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Abstract
Catabolism and tableau combinatorics of generalized coinvariant rings
by
Mitsuki Hanada
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Mark Haiman, Co-chair

Professor Sylvie Corteel, Co-chair

Catabolism is an operation on tableaux originally defined by Lascoux. Though the
operation is not difficult to compute, many of its properties remain elusive. The
combinatorics of catabolism has deep ties to various generalizations and subspaces
of the Type A coinvariant ring and their structures as graded symmetric group
representations. This in turn gives connections to the corresponding ¢-symmetric
functions that give the graded Frobenius characters of these spaces.

In this dissertation, we explore these connections from both the combinatorial and
algebraic perspective. We use catabolizability to construct bases for different families
of generalized coinvariant rings. Our constructions give bridges between the combi-
natorics of catabolism and the representation theoretic structures: in particular, we
recover combinatorial formulas for the Schur expansions of their graded Frobenius
characters. We also study the combinatorics of catabolism directly in an attempt
to identify submodules of the coinvariant ring with Frobenius character given by
k-Schur functions.
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Chapter 1

Introduction

The Schur functions sy form an orthogonal basis of the ring of symmetric functions.
It is of interest to study whether a given symmetric function is Schur-positive, mean-
ing the coefficients of the Schur expansion are all nonnegative integers. Families
of Schur-positive symmetric functions often correspond to interesting geometric or
representation theoretic structures: in particular, the Schur functions correspond to
the Frobenius characters of irreducible &,,-representations.

Deepening the connection between symmetric functions and representation theory
has been a long ongoing field of research. A leading example of this is the study of
modified Macdonald polynomials H,[X;q,t]. Macdonald polynomials [42] have a rich
connection to the affine Hecke algebra and are simultaneous generalizations of several
important families of polynomials, such as Jack, ¢-Whittaker, and Askey-Wilson
polynomials. In type A, they can be transformed to give the modified Macdonald
polynomial H,[X;q,t].

The Macdonald positivity conjecture, which asked whether H 4| X; q,t] was Schur-
positive, was proven using the geometry of the Hilbert scheme of n points in the plane
by realizing H,[X;q,t] as the Frobenius character of a bigraded &,-module [32].
However, there is still no straightforward combinatorial formula for the coefficients
in the Schur expansion. This is one of the most influential open problems in algebraic
combinatorics and has led to many further questions in the field of Schur positivity
of symmetric functions [28, 29, 27].

This dissertation focuses on symmetric group representations which arise as sub-
spaces or generalizations of the coinvariant ring R, = C[x]/I, , where the ideal I,
is generated by homogeneous symmetric polynomials with no constant term. The
representations in question are tied to Macdonald positivity or other questions on
symmetric functions.

The coinvariant ring is well-studied due to its rich combinatorial, geometric, and
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representation theoretic significance. As an &,,-module, it can be thought of as the
cohomology ring of the flag variety [8] or a graded version of the regular representa-
tion of &,, [14]. Its graded Frobenius can expressed using the cocharge statistic on
standard tableaux [35, [50].

FI'Obq(Rn) _ Z qcocharge(s) Ssh(S)-
SeSYT,

This work studies the structure of these representations through an operation
on tableaux called catabolism. Since its introduction in [38], many different gen-
eralizations of catabolism have been introduced, with ties to mathematical physics
through Kirillov-Reshetikhin crystals [36, |45, 47|, as well as to Demazure crystals
[5] and G Lg-equivariant Euler characteristics of vector bundles on the flag variety.
However, the consistent theme is that though the operation itself is easy to compute,
many seemingly evident properties of catabolism remain unproven. Furthermore, its
connection to the algebraic structures of &,-modules was unexplored.

This dissertation consists of four different papers. Chapter [5|studies the Garsia—
Procesi rings, a family of &,,-representations indexed by partitions p — n that are
further quotients of the coinvariant ring R,,. These quotients carry geometric, rep-
resentation theoretic, and combinatorial significance, analogous to the coinvariant
ring. In particular, they realize the cohomology ring of the Springer fiber indexed
by u [48]. Furthermore, the graded Frobenius character is given by the modified
Hall-Littlewood polynomial [34], which can be expressed combinatorially in terms
of tableaux that satisfy a certain catabolizability condition. In this chapter, we use
combinatorial properties of catabolizability to construct a monomial basis of R,,.
The basis can be used to study the Schur expansion of the graded Frobenius char-
acter of the space, bridging the algebraic structure of the spaces as rings and their
representation theoretic structure as &,,-modules. This also gives insight to the mys-
teries of catabolisms and catabolizability: in particular, we give a lower bound on
the catabolizability type of certain permutations constructed from shuffles.

Chapter [0 studies the Delta-Springer rings, a larger family of generalized coin-
variant rings due to Griffin [25]. This family is a simultaneous generalization of the
Garsia—Procesi rings and the Haglund-Rhoades-Shimozono generalized coinvariant
ring R, x[30], which gives an algebraic realization of the Delta conjecture [29] at t = 0
up to a twist. The A-Springer ring R,, s can be realized as cohomology ring of a
generalization of Type A Springer fibers [26]. In Chapter [6, we extend the work in
Chapter [5| to give a monomial basis for R, s in terms of catabolizability. At the
appropriate specializations, this reduces to our basis given in Chapter [f, as well as
the generalized descent basis of R, due to Haglund-Rhoades-Shimozono [29]. In
addition, we can use this basis to recover an explicit Schur expansion formula for
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Froby(R,, »s). This is equivalent to a previously known combinatorial formula for
Frob, (R, ) due to Gillespie-Griffin [23] up to a combinatorial bijection. Though
the Gillespie-Griffin formula is combinatorial, both the motivation and the proof
arise from the geometry of generalized Springer fibers. While recent results have
provided algebraic explanations for the R, j case [22], it has been proven difficult to
relate this expression to the actual algebraic or combinatorial structure of R, ) s in
general.We show that the Gillespie-Griffin formula arising from geometry is equiv-
alent to ours, which comes from the combinatorics of R, ), bridging the known
algebraic, combinatorial, and geometric pictures of R, ) s.

Chapter [7] studies higher Specht bases for generalized coinvariant rings. For any
partition A of n, we can explicitly construct the irreducible &,-module V) using
Specht polynomials gr, indexed by standard tableaux of shape A. The higher Specht
polynomials FZ, indexed by pairs (S,7T) of standard tableaux of the same shape,
are a generalization of the Specht polynomials. For certain choices of S, we recover
the classical Specht polynomials. The collection of higher Specht polyomials forms
a basis of the coinvariant ring R,, [2]. The higher Specht basis directly witnesses the
decomposition of R,, into irreducibles. There is an analogous construction for R, j
and R, for two row shape as well as conjectured formulas for general R, [24]. In
Chapter [7] we use the catabolizability conditions that appeared in Chapter [5| and [0]
to give a conjectured higher Specht basis for R,,. We prove our conjecture for certain
partition shapes.

Chapter [§ studies the combinatorics of R-catabolizability, introduced in [47].
Originally introduced to give a conjectured combinatorial formula for generalized
g-Kostka coefficients, this notion of catabolism has close ties to the k-Schur func-
tions. Work of Chen [13] gives a conjectured representation theoretic model for
certain Catalan functions, a larger family of g-symmetric functions that contain the
k-Schur functions. The first half of this chapter explores the connections between
the skew-linked modules and the notion of R-catabolizability. In particular, we give
evidence towards a conjectured combinatorial formula for the skew-linked modules
in terms of R-catabolizability. The second half of the chapter extends the notion of
R-catabolizability, which was originally only defined on semistandard tableaux of a
specific weight, to a larger family of tableaux that contains the standard tableaux.
The upshot to this construction is that, in general, the statistic cocharge on per-
mutations and standard tableaux is nicer than on the corresponding semistandard
objects. The hope is that embedding the combinatorics of R-catabolizability into the
combinatorics of standard objects will illuminate new properties of this operation.



Chapter 2

Combinatorial Background

2.1 Partitions and Tableaux

A composition « of n, denoted o = n, is a sequence (g, g, ...,q;) where o; = 0
and oy + g + - + a; = n. A partition X = (A1, A, ..., Agn)) of n, denoted A - n,
is a composition satisfying Ay = Ay = -+ = Ayn) > 0, where ¢(\) denotes the length
of the partition. We denote the transpose of A as X'. Throughout, we write Young
diagrams of partitions in French notation, meaning that the first part corresponds
to the bottom row. We set n(\) := Zf(:’\l) (t—1)N = ng) (’\QI)

There is a partial ordering on the set of all the partitions of size n called the
dominance ordering, denoted >, defined by

A < pup+opup = A+ A for all £

It is well known that u > X < ' < N. If we move a box of A to a lower row so
that the resulting shape p is a partition, we have p > A. The dominance order is the
transitive closure of moving boxes down in the Ferres diagram.

A semistandard (Young) tableau of shape A is a filling of A such that the rows
are weakly increasing from left to right and the columns are strictly increasing from
bottom to top. The weight of a semistandard tableau T is the tuple (mq,ma,...)
where m; is the number of times i appears in T'. The reading word rw(7’) of a tableau
T is the word we get by concatenating the row words from top to bottom.

We denote the shape of T" by sh(7T'). Let SSYT(u) denote the set of semistandard
tableaux of weight u and SSYT(A, ) denote the set of semistandard tableaux of
shape A, weight . The Kostka number K, , counts such tableaux: we have that
Koy = |SSYTO\, ).

A standard (Young) tableau of size n is a semistandard tableau of weight (1™).
For a given shape, we denote the set of standard Young tableaux of shape A\ by



CHAPTER 2. COMBINATORIAL BACKGROUND 5

SYT(A). We denote the set of all standard Young tableaux of partition shape and
size n by SYT,,. Denote the restriction of a standard Young tableau S to the entries
[k] :={1,...,k} by S|k. Note that S|, € SYT}.

Ezxample 2.1.1. Consider

S = S|y =

We have that sh(S) = (4,2,1) and rw(S) = 6351247.
We can describe the Kostka numbers K ,, using standard tableaux in the follow-
ing way:
Proposition 2.1.2. For two partitions A\, ju = (p1, i, - - ., 1) = n, we have
K>\7H = |{S € SYT(/\) | DeS(S) C {,ul,,ul + o, .. + -+ Hl—l}}| (21)
where Des(S) = {i : i appears in a lower row than i + 1 in S}.

Proof. We construct an explicit bijection
SSYT (A, i) = {S € SYT(N) | Des(S) < {1, 1 + pro, -, 11 + -+ + py—1}}-

For any T' € SSYT(A, i), we can standardize T' in the naive way: replace the 1s that
appear in T' from left to right with 1,2,..., u;. It is clear that the only possible
descent here is pq, which is a descent if the leftmost 2 in T' is above the rightmost
1. Continuing to standardize in this way gives a standard tableau with the correct
descent set. It is also clear that we can reverse this process to give an inverse map. [J

2.2 Permutations and the Schensted
correspondence

For any word w = wyws . .. w, we write rev(w) := w,w,_1 ...w; for the reverse word.
A permutation w € G, is a word of length n where each element in {1,...,n} appears
exactly once. For any subset U c [n] = {1,...,n}, let w|y denote the subword of w
consisting of w; such that w; € U.

The inversion set of w € &, is defined to be Inv(w) := {(i,7
The statistic inversion (inv) is defined to be inv(w) := |Inv(

) | Z'<jawi > U)j}.
w)|. Similarly, the
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descent set of w € &, is defined to be des(w) := {i | w; > w;;1}. The statistic major
inder (maj) is defined to be maj(w) := >} qes(u) t-
It turns out that the two statistics are equidistributed in &,,. That is, we have:

Z g — 2 qmaj(w) = [n],!,

weS,, weS,

where [n],! = [1],[2], - [n], with [k], =1+ q+ - + ¢

Permutations and standard tableaux are related through the Schensted corre-
spondence, which gives a bijection from permutations w € &,, to pairs (P(w), Q(w))
of standard Young tableau of size n of the same shape. We say P(w) is the inser-
tion tableau and Q(w) is the recording tableau of w. Two permutations w,w’ are
Knuth equivalent if P(w) = P(w’). Alternatively, w and w’ are equivalent under the
following equivalence relations:

xzy=zzy (rz<y<2),
yzr =yrz (r<y<=z2).
We also know that for a fixed S € SYT(\) we have that
{w e &, P(w) = S}| = [SYT(V)| = Kxs.
Proposition 2.2.1. The following properties hold:

(a) For any we &, and k < n, we have that P(w|,) = P(w)|x. ((49, Corollary of
Lemma 7.11.2])

(b) For any w € &,,, we have Des(w) = Des(Q(w)). ([49, Lemma 7.25.11])
(¢) For any w € &,,, we have P(rev(w)) = (P(w))".(}49, Corollary A1.2.11])

We can also rewrite Proposition using some fixed S € SYT(A) in the follow-
ing way:

Corollary 2.2.2. For two partitions A\, = (pq, fi2, ..., ) = n and some fived
S e SYT(A), we have
KA,# = |{w € GR,P(IU) =5 | Des(w) C {/Jl»/ll + fo, o 00+ Nl—l}}|- (22)

Proof. From Proposition [2.2.1[(b), we have a bijection between the T' € SYT(sh(S))
with Des(T) < {u1,p1 + po, ... g1 + -+ + y—1}} and permutations w € &,, satis-
fying P(w) = S, Des(w) < {u1, p1 + po, ..., 11 + -+ + py—1}} which sends 7' to the
permutation w with P(w) = S, Q(w) =T. O
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2.3 Specht modules

The irreducible representations of &,, are indexed by its conjugacy classes, which are
in bijection with partitions of size n. We denote the irreducible representation of &,
indexed by partition A - n by V). Note that the cases A = (n) and 1" correspond to
the trivial (1) and sign (€) representation.

For any A  n, we can construct a copy of V) in the polynomial ring C[x] :=
Clzy,...,x,] in the following way.

Definition 2.3.1. Let 7" € SYT,, of shape A. Define the Garnir polynomial gr(x)

to be R
gr(x) = H H (z; — ;).

1<j
4,7 in column c

Equivalently g7(x) is the polynomial given by the product of Vandermonde deter-
minants, one for each column of T'.

We can also describe gr(x) in the following way. Define the monomial
Xp 1= H'x?eight(i)—l (23)
i=1

where height(7) is the row in which ¢ appears in T.
Then we have that

gr(x) = > sgn(r)7(xr) (2.4)

TeC(T)

where C'(T)) denote the row (column) group of 7" and 7 acts on the monomial by
permuting the indices.

e

4
3

Example 2.3.2. Let T' = 5] Using Definition [2.3.1] we have that

gr(x) = (w6 — 21)(z6 — 22)(22 — 1) (T4 — 73).
Equivalently, we can see that
gr(x) = (id — (12) — (16) — (26) + (126) + (162))(id — (34)) (zoz47])

Proposition 2.3.3. We have that span{gr(x) : T € SYT(A)} is a CS,,- module that
18 1somorphic to the irreducible representation V.
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2.4 Symmetric Functions and the Frobenius
characteristic map

For a detailed treatment of symmetric functions, see [41]. Let x = {x1,z9,...}
be an infinite set of variables, and let Ar denote the ring of symmetric functions in
these variables with coefficients in a field F'. We denote by e)(x), hx(x), sx(x), m (%)
the elementary, complete homogeneous, Schur, and monomial symmetric functions
respectively. We omit the x-variables when it does not cause confusion.

All four of these are bases of Ap, meaning we can rewrite any symmetric function
f using one of the four families. In particular, we say a symmetric function f is Schur-
positive if all the coefficients in the Schur expansion of f are nonnegative integers.
Note that the Kostka numbers appear as the coefficients of the Schur expansion of
h,: that is, we have

hu = Z K&u Sx (25)
Al

The Hall inner product is the symmetric inner product defined on A by the
relation {(my, h,) = 65,. The Schur functions are an orthonormal basis with respect
to this inner product. We also have an involution w on A, defined by we) = h,. The
map w is an isometry: that is, we have (f, g) = (wf,wg) for any f,g € A. We also
have wsy = sy for any A.

Symmetric functions are deeply connected with the study of &,,-representations
through the Frobenius characteristic map. The Frobenius characteristic map is a
map F' from (virtual) characters of &,, to symmetric functions of degree n that takes
the irreducible character indexed by A — n to the Schur function s,. This map
encodes the character of an &,, representation V' into a Schur-positive symmetric
function.

The Frobenius character of V', denoted Frob(V'), is defined to be F'(xv ), where yy
is the character of V. We have Frob(V)) = F(xyv,) = sa, where V), is the irreducible
G, representation indexed by .

For any C&,-module V', we can recover dim(V') from the Schur expansion of
Frob(V') by replacing each s, with dim(V)) = K,i». We can also use Frob(V)
to study dimensions of certain subspaces of V. For the Young subgroup &, =
S, x---x&,, < &, corresponding to y |= n, we define N, = >, . sgn(o)o to be the
antisymmetrizer with respect to 7. The vector space N,V is the subspace of elements
of V' that are antisymmetric with respect to &,. Let £ 1 g: denote the induction

of the sign representation £ of &, to &,,. It is well known that Frob(€ TG:) = e,.
Using Frobenius reciprocity (see [18, Chapter 3.3]), we get the following result:
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Proposition 2.4.1. For any &, -representation V' and Young subgroup &, < &,,
we have

dim(N, V) = {ey, Frob(V)).
For a graded vector space V' = @4=0Vy, the Hilbert series Hilb, (V') is
Hilb, (V) = > ¢*dim(V}).
d=0

For a graded CS,-module V' = ®y40Vy, the graded Frobenius character Frob, (V') is

Frob, (V) = Z ¢ Frob(V,).

d=0

The analogous statement for graded modules holds if we replace dim(N, V') (resp.
Frob(V')) with Hilb,(NN,V) (resp. Frob,(V')). Since we know that any homogeneous
symmetric function f of degree n is uniquely determined by the values (e, f) for all
v k= n, we see that knowing Hilb, (N, V') for all v |= n uniquely defines Frob, (V).

2.5 Hall-Littlewood polynomials
The transformed Hall-Littlewood polynomials H,[X;q] are defined to be

Hy[X;q] = ) Ky u(q)sy (2.6)

where K, ,(q) is the ¢-Kostka polynomial (see [41, Chapter III.6] for definition).
There is a combinatorial formula for K ,(¢) due to Lascoux-Schiitzenberger [40]
using a statistic defined on semistandard Young tableaux called charge:

Kaulg)= ), qto=® (2.7)
TeSSYT(A.)

The sum is over all semistandard tableaux of shape A\ and weight p. In particular,
Ky ,(1) = K, . From this, we can see that setting ¢ = 1 in (2.6]) recovers (2.5)): that
is, we have H,[X;1] = h,.

The modified Hall-Littlewood polynomials H 4| X; q] are defined by:

H[X;q) = "W H,[X;q7]
where n(u) = >.(i — 1)p;. Then we can write

PNIM[X; q] = Z f?x,u(Q>5A(X>
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when IN(M‘ (q) := ¢"W K, ,.(¢71) is the modified g-Kostka polynomial. The polynomial
K ,.(q) can be expressed by the statistic cocharge :

K)\,u (q) _ Z qcocharge(T)
TeSSYT( )

where for a semistandard tableau of weight p we have cocharge(T) = n(u)—charge(T).

2.6 Cocharge

Definition 2.6.1. The cocharge word of w € &,, (denoted cc(w)) is a word of length
n consisting of the labeling of w that we obtain in the following way. Label the 1 of
w with 0. Assume we labeled the letter ¢ with k. Label (i 4+ 1) with a & if it is to the
right of i. We label (i + 1) with a (k + 1) if it is to the left of 1.

This process is equivalent to scanning w from left to right, labeling entries in
increasing order. The label of i corresponds to the number of times we need to
return to the left end of w before we label 7.

Definition 2.6.2. The statistic cocharge(w) is the sum of the letters in cc(w).

Example 2.6.3. Let w =3 5 1 6 2 4 7. The corresponding cocharge word is
cc(w)=12 0 2 0 1 2, hence cocharge(w) =1+2+0+2+0+1+2=38.

Now, we extend the definitions to standard tableaux. Define cocharge(S) :=
cocharge(rw(S)) for any standard tableau S. This definition is compatible with the
Schensted correspondence due to the following fact.

Theorem 2.6.4 (Lascoux—Schiitzenberger [40]). If w,w’ € &,, are such that P(w) =
P(w'), then cocharge(w) = cocharge(w’).

Since cocharge is constant on Knuth equivalence classes, we have that for any
w € &,, we have cocharge(w) = cocharge(P(w)).

Analogous to how we construct the cocharge word of a permutation, we can
construct a cocharge tableau cc(S) for each standard tableau S by replacing i in S
with the corresponding cocharge label of 7 in rw(S). Let cc(S); denote the entry in
cc(.S) corresponding to ¢ in S.

Alternatively, we can define cc(S) directly on tableaux:

Definition 2.6.5. The cocharge tableau of a standard tableau S (denoted cc(S))
is a filling of the same shape consisting of the labeling of S that we obtain in the
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following way. Label the 1 of S with 0. Assume we labeled the letter ¢ with k. Label
(1 + 1) with a k if is in the same row or lower than i. We label (i + 1) with a (k + 1)
if it is in a higher row than .

It is a simple exercise to check that these two definitions are equivalent. Note
that for Definition [2.6.5], we do not specify that S must be of partition shape.

(6] (3]
3[5 ]2
1[2[4]7], Then cc(S) =10

We record the following observation, which follows immediately from Definition

2.6.5
Lemma 2.6.7. For any S € SYT,,, we have cc(S); < des(S) for any i.

[\
o

Ezample 2.6.6. Let 1[3]. In this case, cc(S)s = 1.

The charge statistic on permutations can be derived from the cocharge statistic
using the fact that charge(w) = (}) — cocharge(w).

Proposition 2.6.8. Charge and cocharge are related in the following way.
1. For any permutation w € S,,, we have that charge(w) = cocharge(rev(w)).
2. For any S € SYT, we have that charge(S) = cocharge(S’).

Alternatively, we can define charge(w) = maj(rev(w™")). From this, we can see
that the maj and cocharge are closely related statistics. Furthermore, we have the
following fact for maj and cocharge of standard tableaux.

Theorem 2.6.9 (Killpatrick [35]). For any partition X\, we have

Z qmaj(S) _ 2 qcocharge(S) )

SeSYT(N) SeSYT(N)

We have a stronger version of this equidistribution which includes the descent
statistic on tableaux. This was a folklore result, with a recent proof due to Chan
[12].

Proposition 2.6.10 (Chan [12]). For any partition \, we have

Z qmaj(S)tdes(S) _ 2 qcocharge(S)tdes(S) )
SeSYT(N) SeSYT(N)
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2.7 Cyclage and Cyclage posets

For any partition x, we can define a partial order on the set SSYT () using rotations
of the underlying words.

For two semistandard tableaux S,7 € SSYT(u), we say T covers S (S <cyc T)
if there exist a letter a > 1 and word x consisting of positive integers such that
P(ax) =T and P(xa) = S where P(z) denotes the insertion tableau of the word x
with respect to the RSK algorithm.

Equivalently, we have S <.y T if there is a corner b of T such that reverse column
inserting at b in T, which results in some letter ¢ and tableau U, and then row
inserting a into U produces the tableau S.

3]
2[3
I

[y

Ezxample 2.7.1. Consider T' =
taking off corners of T :

2[4], We can find all S that are covered by T' by

—_
[y
[y

1[2[4] - [, = 2[4] q; = 3 — Sy = [L[I[2[3]

3
2
T1[204] - [/, — O1[2[4] gy — 3 — S, = (L1[2[3]

Alternatively, we can see that

o] o]
[~

T = P(3231124) — S, = P(2311243),

T = P(3321124) — S, = P(3211243).

For composition « such that sort(a) = p (where sort(a)) denote the partition we
get by reordering the parts of « in weakly decreasing order) there exists a permutation
w such that wa = p. Then w : T — w7 defines a shape-preserving bijection
SSYT (o) — SSYT (). For S,T e SSYT (), we say T covers S (S <cye T') if wT
covers wS in T'(p). The resulting poset T'(«) is isomorphic to T (u), where w is the
poset isomorphism.

We define cyclage to be this covering relation and the cyclage poset to be the
resulting poset T ().

Theorem 2.7.2 (Lascoux—Schiitzenberger [39]). The cyclage poset T (1) is ranked,
where the rank function is given by cocharge. The unique bottom element of T (u) is
the one-row tableau of weight L.
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v
[3]
2
1[4
z ~
2 2[4
1]3] 1(3
v
¥ (4] 3]
[2] 3] 2]
1[3[4] 2] 1]1]
\ ~ ~
(3] 3[4 (2] 213
1[2]4] 12 1[1]3] 1[1
~ / ~N /
(4] 3]
1[2[3] 1]1]2]

Figure 2.1: Cyclage poset on SYT,; Figure 2.2: Cyclage poset on SSYT(2,1,1)
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In fact, we can see that if (S <.y T') for S,T € SSYT (1), we have cocharge(T) =
cocharge(S) + 1.

Furthermore, the family of posets {7 (a)}an is equipped with functorial rank-
preserving embeddings. For two compositions «, 5 = n such that sort(a) > sort(3),
we have an embedding 67 : T(a) — T(3). When 8 = 1", we write std,, := 0"

We have a concrete way of describing these embeddings using operators defined
on words which arise in the theory of crystals. Let w be a word consisting of positive
integers. For a positive integer 7, consider the subword of letters r, (r+1). We replace
each r (resp r + 1) with a right (resp. left) parenthesis and match the parentheses.
A letter is unpaired if it is not part of a pair of matched parentheses. The subword
of w of unpaired r,r + 1 is of the form r?(r + 1).

Definition 2.7.3. The crystal reflection operator s, and lowering operator f, act on
the unpaired subword r?(r 4+ 1)? of w in the following way:

1. For s,w, replace the unpaired subword r?(r + 1)? with r9(r + 1)P.

2. For f,w, replace the unpaired subword r?(r + 1)¢ with 7?~!(r + 1)?*1. (Note:
in this case, we must have p > 0.)

Furthermore, for any permutation 7, we can define 7u = s;,5;, - - - i, u where s;, 8, + - + 8
is a reduced expression of 7.

P

Example 2.7.4. Consider w = 32124112322. The subword of w consisting of unpaired
1,2 is 1222. We have that syw = 32124111312, fiw = 32124122322.

Note that we can define these operators on any semistandard Young tableau (of
potentially skew shape) by acting on the row reading word of the tableau from the
following fact. (For a proof of this, see [Proposition 2.76 [46]]).

Proposition 2.7.5. If w and w' are Knuth equivalent, then so are s;(w) and s;(w'),
as well as fi(w) and f;(w').

Now, we explicitly describe the embedding 62 : T (a) < T () using these opera-
tors.

Definition 2.7.6. The embedding of cyclage posets 07 : T(a) < T(3) is given by
the following.

1. If sort(f) = sort(a) and 8 = T is the composition we get from applying 7 to
permute the parts of a, we have 6% = 7.

2. If B=(ay — 1,0+ 1,03,...), then ngfl,
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If sort(a) > sort(/3), there exists a sequence vo = o, ¥V, ...,7® = 3 of composi-
tions where v and (*1) differ by (1) or (2) above. Then we can define

B (p—1) (1)
0° = 197(1,71) o H;Y(pﬂ) o---00".

Note that this sequence v may not be unique. However, the map 67 is independent
of which sequence we choose.

Theorem 2.7.7 (Lascoux [38]). If sort(a) > sort(3), the map 02 is independent of
the sequence of compositions {yV} we use to get from a to B.

Remark 2.7.8. If we look at Figures [2.1] and we can see that the cyclage poset
on SSYT(2,1,1) embeds in SYT, by mapping 11 — 12,2 — 3,3 — 4.
[2]
Ezample 2.7.9. Consider T = [1[1[2[3[3]4]4] € SSY'T(2,2,2,2). We can compute
0(2.2.22)(T) in the following way.

First, apply 727374 to get a tableau of weight (2,0, 2,2, 2).

2 2 2 3
1]2]3]3]4[4] =&, [1]1]2]3]3]5]5] 22, [1]1]2]4]4]5]5] 22, [1[1]3]4]4]5]5]

—_

Now, we apply fi to get a tableau of weight (1,1,2,2,2)

3

3
1[3[4[4[5[5] LY, [I[2[3[4[4[5]5]

—_

Apply 7971 to get a tableau of weight (2,1,1,2,2).

3 3 3
2[3[4]4]5]5] 2, [1]2]2]4]4[5]5] I& [1]1]2]4]4]5]5]

—_

Apply 79737475 to get a tableau of weight (2,0,1,1,2,2)

3 3 3 4 4
1]2]4]4][5]5] ™, [1]1]2]4]4]6]6] ™4, [1]1]2]5]5]6]6] =3, [1|1]2]5]5][6]6] 2, [1][1]3]5]5]6]6]

—

Now apply fi1 to get get a tableau of weight (1,1,1,1,2,2)

4

1
1[3[5[516]6] L%, [T[2[3[5]5]6]6]

[y

Repeat. First apply mi7o7374 to get (2,1,1,1,1,2)

4 4 4 4
2[3[5]5[6]6] ™, [1]2]3]4[5]6]6] 3, [1[2]3]3]5][6]6] T2, [1]1]2]3]5]6]6]

—_
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Then apply 7273747576 to get (2,0,1,1,1,1,2)

Apply fi to get (

4

—_

1[2[3]5]6]6] 1273747576, [1]1]3]4]6]7]7]

5

1,1,1,1,1,1,2).

—_

1[3[4[6[7[7] I\,

1[2]3]4]6]7]7]

Apply T 1oT3m4T5T6 tO get (2,1,1,1,1,1,

5

).

5

—

1[3]4]6]7[7] 576,

5
1[2]3]4]5]6]7] ™4,

Apply Tom3T4T5T6T7 tO get (2,0,1,1,1,1,1,1).

5

—

1[2[3]4[6]7] T2T3T4757677,

[ K=2)

1[3[4]5]7[8]

Finally, apply f; to get a standard tableau.

6

—_

[3[4[5]7[3] 1L

1[2[3[4[5]7[5]

1

L[2]3]4]4]6[7] 11273,

1]2[3]4[6]7]

16
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Chapter 3

The Type A Coinvariant ring

The polynomial ring C[x| = C[zy,...,z,]| has a natural &,, action permuting the
variables. Taking the quotient of this polynomial ring by the ideal generated by &,,-
invariant polynomials with no constant term defines the classical coinvariant ring:

Rn = C[X]/<€l(x>a ce 7€n(X)>,

where e4(x) is the dth elementary symmetric function. We can see that the &,-
action that permutes the variables is still well-defined on R,. In fact, this action
on R, gives a graded version of the regular representation of &,[14]. As a graded
CG,,-module, where the grading comes from the natural grading on the polynomial
ring given by degrees, it is isomorphic to the cohomology ring of the complex flag
variety F,, [8]. In particular, we have Hilb,(R,,) = [n],!.

The graded Frobenius character of R,, is given by the following formula in terms
of the major index statistic maj(T') := X po(r) ¢ o0 standard Young tableaux [50]:

Froby(Ra) = > ¢ Msar (3.1)

TeSYT,,

Using Theorem we can rewrite Frob,(R,,) using the cocharge statistic on
standard tableaux:

Frob,(R,) = Z g e s o). (3.2)

SeSYT,,

Ezample 3.0.1. We can compute Frob,(R,) using the cyclage poset SYT, given in
Figure

Frob,(R4) = s4 + (¢ + C_I2 + q3)$371 + (q2 + q4)32,2 + (C_I3 + q4 + q5)52,1,1 + q631,1,1,1-
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3.1 Monomial bases arising from permutation
statistics

There are two well-known monomial bases of R,, both arising from permutation
statistics. The Artin basis is given by the following set of monomials:

o) = ] o loeSa)={afag - afr [ a <}

i<j,0'7;>0'j

The Garsia-Stanton descent basis is given by the following set of monomials:

{gw(X) = H Ly =+ Ly | w e Sn}’

i:wi>wi+1

We refer to the exponents of descent monomials, given by the set D,, = {a | x® =
gw(x) for o € G,}, as descent words.
We see that deg(f,(x)) = inv(w) and deg(g,(x)) = maj(w). From this, we have

Z qdeg(fw(X)) _ Z qdeg(gw(X)) = [n],! = Hilb,(R,).

wWESy wESy,

Thus, either basis gives a combinatorial explanation of Hilb,(R,) = [n],!.

The Artin basis of R, arises naturally from Grobner theory, as they are the
nonleading terms with respect to the lexicographical order. The Garsia-Stanton
descent basis comes from considering a different order, which we define here.

Definition 3.1.1. Let a = (a4,...,a,) € Z%,. Define sort(a) := (a;, = - = a;,)
to be the unique way to write the entries of a in weakly decreasing order. Then, we
say that a <ge b if:

sort(a) <jex sort(b) or,
sort(a) = sort(b) and a <jx b

The descent monomials can be characterized as being the nonleading monomials
of R, with respect to the descent order. Note that des does not induce a monomial
order on C[x,], as we do not have a <qes b = a+ ¢ <ges b + ¢, but is only a total
order on monomials of C[x,]. The descent order, however, satisfies the following
useful lemma. A proof of this lemma can be found in [11].

Lemma 3.1.2. Let A < [n] with complement A’. If o is a composition, denote
ala = (i, ...,q;,), where A = {i; < --- <igs}. Then, we have

ala <des Bla,  ala <des Blar = a <ges O
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3.2 Higher Specht basis

From Proposition [2.3.3] we know that we can construct an explicit copy of V) in
the polynomial ring C[x]| using Garnir polynomials gr(x), which are indexed by
TeSYT(MN).

We can extend this definition to consider polynomials indexed by pairs (S,7") of
standard tableaux of the same shape. This construction is due to Ariki-Terasoma-
Yamada [2].

Definition 3.2.1. Consider S, T € SYT, of shape A\. We define the monomial x3. to
be given by
s ce(S)() (3.3)

Xr = | [ Tre)
beA

where cc(S) denotes the cocharge labeling of S and for any box b in shape A\, we
have that T'(b), cc(S)(b) denote the entries in box b in 7', cc(S) respectively.

Ezxample 3.2.2. Consider

(6] (4]
2[4 3[6
S = [1[3]5] T = [1]2]5]
(3]
2
We can see that cc(S) = [0[1[2] Then x5 = 20xixiada2a?
Remark 3.2.3. Note that if we set S to be the row-filled standard Young tableau
of shape A (ie. the bottom row consists of 1,...,\;, the second row consists of
(A1 + 1),..., (A1 + A2) and so on), we have that x7 = xp, where x7 is defined in

(2.3).

Definition 3.2.4. For T' e SYT()), we define C(T') (resp: R(T)) to be the group of
column (row) permutations, or 7 € G,, (resp: ¢ € &,,) which preserves the columns
(rows) of T'. Define the Young idempotent to be:

ep 1= Z Z (sgnt)To

7€C(T) oeR(T)

Given S, T € SYT(A), the higher Specht polynomial F2 is defined to be
Ff=¢- XCTC(S) (3.4)

By definition, we can see that the degree of F is given by cocharge(S).
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Remark 3.2.5. Note again that if we set S to be the row-filled tableau of shape A, we
have that (3.4)) coincides with the alternative definition for the Garnir polynomial

gr(x) given in (2.4) up to a scalar factor |R(T")|.

Now we have a collection of n! polynomials, each indexed by pairs of tableaux of
the same shape.

Theorem 3.2.6 (Ariki-Terasoma-Yamada [2]). The collection of polynomials {F2 :
S, T € SYT,,Sh(S) = Sh(T")} is a basis of R,, such that for a fivzed S of shape X, the
span of {F5 : T € SYT(\)} in R, is isomorphic to the irreducible representation V.

In particular, the higher Specht basis explicitly witnesses the decomposition of R,
into irreducibles given by . If we set S to be the row-filled tableau, the subspace
corresponding higher Specht polynomials is exactly image of the the Specht module
given in Proposition under the projection C[x]| — R,,.

Remark 3.2.7. Note that for any shape A, the row-filled standard tableau is the unique
standard tableau of that shape with minimal cocharge, given by n()). From this, for
any shape A we can see that the projection of Specht module given in Proposition
2.3.3|into R, is the lowest degree copy of V) in R,.

Example 3.2.8. If we look at Figure we can see that there are three different
standard tableau of shape (2,1,1):

e[
= l\)lﬂkl
~[ro] o]

2] 3] 4]

— C.o|>l>|

The row-filled tableau [112]is the one with minimal cocharge. This corresponds to
the copy of V5, ; in degree 2 of R,,.

3.3 Harmonics presentation

There is an alternative presentation of the coinvariant ring in terms of harmonics.
Given a polynomial f € C[x], we can let f(0) be the differential operator on C[x]| we
get by replacing each x; — 0/dx; in f. Using this, we have that C[x] acts on itself
by

fOg=[f0)g(x) forall f,geClx].

Using this, we can define an inner product on C[x] by

{f,g) = constant term of f ®g.
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This inner product is &,-invariant, meaning that (f,g) = (o f,0g) for any o € &,,.
Given a homogenous ideal I € C[x], the harmonic space V associated to I is
given by
V=1I"={geC[x],{f,g)=0forall fel}

In the case where I is a G,-invariant ideal, we have that the &, -invariant inner
product gives us C[x]/I =g, V as graded C&,-modules.

For I,, = {e1(x), ea(X), ..., e,(Xx)), we have that V,, = I} is the smallest subspace
of C[x] that contains the Vandermonde determinant 9, defined by

Oy 1= H(:CJ — ),

i<j

and is closed under partial derivatives 0/0xy,0/0xa, ..., 0/0x,.
In this case, an alternative description of I,, is that it is the annhilator of §,,:

I, ={feC[x]: f(0) @6, = 0. (3.5)
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Chapter 4

Catabolism and Catabolizability

4.1 Catabolism and catabolizability type

A central topic of this dissertation is catabolism, an operation on tableaux that comes
from the cyclage poset. Originally introduced by Lascoux [38], this operation gives
a way to describe the image of certain cyclage poset embeddings. In general, many
things are unknown about catabolism and catabolizability, though the operation of
catabolism itself is very easy to compute.

Definition 4.1.1. Let T be a standard tableau with rw(7") = ww’ where v’ is the
first row of T'. Catabolism is the operation that takes 7" = P(ww’) to cat(T) :=
P(w'w).

It is known that cocharge(cat(T')) = cocharge(T) — (JA| — A1) where A = sh(T).
Repeated applications of catabolism eventually produce a one row tableau with zero
cocharge.

We can see that applying catabolism to 7T is equivalent to sliding the first row
of T to the right until it detaches from the higher rows, and then swapping the two
pieces and applying jeu-de-taquin to the resulting skew shape until we get a partition
shape tableau. This is illustrated in the example below.

Ezample 4.1.2. Consider the following tableau of shape A = (3,2, 1):

(6]
T = [2]5] .
1]3]4]

We can see that rw(7") = 625134 where w = 625 and w’ = 134. Observe that

w
[=]

cat(T) = P(w'w) = P(134625) =

[y
[\

l5]
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Alternatively, we can use jeu-de-taquin to see

13[4
5] — 6 = cat(1).
3 4| 5|jeu—de-taquin 4|5| ( )

T:

[\

[\

NNE

Note that cc(T') = 8 and cc(cat(T)) =5 = 8 — (6 — 3), where |A| = 6, \; = 3.
We use catabolism to define catabolizability type.

Definition 4.1.3. For a standard tableau T', let d(T") be the largest integer m such
that the first row of T' contains 1,2,...,m. The catabolizability type of T (denoted
ctype(T)) is given by the sequence

ctype(T) = (d(T),d(cat(T)) — d(T),...,d(cat (T)) — d(cat *(T)),...). (4.1

6|8

Example 4.1.4. Consider T = [4[5 - Since d(T") = 3, we have ctype(T'); = 3. The
1[2[3]7

result of applying catabolism is

cat(T) = P(12376845) = [6]8

2[3[4[5]

NEE

Since d(cat(T)) = 5, we have ctype(T)s = d(cat(T)) — d(T) = 2. Repeating this
process, we can compute ctype(T') = (3,2,1,1,1).

We can think of ctype(T') as encoding the sequence of catabolisms we use to go
from 7" to the one row tableau.

Proposition 4.1.5 (Lascoux |38, Lemma 9.6]). For standard tableau T', the sequence
ctype(T) is a partition.

An alternative way to view ctype(T') is using m-catabolizability (see [47] for
details). Let (m) denote the one row shape of length m. If (m) < sh(7T') and the first
row of T" contains the smallest m letters in T', we define the m-catabolism of T to be
deleting the first m entries of the first row of 1" and then proceeding as we did for
standard catabolism, where we denote the resulting tableau cat,,(T"). We say that T’
of size n is A-catabolizable for partition A = (Ay, Ag, ..., A;) = n if the first row of T
contains the smallest A\; many entries of T" and caty, (T') is (A, . .., A;)-catabolizable.
Catabolizability type of a tableau and A-catabolizability are related in the following
way.

Proposition 4.1.6 (Shimozono-Weyman [47, Proposition 46]). A standard tableau
T is A-catabolizable if and only if ctype(T) > \.
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From this, we can compute ctype(T') by repeatedly applying maximal m-catabolisms,

where at each step we have

ctype(T); = d(catetype(r),_; * - * Catetype(r), (1))-

This simplifies our process, since at each step we are dealing with smaller tableaux.

68
Ezample 4.1.7. Consider T =[4[5 i We know d(T") = 3 and can compute cats(T):
1[2[3]7
68 [7] 7]
1[5 ENEE 6]8] = catz(T).
1]2]3]7] 4[5 jeu-de-taquin [4[5

We see that ctype(T')y = d(cat3(T)) = 2. Repeating this process, we can compute
ctype(T') = (3,2,1,1,1), which is the same as what we get in Example 4.1.4]

We can use catabolizability type and dominance order on partitions to identify
subsets of SYT,,.

Definition 4.1.8. For A - n, let ¥ := {S € SYT,,, ctype(S) > A}.

Lascoux recognizes Y, as the image of embedding the cyclage poset on SSYT())
into the cyclage poset of SYT,,.

Proposition 4.1.9 (Lascoux [38]). For any A\ + n, we have a bijection std :
SSYT(A) — X, < SYT,, which preserves cocharge and shape.

The bijection std is exactly the cyclage poset embedding 61" : T(\) — T(1")
described in Section 2.7 We refer to this map as the Lascouz standardization map
on semistandard tableaux.

Ezample 4.1.10. If A = (2,1), we have X, = { i’ oL } We can see the explicit

cocharge/shape bijection between ¥y and SSYT(\) = { f 1|,}.

Remark 4.1.11. Though the map std preserves shapes and the cocharge statistic,
it does not preserve the specific cocharge labeling on the tableaux. For example,
consider

(4] (7]
S =[2]4 std(S) = [6]8
1[1[2][3]3] 1

—
[\

3[4]5]

The corresponding cocharge tableaux are

o[~
o

ce(S) = i 2 B ce(std(9)) =

o

ofo]o]
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Using Proposition we can rewrite the Lascoux—Schiitzenberger semistan-
dard cocharge formula for the modified Hall-Littlewood polynomials H,[X;¢] in
terms of >, < SYT,,.

HlXiql = Y = s5/(X). (4.2)
SeSYT,
ctype(S)>p

Remark 4.1.12. This presentation is nice when we think of the context of the coin-
variant ring. In Chapter [l we will discuss a quotient of R, with graded Frobenius
character given by H,[X;q]. The combinatorial formula highlights that the
corresponding representation is a subspace of R,,.

In general it is hard to check whether something is catabolizable without ac-
tually computing catabolism. However, for this notion of catabolism, there is a
concrete algorithm, due to Blasiak [4], called the catabolism insertion algorithm,
which computes the catabolizability type of a permutation w, where we define

ctype(w) := ctype(P(w)).

Algorithm 4.1.13 (Blasiak |4, Algorithm 3.2]). We define a function f on pairs
(x,v), where x = ya is a word (a is the last letter of z) and v is a partition, to be

Fz,v) = (y, v + €q41) if v + €441 is a partition,
’ ((a+ 1)y,v) otherwise.

where €,,1 is the composition (0,...,0,1,0,...) with 1 in the (a + 1)th coordinate.
Let w be a permutation of length n with cocharge word cc(w). We apply f to
(cc(w), ) repeatedly until we get (J, A), where A - n.

The resulting shape A is ctype(w). Furthermore, we have that if P(w) = P(w’),
then ctype(w) = ctype(w’) = ctype(P(w)) [4].
Ezxample 4.1.14. Consider

w=34125
cc(w)=11001.

We will apply f to (cc(w), ) repeatedly until we get an empty word in the first
coordinate. In order to keep track of the indices, we do not rotate cc(w): instead,
we read the word from right to left. The position we are reading at each step of the
algorithm is underlined.

11001, @)
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J

(11002, o)
J

(110 2, 0O)
J

(11 2,010)
!

@ 2, Hy
J

(2, H
!

( : )

From this, we conclude ctype(34125) = (2,2, 1).

Note that since the cyclage poset embeddings are defined using crystal operators,
which are preserved under Knuth equivalence (Proposition [2.7.5), we can define
standardization maps of semistandard tableaux of skew shapes as well.

Proposition 4.1.15. For any skew shape p/v of size n and weight X + n, there
exists a bijection

std : SSYT(u/v, \) — {S € SYT(1/y), ctype(rw(S)) > A}.

4.2 R-catabolism

Since Lascoux’s original paper, various generalizations have been introduced [5, 13|
47] in connections with families of Schur-positive symmetric functions. Here we
consider R-~catabolizability, introduced by Shimozono—Weyman [47].

Definition 4.2.1. Let A - n be a partition and n = (11, ...,7;) be a composition of
size £(A). Then R(n,\) = R = (Ry, Rs, ..., R:) is a sequence of partitions where R;
consists of the first 7, parts of A\, Ry consists of the next 7y parts of A, etc.

Ezample 4.2.2. If A = (4,3,3,2,2,1,1,1) and n = (2,3, 1,2), then we have

R = (R17R27R37R4) = ( ] rl:LH) .
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For any semistandard tableau S (potentially of skew shape) and index r, we define
H,.(S) = P(VU) where U,V are the north and south tableau obtained by slicing T’
between rows r and (r + 1). For any shape A, let Z, be the unique semistandard
tableau of shape and weight .

Definition 4.2.3. Consider A — n and n = ¢(\). We say T € SSYT(\) is Ry-
catabolizable if T|;,) = Zg,. In this case, the Rj-catabolism of T is defined to be
catp, (1) := H,, (T — Zg,).

Ezample 4.2.4. Consider R = ( sr7) = R(A,n) for A = (3,2,2,1) and n = (2,2).
Consider

[\

—
—

(3]
T =22 with Tl = 55 = Zry-
T[1[1]3]4]

—_

we have that T" is R;-catabolizable. Furthermore, we can compute

(

_p( BEL ) _[]

catg, (T') = Ho = 3] ) =1 7

)
R-catabolizability is defined recursively using Definition [4.2.3]

Definition 4.2.5. Consider A - n, n = £(\). For T € SSYT(A) and R = R(n, \),

the notion of R-catabolizable is uniquely determined by the following rules:

1. If R is the empty sequence, the unique R-catabolizable tableau is the empty
tableau.

2. Otherwise, T' is R-catabolizable if and only if T, = Zg, and catg, (T') is
R = (Rs, ..., Ry)-catabolizable in the alphabet [n; + 1, n].

— (3]
Ezample 4.2.6. Let R = ( srr7). We can see that T = 2

2 is R-
1[1[1]3]4]

is (2, 1)-catabolizable in the alphabet [3,4].

catabolizable, since catg, (T') = ;L

3]

Remark 4.2.7. Here are some observations regarding R-catabolizability for SSYT()).

1. If n = ¢(\) (ie., n is a composition consisting of one part), then R = (\). In
this case, the only R-catabolizable SSYT of weight \ is Z,.

2. If n = 1" then R = (A1, Ag, ..., A\g(n)) consists of the rows of A. All SSYT of
weight \ are R-catabolizable.
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3. For any partition p, a standard tableau S is R~catabolizable for R = R(pu, 1™)
if and only if ctype(S*) > u, where S* denotes the transpose of S.

Shimozono—-Weyman defined R-catabolizability to give a combinatorial expres-
sion of the g-analogue of Littlewood-Richardson coefficients K,.r(¢): that is, we
have

KM;R(U = <Su(l‘)7 SRy (x)st(l‘) e SRt(x)>'

The polynomial K g, is defined geometrically to be the Poincaré polynomial of
the isotypic component indexed by u of certain graded GL,-modules supported in
the closure of the nilpotent conjugacy class corresponding to sort(n). These polyno-
mials generalize the ¢-Kostka coefficients that appear in the Schur expansion of the
transformed Hall-Littlewood polynomials given in ([2.7)).

For specific cases (i.e, when the sequence R is a sequence of dominant rectangles),
these polynomials can be interpreted using Kirillov-Reshetikhin crystals and rigged
configurations 36, |45].

In [47], the authors conjectured the following tableaux formula for K,.gr(¢) and
prove it in the case where 7 is a hook partition or is a two-row partition. The full
conjecture was resolved in [5].

Conjecture 4.2.8 (Conjecture 27 [47]). Consider R = R(n, ). Then

K;L;R(Q) _ chharge(S)
S
where S runs over all semistandard tableaux S € SSYT(A) of shape u that are
R-catabolizable.
Remark 4.2.9. Here are some special cases of these polynomials:

1. As mentioned above, if R = R(X, 1°V)| we have that K,.r(q) is exactly the
¢-Kostka polynomial K, )(¢q) given in ({2.7):

K,u;R (q) _ Z qcocharge(T) )
TeSSYT(u,\)

2. If R = R(1",\), then K,.r(q) = K,x(¢) which is given by

K/L’,)\ (q) _ Z qcocharge(T) .
SeSYT(i'),
ctype(S)EN
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Though it is not difficult to compute R-catabolisms, understanding its properties
remains an elusive problem. For example, the following are some conjectures about
R-catabolizability which seem apparent from examples yet are still open.

Conjecture 4.2.10. The following are true:

(a) (Refinement) For partition A and compositions 7, & = £(\) such that n < «, if
T is R(a, \)-catabolizable then it must be R(n, A)-catabolizable.

(b) (Swapping rectangles) If there exists R;, R;+1 in R = R(\,n) such that R;
and R;,; are the same width, then T is R-catabolizable if and only if it is
R(\, s;n)-catabolizable.

Remark 4.2.11. Though we have that [Proposition 11 [47]] provides evidence for

Conjecture |4.2.10)(b)|, since it proves that K, r(q) = K, r(xsn)(q) as polynomials,
this does not prove the equality on the level of tableaux.

4.3 Catalan functions

The Catalan functions, originally defined in [13, 43|, extend the construction given
in Shimozono—Weyman [47], as well as Broer [9].

Before we give an explicit definition of Catalan functions, we must provide the
appropriate setup. For any v € Z!, we can define the Schur functions s, to be
S~ := det(h,+;—;). This is the natural extension of the Jacobi-Trudi formula for s,.

Now, we can express s, € A in terms of the Schur functions s, indexed by
partitions using the following straightening algorithm.

Proposition 4.3.1. For any v € Z' we have that

. sgn (Y + p)Ssort(v+p)—p 4 (Y + p) has distinct parts
! 0 otherwise.

where p = (I — 1,1 —2,...,1,0) and sgn(B) is the sign of the shortest permutation
that takes 5 to sort(f).

Define A;" to be the collection of positive roots:
A ={G.j) I 1<i<j<lI}

A root ideal is an upper order ideal of the poset on A defined by (a,b) < (¢, d)
iff @ > cand b < d. We can visualize A)" as all the entries above the main diagonal
in a [ x [ matrix.
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Remark 4.3.2. Pictorially, we can describe a pair (¥,~) in the following way. We let
a [ x [ grid denote all the possible roots in A;": we color the roots that are contained
in W, where the coordinate of the boxes are given in matrix coordinates (i.e, the top
left corner is (1,1)). We put the entries of v along the diagonal.

For example, for v = (4, 3,2, 1), the root ideal

V= {(172>7 (173)7 (174)7 (274)7 (374)} - AI

is denoted by the following diagram

2

1

Definition 4.3.3. Given v € Z! and root ideal ¥ < A}, the Catalan function
H(¥;v)(x;q) is defined to be

H(W;79)(x;q) = || (1—=tRy;) " s5(x)

(1.4)e¥

where Rijs, := S,i¢-¢; Where ¢ € Z! is the indicator vector with 1 in the ith
coordinate and Os everywhere else.

Geometrically, they are the graded Euler characteristics of certain vector bundles
on the flag variety. They generalize many different well-studied families of symmetric
functions. In particular, we have the following.

Ezample 4.3.4. (i) For partition A, if the root ideal ® is empty we have that
H(@, )\) = S).

(if) For partition A and root ideal ¥ = A/, we have that

HAL N = Y ¢ Wy = Hi[X;q]
TeSSYT())

where H,[X;q] is the transformed Hall-Littlewood polynomial.

(iii) Given A - n and n = £(\), the parabolic root ideal A(n) is defined to be

An) :={(i,j) € AZ(A) above the block diagonal with block sizes n1, s, ..., M) }-
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For example, if A\ = (4,3,3,2,1,1) and n = (2,3,1), the corresponding root
ideal looks like

We have that
H(AM); N (x59) = Y K (q) sp-

pk=n

where K, ,(¢q) are the polynomials defined in Section

(iv) For a partition p satisfying p; < k for some positive integer k, define
AF(p) = {(6,5) € Ay - b — i+ < g}

In this case we have that the Catalan function H(A*(u); i) (x; q) is the k-Schur

function s,(f).

Though Catalan functions have been well-studied [6} 7], Schur-positivity remained
an open problem for a decade. Work of Blasiak—Morse—Pun, which first extends the
Catalan function framework by defining a nonsymmetric version, gives a combina-
torial formula for the Schur expansion in the case where the Catalan function is
indexed by a partition.

Theorem 4.3.5 (Blasiak-Morse-Pun [5]). Let A = (A = - = A\ = 0) - n and
d c A;r be a root ideal. We have that

H(®; M) (x;q) = > ¢ s ) (4.3)
TeSSYT(X)
U is n(®)-catabolizable

where SSYTy(n) denotes the set of semistandard tableauz of weight p with at most

¢ rows and n(®P)-catabolism is a generalization of catabolism which depends on the
pair (P; \).

The combinatorial formula (4.3 is over a sum of semistandard tableaux that sat-
isfy some catabolizability criteria in terms of n(®)-catabolism, a notion of catabolism
introduced in [5]. We will not discuss this notion of catabolism in this thesis.

Proposition 4.3.6 (Blasiak-Morse-Pun [5]). If ® = A(n) for some n = ((N),
we have that T € SSYT(A) is n(®)-catabolizable if and only if it is R = R(n, \)-
catabolizable.
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Thus, Theorem and Proposition imply Conjecture of Shimozono-
Weyman.

4.4 Skew-linked modules

A certain family of Catalan functions have a representation theoretic model called
skew-linked modules, introduced by Chen [13].

We say two partitions A, u - n are skew-linked (denoted A LR 1 if there exists a
skew-shape # with the same row lengths as A and the same column lengths as .

Ezxample 4.4.1. Consider A = (4,3,3,2,2,1,1) and g = (10,5,1). Then A IR u for 0
given by

L]
Remark 4.4.2. We have the following facts about skew-linked pairs.

(a) Every A is skew-linked to itself.

(b) For any A - n, we have A — (n) and 1" — X (i.e. every partition is skew-linked
to the one row partition and the column).

(c) If A 4 then g > A,

Now, we can construct a module for each pair of skew-linked partitions. Consider
E ng, ® C[x,], where £ is the sign representation. Given a skew-linked pair A —
i, let d(A, p) be the smallest degree d such that we have a nontrivial &,-module
homomorphism

E13, @ Clanla— 118 -
We have that there exists a unique nonzero C[x,] * &,, homomorphism
61 €1 ® Clxda— 11 ® ClxJ [—d(\ p) (4.4

where C[x,]* denotes the dual of C[x,] and C[x,] = &,, is the semidirect product of
the two groups.

Definition 4.4.3. The skew-linked module M), , is the image of ¢ given in (4.4).



CHAPTER 4. CATABOLISM AND CATABOLIZABILITY 33

Theorem 4.4.4 (Chen [13]). The following are properties of skew-linked modules.

(a) Given a skew-linked pair X — u, let = o/ be the corresponding skew shape.
Then d(A, p) = |B].

€ aeqgree U component o A LS 1SOMOTPHRIc 1o Vy. € 1op aegree componen
b) The degree 0 t of My, is i hic to Vy. The top d t
eqgree 3 component o A US 1somorphnic 1o .
degree d(\, 1 t of My, is i hic to V,

(¢c) We have that M,y = rev(E ® My ,), where rev denotes that the grading is
reversed.

In particular, we have the following.
(a) M/\,)\ = VA.
(b) Miny =& ® Ry, where R, is the Garsia—Procesi ring.

The skew-linked modules are conjectured to give a representation theoretic model
for certain Catalan functions.

Definition 4.4.5. Given a skew-linked pair A b=edp, i, define the root ideal W(\ —
[ < Azr()\) to be

U(A = p) ={(i,7) -4 < L(B) and j = py + i} (4.5)
Example 4.4.6. The skew-linked pair A — p corresponds to the root ideal

4

1

Conjecture 4.4.7 (Chen [13]). We have that Frob, (M) ,) = H(V(A — u); \)(x;q).

Recall from Example 4.3.4) we have that the k-Schur functions are a subfamily
of the Catalan functions. In fact, we have that certain skew-linked pairs correspond
to k-Schur functions.

We say a partition is k-bounded if the longest part is at most length k. Given a
k-bounded partition A, there is a unique skew diagram «/( such that a is a (k + 1)-
core (i.e, no boxes with hook length equal to k + 1) and /8 consists of all boxes in

a with hook length < (k + 1). The columns of this skew-diagram «/f give the k-

conjugate A\“#. In this case, the Catalan function H(¥(\ LN Ak) ) (x; q) is exactly

the k-Schur function s (x; q).
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The k-Schur functions were introduced over twenty years ago [37] to refine the
Macdonald positivity conjecture. Recent work have showed that the modified Mac-
donald polynomials are indeed k-Schur positive. Having a representation theoretic
model for the k-Schur functions would give insight into understanding the combina-
torics of Macdonald positivity through representation theory.
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Chapter 5

A cocharge monomial basis for the
Garsia-Procesi Rings

In this chapter, we study the Garsia-Procesi ring R, a quotient of the coinvariant
ring R,, indexed by 1 = n. We construct a basis of R, using the catabolizability
type of standard Young tableaux and the cocharge statistic. This basis turns out
to be equal to the descent basis defined in [11]. Our new construction connects
the combinatorics of the basis with the well-known combinatorial formula for the
modified Hall-Littlewood polynomials H,[X;q], due to Lascoux. We also use this
basis to give an elementary proof of the fact that the graded Frobenius character of
R, is the modified Hall-Littlewood polynomial H,[X;q].

Inspired by the connections between shuffles and catabolizability, we prove a
result that gives a lower bound for the catabolizability type of a permutation con-
structed by shuffling cocharge words. The first six sections of this chapter is contained
in [33].

5.1 Introduction

Certain quotients of R,, correspond to CS,,-modules that come from Springer fibers.
Given a partition p of n, the Springer fiber F,, < F, is the set of flags that are fixed
by a unipotent matrix with Jordan type pu. The cohomology ring H*(F,) of the
Springer fiber has an &,, action which is compatible with that on H*(F,) [48].
Though the definitions above can be extended to different Lie types, there are
certain nice properties when we consider Type A. In particular, the map H*(F,) —
H*(F,) is a surjection. From this, we have a concrete realization of H*(F,) as
a quotient of R, by an &, invariant ideal. The following presentation is due to
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DeConcini—Procesi [17] and Tanisaki [51].

Let px(p) be the number of boxes of the Young diagram of p that are not in the
first k& columns. Given a subset S < x, we define e4(S) to be the dth elementary
symmetric function in the set of variables S. The Tanisaki ideal I, is defined to be

1= (ealS) | S & x,d > 15| ~ puisy (1))

When p = 1", we have I1n = {e1(X),...,e,(x)), hence the Garsia-Procesi ring in-
dexed by 1" is the full coinvariant ring R,,. Using this ideal, we have that H*(F,) =~
R, := C[x]/1,.

Ezample 5.1.1. Consider p = (2,1,1). Then we have that p;(u) = 1, p2(u) = p3(p) =
pa(p) = 0. From this, we have

I/L = <€3<.’1§'1, T2, 1.3)7 63($17 Ta, $4)7 63(1‘1, xs, 334)7 63(1’2, xs, -1'4)7 el(x)7 62<X)7 63(X>7 64(X)>

Garsia and Procesi [20] constructed a monomial basis of R, that is a subset of the
Artin monomials. In light of their work, we refer to R, as the Garsia-Procesi ring
indexed by p. The question of finding a subset of the Garsia-Stanton descent mono-
mials that is a monomial basis of R, was unresolved until recently, when Carlsson
and Chou gave a construction using shuffles of descent compositions [11].

The graded Frobenius character of the Garsia-Procesi ring R, is given by the

modified Hall-Littlewood polynomials H,[X;q| [34]. These polynomials have a com-
binatorial formula due to Lascoux [3§] and Butler [10]:

H[X:ql= >, ¢ sy (X) (5.1)
TeSSYT (1)
_ Z qcocharge(S) Sen(S) (X) (52)
SeSYT,,
ctype(S)p

The first formula is the we—known combinatorial formula for the modified Hall-
Littlewood polynomials. The second is an equivalent statement which follows from

Proposition [4.1.9]

Ezample 5.1.2. Looking at Figure 2.2 we can see that
Hyp1[X;q) = 54+ (q+¢%)s31 + % 520+ ¢ s,

In this paper, we give a monomial basis of R, where the monomials are indexed
by standard tableaux that satisfy a catabolizability type condition. The set we
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construct is the natural subset of the descent basis of R,, to consider in light of the
combinatorial formula for the graded Frobenius series.

For any permutation w, we associate a word cc(w) of the same length called the
cocharge word of w such that the sum of the entries of cc(w) is cocharge(w). We
refer to the monomial x™¥(¢(®) where the exponents are given by the charge word
of w, as the cocharge monomial corresponding to w.

Theorem 5.A. Let p be a partition of n. The set of cocharge monomauals
{xrevle@) | e &, ctype(w) > p}

is a monomial basis of R,,. In fact, it coincides with the basis given by Carlsson—Chou
(11].

Our basis consists of cocharge monomials corresponding to certain permutations
in G,,. We later see that the set of cocharge monomials for all permutations in &,
is equal to the Garsia-Stanton descent basis of R,. Thus our set of monomials is
indeed a subset of the descent basis.

Although our basis is equal to that of Carlsson-Chou, our construction of it
is different and provides the first direct connection between the structure of the
Garsia-Procesi ring and the catabolizability formula for the modified Hall-Littlewood
polynomial that gives its graded Frobenius character. It is immediate that our basis is
of the correct size in each dimension, a fact that was nontrivial from the construction
of Carlsson—-Chou. The construction of our basis is clearly compatible with the
Hilbert series of R, that we compute from ([5.2)):

Hilb,(R,) = >, ¢t =D SYT(sh(T))] (5.3)
TeSYT,
ctype(T)>p
where SYT(A) denotes the set of standard Young tableaux of shape A.
Furthermore, the relation between the cocharge monomial construction and the
construction of Carlsson-Chou gives insight to how catabolizability type behaves
under shuffling cocharge words. In particular, we can show that there is a lower
bound on the catabolizability type of the permutation we get from the shuffles.

Theorem 5.B. Let u™ u® ... u® w be permutations such that cc(w) is a shuffle
of cc(u), ... cc(u). We have

ctype(w) &> ctype(u™) + ctype(u®) + - - + ctype(uV),

where ctype(uM) +ctype(u®) + - - - +ctype(u) is the partition given by the partwise
sum, of ctype(uM), ctype(u®), ..., ctype(u®).
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Though it is easy to identify the ungraded Frobenius character of R, directly
from its structure, as exhibited in Garsia—Procesi [20], it is challenging to do the
same for the graded character. This often requires heavy geometric machinery (|17])
or further combinatorial properties of the ring and character (|20]). However, our
basis construction gives a way to easily identify the graded Frobenius character of
R, as the modified Hall-Littlewood polynomial H,[X;¢] that only depends on
and the ungraded Frobenius character. We show that Hilb,(N,R,,), where N, =
20667 sgn(o)o is the antisymmetrizer with respect to the Young subgroup &,, is
easily determined using our basis construction and the ungraded Frobenius character
of R,,, by proving that the natural subset of our basis enumerated by {e., Frob,(R,,))
has the property that applying N, yields a basis for IV, R,,.

Proposition 5.C. Let p be a partition of n and v = (v1,...,%) be a composition of
n. The set

(Nx™v ) |y e &, ctype(w) >, Asc(w) < {y1,71 + Y2 sm + - + Y1)}
is a basis of Ny R, where Asc(w) := {i : w; < w;41}.

The following corollary is immediate from Proposition and the catabolizabil-
ity formula ([5.2)).

~

Corollary 5.D. For any partition p of n we have Froby(R,) = H,[X;q].

This chapter is organized as follows. In Section [5.2] we recall construction of the
descent monomial basis of R, due to Carlsson-Chou [11]. In Section give the
construction of our set and prove that it agrees with the Carlsson—-Chou basis, which
shows that our set is indeed a basis due to their results. In particular, we show that
our set of monomials is contained in their basis and then conclude they are the same
set since they have the same cardinality. In Section [5.4] we introduce an algorithm
that can be used to prove the other direction of containment, as well as other results
about catabolizability types. In Section 5.0, we use a result from the previous section
to show that this basis gives us a simple description of the Hilbert series of N,R,,.

From this, we show Frob,(R,,) = fIM[X; q].

5.2 Carlsson—Chou construction of the descent
basis of R,

Recall that the Artin basis {f,(x) : w € &,,} and the descent basis {g,(x) : w € &,,}
of the coinvariant ring R,, both give give a combinatorial explanation of Hilb,(R,,) =
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[n],!:

Z glealfu(®) — Z g2°e9w ™) — [n] ! = Hilb,(R,,) (5.4)

weGy, weGy,

Since R, is a quotient of R,,, the natural question to ask if whether there exists a
subset of the Artin monomials or the descent monomials which is a monomial basis
of R,. Garsia-Procesi [20] constructed a monomial basis of R, which is a subset of
the Artin basis of R,. However, this basis does not give an analogous combinatorial
explanation of the expression

Hilby(R,) = Y. g, (5.5)
TeSYT
ctype(P(w))Bpu
The problem of finding a subset of the descent basis that gives a monomial basis
of R, was recently solved by Carlsson-Chou [11]. For two words z(V), 2 of length
I, 1y we define Sh(z(Y), 2)) to be the collection of all words u of length (I; + ) such
that 2™ and 2 are two disjoint subwords of u. We construct such u by interleaving
2z and 2. An element u of Sh(z™, 2(?)) is a shuffle of () and 2(2). We can extend
this definition and let Sh(z™", ..., 2") denote the set of all shuffles of 2™, ..., 2",
We also define the set of reverse shuffles of 2V, ... 2® denoted Sh'(z1), ... 2(®),
to be equal to Sh(rev(z(V), ... rev(z)).
The Carlsson—Chou descent basis of the Garsia-Procesi ring is defined as follows.
For p = n, define D, to be

D,= |J sheW,...20) (5.6)
(zM,....2()
where [ = p; and (2™, ..., 2() ranges over all I-tuples in Dy x - x Dy

Remark 5.2.1. Note that this is different from the original notation used in [11], up
to transposing the partitions.

Alternatively, they have a presentation in terms of ordered set partitions. Define
OSP to be the collection of ordered set partitions (Ai] ... |Ayy)) of [n] where |A;] =
Ai. The set D,, can be described using OSP,,

D, :={a:als, € Dy for (Ai]...|A,) € OSP}. (5.7)

Note that we take OSP,, so the sizes of the parts correspond to the lengths of
the columns.
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Theorem 5.2.2 (Carlsson-Chou [11]). The set xP» = {x* | « € D,,} is a monomial
basis of R,,. Furthermore, they are the non-leading terms with respect to the des-order
on monomials.

Ezample 5.2.3. Consider p = (2,1,1). Note that p consists of two columns, one of
length 3 and one of length 1. We have that

D3 = {012,011, 101,001, 010, 000},
D, = {0}.
Then we have
D,11 = {0012, 0102, 0120, 0011, 0101, 1001, 1010, 0110, 0001, 0010, 0100, 0000}.
The corresponding set of monomials is a basis of R 11 :
{2323, Tom3, Tox3, T3Ty, Toly, T1T4, T\T3, Tols, T4, T3, To, 1},

Remark 5.2.4. Carlsson—Chou show that their basis is a subset of the Garsia-Stanton
descent basis. However, it is not obvious how to see directly for which w € &,, we
have g,,(x) € xP» without computing D,,. It is also not obvious that |D,| = dim(R,,),
since multiple shuffles can correspond to the same descent word. For example, 0101 €
Sh(101,0) and 0101 € Sh(011, 0) both correspond to the same element in D,,.

5.3 Construction of cocharge monomial basis of
R,

We can reformulate the descent monomials to be in terms of cocharge words.

Lemma 5.3.1. We have D,, = {rev(cc(w)) | w e &,}.

Proof. Note that the proof in [33] does this in terms of charge words. Here, we show
it without using the language of charge. Note that for any w € &,, we can see that
Xrev(cC(w)) - Ty (1), 141" T (w—1), +1-

Jiw=) 1 <(w=1);

Note that the condition (w™);4; < (w™'); is exactly what it means for j + 1 to be
on the left of j in w.
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We can also see that given some 7w € G,,, we have that

grev(ﬂ'—l)(x) = 1_[ Lol oo Lot

i 1 Jj+1
7r; <7r;+1
Thus, if we set w = rev(7), we have
grev((rev(w))*l)(x) = H wn—wjjrl1+l R e
wit>at
J J+1
Thus x*v(®) = g (x) when 7 = rev(rev(w)™). O

Using this, we can describe the descent basis of R,, in the following way using

reverse cocharge words:
{Xrev(cc(w)) cw e Gn}

We refer to these monomials as cocharge monomials. We now define sets of
cocharge monomials that will give monomial bases of Garsia-Procesi rings. Our con-
struction involves cocharge words of permutations whose insertion tableaux satisfy
a catabolizability condition.

Definition 5.3.2. The set C, is defined to be
C, = {rev(cc(w)) | w e &, ctype(w) > u}. (5.8)

From Lemma we know C, = D,,. The main theorem of this chapter is that
this subset of descent monomials gives a basis of R,,.

Theorem 5.A. The set
x = {x* | aeC,} (5.9)

is a monomial basis of R,,. In fact, it coincides with the basis xP* given by Carlsson—
Chou [11)], ie., C,, = D,,.

Before we prove Theorem [5.Al we point out the connections between this basis
and our known properties of R,. Comparing with the combinatorial formula ({5.5)
for Hilb,(R,,), we can see that the classification of insertion tableaux that appears in
(5.8)) is the natural one to consider when looking at subsets of descent monomials.

In fact, it is evident from our construction that the degrees of the monomials
in our set match what we expect from Hilb,(R,). In particular, it is apparent that
|C,| = dim(R,), which was not obvious from the definition of D,,. Furthermore, it is
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clear that our set has the correct number of monomials of each degree to be a basis
of R, by construction. That is, for any nonnegative d, we have

{w € &, ctype(w) > u, cocharge(w) = d}| = dim((R,)q),

where (R,,)q is the degree d component of R,,. This construction also gives us a direct
way to determine for which w € &, we have g,,(x) € x% .In particular, we have that
g-(x) € x% for 7 = rev(rev(w)™!) and ctype(w) > u. There is a way to interpret this
using the recording tableau of 7, along with evacuation on tableaux .

Ezample 5.3.3. Consider = (2,1,1). There are five standard tableaux S such that

ctype(S) > (2,1,1) = p. We list them, along with all words w such that P(w) = S
and their cocharge monomials:

s {w | Pu) = ) {ree) | Plu) = 5
?ﬂ {4312, 4132, 1432} (2522, w922, 1022}

i’ ;1 {3412 ) 3142} {$3$47 $2$4}

“ {3124, 1324, 1342} (124, T123, ToTs)
S (4123, 1423, 1243} (24, T3, T2}

(1234} 1

Note that all cocharge monomials for words with the same insertion tableau S have
degree equal to cocharge(S). The resulting set of cocharge monomials is

2 2 2
{$3.CC4, Toly, XoX3, T3Tg, T2T4, T1T4, T1X3, T2X3, T4, T3, T2, 1}7

which is the same as in Example [5.2.3]

We prove Theorem by showing C,, = D,,, which implies that our set is a basis
of R, by the work of Carlsson-Chou. Since we know that D, is a basis of R, and
that C, has the correct cardinality to be a basis, it suffices to show that C, = D,,.

First, we prove some nice properties about cocharge words that we will use. Using
the algorithm to construct cc(w) described in Section [2.6] we can find the following
criteria for a word z to be a valid cocharge word of a permutation.

Lemma 5.3.4. Let z be a word of nonnegative integers of length n containing a 0.
We have z = cc(w) for some w € &, if and only if for any nonnegative ¢, one of the
following holds:
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(a) there exists a (c + 1) to the left of the rightmost c in z.
(b) c is the largest letter in z.

Proof. 1t is clear that any cocharge word cc(w) satisfies the condition above, since
the cocharge goes up whenever we encounter an (i + 1) in w such that (i + 1) to the
left of 7.
We can recover the permutation w from z by reversing the process. That is: we
can construct an ordered set partition (Ay|...|Ax) of n, where z|4, = 7...7 .
| I—
|A;| many
Define w so that w|a, = (a; + 1) ...a; where a; = Z;':o |A;|. The resulting word
w is a permutation by construction. The fact that cc(w) = z follows from the fact
that the cocharge goes up when a+ 1 appears to the left of a: from (a), we know that
(a; + 1) always appears to the left of a;, hence the cocharge value will go up. O]

Remark 5.3.5. Note that we can make the analogous statement for cocharge fillings
corresponding to standard tableaux.

We can modify cocharge words, by inserting or removing certain letters, without
changing the fact that it is a cocharge word.

Lemma 5.3.6. Let z = cc(w) forwe &,

(a) For a monnegative integer d such that d = z; for some i and any word u of
length n + 1 such that v; = d, U|p1-(3 = 2, we have u = cc(w) for some
w e 6n+1.

(b) Forindexm such that 2y, is the rightmost, largest entry in z, we have rev (2| —{m}) €
D,,—1. In particular, we have z|p)—gmy = cc(w|,—1).

Proof. (a) Note that such u is equivalent to inserting d into z. Any word we obtain
in this way still satisfies the conditions in Lemma since z does.

(b) Since we label the entries by reading from left to right, we know that the
rightmost, largest entry in z must be the last entry in w that we label. Thus
w,, = n. Thus deleting z,, from z is equivalent to labeling all but the largest
entry in w.

]

As a slight modification to Algorithm [4.1.13] we record the entries of cc(w) that
correspond to the boxes in A as we build the partition. When reading ¢ results in
adding a box to the partition v, we fill the new box with 7. This gives us a standard



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE
GARSIA-PROCESI RINGS 44

filling (but not a SYT) of shape ctype(w), meaning {1,...,n} appear exactly once.
We denote this filling as T;,. For the modified algorithm, the final tuple is (&, T,,).

1[6
Ezxample 5.3.7. Let w = 634125. Then we have that T;, = [3

5|4
(2,2,2)
We also note some properties of Algorithm [4.1.13]

[\

and ctype(w) =

Lemma 5.3.8. If we add i to row r of T,, when reading i for the kth time, we have
k+ cc(w); = .

Proof. Each time we read ¢ without adding it to T,,, we increase the ith letter of the
input word by 1. After reading through the word (k — 1) times without adding ¢ to
the filling, the ith letter in the input word is cc(w); + (k — 1). Since we add i the
next time we read the ith letter, we know we add it to the (cc(w); + (k — 1) + 1)th
row, where the last 1 is coming from the fact that f(x,v) = (y,v + €441)- O

We look at subwords of cc(w) determined by the columns of 7,,, the filling of
shape p = ctype(P(w)) we get by applying Algorithm [4.1.13/to w. For 1 < j < i
and 1 <7 < pfj, let

{i | i is in row 7, column j of T, 1< v <7} = {7 < {7 <. <0},

We are numbering the entries in column j of T}, in increasing order, though that
order may not match the order in which they appear in the column.

We define the subword cc(w)U") of cc(w) to be

ce(w)Um) = cc(w)jy) cc(w)jy) . cc(w)jy).
In this case, cc(w)(j”") is the subword corresponding to the first r rows of column j
in T,,. We write cc(w)¥) = cc(w)¥#) when r is equal to the height of column j.

Example 5.3.9. Using w = 634125 and cc(w) = 211001 from Example [5.3.7, we can
see that

(1,3)

cce(w)H? = ce(w); ce(w)s ce(w)s = 210.

We can also see that jf’) = 1 but 1 is not in the first row of T},.

Proposition 5.3.10. For w € &,, such that ctype(w) = u, consider j,r such that
1<j<m and 1 <r <. Then cc(w)V") = ce(o) for some o € S,.
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Proof. We show this by induction on 7. When r = 1, we know cc(w)% = 0, since
for any ¢ that appears in the first row of 7, we must have cc(w); = 0. Hence the
claim holds.

Assume the claim holds for (r — 1). We know that we obtain cc(w)¥") from
ce(w)U =Y by adding cc(w), into cc(w)¥=1 in the correct position, where a is the
entry in row r, column j of T,,. Let b denote the entry directly below a in T;,. Since
b appears below a, we know that when we constructed T, using Algorithm to
cc(w) we first added b, and then a, to the filling. If we let k,, k, denote the number
of times we read a, b before adding them to T,,, we must have k, < k,. If k, = ky,
then since we add b before a, we must have a < b, since cc(w), must be to the right
of ce(w), in ce(w). We also have cc(w), = cc(w), + 1 from Lemma since a is
one row above b. If k, < k,, then cc(w), = cc(w),.

From this, we know that if cc(w), is larger than every letter in cc(w)U" =1, we
have cc(w), = cc(w), + 1 where b > a is the entry directly below a in T, and cc(w),
is the largest letter in cc(w)U7 =Y.

By Lemma we conclude cc(w)U") is a cocharge word by induction. O

Remark 5.3.11. The fact that cc(w)¥") is a cocharge word is not obvious a priori,
since it is not true that any subword of a cocharge word is a cocharge word. For
example, consider w = 21, which has cc(w) = 10. Though 1 is a subword of cc(w),
it is not a cocharge word.

Now we show that C,, = D,,. We first consider the case where ctype(w) = p.

Proposition 5.3.12. Let i be a partition of n of length | and w be a permuta-
tion of n with ctype(w) = p. Then cc(w) € Sh(rev(z™M), ... rev(z")) for some
(zW, ..., 20) e Dy %o x Dy

Proof. We obtain a filling T, of shape ctype(w) = u by applying Algorithm
to cc(w). It is clear that cc(w) € Sh(cc(w)M, ce(w)@, ..., cc(w)V), where cc(w))
is the subword of cc(w) corresponding to column j in T,. We know cc(w)¥) has
length 15, which is the height of column j. Thus, from Proposition [5.3.10, we know

ce(w)?) = ce(o) for o € Sy, Where rev(cc(w)9) e D, by Lemma {5.3.1} O

Ezample 5.3.13. Continuing with Example we construct two subwords of cc(w) =
211001, both of length 3, based on the columns of T;,:

1)

ce(w)Y = ce(w); ce(w)s ce(w)s = 210

ce(w)® = ce(w)y ce(w)y ce(w)g = 101

We can see that cc(w)®) = cw(321) and cc(w)® = cc(213). Thus cc(w) € Sh(ce(321), cc(213)) =
Sh'(rev(ce(321),rev(cc(213)) , where (rev(cc(321)),rev(cc(213))) € D3 x Ds.
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Note that Proposition [5.3.12|only considers permutations w with ctype(P(w))) =
. To prove the inclusion C,, © D,,, we extend this argument to consider ctype(P(w)))>

L.

Proof of Theorem [5.4. We know |C,| = |D,|, since |C,| = dim(R,) and D, is a
basis of R,. Hence to show equality of the two sets, we will show C,, < D,. From
Proposition [5.3.12] it suffices to consider w € &, where ctype(P(w)) > pu. First,
consider w € &,, such that ctype(P(w)) = A> p where A and p differ by moving one
box in the Young diagram. Assume that we construct p from A\ by taking the last
box in some column j, of A and moving it to the top of column j;, where j; < js.

Wee consider the filling T, of A that we get from Algorithm [£.1.13] Let a be the
entry in the last box of column j,. Take the box containing a and append it into the
end of column j;.

By assum%otlon we know the resulting shape is p. Denote the resulting filling of
shape p by T’ We claim that each subword of cc(w) that corresponds to a column
of T is still a valid cocharge word. The only columns we need to consider are
columns j; and jo. Since the only modification to column j, is taking off the last
entry we added, we see that the resulting word is still a valid cocharge word from
Proposition [5.3.10

Since j; < jo and Ty, is partition shape, there exists an entry b in column j; which
is in the same row as a in T,,. Since j; < ja, we know we first added b, and then
a, to the filling T,,. If we let k,, k, denote the number of times we read a, b before
adding them to T, we must have k, < k,. Thus, we know that cc(w), < cc(w),
from Lemma [(.3.8

Thus adding a to cc(w)¥) does not introduce a new cocharge value to this word
since cc(w)y is in cc(w)¥). From Lemma m(l), we conclude the resulting word is
a cocharge word of a permutation.

If ctype(P(w)) & p differ by moving multiple boxes, we repeat this process until
we get a filling of ;1 where each of the columns correspond to valid cocharge words.
It is clear that cc(w) is a shuffle of these cocharge words. Hence rev(cc(w)) € D,,.
From this, we have C, = D,,. Since x”* is a basis of R,, we conclude that our set
x% is a basis as well. O

Ezample 5.3.14. We use the same w, T, as in Example 5.3.7 For p = (2,1,1,1) <
ctype(w), we can create a new filling T* of shape p by moving the last box in column
2 of T, to the end of column 1. This gives us

T =

o] e =]

3]
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The two new subwords coming from the columns of T are cc(w); cc(w)q ce(w)y ce(w)s =
1101 and cc(w)3 = 0, both of which are still cocharge words.

Remark 5.3.15. Note that [11, Algorithm 1] gives a way to take a descent word
a € D, and recover an ordered set partition (A;|...|4;) of n such that |A4;| =
and aly, € D,,. That is: the ordered set partition identifies a canonical way to see
a as a shuffle of descent words. This algorithm does not necessarily agree with our
construction of a canonical decomposition of the cocharge word cc(w) outlined in
Proposition [5.3.10] For example: if we consider 01011 € Cy2; = D32, the Carlsson-
Chou construction decomposes this into 01011, while our construction decomposes
it into 01011.

5.4 New properties of catabolizability type

Theorem says that two conditions, one involving catabolizability type and the
other involving shuffles, are equivalent. In particular, we get the following corollary.

Corollary 5.4.1. Let u™, u® ... u®) be permutations where uY) is of length 1.
Then we have

Sh(cc(u®), ... cc(u?)) < {ce(w) | we &,, ctype(w) > u}.
Proof. This follows from rephrasing the relation D, = C,,. [

However, we can show the following stronger result using properties of Algorithm

1113l

Theorem 5.B. Letu™ u® ... u® w be permutations such that cc(w) € Sh(cc(uV),. ..
ce(u)). We have

ctype(w) &> ctype(u™) + ctype(u®) + - - + ctype(uV),

where ctype(uM) +ctype(u®) + - - -+ ctype(u) is the partition given by the partwise
sum of ctype(uM), ctype(u®), ..., ctype(u®).
We can see that Corollary follows from Theorem 5.4 For any u € &,,, we

know ctype(u)> (1), since (1)™ is the unique smallest partition of size n with respect
to dominance order. Hence, for permutations v, u®, ... u® w where u) e Su;-

and cc(w) € Sh(cc(uM), ..., cc(u)), we have

ctype(w) & ctype(u™) + ctype(u®) + - - - +ctype(u) > (1)1 + (1)#2 + - - -+ (1) = p.



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE

GARSIA-PROCESI RINGS 48
(3:4)
(2,9)
(1,2)|(1,6)
,:Llél) - (275) 5 T[Zﬁg) - .
(1,1){(1,3)
1,10
(1L,7)](1.8)

Figure 5.1: Fillings T',), T,

Hence Theorem gives an improved lower bound for the catabolizability type of a
shuffle.

We prove Theorem [5.4] by introducing a new modification of Algorithm[4.1.13|that
keeps track of the difference between ctype(w) and ctype(uV) + --- + ctype(u®).
We first construct our inputs for the algorithm. We restrict to the case where [ = 2,
but the same arguments generalize to larger [. Let v, u(®, w be permutations such
that cc(w) € Sh(ce(u™), ce(u?)). If we specify a shuffle of cc(u) and cc(u(®) that
is equal to cc(w), we have that each letter in cc(w) corresponds uniquely to a letter
in cc(uM) or ce(u?). Fix such a shuffle.

We can create fillings T7%,, T, of shapes ctype(u"), ctype(u®) using Algorithm
[4.1.13] Similar to previous modification of Algorithm we fill the boxes as we
add them to the partition. However, we now fill the box with tuples (k,7). Consider
the box we add to T7%{,, when reading the letter ctype(u™),, for the kth time. There
exists an 7 such that ctype(u(!),, corresponds to cc(w),_;41 in the fixed shuffle. We
fill the box with the tuple (k,1).

Note that the convention for the index we put in the box is different from what
we used in Section The (n—i+ 1) will be useful when we define a total ordering
on these entries. We are abusing notation here, since the fillings depend on how we
shuffle the two cocharge words to get cc(w), not just w.

Example 54.2. Letw =591267 10 3 8 4. Thence(w)=1200112010¢€
Sh(120012,1010), where we have colored the entries to denote the shuffle we chose.
The resulting fillings T, T',, are depicted in Figure

From Lemma |5.3.8 we know if (k,7) appears in row r of T,,1), T,y we must have

u
k + cc(w),—_ir1 = r. Furthermore, since the second coordinate of an entry records
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(T, + Ty»)® =1(2,5)

(1,7 [(1,8)|(1,1)](1,3)

Figure 5.2: Filling (Tu(l) + Tu(z))w

which letter in cc(w) created that box, for each i € {1,...,n}, there exists a unique
k such that (k,4) appears in T',, or T",,. This (k,i) appears exactly once.
We combine T%,,, T, to get a filling of shape ctype(u")) + ctype(u®), denoted

(T,) + T,,»)™, by taking the row-wise sum of the two diagrams.

u

Ezample 5.4.3. We combine the two diagrams we get from Example to get a
filling of (2 + 2,1+ 2,1,1,1), depicted in Figure

The lexicographic ordering (<) on tuples (a,b) € Z2, is defined by:

a<c or
a=cb<d.

(a,b) < (c,d) < {

The lexicographic ordering of the tuples keeps track of the order in which we read the
entries in Algorithm [4.1.13] That is: if (k1,41) < (k2,42), then we read cc(w)n—i +1
for the kith time before we read cc(w),_;,+1 for the koth time.

Let T'f,)_ = be the filling obtained by rearranging the entries within the rows of
(T,,»y + T, 2)" so that the entries within the rows are increasing from left to right
with respect to <. We have the following result:

Lemma 5.4.4. The filling T, ) satisfies the following conditions:

(i) Each i€ {1,2,...,n} appears in the second coordinate of an entry exactly once

(i) The entries in each row and column are increasing with respect to the lexico-
graphic ordering on tuples,
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(i) For any entry (k,i) in row r of T'(,) o), we have k + cc(w)p—ip1 = 7.

Proof. The conditions (i) and (iii) hold by construction. It suffices to show the entries
within each columns are increasing.

Let (k,4) be the entry in the row r, column j of T, ), where 7 > 2. We know
(k,7) is the jth smallest entry in row r, since we reordered within the rows so that
the entries were increasing. For each entry in row r of T0;) ), there is an entry
in row r — 1 that appeared directly below it in T"7,) or T, . Since T’ iy, Ty were
constructed through the Algorithm 4.1.13] we know that their columns are increasing
with respect to the lexicographic ordering.

Thus for each entry (k’,4") in row r such that (k’,4") < (k,1), there is an entry in
the row (r — 1) that was directly below (k',4’) in T',) or T,y which is smaller than
(k' 7).

Therefore, if (k,i) is the jth smallest entry in row r, there are at least j many
things in row (r — 1) that are smaller than (k,7). Hence (k, ) is larger than the entry
directly below it. O]

Ezxample 5.4.5. Continuing with our example, we have

(3.4)

(2,9)

Ty 4u@ =1((2,5)

(1,2)](1,6)(1,10

(1,D)|(1,3)|(1,7)|(1,8)

The entries are increasing within each row and column.

We now define the notion of row insertion when dealing with these fillings. This
is a modification of the classical row insertion used in RSK, except we also check the
column increasing condition when inserting and we may modify more than one entry
in the row, by sliding part of the row over to the right by one.

Algorithm 5.4.6. (Modified Row Insertion) Consider a filling 7" of a two row par-
tition shape, where each entry is a tuple in Z2, and the rows and columns are
increasing with respect to the lexicographic ordering.
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Let (a,b) € Z2,. We insert (a,b) into the second row of this partition by doing
the following. We first find the leftmost (¢, d) in the second row that satisfies:

(a,b) < (¢, d), (5.10)
(a,0) = (e, f) (5.11)

when (e, f) denotes the entry directly below (¢, d). If no such (c,d) exists, we say
(a,b) pops out of this row and we are done.

If such (e, d) exists, replace (¢, d) with (a,b). The resulting filling is still increasing
in the rows and columns. The only place where we could have a contradiction is
directly to the left of (a,b), but this cannot happen since (¢, d) is the leftmost entry
that satisfies and .

We now repeat the steps above to insert (¢, d) into the same row. We continue
until an entry pops out or we insert into the last box of the row.

If we insert into the last box of the row, replacing (g, h), we finish our insertion
process by appending (g, k) to the end of the second row if the resulting filling has
increasing columns and is still a partition shape. This only happens if the second
row was strictly shorter than the first. In this case, nothing pops out. Otherwise,
(g, h) pops out and the insertion is complete.

Note that once we successfully insert (a,b), the entry (c,d) gets inserted to the
direct right of (a,b) or it pops out. From this, we can see that this process is
equivalent to determining where we can put (a, b) and then moving the entries larger
than it to the right by one until we find a contradiction with the bottom row or we
reach the end of the row.

We illustrate this through the following examples. The first one results in an
entry popping out.

Ezample 5.4.7. We insert (a,b) = (2, 6) into the second row of the following partition:

(2,4)((3,2)((3,3)](4,1)

(L,D)[(2,5)](2,7)](3,8)](5,2)

Since (3,2) is the leftmost entry satisfying (5.10) and (5.11]), we replace (3,2) with
(2,6):

(3,2)

(2,4)](2,6)|(3,3)|(4,1)

(L1)[(2,5)[(2,7)((3,8)[(5,2)
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Now we repeat: we replace (3,3) with (3, 2):

(3,3)

(2,4)](2,6)((3,2)|(4,1)

(L,D)[(2,5)](2,7)](3,8)](5,2)

However, we cannot replace (4, 1) with (3, 3) since (3,8) £ (3,3). Hence (3,3) pops
out of this insertion and we are done.

We also give an example of when nothing pops out of the insertion process.

Example 5.4.8. We insert (a,b) = (2, 6) into the second row of the following partition:

(2,4)|(3,2)

(1,1)[(2,5)((3,1)

Since (3,2) is the leftmost entry satisfying ((5.10]) and (5.11)), we replace (3,2) with
(2,6):

(3,2)

(2,4)|(2,6)

(1,1)](2,5)](3,1)

Now, we can append (3, 2) to the end of row 2 while maintaining the column increas-
ing condition. Adding a box to the second row does not change the fact that the
shape is a two row partition. Hence we insert (3,2) into the empty spot.

(2,4)(2,6)|(3,2)

(1,1)](2,5)](3,1)

Note that nothing pops out at the end of this insertion.

We make the following observation.

Lemma 5.4.9. If we insert (a,b) into row 2 of T and (x,y) pops out, we have
(a,0) < (z,y).
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Proof. If we are unable to insert (a,b), then (z,y) = (a,b). Otherwise, the insertion
replaces larger entries with smaller ones. O

We can extend this definition of row insertion to any partition shape tableau T'
filled with tuples in Z2, where the rows and columns are increasing. For any row
r>1of T and (a,b) € Z%,, we define T <, (a,b) to be the result of inserting (a, b)
into row r of T. Unlike RSK, we only modify row r; we do not continue inserting
into higher rows. It is a simple check to see that the resulting filling 7" <, (a,b) is

still increasing in the rows and columns.

Lemma 5.4.10. Consider partition shape tableau T filled with tuples in Z2, where
the entries within the rows and columns are increasing. Consider two tuples (a,b) <
(', V). Let T «—, (a,b) denote the tableau we get by inserting (a,b) into row r of T,
where r is not the top row.

1. Assume (z,y) pops out when we insert (a,b) into row r of T. If (x',y') pops
out when we insert (a',b') into row (r+1) of T <, (a,b), then (z,y) < (z/,y').
)

2. If nothing pops out when we insert (a,b) into row r of T, then nothing pops
out when we insert (a’, V') into row (r + 1) of T <, (a,b).

Proof. (1) Note that if (x,y) = (a,b), the claim follows immediately. Otherwise, let

(p, q) denote the entry in row (r + 1) directly above (z,y) in 7. Note that the entry

(p, @) may not exist: in that case, assume (p, ¢) to be the empty box at the end of row

(r+1). Let (g, h) denote the entry in row (r + 1) directly above (a,b) in T" <, (a,b).
We can see that rows 7,7 + 1 of T" look like the following;:

(g, )] - |(pa)

(z,9)

We can visualize T <, (a,b) in the following way. First, we move the shaded
boxes in row 7, which are the boxes from the one directly below (g, h) up to (but
not including) (z,y), over one to the right. Then we put (a,b) directly below (g, h)
which pops out (z,y).

Rows r,7 + 1 of T, (a,b) look like the following:

T «—, (a,b) :
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Now, we insert (a’,0') > (a,b) into row (r + 1) of T «—, (a,b). Let (z/,y) be the
entry that pops out of this insertion, if such entry exists. To show (z,y) < (2/,v/),
we use the fact that (z,y) < (p,q). It suffices to show (p,q) < (2, /).

We proceed by cases. First, note that if (p,q) < (a/,'), the claim automatically
holds since (a/, ') < (2,y') (with potential equality).

The second case we consider is when (g,h) < (a/,b') < (p,q). In this case, we
can always insert (a’,b") between (g, h) and (p,q). Consider (g1, h1) < (g2, he) that
appear consecutively in row r of T' <, (a,b) such that (g,h) < (g1,h1) < (d/,) <
(g92,h2) < (p,q). This is equivalent to saying that in 7' <, (a,b), we have the

following configuration:

T —, (a,b) :

Since we know that all the shaded entries in row r were shifted 1 to the right
when inserting (a,b) into row r of T.we know that the entry (si,¢;) that appears
directly below (ga, ho) was originally below (g1, h1) in T Thus (s1,t1) < (g1, 1) <
(a',b") < (ga, h2), which means we can replace (go, ho) with (a’,0).

We can also move all the entries from (go, h2) up to (but not including) (p, ¢) over
to the right by one, because this is just equivalent to realigning rows r and (r + 1)
of T «—, (a,b) to how they were in T'. In particular, we can place (gs, hy) on top of
(s2,t2), since we know (sq,t2) < (g2, ha). The result of continuing the insertion up
to (p, q) is the following configuration:

(p,q)

At this point, either we are able to continue by inserting (p, ¢) into row (r + 1),
or (p,q) pops out. From this, we know the smallest possible thing that could pop
out is (p,q). Thus (p,q) < (2, y).

Now, we consider the case where (a/,0") < (g,h). We know (da’, ") can be inserted
in some spot to the left of (g, h) by just checking : the column condition follows
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automatically since (a,b) < (a/,b), thus (a/,b’) is larger than any entry to the left of
(a,b) in row r. Let (¢, d) be the leftmost entry in row (r+1) such that (a’, ") < (¢, d).

(¢,d)
T «—, (a,b) :

We replace (¢, d) with (a’,0’). Now, any entry between (c,d) and (g, h) (which
correspond to the boxes colored yellow), must also be larger than (a,b), so we can
keep inserting until we have replaced (g, k). This gives us the following configuration:

(a,0)

(p,q)

The next step is to insert (g, k) into row (r+1): we can see that this is exactly the
second case we considered. Thus, from the argument above, we know the insertion

process will continue until we reach (p,¢) and the claim holds.

(2) The same argument holds: if such (x,y) does not exist, then (p,q) does not
exist. Thus the two cases we consider are (a',0') < (g,h) and (g,h) < (/,V'), which
correspond to the first two cases in the previous argument. We can keep inserting
into row (r + 1) until we add a box at the end of row (r + 1), which we know we can
do since row 7 of T' <, (a,b) is one longer than row r of T

[]

Now, we use this new notion of insertion to define a modification of Algorithm

4.1.13| that keeps track of the difference between ctype(w) and ctype(u(™) + - -
ctype(u®). The input (cc(w), &, %, o) depends on the shuffie of ce(u), ...

_|_

ee(ull)

that is equal to cc(w) that we fix. Throughout this algorithm, we can think of the
filling T" in the third coordinate of our tuple as keeping track of the “lower bounds” of
insertion: that is, if we read a certain entry in 7', we must add a box there. However,
we may add boxes earlier, which is when we perform the chains of insertions. The

final result in the third coordinate will be a tableau T, with sh(T,,) = ctype(w).
The next section will contain an example of this algorithm.
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Algorithm 5.4.11. The input is (cc(w), &, S), where S is a filling of a partition
shape that satisfies the conditions — in Lemma For example, we can
take S to be T7'(;)

As we did for Algorithm [f.1.13, we apply the function f repeatedly to the first
two coordinates until we get (&, ctype(w)) in the first two coordinates. We modify
the shape of the filling in the last coordinate whenever we add a box to the second
coordinate, so that the new shape is larger in dominance order.

At each step, we say we read (k, i) if we read the letter corresponding to cc(w), ;11
for the kth time. After each step of the algorithm, we get a triple (z,v,T) where z
is a word, v is some partition, and 7" is a tableau of partition shape.

Consider the step when we read (k, i), with input (z, v, T'), which results in adding
a box to row r of v. Let (Z,v + ¢,) be the new first and second coordinate of our
tuple.

By condition , we know there exists a (m,i) that appears in 7. If k = m, we
do not modify the filling 7" and the new tuple we consider is (Z, v + €., T). Note that
by condition [(iii)} we know that (k,7) appears in row r of T'.

However, if (m, ) is in row " where r < 7/, we will create a new tableau T of
partition shape in the following way. We first look at T, where x denotes the box
containing (m,i):

row r’[ [«

ITow r

Delete the box in T' containing (m,7) as well as the ones directly above it in 7T
This results in deleting entries {(m, i), (mq,71),. .., (ms,is)}, where (my,i;) denotes
the entry that was t boxes above (m,i) and s is the total number of boxes that
appear above (m, i) in 7. The resulting diagram looks like this:

row 1’ removed entries: {(m,s), (mq,i1), (Mma,i2), (M3, i3)}

Tow r

Note that since the entries are increasing within the columns of 7', we have

(m,i) < (My, i) < -+ < (Mg, is) (5.12)
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The rows and columns are still increasing with respect to the lexicographic order-
ing if we ignore the empty spaces in the column that contained {(m, i), (mq,41), ..., (Mg, is)}.

We will create a new partition shape filling of n boxes by inserting the entries we
removed back into this filling.

Let d = " —r. We first insert (m — d,i) = (k,4) into row r using Algorithm
[5.4.6] Note that we use (m — d, ), rather than (m,i), to maintain condition [(iii)}
This change does not change the fact that the entries in the filling satisfy condition
@l

If an entry pops out, we denote that entry by (z¢,yo). Now, we continue this
process, inserting (m; — d,4;) into row r + 1. If some entry (x1,y;) pops out, we
know (2o, o) < (21,1) from Lemma [5.4.10] (1) since (m — d,4) < (mq — d, 41).

In this way, we insert (my — d, i1, ),...,(ms — d,is) into rows r + 1,..., 7 + s.

(mg—d,iz)—

(mg—d,ig)—

(mq1—d,ip)—

(m—d,i)—

If we insert into a row with a gap in the middle, we ensure that we maintain the
empty spot by skipping over it in the insertion process. That is: we never insert in
the empty spot in the middle of the row.

By Lemma (2) and (5.12), we know that once we have an insertion where
nothing pops out, we will never have anything pop out for the later insertions as
well. Let j < s be the index such that inserting (m; — d, ;) is the last insertion
where some entry (x;,y;) pops out. The elements that pop out at each step have
the following relation:

(k,1) < (zo,90) < (z1,51) < -+ < (25,9), (5.13)

where either j = s or nothing popped out when inserting (m;41 — d, ;1) into row
r+7+ 1
For example, if we assume j = 2 in our example, we get:

—(z2,v2)
—(z1,y1)
—(z0,v0)
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Once we have inserted up to (ms — d, i), we still have an empty column where
(m, i) used to be and above.

Since the insertion algorithm replaces entries with smaller ones, we know that
the entry below the empty space in row 7’ must still be smaller than (m, ). If there
exists an entry (z,yo) that popped out of row r, we have the following inequalities

using (5.13):
(k+d,i) = (m,i) < (zo+d,yo) < (x1 +d,1h) < -+ < (z; + d,y;). (5.14)

Thus we can fill the empty column with the entries (zo+d, yo), (z1+d, y1), (z; +d, y;)
and preserve the column increasing condition for all the columns.

* where * = (9507y0)><> = ($1,y1)ao = (95273/2)-

Now that we have put all the entries back into the filling, we rearrange the entries
within rows r’ and above so that the entries within the rows are increasing and we
have a partition shape with no gaps. Let the resulting diagram be 7. We can use the
same argument used in the proof of Lemma (ii) to show that the 7T is increasing
within the rows and columns, since the ﬁlhng we had before rearranging within the
rows was column strict. Using this, we know that T still satisfies conditions 'm
In this case, the new tuple we consider is (2, v + ¢,, T).

We proceed by reading the next letter in z. We continue this process until the
first coordinate of our tuple is the empty word.

Algorithm satisfies the following properties. When we are reading an entry
(k, 1), we say that smaller than (k, %) in the lexicographic order has already been read.

Lemma 5.4.12. Assume we apply Algorithm|5.4.11) with intial input (cc(w), &, S).
Fach intermediate tuple (z,v,T) must satisfy the following conditions:

(a) As partitions, we have sh(T)>sh(S), where S is the filling in the original input.

(b) A tuple (k,i) that appears in T has already been read if and only if it is contained
in the subdiagram of T' of shape v.

(c) A tuple (k,i) that appears in T has not been read if and only if the letter
corresponding to cc(w),_;+1 has not been deleted from the input word.
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Proof. Note that by assumption, we have that 7" satisfies the conditions |(i)H(iii)} We
proceed by induction. Note that the statement is true for the initial filling S before
we read (1,1). We proceed by cases.

Assume we read (k,4) but cannot add a box to v. By |[(iii)] we know that there
exists a tuple (m,7) € T'. By induction, we know that (m, i) cannot have been read
yet by (c), since it corresponds to an entry that has not been deleted from the input
word. Thus m > k. Furthermore, if m = k, we would have that the box below (k, 1)
in 7" must be contained in the subdiagram of shape v by (b) and , since it must
have already been read. However, this would imply that we would be able to add a
box to the diagram v, which is a contradiction. Thus k& < m. Since this does not
affect any of the conditions, we have that (a)—(c) are true for this tuple.

Now we consider the case where reading (k,7) results in adding a box to row r of
v but does not change the filling 7. This does not affect condition (a). In this case,
we know (k,7) appears in row r of T. Since we assume that T satisfied conditions
(a)—(c) before we read T, we know that (k,7) is the smallest entry in row r of T
that is not contained in the subdiagram of shape v. This implies that the box in T
containing (k, 1) is exactly the new box in v + ¢,, thus (b) and (c) hold as well.

_ Finally, we consider the case where reading (k,7) results in creating a new filling
T.

In this case, we know that (m,4) appears in row 7’ > r of 7. This means we
delete (m, i) (and all the entries above it) and then insert (k,%) into row . Note that
from (b) on T, we know that none of the entries we delete can be contained in the
subdiagram of T' of shape v, since all the entries we delete are larger than (m,1).

Let (x,y) be the smallest, unread entry in row r of 7. From condition (c) and the
fact that reading (k, i) results in adding a box to row r of v, it follows that the box
under (x,y) must be contained in the subdiagram of shape v. Thus the entry below
(x,y) has already been read. Furthermore, since (k,i) is the smallest unread entry,
we have that (k,7) < (z,y). Thus inserting (k, ) into row r results in replacing (z, y)
with (k, 7). Note that this box in 7" is in the same position as the new box we add
to v.

Note that from equations , we know the insertion process only involves
entries that are larger than (k, ), thus the entries in the subdiagram of shape v are
fixed. Furthermore, we can see that when we rearrange the rows after the insertion so
that the final shape is partition, we do not touch any of the entries in the subdiagram
of shape v + ¢,. Hence condition (b), (c¢) hold.

Finally, we can see this insertion process corresponds to moving entries in 71" to

lower rows. Thus we have condition (1).
O]



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE
GARSIA-PROCESI RINGS 60

Corollary 5.4.13. When applying Algorithm to (cc(w), &, S), we have that the final
output is of the form (&, ctype(w), T,) where sh(T,,) = ctype(w).

Proof. We know that the final tuple (&, ctype(w), T,,) must satisfy Lemma [5.4.12
(a) —(c). By (c), we know that all the entries in T}, must be read. Then, by condition
(2), we have ctype(w) = sh(T},). O

Theorem [5.4] immediately follows from this algorithm.

Proof of Theorem[5.4. We apply Algorithm|[5.4.11]to the initial input (cc(w), &, T,
From Lemma [5.4.12 at any point in the algorithm, where the tuple is of the form
(z,v,T), we have

ctype(u™) + - + ctype(u) = sh(T%, o) < sh(T).

From Corollary [5.4.13] it follows that ctype(u®) + --- + ctype(u®) < sh(T,) =
ctype(w). O

We can also use this modified algorithm to prove the following statement about
how certain modifications to permutations raise the catabolizability type.

Proposition 5.4.14. Consider w € &,, and index © such that w; + 1 < w;yq. If
W= W ... Wi W ... W,, we have ctype(w) > ctype(w).

Proof. We know cc(w); < cc(w);41, since they differ by more than one. This swap
does not change the cocharge label of any of the letters. Thus cc(w) is the word we
get by swapping cc(w); and cc(w);41 in cc(w).

Let T,, be the filling of ctype(w) we get from Algorithm [4.1.13] where we fill a
box with tuple (k,7) if we add the box when reading the letter cc(w),_;+1 for the
kth time. There exist unique ki, ks such that (ky,n —i + 1), (k2,n — @) appear in T,.
Replace these two tuples with (ky,n — i), (ka,n — i+ 1) to account for the swapping
of ce(w); and cc(w);y1. Denote the resulting filling by 7%,

The filling T satisfies the conditions (1), (3) in Lemma by construction.
We can check that it satisfies (2) as well. Note that the only case where swapping
the second coordinates changes the relative order on the elements in T is if k; = ko.
In this case, the potential issue occurs if (k1,n —1), (k2,n —i+ 1) appear in the same
row or column of 7,,. However, this never happens. Since cc(w); # cc(w);41, if the
two appeared in the same row we would have k; > ko from Lemma[5.3.8 If k; = ko,
then (ki,n — i) appears in a higher row than (ky,n —i + 1). Since we add (ky,n — 1)
to T, before we add (kq,n — i + 1), it is impossible that these two tuples appear in
the same column of T,,. Hence T satisfies (2).

goo



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE
GARSIA-PROCESI RINGS 61

Now, we apply Algorithm [5.4.11| to the initial input (cc(w)), &, T%). Since

shape(T¥) = ctype(w) and the resulting tuple is (&, ctype(w), Ti;) with sh(Tg) =
ctype(w), it follows that ctype(w) &> ctype(w). ]

5.5 Example of Algorithm [5.4.11

Letw=3912¢67 10 3 8 4.

Then cc(w) =1 2 0 0 1 1 2 0 1 0e Sh(120012,1010), where we have
colored the entries to denote how the two words are shuffled.

The initial input when applying Algorithm [5.4.11]is given by:

(34)

(2,9)

1200112010 &, |25

(1,2)[(1,6)(1,10

(L,1)](1,3)](1,7)|(1,8)

We can see that the first three steps of algorithm correspond to adding boxes
(1,1),(1,2),(1,3) to the partition in the second coordinate. We do not modify the
filling in the last coordinate. The resulting triple we get is:

(3:4)

(2,9)

1200112 _ _ _, @) . (5.15)

(1,2)] (1,6)|(1,10)

(LD (1,3)] (1,7)](1,8)

The entries have been read up to this point are exactly those in the shape v =

: These boxes are shaded.

At the fourth step (which corresponds to reading 2), we can see that we will add
a box to the partition in the second coordinate. However, we can see that (3,4) is in
the fifth row. Thus, we delete (3,4) and insert (1,4) into the third row of our filling:
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(2,9) (2,9)
(14) - |25 (1,4)[(2,5)
ESS
(1,2) (1,6) (1,1()) (1,2) (1,6) (1,1())
@Ha3)| (L, |W8)|  [an[ad)] e, |(18)

The resulting triple after the fourth step is:

(2,9)

(1,4)((2,5)
120011 _ _ _ _, ,
| (1,2)| (1,6) |(1,10)

(LD [(1,3)[(1,7)](1,8)

At the fifth step (corresponding to reading 1), we add a box to the partition in
the second coordinate, as well as modify the filling in the third coordinate by deleting
(2,5) and inserting (1,5) into the second row:

(2,9) (2,9)
(1,4) (1,4)
=
(1,5) = [(1,2)](1,6)(1,10) (1,2)[(1,5)|(1,10) — (1,6).
(1,1)(1,3)] (1,7)] (1,8) (1,1)(1,3)] (1,7)](1,8)

We see that (1,6) pops out of the second row. We then place (2, 6) into the empty
spot in the third row, where (2,5) was.

(2,9) (2,9)
(2,6) = |09 (1,4)((2,6)
E=S
(1,2) (1,5) (1,10) (1,2) (1,5) (1,10)

(1,1) [ (1,3)[(1,7)|(1,8) (1,1) [ (1,3) [ (1,7)|(1,8)

The resulting triple is
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12001 _ _ _ _ _, ,

At the next step, we cannot add anything to the second row. So we add one to

(2,9)

(1,4)1(2,6)

(1,2) [(1,5)|(1,10)

(1,1 [(1,3)| (1,7){(1,8)

the element in the word without changing either of the shapes:

12002 _ _ _ _ _, ,

The next two steps just add boxes to the first row of the partition in the second

coordinate without changing the filling. We get

At the next step, we delete (2,9) and insert (1,9) into the third row of the filling

to get:

- —-2__ ___, ,
| |

Now, we can continue to cycle through the word and add boxes to the partition

until we get

(2,9)

(1,4)(2,6)

(1,2) [(1,5)|(1,10)

(L,1) [(1,3)|(1,7)[(1,8)

(2,9)

(1,4)

(2,6)

(1,2)

(1,5)|(1,10)

(1,1)

(1,3)|(1,7)

(1,8)

(1,4)

(1,91 (2,6)

(1,2)

(1,5)|(1,10)

(1,1)

(1,3)[(1,7)

(1,8)
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(1,1) [ (1,3) [ (1,7)|(1,8)

5.6 Identifying the graded Frobenius character

In the work of Garsia—Procesi [20, Section 3], the ungraded Frobenius character of

R,, is identified to be the complete homogeneous symmetric function h,, directly from

the structure of R,. However, they require further properties of R,, as well as the

modified Hall-Littlewood polynomials, to identify the graded Frobenius character.
In particular, using the theory of orbit harmonics, we can show the following:

Theorem 5.6.1 (Garsia-Procesi [20]). R, =g, C[OSP,]| as ungraded &,,-modules.
Set T}, to be the ideal consising of functions in C[x]| that vanish on the set
X, ={p=(p1,...,pn) € C": multiplicity of b; in p is p;}

where by, ..., by, are distinct scalars in C. Theorem follows from the fact that
we have I, = gr(7},), or the associated graded of 7T),.

An immediate corollary of Theorem is the following, which uses the obser-
vation that C[OSP,] = 1 1g".

Corollary 5.6.2. Frob(R,) = h,,.

In this section, we use properties of our cocharge monomial basis to give a di-

rect, elementary proof of the fact that Frob,(R,) = H,[X;q] that only depends
on the well-known combinatorial formula (5.2)) and the ungraded character given in

Corollary [5.6.2
We do this by showing that for any composition v = (y1,...,7) = n, we have

~

Hilb(N,R,,) = {e,, H,|X;q]), where N, is the antisymmetrizer with respect to the
Young subgroup &6, =6, x--- x &,, € G,:

N, = Z sgn(o)o.

0eBy

Using that {m,}, {h,} are dual with respect to the inner product, we get

(ey, HU[X;q]) = (wey, WH,[X;q]) = (hyy wH,[X;q]) = (my) wH,[X; ],
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where {(m.,» wﬁH[X ;q] denotes the coefficient of m., in the monomial symmetric
function expansion of wH,[X;q]. We compute wH,[X;¢] using wsy = sy for any
partition A and the combinatorial formula (}5.2)):

(JJHM [)(7 q] _ Z qcocharge(S) Sen(s")-
SeSYT,,
ctype(S)p

From the above, we can see

(e, HIX:qy = > g™ ((m) saqsn)

SeSYT,,
ctype(S)p

cocharge(S
T T
SeSYT,,
ctype(S)>p

where Kg,(s7),, counts the number of semistandard Young tableaux of shape sh(S"),
weight ~.
Using Proposition [2.1.2] we can describe K,/ in terms of standard tableaux:

Ka(syy = {T € SYT,,,sh(T) = sh(S") | Des(T) < {yi,71+72,--»m1+- -+ -1}

We can use that Des(T") = [n — 1] — Des(T") := Asc(T"), where T" denotes the
SYT we get by taking the transpose of T, to rewrite this as:

KSh(S/)"Y = |{T € SYTmSh(T) = Sh(S) |ASC(T) < {’717,71 TNt 72}}|

Furthermore, we can rewrite the expression above into a statement about permu-
tations using the fact that Des(Q(w)) = Des(w) (Proposition [2.2.1j(b)))

Kasny = {we &, | P(w) = S, Asc(w) < {v, v +-1,-- -, n + -+ 7))

where Asc(w) := {i : w; < wii1}.
Combining these observations, we have the following equality:

<€’y> ﬁ,u [X7 q]> _ Z qcocharge(w). (516)
weS,
ctype(P(w))>p

Asc(w)c{vi,i+Yi—1,--m++72}

~

From this, proving Froby(R,) = H,[X;q]| is equivalent to showing that for any
v | n, the Hilbert series Hilb(N,R,) is equal to the right hand expression of ([5.16)).
We show this by proving that the natural subset of charge monomials to expect from
Equation give a basis of NV, R, by antisymmetrization.

Using the ungraded character of R, given by h,, along with Proposition ,
we can make the following observation:
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Lemma 5.6.3. The dimension of N,R,, is

{w € &,, ctype(P(w)) > u, Asc(w) < {vi, v +-1,---, % + -+ 7}}

Proof. Since the ungraded Frobenius character of R), is h,, we know that dim(N, R,,) =
{ey, hy). Using the fact that H,[X;1] = h,, we have:

dim(N, Ry) = ey, hy) = e Hu[X:1]) = > :
weS,
ctypo(P())2p
ASC(w)C{'yl,'yl+'n71 ,,,,, 'Yl+"'+’72}

We now use this fact to determine a basis of N, R,,.

Proposition 5.C. Let p+n and v = (y1,...,%) =n. The set

(N, x" ) | e &, ctype(P(w)) > u, Asc(w) {7 + Yie1, -, Y+ - + 72l
(5.17)

is a basis of N R,,.

Proof. We first show that the terms in (5.17)) are nonzero. Consider w € &,, such
that ctype(P(w)) > p, and Asc(w) < {vi, i +%-1,-- -, N+ +72}. We divide w into
blocks of size v;, 7,1, - . . , 71 where the entries within each block are decreasing. This
implies that no two entries in the same block have the same cocharge value. Then,
when we look at rev(cc(w)), we can see that rev(cc(w)) can be divided into blocks
of size v1, 79, ...,v, where the entries are strictly increasing within the blocks.

Note that &, permutes indices within the blocks, thus each monomial term of
Nyxrev(cc(w)) is distinct. Hence vire"(cc(w)) # 0. From Lemma this shows that
our set has the correct cardinality to be a basis of N,R,,.

Now, we show that spans N,R,. The set {N,x“ | a € C,} clearly spans
N,R,. Consider w € &, such that ctype(P(w)) > p, N,x*®) 2 0 but w does
not have the correct descent set. We will show that N, xrev(ce®) = [ xrev(ce(sorts (w))
for some sort, (w) € &,, with the correct ascent set and catabolizability type.

If we divide rev(cc(w)) into blocks of size 1,2, . .., 7y, the entries within a block
all have distinct charge labels since Nyxrev(“(w)) # 0. From this, if we look at the
corresponding blocks of sizes 7;,...,7 in w, we can reorder the entries within the

blocks to be in decreasing order without changing the cocharge labels of the respective
entries. That is: if w; < w;1; with cc(w); # cc(w)ir1, we know w; # (w1 +
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1), hence we can swap w; and w;,; without changing the respective charge labels.
Let sort,(w) be the resulting permutation. We see that Asc(sort,(w)) < {v, v +

Yi=1,- -, Y+ -72}. By Proposition [5.4.14] we know ctype(sort,(w)) > ctype(w) > p,
hence N, x*evecterts(w) ig in ([5.17). O

Using the construction of our basis, we can translate questions about the structure
of R, into questions about conditions on tableaux. In this case, choosing the elements
that are a basis of N, R,, is equivalent to looking at pairs of standard tableaux (P, Q)
of the same shape with conditions on both P and ). We illustrate this with an
example:

Ezample 5.6.4. Consider p = (2,1,1) and v = (2,2). All standard tableaux P that
satisfy ctype(P) > u are listed below:

4] _
3 3[4 [3
1[2] [1]2

) Y

»—l»&l

—_

2[4 | ([2[3] , (120314

We also list all standard tableaux @ such that Asc(Q) < {2}:

(4]
2[4] [2]
1[3 1]3]

Thus the pairs (P, Q) of standard tableaux of the same shape that satisfy ctype(P)>u

and Asc(Q) = {y1} are the pairs (% 3 ) and ( EIETNE ;1) These pairs corresponds

1[2] [1]3]
to the words 4132, 3142, which give us the cocharge monomials zo23, zo24. From this,
we know the basis of IV, R, is given by the polynomials

2 2 2 2
{zox] — x1T] — Tox5 + T X5, Ty — T1Xy — ToT3 + T1X3}.

The following corollary is immediate from Proposition [3.C]

~

Corollary 5.6.5. For any partition p of n we have Frob,(R,) = H,[X;q].

Proof. The graded Frobenius character of a CS,,-module V' is uniquely determined
by the values (e, Frob,(V)) for all v - n. From Proposition [3.C|, we have

Hilb(N,R,,) = 2 qCOCharge(w)

weGy,
ctype(w)p
Asc(w){v,m+vi—1,--n++72}

~

which is equal to {e,, Frob,(R,)) by Equation (5.16). Thus Frob,(R,) = H,[X;q].
[
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Remark 5.6.6. Note that to avoid circular reasoning, we must ensure that we can
show is a basis of R, without using the fact that Frob,(R,) = H,[X;q]. Using
the fact that C, = D, and that xP» is linearly independent in R, |11, Corollary 3.14],
we have that is linearly independent in R,. Furthermore, using the ungraded
character, we have

dim(R,,) = (han, Frob(R,,)) = (hun, hy,) = Chan, I:—ru[XQ 1) = [Cul.

Thus we can show our set is a basis using only the ungraded character of R,,.

Note that Carlsson-Chou have a similar result on the antisymmetric component
with respect to a certain Young subgroup. We define Sh, (resp. Sh’v) to be the set of
all permutations such that {1,2,.... v}, {1 +1,....,mn +%}, ..., {n+ - +71+
1,...,n} appear in increasing (resp. decreasing) order.

Theorem 5.6.7 (Theorem 3.8.2, Carlsson-Chou [11]). The set {N,g,(x) | g-(x) =
x® foraeD,, o€ Sh’v} is a basis of NyR,,.

Similar to what we do above, they use their result to show that Frob,(R,) = H u
by deriving a combinatorial formula for {m.,) wH , using parking functions and shuffle
combinatorics which matches their description of the basis.

In contrast to their result, ours arises naturally from the catabolizability formula
for H,. Our proof of the result is also independent of theirs: we do not relate
their classification to ours when we show Proposition [3.C] though they use a similar
argument to show that their basis is linearly independent. However, it is easy to see
that the two sets coincide by using z¢v(ce(®)) — Grev(rev(w)-1)(X) to show that the two
conditions are equivalent:

Asc(w) < {v, + Vi1, s+ -+ 2} < Des(rev(w)) < {v1,71 + V2, ---»1 + - + Y1}
< rev(w)”" € Sh,

< rev(rev(w) ') € Sh, .

5.7 Connections to modified Macdonald
polynomials and (Garsia—Haiman modules

The modified Macdonald polynomials are a family of symmetric functions, indexed by
partitions A, with coefficients in Q(q,t). They are uniquely defined by the following
conditions:
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P HJX(1-q);q.t] = 3 enulg, t)sa(x),
ABp
i H X1 —1);q,8] = 3 dau(g,t)sr(x),
D>/

i (H,[X;q,t], s, = 1.

There is a combinatorial formula for H 4| X;q,t] due to Haglund-Haiman-Loehr
[31] in terms of fillings of the shape p. Let o : u — Z, be a filling of p with positive
integers. Given a box u € p, the arm (resp.leg) of u is the number of boxes strictly to
the right (resp. above) u in the same row (resp. column). A descent of o is a box u
where o(u) > o(v) for v directly below u in u. Let Des(o) = {u € i : u is a descent}.

Definition 5.7.1. The maj statistic on a filling ¢ is defined to be

maj(o) := Z (leg(u) + 1).

u€Des(0)

Definition 5.7.2. Two boxes u,v in p are an attacking pair if one of the following
two hold:

(i) w and v are in the same row of p (u is to the left)

(ii) v and v are in consecutive rows, where u in the higher row and is strictly to
the right of the v.

Diagrammatically, this looks like one of the following:

(7) (i)

(Y

Definition 5.7.3. An attacking pair (u,v) is an inversion in o if o(u) > o(v). The
inv statistic on a filling ¢ is defined to be

inv(o) := |{(u,v) : o(u) > o(v) is an inversion}| — 2 arm(u).
ueDes(o)

Theorem 5.7.4 (Haglund-Haiman-Loehr [31]).

X q’ Z qll’lV o tmaJ a.

o:pu—7Z+
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Ezample 5.7.5. Consider p = (3,2,2) and filling o of pu:

The descents are highlighted in red. From this, we can see that

—

maj(o) = leg +1+leg +1=0+1+1+1=3.

The inversion pairs are given by

== M5 A

Thus we have

N

inv(o) =5 —arm — arm =5—-1-1=3.

Thus this filling contributes ¢*t321 2222242516 to Hss2[X:q,1].

The fact that the modified Macdonald polynomials are Schur positive was proven
by Haiman by showing that H,[X;¢,t] is the bigraded Frobenius character of
a CS,,-module constructed in the following way. This construction is analogous to
the harmonics presentation of R,, given in Section |3.3

Given p  n, we can think of each box in p as corresponding to some point in
N x N, where the box in row 4, column j corresponds to the point (i,j). Note that
we index the rows and columns starting from 0.

For pu + n, let {(p1,q1),-- ., (Pn, @,)} denote the points in N? corresponding to the
boxes in p. Define A, := det(2¥y")1<i j<n-

Definition 5.7.6. The Garsia-Haiman module DR,, is defined to be C[ox, dy]-A,.
That is: it is the C-span of A, along with all partial derivatives of A,,.

We can see that G,, acts diagonally on the x, y alphabets by permuting the indices
within each alphabet. The Garsia-Haiman module was originally introduced in
to give a representation theoretic model for the modified Maconald polynomials. In
particular, they showed that if dimDR, = n!, then Frob,:(DR,) = H.[X;q,t].
Haiman proved that dimension was n! using the geometry of Hilbert schemes .
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Example 5.7.7. The partition p = | corresponds to the collection of points
{(0,0),(1,0),(0,1)}. In this case, we have

Iz
Ay=det |1 o1 y1 | = 21Y2 — Tay1 — T1Y3 + T3Y1 + TaYs — T3Yo.
Iz n

We can compute all the partials to see that
DR, = span{A,, 0/0y1 A, 0/0y2\,,, 0/0x1 A, 0/0xa A, 0/ 0110/ 0y2 N, }
= Span{Am$3 — T2, T1 — T3,Y2 — Y3, Y3 — Y1, 1}-
We can see that Frob, ;(DR,,) = s3+(q+t)s21+qt s1,1,1, which is equal to }NIQJ[X; q,1].

However, though it is known that H 4| X q,t] is Schur-positive, there is no combi-
natorial interpretation of the coefficients K A(g, 1) that appear in the Schur expansion
of ﬁIM[X;q,t].

The Garsia-Procesi ring, and its graded Frobenius character H 4| X; q], are closely
related to the modified Macdonald polynomials H 4| X;q,t]. In particular, if we set
q = 0, we recover the modified Hall-Littlewood polynomial H 4| X;t]. On the level of
the Garsia-Haiman module DR, this is equivalent to setting x = 0. From this, we
can see that studying R, can be thought of as looking at a sliver of the Garsia-Haiman
module DR,,.

Our work in Chapter [5|gives a natural connection between a monomial basis of R,
and the combinatorial formula for Frob,(R,) given by . A natural question to
ask is if we can use similar methods to understand the Schur positivity of H 41X q,t]
combinatorially. In particular, we can ask the following question.

Question 1. Can we extend a basis of R, to get a basis for DR,7

Note that this is not the most well-posed question at this moment, since we have
no concrete description of DR, as a polynomial quotient. In particular, in general
there is no description for the generators of a &,-invariant ideal Z, < C[x, y] such
that DR, =~ C[x,y] as for the coinvariant ring in Section [3.3]

However, we can still study connections between our work and known results for
DR,. By looking at the ¢ = 0 specialization of combinatorial formula of H,[X;q, ]
given in [31], we can recover the following.

Proposition 5.7.8 (Haglund-Haiman-Loehr [31]). We have that

ﬁu [X, 0, q] _ Z qcocharge(T) Seh(T) (518)
TeSSYT(1)
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where SSYT (u) is the set of all semistandard Young tableauz of weight p.

The proof involves a bijection between all fillings o : p — Z* where inv(c) = 0
and pairs (P, Q) where P, are SSYT of the same shape, the first tableau P has
weight p and the second tableau () has weight equal to the weight of the filling . This
bijection takes maj(o) to cocharge(P). Composing this bijection with Proposition

AI1.9 we get

Dp— inv(o) = 0} 5 PeSYT,,QeSSYT
{o0:pu—7Z,|inv(c) = 0} {(P,Q)‘ Sh(P):Sh(Q%Ctype(P)EM}. (5.19)

A first step in studying a potential basis of DR, is look at <ITIM[X; 1, t], hin),
which is equivalent to looking at the coefficient of my» of H 41X q,t]. On the level
of fillings, this means we want to study all standard fillings (i.e, where the numbers
1,...,n appear exactly once.)

In particular, we want to use the bijection to construct a bijection between
standard fillings of u and pairs of tableaux.

~

Lemma 5.7.9. There exists a bijection

U:{o:pu—Z,| o standardy = {(P, Q) ‘ i’y%ee(li)YETZ sh(P) = sh(@Q) } X Sy

where maj(o) = cocharge(P) if inv(c) = 0.
Proof. We can restrict the bijection (5.19)) to get a bijection

@2{0’1#—>Z+

o standard | =
inv(o) =0 } - {(P’ @)

P,Q € SYT,, sh(P) = sh(Q) }
ctype(P) >
(5.20)

that takes maj(o) to cocharge(P). We can extend W to define . Consider a standard
filling o of pu. If inv(c) = 0, let ¥(o) = (U(0), ) where e is the identity permutation
in S,. If not, we know there is a unique way to reorder the entries within the rows
of 1 to get a filling & such that inv(6) = 0 (see Haglund [27]). Since the filling
is standard, there exists a unique 7 € S, such that 7o = &, where a transposition
(41,92) € Sy, acts on a filling o by switching boxes i; and i, in row j of 0. Set
(o) = (U(5), 7). O

Remark 5.7.10. Note that the existence of the bijection between inv-less, standard
fillings of 41 and the elements of the basis given in Theorem ?7 is hinted at in [11].
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However, the authors say this bijection appears to be complicated. Our new descrip-
tion of the basis given in Theorem [5.A|significantly simplifies this bijection, since the
left-hand side of is clearly in bijection with {w € &,, | ctype(w) > u}, which
indexes the basis elements.

Question 2. Does there exist a bijection
®:{o:p— 2" |standard} — Dy x Dy X -+ x Dy x OSPy (5.21)
such that the following hold?
(i) maj(o) is related to 22:1 |a;| where ®(0) = (a,az,...,a;, ).
(i) Plinvo—o restricts to a bijection to the basis C,, given in Theorem [5.A|

Note that Chou has a similar result:

Proposition 5.7.11 (Chou [15]).

tz la;| _ tmaj(a).
2 2

(a1,az,...,a1,m) o:u—7Z% standard
/
where (a1,az,...,a1,m) € Dy x Dy x -+ x Dy x OSP(i').

Chou proves this by constructing a weight preserving bijection, similar to Lemma
between the two sets. However, the bijection does not map to D, when re-
stricted to standard fillings o with inv(c) = 0. Such bijection would give insight to
how we can extend our construction to consider the full Garsia-Haiman module.
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Chapter 6

Descent bases for Delta-Springer
Rings

In this chapter, we look at the A-Springer modules R, s, a family of generalized
coinvariant rings indexed by tuples (n, \,s). We give a descent monomial basis of
A-Springer modules R, , s, first defined by Griffin in [25]. Our construction simul-
taneously generalizes the descent basis for the Garsia-Procesi module Ry, given in
Chapter [5], as well as the descent basis for the generalized coinvariant algebras Ry, j,
studied in [30]. This basis is deeply connected with a combinatorial object called
battery-powered tableaux, introduced by Gillespie-Griffin [26]. We highlight the
representation theoretic properties of this monomial basis by using it to give a direct
combinatorial proof of the graded Frobenius character of R, ), in terms of battery-
powered tableaux, a fact which had only the geometric proof of Gillespie-Griffin.
This chapter is based on material in |16] and which is joint work with Raymond
Chou.

6.1 Introduction

In Chapter , we discussed the Garsia-Procesi ring R, which generalizes the story
of the classical Type A coinvariant ring R,.

Another well-known generalization of R,, comes from the famous Delta conjec-
ture in symmetric function theory. Haglund-Rhoades-Shimozono [30] constructed
a partial representation theoretic model for A} e, (up to a twist) where A’ is a
certain operator on ¢, t-symmetric functions A, first defined by F. Bergeron-Garsia-
Haiman-Tesler |3]. The model depends on two parameters k& < n. We first define the
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ideal
]n,k = (I‘f l<i< TL) + (Gn(Xn), s 7€n—k+1(xn))

and then set R, := C[x,]/I,k. It is clear that when we specialize to k = n we
recover the coinvariant ring R,.

Analogous to how R, is closely related to OSP) (Theorem [5.6.1]), we have that
R, . is closely related to the set OSP,, i, the collection of all ordered set partitions of
[n] consisting of k nonempty sets. In particular, we have that R, =g, C[OSP,, k]
as ungrades &,,-modules. There also exist generalized Artin and descent bases for
R, corresponding to (co)inv and (co)maj on OSP, ; due to Haglund-Rhoades—
Shimozono [30]. Here we recall the definition for the descent basis.

Theorem 6.1.1 (Haglund-Rhoades—Shimozono [30]). The following set GS,, de-
scends to a basis of R, . Furthermore, they are the non-leading terms with respect
to the des-order.

n—k
GSnk = {ga(x) H(xal o Ty) T | 0€6,, 0< i g < kb — des(a)} (6.1)
j=1

The ring R, j, is still a C&,,-module under the action that permutes the variables.

As an ungraded &,,-representation, we have that R, ~g, C[OSP,,x]. The authors
in [30] computed the graded Frobenius character of R, :

Froby (R, 1) = revgow(A,

61@716”‘1‘,:0) :

This gives a representation theoretic model for the combinatorial expression given by
the Delta conjecture at ¢t = 0 (up to a sign and degree reversing twist). There is also
a concrete presentation of R, j in terms of cohomology rings, given by Pawlowski-
Rhoades [44].

We can combine these two generalizations to give a broader family of rings which
contains both Ry and R,, ;. Given a tuple (n, A, s), where A - k < n,s > {()\). Define

Ioas i=Cxi 1 <i<ny+{eqS):d>|S|—pnys|(1))

and set R, s := C[x,]/I,rs. We refer to R, »s as the A-Springer module, due
to the specializations Ry ¢n) = Ra, Rpar)r = Bng. In particular, we have that
Ry 1xy is exactly the coinvariant ring Ry. Originally introduced by Griffin [25],
they correspond to OSP,, »s, or the collection of ordered set partitions of [n] into s
blocks, where for i < ¢(\) we have the additional condition that block i has at least
A; elements. Note that some blocks may be empty.
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Theorem 6.1.2 (Griffin [25, Theorem 3.21)). R, s ~s, COSP,.s as ungraded
S, -representations.

Geometrically, they can be thought of the cohomology ring of Delta-Springer
fibers Y, \s which consists of partial flags F, € Fin (CK) preserved by a certain
nilpotent operator depending on A, and K = s(n—k) +k [26]. There is a generalized
Artin basis for R, s due to Griffin [25].

In this chapter, we construct an extension D,, 5 s of the Garsia-Stanton basis for
R, » s, which generalizes the descent (cocharge) basis of R, from Chapter , as well
as the descent basis of R, due to Haglund-Rhoades-Shimozono.

Theorem 6.A. The set of monomials B, s := {x® : b € D,.,} descend to a
monomial basis of Ry, » s.

The proof involves using two different presentations of D, ), one in terms of
shuffles, analogous to the Carlsson—Chou construction of the descent basis of R),
and the other in terms of cocharge, analogous to the construction given in Chapter
Bl

Furthermore, we can use this construction to obtain a new combinatorial formula
for the Schur expansion of the graded Frobenius character Frob, (R, » s)-

Theorem 6.B. We have

FrObq(Rn’)\’Lq) _ Z qcocharge(S)H/i‘Ssh(S) . (62)
(S,1)€Tn A,

where the indexing set X, consists of pairs (S, ) where S is a standard tableau,
is a partition that satisfy ctype(S|g) > X, u < (n — k) x (s — des(S) — 1).

This construction is naturally connected to the theory of battery-powered tableau,
a combinatorial object originally introduced by Gillespie-Griffin [23]. Gillespie—
Griffin have a Schur expansion formula for Frob, (R, ) in terms of battery-powered
tableaux. Though the formula is combinatorial, the motivation and proof of it were
geometric. Furthermore, they were unable to connect the formula back to the known
combinatorics of I, » s. Our work bridges this gap: in particular, we show that Theo-
rem is equivalent to their formula through a cocharge/shape preserving bijection
between ¥, 5 s and the set of corresponding battery-powered tableaux.

Corollary 6.C. There is a weight-preserving bijection between the sets ¥, 5 s and

the battery-powered tableaux nfk,s.
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This chapter is organized as follows. In Section [6.2] we recall the definition of
battery-powered tableaux and express the dimension of R, ), using these objects.
In Section [6.3] we reframe existing results of Haglund—Rhoades—Shimozono using the
language of tableaux and cocharge to match our work in Chapter [5} In Section [6.4]
we introduce two different constructions of our descent basis of R,, \ ;. We then show
our set has the correct size through a series of combinatorial bijections. In Section
@ we prove linear independence of our monomials in R, ) s, which proves Theorem
6.A] In Section we use the descent basis to give a combinatorial formula for
the graded Frobenius character of R, . We highlight connections between known
graded Frobenius characters and specializations of ours, as well as show that our
formula coincides with the battery-powered tableaux formula of Gillespie—Griffin.

6.2 Battery-powered tableaux

We first give an expression for dim(R,, ). We first use Theorem to get an
expression for the ungraded Frobenius character of R, y .

Corollary 6.2.1 (Griffin [25, Theorem 3.21]). Frob(R,, s) = > he.

Now we rewrite Corollary by expanding h, into Schur functions using the
set SSYT(«), which denotes the collection of all semistandard tableaux of weight «:

Frob(R, ) = Z Z Ssh(T)- (6.3)

a=(a1,...,as)E=n, TeSSYT(a)
Aca
Using (6.3) , we can easily get an expression for dim(R,, ) s) in terms of semistan-
dard Young tableaux, by replacing sg,r) with | SYT(sh(7))|.

Corollary 6.2.2. dim(R, ;) = >, > |SYT(sh(T))]
a=(a1,...,as)E=n, TeSSYT(a)
ACa
We can reformulate Corollary using a combinatorial object called battery-
powered tableauz, originally defined by Gillespie-Griffin in [23].

Definition 6.2.3. Consider (n, A, s) where A = k < n, s = ¢(\). A battery-powered
tableau of parameters (n, A, s) consists of a pair T' = (D, B) of semistandard Young
tableaux, where B is of shape (n — k) x (s — 1) and the total content of (D, B) is
given by Ay s = (n—k)xs+A=M+n—k),\a+n—k,..., s+ (n—k)) where
we assume \; = 0 for i = £()).
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We refer to D, B as the device and battery of T'. Note that a battery-powered
tableaux is uniquely defined by the device: that is, once we know D, there is at most
one B so that the total tableau has the correct weight. Let 7', ; denote the set of
all battery-powered tableaux of parameters (n, \, s).

Ezample 6.2.4. Let (n,\,s) = (4, : 3). We have that A, s = (3,2,1) and the
2]
shape of B is H =1x 2. We have T' = 1]1[2 T, ., where the device D is

3 € n,\,s?
1

Lemma 6.2.5. The map T,/ , — U SSYT(«) that takes (D, B) — D is a

n

? 177 and the battery is %

bijection.

Proof. Note that for any battery-powered tableau (D, B), it is clear that weight(D) =
« for composition (. ...,as) = n such that A © a. We can also see that for any
D € SSYT(«), there is exactly one way to fill in the rectangle shape B so that the
skew-shape (D, B) has total weight A,, ;. O

By applying the bijection in Lemma to Corollary [6.2.2, we get a new ex-
pression for dim(R,, ) in terms of these battery-powered tableaux.

Corollary 6.2.6. dim(R,, ) = >, |SYT(sh(D))|.
(D,B)eT.*

n,\,s

We will use Corollary when showing that our set of monomials has the
right count to be a basis of R, . The battery-powered tableaux were originally
introduced in [23] to give a combinatorial formula for Frob, (R, »s):

Theorem 6.2.7 (Gillespie-Griffin |23, Theorem 1.6]).

1 cocharge
Frob (R, s) = m Z geochars (T)Ssh(D)- (6.4)
q+* T=(D,B)eT+

n,\,s

Ezample 6.2.8. For (n, A\, s) = (4, . 3), the set of battery-powered tableaux are:
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1]2]3 1[2]2 [1[1]2
2], 3, 3,
1 1] 2]
(3] 2] (2]
(172 1172 T[1TT
27 éa §7
T 1 7]
273 2121 2] %
1T 11T 11113 2
1 o 1 F

From this, we know that Frob,(R, ) = (1 + ¢ + ¢*)ss + (¢ + 2¢* + ¢*)s31 + (¢* +
3 3
q°)S2.2 + ¢°s2.11.

6.3 Tableaux Construction for R,

In this section, we reformulate the generalized descent basis of R,, ;, given in Theorem
using a generalization of cocharge to match Theorem (for R)).

First, we define the following indexing set:
Yop={(Sp):SeSYT,,p < (n—Fk)x (k—des(S)—1)}. (6.5)

Now, we define a map on the set {(w, ) | w e S, (P(w), p) € £, 4} for any k <n
which gives us a boosted cocharge word: that is, it will be the result of increasing
some values in cc(w) according to the partition p.

Given (w, u), let cc(w, ) be the word of length n defined by

ce(w, 1); = {cc(w)i + fon—w41 i w; e.{k +1,...,n} (6.6)
ce(w); otherwise

In other words, we can think of cc(w, 1) as the word we get from “boosting” the

cocharge of entries £ + 1,...,n in w according to p.
6]

Ezample 6.3.1. Consider (S, u) = | [4][7]8 , (3,1, 1)) € Ygg. Then cc(rw(S)) =
112[3[5]9]

212200012 and cc(w, 1) = 213300015.
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We can also define this notion of boosted cocharge directly on 3, ;. Given (S, p1) €
Yk, let cc(w, i) be a semistandard tableaux of the same shape obtained by taking
ce(S) and adding fi,,—j11 to cc(S); for j e {k+1,...,n}. We have cc(rw(S),u) =
rw(cc(S, 1)) for any (S, 1) € X, 5. We can express the set GS,,; in Theorem [6.1.1]
using these boosted cocharge words cc(w, ).

Proposition 6.3.2. We have that
gSn,k = {Xrev(cc(w,u)) we 67’“ (P(w)a :u) € En,k}'

Proof Consider (w, ) where (P(w),p) € X, % Note that we set i, = pn_s,
= 1 — pjy1 for j <n — k. We can see that for o = rev((rev(w))™!),we have

n—k

z _ z+ 41
[ o) = Tty
J=1 Jj=1
n—~k
15+ +z
— T n—k ’
L n—w, ~ J+1+1
j=1
n—~k
= :L"u’]
L n—w, ~ j+1+1
7j=1
n—=k )
Thus g,(x) [ (2o, ... Ts,)% = x™V@#)  Furthermore, by definition of %, , we
j=1

know that des(P(w)) < k. From Lemma [2.6.7, this is equivalent to saying the
maximal cocharge value in cc(w) is at most k—1. In other words, we have des(w™!) <
k. This condition is equivalent to the condition des(¢) < k on o, since

des(o) <k = des(m ') =n—k+ 1< des(w™') <k.

where m = (rev(o)) 1. O

6.4 Construction of basis and Combinatorial
bijections
We now introduce the construction of our descent basis of R, ). First, we give a

definition which is a generalization of ([5.7). Note that we define [i]o := {0, 1,...,1i}
throughout:
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Definition 6.4.1. For any A - k£ < n, define OSP,, » to be the collection of ordered
set partitions (Ai|...| Ax, | Bi |...| Bui) of [n] where |4;| = X\, and |B;| = 1 for
any 7,7. We denote the ordered set partitions as (A|B), and denote B = | [} B;.
We define the n, \, s-generalized descent words to be

Dpas = {a:ala, € Dy, a|p, € [s — 1]y for some (A\[B) € OSP,, v} (6.7)

Ezxample 6.4.2. Consider (n, A, s) = (4, (2,1),3). Recall that D; = {0}, Dy = {00, 01}.
For (13|4|2) € OSP,, v, we can see that

{a:alis e Dy al, € Dy, aly e {0,1,2}} = {0000,0100,0200,0010, 0110, 0210}.

For example, we have that 0110];3 = 01,0110|4 = 2,0110|4 = 1. Using this, we
have that

D, »s = {0000,1000, 0100, 0010, 0001, 2000, 0200, 0020, 0002,
0101,0110, 0011, 1001, 1010, 0102, 0120, 0012, 2001, 2010, 0201, 0210}.

Using this, we can explicitly state our first theorem.

Theorem 6.A. The set of monomials B, s := {x® : b € D, s} descend to a
monomial basis of Ry, » s.

We will show Theorem by first checking that |D,, ) s| = dim(R, ) and then
showing that the monomials are linearly independent in R, » s.

However, with the current presentation of D,, 5 s we run into the same issue we
mentioned in Remark [5.2.4f Though the construction given in Definition is
straightforward, it is difficult to directly count the cardinality of D,,  s. In particular,
we can have multiple ordered set partitions that satisfy the condition in for the
same word. For z = 0110 in the example above, we have (12|4]3) and (13|4|2) both
work.

To get around this, we introduce a second construction of D, » s using tableaux
and cocharge. We first extend to consider tuples(n, A, s). Now, we extend our
definition of 3, ; to consider tuples (n, A, s).

Definition 6.4.3. Given (n, A, s), define the set ¥, \ s to be

Yons i ={(S,u) : S € SYT,,ctype(Slp) >N € Xy, u S (n—k) x (s —des(S) — 1)}.
(6.8)

Remark 6.4.4. Note that we do not consider S where s — des(S) < 0.
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Ezample 6.4.5. Consider (n,\,s) = (4,(2,1),3). The possible pairings (S, ) are
recorded in the table below:

S s —des(S) | possible € 1 x (2 — des(5))

ZF 3 <, 1]

T12[3] 2 a,0]

ik 2 @.0]

3

11214] 2 g,

3] 1 .

112]

This indexing set ¥, » s specializes naturally to the indexing sets of R, given in
Theorem and R, given in Proposition : it is immediate that Xy \ ¢ =
Yy = {S e SYTy : ctype(S) > A}, and X, 1k, = X -

Now, we will show that |D,, | = dim R, s using 3, . This is analogous to
how the construction in Chapter [5|introduced a way to directly count the monomials
constructed in [11].

We will first show that D, ), is in bijection with the boosted cocharge words
arising from ¥, ), (Proposition [6.4.6). We will then show that there is a bijec-
tion X, 5, — 7.5\, (Proposition [6.4.13)) that preserves properties of the shape and
cocharge of the tableaux. Combining these two results will give us that |D,, | =
dim(Rn)\,s).

We first construct a bijection between pairs (w, i) where (P(w), p) € ¥, s and
our indexing set D, ) s, using the notion of boosted cocharge words.

Proposition 6.4.6. There exists a bijection {(w,p) | w e S, (P(w),n) € Lpast —
Dn,A,s-

Proof. Consider the map that takes (w, u) — rev(cc(w, u)). We claim that this gives
such a bijection. We first check that rev(cc(w, it))) € Dy as. Note that it suffices to
construct (A|B) € OSP, x such that rev(cc(w, u)|4,) € Dy and rev(ce(w, u1)|p;) €
[s — 1]o-

First, note that cc(w, u); = cc(w); if w; € [k]. Let U = {i | w; € [k]}. We can
see that cc(w, u)|y = cc(wlg) . Since ctype(wl|x) > A, by Theorem we know
rev(cc(wlg)) € Dy. Thus, by the definition of Dy, there exists some A, € OSPy (U),
where A is an ordered set partition of the set U such that rev(cc(w, i1)|a;) € Dy;.
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Furthermore, for i such that w; € [k+ 1,n] by Lemma we have the following
relation:

0 < cc(w, p); = ce(w); + fin—w;+1 < cc(w); + s — des(P(w)) < s. (6.9)

Thus cc(w, pu); < s —1. Let B; = {i | w; = k + j}. Then rev(cc(w, u)|p;) € [s — 1]o
by (6.9). Thus rev(cc(w, 1)) € Dy s

Now we construct an inverse map. Let rev(u) € D, »s. We know there exists
(Ax[B) € OSP,, x such that rev(u|a,) € Dx, u|p; € [s — 1.

Note that we can put a total order (the reading order) on the set [n] in the
following way:

U; < Uj
z‘<uj<:>{ i (6.10)
Uy = Uj, 0 <.

Let U < [n] be the subset consisting of the smallest k entries with respect to
<u. We want to construct a new (A |B’) € OSP,, v such that A’y is an ordered set
partition of U and rev(ula;) € Dy, ul|p; € [s — 1]o still holds.

We do this by modifying the original ordered set partition (A,|B). Let m be the
largest entry with respect to <. If m ¢ A; for all i, we do not modify the ordered
set partition. Otherwise, if m € A; for some i, there exists a ¢ such that ¢ € U but
B; = {c} for some j.

Since ¢ <y m, we know that u, < u,, which implies rev(ul4, ) € Dx 1 from
Lemma [5.3.6(1). Furthermore, we know that w,, is the rightmost, largest entry in
U|4;0u{c}- Thus, by Lemma (2), we have that rev(u|(AiU{C})\{m}) € D/\;.

Hence, if we let (A’\|B’) be the ordered set partition we get by setting A} = (A4; U
{c})\{m}, B; = {m} without changing the rest of (A,|B), we still have rev(u|a;) €
Dy;. Furthermore, since u,, < A} < s, we still have u|p; € [s — 1], for all choices of j.

We can repeat this process for each entry not in U, until we get (A/|B’) where
A/, is an ordered set partition of U.

Now, we construct (w, p) such that cc(w, ) = u. If 7 is the dth smallest entry with
respect to <y, we set w; = d. By construction, we have that cc(w[x) = rev(ula;),
thus P(wl;) € ¥\ by Proposition

Set tt,_gy1 =0. Forany j <n—k, let a = w;ij, b= w;fjﬂ. Note that a,b are
the (n — j)th, (n — j + 1)th smallest letters with respect to <,,. We can define p; to
be

(6.11)

L uj+1—|—ub—ua ifa<b
Hi Mjs1 Fup —uq —1 ifa>b.
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The first (resp. second) case is when (n — j) appears to the left (resp.right) of
(n —j+ 1) in w. Note that in either case, we have p; > pjy1 = 0. We can also
see that cc(w,p) = u and u,, = cc(w),, + p1 < s implies p; < s — des(5), thus
< (n—k)x (s—des(S)—1). O

Thus we have a bijection between our boosted cocharge words coming from >, » s
and D, »s. Now, we want to relate the set X, to the set of battery-powered
tableaux T:_/\,S' First, we define the set of standardized battery-powered tableaux,
which is just the image of the battery-powered tableaux under the standardization

map that preserves cocharge and shape, where std is the map given in Section [2.7]

Definition 6.4.7. Let std(7,', ,) be the image of the set 7., | under Lascoux stan-
dardization.

For T e T}, ,, let std(T)|p,std(T)| s denote the device and battery part of std(T').

Let cc(std(T"))|p, ce(std(T))| s denote the device and battery part of cc(std(7T)).
Ezxample 6.4.8. Continuing with the battery powered tableau 7" from Example [6.2.4]
4]

we have std(T) = 112[5

1]
%‘, where std(T')[p = 1 757 std(T)|p = @
3

Lemma 6.4.9. The tableau cc(std(T))|p is the superstandard tableau of shape (n —
k) x (s —1): that is, the semistandard tableau with row i filled with (i — 1).

Proof. Assume otherwise. Note that since we know ctype(std(T)) > weight(7T') =
(n — k) x s+ A, by Algorithm [£.1.13| we know that the largest entry in cc(std(T’))
is at most s — 1. Since cc(std(7")) is a semistandard Young tableau and the battery
has s — 1 many rows, this implies that the top right corner of the battery contains
s — 1.

Furthermore, row i of the battery contains only (i — 1)’s and i’s. When we apply
Algorithm we see that reading the i’s in row ¢ does not result in adding a box
to the partition v. Thus we add 1 to ¢ and move it to the end of the word. From this,
we know that the (s — 1) in the top right corner of the battery ends up contributing
a box to row s + 1 or higher in the final partition ctype(std(7")). However, this also
contradicts ctype(std(T)) &> weight(T) = (n — k) x s + A. O

Ezample 6.4.10. Continuing with Example [6.4.8) we can see that cc(std(7)) =

n

0]0]1
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Now, we construct a map ¥ on %, . Consider (S, ) € £, 5. Recall that for
any (S, ;1) we can construct a boosted cocharge tableau cc(S, u1). Let W(S, 1) be the
tableau we get by appending the superstandard tableau of shape (n — k) x (s — 1)
to the bottom right corner of cc(S, u).

Ezxample 6.4.11. Consider ZI)) %,D) € X4,(2,1),3-Then we have
1]2
1]2 = 0[O0

0

Lemma 6.4.12. For (S, ;1) € $,.5.5, we have that U(S, 1) is equal to cc(std(T)) for

+
some T € s

Proof. Note that \TJ(S , i) contains at least one of 0, . .., s—2, since they are contained
in the superstandard tableau we appended to the bottom right corner. We can see
that for any c € [s — 3]y, there exists a (¢ + 1) in some row higher than the lowest c,
since we know the lowest ¢ is in row (¢ + 1) of the battery and there is a (¢ + 1) in
the row above it. Furthermore, we know the entries in the device part of W(S, u1) are
at most s — 1, since the largest entry is des(S) + 1 < s — 1. Thus, either (s — 2) is
the largest entry in W(S, 1) , or there exists a (s — 1) in a row higher than the lowest
(s —2). Thus ¥(S, y) is the cocharge tableau for some standard tableau by Lemma
(and Remark [5.3.5)).

Furthermore, set rw(\i/(S, 1)) = db, where d is the reading word of the top
semistandard tableau and b is the reading word of the superstandard tableau ap-
pended at the bottom right. We can see that rev(d) € D, s by Proposition
since rev(d) = cc(w,p). In particular, there exists a subset U < [n] such that
rev(d|y) € Dy where [n] \ U = {ay,...,a,—x}. Furthermore, we know that b can be
broken up into n — k many disjoint subwords of the form (s —2)(s—1)...210. Then
by Lemma [5.3.6] we know that rev(d,, (s —2)(s — 1)...210) € D,. From this, we
know that we can break up rev(db) into rev(d|y) € D, and (n—k) many words, each
in D,. Thus rev(db) € D(,_j)s1x. Thus by Theorem and Proposition , we

have (S, i) = std(T) for some T € s O
Now, we define a map ¥ : ¥,y — 7::,3\,5 in the following way. Let T € nt\,s

such that W(S,u) = std(T). Define W(S, ) := T € T, .. Since std is a bijection

n,\,8"

(Proposition 4.1.15)), we know that std(T") uniquely determines T' € 7"

n,\,S"

Proposition 6.4.13. We have a bijection
U s — std(Th ) — T,

n,)\,s A,
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such that the device D of W(S, u) is the same shape as S and cocharge(¥ (S, pn)) =
cocharge(S) + |ul.

We prove this by constructing an inverse map ¥~!. Note that since ¥ is a
tableaux analogue of the map (w,u) + rev(cc(w,u)), the inverse map U= will
involve the inverse map constructed in Proposition [6.4.6, For any d € Dy, let
cc Hrev(d)) := (w, u) where rev(cc(w, 1)) = d.

Proposition 6.4.14. Let cc(rw(std(T"))) = db, where d,b are the subwords corre-
sponding to the entries in the device and battery respectively. Then rev(d) € D,, 5 s

Proof. We know ctype(std(7))>(n—Fk)*+A\, which implies that rev(db) = rev(b) rev(d) €
D(n—k)s+x. From Theorem we know that there exists (Cy | ... | Chp | A)) €
OSPrs(n—k)s,((n—k)s+1y Where each restriction satisfies the condition in (§6.7]).

By the construction used in the proofs of Theorem and Proposition [5.3.12]
we know that rev(db|s,) = 01...(s — 1)m;, where m; € [s — 1]y and the subword
01...(s—1) consists of letters in rev(b).

If we set B; = {index corresponding to m;}, we can construct a new ordered
set partition ([(n — k)(s — 1)]]Ax|B). Since (rev(db))|(n—k)s—1)] = rev(b), we see
that (A,|B)) gives an ordered set partition of the indices of rev(d) such that
holds. [

Lemma 6.4.15. cc™*(rev(d)) = (rw(S), u) for some S € X, ..

Proof. This follows from the fact that we can see cc™*(rev(d)) directly on the tableau
cc(std(T"))|p. Note that since std(7") is a standard tableau, there is a total ordering
on the boxes in cc(std(T"))|p, given by the ordering of the entries in std(T).

This ordering matches the reading order of d specified in (6.10)). [

l

Proof of Proposition[6.4.13. Tt suffices to construct an inverse map. Take W~1(T')
(S, i), where cc(std(T)) = db and cc'(rev(d)) = (rw(S), 1) from Lemma [6.4.15]
We can check that the composition is the identity using the fact that (w, u)
rev(cc(w, p)) itself is a bijection between the sets {(w,pu) | w € &,, (P(w), u)
Snnst = D (Proposition [6.4.6).

The second statement follows from the fact that cocharge(¥ (S, u)) is the sum of
the entries in W(S, ). From Lemma we know the sum of the entries in the
battery component is (*;")(n — k). The sum of the entries in the device component

2
is cocharge(S) + |u|. O

m

Corollary 6.4.16. We have that dim(R, »s) = Dprs-
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Proof. From Proposition and using Corollary and Proposition [6.4.6], we
see that

Dorsl= D, [SYT(sh(5))| = dim(R.s).
(Saﬂ)ezn,k,s

]

Remark 6.4.17. Note that though the map (D, B) — D defined in Lemma is
the most straightforward bijection between ’7;;\75 and the collection of semistandard
tableaux, it does not behave well with respect to cocharge. In particular, there is no
clear relation between the cocharge of the two tableaux like the one in Proposition

6.4.13, which makes it difficult to relate the formula (6.3) to one using battery-
powered tableaux. In Section we highlight how using the set ¥, , which
involves standard tableaux, resolves this issue.

Note that using Proposition we can restate Theorem [6.A}

Theorem 6.A (Cocharge version). The set B, 5, = {x*Vw) 1y e &,, (P(w), ) €
Yoast descends to a monomial basis of Ry, 5.

Using this formulation and the fact that X, = X\,X, 16, = Xpg , it is
evident that our descent basis construction specializes to the known descent bases
for R)\, Rn,k-

6.5 Linear independence

We now show that the monomials in Theorem are linearly independent. We
follow the argument in |11}, of which we give a brief outline here.

Denote by X' = (Ny, ..., N ) the partition obtained by removing the first part of
X', which corresponds to taking off the first column of A\. Given any subset A < [n]
of size |A| = N|, we will show that there is a well-defined map

YaiRoys = Ry QR 5

Then, we use these maps to inductively show that if there is a relation of the form

with a € D, 5 5, then we must have that ¢, = 0. This implies the monomials x* €
B as are linearly independent in R, 5. Applying Corollary upgrades B, » s
to a basis.
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Proposition 6.5.1. Let A+ k <n, s = {()\), and \ be as above. Given any subset
A < [n] of size |A| = N, the composite map

P4 Qx,] = Qxa] ® Q[xpup 4] = Ry, @ R, 5,

given by the canonical projection in both tensor components descends to a well-defined
map pa: R, — RXI ®Rn;\S

Proof. It suffices to check that $a(l,s) = 0in Ry @ R, 5, for all A < [n] with
|Al = A}. Since s > )|, we have that 7 € I for i € A Observe z; €I, 5, for
€ [n] \A by definition. Therefore, we have that

o _ e itiea
€T =
1@z ifien]\A

always vanishes in Ry ® Rn Ss
Next, consider ed(B) € I,.rs, where B © [n] and d satisfies

4> 1B~ (X, a4 X)) (6.12)
Notice we can factor e;(B) along the sets A n B and B\ A to yield

|AnB|
Palea(B)) = > e;(An B)®eqi(B\A) (6.13)
i=max(0,d—|B\ A|)

We show for each summand, either e;(A n B) € I, or eq—;(B\A) € [ 5 ..
First, we consider the case where A = B. Then we have that e;(An B) = ¢;(A) €
I, whenever i > 0. It remains to check the case where ¢ = 0, which is only possible

if | B| > |A|. Making the substitution \, = X1, we have

|B\A[ = (Nsjammraper T ---) = 1Bl = [Al = (N gpaa + )

where the weak inequality uses the fact that [A] = A} > A _ p,;. This implies that

ea(B\A) el 5 ..
Now consider the case where A ¢ B. We will show that ey (B\A) eI 5 _for

n)\s

all i. We have by (6.13) that i < |A n B|. Subtracting this from (6.12), we have

1Bl = |AnB| = Ceipler +...) <d—i (6.14)
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Then, as before, we have

IB\A| = (N _ja—irajpr + ) = [Bl = [An Bl = (X, _5jr2—aj-jans) + )
< B~ |AAB|~ (N ppa ) <d—i

where the weak inequality uses |A| — |A n B| > 0 since A ¢ B. This completes the
proof. O]

Proposition 6.5.2. Let ae€ D, s, and suppose

Z cpr® =0 (6.15)

in Ry s. Then, we have co = 0. In particular, the monomials B, »s are linearly
independent in Ry, 5.

Proof. We induct on the number of columns A; of A, i.e. the parts of . If A\ = 0,
il.e. A =@, itis clear that B, s = {x* :a e [s—1]j} isabasisof R, 5 s = Q[x,]/(x} :
1 < i < n), and are nonleading terms with respect to any total order on monomials.

Now take A\; > 1, and let a € D,, ) 5, so that there is 0 = (A,|B) € OSP,, » with
als, € Dy, a|p; € [s — 1]o. Choose A = Ay s0 B =[n]\ A, and let a’ = al4,a" = a|p
denote the corresponding reverse cocharge words in Dy., D, NAs where \ is as in
the previous proposition. By Proposition [6.5.1], we compute

0= 90A< > cbxb> - > xe <2db’,b”xb”) (6.16)

b<desa b'eD,, b
1

where we expand in the first factor using the descent basis, and push all coefficients
into the second tensor factor. For each nonzero di p» in (6.16)), there is some ¢p # 0
contributing to equation (|6.15]) such that

b Sdes @ b’ Sdes b|Aa b” = b|37 (617)

where the second inequality follows from the fact that b’ € Dy, are the nonleading
terms with respect to the des-order (for an explicit straightening algorithm, see [1]).
Since the left hand side of (6.15)) is 0, we must have

3 g = 0 (6.18)

b/l
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in R _ N A Furthermore, Lemma implies that da pr # 0 only if b” <ges @, sO
we see dy o7 = Ca and write

Z da/,b//Xb” =0 (619)

bﬂsdesa"
The claim follows from applying the induction hypothesis. O
Proof of Theorem [6.A] Proposition shows that B, » s are linearly independent,
and by Corollary [6.4.16] we have that B, | = dim R, » 5. O

6.6 Identifying the graded Frobenius character

Now, we use the descent basis of I?,, ) s to give a combinatorial formula for the graded
Frobenius character Frob, (R, » ) in terms of our indexing set 3, 5 5. First, recall the
formula for the ungraded Frobenius character . We can rewrite in terms
of the set ¥, s by composing the bijection in Lemma with the bijection ¥ in
Proposition [6.4.13

Frob(Ruae) = Y, Sen(s): (6.20)
(Svlﬁ)ezn,)\,s
Now, we can use ((6.20]) to get dim(N, Ry, » s), which we will use to determine Hilb, (N, R, s)-
dim(N, Ry, »s) = {ey, Frob(Ry, »5))

= (we,, Z WSeh(S))

(Svu)ezn,/\,s

= Z Py, Sen(sty)

(Suuf)ezn,)\,s
= ) EKaw, (6.21)
(Sau)ezn,/\,s

where Kg,(s/),, is the Kostka number. Using Corollary and Proposition 2.2.1]
(c), we can rewrite the last expression to be

dim(N-an’)\75)
= ) [fwe&,, P(w) =8 Des(w) < {y1,m + 72, + -+ %1}l
(Snu)ezn,)\,s
= ) [fwe&,, P(w) = S, Asc(w) < {1, 9 + Yi—ts -+ o+ ).
(Snu‘)ezn,)\,s

(6.22)
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where Asc(w) denotes the ascent set of w, defined to be Asc(w) = {i : w; < w41}
Now, we construct a basis of N,R, ) using the descent basis. This basis will
give us an explicit formula for Hilb, (R, ), which in turn will uniquely determine

Frob, (R, .s)-
For any composition v = n and word z of length n, we say z is strictly increasing
on v if when we divide z into blocks of sizes 71,79, ...,7, we have that the entries

within the blocks are strictly increasing.

Ezample 6.6.1. Consider z = 2423679 and v = (2,2,3). Then when we divide z into
three blocks 24|23|679, the entries are strictly increasing. Thus z is strictly increasing
on 7.

We use this to define a subset of D), » .

D’Y

s = {a€ D, ais strictly increasing on ~}.

We will show that this set indexes a basis of N, R, . We first relate this set to
pairs (w, ) where (P(w), i) € ¥, 1 5. To do this, we make the following observation.

Lemma 6.6.2. Consider a € D, s and cc™*(rev(a)) = (w, p). Then we have a,_; <
An—j+1 if and only if w; > wj.

Proof. Note that the condition a,_; < a,—j;1 is equal to z; > z;;;, where z =
rev(a) = cc(w,p). By construction we can see that cc(w,p); > cc(w, )41 can
only happen if w; > w;41. In particular: if w; > w;4q, it is clear that cc(w, p); >
ce(w, p);+1 since ce(w); > cc(w);41. On the other hand, if w; < w;;1, then we have
CC(U}, :u)j < Cc(w7/'[/)j+1' L

Using Lemma we can compute |D, , |, by looking at the preimage of D, , |
under the map (w, ) — rev(ce(w, u)).

Corollary 6.6.3. For v |= n, we have rev(cc(w, ) € D) , , if and only if Asc(w) =

v vien, e+ -+ 92} In particular, we have |D) (| = dim(Ny Ry, ).

n,\, S

Proof. The first statement follows immediately from Lemma|[6.6.2] The second state-
ment follows from ((6.22)). O

We can also use the following fact about D, » ;. Note that this is analogous to
[11, Lemma 3.4] and the same proof holds.

Lemma 6.6.4. Consider a € D, with a; > a;1. Let a be the word we get by
swapping a; and ajii. Then a€ Dy y .
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Remark 6.6.5. The equivalent statement phrased in terms of boosted cocharge words
is the following: let ¢ = cc(w, ) and ¢; < ¢j11. If ¢ is the word we get by swapping
¢; and ¢;j41, we have that ¢ = cc(w, 1) for some other w satisfying ctype(w|;) > .

Now, we can use these results to construct an explicit basis of N, R, 5 .

Proposition 6.6.6. B) , . := {N,x*:ac€ DZA’S} is a basis of NyRy -

n,\,S

Proof. From Theorem , we know that {N,x®:a € D, s} must span N, R, » .
We show that BZ’M spans It, 5. First, consider a € D, ) s such that when we
split a into blocks of size 7, ..., 7, some block contains a repeated entry. Then, we
must have N,x®* = 0, since N, antisymmetrizes the exponents within the blocks.

Now, consider a € D,, 5 ; where the blocks consist of distinct entries, but a ¢ D, » 5.
This means there exists an index j such that a; > a;4; belong to the same block. If
az is the result of swapping a; and a;, we have that N,x* = —vié. Furthermore,
we know a € D, » ; by Lemma . In this way, for each such a, we can construct
abeD],  such that N,x* = +N,xP. Thus Blm spans N, R, » s-

Note that 1B, 5.l = |D, 5l thus from Corollary W we have that B] , | is a
basis of NyR, ) s. O

Corollary 6.6.7. We have

Hilb, (N, Ry x) = > geocharse(w)+lul (6.23)

(w,p)
(P(w)ay‘)ezn,/\,s
Asc(w){vi,Vi+Yi—1s- V1 +Yi—1+ 72}

Proof. This follows from the fact that the degree of N,x* is equal to cocharge(w)+|pu/,
where rev(cc(w, p)) = a, and Proposition [6.6.6] O

Finally, we get an explicit Schur expansion of Frob,(R,, »s) using ¥, » s.
Theorem 6.B.

FrObq(Rn,A,s) _ Z qcocharge(S)—H,u\Ssh(S) (624)
(S’/‘L)Ezn,)\,s
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Proof. Doing the same computation as in (6.21]) and (/6.22]), except now carrying over
the power of ¢, we have

e, Y, Oy = Y M K o,
(Su.u‘)exn,k,s (Szﬂ)ezn,)\,s
_ Z qcocharge(P(w))HM _
(w,p)

(P(w)vﬂ)ezn,)\,s
Asc(w){vi,Mi+Yi—1,- i+ +72}

(6.25)

Since cocharge(P(w)) = cocharge(w), we can see that (6.25)) is equal to (6.23). O

6.7 Connections to known formulas for
Frobenius characters

We can see that the correct specializations recover the known Frobenius characters
for Ry and R, . In particular, when (n,)\,s) = (k,\,¢()\)), we recover (5.2), as
proven in [33].

When we set (n, A, s) = (n, 1%, k), we get

FI'Obq(Rn’A,s) _ Z Z q|,u| qcocharge(S)Ssh(S)‘
SeS n c(n— X —des —
ST\t des(s)-)

Note that this is equivalent to following expression for Frob, (R, ;) [30, Corollary
6.13], using properties of the g-binomial coefficients, as well Proposition [2.6.10

n —des(S) —1 .
Froby(Rax) = ) [ . _( k) ] 4" 55 (6.26)
SeSYT,, q
des(S)<k

Furthermore, Theorem gives a combinatorial formula for Frob, (R, ) in
terms of battery-powered tableaux. In [23], the authors give a geometric proof of
this and pose the question whether there is more direct algebraic or combinatorial
proof. Though recent results [22] give such explanation for R, , there is still no
known such argument for general R, » .

Our formula provides an algebraic and combinatorial proof for Theorem by
showing that it is equivalent to Theorem up to a combinatorial bijection.
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Corollary 6.C. Theorem [6.8 is equivalent to Theorem[06.2.7] up to a combinatorial
bijection between the sets Xy x5 and T, .

Proof. The equality of (6.4]) and (6.24]) follows from Proposition|6.4.13] In particular,
if we apply U to (6.24)), we get (/6.4)). H
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Chapter 7

Higher Specht Bases for
generalized coinvariant rings

In this chapter, we give a conjecture for a higher Specht basis for R, »s. We show
how our conjecture relates with other known higher Specht bases, as well as the
results in Chapter [6] We also give proofs for certain cases. This chapter is based
on material in [16], as well as ongoing joint work with Raymond Chou and Maria
Gillespie.

7.1 A conjectured higher Specht basis

The higher Specht basis of R,,, given in Theorem |3.2.6, witnesses the decomposition
of R, into irreducibles. Inspired by this, we can define the notion of a higher Specht
basis for any CS,,-module M. This definition is due to Gillespie-Rhoades [24].

Definition 7.1.1. A higher Specht basis for CS,,-module M is a basis B that admits
a set partition B = | | Byu such that each By« spans a copy of the irreducible V) in
the decomposition of M into irreducibles.

Gillespie-Rhoades have some results on higher Specht bases for generalized coin-
variant rings. In particular, they prove the following.

Theorem 7.1.2 (Gillespie-Rhoades|24]). The following collection of polynomials

(F2 - elteiz...ei" k. S T e SYT,,Sh(S) = Sh(T),i; € Z=,0 < iy + - in_g < k — des(S)}
(7.1)

descends to a higher Specht basis of R, .
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We can restate (7.1)) using the indexing set ¥, ; we introduced in Section .
Note that we can take a tuple of nonnegative integers (i1, ...,%,_x) such that i; +

<o+ ip_ < k —d and write it as a partition u € (n — k) x (k —d — 1) by setting
ftj = i+ +i,_p. Inother words, we can consider each polynomial F¥-el'e% - - - e, =
to be indexed by a pair ((S,u),T") where (S,u) € X, and sh(7) = sh(S). It is
clear that this witnesses the decomposition of R, s into irreducibles given by the
combinatorial formula for Frob,(R, ) given by (6.26).

They also a conjectured higher Specht basis for R,,. To state their conjecture, we

need to define the notion of a higher Specht polynomial F7 for S semistandard.

Definition 7.1.3. Given a word z of weight u, we first decompose z into subwords
2 2 where each subword is a permutation, in the following way. Choose
the rightmost 1 to be in (V). After choosing i to be in 2, we choose ¢ + 1 in the
following way. If there is a 7+ 1 to the left of the ¢ we chose, we choose the rightmost
such i 4+ 1 to be in z(!). Otherwise, we choose the rightmost i + 1 in w. We continue
this process until we cannot add anymore letters.

Now, delete the subword 2" from z and repeat, continuing until we have fully
decomposed z into subwords. The cocharge of z is

#1
cocharge(z) := Z cocharge(z®) (7.2)

i=1
Remark 7.1.4. We can compute charge of a word z by taking

p1

charge(z) := Z charge(z") (7.3)

i=1

where we construct z in the exact same way. Note that we have charge(z) = n(u) —
cocharge(z).

The cocharge word of z is the word we get by replacing 2 with cc(2) in z.
Using this definition of cocharge of words of partition weight, we can also define the
notion of cocharge(S) and cc(S).

Then, we can define 7 for T € SYT S € SSYT(p) for T, S of the same shape
using Definitions , , except now considering the cocharge label cc(S) of a
semistandard tableau S.

Conjecture 7.1.5 (Gillespie-Rhoades|24]). The following set gives a higher Specht
basis of I,:

\J{FF : (S,T) e SSYT(A, ) x SYT(A)}. (7.4)

An
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In light of the work in Chapter [6], we make the following conjecture for a higher
Specht basis for R, ) s.

Conjecture 7.1.6. Let A - k, k < n, and () < s. The following set gives a higher
Specht basis of R, ) s:

{FRelr .. et 1 (S,1) € Bpas,sh(S) = sh(T)}. (7.5)

Note that while Conjecture agrees with Theorem at the appropriate
specializations, it differs from Conjecture [7.1.5] In particular, if we specialize Con-
jecture [7.1.6, we get the following:

Conjecture 7.1.7. The following set gives a higher Specht basis of R,:
(FS : ctype(S) & 1, sh(S) = sh(T)}. (7.6)

While the set uses cocharge tableaux arising from semistandard tableaux
of weight u, our conjecture uses the corresponding subset of standard tableaux
that SSYT(u) gets mapped to with respect to std. Though the two formulas seem
similar, they yield different sets, since in general, the standardization map in Propo-
sition only preserves the cocharge statistic, not the cocharge tableaux (see

Remark 4.1.11J).

However, the following example shows that Conjecture fails in general.

Example 7.1.8. Consider the following semistandard tableau

S =

1[1]3]
0]0]2

=R
I

TTATS cc(9) =
1(214

For any T of the same shape, we have that F2 = 0. In particular, if we let

T —

6]7]8
2[3]4

then x7 = r3wsrerrrizir?,. We can see that (9,10) € C(T) is a transposition in the

column group that fixes x3, thus erx7 = 0.

In other words, we can see that the polynomials in can be equal to 0 for
certain choices of S. In contrast, the polynomials in are never 0 since they are
a subset of the higher Specht basis of R,. However, they may be equivalent to 0
when we quotient out by I,,.
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Though Conjecture fails for general partition shapes, the authors prove it
holds for two-row partitions. However, this is no coincidence: it turns out in this
case, our conjecture matches theirs.

Proposition 7.1.9. If p = (u1, pia), then our conjectured higher Specht basis ([7.6)
coincides with the conjectured basis (7.4) of Gillespie—Rhoades.

Proof. We will show that if p is a two row partition, and S € SSYT (), we have that
cc(S) = ce(std(S)).

To see this, we describe the standardization map std : SSYT(p) — X, given in
Definition [2.7.6f, When p is a two-row partition, we know that any S € SSYT(u) can
be at most two rows. If we set A = (A1, A2) to be the shape S, the std map takes S
to the standard tableau obtained in the following way:

e Replace the 1s in the first row with 12... pq,
e replace the 2s in the second row with () ... (u1 + Ag),
e replace the 2s in the second row with (u; + A2) ... n.

We see that cc(S) consists of all 0s in the first row and 1s in the second row.
From the description of std(S), we can see that the cocharge tableau of cc(std(S5))
is also the same. O

Corollary 7.1.10. Conjecture holds for two-row partition shapes.

7.2 Connections to hook-shape Garsia-Haiman
modules

The higher Specht construction has been extended to the two-variables case, which
looks at C[x,y]| under the diagonal &,-action. In particular, Gillespie gives a higher
Specht basis for hook-shape Garsia-Haiman module.

Definition 7.2.1 (Gillespie [21]). Let p = (n—k+1,1¥71). We define the p-cocharge
tableau of S € SYT,,, denoted ccTab,(5), to be the tableau of the same shape where

e we have 0 in the squares occupied by 1,2,....n—k+1in §
e the rest of the squares are given by the cocharge labelingonn —k +1,..., n.

Definition 7.2.2. Let u = (n — k + 1,1%71). We define the reverse p-cocharge
tableau of S € SYT,,, denoted ccTab;(S ), to be the tableau of the same shape where
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e we have 0 in the squares occupied by n —k+1,...,nin S
e forn—k+1,...,1, we calculate the cocharge in reverse.

Using the two definitions above, we define

S ccTab,, (S)__ccTab), (S)
Xyp=Xp "yp "

in the same way that we defined x3 in Definition If we consider G,, to act
diagonally on this monomial (i.e, it permutes the indices on the x,y variables simul-
taneously), we can define

F7(x,y) = erXxy?.

This is the two variable analogue of Definition [3.2.4]

Theorem 7.2.3 (Gillespie [21]). Let p = (n —k + 1,151, Then {F2(x,y): S,T €
SYT,,Sh(S) = Sh(T)} is a higher Specht basis for DR,,.

Theorem is closely related to Conjecture through the following obser-

vation.

Lemma 7.2.4. Let p = (n —k + 1,11, We have that F(x,0) # 0 if and only if
ctype(S) & p.

Proof. Note that F7(x,0) # 0 if and only if ccTab),(S) = 0, which means 1,...,n —
k + 1 all appear in the same row of S. This is equivalent to saying the first row of S
contains 1,...,n—k+ 1, which implies that S is u-catabolizable. Thus ctype(S) > u
by Proposition {4.1.6| O

A direct corollary of this is the following:
Corollary 7.2.5. Conjecture is true for hook shapes.

Remark 7.2.6. Note that unsurpisingly, Conjecture does not coincide with the
y = 0 specialization of Theorem [7.2.3]

7.3 Garsia-Procesi for three rows

In future work with Gillespie and Chou, we show that Conjecture holds for all
three-row partitions. In this section, we include some of the main ideas used in our
proof.
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The advantage that Conjecture has over the Gillespie-Rhoades conjecture
(Conjecture [7.1.5)) is that the conjectured basis is a subset of the higher Specht
basis of R,. From this, we know immediately that the elements in our conjectured
basis will not vanish in the quotient R,. However, we need to check whether they
vanish in the further quotient R,,.

First, we recall some facts about Garsia—Procesi rings and Garnir polynomial.
Note that the definition for the Garnir polynomial, given in Definition [2.3.1] can be
extended to any column strict, standard fillings T of the shape p in the same way.
We make a quick observation:

Lemma 7.3.1. Let T be a column strict, standard filling of the shape . We have
g7 € span{gr | T'€ SYT(p)}.

Proof. For a column strict filling T' of i, let ™ be the permutation that sorts the
entries within each row so that they are increasing.

We now show that the resulting tableau 7(7") is still column strict. Let a be the
jth entry in row i of 7(T") where i > 0. For each entry b to the left of a in the row i
of m(T), we know that there exists a unique corresponding entry in row (i — 1) that
is smaller than b (whatever was below b in T .) Thus a is larger than at least j many
entries in row (i — 1) of T, hence it is larger than the entry below it in 7(T).

It is clear that 7g; = g_7. Thus g7 = 7~ 'gp for T = 7T € SYT(12) and the result

follows from Proposition O

We can use the Garnir polynomials to identify whether an arbitrary f € C[x,]
satisfies f € [,. This is equivalent to the description of the coinvariant ideal I,, as
the annhilator of the Vandermonde (|3.5)).

Theorem 7.3.2 (Bergeron-Garsia). We have f € I, iff f O gr = 0 for all T €
SYT(p).

In particular, we have the following corollary using Lemma [7.3.1]

Corollary 7.3.3. If f O gy # 0 for some column strict standard filling U of u, then
fél,.

Now, we will show that these polynomials are actually nonzero in quotients where
they appear as part of the higher Specht basis. To do this, we will show the following;:

Proposition 7.3.4. If ctype(S) = p, there exists a column strict filling U of j such
that Fi2 © gy # 0.

Assuming Proposition [7.3.4] we can show the following.
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Theorem 7.3.5. If S,T € SYT,, with the same shape and ctype(S) > u, we have
that Fif ¢ 1,.

Proof. Consider S € SYT,, with ctype(S) = v>pu. By Proposition and Corollary
7.3.3, we have that FZ ¢ I,. Since v > p < I, < I,,, this implies that F2 ¢ I,. O

We now show Proposition m To do this, we will first show that monomial x3
appears with nonzero coefficient in 5. Then, we will construct a Garnir polynomial
gy for some injective filling U where x7 © gy # 0. Finally, we show that for that
choice of U we have Fy © gy # 0.

We first give some definitions that we will make use of when discussing higher
Specht polynomials.

Definition 7.3.6. Let T'e SYT(\). A T-snaking is a filling P with shape A such
that if 4, 7 occur in the same column in 7', then i, j occur in different rows of P.

We refer to these fillings as T-snaking because of the following visualization:
we may take the columns of 7" and “snake” them down different paths (possibly
disconnected) as in the following example:

Example 7.3.7. Define S, T, P as follows:

0[1 6]
S =[1]2]0 T =[3HE7] P =[5[6]
2113 7]3]

Then P is a T-snaking, and the corresponding monomial is

vf = riadedalaleiela? = viadvsaionl.

Note that using the T-snaking terminology, we can write

Fi= > (-3

P:T-snaking

Definition 7.3.8. The box action of S,, on the set of all fillings of a partition of A
of size n, denoted -, is defined as follows. If b is a box in A (where we think of b as a

number from 1 to n, assigned to the boxes in ascending order up each column from
left to right) then 7 - S(b) = S(7~1(b)).

Definition 7.3.9. The p-group H(S) of a tableau S is the group of row permuta-
tions p for which p-S = S. Note that H(S) is a subgroup of the row group R(T)
for the standard filling 7' of the same shape, and H(S) =~ H(w - S) for any row
permutation 7.
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Definition 7.3.10. The (alternating) 7-set A(S) of a filling S of a Young diagram
A is the set of column permutations 7 of the standard filling 7" of A, whose box action
on S preserves the content of each row of S.

In future work, we prove the following theorem:

Theorem 7.3.11. Given a T-snaking P, the coefficient of v3 in Fy is +|H(S)| -
DireA(co(s)p) SB(T)-

Note that in the case P = T', we have that cc(S)p = cc(S). Thus the coefficient
of xJ in F3 is given by
[H(S) - Y, sen(r).

TeA(cc(S))

Throughout the rest of the note, we assume S, T € SYT,, with ctype(S) = A. Since
S is a SYT, we know the filling cc(S) is a semistandard tableau (i.e. the columns
consist of distinct entries and are increasing).

We will show the following. Note that this implies the result of [21] showing that
for cc(S) being an SSYT, we have F is nonzero.

Proposition 7.3.12. Write S for a semistandard cocharge tableau. If T € A(S),
then T = 1d.

Proof. Note that 7 € A(S) means that for all rows k (where the sets below are
multisets)

{(-9)(b):binrow k of T} = {S(b) : b in row k of T'}. (7.7)
By definition of the box action on S, this is equivalent to the following
{S(t7'(b)) : bin row k of T} = {S(b) : b in row k of T}.

We will prove that this implies 7 = id. For sake of contradiction, assume this is
not true. Consider the lowest, leftmost box b such that 771(b) # b. By choice of b (and
since 7 is a column permutation), we know that 77! (b) must be above b. Furthermore,
since cc(9) is a semistandard tableau, we have that (7-.9)(b) = S(7=(b)) > S(b).
From ([7.7) and the fact that 7 fixes all the entries to the left of b, we know there
exists a b’ > b in the same row such that 7- S(b') = S(771(t')) = S(b). However,
this is impossible, since 77(b’) would be strictly above and to the right of b in T,
meaning S(771(V')) > S(b). O

Corollary 7.3.13. The coefficient of x5 in Fy is H(S).
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Now, we will construct an injective filling U of shape A such that x3 © gy # 0.
To do this, we introduce a modification of Algorithm to form a filling U rather
than just a partition shape v, as follows.

Definition 7.3.14. Let S,T be standard Young tableaux of the same shape. Let
z = cc(rw(S5)), and let U = ¢J be the empty Young tableau. The U-tableau U of
the pair (5,7 is formed by applying Algorithm to where we fill the square
added when reading z; by the label ¢ from T that appears in the same box as z;
occurs in S.

We define U to be the output of this algorithm, and note that it is an injective
tableau of shape ctype(.S).

6] 2] 3]
Ezample 7.3.15. Consider S =[3]4] ,cc(S) =[1]1] ,T =[2[5] . Note that this
1125 0[0[1] 114]6]
3|6
is the same S that appears in Example [4.1.14] Then we have U = |5|2].
411
Lemma 7.3.16. If b appears in row i of U, then cc(S)(b) < i.
Proof. This follows immediately from the definition of the U-tableau. [

Lemma 7.3.17. If by, by appear consecutively in a column in U (where by is lower),
we must have cc(S)(by) = cc(S)(by) or cc(S)(by) + 1.

Proof. This follows from the property that the collection {cc(S)(b) : b appears in column j of U}
gives the entries of a cocharge word of that length. O]

Now, let xpy := szow(i) where again the rows are 0-indexed.
Lemma 7.3.18. We have x3 ® xy # 0.

Proof. 1f b appears in row ¢ of U, the exponent of x;, in xy is . By Lemma [7.3.16]
we know that cc(S)(b) < 4. Thus d, appears with exponent at most i in x7 ©. Since
this holds for any choice of b, the claim holds. O

Corollary 7.3.19. We have x3 @ gy(x) # 0. Moreover, x5 © Xy appears in
X7 O gy (x) with coefficient [, \i!.
7 gu i\

Proof. We know

gu(x) = (HAJ) Z sgn(7)7(xy ).

TeC(U)
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It is clear that for 7 # id, we have 7(xy) # Xy. Thus x7 O xpy # x5 O 7(xy) for
any 7 # id (note that the monomials can only be constant if U is a single row shape,
and in that case there is no 7 # id). Thus from Lemma the term x3 O xp
appears in x7 © gy (x) with nonzero coefficient.

The coefficient now follows from the above equation. n

Using the T-snaking terminology, we have

F5 0 g0 (nw) Y conse| Y it

P:T-snaking TeC(U)

:(lj[/\i!> > Z )73 O 7(xp).

P:T-snaking 1eC(U

We want to look for which combinations of P, 7 we have x2 O 7(xy) = x70 (xr).
To do this, we first state the following Lemma.

Lemma 7.3.20. Let b be a column in U. Then the monomial X3 has ezactly one
variable from column b with exponent 0. In particular, if by, by are the entries in
rows 0 and 1 of b, then (X3 )y, 4, = @}, T}, .

Proof. Note that we construct U using Definition We know that all entries of
S with cocharge 0 contribute to the first row of U. Thus it is impossible to have two

entries with cocharge 0 contribute to the same column of U. The second statement
follows from Lemma O

Lemma 7.3.21. Consider (S,T) where S,T are SYT of the same shape and ctype(S) =
W, where p is a three-row partition. Then the following are true.

(a) cc(S) is a semistandard tableaux consisting of 0s,1s and 2s. In particular, all
the entries in row 2 must be 2s.

(b) If ¢ appears in row 2 of T, it appears in row 2 of U as well.

Proof. These are all consequences of Algorithm 4.1.13 O
We now show the conjecture holds for three rows.

Proposition 7.3.22. Let i1 be a three-row partition, S is a standard tableau satisfying
ctype(S) = p and U is the filling of i constructed by Algorithm ?7.
Given 7€ C(U), if x3 O 7(xp) = x5 O (xp) for some T-snaking P, then 7(x3 ©®

(xp)) = x7 O (xp) and 7(x3) = X3.
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Lemma 7.3.23. There is exactly one 3 x 3 N-matrix A that satisfies the following:
(1) Ayg = Ago = A33=10

(11) A1+ Aia+ Az is the number of variables in X‘;@XU that appear with exponent
1—1

(111) Ay j + Asj + As; is the number of values in cc(S) with cocharge j — 1
(i) Ayq =, Aoq + A1g = po, Az1 + Ao+ A1z = 3.
Example 7.3.24. For the setting of Example [4.1.14] the matrix A is

2 21
010
000

Indeed, we have zy = wox37572 and x5 = xo237576. The monomial x3 @ zy is a
constant times xg, so the row sums are 5, 1,0 from top to bottom, the column sums

are 2,3, 1 from left to right, and the diagonal sums are 2,2, 2 from top to middle.
Proof. Define A to be a 3 x 3 N-matrix where

A; ; = # of variables which appear with exponent ¢—1 in x57Oxy and exponent j—1 in x3.

It is clear that this matrix satisfies conditions (i),(ii),(iv). To see that it satisfies (iv),
note that

Ay, = # of variables which appear with exponent 0 in xy = 11y

Agq + A2 = # of variables which appear with exponent 1 in xy = po
Asq + Ago + Ay 3 = # of variables which appear with exponent 2 in xy = ps.

Thus A satisfies the conditions.

It is a quick computation to show that this must be unique. We can see that
condition (i),(ii) fix entry As;. Since (iv) fixes entry A;;, we have the entry A,
must also be fixed by (iii). Thus the first column is fixed. Using similar logic, we
can show that the whole matrix is fixed. O]

Remark 7.3.25. All this lemma is saying is that for any permutation 7 such that
(7x30)(Txy) = x5 © Xy, T must permute the exponents of X3© in a way that is
compatible with the action of 7 on xy.
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Proof of Proposition[7.3.23. Consider 7 such that x3 ©® xy = x5 © 7xy. We can
explicitly check how 7 acts on each column, reducing the proof to the following
claim.

Claim: For each column b of U, we have that (7x7 ® xy)p = (X7 ® xp)p and
(7X7)b = (XP)b-

We prove this claim using several cases.

Case 1. If b is of height one, we know that the first condition must hold.
We also have that (x7 ® xp)p = (X3 © 7xp)p = (X3 © Xy )p, which implies that

(xP)b = (X3 = (TXT) Thus the claim holds.

Case 2. If b = 2 then (xy)p, = xj,2,. Furthermore, from Lemma [7.3.20, we

know that (x3.(0))p 881 0y, Thus (x7 O Xy )y, b, = @), @), which implies the first
claim holds for any 7.

If 7(b1) = bo, then (Op7Xy )by b, = 5, xf), implies that (xP), = @} ) = (X7 )b, b
thus the second claim holds. Otherwise, 7 fixes the column and the second claim
holds as well.

b3
Case 3. Now, consider column b = ’E: of height 3. Then (Xu )s, py55 = Tp, Tp, Tp, -
b

1
We know from Lemmas [7.3.17| and [7.3.20| that (x7.(0))p = 0}, 0L, 0%, or (x7(0))b =
0y, Op,0p,-

If (x7(0))b = 0}, 04,05, then as in Case 2 we have (x7 Oxy)p = 2 2, 2p, , and so
applying any 7 fixes this monomial, and the first claim holds. For the second claim,
note that x% ® 7xy = 1 as well, and so x3 = 7xy = 7x7 in this case.

Now, if (x7.(0))» = 0}, 0,04, , we have that (X7 OTxy)p = (X7 OXp)b = 2, ), T}, -
Thus 7(b;) cannot be b3, since otherwise x;, would have an exponent of 0 in 7xy
(and hence in x3 ® 7Xp).

Thus 7(by) = by or by. Thus, we have the following possible subcases.

(a) T fixes b
(b) 7(b1) = by, 7(bs) — b
(c) 7(by) = by, 7(by) = bs.
(d) 7(b) = b2, 7(b2) = b3

The claim is clearly true for (a). For (b), we can see that 7 fixes (x7 ®xy)p. We

also have that (x3)p = 24 2,24, = (7x7)p. Thus the claims hold.

Now for cases (c),(d), we can see that (x3)p = zj 27, 25 (for (c)) and (x3)p =

zy, xp,xp, (for (d)). We claim that cases (c),(d) are impossible. Assume that for our

choice of P, 7 there is at least one column b in U that satisfies case (c) or (d).




CHAPTER 7. HIGHER SPECHT BASES FOR GENERALIZED
COINVARIANT RINGS 107

Define a 3 x 3 N-matrix A by

flm = # of variables which appear with exponent i—1 in xgé)T(xU) and exponent j—1 in x

Since x5 Oxp = xp O 7(xy) and 7xp = x5 for some permutation 7, we know
that A both satisfy the conditions outlined in Lemma |7.3.23, However the existence
of case (c) or (d) implies that A;3 > A;3 and A;2 < A;5. By Lemma [7.3.23) we

know that such A; 3 cannot exist. Thus cases (c), (d) cannot happen. O

Lemma 7.3.26. Let 7 € C(U) and x3 O 7(xy) = x3 O (xv) for some T-snaking P.
Then T is a product of transpositions. Furthermore, we have the following:

1. 7 fixes row 2 of T

2. If by, by appear in rows 0,1 of some column b of U and T swaps by and by, then
by appears in row 1 of T, weakly to the left of by.

Proof. The first statement is a direct corollary of the proof of Proposition [7.3.22}
since cases (3)c and (3)d cannot happen, we know that 7 acts on columns of U by
either fixing it or swapping the first two entries. Thus 7 fixes row 2 of U. By Lemma
7.3.21)(2), this means 7 fixes row 2 of T" as well.

To show the second statement, note that b; appears in row 0 of T since it corre-
sponds to an entry with cocharge 0 in S. Furthermore, from Lemma we know
that by corresponds to an entry with cocharge 1 in S. By definition of Algorithm 7?7,
this means the entry corresponding to b, appears to the left of the one corresponding
to by in the cocharge word of S. This is equivalent to by appears above and weakly

to the left of b; in T. O

Proposition 7.3.27. Let 7 € C(U) and x3O7(xy) = x3O(xy) for some T-snaking
P. ThenTe C(T). In particular, it swaps entries in rows 0 and 1 of T' corresponding
to values with cocharge 0 and 1.

Proof. Note that from Lemma we know that 7 only permutes entries of
cocharge 0 and 1. Hence it suffices to check that if 7 does not fix the bottom
box in a column c of T, then 7 swaps the first two boxes in column c.

We can do this by induction on columns. Look at the entry b in the bottom left
corner of T. If 7 does not fix b, we have that 7(b) = &’ where b’ must appear directly
above b in T by Lemma [7.3.262). Thus 7 preserves the column content of the first
column of T

Now assume 7(b) = b but 7(b') # &'. We know that 7(0’) must correspond to some
entry with cocharge 0, thus 7(¥') appears in row 0 of T. Thus (x2)py = (TX3)py =

S
p-
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zyxy. This implies that b, b appear in row 0 of P. However, since P is some T-snaking
and b, b’ appear in the same column of T, it is impossible for both b, b’ to appear in
the same row in P. Thus by contradiction, we have that if 7(b) = b then 7(V/) = ¥/
as well.

Thus in either case, we have that 7 preserves the column content of the first
column. By induction, this shows that 7 € C(T). O

Lemma 7.3.28. Let 7€ C(U) and x3 O 7(xy) = x5 O (xy) for some T-snaking P.
Then

{c in row 0 of T with (x3). = 22} = {c in row 0 of P with (x3), = 2%}  (7.8)

Proof. Note that if ¢ is in row 0 of T and (x3). = 22, then ¢ must be in a column of
height 1 by Lemma[7.3.21)1). This means that ¢ must also appear in row 0 of P by
the definition of a T-snaking. Furthermore, from Proposition [7.3.27] we know that
7 fixes c¢. Thus the condition (x3). = (7x7). = 22 implies that the first set in (7.8)
is contained in the second. Since the two sets must have the same cardinality, the
claim holds. [l

Corollary 7.3.29. For 7, P as in Prop we have sgn(1) = sgn(P).

Proof. From Proposition , we know that 7 € C(T) such that 7(x3) = x3. Note
that to show sgn(7) = sgn(P), it suffices to show that 7-T = 7 P for some 7w € R(P).
In particular, we want to show the following:
Claim: For any column c of T, we have that if ¢ appears in row ¢ of 7 - T, then it
also appears in row ¢ of P.

For columns of height 1, we are done by Lemma [7.3.28]

Consider a column ¢ = |¢o|. From Lemma|7.3.26(1), we know that 7 fixes ¢3. Thus
(7%3)e = xQ(CI)xi(CQ)xzs.We know exactly one of ¢;, ¢y, c3 must appear in row 2 of P,

which means it has exponent 2 in x%. This implies that c; is in row 2 of P. A similar
argument then shows that ¢y must stay in row 2, and ¢; in row 1. Thus the claim
holds for columns of height 3 in T

) I
Now consider column ¢ = . We have three cases:
1

Case A: (x7)c = 22 22 . In this case, 7 fixes ¢ by Proposition |7.3.27, Then (x7). =
(x3) implies that ¢; must appear in row 0 of P, thus ¢, appears in row 1 of P.
Case B: (x7)c = 20,2y, Then (7(x7))e = 22, 21, = (xp)e. This implies that
7(c1) must appear in row 0 of P, thus 7(cs) appears in row 1 of P.
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Case C: (x7). = 2! 22 . In this case, 7 fixes ¢ by Proposition [7.3.27, Then (x3). =

c1vee”
xélxé as well. If ¢; was in row 0 of P, we would have that ¢y is contained in the

second set in ([7.8) but not the first, which contradicts the equality in Lemma [7.3.28|
Thus ¢, appears in row 0 and ¢y appears in row 1. ]

Theorem 7.3.30. For i a three-row partition, we have that x3. O Xy appears in
F2 ©® gu(x) with positive coefficient.

Proof. To see that x3 ® (xy) appears in F? ® gy(x) with nonzero coefficient, recall

that
F7 O gu(x (Hu) 2 Z 1)"xp O 7(xv).

P:T-snaking reC'(U

Thus it suffices to consider all combinations of P, T such that x3O7(xy) = x50 (xy).
For such a pair, x3 © 7xp appears with sign (sgn(P)sgn(7)) in Fz ©® gy(x), from
Corollary it follows that x? @ 7xp has positive coefficient in this expression.
Since there is at least one instance of the monomial by Corollary the proof is
complete. O

Corollary 7.3.31. We have that if ctype(S) &> u, then F7 ¢ 1,,.

Remark 7.3.32. The issue with extending Theorem [7.3.30 beyond three rows is that
Lemma does not hold for more than 3 rows. However, we still believe the
following conjecture holds in general, regardless of the number of rows in .

Conjecture 7.3.33. Given 7 € C(U), if x30O7(xy) = x30(xy), then 7(x20(xy)) =
x7 © (xy) and 7(x3) = x3.

Now, we prove a lemma classifying the tableaux with catabolizability type pu =
(n,m,r) for any three row shape pu.

Lemma 7.3.34. There are exactly r+1 tableauz S with catabolism type pu = (n,m,r)
for anyn = m =r = 0. They are precisely those formed by placing 1,...,n in the
bottom row, n + 1,...,n + m in the second row, and thenn+m+1,... . n+m+1i
in the bottom row for some i, and the remaining numbers up in the third row.

Ezample 7.3.35. For u = (5,3, 3), there are four tableaux S with catabolism type p,
namely

9[0T T0[1 il
617[3 617[3 617[3
1[2[3]4]5] 1[2[3[4]5]9] 1[2[3[4]5]9[10)

—

| OO

AT5[O[LO[T]
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with cocharge tableaux

2(2(2 2|2 2] 17171

1]1]1 1111 1]1]1 .

0[0[0[0[0]  [0fo[0ojo[o[T]  [ofojofojoriyr]  LWLOIOTOJOIL[1]1]
Proof. If ctype(S) = u = (n,m,r), we must have 1,...,n on the bottom row, and
then n+1,...,n+7r must be in the second row in order from left to right, in order for

catabolizability type to be (n,r) up to that point. Indeed, if any of n+1,...,n+r
were in the third row, then after one step of catabolism we would not have them
all in a row. If any were in the bottom row, then if they are larger than any in
the second row then after one step of catabolism they would be above, and if they
are smaller than all in the second row then one such is n + 1 and it is therefore
n + l-catabolizable, a contradiction.

So there are n zeroes in a row on the bottom row of the cocharge tableau and r
ones above it, corresponding in our example to the tableau:

6[7]8
1[2[3[4]5]

and the question is where the numbers n +r +1,...,n + 2r (that is, 9,10, 11 in our
example) are positioned and with what cocharge values. We cannot have a cocharge
value of 3 by the catabolism type, so the remaining values have cocharge 1 or 2. In
particular S has at most three rows. Now consider the position of n +r + 1 (in the
example, 9); if it is in the second row, we can n-catabolize and then r + 1-catabolize,
a contradiction, so it is in the first or third row.

Let ¢+ be the smallest number such that n +r + ¢ + 1 is not in the third row;
that is, n+r+1,...,n+ ¢+ 1 are in the third row and have cocharge 1, and then
n+r+1i+ 1 is in the second or third row. (In our running example suppose ¢ = 1 so
that 10 is the first number not in row 1 among 9,10, 11). If it is in the second row
then it has cocharge 2, and by Algorithm 4.1.13| we would encounter that 2 before
having any boxes in the second row, which means the catabolizability type has at
least 4 parts, a contradiction. Thus it is in the top row, with cocharge 2:

10] 2
67[3 T[1]1
1[2[3[4]5]9] 0[0[0[0]0]1]

If the next number, n + r + ¢ + 2, was placed in the second or third row, then a
catabolism step would put it above n+r +7+ 1, a contradiction, and inductively we

see that the remaining entries n +r + ¢+ 2,...,n + 2r are also all in the top row:
10111 2(2
6]7]8 1[1]1
1]2]3]4]5]9] 0[0]0]0]0]1]
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Thus indeed the tableaux S with catabolism type p are all of the claimed form. [

Lemma 7.3.36. Let pu and pi be distinct shapes with at most three rows. Then if

ctype(S) = p and ctype(S) = [, then S and S cannot have the same shape and also
the same total cocharge.

Proof. This follows from Lemma [7.3.34) any S whose catabolism type has at most
three rows has a cocharge tableau with only Os and 1s in the bottom row, only 1s
in the second, and only 2s in the top, and we can reconstruct S uniquely from this
tableau. We can also reconstruct its catabolism type uniquely - the first part is the
number of 0s, the second part is the length of the second row, and the third part
is the total number of remaining squares. Thus we can reconstruct the catabolism
type uniquely from the shape and cocharge of S. In other words, we cannot have
two with distinct catabolism types agree on shape and cocharge. O

Remark 7.3.37. Note that Lemma [7.3.36] does not hold for general p. Consider

6] ,S =
214]

S =

FEE
e

4
2

6]

We can see that ctype(S) = (2,1, 1,1, 1),ctype(§) = (2,2,1,1) and both have
cocharge 6.
Using the fact that are basis elements are nonzero in R,, (Corollary [7.3.31)), we

can prove that Conjecture holds for p = (g1, 2, 3) by induction. The full
proof of this result will be contained in forthcoming work.

Theorem 7.3.38. Conjecture holds for three-row partition .

Proof Sketch. We prove by induction. First, from Corollary [7.2.5, we know the claim
holds for partitions of the form (n, 1,1). Using this, we can show that the claim holds
for partitions of the form (n,m, 1) by induction on m. By induction, we assume the
claim holds for A = (n + 1,m — 1,1) > u = (n,m,1). Since we have that A\ and
differ by a covering relation in dominance order, we can write our conjectured higher

Specht basis ([7.6)) as
{F7 : ctype(T) > A} U {F7 : ctype(T) = u} (7.9)

First note that we have the correct cardinality to be a basis since none of the poly-
nomials are 0 in the quotient R,. Since R} is a further quotient of R, we have that
the first set pulls back to a linearly independent set in R,,. Hence it suffices to show
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that the second set is linearly independent from the first. This follows from the fact

that each collection {F3 : T e SYT(sh(S))} spans a copy of V") Lemma [7.3.36
guarantees that the span of the second set in ([7.9)) consists of irreducibles that have

not appeared in R). O
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Chapter 8

R-catabolizability and subspaces of
Ry

This chapter studies the notion of R-catabolizability, introduced by Shimozono—
Weyman [47]. The first half of this chapter studies the combinatorics of the skew-
linked module embedded into a Garsia-Procesi ring. We identify tableaux that we
conjecture index the top and bottom components of a skew-linked module and then
show they satisfy some R-catabolizability condition. The second half of the chapter
focuses on taking the notion of R(n, A)-catabolizability of semistandard tableaux of
weight A and extending it to a larger family of tableaux. This translates problems
and conjectures regarding R-catabolizability into the context of standard tableaux.
Using this new framework, we state some conjectures about R-catabolizability and
skew-linked modules.

8.1 R-catabolism and skew-linked modules

There are many parallels between the skew-linked modules and the Garsia-Procesi
rings. For example, the skew-linked modules are defined algebraically in an analogous
way to the Garsia-Procesi rings. However, both the algebraic and combinatorial
properties of the skew-linked modules remain mysterious. For example, we have
no explicit algebraic description of the skew-linked module M) , as a subspace or
quotient of the polynomial ring C[x,].

However, using results of Chen [13, Proposition 4.6.1], we can deduce that M,
is a quotient of M) ). By taking the conjugate and reversing grading, we see that
M, v is a subspace of Mi»y = £ ® R). Thus we can think of £ @ M,y x as a
submodule of R). Equivalently, we have that M, , (up to reversing the grading) is
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a submodule of R,.

Thus we can embed any skew-linked module M} ,, into the Garsia-Procesi module
Ry, up to a reversing of the grading. Let rev(M) ,) denote this module. In particular,
the unique copy of V* (which is at the bottom of M), or the top of rev(My ,)) is
exactly the unique copy of V* at the top degree of Ry, which is indexed by the
semistandard tableau Z) of shape and weight A. In this section, we construct a
semistandard tableaux of shape p weight A that we conjecture corresponds to the
unique copy of V# in M,,,.

To do this, we first recall the row labeling of a skew-linking shape, introduced in
[13]. We do not include the proof that this algorithm is well-defined: for details, see
[13, Section 2.2].

Algorithm 8.1.1. Let 6 = o/ be a skew-linking shape of A — u. We construct an
ordered set partition (Aq|...[Agy) of [¢(N)] such that

Z )\7«:/,[,]

TGAj

First, let 1 € A;. We proceed inductively. Assume that j € A;. If 3; = 0, then
we are done. Otherwise, let 5 be the smallest j such that oy = ;. Then j' € A;.
We continue until we add p € A; such that 3, = 0.

Now, we remove all rows r € A; from 0. This gives a smaller skew-linking shape
[13, Proposition 2.3.3]. We can now construct A, in the same manner. We continue
until we have an ordered set partition of [¢(\)].

Ezample 8.1.2. We continue with the skew-linking shape from Example [£.4.1}

HEEN
We see that A; = {1,2,4.6}, Ay = {3,7}, A3 = {6}.

By transposing the diagram, this now gives a column labeling of the conjugate
skew-linking shape. We now use the column labeling to construct a semistandard
tableau T}, of weight )\ that satisfies the following:

(a) Sh(TA,u) = W,
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(b) cocharge(Z,) — cocharge(T) ) = d(A, i) (the top degree of M, ,).

Algorithm 8.1.3. Consider A 5, (. We construct a filling of # in the following way.
Let (By|...|B,,) be the ordered set partition of [u;] we get by taking the column
labeling of 6.

We construct the filling recursively. First note that 1 € B;. We fill column 1 of ¢
with 1,..., 1}, so that the entries are increasing as we go up. Now, take the smallest
j # 1 such that j € By. Fill in column j with py +1,..., uy + g, Continue until we
have filled all columns j’ for j' € By.

Repeat this for each set B; until we have filled all of 8. Let fA,u denote the filling
of shape 1 we get by sliding all the columns of this filling down. Let T) , be the
filling we get by rearranging within the rows of TA’M so that the entries are weakly
increasing.

Ezample 8.1.4. Consider A = (5,4,4,3,2,1,1,1,1,1) and p = (10,7,6). We have

that E

[ [ ]
The column labeling is given by By = {1,2,4,9}, By = {3,7},Bs = {5,8}, By =
{6}, Bs = {10}.

The corresponding filling is

3
2
I
6]
5
13
21913
1[3[2]3
71125
1[4[4]10[1]
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By sliding the columns down, we get the filling

N 3[6]3]9[3[3
Syv. = 2[512[3122]5
T[4[1[7[1[1[4][4[01]

Reordering the entries within the rows so that they are weakly increasing gives the
semistandard tableaux

3[3[3[3]6]9
Sy = 21212[2]5]5]8 .
TT[1|1[1[4[4[4]7]i0

It is clear that Sy, is a semistandard tableau of shape p, weight \.

Now, we want to show that cocharge(Zy) — cocharge(Sy ) = d(A, it). Recall that
we know cocharge(Z,) = n(\) and for any 7" € SSYT(A) we have that charge(T") =
n(A) — cocharge(7T'). Thus, it suffices to show that charge(S) ) = d(A, p).

Lemma 8.1.5. Let k be the entry in the highest box of column j in §,\,#, where
j € Bi. Then for any j' < j we have that column j' of Sy, does not contain (k+1).

Proof. For any j' < j, we know that either ;' € B; or j' € B; for some i # 1. If
j' € By, we know that all entries in column j' are less than k by construction. If

j' # 1, we know that
DoM< X,
beB;,b<j beB1,b<j

since Y ep pej My = 4 — Bj and Xy p i i, = oy, — B where iy is the smallest entry
in B; and i, is the largest element in B; satisfying 75 < 7. ]

Proposition 8.1.6. For skew-linked pair \ — 1, we have that charge(Ty ) = d(\, p).

Proof. Recall that d(\, u) = |3, where 6 = /5.

We construct the first subword used to compute charge(S) ;) described in Defi-
nition [7.1.3] First, consider {1,...,u}} which appear in the first column of §. We
know there cannot appear any pj + 1 to the left of p} in rw(Sy,). Thus (¢) + 1)
appears to the right of 1 in w. Repeating this process (using Lemma, we have
that z() = cU1)cb2) . clr) where By = {ji < j» < --- < ji} and ¢V denotes the
reading word of column j; in #. In particular, c¥") is pf ... 21.

We can see that

charge(z") = Y0~ iy, = N~ DBy, — 8,) = 28, (8)

3 2 K3
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The claim follows from induction on A;. If A = 1", then z) = rw (S} ,), thus

charge(Sin ;) Z 5

Now assume the claim is true for partitions v such that vy < A;. Deleting all thg
columns of # corresponding to entries j in B; gives a smaller skew-linked shape &/

of (X, i) where A = (A\; — 1,..., A\, — 1). Then we have that
charge(Sy ) = charge(zV) + charge(S5 ;)- (8.2)
By induction, we know that

charge(Sy ;) = |8l = ) 8. (8:3)

Jj¢B1
Thus combining (8.1)), (8.2), and (8.3)) gives us the claim. O

Using this construction, we conjecture the following.

Conjecture 8.1.7. (i) There exists an explicit algebraic description of rev(M) ,,)
as a submodule of Ry, where the top and bottom degree pieces are indexed by
Sxpu, £ respectively.

(ii) There exists a combinatorial formula for the Schur expansion of H(V(A —
1); A), where the bottom and top degree pieces are indexed by S ,, Z) respec-
tively.

Remark 8.1.8. Note that Conjecture (a) is not the most well-defined: there does
not exist a well-defined notion of a submodule of R, indexed by a given semistandard
tableau. However, we can use constructions like the higher Specht basis in Chapter
[7 that explicitly construct irreducible components of R indexed by certain tableaux
to make this statement more precise.

Conjecture 8.1.9. Consider n = ¢(\) such that (¥(A — u); A) < (A(n); ) as root
ideals. Then both Z, and S, , are R(n, \)-catabolizable.

Remark 8.1.10. The condition (U(A — u);A) < (A(n); A) can be described in the
following way. Given our skew-linked pair that in Example the corresponding
root ideal is
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1

Then want to find 7 = 10 so that the block diagonal matrix given by 7 (i.e, the
block sizes are 1y,7s, ..., ) fits into the nonroots in (¥(A — pu); ). For example,
(3,3,3,1) is a valid composition, while (2,4,3,1) is not.

We will give a proof sketch for Conjecture [8.1.9f To do this, we require the
following lemma.

Lemma 8.1.11. Let 6 be a skew-linking shape corresponding to the pair (A, ). Delet-
ing the first row of 0 is still a skew-linking shape.

Proof. Let 0 denote the skew-shape we get by deleting the first row of §. We can
see that the row lengths of 8 correspond to the partition A = (Ao, ...). It suffices to
show that the sequence of column lengths of 0 still form a partition. We can see that
the column lengths of 0 are given by (uf, iy, ..., 1), ). Since deleting the first row of
6 is equivalent to deleting one box from each of the the last A; columns, the column
lengths of 6 are given by the sequence (dy,...,d,,) where

g ) H if i < pp— M
’ ,LL;—]_ lful—)\1<l<[l,1

It is clear that (dy > --- > d,,) is a partition, hence 0is a skew-linking shape. [

Proposition 8.1.12. Consider n = ((\) such that (V(A — u);\) < (A(n); ) as
root ideals. Then we have that S, is Ry-catabolizable, where Ry = (A1,..., \y,).

Proof. We first show that Sy, is R;-catabolizable. Note that by the definition of
U(A — p) (4.5), we have that the root ideal containment condition implies that
m < pp,. WLOG we assume that 1 # 0.

We claim that for i < pj , we have that every i in Sy, appears in row ¢, which
implies that Sy, is 1 = (A1, ..., Ay, )-catabolizable for any n; < .
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1

Figure 8.1: Slicing Sy, into north and south tableaux

We can see where such ¢ appear in S \u, the filling we have before we reorder
within the rows. If i appears in column j < f8;, we know that u} > uj . Thus by

construction of S A\, We know that ¢ must appear in row ¢, since j is the smallest
entry in some Bj,. On the other hand, if 7 appears in column j’ > f;, we know that
j' is the only column in some Bj. Thus i appears in the row ¢. Since reordering
within the rows does not change this property, we have that the claim holds, thus
catp, (Sx,) is defined. O

Conjecture 8.1.13. Furthermore, we have that catpg, (S ,) = S, for some parti-
tions v, K.

Remark 8.1.14. From Lemma [8.1.11) we know that deleting the first n; rows of
A — p is still a skew-linking shape of pair (v, k) where v = (X, 41,...). We claim
that catp, (Sx,u) = Sux up to shifting the alphabet.

Now, we can give a proof sketch of Conjecture if we assume Conjecture
S 1. 15l is true

Proof of Conjecture|[8.1.9. We can see that this follows from induction on the length
of n. If n = (¢(X)), the root ideal containment condition implies that W(\ — p) is
empty: in particular, we must have p = A and Sy y = Z,, which is clearly R = ())-
catabolizable. Thus the claim holds.

Now assume the claim holds for composition with at most k£ — 1 parts. Consider
(m,...,nk) = €(X). We have that catg, (S\,) = Sux. Note that (ne,...,7m,) = £(v).
Furthermore, we have that ¥(r — k) is contained in (A((7g,...),v). Thus by
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induction, we can conclude that S, , = catg, (S),) is (Rs,...)-catabolizable. Thus
S is R-catabolizable.

The same argument holds for Z,, since Z, = Sy and the corresponding root
ideal (A — A) is empty. Thus we have that (U(A — A);A) € (U(A — p);A) <
(An); A). O

Conjecture [8.1.13]is a weaker version of the following conjecture, which originally
appeared in Chen’s thesis [13].

Conjecture 8.1.15.

H(UA — p); ) = Z tharge(T)Ssh(T)-
TeSSYT(X)
T is R(n,\)-catabolizable for all (A(n);\)S(¥(A—p);\)

8.2 Extending R-catabolism

In this section, we define R = R(n, A)-catabolizability of standard tableaux for any
choice of partition A\. To do this, we first extend the definition R-catabolizability
given in Section 4.2|to consider a family of semistandard tableaux that contains both
SSYT(A) and SYT,,. We then show that this notion of R-catabolizablity is preserved
under certain cyclage poset embeddings.

Recall that the pair (n, A) satisfies the conditions n = ¢(A), A - n.

Definition 8.2.1. For two compositions «, 5 = n, we say [ is a refinement of «
(denoted 5 < «) if B can be obtained by replacing each part a; with a composition
(Bj, Bi+1s- -, Be) E a;. We let B; < «a; denote that §; is part of the composition
that refines ;.

Consider R = R(n,A\) = (Ry, Ry, ...) and composition « = n such that « is a
refinement of \. Then « can be written as a concatenation of compositions a =
(A1, As, ..., A;)) where A; is a refinement of R;. Note that our compositions A; may
have parts equal to 0. We can assume each A; starts with a nonzero part.

Ezample 8.2.2. Consider R = (H45,H) for A = (3,2,2,1),n = (2,2). We see that
a=(1,2,21,1,1) < \. We can write A = (A, Ay) for A, = (1,2,2), As = (1,1, 1).

YTy

Given a shape A and @ < A, we define Z,(«) to be a semistandard tableau of

shape A\ weight o obtained by filling rows from bottom to top with the smallest
available entries.
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Ezample 8.2.3. We have for A = (5,3,2),a = (1,2,2,2,1,2), the tableau Z,(«) is
given by

Z,\(Oé) =

e

415
2|2

313]

Definition 8.2.4. Consider R = R(n,\) and @ < A. We say T € SSYT(«) is
Ri-catabolizable if T|(a,) = Zgr,(A1). In this case, we define catg, (1) := H, (T —
ZR, (A1)).

Definition 8.2.5. Consider R = R(n,A) and a < A. For T' € SSYT(«), the notion
of R-catabolizable is uniquely determined by the following rules.

1. If R is the empty sequence, the unique R-catabolizable tableau is the empty
tableau.

2. Otherwise, T" is R-catabolizable if and only if T'|(4,] = Zg, (A1) and catg, (T
is R = (R, ..., R;)-catabolizable in the alphabet [((A;) + 1, 7).

Ezrample 8.2.6. Continuing with Example we have R = (H4,Hy) and A, =

(1,2,2), Ay = (1,1,1). Consider T =

D

3
2

2[517)

We can see that

313
T|[A1] = 112 2|:ZR1(A1)7

thus T is R;-catabolizable. We can check that

catp (T)=H2<\E| ) ):
1 ]

is Ro-catabolizable in the alphabet [5,7]. Thus T" is R-catabolizable.

Remark 8.2.7. Here are some observations regarding R-catabolizability for standard
Young tableaux.

7]
5

p (017

6]

(a) If n = £(\), the only R(¢(X), A)-catabolizable SYT is Z,(1").

(b) If n = 1™, then R(1'™, X)-catabolizability is equivalent to A-catabolizablity
on SYT. Thus

{T'eSYT,, | T is R({(\), \)-catabolizable} = {T'e SYT,, | ctype(T) > A}.
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We can now state our main theorem, which is that R-catabolizablity on SSYT(\)
is equivalent to that on SYT,, via the Lascoux standardization map std .

Theorem 8.2.8. For R = R(n,)\), a standard Young tableau T is R-catabolizable
if and only if T = std(S) for some S € SSYT(X) where S is R-catabolizable and
SSYT(A) is the collection of all semistandard of weight \.

We first prove the following proposition, which is a weaker version of Theorem

B23

Proposition 8.2.9. Consider S € SSYT(\) and R = R(n,\). We have S is R-
catabolizable if and only if std(S) is R-catabolizable.

Remark 8.2.10. Proposition does not consider standard tableau T where ctype(T')
A

Recall from Section that we can define std using a sequence of compositions
from A to 1™ such that each intermediate composition is a refinement of A\. From
Theorem [2.7.7, we know that the map std is independent of how we construct this
sequence. Hence we can choose a sequence so that at each step we get that the
composition is a refinement of \.

To do this, we first make the following observation. Recall that we give the
definitions of the crystal operators in Definition [2.7.3

Lemma 8.2.11. Consider a composition o such that o < X. Let 5 be the resulting

composition we get from applying one of the four operations below to . We have
that B < X\ as well.

(i) s; where a1 =0,
(ii) f1 where g =0,
(iii) s; where a; = 1, ;41 > 1 and oy, a1 S Mg for some k,

(iv) T =8;4...8._1 where (;_¢,...,q;1,05) = (1,...,1,t) and o; S A\ but ;1 E
A for some k.

Proof. The claim is obvious for the first three cases. For , note that a; < A\ <
Ar_1. Then, since ;¢ + -+ + ;1 = t, we know that a;_¢,...,;_1,S Ag_1. The
operation 7 swaps the ¢ in the refinement of )\, with the same number of 1s in the
refinement of A\;_;. O
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Using this observation, we can define a sequence of compositions from A to 1"
such that each step of intermediate compositions differ by one of the four operations
listed in Lemma [8.2.11]

Algorithm 8.2.12. Consider a partition A — n, where we assume \ has n many 0s
at the end. We standardize the parts of A in order, starting with \;. We first apply
operation |(i)| repeatedly until we get the following composition:

ALy ooy A5 0y ) = (AL, 07 gy A, 0,20 ).

Each intermediate composition between the two above is still a refinement of \.
Now, apply to get
(A,0,0,...,)— (A —1,1,0,...).

Repeatedly applyto get
(A —1,1,0M72 ) > (A — 1,072 1,0,

We repeat this process, using |(i) and to get (1M, Ay, ...,).
Once we have replaced A\; with all 1s, we do the same to Ay. We first apply
to get
(1M 182 N, ) e (IR 0 102 ),

Then we apply repeatedly until we get
(1722 0,122 00 ) e (Mg, 1722 122 ),

We repeat the steps above to replace A\ with 1s, then do the same for each part
of A until the weight is 1.

We illustrate this standardization in Section [8.3]
Now, we want to show R-catabolism and the operations listed in Lemma [8.2.11
are compatible. We first prove some lemmas that we will use to show this claim.

Lemma 8.2.13. Consider words u,v where uv contains exactly one i and at least
two (i + 1). Then the unique i + 1 that is fized when applying s; to uv is the same
as the one we get when applying s; to vu.

Proof. The proof follows from casework. The cases we consider depend on whether
the unique i appears in u or v. Note that determining the unique (7 + 1) that is fixed
by s; is equivalent to checking whether there exists an (i + 1) that is paired with the
unique 7.

Case 1: i appears in v. If there exists a (i + 1) in v before 4, then i is always
paired with an (i + 1) in v regardless of whether we consider uv or vu. If no (i + 1)
appears in v before i, we must consider pairings on uv and vu separately.
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(a) We first consider uv. If i is paired with an (i + 1) in u, then we know i is
paired with the last (i + 1) in u. On the other hand, if we consider vu, then i
is no longer paired with anything. In either case, applying s; changes all (i +1)
but the last (i + 1) in u to i.

(b) If ¢ in uv is unpaired, then v contains no (i + 1) before i and u contains no
(1 + 1). Applying to s; changes all but the last (i + 1) in v to 7. The same
holds when applying s; to vu.

Case 2: i appears in u. If there exists a (i + 1) in u before 4, then i is always
paired with an (i 4+ 1) in u regardless of whether we consider uv or vu. If no (i + 1)
appears in u before i, then the 7 remains unpaired when considering uv. We consider
the following two subcases.

(a) If there exists a (i + 1) in v, we know that when applying s; to uv, the only
(i + 1) that remains is the last one in v. On the other hand, if we swap u and
v, then 7 is now paired with the last (i + 1) in v. Thus when applying s; to vu
the only (i 4+ 1) that remains is the last one in v.

(b) If there are no (i + 1) in v, swapping v and u does not change anything.

]

Lemma 8.2.14. Consider w = r%(r —t)(r —t +1)...(r —2)(r — 1)r® with ¢; <t
and permutation T = Sp_y...S,—1. Thentw = (r—q+1)...(r—=1)r(r—t)"+2(r —
t+1)...(r—q -1 —aq).

Proof. This follows from a direct computation. To be precise,applying 7 to w is
equivalent to replacing each subwords of w in the following way:

o (r—q +1)...(r—1)r,
o (r—t)(r—t+1)...(r=2)(r—=Dr2 — (r—t)'(r—t+1)...(r—qn — 1)(r — q1).

Note that for the first ¢; transpositions we will have one pairing appear when applying
the operator. O

Now we use these lemmas to show the following.

Proposition 8.2.15. Consider T' € SSYT () such that o« < X and T is R-catabolizable
for R = R(\,n). If T is the result of applying one of the four operations in Lemma
8.2.111 to T, then T is R-catabolizable.
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Figure 8.2: Case la
Figure 8.3: Case 1b

Proof. Let 8 be the weight of T. From Lemma , we know that § < A\. We can
write «, 8 as sequences of compositions a = (Ay, Ag,..., A;), 8 = (B, Bs,...,B)),
where A;, B; are refinements of R;. Note that by induction on the length of R, it
suffices to show that the following facts hold:

(a) T is Rj-catabolizable: f|[31] = Zr,(B1)
(b) Ry-catabolism and the operation “commute”: ¢(catp, (T)) = catp, (T)

where ¢(catg, (1)) denotes the result of applying operations in Lemma so that
d(catp, (T)) and catg, (T) have the same weight.

We check this for each of the four operations. The claim clearly holds for .

For note that o, = 0. Thus 7 is the tableau we get by changing the last
1 in the first row to a 2. This does not change the relative order of the letters in
the subtableau of shape R; in 7', thus (a) holds. It also does not change anything
outside of the subtableau of shape Ry, thus (b) holds.

For , since a; = 1, ;.1 > 1, we know that applying s; replaces all but one of
the (i + 1) in T with i. We assume «a;, a;41 S M. We consider two different cases.
Case 1: 1 < k < In this case, 7,7+ 1 are part of the subtableau T'|(a,] = Zg, (A41).
We have either ¢ and ¢ + 1 all appear in the same row of 7' (Case la in Figure
or some of the i + 1 appear in the row above ¢ in T (Case 1b in Figure . Note
that in the figures, the pink boxes denotes those with 7,7 + 1.

In Case 1a, the unique ¢ in 7" is not paired with any 7+ 1, hence s; changes all but
the rightmost ¢+ 1 to ¢. In Case 1b, i is paired with the last (i + 1) in the row above,
hence s; changes all but the the rightmost ¢ + 1 in the higher row to ¢. In either
case, applying s; still preserves the relative order of these entries in the subtableau
of shape Ry, thus (a) holds. Since it does not change anything outside of R;, (b)
holds as well. N
Case 2: k > n In this case, we have that By = Ay and T, = T|[a,], thus
(a) is true. Now, let U,V denote the north and south tableau obtained by slicing
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Zr, (Ay) V

Figure 8.4: Slicing 7" into north and south tableaux

T \ Zg,(A;) between rows n,m + 1 (see Figure [8.4). Denote the corresponding
reading words by u,v. Note that catg, (T') = P(vu).

In this case, (b) is equivalent to catg, (s;(T")) = s; catg, (T'). Since s; preserves
Knuth equivalence (Proposition , it suffices to check that applying s; to vu and
then swapping v and u is equivalent to applying s; on uv. This follows from Lemma
B.2.13l

For [(iv)] note that if k& # m + 1 (i.e, o, is the first part of Ay), the argument is
the same as iteratively applying the arguments in . Thus we restrict to the case
where k = 1, and 7 replaces (1, t) with (¢, 1%).

Let r = |Ry| + 1. We first note that t = A, 41, hence t < A\, 41 < A,,. Note
that the last row of the partition R; is of length A, . From this, we know that
r:=(r—t)(r—t+1)...(r—2)(r—1) appear in the last row of shape R; (see Figure
B.4). Thus, the subword of rw(T') consisting of letters r,r — 1,7 —2,...,r — ¢ is of
the form 7% r =9, where r? is in the reading word u of U and r'~9 is in the reading
word v of V.

Let @ (resp. V) be the word we get by replacing the subword r? (resp. 7'79)
of u (resp. v) with (r—¢+1)...(r —1)r (vesp. (r—t+1)...(r—q—1)(r —q).
From Lemma , we know that rw(f) can be obtained by replacing u, v, r in
rw(T) with a, v, (r — t)*. In particular, we replace r in 7" with (r — ¢)*. Thus we
have that f][Bl] = 7:|[1,T_t] — Zp,(By). Hence T is Ry-catabolizable, satisfying (a).
Furthermore, we can see that rw(catg, (T)) ~ va, thus catp, (T = P(V).

Now we check (b). In this case, we have that By = (1t,;1\2), if we set Ay =

(t, ;1\2) Then ¢ takes catg, (T'), which has weight (¢, A, .. .) to a tableau of weight
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(1%, Ag, .. .).

Since rw(catg, (1)) ~ vu and Proposition we have that rw(¢(catg, (1)) ~
¢(vu). Thus it suffices to see how ¢ acts on the word vu. We see that ¢(vu) is the
word we get by applying |(i)| to vu repeatedly to get a word of weight (¢, 0, ;1\2, o)
and then applying and |(i)[ until we have a word of weight (1, 1/4\2, c).

In particular, this takes the subword r! = 9% of vu and replaces it with
(r—t+1)...(r —1)r. Thus ¢(vu) = vi. Thus ¢(catg, (T)) = P(vi) = catg, (T).
Thus we must have ¢(catg, (T)) = catp, (T)) O

Combining Proposition8.2.15and Algorithm [8.2.12|results in the following result:
Corollary 8.2.16. Let S € SSYT(A). If S is R-catabolizable, so is std(S).

This gives us one direction of Proposition [8.2.9|
To prove the other direction, we require the following lemma.

Lemma 8.2.17. Consider partitions p = (p1,...,m) and i = (g1, .., pg_1,7) for
1<k<l,1<r<p LetSeSSYT(u) such that std(S) contains Z;. Then

(a) std(S) must contain Z(Sffll 77777 1)’

(b) Let m = py + -+ + pg. If std(S) does not contain Z(SZ?,...,MH): we must have
the following for some 0 < d < pug41-

(i) m+1,...,m+d appear in row k or below of std(5),
(1)) m+d+1,...,m+ pgr1 appear in row k + 1 of std(S).

Proof. (a) Since std(S) contains Z5¢, we know that for 1 < i < k — 1 there are
exactly p; many entries in std(S) with cocharge ¢ — 1 and they contribute to row
i — 1 of ctype(S). Thus, ctype(std(S)); = u;. Since ctype(std(S)) > u, we must have
ctype(std(S))r = . The only way this is possible is if we have at least py many
entries added to row k of ctype(std(.S)). This can only happen if there are at least
1, many entries of cocharge k — 1 that appear above row & — 1. This means that
ctype(std(S)) must contain Z5%

(150 ofig1) "

(b) Since ctype(std(S)) &> p and ctype(S); = p; for 1 <i < k — 1, we must have

ctype(std(S))x + ctype(std(S))gr1 = px + fiet1-

This means we need to have at least u; + g1 entries added to rows k, k + 1 of
ctype(std(S)) when applying Algorithm Since all entries of cocharge i — 1
for i < k contribute to ctype(std(S));, the only entries that can contribute to row
k,k 4+ 1 are the following:
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e entries of cocharge k — 1 that appear in row k of std(S) can contribute to

ctype(std(.9))y,
e entries of cocharge k — 1 that appear below row £ of std(S) can contribute to
ctype(std(S))kt1,
e entries of cocharge k that appear in row k + 1 of std(S) can contribute to
ctype(std(S))ks1,
Thus we must have that we have at least p + 141 such entries. This is equivalent
to the statement of claim (b). O

Now we prove the other direction.

Proposition 8.2.18. Consider S € SSYT(X). If S is not Ry-catabolizable, then
neither is std(95).

Proof. We want to show that for any intermediate step 7" — T of Algorithm ,
if T'is not Ry-catabolizable then neither is 7. We consider the same cases we checked
in the proof of Proposition [8.2.15]

For and Case 2, the claim is immediate. For , the claim follows from
the same argument used to prove Proposition . N

Conside, Case 1, where we assume 7T' is not R-catabolizable but T is. Since
s; only affects the letters ¢,4 + 1, the shape of T|[4,] is preserved under acting by s;.
Thus sh(7T'|[4,1) = R and all the entries in 7’| 4, must be in the correct order except
i and (i + 1). The only way this can happen is if the subword of rw(T") consisting of
i,i+ 1 is of the form i(i + 1)9 (i + 1)% where the first ¢; many (i + 1) appear in a
row higher than the last ones, as demonstrated below:

v P+l 1| 7

Si

-p+ 1 . R |

Applying s; changes all but the last (i + 1) (underlined above) to an 4, which means
we still have (i + 1) in a row lower than ¢. Thus T|[A1] # Zr,(A1).

For |(iv), we restrict to the case where k = 7, + 1. By definition of Algorithm
8.2.12 we know that 7" has weight given by

R Ay +14+Ap—
(11l N, 1Amertthomn 0y

for p > . We also know that A\, < A,,, which is the last row of R;, thus we can
define a new partition Ry = (A1,..., Ap—1, Ay, — Ap).
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Zpy € Tljrs1) =

Tlpa) = Zg;

R1

Figure 8.5: The tableau T'|;,;1). Note that R, is contained in this shape. The yellow
portion contains the letters [ — \,,r + 1] and is a subset of the last row of T4

Let r = |Ry|+ 1. Assume for sake of contradiction that 7" is not R;-catabolizable,
but 7 is. Since (iv) only affects entries r,7 —1,...,r — A, it suffices to consider the
tableau T'|f41].

Since T is not R;-catabolizable, we know 7' cannot contain Zg,. However, since

T is R;-catabolizable and does not affect entries 1,...,r — A, — 1, we know that
Tlfp-r,—1] = T| A1) = Zp (see Figure . Furthermore, since |(iv)| does not
change the shape of the tableau, we know Ry < sh(T|j;417) = sh(ﬂ[rﬂ]).

Now note that by Algorithm [8.2.12] there exists an intermediate tableau Ty of
the weight

(1P7 )\pa )\p+17 s )7

where we set P = A\; +--- + \,_1 > |Ry|, that appeared when applying Algorithm
[8.2.12) to the original tableau S. We can see that Ty|ip) = std(S|p_1).
We can also see that T'|j;) = To|[;) for any i < |R1| by definition of Tp, thus

Ty = Tolyr.y < Tolpy = std(S]p-1y)-
Similarly, since r — A\, — 1 = |Ry| — A\, < |Ry| < P, we have that
Zg = Tlpr—ry-11 = Tolpr-r,-11 € Tolgpy = std(S|p-1y)-

Thus std(S|j,—1)) contains Zg but not Zg,. However, by Lemma [8.2.17 @ this is

only possible if A, — A, = 0. Thus Ry = (A, Apmt).
Furthermore, from Lemma [8.2.17 @, we know that

(i) 7= Ay, ..., 7 —d— 1 appear in row 7; — 1 or lower in std(S|j-17) = To|[p]

(i) (ifd>0) r—d,...,r—1appear in row 7, in std(S|p-17) = Tol(r);
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where 0 < d < \,,. Since Ry < sh(T'|;417), we also know that there are (), — d)
many rs in row 71 of T'|jr,;] = Tolyr,)- Thus we now know what T'|jjz,;; = Tol[r.|]
looks like in 7.

Now, we want to apply to T', which is equivalent to s,_ Agp -+ Sr—1 We want

to see whether f|[’"*/\m] is equal to Zp, (11F11) X, )

If d = 0, then row n; of T' contains \,, many rs. When applying s,_; to T,
we can see that the unique 7 — 1 in 7" appears in a lower rowm thus s, ; fixes
the last 7 in row 7. Thus the subtableau of T' of shape R; contains a 7, hence
f|[r—>\,,1] # Zg, (11X, ). Thus T is not R;-catabolizable.

Now assume d > 0. Using the second observation above, we know that the
subword of rw(7T') consisting of r — d, ..., r is of the form

ri(r —d)(r —d+1)...(r—1)r*n=dpd=s

for some nonnegative integer s. We have that s < d by semistandardness of 7. Note
that the subword corresponding to row 7; of the subtableau of T" of shape R; is given
by

(r—d)(r—d+1)...(r—1)rn2

Using Lemma [8.2.14] after applying s,_4...s,—1 we get
(r—s+1).r(r—dPn(r—d+1)...(r—s)

Now, note that the subword consisting of the entries in row 7; of the subtableau of
shape Ry is (r — d)*n. Since we know that (r —d — 1) appears in a row lower that
row 7;, when we apply s,_4_1 the last (r — d) in row 1; gets paired and remains
unchanged. Thus one of the entries in row 7, remains (r —d) > r — A, , which means
f|[7_,\m] # Zg, (11 ), ). Thus T is not R;-catabolizable. O

Proposition follows from Propositions [8.2.15] and [8.2.18|

Now, we want to show Theorem , by considering the case where ctype(T)
A. We first fix some notation. For T'e SYT that is Ry = (\1,..., A, )-catabolizable,
let U,V be the north and south tableaux we get by slicing 7" — Zg, between rows
m,m + 1. (see Figure[8.6). Let z, zy denote the subwords of cc(rw(T')) correspond-
ing to U, V. We also let wy, (resp. wy be the word we get by subtracting 7, (resp.
(m — 1)) from each entry in zy (resp. zy).

We introduce some lemmas.

Lemma 8.2.19. Consider T € SYT,, such that T is Ry = (A1, ..., Ay, )-catabolizable.
We have

cce(rw(catg,(T))) = wywy
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7y —> U

ezv

ZR, V

Figure 8.6: T that is Ry = (Aq,..., A, )-catabolizable

Proof. Note that rw(catg, (7)) ~ rw(V)rw(U) and cocharge labels of permutations
are invariant under Knuth moves. It suffices to show that cc(rw(V) rw(U)) = wywy.

We know that if m is the smallest letter that appears in catg, (T'), then it either
appears with cocharge 71 — 1 in zy or 7y in zy: in either case, the corresponding
value in wy, wy is 0.

Now, assume that the cocharge values in cc(rw (V) rw(U)) match the values in
wy Wy up to some entry ¢. If ¢,7+ 1 are in the same subtableau, then it is clear that
the cocharge labels of 7 + 1 match, since the relative positions of i,7 + 1 are the same
between rw(U) rw(V) and rw (V) rw(U).

Ifie U andi+1 € V, we can see that they get the same cocharge label in T". Thus
the entry corresponding to ¢ + 1 in wy is one larger than the entry corresponding to
i in wy. We can also see that in rw(V) rw(U), we have that ¢ + 1 appears to the left
of 7, hence the cocharge label increases by 1.

A similar argument holds for the case i € V i+ 1€ U. O

Lemma 8.2.20. Consider T € SYT,, such that T is Ry = (A, ..., A\, )-catabolizable
and ctype(T); = A; for i <mny. We have ctype(T') = (Ry, ctype(catg, (T'))).

Proof. Let U,V denote the north and south tableaux we get by slicing 7' — Zg,
between rows 7y, + 1. Since Ry = (ctype(T)1,...,ctype(T),,) and T is R;-
catabolizable, all the entries in V' have cocharge 77 — 1 or larger. Furthermore,
when applying Algorithm to T', we skip over all the entries in V' for the first
iteration.
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Since there are exactly ctype(T),, many entries in row 7; of T" with cocharge
m — 1, and cc(7") is a semistandard tableau, we know there are at most ctype(7'),,
many entries in U of cocharge n;.

Thus, when applying Algorithm |4.1.13] we know that all entries in U of cocharge
m contribute to row 7y + 1 of ctype(T). Thus, (ctype(T'),,+1,-..) is the partition

we get by applying Algorithm to wywy. From Lemma [8.2.19] this is exactly
ctype(catg, (T)). O

Remark 8.2.21. Note that though Lemma seems relatively straightforward, it
depends on the fact that Ry is exactly the first n; parts of ctype(T). If (ctype(T)4, .. .,
ctype(T'),,) # Ry, we could have that row 7, of T' contains another entry of cocharge
7; that gets added in the first pass. This assumption assures that nothing in V' could
have actually been deleted in the first iteration of the cat insertion alg.
Furthermore, we could have that the number of entries that contribute to

ctype(T'),,+1 in the first iteration is different than if we just run Algorithm
on the tableau U, because we have the condition that the number of things we can
add to row 71 + 1 in the first pass is at most the number we added to row n;. In
this case, since ctype(T'),, is exactly the number of 7; — 1 in row 7, we know the
number of 7, + 1 in U is at most ctype(T),,, which guarantees this condition holds.

Lemma 8.2.22. Let T € SYT such that ctype(T) = XA = (A1, ..., N). If T contains
Z., for some partition v = (71, ...,7%), then v = (A, ..., A\g—1,7) where 1 <7 < X

Proof. If T' contains Z,, then we know that the only entries in 7" with cocharge label
0,...,k — 2 appear in the subtableau of shape ~. If we apply Algorithm to
T, the entries that contribute to the first £k — 1 rows of ctype(7T) are exactly those
in the first £ — 1 rows of the subtableau of shape . Thus \; = ctype(T); = ; for
1<i<k—1and A\ = . ]

Now we finish the proof of Theorem by showing this result.

Proposition 8.2.23. If T € SYT with ctype(T) ¥ X, then T is not R(n,\)-
catabolizable for any choice of n.

Proof. We proceed by induction on the length of R. The base case (R = R(¢()), \))
follows from Proposition

Now, assume we have ctype(T') ¥ A and some sequence R = R(n, \) = (Ry, R, . ..
If T" does not contain Zg,, we are done.

Assume otherwise, where Ry = (A,...,\,, ). By Lemma , we know that
ctype(T'); = A; for 1 < i <y and ctype(T),, = \,,.

aRl)-
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We first consider the case where ctype(T'),, = A,,. Since this implies that the
first 7, parts of A and ctype(T') agree, we have that ctype(T) B» X implies that

(ctype(T)m11,---) = Nps1y---)-

By Lemma 8.2.20, we know that ctype(catg, (1)) = (ctype(T)y,+1,...). Thus by
induction, we know that catg, (") is not (Rs, . ..)-catabolizable and the claim holds.

Now, consider the case where ctype(T),, = A, +m for some m > 0. Note that there
must exist a 7 > 1 such that

I8 T
Ay +m+ Z ctype(T)p+i < Ay + Z A +i-
i=1 i=1
Equivalently, we have that

2 Appti > m + Z ctype(T')p, +4 (8.4)
i—1 i=1
Now, we can write wy = 0™wy, for some word wy,, since we know the first m
entries of zy must be n;. Using the same argument as in the proof of Proposition
[8.2.19] we sce that cc(catp, (T')) ~ 0™w/{, wy and that (ctype(T),, 41, ... ) is the result
of applying the catabolism insertion algorithm to wi, wy.
Thus we have ctype(catg, (1)) = (ctype(T),, 41 + m,ctype(T)y,+2,...). From
(8.4), this implies that (A,,+1,...) ¥ ctype(catg, (7)) Thus by induction we have
that catg, (T) is not (Ra, ...)-catabolizable. O

8.3 Example of Algorithm [8.2.12

3]
Example 8.3.1. Consider T = [2]2 with weight A = (3,2,2,1). We will
1[1]1]3]4]
standardize T using Algorithm [8.2.12]

We first use to replace all ¢ > 1 with 2 + 2 to obtain a tableau of weight

(3,0,0,2,2,1):

3] 5]
2|2 — 414 :
T[T[1[3]4] [I[1[1[5]6]
Now we use and [(i)| repeatedly until we get a tableau of weight (1,1,1,2,2,1).
5] s 5] 5] ; 5]
414 % [4]4 2, 44 == [4]4
T[1[1[5]6] 1[1[2[5]6] 1[1[3[5[6] 112[3[5]6]

(3,0,0,2,2,1)  (2,1,0,2,2,1)  (2,0,1,2,2,1)  (1,1,1,2,2,1).
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We can see that at each step, the composition is a refinement of \.
Now, we use which is the permutation operator 7 = s1s953, to obtain a
tableau of weight (2,1,1,1,2,1).

5] 5] 5]
3, 374 22, 1314 A, 374
3[5]6] 1[2[3]5]6] 1[2]2]5]6] I[1]2]5]6]
(1,1,1,2,2,1) (1,1,2,1,2,1) (1,2,1,1,2,1) (2,1,1,1,2,1).

t—lphCﬂl
DO| W~

Though the intermediate compositions are not refinements of A\, we can see that
both the initial and resulting compositions are.
Now use to replace all ¢ > 1 with ¢ + 1 to obtain a tableau of weight

(2,0,1,1,1,2,1) and then apply

5
1[3[6]7]

e
=
e

3
2

316]7]

The resulting weight is (1,1,1,1,1,2,1). We repeat. We apply twice: $485
swaps (1,1,1,1,1,2) — (1,1,1,2,1,1) and sys3 swaps (1,1,1,2,1,1) — (1,2,1,1,1).
We then apply

6] 6 6
415 2, 1415 2, 474
1[2]3]6]7] 1[2]3]5]7] 1[2]3]5]7]
6 6 6
2, 1374 2, (314 A, 314 .
112]375]7] 112]2[5]7] I[1[2]5]7]

Now we use to replace all ¢« > 1 with ¢ + 1 to obtain a tableau of weight
(2,0,1,1,1,1,1,1) and then apply

7] ; 7]
415 - [4]5 .
T[1[3[6]8] 12[3[6]8]
7]
Thus we have std(7") =[4]5 .
1]2]3]6]8]




135

Bibliography

1]

E. E. Allen. “The Descent Monomials and a Basis for the Diagonally Symmetric
Polynomials”. In: Journal of Algebraic Combinatorics 3.1 (Jan. 1994), pp. 5-
16. 18SN: 1572-9192. por: 10.1023/A:1022481303750. URL: https://doi.
org/10.1023/A:1022481303750.

Susumu Ariki, Tomohide Terasoma, and Hirofumi Yamada. “Higher Specht
Polynomials”. In: Hiroshima Math Journal 27 (1997), pp. 177-188.

Francois Bergeron et al. “Identities and positivity conjectures for some re-
markable operators in the theory of symmetric functions”. In: Methods and
Applications of Analysis 6.3 (1999), pp. 363-420.

Jonah Blasiak. “An insertion algorithm for catabolizability”. In: Europ. J.
Combinatorics 33.2 (2012), pp 267 —276. 1SSN: 0195-6698. DOI: https://doi.
org/10.1016/j.ejc.2011.09.042. URL: https://www.sciencedirect.com/
science/article/pii/S0195669811001909.

Jonah Blasiak, Jennifer Morse, and Anna Pun. “Demazure Crystals and the
Schur Positivity of Catalan Functions”. In: Inventiones mathematicae 236 (2024),
pp. 483-547. DOI: [10.1007/500222-024-01237-5|

Jonah Blasiak et al. “Catalan functions and k-Schur positivity”. In: Journal of
the American Mathematical Society 32.4 (2019), pp. 921-963. DOI: 10.1090/
jams/921.

Jonah Blasiak et al. “k-Schur Expansions of Catalan Functions”. In: Advances
in Mathematics 371 (2020), p. 107209. pOI: 10.1016/j . aim. 2020 . 107209.
URL: https://doi.org/10.1016/j.aim.2020.107209.

Armand Borel. “Sur la cohomologie des espaces fibrés principaux et des espaces
homogenes de groupes de Lie compacts”. In: Annals of Mathematics (1953).


https://doi.org/10.1023/A:1022481303750
https://doi.org/10.1023/A:1022481303750
https://doi.org/10.1023/A:1022481303750
https://doi.org/https://doi.org/10.1016/j.ejc.2011.09.042
https://doi.org/https://doi.org/10.1016/j.ejc.2011.09.042
https://www.sciencedirect.com/science/article/pii/S0195669811001909
https://www.sciencedirect.com/science/article/pii/S0195669811001909
https://doi.org/10.1007/s00222-024-01237-5
https://doi.org/10.1090/jams/921
https://doi.org/10.1090/jams/921
https://doi.org/10.1016/j.aim.2020.107209
https://doi.org/10.1016/j.aim.2020.107209

BIBLIOGRAPHY 136

[9]

[10]

[11]

[17]

[18]

[19]

B. Broer. “Normality of Some Nilpotent Varieties and Cohomology of Line
Bundles on the Cotangent Bundle of the Flag Variety”. In: Lie Theory and
Geometry. Ed. by J.-L. Brylinski et al. Vol. 123. Progress in Mathematics.
Boston, MA: Birkhauser, 1994. DO1: 10.1007/978-1-4612-0261-5_1.

Lynne M. Butler. Subgroup Lattices and Symmetric Functions. American Math-
ematical Society: Memoirs of the American Mathematical Society. American
Mathematical Society, 1994. 1SBN: 9780821826003. URL: https : / /books .
google.com/books?id=EY3UCQAAQBAJ.

Erik Carlsson and Raymond Chou. “A descent basis for the Garsia-Procesi
module”. In: Advances in Mathematics 457 (2024), p. 109945. 1ssN: 0001-8708.
DOI: https://doi.org/10.1016/j.aim.2024.109945. URL: https://www.
sciencedirect.com/science/article/pii/S0001870824004602.

Kelvin Tian Yi Chan. “Polarization Operators in Superspace”. Accessed Septem-
ber 11, 2025. PhD dissertation. York University, 2024. URL: https://yorkspace.
library.yorku.ca/items/2e92cbfa-62c3-4681-8429-7bc2d7471b3f|

Li-Chung Chen. “Skew-Linked Partitions and a Representation-Theoretic Model
for k-Schur Functions”. PhD thesis. UC Berkeley, 2010.

Claude Chevalley. “Invariants of finite groups generated by reflections”. In:
American Journal of Mathematics 77 (1955), pp. 778-782.

R. O. Chou. “A Descent Basis for the Garsia-Procesi Module”. ProQuest ID:
Chou_ucdavis_0029D_22239; Merritt ID: ark:/13030/mb57f3j9t. PhD disserta-
tion. University of California, Davis, 2023. URL: https://escholarship.org/
uc/item/90c374z3.

Raymond Chou and M.Hanada. Representation Theoretic Bases for the A-
Springer Module. 2025. arXiv: 2509.24252 [math.C0O]. URL: https://arxiv.
org/abs/2509.24252.

Corrado deConcini and Claudio Procesi. “Symmetric functions, conjugacy classes
and the flag variety”. In: Inventiones Mathematicae 64.2 (1981), pp. 203-219.

William Fulton and Joe Harris. Representation Theory: A First Course. Grad-
uate texts in mathematics. Springer, 1991. 1SBN: 9783540974956. URL: https:
//books.google.com/books?id=jW6hngEACAAJ.

A. M. Garsia and M. Haiman. “Some Natural Bigraded 5,-Modules”. In: The
FElectronic Journal of Combinatorics 3.2 (Jan. 1996), R24. po1: 10 . 37236/
1282. URL: https ://www . combinatorics . org/ojs/index . php/eljc/
article/view/v3i2r24.


https://doi.org/10.1007/978-1-4612-0261-5_1
https://books.google.com/books?id=EY3UCQAAQBAJ
https://books.google.com/books?id=EY3UCQAAQBAJ
https://doi.org/https://doi.org/10.1016/j.aim.2024.109945
https://www.sciencedirect.com/science/article/pii/S0001870824004602
https://www.sciencedirect.com/science/article/pii/S0001870824004602
https://yorkspace.library.yorku.ca/items/2e92c5fa-62c3-4681-8429-7bc2d7471b3f
https://yorkspace.library.yorku.ca/items/2e92c5fa-62c3-4681-8429-7bc2d7471b3f
https://escholarship.org/uc/item/90c374z3
https://escholarship.org/uc/item/90c374z3
https://arxiv.org/abs/2509.24252
https://arxiv.org/abs/2509.24252
https://arxiv.org/abs/2509.24252
https://books.google.com/books?id=jW6hngEACAAJ
https://books.google.com/books?id=jW6hngEACAAJ
https://doi.org/10.37236/1282
https://doi.org/10.37236/1282
https://www.combinatorics.org/ojs/index.php/eljc/article/view/v3i2r24
https://www.combinatorics.org/ojs/index.php/eljc/article/view/v3i2r24

BIBLIOGRAPHY 137

[20]

[21]

[22]

[23]

[25]
[26]

[27]

28]

[29]

[30]

Adriano M. Garsia and Claudio Procesi. “On certain graded S,-modules and
the g-Kostka polynomials”. In: Advances in Mathematics 94.1 (1992), pp. 82—
138.

Maria Gillespie. “Higher Specht polynomials under the diagonal action”. en. In:
Algebraic Combinatorics 7.6 (2024), pp. 1731-1750. DOI: |10.5802/alco . 396.
URL: https://alco.centre-mersenne.org/articles/10.5802/alco.396/.

Maria Gillespie, Eugene Gorsky, and Sean Griffin. “A Combinatorial Skewing
Formula for the Rise Delta Theorem”. In: Combinatorial Theory 5.3 (2025).
DOI: (10 . 5070 /C65365552. URL: https://escholarship.org/uc/item/
3bp930rt.

Maria Gillespie and Sean T. Griffin. “Cocharge and Skewing Formulas for
Delta-Springer Modules and the Delta Conjecture”. In: International Math-
ematics Research Notices 2024.14 (2024), pp. 10895-10917. po1: 10 . 1093/
imrn/rnad266. URL: https://doi.org/10.1093/imrn/rnad266.

Maria Gillespie and Brendon Rhoades. “Higher Specht bases for generalizations
of the coinvariant ring”. In: Annals of Combinatorics 25.1 (2021), pp. 51-77.
DOI: 10.1007/s00026-020-00517-z.

S. Griffin. “Ordered set partitions, Garsia-Procesi modules, and rank varieties.”
In: Trans. Amer. Math. Soc. 374 (2021), pp. 2609-2660.

Sean T. Griffin, Jake Levinson, and Alexander Woo. “Springer fibers and the
Delta Conjecture at t = 0”. In: Advances in Mathematics 439 (2024), p. 109491.

J. Haglund. “A combinatorial model for the Macdonald polynomials”. In: Pro-
ceedings of the National Academy of Sciences 101.46 (2004), pp. 16127-16131.
DOI: 10.1073/pnas.0405567101. eprint: https://www.pnas.org/doi/pdf/
10.1073/pnas . 0405567101, URL: https://www.pnas.org/doi/abs/10.
1073/pnas.0405567101.

J. Haglund et al. “A combinatorial formula for the character of the diagonal
coinvariants”. In: Duke Mathematical Journal 126.2 (2005), pp. 195-232. DOT:
10.1215/S0012-7094-04-12621-1.

James Haglund, Jeffrey B. Remmel, and A. T. Wilson. “The Delta Conjecture”.
In: Transactions of the American Mathematical Society 370.6 (2018), pp. 4029—
4057. DOI: [10.1090/tran/7096.

James Haglund, Brendon Rhoades, and Mark Shimozono. “Ordered set parti-
tions, generalized coinvariant algebras, and the Delta Conjecture”. In: Advances
in Mathematics 329 (2018), pp. 851-915. DOI: 10.1016/j.aim.2018.02.016.


https://doi.org/10.5802/alco.396
https://alco.centre-mersenne.org/articles/10.5802/alco.396/
https://doi.org/10.5070/C65365552
https://escholarship.org/uc/item/3bp930rf
https://escholarship.org/uc/item/3bp930rf
https://doi.org/10.1093/imrn/rnad266
https://doi.org/10.1093/imrn/rnad266
https://doi.org/10.1093/imrn/rnad266
https://doi.org/10.1007/s00026-020-00517-z
https://doi.org/10.1073/pnas.0405567101
https://www.pnas.org/doi/pdf/10.1073/pnas.0405567101
https://www.pnas.org/doi/pdf/10.1073/pnas.0405567101
https://www.pnas.org/doi/abs/10.1073/pnas.0405567101
https://www.pnas.org/doi/abs/10.1073/pnas.0405567101
https://doi.org/10.1215/S0012-7094-04-12621-1
https://doi.org/10.1090/tran/7096
https://doi.org/10.1016/j.aim.2018.02.016

BIBLIOGRAPHY 138

[31]

[32]

[35]

[40]

[41]

Jim Haglund, Mark Haiman, and Nicholas Loehr. “A combinatorial formula for
Macdonald polynomials”. In: Journal of the American Mathematical Society
18.3 (2005), pp. 735-772. DOI: 10.1090/30894-0347-04-00485-0.

Mark Haiman. “Hilbert schemes, polygraphs and the Macdonald positivity
conjecture”. In: Journal of the American Mathematical Society 14.4 (2001),
pp. 941-1006. DOT: 10.1090/50894-0347-01-00373-3.

Mitsuki Hanada. “A Charge Basis of the Garsia-Procesi Ring”. In: Algebraic
Combinatorics 8 (2025), pp.1617-pp.1649. DOI: 10.5802/alco.458.

R. Hotta and T. A. Springer. “A Specialization Theorem for Certain Weyl
Group Representations and an Application to the Green Polynomials of Uni-
tary Groups”. In: Inventiones Mathematicae 41 (1977), pp. 113-128. URL:
http://eudml.org/doc/142488.

Kendra Killpatrick. “A Relationship between the Major Index for Tableaux and
the Charge Statistic for Permutations”. In: The FElectronic Journal of Combi-
natorics 12.1 (2005), Research Paper R45. DOI: |10.37236/1942. URL: https:
//doi.org/10.37236/1942.

Anatol N. Kirillov, Anne Schilling, and Mark Shimozono. “A bijection between
Littlewood-Richardson tableaux and rigged configurations”. In: Selecta Mathe-
matica, New Series 8.1 (2002), pp. 67-135. DOI: |10.1007/s00029-002-8102-
6.

L. Lapointe, A. Lascoux, and J. Morse. “Tableau atoms and a new Macdonald
positivity conjecture”. In: Duke Mathematical Journal 116.1 (Jan. 15, 2003),
pp. 103-146. por: [10.1215/50012-7094-03-11614-2.

Alain Lascoux. “Cyclic permutations on words, tableaux and harmonic poly-
nomials”. In: Proc. of the Hyderabad Conference on Algebraic Groups (1989),
pp- 323 —347.

Alain Lascoux and Marcel-Paul Schiitzenberger. “Le monoide plaxique”. In:
Noncommutative Structures in Algebra and Geometric Combinatorics (Naples,
1978), Quaderni della Ricerca Scientifica, CNR, Roma, 109 (1981), pp 129 —
156.

Alain Lascoux and Marcel-Paul Schiitzenberger. “Sur une conjecture de H. O.
Foulkes”. In: C. R. Acad. Sci. Paris S er. I Math 288 (1978), pp 95 9.

I. G. Macdonald. Symmetric Functions and Hall Polynomials. 2nd. Oxford
Mathematical Monographs. Oxford; New York: Clarendon Press, Oxford Uni-
versity Press, 1995.


https://doi.org/10.1090/S0894-0347-04-00485-0
https://doi.org/10.1090/S0894-0347-01-00373-3
https://doi.org/10.5802/alco.458
http://eudml.org/doc/142488
https://doi.org/10.37236/1942
https://doi.org/10.37236/1942
https://doi.org/10.37236/1942
https://doi.org/10.1007/s00029-002-8102-6
https://doi.org/10.1007/s00029-002-8102-6
https://doi.org/10.1215/S0012-7094-03-11614-2

BIBLIOGRAPHY 139

[42] Tan G. Macdonald. “A new class of symmetric functions”. In: Séminaire Lotharingien
de Combinatoire [electronic only] 20 (1988). https://www.mat.univie.ac.
at/~slc/wpapers/s20macdonald.html, B20a.

[43] D. I. Panyushev. “Generalised Kostka—Foulkes polynomials and cohomology of
line bundles on homogeneous vector bundles”. In: Selecta Mathematica. New
Series 16 (2010), pp. 315-342.

[44] Brendan Pawlowski and Brendon Rhoades. “A flag variety for the Delta Con-
jecture”. In: Transactions of the American Mathematical Society 372.11 (2019),
pp. 8195-8248. DOI: 10.1090/tran/7918.

[45]  Anne Schilling and Mark Shimozono. “Fermionic formulas for level-restricted
generalized Kostka polynomials and coset branching functions”. In: Commu-
nications in Mathematical Physics 220.1 (2001), pp. 105-164. DOI: 10.1007/
s002200100443.

[46] Mark Shimozono. “Crystals For Dummies”. In: 2005. URL: https://api .
semanticscholar.org/CorpusID: 16677273.

[47]  Mark Shimozono and Jerzy Weyman. “Graded characters of modules supported
in the closure of a nilpotent conjugacy class”. In: Europ. J. Combinatorics 21.2
(2000), pp 257 —288. 18SN: 0195-6698. DOI: https://doi.org/10.1006/eujc.
1999.0344. URL: https://www.sciencedirect.com/science/article/pii/
S5019566989990344X.

[48] Tonny Albert Springer. “A construction of representations of Weyl groups”. In:
Inventiones mathematicae 44 (1978), pp. 279-293. DOI: 10.1007/BF01403165.
URL: https://doi.org/10.1007/BF01403165.

[49] Richard P Stanley. Enumerative Combinatorics, Volume 2. Cambridge Studies
in Advanced Mathematics. Cambridge University Press, 1999.

[50] Richard P. Stanley. “Invariants of finite groups and their applications to com-
binatorics”. In: Bulletin of the American Mathematical Society 1.3 (1979),
pp. 475-511.

[51] Toshiyuki Tanisaki. “Defining ideals of the closures of the conjugacy classes
and representations of the Weyl groups”. In: Tohoku Mathematical Journal (2)
34.4 (1982), pp. 575-585.


https://www.mat.univie.ac.at/~slc/wpapers/s20macdonald.html
https://www.mat.univie.ac.at/~slc/wpapers/s20macdonald.html
https://doi.org/10.1090/tran/7918
https://doi.org/10.1007/s002200100443
https://doi.org/10.1007/s002200100443
https://api.semanticscholar.org/CorpusID:16677273
https://api.semanticscholar.org/CorpusID:16677273
https://doi.org/https://doi.org/10.1006/eujc.1999.0344
https://doi.org/https://doi.org/10.1006/eujc.1999.0344
https://www.sciencedirect.com/science/article/pii/S019566989990344X
https://www.sciencedirect.com/science/article/pii/S019566989990344X
https://doi.org/10.1007/BF01403165
https://doi.org/10.1007/BF01403165

	Contents
	Introduction
	Combinatorial Background
	Partitions and Tableaux
	Permutations and the Schensted correspondence
	Specht modules
	Symmetric Functions and the Frobenius characteristic map
	Hall-Littlewood polynomials
	Cocharge
	Cyclage and Cyclage posets

	The Type A Coinvariant ring
	Monomial bases arising from permutation statistics
	Higher Specht basis
	Harmonics presentation

	Catabolism and Catabolizability
	Catabolism and catabolizability type
	R-catabolism
	Catalan functions
	Skew-linked modules

	A cocharge monomial basis for the Garsia-Procesi Rings
	Introduction
	Carlsson–Chou construction of the descent basis of R
	Construction of cocharge monomial basis of R
	New properties of catabolizability type
	Example of Algorithm 5.4.11
	Identifying the graded Frobenius character
	Connections to modified Macdonald polynomials and Garsia–Haiman modules

	Descent bases for Delta-Springer Rings
	Introduction
	Battery-powered tableaux
	Tableaux Construction for Rn,k
	Construction of basis and Combinatorial bijections
	Linear independence 
	Identifying the graded Frobenius character
	Connections to known formulas for Frobenius characters

	Higher Specht Bases for generalized coinvariant rings
	A conjectured higher Specht basis
	Connections to hook-shape Garsia-Haiman modules
	Garsia-Procesi for three rows

	R-catabolizability and subspaces of Rn
	R-catabolism and skew-linked modules
	Extending R-catabolism
	Example of Algorithm 8.2.12

	Bibliography



