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Abstract

Catabolism and tableau combinatorics of generalized coinvariant rings

by

Mitsuki Hanada

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Mark Haiman, Co-chair

Professor Sylvie Corteel, Co-chair

Catabolism is an operation on tableaux originally defined by Lascoux. Though the
operation is not difficult to compute, many of its properties remain elusive. The
combinatorics of catabolism has deep ties to various generalizations and subspaces
of the Type A coinvariant ring and their structures as graded symmetric group
representations. This in turn gives connections to the corresponding q-symmetric
functions that give the graded Frobenius characters of these spaces.

In this dissertation, we explore these connections from both the combinatorial and
algebraic perspective. We use catabolizability to construct bases for different families
of generalized coinvariant rings. Our constructions give bridges between the combi-
natorics of catabolism and the representation theoretic structures: in particular, we
recover combinatorial formulas for the Schur expansions of their graded Frobenius
characters. We also study the combinatorics of catabolism directly in an attempt
to identify submodules of the coinvariant ring with Frobenius character given by
k-Schur functions.
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Chapter 1

Introduction

The Schur functions sλ form an orthogonal basis of the ring of symmetric functions.
It is of interest to study whether a given symmetric function is Schur-positive, mean-
ing the coefficients of the Schur expansion are all nonnegative integers. Families
of Schur-positive symmetric functions often correspond to interesting geometric or
representation theoretic structures: in particular, the Schur functions correspond to
the Frobenius characters of irreducible Sn-representations.

Deepening the connection between symmetric functions and representation theory
has been a long ongoing field of research. A leading example of this is the study of
modified Macdonald polynomials rHµrX; q, ts. Macdonald polynomials [42] have a rich
connection to the affine Hecke algebra and are simultaneous generalizations of several
important families of polynomials, such as Jack, q-Whittaker, and Askey-Wilson
polynomials. In type A, they can be transformed to give the modified Macdonald
polynomial rHµrX; q, ts.

The Macdonald positivity conjecture, which asked whether rHµrX; q, ts was Schur-
positive, was proven using the geometry of the Hilbert scheme of n points in the plane
by realizing rHµrX; q, ts as the Frobenius character of a bigraded Sn-module [32].
However, there is still no straightforward combinatorial formula for the coefficients
in the Schur expansion. This is one of the most influential open problems in algebraic
combinatorics and has led to many further questions in the field of Schur positivity
of symmetric functions [28, 29, 27].

This dissertation focuses on symmetric group representations which arise as sub-
spaces or generalizations of the coinvariant ring Rn “ Crxs{In , where the ideal In
is generated by homogeneous symmetric polynomials with no constant term. The
representations in question are tied to Macdonald positivity or other questions on
symmetric functions.

The coinvariant ring is well-studied due to its rich combinatorial, geometric, and
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representation theoretic significance. As an Sn-module, it can be thought of as the
cohomology ring of the flag variety [8] or a graded version of the regular representa-
tion of Sn [14]. Its graded Frobenius can expressed using the cocharge statistic on
standard tableaux [35, 50].

FrobqpRnq “
ÿ

SPSYTn

qcochargepSqsshpSq.

This work studies the structure of these representations through an operation
on tableaux called catabolism. Since its introduction in [38], many different gen-
eralizations of catabolism have been introduced, with ties to mathematical physics
through Kirillov-Reshetikhin crystals [36, 45, 47], as well as to Demazure crystals
[5] and GLℓ-equivariant Euler characteristics of vector bundles on the flag variety.
However, the consistent theme is that though the operation itself is easy to compute,
many seemingly evident properties of catabolism remain unproven. Furthermore, its
connection to the algebraic structures of Sn-modules was unexplored.

This dissertation consists of four different papers. Chapter 5 studies the Garsia–
Procesi rings, a family of Sn-representations indexed by partitions µ $ n that are
further quotients of the coinvariant ring Rn. These quotients carry geometric, rep-
resentation theoretic, and combinatorial significance, analogous to the coinvariant
ring. In particular, they realize the cohomology ring of the Springer fiber indexed
by µ [48]. Furthermore, the graded Frobenius character is given by the modified
Hall-Littlewood polynomial [34], which can be expressed combinatorially in terms
of tableaux that satisfy a certain catabolizability condition. In this chapter, we use
combinatorial properties of catabolizability to construct a monomial basis of Rµ.
The basis can be used to study the Schur expansion of the graded Frobenius char-
acter of the space, bridging the algebraic structure of the spaces as rings and their
representation theoretic structure as Sn-modules. This also gives insight to the mys-
teries of catabolisms and catabolizability: in particular, we give a lower bound on
the catabolizability type of certain permutations constructed from shuffles.

Chapter 6 studies the Delta-Springer rings, a larger family of generalized coin-
variant rings due to Griffin [25]. This family is a simultaneous generalization of the
Garsia–Procesi rings and the Haglund–Rhoades–Shimozono generalized coinvariant
ring Rn,k[30], which gives an algebraic realization of the Delta conjecture [29] at t “ 0
up to a twist. The ∆-Springer ring Rn,λ,s can be realized as cohomology ring of a
generalization of Type A Springer fibers [26]. In Chapter 6, we extend the work in
Chapter 5 to give a monomial basis for Rn,λ,s in terms of catabolizability. At the
appropriate specializations, this reduces to our basis given in Chapter 5, as well as
the generalized descent basis of Rn,k due to Haglund–Rhoades–Shimozono [29]. In
addition, we can use this basis to recover an explicit Schur expansion formula for
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FrobqpRn,λ,sq. This is equivalent to a previously known combinatorial formula for
FrobqpRn,λ,sq due to Gillespie–Griffin [23] up to a combinatorial bijection. Though
the Gillespie–Griffin formula is combinatorial, both the motivation and the proof
arise from the geometry of generalized Springer fibers. While recent results have
provided algebraic explanations for the Rn,k case [22], it has been proven difficult to
relate this expression to the actual algebraic or combinatorial structure of Rn,λ,s in
general.We show that the Gillespie–Griffin formula arising from geometry is equiv-
alent to ours, which comes from the combinatorics of Rn,λ,s, bridging the known
algebraic, combinatorial, and geometric pictures of Rn,λ,s.

Chapter 7 studies higher Specht bases for generalized coinvariant rings. For any
partition λ of n, we can explicitly construct the irreducible Sn-module Vλ using
Specht polynomials gT , indexed by standard tableaux of shape λ. The higher Specht
polynomials F T

S , indexed by pairs pS, T q of standard tableaux of the same shape,
are a generalization of the Specht polynomials. For certain choices of S, we recover
the classical Specht polynomials. The collection of higher Specht polyomials forms
a basis of the coinvariant ring Rn [2]. The higher Specht basis directly witnesses the
decomposition of Rn into irreducibles. There is an analogous construction for Rn,k

and Rµ for two row shape as well as conjectured formulas for general Rµ [24]. In
Chapter 7, we use the catabolizability conditions that appeared in Chapter 5 and 6
to give a conjectured higher Specht basis for Rµ. We prove our conjecture for certain
partition shapes.

Chapter 8 studies the combinatorics of R-catabolizability, introduced in [47].
Originally introduced to give a conjectured combinatorial formula for generalized
q-Kostka coefficients, this notion of catabolism has close ties to the k-Schur func-
tions. Work of Chen [13] gives a conjectured representation theoretic model for
certain Catalan functions, a larger family of q-symmetric functions that contain the
k-Schur functions. The first half of this chapter explores the connections between
the skew-linked modules and the notion of R-catabolizability. In particular, we give
evidence towards a conjectured combinatorial formula for the skew-linked modules
in terms of R-catabolizability. The second half of the chapter extends the notion of
R-catabolizability, which was originally only defined on semistandard tableaux of a
specific weight, to a larger family of tableaux that contains the standard tableaux.
The upshot to this construction is that, in general, the statistic cocharge on per-
mutations and standard tableaux is nicer than on the corresponding semistandard
objects. The hope is that embedding the combinatorics of R-catabolizability into the
combinatorics of standard objects will illuminate new properties of this operation.
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Chapter 2

Combinatorial Background

2.1 Partitions and Tableaux

A composition α of n, denoted α |ù n, is a sequence pα1, α2, . . . , αlq where αi ě 0
and α1 ` α2 ` ¨ ¨ ¨ ` αl “ n. A partition λ “ pλ1, λ2, . . . , λℓpλqq of n, denoted λ $ n,
is a composition satisfying λ1 ě λ2 ě ¨ ¨ ¨ ě λℓpλq ą 0, where ℓpλq denotes the length
of the partition. We denote the transpose of λ as λ1. Throughout, we write Young
diagrams of partitions in French notation, meaning that the first part corresponds
to the bottom row. We set npλq :“

řℓpλq

i“1 pi ´ 1qλi “
řℓpλ1q

i“1

`

λ1
i
2

˘

.
There is a partial ordering on the set of all the partitions of size n called the

dominance ordering, denoted �, defined by

µ� λ ô µ1 ` ¨ ¨ ¨µk ě λ1 ` ¨ ¨ ¨λk for all k

It is well known that µ � λ ô µ1 � λ1. If we move a box of λ to a lower row so
that the resulting shape µ is a partition, we have µ� λ. The dominance order is the
transitive closure of moving boxes down in the Ferres diagram.

A semistandard (Young) tableau of shape λ is a filling of λ such that the rows
are weakly increasing from left to right and the columns are strictly increasing from
bottom to top. The weight of a semistandard tableau T is the tuple pm1,m2, . . . q

where mi is the number of times i appears in T . The reading word rwpT q of a tableau
T is the word we get by concatenating the row words from top to bottom.

We denote the shape of T by shpT q. Let SSYTpµq denote the set of semistandard
tableaux of weight µ and SSYTpλ, µq denote the set of semistandard tableaux of
shape λ, weight µ. The Kostka number Kλ,µ counts such tableaux: we have that
Kλ,µ “ | SSYTpλ, µq|.

A standard (Young) tableau of size n is a semistandard tableau of weight p1n).
For a given shape, we denote the set of standard Young tableaux of shape λ by
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SYTpλq. We denote the set of all standard Young tableaux of partition shape and
size n by SYTn. Denote the restriction of a standard Young tableau S to the entries
rks :“ t1, . . . , ku by S|k. Note that S|k P SYTk.

Example 2.1.1. Consider

S “

6

3 5

1 2 4 7
S|4 “

3

1 2 4
.

We have that shpSq “ p4, 2, 1q and rwpSq “ 6351247.

We can describe the Kostka numbers Kλ,µ using standard tableaux in the follow-
ing way:

Proposition 2.1.2. For two partitions λ, µ “ pµ1, µ2, . . . , µlq $ n, we have

Kλ,µ “ |tS P SYTpλq | DespSq Ă tµ1, µ1 ` µ2, . . . , µ1 ` ¨ ¨ ¨ ` µl´1uu| (2.1)

where DespSq “ ti : i appears in a lower row than i ` 1 in Su.

Proof. We construct an explicit bijection

SSYTpλ, µq Ñ tS P SYTpλq | DespSq Ă tµ1, µ1 ` µ2, . . . , µ1 ` ¨ ¨ ¨ ` µl´1uu.

For any T P SSYTpλ, µq, we can standardize T in the naive way: replace the 1s that
appear in T from left to right with 1, 2, . . . , µ1. It is clear that the only possible
descent here is µ1, which is a descent if the leftmost 2 in T is above the rightmost
1. Continuing to standardize in this way gives a standard tableau with the correct
descent set. It is also clear that we can reverse this process to give an inverse map.

2.2 Permutations and the Schensted

correspondence

For any word w “ w1w2 . . . wn we write revpwq :“ wnwn´1 . . . w1 for the reverse word.
A permutation w P Sn is a word of length n where each element in t1, . . . , nu appears
exactly once. For any subset U Ă rns “ t1, . . . , nu, let w|U denote the subword of w
consisting of wi such that wi P U .

The inversion set of w P Sn is defined to be Invpwq :“ tpi, jq | i ă j, wi ą wju.
The statistic inversion (inv) is defined to be invpwq :“ | Invpwq|. Similarly, the
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descent set of w P Sn is defined to be despwq :“ ti | wi ą wi`1u. The statistic major
index (maj) is defined to be majpwq :“

ř

iPdespwq
i.

It turns out that the two statistics are equidistributed in Sn. That is, we have:
ÿ

wPSn

qinvpwq
“

ÿ

wPSn

qmajpwq
“ rnsq!,

where rnsq! “ r1sqr2sq ¨ ¨ ¨ rnsq with rksq “ 1 ` q ` ¨ ¨ ¨ ` qk´1.
Permutations and standard tableaux are related through the Schensted corre-

spondence, which gives a bijection from permutations w P Sn to pairs pP pwq, Qpwqq

of standard Young tableau of size n of the same shape. We say P pwq is the inser-
tion tableau and Qpwq is the recording tableau of w. Two permutations w,w1 are
Knuth equivalent if P pwq “ P pw1q. Alternatively, w and w1 are equivalent under the
following equivalence relations:

xzy ” zxy px ď y ă zq,

yzx ” yxz px ă y ď zq.

We also know that for a fixed S P SYTpλq we have that

|tw P Sn|P pwq “ Su| “ | SYTpλq| “ Kλ,1n .

Proposition 2.2.1. The following properties hold:

(a) For any w P Sn and k ď n, we have that P pw|kq “ P pwq|k. ([49, Corollary of
Lemma 7.11.2])

(b) For any w P Sn, we have Despwq “ DespQpwqq. ([49, Lemma 7.23.11])

(c) For any w P Sn, we have P prevpwqq “ pP pwqq1.([49, Corollary A1.2.11])

We can also rewrite Proposition 2.1.2 using some fixed S P SYTpλq in the follow-
ing way:

Corollary 2.2.2. For two partitions λ, µ “ pµ1, µ2, . . . , µlq $ n and some fixed
S P SYTpλq, we have

Kλ,µ “ |tw P Sn, P pwq “ S | Despwq Ă tµ1, µ1 ` µ2, . . . , µ1 ` ¨ ¨ ¨ ` µl´1uu|. (2.2)

Proof. From Proposition 2.2.1(b), we have a bijection between the T P SYTpshpSqq

with DespT q Ă tµ1, µ1 ` µ2, . . . , µ1 ` ¨ ¨ ¨ ` µl´1uu and permutations w P Sn satis-
fying P pwq “ S,Despwq Ă tµ1, µ1 ` µ2, . . . , µ1 ` ¨ ¨ ¨ ` µl´1uu which sends T to the
permutation w with P pwq “ S, Qpwq “ T .
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2.3 Specht modules

The irreducible representations of Sn are indexed by its conjugacy classes, which are
in bijection with partitions of size n. We denote the irreducible representation of Sn

indexed by partition λ $ n by Vλ. Note that the cases λ “ pnq and 1n correspond to
the trivial p1) and sign (E) representation.

For any λ $ n, we can construct a copy of Vλ in the polynomial ring Crxs :“
Crx1, . . . , xns in the following way.

Definition 2.3.1. Let T P SYTn of shape λ. Define the Garnir polynomial gT pxq

to be

gT pxq “

λ1
ź

c“1

ź

iăj
i,j in column c

pxj ´ xiq.

Equivalently gT pxq is the polynomial given by the product of Vandermonde deter-
minants, one for each column of T .

We can also describe gT pxq in the following way. Define the monomial

xT :“
n

ź

i“1

x
heightpiq´1
i (2.3)

where heightpiq is the row in which i appears in T .
Then we have that

gT pxq “
ÿ

τPCpT q

sgnpτqτpxT q (2.4)

where CpT q) denote the row (column) group of T and τ acts on the monomial by
permuting the indices.

Example 2.3.2. Let T “

6
2 4
1 3 5 . Using Definition 2.3.1, we have that

gT pxq “ px6 ´ x1qpx6 ´ x2qpx2 ´ x1qpx4 ´ x3q.

Equivalently, we can see that

gT pxq “ pid ´ p12q ´ p16q ´ p26q ` p126q ` p162qqpid ´ p34qq px2x4x
2
6q

Proposition 2.3.3. We have that spantgT pxq : T P SYTpλqu is a CSn- module that
is isomorphic to the irreducible representation Vλ.
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2.4 Symmetric Functions and the Frobenius

characteristic map

For a detailed treatment of symmetric functions, see [41]. Let x “ tx1, x2, . . . u

be an infinite set of variables, and let ΛF denote the ring of symmetric functions in
these variables with coefficients in a field F . We denote by eλpxq, hλpxq, sλpxq,mλpxq

the elementary, complete homogeneous, Schur, and monomial symmetric functions
respectively. We omit the x-variables when it does not cause confusion.

All four of these are bases of ΛF , meaning we can rewrite any symmetric function
f using one of the four families. In particular, we say a symmetric function f is Schur-
positive if all the coefficients in the Schur expansion of f are nonnegative integers.
Note that the Kostka numbers appear as the coefficients of the Schur expansion of
hµ: that is, we have

hµ “
ÿ

λ$|µ|

Kλ,µ sλ (2.5)

The Hall inner product is the symmetric inner product defined on Λ by the
relation xmλ, hγy “ δλ,γ. The Schur functions are an orthonormal basis with respect
to this inner product. We also have an involution ω on Λ, defined by ωeλ “ hλ. The
map ω is an isometry: that is, we have xf, gy “ xωf, ωgy for any f, g P Λ. We also
have ωsλ “ sλ1 for any λ.

Symmetric functions are deeply connected with the study of Sn-representations
through the Frobenius characteristic map. The Frobenius characteristic map is a
map F from (virtual) characters of Sn to symmetric functions of degree n that takes
the irreducible character indexed by λ $ n to the Schur function sλ. This map
encodes the character of an Sn representation V into a Schur-positive symmetric
function.

The Frobenius character of V , denoted FrobpV q, is defined to be F pχV q, where χV

is the character of V . We have FrobpVλq “ F pχVλ
q “ sλ, where Vλ is the irreducible

Sn representation indexed by λ.
For any CSn-module V , we can recover dimpV q from the Schur expansion of

FrobpV q by replacing each sλ with dimpVλq “ Kλ,1n . We can also use FrobpV q

to study dimensions of certain subspaces of V . For the Young subgroup Sγ “

Sγ1ˆ¨ ¨ ¨ˆSγl Ă Sn corresponding to γ |ù n, we defineNγ “
ř

σPSγ
sgnpσqσ to be the

antisymmetrizer with respect to γ. The vector space NγV is the subspace of elements
of V that are antisymmetric with respect to Sγ. Let E Ò

Sn
Sγ

denote the induction

of the sign representation E of Sγ to Sn. It is well known that FrobpE Ò
Sn
Sγ

q “ eγ.
Using Frobenius reciprocity (see [18, Chapter 3.3]), we get the following result:
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Proposition 2.4.1. For any Sn-representation V and Young subgroup Sγ Ă Sn,
we have

dimpNγV q “ xeγ,FrobpV qy.

For a graded vector space V “ ‘dě0Vd, the Hilbert series HilbqpV q is

HilbqpV q “
ÿ

dě0

qddimpVdq.

For a graded CSn-module V “ ‘dě0Vd, the graded Frobenius character FrobqpV q is

FrobqpV q “
ÿ

dě0

qd FrobpVdq.

The analogous statement for graded modules holds if we replace dimpNγV q (resp.
FrobpV q) with HilbqpNγV q (resp. FrobqpV q). Since we know that any homogeneous
symmetric function f of degree n is uniquely determined by the values xeγ, fy for all
γ $ n, we see that knowing HilbqpNγV q for all γ |ù n uniquely defines FrobqpV q.

2.5 Hall-Littlewood polynomials

The transformed Hall-Littlewood polynomials HµrX; qs are defined to be

HµrX; qs “
ÿ

Kλ,µpqqsλ (2.6)

where Kλ,µpqq is the q-Kostka polynomial (see [41, Chapter III.6] for definition).
There is a combinatorial formula for Kλ,µpqq due to Lascoux-Schützenberger [40]
using a statistic defined on semistandard Young tableaux called charge:

Kλ,µpqq “
ÿ

TPSSYTpλ,µq

qchargepT q (2.7)

The sum is over all semistandard tableaux of shape λ and weight µ. In particular,
Kλ,µp1q “ Kλ,µ. From this, we can see that setting q “ 1 in (2.6) recovers (2.5): that
is, we have HµrX; 1s “ hµ.

The modified Hall-Littlewood polynomials rHµrX; qs are defined by:

rHµrX; qs “ qnpµqHµrX; q´1
s

where npµq “
ř

pi ´ 1qµi. Then we can write

rHµrX; qs “
ÿ

λ

rKλ,µpqqsλpXq
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when rKλ,µpqq :“ qnpµqKλ,µpq´1q is the modified q-Kostka polynomial. The polynomial
rKλ,µpqq can be expressed by the statistic cocharge :

rKλ,µpqq “
ÿ

TPSSYTpλ,µq

qcochargepT q

where for a semistandard tableau of weight µ we have cochargepT q “ npµq´chargepT q.

2.6 Cocharge

Definition 2.6.1. The cocharge word of w P Sn (denoted ccpwq) is a word of length
n consisting of the labeling of w that we obtain in the following way. Label the 1 of
w with 0. Assume we labeled the letter i with k. Label pi` 1q with a k if it is to the
right of i. We label pi ` 1q with a pk ` 1q if it is to the left of i.

This process is equivalent to scanning w from left to right, labeling entries in
increasing order. The label of i corresponds to the number of times we need to
return to the left end of w before we label i.

Definition 2.6.2. The statistic cochargepwq is the sum of the letters in ccpwq.

Example 2.6.3. Let w “ 3 5 1 6 2 4 7. The corresponding cocharge word is
ccpwq “ 1 2 0 2 0 1 2, hence cochargepwq “ 1 ` 2 ` 0 ` 2 ` 0 ` 1 ` 2 “ 8.

Now, we extend the definitions to standard tableaux. Define cochargepSq :“
cochargeprwpSqq for any standard tableau S. This definition is compatible with the
Schensted correspondence due to the following fact.

Theorem 2.6.4 (Lascoux–Schützenberger [40]). If w,w1 P Sn are such that P pwq “

P pw1q, then cochargepwq “ cochargepw1q.

Since cocharge is constant on Knuth equivalence classes, we have that for any
w P Sn we have cochargepwq “ cochargepP pwqq.

Analogous to how we construct the cocharge word of a permutation, we can
construct a cocharge tableau ccpSq for each standard tableau S by replacing i in S
with the corresponding cocharge label of i in rwpSq. Let ccpSqi denote the entry in
ccpSq corresponding to i in S.

Alternatively, we can define ccpSq directly on tableaux:

Definition 2.6.5. The cocharge tableau of a standard tableau S (denoted ccpSq)
is a filling of the same shape consisting of the labeling of S that we obtain in the
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following way. Label the 1 of S with 0. Assume we labeled the letter i with k. Label
pi` 1q with a k if is in the same row or lower than i. We label pi` 1q with a pk ` 1q

if it is in a higher row than i.

It is a simple exercise to check that these two definitions are equivalent. Note
that for Definition 2.6.5, we do not specify that S must be of partition shape.

Example 2.6.6. Let

6
3 5
1 2 4 7 . Then ccpSq “

3
1 2
0 0 1 3 . In this case, ccpSq4 “ 1.

We record the following observation, which follows immediately from Definition
2.6.5.

Lemma 2.6.7. For any S P SYTn, we have ccpSqi ď despSq for any i.

The charge statistic on permutations can be derived from the cocharge statistic
using the fact that chargepwq “

`

n
2

˘

´ cochargepwq.

Proposition 2.6.8. Charge and cocharge are related in the following way.

1. For any permutation w P Sn, we have that chargepwq “ cochargeprevpwqq.

2. For any S P SYT, we have that chargepSq “ cochargepS1q.

Alternatively, we can define chargepwq “ majprevpw´1qq. From this, we can see
that the maj and cocharge are closely related statistics. Furthermore, we have the
following fact for maj and cocharge of standard tableaux.

Theorem 2.6.9 (Killpatrick [35]). For any partition λ, we have

ÿ

SPSYTpλq

qmajpSq
“

ÿ

SPSYTpλq

qcochargepSq.

We have a stronger version of this equidistribution which includes the descent
statistic on tableaux. This was a folklore result, with a recent proof due to Chan
[12].

Proposition 2.6.10 (Chan [12]). For any partition λ, we have

ÿ

SPSYTpλq

qmajpSqtdespSq
“

ÿ

SPSYTpλq

qcochargepSqtdespSq.
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2.7 Cyclage and Cyclage posets

For any partition µ, we can define a partial order on the set SSYTpµq using rotations
of the underlying words.

For two semistandard tableaux S, T P SSYTpµq, we say T covers S (S ďcyc T q

if there exist a letter a ą 1 and word x consisting of positive integers such that
P paxq “ T and P pxaq “ S where P pxq denotes the insertion tableau of the word x
with respect to the RSK algorithm.

Equivalently, we have S ďcyc T if there is a corner b of T such that reverse column
inserting at b in T , which results in some letter a and tableau U , and then row
inserting a into U produces the tableau S.

Example 2.7.1. Consider T “

3
2 3
1 1 2 4 . We can find all S that are covered by T by

taking off corners of T :

3
2 3
1 1 2 4 Ñ U1 “

2 3
1 1 2 4 , a1 “ 3 Ñ S1 “

2 3 4
1 1 2 3

3
2 3
1 1 2 4 Ñ U2 “

3
2
1 1 2 4 , a2 “ 3 Ñ S2 “

3
2 4
1 1 2 3

Alternatively, we can see that

T “ P p3231124q Ñ S1 “ P p2311243q,

T “ P p3321124q Ñ S2 “ P p3211243q.

For composition α such that sortpαq “ µ (where sortpαq denote the partition we
get by reordering the parts of α in weakly decreasing order) there exists a permutation
w such that wα “ µ. Then w : T ÞÑ wT defines a shape-preserving bijection
SSYTpαq Ñ SSYTpµq. For S, T P SSYTpαq, we say T covers S (S ďcyc T ) if wT
covers wS in T pµq. The resulting poset T pαq is isomorphic to T pµq, where w is the
poset isomorphism.

We define cyclage to be this covering relation and the cyclage poset to be the
resulting poset T pαq.

Theorem 2.7.2 (Lascoux–Schützenberger [39]). The cyclage poset T pµq is ranked,
where the rank function is given by cocharge. The unique bottom element of T pµq is
the one-row tableau of weight µ.



CHAPTER 2. COMBINATORIAL BACKGROUND 13

4
3
2
1

3
2
1 4

4
2
1 3

2 4
1 3

2
1 3 4

4
3
1 2

3
1 2 4

3 4
1 2

4
1 2 3

1 2 3 4

Figure 2.1: Cyclage poset on SYT4

3
2
1 1

2
1 1 3

2 3
1 1

3
1 1 2

1 1 2 3

Figure 2.2: Cyclage poset on SSYTp2, 1, 1q
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In fact, we can see that if (S ďcyc T q for S, T P SSYTpµq, we have cochargepT q “

cochargepSq ` 1.
Furthermore, the family of posets tT pαquα|ùn is equipped with functorial rank-

preserving embeddings. For two compositions α, β |ù n such that sortpαq � sortpβq,
we have an embedding θβα : T pαq ãÑ T pβq. When β “ 1n, we write stdα :“ θ1

n

α .
We have a concrete way of describing these embeddings using operators defined

on words which arise in the theory of crystals. Let w be a word consisting of positive
integers. For a positive integer r, consider the subword of letters r, pr`1q. We replace
each r (resp r ` 1) with a right (resp. left) parenthesis and match the parentheses.
A letter is unpaired if it is not part of a pair of matched parentheses. The subword
of w of unpaired r, r ` 1 is of the form rppr ` 1qq.

Definition 2.7.3. The crystal reflection operator sr and lowering operator fr act on
the unpaired subword rppr ` 1qq of w in the following way:

1. For srw, replace the unpaired subword rppr ` 1qq with rqpr ` 1qp.

2. For frw, replace the unpaired subword rppr ` 1qq with rp´1pr ` 1qq`1. (Note:
in this case, we must have p ą 0.)

Furthermore, for any permutation τ , we can define τu “ si1si2 ¨ ¨ ¨ sipu where si1si2 ¨ ¨ ¨ sip
is a reduced expression of τ .

Example 2.7.4. Consider w “ 32124112322. The subword of w consisting of unpaired
1, 2 is 1222. We have that s1w “ 32124111312, f1w “ 32124122322.

Note that we can define these operators on any semistandard Young tableau (of
potentially skew shape) by acting on the row reading word of the tableau from the
following fact. (For a proof of this, see [Proposition 2.76 [46]]).

Proposition 2.7.5. If w and w1 are Knuth equivalent, then so are sipwq and sipw
1q,

as well as fipwq and fipw
1q.

Now, we explicitly describe the embedding θβα : T pαq ãÑ T pβq using these opera-
tors.

Definition 2.7.6. The embedding of cyclage posets θβα : T pαq ãÑ T pβq is given by
the following.

1. If sortpβq “ sortpαq and β “ τα is the composition we get from applying τ to
permute the parts of α, we have θβα “ τ .

2. If β “ pα1 ´ 1, α2 ` 1, α3, . . . q, then θβα “ f1.
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If sortpαq� sortpβq, there exists a sequence γ0 “ α, γp1q, . . . , γppq “ β of composi-
tions where γpiq and γpi`1q differ by (1) or (2) above. Then we can define

θβα “ θβ
γpp´1q ˝ θγ

pp´1q

γpp´2q ˝ ¨ ¨ ¨ ˝ θγ
p1q

α .

Note that this sequence γ may not be unique. However, the map θβα is independent
of which sequence we choose.

Theorem 2.7.7 (Lascoux [38]). If sortpαq � sortpβq, the map θβα is independent of
the sequence of compositions tγpiqu we use to get from α to β.

Remark 2.7.8. If we look at Figures 2.1 and 2.2, we can see that the cyclage poset
on SSYTp2, 1, 1q embeds in SYT4 by mapping 11 ÞÑ 12, 2 ÞÑ 3, 3 ÞÑ 4.

Example 2.7.9. Consider T “

2
1 1 2 3 3 4 4 P SSYTp2, 2, 2, 2q. We can compute

θ1
n

p2,2,2,2q
pT q in the following way.

First, apply τ2τ3τ4 to get a tableau of weight p2, 0, 2, 2, 2q.

2
1 1 2 3 3 4 4 τ4

ÝÑ

2
1 1 2 3 3 5 5 τ3

ÝÑ

2
1 1 2 4 4 5 5 τ2

ÝÑ

3
1 1 3 4 4 5 5 .

Now, we apply f1 to get a tableau of weight p1, 1, 2, 2, 2q

3
1 1 3 4 4 5 5 f1

ÝÑ

3
1 2 3 4 4 5 5 .

Apply τ2τ1 to get a tableau of weight p2, 1, 1, 2, 2q.

3
1 2 3 4 4 5 5 τ2

ÝÑ

3
1 2 2 4 4 5 5 τ1

ÝÑ

3
1 1 2 4 4 5 5

Apply τ2τ3τ4τ5 to get a tableau of weight p2, 0, 1, 1, 2, 2q

3
1 1 2 4 4 5 5 τ5

ÝÑ

3
1 1 2 4 4 6 6 τ4

ÝÑ

3
1 1 2 5 5 6 6 τ3

ÝÑ

4
1 1 2 5 5 6 6 τ2

ÝÑ

4
1 1 3 5 5 6 6 .

Now apply f1 to get get a tableau of weight p1, 1, 1, 1, 2, 2q

4
1 1 3 5 5 6 6 f1

ÝÑ

4
1 2 3 5 5 6 6 .

Repeat. First apply τ1τ2τ3τ4 to get p2, 1, 1, 1, 1, 2q

4
1 2 3 5 5 6 6 τ4

ÝÑ

4
1 2 3 4 5 6 6 τ3

ÝÑ

4
1 2 3 3 5 6 6 τ1τ2

ÝÝÑ

4
1 1 2 3 5 6 6 .
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Then apply τ2τ3τ4τ5τ6 to get p2, 0, 1, 1, 1, 1, 2q

4
1 1 2 3 5 6 6 τ2τ3τ4τ5τ6

ÝÝÝÝÝÝÑ

5
1 1 3 4 6 7 7 .

Apply f1 to get p1, 1, 1, 1, 1, 1, 2q.

5
1 1 3 4 6 7 7 f1

ÝÑ

5
1 2 3 4 6 7 7 .

Apply τ1τ2τ3τ4τ5τ6 to get p2, 1, 1, 1, 1, 1, 1q.

5
1 1 3 4 6 7 7 τ5τ6

ÝÝÑ

5
1 2 3 4 5 6 7 τ4

ÝÑ

5
1 2 3 4 4 6 7 τ1τ2τ3

ÝÝÝÑ

5
1 1 2 3 4 6 7 .

Apply τ2τ3τ4τ5τ6τ7 to get p2, 0, 1, 1, 1, 1, 1, 1q.

5
1 1 2 3 4 6 7 τ2τ3τ4τ5τ6τ7

ÝÝÝÝÝÝÝÑ

6
1 1 3 4 5 7 8 .

Finally, apply f1 to get a standard tableau.

6
1 1 3 4 5 7 8 f1

ÝÑ

6
1 2 3 4 5 7 8 .
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Chapter 3

The Type A Coinvariant ring

The polynomial ring Crxs “ Crx1, . . . , xns has a natural Sn action permuting the
variables. Taking the quotient of this polynomial ring by the ideal generated by Sn-
invariant polynomials with no constant term defines the classical coinvariant ring :

Rn “ Crxs{xe1pxq, . . . , enpxqy,

where edpxq is the dth elementary symmetric function. We can see that the Sn-
action that permutes the variables is still well-defined on Rn. In fact, this action
on Rn gives a graded version of the regular representation of Sn[14]. As a graded
CSn-module, where the grading comes from the natural grading on the polynomial
ring given by degrees, it is isomorphic to the cohomology ring of the complex flag
variety Fn [8]. In particular, we have HilbqpRnq “ rnsq!.

The graded Frobenius character of Rn is given by the following formula in terms
of the major index statistic majpT q :“

ř

iPDespT q
i on standard Young tableaux [50]:

FrobqpRnq “
ÿ

TPSYTn

qmajpT qsshpT q (3.1)

Using Theorem 2.6.9, we can rewrite FrobqpRnq using the cocharge statistic on
standard tableaux:

FrobqpRnq “
ÿ

SPSYTn

qcochargepSqsshpSq. (3.2)

Example 3.0.1. We can compute FrobqpR4q using the cyclage poset SYT4 given in
Figure 2.1:

FrobqpR4q “ s4 ` pq ` q2 ` q3qs3,1 ` pq2 ` q4qs2,2 ` pq3 ` q4 ` q5qs2,1,1 ` q6s1,1,1,1.
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3.1 Monomial bases arising from permutation

statistics

There are two well-known monomial bases of Rn, both arising from permutation
statistics. The Artin basis is given by the following set of monomials:

tfσpxq “
ź

iăj,σiąσj

xσi
| σ P Snu “ txa1

1 xa2
2 ¨ ¨ ¨ xan

n | ai ă iu.

The Garsia-Stanton descent basis is given by the following set of monomials:

tgwpxq “
ź

i:wiąwi`1

xw1 ¨ ¨ ¨ xwi
| w P Snu.

We refer to the exponents of descent monomials, given by the set Dn “ ta | xa “

gwpxq for σ P Snu, as descent words.
We see that degpfwpxqq “ invpwq and degpgwpxqq “ majpwq. From this, we have

ÿ

wPSn

qdegpfwpxqq
“

ÿ

wPSn

qdegpgwpxqq
“ rnsq! “ HilbqpRnq.

Thus, either basis gives a combinatorial explanation of HilbqpRnq “ rnsq!.
The Artin basis of Rn arises naturally from Gröbner theory, as they are the

nonleading terms with respect to the lexicographical order. The Garsia-Stanton
descent basis comes from considering a different order, which we define here.

Definition 3.1.1. Let a “ pa1, . . . , anq P Zn
ě0. Define sortpaq :“ pai1 ě ¨ ¨ ¨ ě ainq

to be the unique way to write the entries of a in weakly decreasing order. Then, we
say that a ădes b if:

#

sortpaq ălex sortpbq or,

sortpaq “ sortpbq and a ălex b

The descent monomials can be characterized as being the nonleading monomials
of Rn with respect to the descent order. Note that des does not induce a monomial
order on Crxns, as we do not have a ădes b ùñ a` c ădes b` c, but is only a total
order on monomials of Crxns. The descent order, however, satisfies the following
useful lemma. A proof of this lemma can be found in [11].

Lemma 3.1.2. Let A Ă rns with complement A1. If α is a composition, denote
α|A :“ pαi1 , . . . , αisq, where A “ ti1 ă ¨ ¨ ¨ ă isu. Then, we have

α|A ďdes β|A, α|A1 ďdes β|A1 ùñ α ďdes β
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3.2 Higher Specht basis

From Proposition 2.3.3, we know that we can construct an explicit copy of Vλ in
the polynomial ring Crxs using Garnir polynomials gT pxq, which are indexed by
T P SY T pλq.

We can extend this definition to consider polynomials indexed by pairs pS, T q of
standard tableaux of the same shape. This construction is due to Ariki-Terasoma-
Yamada [2].

Definition 3.2.1. Consider S, T P SYTn of shape λ. We define the monomial xS
T to

be given by

xS
T :“

ź

bPλ

x
ccpSqpbq

T pbq
(3.3)

where ccpSq denotes the cocharge labeling of S and for any box b in shape λ, we
have that T pbq, ccpSqpbq denote the entries in box b in T, ccpSq respectively.

Example 3.2.2. Consider

S “

6
2 4
1 3 5 T “

4
3 6
1 2 5 .

We can see that ccpSq “

3
1 2
0 1 2 . Then xS

T “ x0
1x

1
2x

1
3x

3
4x

2
5x

2
6

Remark 3.2.3. Note that if we set S to be the row-filled standard Young tableau
of shape λ (ie. the bottom row consists of 1, . . . , λ1, the second row consists of
pλ1 ` 1q, . . . , pλ1 ` λ2q and so on), we have that xS

T “ xT , where xT is defined in
(2.3).

Definition 3.2.4. For T P SY T pλq, we define CpT q (resp: RpT q) to be the group of
column (row) permutations, or τ P Sn (resp: σ P Sn) which preserves the columns
(rows) of T . Define the Young idempotent to be:

εT :“
ÿ

τPCpT q

ÿ

σPRpT q

psgn τqτσ

Given S, T P SYTpλq, the higher Specht polynomial F S
T is defined to be

F S
T :“ ε ¨ x

ccpSq

T (3.4)

By definition, we can see that the degree of F S
T is given by cochargepSq.



CHAPTER 3. THE TYPE A COINVARIANT RING 20

Remark 3.2.5. Note again that if we set S to be the row-filled tableau of shape λ, we
have that (3.4) coincides with the alternative definition for the Garnir polynomial
gT pxq given in (2.4) up to a scalar factor |RpT q|.

Now we have a collection of n! polynomials, each indexed by pairs of tableaux of
the same shape.

Theorem 3.2.6 (Ariki–Terasoma–Yamada [2]). The collection of polynomials tF S
T :

S, T P SYTn, ShpSq “ ShpT qu is a basis of Rn such that for a fixed S of shape λ, the
span of tF S

T : T P SYTpλqu in Rn is isomorphic to the irreducible representation Vλ.

In particular, the higher Specht basis explicitly witnesses the decomposition of Rn

into irreducibles given by (3.2). If we set S to be the row-filled tableau, the subspace
corresponding higher Specht polynomials is exactly image of the the Specht module
given in Proposition 2.3.3 under the projection Crxs Ñ Rn.

Remark 3.2.7. Note that for any shape λ, the row-filled standard tableau is the unique
standard tableau of that shape with minimal cocharge, given by npλq. From this, for
any shape λ we can see that the projection of Specht module given in Proposition
2.3.3 into Rn is the lowest degree copy of Vλ in Rn.

Example 3.2.8. If we look at Figure 2.1, we can see that there are three different
standard tableau of shape (2,1,1):

4
3
1 2 ,

4
2
1 3 ,

3
2
1 4 .

The row-filled tableau

4
3
1 2 is the one with minimal cocharge. This corresponds to

the copy of V2,1,1 in degree 2 of Rn.

3.3 Harmonics presentation

There is an alternative presentation of the coinvariant ring in terms of harmonics.
Given a polynomial f P Crxs, we can let fpBq be the differential operator on Crxs we
get by replacing each xi ÞÑ B{Bxi in f . Using this, we have that Crxs acts on itself
by

f d g “ fpBqgpxq for all f, g P Crxs.

Using this, we can define an inner product on Crxs by

xf, gy :“ constant term of f d g.
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This inner product is Sn-invariant, meaning that xf, gy “ xσf, σgy for any σ P Sn.
Given a homogenous ideal I P Crxs, the harmonic space V associated to I is

given by
V “ IK

“ tg P Crxs, xf, gy “ 0 for all f P Iu.

In the case where I is a Sn-invariant ideal, we have that the Sn-invariant inner
product gives us Crxs{I –Sn V as graded CSn-modules.

For In “ xe1pxq, e2pxq, . . . , enpxqy, we have that Vn “ IK
n is the smallest subspace

of Crxs that contains the Vandermonde determinant δn, defined by

δn :“
ź

iăj

pxj ´ xiq,

and is closed under partial derivatives B{Bx1, B{Bx2, . . . , B{Bxn.
In this case, an alternative description of In is that it is the annhilator of δn:

.In “ tf P Crxs : fpBq d δn “ 0u. (3.5)
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Chapter 4

Catabolism and Catabolizability

4.1 Catabolism and catabolizability type

A central topic of this dissertation is catabolism, an operation on tableaux that comes
from the cyclage poset. Originally introduced by Lascoux [38], this operation gives
a way to describe the image of certain cyclage poset embeddings. In general, many
things are unknown about catabolism and catabolizability, though the operation of
catabolism itself is very easy to compute.

Definition 4.1.1. Let T be a standard tableau with rwpT q “ ww1 where w1 is the
first row of T . Catabolism is the operation that takes T “ P pww1q to catpT q :“
P pw1wq.

It is known that cochargepcatpT qq “ cochargepT q ´ p|λ| ´ λ1q where λ “ shpT q.
Repeated applications of catabolism eventually produce a one row tableau with zero
cocharge.

We can see that applying catabolism to T is equivalent to sliding the first row
of T to the right until it detaches from the higher rows, and then swapping the two
pieces and applying jeu-de-taquin to the resulting skew shape until we get a partition
shape tableau. This is illustrated in the example below.

Example 4.1.2. Consider the following tableau of shape λ “ p3, 2, 1q:

T “
6
2 5
1 3 4

.

We can see that rwpT q “ 625134 where w “ 625 and w1 “ 134. Observe that

catpT q “ P pw1wq “ P p134625q “
3 6
1 2 4 5 .
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Alternatively, we can use jeu-de-taquin to see

T “
6
2 5
1 3 4

Ñ
1 3 4

6
2 5

ÝÝÝÝÝÝÝÑ
jeu-de-taquin

3 6
1 2 4 5 “ catpT q.

Note that ccpT q “ 8 and ccpcatpT qq “ 5 “ 8 ´ p6 ´ 3q, where |λ| “ 6, λ1 “ 3.

We use catabolism to define catabolizability type.

Definition 4.1.3. For a standard tableau T , let dpT q be the largest integer m such
that the first row of T contains 1, 2, . . . ,m. The catabolizability type of T (denoted
ctypepT q) is given by the sequence

ctypepT q “ pdpT q, dpcatpT qq ´ dpT q, . . . , dpcatipT qq ´ dpcati´1
pT qq, . . . q. (4.1)

Example 4.1.4. Consider T “
6 8
4 5
1 2 3 7

. Since dpT q “ 3, we have ctypepT q1 “ 3. The

result of applying catabolism is

catpT q “ P p12376845q “
7
6 8
1 2 3 4 5

.

Since dpcatpT qq “ 5, we have ctypepT q2 “ dpcatpT qq ´ dpT q “ 2. Repeating this
process, we can compute ctypepT q “ p3, 2, 1, 1, 1q.

We can think of ctypepT q as encoding the sequence of catabolisms we use to go
from T to the one row tableau.

Proposition 4.1.5 (Lascoux [38, Lemma 9.6]). For standard tableau T , the sequence
ctypepT q is a partition.

An alternative way to view ctypepT q is using m-catabolizability (see [47] for
details). Let pmq denote the one row shape of length m. If pmq Ă shpT q and the first
row of T contains the smallest m letters in T , we define the m-catabolism of T to be
deleting the first m entries of the first row of T and then proceeding as we did for
standard catabolism, where we denote the resulting tableau catmpT q. We say that T
of size n is λ-catabolizable for partition λ “ pλ1, λ2, . . . , λlq $ n if the first row of T
contains the smallest λ1 many entries of T and catλ1pT q is pλ2, . . . , λlq-catabolizable.
Catabolizability type of a tableau and λ-catabolizability are related in the following
way.

Proposition 4.1.6 (Shimozono-Weyman [47, Proposition 46]). A standard tableau
T is λ-catabolizable if and only if ctypepT q � λ.
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From this, we can compute ctypepT q by repeatedly applying maximalm-catabolisms,
where at each step we have

ctypepT qi “ dpcatctypepT qi´1
¨ ¨ ¨ catctypepT q1pT qq.

This simplifies our process, since at each step we are dealing with smaller tableaux.

Example 4.1.7. Consider T “
6 8
4 5
1 2 3 7

. We know dpT q “ 3 and can compute cat3pT q:

6 8
4 5
1 2 3 7

Ñ
7

6 8
4 5

ÝÝÝÝÝÝÝÑ
jeu-de-taquin

7
6 8
4 5

“ cat3pT q.

We see that ctypepT q2 “ dpcat3pT qq “ 2. Repeating this process, we can compute
ctypepT q “ p3, 2, 1, 1, 1q, which is the same as what we get in Example 4.1.4.

We can use catabolizability type and dominance order on partitions to identify
subsets of SYTn.

Definition 4.1.8. For λ $ n, let Σλ :“ tS P SYTn, ctypepSq � λu.

Lascoux recognizes Σλ as the image of embedding the cyclage poset on SSYTpλq

into the cyclage poset of SYTn.

Proposition 4.1.9 (Lascoux [38]). For any λ $ n, we have a bijection std :
SSYTpλq Ñ Σλ Ă SYTn which preserves cocharge and shape.

The bijection std is exactly the cyclage poset embedding θ1
n

λ : T pλq ãÑ T p1nq

described in Section 2.7. We refer to this map as the Lascoux standardization map
on semistandard tableaux.

Example 4.1.10. If λ “ p2, 1q, we have Σλ “

!

3
1 2 , 1 2 3

)

. We can see the explicit

cocharge/shape bijection between Σλ and SSYTpλq “

!

2
1 1 , 1 1 2

)

.

Remark 4.1.11. Though the map std preserves shapes and the cocharge statistic,
it does not preserve the specific cocharge labeling on the tableaux. For example,
consider

S “
4
2 4
1 1 2 3 3

stdpSq “
7
6 8
1 2 3 4 5

The corresponding cocharge tableaux are

ccpSq “
1
1 2
0 0 0 0 1

ccpstdpSqq “
2
1 2
0 0 0 0 0
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Using Proposition 4.1.9, we can rewrite the Lascoux–Schützenberger semistan-
dard cocharge formula for the modified Hall-Littlewood polynomials rHλrX; qs in
terms of Σλ Ă SYTn.

rHµrX; qs “
ÿ

SPSYTn
ctypepSq�µ

qcochargepSqsshpSqpXq. (4.2)

Remark 4.1.12. This presentation is nice when we think of the context of the coin-
variant ring. In Chapter 5, we will discuss a quotient of Rn with graded Frobenius
character given by rHµrX; qs. The combinatorial formula (5.2) highlights that the
corresponding representation is a subspace of Rn.

In general it is hard to check whether something is catabolizable without ac-
tually computing catabolism. However, for this notion of catabolism, there is a
concrete algorithm, due to Blasiak [4], called the catabolism insertion algorithm,
which computes the catabolizability type of a permutation w, where we define
ctypepwq :“ ctypepP pwqq.

Algorithm 4.1.13 (Blasiak [4, Algorithm 3.2]). We define a function f on pairs
px, νq, where x “ ya is a word (a is the last letter of x) and ν is a partition, to be

fpx, νq “

#

py, ν ` ϵa`1q if ν ` ϵa`1 is a partition,

ppa ` 1qy, νq otherwise.

where ϵa`1 is the composition p0, . . . , 0, 1, 0, . . . q with 1 in the pa ` 1qth coordinate.
Let w be a permutation of length n with cocharge word ccpwq. We apply f to

pccpwq,Hq repeatedly until we get pH, λq, where λ $ n.

The resulting shape λ is ctypepwq. Furthermore, we have that if P pwq “ P pw1q,
then ctypepwq “ ctypepw1q “ ctypepP pwqq [4].

Example 4.1.14. Consider

w “ 3 4 1 2 5

ccpwq “ 1 1 0 0 1.

We will apply f to pccpwq,Hq repeatedly until we get an empty word in the first
coordinate. In order to keep track of the indices, we do not rotate ccpwq: instead,
we read the word from right to left. The position we are reading at each step of the
algorithm is underlined.

p1 1 0 0 1 , Hq
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Ó

p1 1 0 0 2 , H q

Ó

p1 1 0 2 , q

Ó

p1 1 2 , q

Ó

p1 2 , q

Ó

p 2 , q

Ó

p , q

From this, we conclude ctypep34125q “ p2, 2, 1q.

Note that since the cyclage poset embeddings are defined using crystal operators,
which are preserved under Knuth equivalence (Proposition 2.7.5), we can define
standardization maps of semistandard tableaux of skew shapes as well.

Proposition 4.1.15. For any skew shape µ{γ of size n and weight λ $ n, there
exists a bijection

std : SSYTpµ{γ, λq Ñ tS P SYTpµ{γq, ctypeprwpSqq � λu.

4.2 R-catabolism

Since Lascoux’s original paper, various generalizations have been introduced [5, 13,
47] in connections with families of Schur-positive symmetric functions. Here we
consider R-catabolizability, introduced by Shimozono–Weyman [47].

Definition 4.2.1. Let λ $ n be a partition and η “ pη1, . . . , ηtq be a composition of
size ℓpλq. Then Rpη, λq “ R “ pR1, R2, . . . , Rtq is a sequence of partitions where R1

consists of the first η1 parts of λ, R2 consists of the next η2 parts of λ, etc.

Example 4.2.2. If λ “ p4, 3, 3, 2, 2, 1, 1, 1q and η “ p2, 3, 1, 2q, then we have

R “ pR1, R2, R3, R4q “

ˆ

, , ,

˙

.
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For any semistandard tableau S (potentially of skew shape) and index r, we define
HrpSq “ P pV Uq where U, V are the north and south tableau obtained by slicing T
between rows r and pr ` 1q. For any shape λ, let Zλ be the unique semistandard
tableau of shape and weight λ.

Definition 4.2.3. Consider λ $ n and η |ù ℓpλq. We say T P SSYTpλq is R1-
catabolizable if T |rη1s “ ZR1 . In this case, the R1-catabolism of T is defined to be
catR1pT q :“ Hη1pT ´ ZR1q.

Example 4.2.4. ConsiderR “ p , q “ Rpλ, ηq for λ “ p3, 2, 2, 1q and η “ p2, 2q.
Consider

T “
3
2 2
1 1 1 3 4

with T |r2s “
2 2
1 1 1 “ ZR1 .

we have that T is R1-catabolizable. Furthermore, we can compute

catR1pT q “ H2

ˆ

3

3 4

˙

“ P p
3 4

3 q “
4
3 3 .

R-catabolizability is defined recursively using Definition 4.2.3.

Definition 4.2.5. Consider λ $ n, η |ù ℓpλq. For T P SSYTpλq and R “ Rpη, λq,
the notion of R-catabolizable is uniquely determined by the following rules:

1. If R is the empty sequence, the unique R-catabolizable tableau is the empty
tableau.

2. Otherwise, T is R-catabolizable if and only if T |rη1s “ ZR1 and catR1pT q is
pR “ pR2, . . . , Rtq-catabolizable in the alphabet rη1 ` 1, ns.

Example 4.2.6. Let R “ p , q. We can see that T “
3
2 2
1 1 1 3 4

is R-

catabolizable, since catR1pT q “
4
3 3 is p2, 1q-catabolizable in the alphabet r3, 4s.

Remark 4.2.7. Here are some observations regarding R-catabolizability for SSYT(λq.

1. If η “ ℓpλq (ie., η is a composition consisting of one part), then R “ pλq. In
this case, the only R-catabolizable SSYT of weight λ is Zλ.

2. If η “ 1ℓpλq, then R “ pλ1, λ2, . . . , λℓpλqq consists of the rows of λ. All SSYT of
weight λ are R-catabolizable.
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3. For any partition µ, a standard tableau S is R-catabolizable for R “ Rpµ, 1nq

if and only if ctypepStq � µ, where St denotes the transpose of S.

Shimozono–Weyman defined R-catabolizability to give a combinatorial expres-
sion of the q-analogue of Littlewood–Richardson coefficients Kµ;Rpqq: that is, we
have

Kµ;Rp1q “ xsµpxq, sR1pxqsR2pxq ¨ ¨ ¨ sRtpxqy.

The polynomial Kµ;Rpη,λq is defined geometrically to be the Poincaré polynomial of
the isotypic component indexed by µ of certain graded GLn-modules supported in
the closure of the nilpotent conjugacy class corresponding to sortpηq. These polyno-
mials generalize the q-Kostka coefficients that appear in the Schur expansion of the
transformed Hall-Littlewood polynomials given in (2.7).

For specific cases (i.e, when the sequence R is a sequence of dominant rectangles),
these polynomials can be interpreted using Kirillov-Reshetikhin crystals and rigged
configurations [36, 45].

In [47], the authors conjectured the following tableaux formula for Kµ;Rpqq and
prove it in the case where η is a hook partition or is a two-row partition. The full
conjecture was resolved in [5].

Conjecture 4.2.8 (Conjecture 27 [47]). Consider R “ Rpη, λq. Then

Kµ;Rpqq “
ÿ

S

qchargepSq

where S runs over all semistandard tableaux S P SSYTpλq of shape µ that are
R-catabolizable.

Remark 4.2.9. Here are some special cases of these polynomials:

1. As mentioned above, if R “ Rpλ, 1ℓpλqq, we have that Kµ;Rpqq is exactly the
q-Kostka polynomial Kµ,λpqq given in (2.7):

Kµ;Rpqq “
ÿ

TPSSYTpµ,λq

qcochargepT q.

2. If R “ Rp1n, λq, then Kµ;Rpqq “ rKµ1,λpqq which is given by

rKµ1,λpqq “
ÿ

SPSYTpµ1q,
ctypepSq�λ

qcochargepT q.
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Though it is not difficult to compute R-catabolisms, understanding its properties
remains an elusive problem. For example, the following are some conjectures about
R-catabolizability which seem apparent from examples yet are still open.

Conjecture 4.2.10. The following are true:

(a) (Refinement) For partition λ and compositions η, α |ù ℓpλq such that η ĺ α, if
T is Rpα, λq-catabolizable then it must be Rpη, λq-catabolizable.

(b) (Swapping rectangles) If there exists Ri, Ri`1 in R “ Rpλ, ηq such that Ri

and Ri`1 are the same width, then T is R-catabolizable if and only if it is
Rpλ, siηq-catabolizable.

Remark 4.2.11. Though we have that [Proposition 11 [47]] provides evidence for
Conjecture 4.2.10(b), since it proves that Kµ,Rpqq “ Kµ,Rpλ,siηqpqq as polynomials,
this does not prove the equality on the level of tableaux.

4.3 Catalan functions

The Catalan functions, originally defined in [13, 43], extend the construction given
in Shimozono–Weyman [47], as well as Broer [9].

Before we give an explicit definition of Catalan functions, we must provide the
appropriate setup. For any γ P Zl, we can define the Schur functions sγ to be
sγ :“ detphγi`j´iq. This is the natural extension of the Jacobi-Trudi formula for sλ.

Now, we can express sγ P Λ in terms of the Schur functions sλ indexed by
partitions using the following straightening algorithm.

Proposition 4.3.1. For any γ P Zl we have that

sγ “

#

sgnpγ ` ρqssortpγ`ρq´ρ if pγ ` ρq has distinct parts

0 otherwise.

where ρ “ pl ´ 1, l ´ 2, . . . , 1, 0q and sgnpβq is the sign of the shortest permutation
that takes β to sortpβq.

Define ∆`
l to be the collection of positive roots:

∆`
l “ tpi, jq | 1 ď i ă j ď lu.

A root ideal is an upper order ideal of the poset on ∆`
l defined by pa, bq ď pc, dq

iff a ě c and b ď d. We can visualize ∆`
l as all the entries above the main diagonal

in a l ˆ l matrix.
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Remark 4.3.2. Pictorially, we can describe a pair pΨ, γq in the following way. We let
a lˆ l grid denote all the possible roots in ∆`

l : we color the roots that are contained
in Ψ, where the coordinate of the boxes are given in matrix coordinates (i.e, the top
left corner is (1,1)). We put the entries of γ along the diagonal.

For example, for γ “ p4, 3, 2, 1q, the root ideal

Ψ “ tp1, 2q, p1, 3q, p1, 4q, p2, 4q, p3, 4qu Ă ∆`
4

is denoted by the following diagram

4
3

2
1

.

Definition 4.3.3. Given γ P Zl and root ideal Ψ Ď ∆`
l , the Catalan function

HpΨ; γqpx; qq is defined to be

HpΨ; γqpx; qq :“
ź

pi,jqPΨ

p1 ´ tRijq
´1sγpxq

where Rijsγ :“ sγ`ϵi´ϵj where ϵi P Zl is the indicator vector with 1 in the ith
coordinate and 0s everywhere else.

Geometrically, they are the graded Euler characteristics of certain vector bundles
on the flag variety. They generalize many different well-studied families of symmetric
functions. In particular, we have the following.

Example 4.3.4. (i) For partition λ, if the root ideal Φ is empty we have that
HpH, λq “ sλ.

(ii) For partition λ and root ideal Ψ “ ∆`

ℓpλq
, we have that

Hp∆`

ℓpλq
;λqpx; qq “

ÿ

TPSSYTpλq

qchargepT qsshpT q “ HλrX; qs

where HλrX; qs is the transformed Hall-Littlewood polynomial.

(iii) Given λ $ n and η |ù ℓpλq, the parabolic root ideal ∆pηq is defined to be

∆pηq :“ tpi, jq P ∆`

ℓpλq
above the block diagonal with block sizes η1, η2, . . . , ηℓpλqu.



CHAPTER 4. CATABOLISM AND CATABOLIZABILITY 31

For example, if λ “ p4, 3, 3, 2, 1, 1q and η “ p2, 3, 1q, the corresponding root
ideal looks like

4
3

3
2

1
1

.

We have that
Hp∆pηq;λqpx; qq “

ÿ

µ$n

Kµ;Rpη,λqpqq sµ.

where Kλ,µpqq are the polynomials defined in Section 4.2.

(iv) For a partition µ satisfying µ1 ď k for some positive integer k, define

∆k
pµq :“ tpi, jq P ∆`

ℓpµq
: k ´ µi ` i ă ju.

In this case we have that the Catalan function Hp∆kpµq;µqpx; qq is the k-Schur

function s
pkq
µ .

Though Catalan functions have been well-studied [6, 7], Schur-positivity remained
an open problem for a decade. Work of Blasiak–Morse–Pun, which first extends the
Catalan function framework by defining a nonsymmetric version, gives a combina-
torial formula for the Schur expansion in the case where the Catalan function is
indexed by a partition.

Theorem 4.3.5 (Blasiak–Morse–Pun [5]). Let λ “ pλ1 ě ¨ ¨ ¨ ě λℓ ě 0q $ n and
Φ Ď ∆`

l be a root ideal. We have that

HpΦ;λqpx; qq “
ÿ

TPSSYTℓpλq

U is npΦq-catabolizable

qchargepT qsshpT q (4.3)

where SSYTℓpµq denotes the set of semistandard tableaux of weight µ with at most
ℓ rows and npΦq-catabolism is a generalization of catabolism which depends on the
pair pΦ;λq.

The combinatorial formula (4.3) is over a sum of semistandard tableaux that sat-
isfy some catabolizability criteria in terms of npΦq-catabolism, a notion of catabolism
introduced in [5]. We will not discuss this notion of catabolism in this thesis.

Proposition 4.3.6 (Blasiak–Morse–Pun [5]). If Φ “ ∆pηq for some η |ù ℓpλq,
we have that T P SSYTpλq is npΦq-catabolizable if and only if it is R “ Rpη, λq-
catabolizable.
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Thus, Theorem 4.3.5 and Proposition 4.3.6 imply Conjecture 4.2.8 of Shimozono–
Weyman.

4.4 Skew-linked modules

A certain family of Catalan functions have a representation theoretic model called
skew-linked modules, introduced by Chen [13].

We say two partitions λ, µ $ n are skew-linked (denoted λ
θ
ÝÑ µ if there exists a

skew-shape θ with the same row lengths as λ and the same column lengths as µ.

Example 4.4.1. Consider λ “ p4, 3, 3, 2, 2, 1, 1q and µ “ p10, 5, 1q. Then λ
θ
ÝÑ µ for θ

given by

θ “ .

Remark 4.4.2. We have the following facts about skew-linked pairs.

(a) Every λ is skew-linked to itself.

(b) For any λ $ n, we have λ Ñ pnq and 1n Ñ λ (i.e. every partition is skew-linked
to the one row partition and the column).

(c) If λ
θ
ÝÑ µ then µ� λ.

Now, we can construct a module for each pair of skew-linked partitions. Consider
E Ò

Sn
Sλ1

b Crxns, where E is the sign representation. Given a skew-linked pair λ Ñ

µ, let dpλ, µq be the smallest degree d such that we have a nontrivial Sn-module
homomorphism

E Ò
Sn
Sλ1

b Crxnsd ÝÑ 1 Ò
Sn
Sµ

.

We have that there exists a unique nonzero Crxns ˚ Sn homomorphism

ϕ : E Ò
Sn
Sλ1

b Crxnsd ÝÑ 1 Ò
Sn
Sµ

b Crxns
˚
r´dpλ, µqs (4.4)

where Crxns˚ denotes the dual of Crxns and Crxns ˚ Sn is the semidirect product of
the two groups.

Definition 4.4.3. The skew-linked module Mλ,µ is the image of ϕ given in (4.4).
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Theorem 4.4.4 (Chen [13]). The following are properties of skew-linked modules.

(a) Given a skew-linked pair λ Ñ µ, let θ “ α{β be the corresponding skew shape.
Then dpλ, µq “ |β|.

(b) The degree 0 component of Mλ,µ is isomorphic to Vλ. The top degree component
(degree dpλ, µq) component of Mλ,µ is isomorphic to Vµ.

(c) We have that Mµ1,λ1 – revpE b Mλ,µq, where rev denotes that the grading is
reversed.

In particular, we have the following.

(a) Mλ,λ – V λ.

(b) M1n,λ1 – E b Rλ, where Rλ is the Garsia–Procesi ring.

The skew-linked modules are conjectured to give a representation theoretic model
for certain Catalan functions.

Definition 4.4.5. Given a skew-linked pair λ
θ“α{β
ÝÝÝÝÑ µ, define the root ideal Ψpλ Ñ

µq Ď ∆`

ℓpλq
to be

Ψpλ Ñ µq “ tpi, jq : i ď ℓpβq and j ě µ1
βi

` iu. (4.5)

Example 4.4.6. The skew-linked pair λ Ñ µ corresponds to the root ideal

4
3

3
2

2
1

1

.

Conjecture 4.4.7 (Chen [13]). We have that FrobqpMλ,µq “ HpΨpλ Ñ µq;λqpx; qq.

Recall from Example 4.3.4, we have that the k-Schur functions are a subfamily
of the Catalan functions. In fact, we have that certain skew-linked pairs correspond
to k-Schur functions.

We say a partition is k-bounded if the longest part is at most length k. Given a
k-bounded partition λ, there is a unique skew diagram α{β such that α is a pk ` 1q-
core (i.e, no boxes with hook length equal to k ` 1) and β consists of all boxes in
α with hook length ă pk ` 1q. The columns of this skew-diagram α{β give the k-

conjugate λωk . In this case, the Catalan function HpΨpλ
α{β
ÝÝÑ λωkq, λqpx; qq is exactly

the k-Schur function skλpx; qq.
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The k-Schur functions were introduced over twenty years ago [37] to refine the
Macdonald positivity conjecture. Recent work have showed that the modified Mac-
donald polynomials are indeed k-Schur positive. Having a representation theoretic
model for the k-Schur functions would give insight into understanding the combina-
torics of Macdonald positivity through representation theory.



35

Chapter 5

A cocharge monomial basis for the
Garsia-Procesi Rings

In this chapter, we study the Garsia-Procesi ring Rµ, a quotient of the coinvariant
ring Rn indexed by µ $ n. We construct a basis of Rµ using the catabolizability
type of standard Young tableaux and the cocharge statistic. This basis turns out
to be equal to the descent basis defined in [11]. Our new construction connects
the combinatorics of the basis with the well-known combinatorial formula for the
modified Hall-Littlewood polynomials rHµrX; qs, due to Lascoux. We also use this
basis to give an elementary proof of the fact that the graded Frobenius character of
Rµ is the modified Hall-Littlewood polynomial rHµrX; qs.

Inspired by the connections between shuffles and catabolizability, we prove a
result that gives a lower bound for the catabolizability type of a permutation con-
structed by shuffling cocharge words. The first six sections of this chapter is contained
in [33].

5.1 Introduction

Certain quotients of Rn correspond to CSn-modules that come from Springer fibers.
Given a partition µ of n, the Springer fiber Fµ Ă Fn is the set of flags that are fixed
by a unipotent matrix with Jordan type µ. The cohomology ring H˚pFµq of the
Springer fiber has an Sn action which is compatible with that on H˚pFnq [48].

Though the definitions above can be extended to different Lie types, there are
certain nice properties when we consider Type A. In particular, the map H˚pFnq Ñ

H˚pFµq is a surjection. From this, we have a concrete realization of H˚pFµq as
a quotient of Rn by an Sn invariant ideal. The following presentation is due to
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DeConcini–Procesi [17] and Tanisaki [51].
Let pkpµq be the number of boxes of the Young diagram of µ that are not in the

first k columns. Given a subset S Ă x, we define edpSq to be the dth elementary
symmetric function in the set of variables S. The Tanisaki ideal Iµ is defined to be

Iµ “ xedpSq | S Ă x, d ą |S| ´ pn´|S|pµqy.

When µ “ 1n, we have I1n “ xe1pxq, . . . , enpxqy, hence the Garsia-Procesi ring in-
dexed by 1n is the full coinvariant ring Rn. Using this ideal, we have that H˚pFµq –

Rµ :“ Crxs{Iµ.

Example 5.1.1. Consider µ “ p2, 1, 1q. Then we have that p1pµq “ 1, p2pµq “ p3pµq “

p4pµq “ 0. From this, we have

Iµ “ xe3px1, x2, x3q, e3px1, x2, x4q, e3px1, x3, x4q, e3px2, x3, x4q, e1pxq, e2pxq, e3pxq, e4pxqy

Garsia and Procesi [20] constructed a monomial basis of Rµ that is a subset of the
Artin monomials. In light of their work, we refer to Rµ as the Garsia-Procesi ring
indexed by µ. The question of finding a subset of the Garsia-Stanton descent mono-
mials that is a monomial basis of Rµ was unresolved until recently, when Carlsson
and Chou gave a construction using shuffles of descent compositions [11].

The graded Frobenius character of the Garsia-Procesi ring Rµ is given by the
modified Hall-Littlewood polynomials H̃µrX; qs [34]. These polynomials have a com-
binatorial formula due to Lascoux [38] and Butler [10]:

rHµrX; qs “
ÿ

TPSSYTpµq

qcochargepT qsshpT qpXq (5.1)

“
ÿ

SPSYTn
ctypepSq�µ

qcochargepSqsshpSqpXq. (5.2)

The first formula is the we–known combinatorial formula for the modified Hall-
Littlewood polynomials. The second is an equivalent statement which follows from
Proposition 4.1.9.

Example 5.1.2. Looking at Figure 2.2, we can see that

rH2,1,1rX; qs “ s4 ` pq ` q2qs3,1 ` q2 s2,2 ` q3 s2,1,1.

In this paper, we give a monomial basis of Rµ, where the monomials are indexed
by standard tableaux that satisfy a catabolizability type condition. The set we



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE
GARSIA-PROCESI RINGS 37

construct is the natural subset of the descent basis of Rn to consider in light of the
combinatorial formula (5.2) for the graded Frobenius series.

For any permutation w, we associate a word ccpwq of the same length called the
cocharge word of w such that the sum of the entries of ccpwq is cocharge(w). We
refer to the monomial xrevpccpwqq, where the exponents are given by the charge word
of w, as the cocharge monomial corresponding to w.

Theorem 5.A. Let µ be a partition of n. The set of cocharge monomials

txrevpccpwqq
| w P Sn, ctypepwq � µu

is a monomial basis of Rµ. In fact, it coincides with the basis given by Carlsson–Chou
[11].

Our basis consists of cocharge monomials corresponding to certain permutations
in Sn. We later see that the set of cocharge monomials for all permutations in Sn

is equal to the Garsia-Stanton descent basis of Rn. Thus our set of monomials is
indeed a subset of the descent basis.

Although our basis is equal to that of Carlsson–Chou, our construction of it
is different and provides the first direct connection between the structure of the
Garsia-Procesi ring and the catabolizability formula for the modified Hall-Littlewood
polynomial that gives its graded Frobenius character. It is immediate that our basis is
of the correct size in each dimension, a fact that was nontrivial from the construction
of Carlsson–Chou. The construction of our basis is clearly compatible with the
Hilbert series of Rµ that we compute from (5.2):

HilbqpRµq “
ÿ

TPSYTn
ctypepT q�µ

qcochargepT q
| SYTpshpT qq| (5.3)

where SYTpλq denotes the set of standard Young tableaux of shape λ.
Furthermore, the relation between the cocharge monomial construction and the

construction of Carlsson–Chou gives insight to how catabolizability type behaves
under shuffling cocharge words. In particular, we can show that there is a lower
bound on the catabolizability type of the permutation we get from the shuffles.

Theorem 5.B. Let up1q, up2q, . . . , uplq, w be permutations such that ccpwq is a shuffle
of ccpup1qq, . . . , ccpuplqq. We have

ctypepwq � ctypepup1q
q ` ctypepup2q

q ` ¨ ¨ ¨ ` ctypepuplq
q,

where ctypepup1qq`ctypepup2qq`¨ ¨ ¨`ctypepuplqq is the partition given by the partwise
sum of ctypepup1qq, ctypepup2qq, . . . , ctypepuplqq.
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Though it is easy to identify the ungraded Frobenius character of Rµ directly
from its structure, as exhibited in Garsia–Procesi [20], it is challenging to do the
same for the graded character. This often requires heavy geometric machinery ([17])
or further combinatorial properties of the ring and character ([20]). However, our
basis construction gives a way to easily identify the graded Frobenius character of
Rµ as the modified Hall-Littlewood polynomial rHµrX; qs that only depends on (5.2)
and the ungraded Frobenius character. We show that HilbqpNγRµq, where Nγ “
ř

σPSγ
sgnpσqσ is the antisymmetrizer with respect to the Young subgroup Sγ, is

easily determined using our basis construction and the ungraded Frobenius character
of Rµ, by proving that the natural subset of our basis enumerated by xeγ,FrobqpRµqy

has the property that applying Nγ yields a basis for NγRµ.

Proposition 5.C. Let µ be a partition of n and γ “ pγ1, . . . , γlq be a composition of
n. The set

tNγx
revpccpwqq

| w P Sn, ctypepwq � µ, Ascpwq Ă tγ1, γ1 ` γ2, . . . , γ1 ` ¨ ¨ ¨ ` γl´1uu

is a basis of NγRµ, where Ascpwq :“ ti : wi ă wi`1u.

The following corollary is immediate from Proposition 5.C and the catabolizabil-
ity formula (5.2).

Corollary 5.D. For any partition µ of n we have FrobqpRµq “ rHµrX; qs.

This chapter is organized as follows. In Section 5.2, we recall construction of the
descent monomial basis of Rµ due to Carlsson–Chou [11]. In Section 5.3 give the
construction of our set and prove that it agrees with the Carlsson–Chou basis, which
shows that our set is indeed a basis due to their results. In particular, we show that
our set of monomials is contained in their basis and then conclude they are the same
set since they have the same cardinality. In Section 5.4, we introduce an algorithm
that can be used to prove the other direction of containment, as well as other results
about catabolizability types. In Section 5.6, we use a result from the previous section
to show that this basis gives us a simple description of the Hilbert series of NγRµ.

From this, we show FrobqpRµq “ rHµrX; qs.

5.2 Carlsson–Chou construction of the descent

basis of Rµ

Recall that the Artin basis tfwpxq : w P Snu and the descent basis tgwpxq : w P Snu

of the coinvariant ring Rn both give give a combinatorial explanation of HilbqpRnq “
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rnsq!:

ÿ

wPSn

qdegpfwpxqq
“

ÿ

wPSn

qdegpgwpxqq
“ rnsq! “ HilbqpRnq (5.4)

Since Rµ is a quotient of Rn, the natural question to ask if whether there exists a
subset of the Artin monomials or the descent monomials which is a monomial basis
of Rµ. Garsia-Procesi [20] constructed a monomial basis of Rµ which is a subset of
the Artin basis of Rn. However, this basis does not give an analogous combinatorial
explanation of the expression

HilbqpRµq “
ÿ

TPSYT
ctypepP pwqq�µ

qcochargepwq. (5.5)

The problem of finding a subset of the descent basis that gives a monomial basis
of Rµ was recently solved by Carlsson–Chou [11]. For two words zp1q, zp2q of length
l1, l2 we define Shpzp1q, zp2qq to be the collection of all words u of length pl1 ` l2q such
that zp1q and zp2q are two disjoint subwords of u. We construct such u by interleaving
zp1q and zp2q. An element u of Shpzp1q, zp2qq is a shuffle of zp1q and zp2q. We can extend
this definition and let Shpzp1q, . . . , zplqq denote the set of all shuffles of zp1q, . . . , zplq.
We also define the set of reverse shuffles of zp1q, . . . , zplq, denoted Sh1

pzp1q, . . . , zplqq,
to be equal to Shprevpzp1qq, . . . , revpzplqqq.

The Carlsson–Chou descent basis of the Garsia-Procesi ring is defined as follows.
For µ $ n, define Dµ to be

Dµ “
ď

pzp1q,...,zplqq

Shpzp1q, . . . , zplq
q (5.6)

where l “ µ1 and pzp1q, . . . , zplqq ranges over all l-tuples in Dµ1
1

ˆ ¨ ¨ ¨ ˆ Dµ1
l

Remark 5.2.1. Note that this is different from the original notation used in [11], up
to transposing the partitions.

Alternatively, they have a presentation in terms of ordered set partitions. Define
OSPλ to be the collection of ordered set partitions pA1| . . . |Aℓpλqq of rns where |Ai| “

λi. The set Dµ can be described using OSPµ1

Dµ :“ ta : a|Ai
P Dµ1

i
for pA1| . . . |Aµ1q P OSPµ1u. (5.7)

Note that we take OSPµ1 , so the sizes of the parts correspond to the lengths of
the columns.
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Theorem 5.2.2 (Carlsson–Chou [11]). The set xDµ “ txα | α P Dµu is a monomial
basis of Rµ. Furthermore, they are the non-leading terms with respect to the des-order
on monomials.

Example 5.2.3. Consider µ “ p2, 1, 1q. Note that µ consists of two columns, one of
length 3 and one of length 1. We have that

D3 “ t012, 011, 101, 001, 010, 000u,

D1 “ t0u.

Then we have

D2,1,1 “ t0012, 0102, 0120, 0011, 0101, 1001, 1010, 0110, 0001, 0010, 0100, 0000u.

The corresponding set of monomials is a basis of Rp2,1,1q :

tx3x
2
4, x2x

2
4, x2x

2
3, x3x4, x2x4, x1x4, x1x3, x2x3, x4, x3, x2, 1u,

Remark 5.2.4. Carlsson–Chou show that their basis is a subset of the Garsia-Stanton
descent basis. However, it is not obvious how to see directly for which w P Sn we
have gwpxq P xDµ without computing Dµ. It is also not obvious that |Dµ| “ dimpRµq,
since multiple shuffles can correspond to the same descent word. For example, 0101 P

Shp101,0q and 0101 P Shp011,0q both correspond to the same element in Dµ.

5.3 Construction of cocharge monomial basis of

Rµ

We can reformulate the descent monomials to be in terms of cocharge words.

Lemma 5.3.1. We have Dn “ trevpccpwqq | w P Snu.

Proof. Note that the proof in [33] does this in terms of charge words. Here, we show
it without using the language of charge. Note that for any w P Sn we can see that

xrevpccpwqq
“

ź

j:pw´1qj`1ăpw´1qj

xn´pw´1qj`1`1 ¨ ¨ ¨ xn´pw´1qn`1.

Note that the condition pw´1qj`1 ă pw´1qj is exactly what it means for j ` 1 to be
on the left of j in w.
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We can also see that given some π P Sn, we have that

grevpπ´1qpxq “
ź

π´1
j ăπ´1

j`1

xπ´1
j`1

. . . xπ´1
n
.

Thus, if we set w “ revpπq, we have

grevpprevpwqq´1qpxq “
ź

w´1
j ąπ´1

j`1

wn´w´1
j`1`1 . . . xn´w´1

n `1.

Thus xrevpccpwqq “ gτ pxq when τ “ revprevpwq´1q.

Using this, we can describe the descent basis of Rn in the following way using
reverse cocharge words:

txrevpccpwqq : w P Snu.

We refer to these monomials as cocharge monomials. We now define sets of
cocharge monomials that will give monomial bases of Garsia-Procesi rings. Our con-
struction involves cocharge words of permutations whose insertion tableaux satisfy
a catabolizability condition.

Definition 5.3.2. The set Cµ is defined to be

Cµ :“ trevpccpwqq | w P Sn, ctypepwq � µu. (5.8)

From Lemma 5.3.1, we know Cµ Ă Dn. The main theorem of this chapter is that
this subset of descent monomials gives a basis of Rµ.

Theorem 5.A. The set

xCµ “ txα
| α P Cµu (5.9)

is a monomial basis of Rµ. In fact, it coincides with the basis xDµ given by Carlsson–
Chou [11], ie., Cµ “ Dµ.

Before we prove Theorem 5.A, we point out the connections between this basis
and our known properties of Rµ. Comparing with the combinatorial formula (5.5)
for HilbqpRµq, we can see that the classification of insertion tableaux that appears in
(5.8) is the natural one to consider when looking at subsets of descent monomials.

In fact, it is evident from our construction that the degrees of the monomials
in our set match what we expect from HilbqpRµq. In particular, it is apparent that
|Cµ| “ dimpRµq, which was not obvious from the definition of Dµ. Furthermore, it is
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clear that our set has the correct number of monomials of each degree to be a basis
of Rµ by construction. That is, for any nonnegative d, we have

|tw P Sn, ctypepwq � µ, cochargepwq “ du| “ dimppRµqdq,

where pRµqd is the degree d component of Rµ. This construction also gives us a direct
way to determine for which w P Sn we have gwpxq P xCµ .In particular, we have that
gτ pxq P xCµ for τ “ revprevpwq´1q and ctypepwq�µ. There is a way to interpret this
using the recording tableau of τ , along with evacuation on tableaux .

Example 5.3.3. Consider µ “ p2, 1, 1q. There are five standard tableaux S such that
ctypepSq � p2, 1, 1q “ µ. We list them, along with all words w such that P pwq “ S
and their cocharge monomials:

S tw | P pwq “ Su txrevpccpwqq | P pwq “ Su

4
3
1 2

{4312, 4132, 1432} tx3x
2
4, x2x

2
4, x2x

2
3u

3 4
1 2 {3412 , 3142} tx3x4, x2x4u

3
1 2 4 {3124, 1324, 1342} tx1x4, x1x3, x2x3u

4
1 2 3 {4123, 1423 , 1243} tx4, x3, x2u

1 2 3 4 {1234} t1u

Note that all cocharge monomials for words with the same insertion tableau S have
degree equal to cochargepSq. The resulting set of cocharge monomials is

tx3x
2
4, x2x

2
4, x2x

2
3, x3x4, x2x4, x1x4, x1x3, x2x3, x4, x3, x2, 1u,

which is the same as in Example 5.2.3.

We prove Theorem 5.A by showing Cµ “ Dµ, which implies that our set is a basis
of Rµ by the work of Carlsson–Chou. Since we know that Dµ is a basis of Rµ and
that Cµ has the correct cardinality to be a basis, it suffices to show that Cµ Ă Dµ.

First, we prove some nice properties about cocharge words that we will use. Using
the algorithm to construct ccpwq described in Section 2.6, we can find the following
criteria for a word z to be a valid cocharge word of a permutation.

Lemma 5.3.4. Let z be a word of nonnegative integers of length n containing a 0.
We have z “ ccpwq for some w P Sn if and only if for any nonnegative c, one of the
following holds:
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(a) there exists a pc ` 1q to the left of the rightmost c in z.

(b) c is the largest letter in z.

Proof. It is clear that any cocharge word ccpwq satisfies the condition above, since
the cocharge goes up whenever we encounter an pi ` 1q in w such that pi ` 1q to the
left of i.

We can recover the permutation w from z by reversing the process. That is: we
can construct an ordered set partition pA0| . . . |Akq of n, where z|Ai

“ i . . . i
|Ai| many

.

Define w so that w|Ai
“ pai ` 1q . . . aj where ai “

ři
j“0 |Aj|. The resulting word

w is a permutation by construction. The fact that ccpwq “ z follows from the fact
that the cocharge goes up when a`1 appears to the left of a: from (a), we know that
paj ` 1q always appears to the left of aj, hence the cocharge value will go up.

Remark 5.3.5. Note that we can make the analogous statement for cocharge fillings
corresponding to standard tableaux.

We can modify cocharge words, by inserting or removing certain letters, without
changing the fact that it is a cocharge word.

Lemma 5.3.6. Let z “ ccpwq for w P Sn.

(a) For a nonnegative integer d such that d “ zi for some i and any word u of
length n ` 1 such that uj “ d, u|rn`1s´tju “ z, we have u “ ccpw̃q for some
w̃ P Sn`1.

(b) For indexm such that zm is the rightmost, largest entry in z, we have revpz|rns´tmuq P

Dn´1. In particular, we have z|rns´tmu “ ccpw|n´1q.

Proof. (a) Note that such u is equivalent to inserting d into z. Any word we obtain
in this way still satisfies the conditions in Lemma 6.4 since z does.

(b) Since we label the entries by reading from left to right, we know that the
rightmost, largest entry in z must be the last entry in w that we label. Thus
wm “ n. Thus deleting zm from z is equivalent to labeling all but the largest
entry in w.

As a slight modification to Algorithm 4.1.13, we record the entries of ccpwq that
correspond to the boxes in λ as we build the partition. When reading i results in
adding a box to the partition ν, we fill the new box with i. This gives us a standard
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filling (but not a SYT) of shape ctypepwq, meaning t1, . . . , nu appear exactly once.
We denote this filling as Tw. For the modified algorithm, the final tuple is pH, Twq.

Example 5.3.7. Let w “ 634125. Then we have that Tw “
1 6
3 2
5 4

and ctypepwq “

p2, 2, 2q

We also note some properties of Algorithm 4.1.13.

Lemma 5.3.8. If we add i to row r of Tw when reading i for the kth time, we have

k ` ccpwqi “ r.

Proof. Each time we read i without adding it to Tw, we increase the ith letter of the
input word by 1. After reading through the word pk ´ 1q times without adding i to
the filling, the ith letter in the input word is ccpwqi ` pk ´ 1q. Since we add i the
next time we read the ith letter, we know we add it to the pccpwqi ` pk ´ 1q ` 1qth
row, where the last 1 is coming from the fact that fpx, νq “ py, ν ` ϵa`1q.

We look at subwords of ccpwq determined by the columns of Tw, the filling of
shape µ “ ctypepP pwqq we get by applying Algorithm 4.1.13 to w. For 1 ď j ď µ1

and 1 ď r ď µ1
j, let

ti | i is in row r1, column j of Tw, 1 ď r1
ď ru “ tj

prq

1 ă j
prq

2 ă ¨ ¨ ¨ ă jprq
r u.

We are numbering the entries in column j of Tw in increasing order, though that
order may not match the order in which they appear in the column.

We define the subword ccpwqpj,rq of ccpwq to be

ccpwq
pj,rq

“ ccpwq
j

prq

1
ccpwq

j
prq

2
. . . ccpwq

j
prq
r
.

In this case, ccpwqpj,rq is the subword corresponding to the first r rows of column j
in Tw. We write ccpwqpjq “ ccpwqpj,µjq when r is equal to the height of column j.

Example 5.3.9. Using w “ 634125 and ccpwq “ 211001 from Example 5.3.7, we can
see that

ccpwq
p1,3q

“ ccpwq1 ccpwq3 ccpwq5 “ 210.

We can also see that j
p3q

1 “ 1 but 1 is not in the first row of Tw.

Proposition 5.3.10. For w P Sn such that ctypepwq “ µ, consider j, r such that
1 ď j ď µ1 and 1 ď r ď µ1

j. Then ccpwqpj,rq “ ccpσq for some σ P Sr.
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Proof. We show this by induction on r. When r “ 1, we know ccpwqpj,1q “ 0, since
for any i that appears in the first row of Tw we must have ccpwqi “ 0. Hence the
claim holds.

Assume the claim holds for pr ´ 1q. We know that we obtain ccpwqpj,rq from
ccpwqpj,r´1q by adding ccpwqa into ccpwqpj,r´1q in the correct position, where a is the
entry in row r, column j of Tw. Let b denote the entry directly below a in Tw. Since
b appears below a, we know that when we constructed Tw using Algorithm 4.1.13 to
ccpwq we first added b, and then a, to the filling. If we let ka, kb denote the number
of times we read a, b before adding them to Tw, we must have kb ď ka. If ka “ kb,
then since we add b before a, we must have a ă b, since ccpwqb must be to the right
of ccpwqa in ccpwq. We also have ccpwqa “ ccpwqb ` 1 from Lemma 5.3.8 since a is
one row above b. If kb ă ka, then ccpwqb ě ccpwqa.

From this, we know that if ccpwqa is larger than every letter in ccpwqpj,r´1q, we
have ccpwqa “ ccpwqb ` 1 where b ą a is the entry directly below a in Tw and ccpwqb

is the largest letter in ccpwqpj,r´1q.
By Lemma 5.3.6, we conclude ccpwqpj,rq is a cocharge word by induction.

Remark 5.3.11. The fact that ccpwqpj,rq is a cocharge word is not obvious a priori,
since it is not true that any subword of a cocharge word is a cocharge word. For
example, consider w “ 21, which has ccpwq “ 10. Though 1 is a subword of ccpwq,
it is not a cocharge word.

Now we show that Cµ Ă Dµ. We first consider the case where ctypepwq “ µ.

Proposition 5.3.12. Let µ be a partition of n of length l and w be a permuta-
tion of n with ctypepwq “ µ. Then ccpwq P Shprevpzp1qq, . . . , revpzplqqq for some
pzp1q, . . . , zplqq P Dµ1

1
ˆ ¨ ¨ ¨ ˆ Dµ1

l
.

Proof. We obtain a filling Tw of shape ctypepwq “ µ by applying Algorithm 4.1.13
to ccpwq. It is clear that ccpwq P Shpccpwqp1q, ccpwqp2q, . . . , ccpwqplqq, where ccpwqpjq

is the subword of ccpwq corresponding to column j in Tw. We know ccpwqpjq has
length µj, which is the height of column j. Thus, from Proposition 5.3.10, we know
ccpwqpjq “ ccpσq for σ P Sµ1

j
, where revpccpwqpjqq P Dµ1

j
by Lemma 5.3.1.

Example 5.3.13. Continuing with Example 5.3.9 we construct two subwords of ccpwq “

211001, both of length 3, based on the columns of Tw:

ccpwq
p1q

“ ccpwq1 ccpwq3 ccpwq5 “ 210

ccpwq
p2q

“ ccpwq2 ccpwq4 ccpwq6 “ 101

We can see that ccpwqp1q “ cwp321q and ccpwqp2q “ ccp213q. Thus ccpwq P Shpccp321q, ccp213qq “

Sh1
prevpccp321q, revpccp213qq , where prevpccp321qq, revpccp213qqq P D3 ˆ D3.
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Note that Proposition 5.3.12 only considers permutations w with ctypepP pwqqq “

µ. To prove the inclusion Cµ Ă Dµ, we extend this argument to consider ctypepP pwqqq�

µ.

Proof of Theorem 5.A. We know |Cµ| “ |Dµ|, since |Cµ| “ dimpRµq and Dµ is a
basis of Rµ. Hence to show equality of the two sets, we will show Cµ Ă Dµ. From
Proposition 5.3.12, it suffices to consider w P Sn where ctypepP pwqq � µ. First,
consider w P Sn such that ctypepP pwqq “ λ�µ where λ and µ differ by moving one
box in the Young diagram. Assume that we construct µ from λ by taking the last
box in some column j2 of λ and moving it to the top of column j1, where j1 ă j2.

Wee consider the filling Tw of λ that we get from Algorithm 4.1.13. Let a be the
entry in the last box of column j2. Take the box containing a and append it into the
end of column j1.

By assumption, we know the resulting shape is µ. Denote the resulting filling of
shape µ by T

pµq
w . We claim that each subword of ccpwq that corresponds to a column

of T
pµq
w is still a valid cocharge word. The only columns we need to consider are

columns j1 and j2. Since the only modification to column j2 is taking off the last
entry we added, we see that the resulting word is still a valid cocharge word from
Proposition 5.3.10.

Since j1 ă j2 and Tw is partition shape, there exists an entry b in column j1 which
is in the same row as a in Tw. Since j1 ă j2, we know we first added b, and then
a, to the filling Tw. If we let ka, kb denote the number of times we read a, b before
adding them to Tw, we must have kb ď ka. Thus, we know that ccpwqa ď ccpwqb

from Lemma 5.3.8.
Thus adding a to ccpwqpj1q does not introduce a new cocharge value to this word

since ccpwqb is in ccpwqpj1q. From Lemma 5.3.6(i), we conclude the resulting word is
a cocharge word of a permutation.

If ctypepP pwqq � µ differ by moving multiple boxes, we repeat this process until
we get a filling of µ where each of the columns correspond to valid cocharge words.
It is clear that ccpwq is a shuffle of these cocharge words. Hence revpccpwqq P Dµ.
From this, we have Cµ “ Dµ. Since xDµ is a basis of Rµ, we conclude that our set
xCµ is a basis as well.

Example 5.3.14. We use the same w, Tw as in Example 5.3.7. For µ “ p2, 1, 1, 1q �

ctypepwq, we can create a new filling T µ
w of shape µ by moving the last box in column

2 of Tw to the end of column 1. This gives us

T µ
w “

1
5
2
4 3

.
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The two new subwords coming from the columns of T µ
w are ccpwq1 ccpwq2 ccpwq4 ccpwq5 “

1101 and ccpwq3 “ 0, both of which are still cocharge words.

Remark 5.3.15. Note that [11, Algorithm 1] gives a way to take a descent word
a P Dµ and recover an ordered set partition pA1| . . . |Alq of n such that |Ai| “ µi

and a|Ai
P Dµi

. That is: the ordered set partition identifies a canonical way to see
a as a shuffle of descent words. This algorithm does not necessarily agree with our
construction of a canonical decomposition of the cocharge word ccpwq outlined in
Proposition 5.3.10. For example: if we consider 01011 P C2,2,1 “ D3,2, the Carlsson–
Chou construction decomposes this into 01011, while our construction decomposes
it into 01011.

5.4 New properties of catabolizability type

Theorem 5.A says that two conditions, one involving catabolizability type and the
other involving shuffles, are equivalent. In particular, we get the following corollary.

Corollary 5.4.1. Let up1q, up2q, . . . , uplq be permutations where upjq is of length µ1
j.

Then we have

Shpccpup1q
q, . . . , ccpuplq

qq Ă tccpwq | w P Sn, ctypepwq � µu.

Proof. This follows from rephrasing the relation Dµ Ă Cµ.

However, we can show the following stronger result using properties of Algorithm
4.1.13.

Theorem 5.B. Let up1q, up2q, . . . , uplq, w be permutations such that ccpwq P Shpccpup1qq, . . . ,
ccpuplqqq. We have

ctypepwq � ctypepup1q
q ` ctypepup2q

q ` ¨ ¨ ¨ ` ctypepuplq
q,

where ctypepup1qq`ctypepup2qq`¨ ¨ ¨`ctypepuplqq is the partition given by the partwise
sum of ctypepup1qq, ctypepup2qq, . . . , ctypepuplqq.

We can see that Corollary 5.4.1 follows from Theorem 5.4. For any u P Sn, we
know ctypepuq�p1qn, since p1qn is the unique smallest partition of size n with respect
to dominance order. Hence, for permutations up1q, up2q, . . . , uplq, w where upjq P Sµ1

j

and ccpwq P Shpccpup1qq, . . . , ccpuplqqq, we have

ctypepwq�ctypepup1q
q`ctypepup2q

q`¨ ¨ ¨`ctypepuplq
q�p1q

µ1
1 `p1q

µ1
2 `¨ ¨ ¨`p1q

µ1
j “ µ.
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Tw
up1q “

(3,4)

(2,9)

(2,5)

(1,10)

(1,7) (1,8)

, Tw
up2q “

(1,2) (1,6)

(1,1) (1,3)
.

Figure 5.1: Fillings Tw
up1q , T

w
up2q

Hence Theorem 5.4 gives an improved lower bound for the catabolizability type of a
shuffle.

We prove Theorem 5.4 by introducing a new modification of Algorithm 4.1.13 that
keeps track of the difference between ctypepwq and ctypepup1qq ` ¨ ¨ ¨ ` ctypepuplqq.
We first construct our inputs for the algorithm. We restrict to the case where l “ 2,
but the same arguments generalize to larger l. Let up1q, up2q, w be permutations such
that ccpwq P Shpccpup1qq, ccpup2qqq. If we specify a shuffle of ccpup1qq and ccpup2qq that
is equal to ccpwq, we have that each letter in ccpwq corresponds uniquely to a letter
in ccpup1qq or ccpup2qq. Fix such a shuffle.

We can create fillings Tw
up1q , T

w
up2q of shapes ctypepu

p1qq, ctypepup2qq using Algorithm
4.1.13. Similar to previous modification of Algorithm 4.1.13, we fill the boxes as we
add them to the partition. However, we now fill the box with tuples pk, iq. Consider
the box we add to Tw

up1q when reading the letter ctypepup1qqm for the kth time. There

exists an i such that ctypepup1qqm corresponds to ccpwqn´i`1 in the fixed shuffle. We
fill the box with the tuple pk, iq.

Note that the convention for the index we put in the box is different from what
we used in Section 5.3. The pn´ i` 1q will be useful when we define a total ordering
on these entries. We are abusing notation here, since the fillings depend on how we
shuffle the two cocharge words to get ccpwq, not just w.

Example 5.4.2. Let w “ 5 9 1 2 6 7 10 3 8 4. Then ccpwq “ 1 2 0 0 1 1 2 0 1 0 P

Shp120012, 1010q, where we have colored the entries to denote the shuffle we chose.
The resulting fillings Tw

up1q , T
w
up2q are depicted in Figure 5.1.

From Lemma 5.3.8, we know if pk, iq appears in row r of Tup1q , Tup2q we must have
k ` ccpwqn´i`1 “ r. Furthermore, since the second coordinate of an entry records
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pTup1q ` Tup2qq
w

“

(3,4)

(2,9)

(2,5)

(1,10)(1,2) (1,6)

(1,7) (1,8) (1,1) (1,3)

Figure 5.2: Filling pTup1q ` Tup2qqw

which letter in ccpwq created that box, for each i P t1, . . . , nu, there exists a unique
k such that pk, iq appears in Tw

up1q or T
w
up2q . This pk, iq appears exactly once.

We combine Tw
up1q , T

w
up2q to get a filling of shape ctypepup1qq ` ctypepup2qq, denoted

pTup1q ` Tup2qqw, by taking the row-wise sum of the two diagrams.

Example 5.4.3. We combine the two diagrams we get from Example 5.4.2 to get a
filling of p2 ` 2, 1 ` 2, 1, 1, 1q, depicted in Figure 5.2.

The lexicographic ordering (ĺ) on tuples pa, bq P Z2
ą0 is defined by:

pa, bq ă pc, dq ô

#

a ă c or

a “ c, b ă d.

The lexicographic ordering of the tuples keeps track of the order in which we read the
entries in Algorithm 4.1.13. That is: if pk1, i1q ĺ pk2, i2q, then we read ccpwqn´i1`1

for the k1th time before we read ccpwqn´i2`1 for the k2th time.
Let Tw

up1q`up2q be the filling obtained by rearranging the entries within the rows of
pTup1q ` Tup2qqw so that the entries within the rows are increasing from left to right
with respect to ĺ. We have the following result:

Lemma 5.4.4. The filling Tw
up1q`up2q satisfies the following conditions:

(i) Each i P t1, 2, . . . , nu appears in the second coordinate of an entry exactly once

(ii) The entries in each row and column are increasing with respect to the lexico-
graphic ordering on tuples,
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(iii) For any entry pk, iq in row r of Tw
up1q`up2q, we have k ` ccpwqn´i`1 “ r.

Proof. The conditions (i) and (iii) hold by construction. It suffices to show the entries
within each columns are increasing.

Let pk, iq be the entry in the row r, column j of Tw
up1q`up2q , where r ą 2. We know

pk, iq is the jth smallest entry in row r, since we reordered within the rows so that
the entries were increasing. For each entry in row r of Tw

up1q`up2q , there is an entry
in row r ´ 1 that appeared directly below it in Tw

up1q or Tw
up2q . Since Tw

up1q , T
w
up2q were

constructed through the Algorithm 4.1.13, we know that their columns are increasing
with respect to the lexicographic ordering.

Thus for each entry pk1, i1q in row r such that pk1, i1q ĺ pk, iq, there is an entry in
the row pr ´ 1q that was directly below pk1, i1q in Tw

up1q or T
w
up2q which is smaller than

pk1, i1).
Therefore, if pk, iq is the jth smallest entry in row r, there are at least j many

things in row pr´1q that are smaller than pk, iq. Hence pk, iq is larger than the entry
directly below it.

Example 5.4.5. Continuing with our example, we have

Tup1q`up2q “

(3,4)

(2,9)

(2,5)

(1,2) (1,6)(1,10)

(1,1) (1,3) (1,7) (1,8)

.

The entries are increasing within each row and column.

We now define the notion of row insertion when dealing with these fillings. This
is a modification of the classical row insertion used in RSK, except we also check the
column increasing condition when inserting and we may modify more than one entry
in the row, by sliding part of the row over to the right by one.

Algorithm 5.4.6. (Modified Row Insertion) Consider a filling T of a two row par-
tition shape, where each entry is a tuple in Z2

ą0 and the rows and columns are
increasing with respect to the lexicographic ordering.
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Let pa, bq P Z2
ą0. We insert pa, bq into the second row of this partition by doing

the following. We first find the leftmost pc, dq in the second row that satisfies:

pa, bq ĺ pc, dq, (5.10)

pa, bq ľ pe, fq (5.11)

when pe, fq denotes the entry directly below pc, dq. If no such pc, dq exists, we say
pa, bq pops out of this row and we are done.

If such pc, dq exists, replace pc, dq with pa, bq. The resulting filling is still increasing
in the rows and columns. The only place where we could have a contradiction is
directly to the left of pa, bq, but this cannot happen since pc, dq is the leftmost entry
that satisfies (5.10) and (5.11).

We now repeat the steps above to insert pc, dq into the same row. We continue
until an entry pops out or we insert into the last box of the row.

If we insert into the last box of the row, replacing pg, hq, we finish our insertion
process by appending pg, hq to the end of the second row if the resulting filling has
increasing columns and is still a partition shape. This only happens if the second
row was strictly shorter than the first. In this case, nothing pops out. Otherwise,
pg, hq pops out and the insertion is complete.

Note that once we successfully insert pa, bq, the entry pc, dq gets inserted to the
direct right of pa, bq or it pops out. From this, we can see that this process is
equivalent to determining where we can put pa, bq and then moving the entries larger
than it to the right by one until we find a contradiction with the bottom row or we
reach the end of the row.

We illustrate this through the following examples. The first one results in an
entry popping out.

Example 5.4.7. We insert pa, bq “ p2, 6q into the second row of the following partition:

(2,4) (3,2) (3,3) (4,1)

(1,1) (2,5) (2,7) (3,8) (5,2)

Since p3, 2q is the leftmost entry satisfying (5.10) and (5.11), we replace p3, 2q with
p2, 6q:

(3,2)

(2,4) (2,6) (3,3) (4,1)

(1,1) (2,5) (2,7) (3,8) (5,2)
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Now we repeat: we replace p3, 3q with p3, 2q:

(3,3)

(2,4) (2,6) (3,2) (4,1)

(1,1) (2,5) (2,7) (3,8) (5,2)

However, we cannot replace p4, 1q with p3, 3q since p3, 8q ł p3, 3q. Hence p3, 3q pops
out of this insertion and we are done.

We also give an example of when nothing pops out of the insertion process.

Example 5.4.8. We insert pa, bq “ p2, 6q into the second row of the following partition:

(2,4) (3,2)

(1,1) (2,5) (3,1)

Since p3, 2q is the leftmost entry satisfying (5.10) and (5.11), we replace p3, 2q with
p2, 6q:

(3,2)

(2,4) (2,6)

(1,1) (2,5) (3,1)

Now, we can append p3, 2q to the end of row 2 while maintaining the column increas-
ing condition. Adding a box to the second row does not change the fact that the
shape is a two row partition. Hence we insert p3, 2q into the empty spot.

(2,4) (2,6) (3,2)

(1,1) (2,5) (3,1)

Note that nothing pops out at the end of this insertion.

We make the following observation.

Lemma 5.4.9. If we insert pa, bq into row 2 of T and px, yq pops out, we have
pa, bq ĺ px, yq.
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Proof. If we are unable to insert pa, bq, then px, yq “ pa, bq. Otherwise, the insertion
replaces larger entries with smaller ones.

We can extend this definition of row insertion to any partition shape tableau T
filled with tuples in Z2

ą0 where the rows and columns are increasing. For any row
r ą 1 of T and pa, bq P Z2

ą0, we define T Ðr pa, bq to be the result of inserting pa, bq
into row r of T . Unlike RSK, we only modify row r; we do not continue inserting
into higher rows. It is a simple check to see that the resulting filling T Ðr pa, bq is
still increasing in the rows and columns.

Lemma 5.4.10. Consider partition shape tableau T filled with tuples in Z2
ą0 where

the entries within the rows and columns are increasing. Consider two tuples pa, bq ĺ

pa1, b1q. Let T Ðr pa, bq denote the tableau we get by inserting pa, bq into row r of T ,
where r is not the top row.

1. Assume px, yq pops out when we insert pa, bq into row r of T. If px1, y1q pops
out when we insert pa1, b1q into row pr`1q of T Ðr pa, bq, then px, yq ĺ px1, y1q.

2. If nothing pops out when we insert pa, bq into row r of T , then nothing pops
out when we insert pa1, b1q into row pr ` 1q of T Ðr pa, bq.

Proof. (1) Note that if px, yq “ pa, bq, the claim follows immediately. Otherwise, let
pp, qq denote the entry in row pr ` 1q directly above px, yq in T . Note that the entry
pp, qq may not exist: in that case, assume pp, qq to be the empty box at the end of row
pr`1). Let pg, hq denote the entry in row pr`1q directly above pa, bq in T Ðr pa, bq.

We can see that rows r, r ` 1 of T look like the following:

T :

pg, hq ¨ ¨ ¨ pp, qq

¨ ¨ ¨ px, yq

.

We can visualize T Ðr pa, bq in the following way. First, we move the shaded
boxes in row r, which are the boxes from the one directly below pg, hq up to (but
not including) px, yq, over one to the right. Then we put pa, bq directly below pg, hq

which pops out px, yq.
Rows r, r ` 1 of T Ðr pa, bq look like the following:

T Ðr pa, bq :

pg, hq ¨ ¨ ¨ pp, qq

pa, bq ¨ ¨ ¨

.
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Now, we insert pa1, b1q ľ pa, bq into row pr ` 1q of T Ðr pa, bq. Let px1, y1q be the
entry that pops out of this insertion, if such entry exists. To show px, yq ĺ px1, y1q,
we use the fact that px, yq ĺ pp, qq. It suffices to show pp, qq ĺ px1, y1q.

We proceed by cases. First, note that if pp, qq ĺ pa1, b1q, the claim automatically
holds since pa1, b1q ĺ px1, y1q (with potential equality).

The second case we consider is when pg, hq ĺ pa1, b1q ĺ pp, qq. In this case, we
can always insert pa1, b1q between pg, hq and pp, qq. Consider pg1, h1q ĺ pg2, h2q that
appear consecutively in row r of T Ðr pa, bq such that pg, hq ĺ pg1, h1q ĺ pa1, b1q ĺ

pg2, h2q ĺ pp, qq. This is equivalent to saying that in T Ðr pa, bq, we have the
following configuration:

T Ðr pa, bq :

pg, hq ¨ ¨ ¨ pg1, h1qpg2, h2q ¨ ¨ ¨ pp, qq

pa, bq ¨ ¨ ¨ ps1, t1q ps2, t2q

.

Since we know that all the shaded entries in row r were shifted 1 to the right
when inserting pa, bq into row r of T .we know that the entry ps1, t1q that appears
directly below pg2, h2q was originally below pg1, h1q in T . Thus ps1, t1q ĺ pg1, h1q ĺ

pa1, b1q ĺ pg2, h2q, which means we can replace pg2, h2q with pa1, b1q.
We can also move all the entries from pg2, h2q up to (but not including) pp, qq over

to the right by one, because this is just equivalent to realigning rows r and pr ` 1q

of T Ðr pa, bq to how they were in T . In particular, we can place pg2, h2q on top of
ps2, t2q, since we know ps2, t2q ĺ pg2, h2q. The result of continuing the insertion up
to pp, qq is the following configuration:

pp, qq

pg, hq ¨ ¨ ¨ pg1, h1q pa1, b1q pg2, h2q ¨ ¨ ¨

pa, bq ¨ ¨ ¨ ps1, t1q ps2, t2q

.

At this point, either we are able to continue by inserting pp, qq into row pr ` 1q,
or pp, qq pops out. From this, we know the smallest possible thing that could pop
out is pp, qq. Thus pp, qq ĺ px1, y1q.

Now, we consider the case where pa1, b1q ĺ pg, hq. We know pa1, b1q can be inserted
in some spot to the left of pg, hq by just checking (5.10): the column condition follows
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automatically since pa, bq ĺ pa1, b1q, thus pa1, b1q is larger than any entry to the left of
pa, bq in row r. Let pc, dq be the leftmost entry in row pr`1q such that pa1, b1q ĺ pc, dq.

T Ðr pa, bq :

pc, dq . . . pg, hq ¨ ¨ ¨ pp, qq

pa, bq ¨ ¨ ¨

.

We replace pc, dq with pa1, b1q. Now, any entry between pc, dq and pg, hq (which
correspond to the boxes colored yellow), must also be larger than pa, bq, so we can
keep inserting until we have replaced pg, hq. This gives us the following configuration:

pg, hq

pa1, b1q . . . ¨ ¨ ¨ pp, qq

pa, bq ¨ ¨ ¨

.

The next step is to insert pg, hq into row pr`1q: we can see that this is exactly the
second case we considered. Thus, from the argument above, we know the insertion
process will continue until we reach pp, qq and the claim holds.

(2) The same argument holds: if such px, yq does not exist, then pp, qq does not
exist. Thus the two cases we consider are pa1, b1q ĺ pg, hq and pg, hq ĺ pa1, b1q, which
correspond to the first two cases in the previous argument. We can keep inserting
into row pr ` 1q until we add a box at the end of row pr ` 1q, which we know we can
do since row r of T Ðr pa, bq is one longer than row r of T .

Now, we use this new notion of insertion to define a modification of Algorithm
4.1.13 that keeps track of the difference between ctypepwq and ctypepup1qq ` ¨ ¨ ¨ `

ctypepuplqq. The input pccpwq,H, Tw
up1q,...,uplqq depends on the shuffle of ccpup1qq, . . . , ccpuplqq

that is equal to ccpwq that we fix. Throughout this algorithm, we can think of the
filling T in the third coordinate of our tuple as keeping track of the “lower bounds” of
insertion: that is, if we read a certain entry in T , we must add a box there. However,
we may add boxes earlier, which is when we perform the chains of insertions. The
final result in the third coordinate will be a tableau Tw with shpTwq “ ctypepwq.

The next section will contain an example of this algorithm.
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Algorithm 5.4.11. The input is pccpwq,H, Sq, where S is a filling of a partition
shape that satisfies the conditions (i) – (iii) in Lemma 5.4.4. For example, we can
take S to be Tw

up1q,...,uplq .
As we did for Algorithm 4.1.13, we apply the function f repeatedly to the first

two coordinates until we get pH, ctypepwqq in the first two coordinates. We modify
the shape of the filling in the last coordinate whenever we add a box to the second
coordinate, so that the new shape is larger in dominance order.

At each step, we say we read pk, iq if we read the letter corresponding to ccpwqn´i`1

for the kth time. After each step of the algorithm, we get a triple pz, ν, T q where z
is a word, ν is some partition, and T is a tableau of partition shape.

Consider the step when we read pk, iq, with input pz, ν, T q, which results in adding
a box to row r of ν. Let pz̃, ν ` ϵrq be the new first and second coordinate of our
tuple.

By condition (i), we know there exists a pm, iq that appears in T . If k “ m, we
do not modify the filling T and the new tuple we consider is pz̃, ν ` ϵr, T q. Note that
by condition (iii), we know that pk, iq appears in row r of T .

However, if pm, iq is in row r1 where r ă r1, we will create a new tableau T̃ of
partition shape in the following way. We first look at T , where ‹ denotes the box
containing pm, iq:

row r’ ‹

row r

.

Delete the box in T containing pm, iq as well as the ones directly above it in T .
This results in deleting entries tpm, iq, pm1, i1q, . . . , pms, isqu, where pmt, itq denotes
the entry that was t boxes above pm, iq and s is the total number of boxes that
appear above pm, iq in T . The resulting diagram looks like this:

row r’

row r

removed entries: tpm, sq, pm1, i1q, pm2, i2q, pm3, i3qu

Note that since the entries are increasing within the columns of T , we have

pm, iq ĺ pm1, i1q ĺ ¨ ¨ ¨ ĺ pms, isq (5.12)
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The rows and columns are still increasing with respect to the lexicographic order-
ing if we ignore the empty spaces in the column that contained tpm, iq, pm1, i1q, . . . , pms, isqu.

We will create a new partition shape filling of n boxes by inserting the entries we
removed back into this filling.

Let d “ r1 ´ r. We first insert pm ´ d, iq “ pk, iq into row r using Algorithm
5.4.6. Note that we use pm ´ d, iq, rather than pm, iq, to maintain condition (iii).
This change does not change the fact that the entries in the filling satisfy condition
(i).

If an entry pops out, we denote that entry by px0, y0q. Now, we continue this
process, inserting pm1 ´ d, i1q into row r ` 1. If some entry px1, y1q pops out, we
know px0, y0q ĺ px1, y1q from Lemma 5.4.10 (1) since pm ´ d, iq ĺ pm1 ´ d, i1q.

In this way, we insert pm1 ´ d, i1, q, . . . , pms ´ d, isq into rows r ` 1, . . . , r ` s.

pm3´d,i3qÑ

pm2´d,i2qÑ

pm1´d,i1qÑ

pm´d,iqÑ

.

If we insert into a row with a gap in the middle, we ensure that we maintain the
empty spot by skipping over it in the insertion process. That is: we never insert in
the empty spot in the middle of the row.

By Lemma 5.4.10 (2) and (5.12), we know that once we have an insertion where
nothing pops out, we will never have anything pop out for the later insertions as
well. Let j ď s be the index such that inserting pmj ´ d, ijq is the last insertion
where some entry pxj, yjq pops out. The elements that pop out at each step have
the following relation:

pk, iq ĺ px0, y0q ĺ px1, y1q ĺ ¨ ¨ ¨ ĺ pxj, yjq, (5.13)

where either j “ s or nothing popped out when inserting pmj`1 ´ d, ij`1q into row
r ` j ` 1.

For example, if we assume j “ 2 in our example, we get:

Ñpx2,y2q

Ñpx1,y1q

Ñpx0,y0q

.
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Once we have inserted up to pms ´ d, isq, we still have an empty column where
pm, iq used to be and above.

Since the insertion algorithm replaces entries with smaller ones, we know that
the entry below the empty space in row r1 must still be smaller than pm, iq. If there
exists an entry px0, y0q that popped out of row r, we have the following inequalities
using (5.13):

pk ` d, iq “ pm, iq ĺ px0 ` d, y0q ĺ px1 ` d, y1q ĺ ¨ ¨ ¨ ĺ pxj ` d, yjq. (5.14)

Thus we can fill the empty column with the entries px0`d, y0q, px1`d, y1q, pxj `d, yjq
and preserve the column increasing condition for all the columns.

˝

˛

˚ where ˚ “ px0, y0q, ˛ “ px1, y1q, ˝ “ px2, y2q.

Now that we have put all the entries back into the filling, we rearrange the entries
within rows r1 and above so that the entries within the rows are increasing and we
have a partition shape with no gaps. Let the resulting diagram be T̃ . We can use the
same argument used in the proof of Lemma 5.4.4(ii) to show that the T̃ is increasing
within the rows and columns, since the filling we had before rearranging within the
rows was column strict. Using this, we know that T̃ still satisfies conditions (i)– (iii).
In this case, the new tuple we consider is pz̃, ν ` ϵr, T̃ q.

We proceed by reading the next letter in z̃. We continue this process until the
first coordinate of our tuple is the empty word.

Algorithm 5.4.11 satisfies the following properties. When we are reading an entry
pk, iq, we say that smaller than pk, iq in the lexicographic order has already been read.

Lemma 5.4.12. Assume we apply Algorithm 5.4.11 with intial input pccpwq,H, Sq.
Each intermediate tuple pz, ν, T q must satisfy the following conditions:

(a) As partitions, we have shpT q�shpSq, where S is the filling in the original input.

(b) A tuple pk, iq that appears in T has already been read if and only if it is contained
in the subdiagram of T of shape ν.

(c) A tuple pk, iq that appears in T has not been read if and only if the letter
corresponding to ccpwqn´i`1 has not been deleted from the input word.
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Proof. Note that by assumption, we have that T satisfies the conditions (i)–(iii). We
proceed by induction. Note that the statement is true for the initial filling S before
we read p1, 1q. We proceed by cases.

Assume we read pk, iq but cannot add a box to ν. By (iii), we know that there
exists a tuple pm, iq P T . By induction, we know that pm, iq cannot have been read
yet by (c), since it corresponds to an entry that has not been deleted from the input
word. Thus m ě k. Furthermore, if m “ k, we would have that the box below pk, iq
in T must be contained in the subdiagram of shape ν by (b) and (ii), since it must
have already been read. However, this would imply that we would be able to add a
box to the diagram ν, which is a contradiction. Thus k ă m. Since this does not
affect any of the conditions, we have that (a)–(c) are true for this tuple.

Now we consider the case where reading pk, iq results in adding a box to row r of
ν but does not change the filling T . This does not affect condition (a). In this case,
we know pk, iq appears in row r of T . Since we assume that T satisfied conditions
(a)–(c) before we read T , we know that pk, iq is the smallest entry in row r of T
that is not contained in the subdiagram of shape ν. This implies that the box in T
containing pk, iq is exactly the new box in ν ` ϵr, thus (b) and (c) hold as well.

Finally, we consider the case where reading pk, iq results in creating a new filling
T̃ .

In this case, we know that pm, iq appears in row r1 ą r of T . This means we
delete pm, iq (and all the entries above it) and then insert pk, iq into row r. Note that
from (b) on T , we know that none of the entries we delete can be contained in the
subdiagram of T of shape ν, since all the entries we delete are larger than pm, iq.

Let px, yq be the smallest, unread entry in row r of T . From condition (c) and the
fact that reading pk, iq results in adding a box to row r of ν, it follows that the box
under px, yq must be contained in the subdiagram of shape ν. Thus the entry below
px, yq has already been read. Furthermore, since pk, iq is the smallest unread entry,
we have that pk, iq ĺ px, yq. Thus inserting pk, iq into row r results in replacing px, yq

with pk, iq. Note that this box in T̃ is in the same position as the new box we add
to ν.

Note that from equations (5.12), we know the insertion process only involves
entries that are larger than pk, iq, thus the entries in the subdiagram of shape ν are
fixed. Furthermore, we can see that when we rearrange the rows after the insertion so
that the final shape is partition, we do not touch any of the entries in the subdiagram
of shape ν ` ϵr. Hence condition (b), (c) hold.

Finally, we can see this insertion process corresponds to moving entries in T to
lower rows. Thus we have condition (1).
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Corollary 5.4.13. When applying Algorithm to pccpwq,H, Sq, we have that the final
output is of the form pH, ctypepwq, Twq where shpTwq “ ctypepwq.

Proof. We know that the final tuple pH, ctypepwq, Twq must satisfy Lemma 5.4.12
(a) –(c). By (c), we know that all the entries in Tw must be read. Then, by condition
(2), we have ctypepwq “ shpTwq.

Theorem 5.4 immediately follows from this algorithm.

Proof of Theorem 5.4. We apply Algorithm 5.4.11 to the initial input pccpwq,H, Tw
up1q,...,uplqq.

From Lemma 5.4.12, at any point in the algorithm, where the tuple is of the form
pz, ν, T q, we have

ctypepup1q
q ` ¨ ¨ ¨ ` ctypepuplq

q “ shpTw
up1q,...,uplqq � shpT q.

From Corollary 5.4.13, it follows that ctypepup1qq ` ¨ ¨ ¨ ` ctypepuplqq � shpTwq “

ctypepwq.

We can also use this modified algorithm to prove the following statement about
how certain modifications to permutations raise the catabolizability type.

Proposition 5.4.14. Consider w P Sn and index i such that wi ` 1 ă wi`1. If
w̃ “ w1 . . . wi`1wi . . . wn, we have ctypepw̃q � ctypepwq.

Proof. We know ccpwqi ă ccpwqi`1, since they differ by more than one. This swap
does not change the cocharge label of any of the letters. Thus ccpw̃q is the word we
get by swapping ccpwqi and ccpwqi`1 in ccpwq.

Let Tw be the filling of ctypepwq we get from Algorithm 4.1.13, where we fill a
box with tuple pk, iq if we add the box when reading the letter ccpwqn´i`1 for the
kth time. There exist unique k1, k2 such that pk1, n´ i` 1q, pk2, n´ iq appear in Tw.
Replace these two tuples with pk1, n ´ iq, pk2, n ´ i ` 1q to account for the swapping
of ccpwqi and ccpwqi`1. Denote the resulting filling by T w̃

w .
The filling T w̃

w satisfies the conditions (1), (3) in Lemma 5.4.4 by construction.
We can check that it satisfies (2) as well. Note that the only case where swapping
the second coordinates changes the relative order on the elements in T w̃

w is if k1 “ k2.
In this case, the potential issue occurs if pk1, n´ iq, pk2, n´ i` 1q appear in the same
row or column of Tw. However, this never happens. Since ccpwqi ‰ ccpwqi`1, if the
two appeared in the same row we would have k1 ą k2 from Lemma 5.3.8. If k1 “ k2,
then pk1, n ´ iq appears in a higher row than pk2, n ´ i ` 1q. Since we add pk1, n ´ iq
to Tw before we add pk2, n ´ i ` 1q, it is impossible that these two tuples appear in
the same column of Tw. Hence T w̃

w satisfies (2).



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE
GARSIA-PROCESI RINGS 61

Now, we apply Algorithm 5.4.11 to the initial input pccpw̃qq,H, T w̃
w q. Since

shapepT w̃
w q “ ctypepwq and the resulting tuple is pH, ctypepw̃q, Tw̃q with shpTw̃q “

ctypepw̃q, it follows that ctypepw̃q � ctypepwq.

5.5 Example of Algorithm 5.4.11

Let w “ 3 9 1 2 6 7 10 3 8 4.
Then ccpwq “ 1 2 0 0 1 1 2 0 1 0 P Shp120012, 1010q, where we have

colored the entries to denote how the two words are shuffled.
The initial input when applying Algorithm 5.4.11 is given by:

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 2 0 0 1 1 2 0 1 0, H ,

(3,4)

(2,9)

(2,5)

(1,2) (1,6)(1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

We can see that the first three steps of algorithm correspond to adding boxes
p1, 1q, p1, 2q, p1, 3q to the partition in the second coordinate. We do not modify the
filling in the last coordinate. The resulting triple we get is:

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 2 0 0 1 1 2 , ,

(3,4)

(2,9)

(2,5)

(1,2) (1,6) (1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (5.15)

The entries have been read up to this point are exactly those in the shape ν “

. These boxes are shaded.

At the fourth step (which corresponds to reading 2), we can see that we will add
a box to the partition in the second coordinate. However, we can see that p3, 4q is in
the fifth row. Thus, we delete p3, 4q and insert p1, 4q into the third row of our filling:
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(1,4) Ñ

(2,9)

(2,5)

(1,2) (1,6) (1,10)

(1,1) (1,3) (1,7) (1,8)

ñ

(2,9)

(1,4) (2,5)

(1,2) (1,6) (1,10)

(1,1) (1,3) (1,7) (1,8)

.

The resulting triple after the fourth step is:

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 2 0 0 1 1 , ,

(2,9)

(1,4) (2,5)

(1,2) (1,6) (1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

At the fifth step (corresponding to reading 1), we add a box to the partition in
the second coordinate, as well as modify the filling in the third coordinate by deleting
(2,5) and inserting (1,5) into the second row:

(1,5) Ñ

(2,9)

(1,4)

(1,2) (1,6) (1,10)

(1,1) (1,3) (1,7) (1,8)

ñ

(2,9)

(1,4)

(1,2) (1,5) (1,10) Ñ (1,6).

(1,1) (1,3) (1,7) (1,8)

We see that p1, 6q pops out of the second row. We then place p2, 6q into the empty
spot in the third row, where p2, 5q was.

(2,6) Ñ

(2,9)

(1,4)

(1,2) (1,5) (1,10)

(1,1) (1,3) (1,7) (1,8)

ñ

(2,9)

(1,4) (2,6)

(1,2) (1,5) (1,10)

(1,1) (1,3) (1,7) (1,8)

.

The resulting triple is
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¨

˚

˚

˚

˚

˚

˚

˚

˝

1 2 0 0 1 , ,

(2,9)

(1,4) (2,6)

(1,2) (1,5) (1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

At the next step, we cannot add anything to the second row. So we add one to
the element in the word without changing either of the shapes:

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 2 0 0 2 , ,

(2,9)

(1,4) (2,6)

(1,2) (1,5) (1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

The next two steps just add boxes to the first row of the partition in the second
coordinate without changing the filling. We get

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 2 2 , ,

(2,9)

(1,4) (2,6)

(1,2) (1,5) (1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

At the next step, we delete p2, 9q and insert (1,9) into the third row of the filling
to get:

¨

˚

˚

˚

˚

˝

1 2 , ,

(1,4) (1,9) (2,6)

(1,2) (1,5) (1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‚

.

Now, we can continue to cycle through the word and add boxes to the partition
until we get
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¨

˚

˚

˚

˚

˝

, ,

(1,4) (1,9) (2,6)

(1,2) (1,5) (1,10)

(1,1) (1,3) (1,7) (1,8)

˛

‹

‹

‹

‹

‚

.

5.6 Identifying the graded Frobenius character

In the work of Garsia–Procesi [20, Section 3], the ungraded Frobenius character of
Rµ is identified to be the complete homogeneous symmetric function hµ directly from
the structure of Rµ. However, they require further properties of Rµ, as well as the
modified Hall-Littlewood polynomials, to identify the graded Frobenius character.

In particular, using the theory of orbit harmonics, we can show the following:

Theorem 5.6.1 (Garsia-Procesi [20]). Rµ –Sn CrOSPµs as ungraded Sn-modules.

Set Tµ to be the ideal consising of functions in Crxs that vanish on the set

Xµ “ tp “ pp1, . . . , pnq P Cn : multiplicity of bi in p is µiu

where b1, . . . , bℓpµq are distinct scalars in C. Theorem 5.6.1 follows from the fact that
we have Iµ “ grpTµq, or the associated graded of Tµ.

An immediate corollary of Theorem 5.6.1 is the following, which uses the obser-
vation that CrOSPµs – 1 Ò

Sn
Sµ

.

Corollary 5.6.2. FrobpRµq “ hµ.

In this section, we use properties of our cocharge monomial basis to give a di-
rect, elementary proof of the fact that FrobqpRµq “ rHµrX; qs that only depends
on the well-known combinatorial formula (5.2) and the ungraded character given in
Corollary 5.6.2.

We do this by showing that for any composition γ “ pγ1, . . . , γlq |ù n, we have

HilbpNγRµq “ xeγ, rHµrX; qsy, where Nγ is the antisymmetrizer with respect to the
Young subgroup Sγ “ Sγ1 ˆ ¨ ¨ ¨ ˆ Sγl Ă Sn:

Nγ “
ÿ

σPSγ

sgnpσqσ.

Using that tmλu, thγu are dual with respect to the inner product, we get

xeγ, rHµrX; qsy “ xωeγ, ω rHµrX; qsy “ xhγ, ω rHµrX; qsy “ xmγy ω rHµrX; qs,
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where xmγy ω rHµrX; qs denotes the coefficient of mγ in the monomial symmetric

function expansion of ω rHµrX; qs. We compute ω rHµrX; qs using ωsλ “ sλ1 for any
partition λ and the combinatorial formula (5.2):

ω rHµrX; qs “
ÿ

SPSYTn
ctypepSq�µ

qcochargepSqsshpS1q.

From the above, we can see

xeγ, rHµrX; qsy “
ÿ

SPSYTn
ctypepSq�µ

qcochargepSq
`

xmγy sshpS1q

˘

“
ÿ

SPSYTn
ctypepSq�µ

qcochargepSqKshpS1q,γ.

where KshpS1q,γ counts the number of semistandard Young tableaux of shape shpS 1q,
weight γ.

Using Proposition 2.1.2, we can describe KshpS1q,γ in terms of standard tableaux:

KshpS1q,γ “ |tT P SYTn, shpT q “ shpS 1
q | DespT q Ă tγ1, γ1 `γ2, . . . , γ1 ` ¨ ¨ ¨ `γl´1uu|.

We can use that DespT 1q “ rn ´ 1s ´ DespT q :“ AscpT q, where T 1 denotes the
SYT we get by taking the transpose of T , to rewrite this as:

KshpS1q,γ “ |tT P SYTn, shpT q “ shpSq |AscpT q Ă tγl, γl ` γl´1, . . . , γl ` ¨ ¨ ¨ ` γ2uu|.

Furthermore, we can rewrite the expression above into a statement about permu-
tations using the fact that DespQpwqq “ Despwq (Proposition 2.2.1(b))

KshpS1q,γ “ |tw P Sn | P pwq “ S,Ascpwq Ă tγl, γl ` γl´1, . . . , γl ` ¨ ¨ ¨ ` γ2uu|.

where Ascpwq :“ ti : wi ă wi`1u.
Combining these observations, we have the following equality:

xeγ, rHµrX; qsy “
ÿ

wPSn
ctypepP pwqq�µ

AscpwqĂtγl,γl`γl´1,...,γl`¨¨¨`γ2u

qcochargepwq. (5.16)

From this, proving FrobqpRµq “ rHµrX; qs is equivalent to showing that for any
γ |ù n, the Hilbert series HilbpNγRµq is equal to the right hand expression of (5.16).
We show this by proving that the natural subset of charge monomials to expect from
Equation (5.16) give a basis of NγRµ by antisymmetrization.

Using the ungraded character of Rµ, given by hµ, along with Proposition 2.4.1,
we can make the following observation:
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Lemma 5.6.3. The dimension of NγRµ is

|tw P Sn, ctypepP pwqq � µ,Ascpwq Ă tγl, γl ` γl´1, . . . , γl ` ¨ ¨ ¨ ` γ2u|u.

Proof. Since the ungraded Frobenius character ofRµ is hµ, we know that dimpNγRµq “

xeγ, hµy. Using the fact that rHµrX; 1s “ hµ, we have:

dimpNγRµq “ xeγ, hµy “ xeγ, rHµrX; 1sy “
ÿ

wPSn
ctypepP pwqq�µ

AscpwqĂtγl,γl`γl´1,...,γl`¨¨¨`γ2u

1.

We now use this fact to determine a basis of NγRµ.

Proposition 5.C. Let µ $ n and γ “ pγ1, . . . , γlq |ù n. The set

tNγx
rev ccpwq

| w P Sn, ctypepP pwqq � µ,Ascpwq Ă tγl, γl ` γl´1, . . . , γl ` ¨ ¨ ¨ ` γ2uu.
(5.17)

is a basis of NγRµ.

Proof. We first show that the terms in (5.17) are nonzero. Consider w P Sn such
that ctypepP pwqq�µ, and Ascpwq Ă tγl, γl `γl´1, . . . , γl `¨ ¨ ¨`γ2u. We divide w into
blocks of size γl, γl´1, . . . , γ1 where the entries within each block are decreasing. This
implies that no two entries in the same block have the same cocharge value. Then,
when we look at revpccpwqq, we can see that revpccpwqq can be divided into blocks
of size γ1, γ2, . . . , γl, where the entries are strictly increasing within the blocks.

Note that Sγ permutes indices within the blocks, thus each monomial term of
Nγx

revpccpwqq is distinct. Hence Nγx
revpccpwqq ‰ 0. From Lemma 5.6.3, this shows that

our set has the correct cardinality to be a basis of NγRµ.
Now, we show that (5.17) spans NγRµ. The set tNγx

α | α P Cµu clearly spans
NγRµ. Consider w P Sn such that ctypepP pwqq � µ, Nγx

revpccpwqq ‰ 0 but w does
not have the correct descent set. We will show that Nγx

revpccpwqq “ Nγx
revpccpsortγpwqqq

for some sortγpwq P Sn with the correct ascent set and catabolizability type.
If we divide revpccpwqq into blocks of size γ1, γ2, . . . , γl, the entries within a block

all have distinct charge labels since Nγx
revpccpwqq ‰ 0. From this, if we look at the

corresponding blocks of sizes γl, . . . , γ1 in w, we can reorder the entries within the
blocks to be in decreasing order without changing the cocharge labels of the respective
entries. That is: if wi ă wi`1 with ccpwqi ‰ ccpwqi`1, we know wi ‰ pwi`1 `



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE
GARSIA-PROCESI RINGS 67

1q, hence we can swap wi and wi`1 without changing the respective charge labels.
Let sortγpwq be the resulting permutation. We see that Ascpsortγpwqq Ă tγl, γl `

γl´1, . . . , γl `¨ ¨ ¨ γ2u. By Proposition 5.4.14, we know ctypepsortγpwqq�ctypepwq�µ,
hence Nγx

rev ccpsortγpwqq is in (5.17).

Using the construction of our basis, we can translate questions about the structure
of Rµ into questions about conditions on tableaux. In this case, choosing the elements
that are a basis of NγRµ is equivalent to looking at pairs of standard tableaux pP,Qq

of the same shape with conditions on both P and Q. We illustrate this with an
example:

Example 5.6.4. Consider µ “ p2, 1, 1q and γ “ p2, 2q. All standard tableaux P that
satisfy ctypepP q � µ are listed below:

4
3
1 2 ,

3 4
1 2 ,

3
1 2 4 ,

4
1 2 3 , 1 2 3 4 .

We also list all standard tableaux Q such that AscpQq Ă t2u:

4
3
2
1 ,

2 4
1 3 ,

4
2
1 3 .

Thus the pairs pP,Qq of standard tableaux of the same shape that satisfy ctypepP q�µ
and AscpQq “ tγ1u are the pairs p 4

3
1 2

, 4
2
1 3

q and p 3 4
1 2

, 2 4
1 3

q. These pairs corresponds

to the words 4132, 3142, which give us the cocharge monomials x2x
2
4, x2x4. From this,

we know the basis of NγRµ is given by the polynomials

tx2x
2
4 ´ x1x

2
4 ´ x2x

2
3 ` x1x

2
3, x2x4 ´ x1x4 ´ x2x3 ` x1x3u.

The following corollary is immediate from Proposition 3.C.

Corollary 5.6.5. For any partition µ of n we have FrobqpRµq “ rHµrX; qs.

Proof. The graded Frobenius character of a CSn-module V is uniquely determined
by the values xeγ,FrobqpV qy for all γ $ n. From Proposition 3.C, we have

HilbpNγRµq “
ÿ

wPSn
ctypepwq�µ

AscpwqĂtγl,γl`γl´1,...,γl`¨¨¨`γ2u

qcochargepwq

which is equal to xeγ,FrobqpRµqy by Equation (5.16). Thus FrobqpRµq “ rHµrX; qs.
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Remark 5.6.6. Note that to avoid circular reasoning, we must ensure that we can
show (5.9) is a basis of Rµ without using the fact that FrobqpRµq “ rHµrX; qs. Using
the fact that Cµ Ă Dµ and that xDµ is linearly independent in Rµ [11, Corollary 3.14],
we have that (5.9) is linearly independent in Rµ. Furthermore, using the ungraded
character, we have

dimpRµq “ xh1n ,FrobpRµqy “ xh1n , hµy “ xh1n , H̃µrX; 1sy “ |Cµ|.

Thus we can show our set is a basis using only the ungraded character of Rµ.

Note that Carlsson-Chou have a similar result on the antisymmetric component
with respect to a certain Young subgroup. We define Shγ (resp. Sh1

γq to be the set of
all permutations such that t1, 2, . . . , γ1u, tγ1 ` 1, . . . , γ1 ` γ2u, . . . , tγ1 ` ¨ ¨ ¨ ` γl´1 `

1, . . . , nu appear in increasing (resp. decreasing) order.

Theorem 5.6.7 (Theorem 3.8.2, Carlsson-Chou [11]). The set tNγgσpxq | gσpxq “

xα for α P Dµ, σ P Sh1
γu is a basis of NγRµ.

Similar to what we do above, they use their result to show that FrobqpRµq “ rHµ

by deriving a combinatorial formula for xmγy ω rHµ using parking functions and shuffle
combinatorics which matches their description of the basis.

In contrast to their result, ours arises naturally from the catabolizability formula
(5.2) for rHµ. Our proof of the result is also independent of theirs: we do not relate
their classification to ours when we show Proposition 3.C, though they use a similar
argument to show that their basis is linearly independent. However, it is easy to see
that the two sets coincide by using xrevpccpwqq “ grevprevpwq´1qpxq to show that the two
conditions are equivalent:

Ascpwq Ă tγl, γl ` γl´1, . . . , γl ` ¨ ¨ ¨ ` γ2u ô Desprevpwqq Ă tγ1, γ1 ` γ2, . . . , γ1 ` ¨ ¨ ¨ ` γl´1u

ô revpwq
´1

P Shγ

ô revprevpwq
´1

q P Shγ .

5.7 Connections to modified Macdonald

polynomials and Garsia–Haiman modules

The modified Macdonald polynomials are a family of symmetric functions, indexed by
partitions λ, with coefficients in Qpq, tq. They are uniquely defined by the following
conditions:
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i rHµrXp1 ´ qq; q, ts “
ř

λ�µ

cλ,µpq, tqsλpxq,

ii rHµrXp1 ´ tq; q, ts “
ř

λ�µ1

dλ,µpq, tqsλpxq,

iii x rHµrX; q, ts, sµy “ 1.

There is a combinatorial formula for rHµrX; q, ts due to Haglund–Haiman–Loehr
[31] in terms of fillings of the shape µ. Let σ : µ Ñ Z` be a filling of µ with positive
integers. Given a box u P µ, the arm (resp.leg) of u is the number of boxes strictly to
the right (resp. above) u in the same row (resp. column). A descent of σ is a box u
where σpuq ą σpvq for v directly below u in µ. Let Despσq “ tu P µ : u is a descentu.

Definition 5.7.1. The maj statistic on a filling σ is defined to be

majpσq :“
ÿ

uPDespσq

plegpuq ` 1q.

Definition 5.7.2. Two boxes u, v in µ are an attacking pair if one of the following
two hold:

(i) u and v are in the same row of µ (u is to the left)

(ii) u and v are in consecutive rows, where u in the higher row and is strictly to
the right of the v.

Diagrammatically, this looks like one of the following:

piq
u v

piiq
u

v

.

Definition 5.7.3. An attacking pair pu, vq is an inversion in σ if σpuq ą σpvq. The
inv statistic on a filling σ is defined to be

invpσq :“ |tpu, vq : σpuq ą σpvq is an inversionu| ´
ÿ

uPDespσq

armpuq.

Theorem 5.7.4 (Haglund–Haiman–Loehr [31]).

rHµrX; q, ts “
ÿ

σ:µÑZ`

qinvpσqtmajpσqxσ.
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Example 5.7.5. Consider µ “ p3, 2, 2q and filling σ of µ:

σ “

5 3
2 4 2
6 1 3

.

The descents are highlighted in red. From this, we can see that

majpσq “ leg

¨

˝

˛

‚` 1 ` leg

¨

˝

˛

‚` 1 “ 0 ` 1 ` 1 ` 1 “ 3.

The inversion pairs are given by

Thus we have

invpσq “ 5 ´ arm

¨

˝

˛

‚´ arm

¨

˝

˛

‚“ 5 ´ 1 ´ 1 “ 3.

Thus this filling contributes q3t3x1x
2
2x

2
3x4x5x6 to rH3,3,2rX; q, ts.

The fact that the modified Macdonald polynomials are Schur positive was proven
by Haiman [32] by showing that rHµrX; q, ts is the bigraded Frobenius character of
a CSn-module constructed in the following way. This construction is analogous to
the harmonics presentation of Rn given in Section 3.3.

Given µ $ n, we can think of each box in µ as corresponding to some point in
N ˆ N, where the box in row i, column j corresponds to the point pi, jq. Note that
we index the rows and columns starting from 0.

For µ $ n, let tpp1, q1q, . . . , ppn, qnqu denote the points in N2 corresponding to the
boxes in µ. Define ∆µ :“ detpx

pj
i y

qj
i q1ďi,jďn.

Definition 5.7.6. The Garsia-Haiman module DRµ is defined to be CrBx, Bys ¨∆µ.
That is: it is the C-span of ∆µ, along with all partial derivatives of ∆µ.

We can see thatSn acts diagonally on the x,y alphabets by permuting the indices
within each alphabet. The Garsia-Haiman module was originally introduced in [19]
to give a representation theoretic model for the modified Maconald polynomials. In
particular, they showed that if dimDRµ “ n!, then Frobq,tpDRµq “ rHµrX; q, ts.
Haiman proved that dimension was n! using the geometry of Hilbert schemes [32].



CHAPTER 5. A COCHARGE MONOMIAL BASIS FOR THE
GARSIA-PROCESI RINGS 71

Example 5.7.7. The partition µ “ corresponds to the collection of points

tp0, 0q, p1, 0q, p0, 1qu. In this case, we have

∆µ “ det

¨

˝

1 x1 y1
1 x1 y1
1 x1 y1

˛

‚“ x1y2 ´ x2y1 ´ x1y3 ` x3y1 ` x2y3 ´ x3y2.

We can compute all the partials to see that

DRµ “ spant∆µ, B{By1∆µ, B{By2∆µ, B{Bx1∆µ, B{Bx2∆µ, B{Bx1B{By2∆µu

“ spant∆µ, x3 ´ x2, x1 ´ x3, y2 ´ y3, y3 ´ y1, 1u.

We can see that Frobq,tpDRµq “ s3`pq`tqs2,1`qt s1,1,1, which is equal to rH2,1rX; q, ts.

However, though it is known that rHµrX; q, ts is Schur-positive, there is no combi-
natorial interpretation of the coefficients K̃λpq, tq that appear in the Schur expansion

of rHµrX; q, ts.

The Garsia-Procesi ring, and its graded Frobenius character rHµrX; qs, are closely

related to the modified Macdonald polynomials rHµrX; q, ts. In particular, if we set

q “ 0, we recover the modified Hall-Littlewood polynomial rHµrX; ts. On the level of
the Garsia-Haiman module DRµ, this is equivalent to setting x “ 0. From this, we
can see that studying Rµ can be thought of as looking at a sliver of the Garsia-Haiman
module DRµ.

Our work in Chapter 5 gives a natural connection between a monomial basis of Rµ

and the combinatorial formula for FrobqpRµq given by (5.2). A natural question to

ask is if we can use similar methods to understand the Schur positivity of rHµrX; q, ts
combinatorially. In particular, we can ask the following question.

Question 1. Can we extend a basis of Rµ to get a basis for DRµ?

Note that this is not the most well-posed question at this moment, since we have
no concrete description of DRµ as a polynomial quotient. In particular, in general
there is no description for the generators of a Sn-invariant ideal Iµ Ă Crx,ys such
that DRµ – Crx,ys as for the coinvariant ring in Section 3.3.

However, we can still study connections between our work and known results for
DRµ. By looking at the q “ 0 specialization of combinatorial formula of rHµrX; q, ts
given in [31], we can recover the following.

Proposition 5.7.8 (Haglund–Haiman–Loehr [31]). We have that

rHµrX; 0, qs “
ÿ

TPSSYTpµq

qcochargepT qsshpT q (5.18)
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where SSYTpµq is the set of all semistandard Young tableaux of weight µ.

The proof involves a bijection between all fillings σ : µ Ñ Z` where invpσq “ 0
and pairs pP,Qq where P,Q are SSYT of the same shape, the first tableau P has
weight µ and the second tableau Q has weight equal to the weight of the filling σ. This
bijection takes majpσq to cochargepP q. Composing this bijection with Proposition
4.1.9, we get

tσ : µ Ñ Z`| invpσq “ 0u
–
ÝÑ

"

pP,Qq

ˇ

ˇ

ˇ

ˇ

P P SYTn, Q P SSYT
shpP q “ shpQq, ctypepP q � µ

*

. (5.19)

A first step in studying a potential basis of DRµ is look at x rHµrX; 1, ts, h1ny,

which is equivalent to looking at the coefficient of m1n of rHµrX; q, ts. On the level
of fillings, this means we want to study all standard fillings (i.e, where the numbers
1,. . . , n appear exactly once.)

In particular, we want to use the bijection (5.19) to construct a bijection between
standard fillings of µ and pairs of tableaux.

Lemma 5.7.9. There exists a bijection

Ψ : tσ : µ Ñ Z`| σ standardu
–
ÝÑ

"

pP,Qq

ˇ

ˇ

ˇ

ˇ

P,Q P SYTn, shpP q “ shpQq

ctypepP q � µ

*

ˆ Sµ.

where majpσq “ cochargepP q if invpσq “ 0.

Proof. We can restrict the bijection (5.19) to get a bijection

rΨ :

"

σ : µ Ñ Z`

ˇ

ˇ

ˇ

ˇ

σ standard
invpσq “ 0

*

–
ÝÑ

"

pP,Qq

ˇ

ˇ

ˇ

ˇ

P,Q P SYTn, shpP q “ shpQq

ctypepP q � µ

*

(5.20)

that takes majpσq to cochargepP q. We can extend rΨ to define Ψ. Consider a standard

filling σ of µ. If invpσq “ 0, let Ψpσq “ prΨpσq, eq where e is the identity permutation
in Sµ. If not, we know there is a unique way to reorder the entries within the rows
of µ to get a filling σ̃ such that invpσ̃q “ 0 (see Haglund [27]). Since the filling
is standard, there exists a unique τ P Sµ such that τσ “ σ̃, where a transposition
pi1, i2q P Sµj

acts on a filling σ by switching boxes i1 and i2 in row j of σ. Set

Ψpσq “ pΨ̃pσ̃q, τq.

Remark 5.7.10. Note that the existence of the bijection between inv-less, standard
fillings of µ and the elements of the basis given in Theorem ?? is hinted at in [11].
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However, the authors say this bijection appears to be complicated. Our new descrip-
tion of the basis given in Theorem 5.A significantly simplifies this bijection, since the
left-hand side of (5.20) is clearly in bijection with tw P Sn | ctypepwq � µu, which
indexes the basis elements.

Question 2. Does there exist a bijection

Φ : tσ : µ Ñ Z`
| standardu Ñ Dµ1

1
ˆ Dµ1

2
ˆ ¨ ¨ ¨ ˆ Dµ1

l
ˆ OSPµ1 (5.21)

such that the following hold?

(i) majpσq is related to
řl

i“1 |ai| where Φpσq “ pa1, a2, . . . , al, πq.

(ii) Φ|inv σ“0 restricts to a bijection to the basis Cµ given in Theorem 5.A.

Note that Chou has a similar result:

Proposition 5.7.11 (Chou [15]).

ÿ

pa1,a2,...,al,πq

t
ř

|ai| “
ÿ

σ:µÑZ`,standard

tmajpσq.

where pa1, a2, . . . , al, πq P Dµ1
1

ˆ Dµ1
2

ˆ ¨ ¨ ¨ ˆ Dµ1
l

ˆ OSPpµ1q.

Chou proves this by constructing a weight preserving bijection, similar to Lemma
5.7.9 between the two sets. However, the bijection does not map to Dµ1 when re-
stricted to standard fillings σ with invpσq “ 0. Such bijection would give insight to
how we can extend our construction to consider the full Garsia-Haiman module.
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Chapter 6

Descent bases for Delta-Springer
Rings

In this chapter, we look at the ∆-Springer modules Rn,λ,s, a family of generalized
coinvariant rings indexed by tuples pn, λ, sq. We give a descent monomial basis of
∆-Springer modules Rn,λ,s, first defined by Griffin in [25]. Our construction simul-
taneously generalizes the descent basis for the Garsia-Procesi module Rλ given in
Chapter 5, as well as the descent basis for the generalized coinvariant algebras Rn,k

studied in [30]. This basis is deeply connected with a combinatorial object called
battery-powered tableaux, introduced by Gillespie–Griffin [26]. We highlight the
representation theoretic properties of this monomial basis by using it to give a direct
combinatorial proof of the graded Frobenius character of Rn,λ,s in terms of battery-
powered tableaux, a fact which had only the geometric proof of Gillespie-Griffin.
This chapter is based on material in [16] and which is joint work with Raymond
Chou.

6.1 Introduction

In Chapter 5, we discussed the Garsia-Procesi ring Rµ, which generalizes the story
of the classical Type A coinvariant ring Rn.

Another well-known generalization of Rn comes from the famous Delta conjec-
ture in symmetric function theory. Haglund-Rhoades-Shimozono [30] constructed
a partial representation theoretic model for ∆1

ek´1
en (up to a twist) where ∆1 is a

certain operator on q, t-symmetric functions Λq,t, first defined by F. Bergeron-Garsia-
Haiman-Tesler [3]. The model depends on two parameters k ď n. We first define the
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ideal
In,k “ pxk

i : 1 ď i ď nq ` penpxnq, . . . , en´k`1pxnqq

and then set Rn,k :“ Crxns{In,k. It is clear that when we specialize to k “ n we
recover the coinvariant ring Rn.

Analogous to how Rλ is closely related to OSPλ (Theorem 5.6.1), we have that
Rn,k is closely related to the set OSPn,k, the collection of all ordered set partitions of
rns consisting of k nonempty sets. In particular, we have that Rn,k –Sn CrOSPn,ks

as ungrades Sn-modules. There also exist generalized Artin and descent bases for
Rn,k corresponding to (co)inv and (co)maj on OSPn,k due to Haglund–Rhoades–
Shimozono [30]. Here we recall the definition for the descent basis.

Theorem 6.1.1 (Haglund–Rhoades–Shimozono [30]). The following set GSn,k de-
scends to a basis of Rn,k. Furthermore, they are the non-leading terms with respect
to the des-order.

GSn,k “

#

gσpxq

n´k
ź

j“1

pxσ1 . . . xσj
q
ij | σ P Sn, 0 ď i1 ` . . . in´k ă k ´ despσq

+

(6.1)

.

The ring Rn,k is still a CSn-module under the action that permutes the variables.
As an ungraded Sn-representation, we have that Rn,k »Sn CrOSPn,ks. The authors
in [30] computed the graded Frobenius character of Rn,k:

FrobqpRn,kq “ revq ˝ω
`

∆1
ek´1

en
ˇ

ˇ

t“0

˘

.

This gives a representation theoretic model for the combinatorial expression given by
the Delta conjecture at t “ 0 (up to a sign and degree reversing twist). There is also
a concrete presentation of Rn,k in terms of cohomology rings, given by Pawlowski-
Rhoades [44].

We can combine these two generalizations to give a broader family of rings which
contains both Rλ and Rn,k. Given a tuple pn, λ, sq, where λ $ k ď n, s ě ℓpλq. Define

In,λ,s :“ xxs
i : 1 ď i ď ny ` xedpSq : d ą |S| ´ pn´|S|pµqy

and set Rn,λ,s :“ Crxns{In,λ,s. We refer to Rn,λ,s as the ∆-Springer module, due
to the specializations Rk,λ,ℓpλq “ Rλ, Rn,p1kq,k “ Rn,k. In particular, we have that
Rk,1k,k is exactly the coinvariant ring Rk. Originally introduced by Griffin [25],
they correspond to OSPn,λ,s, or the collection of ordered set partitions of rns into s
blocks, where for i ď ℓpλq we have the additional condition that block i has at least
λi elements. Note that some blocks may be empty.
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Theorem 6.1.2 (Griffin [25, Theorem 3.21]). Rn,λ,s »Sn COSPn,λ,s as ungraded
Sn-representations.

Geometrically, they can be thought of the cohomology ring of Delta-Springer
fibers Yn,λ,s which consists of partial flags F‚ P F1npCKq preserved by a certain
nilpotent operator depending on λ, and K “ spn´kq`k [26]. There is a generalized
Artin basis for Rn,λ,s due to Griffin [25].

In this chapter, we construct an extension Dn,λ,s of the Garsia-Stanton basis for
Rn,λ,s, which generalizes the descent (cocharge) basis of Rλ from Chapter 5, as well
as the descent basis of Rn,k due to Haglund–Rhoades–Shimozono.

Theorem 6.A. The set of monomials Bn,λ,s :“ txb : b P Dn,λ,su descend to a
monomial basis of Rn,λ,s.

The proof involves using two different presentations of Dn,λ,s, one in terms of
shuffles, analogous to the Carlsson–Chou construction of the descent basis of Rλ,
and the other in terms of cocharge, analogous to the construction given in Chapter
5.

Furthermore, we can use this construction to obtain a new combinatorial formula
for the Schur expansion of the graded Frobenius character FrobqpRn,λ,sq.

Theorem 6.B. We have

FrobqpRn,λ,sq “
ÿ

pS,µqPΣn,λ,s

qcochargepSq`|µ|sshpSq. (6.2)

where the indexing set Σ
n,λ,s

consists of pairs pS, µq where S is a standard tableau, µ
is a partition that satisfy ctypepS|kq � λ, µ Ď pn ´ kq ˆ ps ´ despSq ´ 1q.

This construction is naturally connected to the theory of battery-powered tableaux,
a combinatorial object originally introduced by Gillespie–Griffin [23]. Gillespie–
Griffin have a Schur expansion formula for FrobqpRn,λ,sq in terms of battery-powered
tableaux. Though the formula is combinatorial, the motivation and proof of it were
geometric. Furthermore, they were unable to connect the formula back to the known
combinatorics of Rn,λ,s. Our work bridges this gap: in particular, we show that Theo-
rem 6.B is equivalent to their formula through a cocharge/shape preserving bijection
between Σn,λ,s and the set of corresponding battery-powered tableaux.

Corollary 6.C. There is a weight-preserving bijection between the sets Σn,λ,s and
the battery-powered tableaux T `

n,λ,s.
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This chapter is organized as follows. In Section 6.2, we recall the definition of
battery-powered tableaux and express the dimension of Rn,λ,s using these objects.
In Section 6.3 we reframe existing results of Haglund–Rhoades–Shimozono using the
language of tableaux and cocharge to match our work in Chapter 5. In Section 6.4,
we introduce two different constructions of our descent basis of Rn,λ,s. We then show
our set has the correct size through a series of combinatorial bijections. In Section
6.5 we prove linear independence of our monomials in Rn,λ,s, which proves Theorem
6.A. In Section 6.6, we use the descent basis to give a combinatorial formula for
the graded Frobenius character of Rn,λ,s. We highlight connections between known
graded Frobenius characters and specializations of ours, as well as show that our
formula coincides with the battery-powered tableaux formula of Gillespie–Griffin.

6.2 Battery-powered tableaux

We first give an expression for dimpRn,λ,sq. We first use Theorem 6.1.2 to get an
expression for the ungraded Frobenius character of Rn,λ,s.

Corollary 6.2.1 (Griffin [25, Theorem 3.21]). FrobpRn,λ,sq “
ř

α“pα1,...,αsq|ùn,
λĂα

hα.

Now we rewrite Corollary 6.2.1 by expanding hα into Schur functions using the
set SSYTpαq, which denotes the collection of all semistandard tableaux of weight α:

FrobpRn,λ,sq “
ÿ

α“pα1,...,αsq|ùn,
λĂα

ÿ

TPSSYTpαq

sshpT q. (6.3)

Using (6.3) , we can easily get an expression for dimpRn,λ,sq in terms of semistan-
dard Young tableaux, by replacing sshpT q with | SYTpshpT qq|.

Corollary 6.2.2. dimpRn,λ,sq “
ř

α“pα1,...,αsq|ùn,
λĂα

ř

TPSSYTpαq

| SYTpshpT qq|

We can reformulate Corollary 6.2.2 using a combinatorial object called battery-
powered tableaux, originally defined by Gillespie–Griffin in [23].

Definition 6.2.3. Consider pn, λ, sq where λ $ k ď n, s ě ℓpλq. A battery-powered
tableau of parameters pn, λ, sq consists of a pair T “ pD,Bq of semistandard Young
tableaux, where B is of shape pn ´ kq ˆ ps ´ 1q and the total content of pD,Bq is
given by Λn,λ,s :“ pn´ kq ˆ s`λ “ pλ1 ` pn´ kq, λ2 `n´ k, . . . , λs ` pn´ kqq where
we assume λi “ 0 for i ě ℓpλq.
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We refer to D,B as the device and battery of T . Note that a battery-powered
tableaux is uniquely defined by the device: that is, once we know D, there is at most
one B so that the total tableau has the correct weight. Let T `

n,λ,s denote the set of
all battery-powered tableaux of parameters pn, λ, sq.

Example 6.2.4. Let pn, λ, sq “ p4, , 3q. We have that Λn,λ,s “ p3, 2, 1q and the

shape of B is “ 1 ˆ 2. We have T “

2
1 1 2

3
1

P T `
n,λ,s, where the device D is

2
1 1 2 and the battery is 3

1 .

Lemma 6.2.5. The map T `
n,λ,s Ñ

Ť

α“pα1,...,αsq|ùn
λĂα

SSYTpαq that takes pD,Bq ÞÑ D is a

bijection.

Proof. Note that for any battery-powered tableau pD,Bq, it is clear that weightpDq “

α for composition pα1. . . . , αsq |ù n such that λ Ă α. We can also see that for any
D P SSYTpαq, there is exactly one way to fill in the rectangle shape B so that the
skew-shape pD,Bq has total weight Λn,λ,s.

By applying the bijection in Lemma 6.2.5 to Corollary 6.2.2, we get a new ex-
pression for dimpRn,λ,sq in terms of these battery-powered tableaux.

Corollary 6.2.6. dimpRn,λ,sq “
ř

pD,BqPT `
n,λ,s

| SYTpshpDqq|.

We will use Corollary 6.2.6 when showing that our set of monomials has the
right count to be a basis of Rn,λ,s. The battery-powered tableaux were originally
introduced in [23] to give a combinatorial formula for FrobqpRn,λ,sq:

Theorem 6.2.7 (Gillespie–Griffin [23, Theorem 1.6]).

FrobqpRn,λ,sq “
1

qps´1
2 qpn´kq

ÿ

T“pD,BqPT `
n,λ,s

qcochargepT qsshpDq. (6.4)

Example 6.2.8. For pn, λ, sq “ p4, , 3q, the set of battery-powered tableaux are:
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1 1 2 3
2
1
,

1 1 2 2
3
1
,

1 1 1 2
3
2
,

3
1 1 2

2
1

,

2
1 1 2

3
1

,

2
1 1 1

3
2

,

2 3
1 1

2
1

,

2 2
1 1

3
1

2
1 1 3

2
1

,

3
2
1 1

2
1

.

From this, we know that FrobqpRn,λ,sq “ p1 ` q ` q2qs4 ` pq ` 2q2 ` q3qs3,1 ` pq2 `

q3qs2,2 ` q3s2,1,1.

6.3 Tableaux Construction for Rn,k

In this section, we reformulate the generalized descent basis of Rn,k given in Theorem
6.1.1 using a generalization of cocharge to match Theorem 5.A (for Rλ).

First, we define the following indexing set:

Σn,k “ tpS, µq : S P SYTn, µ Ď pn ´ kq ˆ pk ´ despSq ´ 1qu. (6.5)

Now, we define a map on the set tpw, µq | w P Sn, pP pwq, µq P Σn,ku for any k ď n
which gives us a boosted cocharge word : that is, it will be the result of increasing
some values in ccpwq according to the partition µ.

Given pw, µq, let ccpw, µq be the word of length n defined by

ccpw, µqi “

#

ccpwqi ` µn´wi`1 if wi P tk ` 1, . . . , nu

ccpwqi otherwise
(6.6)

In other words, we can think of ccpw, µq as the word we get from “boosting” the
cocharge of entries k ` 1, . . . , n in w according to µ.

Example 6.3.1. Consider pS, µq “

˜

6
4 7 8
1 2 3 5 9

, p3, 1, 1q

¸

P Σ9,6. Then ccprwpSqq “

212200012 and ccpw, µq “ 213300015.
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We can also define this notion of boosted cocharge directly on Σn,k. Given pS, µq P

Σn,k, let ccpw, µq be a semistandard tableaux of the same shape obtained by taking
ccpSq and adding µn´j`1 to ccpSqj for j P tk ` 1, . . . , nu. We have ccprwpSq, µq “

rwpccpS, µqq for any pS, µq P Σn,k. We can express the set GSn,k in Theorem 6.1.1
using these boosted cocharge words ccpw, µq.

Proposition 6.3.2. We have that

GSn,k “ txrevpccpw,µqq : w P Sn, pP pwq, µq P Σn,ku.

Proof. Consider pw, µq where pP pwq, µq P Σn,k. Note that we set in´k “ µn´k,
ij “ µj ´ µj`1 for j ă n ´ k. We can see that for σ “ revpprevpwqq´1q,we have

n´k
ź

j“1

pxσ1 . . . xσj
q
ij “

n´k
ź

j“1

xij`¨¨¨`in´k
σj

“

n´k
ź

j“1

x
ij`¨¨¨`in´k

n´w´1
n´j`1`1

,

“

n´k
ź

j“1

x
µj

n´w´1
n´j`1`1

.

Thus gσpxq
n´k
ś

j“1

pxσ1 . . . xσj
qij “ xrevpccpw,µqq. Furthermore, by definition of Σn,k, we

know that despP pwqq ă k. From Lemma 2.6.7, this is equivalent to saying the
maximal cocharge value in ccpwq is at most k´1. In other words, we have despw´1q ă

k. This condition is equivalent to the condition despσq ă k on σ, since

despσq ă k ðñ despπ´1
q ě n ´ k ` 1 ðñ despw´1

q ă k.

where π “ prevpσqq´1.

6.4 Construction of basis and Combinatorial

bijections

We now introduce the construction of our descent basis of Rn,λ,s. First, we give a
definition which is a generalization of (5.7). Note that we define ris0 :“ t0, 1, . . . , iu
throughout:
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Definition 6.4.1. For any λ $ k ď n, define OSPn,λ1 to be the collection of ordered
set partitions pA1| . . . | Aλ1 | B1 | . . . | Bn´kq of rns where |Ai| “ λ1

i and |Bj| “ 1 for

any i, j. We denote the ordered set partitions as pAλ|Bq, and denote B “
Ůn´k

i“1 Bi.
We define the n, λ, s-generalized descent words to be

Dn,λ,s :“ ta : a|Ai
P Dλ1

i
, a|Bj

P rs ´ 1s0 for some pAλ|Bq P OSPn,λ1u. (6.7)

Example 6.4.2. Consider pn, λ, sq “ p4, p2, 1q, 3q. Recall that D1 “ t0u,D2 “ t00, 01u.
For p13|4|2q P OSPn,λ1 , we can see that

ta : a|1,3 P D2, a|4 P D1, a|2 P t0, 1, 2uu “ t0000, 0100, 0200, 0010, 0110, 0210u.

For example, we have that 0110|13 “ 01, 0110|4 “ 2, 0110|4 “ 1. Using this, we
have that

Dn,λ,s “ t0000,1000, 0100, 0010, 0001, 2000, 0200, 0020, 0002,

0101, 0110, 0011, 1001, 1010, 0102, 0120, 0012, 2001, 2010, 0201, 0210u.

Using this, we can explicitly state our first theorem.

Theorem 6.A. The set of monomials Bn,λ,s :“ txb : b P Dn,λ,su descend to a
monomial basis of Rn,λ,s.

We will show Theorem 6.A by first checking that |Dn,λ,s| “ dimpRn,λ,sq and then
showing that the monomials are linearly independent in Rn,λ,s.

However, with the current presentation of Dn,λ,s we run into the same issue we
mentioned in Remark 5.2.4. Though the construction given in Definition 6.4.1 is
straightforward, it is difficult to directly count the cardinality of Dn,λ,s. In particular,
we can have multiple ordered set partitions that satisfy the condition in (6.7) for the
same word. For z “ 0110 in the example above, we have p12|4|3q and p13|4|2q both
work.

To get around this, we introduce a second construction of Dn,λ,s using tableaux
and cocharge. We first extend (6.5) to consider tuplespn, λ, sq. Now, we extend our
definition of Σn,k to consider tuples pn, λ, sq.

Definition 6.4.3. Given pn, λ, sq, define the set Σn,λ,s to be

Σn,λ,s :“ tpS, µq : S P SYTn, ctypepS|kq � λ P Σλ, µ Ď pn ´ kq ˆ ps ´ despSq ´ 1qu.
(6.8)

Remark 6.4.4. Note that we do not consider S where s ´ despSq ă 0.
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Example 6.4.5. Consider pn, λ, sq “ p4, p2, 1q, 3q. The possible pairings pS, µq are
recorded in the table below:

S s ´ despSq possible µ Ď 1 ˆ p2 ´ despSqq

1 2 3 4 3 H, ,
4
1 2 3 2 H,

3 4
1 2 2 H,

3
1 2 4 2 H,

4
3
1 2

1 H.

This indexing set Σn,λ,s specializes naturally to the indexing sets of Rλ, given in
Theorem 5.A, and Rn,k given in Proposition 6.3.2: it is immediate that Σk,λ,ℓpλq “

Σλ :“ tS P SYTk : ctypepSq � λu, and Σn,1k,k “ Σn,k.
Now, we will show that |Dn,λ,s| “ dimRn,λ,s using Σn,λ,s. This is analogous to

how the construction in Chapter 5 introduced a way to directly count the monomials
constructed in [11].

We will first show that Dn,λ,s is in bijection with the boosted cocharge words
arising from Σn,λ,s (Proposition 6.4.6). We will then show that there is a bijec-
tion Σn,λ,s Ñ T `

n,λ,s (Proposition 6.4.13) that preserves properties of the shape and
cocharge of the tableaux. Combining these two results will give us that |Dn,λ,s| “

dimpRn,λ,sq.
We first construct a bijection between pairs pw, µq where pP pwq, µq P Σn,λ,s and

our indexing set Dn,λ,s, using the notion of boosted cocharge words.

Proposition 6.4.6. There exists a bijection tpw, µq | w P Sn, pP pwq, µq P Σn,λ,su Ñ

Dn,λ,s.

Proof. Consider the map that takes pw, µq ÞÑ revpccpw, µqq. We claim that this gives
such a bijection. We first check that revpccpw, µqqq P Dn,λ,s. Note that it suffices to
construct pAλ|Bq P OSPn,λ1 such that revpccpw, µq|Ai

q P Dλ1
i
and revpccpw, µq|Bj

q P

rs ´ 1s0.
First, note that ccpw, µqi “ ccpwqi if wi P rks. Let U “ ti | wi P rksu. We can

see that ccpw, µq|U “ ccpw|kq . Since ctypepw|kq � λ, by Theorem 5.A, we know
revpccpw|kqq P Dλ. Thus, by the definition of Dλ, there exists some Aλ P OSPλ1pUq,
where Aλ is an ordered set partition of the set U such that revpccpw, µq|Ai

q P Dλ1
i
.
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Furthermore, for i such that wi P rk`1, ns by Lemma 2.6.7 we have the following
relation:

0 ď ccpw, µqi “ ccpwqi ` µn´wi`1 ă ccpwqi ` s ´ despP pwqq ď s. (6.9)

Thus ccpw, µqi ď s ´ 1. Let Bj “ ti | wi “ k ` ju. Then revpccpw, µq|Bj
q P rs ´ 1s0

by (6.9). Thus revpccpw, µqq P Dn,λ,s.
Now we construct an inverse map. Let revpuq P Dn,λ,s. We know there exists

pAλ|Bq P OSPn,λ1 such that revpu|Ai
q P Dλ1

i
,u|Bj

P rs ´ 1s0.
Note that we can put a total order (the reading order) on the set rns in the

following way:

i ău j ô

#

ui ă uj

ui “ uj, i ă j.
(6.10)

Let U Ă rns be the subset consisting of the smallest k entries with respect to
ău. We want to construct a new pA1

λ|B1q P OSPn,λ1 such that A1
λ is an ordered set

partition of U and revpu|A1
i
q P Dλ1

i
,u|B1

j
P rs ´ 1s0 still holds.

We do this by modifying the original ordered set partition pAλ|Bq. Let m be the
largest entry with respect to ău. If m R Ai for all i, we do not modify the ordered
set partition. Otherwise, if m P Ai for some i, there exists a c such that c P U but
Bj “ tcu for some j.

Since c ău m, we know that uc ď um which implies revpu|AiYtcuq P Dλ1
i`1 from

Lemma 5.3.6(1). Furthermore, we know that um is the rightmost, largest entry in
u|AiYtcu. Thus, by Lemma 5.3.6 (2), we have that revpu|pAiYtcuqztmuq P Dλ1

i
.

Hence, if we let pA1
λ|B1q be the ordered set partition we get by setting A1

i “ pAi Y

tcuqztmu, B1
j “ tmu without changing the rest of pAλ|Bq, we still have revpu|A1

i
q P

Dλ1
i
. Furthermore, since um ď λ1

i ă s, we still have u|Bj
P rs´ 1s0 for all choices of j.

We can repeat this process for each entry not in U , until we get pA1
λ|B1q where

A1
λ is an ordered set partition of U .
Now, we construct pw, µq such that ccpw, µq “ u. If i is the dth smallest entry with

respect to ău, we set wi “ d. By construction, we have that ccpw|kq “ revpu|A1
λ
q,

thus P pw|kq P Σλ by Proposition 2.2.1 (a).
Set µn´k`1 “ 0. For any j ď n ´ k, let a “ w´1

n´j, b “ w´1
n´j`1. Note that a, b are

the pn ´ jqth, pn ´ j ` 1qth smallest letters with respect to ău. We can define µj to
be

µj :“

#

µj`1 ` ub ´ ua if a ă b

µj`1 ` ub ´ ua ´ 1 if a ą b.
(6.11)
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The first (resp. second) case is when pn ´ jq appears to the left (resp.right) of
pn ´ j ` 1q in w. Note that in either case, we have µj ě µj`1 ě 0. We can also
see that ccpw, µq “ u and um “ ccpwqm ` µ1 ă s implies µ1 ă s ´ despSq, thus
µ Ď pn ´ kq ˆ ps ´ despSq ´ 1q.

Thus we have a bijection between our boosted cocharge words coming from Σn,λ,s

and Dn,λ,s. Now, we want to relate the set Σn,λ,s to the set of battery-powered
tableaux T `

n,λ,s. First, we define the set of standardized battery-powered tableaux,
which is just the image of the battery-powered tableaux under the standardization
map that preserves cocharge and shape, where std is the map given in Section 2.7.

Definition 6.4.7. Let stdpT `
n,λ,sq be the image of the set T `

n,λ,s under Lascoux stan-
dardization.

For T P T `
n,λ,s, let stdpT q|D, stdpT q|B denote the device and battery part of stdpT q.

Let ccpstdpT qq|D, ccpstdpT qq|B denote the device and battery part of ccpstdpT qq.

Example 6.4.8. Continuing with the battery powered tableau T from Example 6.2.4,

we have stdpT q “

4
1 2 5

6
3

, where stdpT q|D “
4
1 2 5 , stdpT q|B “

6
3 .

Lemma 6.4.9. The tableau ccpstdpT qq|B is the superstandard tableau of shape pn ´

kq ˆ ps ´ 1q: that is, the semistandard tableau with row i filled with pi ´ 1q.

Proof. Assume otherwise. Note that since we know ctypepstdpT qq � weightpT q “

pn ´ kq ˆ s ` λ, by Algorithm 4.1.13, we know that the largest entry in ccpstdpT qq

is at most s ´ 1. Since ccpstdpT qq is a semistandard Young tableau and the battery
has s ´ 1 many rows, this implies that the top right corner of the battery contains
s ´ 1.

Furthermore, row i of the battery contains only pi´ 1q’s and i’s. When we apply
Algorithm 4.1.13, we see that reading the i’s in row i does not result in adding a box
to the partition ν. Thus we add 1 to i and move it to the end of the word. From this,
we know that the ps ´ 1q in the top right corner of the battery ends up contributing
a box to row s ` 1 or higher in the final partition ctypepstdpT qq. However, this also
contradicts ctypepstdpT qq � weightpT q “ pn ´ kq ˆ s ` λ.

Example 6.4.10. Continuing with Example 6.4.8, we can see that ccpstdpT qq “

1
0 0 1

1
0

.
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Now, we construct a map Ψ on Σn,λ,s. Consider pS, µq P Σn,λ,s. Recall that for
any pS, µq we can construct a boosted cocharge tableau ccpS, µq. Let Ψ̃pS, µq be the
tableau we get by appending the superstandard tableau of shape pn ´ kq ˆ ps ´ 1q

to the bottom right corner of ccpS, µq.

Example 6.4.11. Consider
´

3 4
1 2 ,

¯

P Σ4,p2,1q,3.Then we have

ccpS, µq “
1 2
0 0 Ψ̃pS, µq “

1 2
0 0

1
0

.

Lemma 6.4.12. For pS, µq P Σn,λ,s, we have that Ψ̃pS, µq is equal to ccpstdpT qq for
some T P T `

n,λ,s.

Proof. Note that Ψ̃pS, µq contains at least one of 0, . . . , s´2, since they are contained
in the superstandard tableau we appended to the bottom right corner. We can see
that for any c P rs ´ 3s0, there exists a pc ` 1q in some row higher than the lowest c,
since we know the lowest c is in row pc ` 1q of the battery and there is a pc ` 1q in
the row above it. Furthermore, we know the entries in the device part of Ψ̃pS, µq are
at most s ´ 1, since the largest entry is despSq ` µ1 ď s ´ 1. Thus, either ps ´ 2q is
the largest entry in Ψ̃pS, µq , or there exists a ps´ 1q in a row higher than the lowest
ps ´ 2q. Thus Ψ̃pS, µq is the cocharge tableau for some standard tableau by Lemma
(and Remark 5.3.5).

Furthermore, set rwpΨ̃pS, µqq “ db, where d is the reading word of the top
semistandard tableau and b is the reading word of the superstandard tableau ap-
pended at the bottom right. We can see that revpdq P Dn,λ,s by Proposition 6.4.6
since revpdq “ ccpw, µq. In particular, there exists a subset U Ă rns such that
revpd|Uq P Dλ where rns z U “ ta1, . . . , an´ku. Furthermore, we know that b can be
broken up into n´ k many disjoint subwords of the form ps´ 2qps´ 1q . . . 210. Then
by Lemma 5.3.6, we know that revpdaips ´ 2qps ´ 1q . . . 210q P Ds. From this, we
know that we can break up revpdbq into revpd|Uq P Dλ and pn´kq many words, each
in Ds. Thus revpdbq P Dpn´kqs`λ. Thus by Theorem 5.A and Proposition 4.1.15, we

have Ψ̃pS, µq “ stdpT q for some T P T `
n,λ,s.

Now, we define a map Ψ : Σn,λ,s Ñ T `
n,λ,s in the following way. Let T P T `

n,λ,s

such that Ψ̃pS, µq “ stdpT q. Define ΨpS, µq :“ T P T `
n,λ,s. Since std is a bijection

(Proposition 4.1.15), we know that stdpT q uniquely determines T P T `
n,λ,s.

Proposition 6.4.13. We have a bijection

Ψ : Σn,λ,s Ñ stdpT `
n,λ,sq Ñ T `

n,λ,s
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such that the device D of ΨpS, µq is the same shape as S and cochargepΨpS, µqq “

cochargepSq ` |µ|.

We prove this by constructing an inverse map Ψ´1. Note that since Ψ is a
tableaux analogue of the map pw, µq ÞÑ revpccpw, µqq, the inverse map Ψ´1 will
involve the inverse map constructed in Proposition 6.4.6. For any d P Dn,λ,s, let
cc´1prevpdqq :“ pw, µq where revpccpw, µqq “ d.

Proposition 6.4.14. Let ccprwpstdpT qqq “ db, where d,b are the subwords corre-
sponding to the entries in the device and battery respectively. Then revpdq P Dn,λ,s.

Proof. We know ctypepstdpT qq�pn´kqs`λ, which implies that revpdbq “ revpbq revpdq P

Dpn´kqs`λ. From Theorem 5.A, we know that there exists pC1 | . . . | Cn´k | Aλq P

OSPk`pn´kqs,ppn´kqs`λq1 where each restriction satisfies the condition in (6.7).
By the construction used in the proofs of Theorem 5.A and Proposition 5.3.12,

we know that revpdb|Ci
q “ 01 . . . ps ´ 1qmi, where mi P rs ´ 1s0 and the subword

01 . . . ps ´ 1q consists of letters in revpbq.
If we set Bi “ tindex corresponding to miu, we can construct a new ordered

set partition prpn ´ kqps ´ 1qs|Aλ|Bq. Since prevpdbqq|rpn´kqps´1qs “ revpbq, we see
that pAλ|Bqq gives an ordered set partition of the indices of revpdq such that (6.7)
holds.

Lemma 6.4.15. cc´1prevpdqq “ prwpSq, µq for some S P Σn,λ,s.

Proof. This follows from the fact that we can see cc´1prevpdqq directly on the tableau
ccpstdpT qq|D. Note that since stdpT q is a standard tableau, there is a total ordering
on the boxes in ccpstdpT qq|D, given by the ordering of the entries in stdpT q.

This ordering matches the reading order of d specified in (6.10).

Proof of Proposition 6.4.13. It suffices to construct an inverse map. Take Ψ´1pT q “

pS, µq, where ccpstdpT qq “ db and cc´1prevpdqq “ prwpSq, µq from Lemma 6.4.15.
We can check that the composition is the identity using the fact that pw, µq ÞÑ

revpccpw, µqq itself is a bijection between the sets tpw, µq | w P Sn, pP pwq, µq P

Σn,λ,su Ñ Dn,λ,s (Proposition 6.4.6).
The second statement follows from the fact that cochargepΨpS, µqq is the sum of

the entries in Ψ̃pS, µq. From Lemma 6.4.9, we know the sum of the entries in the
battery component is

`

s´1
2

˘

pn ´ kq. The sum of the entries in the device component
is cochargepSq ` |µ|.

Corollary 6.4.16. We have that dimpRn,λ,sq “ Dn,λ,s.
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Proof. From Proposition 6.4.13 and using Corollary 6.2.6 and Proposition 6.4.6, we
see that

|Dn,λ,s| “
ÿ

pS,µqPΣn,λ,s

| SYTpshpSqq| “ dimpRn,λ,sq.

Remark 6.4.17. Note that though the map pD,Bq ÞÑ D defined in Lemma 6.2.5 is
the most straightforward bijection between T `

n,λ,s and the collection of semistandard
tableaux, it does not behave well with respect to cocharge. In particular, there is no
clear relation between the cocharge of the two tableaux like the one in Proposition
6.4.13, which makes it difficult to relate the formula (6.3) to one using battery-
powered tableaux. In Section 6.6, we highlight how using the set Σn,λ,s, which
involves standard tableaux, resolves this issue.

Note that using Proposition 6.4.6, we can restate Theorem 6.A:

Theorem 6.A (Cocharge version). The set Bn,λ,s “ txrevpccpw,µqq : w P Sn, pP pwq, µq P

Σn,λ,su descends to a monomial basis of Rn,λ,s.

Using this formulation and the fact that Σk,λ,ℓpλq “ Σλ,Σn,1k,k “ Σn,k , it is
evident that our descent basis construction specializes to the known descent bases
for Rλ, Rn,k.

6.5 Linear independence

We now show that the monomials in Theorem 6.A are linearly independent. We
follow the argument in [11], of which we give a brief outline here.

Denote by pλ1 “ pλ1
2, . . . , λ

1
mq the partition obtained by removing the first part of

λ1, which corresponds to taking off the first column of λ. Given any subset A Ă rns

of size |A| “ λ1
1, we will show that there is a well-defined map

φA : Rn,λ,s Ñ Rλ1
1

b Rn,pλ,s.

Then, we use these maps to inductively show that if there is a relation of the form
ÿ

bďdesa

cbx
b

“ 0

with a P Dn,λ,s, then we must have that ca “ 0. This implies the monomials xa P

Bn,λ,s are linearly independent in Rn,λ,s. Applying Corollary 6.4.16 upgrades Bn,λ,s

to a basis.
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Proposition 6.5.1. Let λ $ k ď n, s ě ℓpλq, and pλ be as above. Given any subset
A Ă rns of size |A| “ λ1

1, the composite map

rφA : Qrxns Ñ QrxAs b Qrxrns zAs Ñ Rλ1
1

b Rn,pλ,s

given by the canonical projection in both tensor components descends to a well-defined
map φA : Rn Ñ Rλ1

1
b Rn,pλ,s.

Proof. It suffices to check that rφApIn,λ,sq “ 0 in Rλ1
1

b Rn,pλ,s for all A Ă rns with
|A| “ λ1

1. Since s ě λ1
1, we have that xs

i P Iλ1
1
for i P A. Observe xs

j P In,pλ,s for
j P rns zA by definition. Therefore, we have that

rφApxs
i q “

#

xs
i b 1 if i P A

1 b xs
i if i P rns zA

always vanishes in Rλ1
1

b Rn,pλ,s.
Next, consider edpBq P In,λ,s, where B Ă rns and d satisfies

d ą |B| ´ pλ1
n´|B|`1 ` ¨ ¨ ¨ ` λ1

nq (6.12)

Notice we can factor edpBq along the sets A X B and B zA to yield

rφApedpBqq “

|AXB|
ÿ

i“maxp0,d´|B zA|q

eipA X Bq b ed´ipB zAq (6.13)

We show for each summand, either eipA X Bq P Iλ1
1
, or ed´ipB zAq P In,pλ,s.

First, we consider the case where A Ă B. Then we have that eipAXBq “ eipAq P

Iλ1
1
whenever i ą 0. It remains to check the case where i “ 0, which is only possible

if |B| ą |A|. Making the substitution pλ1
i “ λ1

i`1, we have

|B zA| ´ ppλ1
n´|A|´|B zA|`1 ` . . . q “ |B| ´ |A| ´ pλ1

n´|B|`2 ` . . . q

ď |B| ´ pλ1
n´|B|`1 ` . . . q ă d

where the weak inequality uses the fact that |A| “ λ1
1 ě λ1

n´|B|`1. This implies that

edpB zAq P In,pλ,s.
Now consider the case where A Ć B. We will show that ed´ipB zAq P In,pλ,s for

all i. We have by (6.13) that i ď |A X B|. Subtracting this from (6.12), we have

|B| ´ |A X B| ´ pλn´|B|`1 ` . . . q ă d ´ i (6.14)
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Then, as before, we have

|B zA| ´ ppλ1
n´|A|´|B zA|`1 ` . . . q “ |B| ´ |A X B| ´ pλ1

n´|B|`2´p|A|´|AXB|q ` . . . q

ď |B| ´ |A X B| ´ pλ1
n´|B|`1 ` . . . q ă d ´ i

where the weak inequality uses |A| ´ |A X B| ą 0 since A Ć B. This completes the
proof.

Proposition 6.5.2. Let a P Dn,λ,s, and suppose

ÿ

bďdesa

cbx
b

“ 0 (6.15)

in Rn,λ,s. Then, we have ca “ 0. In particular, the monomials Bn,λ,s are linearly
independent in Rn,λ,s.

Proof. We induct on the number of columns λ1 of λ, i.e. the parts of λ1. If λ1 “ 0,
i.e. λ “ ∅, it is clear that Bn,∅,s “ txa : a P rs´1sn0u is a basis of Rn,∅,s “ Qrxns{pxs

i :
1 ď i ď nq, and are nonleading terms with respect to any total order on monomials.

Now take λ1 ě 1, and let a P Dn,λ,s, so that there is σ “ pAλ|Bq P OSPn,λ1 with
a|Ai

P Dλ1
i
, a|Bj

P rs ´ 1s0. Choose A “ A1 so B “ rns zA, and let a1 “ a|A, a
2 “ a|B

denote the corresponding reverse cocharge words in Dλ1
1
,Dn´λ1

1,
pλ,s, where

pλ is as in

the previous proposition. By Proposition 6.5.1, we compute

0 “ φA

ˆ

ÿ

bďdesa

cbx
b

˙

“
ÿ

b1PDλ1
1

xb1

b

ˆ

ÿ

b2

db1,b2xb2

˙

(6.16)

where we expand in the first factor using the descent basis, and push all coefficients
into the second tensor factor. For each nonzero db1,b2 in (6.16), there is some cb ‰ 0
contributing to equation (6.15) such that

b ďdes a b1
ďdes b|A, b2

“ b|B, (6.17)

where the second inequality follows from the fact that b1 P Dλ1
1
are the nonleading

terms with respect to the des-order (for an explicit straightening algorithm, see [1]).
Since the left hand side of (6.15) is 0, we must have

ÿ

b2

da1,b2xb2

“ 0 (6.18)
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in Rn´λ1
1,

pλ,s. Furthermore, Lemma 3.1.2 implies that da1,b2 ‰ 0 only if b2 ďdes a
2, so

we see da1,a2 “ ca and write
ÿ

b2ďdesa2

da1,b2xb2

“ 0 (6.19)

The claim follows from applying the induction hypothesis.

Proof of Theorem 6.A. Proposition 6.5.2 shows that Bn,λ,s are linearly independent,
and by Corollary 6.4.16, we have that |Bn,λ,s| “ dimRn,λ,s.

6.6 Identifying the graded Frobenius character

Now, we use the descent basis of Rn,λ,s to give a combinatorial formula for the graded
Frobenius character FrobqpRn,λ,sq in terms of our indexing set Σn,λ,s. First, recall the
formula for the ungraded Frobenius character (6.3). We can rewrite (6.3) in terms
of the set Σn,λ,s by composing the bijection in Lemma 6.2.5 with the bijection Ψ in
Proposition 6.4.13:

FrobpRn,λ,sq “
ÿ

pS,µqPΣn,λ,s

sshpSq. (6.20)

Now, we can use (6.20) to get dimpNγRn,λ,sq, which we will use to determine HilbqpNγRn,λ,sq.

dimpNγRn,λ,sq “ xeγ,FrobpRn,λ,sqy

“ xωeγ,
ÿ

pS,µqPΣn,λ,s

ωsshpSqy

“
ÿ

pS,µqPΣn,λ,s

xhγ, sshpS1qy

“
ÿ

pS,µqPΣn,λ,s

KshpS1q,γ (6.21)

where KshpS1q,γ is the Kostka number. Using Corollary 2.2.2 and Proposition 2.2.1
(c), we can rewrite the last expression to be

dimpNγRn,λ,sq

“
ÿ

pS,µqPΣn,λ,s

|tw P Sn, P pwq “ S 1,Despwq Ă tγ1, γ1 ` γ2, . . . , γ1 ` ¨ ¨ ¨ ` γl´1u|

“
ÿ

pS,µqPΣn,λ,s

|tw P Sn, P pwq “ S,Ascpwq Ă tγl, γl ` γl´1, . . . , γl ` ¨ ¨ ¨ ` γ2u|.

(6.22)



CHAPTER 6. DESCENT BASES FOR DELTA-SPRINGER RINGS 91

where Ascpwq denotes the ascent set of w, defined to be Ascpwq “ ti : wi ă wi`1u.
Now, we construct a basis of NγRn,λ,s using the descent basis. This basis will

give us an explicit formula for HilbqpRn,λ,sq, which in turn will uniquely determine
FrobqpRn,λ,sq.

For any composition γ |ù n and word z of length n, we say z is strictly increasing
on γ if when we divide z into blocks of sizes γ1, γ2, . . . , γl, we have that the entries
within the blocks are strictly increasing.

Example 6.6.1. Consider z “ 2423679 and γ “ p2, 2, 3q. Then when we divide z into
three blocks 24|23|679, the entries are strictly increasing. Thus z is strictly increasing
on γ.

We use this to define a subset of Dn,λ,s.

Dγ
n,λ,s :“ ta P Dn,λ,s : a is strictly increasing on γu.

We will show that this set indexes a basis of NγRn,λ,s. We first relate this set to
pairs pw, µq where pP pwq, µq P Σn,λ,s. To do this, we make the following observation.

Lemma 6.6.2. Consider a P Dn,λ,s and cc´1prevpaqq “ pw, µq. Then we have an´j ă

an´j`1 if and only if wj ą wj`1.

Proof. Note that the condition an´j ă an´j`1 is equal to zj ą zj`1, where z “

revpaq “ ccpw, µq. By construction we can see that ccpw, µqj ą ccpw, µqj`1 can
only happen if wj ą wj`1. In particular: if wj ą wj`1, it is clear that ccpw, µqj ą

ccpw, µqj`1 since ccpwqj ą ccpwqj`1. On the other hand, if wj ă wj`1, then we have
ccpw, µqj ď ccpw, µqj`1.

Using Lemma 6.6.2, we can compute |Dγ
n,λ,s|, by looking at the preimage of Dγ

n,λ,s

under the map pw, µq ÞÑ revpccpw, µqq.

Corollary 6.6.3. For γ |ù n, we have revpccpw, µqq P Dγ
n,λ,s if and only if Ascpwq Ă

tγl, γl `γl´1, . . . , γl `γl´1`¨ ¨ ¨`γ2u. In particular, we have |Dγ
n,λ,s| “ dimpNγRn,λ,sq.

Proof. The first statement follows immediately from Lemma 6.6.2. The second state-
ment follows from (6.22).

We can also use the following fact about Dn,λ,s. Note that this is analogous to
[11, Lemma 3.4] and the same proof holds.

Lemma 6.6.4. Consider a P Dn,λ,s with aj ą aj`1. Let ã be the word we get by
swapping aj and aj`1. Then ã P Dn,λ,s.
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Remark 6.6.5. The equivalent statement phrased in terms of boosted cocharge words
is the following: let c “ ccpw, µq and cj ă cj`1. If c is the word we get by swapping
cj and cj`1, we have that c “ ccpw̃, µq for some other w̃ satisfying ctypepw|kq � λ.

Now, we can use these results to construct an explicit basis of NγRn,λ,s.

Proposition 6.6.6. Bγ
n,λ,s :“ tNγx

a : a P Dγ
n,λ,su is a basis of NγRn,λ,s.

Proof. From Theorem 6.A, we know that tNγx
a : a P Dn,λ,su must span NγRn,λ,s.

We show that Bγ
n,λ,s spans Rn,λ,s. First, consider a P Dn,λ,s such that when we

split a into blocks of size γ1, . . . , γl, some block contains a repeated entry. Then, we
must have Nγx

a “ 0, since Nγ antisymmetrizes the exponents within the blocks.
Now, consider a P Dn,λ,s where the blocks consist of distinct entries, but a R Dn,λ,s.

This means there exists an index j such that aj ą aj`1 belong to the same block. If
ãx is the result of swapping aj and aj`1, we have that Nγx

a “ ´Nγx
ã. Furthermore,

we know ã P Dn,λ,s by Lemma 6.6.4. In this way, for each such a, we can construct
a b P Dγ

n,λ,s such that Nγx
a “ ˘Nγx

b. Thus Bγ
n,λ,s spans NγRn,λ,s.

Note that |Bγ
n,λ,s| “ |Dγ

n,λ,s|, thus from Corollary 6.6.3 we have that Bγ
n,λ,s is a

basis of NγRn,λ,s.

Corollary 6.6.7. We have

HilbqpNγRn,λ,sq “
ÿ

pw,µq

pP pwq,µqPΣn,λ,s

AscpwqĂtγl,γl`γl´1,...,γl`γl´1`¨¨¨`γ2u

qcochargepwq`|µ|. (6.23)

Proof. This follows from the fact that the degree ofNγx
a is equal to cochargepwq`|µ|,

where revpccpw, µqq “ a, and Proposition 6.6.6.

Finally, we get an explicit Schur expansion of FrobqpRn,λ,sq using Σn,λ,s.

Theorem 6.B.

FrobqpRn,λ,sq “
ÿ

pS,µqPΣn,λ,s

qcochargepSq`|µ|sshpSq (6.24)
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Proof. Doing the same computation as in (6.21) and (6.22), except now carrying over
the power of q, we have

xeγ,
ÿ

pS,µqPΣn,λ,s

qcochargepSq`|µ|sshpSqy “
ÿ

pS,µqPΣn,λ,s

qcochargepSq`|µ|KshpSqt,γ

“
ÿ

pw,µq

pP pwq,µqPΣn,λ,s

AscpwqĂtγl,γl`γl´1,...,γl`¨¨¨`γ2u

qcochargepP pwqq`|µ|.

(6.25)

Since cochargepP pwqq “ cochargepwq, we can see that (6.25) is equal to (6.23).

6.7 Connections to known formulas for

Frobenius characters

We can see that the correct specializations recover the known Frobenius characters
for Rλ and Rn,k. In particular, when pn, λ, sq “ pk, λ, ℓpλqq, we recover (5.2), as
proven in [33].

When we set pn, λ, sq “ pn, 1k, kq, we get

FrobqpRn,λ,sq “
ÿ

SPSYTn
despSqăk

¨

˝

ÿ

µĂpn´kqˆpk´despSq´1q

q|µ|

˛

‚qcochargepSqsshpSq.

Note that this is equivalent to following expression for FrobqpRn,kq [30, Corollary
6.13], using properties of the q-binomial coefficients, as well Proposition 2.6.10.

FrobqpRn,kq “
ÿ

SPSYTn
despSqăk

„

n ´ despSq ´ 1

n ´ k

ȷ

q

qmajpSqsshpSq. (6.26)

Furthermore, Theorem 6.2.7 gives a combinatorial formula for FrobqpRn,λ,sq in
terms of battery-powered tableaux. In [23], the authors give a geometric proof of
this and pose the question whether there is more direct algebraic or combinatorial
proof. Though recent results [22] give such explanation for Rn,k, there is still no
known such argument for general Rn,λ,s.

Our formula provides an algebraic and combinatorial proof for Theorem 6.2.7 by
showing that it is equivalent to Theorem 6.B up to a combinatorial bijection.
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Corollary 6.C. Theorem 6.B is equivalent to Theorem 6.2.7 up to a combinatorial
bijection between the sets Σn,λ,s and T `

n,λ,s.

Proof. The equality of (6.4) and (6.24) follows from Proposition 6.4.13. In particular,
if we apply Ψ to (6.24), we get (6.4).
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Chapter 7

Higher Specht Bases for
generalized coinvariant rings

In this chapter, we give a conjecture for a higher Specht basis for Rn,λ,s. We show
how our conjecture relates with other known higher Specht bases, as well as the
results in Chapter 6. We also give proofs for certain cases. This chapter is based
on material in [16], as well as ongoing joint work with Raymond Chou and Maria
Gillespie.

7.1 A conjectured higher Specht basis

The higher Specht basis of Rn, given in Theorem 3.2.6, witnesses the decomposition
of Rn into irreducibles. Inspired by this, we can define the notion of a higher Specht
basis for any CSn-module M . This definition is due to Gillespie–Rhoades [24].

Definition 7.1.1. A higher Specht basis for CSn-module M is a basis B that admits
a set partition B “

Ů

Bλpiq such that each Bλpiq spans a copy of the irreducible Vλ in
the decomposition of M into irreducibles.

Gillespie–Rhoades have some results on higher Specht bases for generalized coin-
variant rings. In particular, they prove the following.

Theorem 7.1.2 (Gillespie–Rhoades[24]). The following collection of polynomials

tF S
T ¨ ei11 e

i2
2 ¨ ¨ ¨ e

in´k

n´k : S, T P SYTn, ShpSq “ ShpT q, ij P Zě0, 0 ď i1 ` ¨ ¨ ¨ in´k ă k ´ despSqu

(7.1)

descends to a higher Specht basis of Rn,k.
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We can restate (7.1) using the indexing set Σn,k we introduced in Section 6.3.
Note that we can take a tuple of nonnegative integers pi1, . . . , in´kq such that i1 `

¨ ¨ ¨ ` in´k ă k ´ d and write it as a partition µ Ď pn ´ kq ˆ pk ´ d ´ 1q by setting

µj “ ij`¨ ¨ ¨`in´k. In other words, we can consider each polynomial F S
T ¨ei11 e

i2
2 ¨ ¨ ¨ e

in´k

n´k

to be indexed by a pair ppS, µq, T q where pS, µq P Σn,k and shpT q “ shpSq. It is
clear that this witnesses the decomposition of Rn,λ,s into irreducibles given by the
combinatorial formula for FrobqpRn,kq given by (6.26).

They also a conjectured higher Specht basis for Rµ. To state their conjecture, we
need to define the notion of a higher Specht polynomial F S

T for S semistandard.

Definition 7.1.3. Given a word z of weight µ, we first decompose z into subwords
zp1q, . . . , zpµ1q, where each subword is a permutation, in the following way. Choose
the rightmost 1 to be in zp1q. After choosing i to be in zp1q, we choose i ` 1 in the
following way. If there is a i`1 to the left of the i we chose, we choose the rightmost
such i ` 1 to be in zp1q. Otherwise, we choose the rightmost i ` 1 in w. We continue
this process until we cannot add anymore letters.

Now, delete the subword zp1q from z and repeat, continuing until we have fully
decomposed z into subwords. The cocharge of z is

cochargepzq :“
µ1
ÿ

i“1

cochargepzpiq
q (7.2)

Remark 7.1.4. We can compute charge of a word z by taking

chargepzq :“
µ1
ÿ

i“1

chargepzpiq
q (7.3)

where we construct z in the exact same way. Note that we have chargepzq “ npµq ´

cochargepzq.

The cocharge word of z is the word we get by replacing zpiq with ccpzpiqq in z.
Using this definition of cocharge of words of partition weight, we can also define the
notion of cochargepSq and ccpSq.

Then, we can define F S
T for T P SYT, S P SSYTpµq for T, S of the same shape

using Definitions 3.2.1, 3.2.4, except now considering the cocharge label ccpSq of a
semistandard tableau S.

Conjecture 7.1.5 (Gillespie–Rhoades[24]). The following set gives a higher Specht
basis of Rµ:

ď

λ$n

tF S
T : pS, T q P SSYTpλ, µq ˆ SYTpλqu. (7.4)
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In light of the work in Chapter 6, we make the following conjecture for a higher
Specht basis for Rn,λ,s.

Conjecture 7.1.6. Let λ $ k, k ď n, and ℓpλq ď s. The following set gives a higher
Specht basis of Rn,λ,s:

tF S
T e

i1
1 . . . e

in´k

n´k : pS, iq P Σn,λ,s, shpSq “ shpT qu. (7.5)

Note that while Conjecture 7.1.6 agrees with Theorem 7.1.2 at the appropriate
specializations, it differs from Conjecture 7.1.5. In particular, if we specialize Con-
jecture 7.1.6, we get the following:

Conjecture 7.1.7. The following set gives a higher Specht basis of Rµ:

tF S
T : ctypepSq � µ, shpSq “ shpT qu. (7.6)

While the set (7.4) uses cocharge tableaux arising from semistandard tableaux
of weight µ, our conjecture (7.6) uses the corresponding subset of standard tableaux
that SSYTpµq gets mapped to with respect to std. Though the two formulas seem
similar, they yield different sets, since in general, the standardization map in Propo-
sition 4.1.9 only preserves the cocharge statistic, not the cocharge tableaux (see
Remark 4.1.11).

However, the following example shows that Conjecture 7.1.5 fails in general.

Example 7.1.8. Consider the following semistandard tableau

S “

5
3
2 3 4 5
1 1 2 4

ccpSq “

2
2
1 1 1 3
0 0 0 2

.

For any T of the same shape, we have that F S
T “ 0. In particular, if we let

T “

10
9
5 6 7 8
1 2 3 4

then xS
T “ x2

4x5x6x7x
3
8x

2
9x

2
10. We can see that p9, 10q P CpT q is a transposition in the

column group that fixes xS
T , thus εTx

S
T “ 0.

In other words, we can see that the polynomials in (7.4) can be equal to 0 for
certain choices of S. In contrast, the polynomials in (7.6) are never 0 since they are
a subset of the higher Specht basis of Rn. However, they may be equivalent to 0
when we quotient out by Iµ.
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Though Conjecture 7.1.5 fails for general partition shapes, the authors prove it
holds for two-row partitions. However, this is no coincidence: it turns out in this
case, our conjecture matches theirs.

Proposition 7.1.9. If µ “ pµ1, µ2q, then our conjectured higher Specht basis (7.6)
coincides with the conjectured basis (7.4) of Gillespie–Rhoades.

Proof. We will show that if µ is a two row partition, and S P SSYTpµq, we have that
ccpSq “ ccpstdpSqq.

To see this, we describe the standardization map std : SSYTpµq Ñ Σµ given in
Definition 2.7.6. When µ is a two-row partition, we know that any S P SSYTpµq can
be at most two rows. If we set λ “ pλ1, λ2q to be the shape S, the std map takes S
to the standard tableau obtained in the following way:

• Replace the 1s in the first row with 12 . . . µ1,

• replace the 2s in the second row with pµ1q . . . pµ1 ` λ2q,

• replace the 2s in the second row with pµ1 ` λ2q . . . n.

We see that ccpSq consists of all 0s in the first row and 1s in the second row.
From the description of stdpSq, we can see that the cocharge tableau of ccpstdpSqq

is also the same.

Corollary 7.1.10. Conjecture 7.1.7 holds for two-row partition shapes.

7.2 Connections to hook-shape Garsia-Haiman

modules

The higher Specht construction has been extended to the two-variables case, which
looks at Crx,ys under the diagonal Sn-action. In particular, Gillespie gives a higher
Specht basis for hook-shape Garsia-Haiman module.

Definition 7.2.1 (Gillespie [21]). Let µ “ pn´k`1, 1k´1q. We define the µ-cocharge
tableau of S P SYTn, denoted ccTabµpSq, to be the tableau of the same shape where

• we have 0 in the squares occupied by 1, 2, . . . , n ´ k ` 1 in S

• the rest of the squares are given by the cocharge labeling on n ´ k ` 1, . . . , n.

Definition 7.2.2. Let µ “ pn ´ k ` 1, 1k´1q. We define the reverse µ-cocharge
tableau of S P SYTn, denoted ccTab1

µpSq, to be the tableau of the same shape where
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• we have 0 in the squares occupied by n ´ k ` 1, . . . , n in S

• for n ´ k ` 1, . . . , 1, we calculate the cocharge in reverse.

Using the two definitions above, we define

xyS
T “ x

ccTabµpSq

T y
ccTab1

µpSq

T

in the same way that we defined xS
T in Definition 3.2.1. If we consider Sn to act

diagonally on this monomial (i.e, it permutes the indices on the x, y variables simul-
taneously), we can define

F S
T px,yq “ εTxy

S
T .

This is the two variable analogue of Definition 3.2.4.

Theorem 7.2.3 (Gillespie [21]). Let µ “ pn ´ k ` 1, 1k´1q. Then tF S
T px,yq : S, T P

SYTn, ShpSq “ ShpT qu is a higher Specht basis for DRµ.

Theorem 7.2.3 is closely related to Conjecture 7.1.7 through the following obser-
vation.

Lemma 7.2.4. Let µ “ pn ´ k ` 1, 1k´1q. We have that F S
T px, 0q ‰ 0 if and only if

ctypepSq � µ.

Proof. Note that F S
T px, 0q ‰ 0 if and only if ccTab1

µpSq “ 0, which means 1, . . . , n ´

k ` 1 all appear in the same row of S. This is equivalent to saying the first row of S
contains 1, . . . , n´k`1, which implies that S is µ-catabolizable. Thus ctypepSq�µ
by Proposition 4.1.6.

A direct corollary of this is the following:

Corollary 7.2.5. Conjecture 7.1.7 is true for hook shapes.

Remark 7.2.6. Note that unsurpisingly, Conjecture 7.1.5 does not coincide with the
y “ 0 specialization of Theorem 7.2.3.

7.3 Garsia-Procesi for three rows

In future work with Gillespie and Chou, we show that Conjecture 7.1.7 holds for all
three-row partitions. In this section, we include some of the main ideas used in our
proof.



CHAPTER 7. HIGHER SPECHT BASES FOR GENERALIZED
COINVARIANT RINGS 100

The advantage that Conjecture 7.1.7 has over the Gillespie–Rhoades conjecture
(Conjecture 7.1.5) is that the conjectured basis (7.6) is a subset of the higher Specht
basis of Rn. From this, we know immediately that the elements in our conjectured
basis will not vanish in the quotient Rn. However, we need to check whether they
vanish in the further quotient Rµ.

First, we recall some facts about Garsia–Procesi rings and Garnir polynomial.
Note that the definition for the Garnir polynomial, given in Definition 2.3.1, can be
extended to any column strict, standard fillings T̃ of the shape µ in the same way.
We make a quick observation:

Lemma 7.3.1. Let rT be a column strict, standard filling of the shape µ. We have
gT̃ P spantgT | T P SYTpµqu.

Proof. For a column strict filling T̃ of µ, let π be the permutation that sorts the
entries within each row so that they are increasing.

We now show that the resulting tableau πpT̃ q is still column strict. Let a be the
jth entry in row i of πpT̃ q where i ą 0. For each entry b to the left of a in the row i
of πpT̃ q, we know that there exists a unique corresponding entry in row pi ´ 1q that
is smaller than b (whatever was below b in T̃ .) Thus a is larger than at least j many
entries in row pi ´ 1q of T̃ , hence it is larger than the entry below it in πpT̃ q.

It is clear that πgT̃ “ gπT̃ . Thus gT̃ “ π´1gT for T “ πT̃ P SYTpµq and the result
follows from Proposition 2.3.3.

We can use the Garnir polynomials to identify whether an arbitrary f P Crxns

satisfies f P Iµ. This is equivalent to the description of the coinvariant ideal In as
the annhilator of the Vandermonde (3.5).

Theorem 7.3.2 (Bergeron-Garsia). We have f P Iµ iff f d gT “ 0 for all T P

SYTpµq.

In particular, we have the following corollary using Lemma 7.3.1.

Corollary 7.3.3. If f d gU ‰ 0 for some column strict standard filling U of µ, then
f R Iµ.

Now, we will show that these polynomials are actually nonzero in quotients where
they appear as part of the higher Specht basis. To do this, we will show the following:

Proposition 7.3.4. If ctypepSq “ µ, there exists a column strict filling U of µ such
that F S

T d gU ‰ 0.

Assuming Proposition 7.3.4, we can show the following.
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Theorem 7.3.5. If S, T P SYTn with the same shape and ctypepSq � µ, we have
that F S

T R Iµ.

Proof. Consider S P SYTn with ctypepSq “ ν�µ. By Proposition 7.3.4 and Corollary
7.3.3, we have that F S

T R Iν . Since ν � µ ô Iµ Ă Iν , this implies that F S
T R Iµ.

We now show Proposition 7.3.4. To do this, we will first show that monomial xS
T

appears with nonzero coefficient in F S
T . Then, we will construct a Garnir polynomial

gU for some injective filling U where xS
T d gU ‰ 0. Finally, we show that for that

choice of U we have F S
T d gU ‰ 0.

We first give some definitions that we will make use of when discussing higher
Specht polynomials.

Definition 7.3.6. Let T P SYTpλq. A T -snaking is a filling P with shape λ such
that if i, j occur in the same column in T , then i, j occur in different rows of P .

We refer to these fillings as T -snaking because of the following visualization:
we may take the columns of T and “snake” them down different paths (possibly
disconnected) as in the following example:

Example 7.3.7. Define S, T, P as follows:

S “
0 1
1 2 0
2 1 3

T “
6 8
3 4 7
1 2 5

P “
4 1
5 6 2
8 7 3

Then P is a T -snaking, and the corresponding monomial is

xS
P “ x1

1x
0
2x

3
3x

0
4x

1
5x

2
6x

1
7x

2
8 “ x1x

3
3x5x

2
6x7x

2
8.

Note that using the T -snaking terminology, we can write

F S
T “

ÿ

P :T -snaking

p´1q
PxS

P .

Definition 7.3.8. The box action of Sn on the set of all fillings of a partition of λ
of size n, denoted ¨, is defined as follows. If b is a box in λ (where we think of b as a
number from 1 to n, assigned to the boxes in ascending order up each column from
left to right) then π ¨ Spbq “ Spπ´1pbqq.

Definition 7.3.9. The ρ-group HpSq of a tableau S is the group of row permuta-
tions ρ for which ρ ¨ S “ S. Note that HpSq is a subgroup of the row group RpT q

for the standard filling T of the same shape, and HpSq – Hpπ ¨ Sq for any row
permutation π.
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Definition 7.3.10. The (alternating) τ-set ApSq of a filling S of a Young diagram
λ is the set of column permutations τ of the standard filling T of λ, whose box action
on S preserves the content of each row of S.

In future work, we prove the following theorem:

Theorem 7.3.11. Given a T -snaking P , the coefficient of xS
P in F S

T is ˘|HpSq| ¨
ř

τPApccpSqP q
sgnpτq.

Note that in the case P “ T , we have that ccpSqP “ ccpSq. Thus the coefficient
of xS

T in F S
T is given by

|HpSq| ¨
ÿ

τPApccpSqq

sgnpτq.

Throughout the rest of the note, we assume S, T P SYTn with ctypepSq “ λ. Since
S is a SYT, we know the filling ccpSq is a semistandard tableau (i.e. the columns
consist of distinct entries and are increasing).

We will show the following. Note that this implies the result of [21] showing that
for ccpSq being an SSYT, we have F S

T is nonzero.

Proposition 7.3.12. Write S for a semistandard cocharge tableau. If τ P ApSq,
then τ “ id.

Proof. Note that τ P ApSq means that for all rows k (where the sets below are
multisets)

tpτ ¨ Sqpbq : b in row k of T u “ tSpbq : b in row k of T u. (7.7)

By definition of the box action on S, this is equivalent to the following

tSpτ´1
pbqq : b in row k of T u “ tSpbq : b in row k of T u.

We will prove that this implies τ “ id. For sake of contradiction, assume this is
not true. Consider the lowest, leftmost box b such that τ´1pbq ‰ b. By choice of b (and
since τ is a column permutation), we know that τ´1pbq must be above b. Furthermore,
since ccpSq is a semistandard tableau, we have that pτ ¨ Sqpbq “ Spτ´1pbqq ą Spbq.
From (7.7) and the fact that τ fixes all the entries to the left of b, we know there
exists a b1 ą b in the same row such that τ ¨ Spb1q “ Spτ´1pb1qq “ Spbq. However,
this is impossible, since τ´1pb1q would be strictly above and to the right of b in T ,
meaning Spτ´1pb1qq ą Spbq.

Corollary 7.3.13. The coefficient of xS
T in F S

T is HpSq.
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Now, we will construct an injective filling U of shape λ such that xS
T d gU ‰ 0.

To do this, we introduce a modification of Algorithm 4.1.13 to form a filling U rather
than just a partition shape ν, as follows.

Definition 7.3.14. Let S, T be standard Young tableaux of the same shape. Let
z “ ccprwpSqq, and let U “ H be the empty Young tableau. The U-tableau U of
the pair pS, T q is formed by applying Algorithm 4.1.13 to where we fill the square
added when reading zi by the label t from T that appears in the same box as zi
occurs in S.

We define U to be the output of this algorithm, and note that it is an injective
tableau of shape ctypepSq.

Example 7.3.15. Consider S “
6
3 4
1 2 5

, ccpSq “
2
1 1
0 0 1

, T “
3
2 5
1 4 6

. Note that this

is the same S that appears in Example 4.1.14. Then we have U “
3 6
5 2
4 1

.

Lemma 7.3.16. If b appears in row i of U , then ccpSqpbq ď i.

Proof. This follows immediately from the definition of the U -tableau.

Lemma 7.3.17. If b1, b2 appear consecutively in a column in U (where b1 is lower),
we must have ccpSqpb2q “ ccpSqpb1q or ccpSqpb1q ` 1.

Proof. This follows from the property that the collection tccpSqpbq : b appears in column j of Uu

gives the entries of a cocharge word of that length.

Now, let xU :“
ś

x
rowpiq
i where again the rows are 0-indexed.

Lemma 7.3.18. We have xS
T d xU ‰ 0.

Proof. If b appears in row i of U , the exponent of xb in xU is i. By Lemma 7.3.16,
we know that ccpSqpbq ď i. Thus Bb appears with exponent at most i in xS

T d . Since
this holds for any choice of b, the claim holds.

Corollary 7.3.19. We have xS
T d gUpxq ‰ 0. Moreover, xS

T d xU appears in
xS
T d gUpxq with coefficient

ś

i λi!.

Proof. We know

gUpxq “

˜

ź

i

λi!

¸

ÿ

τPCpUq

sgnpτqτpxUq.



CHAPTER 7. HIGHER SPECHT BASES FOR GENERALIZED
COINVARIANT RINGS 104

It is clear that for τ ‰ id, we have τpxUq ‰ xU . Thus x
S
T d xU ‰ xS

T d τpxUq for
any τ ‰ id (note that the monomials can only be constant if U is a single row shape,
and in that case there is no τ ‰ id). Thus from Lemma 7.3.18, the term xS

T d xU

appears in xS
T d gUpxq with nonzero coefficient.

The coefficient now follows from the above equation.

Using the T -snaking terminology, we have

F S
T d gUpxq “

˜

ź

i

λi!

¸

ÿ

P :T -snaking

p´1q
PxS

P d

¨

˝

ÿ

τPCpUq

p´1q
ττpxUq

˛

‚

“

˜

ź

i

λi!

¸

ÿ

P :T -snaking

ÿ

τPCpUq

p´1q
P

p´1q
τxS

P d τpxUq.

We want to look for which combinations of P, τ we have xS
P d τpxUq “ xS

T d pxUq.
To do this, we first state the following Lemma.

Lemma 7.3.20. Let b be a column in U . Then the monomial xS
T has exactly one

variable from column b with exponent 0. In particular, if b1, b2 are the entries in
rows 0 and 1 of b, then pxS

T qb1,b2 “ x0
b1
x1
b2
.

Proof. Note that we construct U using Definition 7.3.14. We know that all entries of
S with cocharge 0 contribute to the first row of U . Thus it is impossible to have two
entries with cocharge 0 contribute to the same column of U . The second statement
follows from Lemma 7.3.17.

Lemma 7.3.21. Consider pS, T q where S, T are SYT of the same shape and ctypepSq “

µ, where µ is a three-row partition. Then the following are true.

(a) ccpSq is a semistandard tableaux consisting of 0s,1s and 2s. In particular, all
the entries in row 2 must be 2s.

(b) If c appears in row 2 of T , it appears in row 2 of U as well.

Proof. These are all consequences of Algorithm 4.1.13

We now show the conjecture holds for three rows.

Proposition 7.3.22. Let µ be a three-row partition, S is a standard tableau satisfying
ctypepSq “ µ and U is the filling of µ constructed by Algorithm ??.

Given τ P CpUq, if xS
P d τpxUq “ xS

T d pxUq for some T -snaking P , then τpxS
T d

pxUqq “ xS
T d pxUq and τpxS

T q “ xS
P .
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Lemma 7.3.23. There is exactly one 3 ˆ 3 N-matrix A that satisfies the following:

(i) A2,3 “ A3,2 “ A3,3 “ 0

(ii) Ai,1`Ai,2`Ai,3 is the number of variables in xS
T dxU that appear with exponent

i ´ 1

(iii) A1,j ` A2,j ` A3,j is the number of values in ccpSq with cocharge j ´ 1

(iv) A1,1 “ µ1, A2,1 ` A1,2 “ µ2, A3,1 ` A2,2 ` A1,3 “ µ3.

Example 7.3.24. For the setting of Example 4.1.14, the matrix A is

¨

˝

2 2 1
0 1 0
0 0 0

˛

‚

Indeed, we have xU “ x2x
2
3x5x

2
6 and xS

T “ x2x
2
3x5x6. The monomial xS

T d xU is a
constant times x6, so the row sums are 5, 1, 0 from top to bottom, the column sums
are 2, 3, 1 from left to right, and the diagonal sums are 2, 2, 2 from top to middle.

Proof. Define A to be a 3 ˆ 3 N-matrix where

Ai,j “ # of variables which appear with exponent i´1 in xS
TdxU and exponent j´1 in xS

T .

It is clear that this matrix satisfies conditions (i),(ii),(iv). To see that it satisfies (iv),
note that

A1,1 “ # of variables which appear with exponent 0 in xU “ µ1

A2,1 ` A1,2 “ # of variables which appear with exponent 1 in xU “ µ2

A3,1 ` A2,2 ` A1,3 “ # of variables which appear with exponent 2 in xU “ µ3.

Thus A satisfies the conditions.
It is a quick computation to show that this must be unique. We can see that

condition (i),(ii) fix entry A3,1. Since (iv) fixes entry A1,1, we have the entry A2,1

must also be fixed by (iii). Thus the first column is fixed. Using similar logic, we
can show that the whole matrix is fixed.

Remark 7.3.25. All this lemma is saying is that for any permutation τ such that
pτxS

TdqpτxUq “ xS
T d xU , τ must permute the exponents of xS

Td in a way that is
compatible with the action of τ on xU .
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Proof of Proposition 7.3.22. Consider τ such that xS
T d xU “ xS

P d τxU . We can
explicitly check how τ acts on each column, reducing the proof to the following
claim.

Claim: For each column b of U , we have that pτxS
T d xUqb “ pxS

T d xUqb and
pτxS

T qb “ pxS
P qb.

We prove this claim using several cases.
Case 1. If b is of height one, we know that the first condition must hold.

We also have that pxS
T d xUqb “ pxS

P d τxUqb “ pxS
P d xUqb, which implies that

pxS
P qb “ pxS

T qb “ pτxS
T qb. Thus the claim holds.

Case 2. If b “
b2
b1
, then pxUqb “ x0

b1
x1
b2
. Furthermore, from Lemma 7.3.20, we

know that pxS
T pBqqb “ B0

b1
B1
b2
. Thus pxS

T d xUqb1,b2 “ x0
b1
x0
b2
, which implies the first

claim holds for any τ .
If τpb1q “ b2, then pBS

P τxUqb1,b2 “ x0
b1
x0
b2
implies that pxS

P qb “ x1
b1
x0
b2

“ pτxS
T qb1,b2 ,

thus the second claim holds. Otherwise, τ fixes the column and the second claim
holds as well.

Case 3. Now, consider column b “
b3
b2
b1

of height 3. Then pxUqb1,b2,b3 “ x0
b1
x1
b2
x2
b3
.

We know from Lemmas 7.3.17 and 7.3.20 that pxS
T pBqqb “ B0

b1
B1
b2

B2
b3

or pxS
T pBqqb “

B0
b1

B1
b2

B1
b3
.

If pxS
T pBqqb “ B0

b1
B1
b2

B2
b3
, then as in Case 2 we have pxS

T dxUqb “ x0
b1
x0
b2
x0
b3
, and so

applying any τ fixes this monomial, and the first claim holds. For the second claim,
note that xS

P d τxU “ 1 as well, and so xS
P “ τxU “ τxS

T in this case.
Now, if pxS

T pBqqb “ B0
b1

B1
b2

B1
b3
, we have that pxS

P dτxUqb “ pxS
T dxUqb “ x0

b1
x0
b2
x1
b3
.

Thus τpb1q cannot be b3, since otherwise xb3 would have an exponent of 0 in τxU

(and hence in xS
P d τxU).

Thus τpb1q “ b1 or b2. Thus, we have the following possible subcases.

(a) τ fixes b

(b) τpb1q “ b2, τpb3q “ b3.

(c) τpb1q “ b1, τpb2q “ b3.

(d) τpb1q “ b2, τpb2q “ b3.

The claim is clearly true for (a). For (b), we can see that τ fixes pxS
T dxUqb. We

also have that pxS
P qb “ x1

b1
x0
b2
x1
b3

“ pτxS
T qb. Thus the claims hold.

Now for cases (c),(d), we can see that pxS
P qb “ x0

b1
x2
b2
x0
b3

(for (c)) and pxS
P qb “

x1
b1
x2
b2
x0
b3

(for (d)). We claim that cases (c),(d) are impossible. Assume that for our
choice of P, τ there is at least one column b in U that satisfies case (c) or (d).
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Define a 3 ˆ 3 N-matrix Ã by

Ãi,j “ # of variables which appear with exponent i´1 in xS
PdτpxUq and exponent j´1 in xS

P .

Since xS
T d xU “ xS

P d τpxUq and τxS
P “ xS

T for some permutation τ , we know
that Ã both satisfy the conditions outlined in Lemma 7.3.23. However the existence
of case (c) or (d) implies that Ã1,3 ą A1,3 and Ã1,2 ă A1,2. By Lemma 7.3.23, we
know that such Ã1,3 cannot exist. Thus cases (c), (d) cannot happen.

Lemma 7.3.26. Let τ P CpUq and xS
P d τpxUq “ xS

T d pxUq for some T -snaking P .
Then τ is a product of transpositions. Furthermore, we have the following:

1. τ fixes row 2 of T

2. If b1, b2 appear in rows 0,1 of some column b of U and τ swaps b1 and b2, then
b2 appears in row 1 of T , weakly to the left of b1.

Proof. The first statement is a direct corollary of the proof of Proposition 7.3.22:
since cases (3)c and (3)d cannot happen, we know that τ acts on columns of U by
either fixing it or swapping the first two entries. Thus τ fixes row 2 of U . By Lemma
7.3.21(2), this means τ fixes row 2 of T as well.

To show the second statement, note that b1 appears in row 0 of T since it corre-
sponds to an entry with cocharge 0 in S. Furthermore, from Lemma 7.3.20 we know
that b2 corresponds to an entry with cocharge 1 in S. By definition of Algorithm ??,
this means the entry corresponding to b2 appears to the left of the one corresponding
to b1 in the cocharge word of S. This is equivalent to b2 appears above and weakly
to the left of b1 in T .

Proposition 7.3.27. Let τ P CpUq and xS
P dτpxUq “ xS

T dpxUq for some T -snaking
P . Then τ P CpT q. In particular, it swaps entries in rows 0 and 1 of T corresponding
to values with cocharge 0 and 1.

Proof. Note that from Lemma 7.3.26 we know that τ only permutes entries of
cocharge 0 and 1. Hence it suffices to check that if τ does not fix the bottom
box in a column c of T , then τ swaps the first two boxes in column c.

We can do this by induction on columns. Look at the entry b in the bottom left
corner of T . If τ does not fix b, we have that τpbq “ b1 where b1 must appear directly
above b in T by Lemma 7.3.26(2). Thus τ preserves the column content of the first
column of T .

Now assume τpbq “ b but τpb1q ‰ b1. We know that τpb1q must correspond to some
entry with cocharge 0, thus τpb1q appears in row 0 of T . Thus pxS

P qb,b1 “ pτxS
T qb,b1 “
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x0
bx

0
b1 . This implies that b, b1 appear in row 0 of P. However, since P is some T -snaking

and b, b1 appear in the same column of T , it is impossible for both b, b1 to appear in
the same row in P . Thus by contradiction, we have that if τpbq “ b then τpb1q “ b1

as well.
Thus in either case, we have that τ preserves the column content of the first

column. By induction, this shows that τ P CpT q.

Lemma 7.3.28. Let τ P CpUq and xS
P d τpxUq “ xS

T d pxUq for some T -snaking P .
Then

tc in row 0 of T with pxS
T qc “ x2

cu “ tc in row 0 of P with pxS
P qc “ x2

cu (7.8)

Proof. Note that if c is in row 0 of T and pxS
T qc “ x2

c , then c must be in a column of
height 1 by Lemma 7.3.21(1). This means that c must also appear in row 0 of P by
the definition of a T -snaking. Furthermore, from Proposition 7.3.27, we know that
τ fixes c. Thus the condition pxS

P qc “ pτxS
T qc “ x2

c implies that the first set in (7.8)
is contained in the second. Since the two sets must have the same cardinality, the
claim holds.

Corollary 7.3.29. For τ, P as in Prop 7.3.22, we have sgnpτq “ sgnpP q.

Proof. From Proposition 7.3.27, we know that τ P CpT q such that τpxS
T q “ xS

P . Note
that to show sgnpτq “ sgnpP q, it suffices to show that τ ¨T “ π ¨P for some π P RpP q.
In particular, we want to show the following:
Claim: For any column c of T , we have that if c appears in row i of τ ¨ T , then it
also appears in row i of P .

For columns of height 1, we are done by Lemma 7.3.28.

Consider a column c “
c3
c2
c1
. From Lemma 7.3.26(1), we know that τ fixes c3. Thus

pτxS
T qc “ x0

τpc1q
x1
τpc2q

x2
c3
.We know exactly one of c1, c2, c3 must appear in row 2 of P ,

which means it has exponent 2 in xS
P . This implies that c3 is in row 2 of P . A similar

argument then shows that c2 must stay in row 2, and c1 in row 1. Thus the claim
holds for columns of height 3 in T .

Now consider column c “
c2
c1
. We have three cases:

Case A: pxS
T qc “ x0

c1
x2
c2
. In this case, τ fixes c by Proposition 7.3.27. Then pxS

T qc “

pxS
P qc implies that c1 must appear in row 0 of P , thus c2 appears in row 1 of P .

Case B: pxS
T qc “ x0

c1
x1
c2
. Then pτpxS

T qqc “ x0
τpc1q

x1
τpc2q

“ pxS
P qc. This implies that

τpc1q must appear in row 0 of P , thus τpc2q appears in row 1 of P .
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Case C: pxS
T qc “ x1

c1
x2
c2
. In this case, τ fixes c by Proposition 7.3.27. Then pxS

P qc “

x1
c1
x2
c2

as well. If c2 was in row 0 of P , we would have that c2 is contained in the
second set in (7.8) but not the first, which contradicts the equality in Lemma 7.3.28.
Thus c1 appears in row 0 and c2 appears in row 1.

Theorem 7.3.30. For µ a three-row partition, we have that xS
T d xU appears in

F S
T d gUpxq with positive coefficient.

Proof. To see that xS
T d pxUq appears in F S

T d gUpxq with nonzero coefficient, recall
that

F S
T d gUpxq “

˜

ź

i

µi!

¸

ÿ

P :T -snaking

ÿ

τPCpUq

p´1q
P

p´1q
τxS

P d τpxUq.

Thus it suffices to consider all combinations of P, τ such that xS
P dτpxUq “ xS

T dpxUq.
For such a pair, xS

P d τxU appears with sign psgnpP q sgnpτqq in F S
T d gUpxq, from

Corollary 7.3.29 it follows that xS
P d τxU has positive coefficient in this expression.

Since there is at least one instance of the monomial by Corollary 7.3.19, the proof is
complete.

Corollary 7.3.31. We have that if ctypepSq � µ, then F S
T R Iµ.

Remark 7.3.32. The issue with extending Theorem 7.3.30 beyond three rows is that
Lemma 7.3.23 does not hold for more than 3 rows. However, we still believe the
following conjecture holds in general, regardless of the number of rows in µ.

Conjecture 7.3.33. Given τ P CpUq, if xS
P dτpxUq “ xS

T dpxUq, then τpxS
T dpxUqq “

xS
T d pxUq and τpxS

T q “ xS
P .

Now, we prove a lemma classifying the tableaux with catabolizability type µ “

pn,m, rq for any three row shape µ.

Lemma 7.3.34. There are exactly r`1 tableaux S with catabolism type µ “ pn,m, rq

for any n ě m ě r ě 0. They are precisely those formed by placing 1, . . . , n in the
bottom row, n ` 1, . . . , n ` m in the second row, and then n ` m ` 1, . . . , n ` m ` i
in the bottom row for some i, and the remaining numbers up in the third row.

Example 7.3.35. For µ “ p5, 3, 3q, there are four tableaux S with catabolism type µ,
namely

9 1011
6 7 8
1 2 3 4 5

1011
6 7 8
1 2 3 4 5 9

11
6 7 8
1 2 3 4 5 9 10

6 7 8
1 2 3 4 5 9 1011

.
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with cocharge tableaux

2 2 2
1 1 1
0 0 0 0 0

2 2
1 1 1
0 0 0 0 0 1

2
1 1 1
0 0 0 0 0 1 1

1 1 1
0 0 0 0 0 1 1 1

.

Proof. If ctypepSq “ µ “ pn,m, rq, we must have 1, . . . , n on the bottom row, and
then n`1, . . . , n`r must be in the second row in order from left to right, in order for
catabolizability type to be pn, rq up to that point. Indeed, if any of n ` 1, . . . , n ` r
were in the third row, then after one step of catabolism we would not have them
all in a row. If any were in the bottom row, then if they are larger than any in
the second row then after one step of catabolism they would be above, and if they
are smaller than all in the second row then one such is n ` 1 and it is therefore
n ` 1-catabolizable, a contradiction.

So there are n zeroes in a row on the bottom row of the cocharge tableau and r
ones above it, corresponding in our example to the tableau:

6 7 8
1 2 3 4 5

and the question is where the numbers n ` r ` 1, . . . , n ` 2r (that is, 9, 10, 11 in our
example) are positioned and with what cocharge values. We cannot have a cocharge
value of 3 by the catabolism type, so the remaining values have cocharge 1 or 2. In
particular S has at most three rows. Now consider the position of n ` r ` 1 (in the
example, 9); if it is in the second row, we can n-catabolize and then r`1-catabolize,
a contradiction, so it is in the first or third row.

Let i be the smallest number such that n ` r ` i ` 1 is not in the third row;
that is, n ` r ` 1, . . . , n ` i ` 1 are in the third row and have cocharge 1, and then
n` r ` i` 1 is in the second or third row. (In our running example suppose i “ 1 so
that 10 is the first number not in row 1 among 9, 10, 11). If it is in the second row
then it has cocharge 2, and by Algorithm 4.1.13 we would encounter that 2 before
having any boxes in the second row, which means the catabolizability type has at
least 4 parts, a contradiction. Thus it is in the top row, with cocharge 2:

10
6 7 8
1 2 3 4 5 9

2
1 1 1
0 0 0 0 0 1

If the next number, n ` r ` i ` 2, was placed in the second or third row, then a
catabolism step would put it above n` r` i` 1, a contradiction, and inductively we
see that the remaining entries n ` r ` i ` 2, . . . , n ` 2r are also all in the top row:

1011
6 7 8
1 2 3 4 5 9

2 2
1 1 1
0 0 0 0 0 1
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Thus indeed the tableaux S with catabolism type µ are all of the claimed form.

Lemma 7.3.36. Let µ and rµ be distinct shapes with at most three rows. Then if
ctypepSq “ µ and ctypep rSq “ rµ, then S and rS cannot have the same shape and also
the same total cocharge.

Proof. This follows from Lemma 7.3.34; any S whose catabolism type has at most
three rows has a cocharge tableau with only 0s and 1s in the bottom row, only 1s
in the second, and only 2s in the top, and we can reconstruct S uniquely from this
tableau. We can also reconstruct its catabolism type uniquely - the first part is the
number of 0s, the second part is the length of the second row, and the third part
is the total number of remaining squares. Thus we can reconstruct the catabolism
type uniquely from the shape and cocharge of S. In other words, we cannot have
two with distinct catabolism types agree on shape and cocharge.

Remark 7.3.37. Note that Lemma 7.3.36 does not hold for general µ. Consider

S “
5
3 6
1 2 4

, rS “
5
3 4
1 2 6

.

We can see that ctypepSq “ p2, 1, 1, 1, 1q, ctypep rSq “ p2, 2, 1, 1q and both have
cocharge 6.

Using the fact that are basis elements are nonzero in Rµ (Corollary 7.3.31), we
can prove that Conjecture 7.1.7 holds for µ “ pµ1, µ2, µ3q by induction. The full
proof of this result will be contained in forthcoming work.

Theorem 7.3.38. Conjecture 7.1.7 holds for three-row partition µ.

Proof Sketch. We prove by induction. First, from Corollary 7.2.5, we know the claim
holds for partitions of the form pn, 1, 1q. Using this, we can show that the claim holds
for partitions of the form pn,m, 1q by induction on m. By induction, we assume the
claim holds for λ “ pn ` 1,m ´ 1, 1q � µ “ pn,m, 1q. Since we have that λ and µ
differ by a covering relation in dominance order, we can write our conjectured higher
Specht basis (7.6) as

tF S
T : ctypepT q � λu Y tF S

T : ctypepT q “ µu (7.9)

First note that we have the correct cardinality to be a basis since none of the poly-
nomials are 0 in the quotient Rµ. Since Rλ is a further quotient of Rµ, we have that
the first set pulls back to a linearly independent set in Rµ. Hence it suffices to show
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that the second set is linearly independent from the first. This follows from the fact
that each collection tF S

T : T P SYTpshpSqqu spans a copy of V shpSq. Lemma 7.3.36
guarantees that the span of the second set in (7.9) consists of irreducibles that have
not appeared in Rλ.
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Chapter 8

R-catabolizability and subspaces of
Rn

This chapter studies the notion of R-catabolizability, introduced by Shimozono–
Weyman [47]. The first half of this chapter studies the combinatorics of the skew-
linked module embedded into a Garsia-Procesi ring. We identify tableaux that we
conjecture index the top and bottom components of a skew-linked module and then
show they satisfy some R-catabolizability condition. The second half of the chapter
focuses on taking the notion of Rpη, λq-catabolizability of semistandard tableaux of
weight λ and extending it to a larger family of tableaux. This translates problems
and conjectures regarding R-catabolizability into the context of standard tableaux.
Using this new framework, we state some conjectures about R-catabolizability and
skew-linked modules.

8.1 R-catabolism and skew-linked modules

There are many parallels between the skew-linked modules and the Garsia-Procesi
rings. For example, the skew-linked modules are defined algebraically in an analogous
way to the Garsia-Procesi rings. However, both the algebraic and combinatorial
properties of the skew-linked modules remain mysterious. For example, we have
no explicit algebraic description of the skew-linked module Mλ,µ as a subspace or
quotient of the polynomial ring Crxns.

However, using results of Chen [13, Proposition 4.6.1], we can deduce that M,µ

is a quotient of Mλ,pnq. By taking the conjugate and reversing grading, we see that
Mµ1,λ1 is a subspace of M1n,λ1 – E b Rλ. Thus we can think of E b Mµ1,λ1 as a
submodule of Rλ. Equivalently, we have that Mλ,µ (up to reversing the grading) is
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a submodule of Rλ.
Thus we can embed any skew-linked module Mλ,µ into the Garsia-Procesi module

Rλ up to a reversing of the grading. Let revpMλ,µq denote this module. In particular,
the unique copy of V λ (which is at the bottom of Mλ,µ, or the top of revpMλ,µq) is
exactly the unique copy of V λ at the top degree of Rλ, which is indexed by the
semistandard tableau Zλ of shape and weight λ. In this section, we construct a
semistandard tableaux of shape µ weight λ that we conjecture corresponds to the
unique copy of V µ in Mλµ.

To do this, we first recall the row labeling of a skew-linking shape, introduced in
[13]. We do not include the proof that this algorithm is well-defined: for details, see
[13, Section 2.2].

Algorithm 8.1.1. Let θ “ α{β be a skew-linking shape of λ Ñ µ. We construct an
ordered set partition pA1| . . . |Aℓpµqq of rℓpλqs such that

ÿ

rPAj

λr “ µj.

First, let 1 P A1. We proceed inductively. Assume that j P A1. If βj “ 0, then
we are done. Otherwise, let j1 be the smallest j such that αj1 “ βj. Then j1 P A1.
We continue until we add p P A1 such that βp “ 0.

Now, we remove all rows r P A1 from θ. This gives a smaller skew-linking shape
[13, Proposition 2.3.3]. We can now construct A2 in the same manner. We continue
until we have an ordered set partition of rℓpλqs.

Example 8.1.2. We continue with the skew-linking shape from Example 4.4.1:

θ “ .

We see that A1 “ t1, 2, 4.6u, A2 “ t3, 7u, A3 “ t6u.

By transposing the diagram, this now gives a column labeling of the conjugate
skew-linking shape. We now use the column labeling to construct a semistandard
tableau Tλ,µ of weight λ that satisfies the following:

(a) shpTλ,µq “ µ,
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(b) cochargepZλq ´ cochargepTλ,µq “ dpλ, µq (the top degree of Mλ,µ).

Algorithm 8.1.3. Consider λ
θ
ÝÑ µ. We construct a filling of θ in the following way.

Let pB1| . . . |Bλ1q be the ordered set partition of rµ1s we get by taking the column
labeling of θ.

We construct the filling recursively. First note that 1 P B1. We fill column 1 of θ
with 1, . . . , µ1

1, so that the entries are increasing as we go up. Now, take the smallest
j ‰ 1 such that j P B1. Fill in column j with µ1

1 ` 1, . . . , µ1
1 ` µ1

j. Continue until we
have filled all columns j1 for j1 P B1.

Repeat this for each set Bi until we have filled all of θ. Let rTλ,µ denote the filling
of shape µ we get by sliding all the columns of this filling down. Let Tλ,µ be the
filling we get by rearranging within the rows of T̃λ,µ so that the entries are weakly
increasing.

Example 8.1.4. Consider λ “ p5, 4, 4, 3, 2, 1, 1, 1, 1, 1q and µ “ p10, 7, 6q. We have
that

θ “ .

The column labeling is given by B1 “ t1, 2, 4, 9u, B2 “ t3, 7u, B3 “ t5, 8u, B4 “

t6u, B5 “ t10u.
The corresponding filling is

3
2
1

6
5
4 3

2 9 3
1 8 2 3

7 1 2 5
1 4 4 10 1
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By sliding the columns down, we get the filling

rSλ,µ “
3 6 3 9 3 3
2 5 2 8 2 2 5
1 4 1 7 1 1 4 4 10 1

Reordering the entries within the rows so that they are weakly increasing gives the
semistandard tableaux

Sλ,µ “
3 3 3 3 6 9
2 2 2 2 5 5 8
1 1 1 1 1 4 4 4 7 10

.

It is clear that Sλ,µ is a semistandard tableau of shape µ, weight λ.
Now, we want to show that cochargepZλq ´ cochargepSλ,µq “ dpλ, µq. Recall that

we know cochargepZλq “ npλq and for any T P SSYTpλq we have that chargepT q “

npλq ´ cochargepT q. Thus, it suffices to show that chargepSλ,µq “ dpλ, µq.

Lemma 8.1.5. Let k be the entry in the highest box of column j in rSλ,µ, where

j P B1. Then for any j1 ă j we have that column j1 of rSλ,µ does not contain pk ` 1q.

Proof. For any j1 ă j, we know that either j1 P B1 or j1 P Bi for some i ‰ 1. If
j1 P B1, we know that all entries in column j1 are less than k by construction. If
j1 ‰ 1, we know that

ÿ

bPBi,băj

µ1
b ď

ÿ

bPB1,bďj

µ1
b

since
ř

bPB1,bďj µ
1
b “ α1

1 ´β1
j and

ř

bPBi,băj µ
1
b “ α1

i1
´β1

is where i1 is the smallest entry
in Bi and is is the largest element in Bi satisfying is ă j.

Proposition 8.1.6. For skew-linked pair λ Ñ µ, we have that chargepTλ,µq “ dpλ, µq.

Proof. Recall that dpλ, µq “ |β|, where θ “ α{β.
We construct the first subword used to compute chargepSλ,µq described in Defi-

nition 7.1.3. First, consider t1, . . . , µ1
1u which appear in the first column of θ. We

know there cannot appear any µ1
1 ` 1 to the left of µ1

1 in rwpSλ,µq. Thus pµ1
1 ` 1q

appears to the right of 1 in w. Repeating this process (using Lemma 8.1.5), we have
that zp1q “ cpj1qcpj2q . . . cpjkq where B1 “ tj1 ă j2 ă ¨ ¨ ¨ ă jku and cpjiq denotes the
reading word of column ji in θ. In particular, cpj1q is µ1

1 . . . 21.
We can see that

chargepzp1q
q “

ÿ

i

pi ´ 1qµ1
ji

“
ÿ

i

pi ´ 1qpβ1
ji´1

´ β1
ji

q “
ÿ

i

β1
ji
. (8.1)
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The claim follows from induction on λ1. If λ “ 1n, then zp1q “ rwpS1n,µq, thus

chargepS1n,µq “
ÿ

j

β1
j “ |β|.

Now assume the claim is true for partitions ν such that ν1 ă λ1. Deleting all the
columns of θ corresponding to entries j in B1 gives a smaller skew-linked shape rα{rβ

of prλ, rµq where rλ “ pλ1 ´ 1, . . . , λl ´ 1q. Then we have that

chargepSλ,µq “ chargepzp1q
q ` chargepS

rλ,rµq. (8.2)

By induction, we know that

chargepS
rλ,rµq “ |rβ| “

ÿ

jRB1

βj. (8.3)

Thus combining (8.1), (8.2), and (8.3) gives us the claim.

Using this construction, we conjecture the following.

Conjecture 8.1.7. (i) There exists an explicit algebraic description of revpMλ,µq

as a submodule of Rλ, where the top and bottom degree pieces are indexed by
Sλ,µ, Zλ respectively.

(ii) There exists a combinatorial formula for the Schur expansion of HpΨpλ Ñ

µq;λq, where the bottom and top degree pieces are indexed by Sλ,µ, Zλ respec-
tively.

Remark 8.1.8. Note that Conjecture 8.1.7 (a) is not the most well-defined: there does
not exist a well-defined notion of a submodule of Rλ indexed by a given semistandard
tableau. However, we can use constructions like the higher Specht basis in Chapter
7 that explicitly construct irreducible components of Rλ indexed by certain tableaux
to make this statement more precise.

Conjecture 8.1.9. Consider η |ù ℓpλq such that pΨpλ Ñ µq;λq Ď p∆pηq;λq as root
ideals. Then both Zλ and Sλ,µ are Rpη, λq-catabolizable.

Remark 8.1.10. The condition pΨpλ Ñ µq;λq Ď p∆pηq;λq can be described in the
following way. Given our skew-linked pair that in Example 8.1.4, the corresponding
root ideal is
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pΨpλ Ñ µq;λq “

5
4

4
3

2
1

1
1

1
1

.

Then want to find η |ù 10 so that the block diagonal matrix given by η (i.e, the
block sizes are η1, η2, . . . , q fits into the nonroots in pΨpλ Ñ µq;λq. For example,
p3, 3, 3, 1q is a valid composition, while p2, 4, 3, 1q is not.

We will give a proof sketch for Conjecture 8.1.9. To do this, we require the
following lemma.

Lemma 8.1.11. Let θ be a skew-linking shape corresponding to the pair pλ, µq. Delet-
ing the first row of θ is still a skew-linking shape.

Proof. Let pθ denote the skew-shape we get by deleting the first row of θ. We can
see that the row lengths of θ correspond to the partition pλ “ pλ2, . . . q. It suffices to

show that the sequence of column lengths of pθ still form a partition. We can see that
the column lengths of θ are given by pµ1

1, µ
1
2, . . . , µ

1
µ1

q. Since deleting the first row of
θ is equivalent to deleting one box from each of the the last λ1 columns, the column
lengths of pθ are given by the sequence pd1, . . . , dµ1q where

di “

#

µ1
i if i ď µ1 ´ λ1

µ1
i ´ 1 if µ1 ´ λ1 ă i ď µ1

It is clear that pd1 ě ¨ ¨ ¨ ě dµ1q is a partition, hence pθ is a skew-linking shape.

Proposition 8.1.12. Consider η |ù ℓpλq such that pΨpλ Ñ µq;λq Ď p∆pηq;λq as
root ideals. Then we have that Sλ,µ is R1-catabolizable, where R1 “ pλ1, . . . , λη1q.

Proof. We first show that Sλ,µ is R1-catabolizable. Note that by the definition of
Ψpλ Ñ µq (4.5), we have that the root ideal containment condition implies that
η1 ď µ1

β1
. WLOG we assume that β1 ‰ 0.

We claim that for i ď µ1
β1
, we have that every i in Sλ,µ appears in row i, which

implies that Sλ,µ is R1 “ pλ1, . . . , λη1q-catabolizable for any η1 ď µ1
β1
.



CHAPTER 8. R-CATABOLIZABILITY AND SUBSPACES OF Rn 119

U

VZR1

Figure 8.1: Slicing Sλ,µ into north and south tableaux

We can see where such i appear in rSλ,µ, the filling we have before we reorder
within the rows. If i appears in column j ď β1, we know that µ1

j ě µ1
β1
. Thus by

construction of rSλ,µ, we know that i must appear in row i, since j is the smallest
entry in some Bk. On the other hand, if i appears in column j1 ą β1, we know that
j1 is the only column in some Bk. Thus i appears in the row i. Since reordering
within the rows does not change this property, we have that the claim holds, thus
catR1pSλ,µq is defined.

Conjecture 8.1.13. Furthermore, we have that catR1pSλ,µq “ Sν,κ for some parti-
tions ν, κ.

Remark 8.1.14. From Lemma 8.1.11, we know that deleting the first η1 rows of
λ Ñ µ is still a skew-linking shape of pair pν, κq where ν “ pλη1`1, . . . q. We claim
that catR1pSλ,µq “ Sν,κ up to shifting the alphabet.

Now, we can give a proof sketch of Conjecture 8.1.9 if we assume Conjecture
8.1.13 is true

Proof of Conjecture 8.1.9. We can see that this follows from induction on the length
of η. If η “ pℓpλqq, the root ideal containment condition implies that Ψpλ Ñ µq is
empty: in particular, we must have µ “ λ and Sλ,λ “ Zλ, which is clearly R “ pλq-
catabolizable. Thus the claim holds.

Now assume the claim holds for composition with at most k ´ 1 parts. Consider
pη1, . . . , ηkq |ù ℓpλq. We have that catR1pSλ,µq “ Sν,κ. Note that pη2, . . . , ηkq |ù ℓpνq.
Furthermore, we have that Ψpν Ñ κq is contained in p∆ppη2, . . . q, νq. Thus by
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induction, we can conclude that Sν,κ “ catR1pSλ,µq is pR2, . . . q-catabolizable. Thus
Sλ,µ is R-catabolizable.

The same argument holds for Zλ, since Zλ “ Sλ,λ and the corresponding root
ideal Ψpλ Ñ λq is empty. Thus we have that pΨpλ Ñ λq;λq Ď pΨpλ Ñ µq;λq Ď

p∆pηq;λq.

Conjecture 8.1.13 is a weaker version of the following conjecture, which originally
appeared in Chen’s thesis [13].

Conjecture 8.1.15.

HpΨpλ Ñ µq;λq “
ÿ

TPSSYTpλq

T is Rpη,λq-catabolizable for all p∆pηq;λqĎpΨpλÑµq;λq

qchargepT qsshpT q.

8.2 Extending R-catabolism

In this section, we define R “ Rpη, λq-catabolizability of standard tableaux for any
choice of partition λ. To do this, we first extend the definition R-catabolizability
given in Section 4.2 to consider a family of semistandard tableaux that contains both
SSYTpλq and SYTn. We then show that this notion of R-catabolizablity is preserved
under certain cyclage poset embeddings.

Recall that the pair pη, λq satisfies the conditions η |ù ℓpλq, λ $ n.

Definition 8.2.1. For two compositions α, β |ù n, we say β is a refinement of α
(denoted β ĺ αq if β can be obtained by replacing each part αi with a composition
pβj, βj`1, . . . , βkq |ù αi. We let βj Ď αj denote that βj is part of the composition
that refines αj.

Consider R “ Rpη, λq “ pR1, R2, . . . q and composition α |ù n such that α is a
refinement of λ. Then α can be written as a concatenation of compositions α “

pA1, A2, . . . , Alq where Ai is a refinement of Ri. Note that our compositions Ai may
have parts equal to 0. We can assume each Ai starts with a nonzero part.

Example 8.2.2. Consider R “ p , q for λ “ p3, 2, 2, 1q, η “ p2, 2q. We see that
α “ p1, 2, 2, 1, 1, 1q ĺ λ. We can write A “ pA1, A2q for A1 “ p1, 2, 2q, A2 “ p1, 1, 1q.

Given a shape λ and α ĺ λ, we define Zλpαq to be a semistandard tableau of
shape λ weight α obtained by filling rows from bottom to top with the smallest
available entries.
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Example 8.2.3. We have for λ “ p5, 3, 2q, α “ p1, 2, 2, 2, 1, 2q, the tableau Zλpαq is
given by

Zλpαq “
6
4 4 5
1 2 2 3 3

.

Definition 8.2.4. Consider R “ Rpη, λq and α ĺ λ. We say T P SSYTpαq is
R1-catabolizable if T |rA1s “ ZR1pA1q. In this case, we define catR1pT q :“ Hη1pT ´

ZR1pA1qq.

Definition 8.2.5. Consider R “ Rpη, λq and α ĺ λ. For T P SSYTpαq, the notion
of R-catabolizable is uniquely determined by the following rules.

1. If R is the empty sequence, the unique R-catabolizable tableau is the empty
tableau.

2. Otherwise, T is R-catabolizable if and only if T |rA1s “ ZR1pA1q and catR1pT q

is R̂ “ pR2, . . . , Rtq-catabolizable in the alphabet rℓpA1q ` 1, ns.

Example 8.2.6. Continuing with Example 8.2.2, we have R “ p , q and A1 “

p1, 2, 2q, A2 “ p1, 1, 1q. Consider T “
6
3 3
1 2 2 5 7

.

We can see that

T |rA1s “
3 3
1 2 2

“ ZR1pA1q,

thus T is R1-catabolizable. We can check that

catR1pT q “ H2

˜

6

5 7

¸

“ P

ˆ

5 7
6

˙

“
7
5 6

is R2-catabolizable in the alphabet r5, 7s. Thus T is R-catabolizable.

Remark 8.2.7. Here are some observations regarding R-catabolizability for standard
Young tableaux.

(a) If η “ ℓpλq, the only Rpℓpλq, λq-catabolizable SYT is Zλp1nq.

(b) If η “ 1ℓpλq, then Rp1ℓpλq, λq-catabolizability is equivalent to λ-catabolizablity
on SYT. Thus

tT P SYTn | T is Rpℓpλq, λq-catabolizableu “ tT P SYTn | ctypepT q � λu.
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We can now state our main theorem, which is that R-catabolizablity on SSYTpλq

is equivalent to that on SYTn via the Lascoux standardization map std .

Theorem 8.2.8. For R “ Rpη, λq, a standard Young tableau T is R-catabolizable
if and only if T “ stdpSq for some S P SSYTpλq where S is R-catabolizable and
SSYTpλq is the collection of all semistandard of weight λ.

We first prove the following proposition, which is a weaker version of Theorem
8.2.8.

Proposition 8.2.9. Consider S P SSYTpλq and R “ Rpη, λq. We have S is R-
catabolizable if and only if stdpSq is R-catabolizable.

Remark 8.2.10. Proposition 8.2.9 does not consider standard tableau T where ctypepT q ⋭
λ.

Recall from Section 4.2 that we can define std using a sequence of compositions
from λ to 1n such that each intermediate composition is a refinement of λ. From
Theorem 2.7.7, we know that the map std is independent of how we construct this
sequence. Hence we can choose a sequence so that at each step we get that the
composition is a refinement of λ.

To do this, we first make the following observation. Recall that we give the
definitions of the crystal operators in Definition 2.7.3.

Lemma 8.2.11. Consider a composition α such that α ĺ λ. Let β be the resulting
composition we get from applying one of the four operations below to α. We have
that β ĺ λ as well.

(i) si where αi`1 “ 0 ,

(ii) f1 where α2 “ 0,

(iii) si where αi “ 1, αi`1 ą 1 and αi, αi`1 Ď λk for some k,

(iv) τ “ si´t . . . si´1 where pαi´t, . . . , αi´1, αiq “ p1, . . . , 1, tq and αi Ď λk but αi´1 Ę

λk for some k.

Proof. The claim is obvious for the first three cases. For (iv), note that αi ď λk ď

λk´1. Then, since αi´t ` ¨ ¨ ¨ ` αi´1 “ t, we know that αi´t, . . . , αi´1,Ď λk´1. The
operation τ swaps the t in the refinement of λk with the same number of 1s in the
refinement of λk´1.
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Using this observation, we can define a sequence of compositions from λ to 1n

such that each step of intermediate compositions differ by one of the four operations
listed in Lemma 8.2.11.

Algorithm 8.2.12. Consider a partition λ $ n, where we assume λ has n many 0s
at the end. We standardize the parts of λ in order, starting with λ1. We first apply
operation (i) repeatedly until we get the following composition:

pλ1, . . . , λhpλq, 0, . . . q ÞÑ pλ1, 0
λ1´1, λ2, . . . , λhpλq, 0, . . . q.

Each intermediate composition between the two above is still a refinement of λ.
Now, apply (ii) to get

pλ1, 0, 0, . . . , q ÞÑ pλ1 ´ 1, 1, 0, . . . q.

Repeatedly apply (i) to get

pλ1 ´ 1, 1, 0λ1´2, . . . q ÞÑ pλ1 ´ 1, 0λ1´2, 1, . . . q.

We repeat this process, using (i) and (ii) to get p1λ1 , λ2, . . . , q.
Once we have replaced λ1 with all 1s, we do the same to λ2. We first apply (iv)

to get
p1λ1´λ2 , 1λ2 , λ2, . . . q ÞÑ p1λ1´λ2 , λ2, 1

λ2 , . . . q.

Then we apply (iii) repeatedly until we get

p1λ1´λ2 , λ2, 1
λ2 , . . . q ÞÑ pλ2, 1

λ1´λ2 , 1λ2 . . . q.

We repeat the steps above to replace λ2 with 1s, then do the same for each part
of λ until the weight is 1n.

We illustrate this standardization in Section 8.3.
Now, we want to show R-catabolism and the operations listed in Lemma 8.2.11

are compatible. We first prove some lemmas that we will use to show this claim.

Lemma 8.2.13. Consider words u,v where uv contains exactly one i and at least
two pi ` 1q. Then the unique i ` 1 that is fixed when applying si to uv is the same
as the one we get when applying si to vu.

Proof. The proof follows from casework. The cases we consider depend on whether
the unique i appears in u or v. Note that determining the unique pi`1q that is fixed
by si is equivalent to checking whether there exists an pi` 1q that is paired with the
unique i.
Case 1: i appears in v. If there exists a pi ` 1q in v before i, then i is always
paired with an pi` 1q in v regardless of whether we consider uv or vu. If no pi` 1q

appears in v before i, we must consider pairings on uv and vu separately.
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(a) We first consider uv. If i is paired with an pi ` 1q in u, then we know i is
paired with the last pi ` 1q in u. On the other hand, if we consider vu, then i
is no longer paired with anything. In either case, applying si changes all pi`1q

but the last pi ` 1q in u to i.

(b) If i in uv is unpaired, then v contains no pi ` 1q before i and u contains no
pi ` 1q. Applying to si changes all but the last pi ` 1q in v to i. The same
holds when applying si to vu.

Case 2: i appears in u. If there exists a pi ` 1q in u before i, then i is always
paired with an pi` 1q in u regardless of whether we consider uv or vu. If no pi` 1q

appears in u before i, then the i remains unpaired when considering uv. We consider
the following two subcases.

(a) If there exists a pi ` 1q in v, we know that when applying si to uv, the only
pi ` 1q that remains is the last one in v. On the other hand, if we swap u and
v, then i is now paired with the last pi` 1q in v. Thus when applying si to vu
the only pi ` 1q that remains is the last one in v.

(b) If there are no pi ` 1q in v, swapping v and u does not change anything.

Lemma 8.2.14. Consider w “ rq1pr ´ tqpr ´ t ` 1q . . . pr ´ 2qpr ´ 1qrq2 with q1 ď t
and permutation τ “ sr´t . . . sr´1. Then τw “ pr ´ q1 ` 1q . . . pr ´ 1qrpr´ tqq1`q2pr ´

t ` 1q . . . pr ´ q1 ´ 1qpr ´ q1q.

Proof. This follows from a direct computation. To be precise,applying τ to w is
equivalent to replacing each subwords of w in the following way:

• rq1 ÞÑ pr ´ q1 ` 1q . . . pr ´ 1qr,

• pr´ tqpr´ t` 1q . . . pr´ 2qpr´ 1qrq2 ÞÑ pr´ tqtpr´ t` 1q . . . pr´ q1 ´ 1qpr´ q1q.

Note that for the first q1 transpositions we will have one pairing appear when applying
the operator.

Now we use these lemmas to show the following.

Proposition 8.2.15. Consider T P SSYTpαq such that α ĺ λ and T isR-catabolizable

for R “ Rpλ, ηq. If rT is the result of applying one of the four operations in Lemma

8.2.11 to T , then rT is R-catabolizable.
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¨ ¨ ¨ i i ` 1 ¨ ¨ ¨ ¨ ¨ ¨ i ` 1 ¨ ¨ ¨

Figure 8.2: Case 1a

¨ ¨ ¨ i ` 1 ¨ ¨ ¨

¨ ¨ ¨ ¨ ¨ ¨ ¨ i i ` 1 ¨ ¨ ¨

Figure 8.3: Case 1b

Proof. Let β be the weight of rT . From Lemma 8.2.11, we know that β ĺ λ. We can
write α, β as sequences of compositions α “ pA1, A2, . . . , Alq, β “ pB1, B2, . . . , Blq,
where Ai, Bi are refinements of Ri. Note that by induction on the length of R, it
suffices to show that the following facts hold:

(a) rT is R1-catabolizable: rT |rB1s “ ZR1pB1q

(b) R1-catabolism and the operation “commute”: ϕpcatR1pT qq “ catR1p rT q

where ϕpcatR1pT qq denotes the result of applying operations in Lemma 8.2.11 so that

ϕpcatR1pT qq and catR1p rT q have the same weight.
We check this for each of the four operations. The claim clearly holds for (i).

For (ii), note that α2 “ 0. Thus rT is the tableau we get by changing the last
1 in the first row to a 2. This does not change the relative order of the letters in
the subtableau of shape R1 in rT , thus (a) holds. It also does not change anything
outside of the subtableau of shape R1, thus (b) holds.

For (iii), since αi “ 1, αi`1 ą 1, we know that applying si replaces all but one of
the pi ` 1q in T with i. We assume αi, αi`1 Ď λk. We consider two different cases.
Case 1: 1 ď k ď η1 In this case, i, i`1 are part of the subtableau T |rA1s “ ZR1pA1q.
We have either i and i ` 1 all appear in the same row of T (Case 1a in Figure 8.2)
or some of the i ` 1 appear in the row above i in T (Case 1b in Figure 8.3). Note
that in the figures, the pink boxes denotes those with i, i ` 1.

In Case 1a, the unique i in T is not paired with any i`1, hence si changes all but
the rightmost i`1 to i. In Case 1b, i is paired with the last pi`1q in the row above,
hence si changes all but the the rightmost i ` 1 in the higher row to i. In either
case, applying si still preserves the relative order of these entries in the subtableau
of shape R1, thus (a) holds. Since it does not change anything outside of R1, (b)
holds as well.
Case 2: k ą η1 In this case, we have that B1 “ A1 and rT |rB1s “ T |rA1s, thus
(a) is true. Now, let U, V denote the north and south tableau obtained by slicing
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U

VZR1pA1q

r

Figure 8.4: Slicing T into north and south tableaux

T z ZR1pA1q between rows η1, η1 ` 1 (see Figure 8.4). Denote the corresponding
reading words by u,v. Note that catR1pT q “ P pvuq.

In this case, (b) is equivalent to catR1psipT qq “ si catR1pT q. Since si preserves
Knuth equivalence (Proposition 2.7.5), it suffices to check that applying si to vu and
then swapping v and u is equivalent to applying si on uv. This follows from Lemma
8.2.13.

For (iv), note that if k ‰ η1 ` 1 (i.e, αr is the first part of A2), the argument is
the same as iteratively applying the arguments in (iii). Thus we restrict to the case
where k “ η1 and τ replaces p1t, tq with pt, 1tq.

Let r “ |R1| ` 1. We first note that t Ď λη1`1, hence t ď λη1`1 ď λη1 . Note
that the last row of the partition R1 is of length λη1 . From this, we know that
r :“ pr´ tqpr´ t` 1q . . . pr´ 2qpr´ 1q appear in the last row of shape R1 (see Figure
8.4). Thus, the subword of rwpT q consisting of letters r, r ´ 1, r ´ 2, . . . , r ´ t is of
the form rq r rt´q, where rq is in the reading word u of U and rt´q is in the reading
word v of V .

Let ũ (resp. ṽ) be the word we get by replacing the subword rq (resp. rt´q)
of u (resp. v) with pr ´ q ` 1q . . . pr ´ 1qr (resp. pr ´ t ` 1q . . . pr ´ q ´ 1qpr ´ qq.

From Lemma 8.2.14, we know that rwp rT q can be obtained by replacing u, v, r in
rwpT q with ũ, ṽ, pr ´ tqt. In particular, we replace r in T with pr ´ tqt. Thus we

have that rT |rB1s “ rT |r1,r´ts “ ZR1pB1q. Hence rT is R1-catabolizable, satisfying (a).

Furthermore, we can see that rwpcatR1p rT qq „ ṽũ, thus catR1p rT “ P pṽũq.

Now we check (b). In this case, we have that B2 “ p1t, xA2q, if we set A2 “

pt, xA2q. Then ϕ takes catR1pT q, which has weight pt, xA2, . . . q to a tableau of weight
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p1t, xA2, . . . q.
Since rwpcatR1pT qq „ vu and Proposition 2.7.5 we have that rwpϕpcatR1pT qqq „

ϕpvuq. Thus it suffices to see how ϕ acts on the word vu. We see that ϕpvuq is the

word we get by applying (i) to vu repeatedly to get a word of weight pt, 0t, xA2, . . . q

and then applying (ii) and (i) until we have a word of weight p1t, xA2, . . . q.
In particular, this takes the subword rt “ rt´qrq of vu and replaces it with

pr ´ t ` 1q . . . pr ´ 1qr. Thus ϕpvuq “ ṽũ. Thus ϕpcatR1pT qq “ P pṽũq “ catR1p rT q.

Thus we must have ϕpcatR1pT qq “ catR1p rT q

Combining Proposition 8.2.15 and Algorithm 8.2.12 results in the following result:

Corollary 8.2.16. Let S P SSYTpλq. If S is R-catabolizable, so is stdpSq.

This gives us one direction of Proposition 8.2.9.
To prove the other direction, we require the following lemma.

Lemma 8.2.17. Consider partitions µ “ pµ1, . . . , µlq and µ̂ “ pµ1, . . . , µk´1, rq for
1 ď k ă l, 1 ď r ď µk. Let S P SSYTpµq such that stdpSq contains Zµ̂. Then

(a) stdpSq must contain Zstd
pµ1,...,µkq

,

(b) Let m “ µ1 ` ¨ ¨ ¨ ` µk. If stdpSq does not contain Zstd
pµ1,...,µk`1q

, we must have
the following for some 0 ă d ď µk`1.

(i) m ` 1, . . . ,m ` d appear in row k or below of stdpSq,

(ii) m ` d ` 1, . . . ,m ` µk`1 appear in row k ` 1 of stdpSq.

Proof. (a) Since stdpSq contains Zstd
µ̂ , we know that for 1 ď i ď k ´ 1 there are

exactly µi many entries in stdpSq with cocharge i ´ 1 and they contribute to row
i´ 1 of ctypepSq. Thus, ctypepstdpSqqi “ µi. Since ctypepstdpSqq�µ, we must have
ctypepstdpSqqk ě µk. The only way this is possible is if we have at least µk many
entries added to row k of ctypepstdpSqq. This can only happen if there are at least
µk many entries of cocharge k ´ 1 that appear above row k ´ 1. This means that
ctypepstdpSqq must contain Zstd

pµ1,...,µk`1q
.

(b) Since ctypepstdpSqq � µ and ctypepSqi “ µi for 1 ď i ď k ´ 1, we must have

ctypepstdpSqqk ` ctypepstdpSqqk`1 ě µk ` µk`1.

This means we need to have at least µk ` µk`1 entries added to rows k, k ` 1 of
ctypepstdpSqq when applying Algorithm 4.1.13. Since all entries of cocharge i ´ 1
for i ă k contribute to ctypepstdpSqqi, the only entries that can contribute to row
k, k ` 1 are the following:
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• entries of cocharge k ´ 1 that appear in row k of stdpSq can contribute to
ctypepstdpSqqk,

• entries of cocharge k ´ 1 that appear below row k of stdpSq can contribute to
ctypepstdpSqqk`1,

• entries of cocharge k that appear in row k ` 1 of stdpSq can contribute to
ctypepstdpSqqk`1,

Thus we must have that we have at least µk`µk`1 such entries. This is equivalent
to the statement of claim (b).

Now we prove the other direction.

Proposition 8.2.18. Consider S P SSYTpλq. If S is not R1-catabolizable, then
neither is stdpSq.

Proof. We want to show that for any intermediate step T Ñ rT of Algorithm 8.2.12,
if T is not R1-catabolizable then neither is rT . We consider the same cases we checked
in the proof of Proposition 8.2.15.

For (i) and (iii) Case 2, the claim is immediate. For (ii), the claim follows from
the same argument used to prove Proposition 8.2.15.

Consider (iii), Case 1, where we assume T is not R-catabolizable but rT is. Since
si only affects the letters i, i ` 1, the shape of T |rA1s is preserved under acting by si.
Thus shpT |rA1sq “ R1 and all the entries in T |rA1s must be in the correct order except
i and pi ` 1q. The only way this can happen is if the subword of rwpT q consisting of
i, i ` 1 is of the form ipi ` 1qq1pi ` 1qq2 where the first q1 many pi ` 1q appear in a
row higher than the last ones, as demonstrated below:

i i ` 1 ¨ ¨ ¨

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ i ` 1

si
ÝÑ

i i ¨ ¨ ¨

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ i ` 1

Applying si changes all but the last pi` 1q (underlined above) to an i, which means

we still have pi ` 1q in a row lower than i. Thus rT |rA1s ‰ ZR1pA1q.
For (iv), we restrict to the case where k “ η1 ` 1. By definition of Algorithm

8.2.12, we know that T has weight given by

p1|R1|, λp, 1
λη1`1`¨¨¨`λp´1 , . . . q

for p ą η1. We also know that λp ď λη1 , which is the last row of R1, thus we can

define a new partition ĂR1 “ pλ1, . . . , λη1´1, λη1 ´ λpq.
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ZR1 Ę T |rr`1s “

T |rr´λp´1s “ Z
ĂR1

Figure 8.5: The tableau T |rr`1s. Note that R1 is contained in this shape. The yellow
portion contains the letters rr ´ λp, r ` 1s and is a subset of the last row of T |rr`1s

Let r “ |R1|`1. Assume for sake of contradiction that T is not R1-catabolizable,

but rT is. Since (iv) only affects entries r, r ´ 1, . . . , r ´ λp, it suffices to consider the
tableau T |rr`1s.

Since T is not R1-catabolizable, we know T cannot contain ZR1 . However, since
rT is R1-catabolizable and (iv) does not affect entries 1,. . . , r ´ λp ´ 1, we know that

T |rr´λp´1s “ rT |rr´λp´1s “ Z
ĂR1

(see Figure 8.5). Furthermore, since (iv) does not

change the shape of the tableau, we know R1 Ă shpT |rr`1sq “ shp rT |rr`1sq.
Now note that by Algorithm 8.2.12, there exists an intermediate tableau T0 of

the weight
p1P , λp, λp`1, . . . q,

where we set P “ λ1 ` ¨ ¨ ¨ ` λp´1 ě |R1|, that appeared when applying Algorithm
8.2.12 to the original tableau S. We can see that T0|rP s “ stdpS|rp´1sq.

We can also see that T |ris “ T0|ris for any i ď |R1| by definition of T0, thus

T |r|R1|s “ T0|r|R1|s Ă T0|rP s “ stdpS|rp´1sq.

Similarly, since r ´ λp ´ 1 “ |R1| ´ λp ă |R1| ď P , we have that

Z
ĂR1

“ T |rr´λp´1s “ T0|rr´λp´1s Ď T0|rP s “ stdpS|rp´1sq.

Thus stdpS|rp´1sq contains Z
ĂR1

but not ZR1 . However, by Lemma 8.2.17 (a) this is

only possible if λη1 ´ λp “ 0. Thus ĂR1 “ pλ1, . . . , λη1´1q.
Furthermore, from Lemma 8.2.17 (b), we know that

(i) r ´ λη1 , . . . , r ´ d ´ 1 appear in row η1 ´ 1 or lower in stdpS|rp´1sq “ T0|rP s

(ii) (if d ą 0) r ´ d, . . . , r ´ 1 appear in row η1 in stdpS|rp´1sq “ T0|rP s,
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where 0 ď d ă λη1 . Since R1 Ă shpT |rr`1sq, we also know that there are pλη1 ´ dq

many rs in row η1 of T |r|R1|s “ T0|r|R1|s. Thus we now know what T |r|R1|s “ T0|r|R1|s

looks like in T .
Now, we want to apply (iv) to T , which is equivalent to sr´λη1

. . . sr´1. We want

to see whether rT |rr´λη1 s is equal to ZR1p1| ĂR1|, ληpq

If d “ 0, then row η1 of T contains λη1 many rs. When applying sr´1 to T ,
we can see that the unique r ´ 1 in T appears in a lower rowm thus sr´1 fixes
the last r in row η1. Thus the subtableau of rT of shape R1 contains a r, hence
rT |rr´λη1 s ‰ ZR1p1| ĂR1|, ληpq. Thus rT is not R1-catabolizable.

Now assume d ą 0. Using the second observation above, we know that the
subword of rwpT q consisting of r ´ d, . . . , r is of the form

rspr ´ dqpr ´ d ` 1q . . . pr ´ 1qrλη1´drd´s

for some nonnegative integer s. We have that s ď d by semistandardness of T . Note
that the subword corresponding to row η1 of the subtableau of T of shape R1 is given
by

pr ´ dqpr ´ d ` 1q . . . pr ´ 1qrλη1´d.

Using Lemma 8.2.14 after applying sr´d . . . sr´1 we get

pr ´ s ` 1q . . . rpr ´ dq
λη1 pr ´ d ` 1q . . . pr ´ sq.

Now, note that the subword consisting of the entries in row η1 of the subtableau of
shape R1 is pr ´ dqλη1 . Since we know that pr ´ d ´ 1q appears in a row lower that
row η1, when we apply sr´d´1 the last pr ´ dq in row η1 gets paired and remains
unchanged. Thus one of the entries in row η1 remains pr´dq ą r´λη1 , which means
rT |rr´λη1 s ‰ ZR1p1| ĂR1|, ληpq. Thus rT is not R1-catabolizable.

Proposition 8.2.9 follows from Propositions 8.2.15 and 8.2.18.
Now, we want to show Theorem 8.2.8, by considering the case where ctypepT q ⋭

λ. We first fix some notation. For T P SYT that is R1 “ pλ1, . . . , λη1q-catabolizable,
let U, V be the north and south tableaux we get by slicing T ´ ZR1 between rows
η1, η1 `1. (see Figure 8.6). Let zU , zV denote the subwords of ccprwpT qq correspond-
ing to U, V . We also let wU , (resp. wV be the word we get by subtracting η1 (resp.
pη1 ´ 1q) from each entry in zU (resp. zV ).

We introduce some lemmas.

Lemma 8.2.19. Consider T P SYTn such that T is R1 “ pλ1, . . . , λη1q-catabolizable.
We have

ccprwpcatR1pT qqq ” wVwU

.
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U

VZR1

zU

zV

Figure 8.6: T that is R1 “ pλ1, . . . , λη1q-catabolizable

Proof. Note that rwpcatR1pT qq „ rwpV q rwpUq and cocharge labels of permutations
are invariant under Knuth moves. It suffices to show that ccprwpV q rwpUqq “ wVwU .

We know that if m is the smallest letter that appears in catR1pT q, then it either
appears with cocharge η1 ´ 1 in zV or η1 in zU : in either case, the corresponding
value in wV ,wU is 0.

Now, assume that the cocharge values in ccprwpV q rwpUqq match the values in
wVwU up to some entry i. If i, i` 1 are in the same subtableau, then it is clear that
the cocharge labels of i` 1 match, since the relative positions of i, i` 1 are the same
between rwpUq rwpV q and rwpV q rwpUq.

If i P U and i`1 P V , we can see that they get the same cocharge label in T . Thus
the entry corresponding to i` 1 in wV is one larger than the entry corresponding to
i in wU . We can also see that in rwpV q rwpUq, we have that i` 1 appears to the left
of i, hence the cocharge label increases by 1.

A similar argument holds for the case i P V, i ` 1 P U .

Lemma 8.2.20. Consider T P SYTn such that T is R1 “ pλ1, . . . , λη1q-catabolizable
and ctypepT qi “ λi for i ď η1. We have ctypepT q “ pR1, ctypepcatR1pT qqq.

Proof. Let U, V denote the north and south tableaux we get by slicing T ´ ZR1

between rows η1, η1 ` 1. Since R1 “ pctypepT q1, . . . , ctypepT qη1q and T is R1-
catabolizable, all the entries in V have cocharge η1 ´ 1 or larger. Furthermore,
when applying Algorithm 4.1.13 to T , we skip over all the entries in V for the first
iteration.
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Since there are exactly ctypepT qη1 many entries in row η1 of T with cocharge
η1 ´ 1, and ccpT q is a semistandard tableau, we know there are at most ctypepT qη1
many entries in U of cocharge η1.

Thus, when applying Algorithm 4.1.13, we know that all entries in U of cocharge
η1 contribute to row η1 ` 1 of ctypepT q. Thus, pctypepT qη1`1, . . . q is the partition
we get by applying Algorithm 4.1.13 to wVwU . From Lemma 8.2.19, this is exactly
ctypepcatR1pT qq.

Remark 8.2.21. Note that though Lemma 8.2.20 seems relatively straightforward, it
depends on the fact thatR1 is exactly the first η1 parts of ctypepT q. If pctypepT q1, . . . ,
ctypepT qη1q ‰ R1, we could have that row η1 of T contains another entry of cocharge
η1 that gets added in the first pass. This assumption assures that nothing in V could
have actually been deleted in the first iteration of the cat insertion alg.

Furthermore, we could have that the number of entries that contribute to
ctypepT qη1`1 in the first iteration is different than if we just run Algorithm 4.1.13
on the tableau U , because we have the condition that the number of things we can
add to row η1 ` 1 in the first pass is at most the number we added to row η1. In
this case, since ctypepT qη1 is exactly the number of η1 ´ 1 in row η1, we know the
number of η1 ` 1 in U is at most ctypepT qη1 , which guarantees this condition holds.

Lemma 8.2.22. Let T P SYT such that ctypepT q “ λ “ pλ1, . . . , λlq. If T contains
Zγ for some partition γ “ pγ1, . . . , γkq, then γ “ pλ1, . . . , λk´1, rq where 1 ď r ď λk.

Proof. If T contains Zγ, then we know that the only entries in T with cocharge label
0, . . . , k ´ 2 appear in the subtableau of shape γ. If we apply Algorithm 4.1.13 to
T , the entries that contribute to the first k ´ 1 rows of ctypepT q are exactly those
in the first k ´ 1 rows of the subtableau of shape γ. Thus λi “ ctypepT qi “ γi for
1 ď i ď k ´ 1 and λk ě γk.

Now we finish the proof of Theorem 8.2.8 by showing this result.

Proposition 8.2.23. If T P SYT with ctypepT q ⋭ λ, then T is not Rpη, λq-
catabolizable for any choice of η.

Proof. We proceed by induction on the length of R. The base case (R “ Rpℓpλq, λq)
follows from Proposition 4.1.6.

Now, assume we have ctypepT q ⋭ λ and some sequenceR “ Rpη, λq “ pR1, R2, . . . , Rlq.
If T does not contain ZR1 , we are done.

Assume otherwise, where R1 “ pλ1, . . . , λη1q. By Lemma 8.2.22, we know that
ctypepT qi “ λi for 1 ď i ă η1 and ctypepT qη1 ě λη1 .
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We first consider the case where ctypepT qη1 “ λη1 . Since this implies that the
first η1 parts of λ and ctypepT q agree, we have that ctypepT q ⋭ λ implies that

pctypepT qη1`1, . . . q ⋭“ pλη1`1, . . . q.

By Lemma 8.2.20, we know that ctypepcatR1pT qq “ pctypepT qη1`1, . . . q. Thus by
induction, we know that catR1pT q is not pR2, . . . q-catabolizable and the claim holds.
Now, consider the case where ctypepT qη1 “ λη1 `m for some m ą 0. Note that there
must exist a r ą 1 such that

λη1 ` m `

r
ÿ

i“1

ctypepT qη1`i ă λη1 `

r
ÿ

i“1

λη1`i.

Equivalently, we have that
r

ÿ

i“1

λη1`i ą m `

r
ÿ

i“1

ctypepT qη1`i (8.4)

Now, we can write wV “ 0mw1
V for some word w1

V , since we know the first m
entries of zV must be η1. Using the same argument as in the proof of Proposition
8.2.19, we see that ccpcatR1pT qq „ 0mw1

VwU and that pctypepT qη1`1, . . . q is the result
of applying the catabolism insertion algorithm to w1

VwU .
Thus we have ctypepcatR1pT qq “ pctypepT qη1`1 ` m, ctypepT qη1`2, . . . q. From

(8.4), this implies that pλη1`1, . . . q ⋭ ctypepcatR1pT qq Thus by induction we have
that catR1pT q is not pR2, . . . q-catabolizable.

8.3 Example of Algorithm 8.2.12

Example 8.3.1. Consider T “
3
2 2
1 1 1 3 4

with weight λ “ p3, 2, 2, 1q. We will

standardize T using Algorithm 8.2.12.
We first use (i) to replace all i ą 1 with i ` 2 to obtain a tableau of weight

p3, 0, 0, 2, 2, 1q:
3
2 2
1 1 1 3 4

Ñ
5
4 4
1 1 1 5 6

.

Now we use (ii) and (i) repeatedly until we get a tableau of weight p1, 1, 1, 2, 2, 1q.

5
4 4
1 1 1 5 6

f1
ÝÑ

5
4 4
1 1 2 5 6

s2
ÝÑ

5
4 4
1 1 3 5 6

f1
ÝÑ

5
4 4
1 2 3 5 6

p3, 0, 0, 2, 2, 1q p2, 1, 0, 2, 2, 1q p2, 0, 1, 2, 2, 1q p1, 1, 1, 2, 2, 1q.
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We can see that at each step, the composition is a refinement of λ.
Now, we use (iv), which is the permutation operator τ “ s1s2s3, to obtain a

tableau of weight p2, 1, 1, 1, 2, 1q.

5
4 4
1 2 3 5 6

s3
ÝÑ

5
3 4
1 2 3 5 6

s2
ÝÑ

5
3 4
1 2 2 5 6

s1
ÝÑ

5
3 4
1 1 2 5 6

p1, 1, 1, 2, 2, 1q p1, 1, 2, 1, 2, 1q p1, 2, 1, 1, 2, 1q p2, 1, 1, 1, 2, 1q.

Though the intermediate compositions are not refinements of λ, we can see that
both the initial and resulting compositions are.

Now use (i) to replace all i ą 1 with i ` 1 to obtain a tableau of weight
p2, 0, 1, 1, 1, 2, 1q and then apply (ii):

6
4 5
1 1 3 6 7

f1
ÝÑ

6
4 5
1 2 3 6 7

.

The resulting weight is p1, 1, 1, 1, 1, 2, 1q. We repeat. We apply (iv) twice: s4s5
swaps p1, 1, 1, 1, 1, 2q ÞÑ p1, 1, 1, 2, 1, 1q and s2s3 swaps p1, 1, 1, 2, 1, 1q ÞÑ p1, 2, 1, 1, 1q.
We then apply piiiq.

6
4 5
1 2 3 6 7

s5
ÝÑ

6
4 5
1 2 3 5 7

s4
ÝÑ

6
4 4
1 2 3 5 7

s3
ÝÑ

6
3 4
1 2 3 5 7

s2
ÝÑ

6
3 4
1 2 2 5 7

s1
ÝÑ

6
3 4
1 1 2 5 7

.

Now we use (i) to replace all i ą 1 with i ` 1 to obtain a tableau of weight
p2, 0, 1, 1, 1, 1, 1, 1q and then apply (ii)

7
4 5
1 1 3 6 8

f1
ÝÑ

7
4 5
1 2 3 6 8

.

Thus we have stdpT q “
7
4 5
1 2 3 6 8

.
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