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ABSTRACT
Integrals over anticommuting variables are
used to rewrite partition functions as fermionic
field theories. In particular, the method is
applied to the two-dimensional Ising and dimer

models.

Supported by the High Energy Physics Division of the United

States Department of Energy.

I. INTRODUCTION

This paper introduces a new method of attacking certain

problems in statistical mechanics. It uses integrals over

anticommuting variables to express partition functions in terms
of field theories.

The interplay of field theory and statistical mechanics is
important. Many complicated field theories have simple underlying
statistical mechanics analoguesl). This supplies physiéal insight
into these complicated field theoretic structures and allows one
to extract the key concepts. On the other hand, when a statistical
mechanics model is expressed as a field theory, various field
theory téchniques can be used such as perturbation theory,
operator methods, variational methods, functional methods, etc.
These are powerful avenues of attack, especially for extracting
numbers. In short, the statistical mechanics point of view allows
one physical insight whereas the field theory point of view supplies
the powerful mathematical tools. It is therefore important to
understand the connections between statistical mechanics and field
theory. It is in this direction that this paper is written.

I shall use integrals ovér anticommuting variables. They
were introduced to handle fermionic degrees of freedom in a path
integral formulationz). Until recentlyj), they were usually used
in formal ways, rarely being employed in actually calculations.

In this paper and the following ones they will be used in a
practical manner to obtain numbers. They are, without a doubt,
powerful mathematical tools. They supply relations, relate

unrelated models, organized unruly algebra, and evoke rapid



calculations often in a few steps.

I will try to follow a logical development with a
pedagogical touch. First, this paper will introduce and review
integrals over anticommuting variables (Sec. II). I have tried
to summarize their key properties. Further details may be found
in the references. Next (Sec. III) I will show how several problems
may be expressed in terms of anticommuting variable integrals. This
is a brute force method involving no elegance or ingenuity. Often
a model has several different representations. It is important,
therefore, to find the "best" and "efficient" ones. The fourth
section will present a couple models in solvable form. Finally,

I will discuss what these variables mean in the context of operator
field theory.

This paper and the next deal only with solvable models.
This is deliberate since it forms a testing ground on how these
methods work. In the next paper, the actually solution of the two
solvable models presented in Sec. IV will be carried out.

II. INTEGRALS OVER ANTICOMMUTING VARIABLES

This section will reviewu) some properties of integrals
over Grassmann variables. More details may be found in reference
four. A set of N Grassmann {or anticommuting) variables are

objects, ny (@ = 1,2, -++, N), satisfying
gy * Mgl = © - ' (2.1)

In particular, qi = 0. Taking sums and products the most general

e

construct is

f = ao + E aa'qa + E aOﬁBnClnﬁ + see + 3123...1\‘7111]2...7]1\1 B
o] a<g

(2.2)

with the a's real or complex numbers. Functions of these variables
are defined via Taylor series, which because of eq.{2.1) terminate
at the Nth order. Equation (2.2) is the most general function,
an Nth order polynomial.

The anticommuting variable integral of a function, f, of

the form of eq. (2.2) is defined by

fdnf = /dnldn2-~- £ S ayos (2.3)

The only term which contributes is the one where each 1 occurs
precisely once, the sign being determined by the order (for example,
/dnldn2n2nl = - 1). Often n's are associated in pairs (or
conjugates), one of which will have a dagger (i.e. N and n;).
This is convenient for determining the sign of an integral. For
these the measure is defined as ’/‘dndnT = qulan T andn§ .
Statistical mechanics problems will involve spins, atoms,
bonds, etc. at sites, §i to which anticommuting variables will
be assigned. The variable, Ei will range over the region of
interest; for a cubic crystal this might be a three dimensional
lattice so that x = (@,B,7) has integer coordinates. Often

several variables are needed at a site, in which case, an additional

label, r, is required, and the n's will appear as
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nf;, nfjfr = 1,2,+++, T} for T types. Graphically n_ and ql may
X x

X X

be represented by an "o" and an "x" at x . Different types

may be distinguished by using different colors. The important
point to remember is that a contribution to an integral occurs
only if each site is covered by one "0" and one "x" of each
color (type).

Key properties of these integrals which are consequences

of eq.(2.3) are the following:

1. Shift of varigble. Given Jd which anticommute with themselves

and with all the 1q's,

fd'q f(('qa}) = /dn f({na + Ja}) . (2.4)

2. Change of Variables. Let Wd = E AQB“B (with A invertible)

be linear combinations of n's and hen@e an equivalent set of

anticommuting variables. Then
/dn £(n) = (aet &) fav e(a™v) . (2.5)

Constrast this with normal (i.e. Riemann) integration where there
is a factor (det A)_l rather than (det A) in eq. (2.5).

%. Quadratic and Quadratic-like Actions.

/dndnT exp( Z: quang)= det A .- (2.6)

B

fdn exp(% E “aAOéB”B> = PfA. (2.7)

ap

./.dnd'qf fd\I/d\W exp(z nanngaB\VB\l!g) =perm A . (2.8)
B

/dndnf exp(% E nang,AaBang)= hf A. (2.9)
B

These are respectively the determinant, Pfaffians), permanent,. and
hfaffian of A . Permanents and hfaffians are determinants and
Pfaffians without the sign of permutation factor. In egs. (2.7)
and (2.9) A must be even dimensional. In eq. (2.7) A may
be chosen to be antisymmetric. In eq. (2.9) it may be chosen to~
be symmetric, but must have zero's along the diagonal. These
equations are easily proved by expanding the exponents: permutations
of products of ﬁyﬁ are obtained with the appropriate combinatorial
and sign factors. Equation (2.6), however, is easier to prove
by transforming nf —9A-lnf and using eq. (2.5).

Anticommuting variables are powerful objects. Let us
demonstrate some of their power by proving the well known resulté)
that (Pf A)2 = det A for an antisymmetric even dimensional matrix.

Usual proofs are quite cumbersome. Use eq. (2.6) and rewrite

"o =J%- (Tlcgl)"' inég)); T‘l; =J§ (T]c(xl)' i (2)):



dqxdm; = idmgl)dwég) . Since A is antisymmetric

] 2 g 2O

The exponent factors into two exponents and the integral factorizes

2) (the cross terms cancel).

into two integrals, each of the form of eq. (2.7).
Finally; one may take derivatives of anticommuting variables.
) y d d
For example, dnl My = 1, dﬁi

differentiation hold except for minus signs in the product rule due

=0 . All the usual rules of

to anticommitation relations. Thus > (n4n5)
dql 2°1

d a . .
= dﬁing )nl -, dﬁinl = -0, These derivatives act to the
right. Derivatives acting to the left are defined analogously:
' <«
n,ogn =1 A powerful tool is the following:
19

4. Integration by parts. Given two functions, f and g,

3 g
/dn f-c-ﬁg=/dnf e (2.10)

In conclusion, anticommuting variables may be manipulated,

integrated, and differentiated much like ordinary variables except that
anticommutation must be taken into account.
III. SAMPLE REPRESENTATIONS

6’7’8) there are & set of sites and a

In a dimer problem
set bonds connecting certain pairs of sites. The bonds may absorb
dimers. If Eb is the energy of a particular dimer,

z, = exp(—BEb) is the Boltzmann factor associated with an
absorption. A site may be used only once, so that no two dimers

may overlap or even touch. Effeciively any two dimers are infinitely

repulsive. There are two kinds of problems: the close~packed

-8-

problem in which every site must be covered exactly once, and the
usual dimer problem where some sites may be left uncovered.

The statistical mechanics of this system is determined
by the partition function. This partition function may be
represented as an anticommuting integral. As an example, let us
consider the two dimensional close-packed dimer problem. The sites
are the integer lattice points (a,s) in a two dimensional plane.
Bonds occur between nearest neighbors in the vertical and horizontal

directions; z, is associated with vertical bonds and Z, with

horizontal bonds. The partition function is

- t t T
Z(zy,z ) = [ dndn’ exp Z ( 2 NopNop o418l 1p
a,p

+z N n nf ) . (3.1)
vaglopap+1lop 1

There is an 7 and nf for each site, and the total measure is a
product over all sites of the measure at each site. The operator
eXP(Zh"QB“;BWa+1B“;+15) =1+ thaﬁhésqa+lﬁmé+lﬁ has the option
of placing a dimer on the bond between- (a,B). aend (a +1,p)
(see fig.l). If the option is exercised, a weight z, Tresults and
no more dimers may be placed on sites involviné (2,) and
(@ + 1,8). Since the integral is zero unless every site is covered
exactly once, eg. {(3.1) is the partition function for the two
dimensional close-packed dimer problem. This model (and, in general,

any close-packed dimer model) is by eg. (2.9) a hfaffian.

Modifying the measure of eq. (3.1) by

fdﬂdﬂf *fdndn* exp( Z naﬁnga) ) (3.2)
op
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would produce the (usual) dimer partition function, since the

t oo ty 2 f :
nag“oﬁ piece of exP(naBnaB) =1+ naﬂnas would cover any
uncovered site (a,B). On the other hand, for sites already

covered by a dimer the 1 term would be used. The new action would be

+ +
Agimer(w 2y) = E “aanas(l Bgndlaas * Slopnap) (5.3)
. ag

Equation (3.3) may be interpreted as the partition function of
monomers and dimers where the enery of a monomer is gzero. If

Em is the energy of a monomer, then

A ( ) = t oz y
dimer + monomer‘Zm’%h’%v’/ = naﬁnaB % zh”a+lﬁﬂ1+15
ag
(3.4)
+ 7N o)
g1 opr’

with z = exp(- aEm), is the partition function for dimers and

monomers. By rescaling naﬁ - quaa 112;5 -"Emnzs one obtains

2
Zdimer + monomer(zm’zh’zv) = Zp dlmer(zh/z ’ ZV/Zm)’ (3.5)
where N is the number of sites. This result (that the partition
function for dimers and monomers is simply related to the partition
function for dimers alone) is easily derived using physical
considerations. In general, there will be transformations on the

Grassmann integral which yield results in a few steps that, unlike

-10~

this example, are difficult to obtain using physical arguments. This
is one reason why anticommuting variables are powerful.

To deal with a general dimer‘problem, let & be a
labelling of sites. The set of bonds, B, is a setiof pairs

(c,8) having Boltzmann factors Zog" Then

Z=/‘dn<1n)r exp(z:nan; + Z zaﬁnangnﬁng ) (3.6)
[0

(a,B)eB
Dimer models are equivalent to qn*nn+ field theories with a
kinetic erergy term consisting only of a mass piece, nn+ . The
field theory methods that deal with nny nnT theories may be applied
to dimer problems.

Almost all partition functions which have a graphical
representation are expressible as anticommuting integrals. The
d-dimensional Ising mode19) has such a graphical representation ’7’8)
where one sum's over closed non-overlapping but (possibly)
intersecting polygonal curves; in two dimensions this is obtained
by starting with configurations where all spins are down and
drawing curves around regions of up spin. There is a Boltzmann
factor for each unit of "Bloch” wall. Alternatively, one may use
bond variableslo) (which works in any dimension) for which there is

s similar representation with different Bloch wall Boltzmann factors.

Let us consider 4 = 2 . Then

Z. . (3,3 )="¢

Ising‘ h’ "v chosed polygons(zh’ Zv) ’ (3.7

where ZIsing(Jh’Jv) is the Ising model partition function, with
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horizontal and vertical spin couplings Jh and Jv’

Z 1 osed polygons (zh, zv) is the partition function for closed
non-overlapping polygons with Boltzmann weights, Zy and =z
for horizontal and vertical Bloch walls, and. f is a multiplicative

factor. For the first representation

H
|}

exp [N(BJV + BJh)] ;

exp(-QBJv) s (5.8)

s
It

N
1

= exP('eﬁJh) )

vwhere N is the number of sites. For the bond variable representatien

T = (2eosh BJ,, cosh BJh)N,
z, = tanh B3, , (3.9)
z, = tanh BJV .

Duality is the well known fact that the Ising model has these two
representations relating low and high temperatures, one using
bond variables on the lattice and one using disorder variables on
the dual lattice.

To express the Ising model as a field theory, use four sets

B

r

of anticommuting variables at a site (o,B) , 1 and ng* with
op

r = R("right"), L{"left"), U("up"), or D("down") (see fig.2).

To draw the sides of pdlygons use dimer operators

-12~

R Rt ot U+ D

Tlaﬁﬂa&ﬂaﬂﬁﬂaﬂs and ﬂaﬁﬂaﬁﬂ%ﬂﬂaﬁﬂ (See fig. 5) « They

give rise to a wall action

U Ut D

R _RtL +
A1l = Z [zh(“aB”aB“aus"aﬂs) + 2, (ogNog T‘or43+1“ocs+1)] -
ap

(3.10)

I next require "selection rules" at each (a,B) site. Suppose.

D+ R Rt
Toa S W
of (fig. ba) may occur. Figure b illustrates the eight possibilities

is inserted in the integral, then only the configuration

which can happen. To limit the graphs to these possibilities insert

1 +g with
Nt
(3.11)
NUND + NRNL + NRNUNLND 5
where N = n"n"t . By using 1 +g=ex [m(1+g)] =exp(g-%g2)

an action for these selection rules is obtained

e
U
v B R il 12
* Noglog *+ 10 Mo - 2 Mogliglogly) » (5:12)
ﬁhere again NéB = néﬁn;g . The total action for the Ising model
is A=Awall+A r.
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I call the above method of obtaining integral representations
the "selection rule' method. By weighting the configurations of
fig. b, more general Ising-like models are obtained. Representations
of more complicated models like the Baxterll) model can be derived
in a similar manner.

The above representation of the Ising model is inefficient:
It uses four sets of anticommuting variables per site; furthermore
the action involves products of up to eight variables. Given a
particular model, there will be many Grassmann integral representations
It is important to find efficient representations. Ingenuity in
finding the "best" set of variables and the "best" actions will
determine whether a model is exactly solvable and will determine
how well approximation methods work. In the next section, efficient
representations are found for these two 2-dimensional models.

IV QUADRATIC ACTIONS

Some models have quadratic action representations. I
call these pseudo-free theories because they are exactly solvable
by the techniques that solve free theories. In this section I
will represent the two dimensional close-packed dimer and Ising
models as pseudo-free theories. A later paper will calculate
the partition functions and correlation functions.

The two dimensional dimer problem will be dealt with first.
The method used to solve it closely follows the standard method )
of attack. In fact, I will be essentially reproducing the known
method in integral form, circumventing a few algebraic steps aloﬁg

the way.

-1h-

Take the lattice plane, group sites into units of four, and
use the labelling indicated in fig. 5. Sites 4 and 3 are called
0dd sites; sites 2 and L4 are called even sites. For each unit
(a,B), assign four sets of anticommuting variables,
néﬁ, naa {r = 1,2,3,4}, one for each of the four original lattice

points. It will be shown that

A A B B
Zdimer(zh’ zv) Zdimer(zh’ Zv) =qudnT exp(4), (4.2)

where

™

Al 2t
20\ oMo * "as"aa
o . (1.2)

2t 3 bl

+ 2 (nocanoé6 ogNop

3 Ly A1
z (“as“aﬂs Togonas) * zv(“asﬂ"aa naﬁnaﬁ+l)}

B . N . A B A B r
and A~ is obtained by replacing 2z, by Zy s 2y by L naﬁ by
nég, and n;g by néB . Equation (%.2) may look complicated, but
it has a simple graphical representation in fig. 6. Each of the
eight dimer-like operators of fig. 6a corresponds to a term of eq.(k.2).
The dimer object, qéﬁnég; produces an "0" at 1 and an "x" at 2
in the (a,p) unit. Arrows are used to indicate the order of the
n's as illustrated in fig. 7. The dimers weighted by zA factors

are the ones with "0"'s on odd sites and "x"'s on even sites
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and are called A-dimers. The B-dimers have "x"'s on odd sites

and "o"'s on even sites.

We can now make contact with the usual method of solution.
By the "golden rule" of Grassman integrals, each site must have an
"x" and an "6" . This means each site is covered by exactly one
A-dimer and one B-dimer. Therefore, Qe have a simultaneous A and
B dimer problem: Expand the B-action exponent and choose one
configuration, b, which covers all sites with B-dimers. Let W,
be its weight (that is, the product of the zﬁ and zs factors;
for example, if zo =z = z° then w = (B2 here N is the
number of sites). Expanding the A-sction exponent, each A-dimer
covering results in diagrams of closed non-overlapping polygons and
overlapping isolated dimer pairs (see fig. 21, p. 233 of reference 7)
with the proper weight (up to possibly a minus sign). A minus sign
could result because of reorderings of anticommuting variables in
evaluating integrals. It is proven in Appendix A, however, that
all terms are positive. The reader is invited to check some
examples by using the rules of fig.8. Each configuration, b, of
B-dimers yields w Zdimer(zﬁ’ zﬁ). Equation (L4.1) results by
summing over all B-coverings.

Every planar close-packed dimer problem, which is exactly
solvable by the usual techniques, is expressible as an anticommuting
integral over a quadratic action. At this stage, Grassmann integrals
are used only as a bookkeeping device which organizes the algebra.

No true progress has been made. The next example will obtain a

quadratic action for the Ising model. Although similar to

previous derivations, several simplifications are made.

-16-

I shall use eq. (5.7) which relates the Ising model to'a
sum over closed non-overlapping but (possibly) intersecting -
polygons. I shall then use the anticommuting variables to "draw"
these configurations. Two sets of variables will be used at each LS
(,B) site: ngﬁ, ngg, and n&s, ngg . The superscripts ™" and

"v" stand for horizontal and vertical. Consider i

N +
Zelosed polygons(zh’ zv) =(-1) dndn” exp(a),  (4.3)

where N is the number of sites and

= A'Bloch wall * Acorner * Amonomer 5

ht+ h vt Vv

ABloch wall = Z (Zhnaﬁna+1{3+ zvﬂaanaﬂﬂ) ;
ap

(L. 1)

A - h h ht h .
corner ; (al nagﬂga + aBﬂ;gﬂaB + agﬂg‘;ﬂag * a’hngtﬁnocﬁ) ’

h hy v Vi
Amonomer = Z (bh“aﬁnas * bvrbtﬁnocs ) ‘

oB
The Bloch wall action produces & unit of Bloch wall in either the -
horizontal‘or vertical direction [see fig. (9)] weighted by the
appropriate Boltzmann factor. The term A produces the four -

corner

corners of fig. {10) necessary to construct a ploygon. I have
allowed for the most general quadratic form by weighting corners

with the By For the Ising model, set &, = 1 . Finally,

Amonomer £ills all unoccupied "h" and 'v" sites with monomer.
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Again, for the Ising model, set bh
configurations which can occur at a site are shown in fig. (11)
with their weights. There is an extra (-1) for each site
because of the (—1)N in eq. (k.3). The minus signs in con-
figurations (P) through (g) always cancel in pairs and may be
dropped. The extra minus sign in fig. (11h) is explained in
Appendix B. This Appendix deals with minus signs due to reorderings
of Grassmann variables. Finally, the double cornérs of fig. (lZa,b)
do not occur because a single corner uses up both horizontal and
vertical variables. BEquations (3.7), (4.3), and (4.4) form the
quadratic action representation of the two-dimensional Ising model.
V THE OPERATOR ALGEBRA

This section dissusses the operator aspects of Grassmann
variables and their probabilistic interpretation.

Ih the previous two sections, partition functions have
been expressed as fermionic field theqries. By taking expectation
valueé of Grassmann variables (as well as functions of them)
we may treat them as operaters. They act like "local observables",
measuring tools with probabilistic interpretations. Consider for

example, the two dimensional dimer problem whose action is given

by eq. (3.3).

Ty T ¥

is the sum over dimer configurations with the restriction that no
. . ¥ .
dimer be placed on the (a,ﬁ) site. Therefore, (naﬁna5> is

the probability that the (@,p) site is not covered by a dimer.

and bv =1 . The eight possible

-18-

Likewise {1 - naﬁnzﬁ) is the probability that (o,B) is covered.
In general, the expectation value of an operator will be the
probability that a corresponding configuration will occur.

What do the equations of motion mean? The equation for

. . . 4
bt =
qas is obtained by taking an Ai' e

(i.e. some function of the n's and nf's) and use integration

Let 0 be an operator
by parts l[eq. (2.10)]:

(g O =(of &y, (5.2)

Equation (5.2), which involves the equation of motion of naﬁ B

will generate many probability relations and is quite useful. For

t (o] u U
Top #0d 1t Fry 6y Fla,p) Pla,p)and(a,ph)’

etc. be respectively the probabilities that (a,8) is occupied,

example, let O be

that (,8) is unoccupied, that (o,p) and (Q,p+l) are

unoccupied, etec., then

P?a,a) = Zh[P?a,B)and(a+1,B) * P?a,s)and(a-l,ﬁ)}

+ ZV [Pl(la,B)and(a,Bﬂ) * Pl(la;B)a'nd(a’B-l)J ¢ (5'5)

I invite the reader to derive this relation using physical
considerations and compare it to the simpl; and powerful method of
anticommuting variables.

The set of relations of eq. (5.2) along with the anti-

commutation equations [eq. (2.1)] determine the model. They are
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an equivalent expression of it, because A is obtainable from
eqs. (5.2). The Ising-like or dimer-like problems are uniquely
determined by a set of local probability relations. In field
theory the equations of motion are foremost. The operator
techniques used to attack such field theories may be used in
statistical mechanies. I call this the operator method of local

observables.
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APPENDIX A
This Appendix treats the minus signs of the two dimensional
close-packed dimer problem.
An isolated dimer pair between two neighboring sites r and
: . ++ L.
s {see fig. 13) will be of the form nrnsnrns = + MR Ng 5 so

it has has the correct sign.

To deal with a closed polygon, P, orient it counterclockwise

and call the parity of P the number of minus signs which result
from rule (b) of fig.8. There are two types of polygons: type 1
(fig. 1ka) and type 2 (fig. 1kb). For type 1, there is a minus

sign from rule{c) and no minus signs due to rule(a). Therefore,

for type 1, the overall sign is opposite to the counterclockwise
parity of P. For type 2, the identical conclusion is obtained
using a similar approach. Kasteleyn's theorem}s) (which is easily
verified for test examples and easily proven by induction on the
area of P) says that the counterclockwise parity is (-1)I+l (where
I is the number of interior points) if all elementary polygons
(ones with no interior points) have odd parity. In fig. 1k, for
example, I = 1 and the parity is even. With the arrow assignment
of fig. 6; all elementary polygons are odd parity. We conclude

all polygons having an even number of interior points have the
correct sign. Fortunateiy only these kinds of polygons occur in

a covering since dimers, covering two sites at a time, cannot cover
regions of an odd number of sites. Therefore, all polygons have the

correct sign.

L3
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APPENDIX B

In this Appendix, I will analyze the sign problem
associated with egs. (4.3) and (4.4)., The conclusion will be
that the sign of a configuration of polygons is equal to the
number of intersections which occur. This explains the extra
minus factor in the weight of fig. (11h). I will proceed in steps:
first dealing with an isolated non-self-intersecting polygon, then
with one that self-intersects, and finally dealing with a multipoly-
gonal configuration.

Consider a closed polygon, P, which does not intersect
itself. I will show that its sign is positive. Choose a
horizontal bond of P and proceed to fhe right (and eventually
around the polygon). Start at the "x" and use the rules of
fig.8. When moving uéward or to the right no minus signs result
from rules(a) or {b) because arrows are in the correct direction
and "o"'s occur before "x"'s. When moving downward or to the
left, each site has a minus sign from rule (a) and a minus
sign from rule (b). They cancel in pairs. Next consider what
happens, when one goes around a corner. There are eight different
types (see fig. 15) [two orientations times the four basic corners
of fig. (10)]. They are oriented because we are moving around
the polygon in a particular direction. Figure 15 summarizes the
results: only corners of types 4 and d lead to a minus sign.
Now use the following theorem (which is easily proved by induction
on the area of P): Let mo, o, etc. be the number of type a,
type b, etc. corners occurring in an oriented non-self-intersecting

polygon, P . If P is counterclockwise oriented then

—pp-

(B.1)
m -m =1,
¢ &
m ~-m. =1,
a d
Ty, U3
This implies that the sign due to corners is (-1) (~1) ~ = -1 .

For clockwise oriented, P, the theorem holds with a a7 B
b b , ete. Rules(a) and(b) therefore result in one minus
sign which when combined with the minus sign of rﬁle(c) gives an
overall plus sign.

Now consider an oriented self-intersecting polygon, P .
It may be constructed from non-intersecting ones by the pasting
construction of fig. ;6. The order of the operators in P 1is
indicated in Figure 17a. When they are regrouped into the forms
occurring in the non-self-intersecting polygons (Figures 17b and
17¢) which "compose" P, a minus sign results for each intersection
as Figure 17 illustrates.

Finally, the résult holds for multipolygonal configurations
because pairé of polygons can only intersect an even number of
times. Summarizing, an extra minus occurs for each intersection

(fig. 11h).
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Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Figure 6.

)

The dimer operators: (a) The horizontal dimer operator,

“aBW;B“a+15“;+lB’ and (b) The vertical dimer operator
t T

Topagop1 o+l -

The two-dimensional lattice used for the Ising model:

(a) Each site has been replaced by four sites, and

(b) The notation used to label sites. The pair,

(a,p) , labels the group and "Right", '"Up", "Left",

and "Down" are used to label types.

Bloch wall operators: (a) The horizontal dimer operator,
R Rt Lt
Wm%ﬁbﬂﬁhﬂg’
Ut D Dt
T‘aﬁ"oqs"as +1Mop+1 ‘
The eight possibilities which can happen at a vertex.

and (b) The vertical dimer operator,

In each case, the operator on the right will produce

the dimer configuration on the left. Figures (a) - (g)
represent the seven terms in eq. (3.11). To these one
must add the last term which is the unity operator.

The lattice plane reorganized into groups of four sites
each. Each unit is labelled by a pair of integers

{@,8) and each of the four sites in é unit are labelled
by 1,2,3, or k. Sites of type 1 and 3 are called odd
sites, wheres sites of type 2 and 4 are even sites.

(a) The eight bonds corresponding to the eight terms

in eg. (4.2). Each of these 6perators create A-dimers
and is weighted by a zA factor. The arrows indicate
the order of the n's (see fig. 7.). (b) The B-dimer

B
operators which make up the B-dimer action, A~ .



Figure 7.

Figure 8.

Figure 9.

Figure 10.

" the left-hand side is the operator,
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The use of arrows to indicate operator ordering. On

n*n, which

equals minus the right-hand side operator, nnqr . The

arrow originates from the first anticommuting variable
and terminates on the second one.

Sign rules. The rules for evaluating the sign of a Figure 11.

"dimer loop” are as follows: Pick an initial "o

nn

1
or X

"

(here, "o" is chosen at A) and proceed

around the loop (here, counterclockwise). There is

1m_"

a) a minus sign for each '"x" occurring before an

"o" (the point, B), b) a minus sign for each arrow

in the opposite direction (the bond, C), and finally

n_mn
.

¢) a minus sign if one begins with an "x In this

figure the sign is positive.

Bloch wall operators: (2) is the graphical representation

. ntn
oL MygNlosip
horizontal Block wall; (b) is the vertical Bloch wall

which occurs in eq. (4.4) and produces a

operator n;T ﬂg
? B optl T

The corner operators in eq. (k.4). In all cases they

occur at the (a,p) site, that is corner operators

only change the direction of a curve; they do not

connect neighboring sites. Although one could use

labels to distinguish horizontal and vertical variables, Figure 12.

"1

it's easier to use the following convention: if an o}

or an 'x"

has a horizontal line coming into orout of
it, it is a horizontal variable; on the other hand

vertical variables have vertical lines flowing into or

-26-

out of them. For example, (a) involves a horizontal

T.
"x" or ngﬁ and a vertical ."o" or nv The arrow
indicates the order, so that this term is nggﬁgs , the

first term in A of eq. (h4.h).

corner (), (c), and (a)

are the other three terms.

The eight possible configurations that can occur at a
site. When disorder variables are used [eq. (3.8)], the
first two columns represent corresponding spin
configurations. In obtaining the weights of column 4 a
(-1) factor has been included from the (-l)N of eq.
(4.3).

eliminated because i) there are always an even number of

The minus signs in (b) through (g) may be

(b) and (c) configurationa and ii) corners (d) and (f)
as well as (e) and (g) occur in pairs. Alternatively,
one could rédefine the b's and a's in eq. (.4) to
have minus signs. Configuration (h) has an extra minus
sign due to reordering of anticommuting variables as
deseribed in Appendix B. The numbers in column 4 are
easily oﬁtained: For example, the b~ of (b) is

obtained because a vertical bond enters and exits - the

vertical site and a horizontal monomer with bh must

. fill the empty horizontal site.

Intersections. The double corners of figs. (a) and (b)
are not allowed by eg. (4.3). When four lines meet at

a site they must pass directly through as in fig. (c).



Figure 13.

Figure 1k.

Figure 15.

Figure 16.

Figure 17.
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A typical dimer pair. The sign of this pair is plus
R t + o+
since MM NpNg= + 00000
The two types of polygons. Type 1 [fig. (a)] is
¥
characterized by the fact that nn  occurs at each
site when going counterclockwise arount the polygon.
Alternatively, as one goes around the curve the "x"
occurs before the "o" in a given dimer. For type 2
[rig. ()], ﬂ+ﬂ products occur at each site. The
parity of this polygon will be even if all elementary
polygons are counterclockwise odd. The assignment of

arrows in fig. (6) does make all elementary squares

of odd parity.
The eight oriented corners and the minus sign factors

associated with them.
The pasting construction. Polygon, P, may be
obtained from two (possibly self-intersecting) polygons,

P. and P

1 5 s by cutting open the corners and rejoining.

There are four (two different types of pairs of corners
times two orientations) possible pasting constructions.
How the minus sign arrises. This is just a "fermion"
statistics effect. The order of operators in an
intersection of P is indicated in Figure (a) and is
(nInB)(ngﬁh) . When P is decomposed into non-inter-

secting polygons as in Figure 16, the order of the
operators is that of (b) or (c). For case (b),

(“I“A)(”g%) = - (“I%)(“g”h)’ that is, there is a
minus sign relative to (a). For case (c), (nng)(nhnB)

is also - (nInB)(ngnu) °
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Figure 3
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