we discuss the relevant matrix elements of f and h in the dressed states

basis and show how the cavity affects the non-adiabatic couplings. Inserting the definitions

of the dressed states (Eqs. 4.4) into Eq. 4.13 yields the derivative coupling term between

|−, 0〉 and |+, 0〉:

f
(i)
−,+ =

∆Gi

4g

(
1− δ2

c

4g2 + δ2
c

)
− δc

4g2 + δ2
c

∇ig (4.15)

where ∆Gi = ∇i(Ve − Vg) is the gradient difference. The dressed state coupling has two

contributions: The first term is governed by the gradient difference of the two bare state

PESs whereas the second term depends on the gradient of the transition dipole moment

through ∇ig. The latter vanishes in the Condon approximation but may be substantial in

regions where the transition dipole varies rapidly with the qi. Note that Eq. (4.15) does not

contain any coupling terms involving the bare state crossings (f
(i)
g,e) since terms containing

these couplings vanish due to the orthogonality of the photon states. This is in contrast to

the couplings between the ground and the dressed states which solely contain the bare state
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derivative couplings but no contribution from the cavity:

f
(i)
g,+ = f (i)

g,e cos θ (4.16)

f
(i)
g,− = −f (i)

g,e sin θ (4.17)

These terms may be safely neglected when the bare state energies are well separated. Note

that all diagonal matrix elements of f vanish (fkk = 0).

To evaluate the scalar coupling terms h of the second derivatives we introduce the following

decomposition, which breaks down the equations and simplifies the results.

h
(i)
kl = ∇if

(i)
kl − F

(i)
k,l (4.18)

The second term F
(i)
k,l = 〈∂qiφk|∂qiφl〉 now also contains diagonal contributions:

F
(i)
+,+ = F (i)

g,g sin2 θ + F (i)
e,e cos2 θ +

Λ2
i

4
+
δ2
cΛ

2
i

16g2
(4.19)

F
(i)
−,− = F (i)

g,g cos2 θ + F (i)
e,e sin2 θ +

Λ2
i

4
+
δ2
cΛ

2
i

16g2
(4.20)

F
(i)
−,+ = sin θ cos θ

(
F (i)
g,g − F (i)

e,e

)
(4.21)

F
(i)
g,+ = F (i)

g,e cos θ +
Λif

(i)
ge

4 cos θ
(4.22)

F
(i)
g,− = −F (i)

g,e sin θ +
Λif

(i)
ge

4 sin θ
(4.23)

with

Λi =
δc
Ω3

(4g∇ig + δc∆Gi)−
∆Gi

Ω
. (4.24)

Together, f
(i)
kl and F

(i)
kl contain all possible couplings: intrinsic non-adiabatic couplings of

the bare states and cavity induced non-adiabatic couplings. The Hamiltonian (Eq. (4.38))

thus describes the dynamics in the most general case. The only approximation made is the
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RWA and the condition that the system can not access higher photon states during the time

evolution (this is consistent with the RWA and a linear pumping process initially exciting

the system).

The non-adiabatic couplings may be further simplified in specific parameter regimes. Assum-

ing that the bare states are well separated in energy and do not undergo any curve crossings,

all terms f
(i)
g,e, F

(i)
g,g, F

(i)
e,e , and F

(i)
g,e may be neglected. The F

(i)
g,e terms are usually neglected

in molecular dynamics simulations and quantum dynamics of the bare states. Note that

F−,+ does not contain any contribution from the cavity. F
(i)
±,± vanishes for small gradient

differences and in the Condon approximation and may also be neglected in most cases, since

they only make a minor contribution to the shape of the PESs. Dropping all F terms leads

to the approximate Hamiltonian:

Ĥkl = δkl

(
T̂ + V̂l

)
+
∑
i

1

2mi

(
2f

(i)
kl ∇i +∇if

(i)
kl

)
(4.25)

The hermitian Hamilton (Eq. (4.25)) will be used in the following to calculate the wave packet

dynamics. Hamiltonians with this structure are commonly used to simulate the dynamics in

the vicinity of CoIns [167] by numerical propagation of the wavefunction. This is done by

using a grid in the nuclear coordinates, rather than expanding in nuclear eigenstates which

scales unfavorably with the number of nuclear modes.

Operators which represent molecular properties can be expressed in the bare state basis by

transforming them into the dressed state basis using Eqs. 4.4 to 4.6. The transition dipole

moments then read:

〈+, 0|µ̂|g, 0〉 = cos θµeg (4.26)

〈−, 0|µ̂|g, 0〉 = − sin θµeg (4.27)

〈+, 0|µ̂|−, 0〉 = cos θ sin θ (µee − µgg) , (4.28)
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Figure 4.2: (a) Bare state PESs used for the photonic catalyst model as well as the photonic
bound state model. The minimum of the S2 state is displaced by 0.3 Å with respect to the
ground state. (b) Transition dipole curve used in the different models. The parameters for
the model are given in Appendix B.3.

where µeg is the bare state electronic transition dipole moment and µgg and µee are dipole

moments of the ground and excited state respectively.

4.1.1 Photochemistry in the Strong-Coupling Regime

In this section, we present calculations on two simple model systems with a single active

nuclear coordinate q to illustrate the basic possibilities opened up by cavity coupling and

the corresponding effects on the non-adiabatic couplings. The level structure of the dressed

states creates new pathways for the nuclear dynamics and new transitions for spectroscopic

measurements. Our goal is to use the influence of the cavity to modify the reactivity of a

molecule. Photodissociation in the dressed state basis can then be enhanced or suppressed.

In the first model (Fig. 4.2(a)), we assume that a bound state S2 is accessible by a dipole
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Figure 4.3: (a) Dressed state PESs for the photonic-catalyst model. The S2 state is now
coupled to the dissociative state. (b) Non-adiabatic coupling matrix element for the polariton
states. Dominated by the gradient difference term of Eq. 4.15. Parameters: g = 54 meV

transition from the ground state S0. The dissociative state S1 does not have a transition

dipole moment with the ground state, but is accessible from S2. The cavity couples the states

S2 and S1 through the transition dipole moment shown in Fig. 4.2(b). The cavity mode

frequency ωc is set be in resonance at the minimum of S2 (1.45 eV) and with a maximum

cavity coupling of g = 54 meV. The states |g〉 ≡ S1 and |e〉 ≡ S2 are used along with Eq.

4.10 to form the dressed states, shown in Fig. 4.3(a). The resulting dressed states |S1〉, |−〉,

and |+〉 undergo an avoided crossing close to resonance, while their shape remains similar

to the bare states. The corresponding non-adiabatic coupling matrix element f+,− (Eq.

4.13), which is responsible for the transition between the dressed states, is shown in Fig.

4.3(b). The initially dark state S1 now becomes radiatively accessible from S0 through the

non-adiabatic couplings via the S2 state. It is evident that the dressed states are coupled to

each other in the region where the bare states are close to resonance with the cavity mode.

The upper dressed state, whose shape still resembles the shape of the S2 state, is thus not
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Figure 4.4: Transition dipole moments in the dressed state basis for the photonic-catalyst
model: µg+ (red), µg− (blue),µ−+ (black).

stable anymore and the molecule can dissociate through the non-adiabatic coupling to the

unbound lower dressed state.

Figure 4.4 displays the relevant transformed transition dipole moments calculated from Eqs.

(4.26)-(4.28). All curves show a dip around 2.2 Å where the non-adiabatic coupling, and thus

the mixing between the molecular states and the photon states, is strongest. The transition

dipole between the dressed states vanishes if the cavity coupling vanishes. The coupling to

the cavity creates a new transition and modified dynamics, which can be probed with various

time-resolved spectroscopies.

The excited state evolution was simulated by wave packet dynamics on a spatial grid (for

details see appendix B.3). Figure 4.5(a) depicts the dynamics after impulsive excitation from

the ground state (S0) to the dressed excited states |±〉. The initial population pattern is

caused by the mixing of the transition dipole moments, followed by a rapid decay of the

upper dressed state facilitated by the dissociative/unbound character of the lower dressed

state. The oscillation pattern is caused by the wavepacket oscillation in the |+〉 state pass-

ing through the coupling region. Figure 4.5(b) shows the transient absorption signal (see

Appendix A.2) probing the system via the |g〉 state. The signal shows a clear decay of

stimulated emission modulated by the wave packet motion in the |+〉 state.

In the second model, we reverse the roles of bound and unbound states to create a situation

where a purely dissociative state can be stabilized via cavity-induced coupling to a bound
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Figure 4.5: (a) Populations of the dressed states |+〉 (red) and |−〉 (blue) in the photonic
catalyst model vs. time. The decay of the |+〉 state can be fitted to a bi-exponential model
yielding the time constants 228 fs and 42 ps. (b) Transient absorption signal in depenence of
the probe delay T and. The laser is set to be resonant between S1 and the |±〉 state (1.5 eV)
and has a pulse length of 10 fs (FWHM). The dashed line is the signal for a wave packet in
the S2 bare state potential.
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Figure 4.6: (a) Dressed state PESs for the photonic-bound-state model. (b) Non-adiabatic
coupling matrix element causing transition between the dressed states.
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Figure 4.7: Tranistion dipole moments for the photonic-bound-state model in the dressed
state basis: µg+ (red), µg− (blue), µ−+ (black).

state. We use the model from Fig. 4.2(a) but consider only states S0 and S1. An excitation

from S0 to S1 causes immediate dissociation of the molecule in the bare state model. Setting

the cavity mode on resonance with S0 and S1 at ≈ 2 eV creates a set of dressed states, which

experience an avoided crossing at 2.9 Å (Fig. 4.6(a)) with a non-adiabatic coupling matrix

element (Fig. 4.6(b)) peaking at the crossing. The lower dressed state resembles the ground

state around the Franck-Condon point and forms a bound state potential. The upper dressed

state now also appears as a partially-bound potential, which is coupled to the dissociative

curve by the avoided crossing.

The transition dipole moments are shown in Fig. 4.7. Due to the large detuning δc in the

Franck-Condon region, the lower dressed state has a weak transition dipole moment with

respect to the S0 state. The state character change at the crossing at 2.9 Å manifests itself

in the rapid change of the transition dipole moments (the crossing of the red and blue curve

in Fig. 4.7.).

The population dynamics after excitation is shown in Fig. 4.8(a)). The clear distribution of

the dipole moments between ground state and the dressed states (Fig. 4.7) leads to a pop-

ulation in the upper dressed state upon impulsive excitation. The quasi-bound character of

the upper dressed state becomes clear from Fig. 4.8(a)): Instead of immediately dissociating,

the wavepacket in the upper dressed state acquires a significant lifetime. The population of

|+〉 leaks into |−〉 on a picosecond time scale. The corresponding transient absorption signal

99



t [ps]

0 0.5 1 1.5 2

ρ
a

a

0

0.5

1

T [fs]

0 100 200 300 400 500 600 700

S
N

 [
a

.u
.]

-1

-0.5

0

a)

b)

Figure 4.8: (a) Population of the dressed states |+〉 (red) and |−〉 (blue) in the photonic-
bound-state model vs. time. The decay of the |+〉 state can be fitted to a bi-exponential
model yielding the time constants 234 fs and 5.2 ps. (b) Transient absorption signal. Laser
is set to be resonant between S1 and the |±〉 state (1.5 eV) and has a pulse length of 10 fs
(FWHM). The dashed line is the signal for a wave packet in the S1 bare state potential

is shown in Fig. 4.8(b)) along with the signal for the bare state system (dashed curve).

In the two models described above, we have demonstrated the non-adiabatic couplings in-

duced by the cavity in terms avoided curve crossings, which stem from the fact that a

non-vanishing dipole in the coupling region creates a splitting between the dressed states

(see Eq. (4.8)). By choosing a point of vanishing transition dipole moments, one can in prin-

ciple also create a crossing, which exhibits a degeneracy between the dressed states. This is

the basic requirement to obtain a CoIn, i.e., the coupling between the adiabatic electronic

states has to vanish at the intersection point [103]. Setting the cavity on resonance at a nu-

clear configuration where the transition dipole moments vanishes yields a degenerate point

in the dressed state basis. This can be achieved by choosing an electronic transition which

is dipole forbidden at a certain configuration of high symmetry and becomes allowed as the

symmetry is lowered. This has recently been demonstrated for formaldehyde, for which the

lowest-energy transition is dipole-forbidden in the planar equilibrium structure [139].
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4.2 Molecule-Cavity Coupling Beyond the Rotating Wave

Approximation

In this section, we present a solution to the quantum Rabi Hamiltonian (Eq. (4.1)) without

invoking the RWA. Our approach is based on an adaptation of [169]. Taking matrix elements

in the basis {|+〉 ≡ 1√
2
(|g〉+ |e〉), |−〉 ≡ 1√

2
(|g〉 − |e〉)} and dividing through by the cavity

frequency (re-defining the unit of energy to be ωc) gives

H =

â†â+ g̃
ωc

(â† + â) −ω0

2ωc

−ω0

2ωc
â†â− g̃

ωc
(â† + â)

 (4.29)

which is a special (zero-bias) case of the model studied by [169] with parameters g = g̃
ωc

,

∆ = ω0

ωc
(in this section, we reserve the symbol g for this scaled coupling). This eigenvalue

problem can be solved in a variety of ways. Numerical diagonalization using cavity-field Fock

states is possible but, for high values of g, requires that many states be taken into account

(up to 105 when g ∼ 1 depending on convergence criteria [169]). Since our goal is to do non-

BOA dynamics simulations, it is beneficial to use as few states as possible (this is particularly

true for the calculation of the non-adiabatic couplings (NACs)). Using a Bargmann trans-

formation and analyticity, Braak obtained a transcendental equation the roots of which yield

the energies and this solution was later re-derived using extended coherent states [170, 166].

The eigenstates and energies had also been derived earlier using tunable coherent states

[169]. Both of these representations have an advantage over the Fock-space representation

in that they automatically include many-body correlations amongst infinitely-many photons

in the cavity mode. This is particularly useful in the ultrastrong-coupling regime g ∼ 1.

Both of these representations have numerical difficulties when g � 1 but this regime is solv-

able within the RWA and can be smoothly connected provided we choose an appropriate

separation point. More importantly, the former representation (extended coherent states)
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involves expressions that have periodic divergences, complicating numerical evaluation. For

this reason, we choose to work in the basis of tunable, photon-added coherent states (i.e.,

the basis of photon-added coherent states with a tunable coherence parameter) and make

the eigenstate ansatz

|εl〉 =|+〉 ⊗
M∑
n=0

cnl(â
†)neαlâ

†|0〉+ πl|−〉 ⊗
M∑
n=0

cnl(−â†)ne−αlâ
†|0〉 (4.30)

=

 ∑M
n=0 cnl(â

†)neαlâ
†|0〉

πl
∑M

n=0 cnl(−â†)ne−αlâ
†|0〉


where the cnl coefficients represent the l-th eigenstate in the basis of n-photon-added tun-

able coherent states, αl is the tunable coherent state parameter corresponding to the l-th

eigenvalue, and πl = ±1 is the parity of the l-th eigenstate. Since the Hamiltonian conserves

the parity, we can consider separately the even and odd parity manifolds and we write πl

explicitly rather than simply ± because we will later need to keep track of the two parities

in matrix elements 〈εk|Ô|εl〉 succinctly. In order that the πl not be functions of the nuclear

coordinates, we do not simply order the eigenstates by energy but rather list first the even

then the odd in ascending order of energy. In this ansatz, M is the truncation number. In

practice, we must take M large enough to ensure convergence. This will be addressed in

more detail later. Following the analysis of [169] and inserting this wavefunction into the

Schrödinger equation yields a connection between the energy and αl

εl = αlg − πl
∆

2
(4.31)

and a recurrence relation for the coefficients

cn+1 =
−c0

(n+ 1)g

[(
n+ πl

∆

2

)
cn + (αl + g)cn−1 − πl(−1)n

∆

2

n∑
j=0

(2αl)
j

j!
cn−j

]
. (4.32)
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Note that we have used c1 = 0 (permitted since αl can completely determine the 1-photon

contribution to |εl〉) and that c0 remains an arbitrary constant that can be used to normalize

the states. This normalization and its consequences are discussed in detail in Appendix D.3

but we will otherwise formally work with the normalized coefficients cnl. Setting cM+1 = 0

(required for convergence) gives a degree M polynomial equation for αl

(
M + πl

∆

2

)
cM + (αl + g)cM−1 − πl(−1)M

∆

2

M∑
j=0

(2αl)
j

j!
cM−j = 0. (4.33)

Chen et al. had examined this recurrence relation for various regimes of the parameters ∆

and g and we now briefly summarize their findings. For 0.1 < g < 0.5 and 0.5 < ∆ < 1.5,

M = 60 is sufficient to ensure convergence (in the sense of a relative difference of 10−8 or

less on increasing M further) for the first 20 or more eigenstates and energies match those

obtained via Fock-state diagonalization (at a much higher truncation order). Moreover, the

coefficients are found to die down by around n = 40 for ∆ = 1, g = .1 and this improves

to n = 10 for ∆ = 1, g = 1. This shows the strength of this representation for handling

the ultrastrong-coupling regime. We discuss the parameters used and the truncation below.

Given a pair g,∆, we can solve Eq. (4.33) for the first N roots such that εN is sufficiently

large to account for the system energetics. The details of this truncation will depend on the

way in which the system is probed and the signal being examined.

It is worth repeating the findings of Braak regarding the distribution of the zeroes of his

G-function (not shown here for brevity) and thus, the energies. The zeroes of G±(x) are

distributed relatively regularly, with the property that the number of eigenenergies in the

range [nωc, (n+ 1)ωc] is restricted to be 0, 1, or 2. Additionally, two intervals each containing

two eigenenergies will never be adjacent to each other (nor will two intervals each containing

no eigenenergies). Since the G-function gives the exact energies as well, we are guaranteed

that, for reasonably large ωc, we will not have to include too many states |εl〉 to obtain

converged calculations. This is trivially true for weak coupling at resonance (g � 1, ∆ = 1)
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but is good to confirm for all parameter regimes.

Besides the energies, we also need the non-adiabatic couplings fkli(q), and hkli(q). Com-

puting these quantities is tedious but it is fairly straightforward. We outline the, rather

lengthy, derivation in Appendix D.2 and make frequent use of auxilliary quantities defined

in Appendix D.1 to arrive at

fkli =fegi(πl − πk)B(1)
kl + (1 + πkπl)

[
A

(2)
kl + A

(3)
kl ∇iαl

]
(4.34)

for the first-derivative couplings and

hkli =∇ifkli − Fkli (4.35)

Fkli =
Fgg + Fee

2
δkl +

Fgg − Fee
2

(πl + πk)B
(1)
kl + F ′eg(1− πkπl)A

(1)
kl

+

[{
fegi(πk − πl)

[
B

(2)
kl −B

(3)
kl ∇iαl

]}
+ k ↔ l

]
+ (1 + πkπl)

(
A

(4)
kl ∇iαk + A

(4)
lk ∇iαl + A

(5)
kl ∇iαk∇iαl + A

(6)
kl

)

for the second (we have suppressed the explicit q-dependence for brevity).

4.2.1 Application to Avoided Crossing in Sodium Iodide

The influence of ultrastrong cavity coupling is demonstrated on the nonadiabatic dynam-

ics of photoexcited sodium iodide, a well known example for femtochemistry [171]. The

adiabatic electronic states of the bare sodium iodide experience an avoided crossing near

q ∼ 8 Å(Fig. 4.9 (a)), leading to dissociation into the neutral products through the 1X state

upon photoexcitation. The bare nonadiabatic coupling matrix element feg is shown in Fig.

4.9 (b). The branching ratio, i.e., the amount of population transferred to the 1X state, is

determined by the acquired momentum of the wavepacket, which depends on the excitation
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Figure 4.9: (a) Bare ground (1X) and excited (1A) electronic potential energy surfaces of
NaI. Dissociation on the 1X potential leads to the neutral reaction products. (b) Transition
dipole moment µeg (blue) and the derivative coupling matrix element feg (red).
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Figure 4.10: Potential curve crossings for two different cavity detunings: ground state poten-
tial wave function shifted by the cavity frequency (Vg +ωc), for ωc = 815 meV (blue, dashed)
and ωc = 52.6 meV (red, dashed).

laser frequency. We will investigate two scenarios: the cavity is set in resonance at ≈ 6 Å(case

1), i.e., before the wave packet in the A state reaches the bare avoided crossing, (ωc = 815

meV) and a low frequency cavity (ωc = 52.6 meV) resonant directly at the crossing (case 2).

Both cases are illustrated in Fig. 4.10 by plotting the 1X-state curve shifted by the photon

energy of the cavity.

For case 1, Eq. (4.30) is used to calculate the resulting potential energy curves in the basis

of the photon-added, tunable coherent states. Figure 4.11 shows the lowest ten potential

energy curves for four values of the couping strength g. For small g, the result converges

to curves which coincide with a molecular Jaynes-Cummings model as described in section

4.1 (Fig. 4.11(a)) [139]. New avoided crossings are created in the region at 6 Å, where the

cavity mode is in resonance with the bare electronic states (∆ = 1). New crossings are also

created at higher-order resonances ∆ = n between states of the same- (n odd) and opposite-

parity (n even) states. As the coupling strength increases, the splitting between dressed

states at the resonances points increases but much faster for lower-photon resonances. The

splitting thus seems to depend inversly on n and directly on the absolute energy of the two

states in question (with larger gaps for higher-energy pairs). Another notable feature is a

ground-state modification [172, 59] which becomes clearly visible with increasing coupling
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Figure 4.11: Positive (red solid) and negative (black solid) parity electronic potential energy
surfaces of NaI dressed with a ωc = 815 meV cavity mode obtained from Eq. (4.31) and
the first five solutions to Eq. (4.33) with πl = +1 and πl = −1 respectively. Vertical gray
lines indicate points where the bare states are resonant with integer multiples of the cavity
frequency (ω0 = nωc for n an integer, n = 1 for the rightmost line and counts up going to
the left). (a) Peak coupling of 200 meV. (b) Peak coupling of 300 meV. (c) Peak coupling
of 600 meV. (d) Peak coupling of 1240 meV.
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(Fig. 4.11). This dip is a clear signature of the ultrastrong-coupling regime.

Figure 4.12(a) shows the NACs (evaluated from Eq. (4.34)) between the lowest positive-parity

state (black) and the first 4 negative-parity states (energy surfaces in the upper panel and

NACs in the lower panel). Figure 4.12(b) shows the same but with the second-lowest positive-

parity state). From this figure, it is clear that the NACs in the region of the original avoided

crossing are strengthened relative to their bare values (Fig. 4.9 lower panel). Moreover, the

coupling strength remains of the same order even for states separated by a large distance in

energy. Figure 4.13(a) shows the NACs between 3 pairs of opposite-parity states. Note that

no NAC is induced in the region of crossing between such pairs (only the coupling in the

region of the original avoided crossing remains). We can see that crossings between states of

opposite parity do not generate any NACs. In contrast, the avoided crossings between states

of the same parity correspond to peaks in the NAC curves. For a given resonance point

(e.g., ω0 = 3ωc), these peaks become smaller as one considers dressed states of higher energy

(corresponding to larger separations at the avoided crossings). Finally, we note that these

NAC curves do not cover the entire range of q due to convergence problems. This makes

the NAC curves useful for a qualitative understanding of dynamics but more effort would

be needed to make them quantitatively useful. We next discuss a simulation protocol that

solves this problem by avoiding the explicit calculation of electronic eigenvalues or NACs.

4.2.2 Wavepacket Simulations and the Field Quadrature

In the previous section, we outlined a method for obtaining the dressed-state eigenvalues

and NACs and the difficulty of obtaining converged results for the latter was discussed. To

overcome this difficulty, we employ an efficient computational scheme obtained by the direct

treatment of the cavity mode as a quantum harmonic oscillator in quadrature space. We

first express the annihilation and creation operators of the cavity mode in terms of their
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Figure 4.12: (a): Potential curves for the lowest energy positive-parity eigenstate (black)
and the 4 lowest energy negative-parity eigenstates (upper) and their corresponding NACs
(all couplings are betwen the “black” state and one of the others and therefore labeled by
the color of the latter state). (b): Potential curves for the second-lowest positive-parity state
(black) and the 4 lowest energy negative-parity eigenstates (upper) and their corresponding
NACs.
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quadrature coordinates x and p [159]:

a =

√
ωc
2

(
x̂+

i

ωc
p̂

)
, (4.36)

with p̂ = i ∂
∂x

. The extension of the Hamiltonian to the molecular case is now straightforward:

The nuclear degrees of freedom q are accounted for by treating ω0 and g as functions of q

The coupled light-molecule Hamiltonian Eq. (4.1) then reads:

Hec =
ω0(q)

2

(
2σ̂†σ̂ − 1

)
− 1

2

∂2

∂x2
+

1

2
ω2
c x̂

2 + g(q)
√

2ωcx̂
(
σ̂† + σ̂

)
(4.37)

and the matrix elements of the cavity-molecule Hamiltonian in the basis of the bare adiabatic

states are then

Hkl = δkl

(
T̂ + V̂k −

1

2

∂2

∂x2
+

1

2
ω2
c x̂

2

)
+ (1− δkl) g

√
2ωcx̂ (4.38)

Here, the indices k and l run over the bare electronic states g and e since we avoid calculation

of the joint cavity-electronic Hamiltonian (Eq. (4.1). The coordinate x is expanded in a

numerical grid, putting the nuclear coordinates and the cavity mode on an equal footing in

a numerical simulation. The time stepping was done with a Chebychev propagation scheme

[173]. The potential energy curves NaI, as well as the non-adiabatic coupling matrix element

and the transition dipole moment has been calculated with the program package MOLPRO

[174] at the MRCI/CAS(6/7)/aug-cc-VQZ level of theory with an effective core potential for

Iodine (ECP46MWB). The second derivative with respect to x can be conveniently calculated

by a discrete Fourier transform [175], just as with the nuclear kinetic energy. For a diatomic

molecule, this results in 2-dimensional potential energy surfaces for the electronic ground

and excited state, each depending on q and x.

The effect of ultra strong cavity coupling on nonadiabatic dynamics is demonstrated on

the excited state dynamics of sodium iodide, which has been an important landmark in
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femtochemistry [171]. The adiabatic electronic states of the bare sodium iodide experience

an avoided crossing near q ∼ 8 Å(Fig. 4.9 (a)), which leads to dissociation into the neutral

products through the 1X state. Upon photo-excitation, a nuclear wave packet is launched

in the 1A state and then oscillates back and forth [108]. Part of the wave packet couples to

the 1X state via the avoided crossing into the covalent dissociation channel.

The amount of population in the dissociative part of the 1X state after the wavepacket

has reached the crossing point for the first time (≈ 480 fs) serves as an indicator of the

effect on the dynamics. Figure 4.14(a) depicts the population in the covalent channel for

varying coupling strengths. While an intermediate coupling strength (g < 0.3) can increase

the dissociation probability, the transfer to the 1X state is suppressed for larger values of

g. This behavior can be explained by the increased splitting between the dressed states:

for larger splittings, the state which corresponds to the 1A state is well-separated from the

lower-lying state, effectively suppressing the population transfer [139, 59]. The dynamics is

mainly influenced by two modifications of the potential energy surfaces: the new avoided

crossings created by the cavity and the modified avoided crossing already present in the

bare molecule. With increasing cavity coupling, the cavity-created crossing at the 1-photon

resonance point generates well-separated states such that a nuclear wavepacket is trapped

and a much smaller fraction even reaches the original crossing. This partially coincides with

the effect described by Galego et al. [59] that for higher coupling strengths the states become

well-separated and the Born-Oppenheimer approximation is valid again.

An alternative view is provided by the time evolution of the population of the 1X state

(Fig. 4.15). Zewail had measured a stepwise increase in the covalent state population of

≈ 11% at each passage through the avoided crossing [108]. for moderate coupling strength,

The time traces are still similar to the uncoupled case but already show the influence of

the cavity coupling (Fig. 4.15(b)). With increasing coupling strength, the dissociation is

suppressed and the oscillation period increases with the wavepacket becoming trapped in a
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Figure 4.14: Cavity coupling with ωc = 815 meV. (a) Population of the covalent states after
480 fs for a cavity with initially zero photons (black) and one photons (blue) vs. the coupling
strength. (b) Average photon number 480 fs.
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Figure 4.15: Selected time traces of the 1X state population (ωc = 815 meV). No cavity
(black line), g = (0.0502, 0.1256, 0.1884, 0.2512, 0.3793) red, blue, black, green, magenta
respectively.

tighter effective potential and its recurrence time becoming shorter. Additionally, both the

NAC and the shape of the potential surface at the bare state avoided crossing is affected

by the counter-rotating terms, creating a barrier for the nuclear wavepacket from which it

reflects and allowing for further suppression of population transfer into the 1X dissociation

channel. The dissociation is strongly suppressed for large coupling strengths. The average

photon number shown in Fig. 4.14 is a clear indicator that the system can not be represented

by only two Fock states, but requires the present approach.

4.3 Discussion

Molecular cavity QED offers many exciting possibilities from enhanced probing techniques

[152, 153, 154, 57, 155, 138] to molecular cooling [150] and cavity-modified photochemistry

[157, 139]. The underlying quantum Rabi model Hamiltonian, is well-studied in the atomic

context and has been solved in a number of ways [53, 163, 160, 161, 162, 165, 176, 169, 170,
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166]. In this chapter, we extended these treatments to the case of a molecular Hamiltonian

with electronic parameters dependent on the nuclear configuration. We considered both the

strong-coupling regime (section 4.1), in which a perturbative treatment is insufficient but

the RWA applies, and the ultrastrong-coupling regime (4.2), in which the RWA is violated.

Besides requiring small coupling strength relative to the cavity frequency g/ωc � 1, the

validity of the RWA depends on the negligibility of the counter-rotating terms relative to

the rotating (ω0 + ωc)
−1 � (ω0 − ωc)−1. This latter condition is clearly violated when the

bare states possess an avoided crossing or a CoIn. In this way, the ultrastrong regime is

achievable despite difficulties due to technical limitations of the nano-structures, such as the

achievable size of the mode volume, and the applicable field strength, which is limited by

the ionization potential of the molecule.

In both the strong- and ultrastrong-coupling regimes, we derive transformation formulas for

electronic operators as well as expressions for the non-adiabatic coupling due to the nuclear

kinetic-energy operator. Combined with the eigenstates, this is all information necessary

to carry-out and interpret dynamical simulations. The formalism is expressed in terms of

well-known derivative couplings and is thus suitable for various simulations protocols such

as full quantum propagation and semi-classical methods, e.g., surface hopping [177] or ab

initio multiple spawning [178]. The quantities required to express the molecular system in

terms of dressed states, i.e., the potential energy surfaces and transition dipole moments

can be directly obtained from state of the art quantum chemistry methods. By reducing the

problem to familiar adiabatic energy surfaces and corresponding NACs, the dynamics can be

understood even in non-intuitive parameter regimes. In particular, in the ultrastrong regime,

such as when a molecule possesing a CoIn or avoided crossing is dressed with an ultrastrong

cavity field, the potential surfaces and NACs can be strongly modified (the Bloch-Siegert

shift) from their bare or Jaynes-Cummings (RWA) shape.

The effective mode volume used for the sodium iodide simulations range from 0.002λ3
c to
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for 0.04λ3
c for couplings presented in Fig. 4.14 under the assumption that ≈ 105 particles

contribute collectively [179]. Nano-cavities [49, 180], nano-plasmon antennas [50], or nano-

guides [51] may provide a solution for the realization of such small effective mode volumes.

Additionally, the collective enhancement effects can be leveraged to reach the ultrastrong

coupling regime. In molecular systems however, these effects are subject to vibrational

dephasing. The collective chemistry in a cavity is a many body effect, which needs further

investigation. Its theoretical treatment is more challenging since all particles are coupled and

the dimensionality increase with the number of particles. Finally the superradiant regime

[181] might be used to engineer the reactivity of molecules in a novel way, though we do not

discuss this here.

In section 4.1.1, we demonstrated some basic possibilities for the manipulation of the excited

state photochemistry. For photo-dissociation model systems, the lifetime can potentially be

significantly influenced by the cavity coupling. Cavity-induced NACs between the dressed

states can be used to funnel the nuclear wavepacket into a bound potential to increase the

lifetime or to a dissociative potential to decrease the lifetime. These examples were explored

with a model system and the altered population dynamics was shown to be clearly visible

in the linear absorption signal.

In section 4.2, we explore a pair of complementary solutions to handle the difficulties inherent

in the ultrastrong-coupling regime. Since the counter-rotating terms do not conserve the

excitation number, the Hamiltonian is no longer seperable into 2x2 blocks. Expansion in

Fock states can then become impractical. In the first approach, we apply the solution to

the quantum Rabi model in terms of tunable-coherent states provided by Chen et al. and

calculate the dressed potential surfaces and NACs. Examining the potential energy surfaces

for increasing g (Fig. 4.11) reveals the opening of a gap at the 1-photon resonance (∆ ∼ 1) and

the creation of a dip in the potential surface at the original avoided crossing while the NACs

(Fig. 4.12) connect all pairs of opposite-parity states, providing decay paths to lower-energy
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pairs. For a nuclear wavepacket prepared in the 1A state, these effects combine to create

oscillations in the electronic populations, suppressing the final dissosciation of the molecule.

In the second approach (section 4.2.2), we treat the cavity mode on the same footing as

the nuclear coordinates rather than bundling into the electronic eigenvalue problem. This

is done by switching to a real-space picture (the field quadrature) and propagating a joint

nuclear-cavity wavepacket on a multidimensional grid. This approach bypasses calculation

of the potential surfaces or NACs.

The first approach therefore provides access to the familiar picture of nuclear wavepackets

evolving on electronic potentials while the second approach avoids difficulties in obtaining

precise quantitative results for the associated NACs. We demonstrate both methods on

NaI. The avoided crossing of the bare states is the site of the strongest coupling and the

large modifications to the potentials indicative of RWA violations are clearly shown (section

4.2). The consequences of these modifications for population transfer between bound and

dissociative states are then shown (section 4.2.2, Fig. 4.15), with higher coupling causing

population oscillations rather than dissociation. These oscillations eventually die-down to a

nearly-even population.
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Chapter 5

Conclusion

Spectroscopic signals are commonly simulated under the semiclassic approximation, with the

matter treated quantum mechanically and the field treated classically. In this manuscript, we

have presented an introduction to the many effects that are missed by this approximation

and owe their origin to the quantum nature of the radiation field. We have limited our

consideration to such effects as they manifest from vacuum or single-photon states and all

laser fields were treated classically.

Chapter 2 discussed spontaneous emission and scattering as processes that populate a vac-

uum mode of the electromagnetic field, with the created photon being subsequently detected.

Two fundamental signal definitions, the photon number change and the gated electric field

intensity, were given. Derivations are simpler using the former definition but the latter is

more realistic and provides a consistent account of the various detector resolutions (tempo-

ral, spectral, spatial, and directional). Within specified approximations, the two approaches

were shown to lead to the same formula for off-resonant scattering under the minimal cou-

pling interaction Hamiltonian, which describes, e.g., x-ray diffraction. Frequency-resolved,

ultrafast x-ray scattering of excited-state electron dynamics in cysteine was discussed in
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section 2.2 and different electronic oscillations were scene to correlate with different spatial

positions on the detector. This exciting technique could allow a complete diffraction pattern

for every state in the electronic wavepacket, providing spatial information on the associated

transition charge density.

Time-resolved x-ray scattering was then discussed in the context of tracking nuclear dynamics

and the example of NaF was treated. This diatomic possesses an avoided crossing and

electronic coherences are generated when a nuclear wavepacket traverses this region. Inelastic

scattering events connecting states involved in these coherences then become possible. These

types of inelastic scattering events are orders of magnitude stronger than direct absorptive

inelasticities and, though still weak, are in principle detectible as oscilliatory features in the

diffraction pattern. Single- and two-molecule terms in the scattering signal were identified

and the differences in their calculation were explicated. The topic of excited-state elastic

diffraction via heterodyne interference with the ground-state elastic signal was discussed and

shown to be possible in systems with long-range, intermolecular order but not in the gas

phase or for single-molecule samples.

Chapter 3 discussed heterodyne-detected stimulated emission. Vacuum fields of the electro-

magnetic field were shown to mediate a long-range interaction called cascading that permits

the exchange of an induced polarization between two molecules. That is, the laser-induced

polarization of one molecule serves as a source that interacts with another molecule, the final

polarization of which produces the cascading contribution to the heterodyne-detected signal.

Since this process involves only the creation of a photonic coherence and not a population

(i.e., coherences |1〉〈0| and |0〉〈1| are created but not the population |1〉〈1|), it is directly

proportional to the dipole-dipole coupling tensor rather than its square, as is the case for

resonant energy transfer processes.

Cascading processes come with the same phase-matching and external field dependence as

single-molecule nonlinear signals but their many-body nature makes them dominant in con-
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densed samples. Historically, experimental observation of multidimensional Raman signals

has been complicated by cascading contributions and early efforts at detecting χ(5) Ra-

man signals observed χ(3)χ(3) cascades, mistakingly attributing the signals to direct single-

molecule nonlinearities. Several techniques have since been developed to select against the

cascading terms, most prominently based on a π/2 phase shift present in cascading signal

from macroscopic samples. We explicated the geometric origin of this phase shift and con-

nected the microscopic picture of cascading as photon exchange to the usual macroscopic

understanding based on Maxwell’s equations.

Chapter 4 discussed coupling of molecules to optical cavity modes. This chapter departs

from the perturbative treatments of chapters 2-3 to account for the strong couplings that

can be induced in high-finesse cavities and nano-structures as well as with plasmonics and

many-body effects. Formulas for electronic potential surfaces and non-adiabatic couplings

were given in terms of the equivalent bare-state quantities. The rotating wave approximation

was discussed and shown to immediately yield a conserved excitation number that allows

diagonalization of the Hamiltonian. A simple model system was used to illustrate how

coupling to the cavity can be used to catalyze the dissociation of a bound system or increase

the lifetime of a dissociative system. In both cases, the effect is achieved by coupling states

of opposite character through the cavity mode. We presented a pair of methods to go

beyond the rotating wave, the first of which yields the joint electron-cavity potentials and

non-adiabatic couplings, the latter of which is particularly demanding numerically, and the

second of which overcomes this numerical difficulty by treating the cavity mode through its

quadrature coordinates and propagating a joint nuclear-photon wavefunction in real space,

providing direct access to expectation values and signals. We gave the example of NaI and

showed how ultrastrong cavity coupling can create a pronounced dip in the potentials at

the location of the bare-state avoided crossing. The consequences for this were explored by

tracking the population dynamics between dissociative and bound states, with more and

more pronounced oscillations taking over as the coupling is increased.
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The above are but a small subset of possible quantum field effects as quantum fluctuations

of the laser fields, multi-photon processes, and interactions with specialized states of light,

such as entangled photons and higher-photon Fock states, are all neglected in this thesis.

We have endeavored to help arm the reader with the tools to understand these and other

effects of quantum light in spectroscopy. We hope to have had some small success in this

and, along the way, conveyed some measure of this author’s abiding passion for the subject.
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Appendix A

Definitions and Useful Formulas

We collect here various important formulas used in calculating the signals discussed in the

main text. Due to it’s intimate connection with the material time-propagator, the Fourier

transform of the Heaviside theta function

∫
dtθ(t)eit(ω−ω0+iΓ) =

i

ω − ω0 + iΓ
(A.1)

plays an important role. The mode expansions of the magnetic vector potential and the

electric field respectively are given by

Ê(t) = i
∑
kλ

√
2πωk

V
ε(λ)(k̂)e−iωtâk,λ + H.c. ≡ Ê(+)(t) + Ê(−)(t) (A.2)

Â(t) =
∑
kλ

√
2π

ωkV
ε(λ)(k̂)e−iωtâk,λ + H.c. ≡ Â(+)(t) + Â(−)(t) (A.3)

where “H.c.” stands for the Hermitian conjugate, λ is the photon polarization, V is the

quantization volume, and we have separated the positive and negative frequency components

of the field. In a quantum field representation, electronic operators are written in terms of

ψ̂†(r) and ψ̂(r), the electron field creation and annihilation operators, which satisfy the Fermi
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anti-commutation relation {ψ̂(r), ψ̂†(r′)} = δ(r − r′). The electronic momentum, current,

and charge density operators are then given by

p̂(r) = ψ̂†(r)

(
−1

2
∇2

)
ψ̂(r), (A.4)

ĵ(r) =
1

2i

(
ψ̂†(r)∇ψ̂(r)− (∇ψ̂†(r))ψ̂(r)

)
, (A.5)

σ̂(r) = ψ̂†(r)ψ̂(r). (A.6)

A.1 The Electronic Charge Density Operator

In this section, we discuss the operator nature of the charge density and its consequences. In

this section, we will ignore nuclear dependence and will begin by considering a one-electron

system. The content of this section is well-known from many sources [182, 183, 184] but we

broach the subject here because of the common picture of diffraction as simply the square the

momentum-space charge density as a c-number (see discussion at the beginning of section

2.1).

We seek an operator σ̂(r) such that the expectation value in a given state is the charge

density

|ψ(r)|2 ≡ 〈ψ|σ̂(r)|ψ〉 =

∫
dr′dr′′〈ψ|r′′〉〈r′′|σ̂(r)|r′〉〈r′|ψ〉 (A.7)

=

∫
dr′dr′′ψ∗(r′′)ψ(r′)〈r′′|σ̂(r)|r′〉

This identifies the real-space matrix elements of the electronic charge density field operator

σr′′r′(r) ≡ 〈r′′|σ̂(r)|r′〉 = δ(r− r′)δ(r− r′′). (A.8)
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For a state decomposed into eigenmodes |ψ〉 =
∑

k ci|i〉, we have

〈ψ|σ̂(r)|ψ〉 =
∑
ij

ρijψ
∗
i (r)ψj(r) (A.9)

where ρij = c∗i cj are the electronic populations and coherences. Note that this matches the

usual field-theoretic definition of the charge density σ̂(r) = ψ̂†(r)ψ̂(r)

A.1.1 The One-Electron Charge Density Operator of a Many-

Electron System

In this section, we extend the reasoning of the previous section to an n-electron state |Ψ〉.

The real-space identity operator in the space spanned by such states is

∫
dr1 . . . drn|r1, . . . , rn〉〈r1, . . . , rn| ≡

∫
{dr}

∣∣{r}〉〈{r}∣∣ (A.10)

and the one-electron charge density is [182]

∫
dr2 . . . drn

∣∣Ψ ({r})
∣∣2 = 〈Ψ|σ̂(r)|Ψ〉 (A.11)

=

∫
{dr′}{dr′′}Ψ∗({r′′})Ψ({r′})〈{r′′|σ̂(r)|{r′}〉

Since the charge-density operator is a one-electron operator, we have the straightforward

n-electron generalization of Eq. (A.8)

〈{r′′|σ̂(r)|{r′}〉 =
∑
m

δ(r− r′l)δ(r− r′′l )
∏
m 6=l

δ(r′m − r′′m) (A.12)
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which is directly confirmed by substitution into Eq. (A.11) and gives

〈Ψ|σ̂(r)|Ψ〉 =
∑
ij

ρijσij(r) (A.13)

where we have identified

σij(r) =

∫
dr2 . . . drnΨ∗i (r1, . . . rn)Ψj(r1, . . . rn) (A.14)

We note that this result can equally well be obtained by use of real-space field operators for

many-electron systems as explicated by Cederbaum [184]. Moreover, Eq. (A.14) is readily

generalized to account for nuclear degrees of freedom R as

σ̂ij(r) =

∫
dr2 . . . drnΨ∗i (R, r1, . . . rn)Ψj(R, r1, . . . rn) (A.15)

where the circumflex indicates that the left hand side remains an operator in the nuclear

subspace due to dependence on R

A.2 Frequency-Dispersed Photon Number Change

In this section, we present a derivation of the general frequency-dispersed signal defined in

Eq. (1.9) using the dipolar (Eq. (1.8)) forms of the interaction Hamiltonian.

From Eqs. (1.8), (1.9), and (A.2), we have

S(ks,Λ) = i

∫
drdt〈[N̂s, (Ê

(+) + Ê(−)) · V̂ ]〉 (A.16)

where we suppress the interaction-picture time-dependence and r-dependence for brevity.
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Basic commutation relations of a harmonic oscillator give

[N̂s, Ê
(−)] = Ê

(−)
ks

(A.17)

[N̂s, Ê
(+)] = −Ê

(+)
ks
, (A.18)

which immediately yields

S(ks,Λ) = −=[

∫
drdt〈Ê(−)

ks
(r, t) · V̂(r, t)〉] (A.19)

Equation (A.19) is sufficiently general to accomodate both spontaneous and stimulated sig-

nals. When considering the photon gain/loss of externally applied laser beams or pulses,

it is permissible to take the field to be in a coherent state (i.e., an eigenstate of â). Upon

neglecting quantum fluctuations of the laser beams, this then reduces the signal to

S(ks,Λ) = −=[

∫
drdtE

(−)
ks

(r, t) · 〈V̂(r, t)〉] = −=[

∫
dtE∗(ks)e

−i(ks·r−ωst) · 〈V̂(r, t)〉]

(A.20)

= −=[E∗(ks) · 〈V̂(ks, ωs)〉] = −=[
∑
α

e−iks·rαE∗(ks) · 〈V̂(rα, ωs)〉],

in which the electric field is now merely a spectral envelope function. Either of the time- or

frequency-domain expressions may be preferred for simulation purposes depending on how

the dipole expectation-value is more readily calculable. For example, in atomic or static

molecular spectra, the frequency domain is most easily computed. In the more complex

molecular calculations wherein the nuclear-dependencies and non-adiabatic couplings play a

significant role, the dynamics may be sufficiently complicated that it is difficult to propogate

for the long times necessary for a numeric evaluation of the Fourier Transform. In this

manuscript, we only simulate heterodyne-detected signals (chapter 3) or off-resonant x-ray

scattering (section 2.1). In both of these cases, the timing of the emission event is limited
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by the temporal field envelope (of the heterodyne or scattering pulse respectively).

Spontaneous emission can be accounted for by considering the case of a signal mode initially

in the vacuum state |0〉. With this initial field state, the expectation value of Ê
(−)
s vanishes to

0-th order. To obtain a leading-order expression for spontaneous emission, we thus expand

to first order in the interaction with the signal mode. We can then trace over the signal

mode while taking the remaining field modes to be in coherent states and replacing them

by their classical field-envelopes. This is discussed under the minimal coupling interaction

Hamiltonian in chapter 2.

The transient absorption signal is linear in the probe intensity and can be obtained from the

time-dependent signal given in Eq. (A.20)

S(T ) = −=
∫
dt

∫ t

−∞
E∗(t− T )E(t− T )〈V̂L(t)V̂−(t′)〉0 (A.21)

where E(t − T ) is the temporal field envelope shifted to be centered at zero argument and

〈. . . 〉0 indicates expectation value over the initial state. This expression can also be recast

in Hilbert space as

S(T ) =−=
∫ ∞
−∞

dt

∫ t

−∞
dτE∗(t− T )E(τ − T )

× 〈Ψ0|U †(t, 0)µ̂U(t, τ)µ̂†U(τ, 0)|Ψ0〉 (A.22)

where we have seperated the molecular dipole operator into excitation/de-excitation parts

µ†/µ and assumed the rotating wave approximation. We have also explicitly written the

time-dependence through the propagators U(t, t′) = exp
(
−iĤ(t− t′)

)
, which propagates
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the system from t′ to t. The probe field is given by a gaussian

E(t) = e−iωLt−t
2/2σ2

, (A.23)

where ωL is the center frequency and σ the temporal width of the laser pulse and T is the

delay with respect to the initial state preparation.
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Appendix B

Simulation Methods

In this appendix, we collect information on the methods used to simulate the various signals.

B.1 X-Ray Scattering and Raman Excitation of Cys-

teine

This section describes the calculations used chapter 2, section 2.2 The details of the electronic

structure calculations can be found in Ref. [91], and are recounted briefly here. The optimized

geometry of cysteine was obtained with the Gaussian09 package [185] at the B3LYP [186,

187]/6-311G** level of theory. All TDDFT calculations were done at the CAM-B3LYP

[188]/6-311++G(2d,2p) level of theory, and with the Tamm-Dancoff approximation (TDA)

[189]. It was found that TDDFT with this type of long-range-corrected density functionals

and diffused basis functions can describe Rydberg states well [190, 191]. In these calculations,

we include 50 valence excited states, with energies ranging from 5.4 eV to 9.0 eV. Core-excited

states, in which a sulfur 1s electron is excited to the valence band, were calculated using

restricted excitation windown (REW) TDDFT with a locally modified version of NWChem
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code [192, 193]. We also include 50 core-excited states for core excitations, with energies

ranging from 2473.5 eV to 2495.9 eV (shifted to match experimental XANES results).

Transition density matrices between different valence excited states are calculated using

the CI coefficients from the TDDFT/TDA results, and are therefore in an unrelaxed sense.

More accurate relaxed state-to-state transition density matrices could be calculated using

the Z-vector method [194, 195], and this research is ongoing.

B.2 Electronic Structure Calculations and Nonadia-

batic Wavepacket Dynamics of NaF

The electronic structure of NaF used in section 2.3 was calculated with the program package

Molpro [174] at the CAS(8/9)/MRCI/aug-cc-pVTZ level of theory. A Douglas-Kroll-Hess

10th order correction has been used [196, 197] to account for relativistic effects caused by

the core electrons. All densities were evaluated from the state specific density matrices (and

transition density matrices) P (ij), expanded in the atomic orbital basis functions φ(r):

σ̂ij(q;R) =

∫
dre−iq·r

∑
rs

P (ij)
rs (R)φ∗r(r;R)φs(r;R). (B.1)

The lowest potential energy surfaces are shown in Fig. 2.9 with the two states relevant

for the dynamics being the ionic X1Σ state (|g〉) and the covalent A1Σ state (|e〉). The

potential energy curves are similar to the ones from NaI [108]. The X1Σ and the A1Σ state

are coupled via a nonadiabatic coupling matrix element which induces an avoided crossing

at 8 Å . The electron jump between the ionic and covalent states at this long distance is

sometimes known as harpooning [198, 199]. Both the transition dipole and the integrated

transition density
∫
dr|σge| shown in Fig. B.1 peak at the avoided crossing point. The

electronic density operators matrix elements σ∗ik(q;R)σkj(q;R) are displayed in Fig. B.2.
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Figure B.1: Transition dipole moment µge between the X and A states of NaF (a) and
magnitude of the transition density σge (b).

For clarity, only the projection along the direction of molecular axis obtained by integrating

over the perpendicular directions is shown. The diagonal density σ2
ee (Fig. B.2 (a)) is clearly

dominated by contributions from the core electrons and the stripe pattern reflects the bond

length in reciprocal space (see Eq. 2.87). The transition density σ2
ge (Fig. B.2 (b)) mainly

contains contributions from the valence orbitals that are involved in the |e〉 ↔ |g〉 transition.

Its magnitude is about 4 orders weaker than the diagonal matrix element (Fig. B.2 (a)).

However, it peaks at the avoided crossing, making it most suitable for the detection of

inelastic contributions. The mixed matrix element σ†eeσeg (Fig. B.2 (c)) is a product of the

nuclear densities and the transition densities and its magnitude is about 2 orders weaker

than the diagonal matrix element. The transition charge density may thus be measurable

through this term in which it is amplified by the diagonal charge density.

Nuclear wavepacket dynamics simulations were carried out on a numerical grid in the nuclear

coordinate R. This is a fully quantum mechanical non-perturbative calculation of the joint

nuclear-electronic dynamics. The Hamiltonian, which describes the coupled electronic and

147



Figure B.2: Relevant density operator matrix elements in the nuclear subspace of NaF
(obtained using Eq. (B.1)): (a) σ̂2

ee(q, R), (b) σ̂2
ge(q, R), (c) |σ̂†ee(q, R)σ̂ge(q, R)|.
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vibrational degrees of freedom, is given by

Ĥ =

 T̂ + Vg(R) −Epu(t)µeg(R) + K̂ge

−Epu(t)µge(R)− K̂eg T̂ + Ve(R),

 (B.2)

where

T̂ = − 1

2m

∂2

∂R2
(B.3)

is the kinetic operator of the nuclei, m the reduced mass of the nuclei, and

K̂ge =
1

2m

(
2fge

∂

∂R
+

∂

∂R
fge

)
(B.4)

approximates the non-adiabatic couplings [103, 106]. We assume a Gaussian pump-pulse

envelope

Epu(t) = E0 cos(ωt) exp(−2 ln(2)t2/w2) (B.5)

where w is the full width at half maximum of the intensity profile E2
pu. The probe pulse

is not included in the propagation but is treated pertubatively and included in the final

signal calculation (Eq. (2.18)). The wave function χ(R, t) is obtained by propagating the

vibrational ground state of the X1Σ state with a Chebychev scheme [173] using the Hamil-

tonian Eq. (B.2). The signal is then obtained by evaluating Eq. (2.84) and inserting the

time-dependent wavefunctions and density operators (σ̂†ikσ̂kj), as shown in Fig. (B.2). The

electronic coherence is obtained from the combined electronic-nuclear wave function as the

overlap of the nuclear wave packets

ρeg = 〈χe|χg〉, (B.6)

149



Figure B.3: Nuclear wavepacket dynamics in the covalent A1Σ state following excitation
with a 10 fs pump-pulse (FWHM).

resulting in the decay and revival of the electronic coherence. The wavepacket dynamics in

the excited state potential (χe(R, t)) is depicted in Fig. B.3. The nuclear wavepacket passes

through the avoided crossing between 200 and 240 fs and reaches its outer turning point

around 500 fs.

Figure B.4 shows the time-dependent excited-state population alongside with the magnitude

of the electronic coherence. When the wavepacket passes through the avoided crossing for

the first time, ≈ 10 % of the population is transferred to the ground state and a coherence

ρeg is created.
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Figure B.4: Time evolution of the excited state population (A1Σ, black) and the magnitude
of the coherence |ρeg| (blue). The inital coherence created by the pump-pulse (T < 50 fs) is
not shown.

Table B.1: Parameters for the potentials shown in Fig. 4.2.

i Di [eV] ai [Å
−1] q0,i [Å] V0 [eV]

S0 3.0 1 2.0 0
S1 0.01 2.43 2.5 3
S2 3.0 1 2.3 4.5

B.3 Model Parameters for Cavity-Modified Photochem-

istry

The model potentials used in chapter 4, section 4.1.1 for the photonic-catalyst and photonic-

bound-state models (shown in Fig. 4.2(a)) are obtained from Morse potentials:

Vi(q) = Di [1− exp (−ai(q − q0,i))]
2 + V0 (B.7)

The respective parameters are given in table B.1. The transition dipole shown in Fig. 4.2(b)

is defined by the sigmoid function:

µ(q) =
4

1 + exp[2.4575(q − 4.232)]
(B.8)
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Wavepacket propagations are carried out on a numerical grid using the Hamiltonian from Eq.

(4.25) where the nuclear kinetic energy was calculated using a reduced mass of m = 3650au.

For all dissociative potentials, the kinetic energy term T̂ is replaced by a perfectly matched

layer [200] to avoid spurious reflections at the edge of the grid. The time evolution is

calculated with an Arnoldi propagation scheme [175, 201].
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Appendix C

Geometric Derivations for Cascading

In this appendix, we collect several derivations used in chapter 3.

C.1 Cylindrical Geometry

In this section, we describe the derivation of I for the case of a cylindrical geometry as

discussed in Section 3.2, case (iii). The field Green function in this case has a form

G(ra, rb;ωb) =
1√

(xa − xb)2 + (ya − yb)2 + (za − zb)2
ei
ωb
c

√
(xa−xb)2+(ya−yb)2+(za−zb)2

− 1√
(xa − xb)2 + (ya − yb)2 + (za + zb)2

ei
ωb
c

√
(xa−xb)2+(ya−yb)2+(za+zb)2

= GM(ra, rb;ωb) +GS(ra, rb;ωb), (C.1)

where GM is the field Green function in the complete space R3, and GS is the correction

associated with the surface S, determined by the condition z = 0, so that G is the com-

plete Green function in the half-space z ≥ 0, with the reflecting boundary conditions. The
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representation of Eq. (C.1) represents the integral I of Eq. (3.49)

I(ra,kb, ωb) = IM(ra,kb, ωb) + IS(ra,kb, ωb) (C.2)

We start with computing IM ; the second integral IS is computed in a similar fashion. Fixing

z we compute the integral over the corresponding cross section

I(zb; ra,kb, ωb) = eikb(zb−za)

∫
Sz

dxdyGM(ra, xb, yb, zb;ωb), Sz = {(x, y) | (x, y, z) ∈ V }(C.3)

by using inhomogeneous polar coordinates with the center in (xa, ya) followed by integration

over the inhomogeneous radius, resulting in

IM(zb; ra,kb, ωb) = 2πi
c

ωb
eikb(zb−za)+i

ωb
c
|zb−za| − i c

ωb
eikb(zb−za)

∫ 2π

0

dϕei
ωb
c

√
(Rξ(ϕ))2+(z0−z)2

.(C.4)

The integration is performed in a similar way to how it has been carried out for the 2D case,

using the identity

ξ2rbdrb√
(ξrb)2 + (za − zb)2

= d
√

(ξrb)2 + (za − zb)2, (C.5)

and the fact that the projection of kb onto the plane is 0. For the surface contribution we
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obtain in a similar way

IS(zb; ra,kb, ωb) = 2πi
c

ωb
eikb(zb+za)+i

ωb
c
|za+zb| − i c

ωb
eikb(zb+za)

∫ 2π

0

dϕei
ωb
c

√
(Rξ(ϕ))2+(za+zb)2

.(C.6)

By a similar to case (ii) argument, which involves saddle-point approximation for computing

a fast oscillating integral, the second contribution in the r.h.s. of Eq. (C.4) and (C.6) can

be neglected resulting in

IM(zb; ra,kb, ωb) = 2πi
c

ωb
eikb(zb−za)+i

ωb
c
|zb−za|

IS(zb; ra;ωb, V ) = 2πi
c

ωb
eikb(zb+za)+i

ωb
c
|zb+za|. (C.7)

Finally performing integration over z we obtain

I(ra,kb, ωb) = 2πi
c

ωb

[
ei
ωb
c
zae

i(kb−
ωb
c )za

2 zasinc

(
(ωb
c
− kb)za
2

)
+ e−i

ωb
c
zae

i(kb+
ωb
c )(l+za)

2 (l − za)sinc

(
(ωb
c

+ k0)(l − z0)

2

)
+ ei

ωb
c
zae

i(kb−
ωb
c )za

2 zasinc

(
(ωb
c
− kb)za
2

)]
, (C.8)

where we have expressed the answer in terms of the sinc function

sinc(x) =
sinx

x
, (C.9)

with the properties sinc(x) ≈ 1, for |x| � 1, and |sinc(x)| ≤ |x|−1. In the case |ωb− kb|l� 1
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of a good phase matching and if za is not within the wavelength scale from the borders, the

first contribution is dominating, so that we reproduce a well-known result

I(ra,kb, ωb) = 2πi
c

ωb
zae

ikbza . (C.10)

C.2 Integration Measure for Inhomogeneous Coordi-

nates

C.2.1 Polar Coordinates

In this section we compute the integration measure for inhomogeneous polar coordinates.

Inhomogeneous in this context mans that the radius depends on the angle. Formally, let

ξ(ϕ) be a positively-defined function of angle that has a property that the region {r ∈

R2 | r(r) ≤ ξ(ϕr)} is convex, where r(r) and ϕ(r) are the standard polar coordinates of r.

The inhomogeneous polar coordinates are defined by

rx = rξ(ϕ) cosϕ, ry = rξ(ϕ) sinϕ. (C.11)

It is easy to demonstrate that the inhomogeneous polar coordinates is a well-defined coordi-

nate system for the region defined by the condition r < r0 for any r0, provided the convexity

condition is satisfied. A reverse statement is also true, i.e., for any connected convex region

and any reference point in it one can (and very easily) identify r0 and ξ(ϕ) so that the region

is defined by the condition r < r0 in the inhomogeneous polar coordinate system, centered
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in the reference point.

To compute the integration measure we first differentiate

drx = ξ cosϕdr + r

(
∂ξ

∂ϕ
cosϕ− ξ sinϕ

)
dϕ

dry = ξ sinϕdr + r

(
∂ξ

∂ϕ
sinϕ+ ξ cosϕ

)
dϕ (C.12)

and then apply the concept of the wedge (i.e., antisymmetric) product to obtain

drx ∧ dry = rξ cosϕdr ∧ r
(
∂ξ

∂ϕ
sinϕ+ ξ cosϕ

)
dϕ

+ r

(
∂ξ

∂ϕ
cosϕ− ξ sinϕ

)
dϕ ∧ ξ sinϕdr = rξ2(ϕ)dr ∧ dϕ (C.13)

where in the derivation we have used the antisymmetric properties of the wedge product,

namely dr ∧ dr = dϕ ∧ dϕ = 0 and dϕ ∧ dr = −dr ∧ dϕ. This provides a very simple result

for the integration measure

drxdry = ξ2(ϕ)rdrdϕ, (C.14)

in particular the integration measure does not contain derivative of the function ξ(ϕ) that

describes the inhomogeneity of the coordinate system. We will refer to the above property

as the homogeneous property of the inhomogeneous coordinate system.
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C.2.2 Spherical Coordinates

An inhomogeneous spherical coordinate system is introduced in a similar way:

rx = rξ(θ, ϕ) sin θ cosϕ, ry = rξ(θ, ϕ) sin θsinϕ, rz = rξ(θ, ϕ) cos θ. (C.15)

Obviously, the inhomogeneous spherical system satisfies the same convexity properties as

the inhomogeneous polar system. A much more tedious computation, similar to the one for

the polar system, presented in Eq. (C.13), provides a very simple result

drxdryrz = ξ3(θ, ϕ)r2 sin θdrdθdϕ = ξ3(n)r2drdn, (C.16)

which shows that the measure is also homogeneous. This means that the homogeneity of

an inhomogeneous measure takes place in all dimensions, and there is a general geometrical

argument that derives Eq. (C.16) for all dimensions that bypasses tedious computations.

C.2.3 Estimates for the Boundary Contributions Using the Saddle-

Point Approximation

We start with the 2D case Denoting in Eq. (3.54)

S(ϕ) = (ω0 + k0 cosϕ)aξ(ϕ) (C.17)
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we obtain in the saddle-point approximation

I1 =
1√

2πλ0

1

ω0 + k0 cosϕ0

ei(ω0+k0 cosϕ0)aξ(ϕ0),

(
dS(ϕ)

dϕ

)
ϕ=ϕ0

= 0, λ0 =

(
d2S(ϕ)

dϕ2

)
ϕ=ϕ0

.(C.18)

Estimating λ0 ∼ aω0 � 1 we see that I1 is small compared to I0 by a factor ∼ (
√
aω0)−1.
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Appendix D

Cavity-Molecule Coupling Beyond the

Rotating Wave Approximation

D.1 Working Formulas for the Tunable-Coherent-State

Basis

It is a known fact that eigenvectors corresponding to distinct eigenvalues are orthogonal.

Thus, working with the normalized coefficients cnl

〈εk|εl〉 = δkl〈εl|εl〉 =
M∑

mn=0

cmkcnl
(
〈αk,m|αl, n〉+ (−1)n+mπkπl〈−αk,m| − αl, n〉

)
(D.1)

where

|αl, n〉 ≡ (â†)neαlâ
†|0〉 (D.2)
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is the (un-normalized) n-photon-added coherent state with parameter αl. For this orthogo-

nality relation and for other purposes, we will need the quantity

〈αk,m|αl, n〉 =
∞∑
pq=0

〈q +m|α
q
kα

p
l

√
q +m

√
p+ n

q!p!
|p+ n〉 =

∞∑
p=0

αpl α
p+n−m
k (p+ n)!

p!(p+ n−m)!
(D.3)

This last formula is only valid for n > m but, since all quantities in this overlap are real, it

is symmetric with respect to the simultaneous exchange k ↔ l, n↔ m so that this presents

no difficulty. This form is convenient for seeing symmetries such as

〈−αk,m| − αl, n〉 = (−1)n+m〈αk,m|αl, n〉 (D.4)

〈αk,m| − αl, n〉 = (−1)n+m〈−αk,m|αl, n〉

and others that arise later in calculating the non-BOA couplings. For now, we use these

relations to reduce the orthonormality condition to

δkl = (1 + πkπl)
M∑

mn=0

cmkcnl〈αk,m|αl, n〉 = (1 + πkπl)A
(1)
kl (q) (D.5)

where the last equality defines A
(1)
kl which depends on q indirectly via the g and ∆. It is clear

from the pre-factor that this condition is automatically satisfied for πkπl = −1, corresponding

to states of opposite parity, while considering states of the same parity restricts A
(1)
kl to vanish

for k 6= l. The orthonormality condition also directly determines the initial coefficients c0l.

From Eqs. (4.32)-(4.33) and (D.3), (D.5), it is clear that it is not practical to solve directly

for the normalized coefficients cnl. In practice, one must first solve for a set of un-normalized

coefficients using some other initial coefficient c̃0l (which we take to be 1 for all states) and

then normalize after the fact. This will be discussed further in section D.3

In calculating signals, we will be interested in evaluating expectation values or correlation

functions of electronic operators such as the dipole or polarizability. The propagators in such
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an expression are easily evaluated via diagonalizing the truncated non-BOA Hamiltonian or

a real-time propagation scheme. However, we will also need the operator matrix elements in

the eigenbasis

Ôkl(q) = 〈εk|Ô(q)|εl〉 = (D.6)

Ô++(q)
M∑

mn=0

cmkcnl〈αk,m|αl, n〉+Ô−−(q)πkπl

M∑
mn=0

cmkcnl〈αk,m|αl, n〉

+Ô+−(q)πl

M∑
mn=0

(−1)ncmkcnl〈αk,m| − αl, n〉+Ô−+(q)πk

M∑
mn=0

(−1)mcmkcnl〈−αk,m|αl, n〉

Where we have written the q-dependence for Ô explicitly while omitting this dependence

from the other variables (g and ∆ and through them, the coefficients cn as well as the α) for

brevity. Defining the following summation

B
(1)
kl (q) ≡

M∑
mn=0

(−1)ncmkcnl〈αk,m| − αl, n〉, (D.7)

we obtain

Ôkl =
Ôgg + Ôee

2
(1 + πkπl)A

(1)
kl +

Ôgg − Ôee
2

(πk + πl)B
(1)
kl (D.8)

+ <{Ô}eg(1− πkπl)A(1)
kl + i={Ôeg}(πl − πk)B(1)

kl

where we have suppressed the q-dependence for brevity. The B
(1)
kl are complementary to

the A
(1)
kl , differing only by the placement of the minus signs, and arise from cross terms

between |+〉 and |−〉. Two particular operators are relevant for our purposes. The ionic

state projection operator |e〉〈e| ≡ P̂e is given by

(P̂e)kl =
δkl − (πk + πl)B

(1)
kl (q)

2
(D.9)

and the transition dipole operator (or any operator with vanishing diagonal elements in the
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bare space) is given by

µ̂kl(q) = <{µ̂}eg(q)(1− πkπl)A(1)
kl (q) + i={µ̂}eg(q)(πl − πk)B(1)

kl (q)→ µ̂eg(q)(1− πkπl)A(1)
kl

(D.10)

where the last relation is on the assumption of real transition dipole moments. We notice

that this expression, whether real or complex, clearly vanishes for states of the same parity

(as would be expected by the symmetry of the dipole operator). These two special cases

correspond to the observables considered in the main text.

D.2 Derivation of the Non-BOA Couplings

To propagate nuclear wavepackets along the energy surfaces will require the non-BOA cou-

plings fkli, hkli, which we obtain in this section. Since we will have frequent occasion to

consider the derivative by the i-th nuclear coordinate, we notate such derivatives by a prime

for brevity (i.e., ∇i[...] ≡ [...]′ and there is no ambiguity since no terms mix nuclear deriva-

tives) in the appendix. Using the expansion for the eigenstates (Eq. (4.30)) and the product

rules, we have

fkli = 〈εk|∇i|εl〉 = 〈+|∇i|+〉A(1)
kl + 〈−|∇i|−〉πkπlA(1)

kl (D.11)

+ 〈+|∇i|−〉πlB(1)
kl + 〈−|∇i|+〉πkB(1)

kl

+ (1 + πkπl)
M∑

mn=0

cmkc
′
nl〈αk,m|αl, n〉

+ α′l(1 + πkπl)
M∑

mn=0

cmkcnl〈αk,m|αl, n+ 1〉

where we have used∇i|±α, n〉 = ±α′|±α, n+1〉 and 〈−αk,m|−αl, n+1〉 = (−1)n+m+1〈αk,m|αl, n+

1〉, easily obtained from equations (D.2)-(D.3). From basic considerations, 〈e|∇i|g〉 =
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−〈g|∇i|e〉 so that 〈+|∂q|+〉 = 0 = 〈−|∂q|−〉 and the first two terms in the above vanish.

The derivative coupling can then be easily written as

fkli =〈e|∇i|g〉(πl − πk)B(1)
kl + (1 + πkπl)

[
A

(2)
kl + α′lA

(3)
kl

]
(D.12)

where, for brevity, we have defined shorthand for two additional summations

A
(2)
kl (q) ≡

M∑
mn=0

cmkc
′
nl〈αk,m|αl, n〉 (D.13)

A
(3)
kl (q) ≡

M∑
mn=0

cmkcnl〈αk,m|αl, n+ 1〉.

The first term in Eqn. (D.12) is simply the result of transforming a purely molecular-

electronic operator with the appropriate symmetries and is thus proportional to the deriva-

tive coupling in the bare basis. The second term contains the two summations A(2) and A(3)

which originate from the q-derivative acting on the coefficients cnl and the photonic state

|αl, n〉 respectively.

To calculate the second-derivative coupling is somewhat more difficult but we can use the

separation

hkli = 〈εk|∇2
i |εl〉 = ∇i〈εk|∇i|εl〉 − 〈∇iεk|∇i|εl〉 = ∇ifkli − Fkli (D.14)

where the last equality defines Fkli and the first term can be calculated numerically from the
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fkli already obtained above. From

∇i|εl〉 =
M∑
n=0

[
∇i|+〉 ⊗ cnl|αl, n〉+ πl∇i|−〉 ⊗ (−1)ncnl| − αl, n〉+ |+〉 ⊗ c′nl|αl, n〉

(D.15)

+ α′l|+〉 ⊗ cnl|αl, n+ 1〉+ πl|−〉 ⊗ (−1)nc′nl| − αl, n〉

− α′lπl|−〉 ⊗ (−1)ncnl| − αl, n+ 1〉
]

it is straightforward, if somewhat tedious, to calculate the Fkli. It is convenient to separate

the result into three terms

Fkli =
3∑
j=1

F
(j)
kli (D.16)

based on where the q-derivatives (the ∇i) act. The first term arises from transforming F

from the |e〉, |g〉 basis as though it were an ordinary electronic operator

F
(1)
kli =

Fgg + Fee
2

(1 + πkπl)A
(1)
kl +

Fgg − Fee
2

(πl + πk)B
(1)
kl (D.17)

+ <{Feg}(1− πkπl)A(1)
kl + i={Feg}(πl − πk)B(1)

kl .

This is an unsurprising result and easily calculated from the bare F and the already-obtained

A(1), B(1). The F (1) contribution can be thought of as collecting the terms in which both (of

the two available) q-derivatives act on the bare molecule states |+〉, |−〉 (due exclusively to

the first two terms in Eq. (D.15)). The second term contributing to Fkl arises when only one

q-derivative acts on the bare molecular states, while the other acts on the coefficients cnl or

the photonic state |αl, n〉 (i.e., cross terms between the first two and latter four elements of

Eq. (D.15)). These contributions come as

F
(2)
kli =

{
fegi(πk − πl)

[
B

(2)
kl − α

′
lB

(3)
kl

]}
+ k ↔ l, (D.18)
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where we have defined two more associated summations

B
(2)
kl (q) ≡

M∑
mn=0

(−1)ncmkc
′
nl〈αk,m| − αl, n〉 (D.19)

B
(3)
kl (q) ≡

M∑
mn=0

(−1)ncmkcnl〈αk,m| − αl, n+ 1〉

that again differ from their respective A summations only by the minus signs. These again

arise as cross terms between |+〉 and |−〉 states with derivative operators intervening (directly

leading to the matrix element fegi). The final contribution to Fkli arises when both q-

derivatives act on coefficients or photonic states. There are several ways to distribute the

derivative operations leading to

F
(3)
kli = (1− δkl)(1 + πkπl)(α

′
lA

(4)
kl + α′kA

(4)
lk + α′kα

′
lA

(5)
kl + A

(6)
kl ) (D.20)

where

A
(4)
kl (q) ≡

M∑
mn=0

c′mkcnl〈αk,m|αl, n+ 1〉 (D.21)

A
(5)
kl (q) ≡

M∑
mn=0

cmkcnl〈αk,m+ 1|αl, n+ 1〉

A
(6)
kl (q) ≡

M∑
mn=0

c′mkc
′
nl〈αk,m|αl, n〉

are the three relevent ways to distribute the two q-derivatives betwen the coefficients and

photon modes (the remaning conceivable combination doesn’t contribute due to orthogo-

nality) and the factor (1 − δkl) is introduced to make clear that F (3) vanishes for diagonal

elements (this can be shown analytically using the results of the following section).
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D.3 Normalization

As mentioned briefly in appendix D.1 above, it is not convenient to solve directly for the

normalized coefficients cnl. Instead, we recursively determine un-normalized coefficients c̃nl

using the initial condition c̃0l = 1 and then normalize afterwards. Thus, the normalization

constant is

c0l =
1√

2Ã
(1)
ll (q)

(D.22)

where the “tilde” indicates that the un-normalized coefficients c̃nl were used rather than the

normalized cnl as implied by Eq. (D.5) and we can clearly obtain

A
(1)
kl =

Ã
(1)
kl

2

√
Ã

(1)
kk Ã

(1)
ll

≡ Ā
(1)
kl . (D.23)

This last definition is superfluous for the A(1) summation but the consequences of a q-

dependent normalization will not always be quite so straightforward and defining the quan-

tities

Ā
(j)
kl =

Ã
(j)
kl

2

√
Ã

(1)
kk Ã

(1)
ll

B̄
(j)
kl =

B̃
(j)
kl

2

√
Ã

(1)
kk Ã

(1)
ll

(D.24)

facilitates compact expression of the correction terms. This straigthforward normalization

procedure only runs into difficulties when the q-derivative of the coefficients cnl are called

for. As will becomes apparant from numerical implementation, the relative size of these

coefficients spans many orders of magnitude, complicating numerical differentiation of the

normalized coefficients. However, as we will show below, they can be obtained via a recur-

rence relation. We thus summarize the connections between normalized and un-normalized
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quantities

A
(j)
kl = Ā

(j)
kl , j = 1, 3, 5 (D.25)

B
(j)
kl = B̄

(j)
kl , j = 1, 3

A
(2)
kl = Ā

(2)
kl − (Ā

(2)
ll + α′lĀ

(3)
ll )Ā

(1)
kl

B
(2)
kl = B̄

(2)
kl − (Ā

(2)
ll + α′lĀ

(3)
ll )B̄

(1)
kl

A
(4)
kl = Ā

(4)
kl − (Ā

(2)
kk + α′kĀ

(3)
kk )Ā

(3)
kl

A
(6)
kl = Ā

(6)
kl −

[
(Ā

(2)
ll + α′lĀ

(3)
ll )Ā

(2)
lk + k ↔ l

]
+ (Ā

(2)
kk + α′kĀ

(3)
kk )(Ā

(2)
ll + α′lĀ

(3)
ll )Ā

(1)
kl

where we have used the readily-confirmed identity

∇iÃ
(1)
ll = 2(Ã

(2)
ll + α′lÃ

(3)
ll ) (D.26)

One can thus begin with the un-normalized coefficients c̃nl obtained from the initial condition

c̃0l = 1 and Eqs. (4.32)-(4.33). One can then normalize the coefficients cnl via Eq. (D.22)

and the amplitudes Ã
(1)
ll before calculating all auxilliary summations directly from the cnl.

Alternatively, one can work with the un-normalized coefficients c̃nl and the un-normalized

summations Ã and B̃ can then be easily calculated and normalized afterwards via Eq. (D.25).

However, to do this requires the nuclear derivative of the un-normalized coefficients, c̃′nl.

These can of course be obtained numerically but the better way is to take the derivative of

the original recurrance relation to obtain

−g(n+ 1)c̃′n+1 =−
[
(n+ πl)

∆

2
c̃′n + (αl + g)c̃′n−1 − πl(−1)n

∆

2

n∑
j=0

(2αl)
j

j!
c̃′n−j

]
(D.27)

+ (n+ 1)c̃n+1(g′ − g∆′

∆
) + nc̃n(2gα′l −

∆

∆
)

+ c̃n−1(g′ + α′l(2n− 1 + ∆πl)−
∆′

∆
(αl + g)) + 2αlc̃n−2(αl + g)
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where we have used the original recursion relation to simplify the result. The derivatives of

coefficients then depend only on the g,∆, α, which are already available, and their derivatives

g′,∆′, α′, the former two of which can be obtained numerically while the latter can be

obtained self-consistently from the truncation relation (i.e., setting c̃′M = 0). In this paper,

we take this latter approach to avoid numerically differentiating the coefficients.

D.4 Summary of Formulas

In this section, we summarize the final formulas obtained for all key quantities. Namely, the

The following table summarizes the various summations necessary for the transformation of

electronic operators and the calculation of the derivative couplings. For brevity, we have

ommitted the summation symbol
∑M

mn from the entries of columns two and three. The

i A
(i)
kl B

(i)
kl Type of terms

1 cmkcnl〈αk,m|αl, n〉 (−1)ncmkcnl〈αk,m| − αl, n〉 0th-order direct/cross

2 cmkc
′
nl〈αk,m|αl, n〉 (−1)ncmkc

′
nl〈αk,m| − αl, n〉

3 cmkcnl〈αk,m|αl, n+ 1〉 (−1)ncmkcnl〈αk,m| − αl, n+ 1〉 1st order direct/cross

4 c′mkcnl〈αk,m|αl, n+ 1〉
5 cmkcnl〈αk,m+ 1|αl, n+ 1〉
6 c′mkc

′
nl〈αk,m|αl, n〉 2nd order direct

Table D.1: Summary of direct (A
(j)
kl ) and complementary cross term (B

(j)
kl ) summations used

as auxilliary quantities to obtain operator matrix elements Okl and non-BOA coupling fkli
and Fkli coming from first- and second-order derivative couplings respectively.

photon-added coherent state overlaps are given by Eq. (D.3) which may be recast as

〈αk,m|αl, n〉 = 1F1(1 + n, 1 + n−m,αkαl)αn−ml (n)m (D.28)

where (n)m = n(n − 1)(n − (m − 1)) is the falling factorial and 1F1(a, b, c) is the Kummer

confluent hypergeometric function. This form is particularly useful for numeric implemen-

tation. The un-normalized coefficients c̃nl are given as polynomials in α by the recurrence
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relation Eq. (4.32) with c̃ol = 1. After solving Eq. (4.33), we obtain the αl, and thus the c̃nl,

numerically. The sums given in Table D.1 can then be calculated and used to evaluate the

three key quantities necessary for evaluation of signals (transformed electronic operators, and

first and second derivative couplings), which we write here in terms of the easily calculated

“tilde” and “bar” quantities for completion

Ôkl =
Ôgg + Ôee

2
(1 + πkπl)Ā

(1)
kl +

Ôgg − Ôee
2

(πk + πl)B̄
(1)
kl (D.29)

+ <{Ôeg}(1− πkπl)Ā(1)
kl + i={Ôeg}(πl − πk)B̄(1)

kl

fkli =fegi(πl − πk)B̄(1)
kl + (1 + πkπl)

[
Ā

(2)
kl − Ā

(2)
ll Ā

(1)
kl + α′l

(
Ā

(3)
kl − Ā

(3)
ll Ā

(1)
kl

) ]
Fkli =

Fgg + Fee
2

δkl +
Fgg − Fee

2
(πl + πk)B̄

(1)
kl + F ′eg(1− πkπl)Ā

(1)
kl

+ fegi(πk − πl)
[{[

B̄
(2)
kl − α

′
lB̄

(3)
kl

]
− (Ā

(2)
ll + α′lĀ

(3)
ll )B̄

(1)
kl

}
+ k ↔ l

]
+ (1− δkl)(1 + πkπl)

[(
α′lĀ

(4)
kl + α′kĀ

(4)
lk

)
+ α′kα

′
lĀ

(5)
kl + Ā

(6)
kl

)
+

(
(Ā

(2)
kk + α′kĀ

(3)
kk )(Ā

(2)
kl + Ā

(3)
kl ) + k ↔ l

)
+ A

(1)
kl (Ā

(2)
ll + α′)Ā

(3)
ll )2

]
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