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Abstract. We provide a method to construct ¢-designs from weighing matrices and associ-
ation schemes. One instance of our method can produce a 3-design from any (symmetric
or skew-symmetric) conference matrix, thereby providing a partial answer to a question of
Gunderson and Semeraro JCTB 2017. We explore variations of our method on some ma-
trices that satisfy certain combinatorial restrictions. In particular, we show that there exist
various infinite families of partially balanced incomplete block designs with block size four
on the binary Hamming schemes and the 3-class association schemes attached to symmetric
designs, and regular pairwise balanced designs with block sizes three and four.

Keywords. t-design, characteristic polynomial, weighing matrix, Hadamard matrix, asso-
ciation scheme

Mathematics Subject Classifications. 05B05, 05C50, 05E30

1. Introduction

1.1. Background

Let ¢, v, k, and X\ be positive integers. A t-(v, k, \) design is a k-uniform hypergraph (X, B)
with the property that any set of ¢ vertices from the v-element set X appear together in precisely A
hyperedges of 8. One of the main purposes of research on design theory is to classify ¢-(v, k, A)
designs, i.e., for given parameters ¢, v, k, and A, construct the corresponding design, enumer-
ate the possible constructions and determine the equivalence classes of ¢-(v, k, ) designs up
to isomorphism, or show that no such design can exist. In widely celebrated recent work of
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Keevash [Keel4] and subsequently Glock—Kiihn—-Lo—Osthus [GKLO23], ingenious probabilis-
tic techniques were employed to show that ¢-(v, k, \) designs exist asymptotically (when v is
large enough compared to ¢, k, A and subject to the necessary divisibility conditions). However,
it remains an important open problem to provide explicit constructions.

Constructions of designs have been investigated from perspectives of various disciplines,
such as finite geometry [BallS5], character theory [Pot95, Sch02], and coding theory with the
Assmus—Mattson theorem [AJMJ69]. We contribute to the construction of designs by propos-
ing a new method of construction using square matrices satisfying certain algebraic conditions.
Typically, the matrices A to which our method can be applied have entries belonging to the
set {—1,0,1} and satisfy AAT = w] for some positive integer w. Such matrices are known as
weighing matrices in the literature. We will see that our method can also be applied to some
variations of weighing matrices as well as to association schemes.

Motivated by a classical problem of Frankl and Firedi [FF84], Gunderson and
Semeraro [GS17b, Theorem 11], construct 3-(¢ + 1,4, (¢ + 1)/4) designs by collecting 4-
vertices subtournaments so-called diamonds in Paley tournaments on ¢ vertices where ¢ is a
prime power congruent to 3 modulo 4. Here, diamonds are tournaments on four vertices ob-
tained by adding a dominating or dominated vertex to the 3-cycle. It was observed by Bel-
couche et al. [BBLZ20] that the construction of Gunderson and Semeraro corresponds to taking
4-subsets of {1,...,q + 1} for which the corresponding 4 x 4 principal minor of a matrix rep-
resentation of the Paley tournament is 9. Accordingly, for a v x v matrix A, we define the
hypergraph $4(v, k,a) = ({1,...,v},B4(v,k,a)) by

B 4(v, k, a) :={k-subsets of [v] whose corresponding principal minor of A is equal to a} .

Let ¢ = 3 (mod 4) be a prime power and S be a matrix whose rows and columns are indexed by
the elements of the finite field IF, of order ¢ and the (z,y) entry of SisOif x =y, lifx —yisa
nonzero quadratic residue modulo ¢, and —1 if z—y is a non-quadratic residue modulo q. Append
arow and column to S to form the (¢+1) x (¢+ 1) matrix A where the entries of the last row and
column are equal to 1 except for the diagonal entry, which is 0. The hypergraph $(q + 1,4, 9)
isa3-(¢+1,4,(q+ 1)/4) design.

1.2. Main results and their consequences

Our purpose is to find conditions on the matrix A and parameters v, k, and a that guarantee the
hypergraph (v, k, a) is a t-(v, k, ) design. One of our main results (see Theorem 2.2, below)
is as follows.

Theorem 1.1 (Synopsis of Theorem 2.2). Let A be a v X v complex matrix that has precisely
two principal k x k minors a and b. Suppose, for eachi € {0,1,. .. t}, the coefficient of z'~*~"
of the characteristic polynomial of each principal (v — i) X (v — i) submatrix of A is constant.
Then the hypergraph $4(v, k,a) is a t-(v, k, \) design.

The X in Theorem 1.1 can be expressed in terms of the spectrum of A and a and b. Such an
expression is given explicitly in Theorem 2.2, below. In Section 2, we give examples to illustrate
the utility of Theorem 2.2. In particular, Theorem 2.2 can be used to provide a partial answer to
a question of Gunderson and Semeraro [GS17b, Question 25] who asked
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Question 1.2. For which n = 0 (mod 4) does there exist a 3-(n, 4, n/4) design with the prop-
erty that every set of 5 vertices contains either O or 2 hyperedges?

As we show in Example 2.4, it follows from Theorem 2.2 that such a 3-(n,4,n/4) design
exists whenever there exists a skew-symmetric conference matrix of order 4n. It is conjectured
in [Seb78] that skew-symmetric conference matrices of order 4n exist for all n € N. The validity
of this conjecture would thus completely answer the question of Gunderson and Semeraro, and
would furthermore provide a partial answer to [FF84, Problem 1].

In addition to the above, Theorem 2.2 provides constructions of infinite families of 3-designs
from symmetric conference matrices; infinite families of 2-designs from doubly regular tourna-
ments, real equiangular tight frames, and Hermitian complex Hadamard matrices over the third
roots of unity.

We continue our investigation by extending our main theorem to produce partially balanced
incomplete block designs from square matrices together with a symmetric association scheme
(see Theorem 3.1 and Theorem 3.8). We apply Theorem 3.1 and Theorem 3.8 to various large
families of matrices and symmetric association schemes to provide infinite families of partially
balanced block designs. In particular, we obtain infinite families of partially balanced block
designs from distance regular graphs, skew-Bush type Hadamard matrices and group divisible
designs, signed hypercubes and binary Hamming schemes, and balanced generalised weighing
matrices. Lastly, we show how Hadamard matrices can be used to construct infinite families of
pairwise balanced designs (see Theorem 4.2).

1.3. Organisation

The organisation of this paper is as follows. In Section 2, we prove our main theorem, Theo-
rem 2.2, and exhibit infinite families of ¢-designs for £ = 2 and 3. Here, we provide a partial
answer to Question 1.2 and further demonstrate the utility of Theorem 2.2 with numerous ex-
amples of its application. In Section 3, we show how to apply a variation of our method to an
element of the Bose—Mesner algebra in a symmetric association scheme in order to obtain a
partially balanced incomplete block design (PBIBD). A significant consequence is the construc-
tion of PBIBDs of hyperedge size three or four for any symmetric association scheme whose
parameters are determined from the spectral data of the matrix used. We exhibit an infinite
family of PBIBDs on the binary Hamming association scheme using a signed adjacency matrix
of the Hamming graph. We also exhibit an infinite family of PBIBDs on a symmetric 3-class
association scheme using a balanced generalised weighing matrix. In Section 4, as a further ap-
plication of the results in Section 3, we construct an infinite family of regular pairwise balanced
designs from a family of Hadamard matrices. The paper culminates with Section 5, where we
list relevant open problems that emerged from our investigations.

1.4. Notation

Throughout, for positive integers v and &, define [v]={1, ..., v} and ([Z]) ={a C [v]: |a| =k}.
Let A be a v X v matrix whose rows and columns are indexed by [v]. For a subset o C [v], we
denote by Ala] the principal submatrix of A whose rows and columns are indexed by a. We
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denote the complement of o by @ = [v] \ « (the containing set [v] should be clear from context).
Denote by J,, O,, and I,, the all-ones matrix, the all-zeros matrix, and the identity matrix of
order n. We write .J, O, and I, instead of J,,, O, and I,, respectively if the order of the matrix
is clear from context.

Define D 4(k) to be the set of all & x k principal minors of A, i.e.,

zuwy:{@um@);ae<@>}
Forv e N,k € {0,1,...,v},d € Da(k),and B C [v], we define Aa(3, k, d) and p4(53, k, d) by
{aé(@):ﬁcmdaMMD:4
{aE(@):ﬁﬂaz@,%ﬂMM%ﬂ%w

Fork € {0,1,...,v},av x v complex matrix A, and a subset « C [v], define c4(cv, k) to be
the coefficient of z*~*~1ol in det(x1 — A[a]). For a set 2 of subsets of [v], define

Y

(B, k,d) =

NA(Ba ku d) =

Ca(RL k) :={cala, k) : a€A}.

A hypergraph is a pair (V, E) where V is its set of verfices and FE is its set of
hyperedges, which consists of subsets of V. A hypergraph $) is called k-uniform if each hy-
peredge has cardinality k. For a v x v matrix A and a € D4(k), we define a hypergraph

Da(v,k,a) = ([v],Ba(v, k,a)) by

%Muha%z{aé(ig :@uAmpza}.

An (undirected) graph is defined as a 2-uniform hypergraph (V, E'), where FE is said to be a set
of edges. The adjacency matrix A of an undirected graph G = (V, F) is a {0, 1 }-matrix whose
rows and columns are indexed by V' such that the (u, v)-entry of A is 1 if and only if {u, v} € E.
A directed graph (or digraph) is a pair (V, F') where V is its set of vertices and its set of
arcs I/ is a subset of the Cartesian square V' x V' that does not contain any element of the
form (x, ). A tournament is a directed graph (V, E) where |{(u, v), (v,u)} N E| = 1 for each
pair of distinct vertices u # v. The adjacency matrix A of a directed graph G = (V, E) is a
{0, 1}-matrix whose rows and columns are indexed by V' such that the (u, v)-entry of A is 1 if
and only if (u,v) € E.
For a family of subsets B of [v] and a subset 5 C [v], define

A (B) :={aeB : fCajl,
ps(B) :={aeB : fNna=0a}.

Note that A3 (@) = us () = [B|.
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1.5. Preliminaries

In this subsection, we collect some preliminary results about determinants of principal subma-
trices that we will use in the later sections. The following two lemmas provide a convenient
way to express the characteristic polynomial of a principal submatrix, which we make use of
in our main results. The first lemma is a classical identity due to Jacobi (see [Gan59, Page 21]
or [God93, Page 52]), which can be seen as a consequence of the Schur complement.

Lemma 1.3 (Jacobi). Let A be a complex square matrix of order v and let o C [v]. Then
det(x] — Afa]) = det(x] — A) det((z] — A)"*[a]).
Denote by e;(x1,. .., ) the j-th elementary symmetric polynomial in R[zy, ..., 2.

Lemma 1.4. Let A be a v x v complex matrix with det(xI — A) = [[;_, (x —0;)™ for distinct 0;.
Suppose that A is diagonalisable. Then, for each o C [v], we have

det(zI — Afa]) = [ [(z — 6;)™ 711 - det (Z (Z(-Ujej(el, L ,es)xi—j> As—i[a]> .
i=1 i=1 \j=0
Proof. Since

A —ey(Br,. . 0) A Feg(0y, .. 0)A 2 4o 4 (=1)%ey(,...,0,)] = O,

it is routinely shown that

-1 _ 25:1(22‘:0(_1)j6j(‘91’ te 795)1’1'7]')14571'
[[_i(z —6:) ‘

The lemma then follows from Lemma 1.3. L]

(xl — A)

Since this case is used repeatedly below, we exhibit the case when s = 2 in Lemma 1.4
explicitly.

Corollary 1.5. Let A be a v x v complex matrix with det(xl — A) = (x — \)"(x — p)™
for A\ # p. Suppose that A is diagonalisable. Then, for each o C [v], we have

det(z] — A[@]) = (z — A)™ 71l (@ — p)™ =1l det (A[a] + (z — X — p)I).

The following lemma (see, for example, [HJ13, Eq.(1,2,13), Page 53]) is crucial in this paper.

Lemma 1.6. Let v be a positive integer, k € {0,1,... v}, Abeav X v complex matrix, and let
« be a subset of [v]. Then

calo k) = (=1)F Y~ det(A[8]).
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Our final preliminary result is a corollary of Lemma 1.6, which provides two useful equa-
tions.

Corollary 1.7. Let v be a positive integer, k € {0,1,... v}, Abe av x v complex matrix, and
let « be a subset of [v]. Then

(1) (” ;'“') = Y palo,k,d);

deD 4 (k)

(2) cala, k) Z d,uA a,k,d).

dGDA

2. Designs constructed from square matrices

In this section, we introduce a tool (Theorem 2.2) that enables us to produce designs from certain
matrices. We also provide examples of designs that we are able to produce in this way. At
this point, we note that one can construct a ¢-(v, k, A) design (X, *B) in a somewhat trivial way
setting *B to be the set of all k-subsets of X. Such a design is aptly called trivial.

2.1. Hypergraphs from square matrices

Before we establish our main result, we require the following technical lemma.

Lemma 2.1. Let v and t be positive integers and B be a family of subsets of [v]. For 3 C [v],
we have

As(B8) =Y (=1 un (7).

~yCB

Suppose that, for each i € {0,1,...,t}, there exists y; such that u; = pss(3) forall 5 € ([1;]).
Then, for each i € [t| and ( € ([7;]), we have

Proof. The proof of this fact is obtained by modifying the proof of [Sti04, Theorem 9.7] as
follows. For any subset v C /3, it is clear that

ﬂ{ae% 2z & al

zey

=H{aeB : any =0} = pus().

Then the principle of inclusion-exclusion asserts that

’{QE‘B:BC(XH:“B\<U{a€‘3:z¢a}>':2(_1)lvl

zeP YCB

ﬂ{ae%:zga},

zEey
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which shows that

Aw(8) = (=) s ().

YCh
The remaining assertions follow from this equation. 0

The following is the main theorem of this section.

Theorem 2.2. Let t, v, and k be positive integers. Let A be a v X v complex diagonalisable
matrix such that

(1) D4(k) = {a,b}, where a # b, and

(2) Cy (([3]), k:) ={¢} foreachi € {0,1,... t}.
Then the hypergraph $)4(v, k,a) is a t-(v, k, \) design, where
(—=D)F(%) b (v — t)
A= (k) — .
(a—b)(g)cA( S (A

Proof. LetB = B 4(v, k, a). First we claim that, for each 7 € {0, 1, ..., ¢}, there exists y; such
that ug () = p; for each 5 € ([;.’]). By Corollary 1.7 together with assumption (1), we obtain

¢ =ca(B k) = (—1)F <(a —b)us(8) + b(v ; Z>) ’

from which the claim follows. Hence, we write p; = ug(53), where i € {0,1,...,t} and 8 €
([’L{]).

By Lemma 2.1, for each ¢ € {0,1,...,t} and each € ([g]), we can write

=0
Thus Ay () does not depend on the particular choice of 5. Therefore the hypergraph $ 4(v, k, a)
is a t-design.

Finally we determine A = Ay () where |3| = t. Evaluate the value X = Z det(Ala])

(a,8)€Y
in two different ways, where Y = {(a, 8) € () x (*}) : 8 C a}. On the one hand,
x=3 3 det(4fa)) = 3" ((a —b)A+ b(Zii)) - (:) ((a —b)A+ b(Z - i)) ,
se() a;([}i]) pe()

and on the other hand, by Lemma 1.6(1),

Xx= 3 3 det(Afa]) = (’;) 3 det(A[a]):(-1)k(’;)cA<@,k).

ae(i)) Be(7) oe()
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Therefore, equating these two expressions for X with a — b # 0 yields

_ (D), b (vt
A_(a—b)(j) a2, k) a—b(k—t)‘ -

In the remaining subsections of Section 2, we apply Theorem 2.2 to various families of
matrices to obtain infinite families of ¢-designs for ¢ € {2, 3}.

2.2. 3-designs from conference matrices

In this subsection, we show how 3-designs can be obtained from symmetric conference matrices,
skew-symmetric conference matrices, and skew Hadamard matrices.

A symmetric (resp. skew-symmetric) Seidel matrix is a {0, +-1}-matrix S with zero di-
agonal and all off-diagonal entries non-zero such that S = ST (resp. S = —ST). A conference
matrix is a Seidel matrix S of order n such that SST = (n—1)I. Using [VLS66, Table 4.1], one
can obtain Table 2.1, which lists k£ x k principal minors of a symmetric Seidel matrix. Further-
more, it is a straightforward computation to verify Table 2.2, which lists £ X k principal minors
of a skew-symmetric Seidel matrix.

k| 3 4
D5+51(/{3> {O, —46} {—16,0}
DS(k) {_2’2} {_375}

Table 2.1: The k£ x k principal minors of S + ¢/ where S is a symmetric Seidel matrix of
ordern > k and € = £1.

k| 3 4 5
Dgier(k) | {—42} {8,16} {—16¢, —32¢}
Ds(k) | {0}  {1,9} {0}

Table 2.2: The k x k principal minors of .S + eI where S is a skew-symmetric Seidel matrix of
ordern > k and ¢ = +1.

Next, we define a Paley digraph of order ¢, which provides infinite families of both sym-
metric and skew-symmetric conference matrices. Let g be an odd prime power. The vertex set 1/
is the finite field I, and for u # v there is an arc from u to v if u — v is a square in IF,.

Let G be a Paley digraph of order q. One can obtain a conference matrix C' of order g + 1
as follows. Join a vertex w to GG so that there is an arc from w to each vertex of G and,
if g=1 (mod 4), also include an arc from each vertex of G back to w. Now, set the (u,v)
entry of C equal to —1 if there is an arc from « to v and 1 otherwise. Set each diagonal entry
of C'tobe 0. Then C'is a conference matrix of order ¢+ 1. Note that, if g = 1 (mod 4) then —1
is a square in F,, which implies that (u,v) is an arc if and only if (v, ) is an arc. Thus, C'is
symmetric if ¢ = 1 (mod 4). On the other hand, if ¢ = 3 (mod 4) then —1 is not a square
in F,. In this case, (u,v) is an arc if and only if (v, u) is not an arc, i.e., the Paley digraph G is
a tournament. Thus, C' is skew-symmetric if ¢ = 3 (mod 4).
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Example 2.3. Let S be a symmetric conference matrix of order 4n + 2 > 6 and
letw C {1,...,4n + 2}. From Table 2.1, we have |Dg(k)| = 2 for k € {3,4}. Using [GS17a,
Section 4], one obtains the characteristic polynomials of principal submatrices of S as given in

Table 2.3. Tt is clear from Table 2.3 that (CS (([4"j21) , 4) ‘ — 1 foreach i € {0,1,2,3}. Thus,

|| det(xI — S[a])
(ZL’2 —4n — 1)2n+1
r(x? —4n — 1)

(22 = 1)(2* — 4n — 1)1

(x £2)(x F1)*(2? — 4n — 1)>n2

W N = OQ

Table 2.3: The characteristic polynomials of principal submatrices of S from Example 2.3.
we can apply Theorem 2.2, to deduce that
* Hs(4n +2,4,5)is a 3-(4n + 2,4, 3n) design;
* Hs(4n+2,4,—-3)isa3-(4n+2,4,n — 1) design.

Due to the Paley digraph construction above, symmetric conference matrices of order n are
known to exist when n = ¢+ 1 and ¢ = 1 (mod 4) is a prime power. See [BS14] for more
constructions.

Example 2.4. Let S be a skew-symmetric conference matrix of order 4n > 8 and
let « C {1,...,4n}. From Table 2.2, we have |Dg(k)| = 2 for k € {4,5}. Using [GS17a,
Section 4], one obtains the characteristic polynomials of principal submatrices of S and S + I as

given in Table 2.4. Itis clear from Table 2.4 that ‘CS (([47‘]) , 4) ‘ = land ‘C’SH (([41."}), 5) ‘ =1

)

11 det(zI — S[a))
(z? +4n —1)*"
z(x? +4n — 1)*1
(22 +1)(z* 4+ 4n — 1)*2

z(x? 4+ 3)(z* + 4n — 1) 3

w N = O

Table 2.4: The characteristic polynomials of principal submatrices of S from Example 2.4.

for each j € {0, 1,2, 3}. Thus, we can apply Theorem 2.2, to deduce that
* Hs(4n,4,1)is a 3-(4n,4,3(n — 1)) design;
* 9Hs(4n,4,9) is a 3-(4n, 4, n) design;
* Hs+r(4n,5,F16) is a 3-(4n,5,3(n — 1)(n — 2)) design;

* Hs+r(4n,5,F32) is a 3-(4n, 5, 5n(n — 1)) design.
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Due to the Paley digraph construction given above, skew-symmetric matrices of order n are
known to exist when n = ¢+1 where ¢ = 3 (mod 4) is a prime power. See [SY20, Section 9.3.1]
for further details on the existence of skew-symmetric conference matrices.

Now, we briefly comment on how Example 2.4 can provide an answer to Question 1.2. For S
a skew-symmetric conference matrix of order 4n, the hypergraph $5(4n,4,9) in Example 2.4,
is a 3-(4n, 4, n) design. It remains to check that each subset of 5 vertices contains either O or 2
hyperedges. Each subset of 5 vertices corresponds to a 5 x 5 principal submatrix and each hyper-
edge « satisfies det(A[a]) = 9. It is a straightforward computation to check that, for any skew-
symmetric Seidel matrix 7" of order 5, the number of subsets « € (%)) such that det(7[a]) = 9
is either 0 or 2.

It is conjectured in [Seb78] that skew-symmetric conference matrices of order 4n
exist for all n € N. The validity of this conjecture would completely answer Question 1.2 via
the 3-(4n,4,n) design H5(4n,4,9) in Example 2.4. In the same way, it would also provide a
partial answer to the question of Frankl and Fiiredi [FF84, Problem 1].

2.3. 2-designs from equiangular tight frames and Hadamard matrices

In this subsection, we show how 2-designs can be obtained from Seidel matrices with precisely
two distinct eigenvalues and complex Hadamard matrices over the third roots of unity. Seidel
matrices having precisely two distinct eigenvalues are more commonly known as (real) equian-
gular tight frames. See [FM16] for an overview of equiangular tight frames.

Example 2.5. Let S be a symmetric Seidel matrix of order v with det(zl — S) = (z — 6;)™-
(x — 03)™ for 6, # 05 and min(my, msy) > 2. Next, one can apply Corollary 1.5 to obtain the
expressions in Table 2.5 for the characteristic polynomials of principal submatrices of .S.

lal | det(z1 — S[al)
(ﬂf — 91)m1 (ZL‘ — 92)m2
(x —01)™ Nz —0y)™2 (2 — (6) + 0,))

(x—01)™2(x — 0)™2(x — (01 + 0y + 1)) (z — (61 + 05 — 1))

o = OO0

Table 2.5: The characteristic polynomials of principal submatrices of S from Example 2.5.

For k € {3,4} and ¢ € {0,%1}, we can use Table 2.5 and Table 2.1 to deduce that the
assumptions of Theorem 2.2 are satisfied for A = S + eI. Thus, Hgc7(v, k,a) is a 2-(v, k, A)
design, where the parameters are given in Table 2.6.

Remark 2.6. When min(my, my) = 1 in Example 2.5, we have Bg(v,k,a) = ([Z]), that
is, Hs(v, k, a) is a trivial design.

Remark 2.7. A regular two-graph is a 2-(v, 3, \) design (X, B) satisfying the property that
every subset 3 € (f) contains an even number of elements of ‘B as subsets. Given a regular

two-graph one can partition (f) as €y U €, U €, where € consists of sets 3 such that (5) C ‘B,
¢, consists of sets (3 such that (g) NB=g,and ¢; = (f)\(@o U &,). Gillespie [Gill8, Propo-
sition 4.1] showed that (X, &), (X,¢;), and (X, &,), are each 2-(v,4, \) designs for differing
values of .
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e k| a A
0 |3] +2 | TlI w2
+1 (3| 0 | gl g9
41| 3] —4e —?Egi)(tf_(‘f)’?’)
—3cs (9,4 5 (v—2
41 =3 21}5()_11)) + §< 2 )
3cs (9, 3 (v—2
4 5 2vs(vf(1) j’g( 2 )
3c .4 v—2
#1140 | R ()
—3c a,
+11|4 | —16 %

Table 2.6: The 2-(v, k, \) designs $Hs..;(v, k, a) of Example 2.5.

It is well-known that regular two-graphs are in correspondence with Seidel matrices having
precisely two distinct eigenvalues (see [Sei76, Theorem 4.1 and Section 7]). It is straightforward
to verify that this correspondence manifests itself as follows. Let .S be a Seidel matrix of order v
having precisely two distinct eigenvalues. Then $s(v, 3, —2) is its corresponding regular two-
graph. Furthermore, we can also recover Gillespie’s designs (X, &), (X, €;), and (X, €;) in our
framework. Indeed, one observes that

{ﬁ e (36) det(al — S[A]) = (z+ 3)(z 1)3};
¢ - {ﬁ c (f) . det(z] — S[f]) = (22 — 5)(a® — 1)}
¢ — {B c (f)  det(al — S[B]) = (z — 3)(z + 1)°

It then follows that
(%7 Q:O) = 565’+I(U747_16)7 (x7 Qzl) :ﬁS<v>4a 5)7 and (:{7 Q:2> :57.)5710)747 _16)

We refer again to [FM16] for the existence of (real) equiangular tight frames. The next
example is a special case of Example 2.5. A complex v X v matrix H is called Hadamard if
each of its entries has absolute value 1 and if H H* = v, where H* denotes the Hermitian
transpose of . A real, symmetric Hadamard matrix with a constant diagonal is known as a
graphical Hadamard matrix.

Example 2.8. Let H be a graphical Hadamard matrix of order n > 4. Then H = S + ¢l
for some Seidel matrix S with two distinct eigenvalues and ¢ € {—1,1}. Furthermore,
det(zl — H) = (z — /n)™(z + /n)"~™, where m = \/n(y/n + €)/2. Here, we can compute
the expressions cy (9, 3) = en?(n—1)/3 and cx (9, 4) = —n3(n—1)/12. Now we can simplify
the expressions in Table 2.6 to find

* Hu(n,3,0)isa2-(n,3, (3n —8)/4) design;
* 9Hu(n,3, —4¢e)is a 2-(n,3,n/4) design;
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* 9(n,4,0)is a2-(n,4,(Tn? — 24n + 16)/16) design;
s 9r(n,4,£16) is a 2-(n,4,n?/16) design.

Note that, in order for A to be an integer, n must be a multiple of 4. Various infinite families
of graphical Hadamard matrices are known to exist. We refer the reader to [Bro16] for details.

Let w be a primitive third root of unity. Our next example produces 2-designs from Hermitian
Hadamard matrices over the third roots of unity.

Example 2.9. Let H be a Hermitian Hadamard matrix of order n? > 9 with entries
from {1,w,w?}. It is a straightforward computation to verify Table 2.9, which lists all k x k
principal minors of H where k € {3,4}.

k| 3 | 4
DH(k) ‘ {_370} ‘ {_970}

Table 2.7: The k x k principal minors of the matrix // from Example 2.9.

Next, one can apply Corollary 1.5 to obtain the expressions in Table 2.8 for the characteristic
polynomials of principal submatrices of /1.

lal | det(zI — Ha])

0 (x . n) n 2+n <x + n) n ;7L
n2+n n2—n

1| +D)(z—n) =" z+n) ="
n2+n_2 n“—n_o

2 |z(z+2)(r—n) 2 “(x+n) 2
Table 2.8: The characteristic polynomials of principal submatrices of H from Example 2.9.
Thus, we can apply Theorem 2.2, to deduce that
s 9(n? 3,—-3)isa2-(n? 3, %) design;

« Hr(n?3,0)is a 2-(n?, 3, ) design;

« Hp(n?4,—-9)is a 2-(n2, 4, %) design;

s 9(n?4,0)is a2-(n% 4, % — 22 1 3) design.

A Butson Hadamard matrix of order n and phase ¢, denoted by BH(n,¢), is a com-
plex Hadamard matrix of order n whose entries are g-th roots of unity. It is easy to see that
a BH(n, 3) exists only if n = 0 (mod 3). Moreover, BH(n, 3) matrices are known to exist
forn € {223°(21)¢ : 0 < a < b,1 < ¢} [AOS09, But62]. By [KS90, Theorem 14], if there
exists BH(n, 3), then there exists a Hermitian BH(n?, 3).

A doubly regular tournament is a tournament whose adjacency matrix A satisfies
AAT = tJ + (t + 1)I for some t. The following example produces 2-designs from doubly
regular tournaments.
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Example 2.10. Let A be the adjacency matrix of a doubly regular tournament of order 4n+3 > 7.
It is a straightforward computation to verify Table 2.10, which lists all k£ x k principal minors of A
and A+ [ for k € {3,4}. By [BSTZ22, Theorem 1], we can obtain the formulas of Table 2.10.

k| 3 | 4
DA(k) {071} {_170}
Dayr(k) | {1,2} | {1,2}

Table 2.9: The k x k principal minors of A and A + [ from Example 2.10.

la] | det(zI — Alal)

0 (x—2n—1)(2? +x +n+ 1)t
1

2

(22 + 2 +n+1)*"(2? — 2nz —n)
(22 +z+n+1)"1 23— 2n—-1)22 - (2n — 1)z —n)

Table 2.10: The characteristic polynomials of principal submatrices of A from Example 2.10.

Now we can apply Theorem 2.2, to each row (M, k, a, \) of Table 2.11, to deduce that the
hypergraph $5,(4n + 3, k,a) is a 2-(4n + 3, k, \) design.

M k| a A
A 310 an
A 31 1 n+1
A 4| -1|3nmn+1)
A | 4] 0 | nbBn-1)

A+T114] 1 |[3nn-1)

A+T 4| 2 | 5n(n+1)

Table 2.11: The 2-(4n + 3, k, A) designs H,(4n + 3, k, a) of Example 2.10.

It turns out that the hypergraphs $H4.7(4n + 3,3,£1) are 2-(4n + 3,3,3n) designs
and $H4+7(4n +3,3,1 £ 1) are 2-(4n + 3,3,n + 1) designs.

By [RB72, Theorem 2], the existence of doubly regular tournaments of order n is equivalent
to that of so-called skew Hadamard matrices of order n + 1. Note that H is a skew Hadamard
matrix if and only if H — [ is a skew-conference matrix. We refer again the reader to [SY?20,
Section 9.3.1] for further details on the existence of skew Hadamard matrices.

3. Partially balanced incomplete block designs

In this section, we obtain partially balanced incomplete block designs from a matrix A in the
Bose—Mesner algebra of a symmetric association scheme. The parameters of the resulting
PBIBDs can be determined from the spectral data of the matrix A.
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3.1. Symmetric association schemes

Let d be a positive integer. Let X be a finite set and R; (i € {0,1,...,d}) be a nonempty
subset of X x X. The adjacency matrix A; of the graph with vertex set X and edge set R; is
a {0, 1}-matrix indexed by X such that (4;),, = 1if (z,y) € R; and (4;),, = 0 otherwise.
A (symmetric) association scheme with d classes is a pair X = (X,{R;}_,) satisfying the
following:

() Ag = I

d
(2) Zi:(] A = Jpx.
(3) Al = A;foranyi € {1,...,d}.
(4) For any 7 and j, the product A;A; belongs to the linear span of the matrices Ao, . .., Aq.

The algebra generated by Ay, Ay, ..., A; over R is said to be the Bose-Mesner algebra of
a symmetric association scheme. An association scheme X = (X,{R;}%,) can be defined
indirectly in terms of the adjacency matrices Ay, ..., A4 (see Section 3.5).

A partially balanced incomplete block design (PBIBD) on the association scheme
(X, {R;}%,) is a 1-design (X, B) with the property that for any 4, there exists \; such that for any
pair (z,y) € R;, {x, y} is contained in exactly \; hyperedges of B [BN39, LZ24, NR42, SS07].
We denote it as PBIBD(v, k; Ay, ..., Ay). Note that if A\; = --- = \; then the PBIBD is a
2-design.

The following is an analogue of Theorem 2.2 to the case of association schemes. For a binary
relation R;, define R; = {{z,y} : (z,y) € R;}.

Theorem 3.1. Let X = ([v], {Ri}%,) be a symmetric association scheme. Let k be a positive
integer, and A be a v x v complex diagonalisable matrix such that

(1) Da(k) ={a,b},a # b, and

(2) Cy (([2’]), k) ={¢;} foreachi € {0,1} and C4(R;, k) = {co(4)} for each j € {1,...,d}.

Then the hypergraph $) 4(v, k,a) is a PBIBD(v, k; Ay, ..., \g) on X with

. (a‘_l): (co = 21 + (i) — % (Z 3 3)

Proof. LetB = B 4(v, k, a). By Corollary 1.7 together with assumption (1), we can obtain, for
eachi € {0,1},

¢ = calB, k) = (—1)F ((a — b)um(B) + b(” . )) for § € (M)

1

It follows that, for each i € {0, 1}, there exists 11; such that i (3) = yu; for each 8 € (I*)). Next,
for any 3 € ([;’}), there exists j € {1,...,d} such that § € ]:Bj. Furthermore, we claim that, for
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each j € {1,...,d}, there exists ji5(j) such that yu(8) = pz(j) for each B € R;. Indeed, by
Corollary 1.7 together with assumption (1), we can obtain, for each j € {1,...,d},

) = ea(p k) = (0¥ (0= 0in(3) 4" %)) dor s e B

from which our claim follows. Therefore, for each i € {0, 1}, we can write y1; = s (3) for
some 3 € ([q;]) and p15(j) = pss(5) for some 3 € R;.

By Lemma 2.1,
Aa(8) = D2 (=1) i (7) = { o — if 5] = 1, N
vCh to — 241 + po(j) if|B] =2and B € R;.

Thus, Ay (/) does not depend on 3 for 5 € ([31) when i € {0, 1} and depends only on j if | 5] = 2
and 3 € R;. Hence, the hypergraph $ 4 (v, k, a) is a PBIBD (v, k; Ay, ..., Ag) on X.
Finally, we establish the expressions for the parameters Ay, ..., A\y4. Since

1 = aib ((—1)’fcj _ b(v;z)) for i € {0,1},

1 v—2

) = o (Ve -o(" ) dorie ),

the parameters \; can be determined as
Aj = o — 2p1 + p2(j)
(—1)* . b v v—1 v—2
= —2 - — -2
a—p (@7 2atel) =y (), )Tk

(—1)* 4 b [(v—2
:a—b(00_261+02(‘7))_m(1~c—2)' .

The following lemma shows that a matrix A taken from the Bose—Mesner algebra in an
association scheme satisfies the assumption of Theorem 3.1.

Lemma 3.2. Let X = ([v], {R;}L,) be a symmetric association scheme and let A be an element
of its Bose—Mesner algebra. Then

(1) Hdet(xz—A[B]) . B e (“ﬂ)}( —1;

(2) foreachi € [d], we have Hdet(xl —A[A) : Be RZ}’ =1
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Proof. Suppose det(z] — A) = [[7_,(z — 6;)™. Since A/ = 3¢_ a;(k)A} for some coeffi-
cients a;(k), by Lemma 1.4, we have

det(z] — A[B])
= H(:c — 0,)™ VP det ’ (Z(—wej(el, . ,eswj) A”[ﬁ])
= H(f’? — 6;)™ P! det Z (Z(—l)jej(el, . ,Qs)l’ij> (Z asi<k)Ak> [5])
— H@ —g;)mIBL . et (Z as_i(k) Z(_1)j@j(91, .. ,@);ﬂj) Ak[ﬁ]) .

Denote by 5, Kronecker’s delta. For a subset 3 with |3| = 1, we have A;[3] = 0y0. For
subsets 5 such that | 5| = 2, we have § € R, for some ¢ € [d]. Furthermore Ax[5] = g o(Jo— 1),
whence the conclusions follow. [l

Now we can combine Theorem 3.1 together with Lemma 3.2 to obtain the following corol-
lary.

Corollary 3.3. Let X = ([v],{R;},) be a symmetric association scheme and let A be an
element of its Bose—~Mesner algebra. Suppose that |D (k)| = 2 for some positive integer k.
Then, for a € D 4(k), the hypergraph $ 4(v, k, a) is a PBIBD on X.

We demonstrate the utility of Corollary 3.3 with the following two examples.

Example 3.4. Let X = ([v], {R;},) be a symmetric association scheme with adjacency ma-
trices Ay, ..., Aq. Suppose that £k = 3 and A is a nonzero, binary combination of Ay, ..., A4,
i.e., Aisa {0, 1}-matrix is the Bose-Mesner algebra of X'. Since each A; is symmetric, so too
is A and thus, A is the adjacency matrix of a graph. Using Table 2.10 one finds that | D 4(3)| = 2.
Hence, for a € D4(3), by Corollary 3.3, the hypergraph $4(v, 3, a) is a PBIBD on X'.

Example 3.5. Let X = ([v],{R;}%,) be a symmetric association scheme with adjacency
matrices Ao, ..., Ag. Suppose that k& € {3,4} and S = Z?:o a;A; where ay € {—1,0,1}
and a; € {—1,1} foreach ¢ € {1,...,d}. Note that if ag = 0, S is a symmetric Seidel ma-
trix in the Bose-Mesner algebra of X'. Using Table 2.1, one finds that |D (k)| = 2. Hence,
for a € Dg(k), by Theorem 3.3, the hypergraph ¢ (v, k, a) is a PBIBD on X.

We remark that the family of symmetric association schemes includes strongly regular graphs
and distance-regular graphs, which are a subject of intense research interest in their own right.
See [BVM22] for strongly regular graphs and [BCN89, vDKT16] for distance regular graphs.

3.2. Skew-Bush type Hadamard matrices and group divisible designs

Next, we give an example of PBIBD on a 2-class association scheme from a skew-Bush type
Hadamard matrix.
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A Hadamard matrix of order n? is said to be skew-Bush type if H is of block

form H = (H,-j)lfszl, where each H;; is an n x n matrix, such that H;; = J for any
and Hy;J = JH;; = O, Hj; = —Hj; for any distinct 4, j. Note that H + H' = 2I,, ® J,,
HJ=JH =nJand H(I, ® J,,) = (I, ® J,)H = nl, ® J,. Define the {0, 1}-matrix A
by A = (J — H)/2. Note that A is the adjacency matrix of a tournament, see [KS17]. More-
over, A satisfies the equations AJ = JA = ”22_"J, AL, ®@Jn) = [n®@Jn)A = 5(J -1, J,),
and

1 1
A?:ZUW—ﬂJ—HJ+H%:Zqﬁ—amJ—n%+2Mﬁ®LJ (3.1)

n(n—1)
2 2

ny—1 n\/
9 2 b

It follows that the eigenvalues of A are

n2 —n TL2 —TL

2 )

-2 L with multiplicities 1, n — 1,

, respectively. Let

Ry = {(z,2) : v € [n*};
Ry ={(z,y) € *] x [n*] : [(x=1)/n] = [(y —1)/n],x #y}; and
Ry ={(z,y) : [(z—1)/n] # [(y—1)/n]}.

The pair X; := ([n?],{Ro, R1, R2}) is a symmetric association scheme. PBIBDs
on this scheme are known as group divisible designs [BN39, NR42]. As before, define
R; = {{z,y} : (x,y) € R;} foreachi € {0,1,2}.

In this case, the matrix A does not belong to the Bose—Mesner algebra of X. Hence, we can-
not merely apply Corollary 3.3. To get around this, we check that assumption (2) of Theorem 3.1
holds in the next lemma.

Lemma 3.6. Let H be a skew-Bush type Hadamard matrix of order n* and A = (J — H)/2.
Then

U)H@mu—AmpzaeC@nsz

(2) foreachi € {1,2}, we have

{det(:z;[ —Alal) : a€ RZ}‘ =

Proof. As shown above, the characteristic polynomial of Ais det(z] — A) = [[r,(x — 6;)™

1 /= ,/ 2_
where@l—"(” 92 %’93:7121’94_ LU andm1—1 mg—n—l ms = n2n’

My = ”22_”. By Lemma 1.4, we have

det(z7 — Afd])

det(zl — A)
_ det (Aa] + (z — e1) A%[a] + (2% — era + eg) Ala] + (27 — e12? + eax — e3)])
JHREETNTED ’

where e; = e;(61,...,0,) for j € {1,2,3}. Here, using (3.1) and the fact that

1 (n2(n2 - 3n + 4
ﬁ:-(”m ;m+)J—ﬁA—Mh®%>,

4
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we find that

Ala] + (z — e1)A%[a] + (2 — eyx + ex) Ala] + (2 — e12? + ez — e3)]

2(n — 2 2 2r — n?
:n( (n 8)x+n)J+n(x 4n +n)(fn®<]n)[oz]
o — n2 2 .3 2 2 .3
+<x2+ n2n v+ 4n )A[a]+(x3+(n—%)x2+n 4n x)[.
Since
0 if || =1,
Ala] = < Oy if [a| = 2and a € Ry,
[94] or [§9] if|oz|:2andoz€f~€2,
1 if|o] =1,
(I, J)[a] =X J, if|la]=2anda € Ry,
I, if|a]=2and a € Ry,
the conclusion follows. ]

Now we are ready to apply Theorem 3.1 to X and A.

Corollary 3.7. Let H be a skew-Bush type Hadamard matrix of order n?.  Suppose
A= (J—H)/2, k € {3,4}, and a € D4(k). Then Ha(n? k,a) is a PBIBD(n? k; A, \2)
on X, where

( _ n .
n? — 2, w) if (k,a) = (3,0),
e 0, "72) if (k,a) = (3,1),
1,12) — 2 n2(3n2—10n .
I m if (k,a) = (4,-1),
n—2)(n+2)(Tn%-12) (n—2)(55n34+20n2—12n—24 .
\ (n=nt (> 12) | (n2)(55n+2C )) if (k,a) = (4,0).

Proof. As shown in Table 2.10, we have |D4(k)| = 2. By Lemma 3.6, assumption (2) in
Theorem 3.1 is also satisfied. Hence, we can apply Theorem 3.1 to deduce that the hyper-
graph $4(n?, k, a) is a PBIBD on X;. By expanding det(zI — A[a]) in the proof of Lemma 3.6
and substituting their coefficients to \; in Theorem 3.1, the parameters (A1, A2) can be calculated
as required. 0

3.3. Extending to three distinct £ x £ principal minors

The examples in the subsequent subsections do not satisfy the assumptions of Theorem 3.1.
To make our method more flexible, we extend Theorem 3.1, by allowing the case of a com-
plex matrix A satisfying |[D4(k)| = 3 for some k. As above, for a binary relation R;, we
define R; = {{z,y} : (z,y) € R;}.
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Theorem 3.8. Let X = ([v], {Ri}%,) be a symmetric association scheme. Let k be a positive
integer, and A be a v X v complex diagonalisable matrix such that

(1) Da(k) = {a,b,c}, where |D4(k)| = 3,
(2) Cy (([Z]), k:) = {c;} for each i € {0,1} and C4(R;, k) = {c2(5)} for each j € [d], and
(3) the hypergraph $) 4(v, k, c) is a PBIBD(v, k;na(1), ..., m2(d)) on X.

Then the hypergraph $)4(v, k, a) is a PBIBD (v, k; A1, . .., A\g) on X where, for each j € [d], we
have

—1)k b v—2 c—>b

Aj = (a—)b (co — 2e1 + ca(j)) — p— (k B 2) - mm(i)-
Proof. Let B = B (v, k,a),n9 = [Ba(v,k,c)],and n; = [{a € Ba(v,k,¢) : 1€ a}|. First
we claim that, for each ¢ € {0, 1}, there exists y; such that ug(5) = p; for each 5 € ([f;]).
For x € [v], denote by v; the number of hyperedges of $4(v, k,c) that do not contain .
For {x,y} € R;, denote by 1,(i) the number of hyperedges of $4(v, k,c) that do not con-
tain {z,y}. Using a straightforward inclusion-exclusion argument, we can write v; = v — 1
and v5(i) = v — 2n, + n2(i) for each ¢ € [d]. Also, define vy = 179. By Corollary 1.7 together
with assumptions (1) and (3), for each i € {0, 1}, we obtain

o= a6 ) = (-0 () +0 (1) = v m()) 4 )
= vt (- +o(" ) o) worse (1),

]

from which our claim follows. Next, for any 5 € ([g]), there exists j € {1,...,d} such
that § € Rj. Furthermore, we claim that, for each ;7 € {1,...,d}, there exists po(j) such
that puss(8) = pe(j) for each B € R;. Again, by Corollary 1.7 together with assumption (1)
and (3), for each j € {1,...,d}, we obtain

eali) = ea(6. 1) = (= (anm() 0 ( (%) = ali) = 1m()) + )

v—2

=0t (a0 45" %) + (e i) fors e B

from which the claim follows. Hence, for each i € {0,1}, we can write u; = pg(f) for
some 3 € (1) and y2(j) = ps(B) for some B € R;.
By Lemma 2.1,

Az (B) = Z(—l)hl#%(ﬂ =9 Ho — th if |] =1, i
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Thus, Ag (5) does not depend on 3 for 5 € ([g]) when i € {0, 1} and depends only on j if | 5] = 2
and (3 € Rj. Hence, the hypergraph $ (v, k, a) is a PBIBD (v, k; A1, ..., \g) on X.
Finally, we establish the expressions for the parameters A4, ..., A\;. Since

Mf:aibO—n%rJ(”;q-4c—mW) fori € {0,1},

1 v—2

) = 5 (0 - 0" %) - = bnl)) forje (1a)

the parameters \; are determined as

Aj = po — 241 + pa(3)

- i () 7)) e

= (=1) (co — 2¢1 + c2(j)) b (U_2> _2%2772(].)' D

a—>b Ca—b\k—2

In the following two subsections, we apply Theorem 3.8 to two different infinite families of
matrices to obtain new constructions of PBIBDs.

3.4. Signed hypercubes

Let d be a positive integer. Define the matrix Sy inductively as

Sa 1
Sat1 = [Id —Sdl )

where S is the zero-matrix O; of order 1. By the definition of Sy, it is clear that .S, 3 = dI. Since
the trace of Sy is 0, we find that det(zI — S,) = (2 — d)?*"'. Furthermore, it is straightforward
to verify that Dg,(4) = {0, 1,4}.

Define E; = {{z,y} € [29] x [29] : (S4)sy = £1}. The graph Qg := ([29], Eq) is called a
hypercube. As suggested by the title of this subsection, one can think of the matrix S, as a signed
adjacency matrix of a hypercube. The matrix S; was used in the recent celebrated solution to
the so-called sensitivity conjecture [Hual9]. Let d(z, y) denote the distance from the vertex x
to the vertex y in the graph @,. For each i € {0, ..., d}, define the relation R; by

Ri = {(z,y) € 27 x [2] + d(z,y) = i}.

Define H(d) := ([2¢], {R;},). It is well-known that H(d) is a symmetric association scheme
called the binary Hamming scheme. We now show that §)5,(2%,4,4) is a PBIBD on H(d).

Lemma 3.9. Let d be a positive integer with d > 2 and set A = S,. The hypergraph $ (2%, 4, 4)
is a PBIBD(2¢,4;d — 1,1,0,...,0) on H(d).
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Proof. Observe that det(Sy[a]) = 4 for a € ([2: ) if and only if
Sqla] = P'D((J — L)®[1 4]) DP

for some permutation matrix P and diagonal matrix D whose diagonal entries are 1. By the
definition of Sy and @y, it follows that each subset o € ([2: )) with det(Su[a]) = 4 corresponds
to an induced cycle of length 4 in Q).

The remainder of the proof follows from properties of the hypercube (),. We refer the reader
to [BCN89, Section 9.2] for the details and merely sketch the key takeaways below. One can
prove by induction that each vertex belongs to precisely (g) induced cycles of ), of length 4. It
follows that $4(2¢,4,4) is a 1-design. For (z,y) € Ry, it is another straightforward induction
to show that {z,y} belongs to d — 1 hyperedges of $4(2¢,4,4). For (x,y) € R,, there are
precisely two vertices that are adjacent to both x and y. Hence, {x, y} belongs to precisely one
hyperedge of $4(2%4,4). Finally, for (z,y) € R; with i > 3, the distance from z to y in Qg is
equal to 4. Thus, {x,y} does not belong to any hyperedge of $4(2¢, 4, 4). O

Recall that R; = {{z,y} : (z,y) € R;} foreachi € {0,1,...,d}. Now we are ready to
state and prove the main theorem of this subsection.

Theorem 3.10. Let d be a positive integer with d > 2 and set A = Sy. Then, for each a € {0,1},
the hypergraph $ 4(2%,4, a) is a PBIBD(29, 4; A\ ..., A" on H(d) where
2d
AW = (1 - a)(4) + (20 — 1)(d® +d(2¢ =5 —a) + 3+ a);
A = (1-q) (Qd) + (20— 1)(d® = 3 —a);
2 - 4 )
2d
Aga) =(l1-a) (4> + (2a — 1)d?, for eachi € {3,...,d}.

Proof. As mentioned above, D 4(4) = {0, 1,4}. Hence assumption (1) in Theorem 3.8 is satis-
fied for k = 4. Furthermore, by Lemma 3.9, assumption (3) in Theorem 3.8 is satisfied for ¢ = 4.
Finally, we verify assumption (2) in Theorem 3.8. By Corollary 1.5, we can write
det(z] — Af@]) = (z2—d)>" "~lol det (A[o]+2T). Next, observe that if || = 1 then A[a] = O.
Moreover, if || = 2 then A[a] = £(J, — L) if o € Ry and A[a] = O, otherwise. Thus,

r(a? — i o] = 1.
det(z] — Ala]) = { (22— 1)(22 — d)*" "2 if|a| =2and a € Ry, (3.2)
2?(x% — d)2' 2 if |o| = 2 and o € R; with j > 2.

Therefore, det(x] — A[a]) does not depend on the choice of « if || = 1 and depends only
on j where a € R; if |a| = 2. Thus, we may set Cy (( ]) 4) = {c¢;} foreach i € {0,1}

and C'y <Rj, 4> = {co(j)} for each j € {1,...,d}, where by expanding the expression (3.2),
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we obtain
2d71 s
ci _d2< 5 z) fori € {0,1},
e(j)=d 9 +60;1d(2"7" —2) forj € {1,...,d}.
The expressions for A1, . .., \; can be obtained by substituting and simplifying the corresponding

expressions in Theorem 3.8.
]

3.5. Balanced generalised weighing matrices

This subsection closely resembles Section 3.4. The difference is that, instead of the binary Ham-
ming scheme H (d), we consider a certain 3-class symmetric association scheme and, instead of a
signed hypercube, we consider a matrix derived from a so-called balanced generalised weighing
matrix.

First, we need to give a couple of definitions. The incidence matrix N of a hypergraph (X, B)
is a {0, 1}-matrix whose rows and columns are indexed by X and B respectively, where IV, , = 1
if and only if x € b. A 2-design (X, *B) is called symmetric if |X| = |®B|. The incidence ma-
trix NV of a symmetric 2-(v, k, \) design satisfies NNT = N'N = kI + \(J—1I) for A = %
A balanced generalised weighing matrix 11/ of order v and weight k, denoted BGW (v, k, \),
is a {0, +1}-matrix W of order v such that WWT = kI and the matrix obtained from W by re-
placing —1 with 1 is the incidence matrix of a symmetric 2-(v, k, A) design. See [JK04, KPS22]
for infinite families of constructions of balanced generalised weighing matrices.

Let W be a BGW (v, k, A) and define A := [, W']. By the definition of W, it is clear that
the matrix A satisfies A*> = k1. Since the trace of A is 0, we find that det(z] — A) = (2? — k)".
Furthermore, it is straightforward to verify that D 4(4) = {0, 1, 4}. Define the 3-class association
scheme X, := ([2v], {R;}3_,) as follows [BCN89, Theorem 1.6.1]. Let N be the {0, 1}-matrix
of order v whose (z, y)-entry is 1 if and only if the corresponding entry of W is nonzero. By the
definition of W, the matrix [V is the incidence matrix of a 2-(v, k, A) design. Define Ay, . .., A3
by

O N

AO - IQ’U) Al - |:NT O

:|7 Ay =1L ®(J, — 1), Aa_{ O J_Nl-

J—NT O

Now, for each i € {0,1,2,3} define R; by (z,y) € R; if and only if the (z,y) entry of A; is 1.
Next, we will show that $ 4(2v, 4,4) is a PBIBD on X;.

Lemma 3.11. Letv>2, W be a BGW (v, k, ), and A= [ % W |. The hypergraph $)4(2v,4,4)
is a PBIBD (2v, 4; 2220 22 0 on X,

2 4
Proof. For each a € ([24” ]), one can verify that det(A[a]) = 4 if and only if there exists
a permutation matrix P and a diagonal matrix D whose diagonal entries are +1 such
that Ala] = P'D ((J; — L) ® [} },]) DP. Let x € [2v]. We will show that the number of
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4-subsets a C [2v] such that det(A[a]) = 4 and z € ais (v — 1)\?/4. By swapping the first
half and second half of the elements of [2v], if necessary, we can assume that = € [v].

Suppose a € (1) and = € . By the above, each subset o € (*)) contains precisely
two elements from [v], i.e., x and y (say). There are v — 1 ways to choose the element y. The
remaining two elements w and 2 (say) of o must satisfy A, , A, , Az . Ay . = —1. It follows from
the definition of A that there are \? /4 different ways to choose w and z. Hence, $4(2v, 4,4) is
a 1-design.

Next, for fixed distinct € [2v] and y € [2v], we define K (z,y) to be the set of subsets
a € (PNM=9) satisfying det(Ala U {z,y}]) = 4. A similar argument to that of the above
allows us to assume that = € [v]. Moreover, if y € [v] then )y = |K (2, y)| = \?/4.

Assume that (z,y) € R;. We can count the number of {w,z} € K(x,y) as follows:
(k — 1) choices for w (since A, ,, must be nonzero) then after choosing w, there are \/2 choices
for z. Hence, \; = |K(z,y)| = Mk — 1)/2. Assume that (z,y) € Rs. In this case, we re-
quire A, , Ay, Ay 2 Ay . = —1 for some w and z but A, , = 0. Hence, A\3 = |K(z,y)| =0. O

Recall that R; = {{z,y} : (z,y) € R;} foreachi € {0,1,2,3}. Now we are ready to state
and prove the main theorem of this subsection.

Theorem 3.12. Letv > 2, W be a BGW (v,d, \), and A = [ 9= W'|. Then, for each a € {0, 1},
the hypergraph $ 4(2v,4, a) is a PBIBD(2v, 4; /\(1‘1)7 )\éa , ga) on X, where

A = (1-q) ((QD - M) + (20— (4 d(v —2) — 2X\(d — 1));

N =(1—a) <(2:> - %2) + (20— 1)(d? — A2);
N =(1-a) (QD +(2a - 1)d.

The proof is similar to that of Theorem 3.10.

Proof. As mentioned above, D4(4) = {0, 1,4}. Hence assumption (1) in Theorem 3.8 is sat-
isfied for £ = 4. Furthermore, by Lemma 3.11, assumption (3) in Theorem 3.8 is satisfied
for c = 4.

Finally, we verify assumption (2) in Theorem 3.8. By Corollary 1.5, we can write
det(x] — A[a)) = (2 — d)*~1*l det(A[a] + =I). Next, observe that if || = 1 then A[a] = O;.
Moreover, if || = 2 then A[a] = £(J, — L) if o« € Ry and A[a] = O, otherwise. Thus,

x(z? —d)" ! if |a| =1,
det(vI — Afa]) = { (22 — 1)(2®> — d)*? if|a| =2and o € Ry, (3.3)
22 (2? — d)v2 if || = 2and a € Ry U Rs.

Therefore, det(x] — A[a]) does not depend on the choice of « if || = 1 and depends only
on j where a € R; if |o| = 2. Thus, we may set C <([2id]),4> = {¢;} foreach i € {0,1}
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and C'4 (Rj, 4) = {co(j)} for each j € {1,2,3}, where by inspecting (3.3), we find

i 9
¢ = d? (” ) Z) fori € {0,1}, ea(j) = a2 (“ ) ) +6,1d(v —2) for j € {1,2,3}.

The expressions for A\;, Ao, and A3 can be obtained by substituting and simplifying the corre-
sponding expressions in Theorem 3.8. U

4. Regular pairwise balanced designs

Let v and A\ be positive integers, and let K be a set of positive integers. A pairwise balanced
design, denoted PBD (v, K, \), is a v-vertex hypergraph (X, B), where the cardinality of each
hyperedge belongs to A and every 2-subset of X is contained in exactly A hyperedges of 8 [Sti04,
Sections 7, 8]. A PBD is called regular if it is a 1-design. Note that a regular PBD (v, {k}, \)
is a 2-(v, k, \) design. One can therefore think of a regular pairwise balanced design as gener-
alisation of a 2-design.

4.1. Pairwise balanced designs from Hadamard matrices

In this section, we provide an infinite family of regular pairwise balanced designs that can be
obtained from a Hadamard matrix.

Let H be a Hadamard matrix of order v, and define A = [ }}T ]f ] . Clearly, the matrix A satis-
fies A> — 2A — (v — 1)I = O. It follows that the characteristic polynomial
det(x] — A) = (2> — 2z — v + 1)". Furthermore, it is straightforward to check
that D4(3) = {—1,1}, Da(4) = {-3,-2,1}.

Let Ay = Iy, Ay = L®(J,—1,),and Ay = (Jo— 1) ® J,. Foreachi € {0, 1,2} define R;
by (z,y) € R; if and only if the (z, y) entry of A; is 1. In the same spirit as in Section 3.4 and
Section 3.5, we will show that $) 4(2v, 4, —3) is a PBIBD on A5. The proof of Lemma 4.1 below
is similar to that of Lemma 3.11, and we invite the reader to modify the proof accordingly.

Lemma 4.1. Let H be a Hadamard matrix of order v and A = [ B If } The hypergraph

$4(2v,4, —3) is a PBIBD (20, 4; 22 =l=2)y 4y

Recall that R; = {{z,y} : (z,y) € R;} foreachi € {0, 1,2}. We now construct a regular
PBD from a Hadamard matrix. The method is based on constructions of PBIBDs in Section 3.

Theorem 4.2. Let H be a Hadamard matrix of order v and A = [ h{T 51 } Then the hypergraph
([2v], B 4(2v, 3, —1) U B 4(2v, 4, —2)) is a regular PBD(2v, {3, 4}, v — v).

Proof. As mentioned above, D4(3) = {—1,1} and D4(4) = {—3,—2,1}. Hence, assump-
tion (1) in Theorem 3.1 is satisfied for £ = 3 and assumption (1) in Theorem 3.8 is satisfied
for k = 4. Furthermore, by Lemma 4.1, assumption (3) in Theorem 3.8 is satisfied for ¢ = —3.

It remains to verify assumption (2) in Theorem 3.1 and Theorem 3.8. By Corollary 1.5, we
can write det(z] — A[a]) = (22 — 22 —v+1)""lel det(A[a] +zI). Next, observe that if |a| = 1
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then A[a] = I;. Moreover, if || = 2 then Ala] = L if « € Ry and Ala] = I, £+ (J;, — L)
otherwise. Thus,

(x+1)(2? -2z —v+ 1)1 if |a| =1,
det(xl — Ala]) =< (z+1)*(2* — 22z —v +1)72 if || = 2and a € Ry,
(z4+2)(z—1)(22 =2z —v+1)""2 if|a] =2and a € R,.

Therefore, det(xI — A[@]) does not depend on the choice of « if || = 1 and depends only on j
where a € R; if [a| = 2.

By Theorem 3.1, the hypergraph $) 4(2v, 3, —1) is a PBIBD(2v, 3; A1, A2) on X3 with A} = v
and Ay = 2(v — 1). By Theorem 3.8 $4(2v,4,—2) is a PBIBD(2v,4; A}, \}) on X;
with \] = v(v —2)and N, = (v — 1)(v — 2).

Since A\; + A} = Ay + N, = v? — v, the pair ([20], B4(2v,3, —1) U B4(20,4,—-2)) is a
regular PBD (20, {3,4},v% — ). O

4.2. Regular pairwise balanced designs from strongly regular graphs

In this subsection, we provide more examples of regular pairwise balanced designs obtained
from strongly regular graphs of small order. The examples given here result from case-by-case
computation and motivate further study of when regular pairwise balanced designs can be ob-
tained from other combinatorial designs.

A v-vertex graph I" with adjacency matrix A is called strongly regular if

A? =kl +aA+c(J —1— A),

for some integers k, a, and c¢. The tuple (v, k,a,c) is referred to as the parameters of T'.
Strongly regular graphs correspond to symmetric 2-class association schemes in the sense
that {I, A, J — I — A} forms such an association scheme where A is the adjacency matrix
of a strongly regular graph. Therefore, we have already seen that strongly regular graphs can be
used to construct PBIBDs in Example 3.4 and Example 3.5. Now, we show that regular pairwise
balanced designs can also be obtained from strongly regular graphs.

For K C {3,4,5} and each v-vertex strongly regular graph with v < 27 with adjacency
matrix A, we list all regular PBDs ([v], B) where

B = U %A<U7k7ak)

keK

and aj, € D4 (k) for each k € K. This list is presented in Table 4.1, with the exception of regu-
lar PBDs of the form ([v], B, U B2) where each ([v], ®B;) is a regular PBD, which are omitted.
Indeed, if ([v],*B;) is a regular PBD(v, K7, \) and ([v], B2) is a regular PBD(v, K5, \) then
clearly ([v],B; U 9B,) is a regular PBD(v, K7 U K5, A). The case when |K| = 1, however, is
included in Table 4.1. The leftmost column of Table 4.1 contains the parameters of the corre-
sponding strongly regular graph. Constructions of these graphs can be found in Brouwer and
Van Maldegham’s book [BVM22]. Except for the parameters (16, 6,2, 2) and (25, 12, 5, 6), the
parameters in Table 4.1 correspond uniquely to a strongly regular graph. There are two strongly
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(v,k,a,c) | regular PBD(v, K, \) Hyperedges B

(9,4,1,2) (9,13,5},9) B4(9,3,0) UBA(9,5,—4)

(9,4,1,2) (9,{3,5},33) B4(9,3,2) UB4(9,5,0)
(10,3,0,1) (10, {3},8) B 4(10,3,0)

(13,6,2,3) (13, {5},5) B4(13,5,2)

(13,6,2,3) (13,{3,5},15) B 4(13,3,0) UB (13,5, —4)

(15,8, 4, 4) (15, {4}, 30) B 4(15,4,0)

(15,8, 4, 4) (15,{3,4,5},21) | B4(15,3,0) U B 4(15,4, —3) U B 4(15,5, —4)
(15,8, 4, 4) (15,{3,4,5},13) B 4(15,3,0) UB (15,4, —3) UB 4 (15, 5,4)
(16,5,0,2) (16, {3}, 14) B 4(16,3,0)

(16,6,2,2) (16, {4,5},91) B 4(16,4,0) UB (16,5, —2)

(16,9, 4,6) (16, {4}, 45) B 4(16,4,1)

(16,9, 4, 6) (16, {5},12) B 4(16,5, —4)

(16, 10,6, 6) (16,{4,5},51) B (16, 4 ,0) UB 4(16,5,2)
(17,8,3,4) (17, {5}, 20) B4(17,5,2)

(21,10, 5,4) (21, {5},12) B4(21,5,2)

(21,10, 3,6) (21, {5},12) B 4(21,5,2)

(25,8,3,2) (25,13, 4},23) B 4(25,3,0) U B (25,4, —3)
(25,12,5,6) (25, {5}, 40) B 4(25,5,2)
(25,16,9,12) | (25,{3,5},23) B 4(25,3,2) UDB (25,5, —4)
(25,16,9,12) | (25,13,4,5},59) | B4(25,3,0) UB (25,4, —3) UDB (25,5, —4)
(25.16.9,12) | (25,{3,4,5},164) | 9.4(25,3,0)UB4(25,4,0) U B A(25.5.4)
(27,16,10,8) | (27,{3,4,5},165) | $B4(27,3,0)U B A(27,4,0) UB (27,5, —4)

Table 4.1: Regular pairwise balanced designs from strongly regular graphs.

regular graphs with parameters (16, 6,2, 2). Just one of these two graphs gives rise to a PBD.
This graph can be defined as follows: the vertices form a 4 x 4 grid where each vertex is adjacent
to all vertices in the same row and all vertices in the same column. There are 15 strongly regular
graphs with parameters (25,12, 5,6). The one that gives rise to a PBD is the Paley digraph of
order 25 (recall the definition of a Paley digraph from Section 2).

One can read Table 4.1 as follows. Given the adjacency matrix A of the v-vertex strongly
regular graph corresponding to the parameters in the leftmost column, the hypergraph ([v], B),
where B is given by the rightmost column is a regular PBD (v, K, \) corresponding to the middle
column. Note that ([10], B 4,,(10, 3,0)) and ([16], B 4,,(16, 3,0)) are trivial 2-designs, where
Ajo and Ay are the adjacency matrices of strongly regular graphs with parameters (10, 3,0, 1)
and (16,5, 0, 2), respectively.

5. Concluding remarks and open problems

We conclude with some open questions which have naturally emerged throughout the course of
our study. Motivated by Example 2.4, we begin with a well-known open question originally due
to [Seb78].
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Question 5.1. For which integers n does there exist a skew-symmetric conference matrix of
order 4n?

In Section 2, we were able to find examples of matrices A of order v and positive integers k
such that for a € D 4(k) the hypergraph $ 4(v, k, a) is a t-design where ¢ < 3.

Question 5.2. For which ¢ > 4 does there exist a matrix A of order v and a positive integer k
such that $4(v, k, a) is a t-design for some a € D 4(k)?

In every example we have seen so far, the hyperedge cardinality k& € {3,4,5}. Thus, the
following question naturally arises.

Question 5.3. Does there exist a matrix A of order v and a positive integer £ > 6 such
that $4(v, k, a) is a t-design for some a € D4(k) and t > 1?

Symmetric designs are extremal 2-designs in the sense that, by Fisher’s inequality [Fis40],
any 2-design (X, B) must satisfy |X| < |*B|. So far, we are not aware of a matrix A of order v
such that $4(v, k, a) is a symmetric design for some a € D 4(k) and some positive integer k.

Question 5.4. Does there exist a square matrix A of order v and a positive integer k£ such
that $4(v, k, a) is a symmetric design for some a € D 4(k)?

The Seidel matrices in Example 2.5 can be generalised to the Hermitian matrices with similar
properties, known as ¢-Seidel matrices [GW23] or complex equiangular tight frames [FM16].
We give one example below, however, it does not satisfy the assumption of Theorem 2.2.

Set X =[{{]and Y = [} . For each binary vector k = (ky, ko, k3, k4, ks, k) € {0,1}5,
define the matrix T} as

T == XP1YP @ XPyh g XFyhs,
Set v = ﬁg(—l + 2v/—1,1,1,1,1,1,1,1). The lines spanned by the unit vectors v7
for k € {0,1}° are called Hoggar’s lines [Hog81, JW16]. Let G be the Gram matrix of the
vectors v/i.

Example 5.5. Set S = 3(G—Ig4). Then S is a Hermitian {0, +1, +4}-matrix with zero diagonal
entries and non-zero off-diagonal entries, and

Ds(3) = {-2,0,2},

Ds(4) ={-3,1,5,9}.

Note that the assumptions of Theorem 2.2 are not satisfied with .S and k£ = 3 or k£ = 4. However,
to each row (k, a, A) of Table 5.1, the hypergraph $5(64, k, a) is a 2-(64, k, ) design.

To understand how Example 5.5 fits into a more general framework is a topic requiring further
investigation.

Question 5.6. Find simple sufficient conditions on a complex v X v matrix A satisfying
|Da(k)| = 3 that guarantees that, for a € D 4(k), the hypergraph $ 4(v, k, a) is a t-design.
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k| a A
3| -2 6
310 32
3| 2 24
41 -3 123
41 1 | 1008
41 5 | 648
419 112

Table 5.1: The 2-(64, k, \) designs $5(64, k, a).

Let A be the adjacency matrix of a doubly regular tournament of order v > 5. It was shown
in Example 2.10 that for £ € {3,4} and a € D(k), the hypergraph $4(v, k, a) is a 2-design.
Now, we consider the case for £ = 5. It is straightforward to verify that D4(5) = {0, 1,2, 3}.
An exhaustive list of doubly regular tournaments of order at most 27 is available from the
web-page [McK]. Using a computer, we find that, for each doubly regular tournament of or-
der 4n + 3 < 27 with adjacency matrix A, the hypergraph $4(4n + 3,5,0) is a 2-design.

Question 5.7. For any doubly regular tournament on v vertices with adjacency matrix A,
is 9H.4(v,5,0) a 2-design?

A Paley digraph of order 4n + 3 (defined in Section 2) is a doubly regular tournament.
Moreover, for each Paley digraph of order 4n + 3 < 43 with adjacency matrix A, the hyper-
graph $4(4n + 3,5, a) is a 2-design for any a € D4(5).

Question 5.8. Suppose A is an adjacency matrix of a Paley digraph of order 4n + 3.
Is H4(4n + 3,5,a) a 2-design for any a € D 4(5)?

Let v, A\, and ¢ be positive integers, and let /X' be a set of positive integers. A t-wise bal-
anced design, denoted ¢-BD(v, K, ), is a v-vertex hypergraph (X, B), where the cardinality
of each hyperedge belongs to K and every ¢-subset of X is contained in exactly A hyperedges
of 6 [KKO07]. A ¢-BD is called regular if it is a s-BD forany 1 < s < ¢.

In Theorem 4.2, we obtained an infinite family of regular 2-BDs.

Question 5.9. Let ¢t > 3. Does there exist a finite set K of positive integers and an infinite
family of matrices A such that

([U], U Ba(v, k, ak)>

kEK
is a regular t-BD, where a;, € D (k) for each k € K and v is the order of A?
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