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Abstract. The polyhedron of unit flows on a directed acyclic graph (DAG) with one source
and one sink is known to admit regular unimodular triangulations induced by framings of the
DAG. The dual graph of any of these triangulations may be given the structure of the Hasse
diagram of a lattice, generalizing many variations of the Tamari lattice and the weak order.
We extend this theory to flow polytopes of DAGs which may have multiple sources, multiple
sinks, and nontrivial netflow vectors under certain planarity conditions. We construct a
unimodular triangulation of such a flow polytope indexed by combinatorial data and give a
poset structure on its maximal simplices generalizing the strongly planar one-source-one-
sink case.

Keywords. Framing triangulations, flow polytopes

Mathematics Subject Classifications. 05C21, 05E45, 52B11

1. Introduction

The polyhedra of unit flows on a directed acyclic graph (DAG) are a fundamental object of study
in combinatorial optimization with relations to many fields of mathematics [BV08, LMM19,
MSD20, EM16]. In the field of combinatorics, flow polytopes attract much attention due in part
to techniques for calculating volumes [MM19] and triangulations.

Danilov, Karzanov, and Koshevoy [DKK12] introduced framings on DAGs and used them
to induce regular unimodular framing triangulations on the associated unit flow polytopes (i.e.,
flows with netflow vector (1,0,...,0,—1)). The dual graphs of these framing triangulations
were shown to have the structure of the Hasse diagram of a lattice [BC24] called the framing
lattice of the framed DAG. Many interesting classes of lattices appear as framing lattices of unit
flow polytopes of DAGs with one source and one sink — notably,
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* Tamari lattices and related orders (for example, v-Tamari lattices [BGDMCY23],
grid-Tamari orders [McCl17], type A Cambrian e-lattices [Rea06], alt v-Tamari
lattices [CC24]), and

¢ the weak order and related orders (for example, s-weak orders [GDMP*25] and multiper-
mutation lattices [BB94]).

See [BC24] for more details on the appearance of these and other lattices as framing lattices.
Framing triangulations and framing lattices have shed light on h*-vectors of certain classes of
flow polytopes [BBB 24, Lemma 6.10, Corollary 6.11, Corollary 6.20] and established connec-
tions to volume formulas for flow polytopes, order polytopes [MMSI19], cluster
algebras [DKK12, §8], and the representation theory of gentle algebras [BBB 24, BS24, Ber25].

Thus far, this story has been limited to DAGs with a unique source, a unique sink, and unit
netflow vector (1,0,...,0,—1). The aim of this paper is to obtain unimodular framing trian-
gulations and framing posets for flow polytopes from DAGs which may have multiple sources,
multiple sinks, and nontrivial netflow vectors. As we will discuss later in the introduction, this
is impossible for arbitrary DAGs with arbitrary netflow vectors, so we must restrict to a special
class of flow polytopes. We define a class of strongly planar DAGs with netflow vectors (', a),
generalizing an existing definition in the one-source-one-sink case [MMS19, BM25]. We will
use such a strongly planar pair (I', a) to induce a unimodular framing triangulation on the flow
polytope Fi(a). Moreover, we will generalize the framing lattices of [BC24] by providing a
poset structure on the simplices of the framing triangulation.

The netflow vector a of a strongly planar pair (I', a) may have arbitrary integer values, but
we begin our arguments by using decontraction moves to reduce to the case when each source
vertex of I has netflow 1, each sink vertex has netflow —1, and each internal vertex has netflow 0
(preserving strong planarity along the way). We call such DAGs strongly planar balanced DAGs
with unit netflow vectors and write Fr(1) for the unit flow polytope. In this setting, there must

be m sources {si,...,sy,} and m sinks {t1,...,t,}. The planar embedding of I" induces an
ordering of the sources (resp. sinks) from bottom to top. We define a layering of I' to be a
collection p = {p1, ..., pn} of routes (paths from source to sink) such that each p; travels from

the s; to t;, and none cross each other transversally. We prove that the map
m
J:pr ZI (pi)
i=1

from a layering of I' to the sum of indicator vectors of its routes defines a bijection between
layerings of I' and lattice points of F-(1); we call J(p) the indicator vector of p. Moreover,
we define a condition of compatibility on layerings: two layerings p and q are compatible if no
two of their routes cross each other transversally, and without loss of generality p; lies weakly
below ¢; for all i € [m].

A layering-clique is a set of pairwise compatible layerings. Given a layering-clique K, its
layering-clique simplex A (K) is the convex hull of the indicator vectors of layerings of K. The
first main result of the paper is that the layering-clique simplices of maximal layering-cliques
model a unimodular triangulation of F-(1) which we call the framing triangulation of Fr(1):

Theorem A (Theorem 4.18, Corollary 4.19). If C is the set of layering-cliques of a strongly
planar balanced DAG T, then {A(K) : K € C} is a unimodular triangulation of Fr(1).
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Our next goal is to study the dual graph of the framing triangulation of a strongly pla-
nar balanced DAG I' with the intent of obtaining some analog of framing lattices In the one-
source-one-sink case, adjacent simplices of the framing triangulation are related by rotation of
a route [BBB*24, BC24]. In our new setting, we show that adjacent simplices may be related
by one of three types of moves on layering-cliques: rotation, shuffle, or realignment. More-
over, these moves may be given directions so that if X" and L are adjacent maximal layering-
cliques, then L is either an up-rotation, up-shuffle, up-realignment, down-rotation, down-shuffle,
or down-realignment of K. In the latter three cases we write L < K.

Theorem B. The transitive closure of these relations is a poset structure =< on the maximal
layering-cliques of T', and hence on the simplices of the framing triangulation of Fr(1).

We call this order the framing poset of I'. This generalizes the framing lattices of planar-
framed DAGs in the one-source-one-sink case [BC24]. Unlike the one-source-one-sink case,
our framing posets may have multiple greatest and/or least elements, and hence are not lattices
(though we suspect that adding a greatest element 1 and least element 0 would make them into
a lattice).

Example C. Figure 1.1 shows an example of a strongly planar balanced DAG 1" on the top-left
(with all edges oriented from left to right). On the bottom-left is its three-dimensional flow poly-
tope Fr(1) with its 9 lattice points labelled by the corresponding layering. On the right are the
8 maximal layering-cliques of 1" arranged into the Hasse diagram of the framing poset. Each
maximal layering-clique consists of 4 layerings (blue, magenta, green, and orange): the corre-
sponding four vertices of Fr(1) form a three-dimensional simplex of the framing triangulation
of Fr(1). For example, the bottom maximal layering-clique along with its corresponding sim-
plex of Fr(1) are highlighted. In this way we obtain the framing triangulation of Fr(1) into 8
simplices.

Finally, we treat the possibility of extending framing triangulation results beyond the strongly
planar case. We give an example of a DAG with integer netflow vector whose flow polytope has
no lattice triangulation induced by a pairwise compatibility condition on its integer points, in-
dicating that any theory of framing triangulations for arbitrary flow polytopes must go beyond
pairwise compatibility conditions. On the other hand, we expect that framing triangulation re-
sults similar to those in this paper and in the one-source-one-sink literature exist for a wider class
of flow polytopes.

The structure of the paper is as follows. In Section 2, we give background on flow poly-
topes and on framing triangulations in the one-source-one-sink case. In Section 3 we define the
strongly planar DAGs with netflows (I", a) which we aspire to triangulate. We then use decon-
traction steps to reduce to the case of a strongly planar balanced DAG with unit netflow vector.
In Section 4 we define layerings and layering-cliques and prove that these layering-cliques com-
binatorially describe triangulations on unit flow polytopes of strongly planar balanced DAGs.
Much of this work is done by adding a community source and sink in order to apply results from
the one-source-one-sink case. In Section 5 we describe the rotation, shuffle, and realignment
moves which connect adjacent maximal layering-cliques, and in Section 6 we use these local
moves to define the framing poset. Finally, in Section 7 we give an example of a DAG with
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Figure 1.1: A strongly planar balanced DAG with its unit flow polytope and maximal layering-
cliques.

integer netflow vector whose flow polytope admits no lattice triangulation and we conclude the
article with some directions for future research.

We conclude the introduction by acknowledging a concurrent project by Gonzélez D’Leon,
Hanusa, and Yip [DHY?25] which, among other things, generalizes the theory of framing trian-
gulations to flow polytopes from DAGs with only one negative netflow entry. In particular, their
theory involves a notion of route-matchings analogous to our layerings, which form a simplicial
complex of cliques analogous to our layering-clique complex. The theories of framing triangu-
lations developed in the present article and [DHY?25] agree for strongly planar DAGs with only
one sink (i.e., the framed DAGs which are studied in both papers).

1.1. Notation and conventions

If « is an edge of a directed graph, we write ¢(«) for the beginning (tail) vertex of o and h(«)
for the end (head) vertex of a. We notate paths left-to-right, so that if o and [ are edges
with h(a) = ¢(3) then a3 is the path using first v, then 3. In almost all cases, when draw-
ing DAGs in figures we will not draw arrow-heads to indicate directions of edges; all edges
should be presumed to travel left-to-right in the absence of an arrow-head. As a convention, the
symbol G will refer to a DAG with no choice of embedding, while I refers to a DAG with a fixed
choice of embedding.
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2. Flow polytopes

In this section we give some basic background on triangulations and integral equivalences of
lattice polytopes. Then we will define DAGs, netflow vectors, and the resulting flow polytopes.
We will recall the framing triangulations of unit flow polytopes induced by framings on DAGs
with one source and one sink.

2.1. Some lattice polytope basics

Following [MMS19, §2], we say that two lattice polytopes P C R" and ) C R™ are integrally
equivalent if there is an affine transformation ¢ : R" — R™ whose restriction to P is a bijec-
tion from P to () that preserves the lattice, i.e., such that ¢ is a bijection between Z™ N aff(P)
and Z™ N aff(Q)) where aff(—) denotes affine span. We also say that the map ¢ is an integral

int
equivalence and that P = (). Integral equivalence is a notion of “isomorphism” on lattice
polytopes which is sometimes referred to as unimodular equivalence in the literature.
We concern ourselves with triangulations of lattice polytopes arising as flow polytopes.

Definition 2.1. Let P be a d-dimensional lattice polytope. A (lattice) triangulation of P is a
set 7 of simplices such that

1. P=UacTA,
2. if A € T and A’ is a face of A, then A’ € T, and
3. forany Ay, Ay € T, the intersection A;NA, is a (possibly empty) face of both A; and A,.

The triangulation 7 is unimodular if each simplex of 7 has normalized volume 1 within its
affine span.

2.2. DAGs and flow polytopes

A graph G = (V, E) is a collection of vertices V' and a collection of directed edges £ between
vertices of V. The graph G is a directed acyclic graph (DAG) if it has no oriented cycles. A
source of (G is a vertex with no incoming edges, and a sink of G is a vertex with no outgoing
edges. For convenience, we will always assume that every vertex V' is incident to at least one
edge, so that no vertex is both a source and sink of G. Let G = (V, E) be a directed acyclic
graph (DAG) on the vertex set V' = [n] and let a := (a4,...,a,) € Z" be a vector of integer
weights on the vertex set (with vertex ¢ having weight a;). We call a a netflow vector of G. A
function ' : E — R is a (nonnegative) a-flow (or merely a flow if the netflow vector a is
understood from the context) if for each i € [n], the equation

Y Fla)- ) Fl)=a
(ai—j)EE (a:k—i)ERE

is satisfied. The flow F' is integer (resp. rational) if all coordinates F'(«) are integers (resp.
rational).
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Definition 2.2. The a-flow polytope F(a) is the polytope consisting of nonnegative a-flows
of G.

When a is an integer vector, all vertices of the a-flow polytope F(a) are integral points. It
is reasonable to make the following assumptions about our DAG ' and netflow vector a:

1. If 7 is a source vertex, then a; is positive.
2. If 7 is a sink vertex, then a; is negative.
3. There exists an a-flow of G.

If (1) (resp. (2)) is not satisfied, then any edge incident to vertex ¢ cannot be given positive flow,
hence vertex 7 along with all incident edges may be deleted from G without affecting the set of
a-flows. If (3) is not satisfied, then the flow polytope F(a) is empty. If (1), (2), and (3) are all
satisfied, we say that a is a nondegenerate netflow vector of G.

Lemma 2.3. If a is a nondegenerate netflow vector of G, then Zie[n] a; = 0.

Proof. Choose F' to be an a-flow of G. Then

Zaizz Z F(a) — Z F(a)

i€[n] i€[n] \(a:i—j)EE (:k—i)ER

In the sum on the right, for any edge « : j — k the term F'(«) appears once indexed by vertex j
and —F'(«) appears once indexed by vertex k. These terms then cancel out for each edge and
the sum is 0. ]

For the rest of the paper, we will always assume that all netflow vectors are nondegenerate.

Intuitively, flow polytopes model flows through networks. For example, one may
imagine each edge of G to be a pipe, and the label F(«) to be an amount of water
(or any type of flow) traveling through that pipe in the direction of the edge. The
equation 33, iep F(@) = D2 piner F(@) = a; at any vertex ¢ translates to the idea that
flow is conserved moving through that vertex, and a; flow is added to the system at that node
(or |a;| is subtracted if a; < 0).

2.3. Framing triangulations for DAGs with one source and one sink

In this section, we recall a unimodular triangulation of (1) given by Danilov, Karzanov, and
Koshevoy [DKK12] when G is a DAG with one source and one sink and a = (1,0,...,—1).
For this subsection, G’ will always be a DAG with one source and one sink. A nonnegative
flow on G of strength c is a flow with netflow vector (¢, 0, ..., 0, —c) (where ¢ labels the source,
and —c labels the sink). A unit flow is a nonnegative flow on G of strength 1. We use the symbol 0
for the source vertex and 1 for the sink vertex; all other vertices are internal vertices. The unit
flow polytope F (1) is the polytope of unit flows. More generally, if m € Z-; then Fg(m x 1)
is the polytope of flows of strength m, or the dilation of the unit flow polytope by m. Vertices
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of F(1) are precisely the indicator vectors of routes of G, i.e., paths from source to sink. If v
is a vertex of G, let in(v) be the set of incoming edges to v and let out(v) be the set of outgoing
edges of v.

Definition 2.4. Let G = (V, E) be a DAG with one source and one sink. For each inter-
nal vertex v of G, assign a linear order to the edges in in(v) and assign a linear order to the
edges in out(v). This assignment is called a framing of GG, which we denote by §. We call a
DAG G with a framing § a framed DAG. If e is less than f in the linear order for § on in(v), we
write € <gin(y) f (and similarly for out(v)). When § and/or in(v) or out(v) is clear, we may
drop one or both subscripts.

We notate a framing § by labelling every internal half-edge of the DAG G with a number.
See Figure 2.1 for an example: we have 31 <z out(v) B2 because the tail-label of 3 is lower than
that of (3.

A framing on a DAG induces a notion of pairwise compatibility on its routes:

Definition 2.5. Let v be an internal vertex of a framed DAG (G, §). We define the post-v-
order < on the set of paths from v to the sink 1 of G. Let p and ¢ be distinct paths from v
to the sink. Let 0 = ;... q,, be the maximal common subpath of p and ¢ beginning at v.
Say p contains o3 and ¢ contains oy, where 3 is less than 7 in <3 out(h(a,))- In this case, we say
that p < ¢. This defines a total order on paths from v to a sink.

Dually, we define the pre-v-order <, on the set of paths from a source to v. If p and g are
distinct paths from a source to v, then let 0 = «; ... ;;, be the maximal common subpath of p
and q ending at v. If p contains 3o and g contains yo, where 8 <z in((a,)) 7> thenp < q.

If p and ¢ are routes of (G,§) which both contain an internal vertex v, then we say
that p < ¢ if p; < ¢, where p/ (resp. ¢;) is the subpath of p (resp. ¢) from v to the
sink. If p and q agree after the vertex v, then p = ¢ (even if p and ¢ differ before the vertex v).
We may similarly write p <, gorp =, q.

Definition 2.6. Let p and ¢ be routes of (G, §) which both contain a vertex v. The routes p and ¢
are incompatible at v if, without loss of generality, p <, ¢ and ¢ <. p. The routes p and ¢ are
incompatible if they are incompatible at any shared vertex, otherwise they are compatible. A
clique is a set of pairwise compatible routes of G.

Equivalently, p and ¢ are incompatible if without loss of generality there exists a
subpath oy R3; of p and ap R3; of g such that oy <in(s(r)) @2 and 81 <ouei(r)) B2 We say
that in this case o is an incompatibility of p and ¢q. Note that if p and ¢ agree to the left of a
vertex v, then p = ¢ and they cannot be incompatible at v.

The following definition and theorem connect cliques on G to the unit flow polytope F(1).

Definition 2.7. If K is a clique of (G, §), then a (K- )clique combination of G is a linear com-

bination
Z apl.(p)a

peK

where each a, > 0. It is positive if each a, > 0, and unit if Zpe x ap = 1. The set of unit flows
arising as (necessarily unit) K -clique combinations is the clique simplex A(K).
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Figure 2.1: A framed DAG, its two maximal cliques, and its framing-triangulated flow polytope.
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Theorem 2.8 ([DKK12, Theorem 1]). Let F' be a nonnegative flow of a framed DAG (G, )
with netflow vector (S,0,...,0,—S). Then there is a unique positive clique combination
F = ZpeK a,Z(p) for F. Moreover, if F is integer-valued, then all coefficients a, are inte-
gers.

Remark 2.9. Note that the phrasing of [DKK12, Theorem 1] promises (through different ter-
minology) uniqueness of clique combinations, while our phrasing in Theorem 2.8 promises
uniqueness of positive clique combinations. For example, in the framed DAG of Figure 2.1 the
point Z (s 32) may be realized through the clique combinations Z(a52) or Z(aa82) +0Z (1 f1).-
The uniqueness promised in [DKK12, Theorem 1] considers these to be the same decomposi-
tion. We aim to sidestep such quibbles by phrasing the result as uniqueness of positive clique
combinations.

Theorem 2.8 implies that the clique simplices of maximal cliques of (G, §) form a unimod-
ular triangulation of F¢(1) (in particular, unimodularity follows from the final statement of the
theorem). We call this the framing triangulation of F(1) (it is also referred to as the DKK
triangulation in the literature). See Example 2.10. Note that it is also shown in [DKK12] that
these framing triangulations are regular, though we do not treat this in the present paper.

Example 2.10. See the framed DAG of Figure 2.1. Arrows are labelled in black and the framing
at the unique internal vertex v is labelled in red. Its flow polytope is integrally equivalent to a
square, shown on the right of the figure. The routes a3, and ayf3; are incompatible at the
vertex v, as B; < B2 but a1 < . Any other choice of two routes is compatible. It follows
that the two maximal cliques of G are {1, @12, o35} and {ay 51, aa 51, s B2}, shown on
the middle of the figure. Each maximal clique K corresponds to a triangle (simplex) of the flow
polytope whose vertices are the indicator vectors of the routes of K’; see the framing triangulation
of the flow polytope on the right of the figure.

The simplices of the framing triangulation of the unit flow polytope of a framed DAG (G, §)
with one source and one sink were given the structure of a framing lattice in [BC24]. Our framing
posets will agree with these framing lattices in the case of planar-framed one-source-one-sink
DAGs. On the other hand, we do not directly need these results of [BC24] to obtain our framing
posets, so we will not give this construction as background.
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3. Strongly planar and balanced DAGs

We start this section by defining strongly planar DAGs with netflows (I', a). These give the class
of flow polytopes which we will triangulate in this paper. We will then use some reduction steps
to show that it suffices to triangulate unit flow polytopes of strongly planar balanced DAGs.

3.1. Strongly planar DAGs

Mimicking [BM?25, Definition 5.3] (which applies only to the one-source-one-sink case), we
define strong planarity of a DAG.

Definition 3.1. A planar embedding " of a nondegenerate DAG G is strongly planar if

1. forevery directed edge (i, j) of I, the x-coordinate of : is strictly less than the x-coordinate
of 7,

2. each edge (7,7) is embedded into the plane as the graph of a piecewise differentiable
function of z,

3. every source and every sink of I' is incident to the exterior face of the planar embedding
of I', and

4. every source vertex of I' has the same x-coordinate, and every sink vertex of I' has the
same x-coordinate.

We say that a nondegenerate DAG G is strongly planar if it admits a strongly planar embedding.

Condition (4) of Definition 3.1 does not affect the class of DAGs which admit strongly planar
embeddings, but is included for our own convenience. In the following, we will use the symbol I'
to refer to a DAG G equipped with a strongly planar embedding. When I is equipped with a
netflow vector, we make one extra requirement.

Definition 3.2. Let [' be a strongly planar DAG with nondegenerate netflow vector a. We say
that (I', a) is strongly planar if every vertex i € V' with a nonzero netflow a; # 0 is incident to
the exterior face of the planar embedding of I'.

Figure 3.1 shows three embeddings of DAGs I with netflow vector a (labelled in blue) such
that (I', a) fail to be strongly planar. On the left, there is an edge v; — vy but v; is to the right
of vy, violating condition (1) for strong planarity of I' (note that one could change the embedding
to obtain a strongly planar pair). On the middle, the edge from v; to v5 is not a function of = as
itis not 1-1, violating condition (2) for strong planarity of I'. The DAG I" on the right is strongly
planar, but (I, a) is not strongly planar because the vertex v, has nonzero netflow a,, = 1 while
being incident only to interior faces.

Note that strong planarity uses the information of a as well as I'. For example, the right of
Figure 3.1 is not strongly planar but one may edit the netflow vector a so thata,, = 2anda,, =0
while using the same embedding to make (I', a) strongly planar and nondegenerate.
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Figure 3.1: Three examples of pairs (I, a) which fail to be strongly planar. Netflows are labelled
in blue; vertices with no integer label have netflow 0.

3.2. Planar framed DAGs with one source and one sink

A special case of Theorem 2.8 which is relevant to this paper is when G is strongly planar in
addition to having one source and one sink. In this case, a choice of strongly planar embedding I'
of G induces a planar framing §p of I defined such that o <5, in(v) £ if and only if « is drawn
below 3 in the strongly planar embedding, and v <3, out(v) 0 if and only if «y is drawn below
in the strongly planar embedding. For example, the framing labelled in Figure 2.1 is the planar
framing.

When I is a strongly planar DAG with one source and one sink, we consider it to be equipped
with the planar framing §p by default. For example, two routes of I' are compatible if they are
compatible as routes of (G, Fp), and a clique of I is a clique of the planar framing (G, §p).

Remark 3.3. Routes of a planar-framed DAG I'" are compatible if and only if they may be drawn
on the graph without crossing each other transversally. For example, in the DAG of Figure 2.1,
the only two routes which cross are a5 and s /31, meaning that these are the only two routes
which are incompatible with each other. Cliques of I' are then collections of routes with the
condition that no two cross each other.

3.3. Balanced DAGs
We now define balanced DAGs.

Definition 3.4. Let G be a DAG. Recall that we assume that every vertex of (G is incident to at
least one edge, hence no vertex is both a source and a sink. Let a; be the unit netflow vector such
that

1 1 is a source

(a1); =4 —1 iisasink
0 else.
We say that G is balanced if a; is nondegenerate. When G is a balanced DAG, a unit flow on G is
an a;-flow. For any nonnegative constant ¢, a nonnegative flow on G of strength c is a (ca; )-flow.

If GG is a balanced DAG, then we say its unit flow polytope F(1) := F(ay) is the polytope of
unit flows of G.

Lemma 3.5. If G is a balanced DAG, then G has the same number of sources as sinks.

Proof. Follows from Lemma 2.3. [
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If G has one source and one sink, then its unit flow polytope in the above definition agrees
with its unit flow polytope as defined in Section 2.3.

Remark 3.6. This paper deals heavily with DAGs which are strongly planar and balanced. Note
that when G is a balanced DAG with nondegenerate netflow vector a and I' is a planar embedding
of G, then T is strongly planar if and only if (I', a) is strongly planar because condition (3) of
strong planarity of DAGs ensures the condition of strong planarity of the pair (I', a). As such, in
the following we will use the phrase ““strongly planar balanced DAG” without fear of ambiguity.

3.4. Reducing to the strongly planar balanced case

The goal of this paper is to give unimodular triangulations for the flow polytopes of strongly
planar pairs (I", a). We now show that it will suffice to give unimodular triangulations for flow
polytopes of strongly planar balanced DAGs. We do this by taking a strongly planar pair (T, a)
and decontracting edges until we reach a strongly planar balanced DAG whose unit flow polytope
is integrally equivalent to Fr(a).

Definition 3.7. Let I' be a planar-embedded DAG with nondegenerate netflow vector a such
that (I", a) is strongly planar. We now define a DAG G’ = (V’, E’) with a planar embedding I’
by making the following additions to (V| E):

1. The vertex set V' consists of the vertex set V' of I" along with, for every vertex i € V with

nonzero netflow a;, the decontracted vertices {vi, ..., v/, }. In other words,
, , .
V' =V U ( U {u;,...,vg”}) .
i€V a;#0

2. The edge set £’ consists of the edge set F of I' along with, for every decontracted ver-
tex v} € V', the decontracted edge v} — i (if a; > 0) or i — v} (if a; < 0).
Since any vertex ¢ € V' with a; # 0 is on the exterior face of I', we may choose a strongly planar
embedding I'" of G’ (there are many such choices). See Figure 3.2, where a strongly planar (I, a)
is shown on top (with « labelled in blue) and one possible choice of I'" on bottom. We equip I
with the unit netflow vector a].

Proposition 3.8. If (', a) is a strongly planar DAG, then there exists a strongly planar balanced

int
DAG 1" such that Fr(a) = Fr/(1) is an integral equivalence.
Proof. We show that, with the notation of Definition 3.7, I is a strongly planar balanced DAG
int
and F(1) = Fr(a). Recall the unit netflow vector aj on I'' by

1 1 is a source
(a"); =<¢ —1 iisasink
0 else.
It is immediate that every unit flow of (I, a)) labels every decontracted edge with 1. Moreover,
it is immediate that a vector of R”' is a unit flow of (I, a}) if and only if its projection to R” is an

a-flow. It follows that projecting from R”" to R” by forgetting all coordinates of decontraction
edges gives an integral equivalence from F (1) to Fr(a). O
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Figure 3.2: Reducing to the strongly planar balanced case. Vertices are drawn as black letters
(or symbols); on the top, netflow is labelled in blue.
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Figure 3.3: A different way to reduce to the strongly planar balanced case.

Geometrically, Fr(1) is a copy of Fr(a) placed in the higher-dimensional space R”" at
height 1 in all new coordinates of the decontracted edges.

Remark 3.9. We have some choice in where we embed the decontracted vertices and edges in I".
For example, Figure 3.3 gives an alternate embedding of I as a strongly planar balanced DAG.
These different choices will lead to different framing triangulations in the coming sections.

In light of Proposition 3.8, from now on we will restrict ourselves to the case where I is
a strongly planar balanced DAG to obtain unimodular triangulations. Given any strongly pla-
nar (I, a), one may use Proposition 3.8 to obtain a strongly planar balanced DAG I

with Fp (1 ) ]—"p( ) and pull the unimodular triangulation on F¢ (1) through the equivalence
to triangulate F(a). See Example 6.8 for an example of this process.

We finish this section with a useful observation about strongly planar balanced DAGs. If I'
is strongly planar and balanced, then Lemma 3.5 shows that I" has m sources and m sinks, for
some positive integer m. Since all source vertices have the same x-coordinate, we may notate
them sy, ..., s,, from bottom to top. Similarly, we notate the sink vertices ¢4, ..., ,, bottom to
top. See, for example, Figure 4.3. We keep this notation for the rest of this article.



COMBINATORIAL THEORY 6 (3) (2026), #13 13
4. Framing triangulations of strongly planar balanced DAGs

In this section, we construct the framing triangulation of F1(1) given a strongly planar balanced
DAG I'. We will model the integer points of F-(1) by layerings on I' and define a notion of
pairwise compatibility on layerings which induces the desired triangulation. Our proofs will use
the two-point extension I obtained from I by adding a community source and a community sink
vertex to ['. The two-point extension will allow us to apply the triangulation results of Danilov,
Karzanov, and Koshevoy [DKK12] in the unit one-source-one-sink case to [ in order to obtain
a unimodular triangulation on Fr(1).

For this section, fix a strongly planar balanced DAG I' with m sources and m sinks. As
indicated in the previous section, the symbol I" includes not only the data of the DAG G but also
a choice of strongly planar embedding. Recall from Definition 3.4 that a unit flow on I' is a flow
with the unit netflow vector a;, and that a nonnegative flow on I' is any nonnegative scaling of a
unit flow.

4.1. Two-point extensions

We define the two-point extension of a balanced DAG, allowing us to relate the unit flow polytope
of a balanced DAG with the unit flow polytope of a one-source-one-sink DAG.

Definition 4.1. Let I' be a strongly planar balanced DAG. Define the two-point extension I as
follows:

1. The vertex set of ['is V := V U {0} U {1}.
2. Theedge setof I'is £ := EU{(0,s;) : i € [m]} U{(t;,1) : i e [m]}.

We call the edges of E\E the extension edges of [. These are precisely the edges of E which
are incident to the source 0 or sink 1. Intuitively we obtain [ from T by adding a new source 0
and connecting it to all sources of G, and connecting all sinks of G to a new sink 1. By construc-
tion, 0 is the unique source of I"and 1 is the unique sink of I'. Embed the vertex 0 to the left of
every vertex of I' and embed 1 to the right of every vertex of I, so that Iis strongly planar. See
Figure 4.1: a strongly planar balanced DAG I is shown on the left, and its two-point extension r
on the right.

We now connect certain flows and paths on I' with certain flows and paths on I

Definition 4.2. A (nonnegative) layered flow on [isa nonnegative flow F' on [ such that if o
and [ are extension edges of I, then F'(«) = F(/3).

Definition 4.3. Let F' be a nonnegative flow on I of strength S. Define a nonnegative flow F

onfby

P Fla) a€eF
S a € E\E.

Lemma 4.4. The map F > Fisa bijection from nonnegative flows on I to nonnegative layered
flows on T'. If F has strength S, then F' has strength (m x S).
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Figure 4.1: The two-point extension of a strongly planar balanced DAG.
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Proof. Tt is immediate that if F’ is a nonnegative flow on I' then Fisa nonnegative flow on I,
and that the map F' Fis injective. Moreover, given any layered flow R on I, the restric-
tion R := R'|g is a nonnegative flow on I" satisfying R =R’ sothe map F' — Fisa bijection.
The final statement follows because there are m source vertices and m sink vertices of I'. [

Remark 4.5. Setting S = 1 in Lemma 4.4 shows that the map F' — F bijects the flows of Fp(1)
with the layered flows of Fr(m x 1) (i.e., to the layered flows of the dilation of the unit flow
polytope F1(1) by m). Said another way, the unit flow polytope Fr(1) is (up to integral equiv-
alence) equal to the intersection of Fr(m x 1) with the hyperplanes setting flow through each
extension edge of I" to 1. Note that this is not a face of Fr(m x 1) whenm > 1.

We now wish to compare routes of I to routes of I".

Definition 4.6. A route p of I is a directed path from a source of I' to a sink of I". The indicator
vector of p is the function Z(p) : E — R defined by

1 aep

Z(p)(a) L)agp

Let p be a route of ['. Coming out of the sink vertex t(p) is a unique extension edge e; of E;
similarly, there is a unique extension edge e, of E ending at s(p). Define the route p := e pe;
of I'. Tt is immediate that the map p — p is a bijection from routes of I' to routes of r (note
that routes of I correspond to vertices of F (1), but routes of I" do not correspond to vertices
of Fr(1) unless I already has one source and one sink). See Figure 4.2.

We remark now that since I" is strongly planar and has one source vertex and one sink vertex,
we may equip it with the planar framing §p as in Section 3.2. This gives us a notion of pairwise
compatibility of routes of I, and we may calculate the clique complex of I to triangulate §x(1).
We now define compatibility of routes of a strongly planar balanced DAG in a way which agrees
with compatibility of the corresponding routes of its two-point extension (equipped with the
planar framing). Compare with Definition 2.5.

Definition 4.7. Let v be a vertex of a strongly planar balanced DAG I". We define the post-v-
order < on the set of paths from v to a sink of I". Let p and ¢ be distinct paths from v to a
sink. Let 0 = a3 ... a,, be the maximal common subpath of p and ¢ beginning with v. Say p



COMBINATORIAL THEORY 6 (3) (2026), #13 15
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Figure 4.2: On the left is a route p of [" and on the right is the corresponding route p of I.

contains o3 and ¢ contains oy, where (3 is below ~ in the planar embedding of I". In this case,
we say that p < ¢. This defines a total order on paths from v to a sink.

Dually, we define the pre-v-order <, on the set of paths from a source to v. If p and g are
distinct paths from a source to v, then let ¢ = «; ... ;;, be the maximal common subpath of p
and ¢. If p contains o and ¢ contains yo, where (3 is below ~ in the planar embedding of T,
then p < ¢.

If p and q are routes of I" which both contain the internal vertex v, then we say that p </ ¢
if pi < qF, where p; (resp. ¢;) is the subpath of p (resp. ¢) from v to a sink. If p and ¢ agree
after the vertex v, then p =, ¢ (even if p and ¢ differ before the vertex v). We may similarly
write p <, gorp =, q.

Definition 4.8. Let p and ¢ be routes of I" and let v be a vertex contained in both p and ¢. The
routes p and ¢ are incompatible at v if, without loss of generality, p <, ¢ and ¢ < p. The
routes p and q are incompatible if they are incompatible at any shared vertex, otherwise they are
compatible. A clique is a set of pairwise compatible routes of I'.

Remark 4.9. The notions of < and compatibility agree with Definitions 2.5 and 2.6 applied
to the two-point extension I'. In particular, if p and ¢ are routes of a strongly planar balanced
DAG I' and v is a shared vertex, then we have

1. p <! qifand only if p < g,
2. p <, qifandonly if p <. ¢, and hence
3. pis compatible with ¢ if and only if p is compatible with g.

Two routes of a strongly planar balanced DAG are compatible if and only if they do not cross
each other transversally. If p and q are routes of I', then we say that p is weakly above ¢ (in the
planar embedding of I) if for any x-coordinate at which p and ¢ are defined, the y-coordinate
of p is greater than or equal to the y-coordinate of q. We also say that q is weakly below p in this
case. If p and ¢ are any routes of I' then the condition that p and ¢ are compatible amounts to
the condition that p is either weakly above or weakly below ¢. Hence, if K is a clique of I', the
routes of K are totally ordered from bottom to top by the planar embedding of I'.
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Figure 4.3: A strongly planar balanced DAG with a layering in magenta (right) and the corre-
sponding unit flow in blue (left).

4.2. Layerings

We now define layerings on the strongly planar balanced DAG I' and show that they are in
bijection with integer unit flows on I'. We define the notion of compatibility between layerings
which will induce a unimodular triangulation on Fr(1).

Definition 4.10. A route of I' is horizontal if it starts at the source s; and ends at the sink ¢;
for some ¢ € [m]. We say that it is a horizontal i-route. A route p of I' is horizontal if its
corresponding route p of I' is horizontal.

Definition 4.11. A layering of I"is aset p = {p1, ..., pn} of pairwise compatible routes of I'
such that p; is a horizontal i-route for all ¢ € [m)].

The right of Figure 4.3 shows a layering of I'.

Remark 4.12. The condition that the routes of a layering are pairwise compatible amounts to the
condition that the routes {p1, . .., P, } form a clique of I'. This is the same as the condition that
none of the routes {py, ..., pm } cross each other transversally.

We now prepare to connect layerings to integer unit flows.

Proposition 4.13. Let f’ be a layered flow of [ with rational coordinates. Then the cliqgue
combination realizing F' uses only horizontal routes.

Proof. We first prove the statement assuming that the layered flow F has integer coordinates.
If F is the zero vector then its clique combination uses no routes and the result is trivial, so we
assume that £ is not the zero vector. Let S € Z such that F(a) = S for any source or sink
edge a, so that F is a strength- (mS) flow of I.

By Theorem 2.8, the flow F gives rise to a unique clique K of T and a decomposition
F = Zpe % a;Z(p), where each coeflicient a; is a positive integer. This is the clique combi-

nation realizing F', and we wish to show that each route p of K is horizontal. Since F' has
strength m.S, we have > sek @p = mS. Then we may get rid of the coeficients by rewriting the

clique combination as F' = st Z(p;), whereeach p € K appears in the multiset {P1,- - Pms}
with multiplicity ay.
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Since F'(a) = S for each source edge a of T', for any 7 € [m] exactly S of the routes {5, } pass
through the vertex s;. Similarly, S of the routes {p;} pass through t;. Order the

routes {p1,...,Pms} so that the routes {pi_1)s41,.-.,Pu-1)s+s} pass through vertex s;,
with p_1ysi1 =& Pa—ns+e =L -+ =F Pu-1)s+s. We claim that for all i € [m], the
routes {ﬁ(i,l)gﬂ,..., ﬁ(i,1)5+5} pass through vertex ¢;, so that all routes of K are
horizontal. ~Suppose to the contrary and take ¢ € [m]| minimal such that one of the
routes {P(;_1)s+1, - - - » D(i—1)s+s } does not pass through ¢; — say P.= P(i—1)s+: for some [ € [S].
By minimality of 4, for any ' < ¢ the S routes {p(/—1ys41,---,Dw—1)s+s} pass through ;.

Since F’ (avir) = S for ayr the sink edge of I' incident to ¢;/, this means that P cannot also pass
through ¢;,. This shows that P must pass through ¢, for some i’ > 7. Symmetrically, there must
exist some " € [ ] and j € [S] with z” > i such that Q := j z”—l)S—&—] ends at t;. Then P begins
at 7 and ends at ', while Q begins at i > i and ends at i < i’. Then P and Q must cross each
other transversally in the strongly planar embedding of I, hence they are incompatible, contra-
dicting the assumption that they are part of the same clique K. This completes the proof that all
routes of & are horizontal when F' has integer coordinates.

Now, suppose that Fisa layered flow with rational coordinates. Let ¢ be the GCD of all
entries of F. Thenc- Fisa layered flow with integer coordinates, so by our proof of the integer-
valued case it is realized as a clique combination ¢ - F' = 3. a,Z(p) where K is a clique of

peK
horizontal routes. Then ]
~ A as
F==-(cF)= (—p> 0
~(c F) Z ) Z()
pek
is the clique combination for F' and uses only horizontal routes, completing the proof. [

Lemma 4.14. The map J : p — Zie[m} Z(p;) is a bijection from layerings of T to integer unit
flows on T'.

We call J(p) the indicator vector of the layering p. Note that this is a different symbol
than Z, used for the indicator vector of a route. Figure 4.3 shows a layering p on the right and
labels the corresponding unit flow 7 (p) on the left.

Proof. Tt is immediate that if p is a layering of I" then 7 (p) is an integer unit flow on I, so J
is well-defined as a map from layerings of I to integer unit flows on I'.

We now argue injectivity of J. Suppose that p and q are two layerings such
that 7 (p) = J(q). Since p is a layering, the routes {p1, ..., p,, } of I' are compatible, hence the
routes {f1, ..., pm} of I' are compatible; then 37 Z(f;) is a clique combination for 7 (p).
Similarly, > ", Z(g;) is a clique combination for 7(q) = J(p). Then the uniqueness part
of Theorem 2.8 implies that {py,...,pm} = {q1,.-.,d¢n} and hence p = q. We have shown
that 7 is injective.

We now show that 7 is surjective. Let F' be a unit flow on I' with integer coordinates. By
Lemma 4.4, the function Fisa layered flow on I of strength m, so that if « is a source or
sink edge of I" then F(a) = 1. Then by Theorem 2.8, one obtains F' = ZZ 1 4, Z(p;) for
some clique {pi,...,Pm } of I' and some coefficients a; > 0. Since F is integer-valued,
the flow F is integer-valued, hence all coefficients a; are integers. By Proposition 4.13, each
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Figure 4.4: The relation < is not transitive on layerings.

route j; is horizontal. Since F is a layered flow of strength m, we have F (o) = 1 for all
source or sink edges «, showing that all coefficients a; must equal 1 and m' = m. It follows
that p := {p1,...,pn} is a layering (where p; is the route of I corresponding to the route p;
of I') and it is now immediate that 7 (p) = F, proving surjectivity of 7. O

4.3. The layering-clique complex

We now define the compatibility relation on layerings which will induce our framing triangula-
tions.

Definition 4.15. If K is a subset of the layerings of I" then define Routes(K) := Upcxi (Upepp)
to be the set of routes used in layerings of K. We say that K is route-compatible if Routes(K ) is a
clique of I'. Similarly, two layerings p and q are route-compatible if {p, q} is route-compatible.

Definition 4.16. Let p and q be layerings of . We say that p < q if p and q are route-
compatible and p; <X ¢; for alli € [m]. We say that p and q are compatible if p < q or q < p;
otherwise, they are incompatible. A layering-clique K is a set of pairwise compatible layerings.
The layering-clique complex is the simplicial complex of layering-cliques.

Note that the layering-clique complex is indeed an abstract simplicial complex because a
subset of a layering-clique is a layering-clique.

Note that under the condition that p and q is route-compatible, no two routes appearing
in Routes({p,q}) may cross each other. Then the condition that p; <} ¢; is the same as the
condition that p; lies weakly below ¢; in the planar embedding of I', which is the same as the
condition that p; <;. ¢;. So, the apparent asymmetry of using the orders < instead of < is
unimpactful because of the assumption of route-compatibility.

The relation < is not transitive on general layerings of I". See Figure 4.4; if (p, q,r) are the
blue, magenta, and green layerings, respectively, then p < qand q < rbutp £ r.

On the other hand, if K = {p?,..., pl} is any route-compatible set of layerings then it is
immediate that < restricts to a partial order on K. These layerings then form a layering-clique if
and only if < is a total order on this set. In this case, we write < for the restriction of < to the
layering-clique K. We commonly notate elements of a layering-clique as K = {p*, p?,...,p'},
where we always assume that p' < p% < --- < pl.

We now connect layering-cliques of I" with simplices of Fr(1).
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Definition 4.17. If K is a layering-clique of a strongly planar balanced DAG I, then a
(K -)layering-clique combination of I is a linear combination

Z apJ (P),

PEK

where each a,, > 0. It is positive if each a, > 0, and unir if Zpe x ap = 1. Note that the
layering-clique combination is unit if and only if the resulting sum is a unit flow. The set of unit
flows arising as (necessarily unit) K -clique combinations is the layering-clique simplex A1 (K).

We finally phrase an analog of Theorem 2.8 in the setting of strongly planar balanced DAGs.

Theorem 4.18. Let F' be a nonnegative flow of a strongly planar balanced DAG I'. Then there ex-
ists a unique layering-clique combination ' = ZpeK apJ (p) for F. Moreover, if F' is integer-
valued, then all coefficients ay, are integers.

Note that we do not prove that the framing triangulations are regular, though this is shown in
the unit one-source-one-sink case in [DKK12]. We do not have an example of a strongly planar
balanced DAG whose framing triangulation is not regular.

Proof. Since Fr(1) is a rational polytope, it suffices to prove the result only for rational-valued
flows F'. Moreover, it suffices to prove the desired result only for integer-valued flows, and the
result for rational-valued flows follows after multiplying by the GCD.

Let F' be an integer-valued flow of strength S. By Lemma 4.4, the function Fisa
strength-(m.S) layered flow of I. By Theorem 2.8, the flow F gives rise to a unique clique K
of I and a decomposition F' = > seic @pL(P), where each coeflicient a; is a positive integer.
Since F has strength m.S, we have Zﬁe i a; = mS. Then we may rewrite the decomposition
of Fas F = Z;T;Sl Z(p;), where each p € K appears in {py, . . ., Dms } With multiplicity a;.

Since F'(a) = S for each source edge o of I, for any i € [m] exactly S of the routes {p; }
pass through the vertex s;. Order the routes {pi,...,Pms} such that the routes
{Pii—1)s+1, - -, Pi—1)s+s} pass through vertex s;, with pi_1)s41 = -+ = Pu_1)s4s. By
Proposition 4.13, each route p; is horizontal. .

For j € [S], define p/ := {pj,ps+j,P25+4js--->Pm—1)s4;} (80 that p) = pr_1)s4;)-
Since K = {P1, ..., Pms} is aclique and p(;_1)s;; is a horizontal route of [ passing through s;,
each p’ is a layering of I'. Moreover, we now show that any two layerings p’ and p’ are com-
patible. Suppose without loss of generality that i < j. The routes {pi,...,pi ﬁ{, Py
are a subset of the clique K of T, hence themselves form a clique. This shows that p’ and p’
are route-compatible. Moreover, by choice of ordering of p;’s, for any k € [m] we
have pj, = p—1)s+i <5 Pi-1)s+; = P}» 50 p' and p’ are compatible with p' < p’. This
shows that all layerings of {p*, ..., p°} are pairwise compatible. Finally, restricting the equal-
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ity F' = 3% T(;) to the edges of T gives F = 7% Z(p;), hence

S

> I®) =3 (3 T0))

i=1

m

(ZI(P(j—l)SH))

I
gl

= Z(pi)

—_

= F’
realizing the flow /" as a sum of integer vectors of layerings. Finally, let K be the underlying set

of the multiset {p’, . .., p° } and for p € K, let ap, be the number of times p appears as some p'.
This realizes our layering-clique combination

S
F=% J®) =2 ad®)

peEK

It remains to show that no two distinct positive layering-clique combinations may realize the
same integer flow. To this end, suppose for contradiction that we have an integer flow F' of I
and that there exist distinct layering-clique combinations

Ia In
F=Y auJP)=) buJ(q), (4.1)

i=1 i=1
where A = {p!,...,p4} and B = {q',...,q'?} are layering-cliques. Index so

thatpl << plA andql <= qlB'
By rearranging the sum in the middle of Equation (4.1), we achieve

F = Z Z api | Z(r).

r : rep’ for some i€[la] \i€[la] : rep?

Letting A := {# : r € p’forsomei € [I4]} and putting the above equation through the

A

map F' — F gives
F=>" > ap | I(R). (4.2)
reA \i€la] : rep’

Since p is a layering, the set Aisa clique and hence the above is a positive clique combination
for F'. Working with the second clique combination and defining the clique B and coeflicients by
analogously, we obtain that

F=>" > by | Z(7) (4.3)

ieB \i€lls] : req’
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is a positive clique combination for E. By uniqueness of Theorem 2.8, the clique combina-
tions (4.2) and (4.3) must be equal, hence A = B and for any route 7 € A = B, we have

i€[la] : rept i€llg] : req?

Since the layering-clique combinations of (4.1) are not equal, we may take j € min{l4, (g}
to be minimal so that (a,i, p’) # (bgi, q’). We split into two cases to obtain a contradiction.

1. First, suppose that p/ q’. Choose 7 € [m] such that, without loss of generality, p/ <% ¢’.

. : 5
Since ¢’ < g’ for j' > j, the route P := p] does not appear in ¢’ for any j/ > j. On the
other hand, for j' < j we have ¢ = p’’ and by = @y Then

S b= Y by

c€llp] : Peq® c€lj—1] : Peq°

- E apc

c€lj—1] : Pep®

< Z Qpe

c€lj] : Pep©

g Z Qpe,

c€[la] : Pep©
contradicting Equation 4.4.

2. Now, suppose that p’ =q’ but a,; # by, Suppose without loss of generality that a,; <bgi.
If j = [, then choose any i € [m]. Otherwise, choose any i € [m] such that p] # .
Since p/ < p’' for j' > j, the route P := p! isnotin p’’ for any j' > j. Then we calculate

E apc = E Cch

c€[la] : Pep® c€lj] : Pepe

= (lpj —+ E Gpc

c€lj—1] : Pepe

< bqj + Z Ape

c€lj—1] : Pep®

= bqj + Z ch

celj—1] : Peq®

< Z ch )

CE[ZB] : Peq°
contradicting Equation 4.4.

This completes the proof that no two distinct layering-clique combinations may realize the same
integer flow of F, and the proof of the theorem. [
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Theorem 4.18 states that the layering-cliques index a unimodular triangulation of Fr(1)
(where unimodularity follows from the final statement of the theorem):

Corollary 4.19. If C is the set of layering-cliques of a strongly planar balanced DAG T, then
{A(K) : KeC}
is a unimodular triangulation of Fr(1) which we call the framing triangulation of F-(1).

Proof. Recall the definition of a triangulation from Definition 2.1. Property (1) is satisfied be-
cause every flow [ is realized as a clique combination

= Z apJ (P),
pek
and hence lies in A;(K). Property (2) is satisfied because the faces of A;(K) are
precisely those simplices A;(K’) where K/ C K. Property (3) is satisfied because
A (Ky) N A (Ky) = Aj(K N Ky) for layering-cliques K and K.

Finally, for any layering-clique K the final statement of Theorem 4.18 shows that the set of
vectors {J(p) : p € K} form a Z-basis of their linear span. Hence, the cone over A;(K)
is a unimodular cone within its linear span and A, (K) is itself a unimodular simplex within its
affine span. [

Example 4.20. Figure 1.1 shows a strongly planar balanced DAG I'. It has 8 maximal layering-
cliques, shown on the right (arranged into a poset structure which we will explain later). On
the bottom-left is the unit flow polytope whose lattice points are labelled by the corresponding
layering. Note that the layering labelled in green corresponds to the unique lattice point of F-(1)
which is not a vertex. Each maximal layering-clique K gives rise to a full-dimensional simplex
of Fr(1) whose vertices are given by the layerings of K. For example, the bottom maximal
layering-clique is highlighted along with its corresponding simplex of F-(1). As indicated by
Corollary 4.19, these simplices form a unimodular triangulation of Fr(1). In particular, this
implies that Fr(1) has normalized volume 8.

Finally, the fact that layering-cliques index a triangulation on F1-(1) implies that the layering-
clique complex is pure.

Corollary 4.21. The layering-cliqgue complex of 1 is pure, and any maximal layering-clique
contains exactly dim Fr(1) + 1 layerings.

Proof. If K is a maximal layering-clique of I', then the indicator vectors of layerings of K form
the vertices of the simplex A, (K). The simplex A;(K) is a full-dimensional simplex of F(1)
by Corollary 4.19, hence has dim F-(1) + 1 vertices. This shows that | K| = dim Fr(1). O

5. Traveling between adjacent maximal layering-cliques

We say that two maximal layering-cliques K and L of I are adjacent if | K\L| = |L\K| = 1. In

other words, if the corresponding simplices of the framing triangulation of (1) share all but

one of their vertices. In this section, we will describe how adjacent maximal layering-cliques

must relate to each other: we say that they must relate by a rotation, shuffle, or realignment move.
In the following, let I' be a strongly planar balanced DAG with m sources and m sinks.
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5.1. The dimension zero case

We first treat the degenerate case when dim Fr(1) = 0.

Observe that if dim Fr(1) = 0, then Fr(1) is merely a point. The only triangulation of F-(1)
is T = {Fr(1)}, consisting of one zero-dimensional simplex. Then by Corollary 4.19, there is
precisely one maximal layering-clique of I', and this maximal layering-clique contains only one
layering. This proves the following lemma:

Lemma 5.1. If dim Fr-(1) = 0 then there is only one maximal layering-clique K of T,
and |K| = 1.

This section focuses on traveling between adjacent maximal layering-cliques, and Lemma 5.1
shows that these cannot exist when dim F1-(1) = 0. Hence, for the rest of this section we will
focus on the case when dim F-(1) > 1. In this case, Corollary 4.21 gives us the following
convenient result:

Remark 5.2. If dim Fr(1) > 1, then any maximal layering-clique of I" contains at least two
layerings.

5.2. Technical lemmas

Before we define rotations, shuffles, and realignments, we need some technical lemmas about
the structure of maximal layering-cliques.

Lemma 5.3. Let K be a maximal layering-clique of I" and let p,q € K be adjacent layerings
in <k (ie., such that there isnor € K withp <r < qorq < r < p). Then there is a
(necessarily unique) index i € [m| such that p; # q; and p; = q; for all j # i.

Note that the existence of adjacent layerings implies that dim Fr(1) > 1 by Lemma 5.1.

Proof. Suppose without loss of generality that p < q (so that this is a covering relation in the total
order <k on layerings of K'). Since p and q are distinct, there is at least one value i’ € [m] such
that p;s # g;. We will show that i’ must be unique. Define p":={p1,...,pir—_1, i, Dirs1,- - - Pm}
(i.e., p’ is obtained by taking p and replacing the route p;» with ¢;/). Since p and q are compatible
as layerings, the route ¢; is compatible with the route p; for all j € [m/], so p’is a valid layering
of I'. Moreover, we now show that the layering p’ is compatible with every layering of K.
Let r be any layering of K. Since p’ is built from routes p; and ¢;, and r is compatible with
both p and q, it must be true that {p},...,p,.,r1,..., 7y} is aclique. Hence, r and p’ are route-
compatible layerings. It remains to show that either p; <¥ r; forall i € [m], or p; =1 r; for
all i € [m].

Since p <k q is a covering relation of <y, eitherr <y pandr <Xy qorp <k r
and q <k r. Suppose firstthatr <y pandr <x q. Thenforall j € [m/], we have both T jjj Dj
and 7; j;; ¢;- This means that r; j;; pj for all j € [m], completing the proof that p’ is
compatible with r in this case. The proof in the case when p < r and q < r is the same, but
with the directions of all symbols < switched.
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We have shown that p’ is compatible with every layering of /&, hence p’ € K by maximality
of K. Since py <, q» = pjy, we must have p < p'. Since p <x q is a covering relation, this
means that p < q <x p’. In particular, for any j # i/, we have

pi =3 a5 24 0 =1y,
hence equality holds throughout. This completes the proof that p; = ¢; for all j # 7. [

Definition 5.4. Suppose dim F-(1) > 1. Let K be a maximal layering-clique and let p € K.
If p is not the maximum element of <y, then take q to be the layering covering p in <y and
define T, (p) to be the (unique by Lemma 5.3) index i € [m] such that p; # ¢;. If p is the
maximum element of <, then 1 (p) is undefined. Similarly, if p is not the minimum element
of < then take the layering r covered by p in <k and define |k (p) to be the index j € [m]
such that p; # r;j.

Lemma 5.5. Suppose dim Fr-(1) > 1. Let K = {p',...,p°} be a maximal layering-clique
and take an index j € [S]. The following are equivalent:

1. there exists a route p{ of p’ which appears in no other layering of K,
2. the set {1k (p’), x ()} consists of a single element which we define as Jx (p’), and

3. the route p%K is the unique route of p’ which appears in no other layering of K.

(p7)

Condition (2) amounts to the condition that either j = 0 (so that | (p’) is not defined),
or j = S (so that T (p’) is not defined), or j € {2,...,5 — 1} and 1k (p’) =lx (p’). We
then define Jx (p’) to be |k (p’) or tx (p?). If Tx (p?) and | (p’) both exist but are not
equal, then J (p’) is undefined.

Proof. The condition that dim (1) > 1 implies that S > 1 by Remark 5.2. We show that (2)
is equivalent to both other conditions. First, suppose (2) holds. We consider separately the cases
where j = 1, where j = S, and where j € {2,...,S — 1} and 1, (p’) =l x (P?).

1. Suppose j = 1. Since S > 1, the index T (p') is defined. Then Jx (p') :=1x (p');
refer to this index as w in the following calculation for brevity. For any & € [m] such
that k > 2, we have p* = p? and hence p¥ =1 p2 -1 pl, so p, appears in p* precisely
when k& = 1. This shows (1). Moreover, by Lemma 5.3 we must have p;, = p. for
all k # u, hence u =]k (p') is the unique route of p* which appears in no other layering
of K, proving (3).

2. If 7 = S, then a symmetric argument to the above case shows (1) and (3).

3. Suppose j € {2,...,5 —1}and Tx (p’) =lk (p’). By Lemma 5.3, for any k #Jx (p’)
we have p, = pit' = p/~', hence p] «(psy 18 the unique route of p’ which appears in no
other layering of K, showing (1) and (3).
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We have shown that (2) implies (1) and (3). Now suppose (2) fails. Then j € {2,...,5 — 1}
and T (p’) #lx (p’). By Definition 5.4, for k € [m] we have

i pﬁl k #1k (Pj)
P = {pil k =1k (7).

This shows that p, appears in p/** or p/~! for every k € [m], showing that (1) and (3) both fail.
This completes the proof that (2) is equivalent to both (1) and (3). L]

5.3. Shuffles, rotations, and realignments

We now describe how adjacent maximal layering-cliques K and L must relate to each other. We
will argue that L is either a shuffle, a rotation, or a realignment of K. First, we describe shuffies.

Proposition 5.6. Suppose dim Fr(1) > 1. Let K = {p',...,p°} be a maximal layering-
clique. Suppose for some i € [m)| that every route of p' is in another layering of K.
Theni € {2,...,S — 1} and 1k (p') £k (p') and the layering

i\ [ i z+1
=(p \{pTK(pi)7p¢K( }) U {p piK(pz)}
is compatible with all routes of K\{p'} but incompatible with p’, so that

= (K\{pHu{rl={p'<..p" ' <r<p™<... <p’}
is a maximal layering-clique.

Intuitively, r is obtained from p’ by replacing the route p?K( pi) with p?;l(pi), and replacing

i . i—1

the route p e () with the route p L (o)

Proof. By our assumption on p, we have that Lemma 5.5 (1) fails, hence Lemma 5.5 (2) fails

sothati € {2,...,5 — 1} and T, (p') #lx (p'). It remains to show that the layering r has the
desired property.

Define the route r := (P"\{P} oy P iy 1) Y {10“rl prK(PZ)}. First note that r and p°
are not compatible, since

i+1 + i I | + i
1) = Phig(p) 7 sp, iy Praceh) A Thco) = Py =s, oo Placph):

We now show that r is compatible with every layering of K\ {p’}. To this end, choose j € [S]
distinct from 4; we will show that r is compatible with p’. Since all routes of r are in layerings
of K, we have that {r, p’} are route-compatible. It remains to show that r < p’ or p/ < r.

Suppose first that j < 4. For any k € [m] distinct from |5 (p*), we have pj, <} pj < 7.
Moreover, if k =|x (p') then p; <! p,~' = rj. This shows that p/ < r, hence r is com-
patible with p’. If j > 4, then a symmetric argument shows that p’ > r, so in this case r is
again compatible with p’. This shows that L := (K\{p’}) U {r} is a layering-clique
with {p* < ...p"! < r < p*! < ... < p}. Since the cardinality of L is the same as
that of K, it is a maximal layering-clique by Corollary 4.21. [
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Proposition 5.6 motivates the following definition.

Definition 5.7. With the setup and notation of Proposition 5.6, if 5 (p’) <!k (p’) then we
say that L is a down-shuffle of K at p' and we write

KL

On the other hand, if 15 (p’) >lx (p%), then we call L an up-shuffle of K at p' and we
write K < L. In either case, we call L a shuffle of K at p'.

Shuffling moves are one way of traveling from a maximal layering-clique of I' to an adja-
cent maximal layering-clique by replacing the layering p’ with a different layering r. Note that
in the notation of Proposition 5.6, every route of r is in p*™! or p"~! with 1t (r) =lx (p)
and |1 (r) =Tk (p'), hence performing a shuffle of L at r retrieves the original layering-
clique K. This shows that a maximal layering-clique L is an up-shuffle of K if and only if K is
a down-shuffle of L.

In Figure 5.1, the bottom-left layering-clique is a down-shuffle move of the top layering-
clique at the magenta layering.

We now aim to describe two more ways to replace a layering p* of a layering-clique K with
a different layering to get a new maximal layering-clique. Both moves must take place in the
setting when there exists some route of p’ which is in no other layering of K, as the case where
every route of p’ occurs in another layering of K is covered by Proposition 5.6. First, we need
the following lemma.

Lemma 5.8. Let K be a maximal layering-clique of I. If p is a horizontal route of I" which is
compatible with every route of Routes(K), then p € Routes(K).

Proof. Write K = {p',...,p”}. Choose i € [m] such that p is a horizontal i-route. We will
construct a layering containing p which is compatible with every layering of K.

First, suppose that there exists a route of Routes (/) which is greater than or equal to pin <.
Then choose ¢ € Routes(K) such that ¢ = p and, for any » € Routes(K) with r =7 p, we
have r =1 ¢ (i.e., ¢ covers p in the restriction of < to Routes(K) U {p}).

Choose j € [S] to be minimal such that ¢ = p{ . Define the layering r such that

{pg bAi
Ty = .
p b=u.

We claim that r is compatible with every layering of K. It is immediate by construction
that K’ U {r} is route-compatible, so it remains to show the second condition of compatibil-
ity.

Indeed, choose any index a € [S]. If a > j, then for any b € [m] we have

a v+ 7y +
]?btsszbtsbrb7

so p® > r and these two layerings are compatible.
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Now, suppose a < ] In particular, this implies that j > 1. Note that by minimality of j, we
have p]~ —<+ p =} pl,sothat [ (p/) = i and hence pl = p)~! for all b # i. Then for any
index b € [m ] other than i we have

Py = Dy, pb = pi-

Moreover, pf j;:, pf -1 <;t, p = r;, completing the proof that p® < r.

We have shown that r is compatible with every layering of K, hence r € K by maximality
of K. Since p € r, this completes the proof when there is a route of Routes(K') weakly above p
in <7 .

If there is no route of Routes(K’) weakly above p in <, then there must be a route below p
in <ji and a symmetric argument shows the result in this case. [

We are now able to understand how to relate adjacent maximal layering-cliques outside of
the shuffle case with the following proposition.

Proposition 5.9. Let K = {p',...,p°} and L = {q*, ..., q°} be adjacent maximal layering-
cliques and choose i, j € [S] so that L = (K\{p'}) U{q’}. Suppose there exists a route p € p'
which is in no other layering of K. Then there is a route q € o incompatible with p which is in
no other layering of L, so that

Routes(L) = (Routes(K)\{p}) U {¢}.

Moreover,
1 Ifie{2,...,5 —1}, theni=jand Jx (p*) =11 (q")
2. Ifi=1,thenj = Sand Jx (p*) = 1+ {1 (qs).
3. Ifi=S5, thenj=1and]; (q') = 1+ Ik (p°).

Proof. Note that the existence of distinct maximal layering-cliques necessitates dim Fp(1) > 1
by Lemma 5.1 and hence S > 2 by Remark 5.2.

We first show that there is a route of g/ which is in no other layering of L. Suppose to the
contrary that every route of ¢’ is in a different layering of L. Then every route of ¢’ is in a
layering of K’ N L = K\{p'}. Then Routes(L) = Routes(K)\{p}, contradicting Lemma 5.8.
It follows that there exists a (necessarily unique) route q := qiL(qj) of g’/ which is in no other
layering of L.

For notational brevity, we write u :={x (p’) and v :=J, (q’) for the rest of this proof. Then
we have p = p! and ¢ = ¢/.

We now show that ¢/ # p!,. Suppose for contradiction that ¢/ = p!, (in particular, this implies
that u = v) We first show that in this case we must have i = j For any k € [S] such that k < 4,
note that p* < p’ implies that p* <+ p’,. The layerlng p¥ is also in L, and pu <+ P, =q
implies that p* < q’. Since this holds for k € {1,. 1} this shows that j > 1. Slm11arly,
if £ > i then p* > p’ implies that pfj >;’; p’,. The layermg p¥is also in L, and pu >ju Dy, = q,
implies that p* = q’, showing that j < i and hence j = i. Then the ordering <, is

pl<p?<---<pt<qg <ptt-.. <p°
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We finally split into the case when ¢+ < S and¢ = S. If ¢ < S, then Lemma 5.3 shows

. i+l . ) .
that ¢ = { pl? 7 u = p;, and hence ¢’ = p’. On the other hand, if + = S then Lemma 5.3

@ b=wu
J_ py b#u _ J o i . -
shows that g, = ; b = p; and hence g’ = p’. In either case, we have ¢’ = p’, con-
a =u

tradicting the assumption that X and L are distinct maximal layering-cliques. We have shown
that ¢/ # p'. It finally follows that Routes(L) = (Routes(K)\{p%}) U {¢’}.

It remains to show the final three parts of the proposition statement. Since ¢/ is not
in Routes(K'), Lemma 5.8 shows that ¢/ must be incompatible with a route of Routes(K).
Since pl, is the only route of Routes(K)\ Routes(L), it must be the case that ¢/ and p!, are
incompatible as routes.

First, suppose that i € {2,...,5 — 1}. We first show that u = v. Suppose to the contrary
that u < v. The route p’™ is in both Routes(L) and Routes(K) and satisfies p5;™* =1 pi,
hence pit! lies weakly above pi in the planar embedding of I'. The route ¢/ starts at the source s,
(above s,) and is compatible with pi*t1, hence ¢/ lies weakly above p’t! in the embedding of T'.
This means that ¢/ lies weakly above p!, in the embedding of T, contradicting the fact that ¢/
and p!, are incompatible. This shows that we cannot have © < v. Symmetrically, we cannot
have © > v; it follows that © = v.

Similarly, we now show that ¢ = j. Suppose to the contrary that : < j. Then p* = q“
for a < iand p't' = q'. Since j > i, we have ¢/ -1 ¢/ = pii!, so ¢/ lies weakly above ptt.

As in the above paragraph, we have that p!, lies weakly below p’t!. Then p! lies weakly be-
low ¢/, contradicting that these two routes are incompatible. It follows that ¢ > j. Symmetri-
cally, we must have ¢+ < j and hence ¢« = j. This completes the proof of (1) covering the case
wheni € {2,...,5 —1}.

We now prove (2). Suppose that ¢ = 1. We first show that © > v. Suppose to the contrary
that v < v. The route pZ is in both Routes(L) and Routes(K) and satisfies p > p,, hence p?,
lies weakly above p. in the planar embedding of T'. The route ¢/ starts at the source s,, (above s,,)
and is compatible with p?, hence ¢/ lies weakly above p? in the embedding of I'. This means
that ¢/ lies weakly above p. in the embedding of T, contradicting the fact that ¢/ and p. = p!,
are incompatible. This shows that we cannot have u < v.

Suppose now that u = v. We show that we musthave 1 = ¢ = jasintheu € {2,...,5—1}
case. Suppose to the contrary that j > 1. Then p*> = q'. Since j > 1, we have ¢/ >} ¢} = p2,
so ¢/ lies weakly above p2. On the other hand, p! lies weakly below p2. Then p lies weakly be-
low ¢/, contradicting that these two routes are incompatible. It follows that if u = w,
then 1 =1 = j.

Suppose without loss of generality that p. - ql (if not, then we may switch K and L
since i = j = 1 and u = v ensure that the setup is symmetric). Since p. and ¢ are incompatible,
they must have an incompatibility; let ¢ be the incompatibility between these routes which occurs
as early as possible along p! and ¢!. Then we may write

py, =p op"andq, =q ogt

where, for example, the path p~ is the subpath of p, occurring before o. Since p, >! ¢
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and o occurs as early as possible, it must be the case that p~ enters t(o) above ¢, and p*
leaves h(o) below g™ Define the route 7 := g~ op™. Note immediately that r is weakly below p}
and weakly below ¢. in the planar embedding, so it is compatible with both of these routes.
Moreover, the route 7 is not in Routes(K'), because p;, € p' means that p;, is the < -lowest
route of Routes(K) starting at s, while 7 <} p,.

If u = v = 1, then every route of Routes(K) is weakly above p! in the planar embedding
of I', hence is weakly above r. This implies that r is compatible with every route of Routes(K).
Then r € Routes(K) by Lemma 5.8, a contradiction. On the other hand, suppose u = v > 1.
Consider the route p°_,. This route is weakly below both p! and ¢! in the planar embedding,
hence it is weakly below . Moreover, every route p’ of Routes(K) is either weakly above p.. or
weakly below p?_,; in either case, p’ is compatible with 7. Again, this shows that r is compatible
with every route of Routes(K'), hence r € Routes(K') by Lemma 5.8, a contradiction. This
completes our contradiction when u = v, proving that we must have u > v.

If u > v+1and/or j < S, then the route ¢/ is weakly below p°_, and hence weakly below p.,
contradicting that ¢/ and p! are incompatible. It finally follows that we must have v = u — 1
and j = S, finishing the proof of (2).

The proof of (3) is symmetric to the proof of (2). 0

We now finally define rotations and shuffles.

Definition 5.10. With the setup and notation of Proposition 5.9, if i € {2,...,5 — 1}

and p%K(pi) - %K(pi) then we say that L is a down-rotation of K at p' and we write K AL
Ifie{2,...,5—1}and p%K(pi) < qu(pi) then we say that L is an up-rotation of K at p* and

X :
we write ' <— L. In either case, we call L a rotation of K at p°.

Definition 5.11. With the setup and notation of Proposition 5.9, if © = S then we say that L
is a down-realignment of K at p* and we write K ﬁ> L. If i = 1 then we say that L is an

’ X
up-realignment of K at p* and we write K < L. In either case, we call L a realignment of K
at p'.

It is an immediate consequence of Proposition 5.9 that L is a down-rotation of K if and
only if K is an up-rotation of L, and that L is a down-realignment of K if and only if K is an
up-realignment of L.

In Figure 5.1, the bottom-right layering-clique is the down-realignment of the top layering-
clique at the orange layering. The bottom-middle layering-clique is the down-rotation of the top
layering-clique at the green layering.

Theorem 5.12. Let K and L be adjacent maximal layering-cliques. Then L is a shuffle, rotation,
or realignment of K.

Proof. Write K = {p',...,p°}and L = {q},...,q°}. Since K and L are adjacent, there exist
indices 4,7 € [S] such that L = (K\{p'}) U {q’}. If every route of p’ is in another layering
of K, then Proposition 5.6 gives that L is a shuffle of K. Otherwise, if i = 1 or ¢ = S then L is
arealignment of K, and ifi € {2,...,S — 2} then L is a rotation of K. N
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Figure 5.1: From the top maximal layering-clique is shown a down-shuffle, down-rotation, and
down-realignment.

We refer to shuffle, rotation, and realignment moves collectively as mutations. If L is a
shuffle, rotation, or realignment of K at a layering p € K, we say that L is a mutation of K at p
and write L = p,(K). If L is an down-shuffle, down-rotation, or down-realignment of K at a
layering p € K, we say that L is a down-mutation of K at p. We similarly refer to up-mutations
of K.

Remark 5.13. Recall from Remark 4.5 that up to integral equivalence Fr(1) is the restriction
of Fx(m x 1) to the hyperplanes setting flow through all extension edges to 1. Dilating the (uni-
modular) framing triangulation of F+(1) to a (non-unimodular) triangulation of Fx(m x 1) and
restricting to Fr(1) gives a subdivision S of Fr(1) wherein two flows F and F, of Fr(1) are in
the same maximal cell if and only if Routes(F;) U Routes(F3) is a clique, where Routes(F})
is the set of routes used in the clique combination for F;. Because Routes(K) is a clique for
any layering K of I', the framing triangulation of Fr(1) refines the subdivision S. In gen-

eral this refinement is strict because if X = L is a shuffle move on maximal layering-cliques
then Routes(K) = Routes(L) — i.e., maximal simplices of the framing triangulation related
by shuffle moves are contained in the same maximal cell of S. On the other hand, if K’ — L
is a rotation or realignment then Routes(K) U Routes(L) is not a clique and hence the sim-
plices A;(K') and A (L) are in different maximal cells of S. Hence, the maximal cells of this
subdivision S are obtained as unions of maximal simplices of the framing triangulation related
by shuffle moves.
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6. The framing poset

We now define the framing poset, which is a partial order on maximal layering-cliques of a
strongly planar balanced DAG I' (and hence, simplices of its framing triangulation).

6.1. The post-source order on maximal layering-cliques

We will define the framing poset as the transitive closure of down-mutations, but it is not a
priori clear that this definition is antisymmetric. To show antisymmetry, we will use a simpler
lexicographic order on maximal layering-cliques which we define in this section.

First, we need a total order on layerings:

Definition 6.1. Let p and q be distinct layerings of I'. Let ¢ € [m] be maximal such that p; # ¢;.
If p; <;’; ¢, then we say that p < q. Otherwise, p; >;: ¢; and we say that p =7 q. We say
that > is the post-source order on layerings of T'.

The post-source order > is a lexicographic order on layerings as ordered tuples of routes
under —<j]_ , SO it gives a total order on layerings of I.

Definition 6.2. Let K = {p',...,p°} and L = {q',...,q°} be distinct maximal layering-
cliques of T'. Let j € [S] be maximal such that p/ # /. If p/ < q’, then we say that K <] L;
otherwise, p/ =1 ¢’ and we say that K =1 L. We say that = is the post-source order on
maximal layering-cliques of I'.

The post-source order > is a lexicographic order on maximal layering-cliques as ordered
tuples of layerings under the post-source order <} on layerings, hence it gives a total order on
maximal layering-cliques of I'. We now show that up-mutations and down-mutations interact
well with the post-source order on maximal layering-cliques.

Proposition 6.3. If a maximal layering-clique L is a down-mutation of K, then L <} K.

Proof. Write K = {p',...,p°}and L = {q!,...,q°}. Since L is a down-mutation of K,
these layering-cliques are adjacent and hence (K'\{p’}) U {q’} = L for some i, j € [m].
Suppose first that L is a down-shuffle of K. Then by Proposition 5.6, we have

1€42,, S =1}and ¢’ = (P"\{P), (pi)s Pl oy }) UAPE () Pl oy 20

pl<--<pl<g<pt<---<p

S
is the layering-clique L ordered by <, showing that j = <¢. It follows that ¢ is the maxi-
mal (indeed, the only) index in [S] such that p* # q'. Since L is a down-shuffle of K, we
have 1% (p') <lx (p’) so that the index u :=]x (p’) is the largest index in [m] such that p!,
and ¢!, differ; since p!, =1 pi' = ¢! we then have p* > ¢’, hence K >~} L, proving the
proposition when L is a down-shuffle of K.

Suppose now that L is a down-rotation of K. By Proposition 5.9, we have ¢« = j, so
that 7 is the unique index such that the layerings p’ and q’ differ. Also by Proposition 5.9,
the index Jx (p’) =31 (q’) =: w is the unique index such that the routes p, and ¢’ differ.
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Since pl, ~F ¢}, we have p’ > ¢’ and hence K >} L, proving the proposition when L is a
down-rotation of K.

Suppose finally that L is a down-realignment of K. Then ¢ = S and j = 1. In particular,
this means that p° =1 p®~! = q°, hence K = L. This ends the proof. O

6.2. The framing poset on maximal layering-cliques

We are now able to define the framing poset on maximal layering-cliques.

Definition 6.4. If a maximal layering-clique L is a down-mutation of a maximal layering-
clique K, then we write that L < K. Let < be the transitive closure of these relations.

In other words, we write . < K if there is a (possibly empty) series of down-mutations
starting at K and ending at L.

Proposition 6.5. The relation < is a partial order on the set of maximal layering-cliques of T'.

Proof. 1f dim F-(1) = 0, then Lemma 5.1 gives that there is only one maximal layering-clique
of I' and hence the result is trivial. Now suppose dim Fr-(1) > 1.

It is immediate by definition that < is reflexive and transitive. It remains to show that <
is antisymmetric. Suppose to the contrary that there exist distinct maximal layering-cliques /'
and L such that KX < L and . X K. Since L. < K, there must exist a sequence of down-
mutations

K—K —--—>Kg=1L.

Then Proposition 6.3 shows that L < K. One may show symmetrically that X' <7 L, contra-
dicting the fact that <[ is a total order. It follows that < is antisymmetric, and hence that < is
a poset. [

We call < the framing poset of I'. See Figure 1.1, where the maximal layering-cliques are
arranged into the Hasse diagram of the framing poset on the right.

6.3. Relations to one-source-one-sink framing triangulations

Recall the definition of a planar-framed DAG in Section 3.2. In particular, if a strongly pla-
nar balanced DAG I' has one source and one sink, then the embedding of I' induces a planar
framing §p of I'. In this case, a layering is merely a route and our compatibility of layerings
amounts to compatibility of routes as defined in [DKK12], so our framing triangulations induced
by the embedding " are the same as the framing triangulations induced by the planar framing §p.
Moreover, shuffles and realignments are impossible in this case and the definition of our framing
poset agrees with that given in [BC24], hence we recover the framing triangulations and fram-
ing lattices of planar-framed DAGs with one source and one sink. This means that the framing
triangulation and framing lattice for the unit flow polytope of any planar-framed DAG with one
source and one sink as defined in the literature are the same as its framing triangulation and
framing poset in our sense — for example, see the DAG of Figure 2.1.
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Figure 6.1: A DAG whose framing poset is not a lattice.

Remark 6.6. We remark that [BC24] takes the convention when drawing their framed DAGs that,
for example, if « and [ are two edges incoming to the same vertex v and « is drawn above [ in
the embedding, then o <j,, 5. This is opposite to our convention. In particular, this means that
their “clockwise rotations” will look like counter-clockwise rotations in our embeddings, and
vice versa.

6.4. Examples

We now give three more examples of framing posets of strongly planar balanced DAGs outside
of the unit one-source-one-sink case.

Example 6.7. Let I' be the strongly planar balanced DAG of Figure 6.1. Shown on the right are
its four maximal layering-cliques arranged into the framing poset of I'. In particular, note that
the framing poset is not a lattice because it has no unique greatest element and no unique least
element.

Example 6.8. On the top-left of Figure 6.2 is a strongly planar DAG I' with netflow
vector a = (2, —2). Note that this flow polytope is not unit, so we do not consider layerings
on (I',a) directly. Rather, we decontract to the strongly planar balanced DAG [ shown on the

top-right (recall Proposition 3.8) and observe that Fr(a) < Fer(1). Shown finally are the two
maximal layering-cliques of I'; these index the triangulation of the line segment F¢ (1) into two
unimodular one-dimensional simplices, shown on the bottom-left of the figure. This in turn tri-
angulates JFr(a); in this way, we can triangulate even non-unit flow polytopes of strongly planar
pairs (I', a) using techniques of this paper. We finally remark that, more generally, the DAG I"
of Figure 6.2 with netflow (n, —n) for any n € Ny gives a flow polytope which is (integrally
equivalent to) a line segment of length n triangulated into unit segments.

Example 6.9. Consider the strongly planar balanced DAG I' of Figure 6.3, which consists of
three connected components. Its framing poset is the hexagon shown on the right of the figure,
all of whose edges are shuffles. Note that the flow polytope Fr(1) is the Minkowski sum of the
unit flow polytopes of the connected components of I', but the choice of planar embedding of I'
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Figure 6.2: A DAG of a non-unit flow polytope, its reduction to a unit flow polytope, and the
framing poset.

induces an ordering of its connected components from bottom to top, which is used to construct
the framing triangulation.

Note that this framing poset is isomorphic to the weak order on G3. In fact, adding more con-
nected components to the graph I' gives larger weak orders through the framing poset. More gen-
erally, for n € N5 let A, be the strongly planar DAG consisting of one source, one sink, and n
edges from source to sink. For a sequence of positive integers s = (sy, ..., sn), let Linrsinm)
be the strongly planar DAG (so that I' of Figure 6.3 is I'(5 5 2)). Then the framing poset of I'; is
the lattice of multipermutations Mg as in [BC24, §2.3].

7. Future directions and obstacles

We begin this section by presenting an example of a reasonably small balanced DAG whose
unit flow polytope admits no triangulation induced by a pairwise compatibility condition on its
integer points. Finally, we finish with some conjectures and future directions.

7.1. An inconvenient example

It is natural to wonder if results about framing triangulations and framing posets may be extended
beyond the strongly planar setting of this paper and the one-sink settings of [BC24, DHY25].
These existing theories of framing triangulations all work by defining a pairwise compatibility
condition on the integer points of a flow polytope and defining the simplices of a triangulation
to be the maximal collections of pairwise compatible points; Example 7.1 gives a balanced
DAG whose unit flow polytope cannot be triangulated in this way. This indicates that, while it
may be possible to find a common generalization of framing triangulation theory of this paper
and [BC24, DHY25] using pairwise compatibility on integer points, it will be necessary to move
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Figure 6.3: The framing poset of the unit flow polytope of a non-connected strongly planar
balanced DAG.
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Figure 7.1: A non-planar balanced DAG whose unit flow polytope admits no lattice triangulation.

away from pairwise compatibility conditions to get any sort of framing triangulation theory for
arbitrary flow polytopes.

Example 7.1. Let I' be the complete bipartite graph K33 shown in Figure 7.1 with edges
oriented left to right. Label its source vertices s1, so, s3 and label its sink vertices ¢y, t5, t3.
For i, j € [3], write ~; ; to refer to the edge of I from s; to ¢;. Perfect matchings of I" are of the
form A = {71@(1), V2,a(2)> 737a(3)}, where a is a permutation of [3]. For any perfect matching A
of I, there is a unit flow 7 (A) of I labelling the three edges of A with 1 and all other edges of '
with 0. Since all edges of I are incident to a source and sink, no unit flow may label an edge
with a number greater than 1. It follows that the lattice points of F-(1) are precisely those flows
of the form [ (A) for a perfect matching A. There are six permutations of [3], hence six perfect
matchings of I' and six lattice points of Fr(1).

We will show that it is impossible for a pairwise compatibility condition on the integer points
of (1) to induce a triangulation of F1-(1). Suppose for contradiction that there does exist such
a pairwise compatibility condition indexing a triangulation 7 of Fr-(1). Say that a clique is
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a collection of pairwise compatible perfect matchings, so that the cliques correspond to the
simplices of T .

Suppose A = {V1,401), V2,0(2) V3,a3) } a0d B = {71.6(1), V2.6(2), V3.0(3) } are perfect matchings
of I (so that a and b are permutations of [3]). We claim that if C'is a perfect matching using only
edgesof AU B,thenC' = Aor C = B.

The claim is immediate if A = B, so suppose A and B are distinct. By symmetry, it suffices
to consider the following cases:

1. Suppose A U B consists of 6 distinct edges. Take a perfect matching C' using only edges
of AU B. Then C must contain either vy (1) or v;(1); by switching A and B if neces-
sary, suppose without loss of generality that C' contains ; (1. Then C' cannot contain
the edge 71 5(1) because C' already contains an edge starting at s;. Since C' must contain
an edge ending at b(1), it must be that C' contains Ya-1(b(1)),b(1) (this is distinct from the
edge 71,4(1) because a(1) # b(1) by hypothesis). The only perfect matching containing
both 1 41y and v,-14(1)) p(1) is A, so we have C' = A, completing the proof in this case.

2. Suppose there exists j € [3] that a(j) = b(j). For notational convenience, we take j = 3;
the cases j = 1 and j = 2 flow symmetrically. Since A and B are distinct, a(1) # b(1)
and a(2) # b(2). It follows that b(1) = a(2) and a(2) = b(1). Take a perfect matching C
using only edges of A U B — then 73,3y = 7353) € C. The matching C' must contain
either vy q(1) Or 71,4(1); switching A and B if necessary, suppose without loss of generality
that 71 41y € C. Then C still must contain an arrow ending at a(2) = b(1), and it cannot
be v1,4(1) since 1 4(1) € C. Then C' must contain 7, 4(2), completing the proof that C' = A.

We have shown that the only perfect matchings of I" using only edges of AU B are A and B
themselves. It follows that the only lattice points of F-(1) which give flow of 0 to all edges
outside of AU B are J(A) and J(B). Then the only expression of the flow F' := w
as a positive linear combination of indicator vectors of perfect matchings is the sum w
itself. Because 7 is a triangulation of Fr(1), the unit flow /" must appear in a simplex of 7 whose
vertices are indicator vectors of perfect matchings; this simplex must then contain both [J(A)
and J (B). This shows that A and B must be compatible.

Since A and B were chosen arbitrarily, we have shown that any two distinct perfect matchings
of [' are compatible. It follows there is only one maximal clique, and that this clique consists of
all six perfect matchings of I". This shows that Fr(1) is a five-dimensional simplex. On the other
hand, we may show that (1) is not a five-dimensional simplex by finding an affine dependence
of its vertices: one may verify that

T {1,722, 733)) + T {2, 72,3, 931 1) + T {13, 72,1, 13,2})
=T {m,1,7%.3,732}) + T {12,721, 73,33) + T {713, 72,2: 731 })

by checking that both flows give every edge of [' a flow of 1. This is a contradiction. This
completes the proof that there there is no lattice triangulation 7 of the flow polytope Fr(1)
induced by a pairwise compatibility condition on its integer points.
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7.2. Future directions

We conclude the article with some possible directions of future research.

In light of Example 7.1, one cannot hope to define a notion of framing triangulations for
general flow polytopes without significantly changing methodology. On the other hand, it is still
an interesting question to consider for which classes of balanced DAGs one can extend variants
of the theory of framing triangulations.

Question 7.2. Which classes of balanced DAGs admit some theory of framing triangulations
and framing posets?

While framing posets of strongly planar DAGs may fail to be lattices, it appears through our
observation and testing that these posets display a number of properties of framing lattices.

For example, recall that a lattice is a poset where any two elements z and y have a unique
least upper bound and a unique greatest lower bound. While elements x and y of a framing
poset L of a strongly planar DAG may fail to have an upper bound in L, it appears that  and y
must have at most one least upper bound and at most one greatest lower bound. In other words,
“existence of meets” may fail in a framing poset but “uniqueness of meets” seems to hold.

Expanding on this, framing lattices £ are known to be polygonal [BC24, Theorem 1.3.4]
where all polygons are squares, pentagons, and hexagons. To be precise, if x,y € L cover a
common element z (resp. are covered by a common element z), then the interval [z, z V y]
(resp. [z A y, z]) is a square, pentagon, or hexagon. It appears that framing posets of strongly
planar DAGs display some version of polygonality for posets. In particular, if = and y cover a
common element z and there exists a least upper bound x Vy for x and y then the interval [z, 2V y|
is a square or hexagon (and the dual result for lower covers). In other words, “existence of
polygons” may fail in a framing poset but “uniqueness of polygons” seems to hold.

Conjecture 7.3. Framing posets of strongly planar DAGs display some polygonality properties
into squares and hexagons.

Finally, we briefly recall a connection between strongly planar DAGs in the one-source-one-
sink case and order polytopes developed by Mészaros, Morales, and Striker [MMS19]; we refer
to their work for more information on this subject and the definitions of strongly planar posets
and their order polytopes. A strongly planar DAG I' with one source and one sink is associ-
ated to a strongly planar poset Pr. There exists an integral equivalence ¢ : F;(I') — @(Pp)
induced by the planar embeddings, where @(Pp) is the order polytope of Pr. Moreover, this
integral equivalence ¢ maps the framing triangulation of F;(I") to the canonical triangulation
of @(Pp) [MMS19, Theorem 1.3]. In this way, the theory of framing triangulations of strongly
planar DAGs with one source and one sink is the same as the theory of canonical triangulations
of strongly planar posets. It would be interesting to expand this correspondence to our new
strongly planar setting allowing multiple sources and sinks.

Question 7.4. Is there a generalization of strongly planar posets whose theory of canonical
triangulations is the same as the theory of framing triangulations of strongly planar DAGs?
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