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ABSTRACT OF THE DISSERTATION 

 
Structure and Dynamics of Tryptophan Synthase Intermediates Via NMR-Crystallography 

Computational Chemistry 
 

by 

 

Yangyang Wang 

 

Doctor of Philosophy, Graduate Program in Chemistry  
University of California, Riverside, March 2021  

Dr. Leonard J. Mueller, Chairperson 
 

 

This thesis presents progresses in the adoption of NMR crystallography – the synergistic 

combination of X-ray crystallography, NMR spectroscopy, and Ab initio computational approaches – to 

study structures and dynamics of enzymes. The objective is to develop exceptionally definite and 

chemically-detailed structures of the chemical active sites by focusing on the intermediates along the 

pyridoxal-5'-phosphate catalyzed reaction pathway of tryptophan synthase.  

NMR can supply direct chemical shifts to certain selected atoms in enzyme-substrate complexes; 

however, it is extremely sensitive to the local environment, making large complexes, such as enzyme 

complexes, unable to be interpreted. When the NMR shifts combine with X-ray crystallography, they can 

provide the framework to build computational models of active sites. The results of Ab initio calculations 

can reveal the unprecedented level of structural details. This is addressed in particular by the ketoenamine 

and enolimine tautomerization, in which a proton transfer points to the importance of 

protonation/deprotonation at ionizable sites on the coenzyme, substrates, and side residues to activate key 

steps in the catalytic process.  

Solid-state NMR suffers from low sensitivity due to low polarization and slow polarization 

recovery times. With aid of dynamic nuclear polarization at the low temperatures, solid-state NMR can not 
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only enhance sensitivity, but also capture some kinetic intermediates. These intermediates can be tautomers 

if solid-state NMR with dynamic nuclear polarization can selectively stabilize a tautomer. The use of NMR 

crystallography, which builds models for tautomers, provides holistic view for the protonation states and 

dynamics of tautomers.  
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Chapter 1.  Introduction 

1.1 Spin 

Spin and magnetism are two physical but invisible phenomena in matter because electrons and 

nuclei, which possess spin and magnetism, compose matter. Nonetheless, spin and magnetism are not as 

apparent as other visible phenomena such as mass. They play an indispensable role in our daily life, with 

applications in computers, credit cards, magnetic resonance imaging machines, and business equipment. 

Spin and magnetism are the topics of this thesis.  

In physics, angular momentum is produced by the rotation of an object; for example, the pivoting 

of an electron around the nucleus generates angular momentum, which is normally called electronic orbital 

angular momentum and usually represented by a quantum number, the integer ℓ.  Different ℓ values 

represent different quantum states: ℓ = 0 is known as s-orbital, ℓ = 1 is known as p-orbital, and so on. Aside 

from the electronic orbital angular momentum, an atom also has two other sources of angular momentum: 

electron spin and nuclear spin. Spin angular momentum is an intrinsic characteristic not related to any 

motion in space and is fundamentally different from orbital angular momentum; however, it is seen as a 

rotation around itself and has the corresponding angular momentum attributes.1,2 It is also denoted by the 

vector I, and the direction of I is called the spin polarization axis. All elementary particles such as protons, 

neutrons, and electrons carry characteristic spins. 

The magnitude of the spin angular momentum is given by3 

where I is the nuclear spin quantum number and ℏ =
2

 (h is Planck’s constant). 

In a molecule, there are various possible sources of angular momentum: the spinning of electrons around 

nuclei, the motion of the nuclear framework around the center of mass of the molecule, and in some cases, 

the rotation of internal molecular groups, the electron spins, and the nuclear spins. However, the nuclear 

 |𝐼| = ℏ 𝐼(𝐼 + 1) (1.1) 
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framework's motion can very often be treated classically: the molecule is treated as an ordinary object 

rotating in space. Because of the Pauli principle4 and the quantum rules for chemical bonding, in the lowest 

energy state of a chemically stable molecule, the electron orbital angular moment and the electron spin 

angular moment always cancel out, thus only singling out the molecular rotation and nuclear spins as 

sources of angular momentum in the molecular ground state. 

1.2 Magnetism 

Magnetism is a class of physical phenomena associated with magnetic fields, as electricity is 

related to electronic fields. At every point of space, each object is associated with two vectors, E and B. The 

field E is called the electric field and interacts with electric charges, and the field B is called the magnetic 

field and interacts with magnetic moments. The behaviors of the fields E and B in time and space are 

described by Maxwell’s equations, a set of coupled partial differential equations that describe how electric 

and magnetic fields are generated by charges, currents, and changes of the fields. Magnetism and electricity 

are proved to be different manifestations of the phenomenon of electromagnetism. 

Macroscopically, all objects can interact with magnetic fields, and this ability can be quantified by 

the magnetic energy, which is reversely proportional to the magnetic moment and the B field, 

Even some substances, such as a bar magnet or a compass needle, have a permanent magnetic 

moment. Most substances, on the other hand, induce magnetism, indicating that the magnetic moment 

appears only when an external magnetic field is applied: 

𝜇induced = 𝜇0−1𝑉 𝐵, (1.3) 

where 𝜇0 denotes the constant of vacuum permeability and 𝑉  is the volume of the object. The 

dimensionless number χ denotes the magnetic susceptibility of the material. If a substance has a positive 

value of χ, it is called paramagnetic. Most materials have a negative value of χ and are thus called 

diamagnetic. 

𝐸 𝑎 = −𝜇 ∙ 𝐵. (1.2) 
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From the microscopical perspective, magnetism can have any of the following three origins: (i) 

circulated electric currents produced by the movement of electrons around the nucleus, (ii) electrons’ 

magnetic moments, and (iii) the nucleus’ magnetic moments. Effect (i) may be understood from elementary 

physics: when an electric current is made to flow in a loop, a magnetic field is generated. (Figure 1.1) 

 

Figure 1.1 Electron and proton spin magnetism in a hydrogen atom, adapted from Levitt5. Effects (ii) and (iii) are intrinsic and the 

same as intrinsic spin. Magnetism is linearly proportional to spin,6 

𝜇 = 𝛾𝐼 = 𝛾ℏ[𝑖(𝑖 + 1)]1 2⁄ , (1.4) 

where 𝐼 is spin angular momentum, 𝜇 is magnetic momentum, the proportionality constant 𝛾 is called the 

isotope-specific gyromagnetic ratio, and i is a half-integer value representing the quantization of rotational 

energy levels in a given system. 

In the case of effect (i), each electron produces a small magnetic field by orbiting the nucleus of an 

atom; however, the orbiting direction is random, making the angular momentum evenly distributed in all 

directions. Therefore, if there is no external perturbation, atoms with paired electrons are not magnetic. 

When an atom has unpaired electron spin, an entirely different phenomenon, namely, unpaired electron 

spin line up in parallel with each other in a domain, is very much likely to occur. This is called 

ferromagnetism or anti-ferromagnetism depending on how the magnetic moments align with the 

neighboring moments. Magnetism of electrons or effect (i) is beyond the scope of this thesis and will not be 

discussed here. 
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For effect (ii), the relatively weak interaction of electron magnetic moments allows electron 

paramagnetic resonance experiments to be conducted. The majority of substances have no electron 

magnetic moment in the electronic ground state. 

Effect (iii) is the topic of this thesis. The magnetic moments of the atomic nucleus have weak 

diamagnetism (χ < 0), which arise from the electron orbital currents induced by the applied magnetic field, 

enabling nuclear magnetic resonance (NMR) experiments to be conducted. The following chapters will 

focus on NMR. 

1.3 Dynamics of Nuclear Spin 

1.3.1 Spin Hamiltonian Hypothesis 

In Dirac notation7, the quantum state of the entire sample is fully described by a wave function 

|Ψfull⟩ that contains information on the positions, velocities, and spin states of all the electrons and nuclei. 

This wavefunction obeys the time-dependent Schrodinger equation,8,9 

𝑑
𝑑𝑡

|Ψfull(t)⟩ = −𝑖ℋfull|Ψfull(t)⟩, (1.5) 

where Hamiltonian ℋfull contains all interactions in the system. By contrast, in the NMR of the 

diamagnetic substance, the spin states of all the electrons will be blurred out, leaving out only the nuclear 

spin states, 

𝑑
𝑑𝑡

Ψspin(t) ≅ −𝑖ℋspin Ψspin(t) , (1.6) 

where Ψspin(t)  represents the spin state of the nuclei, and ℋspin is the nuclear spin Hamiltonian. The 

nuclear spin Hamiltonian contains only terms that depend on the directions of the nuclear spin polarization, 

which assumes that the magnetic and electrical influences of the rapidly moving electrons are blurred out 

so that only their average is seen. 
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This massive simplification is called the spin Hamiltonian hypothesis. It rests on a time-scale 

separation of nuclear and electronic motions. Electronic motions are so rapid that the nuclear spin only 

senses the time average of the fields they generate. Furthermore, nuclear spin energies are assumed to be 

too small to affect the motions of the electrons within the molecules or the molecules’ motions themselves. 

Practically, the nuclear spin Hamiltonian is a secure concept for almost all systems at ordinary 

temperatures. 

An atomic nucleus is seen as a small lumpy magnet with a magnetic moment and a non-uniform 

distribution of positive electric charges to interact with its environment. Having a magnetic moment 

enables it to interact with magnetic fields. Having an electric charge likewise makes interaction with 

electric fields possible. The nucleus interacts with its surrounding fields in two ways: moving and rotating. 

The NMR leverages the rotation of nuclei. If the nucleus rotates, the nuclear magnetic moment 

and nuclear electric charges will rotate accordingly, differing the orientation with respect to the surrounding 

fields and changing the energy of the nucleus. The nuclear spin Hamiltonian uses two terms to describe 

nuclear energy change with respect to the orientation: (i) an electric spin Hamiltonian, which describes the 

way the nuclear electric energy changes as the nucleus rotates, and (ii) a magnetic spin Hamiltonian, which 

depicts the way the nuclear magnetic energy changes as the nucleus rotates. The spin Hamiltonian operator 

for nucleus 𝐼  may thus be written as 

ℋ = ℋele + ℋmag. (1.7) 

Spin-1/2 nuclei are the focus of this thesis, in which the distribution of positive electric charges is 

even, and there are no electric energy terms that rely on the orientation or internal structure of the nucleus, 

that is, ℋele = 0; therefore, the nuclear spin energy ℋ  for the nucleus 𝐼  is only involved in the magnetic 

spin Hamiltonian ℋmag. Thereby, Eq.(1.7) can be simplified by Eq.(1.2) as 

 

The electric and magnetic fields that can influence the spin may stem from external equipment and 

the sample itself. For spin-1/2, the external spin interactions are between the spin and external magnetic 

fields; internal spin interactions are purely the spin’s interaction with the magnetic fields produced within 

ℋ = ℋmag = −𝜇 ∙ 𝐵 = 𝛾 𝐵 𝐼 𝑒 + 𝐵 𝐼 𝑒 + 𝐵 𝐼 𝑒  (1.8) 
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the molecule. In the case of spin >1/2, electric quadrupolar interaction is also involved. What characterizes 

NMR is external interactions that are intentionally produced to be considerably larger than internal 

interactions. The reasons will be discussed in the following sections. 

1.3.2 External Spin Hamiltonian 

In the NMR spectrometer, there are two primary external magnetic fields: (i) 𝐵0, a quite strong, 

homogeneous, and static magnetic field generated by a superconducting solenoid and (ii) 𝐵1, a 

radiofrequency(RF) oscillating field provided by the radiofrequency coil on the probe. The external spin 

Hamiltonian ℋext  is time-dependent and written as 

where 

ℋstatic(t) = ℋstatic 

ℋR (t) = ∑ ℋR . 

(1.10) 

Sums are taken over all spins in the sample. Here, ℋstatic is the interaction of each spin 𝐼  with the 

longitudinal static field 𝐵0, and ℋR is the interaction of each spin with the radiofrequency field 𝐵1. By 

standard, a laboratory reference frame is usually chosen in which the static field is along the z-plane, and 

each spin Hamiltonian for the interaction with the static longitudinal field is given by 

This is called the nuclear Zeeman interaction. 

The radiofrequency coil generates a field 𝐵R (t) along the tilted axis, as shown in Figure (1.2). 

ℋext(t) = ℋstatic(t) +ℋR (t), (1.9) 

ℋstatic = −𝛾 𝐵0𝐼  (1.11) 
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Figure 1.2 The laboratory frame, the radiofrequency coil, and the applied fields B0 and BRF, adapted from Levitt5 

This field oscillates at the spectrometer reference frequency ωref during the radiofrequency; 

otherwise, it is equal to zero. If the pulse is perfectly rectangular, then the radiofrequency field is 

represented as 

where ϕp is the angle between the z-axis and the xy-plane. 

1.3.3 Internal Spin Hamiltonian 

In addition to the external magnetic and electric fields, the nuclei are also affected by the internal 

magnetic and electric fields originating from themselves. These interactions are denoted by the internal spin 

Hamiltonian ℋint and contain the following terms: 

1. Chemical shift. This term is generated with the involvement of the external magnetic field but is 

directly created by the electrons themselves. The chemical shift Hamiltonian ℋC  derived from 

Eq.(1.2) for spin 𝐼  is written as 

where 𝓊  is the magnetic moment for spin 𝐼 ,  and 𝐵induced is the indirectly induced magnetic field 

from the external magnetic field 𝐵0, which can be expressed as 

𝐵R (t) = 𝐵R (e cosθR + exsinθR ) cos ωreft + ϕp  during an radiofrequency pluse
0                                                                    otherwise 

, (1.12) 

ℋC = −𝓊 ∙ 𝐵induced, (1.13) 
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𝛿  𝑖𝑠 usually a non-diagonal symmetrical 3 × 3 matrix representing the influence that includes the 

direction and the magnitude from 𝐵0 to 𝐵induced. The direction of the magnetic field may not 

coincide with a principal axis direction, thus producing a chemical shift anisotropy tensor: 

where 𝑅 (Θ) is a 3 ×  3 rotation matrix that converts the non-diagonal symmetrical matrix 𝛿  to a 

diagonal matrix called the chemical shift anisotropy tensor. 

2. Quadrupolar couplings. These interactions only appear in the presence of spin > 1/2 nuclei. It is 

not the topic of this thesis. 

 Direct dipole–dipole couplings. It is also called dipolar coupling. This interaction results from the 

classical through-space spin–spin coupling. These couplings build additional local fields at the 

nucleus. The dipolar coupling may be either intramolecular or intermolecular. Its magnitude 

depends primarily on the internuclear distance between the coupled spins, yet its influence on the 

NMR spectrum also depends on the orientation of this internuclear vector with respect to 𝐵0. The 

Hamiltonian for a two-spin system, I and S, the dipolar coupling Hamiltonian, can be expressed as 

ℋ𝐼𝑆
,full = 2𝛾𝐼𝛾𝑆ℏ𝐼𝐷𝐼𝑆𝑆, (1.16) 

where 𝐷𝐼𝑆 is the anisotropic dipolar coupling tensor between I and S. 

For a homonuclear dipole coupled system, where 𝐼  and 𝐼  are of the same isotopic type 

but with different chemical shifts, the secular part of the dipolar Hamiltonian can be written as 

 

ℋ𝐼 𝐼
,homo =

𝛾𝐼𝛾𝑆
𝑟𝐼𝑆3

1
2
(3𝑐𝑜𝑠2𝜃 − 1) 2𝐼 𝐼

static

−
1
2

𝐼+𝐼− + 𝐼−𝐼+
flip−flop

. (1.17) 

𝐵induced = 𝛿 ∙ 𝐵0. (1.14) 

𝛿 = 𝑅 (𝛩) ∙
𝛿 0 0
0 𝛿 0
0 0 𝛿

∙ 𝑅 (𝛩)−1 
 

(1.15) 
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Note that in the above expression, 𝜃 corresponds to the angle of the internuclear vector connecting 

the two spins with respect to the magnetic field 𝐵0. In Figure (1.3), 𝑒  represents the internuclear 

vector connecting the two spins. 

 

 

Figure 1.3 The angle θik is used in the calculation of the secular dipole-dipole coupling. Adapted from Levitt5 

Eq.(1.18) has two terms in the square brackets. The static spin term attributes to the 

interaction between vertical component of each nuclei’s spin. The vertical direction normally 

aligns with the z-axis, 𝐵0. This dipolar contribution increases or decrease from the magnitude of 

the external field felt at the nucleus, hence impacting its local precession frequency. The flip-flop 

spin term represents the interaction between the transverse magnetization components of spins. 

when the two angular frequencies are sufficiently close, orientation of the nuclear spin will 

change. It can only easily occur when the system is homonuclear. As each nucleus establishes its 

own rotating field within 𝐵0, the energy exchange occurring via flip-flop is effective only in the 

case of conserved, such as when it commutes with ℋ𝑍. 

The secular component of the interaction Hamiltonian for a heteronuclear dipole-coupled 

spin system takes the following form: 

 

ℋ𝐼𝑆
,heter =

𝛾𝐼𝛾𝑆
𝑟𝐼𝑆3

(3𝑐𝑜𝑠2𝜃 − 1)𝐼 𝑆  (1.18) 
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This is exactly similar to the homonuclear dipolar Hamiltonian; however, the flip-flop term does 

not commute with 𝐼𝑍. The difference in Larmor frequencies of two unique spins, I and S, is usually 

much more significant than that of the dipolar interaction ℋ𝐼𝑆
,heter. Therefore, the feasibility of 

the occurrence of an energy-conserving exchange is negligible. 

 J-couplings. These represent indirect spin–spin interactions through the involvement of electrons. 

The full form of the intramolecular J-coupling interaction between spins 𝐼  and 𝐼  in a molecule is 

where 𝐽  is the J-coupling 3 ×  3 real tensor whose form is similar to 𝛿  in Eq.(1.15) and is 

written as 

ℋ𝐽 = 2𝜋 𝐼 𝐼 𝐼 ∙
𝐽 𝐽 𝐽

𝐽 𝐽 𝐽

𝐽 𝐽 𝐽

∙
𝐼
𝐼
𝐼

. (1.20) 

The mathematical forms of nuclear spin interactions are quite intricate. Fortunately, using 

simplified form of the internal Hamiltonian is usually possible. This is because the strong external magnetic 

field makes secular approximation possible, and the rapid molecular motion in liquids, gases, and some 

solids leads to motional averaging. 

In most solids, atomic motion is highly restricted, and very little averaging of internal spin 

interactions exists. Both intramolecular and intermolecular spin interactions survive, and the internal spin 

Hamiltonian terms depend on the position of the sample with respect to the magnetic field. 

1.4 Quantum Statistical Mechanics and Spin Density Operator 

According to the quantum theory of angular momentum, angular momentum operators are 

Hermitian, and the eigenstate of 𝐼  is |ℓ,𝓂⟩. It obeys 

where ℓ and 𝓂 are quantum numbers and follow 

ℋ𝐽 = 2𝜋𝐼 ∙ 𝐽 𝐼 , (1.19) 

𝐼 |ℓ,𝓂⟩ = 𝓂|ℓ,𝓂⟩, (1.21) 
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ℓ = 0,1,2⋯, 

𝓂 = −ℓ , ℓ + 1, ℓ + 2⋯ ,+ℓ 

Spin-1/2 is most common in organic chemicals, such as 13C, 15N, 1H, and 31P. One-spin 

systems, in which isolated nuclei are assumed not to interact with one another, are a good premise for the 

ensemble system of spin -1/2. A single spin-1/2 system has two eigenstates of the angular momentum along 

the z-axis, named Zeeman eigenstates |𝛼⟩ and |𝛽⟩. They obey the following:10 

𝐼𝑍|𝛼⟩ = +
1
2
|α⟩ 

𝐼𝑍|β⟩ = −
1
2
|β⟩ 

(1.22) 

If the magnetic field is along the z-axis, and its magnitude is 𝐵0, the spin Hamiltonian of the nucleus j is 

proportional to 𝐼 : 

ℋ0 = −𝛾 𝐵0𝐼 = 𝜔0𝐼 , (1.23) 

where the (chemically shifted) Larmor frequency is given by 𝜔0 = −𝛾 𝐵0. The states |𝛼⟩ and |𝛽⟩, which 

are eigenstates of the spin Hamiltonian, if j is ignored, obey the eigenequations of 

ℋ0|𝛼⟩ = 𝜔0𝐼 |𝛼⟩ = +
1
2
𝜔0|α⟩ 

ℋ0|𝛽⟩ = 𝜔0𝐼 |𝛽⟩ = −
1
2
𝜔0|β⟩. 

(1.24) 

The eigenvalues ± 𝜔0 are two state energies. The energy level splitting of the spin in the magnetic field is 

known as Zeeman splitting and is shown in Figure (1.4). 

 

Figure 1.4 Diagram of Zeeman splitting. 
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However, in a macroscopic system having a collection of N identical spin 1
2
, where N is so vast 

that it is comparable to the Avogadro number, 𝑁 ≅ 6 × 1023, each proton has a different polarization state 

at any given point. If each spin has two potential spin states, |𝛼⟩ or |β⟩, the state of all the spins will span 

the vast 2𝑁 dimensions, making it impractical to calculate. In this case, there is an elegant alternative, 

which is a statistical approach that does not refer to individual spin states and only requires information 

about the probabilities of each spin being |𝛼⟩ and |β⟩; this is because an ensemble of a vast collection of 

independent spins shows the average response of spins instead of individual observations, making quantum 

statistical mechanics an elegant and powerful approach. The classical statistical ensemble states that the 

relative statistic weight of the systems in which the point lies in an element of the hypervolume 𝑑𝑣 around 

point r of their probabilistic space equals to 

𝒫(𝑟)𝑑𝑣. 

Assume a physical variable ℱ(𝑟) whose possible value is determined by the probability distribution of the 

position of states; the ensemble average is defined as 

In the quantum system, the representative states are represented in Hilbert space as Dirac notation with 

discrete and finite dimensions. The distribution of probability for a point located in the probability space 𝑑𝜏 

around each point 𝜏 is defined as 

𝒫(𝜓)𝑑𝜏. 

The expectation of an observable 𝒜 is equal to 

⟨𝜓|𝒜|𝜓⟩. (1.26) 

For a statistical distribution of the states, the average is 

〈𝒜〉 = 𝒫(𝜓)⟨𝜓|𝒜|𝜓⟩𝑑𝜏. (1.27) 

ℱ = 𝐹(𝑟)𝒫(𝑟)𝑑𝑣. (1.25) 



 
 

 
 

13 

Consider that a single spin |𝜓⟩ in a general superposition state can be projected as the sum of the basis state 

|φi⟩, 

 

|𝜓⟩ = 𝑎 |𝜑 ⟩, (1.28) 

where the expectation value of an observable 𝒜 by closure theorem and circular permutation can be further 

expressed as 

This results in the definition of the density operator 𝜎, 

𝜎 = 𝒫(𝜓)|𝜓⟩⟨𝜓|𝑑𝜏, (1.30) 

where |𝜓⟩⟨𝜓| is also called the projection operator. 

Eq.(1.29) is rewritten by substituting Eq.(1.30) and taking advantage of the definition of the trace as 

〈𝒜〉 = 𝜑 𝒜 𝜑 𝒫(𝜓) 𝜑 𝜓 ⟨𝜓|𝜑 ⟩𝑑𝜏

= 𝜑 𝒜 𝜑 𝜑 𝜎 𝜑 = 𝑇𝑟{𝜎𝒜} = 𝑇𝑟{𝒜𝜎} 

(1.31) 

Eq.(1.31) implies that density spin operators can deduce any macroscopic observation, with a density 

operator representing the state of the entire spin ensemble rather than a vast number of independent 

microscopic spins. Quantum statistical mechanics stems from the density operator concept, which 

underpins NMR. 

In a given basis, a matrix element of 𝜎 is 

〈𝒜〉 = 𝒫(𝜓)⟨𝜓|𝜑 ⟩ 𝜑 𝒜 𝜑 𝜑 𝜓 𝑑𝜏 

= 𝜑 𝒜 𝜑 𝒫(𝜓) 𝜑 𝜓 ⟨𝜓|𝜑 ⟩𝑑𝜏 

(1.29) 
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⟨𝑖|𝜎|𝑗⟩ = 𝒫(𝜓)⟨𝑖|𝜓⟩ ⟨𝜓|𝑗⟩𝑑𝜏. (1.32) 

Expanding |𝜓⟩ as the superposition of eigenstates using Eq.(1.28), we get 

⟨𝑖|𝜓⟩⟨𝜓|𝑗⟩ = 𝑎 𝑎 . (1.33) 

Substituting Eq.(1.33) to Eq.(1.32), we get 

⟨𝑖|𝜎|𝑗⟩ = 𝒫(𝜓)𝑎 𝑎 𝑑𝜏 = 𝑎 𝑎 , (1.34) 

where the bar means an ensemble average. 

The density operator is the Hermitian operator, which has no relationship with the physical density 

of the sample. In the system with spin-1/2, in which two eigen spin states are denoted as |𝛼⟩ and |𝛽⟩, two 

coherences are created and denoted as 𝜎+ and 𝜎−: 

𝜎+ = ⟨𝛼|𝜎|𝛽⟩ = 𝑎 𝑎  

𝜎− = ⟨𝛽|𝜎|𝛼⟩ = 𝑎 𝑎 . 
(1.35) 

The coherence orders −1 and +1 are present via the difference in z-angular momentum of the connected 

states in a high magnetic field; the coherences σ+ and σ− indicate transverse spin magnetization, which 

occurs normally in the xy-plane if an external field is aligned with the z-axis. 

The diagonal matrix elements are 

⟨𝑖|𝜎|𝑖⟩ = 𝑎 𝑎 , (1.36) 

where 𝑎 𝑎  is a positive real number, meaning probability. In a system with spin-1/2, 𝜎  and 𝜎  are the 

populations of states |𝛼⟩ and |𝛽⟩, respectively.4 As spin polarizations are derived from spin populations, 

and there is a link between spin polarization and magnetization, the bulk magnetization M can be 

represented by the spin density operator. The longitudinal component Mz is related to the population 

difference between the states of |𝛼⟩ and |𝛽⟩: 

𝑀𝑍 = 2𝐵−1 𝜎 − 𝜎 . (1.37) 

The transverse components 𝑀  and 𝑀  can be represented by (−1)-quantum coherence: 
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𝑀 = 4𝐵−1Re{𝜎−} 

𝑀 = 4𝐵−1Im{𝜎−}. 
(1.38) 

Recall the Schrodinger equation and its related conjugation expressed as 

𝑑
𝑑𝑡

|𝜓⟩ = −𝑖ℋ|𝜓⟩ (1.39) 

and 

𝑑
𝑑𝑡

⟨𝜓| = −𝑖ℋ⟨𝜓|. (1.40) 

The time derivative of the projection operator |𝜓⟩⟨𝜓| can be derived as 

𝑑
𝑑𝑡

|𝜓⟩⟨𝜓| =
𝑑
𝑑𝑡

|𝜓⟩ ⟨𝜓| + |𝜓⟩
𝑑
𝑑𝑡

⟨𝜓|  

= −𝑖ℋ|𝜓⟩⟨𝜓| + 𝑖|𝜓⟩⟨𝜓|ℋ 

= −𝑖[ℋ, |𝜓⟩⟨𝜓|], 

(1.41) 

that is, 

𝑑
𝑑𝑡

𝜎 = −i[ℋ, 𝜎]. (1.42) 

Eq(1.42) is called the Liouville-von Neumann equation,11,12 and its solution can be separately discussed 

when ℋ is time-dependent and time-independent. 

1.4.1 ℋ Is Time-independent 

When ℋ is time-independent, and the basis and eigenstate of ℋ are assumed, 

ℋ|𝑖⟩ = 𝑎 |𝑖⟩; (1.43) 

By substituting Eq.(1.42) and Eq.(1.43), we can obtain the time derivative of the diagonal matrix elements 

of density operator 𝜎, 
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𝑑
𝑑𝑡

⟨𝑖|𝜎|𝑖⟩ = 𝑖 𝑑
𝑑𝑡 𝜎 𝑖 = ⟨𝑖|−i[ℋ, 𝜎]|𝑖⟩ = −𝑖{⟨𝑖|ℋ|𝑖⟩⟨𝑖|𝜎|𝑖⟩ − ⟨𝑖|𝜎|𝑖⟩⟨𝑖|ℋ|𝑖⟩} = 0. (1.44) 

This means that the diagonal matrix elements of the density matrix are constant as a function of time, 

⟨𝑖|𝜎(𝑡)|𝑖⟩ = ⟨𝑖|𝜎(0)|𝑖⟩. (1.45) 

Similarly, by substituting Eq.(1.42) and Eq.(1.43), we can obtain the time derivative of the off-diagonal 

matrix elements of the density operator 𝜎, 

𝑑
𝑑𝑡

⟨𝑖|𝜎|𝑗⟩ = −𝑖{⟨𝑖|ℋ|𝑖⟩⟨𝑖|𝜎|𝑗⟩ − ⟨𝑖|𝜎|𝑗⟩⟨𝑗|ℋ|𝑗⟩} = −𝑖 𝑎 − 𝑎 ⟨𝑖|𝜎|𝑗⟩. (1.46) 

Because 𝑎 ≠ 𝑎  based on the eigenvalues that are different, we get 

⟨𝑖|𝜎(𝑡)|𝑗⟩ = ⟨𝑖|𝜎(0)|𝑗⟩𝑒𝑥𝑝 −𝑖 𝑎 − 𝑎 𝑡 . (1.47) 

Eq.(1.46) shows that the off-diagonal elements of the density matrix oscillate without decaying as a 

function of time. 

We combine the results of Eq.(1.45) and Eq.(1.47) into a general operator form: 

𝜎(𝑡) = exp(−𝑖ℋ𝑡)𝜎(0)exp(𝑖ℋ𝑡). (1.48) 

Eq.(1.48) represents the evolution of the density matrix when ℋ is time-independent. 

For the physical observable 𝒜, the substitution of Eq.(1.42) obtains the time evolution: 

𝑑
𝑑𝑡

〈𝒜〉 = Tr 𝒜
𝑑𝜎
𝑑𝑡

= Tr{𝒜 ×−i[ℋ, 𝜎]}. (1.49) 

When ℋ is time-independent, we get 

1.4.2 ℋ Is Time-dependent 

When ℋ is time-dependent, the solution is quite complicated and not definitely solvable. In NMR, the 

overall Hamiltonian of a spin is 

〈𝒜〉 = Tr{e−iℋt𝒜𝑒− ℋ 𝜎(0)} (1.51) 
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ℋ = ℋ0 +ℋ1, (1.52) 

where 

ℋ0 in the first term of Eq.(1.53) is a static field applied along the z-axis, and ℋ1, which is much smaller 

than ℋ0, is applied perpendicular to the transversal plane and rotates around it at frequency ω.  ℋ1is time-

dependent and often called the radiofrequency pulse. 

The trick in replacing the time-dependent ℋ with time-independent ℋ is the rotating frame. 

Recall that any operator 𝒬 has an associated unitary operator U(t), 

𝒬 = U(𝑡)𝒬𝑈∗(𝑡), (1.55) 

where 𝑈∗(𝑡) satisfies 

We conveniently choose 

U(0) = 𝑈∗(0) = 1 

so that 

We return to the evolution of the density matrix–Liouville-von Neumann equation (1.42): 

𝑑
𝑑𝑡

𝜎 = −𝑖[ℋ, 𝜎]  

When replacing 𝒬 with 𝜎 in Eq.(1.55), we get 

𝜎 = U(𝑡)𝜎𝑈∗(𝑡). (1.58) 

 

ℋ0 = −𝛾𝐵0𝐼 = 𝜔0𝐼  (1.53) 

ℋ1 = −𝛾𝐵1 𝐼 cosωt + 𝐼 sinωt = 𝜔1 𝐼 cosωt + 𝐼 sin ωt . (1.54) 

U(𝑡) = 𝑒 𝐴 U(0), 

𝑈∗(𝑡) = 𝑒− 𝐴 𝑈∗(0). 
(1.56) 

𝑑
𝑑𝑡

𝑈(𝑡) = 𝑖𝐴𝑈(𝑡), 

    
𝑑
𝑑𝑡

𝑈∗(𝑡) = −𝑖𝑈∗(𝑡)𝐴. 

(1.57) 
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Then, applying Eq.(1.42) to 𝜎, which is denoted in Eq.(1.58), we get 

 

 

According to Eq.(1.57), we rewrite Eq.(1.59) as 

𝑑
𝑑𝑡

𝜎 = 𝑖𝐴U𝜎𝑈∗ − 𝑖U[ℋ, 𝜎]𝑈∗ − 𝑖U𝜎𝑈∗𝐴. (1.60) 

Note that 

U𝜎𝑈∗ = 𝜎 (1.61) 

𝑈𝜎𝑈∗ = ℋ (1.62) 

U[ℋ, 𝜎]𝑈∗ = [Uℋ𝑈∗,U𝜎𝑈∗] = ℋ,𝜎 . (1.63) 

Substituting Eq.(1.61) and Eq.(1.62) to Eq.(1.60), we get 

This transformation defines a change of representation in which the evolution of new density matrix 𝜎 is 

subject to an effective Hamiltonian. This new representation is called Heisenberg representation: 

ℋeff = ℋ − 𝐴. (1.65) 

Then, we turn to the original problem—the overall Hamiltonian with the presence of the 

radiofrequency field is expressed as Eq.(1.52). Operator A in Eq.(1.56) is chosen as 

𝐴 = 𝜔𝐼 . (1.66) 

Eq.(1.56) is written as 

𝑈 = 𝑒 𝐴 = 𝑒 𝐼  

 𝑈∗ = 𝑒− 𝐴 = 𝑒− 𝐼 . 
(1.67) 

𝑑
𝑑𝑡

𝜎 =
𝑑
𝑑𝑡

U𝜎𝑈∗ =
𝑑
𝑑𝑡

U 𝜎𝑈∗ + U(
𝑑
𝑑𝑡

𝜎)𝑈∗ + U𝜎
𝑑
𝑑𝑡

𝑈∗ . (1.59) 

𝑑
𝑑𝑡

𝜎 = 𝑖𝐴𝜎 − ℋ, 𝜎 − 𝑖𝜎𝐴 = −i ℋ − 𝐴 , 𝜎  (1.64) 
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In the substitution of U and  𝑈∗ to observables, observables have a literally unitary transformation. 

This is how the rotating frame works. It is equivalent to rotating the reference axes around the Z-axis at the 

frequency -𝜔. We rewrite Eq.(1.54) as having a unitary transformation in Eq.(1.66): 

ℋ1 = 𝜔1(𝐼 cos𝜔𝑡 + 𝐼 sin𝜔𝑡) = 𝜔1(𝑒− 𝐼 𝐼 𝑒 𝐼 ) = 𝜔1𝑈∗(𝑡)𝐼 𝑈(𝑡). (1.68) 

The effect Hamiltonian in the rotating frame from Eq.(1.65) by substituting Eq.(1.62) and Eq.(1.66) can be 

described as 

Substituting Eq.(1.52), Eq.(1.53), and Eq.(1.68) to ℋ, we represent Eq.(1.69) as 

ℋeff = 𝑈(ω0I + 𝜔1 𝑈∗(𝑡)𝐼 𝑈(𝑡))𝑈∗ − 𝜔𝐼  

= (𝜔0 − 𝜔)𝐼 + 𝜔1𝑈𝑈∗𝐼  𝑈𝑈∗ = (𝜔0 − 𝜔)𝐼 + 𝜔1𝐼 . 
(1.70) 

In Eq.(1.70), the time t disappears, making the effective Hamiltonian time-independent. It is the form of a 

Zeeman interaction in an effective field ℋeff of components: 

ℋ0 = −(𝜔0 − 𝜔)𝐼  (1.71) 

ℋ1 = 𝜔1𝐼 . (1.72) 

In summary, the evolution of the nuclear magnetic moment in the rotating frame is a precession 

around ℋ𝑒ff with a frequency ωeff of the components ω0 − ω along the Z-axis and ω1 along the X-axis. 

In particular, when 𝜔0 = 𝜔, the effective filed in the rotating frame is reduced to ℋ1 (i.e., the 

vertical magnetic moment disappears, leaving out the pure transversal magnetic moment). This is called 

resonance. 

1.5 Quantum Description of the Standard NMR Process 

The standard NMR is composed of a starting point of the thermal equilibrium system, and then it 

goes through a single radiofrequency pulse and a free induction decay. Finally, it returns to the thermal 

equilibrium system. 

ℋeff = ℋ −𝐴 = 𝑈ℋ 𝑈∗ − 𝜔𝐼 . (1.69) 
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1.5.1 The Density Matrix at Thermal Equilibrium 

A spin system is a thermal equilibrium with a thermostat at temperature T, implying that the 

system reaches a steady state in which there is no macroscopic change in the net flow of the thermal energy 

between the system and its surroundings. The probability of finding the system in a state of energy 𝐸  obeys 

the Boltzmann distribution: 

𝑝 = 𝜁exp −
𝐸
𝑘𝑇

, (1.73) 

where T is the absolute temperature, and K is the Boltzmann constant. 𝜁 is the normalization constant to 

adjust 

𝑝 = 1 

In the perpendicular direction to the magnetic field, the spins are equal and uniform to point to, 

making the transverse spin magnetization zero via general statistical arguments; thus, there is no coherence. 

The density matrix satisfying quantum statistical mechanics is 

where the partition function is 𝑍 = 1
(𝑒 ℏ / +𝑒ℏ / )

. Because ℏ
2

 ≪ 1, Eq.(1.74) can be simplified to: 

𝜎𝑒 = 𝑍 1 − ℏ𝜔0/2𝑘𝑡 0
0 1 + ℏ𝜔0/2𝑘𝑡

= 1 −
ℏ𝜔0

2𝑘𝑡
1 0
0 1 = 1 − 𝛽𝐼 , (1.75) 

where 1 is the identity matrix, and the 𝛽𝐼 , term is the secular part of the Hamiltonian 𝜎𝑒 . 

Therefore, the spin density operator in the rotating frame is derived as follows: 

𝜎0 = U𝜎0𝑈∗ = 𝑒 𝐼 1 − 𝛽𝐼 𝑒− 𝐼 = 𝜎0. (1.76) 

𝜎𝑒 = 𝑍 𝑒−ℏ /2 0
0 𝑒ℏ /2 , (1.74) 
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1.5.2 A Single Radiofrequency Pulse 

Consider the case in which the pulse is applied on resonance, and the (
2
)  pulse rotates the spin 

vector from the z-axis to the y-axis. The spin density operator is 

This result shows that the effect of a (
2
) pulse aligned along the x-axis on the z- component of bulk 

magnetization is its conversion into the y-component of the magnetization. This is equivalent to rotating the 

bulk magnetization vector M from the z-axis into the y-axis. 

When rewritten as the matrix representation, the radiofrequency pulse process is described as 

𝜎0 =

1
2
+ 𝛽 0

0
1
2
− 𝛽

       ( 2⁄ )       
        𝜎1 =  

1
2

−
1
𝑖
𝛽

1
𝑖
𝛽

1
2

 . 

Therefore, the pulse eliminates the z-axis polarization in the thermal equilibrium, making the population of 

states |𝛼⟩ and |𝛽⟩ both 1 2⁄ . The pulse also creates coherences. There is no coherence in 𝜎0, but it appears 

in  𝜎1. 

After the radiofrequency pulse, if relaxation is not taken into consideration, the process can be 

expressed as 

Therefore, the population in the |𝛼⟩ and |𝛽⟩ states are retained, that is, 

𝜎2 = 𝜎1  

𝜎2 = 𝜎1 . 

For (−1)-quantum coherence, 

𝜎2−1 = exp{+𝑖Ω0𝜏}𝜎1−1 

𝜎1 = 𝑒 2 𝐼 𝜎0𝑒
− 2 𝐼 = 𝑒 2 𝐼 1𝑒− 2 𝐼 − 𝛽𝑒 2 𝐼 𝐼 𝑒− 2 𝐼  

= 1 − 𝛽𝐼 . 
(1.77) 

 𝜎2 = 𝑒 𝐼  𝜎1𝑒− 𝐼 = 𝑒 𝐼 1
2
1 − 𝛽𝐼 𝑒− 𝐼  

=
1
2
1 − (𝐼 cos𝛺0𝜏 +𝐼 sinΩ0𝜏). 

(1.78) 
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1.5.3 Free-Induction Decay 

In practice, the phenomenon of relaxation works in the longitudinal and transversal directions. (1) 

Fluctuating the molecular surroundings causes the thermal equilibrium state to be gradually re-established 

after radiofrequency pulses convert the population difference into coherences, and (2) the coherences 

gradually decay to zero. 

The coherences’ decay is expressed by a mathematically exponential term: 

𝜎2−1 = 𝜎1−1exp{(𝑖𝛺0 − 𝜆)𝜏}, (1.79) 

where τ is the time interval between time points σ1 and σ2 , and λ, expressed by the reverse of the 

transverse relaxation time constant T2, is called the damping rate constant. 

The populations evolving after the pulse are given by 

𝜎3 =
1
2
+ 𝛽(1 − 2𝑒− 𝑇⁄ ) 

𝜎3 =
1
2
− 𝛽 1 − 2𝑒− 𝑇⁄ , 

(1.80) 

where the time constant T1 is the longitudinal or spin-lattice relaxation time constant. 

1.6 NMR Signals and NMR Spectrua 

After relaxation, the NMR signal is generated and collected by utilizing transverse nuclear 

magnetization to induce an electric current in the coil surrounding the sample.11 The current is amplified 

and transferred to the digit signal, conducting a Fourier transform to obtain the NMR spectrum. 

The complex NMR signal, assumed to be denoted as 𝜎3−1, is produced from the (−1)-quantum 

coherence in the rotating frame, 

s(t)~2i𝜎3−1(t)exp{−iϕrec} = 2i𝜎3−1(0)exp{−iϕrec + (iΩ0 − λ)t}, (1.81) 

where ϕrec is the receiver phase shift, and 𝜆 = 1
𝑇

 . 
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We then extract the term without time t from Eq.(1.81); it is called signal amplitude and expressed as 

a = 2i𝜎3−1(0)exp{−iϕrec}. 

Thus, the amplitude of the NMR signal is the product of the initial value of the (−1)-quantum 

coherence and a phase factor. The Fourier transformation13 decomposes it into its constituent frequencies 

from the time domain to the frequency domain, obtaining the NMR spectrum. 

1.7 Advanced Techniques 

1.7.1 Magic-Angle Spinning (MAS) 

Magic-angle spinning (MAS) is a widely used averaging technique to eliminate the anisotropic 

interactions of internal Hamiltonians. It makes a sample rapidly spin around an axis at an inclined angle to 

𝐵0. This angle is so unusual that anisotropic interaction, which depends on the angle, partially or wholly 

disappears. The internal interactions we have discussed in Section (1.3.3), including ℋq, ℋ , ℋC , and 

ℋ , all have similar angular dependencies. We take heteronuclear dipolar coupling as an example; if we 

only consider the z-component of the angular momentum of spins I and S, the dipolar coupling is described 

as Eq.(1.18). In this equation, 𝜃 is the angle of the internuclear vector: 

ℋ𝐼𝑆
,heter =

𝛾𝐼𝛾𝑆
𝑟𝐼𝑆3

(3cos2𝜃 − 1)𝐼 𝑆  

Mathematically, this equation can be zero if the value of expression (3𝑐𝑜𝑠2𝜃 − 1) equals zero. It 

is 54.74°, which makes (3𝑐𝑜𝑠2𝜃 − 1) zero. Thus, 54.74° for 𝜃 is called the magic angle to make the 

dipolar interaction average zero, as the solution-state NMR processes a rapidly tumbling moving, enabling 

the narrowing of the linewidth on account of this interaction’s suppression. In addition, rotating the sample 

at the magic angle is usually associated with faster spinning; this removes anisotropic interactions as 

solution NMR and makes the spectrum average out to a narrow isotropic peak with a manifold of spinning 

sidebands appearing at integer intervals of the spinning speed.14–16 
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Figure 1.5 Scheme of magic angle spinning. 

1.7.2 Cross-Polarization(CP) 

In solids, the technique of cross-polarization(CP) involves transferring magnetization between two 

different spins, I and S, via heteronuclear dipole–dipole coupling. The reason for transferring magnetization 

is that one spin, which is our interest, is usually of low abundance, limiting the NMR application. 

Therefore, this magnetization transfer happens typically from a spin with high natural abundance, such as 

1H to another spin with rare abundance, such as 13C. In this way, the sensitivity of nuclei with a low 

magnetogyric ratio is boosted, thus improving the signal-to-noise ratio. 

As cross-polarization leverages I–S dipolar coupling, in solid, it still suffers from severe issues of 

broadening the spectra coming from anisotropic interactions. MAS is usually experimentally coupled with 

the CP process. The rapid rotation of MAS averages out anisotropic interactions; at the same time, CP 

enhances the sensitivity to acquire relatively accurate quantitative information for spin-1/2 systems. 

Consider a system in which dipole–dipole interactions dominate; the total spin Hamiltonian can be 

represented as 

where I spins are abundant, and S spins are rare. ℋ𝐼and ℋ  denote the Hamiltonian of the chemical shift 

corresponding to spins I and S, respectively, ℋ  represents these two spins’ homonuclear dipole–dipole 

coupling, and ℋI  is the heteronuclear dipolar coupling. 

ℋtot = ℋI +ℋ +ℋII +ℋ +ℋI , (1.82) 
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The CP experiment usually initially applies a 90-degree pulse to I spins at frequency 𝜔 𝐼 = 𝛾𝐼𝐵0, 

where 𝛾𝐼 is the magnetogyric ratio of spins I. Next, as the process discussed in standard NMR, transverse 

magnetization, such as 𝐼x and 𝐼y, is generated. Then, we utilize a spin-locking technique, which includes a 

pulse with radiofrequency strength 𝐵1 and phase-shifting by 90° relative to the first pulse, to lock up I spin 

magnetization intentionally.  

At the same time, mixing happens with spin-locking. It has two phases: (1) A pulse of 

radiofrequency with strength 𝐵1  is applied to the S spins with magnetogyric ratio 𝛾𝐼. (2) Polarization 

transfer proceeds if the Hartmann-Hahn (H.H.) matching condition is satisfied 17, 

The time during polarization transfer is described as mixing time 𝜏𝐶 . At the end of mixing time 𝜏𝐶 , S 

spins build up transverse magnetization. Finally, the two spin systems are decoupled by applying nonstop 

radiofrequency irradiation to the I spins, and then the S spins alone go thorough free-induction decay(FID) 

acquisition. 

 

 

Figure 1.6 Schematic diagram of the basic experiment employing cross polarization. Adapted from Rovnyak. 18 

From Eq.(1.8), the Hartmann-Hahn matching condition shows that efficient cross-polarization 

transfer occurs on the condition of equality of the angular frequency, 𝜔 = 𝛾𝐵, of the two spin systems. 𝛾, 

which is the intrinsic characteristic of the spins of two spin systems, is usually of a vast discrepancy; 

therefore, adjusting two radiofrequencies, 𝐵1𝐼 , and 𝐵1𝑆, is necessary to meet the requirement of the 

𝜔𝐼 = 𝛾𝐼𝐵1𝐼 = 𝛾 𝐵1 = 𝜔 . (1.83) 
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Hartmann-Hahn matching condition. With this, polarization shift can occur, and the benefits of the CP 

technique can be realized. 

For instance, the majority of common nuclei, such as 1H and 13C, have a gyromagnetic ratio, 𝛾𝐻 

~267.5 and 𝛾𝐶  ~67.2828; if CP takes place between them, there is an enhancement to 13C (S spins) by 

𝛾𝐻/𝛾𝐶~4. With the faster spin-lattice relaxation time, 𝑇1, a spectrum’s S/N beyond 1,000 is easily realized 

in the absence of augmenting the experimental time. Furthermore, as 3C nuclei are rare, the ℋ  interaction 

can be legitimately ignored. If a radiofrequency pulse is maintained on the 𝐻1 nuclei during FID 

acquisition, the ℋ𝐼𝑆interaction is also completely removed, thereby leaving out information about the 

system’s chemical shift and the smaller second-order effects. 
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Chapter 2. Theoretical Calculations of NMR 

 

 

2.1 The Origin of Quantum Mechanics 

At the end of the 19th century and beginning of the 20th century, classical physics, such as 

Newton's mechanism, thermodynamics and statistical mechanics, met its Waterloo when it got into trouble 

by explaining certain experimental observations, such as black body radiation1,2, photoelectronic effect3,4 

and atomic spectra5–7. To remedy the chaos, the matrix mechanism (inspired by the Bohr model) and wave 

mechanics (derived from de Broglie's matter-wave) were developed nearly simultaneously. Modern 

quantum mechanics was born when Schrödinger demonstrated the equivalence8 between the matrix 

formalism and his wave formulation9. 

In quantum mechanics, things behave differently from those we have experienced because they are 

on the microcosmic scale. Feynman explains: 

'Historically, the electron, for example, was thought to behave like a particle, and then it was found that in 

many respects it behaved like a wave. So it really behaves like neither. Now we have given up. We say: "It 

is like neither."'10 

Since neither a wave nor a particle accurately describes it, a novel way to represent the world 

underpinning quantum mechanics was introduced: the probability of a particle occurring at a given time 

and in a given place is proportional to the square of the magnitude of the particle's wave-function  11. 

 

−h2

82m
 ∇ + 𝒱 tot(Χ, t) =

ih
2

∂tot(Χ, t)
∂t

. (2.1) 
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Here   is the wave function, h is Plank's constant, 𝑚 is the particle's mass, 𝒱 is the potential field and ∇ is 

the Laplacian: ∂
∂x

+ ∂
∂y

+ ∂
∂

. 

A particle's distribution of likelihood at time t can be written as the product of the wave function 

coupled with its complex conjugate. The form of the Hamiltonian operator is derived from classical 

mechanics, where kinetic and potential energies add up to the Hamiltonian function- ℋ = 𝒯 + 𝒱   for a 

single particle in a non-relativistic circumstance. 

In chemistry, the state in which the wave function is stationary (referred to as the stationary state) 

is atomic and molecular orbitals; thus, the time-dependent Schrödinger equation, Eq.(2.1), can be 

simplified to the time-independent Schrödinger equation in which tot(Χ, t) can be decomposed as 

tot(Χ) ∙ ζ(t) and the variable ζ(t) can be dropped out, producing 

where E represents the ground–state energy of the system. 

2.2 Molecular Hamiltonian 

The molecular system is a multi-particle system wherein each electron interacts with multiple 

nuclei and the other electrons. In this case, spatial position X is separated into r for the electronic position 

and R for the nucleus position; therefore, a complete description of the Schrödinger equation is expressed 

as 

where 

ℋtot = 𝒯e + 𝒯N + 𝒱eN  + 𝒱ee + 𝒱NN  

                                  =
h
2m

i

∇  + ∇
I

 −
ZIe2

riIIi

+
e2

ri
+

i

ZIZ e2

RII

. 

 

(2.4) 

−h2

82m
∇ +𝒱 tot(Χ) = 𝐸tot(Χ), (2.2) 

ℋtot(R, r)tot = E(R, r)tot, (2.3) 
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The five terms in Eq.(2.4), in order, are the kinetic energy electrons, the kinetic energy of the 

nucleus, the overall interaction energy between each electron and each nucleus, the overall interaction 

energy between any electron and the other electrons, and the total interaction energy between any nucleus 

and the other nuclei.   is the molecular wave function, and E is the ground-state energy of the molecular 

system.  riI denotes the distance between the particle i and the particle j, and Z represents the atom's unique 

atomic number. 

2.3 The Born-Oppenheimer Approximation 

The full Hamiltonian Eq.(2.3) that neglects spin interactions, can be written as 

ℋtotΨtot(R, r) = (𝒯N +ℋe)Ψtot(R, r), (2.5) 

where 𝒯N is the kinetic energy term for the nuclei, as in 

𝒯N =
𝑒2𝑍𝐼𝑍𝐽
𝑅𝐼𝐽

;
𝐼 𝐽

 (2.6) 

and ℋ𝑒 contains all interaction related to the electrons: 

ℋe = 𝒯e +  𝒱eN  + 𝒱ee 

=
h
2m

i

∇   −
ZIe2

riIIi

+
e2

rii

. 
(2.7) 

Eq.(2.5) gives the double-particle system (i.e., one electron and one nucleus) a mathematically accurate 

solution. Nevertheless, for higher-order systems, certain approximations have to be applied. Because the 

mass of the nucleus is much larger than the mass of the electron but the velocity of the nucleus is much 

slower than that of the electron, the velocity of the nucleus can be neglected; thus, the nucleus is assumed 

fixed relative to the electrons, and the fixed nucleus provides the nucleus field to moving electrons. This 

approximation is the Born-Oppenheimer approximation13. 

After separating the nucleus and electrons as 

Ψtot(R, r) = Ψe(R, r)ΨN(R), (2.8) 

 



 
 

 
 

32 

By substituting Eq.(2.8) into Eq.(2.5), the Hamiltonian of electrons ℋe, after dropping ΨN(R), can be 

written as 

ℋe(R) = 𝐸(R)Ψe(R, r). (2.9) 

In Eq(2.8), ΨN(R) is the wave function of the nucleus, which is the function of the position of the nucleus 

alone, and Ψe(R, r) is the wave function of electrons, which is the function of the position of the nucleus 

and electrons. 

The solution to Eq.(2.9) for electronic wave function Ψe(R, r) generates an effective potential 

capacity Eeff(R),which is an expression of variable nuclear coordinates and describes the potential energy 

surface of a chemical system. 

2.4 Independent Electrons and the Hartree Function 

The interaction between the electrons still causes a dilemma after the Born-Oppenheimer 

approximation to the Schrödinger equation because at this point the molecule usually has too many 

electrons. Another blunt and coarse approximation assumes that every electron is independent, which 

means no electron has an impact on any other electron and is also free from the effect of the other electrons. 

Ψe(R, r) can be rewritten as a product of monoelectronic functions called spin-orbitals: 

Ψe(r) = Ψe(r1 ⋯ rn) =  φ1(r1)⋯φn(rn). (2.10) 

Should  𝒱ee be excluded from ℋe, the multi-electrons problems would degrade to a single-electron 

problem, with the result being 

𝒽iΨe(r)
i

= 𝐸Ψe(r), 
(2.11) 

 

where 𝒽  is the separate Hamiltonian for the electron i. 
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Obviously, Ψe(r) fails to be a solution for Eq.(2.9) due to the presence of  𝒱ee, but it can be an 

approximation. The expected energy calculated from 𝛹𝑒(𝑟), in which the basis wave function is 

orthonormal and spin is ignored, is 

 

⟨Ψe |ℋe|Ψe ⟩ = i 𝒽i i
i

+ i 𝒱i i .
i,

 (2.12) 

Given the orthonormality constraint:  (𝑟 ) ∗  𝑟 ≡  , the solution applies the variational principle14,  

which states that the minimal expected energy is estimated to be the exact ground-state when trying all 

wave functions, 

𝐸 = ⟨Ψe |ℋe |Ψe ⟩ → 𝐸 ≥ ⟨Ψe |ℋe |Ψe ⟩ = 𝐸0. (2.13) 

The minimum 𝐸0 is searched for by adding Lagrangian multipliers15 to Eq.(2.12), 

 𝐸 − i i(ri) ∗  r − 1
i

= 0. (2.14) 

By differentiating Eq.(2.13) with respect to i while disregarding δi terms beyond the second-order and 

forcing the minimum condition, we acquire 

i 𝒽i i + i 𝒱i i −
i≠

i i i = i 𝒽i + ∑  𝒱i  − ii≠ i = 0. 

i is arbitrary, so 𝒽i + ∑  𝒱i  − i = 0i≠  always holds and can be rewritten as 

Where 

𝒽i = ∇ + 𝒱eN. 

𝒽i + dr


2

ri − r
i≠

i  = i , 
(2.15) 
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Eq.(2.15) is called the Hartree function. It shows that independent electron approximation does not mean 

completely ignoring the interactions between electrons but rather focuses on how an electron moves in the 

potential 𝒱eN and the average field from the Coulomb interactions with other electrons. 

However, the chicken or egg paradox looms with the realization that the average field of the 

Hamiltonian is built from the wave function, but the wave function comes from solving the Schrödinger 

function using Eq.(2.15). The solution is the self-consistent field method(SCF), which works in an iterative 

way beginning with the tentative orbitals used to set up the 𝒽 , and then Eq.(2.15) is solved to get new 

orbitals. This cycle goes on until the orbitals converge. 

2.5 Slater Determinants and Hartree-Fock Self-consistent Fields 

Even though the orbitals embracing the Pauli exclusion principle can be represented as the product 

of the independent orbital of each electron, they are incapable of satisfying anti-symmetry, which serves the 

intrinsic constraint that swapping coordinates of any two particles leads to a change in the sign of the wave 

function, 

1(r1)… (r )l(rl)…n(rn) = −1(r1)… (rl)l(r )…n(rn). 

The most straightforward way to ensure anti-symmetry is the Slater determinant, which builds upon the 

combination of the orbitals. Here, only the closed-shell system, in which electrons fully occupy every 

orbital with different spins, is considered. The wave function, considering a spin orbital of σ(ω), of the n 

electrons for the system can be expressed as 

where q contains the spatial position φ(r) and the spin σ(ω), 

(q) = (r,ω) = (r)σ(ω). (2.17) 

For a spin-1/2, ω has two values:+ 1
2
 and −1

2
. 

(𝑞) =
1

√𝑁!
[
 
 
 
 
1(𝑞1) 2(𝑞1)
1(𝑞2) 2(𝑞2)

⋯  (𝑞1)
⋯  (𝑞2)

⋮ ⋮
1(𝑞𝑁) 2(𝑞𝑁)

⋮ ⋮
…  (𝑞𝑁)]

 
 
 
 
, (2.16) 
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Basically, the anti-symmetry works because the swapping of any two electrons also swaps two 

associated columns in the Slater determinant, and the switching of two columns flips the sign of the 

determinant. Also, if two or more electrons are identical, then (q) = 0, which represents the nonexistent 

state, echoing the Pauli exclusion principle. 

Then, Eq.(2.12) is modified with the Slater matrix; all the particles fail to differentiate, so all of them are 

represented by 𝑞1 and 𝑞2: 

Still, by utilizing the variational principle and substituting Eq.(2.17), as in 

 𝐸 − ∑    − 𝛿 = 0, 

we get 

Separating (q) to (r) and σ(ω) following Eq.(2.17), the second term in Eq.(2.19) will vanish because of 

the orthogonality of σ(ω), whose values are + 1
2
 and − 1

 2
  and so they cancel each other out in the integral, 

and the third term leaves the part where 𝑞2and 𝑞1 are parallel spins. Replacing (q) with (r) and putting 

∥ denotes parallel spinning in Eq.(2.19), and thus we obtain 

 (2.20) 

⟨(q)|ℋ|(q)⟩ = dq1i
∗(q1)

i

hii(q1) +
1
2

dq1dq2
i,

i(q1)
2

∗(q2)
2

|r1 − r2|
                  

−
1
2

dq1dq2
i,

i
∗(q1)i(q2)

∗(q2) (q1)
|r1 − r2|

. 

(2.18) 

[−∇2 + 𝒱(r1)] (𝑞1) + dq2
 (𝑞2)

2

ri − r
 (𝑞1)

− dq2
ϕ∗(𝑞2) (𝑞2)

ri − r
 (𝑞1) =   𝜙 (q1). 

(2.19) 
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[−∇2 + 𝒱(r1)]i(ri) + dr2
2(r2)

2

ri − r
(≠i)

i(r2) − dr2
∗(r2)i(r2)

ri − r
(≠i),∥

 (r1)

= 𝐸  i(r1). 

This is the Hartree-Fock (HF) equation for a single electron. Compared with the Hartree equation (2.15), 

the HF equation has one more term called the exchange interaction. 

We can rearrange the second term of Eq.(2.20) as 

dr2
 (r2)

2

ri − r
(≠i)

i(r1) = dr2
 (r2)

2

ri − r
i(r1) − dr2

i(r2)
2

ri − r
i(r1). (2.21) 

The first term in Eq.(2.21) is the interaction of i(r1) with all electrons including itself, and the second 

term is the inexistent interaction of the electron with itself: 

where 

σi (r2) = − i(r2)
2 (2.24) 

dr2 σi (r2) = −1. (2.25) 

The last term in Eq.(2.20) can be rewritten as 

− dr2
∗(r2)i(r2)

ri − r
(≠i),∥

i(r1)

= − dr2
∗(r2)i(r2)

ri − r
,∥

 (r2) + dr2
i(r2)

2

ri − r
i(r1). 

(2.26) 

The absolute value of the second term in Eq.(2.26) is the same as one of the second terms in Eq.(2.21) but 

in the opposite sign so that these two terms cancel out each other when summing them up. 

dr2
i(r2)

2

ri − r
i(r1), (2.23) 
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We rearrange the first term of Eq.(2.26) as 

where 

σi r1,r2 = −
∗(r2)i(r2)i

∗(r1) (r1)
i
∗(r1) (r2),∥

 (2.28) 

dr2 σi (r1, r2) = −1 (2.29) 

σi  can be interpreted as the exchange electron density; its integral of space is also -1.  σi  differs from σi  

in that φi(r1)is distributed in the same space with the other n-1 electrons and that σi  involves the location 

of electron r, proving the moving electron has a relation with the spinning due to the Pauli exclusion 

principle. 

By substituting σ(r2) = ∑ σi (r2)i  and σ (r1, r2) = ∑ σi (r2)i  into Eq.(2.20), we get 

−∇2 + 𝒱(r1) − dr2
σ(r2) − σ (r1, r2)

|r1 − r2|
i(r1) = 𝐸  i(r1). (2.30) 

The third term in Eq.(2.20), which is the function of r1 after the integral, combines with the second term, 

forming the effective potential 𝒱eff, and, thus, Eq.(2.30) can be written as 

where 

𝒱eff(r) = 𝒱(r1) − ∫dr2
σ(r )−σ (r ,r )

|r −r |
. 

At this point, the multi-electron Schrödinger equation is simplified as the single-electron effective 

potential equation by the Hartree–Fock approximation, which includes the exchange interaction between 

two electrons but lacks the exclusion interaction between two electrons with antiparallel spins. The 

− dr2
∗(r2)i(r2)

ri − r
,∥

 (r2) = dr2
σi (r1,r2)
ri − r

i(r1), (2.27) 

  

[−∇2 + 𝒱eff(r)] (r) = 𝐸  i(r), (2.31) 
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exclusion interaction means the density of electrons is not σ(r2) but smaller than σ(r2) if r1 is occupied by 

one electron, that is, electronic correlation. 

To get around the issue of calculating coefficients that minimize the resultant wave functions 

energy in SCF calculations, Roothann and Hall16,17 claimed one-electron wave functions   can be a linear 

combination of a non-orthonormal basis set with a Gaussian type or Slater type as 

in 

where ϕm denotes an either Gaussian type or Slater type basis set. 

At this point, the HF‐SCF matrix is built up, and the above equations describing the molecular 

orbital expansion coefficient based on the variational principle have been derived. 

The Hartree–Fork theory fully materializes, standing as the pillar for quantum chemistry in the 

following steps: 

 

−h
8 m

 ∇ + 𝒱 tot(Χ, t) =
ih
2

∂ (Χ,t)
∂t   

 

 Time-Independent 

−h2

82m
∇ +𝒱 tot(Χ) = 𝐸tot(Χ) 

  Born-Oppenheimer Approximation 

ℋe(R) = 𝐸(R)Ψe(R, r) 

  Independent Electrons 

    hiφi = ℇiφi 

2.6 The Exchange-Correlation Energy Problem and Post-Hartree-Fock 

φ = cm ϕm,
m

 (2.32) 
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The Hartree–Fock theory has achieved massive success based on the assumption of the 

independent electron; however, the assumption of the independent electron also poses limitations to the 

Hartree–Fock theory because it is insufficient to describe the correlation between electrons that results from 

the anti-symmetrization of the wave function within the molecular system. Three main approaches to 

combat the limitations are elucidated in the sections below. 

2.6.1 Configuration Interaction (CI) 

In contrast to the Hartree–Fock approach, in which the wave function is described as one single 

determinant or called configuration, configuration interaction (CI) utilizes a variational wave function 

composed of a linear combination of configuration state functions. Each configuration state function is built 

from spin orbitals, and the full configuration interaction method spans all possible substituted 

configurations; it can be written as 

where Ψ is usually the electronic ground state of the system, ΨI  is the configuration state and CI is 

associated with the weight. 

The first configuration state function in the above expansion is normally the Hartree–Fock 

determinant. The rest can be replaced with some spin orbitals using virtual orbitals from the Hartree–Fock 

determinant. For example, the single excitation determinant is built by swapping only one spin orbital, the 

double excitation determinant by two, and so on. 

Although the full CI is the complete non-relativistic treatment of the molecular system, listing all 

configuration is only feasible for the tiny system. In practice, the CI expansion is usually truncated at a 

certain point in the substitution18–20. For example, in configuration interaction with single excitations, CI 

expansion is truncated after expanding only a single excitation. Other typical calculations include coupled-

cluster single and double excitation (CCSD) as well as Brueckner double (BD) excitation. 

Ψ = CIΨI = C0Ψ0 +
I

C1Ψ1 + ⋯, (2.33) 
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2.6.2 Møller-Plesset Perturbation Theory 

Møller-Plesset perturbation theory is the second-most famous post-Hartree-Fock(post-HF) 

approach21. In this technique, the total Hamiltonian considers an unperturbed Hamiltonian operator ℋ0 , to 

which a small perturbation 𝒱  denoted correlation potential is added: 

where λ is an arbitrary real parameter that controls the size of the perturbation. 

Since the perturbation is usually small, the perturbed wave function and energy can be expanded 

as a power series of ψ and E respectively in 𝜆 : 

Ψ = lim
m→

λi
m

i=0

ψ(i) 

𝐸 = lim
m→

λi
m

i=0

𝐸(i). 

By substituting those perturbed wave functions and energies back into Eq.(2.34),we get 

(ℋ0 + λ𝒱) λiψ(i) = λiE(i)
m

i=0

m

i=0

λiψ(i).
m

i=0

 (2.35) 

 

The kth-order perturbation equation is singled out by equating the factors of 𝜆 in the left-hand and right-

hand side of the equation. Eq.(2.35) can also be truncated at a different level because of the trade-off 

between computational cost and accuracy. If it is truncated at the second order, it is abbreviated as MP2. 

MPs are not as computationally costly as the CI, but are still genuinely constrained in their practical use. 

 

2.6.3 Semi-Empirical Methods 

Semi-empirical methods rely on Hartree–Fock formalism yet make many approximations, whereas 

the full Schrödinger equation is truncated to the simplified version and obtains some parameters from 

empirical data to address errors generated by simplification. A variety of numbers and types constitute 

ℋ = ℋ0 + λ𝒱, (2.34) 
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many semi-empirical methods, which can be classified into two main categories. The first one makes 

corrections limited to -electrons only, such as in the Hückel method that treats the Hamiltonian of the 

conjugated system as a one-electron Hamiltonian and decides corrections experimentally. The other 

category is restricted to the s and p atomic orbitals and contains a larger number of methods, such as 

MNDO, AM1, and PM3. 

While having the shortcoming of requiring a good estimation of empirical parameters, semi-

empirical methods are comparatively cheap, and thus are ideal for large systems with hundreds of atoms. 

2.7 Density-Functional Theory 

Even though the Hartree–Fock method remains the pillar SCF method in computational chemistry 

in which the exact spin orbitals are approximated by adding a finite set of functions, the accuracy of 

calculation stems from a considerable amount of basis sets and plenty of iterative cycles, demanding a vast 

of amount of computation resources. 

Density-functional theory (DFT) was created to solve two problems in Hartree–Fock approaches: 

1) correlation and 2) inefficiency overcome without loss of accuracy. 

2.7.1 Thomas-Fermi-Dirac Approximation 

The Thomas–Fermi–Dirac(TFD) model was developed by Thomas22, Fermi 23, and Dirac 24 in 

1927–1930. Rather than using the wave function as in the Hartree–Folk method, this method uses electron 

density σ(r), which is the basic variable of the function, to represent the total energy of a system: 

ET [σ(r)] = A1 σ(r)5 3⁄ dr + σ(r)𝒱ext(r)dr + +
1
2

σ(r)σ(r )
|r − r |

drdr

+ A2 σ(r)4 3 dr, 

(2.36) 
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where the first term is the kinetic energy of electrons assumed to interact with each other in a homogeneous 

electron gas, and the last term is a local exchange term. 𝐴1 and 𝐴2 are constants used to make the 

approximation. The second and third terms are nucleus–electron Coulomb interaction and classical 

electron–electron Coulomb repulsion, respectively. The last term denotes exchange and correlation, which 

includes all the neglected parts in the previous Hartree–Folk method. The novelty of this TF model is 

that it represents the kinetic and exchange energies of the many-electron system by their uniform electron 

gas energy densities. 

Applying the technique of Lagrange multipliers to Eq.(2.36), the solution of the ground-state 

density and energy can be found in the stationary condition: 

where μ is the Lagrange multiplier and physically represents the chemical potential. After deriving 

Eq.(2.37) from the TFD equation (2.36), we get 

5
3
A1σ(r)5 3⁄ + 𝒱ext(r) +

σ(r )
|r − r′|

dr +
4
3
A2σ(r)1 3⁄ − μ = 0. (2.38) 

From here, the ground-state density can be acquired. 

The TFD approach is such a crude approximation that it suffers from numerous issues. For 

instance, assuming electrons do not interact with each other fails to consider the bonding relationships 

between atoms; thus, the TFD approach cannot be applied to molecules and solids25. On the other hand, the 

TFD approach breaks new ground by using electron density as the primary variable, which is a core part of 

DFT. 

2.7.2 Hohenberg-Kohn (HK) Theorems 

Even though the TFD approximation, which is expressed as the function of electronic density 

σ(r), is magnificently simple, it fails in the qualitative aspect in that TFD energies 𝐸T [σ(r)] have errors 

of around 10%, which is too large for computational purposes. 

𝛿 𝐸T [σ(r)] − μ σ(r)dr − N = 0, (2.37) 
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In 1964, Hohenberg, Kohn and Sham26  developed the theory that finally legitimized the 

application of electron density. Their work is composed of two theorems acting as the foundation of DFT. 

The first theorem states that a unique electron density defines the ground-state energy from the Schrödinger 

equation, implying that the relationship between the ground-state wave function and the ground-state 

electron density is a one-to-one mapping. The second defines a decisive property of the functional: Among 

all solutions of the Schrödinger equation, the one minimizing the overall functional energy is the actual 

electron density. 

The full energy under the Hohenberg-Kohn (HK) theorem can be defined as 

𝐸[𝜎], a functional of 𝜎(𝑟), denotes the ground-state energy of the system, 𝒯 represents the kinetic energy 

of the electrons and 𝒱ext is the interaction between the external potential, which could be the potential from 

the nuclei or an external field such as an electric or magnetic field. 𝒰[𝜎] represents the classic electrostatic 

energy (also called the Hartree) of electrons. The kinetic energy and electrostatic energy are determined by 

the density function because the density function uniquely produces kinetic and electrostatic operators. 

Kinetic and electrostatic energy introduce simplification and approximation to the DFT. 

2.7.3 Kohn-Sham Ansatz 

Despite the fact that the HK theorems introduced a novel paradigm into quantum mechanics, the 

functional 𝐸[𝜎(𝑟)] still conceptually exists but is impossible to write down. This problem was solved by 

the Kohn–Sham (KS) ansatz.27 

𝐸[𝜎] = 𝒯[𝜎] + 𝒰[𝜎] + 𝒱ext[𝜎]. (2.39) 
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The KS ansatz replaces the original functional, which has the electronic mutual interaction, with 

the new and separate functional, which gets rid of electronic mutual interaction,  and to put all the 

difference of the new functional off the original and exact functional into the functional 𝐸 𝐶[𝜎(𝑟)]. That is 

to say, the true kinetical energy 𝒯[𝜎] and true electrostatic energy 𝒰[𝜎], both of which fail the calculation, 

are replaced with fictitious and non-interacting 𝒯 [𝜎(r)] and 𝒰 [𝜎(r)]: 

By substituting Eq.(2.40) to Eq.(2.39), we obtain: 

[𝜎(𝑟)] contains both known distinctions as well as unknown distinctions, such as the non-classical 

contribution to the electron-electron interactions, making the ground state energy 𝐸[𝜎] exact. 

After the original interacting system with real potential is mapped onto an auxiliary multi-particle 

system where each electron moves independently, the idea solving the Hartree–Fock equation is discussed 

in section (2.5). 

The density of the auxiliary system is calculated using 

𝜎(r) = |ψi(r)|2
N

i=1

, (2.42) 

in which 𝜎(𝑟) is subject to the conservation condition 

The non-interacting independent-particle kinetic energy 𝒯𝑆[𝜎(𝑟)] is given by 

𝒯 [σ(r)] = − ψi
∗(r)∇ψi(r)dr

N

i=1

, (2.44) 

𝐸 𝐶[𝜎(𝑟)] = 𝒯[𝜎(𝑟)] − 𝒯𝑆[𝜎(𝑟)] + 𝒰[𝜎(𝑟)] − 𝒰 [𝜎(𝑟)]. (2.40) 

𝐸[𝜎(𝑟)] = 𝒯𝑆[𝜎(𝑟)] + 𝒰 [𝜎(𝑟)] + 𝒱ext[𝜎(𝑟)] + 𝐸 𝐶[𝜎(𝑟)]. (2.41) 

𝜎(𝑟) 𝑑𝑟 = 𝑁. (2.43) 
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and 𝒰 [𝜎(𝑟)] is derived from the classic electrostatic energy of the electrons: 

The variational principle used in the Hartree–Fock equation is also applied here by minimizing the energy 

functional 𝐸[𝜎(𝑟)] subject to the constraint of Eq.(2.41): 

 

𝛿 𝐸 [𝜎(𝑟)] + ℇ( 𝜎(𝑟) 𝑑𝑟 − 𝑁) = 0. (2.46) 

where ℇ is the Lagrange multiplier. 

By substituting Eq.(2.44) and Eq.(2.45) with Eq.(2.41) and deriving using δψi
∗, we get 

δE [σ(r)] = − δψi
∗(r)∇ψi(r)

N

i=1

+
δψi

∗(r)ψi(r)σ(r )
|r − r |

drdr + 𝒱(r)δψi
∗(r)ψi(r)𝑑𝑟

N

i=1

+δEXC[σ(r)]. 

(2.47) 

We can rearrange δEXC[σ(r)] as 

We can then substitute Eq.(2.47) and Eq.(2.48) with Eq.(2.46): 

dr δψi
∗(r)

N

i=1

−∇ψi(r) +
ψi(r)σ(r )
|r − r |

dr + 𝒱(r)ψi(r) +
δEXC[σ(r)]ψi(r)

δσ(r)
− εiψi(r)

= 0. 

(2.49) 

The term in the curly brackets must equal to zero, so we obtain 

 

∇ +
ψi(r)σ(r )
|r − r |

dr + 𝒱(r) +
𝛿𝐸 𝐶[𝜎(𝑟)]

𝛿𝜎(𝑟)
𝜓 (𝑟) = 𝜀 𝜓 (𝑟). (2.50) 

 

𝒰s[σ(r)] = −
1
2

σ(r)σ(r )
|r − r |

drdr . (2.45) 

δEXC[σ(r)] =
δEXC[σ(r)]δσ(r)

δσ(r)
=

δEXC[σ(r)]δψi
∗(r)ψi(r)

δσ(r)

N

i=1

. (2.48) 
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This is the equation for the one-electron wave function, and it can be rewritten as 

where 

𝒱𝐾𝑆(𝑟) =
ψi(r)σ(r )
|r − r |

dr + 𝒱(r) +
𝛿𝐸 𝐶[𝜎(𝑟)]

𝛿𝜎(𝑟)
. (2.52) 

Eq. (2.51), (2.42), and (2.43) are the well-known KS equations and can be solved by self-

consistent method because 𝒱𝐾𝑆(𝑟) depends on the density through the XC potential. In order to calculate 

the density, the N equations in Eq.(2.51) must be solved using KS theory as opposed to the one equation in 

the TF approach. 

 The XC potential 𝒱 𝐶(𝑟)can be expresses as 

where there is one electron in each of the N orbitals ψi(r) with the lowest eigenvalues εi. 

Kohn–Sham equations, such as Eq.(2.51), are often solved by expanding the single-electron wave 

function into a finite basis set, as in the Hartree–Fock method: 

Eq.(2.54) is now transformed into finding the LCAO expansion coefficients {𝑐 }. 

However, a benefit of the KS method over the Hartree–Fock approach is that as N, the count of 

electron s, increases, only the number of Eq.(2.51), the independent single-electron equation, increases 

accordingly, so the complexity of the system does not increases dramatically 

2.7.4 Exchange-correlation Functional Approximations 

After the production of Eq.(2.52), approximating the 𝐸 𝐶[𝜎(𝑟)] was a core part of the 

development of the DFT, in which many expressions have been and are still being proposed. Perdew 

−
1
2
 ∇2 + 𝒱𝐾𝑆(𝑟) 𝜓 (𝑟) = 𝜀 𝜓 (𝑟), (2.51) 

𝒱 𝐶(𝑟) =
𝛿𝐸 𝐶[𝜎(𝑟)]

𝛿𝜎(𝑟)
, (2.53) 

𝜓 = 𝑐
2𝑀

𝜙 , (2.54) 
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proposed a hierarchically classified Jacob's Ladder to describe approaches approximating 𝐸 𝐶[𝜎(𝑟)] (Fig. 

2.1), from the oldest and simplest to more recent and complex28. 

 

 

Figure 2.1 Perdew's "Jacob's Ladder." Adapted from Mardirossian. 29 

The ladder spans multiple rungs, with the lowest rung representing the HF approximation where 

correlation is not considered, to the highest rung of the holy grail, "Chemical Accuracy", which ideally 

depicts exact quantum properties and incorporates true electron correlations. 

The Jacob's ladder rungs are as follows: 

 1st, LDA: Local Density Approximation (LDA) comes from the notion that the simplest expression 

for 𝐸 𝐶[𝜎(𝑟)] is based on the intuition that exchange-correlation energy depends solely upon the 

value of the electronic density at each point in space, as in 
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𝐸 𝐶[𝜎(𝑟)] = 𝑑𝑟𝜎(𝑟)𝜖 𝑐[𝜎(𝑟)], 

where 𝜖 𝑐[𝜎(𝑟)] is the exchange-correlation energy for one electron. 

Although the idea of the uniform electron gas is overwhelmingly successful in approximating 

homogeneous, non-defective systems with a uniform distribution of charge density, but fizzles at 

inhomogeneous systems. 

 2nd, GGA: Generalized Gradient Approximation (GGA) acts as a more precise approximation for 

𝐸 𝐶[𝜎(𝑟)] than LDA. It is described as 

𝐸 𝐶[𝜎(𝑟)] = 𝑑𝑟𝜎(𝑟) 𝜖 𝑐[𝜎(𝑟), ∇𝜎(𝑟)]. 

It is the gradient, which is the first derivative with respect to r, of the electron density that makes 

GGA ideal at estimating the nonuniform distribution of charge density.Furthermore, GGA usually 

has an enhancement factor 𝐹𝑒  to enhance the local density to represent inhomogeneous systems: 

𝐸 𝐶[𝜎(𝑟)] = 𝑑𝑟𝜎(𝑟) 𝜖 𝑐[𝜎(𝑟)]𝐹𝑒 𝑠 ∇𝜎(𝑟) . 

Here,𝑠 ∇𝜎(𝑟) is the reduced density gradient. 

 3rd, meta-GGA: Meta-GGA goes further, taking the Laplacian of density ∇2𝜎(𝑟) into 

consideration. Recently, more typical mGGAs include the Laplacian of occupied orbitals (𝜏), as in 

𝐸 𝐶[𝜎(𝑟)] = 𝑑𝑟𝜎(𝑟) 𝜖 𝑐[𝜎(𝑟), ∇𝜎(𝑟), 𝜏(𝑟)], 

where 𝜏, called kinetic energy density, is: 

𝜏(𝑟) =
1
2

𝑐𝑐
|∇𝜓 (𝑟)|2. 

 4th, hyper-GGA: these functionals were devised to have the partial or full HF exact exchange 

beyond the DFT exchange-correlation terms based on the HF/KS method which is described in 
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Section 2.6. A lot of common hybrid functionals are considered semi-empirical approximations to 

this 4th rung. 

 5th rung: the last rung entails functionals that contribute to the exact exchange and a partial exact 

correlation. This is accomplished by considering unoccupied (virtual) orbitals. 

In reality, the widely used post-HF-like techniques normally put HF and DFT together, approximating 

𝐸 𝐶[𝜎(𝑟)] in DFT and incorporating a portion of the exact exchange from the Hartree–Folk method with 

the rest of the exchange-correlation energy from other sources, such as first-principle or empirical, creating 

a hybrid semi-empirical way to obtain such correlation. Not only do Post-HF-like techniques bring about 

accurate approximation, they are also computationally costly. One of the most popular versions is B3LYP, 

which stands for "Becke, 3-parameter, Lee-Yang–Parr", which uses both GGA and LDA 

approximation30,31. 

2.8 NMR Calculation 

2.8.1 Chemical Shifts 

Starting from the basic principles of electromagnetism, nuclear magnetic shielding depicts all 

electron–nuclear moment interaction with an applied magnetic field, with the electron spin excluded. It can 

be found as a different part between the applied magnetic field and the actual field at the site of the nucleus. 

The energy of the interaction between the nuclear moment and the shielding field is neglectable 

compared to the electron orbital energies; therefore, interaction between the nuclear moment is often 

considered as a perturbation. 

When a magnetic field is present, the momentum of an electron transforms into 

𝑝 = (−𝑖ℏ)𝛻 − (𝑒 𝑐⁄ )𝐴, (2.55) 

where 𝛻 is the gradient operator, and A is the magnetic vector potential. A is related to the magnetic 

field B by: 

𝐵 = 𝛻 × 𝐴. (2.56) 
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 For diamagnetic molecules where all electrons are paired, the magnetic interactions in the Hamiltonian are 

expressed as  

When a nuclear moment is present, A is expressed as the sum of two vector potentials, one associated with 

the external field, 𝐴0, and another one referring to the field generated by the nuclear moment, 𝐴n: 

𝐴 = 𝐴0 + 𝐴 . (2.58) 

Eq.(2.57) can be expressed in terms of these two vector potentials by introducing Eq.(2.58). For simplicity, 

a new quantity is introduced: 

where 

𝛤 = (−𝑖ℏ)𝛻 − (𝑒 𝑐⁄ )𝐴0. (2.60) 

The first term on the right-hand side of Eq.(2.59), (Γ2 2𝑚𝑒⁄ ), contains the kinetic energy of the electron, 

𝐾𝑒 =
−𝑖ℏ
2𝑚𝑒

∇
2

; (2.61) 

the diamagnetic energy, 

𝐷𝑒 =
𝑒2

2𝑚𝑒𝑐2
𝐴0

2; (2.62) 

and the orbital Zeeman energy of the electron, 

𝑍𝑒 = (𝑖ℏ)
𝑒

2𝑚𝑒𝑐
(𝛻 ∙ 𝐴0 + 𝐴0 ∙ 𝛻). (2.63) 

Thus, the first-order perturbation Hamiltonian can be described as  

Because the second term is independent of the applied field and quadratic in the nuclear moment, the first-

order perturbation the energy can be written as: 

𝐻 −𝑉 =
1

2𝑚𝑒
[(−𝑖ℏ)𝛻 − (𝑒 𝑐⁄ )𝐴]2. (2.57) 

𝐻 − 𝑉 =
2

− 𝑒
2 𝑐

[𝛤 ∙ 𝐴 + 𝐴 ∙ 𝛤] + 𝑒
2 𝑐

𝐴2 ,    (2.59) 

ℋ1 =
𝑒2

2𝑚𝑒𝑐2
(𝐴0 ∙ 𝐴 + 𝐴 𝐴0) +

𝑒2

2𝑚𝑒𝑐2
𝐴2 . (2.64) 
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𝐸1 =
𝑒2

2𝑚𝑒𝑐2
⟨0|𝐴0 ∙ 𝐴 + 𝐴 ∙ 𝐴0|0⟩, (2.65) 

where |0⟩ denotes the Hartree–Fock ground state wave function. 

The magnetic vector potential attributed to the field of the nuclear magnetic dipole moment 𝜇  is expressed 

as 

Where 𝑟  has the nucleus as its origin. the magnetic vector potential at the presence of the applied 

external magnetic field can be defined at any position 𝑟0: 

𝐴0 =
1
2
(𝐵0 × 𝑟0). (2.67) 

By substituting Eqs (2.66) and (2.67) into (2.65), we obtain 

𝐸1 =
𝑒2

2𝑚𝑒𝑐2
𝜇 ∙ 0 (𝑟0 × 𝑟 )

𝑟3 0 ∙ 𝐵0. (2.68) 

 

𝜎𝑑 =
𝑒2

2𝑚𝑒𝑐2
0 𝑗 × 𝑟0𝑟 × 𝑖

𝑟3 0 , (2.69) 

 

This summarizes the result of a first-order perturbation approach. 

In liquid, gas-phase and solution NMR, free tumbling motion of the molecules results in one value 

of the shielding property. It is defined as the isotropic shielding value, which is the average of the principal 

components, 

𝜎 =
(𝜎11 + 𝜎22 + 𝜎33)

3
. 

Lastly, based on the definition of the shielding in Eq.(2.69), the absolute shielding is not 

observable in NMR experiments. Therefore, some compounds have been chosen as convenient references 

or standards, such as tetramethylsilane (TMS) as 𝐻1 and 𝐶13. However, chemical shift, δ, which is the 

normally reported quantity, is related to the shielding property as follows: 

𝐴 (𝑟) =
(𝜇 × 𝑟 )

𝑟3
. (2.66) 



 
 

 
 

52 

𝛿 =
𝜈 − 𝜈 𝑒𝑓

𝜈 𝑒𝑓
=
𝜎 𝑒𝑓 − 𝜎
1 − 𝜎 𝑒𝑓

. 

where ν is the measured resonance frequency directly.  

2.8.2 Ab initio Calculations of the Shielding Property 

The shielding property is built on the ground and excited electronic states and their respective 

energies. In this method, even though both diamagnetic and paramagnetic terms depend on this choice of 

origin, their sum is supposed to be independent of the choice of origin. When the choice of gauge origin has 

a shift, additional terms will be present in both the diamagnetic and paramagnetic parts. These terms in the 

diamagnetic and paramagnetic parts is the equal value but with opposite signs. 

Without an applied external magnetic field, the ground and excited electronic states can be 

calculated by a self-consistent field (SCF) calculation. These electronic states in the SCF calculation can be 

presented by the linear combinations of atomic orbitals (LCAO), which is denoted as molecular orbitals. 

Mathematically, atomic orbitals usually presented by the basis set, Gaussian functions, due to it is easy to 

differentiate and integrate. Though these states can be used to calculate the shielding via the perturbation 

method, computational cost is proportional to 𝑁4 or (𝑁log𝑁)2, where N presents the number of Gaussian 

functions, therefore restraining the number of Gaussian functions to be used owe to the limited 

computational resources. Hence, both ground and excited electronic states end up with being calculated as 

approximations, diamagnetic and paramagnetic components have different sensitivities to these 

approximations, errors in both components are hard to cancel each other out. 

The first use of SCF wave functions in the computation of shielding was introduced by Stevens et 

al.  Compared with Eq.(2.68) and Eq.(2.69), shielding can be calculated as the second derivative of the 

molecular energy with respect to an external magnetic field B0 and the nuclear magnetic moment μ: 

σαβ =
∂2E

∂μα ∂B
. (2.70) 

Calculating E can refer to the Hartree–Fock method discussed in section (2.6) or the DFT approaches from 

section (2.70). 
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2.8.3 Gauge Including Atomic Orbital (GIAO) Method 

Leveraging theoretical method to calculate the diamagnetic and paramagnetic contributions 

separately is dependent on the choice of gauge origin; even the total shielding should be independent of the 

choice of origin. There are additional paramagnetic and diamagnetic terms necessary if gauge origin 

changes. However, these additional terms are exactly equal value but with opposite signs. However, in 

practice, errors are present due to the fact that the desired cancellation are hardly occur perfectly. One way 

of getting around such error, which is proposed by Ditchfield32, is choosing a gauge origin and using field-

dependent atomic orbitals as basis sets. In this set, a multiplicative complex factor determined by the gauge 

of the vector is added to the original atomic basis function: 

Υ = e[−(i/c)A ∙r]ψ , 

Here, 𝐴  is the value of the vector potential A at the nuclear position 𝑅  of the atomic orbital 𝜑 : 𝐴 =

1
2
B0 × 𝑅 . 

This approach is called gauge-including atomic orbitals (GIAO)33 where each atomic orbital has 

its own local gauge origin placed at its center so that it can eliminate the task of arbitrarily assigning a 

gauge origin: The gauge origins are all predetermined. The coupled Hartree–Fock (CHF) equations with 

GIAOs calculates all the electron integrals. But the previous self-consistent field (SCF) calculation is not 

working since these integrals exclude the extra multiplicative complicated factor. Hence, although the 

GIAOs was able to achieve the desired gauge independence, the gauge factors also result in extra time and 

memory-consuming recalculations of integrals. 
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Chapter 3. Pyridoxal-5′-Phosphate and Tryptophan Synthase 

3.1 Pyridoxal-5′-Phosphate 

Pyridoxal-5′-phosphate acting as the bioactive form of vitamin B6 is an magnet in the nitrogen 

metabolism of all organisms.1 Currently, PLP-dependent enzymes have been proved that it catalyzes over 

140 distinct activities and found it is in all free-living organisms. 2,3  PLP is composed of one 

heteroaromatic pyridine ring, one aldehyde group, a hydroxyl group, and a phosphate group. (PLP; Figure 

3.1) 

 

Figure 3.1 Pyridoxal-5′-phosphate. 

With the heteroaromatic pyridine ring, it is possible for PLP to make anionic intermediate stable, 

which is formed in some PLP-dependent enzymes. The pyridine ring acts as an electron sink to stabilized 

and delocalized the negative electron via resonance in some intermediates of PLP-dependent enzymes. 

Compared to the analog of pyridine ring-the benzene, which is composed of 6 carbons without the nitrogen 

in the pyridine ring, unique properties and specific performing reactions of pyridine ring results from the 

pyridine ring nitrogen. The pronation of the PLP ring nitrogen has been the research topic for PLP-

dependent enzymes. The X-ray crystal technique has been used to determine the structures of PLP-

dependent enzymes. Different amino acid residues positioned below the pyridine nitrogen showed some 

PLP-dependent enzymes are indeed protonated but some are not. (In Figure 3.2, the pyridine hydrogen 
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inside the square brackets represents the uncertainty). The work with these enzymes-but replaced pyridine 

with benzene, showed reactions of every enzyme was deteriorate in different levels. 

The aldehyde group is a critical function group in PLP. An imine is usually formed through the 

reaction between the aldehyde group and free amino group (Figure 3.2). For example, the reaction of PLP 

and the conserved lysine residue forms internal aldimine, while the reaction of PLP and substrate amino 

group forms external aldimine. Furthermore, Internal aldimine and external aldimine are reversible by the 

attack on another unprotonated primary amino group. (Figure 3.3) This capability enables PLP an ideal 

catalyzer to go through the cycle of PLP linking, substrate binding, product release and regeneration of 

enzyme with PLP bond in the active site. 

 

 

Figure 3.2 PLP-Imine Form. 

 

 

 

Figure 3.3 Reversion of internal aldimine and external aldimine. 

Internal aldimine External aldimine 
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5′-phosphate group has not been explained as much as heteroaromatic pyridine ring and aldehyde 

group so far. Primary functions of 5′-phosphate group are: (1) In the transaldimination reaction, the 5′-

phosphate group is suggested to work with the substrate L-serine hydroxyl group to promote the forming of 

primary intermediates by making it more stereospecific orientated.4 

(2)The 5′-phosphate group is also a protonatable group, hence, it is advisable to catalyze acid-base 

reactions via donating and accepting a proton when some intermediates need a proton to work or speed up.5  

(3) The 5′-phosphate group can work as the binder to effectively attach to active site of PLP in some 

exceptional cases as well. 6 Although the function has been rarely discussed, it still represents the necessity 

of the 5′-phosphate group. 

The hydroxyl group normally works as a proton donor or acceptor. Its function will be discussed 

in depth in the following mechanism parts thoroughly. 

With every above decomposed part of PLP combined and coupled with unique enzymatic 

environment such as active site residues, PLP-dependent enzymes catalyzes a myriad of chemical 

interactions such as α/β/γ elimination/replacement,7racemization,8,9 transamination,10 and 

decarboxylation.3,11 (Figure 3.4) 

 

 

 

Figure 3.4 PLP-dependent enzymes catalyze a variety of chemical reactions, adapted from Bornscheuer.12 
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What the α,β-eliminations have in common is the removal of a leaving group at the β position. For 

example, decarboxylation is done by removing –COO− group which is at the β position of external 

aldimine intermediate. and an anionic intermediate is produced which can be protonated at Cα position to 

create an amine. (Figure 3.5.A) 

Racemization has nothing to do with leaving group at the β position. It is all concerned with the 

Cα spot. It starts with the deprotonation of Cα on one side, then ends with reprotonation of Cα on the other 

side. (Figure 3.5.B) 

Differing from racemization’s last step which Cα site is reprotonated, transamination accepts a 

proton at C4′ via the tautomerism of the quinonoid intermediate after the same steps above of racemization. 

And then in the following step, it is very important for transamination to release a proton at Cα spot and 

form a ketimine intermediate. (Figure 3.5.C) 

Contrary to all above reactions participating with the deprotonation to create the intermediate such 

as carbanionic or quinonoid intermediate, the retro-aldol condensation breaks covalent bond between Cα 

and Cβ and creates a carbanionic intermediate.13 This step marks the retro-aldol condensation a somewhat 

incomparable reaction. 

While PLP catalyzes a flood of reactions, each of which owns distinct attribute and pathway. 

Some enzymes carry out reactions combined with an assortment of enzymes, e.g., dialkylglycine 

decarboxylase that performs the transamination, yet it is decarboxylation-dependent.14,15 
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Figure 3.5 Scheme depicting of examples of the reaction mechanisms catalyzed by PLP-dependent enzymes. Adapted from Jianyong. 16 

 

 

3.2 Fold Types of PLP-Dependent Enzymes 

PLP enzymes were once underrepresented in protein structure databases,17but plenty of new 

structures have tided over it in recent years. At the beginning, it was proposed structures of PLP enzymes 

correlated with reaction types.18 Nevertheless, it has been implied every main structural kinds includes 

representatives of many kinds of reaction types. Grishin et al. divided all PLP-dependent enzymes of which 

A 

B 

C 
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structures had been solved into 5-fold types.19 It indicates in Figure1  single representative of Fold Types I-

IV, of which mechanisms are described in brief in the thesis. Arranging the PLP enzymes into fold types 

offers values of mastering lots of conformational limitations of the active sites and the identity of the 

nearby residues which are participated in catalysis via cofactors or substrate bindings, empowering 

researchers to distinguish similarities and differences between the various enzyme fold types and their 

catalyzed representative reactions, and further awaiting unknown PLP enzymes.19 

Fold type I (most aminotransferases, decarboxylase groups II and III 12 and a few enzymes with 

α-, β- or γ-elimination activity 20). These enzymes generally have a Schiff base formed by a nearby Lys 

residue. The Lys residue is also usually close to C-terminus, forming a loop full of glycine. In the resting 

state, the loop can bind PLP phosphate group and a hydrophobic β-strand in front of the Lys residue. 

Besides, the typical character of these enzymes is that the pyridine nitrogen is around 30-amino-acids apart 

from a conserved aspartate residue, which is proved to have a tendency to interact with the PLP pyridine 

nitrogen.21  Though Fold type I enzymes are often composed of two or four subunits and each of them has a 

PLP molecule, the active site of the enzymes is on the interface between subunits.22–24 The subunit of Fold 

type I enzymes includes two kinds of domains that one is large and the other is small: the large one is 

composed of a seven-stranded β-sheet at the N-terminal, while the small one (the C-terminal of enzymes) 

includes a 3- or 4-stranded β-sheet secured by helices on one side.22,24Aspartate aminotransferase is one of 

the representatives of Fold type I enzymes.25–27 

Fold type II enzymes(tryptophan synthase, cysteine synthase, serine dehydratase, threonine 

dehydratase, O-acetyl serine sulfhydrylase, threonine synthase, etc.21) Different from Fold type I enzymes,  

Fold type II enzymes have the Schiff base formed from Lys residue, which is located closer to the N-

terminus, while the loop region for PLP phosphate group attachment is closer to the C-terminus. Compared 

with conserved aspartate residue in fold type I, a conserved serine residue coordinates Fold type II 

enzymes. Fold type II enzymes generally work as dimers and tetramers. A N-terminal domain and a C-

terminal domain almost shows the same size and function as the region for PLP-binding in fold type II 

enzymes.24 Tryptophan synthase is the representative of Fold type II enzymes. 
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Fold type III enzymes (alanine racemase and eukaryotic ornithine decarboxylase). Same as Fold 

type II enzymes, Fold type III enzymes carry aldimines created with their Lys residue. The aldimine is 

located near N-terminus while PLP interacting glycine-rich loop near C-terminus. The distinction is that  

there is a hydrophobic β-strand in front of  the conserved Lys residue while two β-strands in the interface 

/α/ β units in Fold type III enzymes.24 Alanine racemase and human ornithine decarboxylase are obligate 

dimers, because every monomer can supply the two active sites residues. Alanine racemase is made up of 

two domains in one subunit. One is made up of eight-stranded α/β barrel while the other includes β strands. 

With regard to alanine racemase, PLP binding site is located in a cleft between the both of domains and one 

arginine residue interacts with the pyridine ring nitrogen atom by the formation of a hydrogen bond. 

The Fold Type IV (D-amino acid aminotransferase family) enzymes, Fold Types I and II are much 

alike. They usually function as homodimers, and catalytic part is comprised of a small and a large domain. 

The N-terminal domain is made up of a six-stranded antiparallel β sheet and two helices, while the C-

terminal contains a pseudo-β-barrel and some helices. 

Fold type V enzymes (PLP-binding domain with a lactate dehydrogenase fold) are mechanistically 

different in applying the phosphate group of the cofactor for proton transfer in the catalytic reaction. Unlike 

fold types above, there is not any hydrogen bond reaction in the active site residues of glycogen 

phosphorylase and the pyridine ring nitrogen atom of PLP.24 As for glycogen phosphorylase, there are two 

forms (phosphorylase a and b) existing as tetramer or dimer. Phosphorylase b converts to a  by 

phosphorylase b kinase catalyzing phosphorylation of phosphorylase protomer b while  phosphorylase 

phosphatase mediates the inverse reaction.28 The research on phosphorylase suggested  the two of dimer 

and tetramer enzymes could combine glycogen, but it showed lower affinity when the tetramer combined 

the substrate, having not any activity. The binding rate of dimer forming the tetramer is decreased by the 

glycogen combining, however glycogen combining has no effect on dissociating dimer from tetramer. The 

dimer and tetramer form of glycogen phosphorylase possibly participate in a regulatory mechanism for the 

glycogen metabolism.29 Glycogen phosphorylase has three domains which are N-terminal, glycogen-

combining and C-terminal domain.24 
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3.3 Mechanism of Reaction Specificity 

An enzyme’s specifying reaction types includes the enzyme belongs to a fold type and that fold 

type contains a variety of reactions. For the majority of these reactions, there are initially two steps: (i) 

forming of an internal aldimine intermediate which exists in the resting state as a Schiff base by aldehyde 

group of PLP with lysine residue (Figure 3.2.A). (ii) then, producing of external aldimine (Figure 3.2.B) by 

the substrate causes a nucleophilic attack at C4` of internal aldimine, replacing lysine residue and forming 

imine between PLP and substrate amino group. After that, divergence in reaction specificity occurs, leading 

to different catalyzed mechanistic pathways. These two steps have been explored in the transamination 

reaction by performing computational approaches. It results in a proposal of three steps sequentially taking 

place: (i) amino substrate binding to the PLP co-factor attacks at C4 of internal aldimine which is covalent 

bonded the active site lysine, leading to an unstable tetrahedral intermediate; (ii) a proton switches between 

the amino substrate and the lysine residue; (iii) lysine residue leaves the tetrahedral intermediate, resulting 

in the external aldimine(Figure 3.2.B). Under the condition of the PLP,  the C𝛼-proton dissociation from an 

amino forms the anion,30 yet the overall reaction in the enzyme is exothermic (−12.0 kcal/mol) 31. Hence, 

what makes the formation of anion possible or enhances the reaction efficiency in enzymes whereas it’s not 

accessible or much slower under physiological conditions remains an elusive problem. 

The reaction specificity indicates that the nonenzymatic reactions are proposed that they follow 

the same basic chemical mechanisms, however the enzymes enforce exquisite selectivity of substrate 

binding and reaction type, which depends on careful control of typical reaction variables including given 

protein component, structural characteristics of PLP, pH, solvent, temperature, substrate concentration, and 

even chelation with metal ions.  9,32,33 

In 1966, Dunathan 34 proposed stereoelectronic effect hypothesis to explain the reaction specificity 

in  PLP-dependent enzymes. It stated that, after PLP and substrate forming the external aldimine, a 

heterolytic bond cleavage happens between Cα and one of its neighboring bonds except Cα-N (Figure 3.6 ) 

depending on how much the delocalization energy can be gained.3,11,35 
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It hypothesized that the breakage of the bond with orientation being more perpendicular to the conjugated 

π-system was to facilitate the formation of Cα. For example, amino acid decarboxylases were predicted to 

stereospecifically remove the α-carboxylate group whereas elimination/replacement, racemization and 

transamination abstracted the Cα proton. (Figure 3.4) 

 

 

Figure 3.6 Dunathan’s stereoelectronic hypothesis. 

Even though Dunathan’s stereoelectronic hypothesis is able to explain the forming of the external 

aldimine through limiting the combined substrate to a specific orientation, however, the control of the 

following steps is less well understood. Breakage of the Cα C bond can lead to multiple reaction pathways: 

elimination/replacement, racemization, or transamination, therefore, promoting the desired reaction in the 

subsequent reactions, is complex and requires well-controlled collaboration of the substrate and 

environment. 

The cleavage of the bonds results in an unstable intermediate called the carbanion. The way to 

stabilize or transfer this carbanion depends on the pyridine ring through a number of resonance forms. the 

carbanion is stabilized though the quinonoid intermediate if the pyridine nitrogen is protonated (Figure 3.7 

A1-A3), while though true carbanion intermediate if pyridine nitrogen is at the absence of protonation 

(Figure 3.7 B1-B3).The majority of PLP-dependent enzymes, such as AAT, has the quinonoid 

structure(Figure 3.7.B3) because of its ability to delocalize the negative charge. 
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Figure 3.7 Resonance forms of the quinonoid and carbanions intermediate. 

Researchers in early found that pyridoxal (Figure 3.8) alone was able to carry out a series of  

reactions, but at plummet rates.36–38Then, a few experiments like UV/vis and IR spectroscopy37–40 had 

been conducted, realizing that the protonation states of the pyridoxal were tied to pH-dependent 

environment at the course of catalysis. Further work in more model compounds confirmed the cationic 

form of the Schiff base 41, which has three dissociable protons: the ring nitrogen, the Schiff base nitrogen 

and the phenolic oxygen. 

 

Figure 3.8 Scheme of pyridoxal. 

Schiff base nitrogen, one of the ionizable sites, appears to be a main feature in PLP-dependent 

enzymes. At the presence of the protonation of the pyridine ring nitrogen, it was strikingly more 

challenging to protonate the phenolic oxygen than Schiff base nitrogen, implying the Schiff base nitrogen 
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may be the protonated candidate given the pyridine nitrogen is assumed protonated through the course of 

reaction cycle.39 Next, the PLP enzyme having protonated Schiff base demonstrates a lot of preference to 

nucleophilic attack of an incoming amino acid substrate, suggesting the protonated Schiff base played a 

significant role at the beginning of catalysis.42 The first PLP-dependent enzyme determined by X-ray 

crystal structure is aspartate aminotransferase. At 2.8 Å resolution, it tells an aspartate side chain is below 

the PLP cofactor and interacts with the pyridine nitrogen.43 Considering aspartate residue being an acid that 

it is possible to contribute one proton, the pyridine nitrogen is indeed likely protonated in aspartate 

aminotransferase. Nonetheless, the second crystal structure of a PLP enzyme, tryptophan synthase, 

indicates that he hydroxyl group of a serine side chain is below the pyridine nitrogen. Hydroxyl group was 

not a legitimate proton donor to the pyridine nitrogen, calling the question about the protonation of the 

pyridine nitrogen. As the crystal structure of alanine racemase is published at 1.9 Å resolution,44 a crystal-

clear and positively charged arginine residue is close to the pyridine nitrogen. Certainly, the positive charge 

excludes the likelihood of protonation of the pyridine nitrogen. All of these X-ray crystal structure 

observations began to doubt one of the necessities: the protonation of pyridine nitrogen throughout the 

course of catalysis. 

In the other two ionizable sites, the Schiff base nitrogen and the phenolic oxygen, UV/vis are 

proved a tautomeric equilibrium thanks to the shift of one proton.45 It shows the protonated Schiff base 

form absorbs maximally between 410 and 430 nm while the phenolic form absorbs maximally around 330 

nm. Later on, X-ray crystal structures of a complex containing a benzoic acid derivative and an internal 

aldimine analogue without the 5′-phosphate group implied inter- and intramolecular proton transfer coexist. 

 

 



 
 

 
 

67 

 

Figure 3.9 Schematic the Keto−Enol Tautomerism of the aldenamine Schiff base (R = Tolyl) and aldimine Schiff base (R = 
CH3),Adapted from Limbach.46 

According to Figure 3.8, an intermolecular proton transfer occurs between the protonated pyridine 

nitrogen and the acid group of the benzoic acid derivative, and an intramolecular proton transfer occurs 

between the Schiff base nitrogen along with the phenolic oxygen of the pyridine compound. It suggests 

inter- and intramolecular proton transfer collaborate to stabilize the complex.46 Next, the work in the solid-

state echoed these findings.46 Then, modeling work with PLP systems in polar solutions, which allows for 

the change of acid-base state in the ionizable spots, shows at physiological pH, the phosphate group is 

dianionic,  and the pyridine nitrogen in intramolecular proton transfer lost its proton preceding the 

intramolecular bond.47,48 Further more works proved that the polarity of the solvent greatly impacts on 

determining which sites to be protonated: Nonpolar environments prefers neutral phenolic, while polar 

environments opts for protonated Schiff base,49 except that protonated Schiff base form always dominates 

at whatever environment when pyridine nitrogen protonated.47  Finally, the study on NMR directly supports 

the coupling of the inter- and intramolecular proton transfer, meaning protonated Schiff base is the 

catalytically active tautomer and boosted by protonation of the pyridine. Besides, this study also showed 

that it is possible to shift protonation to the Schiff base even without protonation of the pyridine nitrogen if 
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the phenolic oxygen is stabilized by hydrogen bonds with the side chains of active site residues or water 

molecules in the active site.50 

It now shows that three main factors account to reaction specificity in PLP enzymes (1) Dunathan 

hypothesis, a kind of stereoelectronic effect, determines which bond of Cα to be broke.(2) Functional 

groups of neighboring residues of the active site aim in stabilizing the intermediates and transition states in 

some sense.(3) The protonation profiles, the protonation states of the cofactor-substrate complex, guarantee 

the reaction is accompanied with the proper acid-base chemistry. This thesis focuses on the last term. 

3.4 Tryptophan Synthase 

The PLP-dependent tryptophan synthase (TS) is one of Fold type II enzymes that carry out a-β-

elimination and replacement reaction in which the β-hydroxyl group of L-serine is removed and replaced 

with indole to produce tryptophan. TS discovered by Yanofsky consists of the α-subunit and β-subunit, 

which are arranged as a linear αββα tetramer, see Figure (3.10). 

 
Figure 3.10 Tryptophan synthase full linear αββα tetrameric quaternary structure. 

The α-subunit and β-subunit catalyze different reactions. When they are combined, the activity is 

increased in 30-100 times compared with the individual.51  The α-subunit converts indoleglycerol 

phosphate (IGP) to indole and glyceralehyde 3-phosphate (G3P), and the β-subunit transforms the indole 

and serine to tryptophan along with water.52  Interestingly, in 1988,the X-ray crystal structure of TS from S. 

typhimurium was revealed at 2.5 Å resolution. It was the first time that substrate channeling(Figure 3.11) 
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had been definitely shown in an enzyme system and  the results caused other researchers to focus on 

catalytic mechanism.53. 

 

Figure 3.11 Cartoon for the αβ-dimeric unit of tryptophan synthase depicting the binding and dissociation of ligands to the α- and β-
sites and the transfer of intermediate indole from the α-site to the β-site. 

During the same period, rapid-scanning stopped-flow (RSSF) experiments performed by the Dunn 

lab generated the UV/vis profiles of the intermediates, lending credence to the first-proposed mechanism 

for the β-elimination and replacement reaction in 1968.54–56 

Afterwards, the study on mechanism of tryptophan Synthase was booming. Kinetics experiments 

led researchers to sort out the order of events in the conformational changes57–61, which was a switch in 

closed and open conformations by the allosteric regulations58,62,63, ensuring the successful analysis. Later,  

factors like monovalent cation (MVC) 61,62,64 and ligand biding 56,65–67 were soon presented to impact the 

transition between open and closed conformations as well as the relative stability of formed intermediates. 

Even though preliminary hypotheses regarding the catalytic cycle assumed a protonated pyridine ring 

nitrogen as the case in aspartate aminotransferase,68 solid state NMR measurements and first-principles 

calculations  disproved it and confirmed the unprotonated status of  pyridine nitrogen by Mueller’s group.69 

3.4.1 Catalytic Mechanism of Tryptophan Synthase 

Tryptophan synthase catalyzes the last two steps in the biosynthesis of the L-tryptophan involving 

in the elimination of the hydroxyl group of L-serine and its replacement with indole. 
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In the α-subunit, indole-glycerol-3-phosphate (IGP) is cleft to glyceraldehyde-3-phosphate (G3P) 

and indole, see Figure (3.12).70  Then the indole is channeled to an active site of β-subunit via a 25 Å 

tunnel, conducting the reaction cycle in the β-subunit through a few more intermediate steps. 

 

Figure 3.12 The α-site reaction in tryptophan synthase. IGP is cleaved to yield indole and G3P. 

 

In the β- subunit, the detailed mechanism of site catalysis is shown in Figure (3.13). 

 

Figure 3.13 The β-site reactions in tryptophan synthase. Figure adapted from Mueller.69 

These intermediates corresponding UV/Vis maximum absorbance wavelengths provide where 

observed. Without substrates, the intermediate internal aldimine is formed by PLP being covalently bound 
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to the sidechain Nε of β-Lys87. Then, L-serine nucleophilic attacks the Cα, through a gem-diamine 

intermediate E(GD1), producing the first external aldimine intermediate E(Aex1).68And β-Lys87 pulls the 

proton away from Cα ,  leading to a first transient quinonoid intermediate, E(Q1). At almost the same time, 

β-hydroxyl group of the serine is derived, resulting in the aminoacrylate intermediate, E(A-A). The E(A-A) 

intermediate goes through nucleophilic attack by the C3 of the indole which is generated at the α-site and 

channeled to the β -subunit, creating  a 2nd/3rd quinonoid E(Q2) and E(Q3).71 After that, Cα is reprotoned 

by βLys87, generating a second external aldimine, E(Aex2) and a followed second gem-diamine 

intermediate, E(GD2). Eventually, a L-tryptophan is released and the E(Ain) is regenerated between PLP 

and βLys87.68 

3.4.2 Quasi-Stable Intermediates of Tryptophan Synthase 

There are two essential intermediates, internal aldimine E(Ain) and E(Q3) in the β-site analytic 

cycle of TS identified by the UV/Vis, X-ray, NMR et al. 

Internal aldimine is the intermediate generated at the first phase of the catalytic cycle. The cofactor 

is covalently linked to the enzyme with an imine bond of the ε- nitrogen of a lysine sidechain, forming a 

Schiff base which is also named as the "internal aldimine,". A hypothesis is stated that the Schiff base 

should be protonated to speed enzyme-catalyzed reactions in contrast to PLP-catalyzed reactions in 

solution.42 Internal aldimine X-ray crystal are firstly published from the structure of the S. 

typhimurium TS internal aldimine state. Its N-O bond with 2.6 Å distance in the intramolecular proton 

transfer is completely agreeable  to a proton in an N-H-O hydrogen bond.72 UV/vis optical spectroscopy of 

TS internal aldimine supports the PSB hypothesis by its 412 nm, which matches the maxima ranging from 

the 420 to 430 nm, being greatly consistent with the hypothesis of a protonated Schiff base structure 

conjugated with the PLP π-system.63 

 



 
 

 
 

72 

 

Figure 3.14 Three-site tautomeric equilibrium exchange model is from the original E(Q3) study. (A) Canonical protonated Schiff base 
quinonoid, (B) acid-form, and (C) phenolic form. 

The canonical of E(Q3)(fig) intermediate is initially confirmed by UV/Vis measurements showing 

a characteristic absorption in the 460–550 nm range and matching absorption characteristics as observed in 

the natural enzyme.73,74 E(Q3) is quasi-stable, therefore the lifetime of the intermediate is usually extended 

to conduct explorations. Addition of N-(4’-trifluoro-methoxybenzenesulfonyl)-2-amino-ethyl phosphate 

(F9),an α- site substrate analogue that, to E(Q3)  can help close the α-subunit and replace monovalent 

cation with Cs+  to close the β-subunit.61,68 Besides, the X-ray crystal structures of these quinonoids also 

clearly supporting the Cα is in expected sp2 hybridization.68,75 And , first principles calculations have been 

carried out to predict the most possible structures of the enzyme seen from Figure (3.14).75 A much longer 

lived E(Q3)2AP intermediate replaced 2-aminophenol (2AP) with indoline, determining that the 

assumption of a protonated pyridine ring nitrogen was not correct. A deprotonated pyridine nitrogen on 

PLP verifies carbanionic intermediate is formed instead of a true quinonoid species. Natural bond 

orbital(NBO) analysis shows  that negative charge is produced at the Cα, while positive charge is formed at 

C4′, being in accordance with  the function as the catalytic tautomer and corresponding to the hypothesis 

the specificity for β -elimination/replacement versus transamination is controlled in part by the 

protonation.76 
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3.5 NMR crystallography 

NMR crystallography— combining X-ray diffraction, solid-state NMR spectroscopy, and 

computational chemistry—provides exceptional and holistic insights to three-dimensional and big enzyme 

systems. Mueller has employed it in the tryptophan synthase enzyme catalysis.76 Symbolic X-ray crystal 

structures (1.3 to 2.5 Å resolution) of intermediates that binds the enzyme make a contribution that 

hydrogen-bond interacts possibly between site residues and the substrate, but fail legitimately to recognize 

the protonation states. NMR supplies direct chemical shifts to certain chosen atoms in enzyme-substrate 

complexes, however it requires a framework to explain them. Ab initio calculations and molecular 

mechanics are capable to build models of enzymatic processes which must be on the ground of the 

specified framework. Molecular dynamic simulations can provide a good initial guess for molecular’ 

orientations, but they cannot determine the protonation states of cofactor. However, they are combined to 

supply structure and function of enzyme active sites  models which are accordant and testable .77–79 The 

previous studies of NMR crystallography has determined the protonation profiles of PLP in carbanionic 

intermediate states for tryptophan synthase and showed the remarkable results.75,76 
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Chapter 4. NMR Crystallography of the Internal Aldimine in Tryptophan Synthase 

 

4.1 Introduction 

Pyridoxal-5′-phosphate (PLP), acting as a coenzyme, is ubiquitous in the nitrogen metabolism of 

all organisms. PLP catalyzes a wide variety of amino acid transformations, including α/β/γ 

elimination/replacement, racemization, transamination, and decarboxylation.1,2 

At the start of the PLP-catalyzed reaction cycle, a general internal aldimine intermediate is formed by the 

aldehyde group with lysine residue (Figure 4.1). In the next step, the substrate initiates a nucleophilic attack 

at C4`, replacing the lysine residue and forming an external aldimine from the PLP and the substrate amino 

group. 

 

Figure 4.1 Pyridoxal-5′-phosphate. 

After the external aldimine is formed, deprotonation usually occurs with the aid of the ε-amino 

group, yielding a carbanionic intermediate.3,4 The carbanionic intermediate can undergo several different 

subsequent reactions, leading to different reaction paths among different fold types of PLP-dependent 

enzymes.5,6 

Three major determinant factors can be used to explain the direction of different types of reactions 

in PLP-dependent enzymes: (1) stereoelectronic control, (2) the role of active site side chains, and (3) the 

role of the various protonation states of the external aldimine intermediate in PLP-dependent enzymes.7–9 
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Stereoelectronic control has relationship with bond cleave, which usually break the bond that is most 

perpendicular to the conjugated π-system of the PLP molecule.5 Electronic modulation through selective 

protonation asserts that negative charge stabilization in the transition state is a result of  the electrophilic 

strength of the combined Schiff base and pyridine ring π-system, resulting in the local active site 

environment of the enzyme promoting specific protonation states of the cofactor, suggesting that the proton 

positions govern reaction diversities. For example, amino acid decarboxylases generally stereo-specifically 

remove the α-carboxylate group, and elimination/replacement, racemization, and transamination usually 

abstract the Cα proton according to which bond is more perpendicular to the conjugated π-system in the 

PLP molecule. After a distinct carbanionic intermediate is conformed, its interaction with the active site 

residues accounts for the posterior analytical pathways. In aspartate aminotransferase (AAT), which is the 

fold type I PLP-dependent enzyme and undergoes the transamination reaction, the negative charge at Cα in 

the carbanionic intermediate delocalizes to the whole π-system due to the protonation of pyridine nitrogen. 

This leads to the protonation at C4′ again and the creation of one ketimine intermediate.10–12 By contrast, in 

tryptophan synthase (TS), which belongs to the fold type II PLP-dependent enzyme and promotes β-

elimination followed by replacement reactions, the delocalization is not required and the charge distribution 

favors the protonation at Cα without the protonation of pyridine N. This causes the cleavage of the leaving 

group hydroxyl from Cβ in the β-elimination. 2,3,7,13  Thus, active site protonation states, or so-called 

protonation profiles, of PLP-dependent enzymes are very likely to contribute toward optimizing the desired 

chemical reactions. A specific protonation profile may come with a specific fold type of PLP-dependent 

enzyme and pivot to a specific reaction. 

The tryptophan synthase (TS) is the fold type II PLP-dependent enzyme in which the hydroxyl 

group of L-serine is eliminated and replaced with indole to produce tryptophan. At the start of the catalytic 

cycle of the TS reaction, the protonated Schiff base (PSB) has been suggested to activate catalysis by 

having a more reactive target for the nucleophilic attack than that of the neutral imine. 14–16 In addition, the 

protonation profiles, especially of the phenolic oxygen and pyridine nitrogen, are thought to be critical in 

establishing the specificity of the reaction. 
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UV/vis optical spectroscopies of TS support the PSB hypothesis. Explanations regarding a PSB 

nitrogen can initially be derived from peptides and amino acids in solvents with different polar conditions. 

13,17  The internal aldimine intermediate in most PLP enzymes absorbs maxima wavelengths below the 

420–430 nm range, approximately 410 nm from TS internal aldimine in solution, and single crystals on the 

TS internal aldimine have provided evidence for the PSB hypothesis.18 Conversely, since the UV/vis 

spectrum of TS is not dependent on pH over the range of 5.8–10.4,18–20 deprotonation of PLP enzyme 

Schiff bases is feasible through changing pH.21 Consequently, a shift from a longer wavelength (430 nm) to 

a shorter wavelength (~360 nm) occurs. 22 It has been proposed that, in this phenomenon, the protonated 

Schiff base may undergo a transformation because another protonatable site, the internal aldimine pyridine 

nitrogen, has only negligible effects on the UV/vis spectrum.23 

The X-ray crystal structures of a TS internal aldimine intermediate derived from Salmonella 

typhimurium in 1.30 Å resolution (PDB code 4HT3) showed the Schiff base nitrogen is in close proximity 

to the 3' oxygen of the PLP ring.24–27 (Figure 4.2 ) The 2.6 Å N–O distance, between the Schiff base 

nitrogen and the pyridine oxygen, indicated the presence of a proton in an N-H-O hydrogen bond. 

However, the X-ray crystal structure can not be used to determine the donor and acceptor in this bonding 

system. In addition, X-ray crystal structures showed the Schiff base nitrogen is stretched slightly out of the 

PLP plane with a C3-C4-C4'-N twist angle of 27.2°, and the phenolic oxygen is located near two water 

molecules, implying the phenolic oxygen may participate in a hydrogen-bonding network, as indicated in 

Figure 4.1. 
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Figure 4.2 X-ray crystal structure of internal aldimine. 

The 15N solid-state NMR also directly verified the PSB hypothesis for the internal aldimine. 

Besides, NMR chemical shift has conformed 13C, 15N and 31P chemical shifts on internal aldimine, 

restablishing the phosphoryl group, phenolic oxygen, and pyridine ring nitrogen are all deprotonated. The 

pyridine nitrogen in tryptophan synthase interacts with the hydroxyl of Ser-377. Whether or not pyridine 

nitrogen is assumed the role of hydrogen bond donor is a question without an additional proton. 28 

Research concerning the pronation of the PLP ring nitrogen has a long history. The first 

determined crystal structure of a PLP-dependent enzyme was an aspartate aminotransferase (AAT) that 

performs the transamination reaction. Its pyridine nitrogen interacted with a below positioned aspartate 

residue, and the acidic property of the aspartate functional group confirmed that the pyridine nitrogen is 

protonated in AAT (Figure 4.3.A). The second determined crystal structure of a PLP enzyme was 

tryptophan synthase, which performs a β-elimination and replacement reaction.29 Its residue, located below 

the pyridine nitrogen, consisted of serine coupled with the hydroxyl group. The hydroxyl group is less 

likely to be a proton donor to the pyridine nitrogen.(Figure 4.3.B) When the X-ray crystal structure of 

alanine racemase(AR) was published, which interacts with a basic arginine side chain and catalyzes the 

racemization of L-alanine to D-alanine, it clearly showed a charged arginine residue positioned below the 

pyridine nitrogen, which indeed excludes the protonation of the pyridine nitrogen.(Figure 4.3.C)46 In 

general, these observations from X-ray crystal structures raised the question of whether the protonated 
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pyridine nitrogen is required throughout the course of catalysis. The following work with these three 

enzymes—but with pyridine ring replaced with deazaPLP, a PLP analog with the pyridine nitrogen 

substituted with a carbon atom—showed they were incapable of forming a quinonoid intermediate, 

indicating that the loss of the hydrogen bond between the side chain pyridine nitrogen triggered different 

reductions in activity. In the AAT, it reduced the activity of the enzyme by greater than 109-fold, while in 

the AR, activity was reduced ~275-fold, and in O-acetylserine sulfhydrylase (OASS), which interacts with 

a polar serine hydroxyl sidechain such as the TS and catalyzes the β-elimination of the β-acetyl group 

(Figure 4.3.B), activity was reduced ~250-fold.13 These results demonstrated that transamination reactions 

require a greater electron-withdrawing potential, attributed to the nitrogen in the pyridine, of the PLP 

cofactor than racemization and β-elimination/replacement reactions.30 In the transamination reactions 

performed by fold type I enzymes, such as AAT, acidic residues lead to the protonation of the pyridine 

nitrogen, hence delocalizing the negative charge at Cα over the entire ring system. This delocalization forms 

the quinonoid intermediate through the resonance (Figure 3.7.A3) and results in the proposed reprotonation 

at C4′.10 However, in AR and OASS, results with the deazaPLP implied that this delocalization is not 

necessary for reactions that do not require reprotonation at C4′.2 In these cases, negative charge 

accumulates at Cα as the reaction goes forward, thus forming the carbanion intermediate (Figure 3.7.B3).12 

Furthermore, a proposal that OASS exhibits a concerted-E2 type mechanism, which does not include a 

distinct carbanion/quinonoid intermediate, was made to explain how deazaPLP has little impact on the 

activities of OASS and AR in β-elimination reactions.31,32 
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                A                           B                                      C 

Figure 4.3 Three types of pronation of the PLP ring nitrogen. 

The protonation profiles of TS intermediates have been studied using X-ray diffraction, 10,33,34, 

computational studies with MD simulations35,36, and solid-state NMR.8 Each of these methods has its 

advantages and limitations. Typical X-ray crystal structures (1.3–2.5 Å resolution) of intermediates that 

bind the enzyme have shown that hydrogen bonds possibly exist between site residues and substrates, but 

protonation states cannot be determined from these structures. NMR stimulates direct chemical shifts in 

specific atoms within enzyme-substrate complexes. However, it requires a framework to explain. Ab initio 

calculations and molecular mechanics can be used to building models of enzymatic processes that must be 

based on the specified framework. Molecular dynamic simulations can provide accurate initial estimations 

for orientations of molecules, but they cannot determine the protonation states of the cofactors. However, 

they can be combined to describe the structure and function of enzyme active sites in models that are 

accordant and testable. 37–40 Previous studies on NMR crystallography have involved the characterization of 

the protonation profiles of PLP in carbanionic intermediate states for tryptophan synthase and shown 

remarkable results. 3  Here, we used NMR crystallography to explore more internal aldimine of tryptophan 

synthase by interpreting chemical shifts for selected atoms of the enzyme in terms of the protonation states 

and elucidating three-dimensional, chemically-detailed structures of the intermediate. 
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4.2 Experimental Details 

4.2.1 CP-MAS SSNMR 

The chemical shifts of PLP active sites, including the pyridine nitrogen, the Schiff base(SB) 

nitrogen and select carbon atoms, in the resting holoenzyme form, the internal aldimine state of tryptophan 

synthase have been reported by Bethany et al.28 Table 4.1  lists all the measured chemical shifts of the 

internal aldimine. 

 

Position SB N Pyridine N1 C2 C2` C3 

Measured Value 202.3 294.7 15.8 18.9 168.7 

Table 4.1 Reported chemical shifts of internal aldimine from Bethany28 et al. 

Besides, two positions, the Schiff base nitrogen and the pyridine nitrogen(N1), were also 

performed variable-temperature 15N CP-MAS solid state NMR whose theoretical foundations were 

elucidated in Chapter 1. Variable-temperature 15N CP-MAS spectra of the microcrystalline internal 

intermediate Schiff base nitrogen and pyridine nitrogen(N1) were shown in Figure 4.4 and Figure 4.5 

respectively. From Figure 4.4, Substantial temperature dependence is observed for the Schiff base nitrogen 

(yellow dot), while, from Figure 4.5, no evident temperature dependence is observed for the pyridine 

nitrogen (orange pink dot). The large spectral features around 125 ppm and 30 ppm in these two figures 

correspond to the spinning sidebands of the labeled backbone. 
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Figure 4.4 Variable-temperature 15N CP-MAS spectra for Schiff base nitrogen. 

 

 

Figure 4.5 Variable-temperature 15N CP-MAS spectra for pyridine nitrogen. 
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4.2.2 First-Principle Calculations 

Using the first-principles methods to calculate NMR chemical shielding has become increasingly 

reliable. The theoretical foundation is elaborated upon in Chapter 2. 

The theoretical simulations of the factors determining the chemical shifts in natural conformations 

of proteins and peptides were motivated by Spera and Bax 41, who used an empirical correlation between 

the secondary chemical shifts and the peptide backbone conformation. Later, it was revealed that factors 

include electronic structures due to variation in the backbone torsion angles, environmental effects due to 

the electric field inside the protein, and the presence of hydrogen bonds.42,43 It was the first time that 

researchers realized only accurate quantum chemical calculations could be used to analyze the relationship 

between the observed shifts and protein structures became clear. However, the first application of DFT 

methods to calculate C13 absolute shielding in a set of small organic molecules was rather disappointing 

due to the hard-to-ignore average deviations from the experimental values.44 

Over time, proteins to be characterized became more and more massive, and the target accuracies 

of chemical shifts increased, which was quite demanding. Fortunately, quite encouraging results were 

obtained by combining the approaches of quantum mechanics and molecular mechanics (QM/MM).45 

These were the ONIOM46 (Our own n-layered integrated molecular orbital and molecular mechanic) 

approach, the fragment approach (AF), 47 and a combination of these, AF-QM/MM. 48 

Due to the increasingly efficient algorithms and widespread access to supercomputing resources, 

the pure QM approach was allowed because nuclear magnetic shielding is primarily effected by near 

interactions. In the pure QM approach, the system was truncated to include components usually having 

experimentally acquired NMR chemical shifts, and adequate surroundings to keep critical interactions,.49 

The challenges of using cluster approaches to calculate NMR parameters in large systems lie in the trade-

off between the size of the cluster and the choice of the basis set owing to the conflict between accuracy 

and computational cost (time), 49 so that NMR calculation in large systems lies in the determination of 

cluster size. 
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Hartman49 et al. built a methodology to achieve the optimum strategy for the selection of the 

cluster size and the basis set. The experiments were performed in proteins, comparing the agreement 

between the calculated and experimentally measured chemical shielding for theoretical models with 

different cluster sizes and basis sets. Their findings led to selection suggestions for biological systems, and 

those relevant to this work are as follows: (1) the radius of the cluster should be at least ∼7 Å if the key 

nuclei are assigned as the center; if needed, longer-range molecular mechanical interactions are 

incorporated as well. For the internal aldimine, the PLP/substrate complex acts as the key interest nuclei. 

(2) a solitary large basis set can be changed to a multi-layer locally dense basis set, that is, a large basis set, 

such as triple-zeta, with diffuse functions utilized for crucial interest nuclei, a reduced triple-zeta basis 

excluded diffuse functions for the adjacent structure, which contains the hydrogen bonding or van der 

Waals interactions; and a less expensive basis set, such as a double-zeta basis set, is used for the remaining 

shifts. These two recommendations work together to not only ensure the accuracy of atoms with which the 

protein interacts strongly, such as hydrogen bond donors/acceptors or charged functional groups, but also to 

reduce computation cost by utilizing reasonable basis sets in the middle and lower tiers of the enzyme. 

This pure QM cluster approach provides several advantages: (1) The ONIOM places the 

PLP/substrate complex alone at the QM level and leaves all other atoms at the semi-empirical PM3 level, 

whereas the QM cluster treats every atom at the QM level though the multi-tier method. (2) The QM cluster 

approach applies geometry optimization to the cofactor within the active site environment, to permit the 

movement of the PLP/substrate as well as the surrounding layer, which includes intermolecular hydrogen 

bond partners and charges, while the QM/MM approach (ONIOM) only allows the PLP/substrate atoms to 

relax their coordinates. (3) Even though the pure QM cluster approach involves a greater computation cost 

than QM/MM approach (ONIOM), it is still practically feasible by virtue of the multi-tier basis set: it 

normally takes1–2 days to run the NMR calculations on the cluster with 600–700 atoms on a computer 

cluster implemented with 32 processors and 48 GB of RAM in parallel.49 

For the internal aldimine, the first-principles calculation was performed using cluster models of 

the X-ray crystal structure of the active site for internal aldimine E(Ain) of S. Typhimurium downloaded 

from PDB data bank (PDB ID: 4HT3). The cluster model was created using PyMol software by truncating 
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the crystallographic structure into the 500–600 atom fragments that include the PLP cofactor and the 

protein active site within 7 Å distance from the cofactor. A distance of 7 Å provides the optimum balance 

between cluster size and basis set selection by performing a systematic approach to NMR calculations in 

proteins. Then, to simplify the modeling work and reduce the required computational resources while 

maintaining the radius of 7Å, further modifications were made: (i) Residues excluded from the continuous 

segment of the 7 Å cut and have only one atom within 7 Å were eliminated (β-site residues Val201, 

Gln205, Ser301, His313). (ii) Similarly, residues with two backbone atoms within 7 Å were replaced with 

alanine (β-site residues Arg379). (iii) Hydrogen atoms at the C-termini carbonyl carbons of backbone 

segments were replaced with –NH2 groups to yield amides, while the resulting [NH3] + N-termini of 

backbone segments were replaced with a hydrogen atom.(iv) Each Cs+ atom was changed to a Na+ atom to 

carry out the posterior computation. The final cluster (Figure 4.6) secured a total of approximately 570 

atoms. 

 

Figure 4.6 The cluster model of the β-subunit active site for first-principles geometry optimization and chemical shift calculations. the 
cofactor and substrates are represented in ball-and-stick and Protein side chains are shown in wireframe. 

Based on the protonation state of the cofactor–substrate complex, different structures were created. 

A four-digit binary code was assigned to each structure where "0" represented a deprotonated position and 

"1" represented a protonated position. Potential sites of protonation included 1) the PLP phosphate group, 

2) the PLP pyridine nitrogen, 3) the PLP phenolic oxygen, and 4) the Schiff base nitrogen (Figure 4.7).  
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Although the phosphate group protonation was confirmed in the dianionic state by the 31P CSA tensor 

measurement, the nomenclature was kept unchanged to be consistent with the nomenclature of the previous 

study. Thus, the structures that had only one protonated position were "0100" (protonated pyridine 

nitrogen), "0010" (protonated phenolic oxygen), and "0001" (PSB nitrogen). 

The structures with protons in two protonated positions were “0110” (both PLP pyridine nitrogen and 

protonated phenolic oxygen) and “0101” (both protonated pyridine nitrogen and Schiff base nitrogen). The 

completely deprotonated ("0000") and protonated ("0111") structures were considered as well. All 

structures are shown in Figure 4.8. 

 

 

A-B-CD 

Figure 4.7 Potential sites of protonation on and near the cofactor/substrate complex include (A) the PLP phosphate group, (B) the 
PLP pyridine ring nitrogen, (C) the PLP phenolic oxygen, (D) the Schiff-base nitrogen. 
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Figure 4.8 Protonation states of 6 candidate structures constructed for NMR shielding calculations. 

Each structure was optimized separately using Gaussian 09 software 51. To minimize calculation 

time, the initial geometry optimization at a low basis set involved freezing the coordinates of all atoms 

except the hydrogen atoms and the modified nitrogen atoms at the terminal ends. All calculations were 

performed via the DFT-hybrid B3LYP functional 51–54 with the 6-31G basis. This optimization allowed a 

quick pre-optimization of the structures and the setting of the initial orientations for water molecules and 

amino acids. 

All models were then subjected to geometry optimization via a hybrid density-function-theory 

(DFT) approach: B3LYP (refer to the section). Basis sets were selected using a two-tier method: 

PLP/substrate complex was paired with locally dense basis set 6-31G(d,p), while the remaining atoms were 

paired with 6-31G. Atoms within 4 Å, as well as all hydrogen atoms in the cluster, were allowed to move, 

whereas the rest were fixed at coordinates provided by the crystallography experiments. Between the 

geometry optimizations, a restriction that adjustable atoms were allowed to move on the order of 0.2 Å, at a 

maximum, and less than 0.1 Å RMSD from the initial coordinates was imposed. 
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All optimized structures were observed for the presence of local minimums and possibilities for 

alternative orientations of hydrogens. The optimization results were compared to the results of the MD 

simulations, and the next hydrogen atoms were manually rotated into a new orientation. 

Following the optimization, the NMR shielding calculation was carried out on the ground of the 

gauge-independent atomic orbital (GIAO) method at the DFT level, which is implemented in the Gaussian-

09 program. The DFT calculation utilized the B3LYP hybrid functional but, compared with the two-layer 

basis set in the geometry optimization, with a more accurate three-layer basis set55: The high layer, 

including the PLP/substrate complex, was assigned the 6-311+G(2d,p) basis set; the medium layer, 

comprised of any remaining atom within 4 Å of the center of the high layer, was assigned the 6-311G(d,p) 

basis set, and all remaining atoms composed of the low layer were given the 6-31G basis set.56 

The output generated from the gauge-independent atomic orbital (GIAO) calculation offered every 

atom an absolute magnetic shielding value, yet experimental NMR measurements provided isotropic 

chemical shifts, 𝛿 , which is a relative value with the referenced material, such as the adamantane. In 

order to compare the experimental and calculated results, a map of absolute shielding values to referenced 

chemical shifts had been produced. It was uniquely determined via the theoretical models and basis sets, 

which had been performed by Hartman et al. on a variety of test sets of crystal structures. The conversion 

proved to be a linear rescale between the isotropic chemical shift and the absolute magnetic shielding: 

𝛿 = 𝐴𝜎 + 𝐵, 

 where A and B are two parameters determined from the best fit of all data points50,7 and are shown on 

Table 4.2 for 13C, 15N, and 17O. 
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. 

Table 4.2 Parameters of linear rescale between the isotropic chemical shift and the absolute magnetic shielding 

 

NMR shielding (σ) values of the atoms, which are at the three ionizable sites (βLys87 Nε, pyridine 

ring nitrogen, and phenolic oxygen), were converted to chemical shifts (δ) using the following linear 

rescaling relationships with parameters shown above.56,58 

𝐶13 : δ[TMS(l)] = (−0.9685)σcalc + 173.70 

𝑁15 : δ[NH3(l)] = (−0.9996)σcalc + 230.45 

In addition to the values of A and B, root-mean-square errors (also attached to Table 4.2) for every 

type of isotropic shift were acquired after applying best-fit rescaling.56 

Root-mean-square errors were used in the reduced-χ2 analysis, which is widely used in goodness-of-fit 

tests, to evaluate every candidate structure’s matching between the calculated chemical shifts and 

experimentally measured counterparts.58 The formal expression of the reduced χ2 statistic used in the 

experiment is as follows: 

 

xr2 =
1

N − f
δimodel − δi

exp 2

si2
,

N

i=1

 

 

where δimodel and δi
exp represent the calculated and the experimental chemical shifts, respectively, at the 

site I; si denotes the deviation of the site I expressed as root-mean-square, and 𝑠  with different values 

corresponds to different varieties of nuclear species, such as, nitrogen, carbon, and oxygen. 𝑁 − 𝑓 denotes 

the degree of freedom derived from statistics, N represents the count of all compared δimodel points, and 𝑓 is 

Atom A B(ppm) 𝜹𝒊𝒔𝒐 RMSE(ppm) 

𝑵𝟏𝟓 -0.9996 230.45 4.82 

𝑪𝟏𝟑 -0.9685 173.70 1.49 

𝑶𝟏𝟕 -1.0612 265.79 8.25 
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the number of dependent points in δi
exp since δi

exp can be calculated from δimodel. Here, N is 5, which refers 

to the number of chemical shifts measured, and 𝑓 equals to 0 since all δi
exp were acquired from experiments 

independently rather than δimodel. 

4.3 Results and Discussion 

Figure 4.9 ranked all candidate models with their corresponding reduced χ2 values. Among all 

candidate structures, none were found to be below the acceptable threshold between the calculated and 

experimental 13C and 15N chemical shifts (the lowest reduced χ2 =13.08). 

 

 

Figure 4.9 Reduced-χ2 comparing the experimental and first-principles isotropic chemical shifts for  geometry-optimized active-site 
models with varying protonation states. 

The temperature dependence experiments, which were conducted on the solid-state NMR to 

measure the chemical shifts at different temperatures, shows that as the temperature increases from 273K to 

287K and the measured chemical shifts change, a proton shifts away from the phenolic oxygen and toward 

the PSB nitrogen, implying a fast tautomeric equilibrium between these two species. This phenomenon is 

known as the intramolecular hydrogen bond in PLP-dependent enzymes. The two-site model has been 

proposed to interpret the experimental nitrogen chemical shift with the mutual participation of two 
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species.59 Therefore, the two-site exchange model, in which only pairs of structures containing the same 

number of protons were considered and weighted, produces the lowest reduced χ2 value. 

The reduced χ2 for two-site equilibrium model can be written as 

 

xr2 =
1
N

αδi𝓂 + βδi𝓃 − δi
exp 2

si2i

, (4.1) 

 

subject to                              α + β = 1 

0 ≤  α≤ 1 

0 ≤  β≤ 1. 

Here the superscript m and n refer to different candidate structures, so that αδi𝓂 + βδi𝓃 means the weight 

chemical shift at site i between candidate structures 𝓂 and candidate structures 𝓃. 

The minimum value of the reduced χ2 can be determined by adjusting the 𝛼 and 𝛽 since Eq.(4.1) 

is a mathematically constrained convex equation60,61. By applying the CVXOPT quadratic core package62, 

the reduced-χ2 values comparing the experimental and computational isotropic chemical shifts for fast-

exchange mixture models are list in Table 4.3. 

Two models lie within the 95% confidence limit: one that has a reduced χ2 value of 0.798 and 

represents an 86.13%:13.87% equilibrium of the structure with PSB nitrogen (0-0-01) and structure with 

protonated pyridine nitrogen (0-1-00 ), and another with a reduced χ2 value of 1.034 and an equilibrium 

with structure PSB nitrogen (0-0-01) and the structure with protonated phenolic oxygen (0-0-10) at a ratio 

of 78.6%:21.38%. 

 

 

 

Str1 Str2 Reduced-χ2 Ratio of str1 and str2 
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0-0-01 0-1-00 0.798 86.13%:13.87% 

0-0-01 0-0-10 1.034 78.62%:21.38% 

0-0-10 0-1-00 164.029 100.0%: 0.00% 

0-1-01 0-1-10 165.062 76.56%: 23.44% 

Table 4.3 Reduced-χ2 comparing the experimental and first-principles isotropic chemical shifts for the mixture structures. 

Based on variable temperature experiments in solid-state NMR, the substantial chemical shifts in 

Schiff base nitrogen at different temperatures suggested that this site was likely to be involved in the 

chemical exchange. On the other hand, the absence of significant temperature dependence on the PLP 

nitrogen suggests this site was not involved in the chemical exchange. Therefore, the model with 0-0-01 

and 0-1-00 can be ruled out, excluding an equilibrium between 0-0-01 and 0-0-10, which reinforces the 

PSB hypothesis. The experimental and calculated chemical shifts for 0-0-01 and 0-0-10 and their fast-

exchange mixture are shown in Table 2. The major species corresponds to the PSB nitrogen (0-0-01), 

which is ranked as the best single configuration, and the minor species, 0-0-10, represents the transfer of a 

proton from the PSB nitrogen to the phenolic oxygen, hereafter referred to as the PSB tautomer. 

Position Exp Calculated 0-0-01 Calculated 0-0-10 Two-site mixture 

Lys 87N 202.3 168.5 316.8 200.3 

Pyridine N 294.7 302.1 300.3 301.7 

C3 168.7 169.8 155.1 166.7 

C2 158.0 158.8 150.3 157.0 

C2` 18.9 19.3 18.1 19.0 

Table 4.4 Experimental and calculated chemical Shifts [in ppm Relative to TMS (13C) and NH3(l) (15N)a] for the Fast-cxchange 
equilibrium between two sites. 
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The PSB hypothesis was proposed to boost reactivity toward nucleophiles at the Schiff base 

carbon compared to the neutral imine. 63–65 The results of X-ray crystallography2,, UV/vis spectroscopy, 66,67 

and NMR spectroscopy28 all suggest a protonated Schiff base form. 

Here we revealed that internal aldimine intermediate undergoes fast proton exchange between its 

Schiff base and phenolic form at room temperature, in agreement with the PSB hypothesis, which proposed 

the protonated Schiff base activates the nucleophilic attack at C4' of the pyridine. 

The canonical mechanism for enzymatic PLP-dependent reactions suggests that protonated 

pyridine nitrogen (the canonical/true quinonoid form) in the carbanionic intermediate substantially affects 

posterior reaction specificity for PLP-dependent enzymes: 1) a protonated pyridine nitrogen acts as an 

electron sink to withdraw the locally located charge and promote electrophilic addition at C4', whereas a 

deprotonated pyridine is associated with the reaction at Cα;2,68–71 2) the PSB hypothesis proposes that 

proton transfer from the phenolic oxygen to the Schiff-base nitrogen is promoted by the protonation of the 

PLP nitrogen,72,73 making C4’ the preferred location for the nucleophilic attack during the transamination 

reaction.1 

For TS, our calculation consistent with the experimental result shows that pyridine nitrogen is 

unprotonated, which echoes the next step of carbanionic intermediate, assuming it is maintained during the 

catalytic cycle, in the β- replacement pathway. The possibility of a hydroxyl group being cleft at Cα 

because deprotonated pyridine favors the reaction at the substrate Cα, however, is in disagreement with the 

PSB hypothesis, which proposes the protonation of the PLP nitrogen promotes the protonated Schiff base 

and activates the nucleophilic attack of the pyridine ring at C4’ in the process of forming the external 

aldimine. 

Instead of the protonation of the PLP nitrogen, another mechanism of activation has been 

proposed: the PLP phenolic oxygen can be stabilized by hydrogen-bonding with surrounding water 

molecules.2,20 Regarding the active site of TS, the X-ray crystal structure of the S. typhimurium TS internal 

aldimine 34 indeed shows that the phenolic oxygen participates in a hydrogen-bonding network with two 

observed water molecules, Wat-684 and Wat-602, as indicated in Figure 4.10. 
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Figure 4.10 Schematic of PLP covalently bound to βLys87 in the β-subunit active site of tryptophan synthase. Distances and water 
molecules are from the X-ray crystal structure of the ST typhimurium TS internal aldimine state. 

Our first-principles calculation is consistent with the X-ray crystal structure and found the pyridine 

nitrogen in tryptophan synthase forms a hydrogen bond with the positionally lower Ser377. Our calculation 

confirmed a hydrogen-bonding network with the phenolic oxygen. The distance between the phenolic 

oxygen of PLP and Wat-684 hydrogen is 1.824 Ǻ, and the distance between the oxygen on Water 684 and 

the hydrogen on Water 602 is 2.024Ǻ, which is in agreement with the length of the hydrogen bond. This 

hydrogen-bonding network stabilizes the phenolic oxygen, shifting the proton in the intramolecular OHN 

H-bond from the phenolic oxygen to the aldimine nitrogen, reinforcing the PSB hypothesis. 

4.4 Conclusion 

Application of NMR crystallography, the highly combination of solid-state NMR spectroscopy, X-

ray crystallography, and computational chemistry, to the tryptophan synthase internal aldimine intermediate 

offers internal aldimine structure, protonation states, and chemical dynamics an atomic-resolution 

description that would be impossible to achieve by the individual application of these techniques. With the 

utilization of solid NMR spectroscopy at different temperatures, only one model through the first principles 

calculation of NMR parameters confidently established. This model reveals that the internal aldimine is 

undergoing fast proton exchange between its protonated Schiff base and phenolic tautomeric forms. The 

deprotonated pyridine ring nitrogen and hydrogen-bonding network to stabilize phenolic oxygen are 

consistent both with the PSB hypothesis for PLP activation and the role of tryptophan synthase as a β 
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elimination/replacement catalyst. These findings support the hypothesis that reaction specificity in PLP-

dependent enzymes is attributed to the protonation states of ionizable groups on PLP and the reacting 

substrates. Some PLP-dependent enzymes echo the stabilization of a canonical quinonoid form to maintain 

this specificity. These results also prove that NMR crystallography play a decisive role in characterizing 

chemical structure within enzyme active sites, and its ability. 
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Chapter 5. Proton Dynamics in the Internal Aldimine State of Tryptophan Synthase via NMR 

Crystallography and DNP 

 

5.1 Introduction 

Pyridoxal-5′-phosphate(PLP) acting as the bioactive form of vitamin B6 is a magnet in 

the nitrogen metabolism of all organisms.1 Currently, PLP-dependent enzymes, in which PLP serves as the 

cofactor, have been identified that it catalyzes over 140 distinct activities and found in all free-living 

organisms.2,3 PLP-dependent enzymes contains serval protonatable groups: the heteroaromatic pyridine 

ring, imine group, the hydroxyl group, and a phosphate group (PLP; Figure 5.1), resulting in different 

tautomeric forms. One of them comes from the tautomerization between the ketoenamine and enolimine 

(Figure 5.2) where an intramolecular proton transfer between the imine nitrogen and phenolic oxygen in the 

active site of the enzymes.  Through pyridine ring along with surrounding active site pocket, the dominant 

tautomer varies,4  and it is proved to play a large role that affects the reactivity of the PLP Schiff base in 

different reactions. 5–8 

 

Figure 5.1 Pyridoxal-5′-phosphate. 

In some PLP-dependent enzymes such as aspartate aminotransferase (AAT), the protonated Schiff 

base (PSB) nitrogen, a kind of the ketoenamine, has been demonstrated to boost the enzymatic activity by 

virtue of forming a reactive intermediate. This intermediate is much more sensitive than the neutral imine 
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for the nucleophilic attack.9 On the other hand, electrostatic interactions involving side residues or water 

may favor the equilibrium shift toward the enolimine side as the case in l‐dopa decarboxylase.10 

Furthermore, NMR also shows a extrinsic factor-temperature, has a huge impact on the tautomeric 

equilibrium of the Schiff base. 11,12 

 

Figure 5.2 Tautomerization between ketoenamine and enolimine. 

The tryptophan synthase (TS) is the fold type II PLP-dependent enzyme where -hydroxyl group 

of L-serine is eliminated and replaced with indole to produce tryptophan.13–15 At the start of the catalytic 

cycle of the TS reaction, as at the initial state of the AAT reaction, PSB is also proposed to be present to 

assist the reaction going to the next step. Besides, the protonation profiles especially the phenolic oxygen 

and the pyridine nitrogen in TS in particular are identified to be essential in establishing the specificity of 

the reaction.4,16,17 Previously, we reported the NMR chemical shift of the Schiff base nitrogen by 

conducting solid-state 15N NMR, supporting the PSB hypothesis for the internal aldimine state of TS 

(Figure 5.3 ).18  This was the first direct observation of the PSB via the 15N NMR chemical shifts. 
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Figure 5.3 Internal aldimine in tryptophan synthase. 

Nevertheless, solid-state NMR suffers from low sensitivity due to low polarization and slow 

polarization recovery times. Thus, in the past two decades, dynamic nuclear polarization (DNP), which 

transfers spin polarization from electrons to nuclei, has been widely utilized to improve the sensitivity of 

magic angle spinning (MAS) experiments at moderate fields (B0 < 9.4 T) and temperatures (T > 90 K). 19–22  

Though its signal enhancement makes it ideal for the study of many large and complex systems such as 

protein systems,23–25 it also requires very high field conditions, which can be up to B0 = 21T, to provide 

better resolution and sensitivity. This is because in one of DNP mechanisms, cross effect, efficiency of 

DNP is reversely proportional to the external field strength.26,27 One of the effective solutions of this 

problem is lowering the sample temperature because electron-to-nuclear polarization transfer is favored by 

the slower spin relaxation at lower temperatures, and both electron and nuclear spin polarizations at thermal 

equilibrium are larger at lower temperatures.20,28  In addition, conducting MAS NMR on colder samples 

also enable trap some kinetic intermediates and unstable molecules, making the low temperature DNP a 

promising way to study tautomerization. 

Here, we conducted MAS DNP for internal aldimine of tryptophan synthase and showed that the 

15N chemical shift of the SBN is perturbed at low-T, indicating that it also is part of a tautomeric exchange. 

The room T and low T chemical shifts are also confirmed in a first principles analysis. 
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5.2 Experimental Details 

5.2.1 Temperature Dependence of PSB Nitrogen 

Figure 5.4 shows the chemical shifts (blue dots) of PSB nitrogen at the different temperatures. At 

273K, CP-MAS 15N NMR shows a peak at 202 ppm, while at a low temperature, 105K, DNP 15N NMR 

shows a peak around 175 ppm, which represents a huge shift from that of the room temperature. 

 

 

Figure 5.4 15N Lys temperature dependent chemical shifts of the internal aldimine of TS. 

5.2.2 First-Principle Calculations 

To gain a holistic view of the protonation states and dynamics, we used NMR crystallography,  

which has determine the protonation profiles of PLP in the carbanionic intermediate state for TS and 

showed the remarkable results.29 

Protonation profiles of  TS intermediate have been numerously studied involved X-ray diffraction 

30–32, computational studies involved MD simulations33,34, and solid-state NMR35, each of these methods 
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has its advantages and limitations. The NMR crystallography — combining X-ray diffractions, solid-state 

NMR spectroscopies, and the computational chemistry—provides exceptional and holistic insights into 

three-dimensional and big enzyme systems. Mueller has employed it in the TS enzyme catalysis.76 

Symbolic X-ray crystal structures (1.3 to 2.5 Å resolution) of intermediates that binds have shown the 

hydrogen-bond interacts between site residues and the substrate, but fail to legitimately recognize the 

protonation states. NMR supplies direct chemical shifts to certain chosen atoms in enzyme-substrate 

complexes; however, it requires a framework to explain them. Ab initio calculations and molecular 

mechanics are capable of building models of enzymatic processes, but it must use specified frameworks. 

Molecular dynamic simulations can provide an excellent initial guess for molecular' orientations, but they 

cannot determine the protonation states of the cofactor. However, they are combined to supply the structure 

and function of enzyme active sites  models, which are accordant and testable . 36–39 The previous studies of 

NMR crystallography have determined the protonation profiles of PLP in carbanionic intermediate states 

for tryptophan synthase and showed the remarkable results.40,41 

For the internal aldimine, the first principle calculations was performed using cluster models of the 

X-ray crystal structure of the active site for internal aldimine of S. Typhimurium downloaded from PDB 

data bank (PDB ID 4HT3).32 The cluster model was created using PyMol software by truncating the 

crystallographic structure into the 500–600 atom fragments that include the PLP cofactor and the protein 

active site within 7 Å distance from the cofactor. A distance of 7 Å provides the optimum balance between 

cluster size and basis set selection by performing a systematic approach to NMR calculations in proteins. 

Then, to simplify the modeling work and reduce the required computational resources while maintaining 

the radius of 7Å, further modifications were made: (i) Residues excluded from the continuous segment of 

the 7 Å cut and have only one atom within 7 Å were eliminated (β-site residues Val201, Gln205, Ser301, 

His313). (ii) Similarly, residues with two backbone atoms within 7 Å were replaced with alanine (β-site 

residues Arg379). (iii) Hydrogen atoms at the C-termini carbonyl carbons of backbone segments were 

replaced with –NH2 groups to yield amides, while the resulting [NH3] + N-termini of backbone segments 
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were replaced with a hydrogen atom.(iv) Each Cs+ atom was changed to a Na+ atom to carry out the 

posterior computation. The final cluster (Figure 5.5) secured a total of approximately 570 atoms. 

 

 

Figure 5.5 Cluster model of the β-subunit active site for first-principles geometry optimization and chemical shift calculations. 

Besides, multidimensional NMR techniques have emerged to play a critical role for research of the 

structures and dynamics of proteins recently. Rasmus’s group performed a solid-state NMR 5D experiment 

in TS, combined with complementary 4D spectra of high resolution, gaining spectral information content 

for a huge amount of backbone assignments at the absence of long time. The residues within the modeling 

7 Å cut, which includes Ala-85, His-86, Lys-87, Glu-350, Ser-351, Ser-377, were selected as modeling 

active sites as well.  The measured backbone chemical shifts for these residues are shown in Table 5.1. 

 

Residue Amine N Amine C Cα Cβ 

Ala-85 117.6 175.3 49.13 21.02 

His-86 117.1 173.9 56.0 29.1 

Lys-87 118.6 174.7 57.66 31.73 

Glu-350 123.5 177.2 59.26 27.22 

Ser-351 113.6 175.6 57.76 60.66 

Ser-377 116.1 169.9 60.53 60.09 

Table 5.1 Reported chemical shifts for backbone atoms of selected residues. 
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Furthermore, His-86 has a highly polar functional group imidazole. Though a planar 5-membered 

ring, it is classified as aromatic due to the 6-𝜋 electrons plane and exists as a tautomer. Some resonance 

structures of it are shown below: 

 

 

 

Based on the tautomerization of imidazole, Mueser has studied an extended hydrogen bond 

network in ATT, which is coupled to the pyridinyl nitrogen of the PLP.43  It showed this network, which 

contains residues Thr-139, His-189, His-143, Asp-222, and structural waters, has a direct impact to the 

pyridine nitrogen’s protonation state, therefore affecting the rates of catalysis. By comparing the internal 

aldimine and the external aldimine, the researchers proposed the Grotthüss proton hopping mechanism, in 

which His-189 is neutral in the internal aldimine but becomes protonated in the external aldimine, is 

hypothesized to be the spot for a proton shift through the water channel. Given that sigma bonds are 

defined as having their electron density along the bond axis, rotating the His-86 along the bond between 

His-86 C  and His-86 C  doesn’t break the bond and makes the flip His-86 possible. Therefore, we also 

incorporated the chemical shifts of His-86 to model three forms of His-86 (Figure 5.6) as well as three 

responding flip forms. 6 structures of His-86, including 𝜏, flip 𝜏,  𝜋, flip 𝜋, cationic and flip cationic, are 

shown in Figure 5.7. 

 

 

 

Figure 5.6 Three forms of histidine: (a)τ tautomer, (b)π tautomer, and (c)cationic histidine. 

𝜏 Cationic 𝜋 
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A         𝜏                            𝜏-F 

 

B    𝜋     𝜋-F 

 

C   Cat      Cat-F 

Figure 5.7 Six modeling forms of histidine: (A)τ tautomer and flip τ tautomer, (B)π and flip π , and (C)cationic and flip cationic. 
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Then, all models were then subjected to geometry optimization via a hybrid density-functional 

theory (DFT) approach: B3LYP (Refer to the section 2.7 for the theoretical foundation). Basis sets were 

selected using a two-tier method: PLP/substrate complex was paired with locally dense basis set 6-

31G(d,p), while the remaining atoms were paired with 6-31G. Atoms within 4 Å, as well as all hydrogen 

atoms in the cluster, were allowed to move, whereas the rest were fixed at coordinates provided by the 

crystallography experiments. Between the geometry optimizations, a restriction that adjustable atoms were 

allowed to move on the order of 0.2 Å, at a maximum, and less than 0.1 Å RMSD from the initial 

coordinates was imposed. 

All optimized structures were observed for the presence of local minimums and possibilities for 

alternative orientations of hydrogens. The optimization results were compared to the results of the MD 

simulations, and the next hydrogen atoms were manually rotated into a new orientation. 

Following the optimization, the NMR shielding calculation was carried out on the ground of the gauge-

independent atomic orbital (GIAO) method at the DFT level, which is implemented in the Gaussian-09 

program. The DFT calculation utilized the B3LYP hybrid functional but, compared with the two-layer 

basis set in the geometry optimization, with a more accurate three-layer basis set 44: The high layer, 

including the PLP/substrate complex and residues whose backbone atoms have chemical shift assignments, 

was assigned the 6-311+G(2d,p) basis set; the medium layer, comprised of any remaining atom within 4 Å 

of the center of the high layer, was assigned the 6-311G(d,p) basis set, and all remaining atoms composed 

of the low layer were given the 6-31G basis set. 45 

The output generated from GIAO calculations offered every atom an absolute magnetic shielding 

value, yet experimental NMR measurements provide the isotropic chemical shift, 𝛿  which is a relative 

value with the referenced material like the adamantane. In order to compare experimental and calculated 

results, a map from absolute shielding values to referenced chemical shifts had been produced. It was 

uniquely determined by the theoretical model and basis sets, which had been performed by Hartman et al 

on a variety of test sets of crystal structures. The conversion is proved to be a linear rescale between 

isotropic chemical shift and the absolute magnetic shielding: 

𝛿 = 𝐴𝜎 + 𝐵 
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where A and B are two parameters determined from the best fit of all data points42,46, and are shown on 

Table 5.2 for 13C, 15N, and 17O 

Atom A B(ppm) 𝜹𝒊𝒔𝒐 RMSE(ppm) 

15N -0.9996 230.45 4.82 

3C -0.9685 173.70 1.49 

17O -1.0612 265.79 8.25 

Table 5.2 Parameters values for linear rescale between isotropic chemical shift and the absolute magnetic shielding. 

NMR shielding (σ) values of the atoms which are at the three ionizable sites(βLys87 Nε, the 

pyridine nitrogen and the phenolic oxygen) were converted to chemical shifts (δ) using the following linear 

rescaling relationships with parameters shown above: 45,47 

13C: δ[TMS(l)] = (−0.9685)σcalc + 173.70 

15N: δ[NH3(l)] = (−0.9996)σcalc + 230.45 

In addition to the values of A and B, root-mean-square errors( also attached to Table 5.2) for every 

type of isotropic shift is also acquired after applying best-fit rescaling. 45 

Root-mean-square errors were used in reduced χ2 analysis, which is widely used in goodness-of-fit testing, 

to evaluate every candidate structure’s matching between the calculated chemical shifts and experimentally 

measured ones.47  The formal expression of reduced χ2 statistic used in the experiment is: 

 

xr2 =
1

N − f
δimodel − δi

exp 2

si2

N

i=1

 

 

Where δimodel and δi
exp represents the chemical shifts of the calculated and the experimental at site I 

respectively, 𝑠  denotes the deviation at the site I expressed as root-mean-square. si with the different value 

corresponds to different varieties of nuclear species, such as, nitrogen, carbon, and oxygen. 𝑁 − f denotes 

the degree of freedom derived from statistics, N represents the count of all compared δimodel points, and f is 
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the number of dependent points in δi
exp  since δi

exp may be calculated from δimodel. Here, N is 29, which 

refers to the number of chemical shifts measured, and f  equal to 0 since all δi
exp were acquired from 

experiments rather than δimodel. 

5.3 Results and Discussion 

Theoretical chemical shift calculations of 18 modeling structures, each of which has 29 positions, 

are shown in Table 5.3; χ2 of each single structure is also shown in the last row of the table.  
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Atom 
A0001_

Tau_F 

A0001_

Tau 

A0001_

Cat_F 

A0001_

Cat 

A0001_

Pi_F 

A0001_

Pi 

A0010_

Tau_F 

A0010_

Tau 

A0010

_Cat 

A0010_

Cat_F 

A0010_

Pi_F 

A0010_

Pi 

A0100_

Tau 

A0100_

Tau_F 

A0100_

Pi 

A0100_

Cat_F 

A0100_

Cat 

A0100_

Pi_F 

His86 N 
125.055

4 

127.21

02 

120.04

95 

118.03

35 

124.48

72 

121.54

75 

125.053

7 

127.20

18 

118.08

31 

120.10

23 

124.42

95 

121.62

49 

126.82

2 

125.175

6 

120.94

42 

120.69

1 

118.84

35 

123.77

1 

Lys 87 N 
116.717

3 

116.21

94 

119.78

43 

119.31

74 

118.75

31 

118.14

05 

116.915

1 

116.56

37 

119.59

54 

119.86

73 

118.96

36 

118.07

49 

117.03

57 

116.592

4 

117.86

91 

122.53

18 

120.37

21 

118.16

32 

Glu350 N 
122.835

3 

123.21

02 

125.68

78 

124.79

5 

123.02

17 

122.78

73 

122.563

8 

122.96

37 

124.32

82 

125.02

94 

122.87

19 

122.63

55 

127.50

48 

127.572

6 

127.44

07 

126.10

16 

125.92

87 

130.02

37 

Ser351 N 
110.068

3 

110.51

65 

107.07

95 

107.46

36 

110.18

64 

110.05

16 

109.767

8 

110.43

45 

107.40

97 

107.38

91 

110.15

75 

110.07

05 

109.12

6 

109.054

6 

109.65

36 

109.00

52 

109.23

79 

108.72

7 

Ser377 N 
116.891

5 

117.49

31 

118.28

52 

117.41

36 

117.69

18 

117.38

29 

116.238

6 

117.25

39 

117.22

65 

117.96

54 

117.54

22 

117.24

75 

115.55

06 

115.891

6 

117.01

52 

116.85

17 

116.73

46 

119.90

53 

SN 
169.096

6 

166.81

7 

172.72

64 

172.84

22 

166.58

13 

168.64

37 

319.672

9 

319.29

59 

323.55

46 

324.85

8 

314.98

11 

317.46

08 

376.91

49 

381.567

2 

395.41

05 

347.34

15 

367.82

66 

384.31

05 

PN 
304.396

6 

304.43

76 

305.98

36 

304.19

17 

300.70

44 

301.87

72 

301.714

2 

302.66

31 

302.48

99 

304.82

91 

297.01

2 

299.98

26 

189.31

98 

189.157

9 

187.99

29 

191.91

68 

189.53

03 

186.45

71 

C3 
170.488

3 

169.88

88 

169.91

48 

170.64

85 

170.44

29 

170.73

85 

155.376

9 

154.80

06 

156.46

54 

155.08

54 

155.38

43 

155.97

7 

163.27

37 
163.616 

164.86

37 

165.35

92 

165.54

23 

164.40

7 

C2 
158.282

3 

158.00

98 

157.77

96 

158.23

83 

155.99

66 

158.36

93 

149.336

9 

149.26

23 

149.84

68 

148.76

86 

146.94

72 

149.45

35 

152.00

13 

152.596

2 

149.88

53 

147.71

99 

147.30

26 

146.27

65 

C2' 19.2556 
19.303

1 

19.199

1 

19.062

2 

19.206

3 

19.208

5 
18.132 

18.249

1 
17.735 

17.924

9 

18.057

5 

17.951

4 

17.694

7 
17.7421 

17.807

1 

16.370

5 

16.707

7 

18.023

7 

Ala85 

carbonyl 

177.873

4 

177.74

64 

179.89

21 

179.83

06 

178.33

37 

178.29

93 

177.736

4 

177.62

4 

179.64

99 

179.76

36 

178.22

17 

178.15

32 

177.30

44 

177.251

3 

178.14

4 

179.47

51 

179.17

7 

177.50

63 

Ala85 

alpha 
51.1397 

51.012

2 

51.101

7 

51.540

3 

51.547

2 

51.555

9 
51.1035 

51.024

8 

51.492

5 

51.013

3 

51.585

4 

51.547

9 
51.284 51.0752 

51.552

1 
51.106 

51.174

9 

51.609

1 

Ala85 

beta 
22.0843 

21.394

1 

22.984

5 

22.712

4 

21.788

9 
21.959 21.8438 

21.107

1 

22.386

7 

22.815

4 

21.457

1 

21.683

6 
21.629 23.1047 

23.365

5 

23.812

7 

23.278

3 

23.251

4 

His86 

carbonyl 

172.241

9 

174.00

17 

171.46

03 

170.06

58 

173.35

05 

173.00

58 

172.205

7 

173.97

27 

169.89

88 

171.31

25 

173.30

11 
173.03 

173.32

1 

171.332

4 

173.12

04 

170.49

85 

168.93

51 

173.59

82 

His86 

alpha 
57.2913 

58.487

5 

55.710

8 

56.589

8 

57.294

5 

58.543

6 
57.3304 58.544 

56.667

5 

55.820

1 

57.343

7 

58.587

8 

58.901

1 
57.9038 

58.769

2 

56.692

8 

56.946

6 
57.459 

His86 

beta 
30.1375 

27.452

3 

25.799

9 

25.669

3 

25.367

1 

25.133

8 
30.1226 

27.418

4 

25.735

4 

25.963

8 

25.253

6 

25.105

7 

27.227

9 
30.2295 

25.059

6 

26.585

4 

25.601

2 

25.112

7 

His 86 

Gamma 
135.994 

135.19

54 

128.31

15 

130.90

62 

122.96

74 

123.34

22 

136.042

9 

135.12

01 

130.86

72 

128.49

68 

122.89

45 

123.25

55 

134.69

45 

134.617

8 

122.47

64 

127.70

42 

129.98

93 

122.13

38 

His86 

delta 

112.406

8 

116.09

14 

117.19

7 

121.20

68 

127.07

38 

130.07

89 

112.248

1 

116.11

41 

121.32

17 

117.36

66 

127.03

6 

130.22

92 

116.22

47 

112.222

2 

130.29

58 

114.48

48 

121.41

79 

126.46

79 
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Lys87 

alpha 
57.1526 

57.323

1 
58.144 

57.859

4 

57.813

1 
57.334 57.2074 

57.325

1 

57.866

7 

58.127

2 

57.802

1 

57.382

7 

57.611

1 
57.4099 

57.678

4 

57.676

7 

57.687

8 

58.158

8 

Lys87 

beta 
35.0094 

34.552

9 

32.859

9 

33.216

9 
33.697 

34.581

2 
35.4805 

35.158

7 

33.774

2 

33.475

2 

34.219

7 

35.157

5 

34.260

8 
35.0833 35.615 

31.606

9 

33.883

5 

34.603

2 

Glu350 

carbonyl 
173.124 

172.58

01 

173.37

42 

173.69

44 

173.03

27 

173.25

75 

173.286

1 

172.64

68 

173.74

21 

173.49

03 

173.09

96 

173.23

43 

171.76

83 

171.770

5 

171.54

62 

171.52

59 

171.55

14 

171.63

07 

Glu350 

alpha 
57.6053 

57.561

3 

57.305

1 

57.362

7 

57.620

9 

57.601

6 
57.5826 57.59 

57.457

2 

57.292

6 
57.61 

57.576

6 

58.102

3 
58.1942 57.702 

58.070

5 

57.848

7 

58.213

3 

Glu350 

beta 
28.6075 

28.564

6 

28.884

9 

29.493

2 

28.862

2 

29.127

7 
29.1576 

29.064

4 

30.167

8 

29.598

3 
29.405 

29.638

8 

29.647

3 
29.6934 

29.747

2 

29.601

7 

29.884

7 

29.278

9 

Ser351 

carbonyl 

174.095

5 

174.14

8 

173.52

49 

173.55

62 

174.25

92 

174.19

57 

173.769

6 

174.11

18 

173.37

05 

173.52

32 

174.23

29 

174.15

93 

175.31

92 

175.113

4 

174.89

45 

175.30

19 

175.36

66 

173.12

42 

Ser351 

alpha 
57.4168 

57.456

9 

57.412

6 
57.274 57.214 

57.016

3 
57.6354 

57.416

9 

57.081

6 

57.386

2 

57.174

5 

57.001

4 

57.636

6 
57.3226 

57.284

5 

57.706

3 

57.893

9 

56.164

8 

Ser351 

beta 
60.771 

60.976

2 

61.395

5 

61.178

5 

60.830

9 

60.609

4 
60.6623 

60.948

2 

61.045

8 

61.323

8 

60.835

1 

60.616

2 

61.118

2 
60.9641 

60.916

6 

60.814

6 

60.683

1 

61.160

8 

Ser377 

carbonyl 

171.961

3 

171.62

87 

173.67

23 

175.50

03 

171.97

59 

173.65

95 

171.929

5 

171.68

47 

175.54

64 

173.74

89 

172.08

72 

173.71

08 

170.16

43 

170.527

2 

171.64

47 

170.97

04 

172.70

95 

170.41

25 

Ser377 

alpha 
60.4807 

60.080

7 
60.725 

60.250

7 

60.798

2 

60.779

1 
60.2591 

59.995

4 
60.082 

60.505

1 

60.687

5 

60.709

2 

59.640

7 
60.2493 

60.696

7 

60.659

8 

60.209

4 

57.513

2 

Ser377 

beta 
56.2418 56.1 

56.421

1 
56.434 

55.986

6 

56.869

6 
56.3369 

56.235

3 

56.666

4 

56.636

3 

56.096

5 

57.013

4 

59.223

8 
59.5791 

60.113

4 

59.859

2 

59.777

9 

61.652

4 

*******                   

chi 
3.54401

6786 

4.0151

88699 

4.6881

0583 

5.1993

57708 

9.3597

93138 

10.468

42662 

30.9779

7458 

31.307

30838 

34.296

1885 

35.125

66551 

35.162

48694 

36.775

17498 

79.999

11398 

82.9471

2118 

100.83

00766 

63.372

52483 

77.049

40861 

93.321

59043 

Table 5.3 Calculated isotropic chemical shifts, δiso, in parts per million, ppm, ranked by reduced χ2 value for all 18 candidates. 
structures. 
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Figure 5.8 ranked all candidate models with their corresponding reduced χ2 values. Among all candidate 

structures, none were found to be below the acceptable threshold between the calculated and 

experimental 13C and 15N chemical shifts (lowest reduced χ2 = 3.5). 

 

 

 

Figure 5.8 Reduced-χ2 comparing the experimental and first-principles isotropic chemical shifts for 18 geometry-optimized active-site 
models with varying protonation states. 

The temperature dependence experiments, which was conducted on the solid-state NMR to 

measure the chemical shifts at different temperatures, shows that, as the temperature changing from 273K 

to 287K, the measured chemical shifts indicates the a proton is hopping away from the phenolic oxygen 

and toward the PSB nitrogen, implying a fast tautomeric equilibrium between these two species. This 

phenomenon has been extensively known as the intramolecular hydrogen bond in PLP dependent enzymes. 

To interpret how this case works, a two-site model has been suggested to interpret the experimental 

nitrogen chemical shift with the mutual participation of two species. 48 Therefore, the two-site exchange 
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models, in which only pairs of structures containing the same number of protons and the same histidine 

form, were considered and weighted to give the lowest reduced χ2 value (Table 5.4). 

 

χ2 Str1 Str2 Ratio 

1.25747664 A0001_Tau_F A0100_Tau_F ('0.8590', '0.1410') 

1.40149648 A0001_Tau_F A0010_Tau_F ('0.7915', '0.2085') 

1.4643815 A0001_Tau A0100_Tau ('0.8498', '0.1502') 

1.6579132 A0001_Tau A0010_Tau ('0.7840', '0.2160') 

2.62996517 A0001_Cat_F A0100_Cat_F ('0.8503', '0.1497') 

2.907432 A0001_Cat_F A0010_Cat_F ('0.8182', '0.1818') 

3.20658154 A0001_Cat A0100_Cat ('0.8657', '0.1343') 

3.33018346 A0001_Cat A0010_Cat ('0.8124', '0.1876') 

6.70460714 A0001_Pi_F A0010_Pi_F ('0.7813', '0.2187') 

6.71614366 A0001_Pi_F A0100_Pi_F ('0.8627', '0.1373') 

7.83664156 A0001_Pi A0010_Pi ('0.7866', '0.2134') 

7.85944473 A0001_Pi A0100_Pi ('0.8699', '0.1301') 

28.9794238 A0010_Tau_F A0100_Tau_F ('1.0000', '0.0000') 

29.2875005 A0010_Tau A0100_Tau ('1.0000', '0.0000') 

32.083752 A0010_Cat A0100_Cat ('1.0000', '0.0000') 

32.8599109 A0010_Cat_F A0100_Cat_F ('0.9996', '0.0004') 

32.8940383 A0010_Pi_F A0100_Pi_F ('1.0000', '0.0000') 

34.402786 A0010_Pi A0100_Pi ('1.0000', '0.0000') 

Table 5.4 Reduced-χ2 comparing the experimental and first-principles isotropic chemical shifts for fast-exchange equilibrium models. 

Based on variable temperature experiments in solid NMR, a substantial chemical shift for Schiff-

base nitrogen at different temperatures suggests that this site is likely to involve in chemical exchange. On 
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the other hand, the absence of significant temperature dependence on pyridine nitrogen suggests this site is 

not involved in the chemical exchange. Therefore, the model with 0-0-01 and 0-1-00 can be ruled out, 

leaving out the equilibriums between 0-0-01 and 0-0-10, which echoes the PSB hypothesis. The two best-

fits, both are 0-0-01 and 0-0-10 equilibriums but with 𝜏 form and flip 𝜏 form of His-86 separately, are 

shown in Table 5.4. The major species is the PSB nitrogen (0-0-01), which was also shown as the best 

single modeling form with the least chi-square value, and the minor species, 0-0-10, indicates the 

possibility of a transfer of a proton from the PSB nitrogen to the phenolic oxygen. Incapability to rule out 

neither form of 𝜏 form nor flip 𝜏 form indicates there may exist the combination of these two forms of His-

86 in the equilibrium of 0-0-01 and 0-0-10. 

The PSB hypothesis was proposed to boost reactivity toward nucleophiles at the Schiff base 

carbon compared with the neutral  49–51 X-ray crystallography52, UV/vis spectroscopy 53,54  and  NMR 

spectroscopy35 suggest a PSB form. Here the consistence between MAS-DNP in lower temperature and first 

principle calculation revealed that internal aldimine tautomer equilibrium is almost completely dominated 

by PSB tautomer in the lower temperature(105k) and undergoing fast proton exchange between its Schiff 

base and phenolic form in the room temperature(273K), agreeing with the PSB hypothesis which proposed 

the PSB activates the nucleophilic attack at C4` of the pyridine. 

The PLP catalyzes a broad variety of amino acid transformations, such as, α/β/γ 

elimination/replacement, racemization, transamination, and decarboxylation.55,56 

The first and common step in PLP-catalyzed reactions is the formation of an internal aldimine 

intermediate in which aldehyde group of PLP forms imine group with lysine residue. In the next step, the 

substrate makes a nucleophilic attack at C4`, replacing lysine residue and forming imine between PLP and 

substrate amino group (external aldimine).After the external aldimine is formed, the deprotonation which is 

commonly carried out by the ε-amino group, resulting in the formation of a carbanionic intermediate. 57,58 

The carbanionic intermediate can undertake several different subsequent reactions, leading to different 

reaction paths among different fold types of PLP-dependent enzymes. 59,60 Between two tautomeric form, 

factors that PSB is favored than protonated phenolic oxygen, can depend upon the substitutable groups on 

the Schiff base nitrogen, solute−solvent interactions, the protonation states of the pyridine nitrogen.61–63 In 
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AAT, which is the representative of fold-type I PLP-dependent enzymes, X-ray crystallography and 15N 

solid-state NMR both conformed Schiff base nitrogen is protonated and postulated that the protonated 

pyridine nitrogen acts as a prerequisite for catalytic activity. On the contrary, Alanine Racemase, one of the 

representatives of fold type III PLP-dependent, behaves in a very different way. Further work proposed that 

the PSB acts as the catalytically reactive tautomer without protonation of the pyridine nitrogen, and it is 

possible to shift protonation to the Schiff base form even if the phenolic oxygen is stabilized by hydrogen 

bonds with the second aspartic acid or waters. With the techniques we developed here, a variety of PLP-

dependent enzymes for other fold types with different routes are able to be studied. 
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Chapter 6. Concluding Remarks 

 

In this dissertation, the application of NMR-Crystallography techniques – the synergistic combination of X-

ray crystallography, NMR spectroscopy, and Ab initio computational approach– to enzymatic systems has 

been deeply explored. It provides tryptophan synthase exceptionally definite and chemically-detailed 

structures of the chemical active sites by focusing on the Internal aldimine intermediates of tryptophan 

synthase along the pyridoxal-5'-phosphate catalyzed reaction pathway. 

In the solid-state NMR experiment, dynamic nuclear polarization assists to enhance sensitivity, building 

models for histidine-86 tautomers and proving dynamics of TS, the multidimensional NMR techniques 

have been performed in TS, gaining spectral information content for a huge amount of backbone 

assignments at the absence of long time. 

Ab initio calculations has been mainly used throughout the research. This is addressed in particular by the 

ketoenamine and enolimine tautomerization, in which a proton transfer points to the importance of 

protonation/deprotonation at ionizable sites on the coenzyme, substrates, and side residues to activate key 

steps in the catalytic process. 

 

 

 




