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RESONANCE PRODUCTION IN THE REACTION 7rD -+ PPirrr 

FROM 1.1 TO 2.3 GEV/C 

Robert J. Manning 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

September 1969 

I. RESONANCE PRODUCTION IN THE REACTION lr+D PP7r7T 

FROM 1.1 '10 2.3 0EV/C 

ABSTRACT 

In an analysis of 229 000 pictures of 7r at incident momenta of 

1.1 to 2.3 Gev/c in the deuterium-filled 72-inch bubble chamber, we 

have identified  41 0 5 examples of the reaction ir
+ 
 - D PPIr 

+ - ir. . 	We 

attempted a phase shift analysis on the angular distribution moments 

of off-mass-shell 'IT - 'IT scattering for low momentum transfer events 

(production angle cosine from beam to outgoing mesons > 0.8). This 

resulted in four distinct solutions for the I = 0, J = 0 'IT - 'IT scat-

tering phase shift. The solution which rises slowly to nearly 900  at 

a 'IT - fl mass of 700 Mev and remains near 900 for 'iT - ir masses between 

700 and 1000 Mev is preferred over the other solutions by comparison 

nth the subtracted 1T0'IT°  mass spectrum reported in Part II. 

At values of center-of-mass energy> 2.1 0ev we find forward 

peaking in the single meson exchange forbidden reaction IT+N -~ 

++ 
(l238)ir . In the same reaction we also observe backward peaking 

inconsistent with simple J = 1/2.baryon exchange in the u-channel. 
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A. Experiment 

In the sunimer and early fall of 1966, the Alvarez 72-inch bubble 

chamber filled with deuterium was exposed to a separated Tr+ beam at 

the Bevatron at a variety of incident momenta ranging from 1.1 to 2.3 

0ev/c. This exposure resulted in a total of 229 000 pictured. The 

purpose of this experiment was to explore the production, and decay 

properties of neutralmesons which decay into pions. The choice of 

d.euteriuni over hydrogen is dictated by the need for a neutron target, 

since in reactions of the type lr+D - PPX ° , the neutral system X °  can 

have a neutral particle as a decay product and still be analyzed in a 

bubble chamber. 

Each roll of film was scanned 1  once in order to find events 

belonging to topologies of interest. Selected rolls throughout the 

momentum range were scanned a second time in order to gain information 

concerning scanning efficiencies for these topologies. In this report 

we are interested in the following topologies: 

(i) Four-prongs with three positve and one negative outgoing 

tracks, and 

(2) Three-prongs with two positive and one negative.outgoing 

tracks (corresponding to events where the spectator proton 

is too slow to be seen in the bubble chamber). 

Scanning efficiencies for both these topologies averaged (over all 

rolls) 96%.2 Events with topologies of interest were measured on the 

Spiral Reader, 3  the main advantages of which are (i) a flieasurenent 

speed increase over earlier-developed machines by a factor of ten due 

more complete automation of the measuring process, and (2) automatic 
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inclusion of track bubble density (ionization) information for each 

track of an event. After measurement the events were processed by the 

following series of computer programs: (1) Pooh 5  -- a filter program 

necessary to process Spiral Reader output (2) Panal 5  -- a.measurement 

editor program, and (3) Sioux -- which performs the successive func-

tions of track reconstruction 6  and fitting to different reaction 

hypotheses. 7  All the Computer processingin this experiment was done 	 H 
by the Control Data Corporation 6600 computers. 

Events which, at this stage of the processing, had failed one of 

the above listed steps or which failed to achieve a fit to an acceptable 

reaction hypothesis were remeasured and fed through the system the 

second time Throughout this processing the program Lyric was used 

• to perform the necessary bookkeeping (library) functions. It was alsO 

used at this stage to determine measuring efficiencies, i.e., to calcu-

late the fraction of events measured by the Spiral Reader which achieved. 

one or more fits to reaction hypotheses Measurement efficiencies for 

the Tour-prong topology averaged (over the momentum range) 80%, and 

for the three-prong sample averaged slightly higher - 84%. The final 

sample resulted in 147 211 events with the three- or four-prong topo-

logy described above (only four-prongs were measured at two momenta, 

1.7 and 1.9 Gev/c; both three- and four-prongs were measured at all 

other momenta). 

Different reaction hypotheses for events in the final sample were 

separated on the simultaneous basis of kinematical chi-scjuare and bubble 	• 

density information. 9 ' 10  Reaction hypotheses are ranked in order of,  

their "badness t ' ( a function of the kinematical chi-square, the number 
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of kinematical constraints, bubble density chi-square, 1  and the number 

of bubble density constraints), and all relevant information for the 

• "least bad" reaction hypothesis is written onto a ' t stJIvlX" tape (which 

later is read by the various physics analysis programs). This separa-

tion resulted in a final sample of 41 05 events of the trpe 

- PP 7+7r_. 	Based on a direct examination of a subsample of these 

events we conclude that the sample is less than i% contaminated with 

events in which one (or both) protons were in reality misidentified 

We assume that the sample is unambiguous with respect to events 

in which one or more neutral particles are present in the final state 

due to the much larger number of kinematic constraints involved in the 

fit to our reaction hypothesis (4 constraints as compared with 1 or 0 

constraints in the cases of one or more missing neutral particles 

respectively). In Fig. 1 is plotted the fitted beam momenta of all 

events in our final'sample. 
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B. Methods of Analysis 

1. Deuteron - Spectator PrOtons 

Since we are using the deuteron in this experiment only to gain 

information on scattering with a neutron (neutron = N) as the target, 

i.e., on the •reaction 7r+N -+ P1r+7r we must have some method by which to 

extract relevant information for this process from the overall process 

77D 	•• 	This method, which has been described by Benson, 11 
 is 

called the impulse approximation (or spectator model). This involves 

the assumption that the lower momentum outgoing proton in the labora-

tory remains unaffected in the reaction between the beam 7r and the 

target neutron. This assumption will be true as long as (1) the lower 

momentum outgoing proton laboratory momentum distribution follows the 

distribution predicted by the Gartenhaus wave function of the deuteron, 

i.e., the spectator has the same momentumafter the collision that it 

had while inside the deuteron (Fermi motion), and (2) the angular 

distribution in the laboratory of the lower momentum proton is isotro-

pic. In Fig. 2(a) we plot the lab momentum distribution for lower 

momentum protons for several beam momenta at which all three- and 

four-prongs were measured (1.1, 1.3, 1.5, 2.1 1  2.3 Gev/c). Super- 

posed over this distribution (normalized to the number of events) is 

the Fermi momentum distribution calculated from the Ivloravcsik f our-

parameter approximation of the Gartenhaus wave function of the 

deuteron. 12  As with Benson we observe an excess of lower momentum 

protons over the prediction of the Gartenhaus wave function above 

250 Mev/c momentum. These events cannot be interpreted as spectator 

proton events. In Pig. 2(b) we plot the lab momenta of the higher 



momentum protons for the same sample of events. We notice few protons 

here with lab momentum less than 150  Mev/c. 

In Fig. 3 we plot the laboratory angular distributions (with 

respect to the beam pion) of (a) the lower momentum protons and 

(b) the higher momentum protons. We note a large excess in the f or-

ward direction for lower momentum protons; however, if we select only 

those events with lab momentum less than 250 Mev/c (Fig. 3(c) ), the 

forward-backward asymmetry is considerably reduced. Therefore, we 

expect that with appropriate cuts on laboratory momentum of the slower 
+ 

proton, we can achieve a reasonably good picture of "free" 7T N scatter-

ing. The "non-spectator" events (with high lab momenta, of the slower 

protons and slower proton lab angle peaked forward in the direction of 

the beam) have been speculated to result from rescattering, e.g., from 

the two-step process 

(1) 1T+D - p0 PP (p5  = spectator proton) 

(

' 	0 2) pP5-+p 0  P  

however, actual calculations have not been made. Part of the' forwar- 

backward assyinetry in Fig. 3(a) and (c) is probably diie to flux 

effects. Since the counting rate is proportional to the product of 

the flux and the cross section, and since the .fiix is directly propor-

tional to the relative velocity in the laboratory of the beam and the 

neutron target, the counting rate will be higher for spectator protons. 

traveling in the beam direction (target neutrons traveling opposite 

to the beam direction) assuming a constant cross-section. This will 

result in more lower momentum protons being seen in the forward 
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direction than in the backward direction. 

If events are selected (by lab momentum cuts on the slower proton) 

such that they contain a spectator proton, the major effect of the 

moving off-mass-shell neutron targetis to spread out the center-of-

mass energy distribution for the reaction. The center-of-mass energy 

is calculated from the invariant mass of all the outgoing particles 

except the spectator proton, i.e., 

ECM = 	s+- = 	+ 	+ p ) 2 

where P is the four-momentum of the recoil proton, etc. With a 

selection of events with lower momentum proton less than 300 Mev/c in 

the lab, we plot in Fig. .Li  the ECM distributions from each of our beam 

momenta and the total distribution for all beam momenta. We note the 

distributions for 1.7 and 1.9 Gev/c do not appear as highly peaked as 

f or the other beam momenta, since three-prongs are not measured at 

those two momenta. Because of small spectator momenta (most of the 

events having spectator momentum less than 70 Mev/c in the lab) the 

center-of-mass energy distributions for three-prongs are not as spread 

out as those for four-prongs. 

A minor correction considered in the deuteron problem was the 

reduction in cross section due to screening of one nucleon by the 

other (Glauber screening). 57  It is not known how this reduction 

should be apportioned to the individual reaction cross-sections, 

however, one would ecpect the reduction to be of the same order of 

magnitude as the reduction in the total 7r+D  cross section from the sum 

of the free nucleon total cross sections (rr+P  and i(p). This 
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reduction is on the order of 5% at center-of-mass energies in our 

experiment. 2 Since such a reduction is smaller than the statistical 

errors involved in our cross-section determination, we have not been 

able to measure this effect. 	 - 

Another minor correction considered in the deuteron problem was 

the reduction in cross section at low values of 2 + ( in - 	out) = 

2(D pp) =-(Pv+in - 	out - -out)2 due to Feni statistics 

exclusion of certain angular momentum states between the two outgoing 

(identical) fermions. This problem has been well discussed by Benson 11  

and we simply use his results. For the predominant process found 

occurring in our reaction, namely pion-exchange, Fermi statistics 

lowers the cross-section for 1T+N - PrT by about 3% which (as with 

Glauber screening) is unmeasurable with our statistical cross-section 

errors. However, we have inserted the reduction factor into our 

iT - ir phase shift analysis fits (see Section C) in order to compensate 

for the change in shape of the differential cross section at low values 

of A2 	The reduction factor (for pion-exchange) is 11  

H = (da/d2 )deuterium/ ( da/dL2 )hydrogen 

= 1.0 - H(2)13.0 	, 

where H( 2 ) is the deuteron form factor described by Benson (see his 

Fig. 9(a) and (d) ). 

2. Cross-Section Determination 

Cross-section determinations in this experiment have been based 

on methods described in the excellent memo by Kirz. 2  Here we shall 
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simply sketch the techniques we used in determining relevant cross-

sections for our reaction. 

Since the deuteron is used only to provide a neutron target, what 

we are interested in is the cross section for 7T+  scattering from a 

"free" neutron. However, even if we know the track length at each of 

our 7r+  beam momenta, we do not know the "spreadout" track length 

distribution in each ECM interval, resulting from the Fermi motion of 

the neutron target in the deuteron. We can attempt to áalculate this 

track length distribution, 55  e.g., using the Gartenhaus wave function; 

however, since the deuteron wave function fails to describe features 

of the spectator momentum distribution such as the high momentum tail 

above 250 Mev/c, these calculations are generally unreliable. Also it 

must be remembered that what is measured by using deuterium as a target 

is a "bound" neutron cross section, which differs from "free" neutron 

cross-sections by reductions due to Glauber screening and Fermi sta-

tistics. Therefore, the direct measurement of a "free" neutroh 

cross-section using deuteron collisions is fraught with many diff i- 

culties. 

It should be mentioned here that one expects by charge symmetry 

that the cross-section for collisions between 1T+s and "free" neutrons 
I 

will be very nearly equal to the corresponding cross-section for colli-

sions between 1T's and target protons (in this case 1rP -, N7r+,r_). 

Therefore, if one can find a IiTP reaction (K) whose cross-section o(K) 

is known for values of ECM in the experiment, one can calculate the 

cross-section for any 1T+ - "free" neutron reaction (H) in any ECM 
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interval in the experiment as 

a(R) = (N(R)/N(K) ) x o(K) 	, 

where N(R) is the number of events of the reaction whose cross-section 

is to be measured (7r1 - Pw+lr_) and N(K) is the number of events belong-

ing to the reaction charge syrim'ietric to the 7rP reaction (K). 	The 

same selection criteria should be used to measure both N(R) and N(K), 

e.g., the cutoff on maximum spectator momentum should be the same for 

both classes of events. Two points must be remembered concerning this 

method of "free" neutron cross section determination: (i) the events 

N(R) and N(K) should belong to reactions with similarly shaped spec-

tator momentum distributions, otherwise the ratio N(R)/N(K) may vary 

with different spectator momentum cuts, and (2) ifthe events N(R) and 

N(K) belong to different topologies, it is necessary to correct the 

ratio N(R)/N(K) for possible differences in scanning and measuring 

efficiencies between the two topologies. 

We have chosen the charge-exchange reaction lrP -+ Thr°  as the 

reaction (K) to be used to execute the above-described normalization 

calculation. 13  Cross section (K) and angular distribution data exist 

for all energies covered by our experiment. Events N(K) for the 

reaction 7+D pp .o  (+N 	in the impulse approximation) are '  

available to us from our own data, part of which has been previously 

14 reported. 	Since the events N(K) consist entirely of two-prongs in 

which the spectator proton is observed, we used only events from the 

corresponding topology (four-prongs, spectator proton observed) for 

our sample of events N(R). Also since the two-prong data was scanned 

'I 
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such that only events containing two dark protons (twice minimum ioni-

zation or greater) were recorded, this sample has a rapidly decreasing 

efficiency above values of 	 °Ut) corresponding to the recoil 

proton having momentum greater than 940 Mev/c. Spectator cuts and a 

momentum transfer cutoff (See Appendix A) have been made to maximize 

statistics in the normalization events N(K) while assuring uniform 

efficiency for values of L2 below the cutoff (2 = 0.245 Gev2/c2 ). 

Cross sections 0(K) have been obtained from three reports154611 of 

spark chamber data for the reaction iTP - NIT° . The same spectator 

selections were used for the sample of events N(R) as for normaliza-

tioneven-bs N(K) and cross-sections for 1T+N - P7r7 were calculated 

for 15 ECM intervals in the experiment (taking into account differ-

ences in scanning and measuring efficiencies between the samples N(R) 

and N(K), since they have different topologies). The values of these 

cross-sections calculated by this normalization technique are listed 

in Table I. They are consistent within statistical errors with values 

reported for the cross.-sections of the charge symmetric reaction 	
A 

N 1B . 119 This gives further support to the validity of our 

normalization method and to the consistency of values measured by 

other groups for the cross-sections of the reactions 'irP - N'ir °  and 

irP -> N7r+7r. 

3. Qualitative Features 

In Fig. 5 we present the Dalitz plots for the reaction 

- FTr7r selecting only those events with a spectator proton less 

than 300 Mev/c in the laboratory (impulse approximation). The 
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Table I. 	Cross-sections for 7TN - PiYr by normalization method. 

ECM interval (Mev) Cross section (mb) 

1600-160 13.95 ± 2.85 

160-100 11 .86 ± 2.91 

1700-1730 13.67 ± 2.82 

1730-1760 11 .96  ± 2.78  

1760-1800 10.32 ± 1.59 

1800-1865 9.70 ± 1.13 

1865-1900 6.60 ± 0 .73 

1900-1950 1.59 ± 0.62 

1950-2000 5.90 ± 0.4O 

2000-2050 7.25 ± Q.49 

2050-2100 5.59 ± 0.0 

2100-2150 557 ± o48 

2150-2200 6.24 ± 0i9 

2200-2300 4.18 ± 0.29 

2300-200 3.55 ± 0.38 
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quantities S 	 = (P + 	and S_ = (P +  + PJ 2 ' are plotted 

on the x- and y-axes respectively, at labelled intervals in center-of- 

mass energy EON. A rough picture of the resonances produced in this 

reaction can be obtained by examination of these plots. Below 

EON 1.8 Gev we note the reaction is strongly dominated by L(1238) 

production. The interval 1.8 4 EOM A 2.0 0ev is a transition region 

in which the p° ( 765) 'meson begins to assume the role of the dominant 

production feature and the relative amount of L(1238) production• 

decreases. Above EON 2.0 0ev the production of p° ( 65) dominates 

the reaction, however, there still exists an observable t(1238) 

enhancement up to the highest energy available in the experiment 

(EON = 2.4 0ev). There exists no observable enhancement at any energy 

in this experiment in the Pw mass spectrum. 

The forward-backward asymmetry in the decay of the strongly 

forward produced p° ( 765) meson can be easily seen on these plots above 

EON 1.8 Gev, the dark clustering of events at the right-hand side of 

the p° ( 765) region representing the forward decay of the p°  and the 

weaker clustering of events at the left-hand side of the p °  region 

representing decay in the backward direction. We note that the 

(1238) resonance band overlaps the p °  band in the region of the 

backward decay of the p°  at all values of EON Z 1.8 0ev. Possible 

interference makes difficult the determination of absolute cross 

sections and decay distributions for forward produced L0238). 	 - 

Production characteristics of 	(1238) vents will be examined 

in detail in Section D. However, now it is helpful to examine produc-

tion characteristics of the p° ( 65) in pion-pion Che-Iw plots at 

N 
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various intervals in ECI'4. In Fig. 6 the quantities S+_ and 

+ _out ) are plotted on x- and sr-axes respectively. We 

note that the p° ( 765) events are produced quite strongly in the forward 

direction at all energies above ECM 1.8 Gev, although.small p °  

enhancements are also seen in the backward pion-pion production direc-

tion at all these energies. The p °  events produced at low values of 

2 (production angle èosine (r+1, +_ t ) > 0.8) are analyzed in 

terms of off-mass-shell pion-pion scattering in Section C. The 

smaller p0  enhancements in the backward direction are not analyzed in 

the present work. One group recently has examined similar backward 

i 20 	
i produced p events at '-4 Gev,c 	and found sotropic decay distribu- 

tions consistent with the production mechanism being exchange of 

unpolarized nucleons in the u-channel. 

As a crude estimate of the relative rates of resonance produc-

tion we have made maximum likelihood fits to the data at various 

ECM intervals. 21  These fits assume simultaneous production of p° ( 765) 

and '1238) as p-wave Breit-Wigner shapes in the two particle mass 

spectra plus a phase-space-like background. However, the fits do not 

consider decay distributions of either resonance and neglect possible 

interference between the two resonances. The relative rates of pro-

duction of these two resonances from the maximum likelihood fits are 

listed in Thble II. Fitted values of the masses and widths are con-

sistent (within errors) with values reported by other experiments.8 
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ble II. Relative rates of resonance production. 

ECM interval (Mev) % p° (165) % 	(38) 

1600-670 - - 
3 

160-100 - 67.3 ± 	lli-.l 

1700-1730 - 52.9 ± 	8.6 

1730-1760 - 59.9 ± 	8.0 

.16o-1800 1.3 ± .5 30. ± 	5.3 

1800-1865 34.8 ± 3.6 20.8 ± 	3.6 

1865-1900 49.1 ± 5.6 13.1 ± 	.3 

1900-1950 5.6 ± 3.2 10.7 ± 	2. 

1950-2000 60.8 ± 2.6 5.6 ± 	1.8 

2000-2050 6.7 ± 3.0 5.2 ± 	1.2 

2050-2100 63.5 ± 3.4 3.8 ± 	1.1 

2100-2150 67.5 ± !.Q 4.9 ± 	1.2 

2150-2200 72.0 ± .5 - 

2200-2300 62.4 ± 4.4 - 

2300-200 50.5 ± 6.7 - 

- 	means either that the fit was poor or that the process was not 
considered. 
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C. Pion-Pion Interactions 

1. Introduction 

22 
In Table :1 of Morgan are listed various methods difierint 

authors have applied to analyze the interaction between two pions, one 

of which is applicable to our experiment: nathely, analysis of periph-

eral single-pion production at high energies. From our Fig. 6 we have 

already seen that peripheral single-pion production is the dominant 

feature of the reaction 1T+N -* Plr+lr_ at all energies in our experiment 

above EM 1.8 Gev. The pipn-pion scattering in this reaction can be 

represented by the ., upper vertex of the diagram in Fig. 7 in which an 

oft-mass-shell pi.dn is exchanged in the t-channel. 

GasiorowLcz 23. has discussed features of peripheral single, pion 

production in the reactions 

a) ,7rP - Nirr 

and 	(b) irP - PirT°  

Prominent features include (i) the well-known I = 1, J 1 p  meson 

at 765 Mev 'ir - 'ir mass, (2) the changing sigh of the forward-backward 

decay asymmetry of the p (relative to the incident beam direction in 

the 'iT - 'rr rest frame) at 765 Mev 'ir - 'ir mass in rection (b), and (3) 

the persistent non-vanishing of the forward-b,ckward decay' asymmetry 

of the p0  throughout the p °  region in reaction (a). Feature (2) can 

be accounted for by postulating a small, predoninantly real I = 2, 

J = 0 'iT - ir amplitude (I = 0 is forbiddehfo'a mr"ir°  system), and 

feate (3) can be accounted for by postulating an I 0, J = 0 

7 - 7 amplitude which itself has resonant behavior, 59  becoming purely 
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Fig. 7. Feynnian diagram in which a virtual pion is exchanged 

in the t-channel. 
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imaginary at the mass of the p meson. 

Two different methods of attack have been used to investigate the 

hypothesis of an I = 0, J = 0 resonance near the mass of the p meson: 

(1) various groups have attempted phase shift analyses of reactions 

(a) and (b) in order to determine exactly how the three phase shifts 

61 	 S 5S and 	vary with 7r - ir mass2tU2.5262T and (2) others 1 -  .0' 2' 

have looked at the reaction 7rP -+ Nirir°  (or the charge symmetric 

reaction p0 0)128,29,30 
in which the I = 1, J 	1 	p meson 

background is eliminated, and have attempted to find enhancements in 

the 7r01r0  mass spectrum which might give indication of resonant 

behavior for the I .= 0, J = 0 amplitude. The first attempt to compare 

mass distributions found in method (2) with distributions pre-

dicted by the phase shift analysis solutions of method (i) was done 

by the present authors. -  . . 

2. Phase Shift Analysis Techniques 

We have done a phase shift analysis of the reaction 	- Pirr 

in order to compare our previously reported 7T°170  mass spectrurn with 

predictions based on the solutions found to the 5 S
iT - 1T•phase shift. 

The method described, by lVlalamud and Schlein26 was adopted for the 

phase shift analysis, since it seemed admirably suited to the above 

purpose. Since in a deuterium experiment we do not have the reaction 

charge symmetric to reaction (b) above available for analysis (it is 

not constrained, there being two neutral particles in the final state), 

we have assumed values of 6 based on averaging reported values of 

25,26b,31,32 several authors. 	 Since the method of analysis used has 
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26 
been discussed elsewhere, . only the relevant results will be sketched 

in this work. We use a coordinate system in the final state 7 - 1T 

rest frame with z-axis along the direction. of motion of the 7r - ir 

system (the helicity direction), the y-axis along the normal to the 

, 

production plane in  X 	out' and x-axis along y
, 
 X z. We use the 

expressions given by Schlein26 foi the moments <and cross-sections 

of the 7 - iy scattering angular distribution in order to fit the 

experimental .data: 

-. 2 	—s 2 	s 	-. 2 
N = IAI ,{( !J 	+ IPlI ) + tpo I } + JI {Is! } 

NKY>= ( 2/f) Re(A Ai)lp 	1I • cos(e ,.) 

N<Re( 	= (l/) Re(AS A)I! 	Ip - 

cos(e-+  s,pl-p l  

(Lv) N<Y>=(2/J2ow)IA 2 
	1 2 	'2 	-' 2 

- 	- (Ip1 t 	+ 	1l )} 

1 	 2 	' 
NKRe(Y)) = (sJ3/2ow)IAJ 	c1 	lIP1  - 

cos (e; -. -. - e- -i) ,p1 p_1 	p0 

N <Re (2)> = ([ 7 	p 2 	-i 2 	2 — 2 
201T)JA 	{jp1_ pJ -(lp1 l +lpl )}. 1TW 

where the cross-section for any bin in 1T - 'IT mass (m) and 	on the 
TTF 

- 71 Chew-Low plot is 

(i) de = N drn 
Mr 
U2 (ibarn) 

- 	. —s - 2 --2 . 	-4 2 -b 2 
The uautities si , p1  - pJ , p 	, and (1p1 1 + lp_ 1 1 ) are 
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helicity amplitude quantities defined by Schlein with the units of 

	

barn/Mev - Gev2/c2 . The quantities e 	and 	'. are angles s,po 	s,p1_p 1  

between the subscripted helicity amplitudes and are dimensionless. 

All off-mass-shell corrections of the form ( /q ff )1  q 	and all absorp- 

tion corrections to the simple one-pion-exchange Born helicity ampli-

tudes are in the definition of the above helicity amplitude q.uantities. 

The s- and p-wave 71 - 'iT scattering amplitudes 33  have the forM34  

AS = i/ e0sin 	+ 116 e 2s in  

and 

p 	i1 	P 
A=112e. sin 1  , 

with35  

P2. 	2 	 2 	. 	3 cot l = (m 	- m, 	) • (1+ (qJq) )/2m( (qJq) 

where 

m = mass of the p meson 

= width of the p meson 

Ci 	
=2 - (0.1396)2 

/  and q, 	
= j (m 2 /t) - (0.1396)2 

A crucial assumption made bythe present analysis is that the 

entire m 	dependence of equations (1) through (6) above resides in 

the 'IT - 'iT scattering amplitudes which are assumed to be independent of 

and center-of-mass energy E0M. Likewise the helicity amplitude 

quantities are assumed to depend only on 2 
 and ECM. A recent article 

36 
by Bander et. al. has shom that below m = 600 Mev this assumption 

MT 
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might not be valid. Since in our analysis we examine regions of the 

7 - Chew-Low plot down to m = 500 Mev (and up to m = 1000 Mev33 ), 
1T 	 TM 

it is of interest to check this assumption. With. this assumption it 

is seen that equations (2) and (3) predict that if the quantities 

N< 0 	 •1 	 . 	 2 
Yi and N<Re(Yi) are measured in strips of equal limits on 

and equal widthsin m, the two curves should have the same shape as 

a function of m. It is also seen (from (-i-), (5), and (6) ) that the 

Y ) ,  N('Re(Y)> , and N(Re(Y)> should have the, same quantities N<  

shape as a function of m . 
1r 

We have evaluated the angular distribu- 

tion moments of the ir - 'rr scattering angular distribution in bins of 

25 Mev width in m 
7flT  for several limits on A

2  The moments and their 

errors are evaluated using the formulae 

<Y,',n>= (i/N) . 

= (l/N).Z (e,ï)2) - N<> 2 

for a discrete sample of N events. In Table iii is shown the results 

of the X 2- confidence level tests applied to the shapes of the above 

quantities. The sample of data used is the same sample 

phase shift analysis to be described. The lower limits 

strips have been chosen to be larger than the kinematic 

the Chew-Low plot for the m range considered. We see 

that the inclusion of data below m = 600 I'4ev does not 
rT 

raise or lower the.confidence level for either .L= 1 0: 

used in the 

2 on 	for the 

boundary of 

from Table III 

significantly 

4=2 tests. 

Therefore we think that our initial assumption on constancy of the 
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Table III. Confidence level tests on shapes of N<YM-> 

Upper Limits Of 	Lower Limits Of 	m. Range # Bins 	Confidence Levels 
2 (Gev2/c2 ) (Mev) in m7TM  L=i Test 1=2 Test 

0.24 0.05 600-900 12 	69.7% 11.3% 

0.24 0.05 500-900 16 	83.0% 

0.2 0.09 600-1000 16 	62.6% 72.2% 

0.2 0.09 500-1000 20 	72.2% 66.9% 
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helicity amplitude quantities as a function of m is justifiable down
rrr 

to m. = 500 Mev. We do note the decrease in confidence level of the 

o 	 2 	 2 
= 2 test when the lower limits on LN are extended down toi = 

0.05 Gev2/c2 . However, these conftidence  levels compare well with 

similar values of Malamud and Schlein. 
26a We do not change our 

assumption in making the following phase shift analysis. 

J3• 
Analysis 

In order to best make a comparison between the phase shift pre-

dictions for the ir°ir°  mass spectrum and the 'Tr°ir°  spectrum previously 

4 
reported, we choose a: sample of 404 events with production angle 

cosine of the iT W system greater than 0.80 and center-of-mass energy 

2.071 < ECM < 2.285 Gev (corresponding to 1.8 < effective "lab" beam 

momentum < 2.3 Gev/c). In order that there be no significant differ-

ence between the Chew-Low plot boundary in our reaction and the 

boundary in the correspondIng charge symmetric free nucleon reaction 

(a), we choose this sample such that it contains only events with 

spectator momentum less than 120 Mev/c. This Insures that the differ-

ence between the boundaries (which is due to thFermi motion of the 

neutron target) remain less than 0.005 Gev 2/c for all values of in 
WV 

less than 1000 Mev at these values of center-of-mass energy. The 

• ' 	 median center-of-mass energy for this sample of events is 2218 Mev,  

(corresponding, to an effective "lab".beam momentum., of 2.14 Gev/c) for 

which the cross section is 51100  ibarn (see Section B and Ref. 37). 

There are 9211 events in this total sample without the above produc-

tion angle cosine (.cospro) > 0.8 cut corresponding to a track length 
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of 1 705 events/pbarn 
2 We then divide up the sample into 63 bins in mand A (average 

of 64 events/bin) and evaluate their - ir scattering angular distribu-

tion moments and their errors according to the scheme summarized 

, 	 .2 above. 	For each of our 63 m - 	bins we evaluate.chi-squared 

between the experimental data for the quantities dN, < Y >,  <Re(Y)) , 

<Y > ,  <Re(Y)> , <Re(Y)> and the theoretical expressions given in 

equations (i) through (7) above. Free parameters used to minimize 

chi-squared were as follows: (1) each of the fOur quantities 

iI2 	4j2 (II 2  + iJ2 ), and 	- 	j2 
were parametrized to 

functions of the form Ae 	(i - H(A2 )/3) (two parameters each), 

(2) the quantities 6--- and e-.- - were each parametrized to qua-s,p0 	s,p1-p_1  

dratic expressions in A2  of the form A + 2 + Ct (three parameters 

each), (3) m and r were assumed. .to be free parameters, and ( 1.i-) the 

BO  phase shift was assumed unknown for each bin (making a total of 

16 free parameters for 8). In the above scheme we.have a total of 

32 free parameters and 378 data points, making a total of 346 con-

straints for the fits. The minimization procedure followed utilized 

the LRL program MINFUN. 39  We attempted other parametrizations such 

as parametrizing the.helicity amplitude squares to higher exponential 
2 	2 

forms, e.g., Ae 	(i - Ce 	) (1 - H(L 2 )/3), however, the fitted 

values of. the parameters C were consistent with zero and chi-squared 

f or the fits was not significantly lowered. We attempted cubic 

parametrizations for the helicity amplitude angles of the form 

A + 2 
+ CL -i- Di 6, however, this also failed to significantly lower, 

the values of chi-squared for the fits. 
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In general, since the moments <depend quadraticafly on 

sin 6, there should be two distinct branch solutions found for 6. 

However, it happens that the two solutions approach so closely near 

m 	725 Mev that they are equal at this mass within statistical 

errors. Therefore, there can exist two other "cross-over" solutions. 
26 

Since it is impossible to tell which are the two ttj_I? solutions and 

which are the two "cross-over" branches, all four must be considered 

when attempting to find a preferred solution. The values and errors 

of the 32 parameters of each of the four solutions determined as con-

vergence points by the above-described minimization procedure are 

listed in Thble IV along with the X 2  and confidence level of each fit. 

The confidence levels for these four fits are sufficiently similar in 

magnitude such as to rule out at this point a selection of a preferred 

set of phase shifts. 

It should be mentioned that the above technique of phase shift 

analysis assumes that one-pion-exchange (OPE) is the only production 

mechanism for all events in the region of analysis (in our case 

500 < m < 1000 Mev and cospro ('irt, 7-+7r out > 0.8). This is not 

true, however, due to non-negligible production of 2_+0238) in the 

forward direction (described in Section D) which is kinematica'l1y 

inseparable from OPE peripheral 'iT - 'iT production with the ir - 

scattering in the backward direction in the final state 'w - 'ir rest 

frame. Since we do not know how to include background and'possible 

interference due to these 	(1238) events, we neglect them in making 

the phase shift analysis. Based upon examination of Dalitz plots of,  

vs. 	and one dimensional projections of these plots on the 



U, 
a 
0 
r1 
4) 

H 
0 

CH

U)  

4) 

Ci) 

C) 
U, 

0 

0) 

a, 
4) 
C) 

(0 

(0 

CH 
0 

U) 
a) 
H 

C) 

4-)  
•H 
1=i 

a, 
H 

a 
0 
r1 

H 
o 

Cl) 

o 
I 

o 

N- 

Lr 
LC\ 
-d-  

ir 
0 
0 

• 
0 

- 
'.0 

• 
H 
Cr) 
+1 
LC\ 

• 
N- 
H 

01 
<] 
-S 
H 
01 

0 
+I 
0 
0 

• 
CO 

C) 

--- 
0) 

• 
'1) 
Cj 
4 

'-.C) 
• 

CC) 
01 

-zI- 

01 
<1 
(Y) 
-J-  

. 
0 
+1 
Q 
0 
. 

H 
H
- 

i 

--- 
in 

• 
H 
+1 
0 

CO 
LI\ 

01 
<1 

H 

H 
+1 
Q 
H 

H 
- .-- 

I 

--- 
CO 

• 
Cr) 
H 

• 
Cr) 

01 <1 
S 

H 
+1 
\D 
'-.0 

• 
-.-.-- 
+ 

a, 

N- 
H 

• 
0 
4-I 
C\J 
. 

0  5- 

-.--- 

01 

C0 

• 
0 
+l 
N- 
H 

• 
Lr 
- 
+ 

-z1 
<] 

'-0 

+1 
01 
cr 

-. 
I 

o 
(\J

<1 CC<1
I C\J 

0<1
1 <1 

4-3 
H 

' 

o 
CO 

o 

I 

H 
• 

.-zj- 

. 
N- 
H 
0 

• 

- 
0 

• 
(U 
H 
+1 
co 

• 
N- 
0 
H 

• 
0 
+1 
tr 
01. 

• 
CO 

- 
I 

cii 

- 
N- 

CU 
01 
+1 
01 

• 
N- 
C) 
j-  

- 

:- 
-zi- 

. 
0 
+1 
tr 
0\ 

• 
0 
H 
- 

I 

>< 

co 
• 

0 
H 
+1 
- • 
'-0 
CO 

() 
N- • 
0 
-I-I 
H 

CC) 

01 S- 
I 

(1 

Cr) 
• 

.-zI- 
01 
+1 
(U • 
if\ 
N- 

a) 
N-• 
H 
+1 
G- 
0 

• 
0 
- 
a, + 

' 

0 
• 

0 
+1 
'.0 
0 

0 

<] 

.zj- 
•. 
0 
+1 
O\ 
01 

• 
0 

+ 

ON 

cr) 
4-I 
Lr\ 
H 

H 
CU 

0 
o (U 

<1 
01 

<1 
01 0-i 

rI 
4) 

H 
o 

Cl) 

p- 

o 

H 
• 

H 
-d- 

-.. 
01 
Cr) 
0 

• 

cr) 
• 

O\ 
Cr) 
+1 
01 

• 
H 
u 
01 

Lf\ 
C) 

• 
H 
+1 
Lr 
N- 

• 
N- 
_- 
i 

a) 

- 
C 

• 
Cr) 
CY) 
4-I 
N- 

• 

r-I 
zt 

0 
Lc- 

• 
0 
+1 
-- 
LC 

• 
H 
H 
-_-- 

I 

-- 
0.1 

• 
CY) 
+1 
O\ 

• 
01 
-zi-  

<1 
CC) 

• 
0 
+1 
-d-  

• 0 
'-.-._ 

I 
(1) 

k 
-s 
in 

• 
CU 

H 
• 

N- 
01 

<1 
0 

• 
0 
+1 
O\ 
01 

• 
- 
'- 
+ 

a, 

Cr) 
01 

• 
0 
+ 
L1' 
Lr

• 
0 

(U 

- 

• 
01 
+1 
Lr' 
N- 

• 

s-_- 
+ 

<1 
N- 

'.0 
+1 
Cr) 

'-.0 
- 

(U 
<1 

(U 
<1 

0.1 
<1 

CU 
<1 (U 

- 
<j a 

o 
•r-I 
-p -- 

H 

-5- 
çr) 
0 

• 
--- 
0 

-- 

- . 
< 

--S 
'-.0 
co 

< 
-S 
0 
Cr) 

, 
ir' 

-5 
Lr 
H 

0 
H 	ON 
o 	• 

(r 
Cr) 

• 
0 
01 

H 
+1 
N- 

•
'-.0 
01 

0 
+1 
N- 

'.0 
• 

01 

• 
0 
+1 
zt 

Cr) 
• 

'.0 

• 
H 
+1 

-- 
0 
H 

(U 
0 

H 
+1 

Ci) 	N- 
H 

-zi-  
• 

+1 
Li-s 

00 
• 

+1 
-zi- 

(U 
• 

H 0 H 
01 
H • 

0 
, +I 
0\ 

N- 
LC\ 

p 	- 0 • N- • 
u 

H 
H 

zi-  
• 

• 
c-fl 

-H 
0 • 

0 
+1 
'.0 

Cr) 
• '.0 

I 0.1 
H 

I 
C) 

(Y) 
-zi- 

-._- 
I 

Lc-\ 
CC) 

s- 
I 

a) 

• 
01 
N- 

-._-- 
I 

a 

0.1 
• 

0 

N-
--_- 

i 
+ 

5- 5-  (U 5-- 5-  5-- 

in 

• 
• 

H 

( U (U 
0 ) 
<101 Cr) CU 

a, 01 
--5  ('.1 I 

H 
CU 

> 
01 

<1 C'.) 
a, 

 

4-' 
-H 
4-' CU 

a, 
001 C) 

(U > (U 
 <]  

> H > 

rj  a 
a<1  

iP a 
CU  

0' 
•r4 I 

H ci 
H - cc3 - 

+ 
-c 

- 
H 

fi 
a 

cii 

cc5 

• 

a 
0 
- 

-. 
, 
i 

-. 
01 

D 01 
- 

1 - 

-. Pi ,C 
ZL $0 

hi 



- 
CU 1 
-. CU 

H N- -d-  0 0 0 0 o - zJ- 0 0 0 H 0 H 0 co CO • LA CO ON 0 • • N- 
H 0 +1 Cr) H • • • H • 0 • N- 

• 
0 

-- 
0 

• • 0 H CO H co H CC) H 
o 

CU CU \D + -H +1 +1 +1 +1 + +1 +1 +1 CU • +1 +1 0 0 0 0 0 0 0 a a fl -zf • 'C CU H G\ H Cr) O 0\ - H N- H • . o • . • . • • 
• H - N- CU 0 'o 0 u-'. N- CU 0 -zi- N- H -.--- + '-x) U\ ir Lr\ '-D LC\ tf\ "0 a) CO CO o  H 

-- H 
'_0 (\J 0 0 -- zj • 0 0 0 0 0 0 0 -zi- CU N- • CU cr) a) N- Co 0 '-0 .-zf- o a +i 0 aj • • • • • • • cx) • +1 LC\ • • \-0 -zi-  - ON O\ 0\ a) H o o' N- c\i 4-1 +1 +1 4-1 4-1 +1 +1 +1 +1 Lf\ • +1 4-1 0 0 0 0 0 0 0 0 0 Cr) - F -z CU Cr) a) \ LC\ CO O\ CU iP\ (Y) H • . . • • • • . • • • 

• H -.---- O u-  a) N- 0 CU a) Cr) Cr) "0 H - + D tr '-U "U N- N- U a) a) 
- 
a) CO - i N- H 

0 
r1 

H 
0 

0 

-59- 

o 
o 

-- 0 0 0 0 H 
o 

-zi-  • 0 0 0 \0 0 \D 0 0 U a) 'U Cr) u-  H "U CU • -zi- • -zi-  • Cl) H • -H. -zi-  . . • o H • 0 • 0 CO • 0 N- N- a) H a) H 0) H (1 0 +1 tf\ Cr) H + 4-1 +1 +1 +1 +1 +1 +1 +1 • 4-I +1 0 0 0 0 0 0 0 0 0 CU G\ L H N- 0 N- H CO Lr CO a) 

o 
• 0 - - O\ 0 u-  0 D H 0 N- O\ LC\ H -.- + N- N- - -zi-  - "U N- 01\ 0 - i N- H H 

CU 
o 
o 

cr N- 0 0 0 -P CO • 0 0 0 CU 0 0 0 '-0 N- CU • H O\ 0 • CO N- cu • H 
o 

H 0 +1 LC N- • • H • • H • +i cr • • LC\ ir,  Lr. H 0 O\ a) H cc) 0 N- CO CU \U +1 +1 +1 +1 +1 +1 +1 +1 +1 4-I Lf\ • 4-1 +1 0 0 0 0 0 0 0 0 0 01\ • ic '-0 N- 0 CU CU 0 a) a) -zt O\ CU .-d-  • • • • • . . • • • • I CU - CO 00 CU LC\ 0 0 

0 > > >• > 
a) a) a) (1) a) a) U) () U) 

Ell 
Cd 0 

Lf\ 
0 
0 

0 
ic 

ir 
N- 

0 
0 

LC 
CU 

0 
Lr 

LC\ 
N- 

0 
0 ' ir "U \C) '-0 N-  0) 

Cc)OCc)OCJ)0 COO COOrDO COO COO COO 
to co Co.  CO CO CO cc) to CO 

rd 
U) 
0 

.0 

-P 
0 
0 
0 

a) 
H 



MIS 

0 
i 	•d 

00 
0 0 0 0 0 0 cc 0 

CQ N- '-0 \110 N- . • ON 

cc 
.. 
o 

. 
cc . 

N- 
0 
oj 

cx 
H ". 

+I• +1 +1 +1 +1 +1 +1 
o 0 0 0 0 0 0 0 
t2 z1-  oi cc N-- co 0 

( N 0 N- N-  cc cc ON  

0 

+ 

i-I 
0 0 0 0 

0 
0 
-I 

0 
N- 

0 
co 

0) 
• 

H 
• 

-zI-  
• 

CO 

Cl) . .  CO 0 0) 0 
0'. N- 0\ H 0J H H 
+1 +1 +1 + +1 +1 +1 

0 0 0 0 0 0 0 
o (Y) H - CO 0\ '0 0 

0\ co cc H \0 H ir 
N- N- cc 0\ O\ 0\ . 	N- 

0 
H 

r 
0 

0 
ON 

0 
C') 

0 
0 

0 
ON 

0 
C') 

ol 
- 

0 
-* Cl) .. . . . .. 

14 +1 +1 +1 + +1 +1 +1 
0 0 0 0 0 0 0 

i .u-' Lr cc 'o o Cu. 0 

o co d-  Co - N- 
fl H H H H H H H 

0 
-P 0 0 0 0 C'.) 0 0 

0 -i-  O\ Cr'. • co co 
H . • • • 0 
0 0'. '0 cc N- H ON ir., 

Cl) +1 +1 -I-I + +1 +1 +1 0 0 0 0 0 0 0 
H zj-  H Cu '-0 i'. cc 

H 
- 
H 

Co Cr'. -z1 - \.0 
r-4 H H H H 

'-S -• S SS  1> 
> > > I> > a) a) a) a) a) a) a) 

z z. 0  
0 Cr'. 0 0 

0) ti-'. N- 0 C u'. 0 
H cc Co cc ON 0'. 0'. H -p 

I I I I I I I 
0 L(\ 0 ir 0 Lr., 0 

D' 0 C') u-'. N- 0 ('.1 II,\ 
cc cc ccco 0'. 0'. ON 

CQOCQO COO CQOCQOCOOCQO 
O CO CO CO co CO CO 

\ 

a) 

H 

0 
0 

a) 
H 
,0 



-61- 

axis (as described in Section D), we estimate that the forward 

produced .(1238) events contribute +.o ± 0.8% contamination to the 

4044 events in our phase-shift sample. It is difficult to see how 

such a small level of contamination could alter the phase shift solu-

tions appreciably. Finally we note that our first three solutions 

agree well with the solutions of Malamud and Schlein26a (who only 

reported three solutions). 

1• Calculation of the 7T
0 

 'iT
0 
 Mass Spectrum 

• For each of our four solutions for 5 S we have calculated the 

'IT 
0

'i
0 	 26a predicted. T mass spectrum using the formula 

5 
i -+2 	i0 	S 	8 	S . 	2 

dcy 	Is J /18) fe 	sin -  e 	sin 2 I dIn1i.dA 

In order to best compare with our previously reported data, 1  the 

solutions were translated down to 2165 Mev center-of-mass energy 

(corresponding to a beam momentum of 2.014 Gev/c) which is the median 

value of ECM for our sample of neutrals data. This involves multi-

ping J5J2 by a correction factor of (2.1/2.01)2 = 1.286, since the 

helicity amplitude sq.uares have been found experimentally to depend on 

EM as 1/Pb. 2 2b We also make changes in the upper (cospro 

('ir 	
out in , 'ir 

7 out ) = 0.80) and lower (cospro ('ir in , 'ir 'iT 	) = 1.0) •. 	 .  

2 boundaries corresponding to the small drop in median ECM between 

the two samples. The calculated predictions for the ir °ir°  mass spectra 

are listed in Table V in units of 1b/100 Mev. In Fig. 8 we plot the 

predicted 'ir°'ir°  mass spectra (as. smooth hand drawn curves through the 

data in Table v) along with a revised experimental 'ir°'r°  distribution 
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for our previously reported neutrals sample. Four fundamental revi-

sions were made on our data shown in Fig. 3 of Ref. 14 in order to 

produce the experimental distribution shown in Fig. 8. First, for 

purposes of making the subtraction of +(38)o events reflected into 

the IT07T0  system, we have assumed a 	1238)7r0 spectral shape according 

56 
to the Sakurai-Stodolsky p-exchange production mechanism. 	The 

distribution of subtracted eventshas been found to be identical 

(within errors) to that based on our previous statistical model assump-

tion. Second, we have established a new overall track length nonnali-

zation factor. The calculation of this revised track length factor is 

based on a normalization to known cross-sections for the charge 

exchange reaction ,rP -+ Nir°  ( in our case the charge symmetric reaction 

- PiT° ) as described in Section B, Subsection 2. 	Third, we have 

renormalized our 37r0 
 background subtraction to recent cross-section 

measurements by Ref. 64. Fourth, the 31°  subtraction has been further 

revised based on the most recent value of the ratio bf'r 0  - 37r
0 
 to 

 
Ti 	"all neutrals" of 0.2.58 This number is valuable in that it 

0 	0 enables us to avoid subtracting ri - 37r events twice. The methods of 

the 37T'°  ( and TI O , 
	

subtractions have been discussed in detail in 

Ref. i- and Part II of this thesis. 

The aforementioned revisions to our previously reported ir°ir° . 

spectrum have resulted in two basic changes in the data: (1) the 

overall cross-section has been reduced by a factor of 1.17,  and 

(2) the shape, of the spectrum above 800 14ev falls off less rapidly. 

This latter effect results directly from the modified 37r°  subtraction 

and the fact that 37r°  phase-space peaks in this region. 
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Within the range of the phase shift analysis (500 < m < 1000 

Mev) the UP-DOWN solution best agrees with the experimental data. The 

prediction of the UP-DOWN solution fits the experimental data with a 

2 
X of 9.2 for 5 degrees of freedom (corresponding to a confidence 

level of io%). The prediction of the DOWN-UP solution clearly 

disagrees with the data. The DOWN-DOWN solution disagrees with the 

data, since the prediction of the magnitude of the cross-section is 

• too high for all bins in the plot. The UP-UP solution agrees very 

poorly with the data, predicting too high a cross-section below 

700 Mev and too low a cross-section above 800 Mev. The prediction of. 

the UP-UP solution fits the experimentaldata with a confidence level 

< o.oi%. In summary, we claim that the UP-DOWN solution best repre-

sents the behavior of the I = 0, J = 0 'iT - 'iT phase shift, i.e., 

rises slowly to nearly 900 at a 'iT - iT mass of TOO Mev and remains near 

900 for 'iT - iT masses between 700 and 1000 Mev. 

5. Phase Shift Solutions at Other Energies 

We now select a sample of 8004 events with 1.9 <ECM < 2.0 0ev 

(and spectator lab momentum confined below 120 Mev/c as before). The 

median ECM for this sample is 194I Mev (corresponding to a beam 

momentum of 1.535 Gev/c), and with a cross section of 6700 Ftbarns 

(see Section B), corresponds to a track length of 1.195 events/barn. 

We divide the low momentum transfer region of the 'IT - iT Chew-Low plot 

up into 46 m - 2 
bins for 500 <in < 925 Mev and 

2 	
0.275 

Gev2/c2 . 	This selection reduces the sample to 3238 events (average 

of 70 events/bin). For this sample we evaluated the moments of the 
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ir - ir scattering angular distribution 	and their errors as in the 

previous analysis. We then calculated a chi-squared between the six 

experimentally measured quantities for each bin and the theoretical 

values predicted by the UP-UP solution from Table IV modified by 

multiplying the four helicity amplitude squares by (2.14/P j2  where 

lab is used as the only free parameter in the subsequent mInimization. 

If OPE is valid at these lower energies the minimized value of lab 

should equal 1.535 Gev/c and the value of the confidence level should 

not decrease significantly from the confidence level of the UP-UP 

solution in Table IV. However, it is found that the minimized value 

of flab 	1.671 ± 0.015 Gev/c and the confidence level of.the fit 

decreased from 0.435% in Table IV to 0.2% (X2  = 345.8 for 275 con-

straints). Therefore, we see an indication that a simple OPE descrip-

tion of the data is beginning to fail at these lower energies. This 

beginning failure of OPE has been noted before at 1.59 Gev/c in 

Ref. 26b. An attempt to make the same kind of 32 parameter fit to 

the data as was made above at 2.14 Gev/c resulted in not even being 

able to obtain the UP-UP solution as a convergence point at this 

energy. A possible reason for the OPE description failing at lower 

energies is the increasing amount of ++(338) background (and possible 

interference). 
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D. L(1238) Production 

General Features 

A 	1238)'signal is observed in the Pir mass spectrum at all 

energies in this experiment, although this signal only dominates the 

reaction below ECM 1.8 Gev. In Fig. 9 is shown the production angu-

lar distributions of events in the L(1238) region (1.35 < S+ < 

1.69 Gev2 ) at different labeled center-of-mass energy intervals with 

events in the p region (0. 2+2 < 	< 0.6 Geva) eliminated. Attempts 

(to be described later) were made to fit the measured production 

angular distribution moments below ECN = 1.8 Gev to theories involving 

production of higher isobars in the s-channel (e.g., F15, D15) plus 

background, which sequentially decays through z(1238)7. Above 

EON 1.8 0ev we begin to notice forward and backward peaks appearing 

in the L7+(1238) production angular distribution. These forward and 

backward peaks dominate the production angular distribution for all 

energies in the experiment above EON 2.1 Gev. No statistically sig-

nificant x0(1238) signal is observed at any energy in this experiment. 

Forward and Backward Peaks 

In review it is helpful to examine the Dalitz plot in Fig. 10 for 

all events with 2.1 <EON < 2.2+ 0ev. The quantities S+ and S+_ 

are plotted on x- and y-axes respectively and only events with spec-

tator proton momentum less than 300 Mev/c have been included. Signi-

ficant p°(65) and 	(1238) signals are seen with the 	(1238) band 

crossing the p ° ( 765) band in the area which corresponds to backward 

decay of peripherally produced p0  mesons. Since the coordinates of 
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the Dalitz plot do not depend on the production angle of any two 

particle combination of the three outgoing particles, it is instructive 

- 	to examine in Fig. 11 the Chew-Low plot with the quantities S+ and 

L2(7r+in 	"out plotted on x- and y-axes respectively. Here the 

production features of the 1(1238) are clearly shown. The concen-

tration of events in the upper left of the plot is the backward peak 

in the production distribution of L0238). The enhancement at the 

lower left of the plot is due to the combined effects of the backward 

decay of the p°  and forward production of 	(1238) plus possible 

interference. The dark clustering at the right of the plot is the 

familiar forward decay of the p°  meson. As an example of the fact 

that forward produced E(1238) events are kinematicafly inseparable 

from peripheral 77 - 71 production with the 71 - 77 scattering in the back-

ward direction in the final state 71 - 7T rest frame, we plot the events 

in the z(l238)  band  (1.35 < S 71+  < 1.69 GevZ)  with cospro 

out > 0.8 on a 77 - 71 Chew-Low plot (Fig. 12) in which we note a 

substantial peripheral p °  signal. In case one might think that these 

events arise purely from the backward decay of peripheral p0  produc-

tion, we plot in Fig. 13 the distribution in 	for events produced 

in the forward direction (cospro (ir+. , 71 	) > 0.8) with events cut in 	out 

out which lie in the p°  region (0.42 < 	< 0.76 Gev2 ). We note an 

enhancement above an eyeball estimate of peripheral 77 - 71 background 

with mass and width consistent with the known mass and width of 

L(1238 ) of about 350  events. 

The backward peak in 	(1238) production is nearly free of p0  

background as evidenced by Fig. 14. in which only events with 
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cospro (' out < -0.1 have been plotted on a Dalitz plot with 

the same coordinates as Fig. 10. No significant p° enhancement is 

noted in the 	(1238) region. The backward peak in A(1238) produo- 

tion for cospro @IT+., 	< - 0.7 consists of about 300 events out 

of a total sample of 13 766. With an average cross-section in this 

energy region (2.1 < ECM < 2.4 0ev) of 5200 pbarn, we estimate the 

cross section for backward 	'1238) production to be 113 ± 10 ibarn. 

If we make a Dalitz plot similar to Fig. 14 for the forward 	(1238) 

production peak in which only events with cospro 	
in' 7- out) > 0.8 

are plotted (Fig. 15), e observe that the distribution of Lt(1238) 

events seems to be approximately isotropic in S.7 ._ (which is propor-

tional to the decay angle of the L(1238) with respect to its 

helicity direction). This estimate is quite approximate due to diff i-

culties arising from the overlap of backward decay p°'s in a substan-. 

tial fraction of the L0238)band. Assuming this isotropic distri-

butiori we estimate that with the p0  band cut used in Fig. 13, we 

eliminate about 1/3 of the L±(1238) events produced in the forward 

direction. Therefore, with the estimate of about 350 events in the 

enhancement of Fig. 13, we can estimate a cross section 

corresponding to a revised total of 525 events for 	(1238) produced 

with cospro (7r., 	out > 0.8 of 199 ± ) Q ibarn. This estimate 

totally neglects possible p°  -A interference. 

• 	 Indications are observed (see Fig. 9) that the L(1238) produc- 

tion angular distribution dip near the extreme backward direction 

(cospro (ir+. 
in , 

ir_ out ) = 1.0) and reaches a maximum near cospro 

(7 
in , 
	

out 
ir 	) -0.8. This behavior is inconsistent with the baryon 
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exchange mechanism one expects to be responsible for the enhancement 

of the t(1238) production angular distribution in the backward direc- 

tion. For u-channel baryon exchange mechanisms, we expect a pole(s) 	 ti 

In the reaction amplitude(s) which. is(are) nearest the physical region 

at cospro = 1.0, i.e., u-channel reaction amplitudes behave like 

1.0/(u_MB2) where MB  Is the mass associated with the baryon exchange 

amplitude. AbsorptiOn effects °  do not alter the prediction that 

u-channel exchange amplitudes should be monotonically increasing func-

tions as cospro decreases to -1.0. 

In general one expects that exchange amplitudes represented by 

the diagrams in Fig. 16(a) contribute to backward peaking in A(l238) 

production (both I = 1/2 and I = 3/2 baryon exchange amplitudes are 

allowed); whereas for backward peaking in the °(1238) production 

angular distribution only I = 3/2 exchange amplitudes are allowed 

(see Fig. 16(b) ). By Clebsch-Gordan coefficients, exchange ampli-

tudes represented by the diagram In Fig. 16(b) should contribute three 

times as much to backward 9(1238) production as exchange amplitudes 

represented by the diagram In Fig. 16(a) involving I = 3/2 exchange 

contribute to backward A (1238) production. Considering this argu-

ment and the experimental evidence that no signifjcant 0(1238) 

production exists either in the forward or backward direction at 

these energies, we conclude that I = 3/2 baryon exchange is not a 

significant factor in the observed backward, t(1238) production. 

Attempts to measure the moments of the decay angular distribution 

of the forward produced (1238) events have failed due to the signi-

ficant overlap of backward decay p° 's in a substantial fraction of the 
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(1238) band. A background subtraction correction was attempted by 

considering events in bands on either side and 1/2 the width of the 

(1238) band. This attempt was unsuccessful. It sIou1d not be 

expected that this method of background subtraction correction will 

• work if (1) the backward decay p °  background is not linear in 
pTr 

• (which is certainly true) or (2) there exists p °  - 	interference. 

Moments of the decay angular distribution of the backward pro-

duced A++(1238) events have been measured. The coordinate system 

relevant to the above baryon exchange1 diagram (see Fig. 16) is con-

structed in the final state proton_1r+ rest frame with the z-axis along 

the incident 1T+ direction, the y-axis along the normal to the produc- 

. tion plane 1T in X proton_lr+ 	and the x-axis along y X z. InoutY 

this coordinate system the (normalized) 	(1238) decay distribution 

can be described by the formula: 42 

• 	D(e,) = (i/lrr) {p11(l + 3cos 2e) + 3p33sin2e 

- 4/jRe(p31)sinecosecos(D - 2JjRe(p 3  1 )sin2ecos 21 

where p11  = 1/2 - p33  by the trace condition on the density matrix 

elements. This formula can be rewritten in terms of the spherical 

harmonics Y(e,) as follows: 

(i/Li) {i + 	(1-4p33 )Y(e,) + 

82/5 Re(p31 )Re(Y21(e,) )-8Re(p31)Re(y(e,))} 

from which arises the following relations between the density matrix 



p 

elements and the moments 

<Y>= (1/f)(i_Iip33) 

<Re(Y'-)>841/4C;7Re(,31 ) 

<Re (Y2)>, = 8Jl/Re(p) . 
3-1 

The measured moments <Y > ,  <Re(Y)), and (Re(Y)> are listed in 

Table Vlfor backward 	1238) production in two intervals of cospro 

(7 
in 

, 1r out ). All other moments are statistically consistent with 

zero as is expected for the decay of a free 2. = 1, J = 3/2 '(l238). 41 

If only simple baryon (j = 1/2) exchange is present in backward 

(1238) production, the quantities p33 , Re(p31 ), and Re( p3 )will 

vanish, the only non-v!shing moment will be<Y 
	l/= 0.126, 

and the decay distribution will have the form 

(l/){(l + 3cos 2e)/2} 

In this case p11  = 1/2, its maximum value. We see from Table VI, 

however, that the<Y> moments are inconsistent with the value 0.126 
2 

and there exist <Re(Y2)) moments inconsistent with zero; therefore, - 

the observed backward produced t0238) decay distribution cannot be 

explained in terms of a production mechanism involving simple J = 1/2 

baryon exchange without modifications. In Fig. 17, the one-

dimensional decay curves predicted from the measured values of the 

moments are superposed over the corresponding one-dimenslonai 

experimental distributions. The relevant one-dimensional formulae 

are: 
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(i) Polar angle distribution 

D(cose) = fD(e,)d = 1/2 +J5/ t <Y>(3cos 2O_l) 

and (2) Azimuthal angle distribution 

D() = f D(8,)d cose = 1/27T + (l/3)15/2<Re()> cos2 

Note that terms involving <Re(Y)> are only present in the two-

dimensional decay distributions. 

Similar features to the ones noted above in the reaction (a) 

have been 	 43,44 
 in the decuplet production 

reactions 

7P - y*_(1385)K+ 	 - 

7-:ir -+ Y*+(1385)KO 

KP -+ 

KP •=*_(1530)K+ 

KP 	*0(1530)KO 

All these reactions are single meson exchange forbidden, i.e., only 

mesons with I 	3/2 or Isi = 2 can contribute to t-channel 
exchange amplitudes for these reactions. All the above reactions 

except reaction (f) show anamolous forward peaks. All of the above 

reactions show backward peaks. The backward production peaks in 

reactions (e) and (f) show clear dips in the extreme backward direc- 

- tion at several K beam momenta, 45 which are inconsistent with 

unmodified or absorption modified baryon exchange as the production 

mechanism. Also the decay distributions for the backward peaks in 
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Table VI. Decay moments for backward produced L0238) 

2.1 < ECM < 2.4 Gev, 1.35 < 	< 1.69 

No. O\ 
Y2 1 l\ 

Re(Y2 )/ 
.2 

Re(x2 ) Cospro Interval 	Events 

-1.0 	to -0.85 	110 -0.050±0.025 0.011±0.016 0.012±0.019 

-0.85 to - 0 .10 	135 0.027±0.02 -0 . 011±0.016  -0.062±0.016 
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reactions (e) and (f) are difficult to reconcile with pure baryon 

exchange. Several hypotheses have been considered to explain the 

above phenomena: 

(i) ' t otic" mesons with the required q.uantum numbers may exist 

and produce the forward peaks observed in the decuplet production 

reactions (a) through (e). Such mesons have not been observed to 

date. Another argument against this explanation is the experimental 

absence of similar forward peaking in the octet production reactions 44 

irP - KE 

KP - 

and 	KP - 

However, perhaps the required mesons exist but couple more strongly 

to the decuplet than to the baryon octet. 

(2) The dips in the extreme backward direction for the backward 

peaks in reactions (a), (e), and (f) and the inconsistency of the 

backward peak decay distributions in these reactions with simple 

J = 1/2 baryon exchange could conceivably be explained by several 

baryon and higher baryon isobar exchange amplitudes in the u-channel. 

This would require large changes in the relative phases of these 

amplitudes as a function of u= -(P 	-P 	...p 	)2 such that these 
in 	out out 

amplitudes would interfere destructively at small values of u and 

not interfere destructLve1y at somewhat larger values of u. Dips 

near the extreme backward production direction in two-body (and 

quasi-two_body) reactions have also been predicted by some Regge 

exchange models. For a review of Regge pole descriptions of backward 



-91- 

peaks see Ref. 53. 

(3) The forward and backward peaks might be due to processes 

which can be represented by two-meson exchange box diagrams, a few 

examples of which are shown in Fig. 18. An example of a calculation 

of a differential cross-section using two-meson exchange amplitudes 

has been given in Ref. 116, in which both forward and backward peaks 

are predicted. 

4) Conceivably models could be constructed to explain both 

backward and forward peaks by interference between s-channel ampli-

tudes involving formation of higher baryon isobars. It is expected, 

however, in these models that the forward and backward peaks would 

exhibit a rapid variation with center-of-mass energy associated with 

the (Breit-wigner) shapes of these s-channel isobars. In the reactions 

(b) and (c) (which are charge symmetric reflections of each other) the 

forward and backward peaks persist over a center-of-mass energy range 

greater than 1 Gev. More experiments, particularly above 4 Gev/c, 

are needed over a wider range of energies than is reported in Ref. +4

in order to verify the persistence of these forward and backward 

peaks. 

3. S-channel Isobar Formation 

Various authors have analyzed final states involving single pion 

production in pion-nucleon scattering below EC1I 1.8 a. An 

up-to-date account of these attempts can be found in the excellent 

47 review article by Rosenfeld. 	Due to our small amount of data 

(- 2800 events for 1.625 < EI'4 < 1.8 Gev) compared with other completed 



Fig. 18. 	Examples of Fe3mman diagrams representing two- 

meson exchange amplitudes. 



experiments, we have attempted a simple analysis based only on those 

events in the region of the dominantly produced 	(1238).' Presumably 

the analysis could be extended above ECM = 1.8 Gev by cutting out the 

p-band (which does not bias the E(1234) production angular distribu-

tion), hawever, increasing t-. and u-channel effects in 

production above this value of center-of-mass energy (for which the 

explicit production mechanisms are unknown) make such an extended 

s-channel analysis difficult. We have measured the moments 

= 	(21. + l)<Y> of the 	(1238) production angular distri- 

bution ( 1 .35 < S 	< 1.69 .Gev2 , events in the p0  region(O.42 < 

s± < 0.76 Geva) removed) in seven different center-of-mass energy 

intervals. These values are listed in Thble Vu. 

We have attempted to fit the values of the cross-section and 

production moments in this energy region to models involving the pro-

cluction of higher baryon isobars in the s-channel which sequentially 

decay through L(1238)1T. Since the methods used to make partial 

wave analysis fits to the above data have been reported elsewhere 19,8,9  

we simply summarize the relevant formulae in Appendix B. We used the 

same X2  - minimization technique described earlier in connection with 

the pion-pion phase shift analysis. With seven ECM intervals and seven 

experimental data points in each interval (aA1/A0 , L= 0 .....6), there 

are a total of 49 constraints involved in our fits. We attempted the 

two types of fits described in Ref. 19: (i) using the resonances D15 

and F15 plus S, P, D, and F outgoing wave backgrounds where D15 and 

F15 are represented by simple Breit-Wigner amplitudes and the back-

grounds are complex amplitudes linear in Pcm' the initial 7rN 
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center-of-mass momentum, and (2) using all the resonances (represented 

by simple Breit-Wigners) that are reported in this energy region by 

A. Donnachie in Table II of Ref. 50. Free parameters varied in the 

minimization attempts were the masses, widths, products of partial 

inelasticities X,X,(see Appendix), and linear background parameters 

in fits of the type (i) described above. 

In general none of the fits attempted were completely successful 

in the sense that a convergence point solution was found in the mini-

mization of chi-squared. The basic problem with the production distri-

bution moment data is too few events, which in turn implies (1) low 

statistics (large errors) on the measured values of the moments A 1/A0  

and (2) a small number of constraints (proportional to the number of 

ECM intervals in which the moments are measured). In the fits of the 

LRL-SLAC collaboration19  the errors on the moments AL/AO are much 

smaller and the number of constraints are much larger than ours. 
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II. RESONANCE PRODUCTION IN THE REACTION 7TD -. PP(NEUTRALS) 

FROM 1.1 TO 2.3 GEV/C 

ABSTRACT 

In an analysis of 229 000 pictures of ,7r at incident momenta of 

1.1 to 2.3 Gev/c in the deuterium-filled 727inch bubble chamber, we 

have identified 8433 examples of the reaction 7r+D -+ PP(neutrals). An 

application of the impulse approximation and the selection 1.831 < 

ECM < 2.285 Gev gives 4956 events of the type irN - P(neutrals). At 

small momentum transfers (tS 0.2 and 0.08 Gev2/c2 ) to the neutrals 

system, we find no direct evidence for an enhancement near the 

reported position of the E. ° , 730 Mev. A detailed subtraction of 

37r° and (1238) background based on cross-sections from other experi- 

ments results in a 27T°  mass spectrum which is in disagreement with two 

other experiments at nearly the same center-of-mass energy, and which 

is consistent with a 30 iT - iT phase shift which rises slowly to near 

900  at a iT - ii mass• of 700 Mev and remains near 900 for iT - iT masses 

between 700 and 1000 Mev. 
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A. Experiment: 

The data selection methods used for the reaction 1T+D 	PP(neutrals) 

Tesemble very closely the procedures described for three- and four-

prongs in iPart (i), Section (A). Here we shall simply note significant 
- 

	

	 1 differences between the two procedures. The topology scanned for in 

this analysis consisted of all two-prong events(spectator proton 

visible) with both outgoing tracks having bubble density (ionization) 

clearly greater than twice minimum. Two significant effects of this 

requirement on bubble density of the outgoing tracks are (1) the reduc-

tion of background (during scanning) in which one or both outgoing 

tracks are actually 7T 's, and (2) the limitation of the sample to low 

values of momentum transfer (2(+ - neutrals 	) = 2(D - PP ) in 	 i out 	n 	out 

by four-momentum conservation). Scanning efficiencies for this 

topology averaged2  (over all roles) 91%. Measurement efficiencies 

(after second measurement of events failing the first measurement) for 

this topology averaged (over the momentum range) 810. The separation 

of reaction hypotheses after completion of first measureménts 6  

resulted in a total sample of 8433 events of the type lr+D PP(neutrals). 

Based on a direct examination of a subsample of these events, we con-

clude that the sample is less than 5% contaminated with events in 

which one (or both) protons were in reality misidentified lTs. One-

prong events (spectator proton unseen) with the outgoing track clearly 

identifiable as a proton (by the aforementioned scanning criteria) 

were not measured in this experiment due to the poor mass resolution 

on the missing neutrals system afforded by such events. This poor 

mass resolution is due to (i) the small number of kinimatic constraints 
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available (the events have zero constraints for a missing-mass 

calculation, one constraint for a fit to a neutral particle), and 

(2) the errors on the unseen spectator proton momentum. 
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B. Methods of Analysis 

We treat the deuteron in these events exactly as described in 

Part (I), Section (B), Subsection (i) in order to get a sample of 

events which we may reasonably expect to represent "free" +N scatter-

ing, i.e., the reactionTN - P(neutrals). In Fig. 19(a) we plot the 

laboratory-system momentum distribution of the slower proton for all 

two-prong events at all beam momenta in the experiment. Superposed 

over this distribution (approximately normalized to the region between 

. 100 and 200 Mev/c) is the Fermi momentum distribution calculated from 

the Moravcsik four-parameter approximation of the Gartenhaus wave 

12 
function of the deuteron. 	Laboratory angular distributions of the 

slower proton show the same features as seen in Fig. 3 (a) and (c). 

Applying the impulse approximation in the final analysis of these 

events, we have selected only events with slower proton lab momentum 

less than 300 Mev/c. This selection, as compared with a slightly 

better cutoff of 200 Mev/c, introduces at most 8% non-impulse events. 

In Fig. 19(b) we plot the total center-of-mass energy (invariant 

mass of all outgoing particles except the slower proton) distribution 

for all events at all beam momenta in the experiment. For the final 

analysis, the selection by the requirement that the slower proton 

momentum be less than 300 Mev/c as well as requiring 1.831 < ECM < 

2.287 Gev (corresponding to 1.3 < effective "lab" beam momentum < 2.3 

(,-Iev/c) results in a subsample of 4956 events. By effective "lab" beam 

momentum we mean the equivalent laboratory momentum corresponding to 

a definite.value of ECM calculated by assuming the beam iT strikes a 

free neutron at rest. Events with effective "lab" momentum less than 
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1.3 Gev/c were rejected, since a study of peripheral 'IT - 'IT scattering 

is clearly inappropriate in that region. 

Any cross-section later quoted for these neutrals events has been 

obtained by the same normalization method to charge exchange data that 

was described in Part (I), Section (B), Subsection (2). The only 

significant difference in method lies in the fact that the normaliza-

tion events 7'D -+ PP °(irN - P'Ir°  in the impulse approximation) are 

included in our two-prong topology, therefore, we do not have to take 

into account differences between scanning or measuring efficiencies 

when we calculate the ratio N(R)/N(K). 	This completes our discussion 

of the methods of analysis for the neutrals data. 



C. Pion-Pion Interactions 

1. Neutrals Mass Spectrum 

As was mentioned in Part (I), Section (c), Subsection (i), the 

forward-backward asymmetry of the decay of the p0  meson has been 

accounted for by several authors 59  by postulating an I = 0, J = 0 

7T - 7 amplitude which is resonant at the mass of the p °  meson. Since 

such a postulated resonance (called by many authors the E.°  or S0  

meson) would decay 1/3 of the time into a 'ir°ir°  final state, several 

groups attempted to find evidence for such a resonance in the neutrals 

mass spectrum of the reaction 1rP -+ N(neutrais). As mentioned earlier 

the large resonant I = 1, J = 1 p0  meson amplitude is not present in 

the 	final state. In a spark chamber experiment measuring neutron 

time-of-flight and production angle, Feldman et. al. 0 found evidence 

for such a particle at a mass of 700 Mev and width of approximately 

50 Mev. However, several subsequent spark chamber experiments using 

62 similar techniques 61, have found no evidence for an enhancement in 

'the neutrals mass spectrum which might be attributed to the 
27T°  decay 

mode of the 	 6 . Also an earlier experiment similar to our own 

(D - bubble chamber experiment) but with lower statistics and at 

higher momentum (3.29 Gev/c) found no evidence for the 27 0  decay mode 
of the . 	in the neutrals mass spectrum. In the following paragraph 

we present our measurement of the neutrals mass spectrum. 

In order to establish the amount of neutral w ° ( 783) in our 

neutrals sample, we have independently fitted four-prong events of 

the reaction type TD -+ PPiririr° ( y) to a mixture of single particle 
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( q (7)#9) and w° (783) ) production plus 37F phase-space background by 

the method of maximum likelihood. 21  The sample of four-prongs used 

consisted of 11 173 events and corresponded with the neutrals events 

in all respects involving the scanning and measuring processes (the 

two- and four-prong samples were scanned and measured together roll by 

roll). This allowed us to make a subtraction of (i) ° (783) from our 

neutrals sample on an, event basis (deferring cross-section calculations 

until later) by knowledge of the amount of w° in the charged (four-

prong) data and applying the knowo branching ratio for W° 	07 corn- 

o 	+- 0 o 	o o 	+-o 58 pared with w 4 ir 71 71 (w -+ 	- 	= 10.8 ± 0.94 	A 

usefti by-product of this analysis is a measurement of the neutrals-

to-charged branching ratio of the 0 (549) meson, which gives a precise 

check on possible differnces in scanning and measuring biases between 

the two- and four-prong events. This is accomplished by also fitting 

the neutrals spectrum to O,Wo production plus 27r phase-space back-

ground. The results of these fits, in terms of the branching ratio of 

- all neutra1s/ °  4 total, are (a) 70.3 ± 2.6% for L2 (beam-4 

neutrals) < 0.6 Gev2/c2  and (b) 79.1 ± 4. o% for 2 (beam neutrals) < 

0.2 Gev2/c2 . 	These values compare favorably with the latest figure 

quoted by Ref. 58 of 71.1%. Fits to the neutrals spectrum using 

resonance production plus 37r phase-space background were generally 

unsatisfactory. However, it was apparent that the amounts of r° and 

w0  resulting from successful fits of this type would be similar to 

those resulting from the 271 phase-space background fits. Consequently, 

all subsequent subtractions of TIO 	
0 

and w from the neutrals mass spec- 

truni were derived solely from the amounts present in the four-prong 
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events and the knowledge of the neutrals-to-charged branching ratios 

of these particles. In all fits to the charged and neutrals mass 

spectra, we made momentum transfer selections in the region of 730  Mev 

by restricting the center-of-mass production angle, the value of which 

for fixed momentum transfer depends on the center-of-mass energy. 

This facilitates our fitting procedure since phase-space is independent 

of selections in thecenter-of-mass production angle. 

Another by-product of the fits to the neutrals spectrum was the 

measurement of the mass resolution from the, fitted width of a Gaussian 

shape for the r 0  meson. The measured value of this resolution is 

= 0.027 Gev2  and corresponds to a Gaussian shape for the ° of the 
2 	22 2 -(-)/2 	 2 . form e 	 ,q 	 ni, -p ryP +h 

and M = 0 .5 49 Gev. Based on examination of Gaussian ideograms of 

the errors on the square of the missing mass for the neutrals events 

( 
(IviIvi) 	2M(Iv1M) ) we conclude that the resolution in mass-squared 

remains constant '(within errors) over the entire range of the mass 

spectrum.of the neutrals data. 

In Fig. 0 we show the neutrals-mass-squared spectrum for momen- 

turn transfers to the neutrals system near 730 IvIev of less than 

(a) 0.20 0ev 2 Ic  2  and ' (b) 0.08 2 Gev Ic2  . The solid curves superposed 
0 0 represent best fits to r , w , and 27F phase-space background. The 

shaded events have been subtracted for w °  7T°7 by the method discussed 

previously, where in the subtraction we have folded together the 

known width of the w° (f' 	12 Mev) 8  and the experimental resolution 

mentioned above. Specifically, the sibtracted spectral shape is 

calculated from the formula 
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da/d(MM = constant fd(2)((I 	M2)2/22)(l/((22)22r2 

where the constant is set by normalizing to the total number of events 

to be subtracted. Further requirements on the sample are Psp  < 300 

iviev/c and 1.831 < ECM < 2.285 Gev (corresponding to 1.3 < effective 

"lab T" beam momentum < 2.3 Gev/c). The plots in Fig. 20 (a) and (b) 

contain 1947 and 623 events respectively. The dotted curve in 

Fig. 20(b) represents 37r phase-space, approximately normalized to 

DW > 0.8 Gev2 . Considering only the unshaded events, we observe no 

statistically significant enhancement in the region of 730 Mev 

0.53 Ge) for 2 < 0.20 Gev2/c2 . 	However, for 2 < 0.08 
22 Gev ./c we ol7serve, after W 0 subtraction, an enhancement near 0.6 Gev 2  

Since 3r0 
 background is rising in this region, and since L (1238) pro-

duätion undoubtedly distorts the spectrum somewhat, this enhancement 

(between 1 and 2 standard deviations) cannot be inferred as originating 

in the 271°  system. The apparent increased width of the 	in 

Fig. 20(b) finds possible explanation in either or both of two 

effects: (1) poor statistics, or (2) if the background in the region 

of the ° were more peripherally produced than the i °  itself, this 

would tend to wash out the 	peak as lower momentum transfer cuts are 

made. In summary we find no direct evidence for an enhancement in the 

neutrals mass spectrum near the reported position of theE], 	730 Mev. 

2. Background Mass SubtractIon 

We have attempted to reduce our neutrals spectrum to a pure one- 

0  pion-exchange produced 271 sample based on a subtraction of 
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- neutrals 3r°  phase-space background, and bakground 

due to 2'ir°  events in which one of the 7r° 's is a product of 	(1238) 

decay. We choose a sample of 773 neutrals events qr+N -*P(neutrals # 

70 ) such that cospro (r+jn neutrals 0 t) > 08, PS < 300 Mev/c and 

2 .011< ECM,< 2.285 Gev (co±responding to 1.8< effective tT lab" beam 

momentum < 2.3 Gev/c). The median center-of-mass energy of this sample 

is 2165 Mev (correspoiading to'an effective ttlabi? beam momentum of 

2.014 Gev/c). By normalization to charge exchange data the cross-

section. for this sample is calculated to be 163 ± ib. The first step 

of the subtraction consists of removing events in' the 71 0 and w peaks 

based on a knowledge of the amounts of each resonance in the co±'res-

ponding four-prong data and the neutrals-to-charged branching ratios 

as discussed earlier. Removal of these events results in the sample 

being ctt to 648.4 events. 

We now assume that this remaining sample consists entirely of 

P(271° ) and P(3r° ) events and that the latter are 28% of the total. 

This is based upon a simple estimate of the 2710 and 3710 
cross-sections 

(at our median center-of-mass energy) measured in Ref. 64. The shape 

of the 3710 
background subtracted is a weighted average of 3710 phase-

space over the values of ECM in our sample. All maximum likelihood 

fits of the three-body charged spectrum iririr °() in the four-prong 
0 0 events to , 	, plus 371 phase-space background gave excellent 

Monte Carlo comparisons 21  with the experimental data. Therefor, the 

assumption that the 3710 spectrum in the neutrals, data could be well 

described by fits to r °  plus 371°  phase-space background (w ° 37i-° ) 

was the only practical one to be made in executing the 3710 background 
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subtraction (although this assumed shape has not been verified experi-

mentally). In order to assure that the events corresponding to 

1° - 3710 were not subtracted twice, we removed them from the 3710 back-

ground subtraction by the following method which uses a branching 

fraction 8  of (1°  3 ° )/(1 °  all neutrals) = (29/71.1): 

(i) 648.4 events = 2ir°  + 37r°(phase-space) 

(2) 0.28 = (3ir°(phase-space) + (i° - 37r° ))/(21r°  + 371 (phase- 

space) + (r °  .-*377-° )) 

with (1°  - 37° ) = (29.4/11.1)(q°  - all neutrals) 

and where (1 0  all neutrals) = # of 10?s subtracted 

previously = 93.3 events. 

Simultaneous solution of equations (1) and (2) for 2w°  and 371°  (phase-

space) gives for the number of 37r °  (phase-space) background events to 

be subtracted: 

3710 (phase-space) = 153.8 events. 

In order to make our final subtraction of the reflection of the 

reaction (7N I (1238)70 ; L (1238) -+Pir° ) on the OPE produced dipion 

• spectrum, we assume that the P(271 0 
) events consist of li-O% + (1238)710 

 

production65 
 and neglect possible interference between the two produc-

tion mechanisms (see Appendix C). We assume the +(1238)71Q events are 

produced by the Sakurai.-Stodolsky p-exchange mechanism. 6  The details 

of the calculation of the reflection of +(1238)70  production on the 
710710 

system are given in Appendix C. There are 296.6 events remaining 

after all subtractions, corresponding to a cross-section for OPE 710 1T0 
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production of 293.6 ±30 b.: The bin-by-bin subtraction is shown for 

each step in Table VIII. 

In Fig. 21 we plot in .Lb/100 Mev the mass spectrum of our OPE 

produced 27r°  sample along with corresponding results from recent experi- 

281 	 29 ments by Corbett et. al. and Braun et. al. 	at center-of-mass 

energies nearly eua1 to ours. The Corbett data also refers to events 

with cospro (7 
i , °7r°  ) > 0.8, whereas the Braun data are for n 	out 

°out < lOkL (p is the pion mass). Our data disagree 

with both sets of data from the other experiments. Our data are 

greater in absolute cross-section than the Corbett data by a factor 

of 2.5, and lower in absolute magnitude than the Braun data by a 

factor of 2.4 (since L2= 10.t 2  lies slightly below cospro = 0.8 for 

all values of the mass of the neutrals system at these center-of-mass 

energies, the Braun data actually disagree with ours by somewhat more 

than the above factor). Crbett's total NiT 07r°  cross-section is lower 

by a factor of 2.5 than the same crosS-section measured in Ref. 64; 

therefore, in an indirect sense our data agree in cross-section rnagni-

tude with Ref. 64, since both measurements are 2.5 1ager than the 

corresponding cross-sections measured by Corbett et. al. 	The Braun 

data predict an OPE produced 27r°  cross-section (for a more restrictive 

cut as noted above) which is nearly as large as our tobal neutrals 

( 	ir° )cross-sec -tion (including qo,, w°, 371°  background, +71O) 
which 

is somewhat difficult to believe. As noted in Part (I), Fig. 8, our 

data are consistent with the tJP-D0WT solution for, the 3 'IT - 'IT phase 

shift, i.e., the solution in which 5 increases slowly to near 90 

at air - ir mass of 700 Mev and remains near 900 for ir - iT masses 



N 

-116- 

0 0 • 	• 	• 	• 	• 	• 	• 	• 	• 	• 
,,e 

•r-1 K\-zt-  ir N-co o 0 c\aD N- 	\ 0 

I:azl 	0 
H 

1 	0 +1 + 	+1 -H +1 +1 +i + 	+1 + 	+1 -H 
0 	Ci -. 

o I 	,Q O-zi 0 Q' 0 - 	CU "-0 H O\ CU \0 "O 
02 r-I 	02 	j.. • 	• 	. 	• 	. 	• 	• 	• 	• 	• 	• 	• S 

H cU 0 	02 - 0 0 '-.0 N- N- PC\ lr\ (\ 11\ '.0 CU 0 r-r 
z 0 H CU CU rc- -- IC\ Lc-\ CU 	H 

r1 II CU +2 I1 CUQ. 

CO 
-p 

5' 

0 0Q\0000CUHc\j'.0 '.0 

H H 0 '.0 CO N- 	 u\ N- CU 0 110 
• 	CU 0 H CU CU r(' -- if\ Ir\ CU 	H 

P, 

II CU o •H 

•1 
rd 

ul 
-P CO 	i -P - 	'.0 0 H ON o-  cy 	0 aj 0 
•r-I r' 0 • 	• 	• 	. 	. 	• 	. 	• 	. 	• 

CU 	i 	(1) CU CY-  tr-.. r-r\ 0\-zt-  tr\ 0 - 	CU CO 
• HO HCUCUrce\CUH ON 

1- 	C I 	II 	I 	I 	I 	I 	I 	II I 

pq 

rd 

Cd N0- a 

0 0 - 	N- -zi CU H '10 N- 0\ 0 IC\ 
tCUO . 	HCUrKCU IC\ 0 H 

1 01r1 
. 

1111111111 i 
CU 

0 

02 C/) 	 . 
o 	-P 	 -z1 	0 N- PC\ 	 IC\ 

0 3 	r.. 	 . 	. 	• 	. 
•H 0 	 OHcOO 	 H 
-P I. 	 CU ci  
CU 

02 	 CO'.O0\ 
	 WN 

rl 	 CU 	i- OD. 
Ct) 

0 	0 
III 	 I 

CI) Irr1 

rd H 
-iC/2 	

000000000000 	0 
0 0 •if -P 	• 	. 	. 	• 	• 	• 	• 	. 	. 	• 	• 	.• 

b 	HNTh0\N-00CUHH00 	C\ 

• 
• r-I 	I)) 	H CU 	- 	CO CU CU 0\ N- tr H 	N- 

H 	Hr-I 	 N- 

cU 

000000000000 
• 0 	000000000000 

N-  oDo\oH 

H. 
r1 	I 	I 	II 	I 	I 	I 	I 	I 	I 	II 	CU 
çr 	 . 0 000000000000 	0 

H Cl) 	000000000000 	H 
ra CU r\ -LC\ '-0 N-CO 0' 0 H 

H 

- 

b 



-117- 

21. 	ixperimenta1oWo Nass Spectra from Various 

Experiments. 

1 i 
j' 	I 	•L 	I 
This expersnt 

• 	
• • Eraun et ci. 	 - 
• 

.... Corbett et ci. 
.1 1 

13O-. 

120 I - 

I 

i 

. 

1Io-•  
I 

I 

too— 
I 

• r 
I 

90— 
• 

• 
• L 

I 

.o— r----- I 	 - 

70 
I 	 - 

160 
I r. 

• 	
s0- 

I r_4 
I 	- 

0 4 
 

• 
r1 

I 
I •- 

T4 l i ii  14)  
riI 

300 400 	SOO 	6,00 10 o Irvo 406 	160 	. iJOO 	,0O 	I 9300 
Invrint vl&ss of T° fl° System in 2'iev. 



-118- 

between 700 and 1000 Mev. It is noted that neither the Cor.bett por the 

Braun data agree with any of the four phase-shift predictions for the 

OPE produced 7r°7r0  mass spectrum. 

In closing we briefly mention a complication in any experiment 

analyzing the reaction 1T+D -'PP(neutrals) due to possible proton con-

tamination in the incident 7+ beam. Geseltzer et al. have shoqn 

that the interpretatin of events which actually are produced by inci-

dent protons in terms of the above reaction leads to a broad enhance-

ment in the neutrals mass spectrum which peaks at MM2  = 0.70 Gev2 , due 

to the presence of 10(1238) production in the PN collision. Based on 

an identical analysis of two-prong even -es in •15 400 pictures of inci-

dent protons at 2.1 Gev/c taken in this experiment, an upper-limit 

estimate of 2% proton contamination would lead to a maximum excess of 

approximately 12% in the bins near 0.70 Gev2  in Fig. 20(a) and 14% in 

those bins in Fig. 20(b). These excesses are within stR± -i.d-. -ir1 

errors. For the raw urisubtracted data in the second column of 

Table VIII a maximum excess of 10% would occur in the 700-800 Mev mass 

bin for a 2% upper limit on proton contaminatjbn. This is also'within 

statistical errors. Therefore, the possibility of proton contamina-

tion does not alter any conclusions we have reached in this analysis. 
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APPENDIX A 

Momentum Iansfer Cutoff on Normalization Events 

In Part (I), Section (B), Subsection (2) the statemeit was made 

2 that spectator cuts and a momentum transfer cutoff of L 	0.L45 

G 2/ 2  ev c have been imposed on the normalization events N(K) used for 

cross-section calculations, since the sample has a rapidly decreasing 

efficiency above values of 2 	°out corresponding to the 

recoil proton having momentum greater than 940 Mev/c (ionization less 

than twice minimum). It is appropriate to describe this procedure in 

further. detail. 	 . 

Consider the following simple case involving a "free" neutron at 

rest in the laboratory. When struck by the beam 7T, the value of the 

momentum transfer for this event can be directly related to the recoil 

momentum of the proton as . 

-(M. - JMP2 p 2 )2  + p 2  

If only events with recoil protons less than 940 Mév/c in the labora-

tory are scanned for, the, sample will have a rapidly decreasing detec-

tion efficiency for values of 

> 
p %/Mp 	p 	p 	 p 

2 + M 2 )2  + M 2  = 2(_ 1)N 2  = 0 68 Gev2/c2  

Rowever, in the practical case with the neutron target bound inside 

the deuteron, the momentum transfer depends on both the momenta of 

the outgoing protons and their relative laboratory direction angle as 
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= _(MD 
-FMP2+  

sp2 	rp 	PsPPrpCOS8 (a) 

where P 
sp 

= lab momentum of spectatOr proton 

P = lab momentum of recoil proton 
rp 

and 8 = relative angle between outgoing protons in 

the laboratory. 

Working in the impulse approximation we see that in the extreme case 

of spectator protons with laboratory direction opposite to that of 

the recoil proton and with lab momentum of 300 Mev/c, there will exist 

a rapidly decreasing detection efficiency for values of 

-(MD 	
+ ( 3 )2 	 2)2 	2 - (o.6) + (0.09)_TM~+ 

0.22 Gev2/c2  

corresponding to recoil proton momentum it 90 Mev/c. However, with 

suitable cuts on spectator momentum and relative direction, we can 

produce a sample of events (for normalization calculation of cross-

sections) which do not have a rapidly decreasing detection efficiency 

below values of 	much higher than the 0.22 Gev2/c2  value calculated 

above. From formula (a) events with a rapidly decreasing detection 

2 efficiency below a given cutoff in 	will be removed by requiring the 

events to satisfy 

JY7  	2 F2 22. 2 2 	 2 
- (MD - 	+ P5  _/M + M 

) + 	
+ M + P5 Mcos8 > cutoff (b), 

i.e., if the event had recoil proton momentum> 90 Mev/c, the direc- 

tion and momentum of the spectator proton should be such as to give a 
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value of A greater than the value of the cutoff. Qualitatively this 

results in events with large spectator momenta in the backward direc-

tion (relative to the recoil proton) being eliminated. 

A detenninatjon has been made of the value of the 	cutoff which 

insures maximum statistics for the normalization events N(K) without 

including events which have decreasing efficiency below A2 
cutoff due 

to the recoil proton having momentur greater than 9110 Mev/c. Charge 

exchange events werecounted in each center-of-mass energy interval 

which satisfied the condition A2< cutoff and condition () above 

for different values of cutoff . In all ECM intervals the value of 

cutoff which maximizes statistics is cutoff = 0.45 Gev2/c2. 
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APPEIDIX B 

Production Angular Distribution for 7r -* 7TL 

The differential cross-ection for the scattering 7rN 7TL can be 

written 48 

= 

where the coefficients aAL/AO are given by 

= 	
J,L,L* J',L',L*' JLL,JLL* 

x {Re(TJLL*)Re(TJILIL*?) + Im(TJ*)(TJILlL*t)} 

In the above eqpation J represents the total angular momentum, 

L(L*) represents the orbital angular momentum in the initial 7rN 

(final nL) system, and the coefficients RL are listed in Thbles 1 and 

II of the article by Roberts. 8  The quantity 

(miflibarns) = 40ir/k2  

where 	k(inverse fermis) = Pcm/l9732  

and P is the initial ITN center-of-mass momentum in I'4ev/c. 51  The 

quantitiesTjLL* are simply the scattering amplitudes of the above 

described angular momentum waves. For example, for an s-channel isobar 

characterized by a simple Brelt-Wigner amplitude52 
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where F(i) is the appropriate isotopic spin coefficient listed in 

48 Table III of Roberts, and 

= (ER - ECM)2/1' totai  

Here ER is the mass of the resonace and rtotai the observed ddth. 

Also 

= rN N'rtota1 

and
XTFA =  rN rdrtotal, 

i.e., the partial decay widths of the wave characterized by J, L, L*, 

andl. 
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APPENDIX C 

00 	 + 7r ii Mass Spectrum for (1238) Production 

by Sakurai-Stodolsky Model 

The spectrum was calculated by a numerical method rather than by 

generation of lvlonte-Carlo events. Briefly, the procedure goes as 

follows. First the relevant kinematic variables are divided up into 

bins for the physical region relevant to the data. For each bin in 

ECM, M+, e+, +, (M+ = mass of the Pf system forming iY, 6+ = 

polar decay angle of L± (in the 	rest frame) relative to the normal 

to the production plane, + = azimuthal decay angle of i (in the  At 

rest frame) measured from the direction of the recoil pion) we eval-

uate the invariant mass of the (T°decay 
- 

recoil) system and deter-

mine in which 100 Mev bin (in Table viii) it lies. We then add a 

weight to that bin of the form 

p = (1 + 	
) 

where (1 + 3cos 2e + ) is the decay distribution of 	by Ref. 56, 

is the number of events for that particular ECM bin, and Breit-

Wigner (M) is the resonant shape of 	'given by Jackson. 35  

Specificafly 

Breit-Wigner(M+) = P3r(M+)/((M '- M+2)2~ Mr2(M ~n 

where M = (1.238)2 Gev2 , 	, 

PCM is the center-of-mass momentum of 
V°recoil ' 

and 	PM+ = P0()3p(M+)/p(M0) 
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where P 0  = 0.10 Gev, 

p () = ((M + N )2 - m 2  )/M+2  , 

and 	q is the decay momentum in the L rest frame corresponding 

to 

Finally the sum of the weights over all bins is normalized to give the 

total number of events to be subtracted (198.0). 

Possible interference effects are examined in a recentarticle by 

Clegg68  who shows that such effects produce ' tat t' background 

subtracted L(1238) decay distributions which are not expected from 

the single Sakurai.-Stodolsky p-exchange model. In order to examine 

possible effects due to such interference plus effects due to the 

selection of cospro (7r+ifl, 7077°out) >0.80 on the 7r°7r mass reflection 

of the L (1238) event, we have done a more sophisticated Nonte Carlo 

caicuiation. 6  We generated L (1238) events (thass 1238 Mev, width 
62 

140 Nev) according to an e 	production distribution (which 

adequately describes the distribution of the peripheral § peak in 

Fig. 1(f) of A. Carroll et. al., Phys. Rev. Letters 16 1  288 (1966)). 

Furthermore, we assumed the interference modified +(1238) decay dis-

tribution68  of 57.1 P0(cosd) + 45.6 P1(osG) + 31.4 P2(cosd) with 

respect to the neutron target in the z(1238) rest frame, and finally 

made the selection of cospro (7r+1 
°'°out) >0.8. Plotting the 

mass spectrum of the above events, we concluded that in the 

region of our phase shift analysis (500-1000 Mev), the difference 

between the final OPE 7r 0  mass spectra obtained by the sophisticated 

Monte Carlo calculation and that obtained by the simple numerical 
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Sakural-Stodoisky calculation is not statistically significant. 
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