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B e y o n d Representat iveness :  Product iv e Intuition s A b o u t  Probabi l i t y 

Phi l  Vahey ,  Noe l  Enyed y an d Bernar d Giffor d 
Educatio n i n Mathematics ,  Scienc e an d Technolog y 

4533 Toima n Hal l 
Universit y  o f  California ,  Berkele y 

Berkeley ,  C A 94720-167 0 
p v a h e y @ s o c r a t e s . b e r k e l e y . e d u ,  e n y e d y ( i s o c r a t e s . b e r k e l e y . e d u , 

b g i  f f o r d S s o c r a t e s . b e r k e l e y . e d u 
and 

Abstrac t 

Although research has found many flaws in people's 
probabilisti c  reasoning ,  w e hav e foun d tha t  middle-schoo l 
student s hav e man y productiv e idea s abou t  probability . 
Thi s stud y examine s th e probabilisti c  reasonin g use d b y 
middle-schoo l  student s a s the y use d a  technology-mediate d 
inquir y environmen t  tha t  wa s concepmalize d an d develope d 
t o engag e student s i n th e tas k o f  analyzin g th e fairnes s o f 
games o f  chance .  Thi s researc h demonstrate s tha t  student s 
emplo y productiv e probabilisti c  reasonin g whe n 
participatin g i n thi s task ,  an d als o demonstrate s tha t 
commonl y reporte d heuristic s suc h a s representativenes s 
do no t  adequatel y describ e studen t  reasoning . 

Prior Findings in Probabilistic Reasoning 

Ther e i s a  rich  literatur e base d o n th e man y misconception s 
peopl e displa y whe n aske d t o reaso n probabilistically .  B y fa r 
th e mos t  influentia l  wor k ha s bee n b y Tversk y &  Kahnema n 
(1982) ,  w h o showe d tha t  m u c h o f  people' s probabilisti c 
reasonin g coul d b e describe d b y th e heuristic s o f 
representativenes s an d availability .  TTi e representativenes s 
heuristi c  i s characterize d b y makin g judgment s base d o n th e 
degre e t o whic h A  i s representativ e of ,  o r  resembles ,  B 
(Tversk y &  Kahneman ,  1982) .  Thi s representativenes s 
heuristi c ha s bee n use d t o explai n insensitivit y t o sampl e 
size ,  th e gambler' s fallacy ,  th e base-rat e fallacy ,  incorrec t 
judgment s abou t  th e outpu t  o f  rando m processes ,  an d othe r 
non-normativ e judgments .  Th e availabilit y  heuristi c i s 
characterize d b y makin g judgment s base d o n th e eas e wit h 
whic h instance s o f  a  certai n even t  ca n b e brough t  t o mind . 
Thi s heuristi c ha s bee n use d t o explai n biase s du e t o th e 
retrievabilit y  o f  instances ,  biase s du e t o th e effectivenes s o f 
a searc h set ,  an d biase s o f  imaginability . 

I n addition ,  m a n y othe r  misconception s hav e bee n 
identified .  Fo r  example ,  peopl e m a y believ e tha t  ther e i s a 
lac k o f  variabilit y i n th e world ,  peopl e hav e to o m u c h 
confidenc e i n smal l  samples ,  peopl e d o no t  se e th e 
importanc e o f  smal l  difference s i n larg e samples ,  an d peopl e 
see m unawar e o f  regressio n t o th e mea n i n thei r  live s (fo r  a n 
overvie w o f  suc h misconceptions ,  se e Shaughnessy ,  1992) . 

Severa l  attack s hav e recentl y bee n mad e o n thi s literature . 
Roughl y speaking ,  thes e criticism s com e i n tw o forms :  (i ) 
th e so-calle d biase s an d misconception s ar e no t  du e t o fault y 
probabilisti c  reasoning ,  bu t  ar e du e t o situationa l  factor s 
fro m th e experimenta l  design ,  includin g th e posin g o f 

intentionall y misleadin g question s (Gigerenzer ,  1996 ; 
Hilton ,  1995 ;  Konold ,  e t  al .  1993) ;  an d (ii )  thes e heuristic s 
do no t  explai n th e cognitiv e processe s use d b y peopl e whe n 
reasonin g unde r  uncertainty ,  an d suc h heuristic s wer e no t 
derive d fro m protoco l  analysis ,  bu t  wer e inferre d fro m 
questionnair e dat a (Gigerenzer ,  1996 ;  Konold ,  e t  al .  1993 ; 
Lajoi e et .  al ,  1995) .  Ou r  researc h situate d sevent h grad e 
student s i n a n environmen t  wher e w e hope d t o minimiz e 
misleadin g situationa l  factors ,  an d w e analyze d verba l  dat a t o 
allo w u s t o investigat e studen t  reasonin g abou t  probabihty . 

The Study 

I n thi s stud y pair s o f  sevent h grad e student s collaborate d i n 
th e Probabilit y  Inquir y Environmen t  (PIE) .  PI E wa s create d 
as a  collaborativ e guided-inquir y environmen t  (cf .  White , 
1993 )  i n whic h student s ar e aske d t o evaluat e th e fairnes s o f 
games o f  chance .  I n PI E student s us e representation s an d 
tool s suc h a s even t  trees ,  simulations ,  an d real-tim e graph s 
and histograms .  PIE' s inquir y cycl e consist s o f  bein g 
introduce d t o th e games ,  makin g prediction s abou t  th e 
games,  runnin g simulation s o f  th e game ,  an d the n drawin g 
conclusion s base d o n th e simulation . 
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Figur e 1 :  Th e PI E interface . 

In this study students were asked to analyze two games of 
chanc e t o determin e i f  the y wer e fair .  "Th e first  gam e i s 
calle d th e Two-Penn y game ,  wher e T e a m A  score s a  poin t 
wheneve r  bot h coin s com e u p th e sam e (heads-head s o r  tails -
tails) ,  an d Tea m B  score s a  poin t  wheneve r  bot h coin s comf e 
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up differentl y (heads-tail s o r  tails-heads) .  Thi s gam e i s fair , 
as al l  outcome s ar e equall y likely ,  an d eac h tea m score s o n 
tw o ou t  o f  th e fou r  possibl e outcomes .  Th e secon d gam e i s 
calle d th e Three-Coi n game ,  wher e T e a m A  score s a  poin t 
on five  o f  th e eigh t  possibl e outcomes ,  an d Tea m B  score s a 
poin t  fo r  thre e o f  th e possibl e outcomes .  Becaus e eac h 
outcom e i s  equall y likel y an d T e a m A  score s o n mor e 
outcome s tha n T e a m B ,  thi s gam e i s unfai r  i n favo r  o f  Tea m 
A.  A n even t  tre e tha t  enumerate d al l  th e possibl e outcome s 
and tha t  visuall y presente d th e scorin g combination s fo r  eac h 
tea m wa s o n th e scree n a t  al l  times ,  a s wa s a  dynami c 
histogra m tha t  showe d scorin g eithe r  b y eac h combinatio n 
of  coins ,  o r  b y eac h tea m (se e Figur e 1) . 

Methodology 

The researc h tea m recruite d eigh t  single-se x pair s o f  student s 
fi-om  a  loca l  urba n middl e school .  Al l  o f  th e session s too k 
plac e i n th e summer ,  betwee n th e students '  sixt h grad e an d 
sevent h grad e schoo l  years .  Fou r  o f  th e pair s wer e boys ,  an d 
fou r  o f  th e pair s wer e girls .  Th e student s represente d a  wid e 
rang e o f  ethnicities .  Th e student s wer e pai d $ 5 a n hour ,  an d 
spen t  abou t  a n hou r  an d a  hal f  usin g PI E durin g on e tw o 
hou r  session .  Durin g thi s sessio n the y wer e videotaped ,  an d 
PI E recorde d thei r  action s o n th e computer .  A  researche r  wa s 
alway s i n th e roo m wit h th e students ,  an d woul d 
occasionall y interjec t  t o hel p clea r  u p an y confusio n arisin g 
fro m th e PI E interface . 

The dat a use d i n thi s stud y consist s o f  studen t  discussion s 
as the y participate d i n th e activities ,  an d thei r  response s t o 
th e on-lin e predictio n an d conclusio n questions .  Th e 
videotap e dat a o f  th e student s usin g PI E wer e transcribed , 
and thes e transcript s wer e combine d wit h th e dat a recorde d b y 
PI E t o creat e a  recor d o f  al l  studen t  discussion s an d studen t 
interaction s wit h PI E durin g th e session .  Thes e transcript s 
wer e the n analyzed ,  an d al l  instance s o f  students '  reasonin g 
abou t  th e game s wa s found .  Although ,  b y th e en d o f  th e 
study ,  seve n o f  th e eigh t  pair s o f  student s wer e abl e t o 
reaso n normativel y abou t  th e games ,  thi s pape r  wil l  no t 
concentrat e o n th e event s tha t  le d t o thi s normativ e 
reasoning .  Instead ,  th e students '  reasonin g throughou t  th e 
entir e sessio n wil l  b e compare d t o th e wa y i n whic h 
normativ e probabilisti c  reasonin g coul d hav e bee n employe d 
i n thos e situations . 

First ,  t o acquain t  ourselve s wit h a n exampl e o f  studen t 
reasonin g i n PIE ,  a  cas e stud y o f  studen t  reasonin g durin g 
th e sessio n wil l  b e presented .  Thi s wil l  b e followe d b y a 
compariso n betwee n normativ e reasonin g an d studen t 
reasoning ,  i n a n attemp t  t o bette r  understan d students ' 
probabilisti c  reasoning .  Thi s ne w understandin g o f  students ' 
probabilisti c  reasonin g wil l  the n b e compare d t o th e existin g 
misconception s literatur e t o se e i f  thi s understandin g ca n 
accoun t  fo r  th e findings  o f  others . 

A Case Study of Q and T Using PIE 

When Q  an d T  fel t  tha t  the y understoo d th e two-penn y gam e 
(Figur e 2) ,  the y mad e thei r  predictions .  Whe n predictin g 
tha t  th e Two-Penn y gam e i s fair ,  the y explicitl y  assigne d a 
5 0 % chanc e t o th e combination s o f  coin s tha t  scor e a  poin t 
fo r  eac h team ,  resultin g i n a  final  answe r  tha t  i s  perfectl y 
aligne d wit h normativ e reasonin g (Figur e 3) .  Not e however . 

tha t  th e student s neve r  explicitl y  justifie d thi s 5 0 % chance , 
and w e wil l  no t  attemp t  t o mak e claim s abou t  th e students ' 
probabilisti c  reasonin g i n thi s instance . 
T:  I  ge t  it ,  i f  they'r e bot h head s tea m A  get s a  point ,  i f 

they'r e bot h tail s  tea m A  get s a  point ,  an d i f  they'r e on e 
head s an d on e tail s  Tea m B  get s a  point . 

Figur e 2 :  Understandin g th e two-penn y game . 

Q:  W e thin k th e gam e i s fai r  becaus e yo u hav e a  5 0 % 
chanc e o f  gettin g bot h head s an d bot h tails . 

Typed :  W e thin k tha t  th e gam e i s fai r  becaus e yo u hav e a 
5 0 % chanc e o f  gettin g bot h head s an d bot h tails .  Yo u als o 
hav e a  5 0 % chanc e o f  gettin g on e tail s  an d on e heads . 

Figur e 3 :  Fair ,  base d o n a  5 0 % chanc e fo r  eac h team . 

Q and T next answered what they meant by fair. 
Althoug h studen t  idea s o f  fairnes s wer e interesting ,  mos t 
students ,  includin g Q  an d T ,  decide d tha t  a  gam e i s fai r  i f  al l 
team s hav e a n equa l  chanc e o f  winning ,  a  normativ e vie w o f 
fairness .  Studen t  idea s o f  fairnes s wil l  no t  b e furthe r 
discusse d i n thi s paper . 

I n th e nex t  predictio n question ,  Q  an d T  wer e aske d t o 
manipulat e histogram s t o mak e prediction s abou t  wha t 
woul d happe n afte r  1 0 points ,  an d afte r  20 0 points .  T  state d 
tha t  head s woul d occu r  more ,  s o sh e woul d expec t  Tea m A 
t o wi n more .  Q  countere d thi s b y sayin g tha t  coin s usuall y 
c o me u p differentl y (thi s i s  consisten t  wit h 
representativeness) ,  s o sh e woul d expec t  T e a m B  t o wi n 
more .  The y the n decide d tha t  th e gam e wil l  mos t  probabl y 
be tie d (Figur e 4) .  Afte r  furthe r  discussion ,  th e student s 
decide d tha t  luc k woul d b e a n importan t  facto r  i n th e gam e 
(Figur e 5) ,  an d thi s mean t  tha t  T e a m A  migh t  wi n 
sometimes ,  an d Tea m B  migh t  wi n othe r  times .  Agai n th e 
student s provide d final  answer s tha t  wer e clos e t o normative , 
but  a n analysi s o f  th e verba l  dat a show s tha t  thei r  reasonin g 
processe s wer e quit e ric h an d invoke d mor e intuition s tha n 
ar e foun d i n jus t  thei r  final  answer . 
T:  O K ,  wha t  abou t  this ,  I  thin k Tea m A  wil l  win .  Becaus e 

imagin e al l  o f  th e head s w e ar e gonn a ge t 
Q:  I  thin k tha t  Tea m B  woul d wi n it ,  becaus e whe n yo u 

thro w i t  it' s  lik e rea l  luc k whe n yo u ge t  bot h o f  the m th e 
same.  W h e n yo u thro w it ,  mos t  o f  th e tim e the y lan d 
differently ,  [pause ]  I  thin k they' d probabl y b e tied ,  bu t  i f  I 
had t o choos e one ,  see ,  thi s look s righ t  t o m e [pointin g t o 
eve n histogra m bars ] 

T:  That' s wha t  I  thin k to o 

Figur e 4 :  W h o wil l  wi n more ? 

T:  I  thin k tha t  thi s i s  jus t  a  gam e o f  luck...thi s i s lik e a 
game o f  guessin g 

Q:  It' s  reall y lik e someon e ha s t o win ,  becaus e it' s  lik e yo u 
wi n som e yo u los e some ,  it' s  no t  lik e a  permanen t  game . 

[ T move s histogram s s o A  i s winnin g afte r  10 ,  an d B  i s 
winnin g afte r  200 ] 

Q:  N o w h o w ca n purpl e [Tea m A ]  b e winnin g o n thi s on e 
and gree n [Tea m B ]  b e winnin g o n that ? 

T:  Well ,  onc e yo u wi n yo u don' t  alway s wi n 

Figur e 5 :  A  gam e o f  luc k 
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For  th e fina l  predictio n questio n i n th e two-penn y game , 
th e student s wer e aske d i f  an y o f  th e combination s 
(outcomes )  woul d happe n mor e tha n an y other .  Th e 
student s wer e agai n aske d t o manipulat e a  serie s o l 
histograms ,  an d typ e i n a  justification .  Althoug h Q  an d T 
starte d t o reaso n abou t  th e differen t  combinations ,  ihe y (he n 
switche d t o talkin g abou t  th e probabilit y  o f  head s o r  tails . 
They decide d tha t  because  thi s i s no t  a  gam e o f  skill ,  bu t  a 
game o f  luck ,  the y woul d expec t  head s an d tail s t o com e u p 
th e sam e amoun t  (Figur e 6) . 
Q:  W e don' t  thin k tha t  an y combinatio n shoul d happe n 

more tha n an y other ,  because  it' s  luc k 
T:  It' s  h o w yo u thro w i t 
Q:  Plus ,  it' s  a  gam e o f  luc k 
T:  I  thin k thi s coi n game ,  it' s  no t  a  gam e o f  skill . 
Q:  No ,  n o no .  Don't ,  wha t  ar e w e writing ? 
T:  W e don' t  thin k that ,  it' s  no t  a  gam e o f  skil l 
Q:  Tha t  on e penn y wil l  com e u p mor e tha n th e othe r 
T:  It' s  al l  equal...wai t  a  minute ,  w e don' t  thin k tha t  head s o r 

tail s  i s  mor e likel y t o com e u p tha n th e other .  W e don' t 
thin k tha t  head s o r  tail s  wil l  com e u p mor e 

Typed :  W e don' t  thin k tha t  head s woul d com e u p mor e tha n 
tails .  W e thin k tha t  thi s gam e i s a  gam e o f  luck . 

Figur e 6 :  Wil l  an y combination  happe n more ? 

Q and T then started the game simulation. After only four 
point s the y note d tha t  tail-hea d wa s happenin g mor e tha n th e 
othe r  combinations .  Th e g a m e the n stoppe d afte r  te n 
points ,  an d tol d th e student s tha t  the y coul d eithe r  loo k a t 
th e result s o r  continu e playing .  A t  thi s poin t  Q  wante d t o 
go bac k int o prediction s t o se e i f  th e prediction s agree d wit h 
th e result s (not e tha t  thi s behavio r  i s consisten t  wit h th e 
well-documente d la w o f  smal l  numbers) .  Th e researche r 
aske d the m t o continu e playing ,  tellin g the m tha t  the y 
woul d b e abl e t o modif y thei r  prediction s later ,  s o Q  an d T 
continue d i n Play . 

Afte r  playin g fo r  severa l  mor e points ,  Q  an d T  the n 
decide d t o ru n th e simulatio n a t  th e fastes t  speed .  A t  thi s 
spee d th e gam e run s te n point s a t  a  time ,  an d individua l  coi n 
flip s ca n no t  b e perceived .  Afte r  abou t  2 0 second s th e gam e 
reache d 20 0 points ,  an d gav e th e student s th e optio n t o 
continu e playin g o r  sto p an d analyz e th e results .  Q  an d T 
chos e t o sto p playin g an d g o immediatel y int o Conclude . 

The first  thre e conclusio n screen s aske d th e student s t o 
evaluat e thei r  predictions .  Fo r  eac h o f  thes e conclusions , 
th e student s state d that ,  althoug h thei r  prediction s di d no t 
exactl y matc h th e actua l  data ,  th e result s wer e clos e enoug h 
fo r  the m t o stil l  agre e wit h thei r  prediction s (Figur e 7) . 
Additionally ,  i n Figur e 8 ,  Q  cam e bac k t o thei r  earlie r 
statemen t  tha t  bein g a  gam e o f  luc k i s a n importan t  aspec t 
of  th e game .  Thi s becam e th e singl e mos t  importan t  facto r 
fo r  thes e student s fo r  th e remainde r  o f  th e session . 
T:  Even ,  look ,  almos t  eve n 
Q:  Yeah ,  s o it' s  prett y fai r  becaus e n o on e i s lik e way ,  wa y 

more tha n th e othe r 

Figur e 7 :  Conclusion—i s th e gam e fair ? 

Q:  No ,  O K ,  why ? W e kee p sayin g th e sam e thin g over . 
Lik e thi s evidence-n o because  thi s i s jus t  a  g a m e o f  luck . 
And they'r e al l  equa l  anyway . 

Figur e 8 :  Conclusion—ar e an y combination s mor e likely ? 

For the last set of conclusions the students were asked if 
th e numbe r  o f  combination s tha t  scor e a  poin t  fo r  eac h tea m 
i s a n importan t  facto r  i n determinin g fairness .  However ,  Q 
and T  understoo d thi s questio n t o b e askin g abou t  th e dat a 
alread y collected .  Althoug h the y first  state d tha t  thi s dat a i s 
important ,  the y the n decide d tha t  luc k i s mor e important , 
and on e doesn' t  nee d t o kno w anythin g abou t  th e numbe r  o f 
outcome s (Figur e 9) .  Then ,  whe n aske d t o stat e th e mos t 
importan t  thin g i n determinin g i f  th e g a m e i s fair ,  the y 
agai n state d th e importanc e o f  luc k (Figur e 10) . 
Q:  Ver y important ,  don' t  yo u think...wh y i s i t  ver y 

important ? 
T:  It' s  dat a 
Q:  It' s  importan t  data ,  an d u m m 
T:  Yo u nee d th e dat a t o pla y th e gam e 
Q:  Y o u nee d t o kno w th e numbe r  o f  combinations...Bu t  it' s 

not  tha t  importan t  though ,  a s a  matte r  o f  fact ,  it' s  no t 
importan t  a t  all ,  caus e it' s  a  gam e o f  luck .  Yeah ,  it' s  no t 
importan t 

T:  It' s  a  littl e important.. . 
Q:  ...bu t  th e gam e i s jus t  a  gam e o f  luc k anyway .  S o i f 

yo u didn' t  hav e th e data ,  i t  wouldn' t  matte r  anyway . 
Typed :  I t  i s  importan t  because  it' s  data ,  bu t  o n th e othe r 

han d i t  i s  no t  tha t  importan t  becaus e it' s  jus t  a  gam e o f 
luck . 

Figur e 9 :  It' s  jus t  a  gam e o f  luc k 

Q:  Th e mos t  importan t  thin g i s tha t  yo u understan d tha t  th e 
game i s jus t  luc k 

Figur e 10 :  Th e mos t  importan t  thin g i n determinin g fairnes s 

Q and T were then introduced to the Three-Coin game, and 
Q onc e mor e decide d tha t  th e gam e wa s fai r  becaus e i t  wa s a 
game o f  luck ,  althoug h T  wa s hesitan t  t o agree .  However , 
T coul d no t  stat e w h y sh e though t  th e gam e wa s unfair ,  an d 
finall y determine d that ,  sinc e al l  th e outcome s wer e 
possible ,  th e gam e mus t  b e fair .  Not e that ,  althoug h th e 
partitionin g o f  th e outcome s int o point s fo r  A  an d point s fo r 
B wer e o n th e scree n a t  al l  times ,  th e student s neve r 
considere d countin g th e outcome s t o determin e i f  eac h tea m 
had a n equa l  numbe r  o f  outcomes .  Althoug h i t  i s  dangerou s 
t o mak e inference s base d o n th e absenc e o f  a n action ,  th e 
fac t  tha t  i t  neve r  occurre d t o thes e (o r  most )  student s t o 
simpl y coun t  u p th e numbe r  o f  outcomes ,  especiall y whe n 
somethin g abou t  th e gam e seeme d troubling ,  m a y poin t  t o a 
lac k o f  a n understandin g o f  th e importanc e o f  th e outcom e 
spac e i n determinin g probabilities . 

Then ,  consisten t  wit h thei r  prediction s fo r  th e Two-Penn y 
game,  an d consisten t  wit h thei r  ide a tha t  luc k mean s tha t  a 
game i s fair ,  fo r  th e remainde r  o f  th e prediction s Q  an d T 
state d tha t  th e team s wil l  scor e a n approximatel y equa l 
number  o f  points ,  an d eac h o f  th e combination s shoul d 
occu r  equally .  The y the n pu t  th e gam e o n th e fastes t  speed , 
and quickl y playe d u p t o tw o hundre d points .  W h e n th e 
game reache d tw o hundre d points ,  the y wen t  int o conclud e 
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an d simpl y agree d wit h al l  thei r  predictions ,  withou t 
comparin g thei r  prediction s t o th e actua l  results ,  eve n 
statin g tha t  th e dat a i s no t  importan t  (Figur e 11) .  Suc h 
reasonin g i s  based ,  presumably ,  o n th e statement s mad e a t 
th e en d o f  th e Two-Penn y game ,  tha t  a  gam e o f  luc k mus t 
be fair ,  an d dat a i s no t  a n importan t  factor . 
Typed:  T H E C O I N S I S JUS T D A T A A N D T H E D A T A I N 

THI S G A M E I S N O T T H A T I M P O R T A N T. 

Figur e 11 :  Conclusion—ar e th e combination s i n th e Three -
Coi n gam e important ? 

At this point the researcher asked them to play some 
more ,  remindin g the m o f  th e Rese t  butto n tha t  set s th e 
point s bac k t o zero .  Afte r  playin g severa l  mor e round s u p 
t o tw o hundre d points ,  T  decide d that ,  becaus e Tea m B  kep t 
losing ,  th e gam e mus t  b e unfair .  Q ,  however ,  kep t  statin g 
tha t  th e g a m e i s jus t  luck ,  an d s o mus t  b e fai r  (Figur e 12) . 
T di d no t  accep t  thi s answer ,  an d continue d lookin g fo r  a n 
explanation .  Sh e finall y notice d th e differenc e i n th e 
number  o f  outcome s tha t  score d a  poin t  fo r  eac h team ,  an d 
the n resorte d t o a  strateg y o f  makin g th e gam e fair , 
contrastin g a  partitionin g o f  point s tha t  woul d mak e th e 
game fai r  wit h th e actua l  partitionin g (Figur e 13) .  Q  the n 
understoo d h o w thi s partitionin g wa s relevan t  an d agree d tha t 
th e gam e wa s unfair . 
T:  See ,  T e a m B  i s losin g b y a  lot .  Tol d yo u i t  wa s unfai r 

Q: This game is just luck, it's just a penny game, it's just 
luc k 

Figur e 12 :  Unfai r  versu s luc k 

T:  W h y i s i t  fair ,  Q ? 
Q:  Becaus e it' s a  gam e o f  luck ,  it' s  ju t  throwin g pennie s 
T:  I' m no t  talkin g abou t  whos e go t  th e penny ,  I' m talkin g 

abou t  righ t  her e [pointin g t o th e tree] .  The y kee p losing , 
and I' m tryin g t o figur e ou t  why...wai t  a  minute !  Se e h o w 
thi s i s A A righ t  here ? an d thi s i s A B A B A B 

R:  Mmm-hmmm 
T:  Bu t  shouldn' t  i t  b e B B ? 
R:  W h a t  d o yo u mean ,  shouldn' t  i t  be ? 
T:  Righ t  her e i t  say s A A A B A B A B 

Figur e 13 :  Makin g th e gam e fai r 

Summary: Q and T's analysis of the Two-Penny game 
bega n wit h the m statin g severa l  different ,  ofte n competin g 
or  conflicting ,  intuition s abou t  probability ,  fe w o f  whic h 
seemed t o carr y an y dee p commitment .  And ,  althoug h 
representativenes s coul d b e use d t o describ e som e o f  thei r 
reasoning ,  i t  i s a  fa r  fro m adequat e account ,  a s muc h o f  thei r 
reasonin g i s inconsisten t  wit h representativeness .  Q  an d T 
the n bega n t o conside r  luc k th e singl e mos t  importan t  aspec t 
of  th e game ,  eve n statin g tha t  the y di d no t  nee d dat a t o 
determin e th e fairnes s o f  th e games .  Thei r  commitmen t  t o 
thi s positio n wa s show n i n th e Three-Coi n game ,  whe n Q 
explicitl y  denie d th e importanc e o f  dat a tha t  showe d tha t  thi s 
game wa s unfair .  Not e tha t  sh e di d no t  fal l  pre y t o th e la w 
of  smal l  numbers ,  no r  di d sh e dismis s th e g a m e a s 
"cheating" ,  no r  di d sh e suffe r  fro m confirmatio n bias , 
misinterpretin g th e dat a a s showin g tha t  th e game s wer e 
tied .  Instead ,  sh e acknowledge d th e result s o f  th e simulatio n 

and simpl y sai d tha t  thes e result s wer e no t  relevant .  I t  wa s 
not  unti l  T  wa s abl e t o determin e tha t  th e partitionin g o f  th e 
outcom e spac e wa s unequa l  tha t  the y wer e abl e t o confir m 
tha t  th e gam e wa s unfair ,  an d i t  too k a  notabl y lon g tim e 
unti l  thi s countin g strateg y wa s employe d b y th e students , 
lendin g credenc e t o th e suppositio n tha t  th e outcom e spac e 
was no t  a  salien t  featur e o f  thi s situation .  Not e tha t  mos t  o f 
thi s behavio r  i s no t  consisten t  wit h th e heuristic s an d biase s 
vie w o f  probabilisti c  reasoning .  I t  seem s a s thoug h w e nee d 
anothe r  vie w o f  students '  conception s o f  probabilit y  tha t  i s 
differen t  fro m tha t  offere d b y th e traditiona l  literature . 

Results: A Framework for Understanding 
Probabi l is t i c  R e a s o n i n g 

The mai n finding  fro m thi s researc h i s tha t  student s displa y 
a wid e variet y o f  ideas ,  som e o f  whic h approac h normativ e 
reasonin g i n probability ,  an d other s o f  whic h interfer e wit h 
normativ e reasoning .  I n thi s study ,  instea d o f  analyzin g 
students '  statement s i n a n attemp t  t o deriv e misconceptions , 
we wil l  compar e students '  reasonin g an d normativ e 
probabilisti c  reasoning . 

T o m a k e thi s comparison ,  w e mus t  firs t  hav e a n 
understandin g o f  wha t  w e mea n b y normativ e reasoning . 
The versio n o f  normativ e reasonin g use d her e i s a n idealize d 
reasonin g proces s use d b y someon e wit h a n understandin g o f 
elementar y probabilit y w h o i s face d wit h a  nove l  situation . 
The nove l  situatio n i n thi s cas e i s determinin g i f  th e game s 
of  chanc e describe d previousl y ar e fair . 

Such normativ e reasonin g wil l  firs t  determin e wha t  i s 
meant  b y "fair" ,  whic h wil l  no t  b e addresse d i n thi s paper . 
Afte r  this ,  an y o f  th e severa l  differen t  reasonin g processe s 
tha t  ca n b e considere d "normative "  wil l  hav e th e 
characteristic s tha t  the y wil l  b e base d o n (i )  determinin g tha t 
th e gam e i s  base d o n a  non-determinabl e mechanis m (i.e . 
understandin g som e aspect s o f  randomness) ;  (ii )  determinin g 
th e outcome s tha t  scor e point s fo r  eac h tea m (i.e . 
understandin g th e outcom e space) ;  (iii )  determinin g th e 
probabilitie s o f  th e outcome s tha t  scor e a  poin t  fo r  eac h 
tea m (i.e .  understandin g th e probabilit y  distribution) ,  an d 
combinin g thes e probabilitie s wit h th e outcom e spac e t o 
deriv e a  theoretica l  expectatio n o f  fairness ;  an d (iv ) 
comparin g th e expecte d fairnes s o f  th e game s t o th e actua l 
fairnes s afte r  playin g fo r  som e larg e numbe r  o f  point s t o 
determin e i f  th e theoretica l  expectation s ar e accurate .  I n orde r 
t o understan d h o w students '  reasonin g differ s from ,  an d i s 
simila r  to ,  normativ e reasoning ,  w e wil l  compar e studen t 
reasonin g t o thi s idealize d vie w o f  probabilisti c  reasoning . 

Randomness 

Durin g th e cours e o f  th e study ,  ever y pai r  o f  student s mad e 
referenc e t o th e fac t  tha t  randomnes s wa s a n importan t  facto r 
i n analyzin g th e outcome s o f  coi n flips .  Thi s referenc e 
typicall y cam e throug h student s talkin g abou t  th e gam e 
bein g base d o n "luck "  o r  "chance" ,  an d als o b y contrastin g 
thes e game s wit h game s o f  skill .  Additionally ,  student s 
state d tha t  th e rando m proces s o f  coi n flips  woul d resul t  i n 
variatio n betwee n trial s (Figur e 14) ,  whic h i s  consisten t 
wit h th e normativ e vie w o f  randomness . 
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K:  I t  won' t  b e totall y eve n 
U:  .. .  whe n yo u flip  2  coin s yo u don' t  k n o w wha t  the y ar e 

goin g t o be .  Sometime s yo u win ,  sometime s yo u lose . 
\  X :  Th e tide s ca n change . 

M:  .. .  see ,  like ,  there' s thre e o f  H H T ,  an d 3  o f  T T H ,  bu t 
onl y on e o f  H H H an d on e o f  T T T ,  s o it' s  har d t o ge t 
H H H,  it' s easie r  t o ge t  H H T 

Figur e 14 :  Randomnes s ha s variabilit y 

K (typed) :  I  T H I N K T H I S G A M E I S F A I R B E C A U SE IT' S 
J U ST L U C K O R F A T E W H A T I T L A N D S ON!!!!!! ! 

0 :  Anythin g ca n happen ,  s o that' s wh y I  thin k it' s fai r 

Figur e 15 :  Luc k implie s fairnes s 

However, as illustrated in the case study of Q and T, three 
of  th e eigh t  pair s o f  student s state d tha t  luc k o r  randomnes s 
meant  tha t  nothin g coul d b e predicte d abou t  th e game s (se e 
Figur e 15) .  Thi s resul t  m a y b e consisten t  wit h th e 
"outcom e approach "  a s describe d b y Konol d e t  al .  (1993) ,  a s 
th e student s wer e replyin g t o a  questio n abou t  a  serie s o f 
event s a s i f  th e answe r  depende d upo n bein g abl e t o predic t 
any  singl e event .  Thes e student s di d no t  accep t  tha t  th e 
Three-Coi n gam e wa s unfai r  unti l  the y notice d th e differenc e 
i n th e numbe r  o f  paths ,  an d onl y the n wer e abl e t o creat e a 
ne w understandin g tha t  coul d explai n th e data . 

The Outcome Space and Probability Distribution 

I n forma l  probabilit y  theory ,  determinin g th e probabilit y  o f 
a compoun d even t  i s a  multi-ste p process :  on e determine s 
th e relevan t  outcome s and ,  creatin g o r  usin g a  probabilit y 
distribution ,  on e determine s th e likelihoo d o f  eac h o f  thes e 
outcomes .  Combinin g thes e likelihood s determine s th e 
probabilit y  o f  specifi c  event s (suc h a s T e a m A  scorin g a 
point) .  Usin g thi s process ,  on e ca n clearl y differentiat e 
betwee n th e outcom e spac e an d th e probabilit y  distribution , 
and thes e tw o entitie s ar e ofte n introduce d a t  differen t  time s 
i n probabilit y  textbook s (e.g .  Pitman ,  1993) .  Althoug h th e 
student s i n thi s stud y di d invok e idea s simila r  t o th e 
outcom e spac e an d th e probabilit y  distribution ,  the y ofte n 
reasone d i n a  wa y tha t  m a d e i t  difficul t  t o distinguis h 
betwee n th e two . 

Many student s ha d troubl e i n differentiatin g th e individua l 
outcome s fro m th e se t  o f  al l  outcome s tha t  coul d scor e a 
poin t  fo r  a  team .  So ,  whe n aske d th e probabilit y  o f  a 
specifi c  outcom e occurring ,  man y o f  th e student s state d tha t 
eac h o f  th e outcome s tha t  scor e a  poin t  fo r  T e a m A  wer e 
more probable ,  becaus e the y expecte d T e a m A  t o win .  Tha t 
is ,  th e student s ha d a  difficul t  tim e understandin g h o w t o 
differentiat e betwee n th e outcome s spac e an d th e probabilit y 
of  a  comple x even t  suc h a s a  tea m scorin g a  point . 

Severa l  o f  th e student s explicitl y  state d tha t  orde r  di d no t 
matte r  whe n differentiatin g betwee n outcomes ,  an d the n 
discusse d a  probabilit y  distributio n ove r  combination s o f 
outcome s (Figur e 16) .  Thi s behavio r  coul d easil y b e see n a s 
representativeness ,  however ,  thi s behavio r  i s base d o n no t 
full y  understandin g h o w t o properl y enumerat e an d partitio n 
th e outcom e space .  Thi s i s i n contras t  wit h student s w h o 
don' t  expec t  "patterns "  i n dat a (Figur e 17) .  Th e latte r  i s 
close r  t o th e traditiona l  definitio n o f  representativeness ,  an d 
i s base d upo n applyin g a  non-normativ e probabilit y 
distributio n t o a  normativ e enumeratio n o f  th e outcom e 
space . 

Figur e 16 :  No t  differentiatin g outcome s base d o n orde r 

D:  U m m,  I  chos e thos e I  gues s caus e it' s  lik e to o m u c h o f  a 
pattern ,  lik e Tail s tail s  tai l  uh...yeah ,  seem s lik e les s o f  a 
chanc e fo r  i t  t o g o o n tha t  sam e on e al l  thre e times ,  an d 
lik e tail s  head s tails ,  like ,  i n a  patter n lik e that ,  an d lik e 
head s tail s  head s 

Figur e 17 :  Representativenes s base d o n a  non-normativ e 
probabilit y  distributio n 

Finally, although most students did reference the outcome 
spac e i n th e Two-Penn y game ,  onl y tw o pair s o f  student s 
reference d th e outcom e spac e whe n makin g prediction s i n th e 
Three-Coi n G a m e ,  wit h onl y on e o f  thes e pair s explicitl y 
countin g th e outcomes .  Thi s m a y b e becaus e i t  wa s eas y fo r 
student s t o understan d an d verbaliz e th e outcom e spac e fo r 
th e Two-Penn y game ,  wherea s th e outcom e spac e o f  th e 
Three-Coi n gam e wa s mor e complex ,  makin g i t  harde r  t o 
discuss .  A s a  result ,  eve n thoug h th e outcom e spac e wa s 
alway s o n th e scree n fo r  bot h games ,  student s wer e rarel y 
abl e t o us e th e outcom e spac e t o reaso n normativel y abou t 
th e games . 

The Validity of Evidence 

I t  i s  i n documentin g people' s belief s abou t  th e validit y o f 
dat a tha t  th e misconception s literatur e i n probabilit y  i s  leas t 
controversial :  i t  i s wel l  know n tha t  people ,  includin g traine d 
statisticians ,  ofte n fal l  pre y t o th e la w o f  smal l  number s 
(Tversk y &  Kahneman ,  1982 )  (a n interestin g exceptio n i s 
foun d i n th e illusionar y correlatio n literature ,  C h a p m a n & 
Chapman,  1967) .  However ,  th e dat a fro m ou r  stud y 
present s a  pictur e tha t  i s  no t  a s clear-cu t  a s th e existin g 
literatur e woul d lea d on e t o believe .  Althoug h man y o f  th e 
student s di d exhibi t  behavio r  consisten t  wit h th e la w o f 
smal l  number s a t  som e times ,  student s als o expecte d 
variabilit y  betwee n differen t  trial s o f  a  rando m process ,  an d 
severa l  student s di d no t  fal l  pre y t o th e la w o f  smal l 
numbers :  i n fact ,  the y explicitl y  denie d th e relevanc e o f  dat a 
tha t  wa s i n contradictio n t o thei r  theories ,  no t  acceptin g th e 
dat a a s relevan t  unti l  the y ha d create d a  scenari o tha t  coul d fit 
th e dat a (not e tha t  thi s behavio r  i s consisten t  wit h th e 
scienc e educatio n literatur e (Chin n &  Brewer ,  1993)) . 

Althoug h thi s pape r  i s no t  th e foru m fo r  a n in-dept h 
analysi s o f  th e interactio n betwee n students '  prio r 
expectation s an d th e rol e the y gav e t o evidence ,  i t  i s  wort h 
mentionin g tha t  student s ca n b e roughl y characterize d a s 
behavin g i n a  manne r  tha t  wa s eithe r  data-drive n o r  theory -
driven .  Data-drive n student s wer e characterize d eithe r  b y thei r 
unwilhngnes s t o creat e a  theor y i n th e absenc e o f  data ,  o r  b y 
thei r  willingnes s t o giv e u p thei r  theor y afte r  onl y a  smal l 
number  o f  point s ha d bee n playe d (typicall y 1 0 point s o r 
less) .  Theory-drive n student s wer e characterize d b y a n 
unwillingnes s t o believ e th e dat a whe n i t  wa s i n conflic t 
wit h thei r  theory .  W h e n theory-drive n student s first  sa w 
tha t  th e dat a wa s inconsisten t  wit h thei r  theory ,  the y 
explicitl y  denie d th e relevanc e o f  th e data ,  an d state d tha t  th e 
compute r  wa s cheating ,  o r  the y jus t  ignore d th e dat a an d 
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claime d th e trut h o f  thei r  prediction s (Figur e 19) .  Th e 
student s abandone d thei r  contentio n tha t  th e Three-Coi n 
game wa s fai r  onl y afte r  the y wer e abl e t o construc t  a n 
understandin g o f  th e importanc e o f  th e outcom e space . 
L:  I n rea l  lif e i t  woul d b e fair...th e compute r  i s  cheatin g 

Figure 19: Theory-driven discussions of evidence 

Summary 

Middl e schoo l  student s d o hav e productiv e idea s abou t 
probability ,  an d thes e ca n b e see n a s a  sourc e o f  normativ e 
probabilisti c  reasoning .  Whe n discussin g randomness ,  man y 
of  th e student s explicitl y  state d tha t  variatio n i s t o b e 
expecte d fro m tria l  t o trial .  However ,  som e student s als o 
believ e tha t  a  rando m even t  mean s tha t  nothin g a t  al l  ca n b e 
predicte d abou t  futur e events .  I t  i s  importan t  t o note , 
though ,  tha t  thi s ca n b e viewe d a s a  normativ e understandin g 
of  randomnes s tha t  ha s bee n over-extended .  Tha t  is ,  a 
frequentis t  understandin g o f  probabilit y  maintain s tha t  i t  i s 
meaningles s t o appl y probabilitie s t o specifi c  events ,  s o 
thes e student s ar e i n man y way s "correct "  whe n applyin g 
thi s ide a t o short-ru n data .  I t  i s  onl y whe n extendin g thi s 
ide a t o long-ru n dat a tha t  thi s reasonin g i s non-normative . 

When discussin g th e outcom e spac e an d th e probabilit y 
distribution ,  student s exhibite d man y differen t  ideas ,  makin g 
any generalization s difficult .  W e ca n say ,  however ,  tha t 
many student s hav e difficult y i n distinguishin g betwee n 
outcomes ,  an d man y student s hav e difficult y i n 
distinguishin g betwee n th e outcom e spac e an d th e 
probabilit y  distribution .  And ,  onc e th e relevanc e o f  th e 
outcom e spac e become s apparent ,  man y student s displa y 
reasonin g tha t  i s consisten t  wit h normativ e probability . 

The researc h literatur e show s tha t  man y peopl e fal l  pre y t o 
th e la w o f  smal l  numbers ,  an d thi s stud y i s n o exception . 
However ,  thi s stud y illustrate s subtletie s tha t  hav e no t  bee n 
full y appreciate d i n th e literature .  I n particular ,  th e theory -
drive n subject s i n thi s stud y di d no t  believ e dat a tha t  wa s i n 
conflic t  wit h a  theor y tha t  the y ha d proposed .  Thi s suggest s 
tha t  ther e i s a n interactio n betwee n people' s expectation s an d 
th e validit y tha t  the y ar e willin g t o attribut e t o data .  W e 
posi t  tha t  thi s ha s no t  bee n appreciate d i n th e pas t  du e t o th e 
artificia l  natur e o f  th e task s tha t  subject s wer e given , 
wherea s i n ou r  task s student s wer e engage d an d fel t 
ownershi p o f  thei r  prediction s an d conclusions . 

Finally ,  th e understandin g o f  studen t  intuition s presente d 
her e show s that ,  eve n whe n student s d o behav e i n a  manner 
consisten t  wit h representativeness ,  differen t  student s ma y b e 
usin g differen t  reasonin g strategies .  Usin g th e framewor k i n 
thi s paper ,  w e ca n se e tha t  ther e ar e tw o ver y differen t  cause s 
behin d simila r  behavior :  i n som e cases ,  th e studen t  ma y no t 
hav e a  ful l  appreciatio n fo r  th e outcom e space ,  an d ma y no t 
be differentiatin g betwee n outcome s base d o n order ,  wherea s 
i n othe r  cases ,  th e studen t  ma y b e usin g a  non-unifor m 
probabilit y  distribution ,  an d ma y believ e tha t  certai n 
outcome s ar e mor e likel y tha n others . 

Conclusions 

Student s hav e man y idea s abou t  probability ,  an d thes e idea s 
ar e no t  adequatel y describe d b y simpl y statin g tha t  student s 

ar e usin g heuristic s suc h a s representativeness .  Instead , 
student s invok e a  larg e numbe r  o f  intuition s abou t 
probability ,  an d thes e intuition s ca n b e see n t o roughl y 
correspon d t o randomness ,  th e outcom e space ,  probabilit y 
distribution ,  an d th e rol e o f  data .  B y viewin g students ' 
probabilisti c  intuition s i n thi s wa y w e expec t  that ,  althoug h 
many o f  th e misconception s foun d i n th e literatur e ar e 
adequat e way s o f  describin g th e behavio r  o f  som e student s 
some o f  th e time ,  student s wil l  exhibi t  grea t  variatio n i n 
behaviors ,  base d o n thei r  understandin g o f  thes e fou r  relate d 
areas .  I n fact ,  thi s variatio n i s exactl y wha t  i s observe d i n 
thi s stud y a s wel l  a s i n th e researc h literature .  W e fee l  tha t 
by viewin g studen t  idea s abou t  probabilit y  a s consistin g o f 
fou r  interrelate d set s o f  intuitions ,  w e ca n com e t o a  mor e 
thoroug h understandin g o f  probabilisti c  reasoning . 
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