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Abstract

The Many Facets of Black Hole Physics in AdS/CFT

by

Robinson Mancilla

The AdS/CFT correspondence offers a powerful framework for addressing fundamen-

tal questions in quantum gravity, enabling the study of strongly coupled quantum systems

via semiclassical gravity. Simultaneously, non-perturbative quantum field theory tech-

niques provide tools to probe the quantum nature of gravity. Over the years, numerous

entries in the holographic dictionary have been uncovered; one particularly relevant to

this work is the correspondence between thermal states in the boundary theory and black

hole geometries in the bulk.

This thesis presents four distinct studies on key aspects of AdS black holes and their

holographic implications for the dual CFT. The first analyzes the pole structure of ther-

mal one-point functions for light operators, revealing nontrivial mixing between light

modes and the stress tensor. The second, inspired by the AdS Smarr formula, estab-

lishes a generalized Euler relation for perfect fluids on curved spatial manifolds. The

third investigates the emergence of Schwarzian dynamics from the perspective of higher-

dimensional CFTs and their Ward identities, via a novel off-shell decoupling limit. Fi-

nally, the fourth explores whether LLM geometries with many droplets exhibit incipient

black hole behavior, focusing on null geodesics trapped in regions of high droplet density.

Taken together, these studies illuminate diverse facets of AdS black hole physics in the

holographic context, spanning thermal correlators, hydrodynamics, low-energy effective

actions, and bubbling geometries.
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Chapter 1

Introduction

This introductory chapter aims to provide context and motivation for the research pre-

sented in this thesis, which lies within the field of quantum gravity. I envision this intro-

duction as a conceptual roadmap, guiding the reader from classical aspects of gravity to

the AdS/CFT correspondence. Rather than focusing on detailed derivations, the empha-

sis is placed on the overarching ideas and insights that have shaped my understanding

throughout the course of my PhD.

1.1 Gravity

Before we delve into the intricate landscape of higher dimensions, dualities, and black

holes, it is worth pausing to reflect on two foundational insights from Galileo Galilei:

1. The laws of physics are the same in all inertial frames of reference.

2. In free fall, all objects experience the same gravitational acceleration, regardless of

their mass.

Regarding the first lesson, we recall that Newton’s second law is covariant under spatial
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Introduction Chapter 1

diffeomorphisms and invariant under Galilean transformations. However, when formu-

lated in a non-inertial reference frame, Newton’s second law requires modification by the

introduction of fictitious forces. This unaesthetic adjustment arises from the treatment of

space and time as separate entities. In contrast, special relativity unifies space and time

into a single geometric entity — spacetime — where the geodesic equation is inherently

covariant. This allows it to naturally handle accelerating reference frames without the

need for ad hoc corrections.1

The second lesson follows directly from the weak equivalence principle, which states

that inertial mass is equivalent to gravitational mass.2 As a result, over small regions of

space and short time intervals, the effects of gravitational acceleration can be effectively

canceled by moving to an accelerated frame. This insight was central to Einstein’s revo-

lutionary realization: gravity is not a force in the traditional sense, but a manifestation

of spacetime curvature.

Understanding gravity in this way naturally leads to a profound conclusion: locally,

accelerating frames are indistinguishable from inertial ones. This enhances our inter-

pretation of Galileo’s lessons, transforming them into statements about the nature of

spacetime itself.

In Einstein’s view of spacetime, a particle moving in a gravitational background

follows a geodesic, governed by the equation:

uµ∇µu
ν = 0, ∇µu

ν = ∂µu
ν + Γν

µαu
α , (1.1)

where uξ = dxξ

dλ
represents the particle’s velocity, and λ is the affine parameter along

the geodesic. The curvature of the spacetime is codified in the commutator of covariant

1In Minkowski spacetime, the Christoffel symbols encode two distinct effects: (i) the use of non-
curvilinear coordinate systems and (ii) the description of accelerating frames.

2This principle is, in fact, an experimental fact verified to a precision of one part in 1015 [1].
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derivatives:

[∇µ,∇ν ]kα = Rµναξk
ξ , (1.2)

where Rµναξ is the Riemann curvature tensor, and kξ is an arbitrary vector field.

The natural next step is to determine the background spacetime dynamically by

introducing the field equations. To this end, we promote the spacetime geometry from a

fixed background to a dynamical entity governed by the Einstein–Hilbert action:

S =
1

2κ2

∫
M
d4x

√
−g(R− 2Λ) +

1

8πG

∫
∂M

dx3
√

|h|K + Smatter . (1.3)

Here, Λ is the cosmological constant, κ2 = 8πG and G is Newton’s constant. A remark-

able property of the Einstein-Hilbert Lagrangian, LEH =
√
−g(R−2Λ), is that the Ricci

scalar behaves like R ∼ ∂2g. Therefore, to ensure a well-defined variational principle,

we must include the Hawking-Gibbons boundary term LHG =
√

|h|K, where Kmn is the

extrinsic curvature, and hmn is the induced metric of the boundary manifold ∂M. The

Einstein equation is then given by:

Rαβ −
1

2
Rgαβ + Λgαβ = 8πGTαβ . (1.4)

The most compelling aspect of the Einstein equation is its universal character : all forms

of matter and energy influence the geometry of spacetime through the energy-momentum

tensor Tαβ. More precisely, one must solve the Einstein equation—a highly non-linear

system of partial differential equations—coupled with the equations governing the dy-

namics of matter fields. Of course, this is much easier said than done.

Observables in gravity: The derivation of the Einstein–Hilbert action exhibits struc-

tural parallels with that of the Yang–Mills action coupled to charged matter. To illustrate

3



Introduction Chapter 1

this analogy, consider a complex scalar field ϕ propagating in flat spacetime, minimally

coupled to a background gauge field Aµ in the fundamental representation of a gauge

group. The dynamics of the scalar field are governed by the action

Sscalar =

∫
d4x(Dµϕ)

†Dµϕ , (1.5)

where the covariant derivative is defined as Dµ = ∂µ + iAµ. The corresponding gauge

field strength arises from the commutator of covariant derivatives:

[Dµ, Dν ] = iFµν , (1.6)

with Fµν denoting the non-Abelian field strength tensor. By promoting the background

gauge field Aµ to a dynamical variable, we are naturally led to the Yang–Mills action,

constructed from a gauge-invariant quantity:

SYM = − 1

2g2YM

∫
d4xTr(FµνF

µν) . (1.7)

Observables in gauge theory are defined through gauge-invariant combinations, typically

involving traces over products of field operators.3 This construction relies on the internal

gauge symmetry and the availability of a natural trace operation over the gauge group.

In gravity, however, the situation is markedly different. There is no direct analogue

of a trace to construct local diffeomorphism-invariant observables. Instead, gravitational

theories rely on the presence of boundaries—particularly at asymptotic infinity—to define

meaningful, diffeomorphism-invariant quantities. These boundaries break certain diffeo-

morphisms, promoting them to physical symmetries of the system known as asymptotic

symmetries. A key example is the notion of energy: locally, gravitational energy is mean-

3In gauge theory, there are local observables but also non-local observables such as Wilson Loops.
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Introduction Chapter 1

ingless, as one can always adopt an accelerating frame to eliminate the effects of gravity.

Nonetheless, asymptotic symmetries yield conserved charges, enabling a well-defined,

global notion of gravitational energy associated with a given spacetime.

Another way to illustrate the difference between gauge theory and general relativity

is through a canonical analysis à la Dirac of gauge symmetries and diffeomorphisms. In

Yang-Mills theory, the gauge generators Ga(x) satisfy the following algebra:

{Ga(x), Gb(y)} = fab
c δ(x− y)Gc(x) , (1.8)

where fab
c are the structure constants of the gauge group, which remain the same at every

point in spacetime.

In contrast, the algebra of diffeomorphisms in general relativity is more involved.

It is constructed from the Hamiltonian constraint H(x) and the momentum constraint

Pm(x), which generate time and space diffeomorphisms, respectively. These constraints

are given by

H = KmnKmn −K2 − (3)R ,

Pm = ∇n (K
mn − hmnK) ,

(1.9)

where (3)R is the Ricci scalar and ∇n is the covariant derivative associated with the

induced spatial metric hmn. The algebra of these generators takes the following form [2]:

{H(x), H(y)} = (hmnPn) (x)
δ

δxm
δ(x− y)− (hmnPn) (y)

δ

δym
δ(x− y) ,

{Pm(x), H(y)} = H(y)
δ

δxm
δ(x− y) ,

{Pm(x), Pn(y)} = Pm(y)
δ

δxn
δ(x− y)− Pn(x)

δ

δym
δ(x− y) .

(1.10)

Unlike Yang-Mills theory, these generators do not form a Lie algebra due to the presence

of structure functions, rather than constant structure coefficients. As a consequence,

5
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gravity cannot be described in terms of fiber bundles in which spacetime is the base

manifold and the symmetry group defines the fibers.4

Moreover, the bulk Hamiltonian in general relativity vanishes, Hbulk = 0, reducing the

bulk phase space action to a combination of the Hamiltonian and momentum constraints

given in (1.9). In addition to the bulk dynamics, there exists a boundary canonical action

that allows for the canonical definition of surface charges5 associated with asymptotic

symmetries for spacetime with boundaries. This is, for example, how the ADM mass is

defined in asymptotically flat spacetime [3].

The globally well-defined symmetries within the asymptotic symmetry group typically

leave the vacuum solutions of a gravity theory invariant. For example, asymptotically

flat spacetimes in four dimensions possess the BMS algebra [4, 5], whose vacuum solution

is Minkowski spacetime. The global part of the BMS algebra corresponds to the Poincaré

group. Similarly, asymptotically AdS spacetimes in three dimensions exhibit a Virasoro

algebra of charges [6], with AdS3 as the vacuum solution. In this case, the global part of

the Virasoro algebra matches the SL(2,R)× SL(2,R) isometry group of AdS3.

There is, however, an important exception to this rule: the isometries of de Sitter

spacetime cannot be promoted to asymptotic symmetries. This is because asymptot-

ically de Sitter spacetimes do not possess a boundary. Without a boundary, there is

no mechanism to break certain diffeomorphisms, which is essential for defining asymp-

totic symmetries. Consequently, the physics of de Sitter spacetimes is conceptually more

challenging than in the asymptotically flat or AdS cases.

4In the first-order formulation of gravity, where the spin connection ωa
bµ and frame fields eaµ are

treated as independent variables, the spin connection transforms under the principal G-bundle over M,
with G being the (non-compact) Lorentz group. In this regard, the first-order formulation is closer to
standard gauge theories, although these do not involve a metric structure [2].

5These surface charges can be viewed as an early indication of the holographic principle.
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1.2 Black Holes as a window into Quantum Gravity

A natural starting point for discussing quantum gravity is to ask: Why should we

even consider a quantum version of gravity? The short answer lies in the universality of

Einstein’s equations. While classical gravity accurately describes the behavior of space-

time at large scales, matter at very short distances is governed by the laws of quantum

physics. Since, according to general relativity, spacetime is shaped by the matter content,

this mismatch suggests that gravity itself must be subject to quantum principles in order

to maintain a consistent description across all scales.

However, there are fundamental conceptual conflicts between the geometrical descrip-

tion of general relativity and the probabilistic nature of quantum mechanics. According

to the uncertainty principle, probing shorter distances requires higher energy. For a parti-

cle of massm, quantum mechanics associates a Compton wavelength λC ∼ ℏ/(mc), which

sets the scale below which localization becomes uncertain. On the other hand, general

relativity tells us that concentrating energy in a small region leads to the formation of a

black hole when the energy is confined within its Schwarzschild radius rs ∼ Gm/c2.

As we increase the energy to probe smaller distances, the Schwarzschild radius grows

while the Compton wavelength shrinks. At the Planck scale—where λC ∼ rs—these two

characteristic lengths become comparable. Equating them gives a natural energy scale

known as the Planck mass, defined by

MP =

√
ℏc
G
. (1.11)

At this scale, quantum and gravitational effects become equally significant, and our

current theories—quantum field theory and general relativity—cease to be adequate.

This thought experiment suggests that the principle of locality may need to be abandoned

7
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in a complete theory of quantum gravity. It strongly points to the need for a new

framework that consistently unifies quantum physics and gravity at very high energies.

However, constructing such a framework is deeply challenging. Einstein’s theory is

highly non-linear and features non-trivial constraints: the Hamiltonian constraint and

the momentum constraint, which satisfy the open algebra given in (1.10). As a result,

a canonical quantization of gravity is notoriously difficult to implement.6 For this rea-

son, understanding the quantization of the linearized Einstein theory provides a natural

starting point for exploring quantum gravity.

Yet even at the level of the linearized theory, a major obstacle arises: in four di-

mensions, pure gravity is famously non-renormalizable because the Newton constant has

dimensions of length squared, G ∼ ℓ2p =
1

M2
p
.7 This difficulty historically led to the view

that gravity was fundamentally incompatible with quantum mechanics. However, from

the modern Wilsonian perspective, such theories are perfectly valid as effective field the-

ories (EFT), as long as they are applied at energy scales below a physical cutoff—in the

case of gravity, the Planck mass Mp [8].

Moreover, the universal coupling of gravity to energy and momentum implies that any

quantum field theory, including the Standard Model, must eventually couple to gravity.

As a result, the Standard Model cannot remain decoupled from gravitational effects at

arbitrarily high energies. Even though it is a renormalizable gauge theory, it must be

viewed as an effective theory that breaks down before reaching the Planck scale, where

new degrees of freedom are expected to emerge.

Numerically, the Planck scale is extraordinarily large: Mp ∼ 1019 GeV. In stark

contrast, the electroweak scale is around 102 GeV. This enormous separation of scales

6Loop Quantum Gravity (LQG) is a canonical quantization approach formulated in terms of loop
variables. However, a complete implementation of the constraint algebra remains elusive, and its status
within the EFT paradigm continues to be a subject of debate [7].

7Power counting reveals potential divergences, but symmetries like supersymmetry can forbid certain
counterterms, leading to cancellations and improved UV behavior [9].

8
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suggests that gravity is, in fact, the most successful effective field theory, remaining valid

over a vast range of energies before reaching its natural cutoff at the Planck scale [9].

At the same time, the large hierarchy between the electroweak and Planck scales

remains deeply mysterious.8 One possibility is that no new physics appears between

these scales, and the Standard Model remains valid all the way up to the Planck scale.

Alternatively, new physics—such as gauge coupling unification or other mechanisms—

could emerge at intermediate energies.9 From a theoretical standpoint, the latter scenario

is widely regarded as more plausible, as it offers potential resolutions to the hierarchy

problem and opens pathways toward the unification of gauge forces with gravity.

In summary, it is not accurate to claim that we know nothing about quantum grav-

ity. Perturbative quantum gravity below the Planck scale can make meaningful predic-

tions—for instance, quantum corrections to Newton’s law [8]. Moreover, as in any EFT,

one should include higher-derivative corrections to the Einstein-Hilbert action, accom-

panied by arbitrary Wilson coefficients. These corrections are highly suppressed at large

distances, consistent with current experimental data. A central challenge in quantum

gravity, however, is the absence of a known UV completion that determines the precise

values of these coefficients—unlike in QCD, where the underlying theory uniquely fixes

the coefficients of the low-energy pion Lagrangian.10

That said, the analogy between QCD and quantum gravity has important limitations.

In particular, the presence of black holes gives rise to fundamentally new phenomena that

lie beyond the scope of conventional QFT. As we will discuss, this is precisely why black

holes serve as such a valuable window for exploring the principles of quantum gravity.

8If the Planck scale is used as the cutoff for the electroweak gauge theory, the Higgs mass would
naturally be expected to be of the same order as the cutoff.

9In particular, in many extensions of the Standard Model, the gauge couplings are expected to unify
at a scale around MGUT ∼ 1016 GeV, well below the Planck scale but still extraordinarily high [10].

10This statement holds in principle; however, due to confinement and the strongly coupled nature of
QCD in the infrared, the low-energy coefficients cannot be derived analytically and must instead be
obtained through other methods, such as experimental input or lattice QCD.

9
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1.2.1 Black holes and the holographic principle

Up to this point, we have barely defined the main protagonists of this PhD work:

black holes. For illustrative purposes, let us consider the AdS–Schwarzschild black hole

in five dimensions, whose line element is given by

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
3 , (1.12)

where the lapse function f(r) is

f(r) = 1− M

r2
+
r2

ℓ2
. (1.13)

Here, ℓ is the AdS radius, and M is proportional to the energy of the spacetime. The

singularity of a black hole lies at r = 0, where the curvature diverges. In contrast,

the horizon of the black hole is defined by the condition f(rh) = 0, which specifies a

null hypersurface in the geometry. According to the equivalence principle, locally near

the horizon, no dramatic physical effects occur: the curvature remains finite and, for

sufficiently large black holes, it becomes negligible. In this regime, the near-horizon

geometry is well-approximated by the Rindler metric of flat spacetime. However, the

global structure of the black hole spacetime is significantly different. The horizon acts

as a surface of no return—signals originating from within the black hole, beyond the

horizon, cannot reach an external observer, as the exterior lies in the causal past of such

signals. As a consequence, black holes do not radiate in classical general relativity.

As Bekenstein first argued, black holes must possess entropy; otherwise, the infall of

matter into a black hole would lead to a violation of the second law of thermodynamics

[11]. Initially, Hawking was skeptical of this idea. However, through a groundbreaking

calculation, he derived the black hole temperature and showed that black holes indeed

10
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obey the laws of thermodynamics. Rather than reproducing Hawking’s original derivation

[12], we will instead employ the Euclidean approach [13], which highlights both the

similarities and differences between a black hole and a piece of coal.

In statistical physics, thermal effects are studied by transitioning to Euclidean time

and compactifying it. Specifically, consider a scalar or spinor field propagating in Eu-

clidean spacetime R4. To introduce a finite temperature T , we compactify the Euclidean

time direction as tE ∼ tE + β, where β = 1
T
. This results in the manifold S1 × R3.

The compactification gives rise to a discrete spectrum of Kaluza-Klein (KK) modes,

known as Matsubara frequencies. For bosonic and fermionic free fields, these frequencies

are respectively given by

ω(boson)
n =

2πn

β
= 2πnT , ω(fermion)

n =
2π(n+ 1

2
)

β
= 2π

(
n+ 1

2

)
T , n ∈ Z . (1.14)

These discrete modes arise from the periodic (for bosons) or antiperiodic (for fermions)

boundary conditions imposed along the compact Euclidean time circle. The inverse tem-

perature β = 1/T sets the compactification radius, which can be adjusted continuously.

In a similar fashion, we can apply this strategy to fields propagating on black hole

spacetimes. However, black holes exhibit a distinctive feature: their temperature cannot

be adjusted arbitrarily. Instead, there is a unique relation between the temperature and

the event horizon radius. If this relation is not satisfied, a conical singularity would

appear in the Euclidean geometry. This marks a fundamental difference between black

holes and ordinary thermal systems, such as a piece of coal (see Figure 1.1).

For the AdS–Schwarzschild black hole, the Hawking temperature is given by

T =
ℏ
4π

(
2

rh
+

4rh
ℓ2

)
, (1.15)

11
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where rh is the event horizon radius. The proportionality of the temperature to ℏ is

consistent with the fact that, in the classical limit ℏ → 0, black holes do not radiate.

Figure 1.1: On the left-hand side is an illustration of how I visualize a piece of coal; on
the right-hand side, we see a Euclidean black hole. In Lorentzian signature, the smooth
tip of the Euclidean geometry corresponds to the location of the event horizon. In the
jargon of black hole physics, we say that the black hole has a contractible thermal circle.

Furthermore, by analytically continuing the Matsubara frequencies to real time, one

obtains complex frequencies whose real part corresponds to the physical oscillation fre-

quency, and whose imaginary part captures the decay rate. These imaginary contribu-

tions are known as quasi-normal modes (QNMs), and they reflect how perturbations of

the field dissipate into the black hole horizon.11

Returning to black hole thermodynamics: given the Hawking temperature, one can

derive the entropy of a black hole, known as the Bekenstein–Hawking entropy :

SBH =
A

4G
, (1.16)

where A is the area of the black hole horizon, and we use natural units: ℏ = c = kb = 1.

There are two important remarks about this result:

1. The mass of the black hole at the center of our galaxy, Sagittarius A*, is approxi-

matelyM ∼ 1036 kg, which corresponds to an entropy of SBH ∼ 1090. This is vastly

larger than the entropy of the Sun, which is approximately ∼ 1057. A natural ques-

11This claim relies on insights from the AdS/CFT correspondence. In particular, the AdS boundary is
timelike, which allows for a well-controlled analytic continuation from Euclidean to Lorentzian signature
for fluctuations around the background geometry.
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tion arises: in the microcanonical ensemble, the entropy is given by S = lnΩ, where

Ω is the number of accessible microstates. What, then, are the microstates that

the black hole entropy is counting?

2. In conventional thermodynamic systems, entropy typically scales with volume.12

However, for black holes, entropy scales with the area of the event horizon. What

is the underlying reason for this unusual property of black holes?

Not only is black hole entropy a surface quantity, but the energy of a black hole also

arises as a surface charge as we discussed before. In fact, for large AdS–Schwarzschild

black holes where rh ≫ ℓ, the entropy scales with temperature as [14]

S(T ) ∼ ℓ6

2ℓ3p
T 3 . (1.17)

On the other hand, the entropy of a conformal field theory (CFT) in d spacetime dimen-

sions scales as13

SCFT ∼ T d−1 . (1.18)

Therefore, a CFT in four spacetime dimensions exhibits qualitatively similar entropy

scaling to that of a five-dimensional large AdS–Schwarzschild black hole. However, the

CFT4 lives in one fewer dimension! In this way, black hole physics leads naturally to the

holographic principle: the degrees of freedom associated with the black hole entropy can

be encoded in a boundary quantum theory [15, 16].

In summary, black hole physics offers profound insights into quantum gravity. On one

hand, black holes act as natural regulators of very high-energy processes, as discussed in

12This is true under the assumption that the spatial volume is non-compact. For compact volumes,
finite-size corrections can modify this behavior even in the thermodynamic limit (large number of degrees
of freedom). In chapter 3, this point will be fundamental.

13This result holds in flat space. If the CFT is placed in a curved space, there are additional corrections,
which become especially important at low temperatures.
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the introduction to this section. On the other hand, they reveal a fundamental limitation

on the number of degrees of freedom that can be accommodated within a given region of

spacetime, as implied by the holographic principle. Consequently, any UV completion of

perturbative general relativity must not only reproduce the full set of Wilson coefficients

associated with higher-derivative corrections to the Einstein–Hilbert action—governing

graviton scattering at low energies—but also account for the microscopic origin of black

hole entropy in a manner consistent with holography.14

1.3 String theory

In this section, we briefly introduce string theory, emphasizing its gravitational as-

pects. One might envision a modern version of the renowned Landau-Lifshitz series—a

“theoretical minimum“—in which the classical string is left as an exercise for the reader,

since it introduces no fundamentally new principles. The true marvel emerges upon

quantization: the consistency of two-dimensional quantum gravity on the worldsheet re-

quires that the target spacetime satisfy the Einstein equations, supplemented by specific

matter content. Incorporating supersymmetry further enriches the structure of string

theory, giving rise to new non-perturbative states: D-Branes. It also leads to five con-

sistent superstring theories, all formulated in ten dimensions and intricately connected

through a web of dualities, ultimately pointing toward a unifying framework known as

M-theory.15

14Asymptotic safety program posits a non-trivial UV fixed point for gravity [9], but this seems to
conflict with holographic principle [17].

15One of the most pedagogical resources for beginners in string theory is the lecture notes by David
Tong [18]. Another excellent set of lecture notes is [19], where BRST quantization is explained in a clear
and pedagogical manner.
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1.3.1 Perturbative Strings

Classical aspects: A relativistic string is a one-dimensional extended object propa-

gating through a D-dimensional spacetime. As it evolves in time, it traces out a two-

dimensional surface called the worldsheet, denoted by Σ. The ambient spacetime, M,

is known as the target space and appears, from the worldsheet’s point of view, as an

internal space. The classical dynamics of the string are governed by the Nambu–Goto

action, which is given by

SNG[X] = −T
∫
Σ

d2σ
√
− det (∂aXµ∂bXµ) , (1.19)

where σa with a = {0, 1} are the coordinates on the worldsheet.16 The scalar fields

Xµ = Xµ(σ0, σ1) describe the embedding of the worldsheet into the target space, that is,

they define a map X : Σ → M. The parameter T represents the string tension, which is

historically related to the Regge slope α′ by

T =
1

2πα′ . (1.20)

A classically equivalent formulation of the Nambu–Goto action is the Polyakov action:

SP [X; γ] = −T
2

∫
d2σ

√
−γ γab ∂aXµ∂bXµ , (1.21)

where γab is the intrinsic metric on the worldsheet. Integrating out γab brings the action

back to the Nambu–Goto form. The corresponding worldsheet stress-energy tensor is

Tab = ∂aX
µ∂bXµ −

1

2
γabγ

cd∂cX
µ∂dXµ . (1.22)

16Spacetime indices are denoted by Greek letters, µ = {0, . . . , D − 1} as in previous sections.
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Invariance under two-dimensional diffeomorphisms, σa → σ′a(σ), implies the covariant

conservation of the stress-energy tensor, ∇aTab = 0. Since the Polyakov action is classi-

cally equivalent to the Nambu–Goto action, an additional gauge symmetry under Weyl

transformations, γab → e2ω(σ)γab, emerges to eliminate the extra, unphysical degrees of

freedom associated with the worldsheet metric γab. As a consequence, the stress-energy

tensor must also be traceless, T a
a = 0.

In two dimensions, the metric γab possesses three local degrees of freedom, all of which

can be eliminated locally by a combination of diffeomorphism and Weyl symmetries.

However, this gauge-fixing can be globally obstructed by the nontrivial topology of the

worldsheet—an aspect that becomes crucial in the quantum theory. Moreover, fixing

the worldsheet metric γab does not eliminate all redundancies; the residual symmetry

is encoded in the emergence of the two-dimensional conformal group, governed by the

conformal Killing equation:

(δξ + δω)γab = 0 , (1.23)

where δξ denotes an infinitesimal diffeomorphism, and δω an infinitesimal Weyl transfor-

mation. By choosing the conformal gauge, γab = ηab, the conformal Killing equations

yield an infinite-dimensional symmetry algebra known as the Witt algebra, the classical

counterpart of the Virasoro algebra.

Quantum aspects: Quantizing the closed string in flat spacetime reveals a tachyonic

mode,17 a massless sector consisting of the graviton hµν , the dilaton Φ, and the 2-form

called Kalb–Ramond field Bµν , along with an infinite tower of massive higher-spin exci-

tations. Similarly, the open string spectrum contains a tachyon, a massless vector field

Au, and an infinite tower of massive higher-spin states.

17A particle with negative mass squared signals an instability of the perturbative bosonic string vac-
uum.

16



Introduction Chapter 1

Since strings are extended objects, they probe spacetime in a fundamentally different

way than point particles. In fact, the quantum consistency of the two-dimensional gravity

theory on the worldsheet requires the target spacetime to satisfy the Einstein equations

coupled to matter fields, and this constraint is only satisfied in a specific number of

dimensions. This condition arises naturally from the gauge-like nature of conformal

symmetry in string theory. To understand this in detail, recall that in two dimensions,

Weyl symmetry is anomalous, as expressed by the relation

⟨T a
a⟩ =

c

24π
R , (1.24)

where R is the Ricci scalar on the worldsheet and c is the central charge. However, a gauge

symmetry cannot suffer from an anomaly without rendering the theory inconsistent.

Thus, when considering the string partition function,

Z =

∫
DγDX eiSP [X,γ] , (1.25)

we must properly account for the gauge redundancy under diffeomorphisms and Weyl

transformations. This is achieved by applying the Faddeev–Popov procedure, which

introduces ghost fields into the path integral. Their contribution to the central charge

must cancel that of the matter fields to preserve quantum conformal invariance:

cghost + cmatter = 0 =⇒ cmatter − 26 = 0 . (1.26)

Since each scalar field Xµ contributes with c = 1, we require 26 dimensions to ensure

the consistency of the critical string in flat spacetime. Moreover, when considering the

Polyakov action for a closed string in a curved background with additional massless fields,

17
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the action takes the form

S =
1

4πα′

∫
d2σ

√
γ
[
γabGµν(X) ∂aX

µ∂bX
ν + ϵabBµν(X) ∂aX

µ∂bX
ν + α′R(2)Φ(X)

]
. (1.27)

We see that the string couples electrically to the two-form field Bµν through its two-

dimensional worldsheet, in direct analogy with how a charged particle couples electrically

to a one-form gauge potential along its worldline.18 The physical interpretation of the

dilaton Φ will be discussed later. For now, let us simply note that, at the classical level,

Φ breaks Weyl invariance unless it is constant.

The absence of conformal anomaly for the non-linear sigma model (1.27) leads to the

following one-loop beta functions:

βG
µν = Rµν −

1

4
HµλρH

λρ
ν + 2∇µ∇νΦ +O(α′) = 0 ,

βB
µν = −1

2
∇λHλµν +∇λΦHλµν +O(α′) = 0 ,

βΦ =
D − 26

6
− α′

(
R− 1

12
HµνρH

µνρ + 4∇2Φ− 4(∇Φ)2
)
+O(α′2) = 0 .

(1.28)

In this way, the classical breaking of Weyl invariance induced by the dilaton Φ is canceled

by one-loop contributions involving the background fields Gµν and Bµν . The correspond-

ing 3-form field strength associated with the antisymmetric tensor field Bµν is defined as:

Hµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν . The action that encodes these beta functions is nothing

other than the Einstein–Hilbert action coupled to matter fields:

Seff =
1

2κ2

∫
d26x

√
−Ge−2Φ

(
R + 4(∇Φ)2 − 1

12
HµνρH

µνρ

)
+O(α′) . (1.29)

In conclusion, the internal consistency of bosonic string theory requires a 26-dimensional

18The ends of the open string can be thought of as point particles that couple electrically to the vector
potential Aµ.
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spacetime that satisfies the Einstein equations.19 In this way, the graviton, initially

appearing as a perturbative excitation of the closed string, is promoted to the fully non-

linear theory of gravity described by Einstein’s equations.

The mass gap between the massless sector and the first massive excitations of the

higher-spin tower is m2
gap ∼ 1

α′ =
1
ℓ2s
. Consequently, at long distances L ≫ ℓs, only the

massless modes survive and appear in (1.29). This regime corresponds to the point-

particle limit, where the finite extension of the string becomes negligible. To gain further

intuition, we note that the string length is given by ℓs =
√
α′, implying that the com-

bination α′n∂2n is dimensionless. Thus, the α′ expansion corresponds to a derivative

expansion, organized by the number of spacetime derivatives acting on the background

fields.

One simple solution to the equations of motion (1.28) is a vanishing Kalb-Ramond

field Bµν = 0, flat spacetime gµν = ηµν , and a constant dilaton Φ(x) = Φ0. At the level of

the non-linear sigma model (1.27), this background introduces an additional contribution

to the Polyakov action:

S = SP [X; γ] + Sχ[γ] , Sχ =
Φ0

4π

∫
d2σ

√
γR(2) = χ , (1.30)

where χ is the Euler characteristic of the worldsheet, given in terms of the genus h as χ =

2−2h.20 In other words, the 2d quantum gravity on the worldsheet is a topological theory.

In string theory, interactions — corresponding to the joining and splitting of strings —

are naturally captured by changes in the topology of the worldsheet. The perturbative

expansion thus organizes into a topological expansion, with the string coupling controlled

by the v.e.v of the dilaton field, gs = eΦ0 . The corresponding partition function takes

19Instead of thinking in terms of extra dimensions, it is more appropriate to think in terms of central
charge. This point is well illustrated in alternative background solutions—such as the linear dilaton
model—where the spacetime dimension can differ from d = 26, as it can infer from equation (1.28).

20h = 0 corresponds to the sphere, h = 1 to the torus, and so on.
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the form

Zclosed string =
∞∑
h=0

g2h−2
s Zh , (1.31)

where Zh denotes the contribution from closed worldsheet geometries of genus h. Con-

sequently, higher-loop corrections are suppressed by powers of g2h−2
s . Remarkably, string

theory predicts its own coupling through the dynamics of the dilaton field.

We now turn to the relation between string parameters and the 26-dimensional New-

ton constant, GN ∼ ℓ24p . On dimensional grounds, the constant appearing in the effective

action (1.29) in the string frame is κ ∼ ℓ24s . This leads to the following relation:21

8πGN ≡ κ2e−2Φ0 =⇒ ℓ24p ∼ ℓ24s g
2
s . (1.32)

In the weak coupling regime gs ≪ 1, there is a parametric separation between the Planck

and string scales:

gs ≪ 1 =⇒ ℓp ≪ ℓs . (1.33)

This illustrates that the regime where perturbative string theory is under control is well-

separated from the strongly coupled regime of gravity.

Let us now connect the current discussion to the broader expectations for a quantum

theory of gravity, as outlined in Section 1.2. Perturbative string theory provides a UV

completion of the non-renormalizable linearized Einstein theory. Roughly speaking, the

extended nature of strings softens interactions near Planckian energies, rendering the

theory UV finite. Moreover, the α′ expansion naturally generates higher-derivative cor-

rections to the Einstein theory, with the coefficients of these corrections playing the role

of Wilson coefficients in an effective field theory description.22

21The Newton constant GN is defined in the Einstein frame, while κ is defined in the string frame.
22This statement holds strictly in 26 dimensions; after compactification, the structure of higher-
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However, up to this point, bosonic string theory says little about black holes. This

is where supersymmetry becomes essential—not only to address black hole physics but

also because our universe contains chiral fermions.

1.3.2 Superstring theory

The subject of superstring theory is vast, and our discussion will necessarily be brief

due to constraints of space and time. The dynamics on the string worldsheet are governed

by a 2d supergravity theory, in which the ghost fields contribute a central charge of

cghost = −15. Consistency of the quantum theory requires the total central charge to

vanish, leading to the condition

ctotal = cbosons + cfermions + cghost =
3

2
(D − 10) . (1.34)

Here, each bosonic coordinate contributes cboson = 1, while each worldsheet fermion

contributes cfermion = 1
2
. The requirement ctotal = 0 then implies that the theory is

consistent only in D = 10 spacetime dimensions—this defines the critical dimension for

superstrings. Within this framework, there exist five consistent superstring theories:

• Type I: A N = 1 supersymmetric theory that includes both open and closed

unoriented strings. The antisymmetric two-form field Bµν is projected out at tree

level. Anomaly cancellation via the Green–Schwarz mechanism restricts the gauge

group to SO(32) [20].

• Heterotic strings: These are N = 1 supersymmetric closed string theories

constructed by combining the left-moving sector of the 26d bosonic string with

the right-moving sector of the 10d superstring. Anomaly cancellation via the

derivative corrections must be reanalyzed in four dimensions.
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Green–Schwarz mechanism requires the gauge group to be either SO(32) or E8×E8

[21].

• Type IIA and IIB: These are N = 2 supersymmetric closed string theories

with independent left- and right-moving sectors. Type IIA is non-chiral, with

opposite chiralities, while type IIB is chiral, with matching chiralities. Both include

Ramond–Ramond (RR) potentials: type IIA has C(1) and C(3); type IIB has C(0),

C(2), and a self-dual C(4).

Each of the five superstring theories23 admits, in the low-energy limit, a corresponding

supergravity (SUGRA) theory bearing the same name. In what follows, we focus only

on type IIB SUGRA.24

Type IIB SUGRA: This theory features 128 fermionic degrees of freedom, as required

by maximal N = 2 supersymmetry in 10d. However, the bosonic sector consisting of

the NS-NS sector given by the metric Gµν , the Kalb–Ramond field Bµν , and the dilaton

Φ contributes only 35 + 28 + 1 = 64 degrees of freedom. Supersymmetry thus demands

an additional set of 64 bosonic degrees of freedom, which will play a central role in the

discussion that follows. The bosonic part of the action is

SIIB =
1

2κ2

∫
d10x

√
−Ge−2Φ

(
R + 4(∇Φ)2 − 1

12
HµνρH

µνρ

)
+ SRR + SCS , (1.35)

where the Ramond-Ramond sector is described by the following actions

SRR = − 1

4κ2

∫
d10x

√
−G
(
F 2
(1) + F̃ 2

(3) +
1

2
F̃+2
(3)

)
,

SCS = − 1

4κ2

∫
C(4)+ ∧H ∧ F(3) .

(1.36)

23The tachyonic mode present in bosonic string theory is absent in superstring theories.
24We follow the references [22, 23, 24] for the discussions on supergravity.
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We adopt the convention that the kinetic term for a p-form RR field strength is normalized

as F 2
(p) =

1
p!
Fµ1...µpF

µ1...µp . We also have introduced the following definitions

F̃3 = dC(2) − C(0) ∧H ,

F̃+
5 = dC(4)+ +

1

2
C(2) ∧H +

1

2
B ∧ F(3) .

(1.37)

The main feature of type IIB SUGRA action is the inclusion of the RR potentials

C(0), C(2), C(4) which precisely contribute with 1 + 28 + 1
2
· 70 = 64 degrees of freedom

after imposing the self-dual condition in F̃5:

∗F̃+
(5) = F̃+

(5) , (1.38)

thereby matching the fermionic content of the theory and ensuring supersymmetry is

preserved.

Classical duality symmetry: The type IIB SUGRA action has a SL(2,R) duality

group. To see this explicitly, we rewrite the action as follows

SIIB =
1

16πGN

∫
d10x

√
−g
(
R− 1

2
MabFaF b − 1

4
F̃ 2+
(5) −

∂uτ̄ ∂
uτ

2(Im(τ))2

)
+ SCS . (1.39)

To get this expression, we went from the string frame to the Einstein frame gµν =

e−Φ/2Gµν , and we introduced the following field redefinitions

τ ≡ C(0) + ie−Φ , Fa
(3) ≡

 H

F(3)

 . (1.40)
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In this context, C(0) is called an axion field since it is a pseudo-scalar field. The period

matrix Mab for the 2-form doublet Fa
(3) is given by

Mab =
1

Im(τ)

 |τ |2 −Re(τ)

−Re(τ) 1

 . (1.41)

In this way, the SL(2,R) transformations act on the complex scalar field τ and 2-form

doublet Fa
(3) as

τ → aτ + b

cτ + d
, Fa

(3) → Λa
bF b

(3), ad− bc = 1, a, b, c, d ∈ R . (1.42)

while the metric gab, and self-dual 5-form F̃+
(5) remain the same. In the full string theory,

quantum effects break the continuous SL(2,R) symmetry down to its discrete subgroup

SL(2,Z). In particular, type IIB SUGRA is self-dual under S-duality, which maps gs →

1/gs, implying that the strong-coupling limit of type IIB is again type IIB.25

1.3.3 D-Branes

Let’s reverse the logic in how we think about string theory. In the NS–NS sector, we

encounter the B-field, which is a generalization of the standard vector field Aµ, under

which point particles are charged. A natural question then arises: what kind of object is

charged under the B-field? The answer is a one-dimensional string, whose quantization

gives rise to the massless NS–NS sector consisting of the fields hµν , Bµν , and Φ plus an

infinite tower of massive higher-spin quanta.

An interesting question now arises. Under S-duality, the B-field of the NS-NS sector

25The T-generator of SL(2,Z) is not the T-duality of perturbative string.
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is exchanged with the RR potential C(2), as seen from the transformation:

τ −→ −1

τ
,

 H

F(3)

 −→

F(3)

−H

 . (1.43)

This implies that the low-energy effective theory cannot distinguish between fields that,

in perturbative string theory, have entirely different origins. Notably, the fundamental

string is neutral under the RR potential C(2) because it does not couple to it. This

observation naturally leads to the conclusion that there must exist an object charged

under C(2), which is invisible to the perturbative closed string spectrum. Moreover, since

S-duality maps gs → 1/gs, it suggests that this new object arises as a non-perturbative

effect from the viewpoint of perturbation theory.

In the supergravity limit, these new objects are p-branes which are half-BPS states

[25].26 These (p+1)-dimensional extended objects are electrically charged under the RR

potentials C(p+1), and are singular since they solve the equation of motion with delta

function sources. The isometry of these solutions is SO(9 − p) × Poincare(1, p). In the

Einstein frame, the solutions are

ds2 = H−(7−p)/8
p dx⃗2 +H(p+1)/8

p dy⃗2 ,

C
(p+1)
0...p = H−1

p − 1 ,

eΦ = H−(p−3)/4
p ,

Hp = 1 +
k7−p

r7−p
, p < 7 , r =

√
y2 .

(1.44)

Here, xa, a = {0, ..., p} and ym, a = {p, ..., 9} are the coordinates along and perpendicular

26P-branes preserve 16 out of the 32 supercharges.
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to the brane. The constant k in terms of string parameters is

k7−p = cpgsNl
7−p
s , cp =

(2π)5−pΓ
(

7−p
2

)
(7− p)Ω8−p

. (1.45)

The tension Tp of a single p-brane is

Tp =
1

(2π)plp+1
s gs

. (1.46)

The p-brane saturates the BPS bound, qp = Tp. These solutions obey the superposition

principle, so that for a stack of N branes, the total charge and total tension are given by

Qp = Nqp and T total
p = NTp, respectively. Since BPS states belong to short multiplets,

they cannot continuously evolve into long multiplets under adiabatic deformations. This

rigidity ensures that the BPS bound remains protected from quantum corrections.27

Furthermore, the scaling Tp ∼ 1/gs indicates that p-branes are non-perturbative objects

exhibiting soliton-like behavior.

Non-perturbative p-branes play a central role in string theory, even though, at the

perturbative level, type II string theories contain only closed strings. Remarkably, T-

duality relates type IIA and type IIB by exchanging their Ramond–Ramond sectors.

Nevertheless, open strings can be introduced into type II theories via non-perturbative

effects. For open strings, T-duality acts on the worldsheet boundary conditions, trans-

forming Neumann into Dirichlet conditions along compact directions. This mechanism

gives rise to D-branes—hypersurfaces on which open strings can end. These D-branes are

half-BPS objects, preserving 16 supercharges, and mirror the supersymmetry properties

of supergravity p-branes.

27In extended supersymmetric theories withN ≥ 2, states annihilated by a subset of supercharges form
short multiplets with reduced degrees of freedom. In contrast, long multiplets are generic representations
in which all supercharges act non-trivially, yielding the maximal number of components.
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The physical picture is as follows. At finite gs, in the supergravity regime, one finds

half-BPS p-brane solutions—extended objects carrying RR charge. Owing to their BPS

nature, these p-branes can be reliably extrapolated to the weak-coupling limit gs → 0,

where they appear as D-branes in perturbative string theory. In this limit, D-branes

decouple from the closed string sector and behave as non-dynamical hypersurfaces im-

posing Dirichlet boundary conditions on open strings. The precise agreement in RR

charges and tensions between supergravity p-branes and perturbative D-branes confirms

that they are the same physical objects, described from complementary perspectives

within string theory [26].

As we previously saw in the case of closed strings, the requirement of worldsheet con-

formal invariance—interpreted as a gauge symmetry—imposes constraints on the back-

ground fields, leading to Einstein’s equations as consistency conditions for closed string

propagation. We now turn to the analogous question for open strings ending on D-branes.

In the perturbative open string spectrum, one finds gauge fields localized on the D-brane

worldvolume, to which the endpoints of open strings are charged. Additionally, scalar

fields arise, corresponding to fluctuations of the D-brane in directions transverse to its

worldvolume. Requiring Weyl invariance of the open string sigma model in the presence

of a background gauge field Aa leads to the vanishing of the beta function, whose solution

is captured by the Dirac–Born–Infeld (DBI) action:

SDp = −Tp
∫
dp+1ξ e−Φ

√
− det (Gab +Bab + 2πα′Fab) , (1.47)

where Gab and Bab are the pullbacks of the spacetime metric and the NS–NS 2-form field

to the worldvolume swept out by the Dp-brane, and Fab is the field strength associated

with the gauge field Aa. This action resums all orders in α′ in the field strength expansion,

but is valid only for slowly varying Fab. Derivative corrections involving ∂F appear
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beyond the leading order.

In flat spacetime, we take Gab = ηab, Bab = 0, and a constant dilaton Φ = Φ0.

Expanding the DBI action to leading order in α′ (point-particle limit), one recovers the

Maxwell action:

SDBI = −Tp
∫
dp+1ξ e−Φ0 +

∫
dp+1ξ

1

4g2YM

FabF
ab +O(α′4) , (1.48)

where the effective Yang–Mills coupling on the Dp-brane is defined by28

1

g2YM

= (2π)p−2α′(p−3)/2e−Φ0 . (1.49)

In particular, for a D3-brane, this reduces to

g2YM =
gs
2π

, (1.50)

where we have used gs = eΦ0 . For a stack of N coincident D3-branes, the low-energy

effective theory is N = 4 Super Yang–Mills (SYM) theory with gauge group U(N), a

topic we will return to later.

Black hole microstate: Strominger and Vafa gave the first microscopic account of

black hole entropy by analyzing a D1–D5–P bound state [27]. This setup involves D1-

branes along (x0, y), D5-branes wrapping (x0, y, x6, x7, x8, x9), and momentum modes

along y = x5. The configuration is asymptotically flat, but near the horizon, it approaches

an AdS3 × S3 ×K3 geometry. Compactifying on S1 ×K3 yields a five-dimensional BPS

black hole.

At weak coupling, the system is described by a (1 + 1)-dimensional superconformal

28To derive this expression, one must use the D-brane tension expressed in terms of string parameters,
as given in equation (1.46).
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field theory. The momentum modes excite only the left-moving sector, as required by the

BPS condition. The Cardy formula then counts the degeneracy of states, reproducing

the black hole entropy. Roughly speaking, at weak coupling, the D1–D5–P system be-

haves as a gas of strings with momentum excitations, while at strong coupling, the same

configuration manifests as a BPS black hole with a finite horizon area.

In summary, string theory provides a microscopic derivation of entropy for certain

classes of BPS black holes by exploiting the non-renormalization properties of BPS states.

In doing so, it meets several key criteria expected of a consistent theory of quantum grav-

ity, as discussed in Section 1.2. However, string theory is not manifestly background-

independent. The explicit quantization of perturbative strings is only feasible in specific

background geometries, such as flat spacetime or pp-wave solutions, where enough sym-

metry is present to control the theory. This limitation may seem unsatisfactory from the

perspective of gravitational physics, where background independence is a foundational

principle. To address this issue, we now turn to an explicit realization of the holographic

principle within string theory, where a gauge theory provides a background-independent

formulation via a duality.

1.4 Gauge/Gravity duality

There are three important roads that lead to the holographic principle:

1. The asymptotic symmetries of gravitational theories with boundaries allow for the

definition of conserved charges as surface quantities. Famously, the asymptotic sym-

metries of AdS3 reproduce the Virasoro algebra with the following central charge:

c =
3ℓ3
2G3

, (1.51)
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where c≫ 1 encodes a large number of degrees of freedom [6].

2. The fact that black hole entropy scales with the area of the horizon rather than

its volume: S = A
4ℓ2p

, where S ≫ 1 corresponds to a large number of microstates.

Historically, it was this property of black holes that led to the formulation of the

holographic principle [15, 16].

3. In the large-N limit, SU(N) Yang-Mills theories exhibit a topological expansion:

log(Z) =
∞∑
h=0

N2−2hFh(λ) , λ = g2YMN . (1.52)

Here, λ is the ’t Hooft coupling, which serves as an effective loop parameter for

fixed topology in the large-N limit. The index h denotes the genus of a given two-

dimensional surface. This expansion resembles the topological genus expansion of

closed string theory, as given in (1.31), which describes a quantum theory of gravity

[28].

To provide a concrete realization of the holographic principle, the dual nature of D-branes

plays a fundamental role, as it serves as a bridge between gauge theories and gravity.

Let’s consider N-stack D3-branes with the following supergravity solution

ds2 =

(
1 +

k4

r4

)−1/2

ηνµdx
νdxµ +

(
1 +

k4

r4

)1/2

(dr2 + r2dΩ2
5) ,

F0123r =
4k4

r5
,

eΦ = gs , C(0) =
θ

2π
.

(1.53)

Here, k4 = 4πgsNα
′2. This solution is asymptotically flat, and the near-horizon approx-

imation becomes

ds2 =
ℓ25
u2

(
du2 + ηµνdx

µdxν
)
+ ℓ25dΩ

2
5 , (1.54)
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where we introduced a new radial variable u = k2

r2
before expanding near r ∼ 0. In

this way, a stack of N D3-branes behaves like a soliton that interpolates between 10-

dimensional Minkowski spacetime and the near-horizon geometry AdS5 × S5, where the

AdS radius is identified as ℓ5 = k. The isometry group of this near-horizon background is

SO(2, 4)× SO(6), corresponding respectively to the conformal symmetry in four space-

time dimensions and the rotational symmetry of the internal five-dimensional space.

The near-horizon approximation of the D3-brane corresponds, in fact, to a decoupling

limit in which only low-energy modes survive. To understand why this is the case, recall

that the presence of a D3-brane backreacts on the spacetime geometry, leading to the

metric given in equation (1.53). Now, we can relate the energy at infinity E∞ and the

energy of a local observer at r as follows

E∞ =
(
1 +

k4

r4

)1/4
Elocal =⇒ E∞ ∼ ℓ5

r
Elocal , r → 0 . (1.55)

Therefore, due to the redshift factor, the low-energy physics is described by the near-

horizon region. Due to the strong gravitational redshift in the bulk, a mode localized near

the horizon would require increasingly high energy to escape to infinity. As a result, low-

energy excitations are effectively trapped in the near-horizon region, where they remain

decoupled from the asymptotic bulk geometry. This is why the near-horizon limit isolates

the low-energy sector of the theory.

Now that we have identified the AdS radius, we can construct two dimensionless

parameters:

ℓ45
ℓ4s

∼ gsN,
ℓ45
ℓ4p

∼ N , (1.56)

where ℓs is the string length, ℓ5 is the AdS radius, and ℓp is the 10-dimensional Planck

length. The supergravity approximation is valid in the regime where ℓ5 ≫ ℓs and ℓ5 ≫ ℓp,
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which corresponds to the double limit gsN ≫ 1 and N ≫ 1. We can now extend this

discussion to type IIB supergravity with asymptotically AdS5×S5 boundary conditions.

In this context, the near-horizon geometry given in (1.54) is identified as the vacuum

solution, and other solutions of the theory can be interpreted as ”excited” states. More-

over, the isometry group SO(2, 4) × SO(6) becomes the asymptotic symmetry group of

the theory, playing a central role in defining observables in gravity as we emphasize at

the end of section 1.1.

On the other hand, we also know that the low-energy effective description of a stack

of N D3-branes is given by N = 4 SYM theory, whose bosonic part of the action is:

SYM =
1

2g2YM

∫
d4xTr

(
− FµνF

µν + 2DµX
iDµXi − [Xi, Xj ]2

)
+

θ

8π2

∫
d4xTr

(
Fµν F̃

µν
)
. (1.57)

Here, the gauge group is U(N). Furthermore, this theory is conformal invariant both

at the classical and quantum level with conformal group SO(2, 4). Associated with the

N = 4 supersymmetry, there is also an R-symmetry given by SO(6)R ∼= SU(4)R. In

the D3-brane picture: Greek letters µ ∈ {0, .., 3} describe the worldvolume indices while

Latin letters i ∈ 1, .., 6 are the indices describing the transverse fluctuations given by the

six real scalar fields X i.

In the large-N limit, it is natural to define the effective one-loop coupling—known as

the ’t Hooft coupling—as λ = g2YMN , which, using equation (1.50), scales as λ ∼ gsN .

This leads us to interpret equation (1.56) as an identification of parameters between the

two theories:

ℓ45
ℓ4s

∼ λ,
ℓ45
ℓ4p

∼ N . (1.58)

At low energies, the system of N D3-branes admits two dual descriptions: A semiclassical

type IIB supergravity description with asymptotically AdS5 × S5 geometry, valid in the

regime ℓ5 ≫ ℓs (the point-particle limit) and ℓ5 ≫ ℓp (weakly coupled gravity); An
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equivalent description in terms of N = 4 SYM theory with gauge group U(N), valid

in the strongly coupled regime λ ≫ 1 and large number of degrees of freedom N ≫ 1.

This duality represents a strong–weak correspondence between a gauge theory and a

gravitational theory.

The AdS/CFT correspondence is a conjectured duality between type IIB superstring

theory on asymptotically AdS5×S5 spacetime and N = 4 SYM theory with gauge group

U(N) and ’t Hooft coupling λ, proposed to hold for all values of N and λ [29].

It is important to emphasize that the derivation presented above is valid in the regime

where N ≫ 1 and λ ≫ 1, where the string theory side admits a reliable classical super-

gravity description. But why should one conjecture that the duality holds for all values of

N and λ, beyond the low-energy limit of the D3-brane stack that originally motivated it?

The key motivation lies in the fact that large-N gauge theories exhibit a topological ex-

pansion reminiscent of closed string perturbation theory, suggesting a deeper connection

that may persist beyond the supergravity limit. Extending the correspondence to this

more general regime, however, would require a full quantization of closed strings in the

AdS5 × S5 background—a notoriously difficult problem due to the nontrivial RR 5-form

flux that supports the geometry. To date, a complete quantization in this background

remains an open challenge.

Nonetheless, compelling evidence for the validity of the correspondence at finite N

and λ comes from studying the Penrose limit of AdS5×S5, which yields a maximally su-

persymmetric pp-wave background. In this limit, string theory becomes exactly solvable.

On the gauge theory side, this corresponds to taking a large R-charge limit inN = 4 SYM

theory, isolating a closed subsector known as the BMN sector. Remarkably, this sector

reproduces the spectrum of string excitations in the pp-wave background [30], offering

strong evidence in support of the AdS/CFT correspondence beyond the supergravity

approximation.
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1.4.1 Holographic dictionary

To date, the holographic dictionary contains numerous entries; here, we focus on those

most relevant to this work, particularly those concerning symmetries and correlation

functions.

Symmetries: The “zeroth entry“ of the holographic dictionary states that the asymp-

totic symmetries of AdS spacetime correspond to the global symmetries of the dual field

theory. The canonical example is the duality between N = 4 SYM theory and type

IIB superstring theory on asymptotically AdS5 × S5, both of which share the conformal

symmetry group SO(2, 4) and the R-symmetry/rotational symmetry group SO(6)R.

A natural way to test the AdS/CFT correspondence is to ask whether gravity can

reproduce the quantum anomalies of the dual field theory—highly non-trivial features

of quantum dynamics. Remarkably, it can. A celebrated example is AdS3, where the

asymptotic symmetry algebra forms two copies of the Virasoro algebra with a large

central charge c ≫ 1, as given by the Brown–Henneaux formula (1.51). This result

aligns with the expectation that any holographic CFT must have a large number of

degrees of freedom to accommodate the extra dimensions in the gravitational dual. More

generally, it was shown in [33] that the gravitational theory correctly accounts for the

presence—or absence—of Weyl anomalies across dimensions. An explicit realization of

the diffeomorphism anomaly in a boundary CFT2 was later provided in [34]. In short,

gravity knows about quantum anomalies.

Let us now turn to the role of asymptotic symmetries in defining a quantum theory

of gravity. At low energies, quantum gravity can be formulated using a path integral

approach which, in the spirit of Feynman, involves summing over all geometries—both

on-shell and off-shell. In this framework, the diffeomorphism invariance of gravity implies

that local observables are not well-defined: in a theory without a fixed background space-
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time, the very notion of a spacetime event loses meaning. Instead, physically meaningful

observables must be defined at the boundary, where asymptotic symmetries provide a

natural structure for identifying diffeomorphism-invariant quantities.

This perspective, where boundary conditions are essential to defining the theory,

naturally leads to a broader insight: a background-independent formulation of string

theory may emerge through its boundary dual. Specifically, type IIB superstring theory

on asymptotically AdS5 × S5 is fully defined, in a manifestly background-independent

way, by N = 4 SYM theory ”living” on the boundary.

GKPW dictionary: AdS spacetime has a timelike boundary, which means that any

propagating field in this background requires specified boundary conditions to define a

well-posed dynamical problem. More generally, one can consider spacetimes that are

asymptotically AdS, potentially with nontrivial matter content, provided that appropri-

ate boundary data are assigned to all fields in the theory. The key insight of Gubser,

Klebanov, Polyakov, and Witten (GKPW) is that these boundary data correspond, in

the dual field theory, to sources for specific operators [35, 36].

In this way, the GKPW dictionary provides a simple yet powerful statement: the

partition function of the CFT equals that of quantum gravity in AdS,

ZCFT[J, gik, Ak] = ZAdS[ϕ
(0), g

(0)
ik , A

(0)
k ] . (1.59)

In this correspondence:

• J is the source for a generic operator OJ in the CFT, gik and Ak are the background

metric and background gauge field of the CFT with boundary indices {i, k},

• ϕ(0), g
(0)
ik , and A

(0)
k are the boundary values of the bulk matter field, metric, and

gauge field, respectively. Here, the bulk indices are {i, k, r} where r is the radial
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coordinate.

These quantities are identified as follows: J = ϕ(0), gik = g
(0)
ik , Ak = A

(0)
k . This implies

that one-point functions of the dual CFT operators can be computed by functional dif-

ferentiation of the gravitational generating functional W = logZ with respect to the

boundary sources:

⟨Tik(x)⟩g = − 2√
−g(0)

δW

δg
(0)
ik (x)

,

⟨Ji(x)⟩A = − 1√
−g(0)

δW

δA
(0)
i (x)

,

⟨OJ(x)⟩J = − 1√
−g(0)

δW

δϕ(0)(x)
.

(1.60)

Higher-point correlation functions can be obtained by successive functional differentiation

with respect to the corresponding sources.

To carry out this holographic procedure explicitly, one must solve the bulk equations

of motion and expand the solutions near the AdS boundary. Mathematically, this be-

comes a Dirichlet boundary problem for the radial coordinate: the boundary condition

near the AdS boundary is universal across all geometries, while the condition in the inte-

rior of the bulk depends on the specific geometry under consideration. To illustrate this,

consider a massive scalar field propagating in a fixed geometry, expanded near the AdS

boundary:

ϕ(x, r) = ϕ(0)(x)
(r
ℓ

)∆
+

2ℓ

d
⟨OJ(x)⟩J

(r
ℓ

)d−∆

+ ... (1.61)

This expansion defines the boundary source as J = ϕ(0)(x). The relation between ϕ(0) and

⟨OJ(x)⟩J is then determined by solving the Dirichlet problem subject to an appropriate

boundary condition in the interior of the bulk geometry. For instance, in the vacuum

solution—AdS spacetime—the appropriate boundary condition corresponds to regularity

at the center of AdS. In the case of black holes, the second boundary condition is imposed

at the horizon, where one can choose among several options, such as ingoing or outgoing
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boundary conditions, which lead to retarded or advanced Green’s functions, respectively

[31, 32].

It is important to note that, in evaluating the partition function, holographic renor-

malization must be performed to regulate IR divergences arising from the infinite volume

of AdS spacetime. In the dual field theory, these IR divergences correspond to the fa-

miliar UV divergences [33, 37]. Similar expansions to (1.61) must be carried out for the

bulk metric and gauge field in order to compute their corresponding dual operators.

Furthermore, this asymptotic expansion allows one to extract the scaling behavior

of the dual operator, thereby identifying its conformal dimension. In particular, the

conformal dimensions of the operators considered in (1.60) are:

• The boundary stress-energy tensor, dual to the bulk metric, has conformal dimen-

sion ∆ = d.

• The boundary U(1) current, dual to a bulk gauge field, has conformal dimension

∆ = d− 1.

• For a scalar field of mass m, the dual operator has conformal dimension ∆ =

d
2
+
√

d2

4
+m2ℓ2AdS.

This correspondence between bulk asymptotics and boundary operator dimensions is a

central feature of the holographic dictionary. Moreover, given the asymptotic symme-

tries of the theory, one can verify that the one-point functions in equation (1.60) satisfy

the corresponding CFT Ward identities, including possible anomalies, as previously dis-

cussed—with details depending on the spacetime dimension.

Black holes: As discussed in Section 1.2, the thermodynamic properties of black

holes can be studied by examining their Euclidean counterparts. In this formulation, a

bulk geometry describing a Euclidean eternal AdS black hole is holographically dual to
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a thermal state in the boundary theory, and the correlators in equation (1.60) are inter-

preted as thermal one-point functions. Alternatively, in Lorentzian signature, thermal

correlators are computed using the Schwinger–Keldysh formalism, which involves dou-

bling the sources to obtain advanced, retarded, and Feynman propagators. Remarkably,

this doubling has a geometric counterpart: it aligns precisely with the boundary data

defined on the left and right asymptotic regions of an eternal black hole [31]. As a result,

the QNMs of the black hole manifest as poles of the retarded Green’s function [32].

As a final remark on the holographic dictionary, it is generally expected that the

entropy of N = 4 SYM theory scales as S ∼ N2 in the large-N limit. From the gravity

side, black hole thermodynamics yields a prediction for this entropy, as presented in equa-

tion (1.17). When expressed in terms of field theory parameters using the holographic

identifications in equation (1.58), this result becomes

S ∼ N2

2
T 3Vol(R3) . (1.62)

Here, Vol(R3) is the spatial volume on which N = 4 SYM is defined, thereby providing

a full conceptual realization of the holographic principle envisioned by ’t Hooft and

Susskind around 1993 [15, 16].

Final remarks: We began this introductory chapter with a simple observation: in free

fall, all objects experience the same gravitational acceleration, regardless of their mass.

Just a few pages later, the discussion naturally led us to extra dimensions, unexpected

dualities, extended objects, and black holes. This mirrors the arc of my own journey

in physics—what began as a fascination with gravitational acceleration culminates in a

PhD exploring its deepest mysteries. Gravity, indeed, works in mysterious ways.
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1.5 Organization of this thesis

In this chapter, we have outlined a roadmap that begins with Galileo Galilei’s ele-

mentary observations on inertia and gravitational acceleration and leads to our modern

understanding of quantum gravity, as described by string theory and the AdS/CFT cor-

respondence. Having now established the key concepts of holography, we are equipped

to explain the structure and interconnections of the chapters that follow in this thesis.

In Chapter 2, we study a probe scalar field propagating in a black hole background,

interacting with the Weyl factor of the geometry. In the dual CFT, this corresponds to a

light operator with conformal dimension ∆ ∼ O(N0) in a thermal state. The thermal one-

point function can be interpreted in the microcanonical ensemble, via the ETH hypothesis

[38, 39], in terms of heavy–light–heavy configuration ⟨H|OL|H⟩, where |H⟩ is a state with

∆ ∼ O(N2) corresponding to the black hole. In the large-N limit, light operators behave

as generalized free fields, so their thermal one-point functions vanish, as they correspond

to OPE coefficients. This makes the interaction with the Weyl factor essential: it can

be viewed as an α′ correction that generates a non-trivial one-point function [40, 41]. As

we will study analytically, this coupling also induces operator mixing between the light

operator and the stress tensor.

In Chapter 3, we investigate the physical meaning of the Smarr formula for AdS

black holes through the lens of fluid/gravity duality. Thanks to recent developments

in this duality, we now understand that strongly coupled quantum field theories in the

long-wavelength regime are governed by the laws of hydrodynamics [42]. In particular,

the gradient expansion of the Ward identities around a local thermal state gives rise

to a relativistic generalization of the Navier–Stokes equations, potentially modified by

quantum anomalies. From this modern perspective, constructing an effective action for

the fluid is essential—not only for capturing the classical hydrodynamic behavior but
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also for systematically computing thermal and quantum fluctuations [43, 44].

To elucidate the physical content of the Smarr formula in the dual theory, we construct

an effective action for a perfect fluid that generalizes the standard Euler relation by in-

corporating the effects of spatial curvature into the fluid description. This generalization

is derived purely from effective field theory techniques, rendering it independent of the

AdS/CFT correspondence. As such, the resulting Euler relation may find applications

beyond holography, including astrophysical contexts or (2 + 1)-dimensional condensed

matter systems in the hydrodynamic regime with non-trivial spatial geometry. When

embedded within AdS/CFT, this effective framework naturally recovers the Smarr for-

mula for AdS black holes as a particular instance of a broader thermodynamic identity.

Moreover, since this construction holds off-shell, it opens the door to further questions,

such as the derivation of the Schwarzian action from a perfect fluid effective theory.

In Chapter 4, our goal is to understand the emergence of the Schwarzian theory in

the low-temperature regime of holographic CFTs. The Schwarzian theory is a universal

low-energy effective action that appears in a broad class of systems, including the SYK

model and near-extremal charged or rotating black holes [45, 46]. In the latter case, and

guided by our confidence in the AdS/CFT correspondence, it is natural to expect that

holographic CFTs must exhibit a Schwarzian sector at low temperatures. Our aim is to

make this expectation precise and to address a gap in the existing literature.

To this end, we exploit the fact that, although the Schwarzian action transforms

anomalously under one-dimensional Weyl transformations, this anomaly is not a genuine

quantum anomaly. This observation motivates the construction of a gravitational phase

space dual to the Ward identities of the holographic CFT. By carefully analyzing the bulk

decoupling limit, we systematically map it to a ’gradient’ expansion of the boundary

Ward identities, thereby reproducing the Schwarzian Ward identities in the boundary

theory. We explicitly demonstrate this construction for both CFT3 and CFT2, including
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scenarios with equal and unequal left- and right-moving central charges.

In Chapter 5, we study specific classes of null geodesics in LLM geometries to draw

analogies with the fuzzball proposal. In gravity, there exist smooth, horizonless BPS ge-

ometries that are asymptotically indistinguishable from black holes and share the same

quantum numbers. The distinction between black holes and horizonless geometries be-

comes apparent only when probing the region near where the horizon would be located.

The fuzzball proposal asserts that a black hole is a coarse-grained description of an ensem-

ble of possible microstate geometries [47, 48]. In this context, several natural questions

arise: Can an individual microstate geometry behave qualitatively like a black hole? Do

signals generally take a very long time to escape from the center of the geometry? Are

there large tidal forces that tear objects apart?

To explore these questions, we turn to LLM geometries, which provide a concrete and

tractable setting that shares key features with fuzzball geometries. These are 1/2 BPS

solutions of type IIB supergravity on AdS5 × S5 [49]. In N = 4 SYM, they correspond

to a simple sector described by two-dimensional incompressible droplets of free fermions

[50]. In particular, numerical studies of in-plane null geodesics in LLM geometries with

many droplets reveal chaotic behavior. In regions of high droplet density, these geodesics

become effectively trapped for extended periods, offering a mechanism through which

signals may be lost in the putative black hole.

Overall, each chapter of this thesis investigates a distinct aspect of black hole physics

within the broader framework of the AdS/CFT correspondence. The variety of topics

reflects the central role black holes have played in shaping modern theoretical physics.

Our overarching goal is to refine and deepen the entries of the holographic dictionary

and, in doing so, illuminate the fundamental nature of black holes.
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1.6 Permissions and attributions

1. The content of Chapter 2 is based on work done in collaboration with David Beren-

stein and has previously appeared in Physical Review D [51]. These materials are

reproduced in accordance with the copyright policy of the American Physical So-

ciety.

2. The content of Chapter 3 is based on the preprint [52], available on the arXiv.

3. The content of Chapter 4 is the result of a collaboration with Alejandra Castro and

Ioannis Papadimitriou, and is adapted from a forthcoming preprint [53].

4. The content of chapter 5 is the result of a collaboration with David Berenstein,

Elliot Maderazon, and Anayelli Ramirez, and has previously appeared in the Jour-

nal of High Energy Physics [54]. It is reproduced here with the permission of the

International School of Advanced Studies (SISSA): Open Access and Copyright

Terms
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Chapter 2

Thermal one-point function in AdS

black holes

In this chapter, we revisit the problem of analytically computing the one point functions

for scalar fields in planar AdS black holes of arbitrary dimension, which are sourced by the

Weyl squared tensor. We analyze the problem in terms of power series expansions around

the boundary using the method of Frobenius. We clarify the pole structure of the final

answer in terms of operator mixing, as argued previously by Grinberg and Maldacena.

We generalize the techniques to also obtain analytic results for slowly modulated spatially

varying sources to first non-trivial order in the wave vector for arbitrary dimension. We

also study the first order corrections to the one point function of the global AdS black

hole at large mass, where we perturb in terms that correspond to the curvature of the

horizon.
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2.1 Introduction to the chapter

The AdS/CFT correspondence [29] provides information about field theories at strong

coupling by performing gravity calculations. Correlators of the field theory can be ex-

pressed as boundary correlators of the AdS geometry [35, 36]. In particular an AdS black

hole corresponds to a thermal state in the field theory. Usually, one uses the eigenstate

thermalization hypothesis (ETH) [38, 39] to argue that it does not matter if the state in

question is pure (with the right energy, charge, etc) or mixed: their average properties

will be the same. It is important that if the state in question is pure, some correlation

functions that can be studied can also be interpreted as OPE coefficients or four point

functions of primary operators in conformal field theory, whereas in a mixed state, they

are averages of OPE coefficients, or four point functions. The ETH tells us that both

results will be almost identical to each other with exponentially suppressed differences.

Non-trivial one point functions in a thermal background can be interpreted as OPE

coefficients if we work on the sphere times time. These should be finite. Models intro-

duced by Myers et al. in [40] produce a non-trivial expectation of a scalar operator of

dimension ∆ by having an interaction in the bulk that couples the dual scalar field to

the curvature squared in the bulk. Such couplings can be argued to arise directly from

string theory (the associated particle can decay to two gravitons, similar to dilaton cou-

plings). The model has been solved in the flat brane case, with an expression that only

converges if ∆ is bounded above by a number of order one [40]. Grinberg and Maldacena

[41] argued that the computation admits an analytic continuation that gives rise to an

expression whose dependence on ∆ has the functional form

⟨O⟩ ∝ (d− 2)(d− 1)2

d

h(1− h)

sin(πh)

Γ(h)2

Γ(2h)
, (2.1)
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where h = ∆/d is a normalized dimension of the operator, where d is the dimension of

the conformal field theory. In their paper, they argued that the poles in h arise from

operator mixing. We want to understand this issue better.

In this chapter we extract the same information by using the Frobenius method to

solve the problems. In this case, the method itself does not require an analytic continu-

ation and the answer is finite, except for the presence of the poles. The analysis readily

produces generalized hypergeometric functions from the source that need to be expanded

carefully around the horizon, where we extract a logarithmic divergence. Regularity at

the horizon cancels the logarithm with the normalizable (at the boundary) solution of

the unsourced equation, that has a similar singularity at the horizon.

The end result is similar to what occurs in conformal perturbation theory, where

the gravity answer is automatically finite in calculations that usually require an analytic

continuation in the conformal dimension of the operator [56].

The presence of the poles that appear in the finite answer can be explained by the

theory of how differential equations are solved around the boundary of AdS, given by

a theorem of Fuchs. We will give a way to see this effect more explicitly by converting

the radial direction into a fictitious time. The pole can be interpreted as arising from

a forced harmonic oscillator driven at resonance, just like certain logarithmic behaviors

can be interpreted as resonances in conformal perturbation theory [57]. With a little

more care, one can check that the picture of operator mixing of [41] can be understood

explicitly.

Other problems, like the determination of response functions to the presence of a

modulated scalar source at finite temperature are also interesting (see for example [59,

60, 61, 62]). They are very hard to solve analytically, even in the linear regime. These

response functions are usually solved numerically. In the special case of two dimensional

conformal field theories (AdS3 black holes), the classic computation [63] solved this linear
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problem. Recently, the retarded Green’s function of AdS5 black holes has also been

computed [64, 65] by converting the problem into solutions of the Heun equation. Some

progress has also been made in the computation of quasinormal modes for these setups

[66] (see also [67]). The main insight is to relate the problem in gravity in AdS5 to other

problems in mathematical physics [68]. In particular, these analytic computations require

the “connection formulae” for Heun functions expanded around different singularities of

the equation.. For Kerr black holes, it is found here [69]. A more general study of some

of the connection formulae for Heun functions can be found in [70].

In this chapter we make progress on some of these questions by using a perturba-

tive method for small momenta. At first order the problem reduces to understanding

singularities of more complicated sums of generalized hypergeometric functions.

We use the same techniques to solve the one point function problem with a Weyl

squared tensor source in global AdS black holes, rather than the flat Poincare black holes

by using perturbation theory in the curvature of the sphere for large mass black holes.

Here, the analysis of the singular behavior near the horizon is complicated by the fact

that pieces of the perturbation term are more singular than in other examples. We show

how to deal with these in detail and are able to obtain a first order correction.

The chapter is organized as follows. In section 2.2 we study the response function

at zero momentum and the one point function sourced by the Weyl term using the

method of Frobenius around infinity. In section 2.3 we study a slight generalization of

this problem to arbitrary powers of the Weyl curvature. This calculation can be used

to solve more generally the problem of response functions and one point functions in

a perturbative treatment that we perform. This includes the study of the spherical

black hole. Additional issues arise in this case because the horizon gets shifted. In a

perturbative treatment, we show how to deal with these to find a finite answer. We then

conclude.
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2.2 The flat black brane case

The metric of the AdS flat black brane in d+ 1 dimensions is

ds2 =
L2

z2

[
−f(z)dt2 + 1

f(z)
dz2 + dx⃗2

]
, (2.2)

where the function f is given by

f(z) = 1−
(
z

z0

)d

. (2.3)

We want to study the static solution of a massive scalar field in this background, which

is sourced by the square of the Weyl tensor. This coupling arises from the action

S = − 1

16πGN

∫ [
1

2
(∇ϕ)2 + 1

2
m2ϕ2 + αϕW 2

]
(2.4)

as studied by Myers at al. and Grinberg and Maldacena. Our goal is to solve this problem

using different techniques than what has been used so far. This will help understand in

more detail why certain singularities can appear in the answer. The solution to this

problem is straightforward from theorems in the study of linear differential equations.

What is important is that the physics can be attributed to operator mixing with the

background stress tensor.

We need the Weyl tensor squared as a source. In these coordinates it is simple to

write and given by

W 2 =
d(d− 2)(d− 1)2

L4

(
z

z0

)2d

. (2.5)

Also, notice that when z0 = ∞ we get the metric of AdS in the Poincaré patch. The

region z ≃ 0 is the AdS boundary. Whereas z = z0 is the horizon: the locus where gtt
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vanishes with a single regular zero. The temperature can be related to z0 as follows

z−∆
0 =

(
4πT

d

)∆

. (2.6)

The expectation value of the stress tensor is proportional to the deviation away from

the AdS metric near z ∼ 0. The subleading difference is captured by the decay of gtt

near z ∼ 0

⟨T00⟩ ≃
1

zd0
. (2.7)

This metric is not in Fefferham-Graham coordinates, which would require that gzz =

L2/z2 for all z, but it is in a set of coordinates that make the analysis simpler to perform.

In part this is because the determinant factor is simple

√
−g =

(
L

z

)d+1

(2.8)

as it is only a power of z.

When we consider the action of the scalar field, we get the following equation of

motion

1√
−g

∂µ
(√

−ggµν∂νϕ
)
−m2ϕ = αW 2. (2.9)

We now want to consider a position and time independent solution of this equation,

for various values of the mass m2, or equivalently, using the dimension of the associated

operator m2L2 = ∆(∆− d), the equation we need to solve is

zd+1 d

dz

(
z−d+1f(z)

dϕ

dz

)
−∆(∆− d)ϕ = αL2W 2 (2.10)

This equation depends explicitly on d, but we can eliminate any dimensional dependence
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after using the following change of variables

ω ≡
(
z

z0

)d

, h ≡ ∆

d
. (2.11)

This way we obtain the following differential equation

ω2 d
2ϕ

dω2
− ω

[
ω2 d

2ϕ

dω2
+ ω

dϕ

dω

]
+ (1− h)hϕ = Bω2 , (2.12)

where the constant B is given by

B ≡ α(d− 2)(d− 1)2

dL2
. (2.13)

Notice that the term in square brackets is proportional to ρ = ⟨T00⟩. That is, dimen-

sional analysis in the variable ω is equivalent to counting powers of the expectation value

ρ (the energy density). In the coordinate ω, there is a singularity of the differential equa-

tion at ω = 0 and another one at ω = 1 which is inherited from the coordinate singularity

of the horizon. There is also a singularity at ω = ∞. In a problem of linear differential

equations, with three singularities in the complex plane at ω = 0, ω = 1, ω = ∞, the

solution is closely related to hypergeometric functions.

We will now solve the differential equation by the method of Frobenius. We need

the homogeneous solution with regular boundary conditions at z = 0 (the boundary of

AdS) and a solution of the inhomogenous problem (also called the particular solution for

the differential equation). We then combine both of these by requiring regularity at the

horizon.

Let us start with the homogeneous solution (the one where the source is ignored).
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We write it as

ϕH = ωλ

∞∑
n=0

anω
n (2.14)

and we normalize the solution so that a0 = 1. The method of Frobenius will produce

two results. First, it will solve for the value of λ and then it gives a recurrence relation

for the an.

The most singular term in the differential equation is the one of dimension 0 in powers

of ω. The eigenvalue condition for λ is given by

λ(λ− 1)− h(h− 1) = 0 , (2.15)

which has two clear solutions: λ = h and λ = 1 − h. We assume for simplicity that

λ = h > 0. When λ < 0 the solution diverges at ω = 0 and is considered unphysical

from the point of view of the problem we are considering (more generally a source has

been added for the field ϕ on the boundary of AdS).

We also obtain the following recurrence relation

an+1

an
=

(n+ h)2

(n+ 2h)(n+ 1)
. (2.16)

We recognize the general coefficient an as

an =
1

n!

(h)n(h)n
(2h)n

. (2.17)

Here we have introduced the Pochhammer symbol defined as

(y)n ≡ Γ(y + n)

Γ(y)
= y(y + 1)...(y + n− 1) . (2.18)
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The solution of the homogeneous term is

ϕH1 = ωh

∞∑
n=0

1

n!

(h)n(h)n
(2h)n

ωn = ωh
2F1(h, h, 2h, ω) , (2.19)

that we immediately recognize as a 2F1 hypergeometric function. Since the horizon is

located at ω = 1, it is convenient to understand the large n limit of the terms in the

series, to get at the structure of the possible divergence at ω = 1. We find that since

lim
n→∞

Γ(n+ h)2

Γ(n)Γ(n+ 2h)
= 1 (2.20)

the series for large n looks like

ϕH1 ∼
Γ(2h)

Γ(h)2

∞∑
n

1

n
ωn ∼ −Γ(2h)

Γ(h)2
log(1− w) (2.21)

so that it diverges logarithmically. The series expansion around ω = 1 that uses the full

analytic properties of the hypergeometric function is

ϕH1 ≈ −Γ(2h)

Γ(h)2
(2ψ(0)(h) + log(1− ω) + 2γ)

+
(h− 1)hΓ(2h)

Γ(h)2
(2ψ(0)(h) + log(1− ω) + 2γ − 2)(ω − 1) +O

(
(ω − 1)2

)
. (2.22)

Here γ is the Euler-Mascheroni constant and ψ(0)(h) is the first Polygamma Function

(Digamma Function). These extra finite pieces are not relevant for the computation of

the one point function of the boundary.

One can similarly consider the h→ 1− h homogeneous solution that diverges at the

boundary. In that case the logarithmic term diverging at the horizon will be given by

ϕH2 ∼ −Γ(2− 2h)

Γ(1− h)2
log(1− w) . (2.23)
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The most general solution of the homogeneous differential equation part of (2.12) is given

by

ϕT = c1ϕH1 + c2ϕH2 . (2.24)

We require that the linear combination of ϕH1 and ϕH2 is regular at ω = 1 (the logarithmic

divergence cancels between them). This is how regularity at the horizon is imposed.

Basically, the divergent piece of the stress tensor for the scalar field ϕ that is proportional

(∂wϕ)
2 ∼ 1

(1−w)2
is absent.

The response function for a source at the boundary, at finite temperature will be

proportional to −c1/c2. In this case

⟨δϕH1⟩δϕH2
= − Γ(h)2

Γ(1− h)2
Γ(2− 2h)

Γ(2h)
. (2.25)

The temperature dependence (dependence on ρ, or equivalently z0) is fixed by dimen-

sional analysis and a correction factor from normalization d(2h − 1) = 2∆ − d (see the

discussion in [55, 56]). This way

〈
δϕ

δJ

〉
= − Γ(h)2

Γ(1− h)2
Γ(2− 2h)

Γ(2h)
(2∆− d)zd−2∆

0 . (2.26)

Notice that the answer can be divergent when h is a half-integer. Then Γ(2 − 2h)

is divergent while the terms in the denominator are regular. The divergence appears

already from the Pochhammer symbol in equation (2.19) where we find a denominator

n + 2(1 − h) = 0. The power of ω appearing for this term is ω(1−h)+n+1 = ωh and

it coincides with the positive root for λ, namely h. This has nothing to do with the

horizon. Instead, it indicates that there is a näıve failure of the Frobenius method. In

that case the two roots h, 1 − h differ by an integer. This is resolved by having a series

with an additional ϕH1 log(w) starting at this term. This case is a special example of
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Fuchs’ theorem. For h integer, the denominator will have a double pole at n = h, which

cancels the pole in the numerator and makes the answer vanish. What happens is that

the recurrence relation (2.16) terminates when n+1−h = 0, before we hit the singularity

n+2− 2h = 0. In that case, the solution with the boundary source is already regular at

the horizon and one can not turn on a non-trivial response function. The normalization

of the field in AdS is more subtle, but one can compare the field theory two point function

and the AdS bulk two point function to do that [58, 56], resulting in an extra factor of

N =
Γ(∆)

2πd/2Γ(∆− d/2 + 1)
(2.27)

that has no additional poles in h, as ∆ > 1−d/2. From our point of view, this is a global

rescaling factor that has nothing to do with the details of the differential equation, so we

can drop it.

We now want to consider the bulk source, rather than the boundary source. The

techniques for solving the problem are essentially identical, except that we will not get a

2F1, but more complicated functions.

2.2.1 Particular solution ϕP

Now, we focus on obtaining the particular solution ϕP of the differential equation

(2.12) with the squared Weyl tensor as a source. We look for a series solution

∞∑
n=0

anω
n+λ[(1− h)h+ (n+ λ)(n+ λ− 1)]−

∞∑
n=0

anω
n+λ+1(n+ λ)2 = Bω2 . (2.28)

To match the ω2 dependence of Bω2, we need to start with λ = 2. The coefficient a0 is

given by

a0 =
B

(2− h)(1 + h)
. (2.29)
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The recurrence relation is

an+1 =
(n+ 2)2

(n+ 2 + h)(n+ 3− h)
an (2.30)

and it is a ratio of polynomials of n. The answer is written in terms of a 3F2 series, as

follows

an =
(2)n(2)n

(3− h)n(h+ 2)n
a0 =

1

n!

(1)n(2)n(2)n
(3− h)n(h+ 2)n

a0 , (2.31)

where we use (1)n = n!. The solution is explicitly written as

ϕP =
Bω2

(2− h)(h+ 1)
3F2([1, 2, 2], [3− h, h+ 2], ω) . (2.32)

Again, we can look at the asymptotic behavior of the coefficients by using the limit

lim
n→∞

Γ(n+ 1)Γ(n+ 2)Γ(n+ 2)

Γ(n)Γ(n+ 3− h)Γ(n+ h+ 2)
= 1 (2.33)

to find that

ϕP ∼ Bω2

(2− h)(h+ 1)

[
Γ(n+ 2)Γ(n+ 2)

Γ(n+ 3− h)Γ(n+ h+ 2)

]−1
∣∣∣∣∣
n=0

∑ wn

n

∼ − Bω2

(2− h)(h+ 1)

[
Γ(2)Γ(2)

Γ(3− h)Γ(2 + h)

]−1

log(1− ω)

∼ −BΓ(2− h)Γ(1 + h) log(1− ω)] . (2.34)

We want to reexpress this limit in a more illuminating way, so we recall the following

identity for Gamma functions

Γ(1− z)Γ(z) =
π

sin(πz)
. (2.35)
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Therefore, we obtain the following expression

lim
ω→1−ϵ

ϕP = −Bπ(1− h)h

sin(πh)
log(ϵ) . (2.36)

The most general solution of the differential equation (2.12) is given by

ϕT = c1ϕH1 + ϕP . (2.37)

The thermal one-point function is proportional to c1, and we can determine this constant

by demanding regularity for ϕT at the horizon. So, taking the ω → 1 limit we obtain

that the divergent pieces must cancel

lim
ω→1−ϵ

ϕT |sing = −c1
Γ(2h)

Γ(h)2
log(ϵ)−B

π(1− h)h

sin(πh)
log(ϵ) . (2.38)

Demanding that this limit is regular (that is, the logarithmic divergences cancel), we

obtain that

c1 = −Bπh(1− h)

sin(πh)

Γ(h)2

Γ(2h)
. (2.39)

Finally, we take into account the physical scale (2.6) to obtain the following thermal

one-point function

⟨O⟩ ∝ −
(
4πT

d

)∆
απ(d− 2)(d− 1)2

dL2

h(1− h)

sin(πh)

Γ(h)2

Γ(2h)
. (2.40)

Except for some overall factors associated with the normalization of the massive

scalar action and the normalization of the one-point function, we have replicated the

result of Maldacena-Grinberg [41], which generalized results from Myers et al. [40] that

were computed using the Green’s function method by analytic continuation. Here we

see that in this treatment the answer does not need additional regularization or analytic
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continuation.

Notice that there can be singularities in the answer: poles when h is integer appearing

from sin(πh). These can be traced to the Γ(2−h) appearing in (2.34), or equivalently, to

the (3− h)n symbol appearing in (2.31). These indicate a pole at some finite value of n:

again, these are indicative of the naive failure of the Frobenius method as an expansion

around ω = 0 when we are studying the problem at finite order. These have nothing to

do with the singular behavior at the horizon. The fix requires a logarithmic correction

proportional to log(ω) times ϕH1 to the answer. These occur when h is a positive integer

greater than or equal to 3, and render the one point function ambiguous: log(ω) can be

replaced by log
(
ωΛ̃
)
for any Λ̃, thus shifting the value of c1 by a finite amount.

If we think of log
(
Λ̃
)
as a cutoff in quantum field theory (it determines a surface in

the UV by log
(
ωΛ̃
)
= 0), we see that the answer bears close similarity to logarithmic

divergences in quantum field theory. Where can these arise from? The answer suggested

in [41] is that they arise from mixing between a power of the stress tensor : T s : and O.

We would like to explain this intuition in more detail.

The idea is the following. Consider a new coordinate σ defined by ω = exp(iσ). The

differential equation (2.12) becomes

−∂2σϕ+ i∂σϕ+ (1− h)hϕ = B exp(2iσ) + exp(iσ)
[
−∂2σ

]
ϕ . (2.41)

The σ coordinate is behaving like a time, rather than a position, because we added the

factor of i. This coordinate lets us interpret the radial direction ω as a flow in a fictitious

time.

The left hand side is translation invariant in σ. The right hand side has two pieces: a

source at constant frequency exp(2iσ), and a field dependent source that adds one unit

to the frequency. This second term is the one that is proportional to the energy density
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ρ. The particular solution is

∑
an exp(i(n+ 2)σ) . (2.42)

We see that the singularity arises from a resonance condition, when (n+ 2)2 − (n+ 2) +

h(1 − h) = (n + 2 − h)(n + 1 + h) = 0. This is the condition to be on-shell for the σ

independent part of the differential equation: if we are driving at resonance, the solution

must grow linearly in the time σ on top of the oscillating piece. This is the log(ω) we

had before. The precise solution depends on “initial conditions”. Notice that this occurs

on a term that behaves as ρn+2, since the Weyl tensor squared also counts as two powers

of ρ. The resonance is between a quantity proportional to ⟨: T00 :n+2⟩ and the operator

dual to the field ϕ: they both have the same dimension when h is a positive integer

greater than or equal to 2. The normal ordering here indicates that we have the naive

dimension of the composite operator T n+2
00 . Basically, the terms in the series expansion of

the particular solution, with the source W 2 seeding the solution are oscillating at integer

frequencies. When h is not an integer there is no resonance condition and in principle

there is no operator mixing ambiguity that needs to be considered. This is very similar

to how logarithmic divergences from mixing appear in other settings [57]

2.3 Some simple generalizations

In our next step, we consider the following action for a massive scalar field

S = − 1

16πGN

∫ [
1

2
(∇ϕ)2 + 1

2
m2ϕ2 + αϕW 2β

]
. (2.43)

Basically, we are writing a solution with a source that has a different power of z than the

one that arises from the Weyl squared tensor W 2. Many other similar problems can be
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analyzed if we have a better understanding of solutions to the modified source as a more

general power of z. In the w variables, the differential equation is the following

(1− ω)ω2 d
2ϕ

dω2
− ω2 dϕ

dω
+ (1− h)hϕ = Kω2β , (2.44)

where we have defined the constant K as follows

K ≡
(
αR2

d2

)(
d(d− 2)(d− 1)2

R4

)β

. (2.45)

Again, at this stage, what we are really doing is solving for an arbitrary power of ω in the

right hand side of equation (2.44). The inhomogeneous solution will start with a power

of ω2β, rather than ω2. The result for the first term is very similar to (2.29), giving

a0 =
K

(h+ 2β − 1)(2β − h)
. (2.46)

The full result, after following the method of Frobenius is:

ϕPβ
=

Kω2β

(2β − h)(h+ 2β − 1)

∞∑
n=0

1

n!

(1)n(2β)n(2β)n
(1 + 2β − h)n(h+ 2β)n

ωn . (2.47)

This is, again, a 3F2 function with different parameters:

ϕPβ
=

Kω2β

(2β − h)(h+ 2β − 1)
3F2([1, 2β, 2β], [1 + 2β − h, h+ 2β], ω) . (2.48)

Using the same methods as before, we get that the near horizon limit logarithmic behavior

is given by

lim
ω→1−ϵ

ϕPβ
= −KΓ(2β − h)Γ(h+ 2β − 1)

Γ(2β)2
log(ϵ) . (2.49)
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It is then straightforward to find the one point function by requiring that the logarithmic

divergence of the inhomogeneous solution cancels with the homogeneous piece as well.

2.3.1 Response function to a weakly modulated source

We now consider a solution that apart from the radial variable z also has dependence

on the spatial variables xi, so that ϕ = ϕ(z, x). We notice that we still consider a static

solution, but allow for modulation (slow variation in x). The equation of motion in this

case is

1√
−g

∂z
(√

−ggzz∂zϕ
)
+ gii∂2i ϕ−m2ϕ = αW 2 . (2.50)

By doing a Fourier transformation in the variables xi, and using a spatial profile

exp
(
i⃗k · x⃗

)
, we can decompose into momentum modes. The x dependence becomes

trivial and we get a slight modification of the equation

ω2 d

dω

(
(1− ω)

dϕ̃

dω

)
+ (1− h)hϕ̃− q2ω2/dϕ̃ = BWω

2δd−1(k) , (2.51)

where q is the momentum variable in dimensionless units q ≡ k
4πT

. The idea is to expand

perturbatively in q, in the presence of a weakly modulated source. We have also used

the radial variable ω defined in (2.11). Since we are interested in the case k ̸= 0, we can

safely ignore the Weyl source. Now, we assume the regime q << 1 in order to solve the

previous equation perturbatively ϕ̃Hi(u, q) = ϕ
(0)
Hi(u) + δϕ̃Hi(u, q) where we notice that

ϕ̃
(0)
Hi(u) = ϕ

(0)
Hi(u). Thus, the differential equation becomes

ω2 d

dω

(
(1− ω)

d(δϕ̃Hi)

dω

)
+ (1− h)h(δϕ̃Hi) = q2ω2/dϕ

(0)
Hi . (2.52)

We can write the homogeneous solutions given in (2.19) in terms of series as follows,
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for both h and 1− h (so that we have the two solutions without a source in the bulk)

ϕ
(0)
H1 = ωh

∑
anω

n , an =
1

n!

(h)n(h)n
(2h)n

, (2.53)

ϕ
(0)
H2 = ω1−h

∑
bnω

n , bn =
1

n!

(1− h)n(1− h)n
(2− 2h)n

. (2.54)

From here, we notice that the equation (2.52) becomes exactly the same differential

equation given by (2.44) (on a term by term basis) by the identification of parameters:

βH1 = n+ h+ 2/d, KβH1
= q2an and βH2 = n+ 1− h+ 2/d, KβH2

= q2bn. We can just

write sums of the corresponding solutions (2.47) to get the answer at this order. Now, we

use the near horizon limit given in (2.49) term by term to get the logarithmic divergence

lim
ω→1−ϵ

δϕ̃H1(u, q) = −q2
∑

an
Γ(n+ 2/d)Γ(n+ 2h− 1 + 2/d)

Γ(n+ h+ 2/d)2
log(ϵ) ≡ −q2

∑
An log(ϵ) ,

lim
u→1−ϵ

δϕ̃H2(u, q) = −q2
∑

bn
Γ(n+ 2/d)Γ(n− 2h+ 1 + 2/d)

Γ(n+ 1− h+ 2/d)2
log(ϵ) ≡ −q2

∑
Bn log(ϵ) .

(2.55)

We have ignored in both limits an infinite sum of finite terms that could potentially

diverge. This can be analyzed more carefully from (2.52). The idea is that the right

hand side is smooth for ω < 1 and decays rapidly for ω ∼ 0 (faster than ϕ
(0)
Hi
). The most

dangerous part of the analysis is that ϕ
(0)
Hi

diverges at ω → 1 logarithmically, so δϕ might

be more singular than we originally thought. It can be checked by expanding directly

around ω = 1 that if ϕ
(0)
Hi

behaves logarithmically, then the terms of δϕ near ω → 1 grow

at most logarithmically. This will come from the h(1 − h) term. Basically, the second

order differential equation is elliptic in the region ω ∈ (0, 1), so the solution will not be

more singular than the singularity of the source.

The derivative terms in fact kill a logarithmic divergence of δϕ. To get a log on the

left hand side from the second derivative would require a term (1− ω) log(1− ω), which

has a zero limit when ω → 1 and is less singular than the right hand side. The term with

h(1 − h) would then be the one that dominates the first term in the expansion around

ω ∼ 1. We conclude that in practical terms we can ignore those finite terms safely. Thus,
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the limit of the total homogeneous solution is

lim
ω→1−ϵ

ϕ̃(u, k) =

[
−c1

(
Γ(2h)

Γ(h)2
+ q2

∑
An

)
− c2

(
Γ(2− 2h)

Γ(1− h)2
+ q2

∑
Bn

)]
log(ϵ) . (2.56)

Demanding the regularity condition at the horizon, we obtain the following response

function (which is given by − c1
c2

times certain normalization factors independent of k)

−c1
c2

=
Γ(h)2

Γ(2h)

Γ(2− 2h)

Γ(1− h)2

[
1 + q2

(
Γ(1− h)2

Γ(2− 2h)

∑
Bn −

Γ(h)2

Γ(2h)

∑
An

)]
. (2.57)

These sums can be re-expressed in terms of regularized hypergeometric functions of type

4F̃3 given by

A(h, d) ≡ Γ(h)2

Γ(2h)

∑
An = Γ(2/d)Γ(h)2Γ(2/d+ 2h− 1)

4F̃3[(h, h, 2/d, 2/d+ 2h− 1), (2h, h+ 2/d, h+ 2/d); 1] , (2.58)

and

B(h, d) ≡ Γ(1− h)2

Γ(2− 2h)

∑
Bn = Γ(2/d)Γ(1− h)2Γ(2/d+ 1− 2h)

4F̃3[(1− h, 1− h, 2/d, 2/d− 2h+ 1), (2− 2h, 1− h+ 2/d, 1− h+ 2/d); 1] . (2.59)

By analyzing the parameters of these hypergeometric functions, one can infer that

these functions are regular at 1. Therefore, by removing the logarithm divergence we are

assured to get a finite result. Finally, the response function is given by

〈
δϕ

δJ

〉
= −(2∆− d)zd−2∆

0

Γ(h)2

Γ(2h)

Γ(2− 2h)

Γ(1− h)2
[
1 + q2 (B(h, d)−A(h, d))

]
. (2.60)

We also notice that in this computation, we didn’t use the Weyl source which is defined
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only for d ≥ 3. Therefore, we can evaluate the answer at d = 2 to obtain that

〈
δϕ

δJ

〉d=2

∝ Γ(h)2

Γ(2h)

Γ(2− 2h)

Γ(1− h)2
[
1 + q2

(
ψ(1)(1− h)− ψ(1)(h)

)]
.

On the other hand, for the planar BTZ black hole, the retarded Green function (See for

instance [63, 71, 72]) is given by

Gr(q, ν) ∝
Γ(2− 2h)

Γ(2h)

Γ(h+ i(ν − q))Γ(h+ i(ν + q))

Γ(1− h+ i(ν − q))Γ(1− h+ i(ν + q))
, (2.61)

where ν ≡ ω
4πT

. Expanding for small momenta, we obtain

Gr(q, ν = 0) ∝ Γ(2− 2h)Γ(h)2

Γ(2h)Γ(1− h)2
[
1 + q2

(
ψ(1)(1− h)− ψ(1)(h)

)]
+O(q3) .

Therefore, our method reproduces at first order in q2 the pure spatial part of the retarded

Green function of the planar BTZ black hole. This is a consistency check that our result

in (2.60) is correct and provides the first order term in any dimension d of the purely

spatial response function.

One can ask, from our point of view, what makes the case d = 2 simple? When d = 2,

the exponent of ω on the q2 term is γ = 2/d = 1 produces an additional term in exp(iσ)

at the same frequency than the term that arises from the metric. In that sense, if one

does not use a perturbation approach, one finds instead a modified quadratic numerator

in the recurrence (2.16) given by

an+1

an
=

(h+ n)2 + q2

(n+ 2h)(n+ 1)
(2.62)

whose numerator can be easily factorized into (h + n + iq)(h + n− iq). The solution of
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the recursion is

an =
(h+ iq)n(h− iq)n

n!(2h)n
(2.63)

and the answer is in terms of hypergeometric functions, where the parameters are modi-

fied by q

ϕh ∼ ωh
2F1(h+ iq, h− iq, 2h, ω) . (2.64)

It is easy to check that all the poles in q in the numerator and denominator at finite q

appearing in equation (2.61) are captured this way: the logarithmic behavior at ω → 1

cancels in the same way as when we work with q = 0. In principle, one should be

able to argue that the dependence on the frequency also comes automatically. The

linear combinations ν ± q = const are related to traveling at the speed of light, as

∂qν = ±1, splitting into products of left and right moving modes. Moreover, the poles in

the numerator (quasinormal modes) should occur for a fixed sign of the imaginary part of

ν, Imm(ν) at real momentum q. If one can argue that the left and right movers must be

split this way, the full result should immediately follow from just the spatial modulation

dependence.

2.3.2 One point function in global AdS black holes in the large

mass limit.

We are going to consider again a massive scalar field but this time in a AdSd+1

spherical black hole background rather than a black brane. We do not know how to

make the full calculation exactly. What we can do is a perturbative expansion in inverse

powers of the mass (expanding around large black holes). In this case, in the equation

of motion we are going to consider the horizon curvature as a small parameter so as to

be able to use perturbation theory around the black brane solution.
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The AdSd+1 spherical black hole metric is

ds2 = −H(r)dt2 +
1

H(r)
dr2 + r2dΩ2 , (2.65)

where H(r) is defined as follows

H(r) = 1 +
r2

L2
− 2M

rd−2
. (2.66)

These coordinates are convenient as the determinant of the metric is

√
−g ∝ rd−1 (2.67)

and the Weyl tensor squared is given by a simple expression

W 2 =
d(d− 2)(d− 1)2

r2d
(2M)2 . (2.68)

If we compare with the flat black brane, we would use instead H(r) = r2

L2 − 2M
rd−2 , and

the boundary of spacetime is located at r → ∞. The natural z coordinate that we used

before is simply z = L2/r. In this way, we find that

H(z) = L2

(
1

z2
+

1

L2
− 1

z2

[
z

z0

]d)
, (2.69)

where z0 is determined by looking at the flat brane factor without the curvature correc-

tion. Namely, we first define rd0 = 2ML2. In this sense, r0 is a notion of the radius of the

black hole, and then we take z0 → L2/r0. This is equivalent to having an adjusted value
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of f(z) in equation (2.3), given by

f(z) = 1−
(
z

z0

)d

+
z2

L2
. (2.70)

and the idea of a large mass black hole is that the additional term is very small still

when z ∼ z0, that is, we take z0/L ≪ 1 so the horizon is very close to the boundary.

Notice that large r0 is equivalent to large M , and that large r0 becomes a small z0 after

the inversion. We can now introduce the dimensionless ω = (z/z0)
d coordinate that we

used before. In this coordinate system we have that z2 = z20ω
2/d. After some algebra,

the differential equation becomes

ω2
(
s2ωγ + 1− ω

) d2ϕ
dω2

+ ω
(
γs2ωγ − ω

) dϕ
dω

+ (1− h)hϕ = Bω2 , (2.71)

where

γ ≡ 2

d
, s2 ≡ L2

r20
=

L2

(2ML2)γ
. (2.72)

We now treat s as a small parameter in which we can do perturbation theory. We notice

that if we take s→ 0 we recover our previous differential equation with the source, so s

can indeed be treated perturbatively.

It is important to understand at this point why the general problem is going to be

hard to solve: the equation (2.71) has more singularities in the complex plane than the

corresponding planar problem. These occur at ω = 0,∞ and at the non trivial roots

of (s2ωγ + 1 − ω) = 0. There is one that is perturbatively close to ω = 1, but there

are new singularities. In practice this means that the problem can not be handled with

hypergeometric functions. An exact solution becomes very hard in that case. This is

why we will attempt to do a perturbative expansion in s2. This is actually a non-trivial

expansion.
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Perturbative computation for the homogeneous solution

We write down the total homogeneous solution ϕTot
H as follows

ϕTot
H = ϕH + δϕH , (2.73)

where ϕH is the homogeneous solution of the black brane that we already computed and

is given by

ϕH = ωh
2F1(h, h, 2h, ω) = ωh

∞∑
n=0

anω
n , an =

1

n!

(h)n(h)n
(2h)n

,

and where δϕ is a first order correction proportional to s2. We plug the solution we

already know, equation (2.19) into the differential equation (2.71) to obtain

ω2(1− ω)δϕ′′
H − ω2δϕ′

H + h(1− h)δϕH = −s2ωγ(γωϕ′
H + ω2ϕ′′

H) . (2.74)

In this last expression, we have dropped terms of higher order s2δϕ′
H and s2δϕ′′

H , and

used the homogeneous differential equation for ϕH . Let us use the information we have

about how ϕH(ω) behaves as ω → 1. It depends on ω as ϕH ∼ Cωh log(1− ω) + ωhC ′ +

ωhO(1−ω). The second derivative of ϕH gives a double pole in (1−ω) on the right hand

side. This needs to be cancelled by the most singular term in the differential equation

for δϕ. This requires a divergence of δϕH that behaves as Θ(1− ω)−1, whose coefficient

is uniquely determined by C. Since C has already been computed, this most singular

term is simple.

At the next order, we get a single pole in 1 − ω on the right hand side. This extra

pole can arise from a log(1− ω)2 in δϕH (a double logarihtmic singularity). The rest of

the terms on the right hand side are at most log divergent and we have already seen that
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these are not a problem in the previous example. A similar structure arises from the

inhomogeneous solution and since the ϕH + ϕP is regular at ω = 1.

Now, we compute the following quantities

ωϕ′
H =

∞∑
n=0

an(n+ h)ωn+h , (2.75)

ω2ϕ′′
H =

∞∑
n=0

an(n+ h)(n+ h− 1)ωn+h , (2.76)

as power series in ω. Each term essentially corresponds to a source with a different

coefficient K and a different β in (2.44), so we can use those results term by term,

finding that

−s2ωγ(γωϕ′
H + ω2ϕ′′

H) = −s2
∞∑
n=0

an(n+ h)(n+ h+ γ − 1)ωn+h+γ . (2.77)

To simplify this expression, we define Ān as

Ān ≡ 1

n!

(h)n(h)n
(2h)n

(n+ h)(n+ h+ γ − 1) (2.78)

so that the problem to solve is the following differential equation

ω2(1− ω)δϕ′′
H − ω2δϕ′

H + h(1− h)δϕH = −s2
∞∑
n=0

Ānω
n+h+γ . (2.79)

Notice that the Ān coefficients are more divergent when n → ∞ than the ones for an.

This is the source of the different singular behavior as ω → 1.

We now need to sum over the solutions we already know to find that the modified

homogeneous solution is

δϕH = −s2
∞∑

n=0

Ānω
n+h+γ

(n+ γ)(n+ γ + 2h− 1)
3F2([1, n+ h+ γ, n+ h+ γ], [1 + n+ γ, n+ 2h+ γ], ω) . (2.80)
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Notice that this is a double series, with n dependence on the 3F2. To understand the

divergent behavior in ω, as ω → 1, it needs to be resummed.

Perturbative computation for the inhomogeneous (particular) solution

The calculation is very similar to what we just did. We start with the particular

solution ϕTot
P expanded as a perturbation series as follows

ϕTot
P = ϕP + δϕP , (2.81)

where ϕP is the particular solution of the planar black hole given by

ϕP =
Bω2

(2− h)(h+ 1)

∞∑
n=0

jnω
n , jn ≡ 1

n!

(1)n(2)n(2)n
(3− h)n(h+ 2)n

,

The differential equation for the first order perturbation δϕp is

ω2(1− ω)δϕ′′
p − ω2δϕ′

p + h(1− h)δϕp = −s2ωγ(γωϕ′
p + ω2ϕ′′

p). (2.82)

Computing the source gives

ω2(1− ω)δϕ′′
P − ω2δϕ′

P + h(1− h)δϕP = −s2 B

(2− h)(h+ 1)

∞∑
n=0

J̄nω
n+2+γ ,

where we have defined the constant J̄n as follows

J̄n ≡ 1

n!

(1)n(2)n(2)n
(3− h)n(h+ 2)n

(n+ 2)(n+ 1 + γ) . (2.83)
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The solution we need is

δϕP =
−Bs2

(2− h)(h+ 1)

∞∑
n=0

J̄nω
n+2+γ

(n+ γ + 2− h)(n+ γ + h+ 1)

3F2([1, n+ γ + 2, n+ γ + 2], [n+ γ + 3− h, n+ γ + 2 + h], ω) . (2.84)

Again, it should be noted that this is also a double series expansion, with n dependence

on the 3F2, so one needs to do a resummation before one can understand the details of

the divergent pieces.

Double limit series

Now, instead of doing a resummation, we will consider the expression

δϕH = −s2
∞∑

n=0

Ānω
n+h+γ

(n+ γ)(n+ γ + 2h− 1)
3F2([1, n+ h+ γ, n+ h+ γ], [1 + n+ γ, n+ 2h+ γ], ω̃) , (2.85)

where we have a new variable ω̃. We want to take ω̃ → 1, ω → 1 independently to

understand the structure of the singularities. In the end we will make ω = ω̃ once we

have cured the problems. Because the double sum is not being done in standard form,

this way of dividing the problem into two different variables might cause an order of limits

problem. Essentially, if we take ω̃ = ω < 1, then the series is absolutely convergent and

both ways of doing calculations give the same answer. Because there are singularities in

ω̃ = 1, independent of ω, when we take the double limit, the behavior can change. We

will see that this happens in practice.

The idea is as follows. In (2.85) we get a clear divergence in ω̃ → 1 that we have

already computed that is logarithmic in nature. We find that

δϕH = −s2
∞∑
n=0

Ānω
n+h+γΓ(n+ 2h+ γ − 1)Γ(n+ γ)

Γ(n+ h+ γ)Γ(n+ h+ γ)
log(1− ω̃) . (2.86)

69



Thermal one-point function in AdS black holes Chapter 2

The sum over n behaves as if the coefficients are approximately constant

N
∑
n

ωn ∼ N
(1− ω)

(2.87)

times a normalization factor. This is because an ∼ 1/n, the additional product of the

Gamma functions also behaves exactly as 1/n when n is large, and we’re multiplying by

a quadratic polynomial in n. The normalization factor was already found in (2.21)

N =
Γ(2h)

Γ(h)2
. (2.88)

Doing a similar analysis for the other terms, we find that

ϕ =
[
c1
Γ(2h)

Γ(h)2

(
1 + s2

(
E(d, h) + 1

1− ω

))
+

BW (1− h)hπ

sin(πh)

(
1 + s2

(
F(d, h) +

1

1− ω

))]
log(1− ω̃) . (2.89)

where

E(d, h) ≡ lim
ω→1

[
hΓ(h)2Γ

(
2h− 1 +

2

d

)
Γ

(
2

d

)
4F̃3

([
h, h+ 1,

2

d
, 2h+

2

d
− 1

]
,

[
2h, h+

2

d
, h+

2

d
− 1

]
, ω

)
− 1

1− ω

]
, (2.90)

and

F(d, h) ≡ lim
ω→1

[
−2π

sin [π(h− 2/d)]

Γ
(
h+ 1 + 2

d

)
Γ
(
h− 1− 2

d

)
5F̃4

([
1, 2, 3,

2

d
+ 2− h,

2

d
+ 1 + h

]
,

[
3− h, h+ 2,

2

d
+ 2,

2

d
+ 1

]
, ω

)
− 1

1− ω

]
(2.91)

are subtracted versions of the functions that appear in our problem. The hypergeometric

functions are regularized hypergeometric functions. It can be checked numerically that

these regularized functions with the pole substracted actually have a limit. This indicates
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the absence of the double logarithmic divergence in our treatment of the sums.

It turns out that the single pole contribution that could in principle give rise to the

double logarithmic behavior cancels between all the terms for the homogeneous problem

by itself, which include the h(1− h) term in the unperturbed differential operator, plus

the expansion of the derivatives of the hypergeometric function on the source from the

original problem. There are no such double logarithms generated in any intermediate

step. This seems to be required so that the log divergences are unambiguous.

One can ask more generally, what is the source of the additional singular behavior?

The idea is that the horizon is not longer at ω = 1, but that it has been shifted. The

solution of the location of the horizon can be written as ωh = 1+
∑
kns

2n. The singularity

is always logarithmic in terms of

f(ω) log(ωh − ω) (2.92)

as follows from the analysis of the singular points of the differential equation. We can

expand the logarithm as a power series in s2, and we get

log(ω0 − ω) = log
(
1 +

∑
kns

2n − ω
)
∼ log(1− ω)−

∑
kns

2n

1− w
+O(1/(1−ω)2) , (2.93)

which gives an expansion in terms of a single logarithm and poles determined as a power

series in s2 by the shift of the horizon and the computation of f to lower orders. There

is no double logarithm ever.

Also, for non-extremal black holes is well-known that a field on a fixed background

will be split into outgoing and infalling modes. These modes are mixed in the static limit
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ν → 0, and develop a logarithmic divergence

C±(ν)(ωh − ω)±iν ≈ C̃±(ν)(1± i log(ωh − ω)) +O(ν2) .

In this expression, C±(ν) and C̃±(ν) are constants with some dependence on the frequency

ν. This logarithmic divergence basically comes from the coordinate singularity of the

black hole. In fact, this expression is a remnant of Tortoise coordinate near the horizon

u∗ = 1
2κ

log(uh − u). From this point of view, the natural Boundary condition for the

scalar field ϕ in any non-extremal black hole in static limit at the horizon is

ϕ ≈ A log(ωh − ω) , (2.94)

where A is a constant to determine from the exact solution of ϕ and where we have ignored

some finite terms. In our perturbative treatment, we expand A = A(0) + s2A(1) + O(s2)

and ωh = 1 + s2 +O(s2), so the boundary condition becomes

ϕ ≈ A(0) log(1− ω) + A(1)s2 log(1− ω) +
A(0)s2

1− ω
+O(s4) . (2.95)

In this expansion in s2, the boundary condition has picked an extra divergence coming

from A(0)s2

1−ω
. This is an artifact of the perturbative treatment since the natural boundary

condition is always (2.94). We can check explicitly that this expansion of the boundary

condition in s2 (2.95) solves the differential equation (2.71) up to order O(1−ω) with the

appropriate choice of A(0) given by Γ(h)2

Γ(2h)
and h(1−h)π

sin(πh)
for the homogeneous and particular

solution respectively. We notice that the extra divergence is completely determined by

the zeroth order solution which means that we can safely ignore it at order s2. Our task

is reduced to find explicitly A(1) to find the leading correction to the thermal one-point

function. This behavior is similar to analysis of the renormalization group, where higher
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order singularities are completely determined by the leading logarithmic singularity.

When we impose the first order result we already had, we see that the pole in 1− ω

cancels between the homogeneous solution and the inhomogeneous solution. We are

left with a strict logarithmic singularity at order s2. A correction of order s2 in the

homogeneous solution can cancel this extra singularity. The only possible source of this

logarithmic singularity is the one that arises from the limits of the 3F2 series that we

computed. Hence, the calculation in this order is actually the correct calculation.

Notice also that the F̃ regularized hypergeometric functions are always well defined

as functions of their parameters. There are additional poles that can appear in F̃ (d, h)

arising from the sin(π(h− 2/d)) in the denominator. The poles occur when h−2/d is an

integer (except zero and one, where the Γ(h− 1− 2/d) cancels them). These additional

poles should also be interpreted as mixing, with operators that include the curvature of

the background metric (which always has dimension 2 and at least two powers of : T :2).

The final result is

⟨O⟩J=0 = −Nz−∆
0 BW

Γ(h)2

Γ(2h)

πh(1− h)

sin(πh)

(
1− s2[F(d, h)− E(d, h)]

)
. (2.96)

Notice that this is written in terms of z0, which denotes the energy density.

If one wants to use the temperature instead, one needs to notice that that the tem-

perature is given by a computation on the horizon

Tsbh =
d

4π

( rh
L2

)
+
d− 2

8πrh
, (2.97)

where rh is the radius of the horizon. In the large mass limit, the horizon is close to

rh ∼ r0 = L2z−1
0 . The correction is small and the temperature of the black hole can be
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written as

Tsbh ≈ Tbb

(
1 +

(d− 3)

d

L2

r20

)
, Tbb =

dr0
4πL2

, (2.98)

where we compare to the black brane temperature. This introduces an additional cor-

rection of order s2 in (2.96).

⟨O⟩J=0 = −N
(
4πTsbh
d

)∆

BW
Γ(h)2

Γ(2h)

πh(1− h)

sin(πh)

(
1− s2[F(d, h)− E(d, h)]− s2(d− 3)h

)
. (2.99)

2.4 Conclusion

The problem of linear response in AdS black holes and its relation to conformal field

theory correlators is an important problem on which a lot of recent progress has been

made, especially for AdS5 black holes.

Our results, by contrast, are valid for arbitrary dimension, but we are only able to

make a perturbative analysis order by order. The zero-th order problem of a black brane

at zero momentum is relatively simple. Already, the first non-trivial order is rather

complicated. Our answers are given in terms of infinite sums of Γ functions, which we

showed could be matched to the AdS3 setup, giving us confidence in our methods.

Solutions in terms of other methods for AdS5 give very complicated answers as well,

in terms of solutions to the Heun differential equations. It would be interesting to un-

derstand the relation between these methods more carefully. Perhaps there is a way to

simplify the final computations, which in our case get harder as we increase the order of

the perturbation.

More generally, we plan to study the problem of retarded Green’s function at arbitrary

dimension, perturbing around the zero frequency, zero momentum result.

In regards to the one point function in AdS spherical black holes, we also found a
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complicated answer. It would be interesting if there is a better solution for the case of

AdS5 related to the other recent developments in the computation of retarded Green’s

functions, perhaps by understanding how solutions of Heun’s equation with sources gen-

erate generalized solutions (similar to generalized hypergeometric functions). This is

something we’re currently looking into as well.

Our method, which is perturbative, is probably also useful to study non-linear equa-

tions in the bulk, even at zero momentum. It would be interesting to also generalize our

results beyond scalar fields.

On some other issues, like computing the time to the singularity by looking at the

one point functions, as suggested in [41], we have nothing useful to say. We believe

understanding this issue will require solving the exact equation in detail. The presence

of additional singularities that can appear in the differential makes the analysis of such

a problem a lot harder to undertake than in the flat brane case.
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Chapter 3

A fluid perspective of Smarr formula

We derive a generalized Euler equation, ϵ + p = sT + µq + y ∂p
∂y
, using the effective field

theory formulation of perfect fluids. This generalization was achieved by introducing a

new variable y into the effective action, which encodes a geometrical scale of the space-

time where the fluid is on. Notably, the generalized Euler equation is independent of the

AdS/CFT correspondence. However, when applied to a holographic perfect fluid, this

equation naturally recovers the Smarr formula for AdS black holes, thus situating the

physical interpretation of the Smarr formula within the framework of well-established

physics. Finally, our findings raise important questions regarding the validity of treat-

ing the cosmological constant Λ as a thermodynamic variable, as proposed in certain

frameworks within the literature.

3.1 Introduction to the chapter

The AdS/CFT correspondence [29] has greatly advanced our understanding of quan-

tum field theory in the strong coupling regime, in part by geometrizing abstract concepts

from quantum physics in gravitational terms. For instance, a thermal state in field the-
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ory is dual to an eternal AdS black hole [73]. Moreover, the Hawking-Page transition

between thermal AdS spacetime and a ”large” AdS black hole [74] is interpreted as the

confinement/deconfinement transition in a gauge theory on S1 × S3 [14]. Within this

holographic framework, [75] derived the Smarr formula for AdS black holes, providing

further insight into its thermodynamic interpretation.

In this chapter, we revisit the physical meaning of the Smarr formula within the

context of gauge/gravity duality. Our goal is to explore the Smarr formula from the

perspective of fluid/gravity duality [76, 77, 42]. It is well-established that the boundary

stress tensor of many AdS black holes takes the form of a perfect fluid in global equi-

librium [78, 79]. From this perspective, the thermodynamics of the holographic fluid

directly corresponds to black hole thermodynamics. This connection establishes a natu-

ral bridge between the Smarr formula and the theory of perfect fluids, which we explore

in detail.

A significant development relevant to this work is the recent construction of effective

actions for perfect fluids [80, 81, 82, 85, 86, 43, 87, 88, 89, 90]. Within this framework,

the effective action not only reproduces the perfect fluid stress tensor but also ensures

the validity of the Euler equation, with the effective Lagrangian acting as a local thermo-

dynamic potential. As we will explore in Section 3.2, the Smarr formula, when suitably

reformulated, bears a close resemblance to the Euler equation—with an additional cor-

rection term. This resemblance motivates the pursuit of a generalized Euler equation,

which we establish via an explicit derivation from the effective action for perfect fluids.

Crucially, this derivation introduces a new variable into the local thermodynamic po-

tential—one that is invariant under both spacetime diffeomorphisms and the emergent

low-energy gauge symmetries of the fluid. As we will show, this variable admits a natural
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geometric interpretation and leads directly to the central result of this work:

ϵ+ p = sT + µq + y
∂p

∂y
. (3.1)

We refer to this as the generalized Euler equation, with the additional term y ∂p
∂y

repre-

senting an extra contribution mentioned earlier. Importantly, this result is independent

of black hole physics and the AdS/CFT correspondence. We then apply this equation

to the case of a holographic perfect fluid, from which the Smarr formula is naturally

reproduced.

Another prominent context in which the Smarr formula has been extensively discussed

is extended black hole thermodynamics (EBHT). This framework provides a specific

interpretation of the Smarr formula by introducing a thermodynamic variable associated

with the cosmological constant Λ [91, 92, 93, 94, 95]. Initially, this variable was identified

as a pressure term, pΛ ∼ 1
l2
. However, more recent formulations of EBHT reinterpret it

as the central charge, C ∼ N2, where N represents the number of degrees of freedom in

the dual field theory [96, 97, 98, 99]. This shift was primarily motivated by [75], which

aimed to align EBHT with holography. However, the central result of this chapter, (3.1),

challenges these interpretations of the Smarr formula, as we shall discuss later.

This chapter is organized as follows: In Section 3.2, we review the Smarr formula

and highlight its preliminary similarities with the Euler equation. In Section 3.3, we

examine the standard construction of the effective action for perfect fluids and introduce

a new variable into the effective action, which enables us to derive a generalized Euler

equation. In Section 3.4, we demonstrate that the Smarr formula is a specific instance

of the generalized Euler equation. Section 3.5 discusses why our results are inconsistent

with the proposal for extended black hole thermodynamics. Finally, in Section 3.6, we

present our conclusions and suggest potential directions for future research.
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3.2 Smarr formula for AdS black holes

In this section, we will review the Smarr formula for the AdSd Reissner-Nordström

black hole, closely following the conventions in [75]. The Einstein-Maxwell action, with

a negative cosmological constant, is given by

S =
1

16πGN

∫
ddx

√
−g
(
R− 2Λ− F 2

)
, (3.2)

where GN is the d-dimensional Newton’s constant. The negative cosmological constant

Λ can be expressed in terms of the AdS radius l as follows: Λ = − (d−2)(d−1)
2l2

. For the

spherical AdSd Reissner-Nordström black hole with d > 3, the metric and gauge field

are, respectively,

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
d−2 , f(r) =

r2

l2
+ 1− m̃

rd−3
+

q̃2

r2d−6
, (3.3)

A =

(
µl − 1

γ

q̃

rd−3

)
dt , γ =

√
2(d− 3)

(d− 2)
. (3.4)

The constant µ is the chemical potential, and it is defined such that the gauge field A

vanishes at the event horizon located at rh

µ =
1

γ

q̃

lrd−3
h

. (3.5)

The black hole energy M and charge Q are related to the parameters m̃ and q̃ as follows:

M =
(d− 2)Ad−2m̃

16πGN

, Q =
lγ(d− 2)Ad−2q̃

8πGN

, (3.6)
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where AD is the area of the D-dimensional unit sphere SD. The black hole entropy S

and the Hawking temperature T are given, respectively, by

S =
Ad−2r

d−2
h

4GN

, (3.7)

T =
(d− 1)rh

4πl2
+

(d− 3)(1− γ2l2µ2)

4πrh
. (3.8)

The Smarr formula is traditionally derived either by applying Euler’s theorem for homo-

geneous functions to the ”bulk” scaling of thermodynamic quantities1 or by evaluating

the Komar integral at spatial infinity and the horizon [102, 103, 104, 105, 106]. In this

work, we adopt a different perspective, interpreting black hole thermodynamics as the

thermodynamics of the dual field theory in the strongly interacting regime, in accordance

with the AdS/CFT correspondence. Consequently, we derive the Smarr formula using

thermodynamic considerations and the Euclidean action [75]. To this end, let us consider

the grand canonical potential, Ω:

Ω(T, µ, V ) = U − TS − µQ . (3.9)

In our context, M represents the internal energy U of the system. For what is coming

it is important to note that, in principle, Ω is a function of the volume V , which, in the

case of black holes in AdS spacetimes, corresponds to the spatial volume of the boundary

metric where the dual field theory resides. For the AdSd Reissner-Nordström black hole,

we compute the grand canonical potential Ω using the Euclidean on-shell action

Ω =
Ad−2

8πGN

rd−3
h − M

(d− 2)
. (3.10)

1Scaling arguments have been widely used in black hole thermodynamics to derive Smarr formulas,
accommodating various matter contents and asymptotic behaviors (see, e.g., [100, 101]).
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Equating the definition of Ω in (3.9) with the ”on-shell value” of Ω (3.10), we obtain the

Smarr formula for AdS black holes:

(d− 1)M = (d− 2)(TS + µQ) +
(d− 2)Ad−2

8πGN

rd−3
h . (3.11)

In the last term of this expression, the radius of the event horizon rh should be understood

as a function of the thermodynamic variables. In summary, the Smarr formula is an

unusual relation among thermodynamic quantities.

Our objective is to develop a deeper physical understanding of the Smarr formula

within the broader framework of the AdS/CFT correspondence. In particular, we are

going to recast the Smarr formula (3.11) into a form that naturally generalizes the stan-

dard Euler relation, U + pV = TS + µQ, by incorporating an additional correction term

arising from a geometric scale inherent to the system. As previously noted in [75], this

correction captures the fact that the dual field theory lives on a sphere rather than a flat

plane. Our analysis will go beyond purely thermodynamic reasoning by incorporating

insights from the fluid/gravity correspondence.

In thermodynamics, the Euler equation arises in the thermodynamic limit, where

the volume V and the number of particles N both tend to infinity while maintaining

a fixed ratio N
V
. In this limit, the grand canonical potential becomes Ω = −pV , and

the Euler equation follows as −pV = U − TS − µQ. We seek to extend this reasoning

to the Smarr formula. However, in the context of black hole thermodynamics, defining

the thermodynamic volume V and pressure p is far from straightforward. This is where

fluid/gravity duality offers crucial insight. To define the pressure p for AdS black holes,

we observe that the boundary stress-energy tensor associated with these black holes takes

the form of a perfect fluid stress tensor [78, 79]. The boundary stress tensor for any given
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gravitational solution can be calculated using the formula provided in [107, 108, 109]:

Tab =
1

8πGN

(
hab

(
K − (d− 2)

l

)
+Kab +

lGab

(d− 3)
+ ...

)
, (3.12)

where hab is the induced metric, Kab is the extrinsic curvature, and Gab is the Einstein

tensor for a fixed value of the radial direction r. The counterterms explicitly written in

(3.12), are valid for d < 6; for higher dimensions, see [108]. As a reminder, d is the bulk

dimension, so (d− 1) is the boundary dimension. In our case, the boundary metric is

ds2|∂M = −dt2 + l2dΩ2
d−2 . (3.13)

Thus, the volume of the spatial section of the boundary spacetime is V = ld−2Ad−2

where the AdS radius l is acting as the radius of the (d − 2)-dimensional sphere. For

even-dimensional boundary spacetime, the conformal anomaly and Casimir energy appear

[107, 109]. Since these effects are not relevant to the present discussion, we restrict our

analysis to odd-dimensional boundary spacetime. For (d − 1) = 2n + 1 dimensions, the

components of the boundary stress tensor are

−T t
t =

(d− 2)m̃

16πGnld−2
=

M

ld−2Ad−2

=
M

V
, (3.14)

T
ϕj

ϕj
=

m̃

16πGnld−2
=

M

(d− 2)V
. (3.15)

where we denoted by ϕj an arbitrary angle of the sphere. We can recast these components

of Tab as a perfect fluid stress tensor

Tab = pgab + (p+ ϵ)uaub , (3.16)
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where gab denotes the boundary metric, and ua is a unit timelike vector. The pressure p

and the energy density ϵ are

p =
ϵ

(d− 2)
, ϵ =

M

V
. (3.17)

This holographic perfect fluid in certain sense is dual to the AdSd Reissner-Nordström

black hole. Clearly, this fluid satisfies the conformal equation of state ϵ = (d− 2)p. The

thermodynamics of this fluid is the same than the black hole thermodynamics since the

fluid is at global thermal equilibrium.

Returning to the Smarr formula, substituting the conformal equation of state M =

(d− 2)pV into (3.11) provides a more suggesting expression:

M + pV = TS + µQ+
Ad−2

8πGN

rd−3
h , (3.18)

which resembles the Euler equation plus an additional correction term. As mentioned

earlier, the traditional Euler equation arises in the thermodynamic limit, where V → ∞.

However, in our case, the volume V occupied by the fluid is finite, and thus the standard

derivation of the Euler equation no longer applies. In the gravitational context, the limit

V → ∞ corresponds to a charged black brane, for which the Smarr formula reduces to

the Euler equation p+ ϵ = Ts+ µq [110], as the dual field theory lives in a plane.

In the analysis leading to equation (3.18), we relied on the idea that a perfect fluid in

global thermal equilibrium provides an equivalent description of global thermodynamics.

However, perfect fluids are typically used to describe local thermodynamics, where the

Euler equation is assumed to hold universally—a point that seems at odds with our

intuitive understanding of the Smarr formula developed in this section. To fully grasp

the physical significance of the Smarr formula, it is essential to extend the Euler equation
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beyond its conventional domain. Therefore, in the next section, we will set aside the

discussion of black holes and focus solely on the Euler equation and its generalization in

the context of perfect fluids.

3.3 Effective action for perfect fluids

In this section, we begin by reviewing the standard construction of the effective ac-

tion for perfect fluids, which naturally leads to the Euler equation. We then extend

this framework by introducing a new variable into the effective action, capturing the

fluid’s response to the presence of a geometrical scale. With this extension, we derive a

generalized form of the Euler equation.

3.3.1 Review standard effective action for perfect fluids

Formal constructions of effective actions for hydrodynamics have been developed using

techniques such as the Schwinger-Keldysh formalism [85, 86, 43, 87] and superspace

methods [88, 89, 90]. Comprehensive reviews can be found in [44, 111]. Although these

advanced techniques will not be explicitly employed in this chapter, they highlight the

significant progress and depth this field has achieved. Instead, we revisit the foundational

constructions presented in [80, 81, 82], informed by a more modern understanding of the

subject. Moreover, we focus exclusively on perfect fluids, leaving aside considerations of

dissipation and hydrodynamic anomalies.

Hydrodynamics provides a valid effective description in the long-wavelength limit.

For this reason, we assume that the curvature of the manifolds under consideration is

much larger than the mean free path of the fluid. To construct the effective action for

perfect fluids, two key components are required:
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• Auxiliary Scalar Fields: To ensure that the covariant conservation of the stress

tensor becomes a second-order equation (as it is initially a first-order equation

with respect to the fluid variables), auxiliary scalar fields are introduced as the

low-energy dynamical variables of the effective action.

• Symmetry Organization: To organize the potential terms that can appear in

the action principle, the symmetries of the fluid must be known. In this case,

the relevant symmetries are low-energy gauge symmetries, which imply that the

auxiliary scalar fields can be interpreted as Stueckelberg fields [85, 44].

Given the dynamical variables and symmetries of the effective action, we should, in

principle, include all gauge-invariant terms in the theory. However, since our focus is on

perfect fluids, we will disregard higher-derivative terms in the effective action. Moreover,

as stated in the introduction, we assume that the bulk spacetime has d dimensions.

Consequently, in this section, we consider a perfect fluid in an odd (d − 1) = 2n + 1

dimensional manifold, ensuring that anomalies and Casimir energy do not play a role in

our discussion. Finally, we limit this section to field-theoretical aspects, deferring the

connection between these results and gravity to the next section.

Let’s begin by establishing the notation: the background metric for the perfect fluid

is

ds2 = gabdx
adxb , a, b ∈ {0, 1, ..., d− 2} . (3.19)

The low-energy dynamical variables for the effective action are (d−2) spatial scalar fields

σI that describe the fluid element, plus a temporal scalar field σ0 that acts as an internal

clock for the fluid element:

σI = σI(xa) , σ0 = σ0(xa) , I ∈ {1, ..., d− 2} . (3.20)
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The fluid dynamics possess the following emergent low-energy internal symmetries:

σ0 → σ0 + f 0(σI) , (3.21)

σI → σI + f I(σJ) . (3.22)

These symmetry transformations can be motivated by the observation that σI represents

spatial coordinates describing the fluids. As such, σI must satisfy the comoving condition

d

dτ
σI(xa(τ)) = 0 ⇐⇒ ua∂aσ

I = 0 , (3.23)

where xa in the position in the spacetime, and the fluid velocity is ua = dxa

dτ
. The

second expression in (3.23) employs the directional derivative along the fluid velocity

ua. Notably, this condition is preserved by the symmetry transformations (3.21) and

(3.22). It is also important to highlight that, unlike σI , the temporal scalar field satisfies

d
dτ
σ0(xa(τ)) ̸= 0, yet it remains gauge-invariant under these symmetry transformations.

In essence, the perfect fluid is characterized by a target metric GMN(σ
M), where the

fluid coordinates are σM = (σ0, σI). In this framework, the internal symmetries (3.21)

and (3.22) correspond to the isometries of a degenerate metric [81]:

ds2 = GMNdσ
MdσN , GNMn

M = 0 , M,N ∈ {0, 1, ..., d− 2} , (3.24)

where nN is a null-like eigenvector associated with the zero eigenvalue of GMN . An ex-

plicit parameterization of this degenerate target metric in terms of spatial target metric2

2In the context of fluid/gravity duality, the target metric GMN is essentially the horizon metric. In
this way, the horizon asymptotic symmetry becomes the emergent low-energy gauge symmetries of the
effective action for hydrodynamics [112].
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is

ds2 = 0 · (dσ0)2 +GIJ(dσ
I − vIdσ0)(dσJ − vJdσ0) , I, J ∈ {1, ..., d− 2} , (3.25)

where vJ denotes boosts. The null normal vector nM is then given by

nM =
1

γ
(1, vJ) , γ−1 =

√
1−GIJvIvJ . (3.26)

Thus, the fluid coordinates σM are Stueckelberg fields associated with a sub-class of

diffeomorphisms of the target metric. Further discussion of this point is found in [85, 44].

So far, we have provided the description for neutral fluids. To describe charged fluids,

a Stueckelberg field associated with a U(1) symmetry must be introduced [82]

φ = φ(xa) , (3.27)

with the following internal transformation, dubbed chemical shift symmetry:

φ→ φ+ g(σI) . (3.28)

Given the low-energy dynamical variables σM and φ, along with the corresponding low-

energy gauge symmetries, we proceed to construct the effective action for a charged

perfect fluid. To achieve this, we must identify scalar quantities that remain invariant

under diffeomorphisms of the physical metric gab and are also gauge-invariant under the

fluid symmetry transformations (3.21) and (3.22).

One such scalar is the entropy density s of the system, which is defined in terms of
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the spatial target metric GIJ (3.25) as follows [81]:

s =
√

Det(BIJGJK) , BIJ = gabeIae
J
b , (3.29)

eIa ≡ ∂aσ
I − vI∂aσ

0 . (3.30)

Another scalar is the chemical potential µ associated with the U(1) symmetries [82] which

reads

µ = ua∂aφ . (3.31)

We note that both s and µ are local functions of the physical spacetime where fluids is

on, and they take constant values only at global thermal equilibrium.

The low-energy fields σM , φ are auxiliary variables that allow the description of

perfect fluids and their local thermodynamics in terms of an action principle. To zero-

order in the derivative expansion, the effective action for a perfect fluid is:

I = −
∫
dd−1x

√
−gζ(s, µ) , (3.32)

where ζ is a local thermodynamic potential function of the entropy density s and the

chemical potential µ. By taking the variation with respect to the background metric gab,

one obtains the stress tensor:

Tab =

(
−ζ + s

∂ζ

∂s

)
gab +

(
−µ∂ζ

∂µ
+ s

∂ζ

∂s

)
uaub . (3.33)

Comparing this result with the stress tensor of a perfect fluid Tab = pgab + (p + ϵ)uaub,

one deduces the pressure p

p = −ζ + s
∂ζ

∂s
, (3.34)
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and the local energy density ϵ

ϵ = ζ − µ
∂ζ

∂µ
. (3.35)

The local thermodynamic potential ζ is essentially a Legendre transformation: ζ = ϵ−µq,

where the charge density is q = − ∂ζ
∂µ
. Then, the temperature is simply T = −∂ζ

∂s
. In this

way, the consistency of the effective action (3.32) and the stress tensor (3.33) with the

standard thermodynamic relation implies the Euler equation:

p+ ϵ = sT + µq . (3.36)

Thus, the Euler equation is an unavoidable consequence of the effective action (3.32).

Note that the equation of state for the fluid is not used at all in this derivation.

For completeness, we mention that due to the comoving condition (3.23), the entropy

current sa is conserved off-shell:

∇as
a = 0, sa = sua . (3.37)

This conservation law reflects the non-dissipative nature of the fluid. In addition, the

chemical shift symmetry (3.28) implies the on-shell conservation of the charge current:

∇aq
a = 0, qa = qua . (3.38)

With this, we conclude our review of the effective action formulation for perfect fluids. In

the following section, we will use this framework to derive a generalized Euler equation.
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3.3.2 Generalized Euler equation

To generalize the Euler equation, we introduce a new variable into the effective action

for perfect fluids. This variable must be a diffeomorphism-invariant scalar with respect

to gab and must remain gauge-invariant under the symmetry transformations defined in

(3.21), (3.22). Furthermore, as discussed at the end of Section 3.2, there are scenarios

in which the standard scaling argument to derive the Euler equation fails, particularly

when the volume of the system is compact. In such cases, the compact space’s radius

introduces an additional geometric scale to the problem. This observation suggests that

the new variable in the effective action should have a geometric origin.

The gauge-invariant quantity that satisfies these criteria is

y = ua∂aσ
0 . (3.39)

The definition of this variable closely resembles the definition of the chemical potential

µ presented in (3.31). However, the temporal scalar field σ0, which represents the clock

for the fluid element, differs in nature from the Stueckelberg field φ associated with U(1)

symmetry.3 Given the definition of y, its physical meaning may not be immediately clear.

Therefore, let us first derive the generalized Euler equation and subsequently discuss the

physical meaning of y.

The effective action for perfect fluids is now

I = −
∫
dd−1x

√
−gχ(s, µ, y) , (3.40)

where χ represents a new local thermodynamic potential that depends on entropy density

s, chemical potential µ, and the new variable y. Taking the variation with respect to the

3The variable y has been previously studied in the literature, but [113] did not clearly distinguish
between the temporal scalar field σ0 and the gauge scalar field φ.
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background metric gab, the stress tensor follows

Tab =

(
−χ+ s

∂χ

∂s

)
gab +

(
−y∂χ

∂y
− µ

∂χ

∂µ
+ s

∂χ

∂s

)
uaub . (3.41)

The next step is to compare this expression with the stress tensor of a perfect fluid:

Tab = pgab + (p+ ϵ)uaub. Thus, we can identify the pressure p and energy density ϵ as:

p = −χ+ s
∂χ

∂s
, ϵ = χ− y

∂χ

∂y
− µ

∂χ

∂µ
. (3.42)

The following combination will be relevant later:

ϵ+ p = −y∂χ
∂y

− µ
∂χ

∂µ
+ s

∂χ

∂s
. (3.43)

As a second step, we need to properly identify the rest of the thermodynamic variables.

We note that the energy density has the following dependence: ϵ = ϵ(s, q, y). Thus, if we

perform the Legendre transformation ϵ̃ = ϵ− µq, we find that ϵ̃ = ϵ̃(s, µ, y). In this way,

the temperature T and charge density q are given by:

T =
∂ϵ̃

∂s

∣∣∣∣
y,µ

, q =
∂ϵ̃

∂µ

∣∣∣∣
y,s

. (3.44)

From these expressions, we deduce how to compute the local temperature T and charge

density q from the thermodynamic potential χ:

T =
∂χ

∂s
− y

∂2χ

∂y∂s
, q = −∂χ

∂µ
. (3.45)
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Inserting these results into (3.43), we obtain the relation

ϵ+ p = sT + µq + y∂y

(
−χ+ s

∂χ

∂y

)
. (3.46)

In parentheses of the last term, we recognize the local pressure p given in (3.42). There-

fore, we obtain a new relation among thermodynamic variables:

ϵ+ p = sT + µq + y
∂p

∂y
. (3.47)

This expression is the generalized Euler equation that we were seeking. The additional

correction involves a derivative of the pressure p with respect to y. Therefore, if the

thermodynamics of a fluid in a given spacetime does not respond to variations in y, the

additional correction ∂p
∂y

vanishes recovering the standard Euler identity.

Another important aspect of the generalized effective action for a perfect fluid (3.40)

is the emergence of a new conserved current. In addition to the off-shell conservation of

the entropy current (3.37) and the on-shell conservation of the charge current (3.38), we

now also have:

∇aJ
a
(y) = 0, Ja

(y) = ua∂yp . (3.48)

This conservation law arises from the fact that the variable y, defined in (3.39), is invariant

under spatial diffeomorphisms of the target space, σI → σI+f I(σJ). Mathematically, the

pair (y, ∂yp) is analogous to the chemical potential µ and the charge density q associated

with the U(1) symmetry. However, it is important to emphasize that the variable y

was introduced to capture a geometric scale imposed by the underlying spacetime on

the thermodynamics of the fluid. For this reason, unlike conventional thermodynamic

variables, y is not expected to admit a microscopic interpretation.

To further explore the meaning of the variable y, let us consider a scenario of global
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thermal equilibrium, where the fluid clock can be aligned with physical time; that is,

σ0 = x0. In this case, we find that y = u0, a result that may appear somewhat opaque

at first glance. To build intuition, let us perform a Weyl transformation of the physical

metric, g′ = Wg, where W is a conformal factor. Under this transformation, the fluid

velocity transforms as u′a = ua

W
. This leads to the following relation:

y = u′0 =
u0

W
. (3.49)

This expression suggests that the variable y is naturally associated with the inverse of

the conformal factor W . Alternatively, rather than performing an explicit Weyl trans-

formation, one can express the physical metric as a conformal rescaling of a reference

metric, g = Wḡ, leading to the same conclusion that y ∼ 1
W
.

To facilitate comparison between the central result of this work and existing literature,

we rewrite the generalized Euler identity (3.47) in the following form:

ω = ϵ− sT − µq =⇒ ω = −p+ y
∂p

∂y
, (3.50)

where ω denotes the density of the grand canonical potential. This expression high-

lights that the presence of an additional scale in the system, encoded by the variable

y, challenges the conventional assumption that, in the thermodynamic limit, the grand

canonical potential ω is simply proportional to the pressure p.

The relation in (3.50) bears a notable resemblance to earlier results in the literature

on effective actions for fluids [83, 84].4 However, a key distinction lies in the construction

of our effective action, which is formulated at zeroth order in the derivative expansion.

In contrast, the works cited in [83, 84] incorporate higher-order derivative corrections,

4We thank Kristan Jensen for bringing these references to our attention.
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which modify the form of the free energy accordingly.

3.4 Smarr formula as a particular case of the gener-

alized Euler equation

As discussed around equation (3.18), the Smarr formula can be viewed as a gener-

alization of the Euler equation. Traditionally, however, the thermodynamics of black

holes is examined using Euclidean methods. Unfortunately, these methods do not read-

ily define the thermodynamic volume V and pressure p of a thermal system within the

context of gravity. This limitation motivates our use of fluid dynamics to analyze the

Smarr formula. We will now demonstrate the generalized Euler equation (3.47), derived

in the previous section, reduces to a local version of the Smarr formula when applied to

holographic fluids. Subsequently, the standard form of the Smarr formula emerges by

considering the fluid in global thermal equilibrium, which encapsulates the same thermal

information as the first law of thermodynamics.

In this section, we extend the discussion from section 3.2 by examining the AdSd

Reissner-Nordström black hole with arbitrary horizon topology. We adopt Eddington-

Finkelstein coordinates, as this gauge simplifies the analysis of Weyl transformations

compared to the Fefferman-Graham gauge. Moreover, we restrict the boundary dimen-

sion (d− 1) to be odd; otherwise, the conformal anomaly and the Casimir energy would

need to be accounted for in the effective action. The line element is:

ds2 = −f(r)du2 − 2dudr + r2dΣ2
k , f(r) =

r2

l2
+ k − m̃

rd−3
+

q̃2

r2d−6
. (3.51)

Here, the gauge field A is still given by equation (3.4). The constant k represents the

unit-normalized curvature of the transverse space Σk. Thus, the black brane is recovered
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for k = 0, the spherical black hole for k = 1, and the hyperbolic black hole for k = −1.

In all cases, the black hole energy M and charge Q are related to the parameters m̃ and

q̃ as follows:

M =
(d− 2)Σk,d−2m̃

16πGN

, Q =
γl(d− 2)Σk,d−2q̃

8πGN

. (3.52)

The entropy of the black holes is given by:

S =
Σk,d−2r

d−2
h

4GN

, (3.53)

where Σk,d−2 represents the volume of the transverse space with unit radius. It is impor-

tant to note that for flat and hyperbolic spaces, Σk,d−2 is formally infinite. Additionally,

hyperbolic space has negative curvature, introducing an extra scale into the physical

problem.

The Hawking temperature T and the chemical potential µ are

T =
(d− 1)rh

4πl2
+

(d− 3)(k − l2γ2µ2)

4πrh
, µ =

q̃

γlrd−3
h

. (3.54)

Note that the chemical potential µ is the same as in equation (3.5). The Smarr formula

is now given by:

M + pV = TS + µQ+
kΣk,d−2

8πGN

rd−3
h . (3.55)

For for k = 0 the last term vanishes, thereby recovering the standard Euler equation for

a charged black brane. This is because, in flat space, there are no additional scales to

consider.

We will now compute the thermodynamic potential χ (3.40) which is associated with

the effective action for the holographic perfect fluid dual to the AdSd Reissner-Nordström

black hole. Our objective is to place the holographic fluid in a boundary spacetime
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that exhibits spacetime dependence, allowing us to mimic a state that is near out of

equilibrium.5 As a consequence, the thermodynamic variables now will become local

functions of the spacetime. To obtain the boundary metric with the desired properties,

we perform the following radial diffeomorphism in the bulk line element (3.51):

r → W (xa)r , (3.56)

where W (xa) is an arbitrary function independent of the radial variable r. The new line

element is

ds2 = −f(Wr)du2 − 2Wdudr − 2r∂aWdudxa +W 2r2dΣ2
k , (3.57)

f(r) =
W 2r2

l2
+ k − m̃

(Wr)d−3
+

q̃2

(Wr)2d−6
. (3.58)

Therefore, the boundary metric is

ds2|∂M = −W
2

l2
du2 +W 2dΣ2

k . (3.59)

This line element describes a non-homogeneous, time-dependent background in which the

fluid resides. The radial diffeomorphism (3.56) consequently induces a Weyl transforma-

tion on the boundary metric,6 leading to the following expression for the fluid velocity:

ua = −W
l
δ0a . (3.60)

Let’s focus now on the target metric GMN that describes the fluid space. Using the

unitary gauge embedding σ0 = x0 and σI = xi [81], the target metric GMN takes a very

5This step is purely for illustrative purposes and carries no additional meaning, as we are disregarding
dissipation, and anomalies.

6In other words, the Weyl transformation is induced by a PBH transformation of the bulk metric. A
detailed discussion of the consequences of this transformation in the thermodynamics of asymptotically
locally AdS black holes is given in [114].
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simple form:

ds2fluid = −0 · du2 + r2hdΣ
2
k , (3.61)

that matches the horizon metric.7 Given the target metric and the fluid velocity, we can

use the formulas (3.29), (3.31), and (3.39) to compute the entropy density s, the chemical

potential µ, and the variable y, respectively:

s =
Σk,d−2

4GN

rd−2
h

W d−2
, µ =

q̃

γrd−3
h

1

W
, y =

l

W
, (3.62)

which are the variables that the thermodynamic potential χ depends on. We note that

the entropy density satisfies its conservation law (3.37) as expected. We will utilize

these variables to derive the explicit expression for the new thermodynamic potential χ

from the energy density ϵ using equation (3.42). Our next step involves computing the

boundary stress tensor via the formula (3.12) and the boundary metric given in (3.59).

The components of the stress tensor are

−T t
t =

lM

W d−1Σk,d−2

, (3.63)

T
ϕj

ϕj
=

lM

(d− 2)W d−1Σk,d−2

. (3.64)

Similar to section 3.2, these components can be expressed in the form of a perfect fluid

stress tensor Tab = pgab + (p+ ϵ)uaub, from which we read the energy density ϵ:

ϵ =
(d− 2)

16πGN l

[(
4GNs

Σk,d−2

) d−3
d−2

(ky2 + (γl)2µ2) +

(
4GNs

Σk,d−2

) d−1
d−2

]
, (3.65)

where M has been expressed in terms of rh as an intermediate step, and then in terms of

the variables s, µ, and y given in equation (3.62). One can also verify that the conformal

7More precisely, the horizon metric before the Weyl transformation.
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equation of state: p = ϵ
d−2

is satisfied.

As a final step, using equation (3.42) that connects ϵ and p with the thermodynamic

potential χ, we can infer the effective action for this holographic fluid

I = −
∫
dd−1x

√
−gχ(s, µ, y) , (3.66)

with the thermodynamic potential χ given by

χ =
(d− 2)

16πGN l

[
−
(
4GNs

Σk,d−2

) d−3
d−2

(ky2 + (γl)2µ2) +

(
4GNs

Σk,d−2

) d−1
d−2

]
. (3.67)

We note that all thermodynamic variables involved in χ are local functions of the space-

time where the fluid resides. Certainly, we have derived χ in this case through inverse

engineering, as we already knew some of the thermodynamic variables and the geomet-

rical variable y. This approach is not an inconvenience for us; rather, it allows us to

treat the thermodynamic potential χ as a starting point, as it encodes all the thermal

information of the fluid. Finally, using equation (3.45), we compute respectively the local

temperature T and charge density q as follows:

T =
(d− 1)

4πl

(
4GNs

Σk,d−2

) 1
d−2

+
(d− 3)(ky2 − (γl)2µ2)

4πl

(
4GNs

Σk,d−2

) −1
d−2

, (3.68)

q =
(d− 2)γ2lµ

8πGN

(
4GNs

Σk,d−2

) d−3
d−2

. (3.69)

Furthermore, we notice that ∂p
∂y

is proportional to k:

∂p

∂y
=

ky

8πGN l

(
4GNs

Σk,d−2

) d−3
d−2

. (3.70)

Consequently, this term vanishes for a charged black brane, as expected, since flat space-
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time does not introduce any additional geometrical scale. Through straightforward alge-

braic manipulations, one can verify that the generalized Euler equation holds:

ϵ+ p = sT + µq + y
∂p

∂y
. (3.71)

Furthermore, substituting the expressions for y and µ from (3.62), one can confirm that

q8 and ∂yp satisfy their respective conservation laws, given by (3.38) and (3.48).

To this point, we have utilized an arbitrary conformal factor to represent a curved

physical background, simulating a state near out of equilibrium for the fluid. The usual

global thermal state is obtained by selecting W = Rl, where R is a constant factor,

reducing equation (3.71) to the Smarr formula given in (3.55). Strictly speaking, the last

statement is true for R = 1; however, the extra scale allows us to distinguish the radius

Rl of the transverse space Σk from the AdS radius l.

In conclusion, we have demonstrated that the Smarr formula is a specific instance of

the generalized Euler equation (3.71). This result implies that holographic fluids satis-

fying the Smarr formula are not fundamentally distinct from more conventional fluids.

The key insight is that when an additional scale arises from the underlying geometry

of the thermal system, the standard scaling argument used to derive the Euler equation

no longer holds, necessitating a generalized formulation. For a system with a compact

volume, the physical interpretation is quite clear: the correction term y ∂p
∂y

in the Euler

equation naturally accounts for a finite-volume effect, as previously noted by [75]. In

summary, there is nothing intrinsically special about the Smarr formula for AdS black

holes; it emerges naturally from general thermodynamic and fluid considerations.

8Let us emphasize that q̃ denotes the constant appearing in the black hole line element, whereas
q = q(x) is a local function defined on the boundary spacetime. We apologize for any notational
inconvenience this may cause.
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3.5 Comments on cosmological constant as a ther-

modynamic variable

In the previous sections, we argued and demonstrated that the Smarr formula is

a specific case of the generalized Euler equation, particularly in the context of black

holes in AdS. In this sense, the Smarr formula naturally fits within the framework of

the AdS/CFT correspondence, as its origins are rooted in well-established physics. This

conclusion is supported by the fact that we derived the generalized Euler equation using

effective field theory techniques applied to fluids. Only after establishing this result did

we invoke the AdS/CFT correspondence to interpret the Smarr formula.

Extended black hole thermodynamics was initially proposed outside the context of

gauge/gravity duality to provide an interpretation of the Smarr formula. In the original

version of this proposal, the cosmological constant Λ was identified with a thermodynamic

pressure [91, 92, 93, 94, 95] as follows:

pΛ = − Λ

8πGN

=
(d− 1)(d− 2)

16πGN l2
, (3.72)

where d is the dimension of the bulk spacetime.9 Clearly, the notion of pressure pΛ does

not correspond to the pressure of the dual field theory. For this reason, the physical

interpretation of the Smarr formula was investigated from a holographic perspective in

[75].

Following the work of [75], a revised version of extended black hole thermodynamics

was proposed to reinterpret the Smarr formula consistently with the AdS/CFT corre-

spondence. To understand this new proposal, we recall the holographic identification

9For reviews on extended black hole thermodynamics, see [116, 117]. Other relevant literature on the
subject includes [118, 119, 120, 121].
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between the parameters of gravity and those of the dual field theory:

N2 ∼ ld−2

GN

. (3.73)

Here, N represents the number of degrees of freedom on field theory side of the duality.

For instance, in N = 4 SYM, N corresponds to the rank of the gauge group SU(N),

which is also the size of a matrix A in the adjoint representation. In the revised version of

extended black hole thermodynamics, the so-called central charge C ∼ N2 is treated as a

thermodynamic variable associated with the cosmological constant Λ [96, 97, 98, 99]. In

this view, a variation in the cosmological constant induces a flow in theory space, affecting

the thermodynamics of black holes in AdS. This proposal is supported by a possible origin

of extended black hole thermodynamics in higher-dimensional physics [115].

The main result of this chapter—that the Smarr formula is a specific instance of

the generalized Euler equation—conflicts this new interpretation for extended black hole

thermodynamics. The reasoning is as follows: perfect fluids, a particular case of hydro-

dynamics, differs fundamentally from renormalization group (RG) physics. While the

number of degrees of freedom N can indeed change with the energy scale in RG flow

(as is well understood in the context of AdS/CFT, see [122, 123]), this cannot explain

the Smarr formula. In a perfect fluids, thermodynamic variables must be functions of

spacetime to describe local thermal equilibrium, something that the number of degrees of

freedom N cannot do. The point is that we should not confuse a flow in a physical space

where the fluid is on with a flow in theory space where an RG flow takes place. Finally, it

is crucial to recognize that global equilibrium is merely a special case of local equilibrium.

As a result, there is no justification for treating C ∼ N2 as a thermodynamic variable.

As a final remark for this section, the standard techniques for studying AdS black

hole thermodynamics—such as the Euclidean method or your preferred method for com-
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puting conserved charges—struggle to clarify the meaning of the Smarr formula. One

reason for this difficulty is the double role played by the AdS radius l. On one hand,

l can be interpreted as the radius of the transverse space at the boundary, while on

the other, it sets the scale for constructing dimensionless quantities in holography, such

as in equation (3.73). This point can be a source of confusion. However, in our con-

struction, this issue is resolved because the variable y (as defined in equation (3.39) is

diffeomorphism-invariant with respect to physical metric gab and gauge-invariant under

the fluid transformations (3.21), (3.22) from the outset. Thus, there is no ambiguity.

Ultimately, the insights gained from fluid/gravity duality were instrumental in revealing

the correct understanding of the Smarr formula within holography.

3.6 Discussion

In this work, we derived a generalized Euler equation (3.47) using effective field

theory techniques, granting our result a broader range of applicability independent of

the AdS/CFT correspondence. We then applied the generalized Euler equation to a

specific case: a holographic fluid derived from the boundary stress tensor associated with

an AdSd Reissner-Nordström black hole, from which we recovered the Smarr formula.

Based on these findings, we further argue that treating the cosmological constant as a

thermodynamic variable is not physically justified. This is because any thermodynamic

variable associated with the AdS radius l cannot become a function of the boundary

spacetime, as required for local thermodynamic equilibrium.

It has been demonstrated that evaluating the on-shell action of spacetimes with a

future event horizon (featuring a planar horizon topology) can reproduce the standard

effective action presented in (3.32). This was achieved by setting up a double-Dirichlet

boundary problem to evaluate the on-shell action [124, 125]. It would be intriguing
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to extend this construction to the more general effective action (3.40) discussed in our

chapter. For this purpose, it is necessary to gain a deeper understanding of the variable

y introduced in this work.

Another intriguing avenue for exploration is the explicit construction of the thermo-

dynamic potential χ for rotating black holes, which also exhibit a boundary stress tensor

with a perfect fluid form [78, 79]. In this work, we focused on even boundary dimensions

d to avoid the complications arising from conformal anomalies. It would be valuable

to develop the most general effective action for perfect fluids that can incorporate such

conformal anomalies. In lower-dimensions, a notable example is the Schwarzian action,

which can be interpreted as the effective action of an anomalous perfect fluid in 1d [126].

A similar structure appears in the boundary action of a non-rotating BTZ black hole

with external sources [127, 128].

It’s well-known that the Schwarzian action captures the near-horizon dynamics of

near-extremal black holes [149, 45]. In contrast, our effective action given in (3.40) is an

off-shell formulation that captures not only the one-point functions (the stress tensor),

but also the Ward identities (the Navier-Stokes equations without dissipation). In this

way, following closely the work of [53], it should be possible to derive a decoupling limit

from the action (3.67), which encodes the dynamics of a holographic charged fluid, and

connect it to the one-dimensional anomalous perfect fluid of [126]. In fact, the author

of [53] already achieved this decoupling limit for a restricted class of CFT3, although

using a different set of variables from the fluid variables.

The Smarr formula remains valid in gravity theories with higher-order curvature

corrections [104]. This raises an important question: can the generalized Euler equation

(3.47) accommodate these theories? If not, it would suggest that the Smarr formula

once again indicates the need for further generalizations of the Euler equation. Similar

questions arise in the context of the dyonic AdS black holes with a non-trivial scalar

103



A fluid perspective of Smarr formula Chapter 3

profile discussed in [129, 130], which constitute solutions to gauged supergravity.

It is worth emphasizing that the isometries of the target metric GMN , as defined in

(3.24), correspond to the emergent low-energy gauge symmetries of the hydrodynamic

effective action. More broadly, asymptotic symmetries at the horizon [131, 132, 133,

134, 135] can be interpreted as manifestations of these emergent gauge symmetries of the

boundary theory. Consequently, any generalization of horizon symmetries implies the

presence of new gauge symmetries in holographic effective actions. Exploring potential

connections between the present work and the novel symmetries identified in [112] would

be a compelling direction for future research.

Similarly, the isometries of the degenerate target metric GMN given in (3.24) are

closely related to Carrollian diffeomorphisms. Motivated by this, it should be possible to

formulate an effective action for Carrollian fluids [136, 137, 138, 139, 140, 141, 142, 143].

In this context, Carrollian diffeomorphisms would serve both as gauge symmetries of

the effective action and as spacetime symmetries of the fluid’s background.10 With this

action principle in place, the Smarr formula for asymptotically flat black holes should

follow in a manner similar to the derivation presented in this chapter.

10This perspective aligns naturally with the Gauge/Gravity duality [112], as it likely follows from
taking a flat limit of the fluid. There is also a body of work exploring the connection between Carrollian
fluids and horizon symmetries [144, 145, 146, 147, 148].
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Near-extremal dynamics away from

the horizon

In this chapter, we investigate the emergence of Schwarzian dynamics at low energies

from a higher-dimensional holographic CFT. We focus on matching the Ward identities

and their generating functional of the Schwarzian theory with those of the parent CFT,

using an off-shell decoupling limit based on a gravitational phase space rather than a

particular black hole solution. Through an explicit construction, we demonstrate that

the anomalous dynamics characteristic of the Schwarzian theory can originate from a

three-dimensional CFT that is free of a Weyl anomaly. This is enabled by exploiting the

inherent ambiguities in defining the Weyl anomaly in one dimension. For comparison, we

also apply our construction to the AdS3/CFT2 correspondence, considering both equal

and unequal left and right central charges, thereby establishing connections with previous

results in the literature.
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4.1 Introduction to the chapter

Asymptotically AdS2 quantum gravity plays a fundamental role in our understanding

of black hole physics, as an AdS2 factor naturally arises in the near-horizon geometry

of higher-dimensional extremal black holes, typically of the form AdS2 × M. A no-

table example is the quantum entropy function in AdS2/CFT1 [153, 154], which captures

both classical and quantum aspects of extremal black holes and successfully matches the

microscopic entropy computed in string theory [155]. However, pure AdS2 gravity is

topological: in Euclidean signature, its on-shell action is proportional to the Euler char-

acteristic. As a result, the theory lacks both local and boundary excitations, precluding

the construction of a standard holographic dictionary for AdS2/CFT1—a limitation al-

ready noted in the original formulation of the AdS/CFT correspondence [29], and further

emphasized from different yet complementary perspectives in [156, 157].

For many years, this posed a paradox: the simplest instance of quantum gravity, re-

alized in two dimensions, remained less understood from a holographic perspective than

its higher-dimensional counterparts. This paradox began to be resolved around 2016,

when attention shifted from extremal to near-extremal black holes. In this regime, the

relevant near-horizon degrees of freedom are effectively described by Jackiw–Teitelboim

(JT) gravity, a two-dimensional theory of gravity coupled to a dilaton. While pure AdS2

gravity admits no local or boundary modes, JT gravity supports nontrivial boundary

dynamics. The dilaton plays a central role in realizing the nearly AdS2/nearly CFT1

(nAdS2/nCFT1) correspondence. The resulting one-dimensional boundary theory is gov-

erned by the Schwarzian action, which encodes the dynamics of time reparametrizations

[149, 45, 150].

The Schwarzian dynamics can be understood as the effective theory of a one dimen-

sional anomalous perfect fluid [126], fitting naturally within the broader context of the
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fluid/gravity correspondence [76, 77]. This interpretation is further clarified by a com-

plementary formulation in terms of Ward identities, which makes the role of the Weyl

anomaly more transparent [158]. It is this latter perspective that aligns most closely with

the approach taken in the present work.

The emergence of JT gravity as an effective description of near-horizon dynamics in

higher-dimensional gravitational theories is well understood. In contrast, its dual coun-

terpart—the emergence of Schwarzian dynamics from higher-dimensional holographic

CFTs—remains far less clear. The goal of this work is to advance our understanding of

this emergence from the boundary field theory perspective. In particular, the structure

of the Ward identities in the Schwarzian theory makes it evident that its dynamics is

anomalous. This raises a natural question: how can a one-dimensional Weyl anomaly

emerge at low energies from a UV CFT such as CFT3, which is free of Weyl anomalies?

This is precisely the question we address in this work by constructing a generaliza-

tion of the standard decoupling limit, which typically leads to the near-horizon region

of a black hole. Unlike the conventional approach, which focuses on specific black hole

solutions, our generalization begins with the gravitational phase space, thereby captur-

ing the UV Ward identities from the outset. Applying the decoupling limit to the full

gravitational phase space then allows for a clean derivation of the Ward identities of the

Schwarzian theory. As a result, we can explicitly track the origin of the one-dimensional

Weyl anomaly.

This approach stands in contrast to other versions of the decoupling limit that focus

on the s-wave sector of the Einstein equations, which are particularly effective in three

dimensions [158]. These constructions support the intuition that, in the dual field theory,

the decoupling limit corresponds to an RG flow from a UV CFT2 to an nCFT1, with an

effective number of degrees of freedom reduced by half.1 However, in dimensions higher

1This resembles the C-theorem in two dimensions, and bootstrap arguments in CFT2 provide support
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than three, this method encounters difficulties due to the mismatch in the Weyl factor

between the UV and IR descriptions, as well as complications arising from rotating black

holes. Furthermore, the approach is not fully off-shell, since the UV Ward identities are

solved from the outset, making it difficult to track their evolution along the RG flow.

In contrast, our construction overcomes these limitations by providing a more general

framework that remains fully off-shell on the field theory side.

This chapter is organized as follows: In Section 4.2, we review the formulation of the

nAdS2/nCFT1 correspondence in terms of Ward identities and provide a careful analysis

of the one-dimensional Weyl anomaly, revealing an inherent ambiguity in its definition

that will play a fundamental role in this work. In Section 4.3, we construct an off-shell

generalization of the decoupling limit in the context of the AdS3/CFT2 correspondence,

which allows us to match the two-dimensional Ward identities with those of the nCFT1.

In Section 4.4, we consider topologically massive gravity (TMG), which is dual to a CFT2

with unequal left and right central charges. We then apply our off-shell decoupling limit

to connect the corresponding Ward identities to those of the nCFT1. Section 4.5 addresses

the most important case: the AdS4/CFT3 correspondence, where no Weyl anomaly is

present on the field theory side. Our off-shell construction of the decoupling limit provides

an explicit derivation of the anomalous Schwarzian dynamics from a parent CFT that

is anomaly-free. Finally, in Section 4.6, we summarize our conclusions and discuss the

main results of this work.

4.2 Aspects of nAdS2/nCFT1

In this section, we revisit JT gravity as a prototype for near extremal dynamics. By

decomposing the dynamics along and transverse to the radial coordinate using a suitable

for this perspective [170, 172].

108



Near-extremal dynamics away from the horizon Chapter 4

Bondi gauge, and explicitly solving the radial evolution, we obtain a description that is

off-shell in the transverse direction. The transverse equations of motion can be identified

with Ward identities in the holographic dual quantum mechanics and lead to Schwarzian

dynamics. As we will see later on, the variables that describe the transverse dynamics of

JT gravity naturally arise in a specific IR limit of higher dimensional CFTs dual to higher

dimensional AdS black holes. The conventions and analysis in this section follow mainly

[158]; other useful references include [149, 45, 126], as well as the reviews [46, 159, 160].

JT gravity couples the two-dimensional metric gab to a dilaton ϕ through the action

[45]

SJT =
1

2κ22

∫
M2

d2x
√
−g ϕ

(
R+

2

ℓ22

)
+

1

κ22

∫
∂M2

dx
√
−hϕ

(
K − 1

ℓ2

)
. (4.1)

Here, κ22 is the dimensionless Newton’s constant in two dimensions and ℓ2 is the AdS2

radius. The surface terms are the standard Gibbons-Hawking-York term that involves

the trace, K, of the extrinsic curvature of the induced metric h on the one-dimensional

boundary ∂M2, and the local volume counterterm proportional to 1/ℓ2.

The field equations following from the action (4.1) are

R+
2

ℓ22
= 0 ,

(∇a∇b − gab□)ϕ+
gab
ℓ22
ϕ = 0 .

(4.2)

These equations do not describe any propagating degrees of freedom. In particular, the

first equation fixes the two-dimensional metric to be locally AdS2.
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4.2.1 Reduced phase space and local symmetries

The field equations (4.2) can be completely integrated by selecting a suitable gauge

[45, 150]. For our present analysis, it will be convenient to parameterize the solutions in

the so-called Bondi gauge,2

ds2 = −f(u, r)du2 − 2α(u)dudr , (4.3)

where α(u) is an arbitrary function of the time coordinate, u, unrestricted by the equa-

tions of motion. Demanding that the metric (4.3) is locally AdS2 requires the radial

profile of the lapse function f(u, r) to be at most quadratic in r, i.e.,

f(u, r) = α(u)2
r2

ℓ22
+ f1(u)

r

ℓ2
+ f0(u) , (4.4)

where f1(u) and f0(u) are arbitrary functions of u. Moreover, the rr component of the

second equation in (4.2) determines that the dilaton ϕ must be linear in r, namely

ϕ(u, r) = ν(u)
r

ℓ2
+ ϕ0(u) , (4.5)

where ν(u) and ϕ0(u) are arbitrary functions.3

The relations (4.4) and (4.5) fully determine the radial dependence of the Bondi gauge

solution and, therefore, parameterize a reduced phase space. However, there exist three

different local transformations that modify the functions α(u), ν(u), f1(u), f2(u) and

2The Bondi gauge has been employed in JT gravity to explore various boundary conditions and their
associated asymptotic symmetries [151, 152].

3There exists a diffeomorphism that relates the Bondi gauge (4.3) with the Fefferman-Graham gauge
ds2 = dr̄2 + γtt(r̄, t)dt

2 used in [158]. The general solutions in these two gauges are related by an

asymptotic diffeomorphism of the form er̄/ℓ2 = r/ℓ2 + O(1), t = u − ℓ22
α(u)r + O(1/r2). Under this

transformation, the functions α(u) and ν(u) here coincide respectively with the functions α(t) and ν(t)
that parameterize the running dilaton solutions in [158].
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ϕ0(u), but preserve the form of the radial solution:

i) Time reparameterizations, u→ ū(u), under which:

α(u) → ᾱ(ū) =
(dū
du

)−1

α(u) , f1,0(u) → f̄1,0(ū) =
(dū
du

)−2

f1,0(u) ,

ν(u) → ν̄(ū) = ν(u) , ϕ0(u) → ϕ̄0(ū) = ϕ0(u) .

(4.6)

ii) Local rescalings of the radial coordinate, r → eσ(u)r, under which:

α → eσα , f1 → eσ
(
f1 + 2ασ′) , f0 → f0 ,

ν → eσν , ϕ0 → ϕ0 .

(4.7)

iii) Local shifts of the radial coordinate, r → r + ζ(u), under which:

α → α , f1 → f1 + 2α2ζ/ℓ2 , f0 → f0 + α2ζ2/ℓ22 + f1ζ/ℓ2 + 2αζ ′ ,

ν → ν , ϕ0 → ϕ0 + νζ/ℓ2 .

(4.8)

The fact that f1(u) and ϕ0(u) transform additively under this transformation im-

plies that either of the two can be viewed as a compensator. In particular, taking

ϕ0(u) as the compensator, we can dress each of the variables with an appropri-

ate function of ϕ0(u) so that the resulting composite variable is invariant. Since

α(u) and ν(u) are already invariant we need only consider f1(u) and f0(u). It is

straightforward to verify that the variables

f̃1 = f1 − 2α2ϕ0

ν
, f̃0 = f0 + α2ϕ

2
0

ν2
− ϕ0

ν
f1 − 2ℓ2α∂u

(ϕ0

ν

)
, (4.9)

are invariant under the transformations (4.8).

Using ϕ0(u) as a compensator of the radial shift symmetry allows us to parameterize

111



Near-extremal dynamics away from the horizon Chapter 4

the reduced phase space in terms of the four shift invariant functions α(u), ν(u), f̃1(u)

and f̃0(u). As we will see next, it is precisely these variables that can be mapped to the

sources and one-point functions of the dual quantum mechanics.

4.2.2 Holographic dictionary and Ward identities

The remaining equations of motion impose differential relations among the functions

that parameterize the reduced phase space. These relations take the form

f̃1 = 2ℓ2α
∂uν

ν
, ∂u

(
ν2

α2
f̃0

)
= 0 , (4.10)

and correspond to first class constraints that generate the local symmetries i) and ii)

above. In order to identify these constraints with Ward identities in the dual quantum

mechanics, it is necessary to choose a suitable parameterization of the reduced phase

space.

Examining the leading asymptotic form of the radial solutions (4.4) and (4.5), we

identify −α(u)2 with the boundary metric and log ν(u) with the source of the scalar

operator dual to the dilaton (see footnote 3) [158]. We expect, therefore, that the shift-

invariant functions f̃1(u) and f̃2(u) are related to the one-point functions of the stress

tensor Ou and the scalar operator dual to the dilaton Oϕ. The precise relation between

the variables f̃1(u), f̃2(u) and Ou, Oϕ is dictated by the requirement that the constraints

imposed by the remaining equations of motion take the standard form of conformal Ward

identities when expressed in terms of the operators Ou, Oϕ. This requirement determines

that

f̃1(u) = 2κ22γ
2α

2

ν

∫
duα(Ou +Oϕ) + 2(1− ω2γ2)ℓ2α

∂uν

ν
,

f̃0(u) = 2κ22
α2

ν
ℓ2Ou − ω2ℓ22

(∂uν)
2

ν2
,

(4.11)
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where γ and ω are arbitrary constants that reflect an ambiguity in the identification of

the dual quantum mechanics operators from the reduced phase space variables. As we

will see, ω is related to a local counterterm in the effective action of the dual conformal

quantum mechanics and will play a key role in the subsequent analysis.

In terms of the variables Ou, Oϕ introduced via (4.11) the remaining equations of

motion become

Ou +Oϕ =
ω2ℓ2
κ22α

∂u

(
∂uν

α

)
, (4.12a)

∂uOu −Oϕ
∂uν

ν
= 0 . (4.12b)

These match exactly the Ward identities in the dual conformal quantum mechanics [158],

with the r.h.s. of (4.12a) identified with a “conformal anomaly”. It is not a genuine

conformal anomaly, since, as we mentioned above and we will review below, the value

of the parameter ω can be modified by a local counterterm. These equations are also

independent of the arbitrary parameter γ in equation (4.11).

Unlike in higher dimensions, the Ward identities (4.12a), (4.12b) can be integrated

to obtain the form of the variables Ou and Oϕ. In particular, the general solution of the

Ward identities is [158]

Ou = −m
ν

+
ω2ℓ2
2κ22ν

(
∂uν

α

)2

,

Oϕ =
m

ν
+
ω2ℓ2
2κ22

(
2

α
∂u

(
∂uν

α

)
− 1

ν

(
∂uν

α

)2
)
,

(4.13)

where m is an integration constant. These variables may be expressed as variations of

the action

Iω[α, ν] =

∫
duα

[
−m
ν

− ω2ℓ2
2κ22

1

ν

(
∂uν

α

)2
]
, (4.14)
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with respect to α and ν, respectively. Namely,

δIω =

∫
du
(
Ou δα +

α

ν
Oϕ δν

)
. (4.15)

The effective action Iω[α, ν] allows us to exhibit the direct relation between the Ward

identities (4.12a), (4.12b) and the reduced phase space symmetries i) and ii), which we

can now recognize, respectively, as boundary diffeomorphisms and Weyl transformations.

Taking ϵ as the parameter of an infinitesimal boundary diffeomorphism and σ of an

infinitesimal boundary Weyl transformation, the sources α(u) and ν(u) transform as

δϵ,σα = ∂u(ϵα) + ασ , δϵ,σν = ϵ∂uν + νσ . (4.16)

Applying these transformations to the expressions (4.13), we can also determine the trans-

formation of the variables Ou and Oϕ, which we will need later on. A direct calculation

gives

δϵ,σOu = ϵ ∂uOu − σOu +
ω2ℓ2
κ22

∂uν∂uσ

α2
,

δϵ,σOϕ = ϵ ∂uOϕ − σOϕ +
ω2ℓ2
κ22

ν

α
∂u

(
∂uσ

α

)
.

(4.17)

In particular, both operators transform as scalars under boundary diffeomorphisms, but

possess an anomalous Weyl transformation when ω ̸= 0.4

Returning to the relation between the Ward identities (4.12a), (4.12b) and the sym-

metry transformations (4.16), let us first consider boundary diffeomorphisms. The trans-

formations (4.16) lead us to identify hb = −α2 with the metric on the one-dimensional

boundary and ν with a boundary scalar. The effective action can then be expressed in

4Note that the transformation of Oϕ in eq. (5.8b) of [158] contains two typos.
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the manifestly covariant form

Iω =

∫
du
√

−hb ν−1

(
−m+

ω2ℓ2
2κ22

h−1
b (∂uν)

2

)
. (4.18)

It follows that Iω is invariant under boundary diffeomorphisms. This means that special-

izing (4.15) to boundary diffeomorphisms we have

δϵIω = −
∫

du ϵ α

(
∂uOu −Oϕ

∂uν

ν

)
= 0 . (4.19)

Since this must hold for arbitrary ϵ(u), we recover the Ward identity (4.12b).

This argument can be repeated for boundary Weyl transformations. However, the

effective action is not invariant in this case. In particular, under an infinitesimal Weyl

transformation

δσIω =
ω2ℓ2
κ22

∫
duσ∂u

(∂uν
α

)
. (4.20)

From (4.15) follows that

δσIω =

∫
duσ α(Ou +Oϕ) =

ω2ℓ2
κ22

∫
duσ∂u

(∂uν
α

)
, (4.21)

which implies the trace Ward identity (4.12a).

Let us now consider a combined boundary diffeomorphism and Weyl transformation

such that the boundary metric remains unchanged. The parameters ϵo and σo of such a

transformation satisfy

δϵo,σoα = ∂u(ϵoα) + ασo = 0 . (4.22)

This condition reduces the local parameters from two to one. In particular, the two
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parameters satisfying the constraint (4.22) can be chosen as

ϵo =
ξ

α
, σo = −∂τξ , (4.23)

where ξ(u) is an arbitrary function and

τ(u) =

∫ u

du′ α(u′) , (4.24)

is the proper time on the boundary. Under generic ξ-transformations ν transforms as

δξν = ϵo∂uν + νσo = ϵo∂uν −
ν

α
∂u(ϵoα) = −ν2∂τ (ν−1ξ) , (4.25)

or

δξν
−1 = ∂τ (ν

−1ξ) . (4.26)

Finite ξ-transformations play a central role in the dynamics of JT gravity and take

the form

ν(τ) → νF(τ) =
1

∂τF(τ)
ν(F(τ)) , (4.27)

where F(τ) is an arbitrary function with ∂τF(τ) ̸= 0. Indeed, inserting F(τ) = τ + ξ(τ)

in (4.27) and expanding for small ξ(τ) we recover the infinitesimal transformation (4.26).

If ω ̸= 0, a specific finite ξ-transformation can be used to set ω = 1, at the expense of

introducing an overall factor of ω in the effective action, Iω, and in the variables Ou and

Oϕ. In particular, a finite ξ-transformation with F(τ) = ω τ amounts to the rescaling

ν → ν/ω. Accordingly, Iω → ωIω=1, Oω
u → ωOω=1

u and Oω
ϕ → ωOω=1

ϕ . In particular,

the Ward identities (4.12a) and (4.12b), as well as the operator transformations (4.17)

become independent of ω.

Applying two successive infinitesimal ξ-transformations on ν we can determine the
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corresponding algebra. Using (4.26), we obtain

[δξ1 , δξ2 ]ν
−1 = δξν

−1 , ξ = ξ2∂τξ1 − ξ1∂τξ2 . (4.28)

The representation of the algebra of ξ-transformations on the phase space of JT gravity

solutions requires a Poisson bracket. The variation (4.15) of the effective action defines

the symplectic form

ΩJT =

∫
du
(
δOu ∧ δα +

α

ν
δOϕ ∧ δν

)
. (4.29)

Inverting this leads to the Poisson bracket

{A,B} =

∫
du

(
δA

δα

δB

δOu

+
ν

α

δA

δν

δB

δOϕ

− A↔ B

)
, (4.30)

where A, B are arbitrary functions of the phase space variables, α, ν, Ou, and Oϕ.

Boundary diffeomorphisms andWeyl transformations are generated through this Pois-

son bracket by the Ward identities (4.12a), (4.12b). In particular, introducing the phase

space functional

L(ϵ, σ) =
∫
duα

[
ϵ

(
∂uOu −Oϕ

∂uν

ν

)
− σ

(
Ou +Oϕ −

ω2ℓ2
κ22α

∂u

(
∂uν

α

))]
, (4.31)

the transformation of any phase space variable A is given by

δϵ,σA = {L(ϵ, σ), A} . (4.32)

ξ-transformations are generated by (4.31) with the parameters given in (4.23), namely

L(ξ) =
∫
du

[
ξ

(
∂uOu −Oϕ

∂uν

ν

)
+ ∂uξ

(
Ou +Oϕ −

ω2ℓ2
κ22α

∂u

(
∂uν

α

))]
. (4.33)

117



Near-extremal dynamics away from the horizon Chapter 4

Dropping total derivative terms, this can be simplified to

L(ξ) = −
∫
dτ ξν−1 ∂τ

(
νOϕ −

ω2ℓ2
κ22

(
ν∂2τν −

1

2
(∂τν)

2
))

. (4.34)

It is straightforward to verify that the ξ-transformations of α and ν we found above,

namely δξα = 0, δξν = −ν2∂τ (ν−1ξ), are generated by (4.34) through the Poisson bracket

(4.30). Similarly, the ξ-transformation of the variables Ou and Oϕ may be obtained

either by specializing the transformations (4.17) to ξ-transformations, or via the Poisson

bracket. Either way, one obtains

δξOu = ∂τ (ξOu)−
ω2ℓ2
κ22

∂τν∂
2
τ ξ ,

δξOϕ = ∂τ (ξOϕ)−
ω2ℓ2
κ22

ν∂3τ ξ .

(4.35)

In particular, the combination ν−1Oϕ transforms as [158]

δξ(ν
−1Oϕ) = {L(ξ), ν−1Oϕ} = 2ν−1Oϕ∂τξ + ξ∂τ

(
ν−1Oϕ

)
− ω2ℓ2

κ22
∂3τ ξ , (4.36)

which corresponds to the coadjoint representation of the Virasoro algebra with central

charge proportional to ω2ℓ2/κ
2
2 [162]. However, the combination ν−1Oϕ− ω2ℓ2

κ2
2
ν−2
(
ν∂2τν−

1
2
(∂τν)

2
)
that enters in the generating function (4.34) possesses a homogeneous ξ trans-

formation. As a result, the algebra of ξ-symmetry generators on the phase space closes

without a central element, namely

{L(ξ1),L(ξ2)} = δξ1L(ξ2) = L(ξ2∂τξ1 − ξ1∂τξ2) . (4.37)

Finally, let us consider the special case of ξ-transformations that preserve ν, besides

α. From the ξ-transformation of ν in (4.26) we see that ν is preserved provided ξ = kν,
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where k is constant. In that case, ϵo in (4.23) corresponds to the unique conformal Killing

vector (CKV) of JT gravity solutions. The existence of CKVs implies the existence of

associated conserved charges, which can be constructed using the Ward identities (4.12b)

and (4.12a).5 Multiplying the diffeomorphism Ward identity (4.12b) with ϵo we obtain

1

α

(
∂u(νOu)− (Ou +Oϕ)∂uν

)
= 0 . (4.38)

Using the trace Ward identity (4.12a), this in turn can be written as

∂τ (νOu)−
ω2ℓ2
κ22

∂2τν∂τν = 0 , (4.39)

or

∂τ

(
νOu −

ω2ℓ2
2κ22

(∂τν)
2

)
= 0 . (4.40)

It follows that the conserved charge associated with the unique CKV corresponding to

constant ξ is

Q ≡ −
(
νOu −

ω2ℓ2
2κ22

(∂τν)
2

)
= m, (4.41)

where in the second equality we have used the form of Ou in (4.13). It follows that the

integration constant, m, parameterizing the variables Ou and Oϕ is the conserved charge

associated with the timelike CKV, i.e. the mass or energy of the solution.

4.2.3 On-shell action and Schwarzian dynamics

Let us next compute the on-shell value of the JT action (4.1). The equations of

motion (4.2) imply that the bulk integral vanishes on-shell and so there is only a boundary

5In higher dimensions, not all CKVs lead to a conserved charge in the presence of a conformal anomaly
[114]. However, due to the form of the conformal anomaly in one dimension, a conserved charge always
exists.
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contribution to the action

SJT

∣∣∣
on−shell

=
1

κ22

∫
∂M2

dx
√
−hϕ

(
K − 1

ℓ2

)
. (4.42)

Writing the Bondi gauge metric (4.3) in the ADM form

ds2 = (N2 +NuN
u)dr2 + 2Nududr + huududu , (4.43)

we identify Nu = −α, huu = −f , and N = αf− 1
2 . It follows that the extrinsic curvature

is given by

Kuu =
1

2N
(∂rhuu − 2DuNu) =

1

2N
(∂rhuu − 2∂uNu + h−1

uu∂uhuuNu) , (4.44)

where Du is the covariant derivative with respect to the induced metric huu. Evaluating

the trace of the extrinsic curvature, K = h−1
uuKuu, inserting it in (4.42), and taking the

limit r → ∞ we obtain (see also appendix B of [161])

SJT

∣∣∣
on−shell

=

∫
duα

[
m

ν
+

ℓ2
2κ22

(
2

α
∂u

(
∂uν

α

)
− 1

ν

(
∂uν

α

)2
)]

. (4.45)

As expected, the on-shell action is independent of the parameters ω or γ introduced in

(4.11), since the invariant functions f̃0,1 do not depend on these parameters once the

explicit form of the operators in (4.13) is taken into account. More importantly, the

on-shell action is also independent of the function ϕ0(u), which reflects the fact that the

boundary theory is inert under the local symmetry iii).

Comparing the on-shell action (4.45) and the effective action Iω in (4.14), we observe

that they contain exactly the same terms, but with different coefficients. In particular,
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the two are related by

SJT

∣∣∣
on−shell

= Iω + 2

∫
du
√

−hb ν−1Q+ (1− ω2)
ℓ2
2κ22

∫
du
√
−hb ν−1h−1

b (∂uν)
2 , (4.46)

where hb = −α2 is the metric on the one-dimensional boundary and Q = m is the

conserved charge in (4.41). Each of the additional terms on the right-hand side of (4.46)

plays an important role which is worth discussing separately:

1. The last term in (4.46) is a local counterterm that modifies the value of ω. This is

why ω is not a conformal anomaly as mentioned below (4.12). To make this more

manifest, we write

Sct =
ℓ2
2κ22

∫
du

√
−hϕ−1huu(∂uϕ)

2 , (4.47)

and

Sct

∣∣∣
on−shell

=
ℓ2
2κ22

∫
du
√
−hb ν−1h−1

b (∂uν)
2 . (4.48)

The addition of this boundary counterterm will play a crucial role in our subsequent

analysis. As we will see in the coming sections, the UV completion of JT gravity

determines ω.

2. The term proportional to Q in (4.46) is simply the Gibbons-Hawking-York term

evaluated on the surface of minimum radius [163, 164]. This term is state-dependent,

since it involves the mass parameter m, which places it in a different footing to Sct.

Adding such contribution to Iω leads to some useful properties. We define

Ĩω = Iω + 2

∫
du
√

−hb ν−1Q =

∫
duαOϕ . (4.49)

Since the integrand of Ĩω is proportional to Oϕ, its ξ-transformation is related to the
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transformation of a Virasoro current, and therefore to Schwarzian dynamics. To

render this connection manifest, let us begin by writing the effective action (4.49)

in the form

Ĩω =
ℓ2
κ22

∫
dτ ν Sω , (4.50)

where Sω is given by

Sω[ν; τ ] =
κ22
ℓ2
ν−1Oϕ =

s0
2ν2

+
ω2

2

(
2

ν
∂2τν −

1

ν2
(∂τν)

2

)
, s0 =

2κ22
ℓ2
m. (4.51)

The Ward identities in (4.12) imply that Sω satisfies the differential constraint

∂τ (ν
2Sω)− ω2ν∂3τν = 0 . (4.52)

Moreover, (4.36) implies that Sω transforms as a Virasoro current under ξ trans-

formations, namely

δξSω = 2Sω∂τξ + ξ∂τSω − ω2∂3τ ξ . (4.53)

As we will see shortly, Ĩω and Sω will be central in decoding thermodynamical

properties.

To close, we find that Ĩω coincides with the on-shell value of SJT plus the local

covariant counterterm, namely

SJT + (ω2 − 1)Sct . (4.54)

Schwarzian dynamics

The analysis so far has not revealed that the gravitational aspects of JT gravity can be

described in terms of a Schwarzian effective action, as shown in [45]. In the following, we
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will show how this description is derived in our notation. The main idea is to characterize

appropriately our reduced phase space under the boundary condition that ν is constant.

We will start by being more explicit about the solutions to the equations of motion

in the Bondi gauge by writing out explicitly (4.3)-(4.5). With a convenient choice of the

function ϕ0, the general solution to (4.2) is

ds2 = −
(
r2

ℓ22
− 2ℓ22 Sω=1

)
dτ 2 − 2 dτ dr , ϕ = ν

r

ℓ2
− ℓ2∂τν , (4.55)

where Sω=1 stands for (4.51) with ω = 1 and the proper time τ is defined in (4.24);

we also used (4.9), (4.11), and (4.13). Recall that even though intermediate steps have

ω-dependence, all solutions are independent of the parameter ω.

Vacuum solutions correspond to configurations with Sω=1 = 0. Via (4.52), this pro-

vides an equation for ν(τ), whose general solution takes the form

ν(τ) = −a(τ − τ0)
2 + b(τ − τ0) +

s0 − b2

4a
, (4.56)

where a, b and τ0 are integration constants.

Analogously, a black hole solution with temperature T corresponds to configurations

with Sω=1 = 2π2T 2. The general solution to (4.52) in this case that reduces to (4.56) as

T → 0 is

ν(τ) = − a

π2T 2
sinh2

(
πT (τ − τ0)

)
+

b

2πT
sinh

(
2πT (τ − τ0)

)
+

√
a2 + (s0 − b2)π2T 2 − a

2π2T 2
,

(4.57)

where again a, b and τ0 are integration constants. A static solution is obtained by setting

a = b = 0, in which case ν =
√
s0/2πT or s0 = (2πTν)2. This is in agreement with

(4.51), which implies that Sω=1 = s0/2ν
2 for static solutions .
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Both (4.56) and (4.57) are solutions of the condition ∂τSω=1 = 0. Importantly, this

equation is not a consequence of the JT equations of motion, since (4.55) solves these for

any function ν(τ). However, ∂τSω=1 = 0 enforces the regularity of JT gravity solutions

– that is smooth AdS2 or existence of a horizon – and can be derived from the on-shell

action of JT gravity as follows [45]. Consider the finite ξ-transformation (4.27), where

we will reparametrize the proper time via τ → t = t(τ). It is convenient to cast this as

an inverse transform, i.e., take τ(t), and hence we write

ν(t) → ντ (t) =
ν(τ(t))

τ ′(t)
, (4.58)

and then functional Sω[ν; τ ] transforms as

Sω[ν; τ ] → Sω[ντ ; t] = τ ′2Sω[ν; τ ]− ω2{τ, t} . (4.59)

This is the finite version of (4.53), where we have introduced the Schwarzian derivate,

{τ, t} = −1

2

(
τ ′′

τ ′

)2

+

(
τ ′′

τ ′

)′

. (4.60)

Primes here are derivatives with respect to t. Taking the initial ν(τ) to be the vacuum

solution (4.56), this transformation reduces to

Sω=1[ντ ] = −{τ, t} . (4.61)

The corresponding value of the effective action (4.50) for ω = 1 is

Ĩω=1[α, ντ ] =
ℓ2
κ22

∫
dt ντ Sω=1[ντ ] = − ℓ2

κ22

∫
dt ντ {τ, t} . (4.62)
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The equation ∂τSω=1 = −∂τ{τ, t} = 0 follows by varying this action with respect to τ(t),

keeping ντ fixed and constant. In fact, keeping ντ a fixed constant and the equation

∂τ{τ, t} = 0 are not independent. Equations (4.56) and (4.58) imply that in order for ντ

to be constant, τ(t) must satisfy the first order equation

ντ =
−a
(
τ(t)− τ0

)2
+ b
(
τ − τ0

)
+ s0−b2

4a

τ ′(t)
. (4.63)

The general solution of this equation is

τ(t) =

√
s0
2a

tanh

(√
s0

2νu
(t− t0)

)
+

b

2a
+ τ0 , (4.64)

where t0 is an integration constant. Moreover, the solution of the condition {τ, t} =

−2π2T 2 is

τ(t) = a1 tanh (πT (t− t0)) + a2 , (4.65)

where again a1, a2 and t0 are integration constants. Clearly, the two solutions coincide

provided we identify s0 = (2πTντ )
2, a1 = πTντ/a and a2 = b/2a+ τ0.

The analysis of the regular static solutions above was based on the effective action

(4.50) for ω = 1. Interestingly, the same results follow for any ω ̸= 0. In particular, for

generic ω we find

Ĩω[α, ντ ] =
ℓ2
κ22

∫
dt ντ Sω[ντ ] =

ℓ2
κ22

∫
dt ντ

(
(1− ω2)

s0
2ν2τ

− ω2{τ, t}
)
. (4.66)

Varying this with respect to τ(t) keeping ντ fixed leads to the same constraint, ∂τ{τ, t} =

0. Moreover, on-shell {τ, t} = −2π2T 2 and s0 = (2πTντ )
2, which implies that for any ω

125



Near-extremal dynamics away from the horizon Chapter 4

the on-shell value of the effective action is

Ĩω[α, ντ ] =
ℓ2
κ22

∫
dt ντ 2π

2T 2 . (4.67)

It is worth pointing out that for ω = 1, which is the value appearing naturally in JT

gravity, we have

SJT

∣∣∣
on−shell

= Ĩω=1[α, ντ ] = − ℓ2
κ22

∫
dt ντ {τ, t} . (4.68)

In this scheme, everything is encoded in the Schwarzian effective action. What our

analysis here shows is that the local counterterm (4.47) modifies the normalization of

this piece of the effective action, as reflected in (4.66), without tampering with the final

answer in (4.67) which is ω independent. From this perspective, the Schwarzian effective

action is a scheme-dependent contribution.

Thermodynamics

Since the value of the effective action (4.50) on the static black hole solution is inde-

pendent of the of ω, its Euclidean version can be identified with the Helmholtz free energy

of the 2D black hole. Wick rotating to Euclidean time, tE ∼ tE + T−1, the Euclidean

on-shell action is given by

ĨEω [α, ντ ] =
ℓ2
κ22

∫
dtE

(
− s0
2ντ

)
= −2π2ℓ2

κ22
ντT . (4.69)

From (4.55) we read off the location of the horizon, rh = 2πℓ22T , as well as the corre-

sponding value of the scalar field, ϕ(rh) = ντrh/ℓ2. It follows that the black hole entropy

is given by

S =
2π

κ22
ϕ(rh) =

4π2ℓ2
κ22

ντT , (4.70)
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while the heat capacity is

C =
∂S

∂T
=

4π2ℓ2
κ22

ντ . (4.71)

Identifying the energy with the conserved charge (4.41), modified by the appropriate

normalization of the timelike Killing vector for the static solution [164], we have

E =
m

ντ
=

ℓ2
2κ22

s0
ντ

=
2π2ℓ2
κ22

ντT
2 . (4.72)

Putting everything together, we verify that the Euclidean on-shell action for any ω is

indeed proportional to the Helmholtz free energy, i.e.,

ĨEω [α, ντ ] = T−1 (E − TS) . (4.73)

4.2.4 Key results

To facilitate comparison with subsequent sections, let us define IJT ≡ Iω=1 as the

generating functional obtained via a canonical transformation from the on-shell action of

JT gravity given in (4.45). This allows us to express the relation:

IJT = Iω + (1− ω2)
ℓ2
2κ22

∫
du
√
−hbν−1h−1

b (∂uν)
2 , (4.74)

where hb = −α2. The two generating functionals are related by a covariant counterterm.

The key insight of this section is that, in one dimension, the concept of a Weyl anomaly

is inherently ambiguous because such a counterterm can always be added. In sharp

contrast, in higher dimensions, no covariant counterterm exists to alter the coefficient of

the Weyl anomaly, making it a robust quantity. As a result, the following Ward identity
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in one dimension is ambiguous:

Ou +Oϕ =
ω2ℓ2
κ22α

∂u

(
∂uν

α

)
, (4.75)

On the other hand, the Ward identity associated with diffeomorphism invariance remains

unchanged:

∂uOu −Oϕ
∂uν

ν
= 0 . (4.76)

In parallel, let us define the operators generated by IJT as OJT
u ≡ Oω=1

u and OJT
ϕ ≡ Oω=1

ϕ .

The boundary counterterm (4.74) then induces the following field redefinitions:

OJT
u = Ou +

(1− ω2)

2

ℓ2
κ22

(∂uν)
2

να2
,

OJT
ϕ = Oϕ −

(1− ω2)

2

ℓ2
κ22

(∂uν)
2

να2
+ (1− ω2)

ℓ2
κ22α

∂u

(
∂uν

α

)
.

(4.77)

This mapping preserves the diffeomorphism Ward identity while modifying the Weyl

anomaly identity in (4.75), thereby yielding the standard JT Ward identities:

OJT
u +OJT

ϕ =
ℓ2
κ22α

∂u

(
∂uν

α

)
,

∂uOJT
u −OJT

ϕ

∂uν

ν
= 0 .

(4.78)

The Lagrangian version of the Schwarzian action, which is the form that usually appears

in the literature, is simply a canonical transformation of IJT:

ĨJT = IJT + 2

∫
du
√
−hb ν−1Q = − ℓ2

κ22

∫
dtνt{τ, t} , (4.79)
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where Q is the conserved charge defined in (4.41). Finally, we summarize the three-level

thermodynamics in a convenient form for future comparison:6

E = 2π2CHℓ
2
2T

2 , S =
2E

T
, CH =

1

κ22
(4.80)

In the following sections, we will make use of the operator mapping in (4.77), derived from

the counterterm in (4.74), to relate a particular low-energy limit of higher-dimensional

CFTs to the Ward identities of Schwarzian dynamics. In this context, we will focus

primarily on the generating function IJT, rather than its Lagrangian form SJT, since

they are related in a straightforward way by equation (4.79). Finally, the three-level

thermodynamics (4.80) will serve as a consistency check for the off-shell construction of

the decoupling limit, which we will develop in the following sections.

4.3 Near-extremality at the boundary of AdS3/CFT2

This section will describe the emergence of near-extremal dynamics in the context of

AdS3/CFT2. This task has two aspects worth highlighting. First, we will work partially

off-shell in a reduced phase space: concretely, the radial dependence of the metric com-

ponent is fully solved, and the remaining conditions to be fully on-shell are equivalent to

imposing the Ward identities in the CFT2. This approach will show how the phase space

and dynamics of Sec. 4.2 enter AdS3 gravity in the appropriate limit without tampering

with the radial direction and identifying the variables off-shell appropriately. Second,

the parametrization of the metric functions will make explicit how variables of the CFT2

are related to those in the nCFT1. With this, we will show the connection between the

Ward identities of the two systems.

6In comparison with equations (4.70), (4.71), and (4.72), we have set ντ = ℓ2.
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4.3.1 CFT2 Ward identities on curved backgrounds

Our starting point is to consider a CFT2 on a non-trivial two-dimensional background.

A useful characterization of this background will be

ds2
2D
= −α2du2 + ν2(dθ + µdu)2 , (4.81)

where here α(u), ν(u) and µ(u) are three arbitrary functions.7 With this parametrization

of the background metric, it is convenient to decompose the stress tensor such that its

components tie directly to the appropriate source we have introduced: (α, ν, µ). For this

reason, we write

Tθθ = νO2D

θ ,

Tuθ = αO2D

j + µTθθ ,

Tuu = µ2νO2D

θ + 2µαO2D

j − α2

ν
O2D

u ,

(4.82)

where we have traded the three components of the stress tensor for the operators O2D

s ≡

(O2D

u ,O2D

j ,O2D

θ ). Now it is simple to verify the pairing between sources and operators,

which reads

δI = −1

2

∫
d2x

√
−g2D Tab δg

ab
2D

=

∫
d2x(−O2D

j νδµ+O2D

θ

α

ν
δν +O2D

u δα) . (4.83)

The Ward identity and the trace anomaly for a CFT2 are

∇aT
ab = 0 , T a

a =
c

24π
R(2) , (4.84)

where c is the central charge, and R(2) is the Ricci scalar of the background geometry. For

the moment, we are considering CFTs with no gravitational anomalies, i.e., cL = cR = 2c,

7We could also consider α, ν and µ to be functions of θ. However, it suffices to have time-dependent
sources for our analysis.
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but we will generalize this discussion in Sec. 4.4.1. In terms of the operators introduced in

(4.82), and for the background in (4.81), these equations take a simple form. Assuming

that the sources in (4.81) have only u-dependence, the Ward identity reads

(∂u − µ∂θ)O2D

j +O2D

j

∂uν

ν
+
α

ν
∂θO2D

u = 0 ,

(∂u − µ∂θ)O2D

u −O2D

θ

∂uν

ν
+
α

ν
∂θO2D

j = 0 ,

(4.85)

while the trace anomaly is

O2D

θ +O2D

u =
c

24π

2

α
∂u

(
∂uν

α

)
, (4.86)

where we used that the Ricci scalar is given by

R(2) =
2

αν
∂u

(
∂uν

α

)
. (4.87)

Finally, there are two charges that are important to highlight: the total energy (E)

and angular momentum (J) of the system. In our conventions, they read

E = −
∫

dθ

(
νO2D

u − c

24π

(
∂uν

α

)2
)

,

J =

∫
dθ νO2D

j .

(4.88)

From (4.85), we can see that these charges are conserved when the operators are inde-

pendent of θ.

4.3.2 AdS3 reduced phase space

In this portion, guided by Sec. 4.3.1, we will construct a geometry whose boundary

metric is (4.81) and supported by a boundary stress tensor (4.82). We will be working
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with a three-dimensional Einstein-Hilbert action, supplemented with a negative cosmo-

logical constant, i.e.,

SAdS3
=

1

2κ23

∫
M

d3x
√
−g
(
R +

2

ℓ23

)
+

1

κ23

∫
∂M

d2x
√
−h
(
K − 1

ℓ3

)
, (4.89)

where κ23 = 8πG3, ℓ3 is the AdS3 radius, and K is the extrinsic curvature.

It is well known how to describe asymptotically AdS3 backgrounds for pure AdS3

gravity, with one key fact being that the Fefferman-Graham expansion terminates [33].

Here, we will describe these geometries in the Bondi-gauge,8 where we start by charac-

terizing the metric as

ds2
3D
= −F (u, r, θ)du2 − 2α(u)dudr + Φ2(u, r) (dθ + A(u, r, θ)du)2 . (4.90)

One can determine the radial dependence of these functions such that they comply with

the equations of motion. Concretely, we have

Φ(u, r) = ν(u)
r

ℓ3
+ Φ0 , (4.91)

where Φ0 is constant, and the remaining metric functions are

F (u, r, θ) =
α2

ν2
Φ2 + F1(u, θ) Φ + F0(u, θ) +

F−2(u, θ)
2

Φ2
,

A(u, r, θ) = µ(u) +
F−2(u, θ)

Φ2
.

(4.92)

In relation to the CFT2 setup, the boundary metric of this spacetime is given by (4.81)

as desired; note that the coordinate u is null in the bulk, but on the boundary, it becomes

time-like. Φ controls the size of S1, and hence we can use this field as a dial to get close to

8The Bondi gauge has been employed in AdS3 to explore various boundary conditions and their
associated asymptotic symmetries [152, 165, 166]
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the UV (asymptotic AdS3 region) or close to the IR (near horizon region). The functions

Fi(u, θ) control the one-point functions of the stress tensor. In relation to the notation

in (4.82), we find

F1(u, θ) = 2κ23
α2

ν2

∫
duα (O2D

θ +O2D

u ) ,

F0(u, θ) = 2ℓ3κ
2
3

α2

ν
O2D

u − ℓ23

(
∂uν

ν

)2

− Φ0F1(u, θ) ,

F−2(u, θ) = ℓ3κ
2
3 α(u)O2D

j .

(4.93)

Here the operators (O2D

θ ,O2D

u ,O2D

j ) depend on the variables u and θ. As stated, the

background is still not a solution to Einstein’s equations. Imposing that the (4.90) solves

the equations of motion requires that

(∂u − µ∂θ)O2D

j +O2D

j

∂uν

ν
+
α

ν
∂θO2D

u = 0 ,

(∂u − µ∂θ)O2D

u −O2D

θ

∂uν

ν
+
α

ν
∂θO2D

j = 0 ,

O2D

θ +O2D

u =
c

24π

2

α
∂u

(
∂uν

α

)
,

(4.94)

where the central charge is given in terms of gravitational parameters by

c =
3ℓ3
2G3

. (4.95)

These are exactly the Ward identities of the CFT2: the covariant conservation equation

(4.85) and trace anomaly (4.86). Hence, imposing that (4.90)-(4.93) is locally AdS3 is

equivalent to imposing the Ward identities of the CFT.

It is important to note that (4.90)-(4.93) generalizes the Bañados phase space intro-

duced in [167]. Here, we have parametrized the solution for a time-dependent boundary

metric, and in contrast to [167], the trace anomaly is not solved for. Our parametrization
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of AdS3 is an adaptation of [33, 37] where we are working in the Bondi gauge, rather than

a Fefferman-Graham gauge. The advantage of working in the Bondi gauge, relative to

Fefferman-Graham, is that Φ in (4.91) is independent of the operators (O2D

θ ,O2D

u ,O2D

j ); for

this reason the decoupling limit will not tamper with a redefinition of the radial direction.

BTZ black hole

It is useful to describe the BTZ black hole [168, 169] in our parameterization of the

phase space (4.90). First, we set ν = ℓ3 and Φ0 = 0 so that Φ is simply the radial

variable. The remaining sources are chosen as α = 1 and µ = 0. Then, the metric is

given by

ds2BTZ = −
(
r2

ℓ23
−m+

j2

4r2

)
du2 − 2dudr + r2

(
dθ +

j

2r2
du

)2

, (4.96)

where m and j are constants and are related to the inner (r−) and outer (r+) horizon via

m =
r2+ + r2−
ℓ23

, j =
2r+r−
ℓ3

. (4.97)

The energy and angular momentum of the black hole are given by MBTZ = m
8G3

and

JBTZ = j
8G3

, respectively. In our parameterization, this standard metric follows after

making the following identifications with the operators (O2D

θ ,O2D

u ,O2D

j )

O2D

u = −O2D

θ = − 1

2π
MBTZ ,

O2D

j =
1

2πℓ3
JBTZ .

(4.98)

The Hawking temperature T , angular velocity Ω and black hole entropy S are

T =
r2+ − r2−
2πℓ23r+

, Ω =
r+
ℓ3r−

, S =
πr+
2G3

. (4.99)
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Near-extremal thermodynamics: For an extremal black hole, the temperature van-

ishes, and the energy is set by the angular momentum, satisfying the condition ℓ3MBTZ =

JBTZ, which is equivalent to the horizons coinciding, i.e., r+ = r− ≡ r0. To study the

low-temperature regime, we expand around extremality as r± = r0 ± δr, while keeping

JBTZ fixed. This gives at leading order in δr

T =
2δr

πℓ23
, (4.100)

and the response in the energy ∆MBTZ and the entropy ∆S to leading order is given

respectively by9

∆MBTZ = π2 c

12
ℓ3T

2 , ∆S = π2 c

6
ℓ3T . (4.101)

For future reference, we note that the extremal condition in terms of the operators

(O2D

θ ,O2D

u ,O2D

j ) can be expressed as

O2D,∗
θ +O2D,∗

u = 0 , O2D,∗
u +O2D,∗

j = 0 . (4.102)

Here, the asterisk in the operators is to emphasize that these relations hold only at

extremality. Strictly speaking, the first condition is the absence of anomaly for the

stationary solution. In addition, we notice that in terms of the parameter r0, we can

express O2D,∗
j as follows

O2D,∗
j =

r20
κ23ℓ

2
3

. (4.103)

9For brevity, we are only stating the naive semi-classical expressions for entropy and mass in the
near-extremal regime. Quantum corrections can be large, see [170, 171, 172], but will not impact the
subsequent analysis. We will discuss briefly quantum corrections in Sec. 4.6.
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4.3.3 Off-shell decoupling limit

In this portion, we construct the decoupling limit that implements the near-extremal

limit of the reduced phase space in (4.90)-(4.93). We refer to our approach as an off-shell

decoupling limit, since it does not require imposing the equations of motion (4.94) on

our procedure.

To gain physical insight into our construction, let us recall that the radial coordinate

r roughly corresponds to the energy scale along the holographic renormalization flow. In

this context, the linear form of the UV dilaton,

Φ(u, r) = ν
r

ℓ3
+ Φ0 . (4.104)

can be interpreted as follows. The source ν acts as a scaling factor for the energy scale r,

while the constant Φ0 serves as a reference energy. By redefining ν as ν = λν̃ and taking

the limit λ→ 0 while keeping ν̃ fixed, we effectively zoom in on the reference energy Φ0.

Another important aspect of the decoupling limit is to keep the angular momentum

J , defined in (4.88), finite as λ goes to zero. Concretely, this means

O2D

j =
O(−1)

j

λ
, (4.105)

where O(−1)
j is fixed. Therefore, the defining feature of the decoupling limit is to take

ν = λν̃ , λ→ 0 , (4.106)

while keeping ν̃ fixed combined with (4.105). By itself, this limit introduces divergences

in the line element (4.90)-(4.93). To make the limit well defined in the metric functions
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in (4.92), we therefore expand our operators in terms of λ as

O2D

i =
O(−1)

i

λ
+O(0)

i +O(1)
i λ+ · · · , (4.107)

for O2D

i = {O2D

u ,O2D

θ }. For a geometric perspective, the expansion of O2D

i starts with λ−1

because of the dependence on ν in (4.92); from a a CFT2 perspective, this will lead to

a finite energy and angular momentum as λ → 0 in (4.88). Demanding regularity of

F (r, u, θ) in the limit λ→ 0 gives

O(−1)
j = O(−1)

θ = −O(−1)
u =

Φ2
0

ℓ3κ23ν̃
,

O(0)
θ = −O(0)

u = 0 .

(4.108)

Here, we recognize the regularity conditions as the extremality condition of thermody-

namics, given in (4.103), upon setting ν̃ = ℓ3 and Φ0 = r0.

Next, demanding regularity of A(r, u, θ) requires, in addition to (4.108), the imple-

mentation of the shift

µ = µ̃− α

λν̃
. (4.109)

With the redefintions (4.106)-(4.109) the limit λ → 0, where (ν̃, µ̃, α), Φ0 and O2D

i are

held fixed, the line element (4.90) is smooth and well defined. In particular, we find

ds2
3D

=
λ→0

−fIR(u, r, θ)du2 − 2α(u)dudr + Φ2
0

(
dθ − 2α(u)

ℓ3κ23Φ0

rdu

)2

+O(λ) , (4.110)

where

fIR(u, r, θ) := lim
λ→0

F (r, u, θ)

=
α2r2

(ℓ3/2)2
+ 2r

α2

ν̃

κ23
ℓ3

∫
duα(O(1)

θ +O(1)
u ) + 2

α2

ν̃
ℓ3κ

2
3O(1)

u − ℓ23

(
∂uν̃

ν̃

)2

.

(4.111)
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From here, we already recognize that the geometry, at fixed θ, becomes locally AdS2.

It is important to stress that in (4.105)-(4.111) the equations of motion (4.94) are not

used. We now turn to the effect of this decoupling limit on the dynamics of the system.

Replacing the decoupling limit in (4.94), to leading order in λ, we find

∂θO(−1)
i = ∂u(ν̃O(−1)

i ) = 0 , i ∈ {u, θ, j} ,

∂θO(1)
i = 0 , i ∈ {u, θ} .

(4.112)

Hence, the decoupling limit drops all the θ-dependence of our ansatz. Note that the

conditions for O(−1)
i in (4.112) are compatible with the regularity condition in (4.106).

With this, the geometry (4.111) becomes an S1 fibration over AdS2 with ℓ2 = ℓ3/2. To

order λ, which is the first backreaction of the system, the equations of motion reduce to

O(1)
θ +O(1)

u =
c

24π

2

α
∂u

(
∂uν̃

α

)
,

∂uO(1)
u −O(1)

θ

∂uν̃

ν̃
= 0 .

(4.113)

Hence, the Ward identities of the CFT2 have a well-defined behavior as we take λ→ 0.

Finally, applying the decoupling limit directly to the generating functional (4.83)

yields10

δI IR =

∫
dx2

((
O(−1)

θ −O(−1)
j

λν̃

)
α

ν̃
δν̃ +

(
O(−1)

u +O(−1)
j

λν̃

)
δα

)

+ λ

∫
dx2

(
O(1)

θ

α

ν̃
δν̃ +O(1)

u δα
)
. (4.114)

Invoking the regularity conditions given in (4.108), this variation remains finite as λ→ 0.

10To derive this expression, We performed a Legendre transformation to switch from the source µ̃ to

the operator ν̃O(−1)
j , which is held fixed in the limit λ→ 0. As a result, the term µ̃δ(ν̃O(−1)

j ) is omitted.
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Therefore, to leading order in λ, we obtain the simplified expression:

δIIR = 2π

∫
du
(
O(1)

θ

α

ν̃
δν̃ +O(1)

u δα
)
, (4.115)

which defines the effective variation of the generating functional in the decoupled, low-

energy limit. In the final expression, we have set λ = 1, as it does not affect the analysis

that follows.

Comparison with JT gravity. We can see now that many portions of our decou-

pling limit reproduce the features of JT gravity described in Sec. 4.2. In particular, the

blackening factor (4.111) resembles (4.4), and the equations of motion (4.113) are com-

patible with (4.12a)-(4.12b). We will now make the map precise, taking into account the

ambiguities that we encountered in Sec. 4.2.

Our first step is to identify the JT dilaton as follows:

Φ− Φ0 =
ν̃

l3
r ≡ ϕ =⇒ ϕ =

ν

l2
r , (4.116)

where ℓ2 and ν denote the AdS radius and the source of JT gravity, respectively. These

are related to the corresponding quantities in AdS3 via:

l2 =
l3
2
, ν =

ν̃

2
. (4.117)

With this identification, the IR lapse function fIR from equation (4.111) can be rewritten

as:

fIR(u, r) =
α2r2

ℓ22
+ 2r

α2

4ν

κ23
ℓ2

∫
duα(O(1)

θ +O(1)
u ) + 2

α2

ν
ℓ2κ

2
3O(1)

u − 4ℓ22

(
∂uν

ν

)2

. (4.118)

By comparing this expression with equations (4.11) in Section 4.2, we recognize that the
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decoupling limit in AdS3 yields the identifications ω2 = γ−2 = 4, provided we relate the

operators as:

κ22Ou = κ23O(1)
u , κ22Oϕ = κ23O

(1)
θ . (4.119)

Applying this relation to the IR generating functional I IR3D defined in (4.115), we find:

δI IR = 2π
κ22
κ23

∫
du
(
Ou δα+

α

ν
Oϕ δν

)
= δIω . (4.120)

Here we used the fact that 2πκ22/κ
2
3 = 1, in accordance with thermodynamic considera-

tions.11 Thus, we obtain the following mapping:

IJT = Iω=2 − 3
ℓ2
2κ2

∫
du
√

−hbν−1h−1
b (∂uν)

2 . (4.121)

From this point, the Schwarzian action can be derived via the canonical transformation

given in (4.79). In conclusion, we have recovered the Schwarzian dynamics as the outcome

of our off-shell construction of the decoupling limit.

In the case of AdS3/CFT2, it is well known that the effective outcome of the decou-

pling limit is a flow of the central charge, c → c/2, as half of the degrees of freedom

become frozen near extremality (see, for instance, [170]). For this reason, AdS3/CFT2

serves as a warm-up exercise for the more challenging scenarios to be explored in the

following sections, where our off-shell construction of the decoupling limit will reveal its

full power.

11The relation 2πκ22/κ
2
3 = 1 also follows directly from dimensional reduction. However, this procedure

fails when the parent theory includes higher-derivative terms, as in the case of topologically massive
gravity, which we will discuss next.
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4.4 Near-extremality at the boundary of TMG

In this section, we generalize the analysis of Sec. 4.3 to situations where the CFT2 has

both a conformal and gravitational anomaly, inducing independent left and right central

charges, cL and cR, respectively. From the gravitational perspective, we will introduce cL

and cR by considering Topologically Massive Gravity (TMG) with boundary conditions

suitable for AdS3/CFT2 as done in [173, 174, 175, 176, 177, 178].

The main appeal of this situation is to track further the imprint of the CFT2 data

in the near-extremal dynamics. This will reinforce some aspects already encountered in

Sec. 4.3, related to how we implement the decoupling limits, and it will also illustrate

the role of the left and right moving sectors of the CFT2 in the near-extremal dynamics.

With this in mind, we will only consider the minimal modifications to the analysis of

Sec. 4.3 such that the effects of cL ̸= cR are manifest.

It is important to mention that TMG, as a semi-classical gravitational theory, suffers

instabilities and unitarity violations; see, for example, [179, 180, 181]. Although these

are important dynamical aspects of the theory, our reduced phase space does not contain

these pathological modes; hence, instabilities will not influence the analysis here.

4.4.1 CFT2 Ward identities on curved backgrounds

In analogy to Sec. 4.3.1, we want to place a two-dimensional CFT with unequal left

and right central charges, i.e., cR ̸= cL, on a curved background. However, the CFT2

cannot be consistently coupled to dynamical gravity due to the presence of a gravitational

anomaly. This anomaly can be interpreted either as a diffeomorphism anomaly, which

leads to non-covariant conservation of the stress tensor, or as a local Lorentz anomaly,

which results in a non-symmetric stress tensor [175, 182].12 For our purposes, we express

12For a concise summary of the different notions of stress tensors, see [183].
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the gravitational anomaly in terms of the diffeomorphism anomaly. This choice allows

us to define the stress tensor as the variation of the action with respect to the metric,

δI =
1

2

∫
d2x

√
−g2D Tab δg

ab
2D
. (4.122)

The Ward identities, which are the conformal and trace anomalies, are now

∇aT
ab = − c̄

24π
gabϵcd∂e∂cΓ

e
ad ,

T a
a =

c

24π
R(2) +

c̄

12π
Ea

a .

(4.123)

This form of writing the Ward identities in the presence of the diffeomorphism anomaly

is consistent with the Wess-Zumino consistency conditions. The violation of covariant

conservation of the stress tensor is parameterized by the central charge c̄, while the Weyl

anomaly is parameterized by the central charge c. These are expressed in terms of the

right and left central charges of the CFT2 as follows:

c =
cL + cR

2
, c̄ =

cL − cR
2

. (4.124)

In the Ward identities (4.123), R(2) and Γe
ad represent the Ricci scalar and the Christoffel

connection of the background geometry, respectively. Additionally, the non-tensorial

quantity Eab is defined as:

Eab =
1

4
ϵcd∇c∂dgab −

1

8
ϵ c
a ϵ

d
b ϵ

ef∇d∂egfc −
1

8
ϵ c
b ϵ

d
a ϵ

ef∇d∂egfc . (4.125)

Here, ϵab is the Levi-Civita tensor normalized
√
−gϵ01 = 1. We note the terms accom-

panying the central charge c̄ in the Ward identities (4.123) are local expressions of the

background geometry.
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With this, now we can make some more explicit choices for the non-trivial two-

dimensional background. We adopt the same background metric as in our previous

discussion of CFT2 in Sec. 4.3.1, as this choice remains unaffected by the gravitational

anomaly, which reads

ds2
2D
= −α2du2 + ν2(dθ + µdu)2 , (4.126)

where α(u), ν(u) and µ(u) are three arbitrary functions. A key advantage of choosing the

stress tensor (4.122) in a manner consistent with the variational principle in the presence

of the gravitational anomaly is that it enables us to apply a decomposition similar to

that used in Sec. 4.3.1 to our current case:

Tθθ = νOTMG

θ ,

Tuθ = αOTMG

j + µTθθ ,

Tuu = µ2νOTMG

θ + 2µαOTMG

j − α2

ν
OTMG

u .

(4.127)

From the variation of the generating function (4.122), we obtain a pairing between the

sources and operators given by

δI =

∫
dx2
(
−OTMG

j νδµ+OTMG

θ

α

ν
δν +OTMG

u δα
)
. (4.128)

Finally, with this parametrization, the Ward identities (4.123) now read

(∂u − µ∂θ)OTMG

u −OTMG

θ

∂uν

ν
+
α

ν
∂θOTMG

j = − c̄

24π

α

2ν∂uν
∂u

((
ν∂uν

α2

)2

∂uµ

)
,

(∂u − µ∂θ)OTMG

j +OTMG

j

∂uν

ν
+
α

ν
∂θOTMG

u =
c̄

24π

1

2ν
∂2u

(
ν∂uν

α2

)
,

OTMG

θ +OTMG

u =
c

24π

2

α
∂u

(
∂uν

α

)
− c̄

24π

1

2α
∂u

(
ν2∂uµ

α2

)
.

(4.129)
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The right-hand side of these equations consists of local functions of the sources, arising

from the curvature terms in (4.123).

Finally, it is useful to construct explicitly conserved charges in this case. Due to the

presence of the diffeomorphism anomaly, the generating function is not invariant under

diffeomorphisms, i.e., δξI ̸= 0 for an arbitrary diffeomorphism ξa. As a consequence,

the stress tensor is not covariantly conserved, as expressed in the Ward identity (4.123).

Nevertheless, conserved charges can still be defined under certain conditions. In partic-

ular, let us consider diffeomorphisms that preserve the gauge choice of the background

metric (4.126). In this case, the transformation of the sources is given by:

δα = ∂u(ϵα) + ασ , δν = ϵδν + νσ , δµ = δu(ϵµ+ φ) . (4.130)

Here, ϵ, φ and σ represent time-reparameterization, θ-reparameterization, and a Weyl

transformation, respectively. The conformal killing vectors (CKVs) are determined by

imposing δCKVα = δCKVµ = δCKVν = 0. This leads to the following solutions for the

infinitesimal transformations:

ϵ = ξ1
ν

α
, σ = −ξ1

∂u(ν)

α
, φ = ξ2 − ξ1

ν

α
µ , (4.131)

where ξ1 and ξ2 are arbitrary constants. Substituting these conformal transformations

into the generating function, we obtain

δCKVI =

∫
dx2(−OTMG

j νδCKVµ+OTMG

θ

α

ν
δCKVν +OTMG

u δCKVα) = 0 , (4.132)

Now, assuming that the operators (OTMG

u ,OTMG

j ,OTMG

θ ) are independent of θ, we apply the
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equations of motion (4.129) along with integration by parts to derive

0 =

∫
dx2

[
−ξ2∂u

(
νOTMG

j − c̄

48π
∂u

(
ν∂uν

α2

))

+ ξ1∂u

(
νOTMG

u − c

24π

(
∂uν

α

)2

+
c̄

24π

ν2∂uν∂uµ

α3

)]
.

(4.133)

Here, prime means derivative with respect to time u. Since the constants ξ1 and ξ2 are

arbitrary, we identify two conserved charges, given by

E = −
∫

dθ

(
νOTMG

u − c

24π

(
∂uν

α

)2

+
c̄

24π

ν2∂uν∂uµ

α3

)
,

J =

∫
dθ

(
νOTMG

j − c̄

48π
∂u

(
ν∂uν

α2

))
.

(4.134)

J represents the angular momentum, while E denotes the energy of the system. Note

that they agree with (4.88) when c̄ = 0 (cL = cR). In the general case where the operators

depend on θ, these charges are not conserved. However, they remain useful quantities to

consider.

4.4.2 TMG reduced phase space

In three dimensions, the Einstein-Hilbert action supplemented by a gravitational

Chern-Simons term defines the topological massive gravity (TMG) theory [184, 185, 186],

and we will mostly follow the conventions of [183]. The action is given by

SCS =
1

2κ23

∫
d3x

√
−g
(
R +

2

ℓ3

)
+

1

4κ23µ

∫
d3x

√
−gϵανγ

(
Γµ
αν∂ξΓ

ξ
γµ +

2

3
Γµ
αξΓ

ξ
νσΓ

σ
γµ

)
.

(4.135)

In this action, µ is a real coupling constant with the dimensions of mass; we adopt the

convention that the three-dimensional Levi-Civita tensor is
√
−gϵ012 = 1. The equations
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of motion of TMG are

Rµν −
1

2
gµνR− 1

ℓ23
gµν = − 1

µ
Cµν , (4.136)

where Cµν is the Cotton tensor,

Cµν = ϵ γλ
µ ∇γ

(
Rλν −

1

4
gλνR

)
. (4.137)

Despite the presence of the connection Γγ
αν in the action, the equations of motion remain

covariant. Moreover, all locally AdS3 solutions have a vanishing Cotton tensor Cµν =

0, making them solutions of TMG, as seen in (4.136). For a nonzero Cotton tensor,

Cµν ̸= 0, TMG admits new solutions, a subclass of which corresponds to warped AdS3

spacetimes, including warped black holes [187, 188, 189]. These asymptotically warped

AdS3 geometries do not satisfy the Brown-Henneaux boundary conditions and will not

be considered here.

In what follows, we focus exclusively on locally AdS3 solutions with a vanishing Cotton

tensor, Cµν = 0. In this case, it is well-known that the dictionary with the dual CFT2

leads to [175]

cL =
3ℓ3
2G3

(
1 +

1

µℓ3

)
, cR =

3ℓ3
2G3

(
1− 1

µℓ3

)
. (4.138)

Alternatively, via (4.124), we have

c =
3ℓ3
2G3

, c̄ =
1

µℓ3

3ℓ3
2G3

. (4.139)

The reduced phase space will again be given by (4.90)-(4.92). The key difference is

how metric functions in (4.92) are mapped to CFT2 variables in Sec. 4.4.1, which affects
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(4.93). The simplest way to proceed is to write

F1(u, θ) = 2
κ23
z1

α2

ν2

∫
duα

(
Ōθ + Ōu

)
,

F0(u, θ) = 2ℓ3κ
2
3

α2

ν
Ōu − z1ℓ

2
3

∂uν
2

ν2
− Φ0f1(u, θ) ,

F−2(u, θ) = ℓ3κ
2
3 α(u) Ōj .

(4.140)

where in these expressions, we have introduced the barred operators (Ōu, Ōθ, Ōj), which

serve as auxiliary variables dependent on the physical operators. A tedious but straight-

forward analysis gives

Ōj ≡ z1OTMG

j + z2OTMG

u − z1c̄

24π

[
1

2ν
∂u

(
ν∂uν

α2

)
+

(∂uν)
2

α2ν

]
+
z2c̄

24π

ν∂uν

α3
∂uµ ,

Ōu ≡ z1OTMG

u + z2OTMG

j +
z1c̄

24π

ν∂uν

α3
∂uµ− z2c̄

24π

1

2ν
∂u

(
ν∂uν

α2

)
,

Ōθ ≡ z1OTMG

θ − z2OTMG

j +
z1c̄

24π

(
−ν

2

α4
∂uα∂uµ+

ν2

2α3
∂2uµ

)
+
z2c̄

24π

1

2ν
∂u

(
ν∂uν

α2

)
,

(4.141)

where the parameters z1 and z2 are defined as

z1 =
c2

c2 − c̄2
, z2 =

cc̄

c2 − c̄2
. (4.142)

It is straightforward to verify that in the limit c̄ → 0—corresponding to equal left and

right central charges—the parameters approach z1 → 1 and z2 → 0. In this limit, the

TMG phase space described by equations (4.140) and (4.141) reduces to the AdS3 phase

space constructed in Section 4.3.2.

BTZ black hole in TMG

The line element for BTZ is still given by (4.96). The main difference in this case arises

from the modifications to the stress tensor and other conserved quantities. In TMG, the
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identification between the horizons r±, and the mass MTMG and angular momentum JTMG

is given by

ℓ3MTMG + JTMG =

(
1− 1

µℓ3

)
(r+ + r−)

2

8G3ℓ3
,

ℓ3MTMG − JTMG =

(
1 +

1

µℓ3

)
(r+ − r−)

2

8G3ℓ3
.

(4.143)

Furthermore, the energy MTMG and angular momentum JTMG are related to the operators

(OTMG

θ ,OTMG

u ,OTMG

j ) via

OTMG

u = −OTMG

θ = −MTMG

2π
,

OTMG

j =
JTMG

2πℓ3
.

(4.144)

The Hawking temperature T and angular velocity Ω are

T =
r2+ − r2−
2πℓ23r+

, Ω =
r+
ℓ3r−

, (4.145)

which remains unchanged relative to (4.99). The semi-classical Wald entropy of the black

hole is

STMG =
π

6ℓ3
(cL(r+ − r−) + cR(r+ + r−)) , (4.146)

which receives a contribution from the gravitational Chern-Simons term in addition to

the area-law [190, 191, 174, 192, 193].

Near-extremal Thermodynamics: At extremality, we again have r+ = r− = r0

and zero temperature. In this limit, we have the relation between mass and angular

momentum is

JTMG =MTMGℓ3 =
cR
6ℓ23

r20 . (4.147)
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The linear response in temperature of the energy ∆MTMG and entropy ∆STMG, at fixed JTMG,

results in

∆MTMG =
πℓ3cL
12

T 2 , ∆STMG =
πℓ3cL
6

T . (4.148)

The right sector controls the notion of extremality, as we can see from (4.147). On the

other hand, the linear response around extremality is only controlled by the left sector,

as seen from (4.148). The presence of the gravitational anomaly in TMG disentangles

the role of the right and left degrees of freedom of the CFT2 [183].

Finally, for later comparison, we note from equation (4.148) that ℓ2 = ℓ3/2. Accord-

ingly, the normalized heat capacity CH is given by:

CTMG

H =
cL
6ℓ3

=
2π

κ23

(
1 +

1

µℓ3

)
. (4.149)

4.4.3 Off-shell decoupling limit

We now proceed to implement the decoupling limit for the TMG phase space de-

scribed by equation (4.140). The procedure closely parallels the AdS3/CFT2 case dis-

cussed in Section 4.3.3, so we will present it only briefly here. As before, to control the

expansion associated with the decoupling limit, we require that the charge J , defined

in equation (4.134), remains finite as λ → 0. The appropriate prescription for TMG is

given by

OTMG

j =
O(−1)

j

λ
+O(1)

j λ, (4.150)

where bothO(−1)
j andO(1)

j are held fixed. The presence of theO(1)
j term—arising from the

compensating contribution due to the diffeomorphism anomaly in equation (4.134)—marks

one of the key differences from the AdS3/CFT2 case analyzed in Section 4.3.3.
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The prescription for the decoupling limit in TMG is to scale the source ν as

ν = λν̃ , λ→ 0 , (4.151)

while keeping ν̃ fixed, in conjunction with (4.150). This procedure introduces divergences

in the geometry, which we handle by expanding the remaining operators as

OTMG

i =
O(−1)

i

λ
+O(0)

i +O(1)
i λ+O(2)

i λ2 + ..., i ∈ (u, θ) . (4.152)

The expansion of operators starts at order 1/λ, as dictated by dimensional analysis of

the line element (4.140). Requiring regularity of the geometry as λ→ 0 yields

O(−1)
j = O(−1)

θ = −O(−1)
u =

cR
12πℓ3

Φ2
0

λν̃
,

O(0)
u = O(0)

θ = 0 ,

µ = µ̃− α

λν̃
.

(4.153)

The first two equations are equivalent to the extremality conditions (4.147) derived from

the thermodynamic analysis, upon identifying ν̃ = ℓ3 and Φ0 = r0.

With the redefinitions (4.151), and taking the limit λ→ 0 while keeping (ν̃, µ̃, α), Φ0,

and O2D

i fixed, the line element (4.140) remains smooth and well-defined. In this way, we

obtain the following IR effective lapse function and vector potential:

fIR =
α2r2

(ℓ3/2)2
+ 2r

α2

ν̃

κ23
ℓ3

∫
duα

(
O(1)

θ +O(1)
u +

c̄

24π

1

2α
∂u

(
ν̃2

α2
∂u

(α
ν̃

)))
+ 2

α2

ν̃
ℓ3κ

2
3

c

cL
(O(1)

u −O(1)
j ) +

ℓ23
2

c̄

cL
∂u

(
∂uν̃

ν̃

)
− ℓ23

c

cL

(
∂uν̃

ν̃

)2

, (4.154)

AIR = µ̃− 2rα

ℓ3Φ0

. (4.155)
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The IR vector potential AIR is identical to that of the AdS3/CFT2 case with cL = cR.

On the other hand, the lapse function fIR is more intricate, as it involves the operator

O(1)
j . It is important to emphasize that the equations of motion (4.129) were not used

to obtain the expressions above.

We now turn to the effect of this decoupling limit on the dynamics of the system.

Substituting the decoupling limit into (4.129), and expanding to leading order in λ, we

find

∂θO(−1)
s = ∂u(ν̃O(−1)

s ) = 0 , s ∈ {u, θ, j} ,

∂θO(1)
i = 0 , i ∈ {u, θ} ,

(4.156)

O(1)
θ +O(1)

u =
c

24π

2

α
∂u

(
∂uν̃

α

)
− c̄

24π

1

2α
∂u

(
ν̃2∂u(α/ν̃)

α2

)
,

∂uO(1)
u −O(1)

θ

∂uν̃

ν̃
= − c̄

24π

α

2ν̃∂uν̃
∂u

((
ν̃∂uν̃

α2

)2

∂u(α/ν̃))

)
,

∂uO(1)
j +O(1)

j

∂uν̃

ν̃
=

c̄

24π

1

2ν̃
∂2u

(
ν̃∂uν̃

α2

)
.

(4.157)

Hence, the decoupling limit removes all θ-dependence from the operators, effectively re-

ducing the dynamics to one dimension. The last two equations reflect the presence of the

original diffeomorphism anomaly. However, we observe that the diffeomorphism symme-

try and the associated conservation law can be restored by performing the following field

redefinitions:

OIR
u = O(1)

u −O(1)
j +

c̄

48π

ν̃

α2
∂u

(
∂uν̃

ν̃

)
,

OIR
ϕ = O(1)

Φ +O(1)
j − c̄

48π

ν̃

α2
∂u

(
∂uν̃

ν̃

)
+

c̄

48π

1

α
∂u

(
ν̃2

α2
∂u

(α
ν̃

))
.

(4.158)

These field redefinitions are induced by the following local counterterm, which can be
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added to the generating functional:

ICT = − c̄

48π
(2π)

∫
du
ν̃

α
∂u

(∂uν̃
ν̃

)
, (4.159)

As discussed in Section 4.4.1, when cL ̸= cR, a diffeomorphism anomaly arises in the

CFT2, manifested through the non-conservation of the stress tensor. While the coun-

terterm in (4.159) is not covariant under one-dimensional diffeomorphisms, its inclusion

restores the invariance of the generating functional under such transformations.

In terms of these variables (4.158), the IR lapse function becomes

fIR =
α2r2

(ℓ3/2)2
+ 2r

α2

ν̃

κ23
ℓ3

∫
duα(OIR

u +OIR
θ ) +

α2

ν̃

2ℓ3κ
2
3(

1 + 1
ℓ3µ

)OIR
u − ℓ23(

1 + 1
ℓ3µ

) ∂uν̃2
ν̃2

 .

(4.160)

Similarly, the IR Ward identities are given by

∂uOIR
u −OIR

θ

∂uν̃

ν̃
= 0 ,

OIR
θ +OIR

u =
c

24π

2

α
∂u

(
∂uν̃

α

)
.

(4.161)

The operator O(1)
j drops out of the dynamics, as it is effectively absorbed into the pre-

scription given in (4.150), which satisfies its equation of motion (4.157). Finally, applying

the decoupling limit directly to the generating functional (4.128) yields

δI IR = 2πλ

∫
du
(
OIR

θ

α

ν̃
δν̃ +OIR

u δα
)
+ δICT . (4.162)

To obtain this expression, we use the regularity conditions (4.153) and the change of

variables (4.158). From now on, we set λ = 1, as this bookkeeping parameter will no

longer play a role in the analysis that follows.
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Comparison with JT gravity. We now observe that many aspects of the decoupling

limit in TMG reproduce features of JT gravity discussed in Section 4.2. In particular, the

lapse function in (4.160) resembles that of (4.4), and the equations of motion (4.161) are

compatible with (4.12a)–(4.12b). We will now make this correspondence precise, taking

into account the ambiguities encountered in Sec. 4.2.

Our first step is to identify the JT dilaton as follows:

Φ− Φ0 =
ν̃

l3
r ≡ ϕ =⇒ ϕ =

ν

l2
r , (4.163)

where ℓ2 and ν denote the AdS radius and the source of JT gravity, respectively. These

are related to the corresponding quantities in TMG in the same manner than AdS3 via:

l2 =
l3
2
, ν =

ν̃

2
, (4.164)

which is a consequence that these identifications are more geometrical in nature, and not

relying on the action of a given theory. That is why the same identifications hold for

AdS3 and TMG.

With this identification, the IR lapse function fIR from equation (4.160) can be rewrit-

ten as:

fIR =
α2r2

ℓ22
+2r

α2

4ν

κ23
ℓ2

∫
duα(OIR

θ +OIR
u ) +

α2

ν

2ℓ2κ
2
3(

1 + 1
ℓ3µ

)OIR
u − 4ℓ22(

1 + 1
ℓ3µ

) (∂uν
ν

)2
 .

(4.165)

By comparing this expression with equations (4.11) in Section 4.2, we recognize that the

decoupling limit in TMG yields the identifications ω2 = γ−2 = 4(
1+ 1

ℓ3µ

) , provided we
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relate the operators as:

κ22Ou =
κ23(

1 + 1
ℓ3µ

)OIR
u , κ22Oϕ =

κ23(
1 + 1

ℓ3µ

)OIR
θ . (4.166)

Applying this relation to the IR generating functional I IR3D defined in (4.162), we find:

δI IR − δICT = 2π
(
1 +

1

ℓ3µ

)κ22
κ23

∫
du
(
Ou δα+

α

ν
Oϕ δν

)
= δIω . (4.167)

Here we used the fact that 2π
(
1 + 1

ℓ3µ

)
κ22/κ

2
3 = 1, in accordance with the definition of

the heat capacity in (4.149). We note that this relation does not follow from dimensional

reduction, which would instead yield the naive estimate 2πκ22/κ
2
3 ∼ 1. The reason behind

this discrepancy is that TMG is a higher-derivative theory. For instance, to compute

the black hole entropy in TMG, one must use the Wald entropy formula rather than the

standard Bekenstein–Hawking formula, which holds only for two-derivative theories. Our

off-shell construction of the decoupling limit properly captures this subtlety.

Thus, for TMG, we obtain the following mapping:

IJT = Iω + (1− ω2)
ℓ2
2κ2

∫
du
√
−hbν−1h−1

b (∂uν)
2 , ω2 =

4(
1 + 1

ℓ3µ

) . (4.168)

From this point, the Schwarzian action can be derived via the canonical transformation

given in (4.79). In conclusion, we have recovered the Schwarzian dynamics as the outcome

of our off-shell construction of the decoupling limit.

In nAdS2/nCFT1, the normalized heat capacity is given by CH = 1
κ2
, which, according

to our mapping, corresponds to CH = cL
6ℓ3

. Therefore, the dynamics of JT gravity is

controlled solely by the left-movers, while the right-movers are frozen in the near-extremal

regime [183]. Our off-shell construction of the decoupling limit reproduces this feature
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without issue, highlighting its flexibility in accommodating different UV parent theories

underlying the IR Schwarzian dynamics.

4.5 Near-extremality at the boundary of AdS4/CFT3

In this section, we introduce a novel construction of the decoupling limit within the

AdS4/CFT3 correspondence, where we can track how the near-extremal dynamics is

imprinted on the UV data on both the gravitational and CFT sides by matching the

appropriate phase spaces in the IR and UV. The gravitational analysis will be done for

Einstein-Maxwell theory with a negative cosmological constant, and the reduced phase

space we construct is a non-trivial gravitational dressing around the Reissner-Nordström

AdS4 black hole. On the CFT3, this corresponds to a configuration with a non-trivial

stress tensor and a U(1) current placed on a curved manifold of topology R ×M2.

Nevertheless, the situation in this section is substantially more intricate relative to

AdS3/CFT2. First, unlike in two-dimensional CFTs, in three dimensions, there are no

anomalies. This makes a possible connection with the Schwarzian dynamics more elusive.

We will address this by making contact with the counterterm ambiguity discussed in

Sec. 4.2.4.

Second, on the gravity side, the presence of local degrees of freedom prevents the

complete characterization of solutions in the Einstein equations with a fixed boundary

metric. To address this challenge, we focus on a specific subsector of Einstein-Maxwell

theory with a negative cosmological constant: a generalization of the Robinson-Trautman

(RT) family of algebraically special solutions originally discovered in [194]. RT solutions

have gained attention in holography [195, 196, 197, 198, 199, 200], particularly in studies

of out-of-equilibrium physics in AdS/CFT correspondence, and their corresponding flat

limit has been discussed in [201]. Further recent investigations into different aspects of
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RT solutions include [202, 203, 204, 205].

4.5.1 CFT3 Ward identities on curved backgrounds

In this portion, we will characterize the Ward identities of a three-dimensional CFT

that possesses a U(1) global symmetry. The relevant currents in this case are the stress

tensor, T ab, and a U(1) current, Ja. If we place the theory on a curved background and

turn on a background gauge field, we can read off these currents through the variation

of the generating function I[g,A] with respect to the corresponding source, namely

δI =

∫
d3x

√
−g
(1
2
T abδgab + J bδAb

)
. (4.169)

The Ward identities that these operators satisfy follow from the invariance of I[g,A]

under diffeomorphisms, U(1) gauge, and local Weyl transformations of the background

sources. Respectively, they take the form

∇aT
ab + JaFab = 0 , ∇bJ

b = 0 , T a
a = 0 , (4.170)

where F = dA. A key difference between the two-dimensional CFTs discussed above is

that there is no possibility of a Weyl or gravitational anomaly in this case.

We will place the CFT on a curved background g of the form R ×M2 and turn on a

background gauge field Aa. We will parametrize the metric as

ds2
3D
= −α2du2 + 2ν2e2χdzdz̄ , (4.171)

where α = α(u), ν = ν(u) depend only on the time u, while χ = χ(u, z, z̄) depends on
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all three coordinates. The background gauge field is

A = µ du+Azdz +Az̄dz̄ , (4.172)

where µ = µ(u) and the spatial components are arbitrary for now. This shares various

features of the two-dimensional background in (4.81). The components α and ν will play

the same role as in two dimensions: α acts as time dilation, while ν is a Weyl factor

for M2. However, now the angular potential is traded for chemical potential, hence, µ

here enters as a component of the background gauge field. The geometry of M2, i.e.,

2e2χdzdz̄, will be held fixed.

On this background, we decompose the stress tensor and current such that their

components are tied directly to the appropriate sources we have introduced: (α, ν, µ).

Thus, we have

Tuu = −α
2

ν2
O3D

u , Tzz̄ =
1

2
O3D

zz̄e
2χ ,

Tuz =
α

ν2
tuz , Tzz =

1

α
tzz ,

(4.173)

plus the appropriate barred components. Here, O3D

u = O3D

u (u, z, z̄), andO3D

zz̄ = O3D

zz̄(u, z, z̄).

The components tuz and tzz (and barred components) also depend on the local coordi-

nates, however, they will not be treated as dynamical operators. As we will see in the

AdS4 construction, these components are sourced by the curvature of the background

(4.171). The U(1) current is decomposed as

J = −α
ν
O3D

e du+
jz
α
dz +

jz̄
α
dz̄ , (4.174)

where O3D

e = O3D

e (u, z, z̄) controls the electric charge carried by the current, and the

spatial components jz also depend on (u, z, z̄). In this notation, turning on a magnetic
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charge corresponds to setting

Fzz̄ = νe2χO3D

m . (4.175)

In this way, the variation of the generating function is given by paring the sources with

their respective operators13

δI =

∫
d3x

(
e2χ
(
O3D

zz̄

α

ν
δν +O3D

u δα +O3D

e νδµ
)
+ jzδAz̄ + jz̄δAz

)
. (4.176)

Finally, with this notation, the Ward identities (4.170) take the form

∂u(e
2χO3D

u )− 1

2ν2
∂u(ν

2e2χ)O3D

zz̄ =
1

α
(Fuzjz̄ + Fuz̄jz)−

α

ν2
(∂z̄tuz + ∂ztuz̄) ,

∂zO3D

zz̄ + 2
ν

α
FuzO3D

e =
2

α
e−2χ

(
Fzz̄jz − ∂z̄tzz + ∂u(e

2χtuz)
)
,

∂z̄O3D

zz̄ + 2
ν

α
Fuz̄O3D

e =
2

α
e−2χ

(
Fz̄zjz̄ − ∂ztz̄z̄ + ∂u(e

2χtuz̄)
)
,

(4.177)

which correspond to the conservation equation of the stress tensor, while the U(1) con-

servation and trace conditions give

∂u(νe
2χO3D

e ) = −∂zjz̄ − ∂z̄jz , (4.178)

and

O3D

u +O3D

zz̄ = 0 . (4.179)

4.5.2 Generalised Robinson-Trautman phase space

In this section we will construct a reduced phase space in AdS4 which has the operators

O3D

u , O3D

zz̄, O3D

e turned on, and carries also the sources (α, ν, µ). The simplest gravitational

13The components Tuz and Tzz are inert in our discussion. In particular, we are not turning on sources
in the background metric for those components. This is motivated by the step up we will have in AdS4,
however, appropriate modifications to turn on those sources are straightforward.
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theory that contains these ingredients is a four-dimensional Maxwell-Einstein theory with

a negative cosmological constant, where our conventions are

S =
1

2κ24

∫
d4x

√
−g (R− 2Λ)− 1

4

∫
d4x

√
−gF 2 , (4.180)

with Λ = −3/ℓ24 and κ
2
4 = 8πG4. A useful way to construct the phase space is to consider

a generalisation of Robinson-Trautman (RT) solutions of this theory. The RT family of

algebraically special solutions describes spacetimes with a null geodesic congruence that

has vanishing shear and rotation but nonzero expansion [194]. These solutions exactly

satisfy the radial component of the Einstein equations, while the transverse dynamics

follow a Calabi flow [196]. The extension of the RT solutions to include a negative

cosmological constant and electric/magnetic charges was found [206]. Here, we generalise

RT solutions such that the three-dimensional metric (4.171) matches the boundary metric

of the bulk spacetime. We will also make sure that the equations of motion of the four-

dimensional Maxwell-Einstein theory are identified with CFT3 Ward identities (4.177).

In particular, the traceless condition of the boundary stress tensor will correspond to an

equation of motion, which is a new feature in our construction.

We will work in a Bondi-like gauge, where we have

ds2
4D
= −f(x)du2 − 2α(u)

(
1 +B(x)

)
dudr + 2Φ2(u, r)

(
1 +B(x)

)
e2χdzdz̄ . (4.181)

Similar to AdS3 cases in previous sections, the scalar Φ controls the size of the transverse

manifold with metric 2e2χdzdz̄ and chosen to be

Φ(u, r) = ν(u)
r

ℓ4
+ Φ0 , (4.182)
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where Φ0 is constant. The field strength components are

Fur = −
αν(O3D

q +O3D

q̄ )

Φ2
, Fzz̄ = νe2χ(O3D

q −O3D

q̄ ) ,

Fuz = jz +
ℓ4α

Φ
∂zO3D

q , Fuz̄ = jz̄ +
ℓ4α

Φ
∂z̄O3D

q̄ ,

(4.183)

with O3D

q = O3D

q (u, z), O3D

q̄ = O3D

q̄ (u, z̄), while we have jz and jz̄ functions of (u, z, z̄). In

the following, we will show how the bulk equations of motion translate to Ward identities

in the CFT3.

The dynamics of the gauge field are the simplest to analyze first. Imposing the Bianchi

identity and Maxwell’s equations on the background (4.181)-(4.183) gives

∂u
(
νe2χO3D

q

)
= −∂z̄jz ,

∂u
(
νe2χO3D

q̄

)
= −∂zjz̄ .

(4.184)

From the perspective of the CFT3, the appropriate map of the bulk variables to the

boundary is

O3D

e = O3D

q +O3D

q̄ , O3D

m = O3D

q −O3D

q̄ , (4.185)

and also have the boundary background field strength is

Fzz̄ = νe2χ(O3D

q −O3D

q̄ ) , Fuz = jz , Fuz̄ = jz̄ . (4.186)

With this, it is clear that the bulk equations (4.184) map to the Ward identity (4.178).

Imposing the Einstein equation is more involved. We will first solve for the radial

profile of the metric functions. Based on the form of the RT solutions, an appropriate
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decomposition of the metric function f(x) and B(x) in (4.181) is

f(x) =
α2

ν2
Φ2 + 2ℓ4

α

ν
(∂uΦ + Φ∂uχ)−

ℓ24α
2

ν2
∆χ+

f−1(u, z, z̄)

Φ
+
f−2(u, z, z̄)

Φ2
,

B(x) =
f−3(u, z, z̄)

Φ3
,

(4.187)

where ∆ = 2e−2χ∂z∂z̄. The functions fi(u, z, z̄) are related to the one-point function of

the boundary stress tensor and U(1) current. With respect to the notation in (4.176),

and with some hindsight, we write

f−1(u, z, z̄) =
1

2
ℓ4κ

2
4

α2

ν
(O3D

u −O3D

zz̄) +
1

12
ℓ4κ

2
4

α2

ν
(O3D

u +O3D

zz̄) ,

f−2(u, z, z̄) = 2ℓ24κ
2
4α

2O3D

q O3D

q̄ ,

f−3(u, z, z̄) = − 1

12
ℓ24κ

2
4ν(O3D

u +O3D

zz̄) ,

(4.188)

which controls the boundary value of Tuu and Tzz̄, and currents. In addition, this back-

ground also ignites the following boundary components,

tuz = − ℓ24
2κ24

∂z∆χ , tzz =
ℓ24
κ24
∂u(e

χ∂2z (e
−χ)) , (4.189)

and the appropriate barred version. With this, the Einstein’s equations of motion imply

e−3χ∂u
(
e3χO3D

u

)
+O3D

u

∂uν

ν
=

α

ν2
ℓ24
2κ24

∆2χ+
2

α
e−2χjzjz̄ ,

∂zO3D

u − 4
ν

α
O3D

q̄ jz = 0

∂z̄O3D

u − 4
ν

α
O3D

q jz̄ = 0

O3D

u +O3D

zz̄ = 0 .

(4.190)

Using (4.185), (4.186) and (4.189), we identify these equations with the Ward identities
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(4.177) and (4.179). Note that these equations also imply that

∂z̄
(
O3D

q̄ jz
)
= ∂z

(
O3D

q jz̄
)
. (4.191)

This is an additional restriction on the jz and jz̄ that support this background, which

arises as an integrability condition on O3D

u .

The family of solutions constructed here represents a subset of the most general phase

space of the CFT3, as it can be viewed from the specificity in (4.185), (4.186), (4.189)

and (4.191). Some of these choices have a natural interpretation. The boundary stress

tensor dual to the RT spacetimes can be decomposed as [195]

Tab = T PF

ab + Zab , (4.192)

where T PF

ab is the perfect fluid stress tensor

T PF

ab = p(gab + UaUb) + ϵUaUb (4.193)

Here, U = αdu is a time-like vector, while the density energy ϵ and pressure p are given

respectively

ϵ = −O3D

u

ν2
, p =

O3D

zz̄

2ν2
. (4.194)

The conformal equation of state, ϵ = 2p, is satisfied, reflecting the traceless stress tensor

of a CFT3. The symmetric tensor Zab is defined as

Zab ≡
ℓ24
κ24

(δda − UaU
d)CdbcU

c . (4.195)

In this expression, Cabc is the Cotton tensor associated with the boundary background
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metric gab. This reproduces the components (4.189).14 The presence of a nonzero Cotton

tensor Cabc has been argued to encode gravitational radiation in the CFT3 [207], in

addition to the electromagnetic radiation captured by the U(1) current J given in (4.174).

Furthermore, a nonzero Cotton tensor Cabc can also be interpreted as a measure of the

deviation of spacetime from conformal flatness [195].

Vector potential in RT: We have postponed the discussion of the vector potential

A, defined via F = dA, since its treatment in this phase space is particularly subtle. The

electromagnetic field given in (4.184) does not trivially satisfy the Bianchi identity. As a

result, the equations in (4.184) must be understood as linear combinations of the Maxwell

equation ∇µF
µν = 0 and Bianchi identity ∇µF̃

µν = 0. This means that constructing

an explicit expression for the vector potential A requires invoking one of the equations

of motion, which is somewhat unsatisfactory. Nevertheless, we choose to express A as

follows:

A(x) =

[
−
(O3D

q +O3D

q̄ )ℓ4α

Φ
+ µ

]
du+

(
−
∫

dz̄νe2χO3D

q

)
dz +

(
−
∫

dzνe2χO3D

q̄

)
dz̄ .

(4.196)

Here, µ = µ(u) is the dual source for the electric charge operator O3D

e = O3D

q +O3D

q̄ . In this

expression for A, the magnetic charge operatorO3D

m = O3D

q −O3D

q̄ does not appear explicitly.

We emphasize that this subtlety is well known in the literature on Robinson–Trautman

spacetimes and is entirely unrelated to our generalization of this phase space.

14It is important to note that the combination (δda − UaU
d) does not act as a projector orthogonal to

Ua due to its relative “wrong” sign.
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AdS Reissner-Nordström black hole

In this portion, we will describe the dyonic AdS4 Reissner-Nordstrom black holes

using the Bondi-like gauge introduced above. The metric is given by

ds2 = −f(r)du2 − 2dudr +
4r2

(1 + zz̄)2
dzdz̄ , (4.197)

where the blackening factor is

f(r) =
r2

ℓ24
+ 1− 2MG4

r
+

(Q2 + P 2)G4

4πr2
, (4.198)

and the gauge field reads

A =

(
− 1

4π

Q

r
+ µ0

)
du+

P

4π

(dz
z

− dz̄

z̄

) i

(1 + zz̄)
. (4.199)

The factor of 1
4π

in front charges comes from our conventions for the Einstein-Maxwell

action (4.180). In relation to the above notation, here we have set α = 1, ν = ℓ4 and

Φ0 = 0, which gives Φ = r. The metric on M2 is set to

2e2χdzdz̄ =
4

(1 + zz̄)2
dzdz̄ , (4.200)

which describes a round 2-sphere, and jz = jz̄ = 0. The one-point functions are

O3D

u = −O3D

zz̄ = −M
4π

,

O3D

q =
1

8πℓ4
(Q+ iP ) ,

O3D

q̄ =
1

8πℓ4
(Q− iP ) .

(4.201)
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In order to describe the thermodynamics in a simple manner, we rewrite the blackening

factor in terms of its roots, i.e.,

f(r) =
1

r2ℓ24
(r − r+)(r − r−)(r + r1)(r + r2) , (4.202)

where r1 and r2 are defined through the following relations

r1 + r2 = r+ + r−, r1r2 = ℓ24 + r2+ + r2− + r−r+ . (4.203)

Here, r+ is the outer horizon, and r− the inner horizon; r1,2 are unphysical roots of f(r).

In terms of r±, the mass M , and charges Q, P are

MG4 =
(r+ + r−)

2

(
1 +

(r2+ + r2−)

ℓ24

)
,

(Q2 + P 2)
G4

4π
= r+r−

(
1 +

(r2+ + r2− + r−r+)

ℓ24

)
.

(4.204)

The Hawking temperature T , and black hole entropy S are given by

T =
(r+ − r−)

4π

(ℓ24 + 3r2+ + r2− + 2r−r+)

ℓ24r
2
+

,

S =
πr2+
G4

.

(4.205)

The electric potential µe and magnetic potential µm are controlled by the gauge field

(4.199). Demanding regularity at the horizon sets

µe =
Q

4πr+
, µm =

P

4πr+
. (4.206)

With this, we have the standard first law: dM = TdS + µedQ+ µmdP .
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Near-extremal Thermodynamics: At extremality, r+ = r− = r0, the mass and

charges satisfy the constraint

G4M0 = r0

(
1 +

2r20
ℓ24

)
,

(P 2
0 +Q2

0)G4

4π
= r20

(
1 +

3r20
ℓ24

)
. (4.207)

At zero temperature, the Smarr law relates the extremal mass M0 and charges Q0, P0 as

follows15

M0 − (µe,0Q0 + µm,0P0) = −8π

κ24

r30
ℓ24
. (4.208)

This expression will play an important role in the subsequent discussion. Finally, the

extremality conditions (4.207) written in terms of CFT3 variables are

O3D,∗
u = −2r0

κ24

(
1 +

2r20
ℓ24

)
, O3D,∗

q O3D,∗
q̄ =

r20
2κ24ℓ

2
4

(
1 +

3r20
ℓ24

)
. (4.209)

To study the low-temperature regime, we expand linearly around the extremality as

r± = r0 ± δr at fixed P0 and Q0, giving [208]

T =
δr

2πℓ22
, ℓ22 =

ℓ24r
2
0

6r20 + ℓ24
. (4.210)

Here, we recognize the effective AdS2 as ℓ2 given by the expression above. The linear

response in energy ∆M and entropy ∆S are

∆M = 2π2ℓ22

(
8πr0
κ24

)
T 2 , ∆S = 4π2ℓ22

(
8πr0
κ24

)
T . (4.211)

From here, we recognize the normalized heat capacity CH as

CH =
8πr0
κ24

=
1

κ22
. (4.212)

15For a recent analysis of the Smarr law in the context of the AdS/CFT correspondence, see [52].
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4.5.3 Off-shell decoupling limit

We now proceed to implement the decoupling limit for the Robinson–Trautman phase

space described in Section 4.5.2. The procedure closely parallels the cases discussed

in previous sections. To ensure control over the decoupling limit, we require that the

operators O3D

q and O3D

q̄ remain finite in the limit λ → 0. The conservation of the U(1)

current can be expressed as: ∂u
(
e2χνO3D

q

)
= −∂z̄jz. From this, we deduce that the

operators O3D

q and O3D

q̄ must scale as

O3D

q =
O(−1)

q

λ
, O3D

q̄ =
O(−1)

q̄

λ
, (4.213)

with O(−1)
q and O(−1)

q̄ held fixed. This also implies that jz is a holomorphic function,

completely independent of the decoupling parameter λ.

The defining feature of the decoupling limit is to scale

ν = λν̃ , λ→ 0 , (4.214)

while keeping ν̃ fixed, along with the scaling in (4.213). As in previous cases, this pro-

cedure introduces divergences into the geometry, so we expand the remaining operators

as

O3D

i =
O(−1)

i

λ
+O(0)

i +O(1)
i λ+O(2)

i λ2 + ..., i ∈ (u, zz̄) . (4.215)

We note that the expansion of O3D

i starts at order 1/λ, as inferred from dimensional

analysis of the line element (4.181)–(4.187). Imposing regularity of the lapse function
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f(x) in equation (4.187) as λ→ 0 yields the constraints

O(−1)
q O(−1)

q̄ =
3Φ4

0

2ℓ24κ
2
4ν̃

2
− Φ2

0

2κ24ν̃
2
∆χ ,

O(−1)
u = −O(−1)

zz̄ = − 4Φ3
0

ℓ4κ24ν̃
+

2ℓ4Φ0

κ24ν̃
∆χ ,

O(0)
u = −O(0)

zz̄ = −2Φ2
0

κ24α
∂uχ .

(4.216)

To ensure regularity of the vector potential A(x) from equation (4.196), we must, in

addition to (4.216), implement the shift

µ = µ̃+
1

λ

ℓ4α(O(−1)
q +O(−1)

q̄ )

Φ0

(4.217)

With the redefinitions (4.214)–(4.217) and in the limit λ→ 0, where (ν̃, µ̃, α), Φ0, andO3D

i

are kept fixed, the line element (4.181) remains smooth and well-defined. In particular,

we find the following IR expressions for the lapse function and the vector potential:

fIR(x) := lim
λ→0

f(x)

=
α2r2(
ℓ24Φ

2
0

6Φ2
0−ℓ24∆χ

) + 2r

(
2α∂uχ+

α∂uν̃

ν̃

)
+
ℓ4κ

2
4(O

(1)
u −O(1)

zz̄ )α
2

2Φ0ν̃
.

(4.218)

AIR(x) := lim
λ→0

A(x)

=

[
(O(−1)

q +O(−1)
q̄ )αν̃r

Φ2
0

+ µ̃

]
du+

(
−
∫

dz̄ν̃e2χO(−1))
q

)
dz +

(
−
∫

dzν̃e2χO(−1))
q̄

)
dz̄ .

(4.219)

In contrast to the lower-dimensional examples discussed previously, the resulting geom-

etry exhibits a more intricate dependence on the transverse coordinates z and z̄. We

emphasize once again that this decoupling limit is entirely off-shell in directions trans-

verse to the radial coordinate, as we have not imposed the equations of motion (4.190).
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Applying the decoupling limit to the equations of motion (4.190) yields the following

set of equations:

∆2χ = 0 ,

e−3χ∂u(e
3χO(−1,1)

u )−O(−1,1)
zz̄

∂uν̃

ν̃
= 0 ,

e−3χ∂u(e
3χO(0)

u )−O(0)
zz̄

∂uν̃

ν̃
= e−2χ 2

α
jzjz̄ ,

∂zO(−1,1)
u = 0, ∂zO(0)

u = 4O(−1)
q̄ jz

ν̃

α
.

(4.220)

Requiring consistency between these equations and the regularity conditions (4.216) im-

poses additional constraints.16

O(0)
u (u, z, z̄) = jz = jz̄ = ∂uχ = 0 ,

χ = log

( √
2

1 + zz̄

)
.

(4.221)

With these simplifications, the regularity conditions (4.216) reduce to:

O(−1)
q O(−1)

q̄ =
Φ2

0

2κ24ν̃
2

(
1 +

3Φ2
0

ℓ24

)
,

O(−1)
u = −2Φ0

κ24

ℓ4
ν̃

(
1 +

2Φ2
0

ℓ24

)
,

(4.222)

which match the extremality conditions obtained from thermodynamics in (4.209) upon

identifying ν̃ = ℓ4 and Φ0 = r0.

Similarly, the lapse function fIR and vector potential AIR simplify to:

fIR =
α2r2(
ℓ24Φ

2
0

6Φ2
0+ℓ24

) + 2r
α∂uν̃

ν̃
+
ℓ4κ

2
4(O

(1)
u −O(1)

zz̄ )α
2

2Φ0ν̃
, (4.223)

16To solve the Laplace equation, we assume a trivial topology for the transverse space. This excludes
accelerating AdS black holes, which are also valid solutions in AdS Robinson–Trautman spacetimes [202].
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AIR =

[
(O(−1)

q +O(−1)
q̄ )αν̃r

Φ2
0

+ µ̃

]
du+

ν̃(O(−1)
q −O(−1)

q̄ )i

(1 + zz̄)

(dz
z

− dz̄

z̄

)
. (4.224)

In these expressions, all dependence on z and z̄ has disappeared. To obtain the simplified

form of the gauge field AIR, a gauge transformation is performed to remove irrelevant

terms. This explicitly exposes the presence of both electric and magnetic charges, defined

respectively as

O(−1)
e = O(−1)

q +O(−1)
q̄ , O(−1)

m = O(−1)
q −O(−1)

q̄ . (4.225)

In what follows, we focus solely on the electric charge and set O(−1)
m = 0. For magnetic

black holes, the Euclidean on-shell action leads to a mixed ensemble—grand canonical

in both electric and magnetic charges [209]. In our case, however, we work in Lorentzian

signature and within a nonstationary spacetime, where the inclusion of magnetic charges

renders the mixed ensemble technically challenging. Conceptually, though, there is no

obstruction to incorporating magnetic charges. Hence, the IR vector potential relevant

for the subsequent analysis is given by:

AIR =

[
O(−1)

e αν̃r

Φ2
0

+ µ̃

]
du . (4.226)

Furthermore, after all the simplifications, the non-trivial Ward identities are

∂uO(1)
u −O(1)

zz̄

∂uν̃

ν̃
= 0 , O(1)

zz̄ +O(1)
u = 0 , (4.227)

Thus, after taking the decoupling limit, all radiation in this spacetime disappears. The

geometry settles into a simplified phase space, consistent with the interpretation of Robin-

son–Trautman spacetimes as duals of far-from-equilibrium fluids [195, 196, 197, 198, 199,

200]. After a sufficiently long evolution, the fluid equilibrates and asymptotically ap-
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proaches ”near” global equilibrium.

Finally, applying the decoupling limit directly to the generating functional (4.176)

yields:

δI IR =

∫
d3xe2χ

(
λ
[
O(1)

zz̄

α

ν̃
δν̃ +O(1)

u δα +O(−1)
e ν̃δµ̃

]
+

1

λ
δ

(
2Φ3

0

ℓ4κ24

α

ν̃

))
, (4.228)

where the regularity conditions from (4.222) have been used. At first glance, the λ → 0

limit appears singular due to the last term, which arises from the Smarr relation at zero

temperature (4.208). However, this term is a total variation and does not obstruct the

definition of the generating functional; it can be removed by adding a local counterterm.

To understand better why the divergence arises from the Smarr relation, let us recall

the pressure (4.194) at zero temperature:

p =
O(−1)

zz̄

2λ2ν̃2
=

Φ0

κ24

ℓ4
λ3ν̃3

(
1 +

2Φ2
0

ℓ24

)
. (4.229)

To apply the generalized Euler relation (3.47), which we reproduce here for the reader’s

convenience,

ϵ+ p = sT + µq + y
∂p

∂y
. (4.230)

we need to express p = p(s, µ, y). The chemical potential µ(−1), the entropy density s,

and the geometrical variable y are given by

µ(−1) =
ℓ4α

λν̃

(
2

κ24

(
1 +

3Φ2
0

ℓ24

))1/2

y =
ℓ4
λν̃

,

s =
S

V
=

Φ2
0

4G4λ2ν̃2
.

(4.231)

Here, we used the fact that the volume of the 2-sphere is V = 4πν2 = 4πλ2ν̃2. In this
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way, the pressure at zero temperature is

p =
1

2κ2ℓ4

[
(4G4s)

3/2 + (4G4s)
1/2

(
y2 +

κ24
2α2

µ2
(−1)

)]
(4.232)

This expression holds at both finite and zero temperature since it is not a function of

T .17 At zero temperature, the Smarr relation becomes

ϵ− µ(−1)q = −p+ y
∂p

∂y
= − 2Φ3

0

ℓ4κ24

1

λν̃3
, (4.233)

which is the local version of the Smarr relation at zero temperature given in (4.208) (with

zero magnetic charge). Finally, integrating this expression,

∫
dx3

√
−g(ϵ− µq) = −

∫
d3xe2χ

(
2Φ3

0

ℓ4κ24

α

λν̃

)
, (4.234)

we recover the divergence under consideration. Hence, this divergence is expected from

general considerations of a charged perfect fluid at zero temperature.

To proceed, we perform a Legendre transformation that replaces the source µ̃ with its

conjugate variable O(−1)
e ν̃, which is a conserved charge. As a result, the term µ̃δ(O(−1)

e ν̃)

drops out. The final form of the generating functional simplifies to:

δI IR = 4π

∫
du
(
O(1)

zz̄

α

ν̃
δν̃ +O(1)

u δα
)
, (4.235)

where we have integrated over the transverse space, yielding the factor of 4π. Here, we

have set λ = 1, as it will not play a role in the analysis that follows.

17In this chapter, we are using a different convention for the electromagnetic sector compared to

Chapter 3; that is why there is a factor of κ2

2 in front of the chemical potential.
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Comparison with JT gravity. We can see now that many portions of our decou-

pling limit reproduce the features of JT gravity described in Sec.4.2. In particular, the

blackening factor (4.223) resembles (4.4), and the equations of motion (4.227) are similar

to (4.12a)–(4.12b), though the system appears to be free of anomalies, as would be ex-

pected from its parent CFT3 theory. We will now explain how the anomaly of Schwarzian

dynamics shows up, taking into account the ambiguities that we encountered in Sec.4.2.

Our first step is to identify the JT dilaton as follows:

Φ− Φ0 =
ν̃

l4
r ≡ ϕ =⇒ ϕ =

ν

l2
r , (4.236)

where ℓ2 and ν denote the AdS radius and the source of JT gravity, respectively. These

are related to the corresponding quantities in AdS4 via:

ℓ2 = ℓ4

√
Φ2

0

6Φ2
0 + ℓ24

, ν = ν̃

√
Φ2

0

6Φ2
0 + ℓ24

. (4.237)

With this identification, the lapse function fIR from equation (4.223) can be rewritten

as:

fIR =
α2r2

ℓ2
+
r

ℓ2

(2ℓ2α∂uν
ν

)
+
ℓ2κ

2
4(O

(1)
u −O(1)

zz̄ )α
2

2Φ0ν
. (4.238)

By comparing this expression with equations (4.11) from Sec. 4.2, we recognize that the

decoupling limit in the generalized Robinson-Trautman solutions yields the identifications

ω = γ = 0, provided we relate the operators as:

κ22Ou =
κ24
2Φ0

O(1)
u , κ22Oϕ =

κ24
2Φ0

O(1)
zz̄ . (4.239)
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Applying this relation to the IR generating functional I IR3D defined in (4.235), we find:

δI IR = 4π(2Φ0)
κ22
κ24

∫
du
(
Ou δα +

α

ν
Oϕ δν

)
= δIω . (4.240)

Here, we have used the relation 8πΦ0κ
2
2/κ

2
3 = 1, which is consistent with the thermody-

namic considerations summarized in the heat capacity expression CH given in (4.212).

Accordingly, we arrive at the following mapping:

IJT = Iω=0 +
ℓ2
2κ2

∫
du
√
−hbν−1h−1

b (∂uν)
2 . (4.241)

Again, from IJT, the Schwarzian action can be derived via the canonical transformation

given in (4.79).

In conclusion, we began with a CFT3 that is free of Weyl anomalies, encapsulated

in the generating functional Iω=0. Through our off-shell construction of the decoupling

limit, we derived the Schwarzian dynamics, which exhibits an associated Weyl anomaly.

The key mechanism underlying this construction is that the anomaly arises from a local

counterterm that exists only in one dimension. In higher dimensions, it is not possible

to modify the Weyl anomaly in this way, as there is no covariant counterterm available

to modify it.

4.6 Discussion

In this work, we have presented a novel generalization of the decoupling limit that

allows us to track the evolution of the Ward identities of higher-dimensional holographic

CFTs along the RG flow and connect them to Schwarzian dynamics. In Section 4.5, we

provide an explicit derivation of the anomalous dynamics characteristic of the Schwarzian

theory from a CFT3 that is free of Weyl anomalies. The key conceptual insight behind this
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construction is that the very notion of a Weyl anomaly in one dimension is inherently

ambiguous—in stark contrast to its higher-dimensional counterparts. As a result, a

covariant counterterm exists that relates the UV generating functional of Ward identities,

once the decoupling limit is applied, with that of the Schwarzian theory.

In Sections 4.3 and 4.4, we analyze the AdS3/CFT2 correspondence and TMG, respec-

tively. In particular, the dual field theory of TMG exhibits a boundary diffeomorphism

anomaly, while the gravitational theory includes higher-derivative terms. Our off-shell

decoupling construction systematically addresses these technical challenges, illustrating

the versatility of the framework introduced here. This level of generality suggests that

extending our method to gravitational phase spaces involving rotating black holes should

be conceptually straightforward. However, in the case of a purely rotating black hole

with no additional charges beyond angular momentum, the absence of other physical

parameters implies that there is no separation of scales between superradiance and the

effects associated with the Schwarzian theory. As a result, it becomes inherently difficult

to isolate the Schwarzian dynamics from superradiant effects.

It is important to acknowledge that the one-dimensional covariant counterterm—used

to match the Schwarzian generating functional with the effective generating functional

derived from a higher-dimensional CFT—can, in principle, also be used to eliminate the

anomalous part of the Schwarzian theory. This would effectively reduce it to a dynami-

cally simpler boundary theory. Such a possibility carries significant physical implications.

While the tree-level thermodynamics of JT gravity remains unaffected by the addition

of covariant counterterms, the one-loop contribution would vanish, as the boundary the-

ory would no longer be governed by the Schwarzian action—the Weyl anomaly having

been canceled by the counterterm. It is conceivable that a general principle forbids this

scenario, but we have not identified such an argument within the scope of this work.

However, in the specific case of the RG flow from AdS3 to JT gravity, there is supporting
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evidence from bootstrap arguments that the anomalous Schwarzian dynamics is realized

at very low temperatures [170, 172]. In higher dimensions, however, the situation remains

less clear, as similar bootstrap analyses are technically more challenging and have not

yet been fully developed.

The existence of finite entropy in non-supersymmetric extremal black holes has long

posed a conceptual puzzle, as there is no underlying symmetry that protects a ground-

state degeneracy in these cases. In contrast, the finite entropy of supersymmetric black

holes is naturally accounted for by the degeneracy of BPS states, which is preserved by

supersymmetry. Such conclusions emerge from classical thermodynamic considerations,

which predict finite entropy even at zero temperature, regardless of supersymmetry [210].

The nAdS2/nCFT1 correspondence provides a resolution to this puzzle by incor-

porating quantum corrections that lift the apparent ground-state degeneracy in non-

supersymmetric settings. At very low temperatures, one-loop effects governed by Schwarzian

dynamics dominate over the classical thermodynamics, leading to the characteristic T 3/2

scaling of the black hole partition function [171, 211, 212, 213]. Crucially, these quan-

tum contributions ensure that the entropy of non-supersymmetric extremal black holes

vanishes in the zero-temperature limit, resolving the inconsistency between classical pre-

dictions and the absence of symmetry protection.

Given this context, one may ask whether it is possible to go beyond the near-horizon

approximation and instead use the full black hole geometry at low temperatures to com-

pute the quantum effects responsible for the characteristic T 3/2 scaling of the partition

function. In spirit, this is the same question that motivates the present work: if we

understand the emergence of Schwarzian dynamics from the parent CFT, this insight

may enable us to explore the T 3/2 behavior of the partition function directly from the

perspective of the UV CFT, particularly in the very low-temperature regime.

Notably, previous efforts have attempted to address this question. In the context of
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superconformal field theory, the work of [214] identified the Schwarzian contribution to

the free energy in a particular limit of U(N) N = 4 SYM theory on R × S3. However,

in that case, the presence of fermions modifies the result, and the T 3/2 scaling does

not appear. On the gravitational side, the works [215, 216] used the full geometry of

non-supersymmetric black holes in AdS3 to compute the gravitational path integral and

successfully reproduce the T 3/2 scaling of the partition function. Notably, [216] also

provides preliminary numerical evidence for analogous behavior in AdS4, where a fully

analytical treatment remains unavailable.

We believe that our construction of the off-shell decoupling limit may provide a useful

framework for analytically studying the logarithmic corrections associated with the T 3/2

scaling of the partition function for AdS4 black holes using the full geometry. Specifically,

by employing our construction of the gravitational phase space in a Bondi-like gauge,

one can treat it as a kind of superspace approximation for performing the gravitational

path integral and then take the low-temperature limit. Nonetheless, this approach faces

technical challenges, primarily due to the fact that the Bondi gauge explicitly breaks

covariance. In contrast, gravitational path integrals for Euclidean black holes—and the

quantum corrections derived from them—are typically formulated in covariant gauges.

Moreover, the analytic continuation of a Bondi-like gauge to Euclidean signature is subtle,

since this gauge is intrinsically tied to the Lorentzian causal structure of spacetime.

Addressing these difficulties is a necessary step toward the rigorous application of our

method in this setting.
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Chaotic LLM Billiards

We study null geodesics of the ten-dimensional LLM geometries. In particular, we show

that there are a subset of these null geodesics that are confined to the LLM plane. The

effective dynamics of these in-plane geodesics is that of a Hamiltonian system with two

degrees of freedom (a phase space of dimension 4). We show that these are chaotic. In the

two-coloring of the LLM plane, if they start in the empty region, they cannot penetrate

the filled region and viceversa. The dynamical problem is therefore very similar to that

of a billiards problem with fixed obstacles. We study to what extent LLM geometries

with many droplets may be treated as an incipient black hole and draw analogies with

the fuzzball proposal. We argue that for in-plane null geodesics deep in the interior of a

region with a lot of droplets, in order to exit towards the AdS boundary they will need

to undergo a process that resembles diffusion. This mechanism can account for signals

getting lost in the putative black hole for a very long time.
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5.1 Introduction to the chapter

What is a black hole? In the classical theory of general relativity, the notion of a black

hole has a precise definition. Colloquially, it is the region of spacetime situated behind a

horizon from which no information can escape. Usually, there is also a singularity in the

future of any infalling observer.

Once we include quantum mechanics, especially in view of the gauge/gravity duality

[29], describing the notion of a black hole is harder. Noting that semi-classical stationary

black holes have a temperature [12], one can associate black holes with a particular class

of thermal states. This serves us well in equilibrium. Outside of equilibrium, however,

it is very hard to extract in general the notion of a horizon from a quantum field theory

dual computation. Part of the reason is that the notion of a horizon in general relativity

is teleological. It is tied to future infinity: the horizon for an AdS black hole is the

surface that divides the events that a future asymptotic observer on the boundary of

AdS space might be able to see, versus the ones that are invisible to them. The horizon

might also depend on how we choose to act on the quantum system on the boundary later

on. This requires a notion of time in the bulk. We are thinking here of the spacetime

being foliated by Cauchy slices labelled by a parameter that we choose to call the time

variable. We want that time variable to coincide with the time variable on the boundary

of AdS. So long as we can make different choices later on, a portion of spacetime at an

instant of time might be situated behind the horizon or not, depending on some event

that has not happened yet. In that sense, the field theory dual of a classical horizon is

not an observable.

Nevertheless, the presence or absence of a horizon can be used as an order parameter

distinguishing two phases of matter: confinement and deconfinement [14]. This is sim-

plest in a static setting with large black holes where one can Wick rotate the theory to a
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Euclidean geometry. The reason to choose large black holes is that they are thermody-

namically stable [74]. Namely, they have positive specific heat. The Hawking-Page first

order phase transition is identified with the confinement/deconfinement transition. The

deconfined phase, in this case, has a different topology of the Wick rotated Euclidean

spacetime than the confined phase. It should be noted that the same Euclidean topol-

ogy is assigned to small black holes in AdS space. These are black holes that behave

like Schwarzschild black holes in flat space: they have negative specific heat. Reason-

ing by similarity, small black holes have been argued to be a partially deconfined phase

[217, 218] (see also the earlier [219]), where only a subset of the color gauge group is

deconfined. Their entropy is of order ϵN2, with ϵ ≲ 1. Usually, ϵ is very small but

finite, so there is not enough energy in the system to excite most of the color degrees of

freedom (this would require an energy strictly larger than an order one constant times

N2 in free field theory). To solve the problem of the thermodynamic instability of these

black holes one needs to work in the microcanonical ensemble: one fixes the mass, not

the temperature. Since the horizon can become arbitrarily small, when these black holes

are sufficiently small they can evaporate rapidly into the bulk. The question of whether

there is a black hole or not becomes harder to analyze. There is no clear dividing line in

the quantum gravity theory between spacetimes with black holes and spacetimes without

them, essentially because black holes can evaporate.

More to the point, there are many examples of geometric solutions of Einstein’s

equations that are horizon free, stationary and have the same asymptotic behavior as a

black hole with the same quantum numbers. These solutions have bubbles (they have

different topologies with many non-contractible cycles with fluxes through them) and

many times only start to differ significantly from a corresponding black hole solution

near the region where the horizon would have been located. These solutions usually

arise from states that satisfy a supersymmetric bound between their charges and the

180



Chaotic LLM Billiards Chapter 5

mass (they are BPS states). The corresponding black hole is extremal and has zero

temperature. The fuzzball proposal [47] (see also [48] for an overview of these ideas)

states that the black hole is just a coarse-grained version of these possible microstate

geometries. Moreover, the horizon appears due to our lack of knowledge of what is

occurring on the inside region, broadly speaking. The proposal states that “horizons and

singularities are artifacts of attempting to describe gravity using a theory that has too

few degrees of freedom to resolve the physics” [220].

More precisely, these extremal black hole solutions have a well defined throat region

and it is in this throat region where the differences between the different geometries

appear. In this case, the right question to ask is how can any of the typical microstate

geometries seem to us as if it were a black hole?

That question is addressed by throwing observers (matter) into the black hole and

asking what they see (seeing what comes out). The answer to the question becomes

phenomenological: can an individual microstate behave qualitatively similar to a black

hole? For example, do signals generally take a long time to get out? Are there large

tidal forces that rip objects apart? If such tidal forces exist, the fuzzballs would appear

to destroy information to an outside observer. These questions are computable: given

details of the microstate geometry, one can throw matter inside and follow its motion in

the interior. One can then wait until the matter comes out again.

Our goal in this chapter is to understand a similar set of questions for half-BPS ge-

ometries in AdS5×S5. These geometries, constructed by Lin, Lunin and Maldacena [49],

which we will call LLM geometries, have similar properties to the fuzzball microstates.

They are horizon free geometries, they have bubbles and fluxes and come in large fami-

lies. These solutions can have different topologies. Part of their simplicity is that their

dual states in the boundary CFT are easy to describe. The geometries are dual to a

very simple sector of N = 4 SYM that can be described in terms of 2D incompressible
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droplets of free fermions [50]. The droplet picture also arises directly from the supergrav-

ity solutions, so one can actually have a two-dimensional picture of the spacetime that

encodes all the data necessary to recover the ten-dimensional geometry [49]. We will call

this two-dimensional surface the LLM plane.

These solutions do not admit black holes and have no Wick rotated Euclidean geom-

etry related to them. They can still be coarse-grained. When one does so, the droplets

become grey: they can be a statistical ensemble of filled or unfilled regions of the LLM

plane, so the local droplet density on the LLM plane instead of being zero or one can

be any number in between. The corresponding greyscale supergravity solutions have

naked singularities. Essentially, there are not enough half-BPS states to give an entropy

of order N2 and generate a horizon with an area of the right size in geometric units.

One can think of these as incipient black holes [221] and put a stretched horizon around

the singular locus. It should also be noted that in these geometries the topology of the

spacetime is not a quantum observable. The topology of LLM geometries can be changed

by the superposition of a very large number of states [222]. This fact guarantees that

the topology is not a quantum observable [223]. The notion of topology depends on the

coarse-graining, but for large enough bubbles this is not a major issue. This is similar to

arguing that the topology of the Euclidean spacetime is not characterized by a conserved

quantum number, as we can take extreme limits where the small black holes evaporate

and change topology.

Armed with explicit solutions of the LLM geometries, we aim to ask to what extent

an individual LLM microstate might behave as a black hole. The whole point is to argue

that being a black hole in the dual theory is more a matter of degree, rather than an

expression of the quantum numbers of the state. Therefore, even in these cases where

one barely has a notion of an incipient black hole, where even the notion of the horizon

is not available, it is interesting to ask if light gets trapped. We also want to come to
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a simplified picture of what is responsible for the trapping mechanism and ask about

the existence of tidal forces that might pull objects apart [224, 225, 226, 227] (see also

[228, 229, 230, 231]).

To test if light is trapped, we consider solving for the null geodesics of the LLM

geometries. A particularly useful observation we have in this chapter is that there are

null geodesics whose motion is restricted to lie in the LLM plane. The motion is that

of a particle in two dimensions in the presence of non-trivial magnetic fields. These are

restricted to be either in the filled or empty region of the LLM plane.

The picture that appears is very appealing. For geodesics in the empty region, the

droplets are obstacles in the path of the null geodesics that they need to avoid. Essentially,

the geodesics are reflected from the droplets, similar to a problem of chaotic billiards. The

fact that we see chaos in the dynamics can be used as an analogue of strong tidal forces:

nearby null geodesics will separate exponentially fast from each other. A notion of the

trapping mechanism can be extrapolated to the case where there are many droplets. The

null particles in that case are better thought of as moving through a dense medium with

multiple scattering centers. A typical microstate can be argued to have many droplets of

random shapes. If the results of collisions are fairly random, the process of getting outside

a region is analogous to diffusion. This mechanism can explain simply why something

that falls in might take a very long time to get out. Some such geodesics might be

completely encircled so they can never get out. Such modes could in principle become

internal excitations of the putative incipient black hole that are very hard to tease out

by an outside observer.

The chapter is organized as follows. In section 5.2 we briefly summarize the ten-

dimensional LLM geometries to establish notation. In section 5.3, we describe the dy-

namical system of our interest. We turn the problem of studying null geodesics into a

Hamiltonian dynamics problem in very few variables. The main reason to do so is that
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the LLM geometries have multiple symmetries that lead to conserved quantities. In the

Hamiltonian formulation, these constants of motion are angular momenta and can be

frozen to reduce the dimensionality of the problem. We will also end up studying a sub-

set of the geodesics that lie in the LLM plane. In section 5.4, we describe the geodesic

motion in vacuum AdS5×S5, where the LLM data is one round disk case as a warm-up.

Part of the purpose is to later compare with a geometry with more droplets. In section

5.5 we present numerical results that characterize the chaotic behavior of the three disks

configuration. Because the work we do is numerical, we study a configuration with three

disks as an example, but the main results are expected to be generic.

5.2 LLM geometries

In this section, we briefly review the bubbling AdS geometries constructed in [49] to

establish notation.

Motivated by the AdS/CFT correspondence, Lin, Lunin and Maldacena (LLM) ex-

plored asymptotically AdS5 × S5 half-BPS IIB supergravity solutions. These solutions

preserve an SO(4)×SO(4) × R symmetry. This residual symmetry of configurations is

easiest to understand in the dual CFT formulation [50], where only one of the complex

scalars of N = 4 is excited. The field theory is analyzed in the S3 × R cylinder, whose

ground state is dual to AdS5 × S5 in global coordinates. The unbroken R-symmetry

is SO(4) and the configuration is also spherically symmetric on the spatial S3 of the

boundary. The BPS constraint adds one extra conserved charge, identified with R.

The upshot of the field theory analysis is that the half-BPS configurations of the SYM

theory are described in the weak coupling limit in terms of eigenvalues of a complex matrix

(the Gauss’ law constraint turns the matrix variable describing the half-BPS states into a

normal matrix). The real and imaginary parts of the eigenvalues are conjugate variables
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to each other. The measure terms from gauge fixing make these eigenvalues behave like

fermions. The effective system describing the dynamics of this reduced set of states is

that of droplets of fermions in the presence of a magnetic field, when reduced to the

lowest Landau level. Correlators in the half-BPS sector can be computed exactly for

these states by combinatorial methods [232]. More recently, other tools have been used

to simplify how these results can be obtained [233] by using coherent state methods and

integral representations that can be evaluated by localization.

With these symmetry considerations Lin, Lunin and Maldacena found the following

general solution, in type IIB supergravity, for the metric,

h2ds2 = −(dt+ Vadx
a)2 + h4(dξ2 + dxadx

a) +

(
1

2
− z

)
dΩ̃2

3 +

(
1

2
+ z

)
dΩ2

3. (5.1)

The SO(4)× SO(4)×R symmetry is manifest, with all functions being independent of

t and the SO(4) symmetries realized by isometries of the two 3-spheres Ω̃3 and Ω3. The

functions z and h depend only on the three variables ξ, x1,2.

The h function is related to z by,

h2 =
1

ξ

√
1

4
− z2, (5.2)

while the Va functions obey the following equations in terms of z and ξ,

∂ξVa =
ϵab ∂bz

ξ
, ∂aVb =

ϵab ∂ξz

ξ
+ ∂bVa. (5.3)

This means that the solution is completely characterized by the single function z =

z(ξ, x, y), where xa = {x, y} and the range of the coordinates is ξ ∈ (0,∞) and xa ∈

(−∞,∞). That is, the domain of the z function is an upper half space in three dimen-

sions.
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Besides the metric, the background is supported by a five-form in the RR sector, which

together with the metric (5.1) is a solution of type IIB supergravity if the following linear

PDE for z is satisfied,

∂a∂az + ξ∂ξ

(
∂ξz

ξ

)
= 0. (5.4)

The solutions are tuned with precise boundary conditions, z → ±1/2 as ξ → 0, in

such a way that the metric ds2 does not contain conical singularities. One gets a ’Black’

and ’White’ colouring xy-plane for each geometry defined by,

White: lim
ξ→0

z(ξ, x, y) =
1

2
, Black: lim

ξ→0
z(ξ, x, y) = −1

2
. (5.5)

The convention of colors can also be thought of as ‘White’ being a region with no fermions

and ‘Black’ a filled region with the maximum density of fermions that is allowed. This

ξ = 0 surface will be called the LLM plane and is parametrized by x1,2. The smoothness

restriction arises because we need h to be finite in the LLM plane. More precisely, it is

limξ→0 h
−1 ̸= 0 that must be non-vanishing. Otherwise, both spheres shrink to zero size

at ξ = 0. The boundary between the two saturated color regions is allowed as there the

metric becomes that of a non-singular plane wave [49]. The two coloring of the LLM

plane is that of an incompressible fluid and reproduces exactly the N = 4 free fermion

picture.

Notice that the boundary conditions of z on the ξ = 0 plane play an important role

as it describes the size of the two 3-spheres. In the z → −1/2 regions the 3-sphere Ω3

shrinks to zero as ξ → 0, whilst in the z → +1/2 regions the 3-sphere Ω̃3 shrinks to

zero as ξ → 0. These are easy to see in (5.1) if h is finite. The radii of the spheres have

additional factors of 1/2± z in the metric.

Note that these boundary conditions ensure smoothness of the solution (5.1) in the
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entire space. If one accepts greyscale solutions, the limit ξ → 0 has singularities. The

function z is then in the range (−1/2, 1/2). These are the only values that are compatible

with causality [234] (other values lead to closed timelike curves). The effective reason

for these bounds in the dual N = 4 SYM is that the fermions must satisfy the Fermi

exclusion principle. The density of fermions has an upper bound, and similarly, cannot

be negative.

5.2.1 The one disk and multi disks geometries

The simplest configuration is the geometry described by the AdS5 × S5 spacetime

itself. In the LLM plane, this is described by a single disk. This solution is described by

the following z function,

z =
r2 + ξ2 −R2

2
√

(r2 + ξ2 +R2)2 − 4r2R2
, with z(ξ → 0) =

 −1
2

r < R,

1
2

r > R,
(5.6)

where r2 = x2 + y2 and R is the radius of the disk. When we consider more general disk

configurations at the boundary ξ → 0, the rotational symmetry in the xa plane is lost.

We can easily find generalizations to geometries with n-disks. We do this by summing

solutions for various disks. This is where the fact that we need to solve a linear PDE

does its work: we just superpose (sum) solutions and fix a constant so that the empty

region is at the right value of z. We write these geometries in Cartesian coordinates and

the zT function is obtained as the sum of each individual zi function,

zi =
r2i + ξ2 −R2

i

2
√

(r2i + ξ2 +R2
i )

2 − 4r2iR
2
i

,

with zT =
n∑
i

(
zi +

1− n

2n

)
and zT (ξ → 0) =

 −1
2

r < R,

1
2

r > R,

(5.7)
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where n is the number of disks and the subscript i labels the ith-disk. The ith-disk has

its center at coordinates at {xi, yi} and radius Ri, and we define r2i = (x−xi)2+(y−yi)2.

The constant factor 1−n
2n

guarantees that the boundary conditions z = ±1/2 are satisfied.

The Va functions that solve the equations (5.3) with the zT function given by (5.7)

are,

Va =
ϵba
2

n∑
i

(r2i + ξ2 +R2
i )√

(r2i + ξ2 +R2
i )

2 − 4r2iR
2
i

∂xb
(log ri). (5.8)

This way, we have a readily available explicit list of interesting geometries to consider.

5.3 General dynamics of the system

In order to study the dynamics of the system we compute the Hamiltonian from the

metric (5.1). We call the null geodesic affine time parameter of the dynamical problem

τ . We start from the Lagrangian

L =
1

2
gµν ẋ

µẋν (5.9)

and compute the Legendre transform. Null geodesics are interpreted as the geometric

limit of massless particles. In the type IIB string theory, these massless particles are all

part of the gravity multiplet in 10 dimensions, so they are captured by all the possible

supergravity modes. Any statement about null geodesics has consequences for wave

solutions in supergravity.

The spherical symmetry in Ω3 and Ω̃3 automatically lets us introduce conserved angu-

lar momenta L, L̃. Also, the time translation invariance in the t variable lets us introduce

E as the conserved conjugate momenta of t. The null geodesic constraint will have the

Hamiltonian function vanishing (H = 0). The Hamiltonian (rescaled by h2) for the
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dynamics of the remaining three variables is the following

2h2 H =P 2
ξ + (Px + EVx)

2 + (Py + EVy)
2 + h4

(
2L2

(1 + 2z)
+

2L̃2

(1− 2z)
− E2

)
, (5.10)

where the two coordinates xa have been renamed to x, y and the third coordinate ξ of the

LLM metric has remained the same. The Px,y are conjugate to x, y and Pξ is conjugate

to ξ.

We want to study geodesics that reach the incipient black hole region ξ ≃ 0. One

can check that the geodesics that reach the LLM plane ξ → 0 must have an angular

momentum vanishing in one of the two possible spheres. Which angular momentum

vanishes depends on which sphere goes to zero size at the intersection. This mathematical

fact generates an angular momentum repulsion barrier. Also notice that the ξ = 0 region

is a locus of unbroken rotation symmetry for one of the two spheres, depending on which

sphere degenerates. This indicates that it is possible to find solutions to the equations

of motion that stay completely in this locus. These will have Pξ = 0 and ξ = 0 and one

of the angular momenta vanishing. Our main computational effort will be to study this

subset of solutions to the null geodesics that are strictly confined to the LLM plane.

In such limit, the system is reduced to a four-dimensional phase space with the

following Hamiltonian,

H0 =
1

2h2
(
(Px + EVx)

2 + (Py + EVy)
2 + h4

(
L2 − E2

))∣∣∣∣
ξ→0

. (5.11)

where both L,E are constants of motion. Therefore, the interesting dynamics takes place

only in the x, y coordinates.
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Null geodesics then satisfy the following constraint,

(Px + EVx)
2 + (Py + EVy)

2 + h4
(
L2 − E2

)∣∣
ξ→0

= 0, (5.12)

which can be expressed in terms of the velocities in a quite simple way as,

E2 − L2 = ẋ2 + ẏ2. (5.13)

This form of the constraint suggests that the motion should be very simple. The con-

straint tells us that E > L (this is a classical limit of the BPS constraint). When E = L,

there is no motion in the x, y coordinates. There is one of these stationary solutions for

any empty point in the LLM plane.1

The equations of motion derived from the Hamiltonian (5.11) that satisfy the require-

ment (5.12) are,

ẋa =
Pxa + E Va

h2

∣∣∣∣
ξ→0

,

Ṗxa = (E2 − L2)∂xah
2 − E

h2
((Px + EVx)∂xaVx + (Py + EVy)∂xaVy)

∣∣∣∣
ξ→0

,

(5.14)

for xa = (x, y). The h2 and Va functions in the ξ → 0 limit are given by the following

explicit expressions

h2
∣∣
ξ→0

=

√√√√ n∑
i=1

(
R

|r2i −R2|

)2

, Va|ξ→0 =
1

2
ϵba

n∑
i=1

(r2i +R2)

|r2i −R2|
∂xb

(log ri). (5.15)

One can see that the explicit equations of motion in this limit are somewhat unwieldy,

suggesting that finding analytical solutions to this system of differential equations be-

1These are also related to the zero size limit of BPS open strings discussed in [236].
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comes a complicated task. The quantities EVx, EVy in equation (5.11) act as an effective

magnetic field potential on the LLM plane. The dynamical system is that of particles

subject to a non trivial metric, a non-trivial potential proportional to L2 − E2 and a

non-trivial magnetic field that is time independent.

This low dimensionality of the problem makes it easier in the end to visualize the

solutions. In the next section we will show a numerical analysis of our system.

5.4 The global AdS5 × S5 geometry

In order to contrast with more elaborate configurations, in this section we present the

dynamics of the simplest case in the LLM geometries: the AdS5×S5 vacuum itself. The

main idea is to understand the null geodesics of interest to us in the LLM coordinates,

rather than the more conventional global AdS coordinates. The geometry here is deter-

mined by one disk with radius R. The disk on the LLM plane has rotational symmetry,

which is associated with the conserved angular momentum Pθ. There is also the con-

served energy of the particle E in these coordinates. In the plane wave limit geometry

[235], the quantity E is identified with E = ∆ − J , where ∆ is the global energy (the

one that measures anomalous dimensions of operators) and J is the R-charge carried by

the LLM geometry. This is a true statement in general. The LLM geometries satisfy the

constraint Eback = ∆−J = 0. This is the BPS constraint. The geometries have vanishing

energy with respect to the LLM time variable. This is also part of the dual field theory

setup [50]. The Pθ momentum is the additional amount of R-charge J carried by the null

particle whose geodesic motion we are analyzing.

The general Hamiltonian (5.11) mapped to polar coordinates for this particular case
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is

H0 =
1

2h2

(
P 2
r +

(Pθ + EVθ)
2

r2
+ h4

(
L2 − E2

))∣∣∣∣
ξ→0

. (5.16)

The canonical momenta are given by

Pr = h2ṙ, h2E = ṫ+ Vθθ̇, Pθ = −EVθ + h2r2θ̇. (5.17)

The additional rotational symmetry on the LLM plane transforms this problem into a

one-dimensional system, as Pθ is conserved. Furthermore, since the Hamiltonian is time-

independent, then the system is integrable. This result is also true for generic concentric

circle geometries. The integrability is for null geodesics inside the LLM plane, which is

the reduction we are studying in this chapter.

In turn, the null constraint (5.12), which is also H0 = 0, can be recast as a condition

over the domain of r, as Pr must be real. We can solve for Pr as follows:

Pr = ±
√
h4 (E2 − L2)− (Pθ + EVθ)2

r2
. (5.18)

All the terms on the right hand side depend on r and the constants of motion. Notice

that, for certain values of the conserved momenta (L,E, Pθ), the quantity Pr vanishes,

giving us turning points for r.

In the ξ → 0 limit, one can also determine the explicit form of functions h2 and Vθ

in polar coordinates,

h2
∣∣
ξ→0

=
R

|r2 −R2|
, Vθ|ξ→0 =

1

2

(
r2 +R2

|r2 −R2|
− 1

)
. (5.19)

In Figure 5.1 we show a set of orbits where we consider a disk centered at the origin
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with radius R = 5. We consider geodesics with E = 20 and L = 5, but with different

values for initial positions and momenta.

Notice also that there exist trivial analytic solutions in the LLM plane with E = L

(the general BPS solutions we argued in the previous section). These solutions have a

nontrivial angular momentum Pθ = −EVθ and Pr = 0. In these coordinates, these null

geodesics are all stationary, but they still move in the time direction t on the one 3-sphere

on which they have angular momentum.

-30 -20 -10 0 10

-20

-10

0

10

20

30

X

Y

Figure 5.1: The disk of R = 5 centered at the origin is represented by a black circular

region. The rest of the circles with different colors represent geodesics with different

initial conditions. Each orbit has a circle-like shape, but are not exactly circular orbits.

Some of the geodesics (brown and yellow) do not orbit the central black disk.
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5.5 Numerical results and graphs for one example:

three disks

Now we are ready to study a more general case. In general, black holes are expected

to lead to chaotic behavior in the dynamics [237, 238]. One would expect that for an

LLM geometry to behave similarly to a black hole, a prerequisite is to have the geodesic

solutions be chaotic. Given the high degree of symmetry of the solutions, this is not

guaranteed in general. The results of [239] suggest that most LLM geometry solutions

will lead to a non-integrable system, even for null geodesics. These arguments are based

on the separability of the associated Hamilton-Jacobi problem. Here we verify explicitly

that there is chaos. This fact by itself does not mean that a system behaves as a black

hole, but it serves as a prerequisite for that statement to be true. For example, in the

AdS5 × T 1,1 geometry, there is chaos for string motions [240], but the geodesic problem

itself is integrable. Clearly, there is no black hole. In this section, we want to verify

explicitly the claim of the existence of chaos in one simple configuration with multiple

disks.

Because we expect chaos, we will verify the presence of chaos numerically. We choose

one example of a geometry with enough features to be interesting, but with the expec-

tation that some of the features of motion are generic.

We consider one example of a configuration with three disks of the same radius R = 5,

whose centers are located at the following positions in the LLM plane

(x1, y1) = (0, 0), (x2, y2) = (20, 0), (x3, y3) = (10, 20). (5.20)

Our initial setup considers geodesics of energy E = 20 and angular momentum L = 5.

These are chosen to be of order one. The only parameter that physically matters is L/E,
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as solutions of null geodesics have a rescaling property: the Hamiltonian is a purely

quadratic function of momenta. The null geodesics with momenta all rescaled by the

same factor will follow the same trajectory in the position coordinates, but they will

evolve faster or slower in the affine parameter τ .

Figure 5.2 shows an orbit plot for a given generic initial condition in position and

momenta. We see the location of the three disks demarcated in the plot by the region that

the null geodesics are avoiding. Comparison with Figure 5.1 shows that this new orbit

is significantly more complicated than in the one disk case. The rotational symmetry on

the xy-plane from before is now lost due to the additional disks. We see that the motion

is highly irregular: the orbit spends most of its time circling around a single disk, but

jumps occasionally to motion around the other disks. Less frequently, the orbit travels

far outside of all of the disks, as seen in the figure.

Figure 5.2: The orbit followed by a single null geodesic in the three disk geometry

projected to the LLM plane.
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The orbits are prevented from reaching the inside of the disks by the angular mo-

mentum L. As we explained earlier, the two 3-spheres degenerate in the LLM plane and

there is an angular momentum repulsion from the filled disk region. In that sense, we

can think of the disks as impenetrable obstacles that the trajectory must be reflected

from. This is similar to a billiards problem. The main difference is that there is also an

effective magnetic field present. This effective magnetic field arises because the metric is

not static in the t coordinate.

The trajectory appears to bounce off these disks. Some parts of the trajectory also

travel far out in the radial direction, closer to the boundary of AdS. Since the trajectory

only has angular momentum in the SO(4) rotational group of the S3 on the boundary,

these can in principle reach infinity if they stop carrying angular momentum with respect

to the U(1) charge of rotations in the LLM plane. That is, if Pθ becomes very small (the

angular momentum Pθ is not conserved, but should become an adiabatic invariant in

trajectories of the region very far from the disks). The rotational breaking of symmetry

makes it in principle possible to do this (we can have jumps in Pθ between different

portions of a geodesic).

Since the rotational symmetry on the plane is lost, the system that was originally

integrable for one disk becomes chaotic for three disks. Due to the low effective dimension

of the problem (a two-dimensional phase space), we can visualize chaos with the aid of

Poincaré sections. In Figure 5.3, the Poincaré sections with the y variable fixed are

shown. They clearly display chaos.
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Figure 5.3: Poincaré sections, x vs Px, for some values of y. The exterior white regions

represent the region disallowed by the null constraint, where the position x is roughly

inversely proportional to the momentum Px. The points fill out completely the allowed

region in the phase space as we expect for chaotic motion. In the first plot, the two vertical

white strips represent the locations of the two disks at y = 0, which are forbidden. In

the second plot, the two vertical white lines are gone since the cut is moved to y = −8.
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The main characteristic of chaotic dynamics is the butterfly effect [237]: exponential

sensitivity to initial conditions. This is checked by demonstrating that the system has

a non-trivial Lyapunov spectrum (Lyapunov exponents that don’t vanish). To compute

Lyapunov exponents, we choose the following initial conditions (x(0), y(0)) = (10, 3) and

(P
(0)
x , P

(0)
y ) = (152785

856086
, 25

√
1695

616
), so that we can have arbitrary precision if necessary. Since

the three disks configuration has a four-dimensional phase space, we report the four Lya-

punov exponents associated with the configuration, checking that they are numerically

in accordance with the following pattern numerically λ1 > λ2 > −λ2 > −λ1, and that

λ2 ≃ 0 due to there being a constant of motion. The pattern arises because the chaotic

motions respect the symplectic structure of phase space. Computing the exponents nu-

merically, we find that

{λi} = {0.4484, 0.02104,−0.02109,−0.4483}. (5.21)

The maximum Lyapunov exponent is positive and λmax ∼ 0.4484 is represented by the

blue data in Figure 5.4. We can use the difference from zero of the Lyapunov exponents

as an error bar. This method would indicate that one expects the largest exponent to

have an error of order 5%. We expect two of the Lyapunov exponents to vanish. This is

supported by our analysis with two of the exponents slowly converging toward zero. The

slow convergence comes from the form of the differential equations we are integrating.

The equations become stiff near disk boundaries, setting limits as to how far we can

integrate up to.
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Figure 5.4: The maximum Lyapunov exponent λmax = 0.4484 is represented by the blue

line.

5.5.1 Geodesics trapped in the interior region formed by the

disks

The goal of our analysis is to observe trajectories that are almost trapped and take a

very long time to escape to infinity. One way to create this behavior is to make the exits

of some regions very narrow by placing our disks close to each other. Due to the angular

momentum repulsion effect, this causes a trajectory to bounce back and get trapped

for an extended period. For our setup, we choose the same center locations for three

disks as before (see (5.20)), but we increase the radius of the disks such that they are

almost touching each other. This causes a geodesic starting in the interior region formed

by the three disks to get effectively trapped. We choose R = 9999
1000

for each disk. The

energy is kept the same at E = 20, but the angular momentum is changed to L = 19.

This is close to the BPS limit. The initial condition of the representative trajectory is

(x0, y0) = (10, 3) and vx0 = 1, vy0 > 0. We only show some points for a very long time
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trajectory. If we filled the points of the trajectory, the region where the null geodesic is

trapped would seem filled.

Figure 5.5: In this plot, we can see how the geodesic is trapped in the interior region

formed by the three disks. Segments of trajectory associated to very short periods of

time evolution have been marked with different colors. The blue dots are the positions

of the particle sampled at long intervals.

The evaluated trajectory is shown in Figure 5.5. We see that the geodesic gets

effectively trapped. In order to clarify how the motion looks for small time periods,

we have highlighted short intervals with separate colors. These oscillations look like a

particle in the presence of a magnetic field, and it is clear that these motions are repelled
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from the black disks. More precisely, the characteristic oscillation period of the trapped

geodesics is very small with respect to the total time of numerical evolution T . Given the

numerical evolution T , the geodesic has many oscillations that look as if they are filling

the interior region. These show how the trajectory appears to be drifting slowly between

different, almost integrable magnetically trapped orbits. The total time evolution of the

geodesic is represented by the blue color in Figure 5.5.

We remark that the plot does not have the same scale in the x and y axes in order to

better display the orbit of the geodesics. Because of this, the black regions that represent

the locations of the disks are distorted. The Lyapunov exponents of this trajectory are

all small and in our tests are consistent with values of zero. See the Appendix 5.7.

To more easily see that this orbit is actually chaotic, in Figures 5.6 and 5.7, we

present three-dimensional projections of the dynamics where we can see that the system

is slowly filling the available phase space. This is accomplished by coloring different

portions of the evolution in different colors and superposing them on top of each other.

If the system were integrable, the trajectory would only fill a 2-torus, rather than a 3d

volume. This would be readily apparent. The long trajectory has not had enough time to

fill its available phase space in 5.5. Because of this, our Lyapunov exponent computation

does not make complete sense: in the numerical limit defining the Lyapunov exponents,

one assumes that the orbit has approximately explored all of its available phase space

before one believes that the numerical value of the exponent has converged.

In these 3d plots, we see that the null geodesic is filling out the phase space. Hence,

we conclude that the system is chaotic, but with a small Lyapunov exponent (we deal

with this in the Appendix 5.7), as the system seems to be quasi-adiabatically exploring

the available phase space.
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Figure 5.6: 3d projection of the phase space x, Px, Py.

Figure 5.7: 3d projection of the phase space y, Px, Py.

5.6 Conclusion

In this chapter, we have studied a special set of null geodesics in the general LLM

geometries. These null geodesics are restricted to motion in the LLM plane. The reason

that such geodesics stay in the LLM plane is that the LLM plane is a degeneration locus

of symmetry (one of the two 3-spheres goes to zero radius) and this fact guarantees that

solutions that preserve the symmetry must stay confined to the LLM plane. Because we

are at a degeneration locus, the angular momentum associated to the shrunken sphere

vanishes. The null geodesics are allowed to carry an angular momentum L with respect

to the remaining SO(4). In our case, we have focused on situations where the angular

momentum that is turned on is associated to the spatial symmetry of the boundary

202



Chaotic LLM Billiards Chapter 5

S3, rather than the R-charge. After the conserved quantities are taken into account,

the effective motion is in two-dimensions and the corresponding phase space is four-

dimensional. The motion is restricted to the region where the R-symmetry sphere is of

zero size (the white region in our black and white coloring of the LLM geometries). There

are some special solutions of LLM geometries that preserve an additional U(1) symmetry

of rotations of the LLM plane. In these cases, the null geodesics restricted to the LLM

plane are integrable.

When we studied particular cases where the rotational symmetry is broken, we found

that the null geodesics exhibited chaotic behavior. Also, in general, we found that so-

lutions that minimize the LLM energy after fixing the angular momentum satisfy the

constraint E = L, stay at a fixed position in the LLM plane, and can be located arbitrar-

ily on the allowed locus of the LLM plane (the white region). These are associated with

states that satisfy a BPS constraint. This degeneration is similar to that of a classical

particle in the lowest Landau level in a magnetic field. When we increase the energy, the

orbit precesses. In some situations, the orbit’s center moves slowly in the LLM plane, as

depicted in Figure 5.5, where (E − L)/E is small.

Let us consider what are the possible consequences of our observations. First, null

geodesics are a geometric optics limit of massless wave equations on the LLM geometry.

We expect that there should a large class of BPS modes of supergravity fluctuations

associated with these geodesics that do not move. The fact that they are classically

soluble suggests that they may also be found analytically in the ten-dimensional geometry.

Secondly, the fact that these in-plane geodesics are chaotic is indicative that the non-

BPS protected modes in the LLM geometry can only be solved numerically. The modes

associated with chaotic motion should display level statistics typical of chaotic systems.

It becomes interesting to ask to what extent they display the eigenstate thermaliza-

tion hypothesis properties. Solving these issues can provide interesting thermalization
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dynamics on these geometries.

More generally, we explored to what extent a generic LLM geometry might start

looking like an incipient black hole. The interesting observation we have made is that

the problem of solving these null geodesics becomes similar to a problem of chaotic

billiards scattering in two dimensions. We expect that as we add more droplets the

classical problem of getting out of the black hole region should resemble a problem of

diffusive dynamics. Considering that we will eventually want to solve wave equations

in these systems, one should try to understand to what extent other phenomena like

Anderson localization due to the effective random potential might make certain modes

much harder to probe than others.

These questions, once all symmetries are taken into account, should correspond to

an eigenvalue problem of partial differential equations in three dimensions (the LLM

plane variables x, y plus the extra ξ direction) that seem more tractable than other

similar problems associated with fuzzball geometries, [241, 242, 243, 244, 245, 246, 247,

248, 249, 250]. Moreover, it would be interesting to study more elaborated frameworks,

for instance the simplest nontrivial LLM geometry: the annulus, or configurations that

involve geodesics outside of the LLM plane. We hope to tackle some of these problems

in the near future.

5.7 Appendix: Small Lyapunov exponents

In this Appendix, we study numerically the effectively trapped geodesic discussed

in section 5.5.1. Our goal is to measure the Lyapunov exponents. The maximum Lya-

punov exponent is measured by taking an infinitesimal deformation δ in phase space and
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checking how quickly it grows. The Lyapunov exponent is defined as

λmax = lim
T→∞

1

T
log(|δ(T )|/|δ(0)|). (5.22)

The natural question to ask is if the total time T is long enough to see that the maximum

Lyapunov exponent is different from zero.

In an integrable system, the growth of the maximal stretching direction is linear in

time T (the angle variables evolve linearly). The growth would therefore behave for large

times as log(aT ) and the Lyapunov exponent would only vanish in the T → ∞ limit,

decaying as log(T )/T . We contrast the system we have with an integrable system by

testing with a fit to log(T )/T in Figure 5.8.

100 200 300 400 500 600 700
T

0.05

0.10

0.15

λ

Figure 5.8: We plot the logarithm log(|δ(T )|/|δ(0)|)/T with respect to time. We show a
fit of the corresponding quantity given by 0.00707 + 4.1227/T + log(T )/T where λmax ≃
0.00707 is interpreted as the maximum Lyapunov exponent. The other parts of the fit
serve to correct for the quasi-adiabatic almost integrable behavior for short time scales.

It is clear that since the fit to an integrable system is fairly good, we cannot yet

distinguish the system from an integrable system: the Lyapunov exponents have not

converged yet. The infinite time limit of the fit would go to zero and this is indicated

by the maximum numerically evaluated Lyapunov exponent decaying slowly due to the
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logarithmic contribution. The fit gets worse at later times, indicating that there is a

small Lyapunov exponent that will remain nonzero in the infinite time limit. However,

this exponent is much smaller than what we were able to compute with this extended

trajectory.
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[98] M. Ahmed, W. Cong, D. Kubizňák, R. Mann, M. Visser, Holographic dual
of extended black hole thermodynamics, Phys.Rev.Lett. 130 (2023) 18, 181401,
arXiv:2302.08163 [hep-th].

[99] R. Mann, Recent Developments in Holographic Black Hole Chemistry, JHAP 4 (2024)
1, 1-26, arXiv:2403.02864 [hep-th].

[100] Hai-Shan Liu, H. Lu, C. Pope, Generalised Smarr Formula and the Viscosity
Bound for Einstein-Maxwell-Dilaton Black Holes, Phys.Rev.D 92 (2015) 064014,
arXiv:1507.02294 [hep-th].

[101] J. Alfaro, R. Mancilla, Thermodynamics of Graviton Condensate, Eur.Phys.J.C 81
(2021) 10, 871, arXiv:2010.13225 [gr-qc].

213

https://link.springer.com/article/10.1007/JHEP04(2016)039
https://arxiv.org/abs/1511.07809
https://link.springer.com/article/10.1007/JHEP06(2017)069
https://arxiv.org/abs/1610.01940
https://link.springer.com/article/10.1007/JHEP06(2017)070
https://arxiv.org/abs/1610.01941
https://link.springer.com/article/10.1007/JHEP01(2019)061
https://arxiv.org/abs/1803.07070
https://iopscience.iop.org/article/10.1088/0264-9381/26/19/195011
https://arxiv.org/abs/0904.2765
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.84.024037
https://arxiv.org/abs/1012.2888
https://iopscience.iop.org/article/10.1088/0264-9381/28/12/125020
https://arxiv.org/abs/1008.5023
https://iopscience.iop.org/article/10.1088/0264-9381/28/23/235017
https://arxiv.org/abs/1106.6260
https://www.intechopen.com/chapters/41690
https://arxiv.org/abs/1209.1272
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.105.106014
https://arxiv.org/abs/2101.04145
https://iopscience.iop.org/article/10.1088/1361-6382/ac566c
https://arxiv.org/abs/2112.02386
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.130.181401
https://arxiv.org/abs/2302.08163
https://jhap.du.ac.ir/article_378.html
https://jhap.du.ac.ir/article_378.html
https://arxiv.org/abs/2403.02864
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.064014
https://arxiv.org/abs/1507.02294
https://link.springer.com/article/10.1140/epjc/s10052-021-09638-z
https://link.springer.com/article/10.1140/epjc/s10052-021-09638-z
https://arxiv.org/abs/2010.13225


[102] D. Kastor, Komar Integrals in Higher (and Lower) Derivative Gravity,
Class.Quant.Grav. 25 (2008) 175007, arXiv:0804.1832 [hep-th].

[103] D. Kastor, S. Ray, J. Traschen, Smarr Formula and an Extended First Law for
Lovelock Gravity, Class.Quant.Grav. 27 (2010) 235014, arXiv:1005.5053 [hep-th].

[104] T. Ort́ın, Komar integrals for theories of higher order in the curvature and black-
hole chemistry, JHEP 08 (2021) 023, arXiv:2104.10717 [gr-qc].
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[150] J. Engelsöy, T. Mertens, H. Verlinde, An Investigation of AdS2 Backreaction and
Holography, JHEP 07 (2016) 139, arXiv:1606.03438 [hep-th].

[151] V. Godet, C. Marteau, New boundary conditions for AdS2, JHEP 12 (2020) 020,
arXiv:2005.08999 [hep-th].

[152] R. Ruzziconi, C. Zwikel, Conservation and Integrability in Lower-Dimensional
Gravity, JHEP 04 (2021) 034, arXiv:2012.03961 [hep-th].

[153] A. Sen, Quantum Entropy Function from AdS2/CFT1 Correspondence,
Int.J.Mod.Phys.A 24 (2009) 4225-4244, arXiv:0809.3304 [hep-th].

[154] A. Sen, Entropy Function and AdS2/CFT1 Correspondence, JHEP 11 (2008) 075,
arXiv:0805.0095 [hep-th].

[155] A. Sen, Microscopic and Macroscopic Entropy of Extremal Black Holes in String
Theory, Gen.Rel.Grav. 46 (2014) 1711, arXiv:1402.0109 [hep-th].

[156] J. Preskill, P. Schwarz, A. Shapere, S. Trivedi, F. Wilczek, Limitations on the
statistical description of black holes, Mod.Phys.Lett.A 6 (1991) 2353-2362.

[157] J. Maldacena, J. Michelson, A. Strominger, Anti-de Sitter fragmentation, JHEP 02
(1999) 011, arXiv:9812073 [hep-th].

[158] M. Cvetic, I. Papadimitriou, AdS2 Holographic Dictionary, JHEP 12 (2016) 008,
JHEP 01 (2017) 120 (erratum), arXiv:1608.07018 [hep-th].

[159] T. Mertens, G. Turiaci, Solvable Models of Quantum Black Holes: A Review on
Jackiw-Teitelboim Gravity, Living Rev.Rel. 26 (2023) 1, 4, arXiv:2210.10846 [hep-
th].

[160] G. Turiaci, Les Houches lectures on two-dimensional gravity and holography,
arXiv:2412.09537 [hep-th].

[161] P. Chaturvedi, I. Papadimitriou, W. Song, B. Yu, AdS3 gravity and the complex
SYK models, JHEP 05 (2021) 142, arXiv:2011.10001 [hep-th].

217

https://iopscience.iop.org/article/10.1088/1361-6382/ab2fd5
https://arxiv.org/abs/1903.09654
https://link.springer.com/article/10.1007/JHEP09(2021)008
https://arxiv.org/abs/2012.10367
https://arxiv.org/abs/2012.10367
https://link.springer.com/article/10.1007/JHEP11(2015)014
https://link.springer.com/article/10.1007/JHEP11(2015)014
https://arxiv.org/abs/1402.6334
https://link.springer.com/article/10.1007/JHEP07(2016)139
https://arxiv.org/abs/1606.03438
https://link.springer.com/article/10.1007/JHEP12(2020)020
https://arxiv.org/abs/2005.08999
https://link.springer.com/article/10.1007/JHEP04(2021)034
https://arxiv.org/abs/2012.03961
https://www.worldscientific.com/doi/abs/10.1142/S0217751X09045893
https://arxiv.org/abs/0809.3304
https://iopscience.iop.org/article/10.1088/1126-6708/2008/11/075
https://arxiv.org/abs/0805.0095
https://link.springer.com/article/10.1007/s10714-014-1711-5
https://arxiv.org/abs/1402.0109
https://www.worldscientific.com/doi/abs/10.1142/S0217732391002773
https://iopscience.iop.org/article/10.1088/1126-6708/1999/02/011
https://iopscience.iop.org/article/10.1088/1126-6708/1999/02/011
https://arxiv.org/abs/hep-th/9812073
https://link.springer.com/article/10.1007/JHEP12(2016)008
https://link.springer.com/article/10.1007/JHEP01(2017)120
https://arxiv.org/abs/1608.07018
https://link.springer.com/article/10.1007/s41114-023-00046-1
https://arxiv.org/abs/2210.10846
https://arxiv.org/abs/2210.10846
https://arxiv.org/abs/2412.09537
https://link.springer.com/article/10.1007/JHEP05(2021)142
https://arxiv.org/abs/2011.10001


[162] E. Witten, Coadjoint Orbits of the Virasoro Group, Commun.Math.Phys. 114
(1988) 1.

[163] A. Cabo-Bizet, U. Kol, L. Pando Zayas, I. Papadimitriou, V. Rathee, En-
tropy functional and the holographic attractor mechanism, JHEP 05 (2018) 155,
arXiv:1712.01849 [hep-th].

[164] A. Castro, F. Larsen, I. Papadimitriou, 5D Rotating Black Holes and the
nAdS2/nCFT1 Correspondence, JHEP 10 (2018) 042, arXiv:1807.06988 [hep-th].

[165] M. Geiller, C. Goeller, C. Zwikel, 3d gravity in Bondi-Weyl gauge: charges, corners,
and integrability, JHEP 09 (2021) 029, arXiv:2107.01073 [hep-th].

[166] R. McNees, C. Zwikel, Finite Charges from the Bulk Action, JHEP 08 (2023) 154,
arXiv:2306.16451 [hep-th].
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[183] A. Castro, B. Mühlmann, Gravitational Anomalies in nAdS2/nCFT1,
Class.Quant.Grav. 37 (2020) 14, 145017, arXiv:1911.11434 [hep-th].

[184] S. Deser, R. Jackiw, S. Templeton, Topologically massive gauge theories, Annals
Phys. 140 (1982) 372-411.

[185] S. Deser, R. Jackiw, S. Templeton, Three-Dimensional Massive Gauge Theories,
Phys.Rev.Lett. 48 (1982) 975-978.

[186] S. Deser, X. Xiang, Canonical formulations of full nonlinear topologically massive
gravity, Phys.Lett.B 263 (1991) 39-43.

[187] K. Moussa, G. Clement, C. Leygnac, The black holes of topologically massive grav-
ity, Class.Quant.Grav. 20 (2003) L277-L283.

[188] A. Bouchareb, G. Clement, Black hole mass and angular momentum in topologically
massive gravity, Class.Quant.Grav. 24 (2007) 5581-5594, arXiv:0706.0263 [hep-th].

[189] D. Anninos, W. Li, M. Padi, W. Song, and A. Strominger, Warped ads3 black holes,
JHEP 03 (2009) 130, arXiv:0807.3040 [hep-th].

[190] H. Saida, J. Sod, Statistical entropy of BTZ black hole in higher curvature gravity,
Phys.Lett.B 471 (2000) 358-366, arXiv:gr-qc/9909061.

[191] P. Kraus, F. Larsen, Microscopic black hole entropy in theories with higher deriva-
tives, JHEP 09 (2005) 034, arXiv:0506176 [hep-th].

[192] B. Sahoo, A. Sen, BTZ Black Hole with Chern-Simons and Higher Derivative
Terms, JHEP 07 (2006) 008, arXiv:0601228 [hep-th].

219

https://iopscience.iop.org/article/10.1088/1126-6708/2008/07/066
https://arxiv.org/abs/0805.2005
https://arxiv.org/abs/0805.2005
https://iopscience.iop.org/article/10.1088/1126-6708/2009/09/045
https://arxiv.org/abs/0906.4926
https://arxiv.org/abs/0805.3101
https://iopscience.iop.org/article/10.1088/1126-6708/2008/07/134
https://arxiv.org/abs/0805.2610
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.81.064007
https://arxiv.org/abs/0903.4573
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.74.024015
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.74.024015
https://arxiv.org/abs/hep-th/0509148
https://iopscience.iop.org/article/10.1088/1361-6382/ab8bbb
https://arxiv.org/abs/1911.11434
https://www.sciencedirect.com/science/article/abs/pii/0003491682901646?via%3Dihub
https://www.sciencedirect.com/science/article/abs/pii/0003491682901646?via%3Dihub
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.48.975
https://www.sciencedirect.com/science/article/abs/pii/037026939191704Y?via%3Dihub
https://iopscience.iop.org/article/10.1088/0264-9381/20/24/L01
https://iopscience.iop.org/article/10.1088/0264-9381/24/22/018
https://arxiv.org/abs/0706.0263
https://iopscience.iop.org/article/10.1088/1126-6708/2009/03/130
https://arxiv.org/abs/0807.3040
https://www.sciencedirect.com/science/article/abs/pii/S0370269399014057?via%3Dihub
https://arxiv.org/abs/gr-qc/9909061
https://iopscience.iop.org/article/10.1088/1126-6708/2005/09/034
https://arxiv.org/abs/hep-th/0506176
https://iopscience.iop.org/article/10.1088/1126-6708/2006/07/008
https://arxiv.org/abs/hep-th/0601228


[193] Y. Tachikawa, Black hole entropy in the presence of Chern-Simons terms,
Class.Quant.Grav. 24 (2007) 737-744, arXiv:0611141 [hep-th].

[194] I. Robinson, A. Trautman, Some spherical gravitational waves in general relativity,
Proc.Roy.Soc.Lond.A 265 (1962) 463-473.

[195] G. Bernardi de Freitas, H. Reall, Algebraically special solutions in AdS/CFT, JHEP
06 (2014) 148, arXiv:1403.3537 [hep-th].

[196] I. Bakas, K. Skenderis, Non-equilibrium dynamics and AdS4 Robinson-Trautman,
JHEP 08 (2014) 056, arXiv:1404.4824 [hep-th].

[197] J. Gath, A. Mukhopadhyay, A. Petkou, P. Petropoulos, K. Siampos, Petrov
Classification and holographic reconstruction of spacetime, JHEP 09 (2015) 005,
arXiv:1506.04813 [hep-th].

[198] I. Bakas, K. Skenderis, B. Withers, Self-similar equilibration of strongly interacting
systems from holography, Phys.Rev.D 93 (2016) 10, 101902, arXiv:1512.09151 [hep-
th].

[199] K. Skenderis, B. Withers, Robinson-Trautman spacetimes and gauge/gravity dual-
ity, PoS CORFU2016 (2017) 097, arXiv:1703.10865 [hep-th].

[200] L. Ciambelli, A. Petkou, P. Petropoulos, K. Siampos, The Robinson-Trautman
spacetime and its holographic fluid, PoS CORFU2016 (2017) 076, arXiv:1707.02995
[hep-th].

[201] R. Fareghbal, I. Mohammadi, Flat-space holography and correlators of Robin-
son–Trautman stress tensor, Annals Phys. 411 (2019) 167960, arXiv:1802.05445
[hep-th].

[202] M. Nozawa, Supersymmetry of the Robinson-Trautman solution, JHEP 10 (2024)
201, arXiv:2408.04848 [hep-th].

[203] H. Adami, A. Parvizi, M. Sheikh-Jabbari, V. Taghiloo, Heisenberg soft hair on
Robinson-Trautman spacetimes, JHEP 05 (2024) 191, arXiv:2402.17658 [hep-th].

[204] M. Nozawa, T. Torii, Robinson–Trautman solutions with scalar hair and Ricci flow,
Class.Quant.Grav. 41 (2024) 6, 065016, arXiv:2310.05460 [hep-th].

[205] M. Adak, T. Dereli, Y. Senikoglu, Non-riemannian description of robin-
son–trautman spacetimes in brans–dicke theory of gravity, Int.J.Mod.Phys.D 28
(2019) 04, 1950070, arXiv:1807.07981 [hep-th].

[206] M. Ortaggio, J. Podolsky, M. Zofka, Static and radiating p-form black holes in the
higher dimensional Robinson-Trautman class, JHEP 02 (2015) 045, arXiv:1411.1943
[hep-th].

220

https://iopscience.iop.org/article/10.1088/0264-9381/24/3/014
https://arxiv.org/abs/hep-th/0611141
https://royalsocietypublishing.org/doi/10.1098/rspa.1962.0036
https://link.springer.com/article/10.1007/JHEP06(2014)148
https://link.springer.com/article/10.1007/JHEP06(2014)148
https://arxiv.org/abs/1403.3537
https://link.springer.com/article/10.1007/JHEP08(2014)056
https://arxiv.org/abs/1404.4824
https://link.springer.com/article/10.1007/JHEP09(2015)005
https://arxiv.org/abs/1506.04813
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.93.101902
https://arxiv.org/abs/1512.09151
https://arxiv.org/abs/1512.09151
https://pos.sissa.it/292/097
https://arxiv.org/abs/1703.10865
https://pos.sissa.it/292/076
https://arxiv.org/abs/1707.02995
https://arxiv.org/abs/1707.02995
https://www.sciencedirect.com/science/article/abs/pii/S0003491619302155?via%3Dihub
https://arxiv.org/abs/1802.05445
https://arxiv.org/abs/1802.05445
https://link.springer.com/article/10.1007/JHEP10(2024)201
https://link.springer.com/article/10.1007/JHEP10(2024)201
https://arxiv.org/abs/2408.04848
https://link.springer.com/article/10.1007/JHEP05(2024)191
https://arxiv.org/abs/2402.17658
https://iopscience.iop.org/article/10.1088/1361-6382/ad26ec
https://arxiv.org/abs/2310.05460
https://www.worldscientific.com/doi/abs/10.1142/S0218271819500706
https://www.worldscientific.com/doi/abs/10.1142/S0218271819500706
https://arxiv.org/abs/1807.07981
https://link.springer.com/article/10.1007/JHEP02(2015)045
https://arxiv.org/abs/1411.1943
https://arxiv.org/abs/1411.1943


[207] L. Ciambelli, S. Pasterski, E. Tabor, Radiation in Holography, arXiv:2410.06605
[hep-th].

[208] A. Almheiri, B. Kang, Conformal Symmetry Breaking and Thermodynamics of
Near-Extremal Black Holes, JHEP 10 (2016) 052, arXiv:1606.04108 [hep-th].

[209] S. Hawking, S. Ross, Duality between electric and magnetic black holes, Phys.Rev.D
52 (1995) 5865-5876, arXiv:hep-th/9504019.

[210] D. Page, Thermodynamics of near extreme black holes, arXiv:0012020 [hep-th].

[211] L. Iliesiu, S. Murthy, G. Turiaci, Revisiting the Logarithmic Corrections to the Black
Hole Entropy, arXiv:2209.13608 [hep-th].

[212] L. Iliesiu, S. Murthy, G. Turiaci, Black hole microstate counting from the gravita-
tional path integral, arXiv:2209.13602 [hep-th].

[213] G. Turiaci, New insights on near-extremal black holes, arXiv:2307.10423 [hep-th].

[214] A. Cabo-Bizet, The Schwarzian from gauge theories, arXiv:2404.01540 [hep-th].

[215] D. Kapec, Y. Albert Law, C. Toldo, Quasinormal Corrections to Near-Extremal
Black Hole Thermodynamics, arXiv:2409.14928 [hep-th].

[216] M. Kolanowski, D. Marolf, I. Rakic, M. Rangamani, G. Turiaci, Looking at extremal
black holes from very far away, JHEP 04 (2025) 020, arXiv:2409.16248 [hep-th].

[217] D. Berenstein, Submatrix deconfinement and small black holes in AdS, JHEP 09
(2018) 054, arXiv:1806.05729 [hep-th].

[218] M. Hanada, G. Ishiki, H. Watanabe, Partial Deconfinement, JHEP 03 (2019) 145,
JHEP 10 (2019) 029 (erratum), arXiv:1812.05494 [hep-th].

[219] C. Asplund, D. Berenstein, Small AdS black holes from SYM, Phys.Lett.B 673
(2009) 264-267, arXiv:0809.0712 [hep-th].

[220] I. Bena, E. Martinec, S. Mathur, N. Warner, Snowmass White Paper: Micro- and
Macro-Structure of Black Holes, arXiv:2203.04981 [hep-th].

[221] V. Balasubramanian, D. Berenstein, A. Lewkowycz, A. Miller, O. Parrikar, C. Ra-
bideau, Emergent classical spacetime from microstates of an incipient black hole,
JHEP 01 (2019) 197, arXiv:1810.13440 [hep-th].

[222] D. Berenstein and A. Miller, Superposition induced topology changes in quantum
gravity, JHEP 11 (2017) 121, arXiv:1702.03011 [hep-th].

221

https://arxiv.org/abs/2404.02146
https://arxiv.org/abs/2404.02146
https://link.springer.com/article/10.1007/JHEP10(2016)052
https://arxiv.org/abs/1606.04108
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.52.5865
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.52.5865
https://arxiv.org/abs/hep-th/9504019
https://arxiv.org/abs/hep-th/0012020
https://arxiv.org/abs/2209.13608
https://arxiv.org/abs/2209.13602
https://arxiv.org/abs/2307.10423
https://arxiv.org/abs/2404.01540
https://arxiv.org/abs/2409.14928
https://link.springer.com/article/10.1007/JHEP04(2025)020
https://arxiv.org/abs/2409.16248
https://link.springer.com/article/10.1007/JHEP09(2018)054
https://link.springer.com/article/10.1007/JHEP09(2018)054
https://arxiv.org/abs/1806.05729
https://link.springer.com/article/10.1007/JHEP03(2019)145
https://link.springer.com/article/10.1007/JHEP10(2019)029
https://arxiv.org/abs/1812.05494
https://www.sciencedirect.com/science/article/pii/S0370269309002238?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269309002238?via%3Dihub
https://arxiv.org/abs/0809.0712
https://arxiv.org/abs/2203.04981
https://link.springer.com/article/10.1007/JHEP01(2019)197
https://arxiv.org/abs/1810.13440
https://link.springer.com/article/10.1007/JHEP11(2017)121
https://arxiv.org/abs/1702.03011


[223] D. Berenstein and A. Miller, Can Topology and Geometry be Measured by an Op-
erator Measurement in Quantum Gravity?, Phys.Rev.Lett. 118 (2017) 26, 261601,
arXiv:1605.06166 [hep-th].

[224] A. Tyukov, R. Walker and N.Warner, Tidal Stresses and Energy Gaps in Microstate
Geometries, JHEP 02 (2018) 122, arXiv:1710.09006 [hep-th].

[225] I. Bena, E. J. Martinec, R. Walker and N. Warner, Early Scrambling and Capped
BTZ Geometries, JHEP 04 (2019) 126, arXiv:1812.05110 [hep-th].

[226] I. Bena, A. Houppe, N. Warner, Delaying the Inevitable: Tidal Disruption in Mi-
crostate Geometries, JHEP 02 (2021) 103, arXiv:2006.13939 [hep-th].

[227] E. Martinec, N. Warner, The Harder They Fall, the Bigger They Become:
Tidal Trapping of Strings by Microstate Geometries, JHEP 04 (2021) 259,
arXiv:2009.07847 [hep-th].

[228] F. C. Eperon, H. S. Reall, J. E. Santos, Instability of supersymmetric microstate
geometries, JHEP 10 (2016) 031, arXiv:1607.06828 [hep-th].

[229] D. Marolf, B. Michel, A. Puhm, A rough end for smooth microstate geometries,
JHEP 05 (2017) 021, arXiv:1612.05235 [hep-th].

[230] F. Eperon, Geodesics in supersymmetric microstate geometries, Class.Quant.Grav.
34 (2017) 16, 165003, arXiv:1702.03975 [gr-qc].

[231] I. Bena, F. Eperon, P. Heidmann, N. Warner, The Great Escape: Tunneling out of
Microstate Geometries, JHEP 04 (2021) 112, arXiv:2005.11323 [hep-th].

[232] S. Corley, A. Jevicki, S. Ramgoolam, Exact correlators of giant gravitons from dual
N=4 SYM theory, Adv.Theor.Math.Phys. 5 (2002) 809-839, arXiv:hep-th/0111222.

[233] D. Berenstein and S. Wang, BPS coherent states and localization, JHEP 08 (2022)
164, arXiv:2203.15820 [hep-th].

[234] M. Caldarelli, D. Klemm and P. Silva, Chronology protection in anti-de Sitter,
Class.Quant.Grav. 22 (2005) 3461-3466, arXiv:hep-th/0411203.

[235] D. Berenstein, J. M. Maldacena and H. S. Nastase, Strings in flat space and pp
waves from N=4 superYang-Mills, JHEP 04 (2002) 013, arXiv:hep-th/0202021.

[236] D. Berenstein and A. Holguin, Open giant magnons on LLM geometries, JHEP 01
(2021) 080, arXiv:2010.02236 [hep-th].

[237] S. Shenker and D. Stanford, Black holes and the butterfly effect, JHEP 03 (2014)
067, arXiv:1306.0622 [hep-th].

222

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.118.261601
https://arxiv.org/abs/1605.06166
https://link.springer.com/article/10.1007/JHEP02(2018)122
https://arxiv.org/abs/1710.09006
https://link.springer.com/article/10.1007/JHEP04(2019)126
https://arxiv.org/abs/1812.05110
https://link.springer.com/article/10.1007/JHEP02(2021)103
https://arxiv.org/abs/2006.13939
https://link.springer.com/article/10.1007/JHEP04(2021)259
https://arxiv.org/abs/2009.07847
https://link.springer.com/article/10.1007/JHEP10(2016)031
https://arxiv.org/abs/1607.06828
https://link.springer.com/article/10.1007/JHEP05(2017)021
https://arxiv.org/abs/1612.05235
https://iopscience.iop.org/article/10.1088/1361-6382/aa7bfe
https://iopscience.iop.org/article/10.1088/1361-6382/aa7bfe
https://arxiv.org/abs/1702.03975
https://link.springer.com/article/10.1007/JHEP04(2021)112
https://arxiv.org/abs/2005.11323
https://link.intlpress.com/JDetail/1805562797679386625
https://arxiv.org/abs/hep-th/0111222
https://link.springer.com/article/10.1007/JHEP08(2022)164
https://link.springer.com/article/10.1007/JHEP08(2022)164
https://arxiv.org/abs/2203.15820
https://iopscience.iop.org/article/10.1088/0264-9381/22/17/007
https://arxiv.org/abs/hep-th/0411203
https://iopscience.iop.org/article/10.1088/1126-6708/2002/04/013
https://arxiv.org/abs/hep-th/0202021
https://link.springer.com/article/10.1007/JHEP01(2021)080
https://link.springer.com/article/10.1007/JHEP01(2021)080
https://arxiv.org/abs/2010.02236
https://link.springer.com/article/10.1007/JHEP03(2014)067
https://link.springer.com/article/10.1007/JHEP03(2014)067
https://arxiv.org/abs/1306.0622


[238] J. Maldacena, S. H. Shenker and D. Stanford, A bound on chaos, JHEP 08 (2016)
106, arXiv:1503.01409 [hep-th].

[239] Y. Chervonyi and O. Lunin, (Non)-Integrability of Geodesics in D-brane Back-
grounds, JHEP 02 (2014) 061, arXiv:1311.1521 [hep-th].

[240] P. Basu and L. Pando Zayas, Chaos rules out integrability of strings on AdS5×T 1,1,
Phys.Lett.B 700 (2011) 243-248, arXiv:1103.4107 [hep-th].

[241] V. Cardoso, A. Miranda, E. Berti, H. Witek and V. Zanchin, Geodesic stabil-
ity, Lyapunov exponents and quasinormal modes, Phys.Rev.D 79 (2009) 6, 064016,
arXiv:0812.1806 [hep-th].

[242] I. Bena, D. Turton, R. Walker and N. Warner, Integrability and Black-Hole Mi-
crostate Geometries, JHEP 11 (2017) 021, arXiv:1709.01107 [hep-th].

[243] M. Bianchi, D. Consoli and J. Morales, Probing Fuzzballs with Particles, Waves
and Strings, JHEP 06 (2018) 157, arXiv:1711.10287 [hep-th].

[244] M. Bianchi, D. Consoli, A. Grillo and J. Morales, The dark side of fuzzball geome-
tries, JHEP 05 (2019) 126, arXiv:1811.02397 [hep-th].

[245] M. Bianchi, A. Grillo and J. Morales, Chaos at the rim of black hole and fuzzball
shadows, JHEP 05 (2020) 078, arXiv:2002.05574 [hep-th].

[246] M. Bianchi, D. Consoli, A. Grillo, J. Morales, Light rings of five-dimensional ge-
ometries, JHEP 03 (2021) 210, arXiv:2011.04344 [hep-th].

[247] F. Bacchini, D. Mayerson, B. Ripperda, J. Davelaar, H. Olivares, T. Hertog, B. Ver-
cnocke, Fuzzball Shadows: Emergent Horizons from Microstructure, Phys.Rev.Lett.
127 (2021) 17, 171601, arXiv:2103.12075 [hep-th].

[248] A. Addazi, S. Capozziello, S. Odintsov, Chaotic solutions and black hole shadow in
f(R) gravity, Phys.Lett.B 816 (2021) 136257, arXiv:2103.16856 [hep-th].

[249] P. Heidmann, I. Bah, E. Berti, Imaging topological solitons: The microstructure
behind the shadow, Phys.Rev.D 107 (2023) 8, 084042, arXiv:2212.06837 [hep-th].

[250] M. Emelin, S. Massai, A note on integrability loss in fuzzball geometries,
Fortsch.Phys. 71 (2023) 8-9, 2300120, arXiv:2305.11793 [hep-th].

223

https://link.springer.com/article/10.1007/JHEP08(2016)106
https://link.springer.com/article/10.1007/JHEP08(2016)106
https://arxiv.org/abs/1503.01409
https://link.springer.com/article/10.1007/JHEP02(2014)061
https://arxiv.org/abs/1311.1521
https://www.sciencedirect.com/science/article/pii/S0370269311004758?via%3Dihub
https://arxiv.org/abs/1103.4107
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.79.064016
https://arxiv.org/abs/0812.1806
https://link.springer.com/article/10.1007/JHEP11(2017)021
https://arxiv.org/abs/1709.01107
https://link.springer.com/article/10.1007/JHEP06(2018)157
https://arxiv.org/abs/1711.10287
https://link.springer.com/article/10.1007/JHEP05(2019)126
https://arxiv.org/abs/1811.02397
https://link.springer.com/article/10.1007/JHEP05(2020)078
https://arxiv.org/abs/2002.05574
https://link.springer.com/article/10.1007/JHEP03(2021)210
https://arxiv.org/abs/2011.04344
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.127.171601
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.127.171601
https://arxiv.org/abs/2103.12075
https://www.sciencedirect.com/science/article/pii/S0370269321001970?via%3Dihub
https://arxiv.org/abs/2103.16856
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.107.084042
https://arxiv.org/abs/2212.06837
https://onlinelibrary.wiley.com/doi/10.1002/prop.202300120
https://arxiv.org/abs/2305.11793

	Curriculum Vitae
	Abstract
	Introduction
	Gravity
	Black Holes as a window into Quantum Gravity
	String theory
	Gauge/Gravity duality
	Organization of this thesis
	Permissions and attributions

	Thermal one-point function in AdS black holes
	Introduction to the chapter
	The flat black brane case
	Some simple generalizations
	Conclusion

	A fluid perspective of Smarr formula
	Introduction to the chapter
	Smarr formula for AdS black holes
	Effective action for perfect fluids
	Smarr formula as a particular case of the generalized Euler equation
	Comments on cosmological constant as a thermodynamic variable
	Discussion

	Near-extremal dynamics away from the horizon
	Introduction to the chapter
	Aspects of nAdS2/nCFT1
	Near-extremality at the boundary of AdS3/CFT2
	Near-extremality at the boundary of TMG
	Near-extremality at the boundary of AdS4/CFT3
	Discussion

	Chaotic LLM Billiards
	Introduction to the chapter
	LLM geometries
	General dynamics of the system
	The global AdS5S5 geometry
	Numerical results and graphs for one example: three disks
	Conclusion
	Appendix: Small Lyapunov exponents

	Bibliography

