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ABSTRACT OF THE DISSERTATION
Teamwork and Exploration in Reinforcement Learning
by

Lucas Cesar Eduardo Cassano
Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 2020
Professor Ali H. Sayed, Chair

Reinforcement learning (RL) is a powerful machine learning paradigm that studies the in-
teraction between a single agent with an unknown environment. A plethora of applications
fit into the RL framework, however, in many cases of interest, a team of agents will need to
interact with the environment and with each other to achieve a common goal. This is the

object study of collaborative multi-agent RL (MARL).

Several challenges arise when considering collaborative MARL. One of these challenges is
decentralization. In many cases, due to design constraints, it is undesirable or inconvenient to
constantly relay data between agents and a centralized location. Therefore, fully distributed
solutions become preferable. The first part of this dissertation addresses the challenge of
designing fully decentralized MARL algorithms. We consider two problems: policy evalua-
tion and policy optimization. In the policy evaluation problem, the objective is to estimate
the performance of a target team policy in a particular environment. This problem has
been studied before for the case with streaming data, however, in most implementations the
target policy is evaluated using a finite data set. For this case, existing algorithms guarantee
convergence at a sub-linear rate. In this dissertation we introduce Fast Diffusion for Policy
FEvaluation (FDPE), an algorithm that converges at linear rate for the finite data set case.
We then consider the policy optimization problem, where the objective is for all agents to
learn an optimal team policy. This problem has also been studied recently, however, existing

solutions are data inefficient and converge to Nash equilibria (whose performance can be
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catastrophically bad) as opposed to team optimal policies. For this case we introduce the
Diffusion for Team Policy Optimization (DTPO) algorithm. DTPO is more data efficient
than previous algorithms and does not converge to Nash equilibria. For both of these cases,

we provide experimental studies that show the effectiveness of the proposed methods.

Another challenge that arises in collaborative MARL, which is orthogonal to the decen-
tralization problem, is that of scalability. The parameters that need to be estimated when
full team policies are learned, grow exponentially with the number of agents. Hence, algo-
rithms that learn joint team policies quickly become intractable. A solution to this problem
is for each agent to learn an individual policy, such that the resulting joint team policy is
optimal. This problem has been the object of much research lately. However, most solu-
tion methods are data inefficient and often make unrealistic assumptions that greatly limit
the applicability of these approaches. To address this problem we introduce Logical Team
Q-learning (LTQL), an algorithm that learns factored policies in a data efficient manner
and is applicable to any cooperative MARL environment. We show that LTQL outperforms

previous methods in a challenging predator-prey task.

Another challenge is that of efficient exploration. This is a problem both in the single-
agent and multi-agent settings, although in MARL it becomes more severe due to the larger
state-action space. The challenge of deriving policies that are efficient at exploring the state
space has been addressed in many recent works. However, most of these approaches rely
on heuristics, and more importantly, they consider the problem of exploring the state space
separately from that of learning an optimal policy (even though they are related, since the
state-space is explored to collect data to learn an optimal policy). To address this challenge,
we introduce the Information Seeking Learner (ISL), an algorithm that displays state of the
art performance in difficult exploration benchmarks. The fundamental value of our work
on exploration is that we take a fundamentally different approach from previous works. As
opposed to earlier methods we consider the problem of exploring the state space and learning
an optimal policy jointly. The main insight of our approach is that in RL, obtaining point
estimates of the quantities of interest is not sufficient and confidence bound estimates are
also necessary.

1l



The dissertation of Lucas Cesar Eduardo Cassano is approved.
Lieven Vandenberghe
Jonathan C. Kao
Christina Fragouli

Ali H. Sayed, Committee Chair

University of California, Los Angeles

2020

v



To my Family.



TABLE OF CONTENTS

(1__Introduction|. . . . . . . . .. 1
(1.1 Reinforcement Learningl . . . . .. ... ... .. ... ... ... ...... 1
(1.2 Background| . . . . . . . ... 2

(.21  Notationl . . . . . . . . .. 2
(1.2.2  The RL problem| . . . . ... .. ... ... ... ... ........ 3
[1.2.3  The Policy Gradient Approach|. . . . . . .. .. ... ... ... ... 3
[1.2.4  The Bellman Optimality Equation and Q-learning| . . . . . . . . . .. 5)
[L25 Soft RI1 . . . . . . . 7
(1.3 Multi-Agent RL (MARL)| . . . ... ... .. .. . . . . ... ... 8
[1.3.1 Cooperative MARL|. . . . ... ... ... .. ... ... .. ..... 8
(1.4  Organization and Contributions| . . . . . . . . .. . .. ... ... ...... 10

2 Fully Decentralized Policy Evaluation|. . . . . . . ... ... ... .. .... 12
2.1 Related Worksl. . . . . . . .. oo 13
[2.2  Problem Setting|. . . . . . .. .. ... 16

2.2.1 Definition of cost functionl . . . . . . . .. ..o 18
[2.2.2  Optimization problem| . . . . . . . . . ... ... ... ... ... .. 23
[2.3  Distributed Policy Evaluation| . . . . . ... ... ... ... ... .. ... 25
[2.3.1  Distributed Setting] . . . . . . .. ... oo 25
[2.3.2  Algorithm Derivation| . . . . . . . ... .. ... ... ... .. ..., 26
[2.4  Multi-Agent Reinforcement Learningl . . . . . ... .. ... ... .. .... 35
2.0 Experiments|. . . . . . ... 37
2.5.1 Experiment I| . . . . . ... ... 37

vi



[2.5.2  Experiment Il . . . . . . ... 39

2.6 Summary| . . . ... 41
2.A Proof of theorem 2. 1] . . . . . . ... . ... oo 44
2B Proof of Theorem2.20 . . . . . . .. ... ... ... 0 oo 47
2.B.1 Proof of Lemmal2dl .. ... ... ... ... ... 0000 0. 51
2.B.2 Proof of Lemmal29. . . ... ... ... 0000000 53
2.B.3 Proof of Lemmal2. 10 . . . . ... ... ... 000000 53
2.B.4 Proof of Lemmal2.12/ . . . . .. .. ... 00000 57
2.B.5 Proof Lemmal2 111 . .. . ... ... ... 60
[2.B.6 Bound forwf| . ... ... o oo 65
2.B.7 Proof Theorem 2.3 . . .. ... ... ... ... ... ... ...... 70
R.C Proofof Lemmal21l. . . . . . . .. ... 72
2.D Proofof Lemmal2.20. . . . . . ... ... oo 74
2. Proof Lemmal2.3l . . . . . .. ..o 7
2.F Proof of Lemmal2.4. . . . .. ... ..o oo 78
.G Proofof Lemmal25l. . . . ... .. ..o 79
2.H Proofof Lemmal2.6l. . . . .. ... ... oo 80
21 Prootof Lemmal2.d. . . . ... ... ... oo o 82
[3 Distributed Optimal Policy Learning in MARL| . . . ... ... ... ... 84
3.1 Related Worksl. . . . . . ..o o 84
[3.2  Problem Settingl. . . . . . . ... 85
[3.3 Algorithm Derivation| . . . . . . .. . . ... ... 88
[3.4 Experiments|. . . . . . . . . . 93
[3.5 Summaryl . . ... 94

vil



[4 Logical Team Q-learning| . . . . . . . . . ... ... ... ... ... 98
4.1 Related Worksl. . . . . . . ... 99
(4.2 Problem Settingl. . . . . . . ... 101
4.3  Algorithm Derivation| . . . . . . . . . ... ... ... 103

[4.3.1  Factored Bellman Relations and Dynamic Programmingl . . . . . . . 103
[4.3.2  Reinforcement Learning Setting| . . . . . . . .. ... ... ... ... 107
(4.4  Experiments . . . . . . ... 108
M4.1 Matrix Gamel . . . . . ..o 108
142 Stochastic Finite TMDPI . . . . ... 0000000 111
.43 Cowboy Bull Game| . . . . . . .. .. ... oo 116
4.5 Summary| . . . ... 119
A Prooftof LemmaldIl. . . . . .. ... oo 120
U.B Proofof remark. 1l . . . . . . . ..o 121
U.C Proofof Theorem M. Il . . . . . .. ..o oo 122
U.D Proofof Lemmaldsl. . . . . . . ... o 123
WE Prooftof Lemmalddl. . . . . . ... oo 126
[4.F Tabular Logical Team ()-Learning| . . . . . . . . . . . . . . ... ... .... 129
[4.G Bull'spolicyl . . . . . . . . . 130

[> ISL: A Novel Approach for Deep Exploration|. . . . . . . .. ... ... .. 131
bl Related Worksl. . . . . .. 000 132
[>.2  Problem Setting|. . . . . . .. ... 134
[>.3 Algorithm Derivation| . . . . . . . ... ... ... 136

[5.3.1  Uncertainty Constrained Value Iteration| . . . . . . . ... ... ... 139

viil



[5.3.2  Uncertainty Estimation|. . . . . . . . . ... ... 000 140

[5.3.3  Information Seeking Learner| . . . . . . . . .. .. ... ... 140

[b.4  Experiments . . . . . . ... 142
[5.4.1 Sparse Cartpole Swingup|. . . . . . . . .. ... ... ... ... ... 144

[5.4.2  Deep Sea and Deep Sea Stochastic) . . . . ... ... ... ... ... 144

[5.4.3  Ablation Study| . . . . ... ... 145

[5.5 Summaryl . . ... 147
B.A Proofof Lemmal I, . . . . . . .o oo 147
BB Proof Lemmald.2l . . . . . . ... 148
H.C Proof Theorem .1l . . . . . . . .. . . . . 152
B.D Proof Lemmalddl . . . . . . oo 153
O Proof Lemmalbdl . . . . o o o oo 154
[b.F Cartpole Swingup Implementation Details . . . . . . . ... ... ... ... 154
[>.G  Deep Sea Implementation Details| . . . . . . ... ... ... ... ... ... 155
[5.H Deep Sea Stochastic Implementation Details . . . . . .. .. ... ... ... 156
[>.I Ablation Study Figures . . . . . . . . . ... o 158
[b.I.1  Ablation study for | . . . . . . . ... .. o 158

[5.1.2° Ablation study for ny| . . . . . . ... 159

[b.I.3  Ablation study for mq| . . . . . . .. 160

6 Concluding Remarks and Future Work|{ . . . . . . .. ... ... ... ... .. 161
Referencesl. . . . ... ... ... .. . ... 164

1X



LIST OF FIGURES

M1

Reinforcement Learning loop.| . . . . . . . .. ... ... o000

p1

Sample network.| . . . ...

P2

In (b) and (c) the red curves are the approximations from lemmas|2.1{and [2.2, In

(e) and (f), the blue curve corresponds to FDPFE and red and yellow correspond

to Diffusion GTD2 and ALG2, respectively. In (f) the dotted line is at |[|§(H, A =

0) — 6*||2 while the dashed line is at [|[#(H,\ = 0.6) — 0*|]2| . . . . . ... . ...

In (b) and (c) the red curves are the approximations from lemmas [2.1] and [2.2]

In (d) and (e) the blue, purple, yellow and red curves correspond to FDPE,

Diffusion GTD2, ALG2 and PD-distIAG, respectively. In (e) the dotted line is

| at |0(H,\ = 0) — 6*||2 while the dashed line is at |[#(H,\ = 0.6) — 6*[]2]. . . . . 43
13.1 In (c), the dashed line is the performance of the optimal policy, blue is DTPO |
I and red is DAC. . . . . o .o 95
4.1  Matrix game. In all figures the red curves correspond to the three actions of agent |
| 2, while the blue curves correspond to the two actions from agent 1.[. . . . . . . 110
4.2 The dark curves show the mean over all seeds while the shaded regions show the |
[ min and max [imits over the seeds.) . . . . . . . . . ... ..o 112
4.3 Learning curves for agent 2 of Logical Team ()-learning for a random seed. . . . 113
4.4 Learning curves for agent 2 of Dist@) for a random seed.| . . . . . . . . .. ... 114
4.5 Learning curves for agent 2 of Hyst() for a random seed.| . . . . . . . . .. ... 115
4.6 Learning curves for agent 2 of Qmax| . . . . . . ... ... L. 116
(4.7 Cowboy bull game| . . . . . . . . ... 117
1.8 In (a) and (b) the blue, green and red curves correspond to LT'QL, Hyst() and |
| Qmiz, respectively. The dark curves show the mean over all seeds while the |
| shaded regions show the min and max limits over the seeds.| . . . . . . . .. .. 118

X



(5.1 Blue, red, purple and green curves correspond to ISL, BSP, UBE and SBEED, |

| respectively. In all cases we ran 10 experiments with different seeds, the plots |

| show the median and first and third quartiles. In figures [5.1(b)| and [5.1(c)| we |

| used dots are markers when the goal was accomplished (at least 10 visits where |

| made to the desired state) for all seeds, square markers denote that the goal was |

| accomplished for some seeds and the cross markers denote failure for all seeds.| . 143

[5.2 In all cases we ran 10 experiments with different seeds, the plots show the median |

| and first and third quartiles.|. . . . . . . . ... o000 146
5.3 Ablation study for x.| . . . . . .. 158
[>.4 Ablation study for ;.| . . . ... 159
[>.0 Ablation study for mo.| . . .. ..o 160

x1



LIST OF TABLES

B.1  Reward structurel . . . . . . . .o 97
(4.1  Payoft matrix| . . . . . . . . .. 109
(4.2 Omux tull results) . . . . . . 111
4.3 Reward structurel . . . . . ..o 121
W4 q'(ab,a®)|. . .. 122
U5 wi(at,a®) ... 122
4.6 g (@) - - o o 122
A7 7w (a)l. . . 122

[5.1 Hyperparameters for Cartpole Swingup. Where |R] is the size of the replay buffer, |

| B is the mini-batch size, y, is the step-size for g-network (and similarly for s, |

| Lo, fy, pr and ) and tup stands for the target update period.| . . . . . . . .. 155

[5.2  Hyperparameters for Deep Sea. Where |R| is the size of the replay buffer, B is |

| the mini-batch size, u, is the step-size for ¢g-network (and similarly for y,, ue, fi, |

| i, and p,,) and tup stands for the target update period.| . . . . . . ... .. .. 156

[5.3 Hyperparameters for Deep Sea Stochastic. Where |R/| is the size of the replay |

| buffer, B is the mini-batch size, p, is the step-size for g-network (and similarly |

| for w,, e, f1o, pr and p,,) and tup stands for the target update period| . . . . . 157

xii



ACKNOWLEDGMENTS

I would like to start by thanking Professor Ali H. Sayed for giving me the opportunity to be
a member of the Adaptive Systems Laboratory. I would like to thank him for his guidance
through my studies. His tireless and meticulous approach to scientific research has been,

and still is, an inspiration to me.

I would also like to thank Professor Christina Fragouli, Professor Jonathan C. Kao and

Professor Lieven Vandenberghe for agreeing to be a part of my committee.

I am also thankful to Deeona Columbia, Ryo Arreola, Mandy Smith and Patricia Von-
lanthen for their help during my time at UCLA and EPFL. During my studies I am lucky to
have met good friends, colleagues and collaborators who I also thank: Sulaiman Alghunaim,
Stefan Vlaski, Kun Yuan, Chung-Kai Yu, Hawraa Salami, Bicheng Ying, Chengcheng Wang,
Roula Nassif, Augusto Santos, Virginia Bordignon, Elsa Rizk, Guillermo Ortiz Jimenez,

Mert Kayaalp, Konstantinos Ntemos and Professor Ricardo Merched.
I am thankful to my family, Daniel, Maria, Matias and Tomas, for their support.

This dissertation is based upon work partially supported by the National Science Founda-
tion under grants CCF-1524250 and ECCS-1407712. Any opinions, findings, and conclusions
or recommendations expressed in this material are those of the author and do not necessarily
reflect the views of the National Science Foundation, the Department of Defense or the U.S.

Government.

xiil



VITA

2012 Electronics Engineer, Buenos Aires Institute of Technology, Argentina.

2013 Freelance Engineer, Argentina.

2014 Signal Processing Engineer, Satellogic S. A., Buenos Aires City, Argentina.

2015 M.S. in Electrical Engineering, University of California, Los Angeles, CA,
USA.

2015 Intern, Mojix Inc., Los Angeles, CA, USA.

2015-2018  Research and Teaching Assistant, Department of Electrical Engineering,
University of California, Los Angeles, CA, USA.

2018-2020  Visiting Doctoral Assistant, Ecole Polytechnique Fédérale de Lausanne,

Switzerland.

PUBLICATIONS

Lucas Cassano and Ali H. Sayed, “Logical Team Q-learning: An approach towards optimal
factored policies in cooperative MARL,” submitted for publication, available as arXiv:2006.03553,
June 2020.

Lucas Cassano and Ali H. Sayed, “ISL: A novel approach for deep exploration”, submitted
for publication, available as arXiv:1909.06293, January 2020.

Lucas Cassano and Ali H. Sayed, “ISL: Optimal Policy Learning With Optimal Exploration-

Exploitation Trade-Off”, NeurIPS Optimization Foundations of Reinforcement Learning

Xiv



Workshop, Vancouver, Canada, December 2019.

Lucas Cassano, Kun Yuan and Ali H. Sayed, “Multi-Agent Fully Decentralized Value Func-
tion Learning with Linear Convergence Rates”, in IEEFE Transactions on Automatic Control,

December 2021, to appear.

Lucas Cassano, Kun Yuan and Ali H. Sayed, “Distributed value-function learning with linear
convergence rates”, in Proceedings of the European Control Conference (ECC), pp. 505-511,
Naples, Italy, June 2019.

Lucas Cassano, Sulaiman Alghunaim and Ali H. Sayed, “Team Policy Learning for Multi-
agent Reinforcement Learning”, in Proceedings of the IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), pp. 3062-3066, Brighton, UK, May
2019.

XV



CHAPTER 1

Introduction

In this chapter we introduce necessary background on reinforcement learning (RL), and

provide an outline of the dissertation and its contributions.

1.1 Reinforcement Learning

Reinforcement learning (RL) research goes back to the early works , it studies the
interaction between an agent with an environment that has unknown dynamics. The way
this interaction works is as follows: the agent finds itself in a state and has a number of
actions to choose from, it then choses an action, obtains a reward and transitions to a new
state (see Figure . This interaction may go on forever or for a limited amount of time.
The goal of the agent is to select the actions so as to maximize the long term cumulative

rewards.

Action

>

Environment

Reward
State

A

Figure 1.1: Reinforcement Learning loop.

Note that this is a very general model and therefore RL has a plethora of real world
applications, considering that most daily activities we perform can be cast in this setting.
Some examples of applications are: robots that learn to perform different types of physical

tasks (arranging boxes, harvesting fruit, cooking, self-driving, etc.), performing financial



operations (buying/selling stock), playing games (chess, GO, StarCraft, football, etc.). It is
this great diversity of high impact applications that motivates RL research. Recent years
have seen an explosion in popularity in RL research. One of the main drivers of this interest
has been high profile successes [5-11] in games and robotics, made possible by deep RL

(which refers to the combination of RL algorithms with deep learning techniques).

Traditional RL considers a unique agent interacting with the environment. However, in
many cases of interest, a multiplicity of agents will need to interact with the environment
and with each other. This is the object of study of Multi-agent RL (MARL), which goes
back to the work [12,|13]. Within MARL, there are three distinct categories: cooperative,
competitive and mixed. Cooperative MARL considers the case where all agents form a team
and collaborate to accomplish a unique shared goal (for example, a group of firemen robots
trying to put out a fire). In competitive MARL, the agents have individual goals and have
to compete to accomplish them (for example, animals competing over food sources). The
mixed scenario is one in which some agents form teams and these teams compete against

each other. In this dissertation we focus on the cooperative MARL scenario.

1.2 Background

We provide background material on RL and introduce the notation used throughout this
manuscript. The background material presented is not intended to be exhaustive, but rather
covers the concepts necessary to put into context the contributions introduced in this dis-

sertation.

1.2.1 Notation

Matrices are denoted by upper case letters, while vectors are denoted with lower case. Ran-
dom variables and sets are denoted with bold font and calligraphic font, respectively. p(A)
indicates the spectral radius of matrix A. Ij; is the identity matrix of size M. E, is the
expected value with respect to distribution g. || - ||p refers to the weighted matrix norm,

where D is a diagonal positive definite matrix. We use <X to denote entry-wise inequality.
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col{v(n)}_, is a column vector with elements v(1) through v(N) (where v(N) is at the
bottom). The indicator function is denoted as I. And finally R and N represent the sets of

real and natural numbers, respectively.

1.2.2 The RL problem

As is customary, we model the agent-environment interaction as a Markov Decision Process
(MDP). An MDP is defined by (S,4,P,r), where S is a set of states, A is a set of actions of
size A = | A|, the transition kernel P(s'|s, a) specifies the probability of transitioning to state
s’ € § from state s € S having taken action a € A, and r : S x A x § — R is the reward
function. Specifically, r(s, a, s') is the reward when the agent transitions to state ' € S from
state s € S having taken action a € A. The reward r(s,a, s’) can be a random variable with
distribution ng, ¢ (r). The objective is to find a policy m(a|s) that maximizes the discounted

cumulative reward (we will refer to such policy as an optimal policy 7' (als)):

7l = argmax J () (1.1)

™

J(1) =Eprna ( i vY'r(s, ar, sm)) (1.2)

t=0

where d is the distribution of initial states so, 7 € [0,1) is some discount factor, and s;
and a, are the state and action at time ¢, respectively. We clarify that the notation 7(als)
specifies the probability of selecting action a at state s. Most RL algorithms whose aim is to
learn 7' follow one of three possible approaches: the policy gradient approach, the Bellman
optimality equation approach, or the soft RL approach. In the following sections we provide

a brief introduction to these approaches.

1.2.3 The Policy Gradient Approach

One strategy to obtain an optimal policy 7' is the policy gradient approach. Assume we
parameterize the policy via some parameter vector § (we denote the parameterized policy by

m(als;0)). The idea then is to estimate the gradient of the objective with respect to 6 and

3



then improve the policy by taking small steps in the ascent direction in parameter space.

More specifically,

where we write J(0) instead of J(m(als;6)). The gradient is given by the following equivalent

expressions |14]:

Vo (1) = Er e (r(5, @, ') + 707(8) — v (') Vs log 7(als; 0) (1.4)
Vo (1) = B ae (7 (8, @) — v7(8))Vy log w(als: 6) (15)
v™(s) = Ep ( 27%(&, ay, S141)|S0 = 3) (1.6)
£(5,0) = Epalr(s,0,8) +707(s") (17)
T(s) = (1 - v)Eﬂ,divthst —5) (1.9

where d™(s) is the stationary state distribution induced on the MDP by 7, and v"(s) and
q"(s,a) are known as the state value function and the state-action value function, respec-
tively.lﬂ In simple terms, v™(s) is the return that is expected if the agent starts at state s
and chooses actions according to policy 7, while ¢"(s,a) is the return that is expected if
the agent starts at state s, chooses action a and then chooses future actions according to
policy w. Notice that expressions and require knowledge of v™(s) (and possibly
q"(s,a)), which are unknown. Therefore, to implement a policy gradient loop it is necessary
to estimate the state value function. The estimation of the value functions is known as Policy

Evaluation. Algorithm [1.1] shows a typical policy gradient loop.

There are many algorithms that fall into the policy gradient category [15-21]. Generally
speaking, the difference among these is how they estimate the gradient. Algorithms that

maintain estimates of both the policy and the value function are often referred to as actor-

'From now on, when no confusion arises, we will use the term value function to refer to either v™(s) or
s
q"(s,a).



Algorithm 1.1 Policy gradient loop

Initialize: the parameters 6.

for Epochs e =0,...,FE do
Collect transitions (s, a,r,s’) by interacting with the environment following the current
policy 7(al|s; 0).
Use the collected transitions to estimate the value function corresponding to the current
policy (running a policy evaluation algorithm).
Update the policy parameters 6 using .

end for

critic algorithms, where actor refers to the policy and the critic is the value function. Policy
gradient algorithms have the quality that they are very stable and have shown impressive
performance in very challenging tasks [9-{11], however, they have the inconvenience that they
are very sample inefficient. Note in algorithm that for every gradient step a lot of data

has to be collected, which is then discarded in the following iteration.

1.2.4 The Bellman Optimality Equation and Q-learning

The algorithms we introduced in the previous section work by alternating between estimating
how good the current policy is and then improving it. A different approach to learn an
optimal policy could be to check if there exists some identity that is only satisfied by the
optimal policy, and then leverage such property to learn the optimal policy directly. Indeed
one such identity exists. The optimal state-action value function ¢'(s,a) (which is the state-

action value function that corresponds to an optimal policy ') satisfies relation ([1.9)).
q'(s,a) =Ep, (’r(s, a,s’) +~ymaxq'(s, a’)) (1.9)
a/

Equation is known as the Bellman optimality equation. One important feature of this
relation is that, as opposed to , it does not have any expectation taken with respect
to any policy . It is this characteristic that will allow us to derive an algorithm that can
use samples collected following any policy. It is easy to check that any policy that assigns
positive probability only to actions that maximize ¢'(s,a) (i.e. ¢'(s,a) = max, ¢'(s,a’)) is

an optimal policy [22]. Since the optimal policy can be extracted from ¢, the problem of



finding 7' can be replaced by the problem of finding ¢.

From (|1.9) we can define the Bellman optimality operator B as follows
Ba(s,a) = Ep,, (r(s,0,8) + ymaxq(s’ ) (1.10)

Operator B is a y-contraction whose fixed point is ¢'. Therefore, repeated application of this
operator to any initial ¢(s,a) function converges to ¢' with y-linear rate [22]. Note though
that in RL, the dynamics of the environment are assumed to be unknown. Therefore, in
an RL setting, this procedure to obtain ¢ is not feasible. However, we can obtain an RL
algorithm by performing a stochastic approximation to that relies on samples. This
algorithm is known as Q-learning and is due to [23] (see algorithm [I.2). Note that this
algorithm utilizes a replay buffer, the purpose of this buffer is simply to be able to reuse
samples (as opposed to just using them once to update ¢(s,a) and then discarding them).

Using a replay buffer greatly improves the sample efficiency of the algorithm.ﬂ

Algorithm 1.2 Q-learning with replay buffer
Initialize: g-function and an empty replay buffer R.
for epochs e =0,..., F do
Collect transitions (s, a,r,s’) by interacting with the environment following any policy
which assigns strictly positive probability to all actions and store them in the R.
for iterations i =0,..., [ do
Sample a transition (s, a,r,s’) from the replay buffer.
Update q(s,a) = q(s,a) + p(r + ymaxy q(s',a’) — q(s,a))
end for
end for

There are several variants of @Q-learning [5,24-26]. These algorithms have the advantage
over policy gradient schemes that they are much more sample efficient. In other words, they
require less interactions with the environment to achieve the same level of performance. The
disadvantage of thise algorithms is that when combined with function approximators (like
neural networks for example), convergence cannot be guaranteed and therefore they can

diverge [27].

2The more sample efficient an algorithm is, the less interactions with the environment it requires.
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1.2.5 Soft RL

Recently, a new approach termed soft RL has developed, which aims at deriving algorithms
that combine the stability of policy gradient schemes with the sample efficiency of Q-learning.
They do so by adding the policy’s entropy as a regularizer to the original RL objective .
More specifically,

J(1) = Eprfa (Z Y (r (80, ap, 8141) — /\logw(at|st))> (1.11)

where A > 0 is a temperature parameter. The optimal value functions for this modified cost

become:

vi(s) = Alog (Z exp (A Ep,(r(s, a,s") +v3(s))) ) (1.12)
gi(s,a) = Ep,(r(s,a,8") +yvi(s")) (1.13)

=Ep, (r(s, a,s’) +y\log Z exp(A g} (s, a))> (1.14)

exp A\ Ep, (r(s, a,8") +yvi(s))]
2P AP, (r(s, a,8) +7v3(s"))]

mi(als) = (1.15)

Notice that the effect of adding the entropy as a regularizer is that the max operator in
(1.9) is substituted by a soft approximation (this gives rise to the term soft RL). The key
is that expressions ([1.12]) and (|1.15)) are the only pair that satisfy the following relation for

every (s,a) pair:
vx(s) + Aogmi(als) = Ep,(r(s, a,s") +yv3(s")) (1.16)

Note that relation (1.16)) has the same feature as ([1.9)), it does not have an expectation with
respect to any policy 7. It is this feature that allows soft RL to derive algorithms that are
as sample efficient as Q-learning. Several algorithms have been introduced based on this

maximum-entropy formulation [28-34]. In algorithm we show a simplified version of the
SBEED algorithm [33].



Algorithm 1.3 simplified SBEED
Initialize: v(s), 7(als) and p(s,a), and an empty replay buffer R.
for Epochs e =0,..., F do
Collect transitions (s, a,r,s’) by interacting with the environment following any policy
which assigns strictly positive probability to all actions and store them in the R.
for Iterations i =0,...,1 do
Sample a transition (s,a,r,s’) from the replay buffer.
Update p(s,a) = p(s,a) + pu(r +yv(s") —v(s) — Aogm(als) — p(s,a))
Update log 7(s,a) = logm(s,a) + up(s,a)
Update v(s) = v(s) + pp(s, a)
end for
end for

Note that algorithm is similar to Q-learning in that it is able to re-use data using a
replay buffer and is similar to actor-critic schemes in that it learns simultaneously a policy

(an actor) and a value function (the critic).

1.3 Multi-Agent RL (MARL)

In this section we introduce the fundamentals of MARL; for a recent survey see [35]. Within
the context of MARL, three main categories can be enumerated: cooperative, competitive

and mixed. Like we clarified before, in this dissertation we study the cooperative case.

1.3.1 Cooperative MARL

We consider a team of K agents that form a network. The network is represented by a graph
in which the edges represent the communication links. Agent k£ communicates only with a
subset of the agents in the network which we refer to as the neighborhood of & (denoted
by N3). The topology of the network is determined by some combination matrix L whose
kn-th entry (denoted by f4,) is a scalar with which agent n weights information incoming
from agent k (note that ¢4, # 0 <= k € N,). The agents interact with an environment
and with each other. We model this interaction as a Multi-agent MDP (MA-MDP), which
we define by the tuple (K, S, A* P r¥). Here, K is the number of agents; S denotes a set

of global states shared by all agents of size S = |S|, and A* is the set of actions available
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to agent k. We refer to A = A! x --- x AKX as the set of team actions. Furthermore, we
clarify that we use the notation a to refer to the team’s action (i.e., the collection of all
individual actions), while a* refers to the individual action of agent k and a~* refers to the
collection of all actions except for agent k’s action. The transition kernel P(s'|s,a) specifies
the probability of transitioning to global state ' € S from global state s € S having taken
team action @ € A, and 7* : S x A x S — R is the reward function of agent k. We assume
that reward r* is only visible by its corresponding agent k. It is possible though, that each

k

reward function r* is composed of a local component and a global component shared by

all agents (i.e., r*(s,a,s') = rf 1(5,a,8) + rgobal(s,a,s')). The global component of the
reward can be associated with team events (for example, a football team scoring a goal)
while the local component with individual events (for instance, spending too much energy
due to excessive effort). It is important to highlight that the transition probabilities of the

global state and the reward functions of the individual agents depend on the actions of all

agents. The team’s goal is to maximize the aggregated return defined as:

J7)=> %t <Z Expna [7F (s, @, st+1)}> (1.17)

where 7(als) denotes the team’s policy. Note that is a simple extension of that
aggregates the reward functions of all agents. It is well known that in this scenario the team
can be regarded as one single agent where the team action consists of the joint actions by
all agents [36]. Hence, one possible approach to address cooperative MARL is simply to
centralize training and execution, and apply one of the single-agent methods reviewed in the

previous section. However, this approach has two fundamental issues:

e Centralization might be undesirable or even unfeasible due to implementation con-
straints. Then the question arises, whether a fully decentralized approach can be
derived that matches the performance of the centralized approach. We address this

challenge in Chapters [2] and [3

e Another issue is that of scalability. Assume that centralized training is a feasible option,



or that a decentralized approach that matches the centralized scheme is available.
These approaches require estimation of variables (q(s,a', -, a®) or w(al, -+ ,a%]s))
that depend upon the join action space which is exponential with the number of agents.
For instance, consider a small team with 4 agents each of which has 5 actions to
choose from, then the team’s action space is of size 5* = 625. This quickly becomes
computationally intractable. So the question that arises is whether it is possible to
learn factored functions instead of joint functions (i.e., learn K ¢*(s,a”*) functions

as opposed to learning one ¢(s,a',--- ,a®) function). We address this challenge in

Chapter

1.4 Organization and Contributions

In this dissertation we make contributions to both the single-agent and multi-agent settings.

The manuscript is organized as follows:

e Chapter [2} In this chapter we consider the policy evaluation problem when multiple
agents are involved. The contribution of this chapter is the introduction of Fast Diffu-
sion for Policy Evaluation (FDPE), a fully decentralized policy evaluation algorithm
for the finite data set case, under which all agents have a guaranteed linear convergence
rate to the minimizer of the global cost function. The work in this chapter is based on

material from references [37,3§].

e Chapter [3] We consider the problem of learning an optimal team policy in the co-
operative MARL setting and introduce Diffusion Team Policy Optimization (DTPO).
This is a fully distributed algorithm that allows agents to converge to optimal team
policies. The algorithm achieves this by relying on local communication among the
agents. This chapter is based on [39]. Form the work we present in this chapter two

new problems are naturally raised, which we consider in the following two chapters.

e Chapter [4} In this chapter we address the challenge of learning factored policies in

cooperative MARL scenarios. The goal is to obtain factored policies that determine the
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individual behavior of each agent so that the resulting joint policy is optimal. In this
chapter we make contributions to both the dynamic programming and RL settings.
In the dynamic programming case we provide a number of lemmas that prove the
existence of such factored policies and we introduce an algorithm (along with proof of
convergence) that provably leads to them. Then we introduce Logical Team Q-learning
(LTQL), which is a stochastic version of the algorithm for the RL case. This chapter
is based on [40]. Our method exhibits state of the art performance on a challenging

MARL game.

Chapter 5} From our work in Chapter 3], another challenge becomes apparent, namely,
that of exploration. That is, when the team interacts with the environment, how should
the agents choose their actions so as to maximize the information learned about the
environment? In other words, how should actions be chosen in order to learn an
optimal policy with the least amount of interactions with the environment as possible.
In this chapter we address this exploration problem. We introduce the Information
Seeking Learner (ISL) algorithm, which is efficient at exploring the state space of the
MDP. Similarly to soft RL, we derive the algorithm by augmenting the traditional
RL objective with a novel regularization term. We provide convergence results for the
dynamic programming case and empirically show that our method exhibits state of the
art performance on a range of challenging deep-exploration benchmarks. This work in

based on [41].

Chapter [6f In this final chapter we provide a brief summary of the contributions
introduced in this dissertation. We then conclude by discussing future research avenues

that naturally follow from the work we introduce.
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CHAPTER 2

Fully Decentralized Policy Evaluation

The goal of a policy evaluation algorithm is to estimate the performance that an agent will
achieve when it follows a particular policy to interact with an environment. Policy evaluation
algorithms are important because, as we briefly mentioned in the previous chapter, they are
often key parts of more elaborate solution methods where the ultimate goal is to find an
optimal policy for a particular task (one such example is the class of actor-critic algorithms
— see [42] for a survey). This chapter studies the problem of policy evaluation in a fully

decentralized setting. We consider two distinct scenarios.

In the first case, K independent agents interact with independent instances of the same
environment following potentially different behavior policied!|to collect data and the objective
is for the agents to cooperate. In this scenario, each agent only has knowledge of its own
states and rewards, which are independent of the states and rewards of the other agents.
Various practical situations give rise to this scenario. For example, consider a task that
takes place in a large geographic area. The area can be divided into smaller sections, each
of which can be explored by a separate agent. This framework is also useful for collective
robot learning (see, [43-45]). We clarify that this first scenario is not classified as MARL

because the agents do not interact with each other.

The second scenario we consider is that of MARL. In this case a group of agents interact
simultaneously with a unique MDP and with each other to attain a common goal. In this
setting, there is a unique global state known to all agents and each agent receives distinct

local rewards, which are unknown to the other agents.

'The behavior policy is the policy that is followed while interacting with the environment with the purpose
of collecting data. This stands in contrast with the target policy, which is the policy whose corresponding
value function we wish to estimate.
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The contribution of this chapter is twofold. In the first place, we introduce Fast Diffusion
for Policy Evaluation, a fully decentralized policy evaluation algorithm under which all agents
have a guaranteed linear convergence rate to the minimizer of the global cost function. The
algorithm is designed for the finite data set case and combines off-policy learning, eligibility
traces, and linear function approximation. The eligibility traces are derived from the use
of a more general cost function and they allow the control of the bias-variance trade-off
we mentioned previously. In our distributed model, a fusion center is not required and
communication is only allowed between immediate neighbors. The algorithm is applicable
both to distributed situations with independent MDPs (i.e., independent states and rewards)
and to MARL scenarios (i.e., global state and independent rewards). To the best of our
knowledge, this is the first algorithm that combines all these characteristics. Our second
contribution is a novel proof of convergence for the algorithm. This proof is challenging due
to the combination of three factors: the distributed nature of the algorithm, the primal-dual
structure of the cost function we optimize, and the use of stochastic biased gradients as

opposed to exact gradients.

2.1 Related Works

The material we present in this chapter is related to the class of works that study policy

evaluation, distributed reinforcement learning, and multi-agent reinforcement learning.

There exist a plethora of algorithms for single-agent policy evaluation such as GTD [46],
TDC [47], GTD2 [47], GTD-MP/GTD2-MP [48], GTD()) [49], and True Online GTD(\)
[50]. The main feature of these algorithms is that they have guaranteed convergence (for small
enough step-sizes) while combining off-policy learning and linear function approximation;
and are applicable to scenarios with streaming data. They are also applicable to cases with
a finite amount of data. However, in this latter situation, they have the drawback that
they converge at a sub-linear rate because a decaying step-size is necessary to guarantee
convergence to the minimizer. In most current applications, policy evaluation is actually

carried out after collecting a finite amount of data (one example is the recent success in
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the game of GO [51]). Therefore, deriving algorithms with better convergence properties for
the finite sample case becomes necessary. By leveraging recent developments in variance-
reduced algorithms, such as SVRG [52] and SAGA [53], the work [54] presented SVRG and
SAGA-type algorithms for policy evaluation. These algorithms combine GTD2 with SVRG
and SAGA and they have the advantage over GTD2 in that linear convergence is guaranteed
for fixed data sets. The algorithm we present in this chapter is related to [54] in that we too
use a variance-reduced strategy, however we base our algorithm in the AVRG strategy [55]
which is more convenient for distributed implementations because of an important balanced

gradient calculation feature.

Another interesting line of work in the context of distributed policy evaluation is [56], [57].
In [56] and [57] the authors introduce Diffusion GTD2 and ALG2; which are extensions of
GTD2 and TDC to the fully decentralized case, respectively. These algorithms consider the
situation where independent agents interact with independent instances of the same MDP.
These strategies allow individual agents to converge through collaboration even in situations
where convergence is infeasible without such collaboration. The FDPE algorithm we in-
troduce in this chapter can be applied to this setting as well and has two main advantages
over [56] and [57]. First, the proposed algorithm has guaranteed linear convergence, while
the previous algorithms converge at a sub-linear rate. Second, while in some instances, the
solutions in [56] and [57] may be biased due to the use of the Mean Square Projected Bell-
man Error (MSPBE) as a surrogate cost (this point is further clarified in Section [2.2)), the
proposed method allows better control of the bias term due to a modification in the cost

function.

There is also a good body of work on MARL. However, most works in this area focus
on the policy optimization problem instead of the policy evaluation problem. The work
that is closer to the current contribution is [58], which was pursued simultaneously and
independently. The goal of the formulation in [58] is to derive a linearly-convergent dis-
tributed policy evaluation procedure for MARL. The work [58] does not consider the case
where independent agents interact with independent MDPs. In the context of MARL, our
proposed FDPE technique has three advantages in comparison to the approach from [58].
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First, the memory requirement of the algorithm in [58] scales linearly with the amount of
data (i.e., O(N)), while the memory requirement for the proposed method in this manuscript
is O(1)), i.e., it is independent of the amount of data. Second, the algorithm of [58] does
not include the use of eligibility traces; a feature that is often necessary to reach state of
the art performance (see, for example, |59,60]). Finally, the algorithm from [58] requires
all agents in the network to sample their data points in a synchronized manner, while the
algorithm we propose in this work does not require this type of synchronization. Another
paper that is related to the current work is [61], which considers the same distributed MARL
as we do; although their contribution is different from ours. The main contribution in [61]
is to extend the policy gradient theorem to the MARL case and derive two fully distributed
actor-critic algorithms with linear function approximation for policy optimization. The con-
nection between [61] and our work is that their actor-critic algorithms require a distributed
policy evaluation algorithm. The algorithm they use is similar to [56] and [57] (they combine
diffusion learning [62] with standard TD instead of GTD2 and TDC as was the case in [50]
and [57]). The algorithm we present in this chapter is compatible with their actor-critic
schemes (i.e., it could be used as the critic), and hence could potentially be used to augment

their performance and convergence rate.

Our work is also related to the literature on distributed optimization. Some notable works
in this area include [62-72]. Consensus [63] and Diffusion [62] constitute some of the earliest
work in this area. These methods can converge to a neighborhood around, but not exactly
to, the global minimizer when constant step-sizes are employed [64],72]. Another family of
methods is based on distributed alternating direction method of multipliers (ADMM) [65].
While these methods can converge linearly fast to the exact global minimizer, they are
computationally more expensive than previous methods since they need to optimize a sub-
problem at each iteration. An exact first-order algorithm (EXTRA) was proposed in [66] for
undirected networks to correct the bias suffered by consensus, (this work was later extended
for the case of directed networks [69]). EXTRA and DEXTRA [69] can also converge linearly
to the global minimizer while maintaining the same computational efficiency as consensus and

diffusion. Several other works employ instead a gradient tracking strategy [67,/68.(73]. These
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works guarantee linear convergence to the global minimizer even when they operate over time-
varying networks. Recently, the Exact Diffusion algorithm [70,/71] has been introduced for
static undirected graphs. This algorithm has a wider stability range than EXTRA (and hence
exhibits faster convergence [71]), and for the case of static graphs is more communication
efficient than gradient tracking methods since the gradient vectors are not shared among
agents. FDPEFE is related to Exact Diffusion since our MARL model is based on static
undirected graphs and our distributed strategy is derived in a similar manner to FEzact
Diffusion. We remark that there is a fundamental difference between the FDPE algorithm
we present and the works in [62-72], namely, our algorithm finds the global saddle-point in

a primal dual formulation while the cited works solve convex minimization problems.

2.2 Problem Setting

We consider the problem of policy evaluation within the traditional reinforcement learning
framework we introduced in the previous chapter. We recall that the objective of a policy
evaluation algorithm is to estimate the performance of a known target policy using data
generated by either the same policy (this case is referred as on-policy), or a different policy
that is also known (this case is referred as off-policy). As we mentioned in the introduction,
we model our setting as an MDP defined by the tuple (S, 4,P,r). Even though in this
chapter we analyze the distributed scenario, in this section we motivate the cost function
for the single agent case for clarity of exposition and in the next section we generalize it to
the distributed setting. We thus consider an agent that wishes to learn the value function,
v™(s), for a target policy of interest m(a|s), while following a potentially different behavior
policy ¢(als). We recall that the value function for a target policy 7, starting from some

initial state s € § at time ¢, is defined as follows:

v (s) =Eprn ( Z V(8 g, Si41) |8 = s) (2.1)
t=i
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we recall that E,, is the expectation with respect to the reward distributions ng, ¢ (r) and
0 < v < 1 is the discount factor. Note that since we are dealing with a constant target
policy , the transition probabilities between states, which are given by p7 , = E,P(s|s,a),
are fixed and hence the MDP reduces to a Markov Rewards Process. In this case, the state
evolution of the agent can be modeled with a Markov Chain with transition matrix P™ whose

entries are given by (P™);; = pf .

Assumption 2.1. We assume that the Markov Chain induced by the behavior policy ¢(als)
is aperiodic and irreducible. In view of the Perron-Frobenius Theorem [72], this condition
guarantees that the Markov Chain under ¢(a|s) will have a steady-state distribution in which

every state has a strictly positive probability of visitation [72]. [

Using the matrix P™ and defining:

r(s) = ]Eﬂpn('r(s, a,s )) (2.2)
rm=[r" (1), T (9)]" (2.3)
v = [vT(1), - 0T (S)]T (2.4)

we can rewrite (2.1)) in matrix form as:
=> (Pt = (I =P " (2.5)
n=0

Note that the inverse (I —~yP™)~! always exists; this is because v < 1 and the matrix P7 is
right stochastic with spectral radius equal to one. We further note that v™ also satisfies the

following h—stage Bellman equation for any h € N:

h—1
V™ = (yP™)h™ 4 Z(vP”)”T” (2.6)
n=0
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2.2.1 Definition of cost function

We are interested in applications where the state space is too large (or even infinite) and
hence some form of function approximation is necessary to reduce the dimensionality of the
parameters to be learned. As we anticipated in the introduction, in this work we use linear
approximationsﬂ More formally, for every state s € S, we approximate v™(s) ~ z10* where
r, € RM is a feature vector corresponding to state s and #* € RM is a parameter vector such
that M < S. Defining X = [z, 79, ,25]T € R%*M we can write a vector approximation
for v™ as v™ ~ X6*. We assume that X is a full rank matrix; this is not a restrictive
assumption since the feature matrix is a design choice. It is important to note though that
the true v™ need not be in the range space of X. If v™ is in the range space of X, an equality
of the form v™ = X6* holds exactly and the value of 6* is unique (because X is full rank)
and given by 6* = (XTX)7!XTy™. For the more general case where v™ is not in the range

space of X, then one sensible choice for 6* is:
0* = argmin || X0 — v™||3, = (X' DX) "' X" Dv" (2.7)
0

where D is some positive definite weighting matrix to be defined later. Although is a
reasonable cost to define 6*, it is not useful to derive a learning algorithm since v™ is not
known beforehand. As a result, for the purposes of deriving a learning algorithm, another
cost (one whose gradients can be sampled) needs to be used as a surrogate for (2.7). One
popular choice for the surrogate cost is the MSPBE (see, e.g., [47,148,/56,/57]); this cost has
the inconvenience that its minimizer 6° is different from and some bias is incurred [47].
In order to control the magnitude of the bias, we shall derive a generalization of the MSPBE
which we refer to as H—truncated A\-weighted Mean Square Projected Bellman Error (H\-
MSPBE). To introduce this cost, we start by writing a convex combination of equation

2We choose linear function approximation, not just because it is mathematically convenient (since with
this approximation our cost function is strongly convex) but because there are theoretical justifications for
this choice. In the first place, in some domains (for example Linear Quadratic Regulator problems) the value
function is a linear function of known features. Secondly, when policy evaluation is used to estimate the
gradient of a policy in a policy gradient algorithm, the policy gradient theorem [14] assures that the exact
gradient can be obtained even when a linear function is used to estimate v™.
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with different h’s ranging from 1 to H (we choose H to be a finite amount instead of H — oo

because in this chapter we deal with finite data instead of streaming data) as follows:

vT = (1-1) HZ_I APt ((WP“)%“ + g(’ylﬂ)"r”) + AT ((’yP’T)Hv” + HZ_I(»YPW)W)

h=1 n=0 n=0
= FQ()\, H)T’ﬂ— + p1(>\, H)F1(>\, H)Uﬂ— (28)
where we introduced:
(L=Ny+ (1 =y
N H) = 2.9
H-1
Lo\ H) =) (WAP™)" = (I — (yAP)")(I —yAP™) ! (2.10)
n=0
1 H-1
VN H) = ———( (1= M\)AP7 AP™)™ 4 AP”H> 2.11
1) = g (0P P+ (AP (2.11)
and 0 < A <1 is a parameter that controls the bias.
Remark 2.1. Note that 0 < py(\,H) <~y < 1. O

Remark 2.2. I'y(\, H) is a right stochastic matriz because it is defined as a convex combi-

nation of powers of P™ (which are right stochastic matrices). ]

Note that from now on for the purpose of simplifying the notation, we refer to p;(\, H),
['y(\, H) and T'9(\, H) as py, I'1 and I'y, respectively. Replacing v™ in ([2.8) by its linear

approximation we get:
X0~ Fg?“ﬂ— + p1F1X9 (212)

Projecting the right hand side onto the range space of X so that an equality holds, we arrive

at:
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where I € R%* is the weighted projection matrix onto the space spanned by X, (i.e.,

I=X(XTDX)"'XTD). We can now use (2.13) to define our surrogate cost function:
1 i 2 n 2
5(0) = §HH(F2r +ml1X0) — X&HD + 500 =6l (2.14)

where the first term on the right hand side is the H\-MSPBE, > 0 is a regularization
parameter, U > 0 is a symmetric positive-definite weighting matrix, and 6, reflects prior
knowledge about 6. Two sensible choices for U are U = [ and U = XTDX = C, which
reflect previous knowledge about # or the value function X6, respectively. The regularization
term can be particularly useful when the policy evaluation algorithm is used as part of a
policy gradient loop (since subsequent policies are expected to have similar value functions
and the value of 6 learned in one iteration can be used as 6, in the next iteration) like, for
example, in [74]. One main advantage of using the proposed cost instead of the more
traditional MSPBE cost is that the magnitude of the bias between its minimizer (denoted
as 0°(H, X)) and the desired solution 6* can be controlled through A and H. To see this, we

first rewrite S(#) in the following equivalent form:

1 |2 n 2
S(6) :§HXTD(I — piI1) X0 — X' DTyr H(XTDX)_I + 5“9 — 0|, (2.15)
Next, we introduce the quantities:
A=XT"D( - pT1)X (2.16)
b= X"DIyr" (2.17)
C=X"DX (2.18)

Remark 2.3. A is an invertible matriz.

Proof. Due to remarks 1 and 2 we have that the spectral radius of p; (A, H)T'1 (A, H) is strictly
smaller than one, and hence I —p; (A, H)['1(\, H) is invertible. The result follows by recalling
that X and D are full rank matrices. ]
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The minimizer of (2.15)) is given by:
0°(H,\) = (ATCrA+nU)*(qUO, + ATC'b) (2.19)

where (ATC7'A 4+ nU)~! exists and hence 6°(H, \) is well defined. This is because nU is
positive-definite and A is invertible. Also note that when A =1, H — oo and n = 0, 6°(H, \)
reduces to and hence the bias is removed. We do not fix A = 1 because while the bias
diminishes as A — 1, the estimate of the value function approaches a Monte Carlo estimate
and hence the variance of the estimate increases. Note from and that in the
particular case where the value function v™ lies in the range space of X (and there is no
regularization, i.e., n = 0) there is no bias (i.e., 0* = 6°(H, /\)) independently of the values
of A and H. This observation shows that when there is bias between 0* and 6°(H, \), the bias
arises from the fact that the value function being estimated does not lie in the range space
of X. In practice, A offers a valuable bias-variance trade-off, and its optimal value depends
on each particular problem. Note that since we are dealing with finite data samples, in
practice, H will always be finite. Therefore, eliminating the bias completely is not possible
(even when A = 1). The exact expression for the bias is obtained by subtracting from
. However, this expression does not easily indicate how the bias behaves as a function

of v, A and H. Lemma provides a simplified expression.

Lemma 2.1. The bias ||0°(H, \) — 0*||? is approximated by:

0, — 6% \?
0°(H, \) — 6% ||2 ~ (T(v™  ITo" el L By ) 2.20

where 1 is the indicator function and

p (1= Ny + (1 —n(NT (2.21)

kg —p1 K3(L—=79A) = (1=A)y = (1 =7)(N)"

for some constants ki1, ko and k3. See Appendiz A for conditions under which the approxi-

mation becomes tighter.
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Proof. See Appendix n

Note that expression agrees with our previous discussion and with several intuitive
facts. First, due to the indicator function, if v™ lies in the range space of X there is no bias
independently of the values of v, A and H (as long as n = 0). Second, if A = 0, the bias is
independent of H (because when A = 0 all terms that depend on H are zeroed). Third, if
H =1 then the bias is independent of the value of A (because when H = 1 all terms that
depend on A are zeroed). Furthermore, the expression is monotone decreasing in A (for the
case where H > 1) which agrees with the intuition that the bias diminishes as A increases.
Finally, we note that the bias is minimized for A = 1 and in this case there is still a bias,
which if n = 0, is on the order of O(VH [(kg — 2 )) This explicitly shows the effect on the

bias of having a finite H. The following lemma describes the behavior of the variance.

Lemma 2.2. The variance of the estimate go(H, A) is approzimated by (2.22)), for some

constants k1 and K4.

- 9 K4 _ by 2H
5 (H.3) ~ N~ o= (11 _%A))Q ) (2.92)

Proof. See Appendix O

Note that is monotone increasing as a function of A (for H > 1) and as a function
of H (for A > 0). Adding expressions and shows explicitly the bias-variance
trade-off handled by the parameter A and the finite horizon H. We remark that the idea
of an eligibility trace parameter A as a bias-variance trade-off is not novel to this work and
has been previously used in algorithms such as TD(A) [4], TD(\) with replacing traces [75],
GTD(A) [49] and True Online GTD(A) [50]. Note however, that these works derive algorithms
for the on-line case (as opposed to the batch setting) using different cost functions. Therefore,
the expressions we present in this chapter are different from previous works, which is why
we derive them in detail. Moreover, the expressions corresponding to Lemmas and

that quantify such bias-variance trade-off are new and specific for our batch model.

At this point, all that is left to fully define the surrogate cost function S() is to choose the
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positive definite matrix D. The algorithm that we derive in this chapter is of the stochastic
gradient type. With this in mind, we shall choose D such that the quantities A, b and C
turn out to be expectations that can be sampled from data realizations. Thus, we start by
setting D to be a diagonal matrix with positive entries; we collect these entries into a vector
d? and write D? instead of D, i.e., D = D? = diag(d®). We shall select d® to correspond
to the steady-state distribution of the Markov chain induced by the behavior policy, ¢(a|s).
This choice for D not only is convenient in terms of algorithm derivation, it is also physically
meaningful; since with this choice for D, states that are visited more often are weighted
more heavily while states which are rarely visited receive lower weights. As a consequence of
Assumption 1 and the Perron-Frobenius Theorem [72], the vector d® is guaranteed to exist
and all its entries will be strictly positive and add up to one. Moreover, this vector satisfies
d*" P? = d*" where P? is the transition probability matrix defined in a manner similar to

P,

Lemma 2.3. Setting D = diag(d®), the matrices A, b and C can be written as expectations

as follows:
H-1 T
A=Eppy {-’ﬂt (:vt —7(1=A) (YA) " ®pips1 — (W\)HCUHH) ] (2.23a)
n=0
H-1
b= Ed¢,7?,7r {azt 2(7/\)”7%%] (2~23b)
n=0
C =Eup [z ] (2.23¢)

where, with a little abuse of notation, we defined x, = xg, and r, = r™(s;), where s; is the

state visited at time t.

Proof. See Appendix O

2.2.2 Optimization problem

Since the signal distributions are not known beforehand and we are working with a finite

amount of data, say, of size N, we need to rely on empirical approximations to estimate the
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expectations in {A,b,C}. We thus let g, B, C and U denote estimates for A, b, C and U

from data and replace them in (2.15]) to define the following empirical optimization problem:
. Ly~ =2 n 2
mwin o (0) = £ 40~ B2, + 1]l8 — 6, (2.24)

Note that whether an empirical estimate for U is required depends on the choice for U.
For instance, if U = I then obviously no estimate is needed. However, if U = C then an

empirical estimate is needed, (i.e., U= 5)

To fully characterize the empirical optimization problem, expressions for the empirical

estimates still need to be provided. The following lemma provides the necessary estimates.

Lemma 2.4. For the general off-policy case, the following expressions provide unbiased

estimates for A, b and C':

H-1 T
An = Tn (Pﬁ(ﬂn - Z 7)\ fn n+h+1Tnt+h41 — (’7)\) én,nJernJrH) (2253)
h=0
| NH
A= A, 2.25b
N-—H ; (2.25b)
H-1 | N-H
~ W n ~ ~
b, = x, Z(”y)\) PrpTnth, b= 3 Z by, (2.25¢)
h=0 n=1
Cp = zpxl (2.25d)
N 1 N=E
= 2.2
C=+—F nzl C, (2.25¢)
where
H-1
Prn = (1= X) Z XN ina + AT T (2.26)
h=n
thhl (aj]s))
— 17 ) 2.27
gt,t-‘rh H ¢ aj |SJ ( )
Proof. See Appendix [2.F] O



Note that & +yp, is the importance sample weight corresponding to the trajectory that
started at some state s; and took h steps before arriving at some other state s;,. Note
that even if we have N transitions, we can only use N — H training samples because every

estimate of z,, and /b\n looks H steps into the future.

2.3 Distributed Policy Evaluation

In this section we present the distributed framework and use (2.24) to derive Fast Diffusion
for Policy Fvaluation. The purpose of this algorithm is to deal with situations where data
is dispersed among a number of nodes and the goal is to solve the policy evaluation problem

in a fully decentralized manner.

2.3.1 Distributed Setting

We consider a situation in which there are K agents that wish to evaluate a target policy
m(als) for a common MDP. Each agent has N samples, which are collected following its
own behavior policy ¢, (with steady state distribution matrix D?). Note that the behavior
policies can be potentially different from each other. The goal for all agents is to estimate
the value function of the target policy 7(a|s) leveraging all the data from all other agents in

a fully decentralized manner.

To do this, they form a network in which each agent can only communicate with other
agents in its immediate neighborhood. The network is represented by a graph in which the
nodes and edges represent the agents and communication links, respectively. The topology of
the graph is defined by a combination matrix L whose kn-th entry (i.e., x,) is a scalar with
which agent n scales information arriving from agent k. If agent £ is not in the neighborhood

of agent n, then ¢, = 0.

Assumption 2.2. We assume that the network is strongly connected. This implies that
there is at least one path from any node to any other node and that at least one node has a

self-loop (i.e. that at least one agent uses its own information). We further assume that the
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combination matrix L is symmetric and doubly-stochastic.

Remark 2.4. In view of the Perron-Frobenius Theorem, assumption implies that the
matriz L can be diagonalized as L = HAH”, where one element of A is equal to 1 and its
corresponding eigenvector is given by 1/ K (where 1 is the all ones vector). The remaining

eigenvalues of L lie strictly inside the unit circle.

A combination matrix satisfying assumption 2 can be generated using the Laplacian rule,
the maximum-degree rule, or the Metropolis rule (see Table 14.1 in [72]). A sample network

is shown in Figure [2.1

Neighborhood
of node5 ™,

856#65

Figure 2.1: Sample network.

2.3.2 Algorithm Derivation

Mathematically, the goal for all agents is to minimize the following aggregate cost:

Sm(0)

K
1 ™ 2 n 2
kz_:m(§Hn(r2r +piX0) = X0+ 2o~ 9p||Uk) (2.28)

1

where the purpose of the nonnegative coefficients 7, is to scale the costs of the different

agents; this is useful since the costs of agents whose behavior policy is closer to the target
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policy might be assigned higher weights. For ([2.28)), we define the matrices D and U to be:

K
D=> D" (2.29)

k=1

K

k=1

so that equation (2.28) becomes:
1 - 2. 2

Su(0) = 5| + pirix0) - x6| -+ 20 0,7 (2.31)

Note that (2.31)) has the same form as (2.15); the only difference is that in (2.31) the

matrices D and U are defined by linear combinations of the individual matrices D? and
Uy, respectively. Matrices D? are therefore not required to be positive definite, only D is
required to be a positive definite diagonal matrix. Since the matrices D? are given by the
steady-state probabilities of the behavior policies, this implies that each agent does not need
to explore the entire state-space by itself, but rather all agents collectively need to explore
the state-space. This is one of the advantages of our multi-agent setting. In practice, this
could be useful since the agents can divide the entire state-space into sections, each of which

can be explored by a different agent in parallel.

Assumption 2.3. We assume that the behavior policies are such that the aggregated steady

state probabilities (i.e., Zszl Tde)’“) are strictly positive for every state.

The empirical problem for the multi-agent case is then given by:

: T VR n
min Jemp(0) = m01n§||A0 - b||25,1 + 5“«9 — HPH% (2.32)
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N—-H A\ N—-H ’b\ N—-H o]

Ay = kn_ = i O = i 2.33
2w-m " Xwew “Txwom e

R K . N K N R K R

A= ZTkAk, b= Zkak, C= ZTka (2.33b)
k=1 k=1 k=1

Assumption 2.4. We assume that C and A are positive definite and invertible, respectively.

It is easy to show that Assumption [2.4]is equivalent to assuming that each state has been
visited at least once while collecting data. Intuitively, this assumption is necessary for any
policy evaluation algorithm since one cannot expect to estimate the value function of states
that have never been visited. Since we are interested in deriving a distributed algorithm we

define local copies {6;} and rewrite (2.32)) equivalently in the form:

2

K
n 2
+ 5 || 0k — 6515
(Z;If:lﬂfak)_l k=1 kQH ' pHUk

s.t 91 = 02 == 9[( (234)

The above formulation although correct is not useful because the gradient with respect to
any individual 6, depends on all the data from all agents and we want to derive an algorithm
that only relies on local data. To circumvent this inconvenience, we reformulate into
an equivalent problem. To this end, we note that every quadratic function can be expressed

in terms of its conjugate function as:
1 2 T Lo
§||A0 —bl|g-1 = max —(A0—b) w— §||w||c (2.35)

Therefore, expression (2.32) can equivalently be rewritten as:

K
: U T 7y 1
m;nmjxkz Tk <§H9 - HPH%k — W (A — by,) — 5”“”2@) (2.36)
=1
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Remark 2.5. The saddle-point of (2.36) is given by

° C-'b—C A

oo (ETCHE + nﬁ) B <n179p + ETCHE) (2.37)

Proof. 0° and @° are obtained by equating the gradient of ([2.36]) to zero and solving for 6
and w. 0

Defining local copies for the primal and dual variables we can write:

K
. U g _Ty_ L
m@mm&xgrk (§||6’k - 9p||2(7k — wi (A — by) — 5”“”““2@)

S.t 91:92:"':9[( W] =Wy =+ = WK (238)

Now to derive a learning algorithm we rewrite (2.38)) in an equivalent more convenient manner
(the following steps can be seen as an extension to the primal-dual case of similar steps used

in [70]). We start by defining the following network-wide magnitudes:

0 = COI{Qk}le, W= col{wk}szl, b= Col{Tka}szl
A= diag{fkﬁk},ﬁl, C = diag{Tkak}szl, ép =1®0,

L=L®Iy, V=HIx—-MN"H"/)V2, V=V&Iy (2.39)

We remind the reader that H and A were defined in Remark We further clarify that
(Ix — A)% is the entrywise square root of the positive definite diagonal matrix Ix — A. The
notation col{y}X_ refers to stacking vectors y; from 1 to K into one larger vector. Moreover,

diag{Y;}£ | is a block diagonal matrix with matrices Y} as its diagonal elements.

Remark 2.6. Due to Remark it follows that the bases of the null-spaces of V. and V
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are given by {1} and {1 ® Iy}, respectively. Therefore, we get:

01 =0,=--- =0k <= VO0=0 (2.40a)
<

Wp =Wy = =Wk

Vo =0 (2.40D)

Using ([2.40) we transform ([2.38)) into the following equivalent formulation:

PR cx 1
min max 26— 0, [ — &7 (46— B) — 5 ]

=F(6,0)

s.t V=0 V=0 (2.41)

We next introduce the constraints into the cost by using Lagrangian and extended Lagrangian

terms as follows:

: e . Vo2 |[Vel|?
min max F(0,w0) + yeTVH — TV + Vol — Vel
é,y“’ Gj,yg 2 2

(2.42)

where y* and y are the dual variables of & and 6, respectively. Now we perform incremental

gradient ascent on w and gradient descent on y* to obtain the following updatesﬂ

Uy = @i+ po Vel (6;, @) (2.43a)
OYy = VP — po2V UYL poz! (I+L)/2¢, (2.43b)
Wit1 = Py — #w,gvy“ fho2 =1 Y- Vyf (2.43c¢)
Y = U fa Vs 5 Y+ Vi (2.43d)

3In incremental gradient ascent, a gradient update is performed per term of (2.42)) instead of doing only
one update with the full gradient. We perform incremental updates in our distributed setting because it
provides better stability than regular gradient ascent [70,/71].
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where in (2.430) we used V2 = I — L. Combining (2.43D]) and ([2.43d) we get:

U = @i+ Vo F(0;, @) (2.44a)
D = (I + L), /2 =V (2.44b)
Y = ¥+ Vi (2.44c)

Using ([2.44b)) to calculate w; 1 — w; we get:
W1 — @i = ([+ L) (Y2 =) 2=V (4 — 4iy) (2.45)

Substituting (2.44c)) into (2.45) we get:

D1 = (I + L) (U2 + o —4f) /2 (2.46)
Which we rewrite as:
'(ﬁ;-il = (I)Z' + ,U/WVQF(QVZ', (I)Z> (247&)
T =V o — Yy (2.47D)
D1 = (I + L)df,1/2 (2.47¢)

Notice that steps (2.43))-(2.47)) allow us to get rid of y¥. Performing incremental gradient
descent on 6 and gradient ascent on y? and following equivalently ([2.43)-([2.47) we get:

L1 =0 — Vi F(6;, @) (2.48a)
f+1 = i0+1 + éz - wf (2.48b)
Oip1 = (I + L), /2 (2.48¢)

Combining (2.47)) and (2.48) and defining ¢ = col{¢* 1’} (and similarly for ¢) we arrive at

algorithm ([2.1)), which is a fully distributed algorithm.
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Algorithm 2.1 Processing steps at node k

Initialize: ;¢ and wy arbitrarily and let 50 = [Oro”, wio” ]
for:=0,1,2...: do
Vrist = Wi + Thefbeo @k — Al — CkAwk,z‘) (2.50a)
Ori — Titto (MU (01 — 6p) — Apwii)
Wk, i
Prjit1 = Yrit1 + { 9:’4 } — Uk, (2.50b)

{ Whit1 ] _ <¢k,i+1 4 Z lnk¢n,i+1> /2 (2.50¢)

Ok it1 =

end for

Theorem 2.1. If Assumption 1s satisfied and the step-sizes i, and pg are small enough
while satisfying the following inequality:

w )\max [7 w )\ma:p E@*lﬁT

fo oy Amanll) o [t Amar( ACTAT) (2.49)
Ho Amaz(C) o Apaz(C)

then the iterates 0y, and wy,; generated by algom'thm converge linearly to (2.37)).

Proof. See appendix [2.A] O

Condition ([2.49)) can always be satisfied by making p,,/ue sufficiently large. Note that
when the step-size is small enough, the convergence rate o depends on two factors: the spec-
trum of p(I — uK~'Ag) (which is also the convergence rate of a centralized gradient descent
implementation) and the second biggest eigenvalue of the combination matrix. This implies
that when the network is densely connected, the factor that determines the convergence rate
of the algorithm is the eigenstructure of the saddle-point matrix G. On the contrary, when
the network is sparsely connected, the rate at which the agents’ information diffuses across

the network is the factor that determines the convergence rate of the algorithm.

Algorithm [2.T has the inconvenience that at every iteration each agent has to calculate the
exact local gradient (i.e., all data samples have to be used), which computationally might be

demanding for cases with big data. Therefore we add a variance reduced gradient strategy
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Algorithm 2.2 AVRG for N data points and loss function @)
Initialize: 0 arbitrarily; ¢° = 0; VQ,(63) < 0, 1 <n < N.
fore=0,1,...: do

Generate a random permutation function o and set g¢*'= 0
for:=0,1,...,N —1: do

n=0o°) (2.52)
ez'eJrl = Iec,i - u(in(ez&> - in(e(e]> + ge) (253>
gt = gt + VQ,(6) /N (2.54)
end for
057! = 05
end for

to Algorithm More specifically, we use the AVRG [55] (amortized variance-reduced
gradient) technique (Algorithm [2.2)).

The AVRG strategy is a single agent algorithm designed to minimize functions of the

form:

mginZQn(Q) (2.51)

where (),, is some loss function evaluated at the n—th data point. The main difference
between standard stochastic gradient descent and AVRG is that in AVRG at every epoch
the estimated gradients are collected in a vector g, which is used in the following epoch to
reduce the variance of the gradient estimates. In the listing corresponding to Algorithm 2
we introduced an epoch index e and a uniform random permutation function . The epoch
index is due to the fact that AVRG relies on random reshuffling (which is why the permuta-
tion function is necessary) and sampling without replacement (hence, one epoch is one pass
over each data point). The gradient estimates produced by the AVRG strategy are subject
to both bias and variance, however both decay over time and therefore do not jeopardize
convergence. The resulting algorithm from the combination of algorithm and AVRG
(which we refer to as Fast Diffusion for Policy Evaluation) relies on stochastic gradients
(as opposed to exact gradient calculations) and as a consequence is more computationally

efficient than Algorithm [2.1) while still retaining the convergence guarantees.
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Algorithm 2.3 Fust Diffusion for Policy Evaluation at node k

Distribute the N — H data points into J mini-batches of size |7;|; where J; is the j-th
mini-batch.
Initialize: 6}, and w) ; arbitrarily; let ) ; = [0} OT, gyoT]T, 9 = 0; Brn(0) 0, wio) < 0,
1<n<N-H
fore=0,1,...: do

Generate a random permutation function of the mini-batches o,

Set g¢tt =0

for:=0,1,...,N —1: do

Generate the local stochastic gradients:

Jj=o(i) (2.55a)

Brl0f 5, wi ;) = Z Bra (054,05 5) — Bt (05,0, o)) (2.55b)
|‘7]|lej

git gt + N — (05 1 wi ) (2.55¢)
leJ;

Update [0f ;,,,wf.;41]" with exact diffusion:

Ori po 0 ]
€ . et ) — T 96 2 wei 256a
¢k,z+1 |: wlf:,i :| k |: 0 Ll 61@( ki k,) ( )
¢ 0L ¢
Priv1 = Vkip1 T { % } — Y (2.56b)
O i1 ] ( )
671 K + ln n,i 256C
[ Wi, i+1 Dhier ngk ¥t |/2 ( )
end for
ee-i-l :| |: 92 ; :|
€ - e’ 257
[ wa(r)l W1 ( )
end for

In the listing of FDPE, we introduce o+, J;, and S ;(0,w), where o, indicates a random

permutation of the J mini-batches of the k-th agent, which is generated at the beginning of
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epoch e; J; is the j-th mini-batch and £, (6,w) is defined as follows:

VoFs(0,w U (0 —60.) — AT
OO T e I G (2.58)
—Vka,l(G, w) AkJQ — bk,l + C’k,lw

We remark that algorithm is a special case of FDPE, which corresponds to the case
where the mini-batch size is selected equal to the whole batch of data. Note that the choice
of the mini-batch size provides a communication-computation trade-off. As the number of
mini-batches diminishes so do the communication requirements per epoch. However, more
gradients need to be calculated per update and hence more gradient calculations might be
required to achieve a desired error. Obviously the optimal amount of mini-batches J to
minimize the overall time of the optimization process depends on the particular hardware
availability for each implementation. Note that the only difference between update equations
and is that the updates which correspond to algorithm use exact local
gradients, while ([2.56)) use stochastic approximations obtained through equations .

Theorem 2.2. If Assumption 15 satisfied and the step-sizes i, and pg are small enough
while satisfying inequality (2.49), then the iterates 0 ; and wy,; generated by FDPE converge
linearly to (2.37)).

Proof. See appendix [2.B] O

The main difference between theorems 2.1 and 2.2] is that there are more constraints on
the step sizes due to the gradient noise (i.e., smaller step sizes might be necessary). We
clarify that the proof of theorem included in appendix is a special case of the proof
of theorem [2.2] We include both of them for convenience of the reader, because the proof of
is long a demanding, while the other one is much shorter.

2.4 Multi-Agent Reinforcement Learning

In this section we derive a cost for the MARL case that has the same form as (2.32) and

therefore shows that algorithms [2.1] and [2.3] are also applicable for this scenario.
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The network structure is the same as in the previous section. The difference with the
previous section is that in the MARL case the agents interact with a unique environment
and with each other, and have a common goal. Therefore, in this section we refer to the
collection of all agents as a team. This setup is modeled as a MA-MDP defined by the tuple
(K,S,A* P.r¥). We recall that S is a set of global states shared by all agents and A* is the
set of actions available to agent k of size A* = |A*|. We refer to A = [[I_, A* as the set
of team actions. P(s|s,a) is the defined as before but considering global states and team
actions, and 7% : S x A x S — R is the reward function of agent k. Specifically, r*(s, a, s')
is the expected reward of decision maker & when the team transitions to state s’ € S from
state s € S having taken team action @ € A. What distinguishes this model from the one
in the previous section is that the transition probabilities and the reward functions of the
individual agents depend not only on their own actions but on the actions of all other agents.
The goal of all the agents is to maximize the aggregated return and hence in this case the

value function is defined as:

v (s) = tz 7;; <;]E (75 (8, @, 8011) |85 = 5] ) (2.59)

introducing a global reward as 7(s;, @y, 8411) = K ! Zle r*(sy, ay, s;41) equation (2.59)
becomes identical to . Therefore, with the understanding that in this case the states
and the policies, 7(als) = w(a',--- ,a’|s) and ¢(al,--- ,af|s), are global (and hence also
the feature vectors and sampling weights are globa]ED, the rest of the derivation follows

identically to Section [2.2, Therefore, the empirical problem becomes like ([2.24]) with the

4Note that in this case if sampling weights were to be used for off-policy operation, every agent would
require knowledge of the teams behavior policy.
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following estimates:

A= 2.
; N-H (2.60)

b= szli b (2.61)
n=1 k=1 K(N - H)
N—-H o

~ C,

O = 2.62
2. N-H (2.62)

o~

Defining A\kn = A, we can write A\n = Zle gkn/K (and similarly for én) Equations
([2.60) become exactly like (2.33) with 7% = K !, and therefore both algorithms can be
applied to MARL scenarios without changes. We clarify that in this setting the algorithms

are still fully decentralized where agents only use their local rewards and are able to leverage

all agent’s data due to the combination step (2.50c]), (2.56¢]).

2.5 Experiments

In this section we show two simulations corresponding to the two distinct scenarios that

FDPE can be applied to.

2.5.1 Experiment I

This experiment corresponds to the scenario of Section [2.3] We consider a situation in which

the MDP’s state space is divided among the agents for exploration.

The MDP’s specifications are as follows. The state space is given by a 15 x 15 grid and
the possible actions are: UP, DOWN, LEFT and RIGHT. The reward structure of the MDP
and the target policy were generated randomly. We consider a network of 9 agents that
divide the state space in 9 regions. The topology of the network and the regions assigned

to the agents for exploration are shown in Figure 2.2(a)l The feature vectors consist of 26
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features, 25 given by radial basis functionﬂ (RBF) centered in the red marks show in Figure
plus one bias feature fixed at +1. The behavior policy of every agent is equal to the
target policy, except in the edges of its exploration region, where the probabilities of the
actions that would take the agent beyond its exploration region are zeroed (the policy is

further re-normalized).

In this experiment we show the bias-variance trade-off handled by the eligibility trace
parameter A, the communication-computation trade-off handled by the mini-batch size, and
the performance of FDPE compared to the existing algorithms that can be applied to this
scenario (namely Diffusion GTD2 and ALG2). The hyper-parameters chosen for FDPE are
7e=1/9, H=20,np=0and N, =2+ H — 1.

In figures [2.2(b)| and [2.2(c)| we show the bias and bias+variance curves as functions of A

and its approximations using lemmas and , respectivelyﬂ Note that the expressions
provided in Lemmas 2.1 and accurately capture the dependence of the bias and variance
as functions of \. The bias curve was calculated using and . To estimate the
combined effects of the bias and variance we calculated ||/9\0(H ,A) — 0*||* (using expressions
(2.25))) 20 times with independently generated data and averaged the results. Note that
the obtained curves agree with our previous discussion on the effect of the parameter .
In this experiment, the optimal value is approximately A = 0.6. Figure [2.2(d)| shows how
communication and computation can be traded through the use of the mini-batch size. To
obtain this figure, we fixed A\ = 0.6 and run FDPE until an error smaller than 1071 was
obtained for the different batch sizes. For each case, the step-sizes were adjusted to maximize
performance for a fair comparison. Note that all points are Pareto optimal, and hence the
optimal choice of mini-batch size depends on every particular implementation. The y-axis
displays the amount of communication rounds that took place over the entire optimization
process, while the x-axis shows the amount of sample gradients calculated. Figure

shows the empirical squared error for the three algorithms (each curve was obtained by

SEach RBF is given by exp (0.5((z — z¢)? + (y — yc)?) ), where z. and y. are the coordinates of the center
of that feature and = and y are the coordinates of the agent.

6The constants ki, K2, k3 and k4 were chosen to better fit the curves.
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averaging the squared errors from all the agents), where clearly the linear convergence of
our algorithm can be seen. Finally, Figure [2.2(f)[ shows the mean square deviation (MSD),
ie., [|6f, — 0*[>. As can be seen, our algorithm still outperforms the other algorithms in
terms of convergence speed. It also has the advantage that it converges to a lower error
(the dashed line) versus the other algorithms which converge to the dotted line, although
in this case since the variance is high this advantage is not very significant. Note that as
more data becomes available the variance of 5"([—[ , A) becomes smaller (see Lemma and
hence the advantages (in terms of convergence speed and the minimizer that the algorithms
converges to) of using FDPE over the other algorithms becomes more pronounced. The
remaining hyper-parameters for FDPE were: 7, = 1/9, J = 21° (i.e., batch size equal to 32),
e = 6 and u, = 15. For Diffusion GTD2 and ALG2 decaying step-sizes were employed to
guarantee convergence. The step-sizes decayed as pu(1+0.01e)~ !, where e is the epoch number
(we used this decaying rule because it provided the best results). The initial step-sizes were

e = 1.1 and p,, = 2.75 for Diffusion GTD2, and pg = 2.5 and p,, = 4 for ALG2.

2.5.2 Experiment II

The second experiment relates to the MARL scenario of section 2.4} Similarly to [76], we
consider randomly generated MDP’s. We consider a random network of K = 15 agents. To
construct the network, K agents are randomly distributed in a unit square (using a uniform
distribution) and agents that are within a distance smaller than r = 0.27 become neighbors,
which results in a sparsely connected network. The resulting network is shown in Figure

2.3(a)l The combination weights are determined according to the Metropolis rule which is

given by:
TR ARI n € Ni\{k}
0 = (2.63)
1-— Z gmk n==%k
meN\ [k}

The generated MDP’s have 50 states and 10 actions. The transition probabilities p(s'|s, a)
are zero with 0.98 probability and otherwise are sampled from a uniform distribution from
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the interval [0,1]. The probabilities are further normalized. With this sampling strategy, we
produce realistic MDPs in which from any given state it is only possible to transition to a
small subset of the total states. The rewards r(s|s,a) are zero with 0.99 probability and
otherwise are sampled from a Gaussian distribution with zero mean and standard deviation
equal to 10. This sampling strategy is also devised to produce more realistic MDPs where
rewards are obtained occasionally in specific state-action pairs. The entries of the target
policy m(a|s) are sampled from a uniform distribution and subsequently normalized. The
transition probabilities and target policy are sampled until Assumption 1 is satisfied. We set
the discount factor v = 0.93 and the length of the feature vectors M = 5, where one feature
is set to 1 and the remaining ones are sampled from a uniform distribution with interval
[0,1]. We generated N = 2'® + H — 1 team transitions. The remaining parameters for the
learning algorithm are the following: H =20, n =107, U =1, 6, = 6°(H, \) + 6, (where 6,
is a noise vector whose entries are sampled from a uniform distribution with variance equal

to 2.5 x 107°) and 7, = 1/15.

We compare our algorithm with PD-distIAG from [58|, Diffusion GTD2 and ALG2. In

this experiment, we test the on-policy case because PD-distIAG only works for this scenario.

In Figures [2.3(b)| and [2.3(c)|, we show the bias variance trade-off as a function of A\ (the

curves were obtained in the same manner as done in the previous experiment). Results are
consistent with the ones obtained in the previous section. In this particular case the most
convenient value is approximately A = 0.8. In Figure [2.3(d)| we compare the convergence
rates of the different algorithms to solve the empirical problem. The hyper-parameters of all
algorithms were tunned to maximize performance. The parameters for FDPE were: J = 2!2
(i.e., batch size equal to 64), py = 10 and p, = 10. For PD-distIAG we used the same
batch size, and the step-sizes were py = 1.15 and p,, = 23. For Diffusion GTD2 and ALG2
decaying step-sizes were employed to guarantee convergence. The step-sizes decayed as
w(1+0.01e)7, where e is the epoch number (we used this decaying rule because it provided
the best results). The initial step-sizes were py = 15 and p, = 7.5 for Diffusion GTD2,
and the same values for ALGZ2. In this experiment FDPE, Diffusion GTD2 and ALG2 show

performance in accordance to our theory and the results in the previous section. PD-distIAG
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shows a linear convergence rate in accordance to the theory from [58]. However, the rate
is slower than the one from our algorithm. Finally, in Figure [2.3(e) we show the MSD.
Again, the faster convergence of our algorithm to its empirical minimizer implies a faster
convergence in the MSD plot. In this case, the advantage of the parameter A becomes more
noticeable. Note indeed that the minimizer obtained by FDPE is approximately one order
of magnitude smaller than the minimizer to which the other algorithms will converge (the

dotted line).

2.6 Summary

In this chapter we introduced the FDPE algorithm, a distributed policy evaluation algo-
rithm applicable to the MARL setting. This algorithm can be used as part of on-policy
algorithms for policy learning in MARL. As we mentioned in the introduction in chapter []
the disadvantage of this kind of algorithms is that they are data inefficient. This problems
is compounded in the case of MARL since the state and action spaces are larger. Therefore,

in the next chapter we consider the problem of sample efficient policy learning in MARL.
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2.A Proof of theorem [2.1]

We start by setting p = g and introducing the following definitions:

ek’,i w
Ch,i = y G 2 COl{Ck,i}é(zh v Sl (2.64a)
%Wk,i Ho
Uy —/0AT
a2 | T ‘C ", G2 diag{Gi )}, (2.64D)
\/Q_JAk UCk
K N
U0
G2 > Gr m an | T . p=col{p}, (2.64c)
k=1 \/Ebk
= A A T A
L=(L+1Ik)/2, L=L®hy, V=V&Ihy (2.64d)

With these definitions, we write the update equations of Algorithm 1 in the form of equations

(2.44)) (for both the primal and dual) in the following first order network-wide recursion:

CGivr = L(¢; — n(G¢; —p) = VY (2.65a)
Vini=YVi+ V¢ (2.65b)

for which )y = 0. Note that the variable ); is a network-wide variable that includes both

y“ and 3°.

Lemma 2.5. Recursion (2.65) has a unique fized point ((°, V°), where Y° lies in the range
space of V. This fized point satisfies the following conditions:

pL(GC° —p) +VY° =0 (2.66a)

Ve =0 (2.66D)

It further holds that (° = 15 ® [0°T,&5°T]T, where 0° and &° are given by (2.37). O
Proof. See appendix O

Subtracting ¢° and )° from (2.65) and defining the error quantities Z} = (° — (; and
44



Vi =Y — Y we get:

I o||¢ L(I—pG) -V i
G| | £ ‘ (2.67)
Multiplying by the inverse of the leftmost matrix we get:
G LOI-pG) V|| G
E +1| 7( 1g) ) E (2.68)
yz‘+1 VL (] - Mg) L Vi

Lemma 2.6. Through a coordinate transformation applied to (2.68|) we obtain the following
error recursion:
i'i—&—l IQM — [I,KilG —/LK_%ITQHU i

= i ) (2.69)
B ||~ O+ HIVILGT Dy — u(H] + HIV)LGH,

I

§>

where Hy, Hy, Hy, Hg € REEMXAKM=AM qre some constant matrices, z; € R?*M | &, € R*M

and Dy is a diagonal matriz with |Dy||3 = X\o(L) < 1. Furthermore &; and %; satisfy:

Gl < Nl + 11 APl 19 < I Hall?ll:]? (2.70)
[
Proof. See Appendix [2.H] O

Due to Theorem 2.1 from [77], if Assumption[2.4and the following condition are satisfied:

(@) > T (D) + 21/ i C) A (AC—1 A7) (2.71)

then matrix G is diagonalizable with strictly positive eigenvalues. Hence, we can write
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G = ZAgZ~!. Therefore, defining &; = Z~'Z; we can transform (2.69)) into:

Fin Loy — pK ' Ag —pK~2 27 TG, % 2.1)
Fivt “E(HF + HIV)EGTZ Dy — (M + HIV)EGH,, | | & '
Lemma 2.7. If un < K/p(Ag) then the following inequality holds:
L; 2 I — uK 1A T 2
[ &1 ] < p(Lans — p c) me [ (2.73)
[ Zi1 ]| j*a V(L) + pPay (el
Saim 2B(u)
where as, az and ay are positive constants. [
]

Proof. See Appendix [2.1}

Computing the 1—norm on both sides of the above inequality and using the fact that

[1B()zilly < [[B()lla]|zil[ we get:

i1 l® + [ Zasa 1* < NBE) 12l + [12:]) (2.74)
Iterating we get:
1:l* + Nl ]l* < o (lzol|* + [|2o]*) (2.75)
a=max{p(l —pK 'Ag) + p’as, Ag(i)% + pag + pag} (2.76)
Recalling that #; = Z71z; and we get:
(2.77)

IG11* < max{ | ZII%, [[Ha )1} (1231 + 1|2:]7) < o'x

where £ = max{|| Z||%, || Hu.|*} (|| Zo]|* + ||Z0||*). Since @ < 1 (for small enough ) we conclude

that the iterates 0 ; and wy; generated by Algorithm [2.1|converge linearly to (2.37)) for every

agent k; which completes the proof.
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2.B Proof of Theorem [2.2]

We start by making a simplification in terms of notation for the sake of clarity. Since it is
clear that at this point we are dealing with the empirical problem (2.38) we will drop the
hat and refer to ﬁk,l, Ek,l and ék,l as Ay, by and Cy, respectively. We now rewrite the

equations the FDPE Algorithm as a unique network recursion as follows:

(¢o— 1 (Go¢o— 7)) . fori=0ande=0 (
G =L(2€ ¢ —n(Gi¢i —Gi ¢ —t +t,)), fori>0ande=0 (2.78b
(QCf — i~ (T(Cf) - 9—1(3—1 —p+ t?]—l)) , fori=0ande=1 (2.78¢
(

2¢5 — ¢5y — p(T(C) — T(CE)) s else  (2.78d

C§+1 =L
Cfﬂ =L

where we defined v, j1, L and £ are defined in the main document and we further define:

A 0, A i A e
e )i e k,'L e ]C,’L
Ck,i = ) ¢k7i = ) T,bkﬂ' = (279&)
1 se ngwv? Lq’bwv?
Vo ki Vo ki Vo Tk
[ U, — oAl K U0
GkéTk g \/— F s GéZGK; pkéTk Tk P (279b)
I VUA, oGy k=1 Vb
[ Upgre Usgrey  —vOAT .
Z,i A - k05 (H)Yp 7 Z,i A " NYk,075(3) \/_ k.o (i) (2.79¢)
| ﬁbk,a;(i) ﬁAk,a;(i) vCi.o (i)
J
e A e e e 1 e— e—
T(Cri) = Gri(Chi — Cho) + 7 Z Gy i (2.79d)
n=1
e A e e e A e e e A e e
¢ = COI{CLZ’? e 7CK,i}7 ;= C01{¢1,ia cees ¢K,i}v Y; = C01{¢1,i7 e a¢K,i} (2.79)
g édla’g{Gh 7GK}7 péCOI{phpQ?”' 7pK} (279f)
e A . e e e A e e
G; = diag{G{,,--- .Gk}, T({) =col{T(¢5,), -, T(Ck,)} (2.79g)
t; 2 COl{t(ii? t;,m s 7t§{,i} (2.79h)

we further clarify that the notation Akp-z(i) refers to the k-th agent’s estimate of A using

all the samples from the o (i)-th mini-batch (if no mini-batches are being used, Ay o (i) is
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just a sample estimate, otherwise it’s the empirical average using the samples corresponding
to the o (7)-th mini-batch). There are two reasons why we are getting four different update
equations in . In the first place, during the very first iteration (i.e., e = 0 and i = 0)
there’s no variance reduction or correction step, which accounts for . In the rest of
the iterations within the first epoch (i.e., ) there is a correction step, however there
is still no variance reduction. Update equation (2.78¢c|) reflects the fact that during the
first iterate of the second epoch the old gradients in the correction step don’t have variance
reduction (yet the new ones do). Equation (2.78d) is for the rest of the recursions where
both the correction step and variance reduction are present. Note that describes a
second order recursion. From here we take steps to rewrite the update equations as a first

order recursion driven by gradient noise.

Lemma 2.8. If Y] is initialized to Yy = 0, then recursion (2.78)) is equivalent to:

L(C—p(G¢—t)—VY;,  fore=0

Cii=19 (2.80a)
L(¢; —p(T(CF) —p) —VY;, else
Vi =Y + V¢, (2.80Db)
Proof. See subsection 0

Note that is analogous to equation from the main document, with the
difference that in this case the gradients are subject to gradient noise. The first line in
accounts only for a finite number of updates. Therefore, to analyze the convergence
properties of the algorithm we only need to focus on the second line of . In other

words, for the purpose of proving convergence we will only consider updates for e > 0.

Now we define the following error quantities and gradient noise:

Ej+1 =(" - Cf+1 (2-81)
5);11 =)’ - ny (2-82)
s(¢5) =T (&) —6¢; (2.83)
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Following steps (2.65)) through ([2.68]) from the main document we get:

Cz‘e-u _ L(I—-pG) —-KV G ny Ls(¢5) (2.84)

Vi VLI —puG) L A VLs((S)

Note that (2.84)) has the same form as (2.68)) from the main document plus a term due to the
gradient noise. Since the driving matrix in (2.84)) has a structure that makes it difficult to
calculate its eigenstructure. We circumvent this issue by doing a coordinate transformation

as the following lemma indicates.

Lemma 2.9. Through a coordinate transformation, recursion (2.84)) can be transformed to

obtain the following recursion:

iy | Iy — pGK™! —K~YV2uI"GH, ]
x5, K~ YV2(HT + HIV)LGT Dy — p(HE + HIV)LGH, &
ITKfl/Q
+ | s(¢F) (2.85)
(HI +HIV)L

where Hy, Hy, Hy, Hg € REEMAKM=AM gre some constant matrices and Dy is a diagonal

matriz with ||D:||2 = M\2(L) < 1. And also we have:

z¢ 2 KT (2.86a)
& S HIC +HTY, (2.86b)
T2 1, ® Ly (2.86¢)
Proof. See subsection O

Due to Theorem 2.1 from [77], if Assumption 4 and the following condition are satisfied:

VAmin(C) > 7Amax(U) + 24/ Amin (C) Amax (AC—LAT) (2.87)

then matrix G is diagonalizable with strictly positive eigenvalues. Hence, we can write
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G = ZAgZ™'. Therefore, defining &; = Z'&; we can transform ([2.85)) into:

B L — pKAg —uK~2Z7YITGH, &
B || A HIVIEGTZ Dy p(HT HIVIEGH, | |
Z—lz'TK—l/Q
+ NESY (2.88)
(HI +HIV)L
Lemma 2.10. If u < K/p(Ag) then the following inequality holds:
IBEall® | | 1 KT pa (4
[Eam 1ag V(L) + pPas | | |25
as Hu 2&3 i?f — & 2
u [[Hul] ||A AOH
| par plitPar | | 185 - &)
[ a Hu QCL i 1 J z—cefl_z—ci:l 2
I R T s I
| pas pl[HalPas | = | 125 — @0

where ay is the smallest eigenvalue of G and as, as, a4, as, ag, a; and ag are positive

constants.

Proof. See Appendix 2.B.3] O

Note that (2.89) is still not sufficient to prove convergence since we have no bounds for
the evolution of the norms of differences (for instance ||&f — &§||). The following lemma

solves this inconvenience.

Lemma 2.11. There exists a pg such that if the step-size p satisfies 1 < po then it holds:

ie—i_l 2 a + 2 a 536 2

|| 0 H M1J+,uf1JM2M4(I—M1)*1 ] 4+ p* faas || 0||

g2 | = pas + 1 frar A

wt Aln e | M= an) T w!
(2.90)
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where fi and fy are positive scalars and we also defined:

J—1
1
= NZ 125 — 251 + [[Hal* [l 25 — 5]°) (2.91a)
n=0
[ 1—uKta a
M, = S e (2.91b)
e N+ s
| a H.||%a
T (2.91¢)

| paz MHHUHQGW

K2 MGl 32K 2 T GH, |12

M, = _ (2.91d)

] plag 1— /(L) + plas
Proof. See Appendix [2.B.5] O
Theorem 2.3. If the step-size i is small enough then the iterates [ |62 | Ae“H? we ]

and wy , generated by (2.90 m ) converge lmearly to [ 000 }, with a rate upper bounded by
max[p(I — uK'Ag) + O(u?), / A2 (L) + O(u

Proof. See Appendix [2.B.7] O

Finally definitions (2.86a), (2.81), (2.82) and the definitions of {j; and ¢§ in (2.79)
combined with Theorem imply that the iterates 67, , and wf , generated by Fast Diffusion

for Policy Fvaluation converge linearly to the saddle point of problem ([2.38]) for every agent
k; which completes the proof.

2.B.1 Proof of Lemma 2.8l

We initialize ¢) in (2.80) to the same value used in (2.78) and Y9 = 0, hence for i = 0 and
e = 0 the claim is trivially true. Replacing the initial conditions in (2.78]) and (2.80]) for

e =0 and 7 =1 we get in both cases the same update, which is:
¢V =L (¢ —nQ(9¢ —to)) (2.92)
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which proves the claim for e = 0 and ¢ = 1. Now we prove the claim for e = 0 and i > 1

L(¢F —pQ(G¢; —t7)) — KVY;
L(¢F—pnQ(G¢; —t) — KVYi + ¢ — ¢f
L(CE—¢e, —nQ(G¢ —Gee, —ti+t5,)) — KV — Y ,) + ¢

(2c — ¢ —nQ(9¢ - G¢, — b +ty)) - )+ (= L)¢;
L(2¢F — ¢y — nQ (967 — G¢iy — 17 + ) — KV(Vi = Yiy) + KV*¢;
L(26—¢r —nQ(6¢ —6¢, —t +1t;,)) (2.93)

Cfﬂ =

||m

)
)

H@

where in (a) we used the definition of V and in (b) we used (2.80b)). For ¢; we have

L(¢6—nQ(T(¢) —p) — KVY;

L(¢h—pQ (T —p)) — KVY§+¢h— €

L(Co— ¢ —pQ(T (L) = 69-1¢h —p+15.1))) = KV(¥s = Y5_1) + (o
(26

L

I
(Y

2C5— Co — (T (Co) —Gy-1Ch —p+1t5.1)) — KV —V51) + (I - L)
2¢5 — €91 — (T(Cé) — G5 ¢y —p+ tOJfl))) (2.94)

Finally, for e > 1 we get

L(¢F —pnQ(T(C5) -
L(¢E—pQ (T -
(¢ —¢ - (T(G)—T(Ci
(265 = ¢y = nQ (T(5) — T (S
(2¢5 = ¢y — nQ (T(CY) ;
L nQ (T (<)

~ KVY;

- KVYi+¢ = ¢
) = KV(Y; - Yi ) + ¢

(¢i-1))) — KV, = Yi) + (I = £)¢F

T(C)) — KV(Y; = Vi) + KV

T(¢:)) (2.95)

”S/El

)
)

I I ||
IR Y

1

Il
D

2¢; —Ci —

Note that (2.93)), (2.94) and (2.95) coincide with ([2.78)). This completes the proof.
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2.B.2 Proof of Lemma 2.9

This proof is a simple extension from the one presented in Appendix F of the main document.

Therefore we use the same matrix decomposition defined in the document to get:

G LG Osxarx & c
w | © = <D | T e ”H) wr | S et | 5| s
Vit VLG Oarnmxerm Y, VL
S -~ 7 N /
eV Ap

We now define the new coordinates:

Tiq 2 K_I/QITE;EH
741 — il A K‘1/2IT57:+1 (2.97)

e B g 7Re T3¢
T =H G tH Vi

Expanding H~'P and following exactly the steps from Appendix F in the main document

we get the desired relation.

T | Iy — pGK ™1 —uITGH K2 x$
&5, —nKV2(HT + HIVVLGT Dy — pu(H] + HIV)LGH, &5
ITK_1/2
+ | s(€D) (2.98)
(HI +HIV)L

2.B.3 Proof of Lemma 2.10

We start by stating the following useful Lemma.
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Lemma 2.12. The following bounds hold:

n

J
[ 276 < 28 masx (1Ciuall*) 25 — @£]|° + 28 mase ([ G [7) I D 25! — 2524

+ 2K [P s (G ?) (155 — 5

J
2K 27 max (| G 2 (2.99)
’ n=1
(1] +HIVILs (O < 2| (HT + HIVIL| e (]| G [)
(Il )
_ 1< o
+2||<H,T+va>£\»2rggx<iiak,n||2)j2231(||:n8— 2|+ P25 — 257)1°)
(2.100)
where CNJ;M = (G — Gk,n).
Proof. See Appendix 2.B.4] O

Now we expand the top recursion of (2.85)) and take the squared norm on both sides of

the equation to get:

124 17 = || (Fons — pAeK ™) &5 — pZ ' T7GHL K285 + pz ' T7 K 3s(¢5)||° (2.101)
(1—1t)/2 o
&5, [I* = H (Lons — pAeK™Y) &5 + (1—t)/2<_MZ "ITGH, K2 &5)
(1 B t)/2 —14T 71— = e 2
Taonptt TR 5(¢5) (2.102)
()
a2 € 40 (Raas — e ) |+ 201 - 072K 27T g M,
+2(1— ) K| 27T s ()| (2.103)

(b)
&5 |I2 < ¢4 [ Fonr — pAa K[| 12

+2(1 — ) YK 2 T G E ||+ 201 — )P K | 2 T s ()| (2.104)

where t € (0,1). In (a) we used Jensen’s inequality and in (b) we used Schwarz inequality.
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If 4 < K/p(Ag) then we can choose t = || lopr — pAgK Y| =1 — pa; K—' < 1, where a; is

the minimum eigenvalue of G:
ay = AG,min
Hence, we can write:

|&5” < (1= par K [1&]° + dpar | 27 T GH &S| + pdar | 2727 (65|

< (1— pa K0 || + ufxafl\lZ”ITQHulli 1251” + pdar | ZH|P(|Z7s

A
=aso

(c) ~e _ — ~ “e
< (U oK@ + s 1P + 8K ar |27 mas (1 G P)

N

-~

A
=a3

=1

<

+u8Kait|Z~ 1||2max ‘Gan

N =
-~

B4,
+ 8K a1 27|21l max (| Grall®) 125 — 2517

J
Ae IH

8K 12722 max ([ Gl ) 7!

n=1

(2.105)

(2.106)

<[

i

- ~€e ~€ ~.e cell? ~e ~e
= (1= pa K45 + pras | 25] + (Hwo =& 117 15 - 461

J
a2 (o - o)
n=1

(2.107)

where in (¢) we used (2.99). Note that the inequality obtained constitutes the top inequality

of (2.89)). We now repeat the procedure for the bottom recursion of ([2.89):

a2 = || = nK 2 (HT + HIV)LGT Zat + (D1 — n(HY + HIV)LGH.,) &

+ u(HT + HTV).cs(c 1k
(1- 1 i !
H T/ pl (] + HIV)LGT 2%, + D
t)/3

( t)/?)( pHT +HIV)LGH,) @
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2

Ld-9)3
JREEYE

<3(1—t) Y uK 2 (1T + HIV)LGT Z&¢||* + t 1| Dy&d |2
(

AR+ HV)Ls(CF)

3L =) WK H|(H) + Mo VILGLZ|P || 25| + 1D 17|25

L= t) M u(H) + HV)LGHES* +3(1 — ) (M) + HV)Ls(E)])

+3(L =) 2| (H + H V) LGHLP @517 + 31— )7 W [[(H] +H V) Ls(¢E)]
) —_— SI[(HE + HIV)LGH.,||?
< el + 2 WHA DG 5
<1— )\Q(L)>
o ~ )
2 SKH(H + HIV)LGTZ|? |2
) (D) s
N
6||(HF + HIV)L|| masy,, (|| G
+ i : (16 1) (lla6 — 2 ]1° + 172015 — 25)1°)
(1= V(@)
6 ||(HT +HTV)L||” maxy , (HGk,n\F)
+ 1 -
(1— )\2(L)>
J
>3 (H%—w I° + 1l (&= —e’iil)HQ) (2.108)
n=1
where in (f) we chose t = || Di|| = v/A2(L) and used (2.100). Noting that the inequality

obtained constitutes the bottom inequality of (2.89)) completes the proof.
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2.B.4 Proof of Lemma 2.12]

Now we proceed to bound the gradient noise related terms.

17" s(CII* = [| 7" (T(<F) -

K 2 (a) K N
Z (Gea) = Gilts| < D) EKIT(C,) — Grtrall®
k= k=1

(2.109)

where in (a) we used Jensen’s inequality. Next we analyze the individual terms HT(ng) —
2
Gl

2

HTCm Gka'LH _HG Ckz Cko ZG knl Gkaz

2

1i(Cri — Cho) + G (Cko ) JZGinl k;n 1 — G

2

= HGZ’L(CZ’L —Cro) + G (Cz,o - Ck:z i Z G, kn 1 lc:Jl)

2
©

(Gk’ - Gi,i) (Cz,o - Ck 7 Z G kn 1 Z,_Jl>
’2

L oGLIPlcto - CLll + ZHG HPlleit - Gl

e—1 e—1
E :HGkn kn 1 k,J)

<916t - ¢t

< 2 ([Gnl?) o — €l -+ mase ([Grn) Zucm G @)

where in (b) we used the fact that ¢f, = (¢, in (c) we defined Gj, — G},; = ézl, in (d)

kN
we used Jensen’s inequality and in (e) we used Schwarz inequality. Combining ([2.109) and
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(2.110) we get:

K
Il < Y- a (2max (Gl et~ Gl

k=1
9 J
+ max ( ’Gan ) jz HCM 1 CZ’JlH2>
n=1
(@) d
< 2K max (|Gl (165 - <7 +—max<||Gan )3 lem - ¢

n=1

= 2Kmax <||Gkn||2> HC: COH + —maX (HGan )Z]: HCJ _EZ:llHQ

n=1

(2.111)

where in (a) we used Holder’s inequality. Now we need an equation relating HE: - EZH with

|25 — ®¢|| and [|&f — || which we get as follows:

i

|12 T (- ) + Ha(f — )| 2 K T(h — )| + || (26 — &)

()

I€; = o

< llas — ]+ 121 @ — &)l 2112)

where in (a) we used (2.97), in (b) we used Z*H, = 0, in (c) we used the fact that the
maximum eigenvalue of ZZ is K. Combining (2.111]) and (2.112)) we finally get:

J
1Z7s(¢IIP < 26 max (|Gl ) |26 — " + 2 maxe ([| G |*) 77 3 257 = 2574
’ ’ n=1
+ 2K max (1 Grnl?) 125 — 511
J
2K P e ([ GraP) 3 a5 — a2 (2113
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which is (2.99). We now proceed to bound the other noise term.

I(HE +HIV)Ls(C)N? = ||(HE +HIVL(T(CE) — 6¢)||”
< ||(HF + HIV)L|PIT(CE) — 6¢el?

() — Guliy

2

= |(HF + HIV) L)
T(Cis) — GrCis

K
= || + HIVIL|P DTG — Grcia”
k=1
(a) T T 112 K -~ 2 e e ||2
< 2”(7'[1 +H, V)EH Z (mgx <HGan )HCk,o_Ck,i”
+ max HGan ZHCkn 1 CZ,}HQ)
®) T T 7112 ~ 2 e el|? 2y 1 4 e—1 e—1|[2
< 2 + )L (e (1G5 = €I+ ma ([Gual)5 3 i = €57 )
’ ’ n=1

(c) _ ~
< 2|[(H] + HIVIL| | mae ([[Grall”) (15— £])° + 1700125 - 26)1°)

1 J

s (Gl 7 22 (N6 — @¢l|” + Il @5 — 257 )] (2114)

where in (a) we used (2.110)), in ( we used Holder’s inequality and in we used (2.112).
Note that the bound obtained is (2.100).
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2.B.5 Proof Lemma 2.11]

We start by introducing the definitions

ca | sl
Y; = el
)
NI
|l — &
NG
| llz5 — &5
1 — nag K1
M, A Hay
(> ag
M, A az || Huas
| Har pllHalar i
A, 2 ay | Hull?as
| pas MHHuHQOB ]

2.B.5.1 Bound for y;f

We iterate equation (2.89)) to get

2
= MPy5 o +p Yy MM,

n=1

= Mfyo +NZM1H_1M2

J-1

1
y] _< Ml <M1y] 2 +/’LM2Z -2 +/J/J_ZM3/LU6
n=0

1
zj_n—l—uZMk

V(L) + pas |

k‘ k.|>—t
»—lﬁ

[l

| [Hll® ]

1) + ,LLMQZ 1 + /.LMg

MK

(2.115a)

(2.115Db)

(2.115¢)

(2.115d)

(2.115¢)

(2.115f)

(2.116)



Now we impose the following conditions on pu:

aias

(1 — uK tay)as + plagar < ag — pu < Kasa, (2.117a)
o(L)ay + pasag + pasar < ar (2.117b)

a,a
(1 — puK tay)as + ptagas < agy — p < K;QZ/S (2.117¢)
Xo(L)ag + pagas + pasas < ag (2.117d)

Notice that since constants a; through ag are all strictly positive, there’s always a step-size
1 small enough such that the above conditions are satisfied. These conditions imply that

the following entry-wise matrix inequalities hold:

T
1—uKta a 1
MM, — 1 3
prag (\/ Ao(L) + p? as paz [H]?
T T
1 — K tay)as + pasa 1 a 1
( % 1) 3 M 207 < 3 _ M,
prasas + (VD) + as) par | | [#Ha? par | | 12
(2.118)
X T
1—pK "a a 1
MM, — 1 4
piag <\/ Ao(L) + 11 a5 pas K
T T
1 — uKtay)ay + plasa 1 a 1
B ( v 1) 4 M 208 < 4 Y
prasas + (VD) + as) pas | | [#Ha? pas | | 1M
(2.119)
and hence we can write:
' j—1 =
v = MYy + My Y 2+ My Y wy! (2.120)
n=1 n=0
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2.B.5.2 Bound for zj‘f

We can proceed to get a similar inequality for zj. For this we start by using the top equation

of (59

&6, — &5 = —pAeK &l — pZ TTGH, KVl + pZ 7 TV K2 8(¢5) (2.121)

Using the above equation we can write the following expression for &7, — &g:

&, — Zm &S =py —AeK'@S— Z7'ITGH, K TPaS + 27 TV K ?s(¢S)
(2.122)

Taking squared norm on both sides we get:

@540 — &5l = K™'af — 27T GH, K™ 2af + 27 T K~'15(¢5)

(a) :
<32 +1) Y (K2 A + K 27 27 GH. ||
j=0
+ K7Y 27127 s(¢9)|1?)
Y o2 4 1) S (K2l As 2312 + K- 227G, |24
PP+ 1)) (K2 APl + K7 NN

Jj=0

+K‘lllZ*IIQIIITs(C?)IIQ)
(< 3 1) K72|A 24 K YZ Y2V GH, 1P 2612
1 (i + Z [AG|1?]|5]1* + | w7125 ]

+2\|Z*1H2rgex(HGk,nHQ)HcES - &

<

+ 20127 max ( (||Genl*) 7

+ 2||z—1||2|mu||2%><(||a,m||2)

-~ €

2
=€

J
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(2.123)

J
Ae 1||

n=1

2027 Pl max (|G )
where in (a) we used the Jensen’s inequality, in (b) Cauchy-Schawrtz inequality and in (c)

in (a

we used (2.99). We now proceed in a similar fashion to get an inequality for ||&{,; — &{]|?
— u(HE +HIV)LGH, %5
(2.124)

—uKYV2HE + HIVVLGTZ Dy — Lin(—1)

~e

C%Z?Jrl o
(H{ +H, V)Ls(CF)
Similarly, as we did before, we get

S —pK (M + HIV)LGTZ&, + [Dy — I — p(H] + HIV)LGH,]

2

3%0”2 -

271 —
(Hi +H, V)Ls(CS)

(i+1) ZH — uK "~ (M + HIV)LGT 235 + (D) — 1)
HIV)Ls(¢O)|)

(l

(HT + HTV)LGH, &5 + p(HT +

— plr; +

(b). 2 2

< (i+1) (1= haD) + pas Zuw 2+ 12 +1 a62u i
Pl — 25)1°)

(

2(i+1)a7Z(Hi‘8—a?§ ’
=0
! J
+ pfas(i+ V2N ([[@6 - a6 + IraPl@ET - 25I2) (2425)
n=1
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where in (a) we used Jensen’s inequality and in (b) we reused the calculation of the norm in

(2.108). Now combining (2.123]) and (2.125)) in matrix form we get the following inequality

BUPK | Acl® 3P K ZTITGHLP |

_ Y;
prag 1— /Xa(L) + plas =0

J/

zi 2 (i+1)

S
T .
6|Z_1 |2Hlann< Gkn 2) 1 !
+ (i + 1)’ 12~ ~ UGkal %
2
az [Hall® | =0
2
2 2 6[|Z~H||* maxy,, (HG’MH2) 1 ) 1J_1 1
+(i+ 1) Ty (2.126)
as HHu”2 n=0
2 M

Combining (2.120)) and (2.126]) we get:

i j—1 J—1 i
. 1 _ , .
zi 2+ 1) My E (Mf + uMs ZZ + ungj an 1) + (i + 1) M sz

7=0 n=0 n=0

J-
1 2 2 -
+ (1 + 67 Z@
' i -1 i
= (i + 1) M, Z MIyE + (i + 1) M M, b+ (i+ )M Y 2
§=0 7j=1 n=0 Jj=0
: : J-1

, 1+ 1)1 . 1 _

+ (i +1)p << ) M4M3+(z+1)uM6) 7 we!

= (i+ 1My Y Miyg+ (i + DY ((i = j) MMy + pMs) =

=0 =0
i 14
- 1)20 (= MM + uMg | = e-1
+(Z—|— )/UL(2 4 M3+ 6>anzown
< (i 4+ )M Miys + (i + (MM, + pMs) Y 2

. i 1 .
+ (i + 1) (§M4M3 + uMﬁ) i > wi
n=0
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= (i + 1)My(I — My) " 'ys + (i + Dp(iMyMy + pMs) Y - 28

j=0
+(i+1)%u (%M4M3 + MMﬁ) %;wffl (2.127)
Summing across all z¢ terms in an epoch we get:
1, Tl y J L
5 ; 2 X == Ma(l = M) yg + p(J + 1) 5 (uMs + T MaMy) ~ ; %
+ M%J (%M4M3 + uM6) %] S we (2.128)
n=0

2.B.6 Bound for wj"f

We now proceed to obtain a recursion for w{. Similarly, as we did in (2.126]) but summing

from 7 to J — 1, we write:

J—1 J—1 J
w§ = (J— )My Yy + (] — i) Ms Yz + (= i) i Me Y wiT)
T n=1

j—i
J-1 1
: J
J—Z)M4Z_: (Ml —|—,uM2nZ;z —i—,tLngJ;w >
J—1 J
(] =D Ms Y 25+ (] — i) M Ty wi
]:i n=1
‘ J—1j-1 J—1
= (J —i)M, Z Miyg+ (J = i)pMyMy Y S "z + (J = i)p*Ms Y 25
j—i j=i n=0 j=i
J—1+i _ o
+ (J —i)? (uzMﬁ - N%Mﬂ/[g) J! an_ll
n=1

J-2 J-1

=(J—i M42Mf —z)pM4MQZmin(J—z,J—j - 1)25+(J—i)u2M5Zz;
7=1 Jj=t

: J
J—1+1 .

+(<]—Z) (/J M6+/~L( 5 )M4M3>J I;UJH

J—2 J-1
— )My M — i) UMMy Y 25+ (T — )P Ms Y

j=1 Jj=i



4 (J—1+1) _ o
+ u(J —i)? (,uMG + o MaMs ) J L Zl weh
J—2 -
= (T = D)My(I = My) 7'yl + (] — i) pMaMp Y 25+ (J — i) Mz Y 25
= —
(J—1+4) !
+ u(J —i)? <MM6 + TJ\44Mg> Ty wih (2.129)
n=1
Summing we finally get:
1 J—1 J—1
e —1
72 wé < J _O(J—Z)M4(] M) Yye + = Z —i MM4MQZ,Z
1 2
+ j ; - Z M5 Z
= (J—1+1) 1
1 B e—1
+ J- ;u — 1) (uMﬁ—i— 5 M4M3)j;wnl
J J 1 J J—1 1 J—1
=T iM(I - My) T+ > i2uM4M23 DY (J- @)u2M53 > e
i=1 i=1 j=1 i=0 j=i
+ Ty i (uMg + (J — 1) My Ms) 1 iwe-l
=1 J n=1 "
J J 1 J J 1 J—1
SN ORTED DTN S DEES DAY D O
i=1 i=1 j=1 i=1 j=1

J
1
+J” ,uz (uMs + (J — D)MyMs) = > wi

J n=1
J+1 J 1<
< TM4(1 M)y + p(J + 1)§(uM5 + JM4M2)jj;zj
J 1<
+ (T + 1) (uMg + (J — D)MuM;) = > " we™) (2.130)
9 J

At this point we have recursions for y5™, J=1 37 2¢ and J~' 3277 wf which we rewrite

zlz
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for convenience.

J
1
U5 X MY+ p I Moy 2+ T M
=1

J

1K, J+1 . J
5 Zl 2 X S Ml — M) Lyl 4+ pu(J + 1)5(,,LM5 + JM, M)
J 1= .,
=0
1 J+1 J
5 2 wi = 5= Ma(l = My) 7y + (T + 1) (1M + T Mo My)
i=0
J 1 — e—1
=0
We now make the following definitions:
e A e
y° =y5 € R?
J
21 e | YA e R
n=1
J—1
w1 )2 | Y uh e R
n=0

Noting that

pMs + JMyMy =

.

6[|Z 1 maxyn (| Genll?)
+3u] (K2||Ag|2as + par K Y| Z ' ITGH,,|1?)

ar +J (,uagaG + ay <1 —VA(L) + ,u2a5>>

t

11>

to
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(2.132)

(2.133)

(2.134a)

(2.134D)

(2.134c)

[l

(2.135)



61271 1* maxy . (|| Grnll?)
T
+3ud (K72 Ag|Pay + pas K| Z 1 ZTGH.||? 1
puMs + JMyM3z = p ( )
1.2
ag + J (,ua4a6 + ag (1 —VA(L) + ,u2a5>>
Nk
12}
(2.136)

using (2.115¢)) and (2.115f) and multiplying both sides of (2.132]) and (2.133)) by [ 1 |[Hal? }

we get:

(03 a
Yt < M y® 4 pd A P pJ R (2.137)
naz Has
T
J+1 1
< % Ma(I = M)y
| Ho |l
2 J 2 e 2 J 2 e—1
+p(J + 1)§(t1 + | Hull"t2) 2 + p=(J + 1)5(753 + || Hou||*ts)w (2.138)
T
J+1 1 1. J .
wt < — My(I — M)y + p2(J + 1)5@1 + || Ha|*t2) 2
[ Hul?
2 ‘] 2 e—1
+ p(J + 1)5(1&3 + || Hul|ts)w (2.139)

we now impose the following constraint on u:

2

= \/(J + 1)J(t+ ([ Hal?t2) (2140)

which implies that (1 — p>K~'(J + 1)J(t1 + ||Hu|[*2)) > 0 and hence we can derive the
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following inequality for z¢:

[

-~

(L= 27+ DI+ [l ) 2 < 270+ D[ 172 | Mall = 0) 7y
20
+—u2J(t34—H7{uH2t4)uf> (2.141)

2-1(J +1)
< ——

e

( [ || Ha? ] My(I — My) ™y + p*J (t5 + IIHu]|2t4)we_1> (2.142)

Replacing ([2.142)) into (2.137)) and ([2.139) we get

yeJrl j (MlJ —f—/ll(zdl)il(‘]—i_ 1)JM2M4([ — M1)71> ye

+ ud + 2T (2dy) T 1) (ts + (| Hul|*ta) w (2.143)
Has nar
T
. J+1 9 . ) 1 ny
w < = (L4 2Q2d) 7 (T + DI (t + [Hal*t)) My(I— M)y

[Hu]I?

J
+¢ﬁ@]+1)§@3+¢nun%@(1+¢P@d9—%J4—DJ@1+H?@H%g)w&*

T
1

[ Hull?

I+l

=5 My(I — M) "My + (2T (ts + || Ha||Pta)w ™! (2.144)
1

Or written in matrix form:

ay + 12 fra
ye'H Mi] +,Uf1JM2M4(I — Ml)_l ,uJ T H f2 K y°
j nas + ,u3f2a7 (2145)
w* . ) ,we—l
AL Il ] Matr = 2 2y
where we defined:
fi = 2d) (T +1) (2.146a)
fo 2 2d0) (T + 1) (ts + [ HaPta) (2.146b)

which completes the proof.
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2.B.7 Proof Theorem 2.3

We start by multiplying both sides of (2.145)) by [ 1 1 pe } as follows

T T

L] [ e Tk U] T sl
U et | < b b ey || @l | < max(baby) | 1| | ()2
JL€ we wefl L€ wefl

where € is positive constant which we will define later and b;, by and b3 are:

L bﬂF V] s (7[00 ][ 1 g ]) M- )

UL MY i (s pan) £ ) | 1P | MaT = 2T (2.148)

>
w
Il

E_IJ(CM + M2f2a3) + G_lj(lws + N3f2a7) + M2f2 = 6_1J(a4 + pag) + O(Mz)
(2.149)

Note that if we constrain the step-size p to be small enough so that 1 — uK ta; + p?ag < 1
and \//\2([_/) + plas + pay < 1, we get that [ 1 1 ] M/ =< [ 1 1 } M, and hence we can

further write:

[beob | 2 0 1| Mt iU+ pan) e | 1P | MaT = 2) T (2150)

The objective now is to prove that max(by, by, b3) < 1 and hence the algorithm converges

linearly to the minimizer. We now proceed to obtain expressions for b; and by. For this, we
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expand the terms in (2.150)). For this we expand [ 1| Ha)? } My(I — M)~

-1

K 'a —ua
([ . Ml)_l _ :u 1 /’L_ 2
—ptag 1 — /(L) — pas
1—4/A2(L)
—_— — ua a
_ E z a9 9 151)
a K1 <1 — 4/ Xa(L) — ,u2a5> — 1lasag g K 'ay
24,
T
My (I — M)~
Ak
T
_1 312K || Ag|? + pPag| Hal
G| 32K Z T TIGH P + [l (1= V() + pas )
e L :Q(L) — Mas D)
Jag K 'a;
QT
i (1= V2(D)) BE 2| Ac|> + 2a6]Ha?)
+3u3 (a6K_1HZ_1ZTQ”HuH2 — K‘2\|Agﬂ2a5)
1
= — 2.152
5 (2.152)
K (1= VAa(D)) a1+ #2BK 2 Acl® + ag|[HaP)as
+p? (K ZTITGH|? + as||Hal]?) K 'y

Now using (2.150) and (2.152)) and setting e = % we can write the following

expressions for by, by and bs:

by =1—pK 'a; + O@?) (2.153a)
by =1/ Xa(L) + O(p) (2.153Db)
bs =1 —pK ta; + O(u?) (2.153c)
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From (2.153a) and (2.153c) it is clear that for small enough step-size u, by < 1 and
by < 1. Also since lim, ,0by = y/Xa2(L), then it is clear that there is a step-size y small

enough such that by < 1. Like we said before since max(by, by, b3) < 1 this implies that
[ [Et || A€+1||2 w ] converges linearly to [ 00 0 ] with a rate bounded by max[1—
pKta,+0O(p \/)\2— )+O(1)]. Remembering the definition of a4 in (2.105) we can equiv-
alently bound the convergence rate by max[p(I — uK'Ag) + O(u \/T )+ O(u

2.C Proof of Lemma [2.1]

To simplify the notation we refer to 8°(H, \) as 6°. Using (2.19)) and defining R = A~'CA~1U,
we can write §° = (I +nR)~(nR0, + A~'b). Using the Jordan decomposition R = JrApJy*

we get:
0° = Jr(I +nAr) "R A7 + Jr(I + AR IR0, (2.154)

Note that all the eigenvalues of (I +nAg)™ and (I +ntAj")™ have the forms (14 nAg;)™
and nAg;/(1+nAg;), respectively (where Ag; is the i-th eigenvalue). Therefore, to be able
to obtain an approximation of the bias that depends only on the design parameters, we make

the following approximation:
0° ~ (14 rkin) TAT 0+ k(1 + k1m) 70, (2.155)

for some constant x;. Note that expression (2.155) is an equality for n = 0, since the
regularization constant is typically small in practice and (2.155]) is a useful approximation.

We proceed to calculate the bias of #* = A~ with respect to #*. Using (2.8) and - we
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can write:

" =Tor™ + p1 0™ = i(plFl)”FQT’T (2.156)
n=0
X0 =11 (Tyr™ + p1 11 X0°) =11 i(ﬂlflﬂ)”FQT” (2.157)
n=0

X0 =1Iv" = Hi(plf‘l)"l“ﬂ” (2.158)

n=0

Combining the expressions from above we get:

X0 —07) =11 i ((p1 T4 ID)"Tor™ — v"™) (2.159)

n=0
HZ (piTWID)"™ — (paTy)™) o™ (2.160)

Note that if v™ = IIv™ = X6*, then (2.156)) can be rewritten as:
= (pII)"Tyr™ (2.161)
n=0

Combining (2.161)) with (2.159) we get that if v™ = ITv™, then § — 6* = 0. Therefore, we can
write (2.160]) as:

X(0° —0") =1(v" # Iv™)II i Pt (D4 ID)™ — ) Dor™ (2.162)

where I is the indicator function. We now approximate the right stochastic matrix P™ by it’s
steady state limit (given by (P7)*° = 1p’, where 1 is the all ones vector and p is the vector

with the steady state distribution induced by the transition matrix P™). Consequently, we

73



get:

Iy~ 1p" (2.163)
1 - (7/\)H T 1- P1 T

Dor™ & Ip'r™ = —— ) 1p'r" 2.164
o7 o ) (2.164)
e=p'Il (2.165)
D AT =T Tor™ = Y~ pf ((Ip" )" = 1p") Tor™ (2.166)

n=1 n=1

L= (NN 7o~
=1 (1_(—7)?) plr Zpl (e"—1) (2.167)
n=1

We note that the above approximations become tighter as v — 1, A = 1, H — oo or when
P™ has a fast mixing time. Since p’1 = 1 and II is a projection matrix (and therefore its

eigenvalues are either 0 or 1) we get that |¢] < 1 and therefore we can write:

o0

n(n_qy__P€ P _ pr(e —1)
;pl @-D= L—pie 1=p1  (I1=pe)(l—p1) (2.168)
- n n__ n T T,r,ﬂ_ pl(G_l)
S e e o[ ) e

Therefore, combining (2.155)), (2.162) and (2.169) and grouping constants we can finally

write:

0, — 6% \°
0° — 0%||? ~ (11 o™ 4 TIo™ K2p1 n k110 ) 2.170
| | (v # )(1 Y P——" [ (2.170)

2.D Proof of Lemma 2.2

Since the regularization term of (2.155)) is not subject to variance, to calculate the variance

in the estimate of ° we need to calculate the variance of 8* = A=1) as follows:

El§* — ¢°|]> =E|| A% — 6|2 =E Hﬁ—l(é Sy (2.171)

‘ 2
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where we are using the squared Euclidean norm. Due to the Rayleigh-Ritz’ Theorem we have
Tmin (A7) < |A™Y| < Opnax(A7) and since opma(A) = Tmin (A1) and opa (A1) = opin(A)

we can write:

(2.172)

EO’maX Hb_Ae. SEHé\._e.HZ <E0m1n )HB_A\Q. i

Now using Proposition 9.6.8 of [78] and the fact that A = C — XTDT, X we can write:

Tmin(A) = Anin(C) £ p10max(E) = Amin(C) + O(p1) (2.173)
Tmax(A) = Amax(C) £ p10max(E) = Amax (C) + O(p1) (2.174)
E=X"DI X (2.175)

Using the above results and the intermediate value theorem we can write:

E[|6* — 6°) = (e2 + O(p1))* ||b — A6°|* (2.176)
for some constant 5. For E Hl; — A6°||” we can write:
E[b— A0°|" = E || 07 becdion 2 © EbAoe)? (2.177)

where in (b) we assumed that the total amount of data collected is significantly larger than
the mixing rate of the Markov Chain, and therefore the terms b, — A\tﬁ' corresponding to
different times can be considered independent of each other. Note that this is a standard
assumption (similar to the one stated in Assumption in the sense that in practice it

demands that enough data is gathered so that the effect of the policy on every state can be
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accurately estimated. To approximate E HIA)t — Eﬁ'Hz we proceed as follows:

T

-2

T=E |’ ((%)H‘l(mﬂ-l + i, 50%) + ) ()" (reen + (1 = Nt 10%)

2
—x; 9')

@ H-1 2
= E |z (Z $t+n — Ttgn — VItTJrnHe.))

E|[b, — A0°

i
o

n=0
H-1 2
~ E th||2 ( V(St4n) = Ttan — VU(8t+n+1))>
=0
—1
]EthHQ Z YN (0(St4n) = Trin — 7“(5t+n+1))2 (2.178)
=0

where in (a) we simply reorganized the terms, in (b) we used xl6* ~ wv(s;) and in (c)
we used the fact that due to the Markov property each term v(Siyn) — Tein — YU(Strns1)
is conditionally independent from all previous terms (conditioned on s;.,) and that by
definition E [v(Sy41n) — Teen — YU(Stant1)|St4n] = 0. Now we lower and upper bound

as follows:

H-1

H-1
—~ 2
m Y (A" <E b — Abt|| < MDY (N> (2.179)
n=0 n=0
M = max |[]* (v(strn) = rern = Y0(Stn41))° (2.180)
m = min [|z|[* (v(sern) = Tren = Y0 (S04n41))" (2.181)

Combining the above result with the intermediate value theorem we get:

R N 9 1— A 2H
E|[b, — A,0°|° ~ e (%) (2.182)
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for some constant es. Finally, combining (2.155)), (2.182)), (2.176|) and (2.177) and assuming

N >> H (which in practice should be the case) we get:

No ol|2 Ry 1— (/7)‘>2H
1P o = = (1o o) (2159)

where k4 = €g€3.

2.E Proof Lemma 2.3

To write A, b and C' as expectations we use definitions (2.16)) and (2.9, and then expand

the matrix operations.

A=XT"D(I —pT1)X

=XTD (I — (1= NP3 (PP + MP“)H) X

H-1 T
:Zd¢(8t)x3t<x5t_ fy(]‘ - A)Z(V)\)nz p;rt,st+1+nx5t+1+n + (fyA)H Z p;rt,st+Hx5t+H>
n=0

st€S Sz+1+n€S SH_HES
H-1 T
= Ed¢,73,7r [{Et(a)t Z ’)/)\ Liintl — ("}/)\)H.’Bt+H) (2184)
n=0
H-1
b=X"TD Z(MP”)” T
_Zd¢ xStZ Z a|5t 5t+1’3t7 a)r(st, a, 3t+1)
st€S a€L St+1ES
H-1
Z d¢ (st xStZ pst st+nz Z ZW al$t4n)P(Stant1|Stin, @)1 (St1n, @5 Stins1)
st€S St+n68 a€Ll st+n+168
H-1
=Egepr (wt Z('Y)\)nTtJrn) (2.185)
n=0
C=X"DX =) d*(s))1,,25 =E g [ma]] (2.186)
st€S
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2.F Proof of Lemma [2.4]

We start with (2.23al):

H-1 T
A=Epp, th<iBt —y(1=X Z(’V)‘)hmt-i-h—i—l - (7)‘)Hmt+H> ]
h=0

(a) - T T
= (1-2) AhEd%P,w (mt(mt - ’Yh+151f't+h+1) ) + )‘HEd¢,7>,7r (wt (mt - ’YHfL'tJrH) >

h=0
o H-1

T

==X N'E 4o 6.7, [5t,t+h+1wt (@ — 7h+1wt+h+1) ]

h=0

T
+ AR o p g, |:£t,t+Hmt(mt — " ®eim) }

(o) -
= Egopof act( ((1 - ) th01 Ah£t,t+h+1 + >\H5t,t+H> Ty

H-1

T
—v(1=2A) (’7)‘)h€t,t+h+1wt+h+1 - (V/\)Hgt,HHmH—H) ] (2.187)
h=0

where in (a) and (¢) we simply rearranged terms. And in (b) we introduced the importance
sampling weights corresponding to the trajectory that started at some state s; and took h
steps before arriving at some other state s;yj, which are given by:

t+h—1

Gen =] 7(asls;)/(asls) (2.188)

J=t

Hence, by removing the expectation in (2.187)), we can get the following estimate of A using

a single H-step trajectory:

T

o~

T
Ay =y (Pﬁo% (1 =2) (VA)hfn,nJthrlanthrl - (7)‘)H€n,n+Hxn+H) (2.189)
0

>
I

where we defined:

pffn = ((1 - ) f:_; ANrE o + )‘H_nét,t+H> (2.190)
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Following similar same steps to estimate b, we get:

T

Bn =, (’y)\)hpghrmh (2.191)
0

>
Il

The estimate for C' does not require importance sampling because its expectation only de-
pends on d®. Hence, the sample estimate is given by C, = z,27 which completes the

proof. n

2.G  Proof of Lemma [2.5

From Remark we know that (2.66b|) implies that the consensus constraints are satisfied

by (° and hence for some 6° and w®:
°=1g @[, 020" (2.192)
Multiplying by I7 2 1% ® Iy we get the following condition:
0=1" (£(G¢° —p) + p~VY°) L I7 (G~ p) (2.193)

where in (a) we used Z'L = Z7 and Z*V = 0. Combining (2.192) and (2.193) we get that

0° and w® must satisfy:

- (2.194)

since the left hand-side matrix is invertible (because A and C are invertible) ¢° is unique.
Left multiplying by the inverse of such matrix we get . Therefore, we conclude that
¢ =1x ® [6°70°T). The fact that Z7 (GC° — p) = 0 implies that GC° — p lies in the range
space of V (because it is orthogonal to Z which lies in the null space of V), which in turn
implies that a vector ) that satisfies exists. We conclude the proof by showing that

there is unique )° that satisfies (2.66a)) and lies in the range space of V. We do this by
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contradiction. Assume that there are two fixed points ((°, Y1 = Vay) and (¢°, Vs = Vao)
such that )i # Vs, applying both to (2.66a) and subtracting the resulting equations we get:

Vz(al — ag) =0 <= V(a1 — ag) =0 = =) (2195)

which is a contradiction. This concludes the proof.

2.H Proof of Lemma 2.6

We start by doing the following matrix decomposition:

_ 1
. @ H(%)HT _H(IK;A)z HT
_ _ = 1
VL L H (B52) (B52)> HY H(B5)HT
H 0 IctA —(IK*A)% H 0 !
- Tre+A 21 AN I 2A (2.196)
+ —A\32 +
0 H | [ ("5%)(%5%) = 0 H
Y H.diag{ B} HT (2.197)

where in (a) we used Remark [2.4) and the definition of V' (2.39) and in (b) we rearranged the
order of the eigenvectors and their corresponding eigenvalues through permutations to get

the following matrices:

JEYS _ (m)%
E, = 2 . 2 (2.198)
(1+/\k) (1—)\k)§ 14+,
| 2 2 2
K31 0 hy 0 - hg O
H, = A ’ " (2.199)
0 K21, 0 hy --- 0 hg

where )y is the k-th eigenvalue of L and hy, its corresponding eigenvector. Note that £y = 1.
Moreover, the matrices Ej, have two distinct eigenvalues given by (14 A\ £ /1 — A2)/2 and
therefore we can diagonalize Ej, using its Jordan Canonical Form as Dy = Z, 'E. 7, for

some Zi. Therefore, defining Z = diag{Z;,}}* | (where Z; = I) we arrive at the following
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diagonalization:

= HeZdiag{]a -D27 U 7DK}Z_1HE

VL

We can extend this diagonalization to the network-wide matrix:

£ -V L -v o

| = | ®I=H.Zo)D(Z'H 1)
VL L VL L é;{ 5

D= dlag{f, ,Dl}u Dl - dlag{Dk}£(:2 & I
Expanding H and H~! we get:
KT 0 H, K2 0
pr— ’,H_ pr—
0 K 3T Hy 0 K :I H,

(2.200)

(2.201)

(2.202)

(2.203)

where H;, Hy, Ho, Hqg € RHEM>XAKM=4M are some constant matrices. Now we use this de-

composition to transform recursion (2.68|):

G LG 0 i
TRl i (D T ”H) w | ©
Vi1 VLG 0 Yi

AT =T ~T 1T A
Sl 8 200] =T

(2.204)

where 7, = K%ITEi and z; = HlTa +7'er371 Using H we can further write a = K%Ifi+7-lu§7i

and j}, = Hqz;, from which we get the following bounds:

G < Nzl + 1Al I < I Hall 2]
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Expanding H™'TH we get:

KITLGT 0 K 2ITLGH,
HITH= K—:ITVLGT 0 K :ITVLGH, (2.2006)
K~ 2(HT + HIV)LGT 0 (M + HTV)LGH,

Since ZTV = 0 all elements in the mid row in the above equation are equal to zero and
therefore 7; = Ty. Also since all the elements in the mid column are equal to zero, it turns
out that z; and Z; are independent of Zy. Hence, we can disregard variable Z; and arrive at

the desired recursion, which completes the proof.

2.1 Proof of Lemma

We start by expanding the top recursion of (2.69) and take the squared norm on both sides

of the equation to get:

i 1% = || (Toar — pha K1) 5 — pK 2 27 TG, &

— ¢ -1\ 5. (l_t)ﬂzilﬂgHuA

(a) 2 2||Z*IITQ"Hui"Z||2

2

< 7Y (Toas — phaK V)| + Ao
(b) 2\ z-17T Ho 2 »
<t Tans — ph KPPl + 2 ” (1—t)gK ” 25| (2.207)

where we defined a scalar ¢ € (0,1), in (a) we used Jensen’s inequality and in (b) we used
the Cauchy-Schwarz inequality. If p < K/p(A¢) (where p(Ag) is the spectral radius of Ag)
then ||12M — uAgK_IH < 1 and hence setting t = H[QM — ,uAgK_1|| we get:

&1 )® < p(Tanr — pEK A& + pazl|2;|)? (2.208)
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where we defined ay = ||Z7'ZTGH.,||>/Auin(Ag). We now repeat the procedure for the
bottom recursion of (2.69)):

@ 92 i Dy
Ai 2< T TV»CIZZV€2 A¢2
lisaalP € 04 + HEVIEGTZ Pt +
+2(1 = o) 2| (H] +HV)LGH. 1?2512
) — y
< wrag||F]17 4+ /Ao D)[|25 7 + paal |1 (2.209)

where in (d) we used Jensen’s and the Cauchy-Schwarz inequalities and we also introduced

ty € (0,1) and in (f) we chose ty = ||D1|| = /A2(L). We further defined:

_ 2(H + HEV)LGTZ P

~ 2.210
as 1_ ,—)\2({/) ( )
_ 2+ HIV)LGH.? (2.211)

ay —
1— /(L)
Writing ([2.208) and (2.209) in matrix form completes the proof.
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CHAPTER 3

Distributed Optimal Policy Learning in MARL

In the previous chapter we addressed the policy evaluation problem in the MARL setting. In
this chapter we consider the problem of finding the optimal team policy in a fully distributed
manner in the same MARL setting. The situation under consideration is one in which all
agents form a team (to solve a common objective) and make decisions independently of one
another based on their local information with the aim of maximizing the team’s performance.
The contribution of this chapter is the introduction of Diffusion Team Policy Optimization
(DTPO), a fully distributed algorithm capable of converging to the same team policy as
its centralized counterpart. DTPO belongs to the family of Soft RL algorithms we briefly
discussed in Section of Chapter [1}

3.1 Related Works

There is a considerable body of work in MARL [36,61,79-95]. However, most of these works
only consider the case where the reward is global and observed by all agents (i.e. they do not
consider the case where agents observe local rewards). To the best of our knowledge, the only
work that considers the case with local rewards is [61]. In [61] the authors extend the policy
gradient theorem [14] to the MARL case we study and derive to actor-critic algorithms.
These schemes work on-policy and therefore are not data inefficient. More critically, the
algorithms rely on a naive factorization of the team’s policy and therefore are only guaranteed
to converge to Nash equilibrium policies that can be highly suboptimal in environments where
coordination is necessary, (we illustrate this in section . DTPO works off-policy and is

therefore more sample efficient than the actor-critic algorithms from [61]. Furthermore,
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DTPO does not rely on such naive factorization and hence does not converge to suboptimal
Nash equilibria. In appendix we provide a brief introduction to Nash equilibria along
with a discussion of why such equilibria can be undesirable in the context of cooperative

MARL.

3.2 Problem Setting

We address the cooperative MARL problem we introduce in section of Chapter |1 We
recall that in this scenario we consider a team of K agents that form a network. The network
is represented by a graph in which the edges represent the communication links. Agent &
communicates only with a subset of the agents in the network which we refer to as the
neighborhood of k (denoted as Nj). The topology of the network is determined by some
combination matrix L whose kn-th entry (denoted by ¢,) is a scalar with which agent n
weights information incoming from agent k (note that ¢y, #0 <= k € N,)). We make the

following assumption about the network structure (which will be used in Lemma [3.2)).

Assumption 3.1. We assume that the network is strongly-connected. This implies that
there is at least one path from any node to any other node and that at least one node has
a self-loop (i.e., at least one agent uses its own information). We further assume that the

combination matrixz L is symmetric and doubly-stochastic.

The agents interact with an environment and with each other, we model their behavior
as a MA-MDP, which is defined by the tuple (K,S,4% P.r*). The goal of all agents is to

maximize the aggregated return:

J(m) = Z %t (Z Expdn ["‘k(St, at, St—i—l)]) (3.1)
t=0 k=1

Accordingly, the team’s value function is given by:

vT(s) =E,

% Z Tk(sv d) + VE s’~’PU7r<S,)] (32)
k=

1
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where we defined r*(s,a) = Ep,,7"(s,d, s’). The team’s optimal value function and optimal

policied]] satisfy:

mi(als) = argmaxE gr
m(als)

?Z s,a) +VE g pvi(s )] (3.3a)

v'(s) = maxBa | 2

Z +9E ypvi(s >] (3.3b)

The max operator in equations (3.3]) is inconvenient because it is non-differentiable and in
this chapter we are interested in deriving gradient algorithms. To circumvent this issue we
use a differentiable approximation to the max and define the quasi-optimal value function

as:

vy(s) = A(s) log {Z exp (K_ 2= ” <8:\2)+ ﬂESINPvK(S,)) } (3.4)

where A\(s) > 0 is a temperature parameter that controls the accuracy of the approximation.
Note that v}(s) in (3.4 can equivalently be defined using the conjugate of the log-sum-exp

function as [96]:

vy (s) = rnauxIEaN,r
w(als)

Z A(s)logm(als) + 7B s pvi(s) (3.5)

k=

The max in (3.5)) can easily be solved by differentiating and equating to zero. Doing so gives
the policy corresponding to ([3.5)), which we refer to as the quasi-optimal policy:

vt (als) = exp [)\(s)—l (K—l Zszl rk (s, a) + vEerpr\(s’)ﬂ 3.6

> 4 €XP [)\(s)—l (K—l Zszl rk(s,a) + WES/va/*\(s’)ﬂ

Remark 3.1. Note that limy)_0 73(als) = 7*(als) and limy(s)—e0 mx(als) = 1/A.

We defined A(s) as a function of the state because it provides an effective way of trading

I'Note that an MDP may have many optimal policies; at least one of which is deterministic and chooses
an optimal action with probability one. Without loss of generality, we assume that there is a unique optimal
policy.
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exploration and exploitation [97]. The parameter A(s) can be initialized at high values to
encourage exploration (since for high values of A(s) expression tends to the uniform
distribution) in unexplored states and slowly decays as those states are explored. As a
consequence of the fact that 73(als) is a continuous function of A(s), a corollary of remark

is that for small enough A(s) it holds that:

arg max 7} (a|s) = arg max w'(als) (3.7)

Since our main goal is to obtain the optimal policy 7'(al|s), expression is very important.
This is because the theorem guarantees that for small enough A(s), an optimal action at every
state can be extracted from 7} (a|s) (and hence an optimal policy 7'(a|s) can be extracted).

The following lemma is an extension of [98] to the multi-agent setting:

Lemma 3.1. v}{(s) and 7}(a|s) are the only pair that satisfy the following consistency equa-

tion:

v(s) —YE g pv(s’) = %Z r*(s,a) — \(s) log w(als) (3.8)

k=1
Using ([3.8) we can write the following quadratic optimization problem (whose solution

is 5 (als)):

min (% Zrk(s, a) — A(s)logm(als) + YE gupv(s’) — v(s)) (3.9)

Unfortunately cannot be used to learn 7%(a|s) because r*(s, @) and the transition kernel
P are unknown and we want to derive a stochastic algorithm that learns from interactions
with the environment. Before we proceed to propose an alternative cost function that relies
on samples we note one key feature of , which is that there is no expectation taken
with respect to the policy of any of the agents (the only expectation is taken with respect
to P, which depends on the MDP) and therefore transitions obtained following any policy

are useful to learn 7%(als) (this is what allows us to derive an off-policy algorithm). With
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this in consideration we propose the following cost:

K 2

1 1

min 5B s (} > (s.0) = A(s) g m(als) + E.-po(s') - v<s>) (3.10)
’ k=1

where the minimization variables m and v refer to m(als) and v(s) for all states and actions
and 1) is some distribution under which (s, a) pairs are sampled. Distribution 1 is determined
by two factors: the individual behavior policies of the agents under which data is collected
and the experience selection strategy set for the replay buffers [99] of each of the agents.
Replay buffers store past data collected by the agents which is later sampled by the learning
algorithm and have been shown to be essential to achieve stable and fast learning [99], [5],
[100]. The experience selection strategy refers to the strategy that decides what data samples
are stored in the buffer (not all data can be stored due to the finite memory availability
of the buffer), and the strategy with which data is sampled from the buffer for training.
A uniformly sampled First In First Out (FIFO) buffer is a popular experience selection
strategy. An important characteristic of ¢ is that the behavior policies used by the agents
for data collection are potentially independent of one another, the only requirement for these
policies is that every possible transition in the MA-MDP has a positive probability of being
sampled. This is a key feature for multi-agent learning because it means that data collection
can be done in a fully distributed manner without any communication or synchronization
requirements among the decision makers. Also different agents can have different replay

buffer sizes with different experience selection strategies.

3.3 Algorithm Derivation

We now proceed to derive the algorithm. To derive a distributed algorithm in which each

agent uses only local information, we let v*(s) and 7*(a|s) denotes the local copies of v(s)
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and m(als) available at k£ and instead solve the equivalent problem:

K 2
1 _ _
min §E¢ ( E Ep.r¥(s,a,s’) +yEpv*(s’) — \(s) log7*(als) — vk(s)>

k=1

s.t. 7'(1:...:7TK Ulz...:UK (311)

We are interested in deriving a stochastic gradient algorithm that relies on samples. Prob-
lem is not suitable for this because the gradient with respect to the variables that
parameterize the value function is a product of expectations, and therefore a stochastic ap-
proximation of the gradient obtained with samples by removing such expectations would be
biased. Notice that this is the same difficulty we had in the previous chapter, and we go
around it in the same way, using the conjugate of the quadratic function. We thus obtain

the following saddle-point formulation:

K
min £, Z max p(s, @) (Ep,r*(s,a, s’) + yEpv*(s’) — A(s) log 7" (a|s) — v*(s))
v p
k=1
1
- §p(87 a’)2]

Remark 3.2. The order of the expectation and max operator in (3.12)) can be interchanged.

Proof. The lemma can easily be proved by solving for both cases and checking that both

solutions are equal. O

Making use of remark results in the following optimization problem:

min maxE p , Z p(s,a)(r"(s,a, s) +v0*(s") — A(s)log ¥ (als) — v*(s)) — %p(s, a)?

k ’l}k P
™ k=1

s.t. = =7 vt ==k (3.13)
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Finally creating local copies p* we can write (3.13) in the following equivalent form:

K
min max Y Eyp,, [p (s,@)(T"(s, @, &) + 70" (s') — A(s)log 7*(als) — v*(s))
b)) p 1
1 k —\2
- ﬁﬂ (s,a) ]
s.t. 771:...:7TK Ulz...:UK plz...:pK (314)

Note that up to this point no approximations have been made and hence problems (|3.14))
and ([3.10) are equivalent in the sense that the value of the optimizing variables 7 and 7
are the same. A similar saddle-point problem to (3.13]) appears in [59], however, [59] deals

with a single-agent scenario and has a constant A (i.e. A(s) = A).

Lemma 3.2. We introduce the eigenvalue decomposition.:

0.5(I — L) =UxU" (3.15)
and define:
B2 yustyT (3.16)
o(s) 2 v'(s), -, 05 (s)]” (3.17)
p(s) = [p'(s), -, " (s)]" (3.18)
w(als) = [7'(als), -, 7" (a]s)]" (3.19)

where U is an orthogonal matriz and XY? is the element-wise square oot of X, which is a

diagonal matriz with non-negative entries, then under Assumption it holds that [70]:

Bo(s) =0 <= v'(s) =--- = v(s) (3.21)
Bp(s) =0 <= p'(s) == p"(s) (3.22)
Blog7(als) =0 <= logr!(als) = --- = logn™(als) (3.23)

Finally, we approximate (3.13)) by the following penalized formulation (for convenience
90



we write it in vector form):

min max S(7*, v*, p*) + 1,[| BO(8)||* + 0« || Blog 7 (als)|* — n,/|BA(s, a)||*

wkok  pk

S(r* o pF) =E (ﬁ(s, a)” (7(s. @, s') +70(s') — A(s) log 7(als) — 7(s)) — %)

(3.24)

where 7., 1, and 7, are non-negative constants, the matrix B, u(s), p(s,s) and 7(als) are
defined in Lemma . Using 2B? = [ — L (from Lemma , choosing 1, = pu*, n, = ,u;I
and n, = p, ' (where p,, 1, and p, are two step-sizes that will be used in the update equa-
tions) and applying stochastic gradient descent (and ascent) updates (incremental updates
to m and v), we get our proposed DTPO algorithm. In algorithm we show the tabular

version of the algorithm.

Algorithm 3.1 Diffusion Team Policy Optimization at node k (tabular version)

Initialize: (v log7®0, p%0), A(s) for all s and en empty replay buffer R.
fore=0,1,2...: do
Sample T’ tran81t10ns (s,a,r*,s') by following some behavior policy and store them in
Rk.
Anneal A(s).
for:=0,1,2...: do

Sample a tran51t10n (s,a,r", ') from the replay buffer.
k —
15,0 = 4 (5,0) 1, 405,00 (5) = 04 (8) = Ao o) - )
iy (@ls) = 10»?;7T'“’e(’| )+ pix A

(s)p"
521(8) = 0"(s) + pop™ T (s,2) (1 = AI(s" = 5))

S, @)

k e+1 Z gnk¢e+1 C_L
nGNk
10g ﬂ_k e+1 Z gnkqse—i—l
nENk

k; 1 1

ot Z énkqbe—‘r

nENk
end for
end for

In practical applications, it is often necessary to parameterize functions v*(s), p*(s,a)

and 7%(a|s). Furthermore, if this is the case then A(s) would also require to be parameterized.
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The question is then how to train the parameters of A to guarantee a steady annealing. One
simple way is to make A(s) independent of s (i.e. A(s) = A), which is what we use in this
chapter. We will analyze a more sophisticated approach in chapter |5, Parameterizing v*(s),

log 7% (a|s) and p¥(s,a) with w¥, % and ¢*, respectively, function S(0%, v*, p*) becomes:

S(O%,W* ") =FE (p(s, a; C)T(i’(s, a,s’) +~o(s’;w) — A(s)log7(als; 0) — v(s; w))
_ 1o(s, a; )HQ) (3.26)

where p(s,a; () 2 [p'(s,a;CF), -+, pf(s,a; ¢f)]T and similarly for o(s’;w) and 7 (als; ). In
algorithm we list the version of DTPO with function approximation. We note that in
both listings of DTPO we used a constant step-size and a single transition for each update
(i.e. a mini-batch with only one sample), however this can be replaced with decaying step-

sizes or other schemes such as Adam [101] and mini-batches with more than one sample.

Algorithm 3.2 DTPO with function approximation at node k

Initialize: (w®° %0 ¢*0) X and en empty replay buffer Ry.

fore=0,1,2...: do
Sample T tran51t1ons (s,a,7%,s") by following some behavior policy and store them in
Ri.
Anneal \.
fori=0,1,2...:do

Sample a transmon (s,a,7%, s'") from the replay buffer.

Ok ="+ (r* <s a, s>+vv’“<s';wk>—vk<s;wk>—Alogwk<a|s;ek>
(S @' gk)) kpk’e—H(S EL' Ck)
¢z—i}-€1 — eke +,Uﬂ—)\Pk e+l( = Ck)vgk log7rk E—H(CL’S Ck)

¢Z—j_k1 _ wke + ,Uq;pk e+1(8 a: Ck) ( k,e—&-l(s;w ) o fyvk’e+1(8/;wk))
Chett =) gl
nE/\fk
ek e+1 _ Z gnk¢e+1
nENk
k etl Z gnk¢e+1
nGNk
end for
end for
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3.4 Experiments

In this section we test the performance of DTPO and compare with [61, Algorithm 1],
which we refer to as Distributed Actor-critic (DAC). Note that DAC is the only algorithm

mentioned in the introduction suitable for this problem.

We consider a simple yet challenging team game. In this game, there are two agents (dog
and monkey) who want to collect food (steak and banana) as fast as possible with as little
movements as possible; to achieve this objective, they need to safely cross a river, which can
only be done by collaboration. Figure 1 (a) illustrates the situation. Note that there are
two buttons which when pressed a bridge to safely cross the river appears. In the optimal
strategy, the dog presses the southern button for the monkey to cross the bridge which in
turn presses the northern button so that the dog can cross (see Figure 1 (b)). Finally, each
of the agents walks towards their respective food. At every time step, each of the agents has
five possible actions: move north, east, south, west or stay (if an agent moves against an
edge it just stays in place). When an agent falls into the river or collects its food it spawns
back in the lower left corner. The reward structure for each of the agents is as follows: -1 is
obtained at every time step, -0.5 every time the agent moves in any direction, -100 if it falls
in the river and 450 if it collects its food (these rewards are additive, so if an agent moves
and falls into the river it collects a rewards equal to -101.5). There are a total of 21 positions
and 5 actions for each agent, hence the total state space for the team is (21 x 5)? = 11025.

The discount factor is set to v = 0.97.

We implemented a game with only 2 agents because we wanted a game that could be
implemented in tabular form (note that in this game, the state space grows exponentially
with the number of agents, hence function approximation becomes necessary to reduce the
dimensionality of the state space) so that the optimal policy would be attainable by the
learning agents and could be calculated exactly to monitor the progress of the algorithm.
Note that even with two agents, this game is extremely challenging to solve for fully dis-
tributed algorithms due to the fact that there is a highly suboptimal (yet easily attainable)

Nash equilibrium, which is for both agents to stay still at all times in the lower left corner
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(where they start the episode). Therefore, algorithms that only guarantee convergence to
equilibrium point are extremely likely to converge to this very poor strategy (which is what

happens with DAC) E|

For the DAC implementation we used 3, = 1072 and 3y = 10~*. The hyper-parameters
of the DTPO implementation are as follows. We set p, = 1, piy = 1, p = 0.01 and A(s) = 20
for every state and subtracted 0.05 every time the state was visited until A(s) = 0.5. Since
there are two agents, all combination weights are given by ¢, = 0.5. The constants T" and
I in Algorithm 1 were set to 1200 and 1 respectively. In our experience selection strategy
transitions were included in the replay buffer if the state-action was selected for the first

time and the replay buffers of all the agents were big enough to hold all these transitions.

The results of DTPO and DAC are shown in Figures 1 (c¢) and (d). The former shows the
performance of the greedy policy with respect to the learned one for each of the algorithms
for 12 time-steps (enough to collect the food). Figure 1 (d) shows the mean square difference
between (3.6)) (for A(s) = 0.5 for all states) and m(a|s). Note that DTPO learns the optimal
strategy while DAC converges to the suboptimal Nash equilibrium. A video showing the

evolution of the policy during learning is available onlin(ﬂ

3.5 Summary

In this chapter we introduced the DTPO algorithm. A fully decentralized MARL algo-
rithm for optimal policy learning. The algorithm is of the off-policy kind. We identify two

important limitations with the DTPO algorithm.

1) Note that since it is an off-policy algorithm, any behavior policy can be used to

collect data (as long as it allocates strictly positive probability to all actions). This does

2We clarify that both agents staying still constitute a Nash equilibrium because if any of the two agents
decides to modify its policy unilaterally it will be worst off. This is due to the fact that if any agent moves,
while the other one stays still, it will never be able to cross to the other side and and hence, will only incur
in the negative rewards associated with movement. Therefore, this unilateral deviation would result in lower
cumulative rewards compared to staying still.

3Video available at EPFL’s Adaptive Systems Lab website https://asl.epfl.ch/conferences//.
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Figure 3.1: In (c), the dashed line is the performance of the optimal policy, blue is DTPO
and red is DAC.

not mean though, that all behavior policies are efficient at exploring the state space. For
example a policy which selects actions uniformly satisfies the requirement but is obviously
efficient. Consider how many tries it would take for agents following such policy to collect
the food in the dog-monkey game. Therefore to efficiently explore the state-space of the
game, the behavior policy has to actively search for states it hasn’t visited before (this is
typically referred to as deep exploration). Such behavior policy would need to have two main
characteristics: i- it should have some mechanism which encourages discovery of new state;
and ii- it should act more deterministically in states where it is confident of what the optimal
action is and act more exploratory in states where it has more uncertainty about the optimal
action. In the implementation of DTPO in this chapter we used the learned policy as the

behavior policy. And we achieved the two previous conditions by: i- initializing the value
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function for all states at values higher than max,v(s) (therefore when it bootstraps from
the value function of novel states the estimate is very high); and ii- slowly annealed A(s) as
A(s) = max(0.5;20 — 0.05 x visitation_count). However, this approach is a heuristic that is
only useful for tabular implementations. The question then raises, is there a more principled
way of obtaining a behavior policy that is efficient at performing exploration and that can
be used with function approximation? In chapter |5 we address this question and provide

such a behavior policy.

2) The other limitation is that every agent has to estimate team quantities. More specif-
ically, each agent has to consider the global state and the actions of all agents. Note that
this very quickly becomes computationally intractable since it grows exponentially with the
number of agents. For instance, in the dog-monkey game the team’s state space is given
by (21 x 5)? = 11025, if there were three agents then the team’s state space would be
(21 x 5)3 = 1157625. The question is then: is there a way where each agent learns only
its policy m* conditioned on its observation of the state of (i.e. 7*(a*|o¥)) while still learn-
ing optimal team policies? In the next chapter we address this issue and provide one such

algorithm.

3.A Nash Equilibria

In stochastic games, agents’ strategies constitute Nash equilibria when no agent can benefit
by unilaterally modifying its strategy. In cooperative MARL all agents optimize the same
cost function and, hence, for this particular case it is equivalent to saying that agents’
policies constitute Nash equilibria when the resulting joint team policy cannot be improved

by modifying any single agent’s policy unilaterally. Mathematically, agents’ policies 7%, €

[1,---, K] constitute a Nash equilibrium if
J(Trrllash7 e 77Tr11;sh) > kmag( J(’Trk, Wr?aih)’ Vk € [17 T K] (328>
T 3£7Tnash
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The equilibrium is said to be strict if the inequality in (3.28)) is strict, otherwise it is said to
be weak. We clarify that team optimum policies constitute, by definition, a Nash equilibrium.
However, team policies that constitute a Nash equilibrium can have poor performance. We

show this with a simple example.

Consider the matrix game with two homogeneous agents, each of which has two actions

(A = {a; 8}) and the following reward structure:

Table 3.1: Reward structure

Agent 2

a | B

a| =5 | —10

Agent 1 Gl =101 1

For this game the optimal team policy, which obtains the +1 reward, is given by:

1, if a*=BAd*>=3
mi(a', a?) = (3.29)

0, otherwise

Team policy 7f(a',a?) can be written in terms of the individual policies 7'!(a) =
712(a) = I(a = ), where I is the indicator function. Indeed, policies 7™! and 7" con-
stitute a Nash equilibrium. Note, however, that the following sub-optimal team policy that
obtains the —5 reward (which results from the individual policies 7' (a) = 7%(a) = I(a = «))

also constitutes a Nash equilibrium:

1, if at=arad® =«
m(at,a®) = (3.30)
0, otherwise
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CHAPTER 4

Logical Team Q-learning

In this chapter we address the factorization issue we mentioned in the previous chapter. This
problem is fundamental in MARL and is orthogonal to that of distributed rewards. Since in
this chapter we are concerned with addressing the factorization issue, we will consider the

simpler problem were the reward function is global. We consider two scenarios.

In the first scenario, the global state and all actions are visible to all agents. It is well
known that in this scenario the team can be regarded as one single agent where the aggre-
gate action consists of the joint actions by all agents [36]. The fundamental drawback of
this approach is that the joint action space grows exponentially in the number of agents and
the problem quickly becomes intractable [85,86]. Another important inconvenience with this
approach is that it cannot cope with a changing number of agents (for example if the system
is trained with 4 agents, it cannot be executed by a team of 5 agents; we expand on this
point in a later section). One well-known and popular approach to solve these issues, is to
consider each agent as an independent learner (IL) [12]. However, this approach has a num-
ber of issues. First, from the point of view of each IL, the environment is non-stationary (due
to the changing policies of the other agents), which jeopardizes convergence. And second,
replay buffers cannot be used due to the changing nature of the environment and therefore
even in cases where this approach might work, the data efficiency of the algorithm is nega-
tively affected. Ideally, it is desirable to derive an algorithm with the following features: i)
it learns individual policies (and is therefore scalable), ii) local actions chosen greedily with
respect to these individual policies result in an optimal team action iii) can be combined
with NNs, iv) works off-policy and can leverage replay buffers (for data efficiency), v) and

enjoys theoretical guarantees to team optimal policies at least in the dynamic programming

98



scenario. Indeed, the main contribution of this chapter is the introduction of Logical Team
Q-learning (LTQL), an algorithm that has all these properties. We start in the dynamic pro-
graming setting and derive equations that characterize the desired solution. We use these
equations to define the Factored Team Optimality Bellman Operator and provide a Theorem
that characterizes the convergence properties of this operator. A stochastic approximation
of the dynamic programming setting is used to obtain the tabular and deep versions of our
algorithm. For the single agent setting, these steps reduce to: the Bellman optimality equa-
tion, the Bellman optimality operator (and the theorem which states the linear convergence

of repeated application of this operator) and Q-learning (in its tabular form and DQN).

In the second scenario, we consider the centralized training and decentralized execution
paradigm. During execution, agents only have access to observations which we assume
provide enough information to play an optimal team policy. An example of this case would
be a soccer team in which the attackers have the ball and see each other but do not see the
goalkeeper or the defenders of their own team (arguably this information is enough to play
optimally and score a goal). The techniques we develop for the previous scenario can be

applied to this case without modification.

4.1 Related Works

Some of the earliest works on MARL are [12,|13]. Independent Q-learning (IQL) was first
studied by [12] where it was identified that IQL learners in a MARL setting may fail to
converge due to the non-stationarity of the perceived environment. Later |[13] compared the
performance of IQL and joint action learners (JAL) where all agents learn the Q-values for all
the joint actions, and identified the problem of coordination during decentralized execution
when multiple optimal policies are available. A proof of convergence for JALs was provided
by [36]. Recently, [94] did an experimental study of ILs using DQNS in the Atari game Pong.
All these mentioned approaches cannot use experience replay due to the non-stationarity of
the perceived environment. Following Hyper (Q-learning [81], [95] addressed this issue to

some extent using fingerprints as proxys to model other agents’ strategies.
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The Distributed Q-learning (DistQ) algorithm was introduced in [79], which in the tabular
setting has guaranteed convergence to an optimal policy for deterministic MDPs. However,
this algorithm performs very poorly in stochastic scenarios and becomes divergent when
combined with function approximation. Later Hysteretic Q-learning (HystQ) was introduced
in [83] to improve these two limitations. HystQ is based on a heuristic and can be thought
of as a generalization of Dist(). These works also consider the scenario where agents cannot
perceive the actions of other agents. They are related to LTQL (from this work) in that
they can be considered approximations to our algorithm in the scenario where agents do not
have information about other agents’ actions. Recently 93] introduced Dec-HDR@Ns for
multi-task MARL, which combines Hyst) with Recurrent NNs and experience replay (which
they recognize is important to achieve high sample efficiency) through the use of Concurrent

Experience Replay Trajectories.

OAB was introduced by [82], the first algorithm that converges to an optimal Nash equi-
librium with probability one in any team Markov game. OAB considers the team scenario
where agents observe the full state and joint actions. The main disadvantage of this algorithm
is that it requires estimation of the transition kernel and rewards for the joint action state
space and also relies on keeping count of state-action visitation, which makes it impractical

for MDPs of even moderate size and cannot be combined with function approximators.

The idea of factoring the joint ()-function to handle the scalability issue was first intro-
duced in [84-86]. These papers have the disadvantage that they require coordination graphs
that specify how agents affect each other (the graphs require significant domain knowledge).
The main shortcoming of these papers is the factoring model they use, in particular they
model the optimal Q-function (which depends on the joint actions) as a sum of K local Q-
functions (where K is the number of agents, and each Q-function considers only the action
of its corresponding agent). The main issue with this factorization model is that the optimal
Q-function cannot always be factored in this way, in fact, the tasks for which this model does
not hold are typically the ones that require a high degree of coordination, which happen to
be the tasks where one is most interested in applying specific MARL approaches as opposed
to ILs. Moreover, even if the Q)-function can be accurately modeled in this way, there is
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no guarantee that if individual agents select their optimum strategies by maximizing their
local Q-functions the resulting joint action maximizes the global @-function. The approach
we introduce in this chapter also considers learning factored @-functions. However, the
fundamental difference is that the factored relations we estimate always exist and the joint
action that results from maximizing these individual Q-functions is optimal. VDN [91] and
QMIX [92] are two recent deep methods that also factorize the optimal Q-function assum-
ing additivity and monotonicity, respectively. This factoring is their main limitation since
many MARL problems of interest do not satisfy any of these two assumptions. Indeed, [90]
showed that these methods are unable to solve a simple matrix game. Furthermore, the indi-
vidual policies cannot be used for prediction, since the individual () values are not estimates
of the return. To improve on the representation limitation due to the factoring assump-
tion, [90] introduced QTRAN which factors the @-function in a more general manner and
therefore allows for a wider applicability. The main issue with QTRAN is that although it
can approximate a wider class of Q-functions than VDN and QMIX, the algorithm resorts
to other approximations, which degrade its performance in complex environments (see [89]).
Recently, actor-critic strategies have been explored [87,88]. However, these methods have
the inconvenience that they are on-policy and therefore do not enjoy the data efficiency that
off-policy methods can achieve. This is of significant importance in practical MARL settings

since the state-action space is very large.

4.2 Problem Setting

As in the previous chapter we consider a situation where multiple agents form a team and
interact with an environment and with each other. However, in this chapter we consider
a slightly different formulation in which the reward function is global and furthermore we
introduce the concept of type of agent and individual observations of the global state. We

model our current setting as a Team Markov Decision Process (TMDP),E] which we define by

!Prior works use definitions such as Dec-POMDP [102], Multi-agent MDPs (MAMDP) [79] or Team
Markov Games [82]. However, these definitions are different from ours, which is why we opted for the
alternative name of TMDP. In particular, TMDPs include the notion of types of agents.
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the tuple (S,7,K,0", A", P,r). Here, S is a set of global states shared by all agents; 7T is the
set of types of agents; K is the total amount of agents, each of type 7, € T; 0™ : § — O7 is the
observation function for agents of type 7 € T, whose output lies in some set of observations
o ;E] AT is the set of actions available to agents of type 7; P(s'|s,a) specifies the probability
of transitioning to state s’ € S from state s € S having taken joint actions a* € A™; and
r:SxAxS — Ris a global reward function, which can be a random variable following

some distribution n, 4 ¢ (7). The goal of the team is to maximize the team’s return:
J(m) = Z YE v pan [T (St @ty St11)] (4.1)
t=0

Accordingly, for our current setting, the team’s optimal state-action value function (g') and

optimal policy (7') are given by:

mi(als) = arg maxEgr op pen[7(s, @, ) + ymaxg'(s', @) (4.22)
m(als) “
¢'(s,a) = Eguppun|r(s.a,s’) +7 max q'(s',d)] (4.2b)

As already mentioned, a team problem of this form can be addressed with any single-agent
algorithm. The fundamental inconvenience with this approach is that the joint action space
scales exponentially with the number of agents, more specifically |A| = []r, |A™|. An-
other problem with this approach is that the learned ()-function cannot be executed in a
decentralized manner using the agents’ observations. Furthermore, the learned quantities
(value functions or policies) are useless if the number of agents changes. However, if factored
policies are learned, then these could be executed by teams with different number of agents
(as long as the extra agents are of the same “type” as the agents used for learning. In section
M we provide one example of this scenario). For these reasons, in this chapter we concern

ourselves with learning factored quantities.

Assumption 4.1. We assume that if for two states sy and sy we have oy = o, then

k k

q'(s1,a ,a_k>|a—k,\/ﬂ.f(ak7a7k|51) = q'(s9,a 7a_k)|a7kw7rf(ak7a—k|s2).

2In other words, 0™ (s) = o* is agent’s k description of the global state s from its own perspective.
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Assumption 4.2. Agents of the same type are assumed to be homogeneous. Mathematically,
if two agents n and k are homogeneous, then for every state s; there is another equivalent
state sy such that:

(of, = 0l V0 # (n,k)) A (of, =0") A (of =00) — qw(sl’d)lgﬁiﬁ = qﬂ-(SQ,d)’g:ig (4.3)

In simple terms assumption means that even though observations are not full de-
scriptions of the state, they provide enough information to know the effect of individual
actions assuming everybody else in the team acts optimally (intuitively this is a reasonable
requirement if the agents are expected to be able to play a team optimum strategy using
only their partial observations). Assumption means that if two agents of the same type
are swapped (while other agents remain unchanged), then the value functions of the corre-

sponding states are equal independently of the policy being executed by the team (as long

as the agents swap their corresponding policies as well).

4.3 Algorithm Derivation

4.3.1 Factored Bellman Relations and Dynamic Programming

Similarly to the way that relations are used to derive )-learning in the single agent
setting, the goal of this section is to derive relations in the dynamic programming setting
from which we can derive a MARL algorithm. The following two lemmas take the first steps

in this direction.

Lemma 4.1. All TMDPs that satisfy assumptions and have, for each deterministic
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team optimal policy, |T| factored functions ¢* : OT x AT — R such that:

max ¢'(s,a) = max ¢"* (o', aly=--= max G (07, a™) (4.4a)
a a a

maxq'(s,a)=q' <s, arg max ¢™* (o', a'), - - -, argmax "< * (07X, aK)) (4.4b)
a al oK

k k

g™ (ot ak) =Ep, [r(s,a,a_, The

’
s’) +ymax ¢™* (o,
a’

1,k
a ):| ‘an:argmanT”’*(Ognﬁ”)Vn;&k (440)

am

Proof. See appendix [4.A] O

A simple interpretation of equation (4.4d) is that ¢™*(o™,a*) is the expected return
starting from state s when agent k takes action a* while the rest of the team acts in an

optimal manner.

Lemma 4.2. All TMDPs that satisfy assumptions[{.1 and[{.2 have at least one deterministic
team optimal policy that can be factored into | T| deterministic policies 77*(alo), where a € A"

and o € O7. Such factored deterministic policies can be obtained as follows:

1, if a=argmax,q"*(0,a)
n7*(alo) = (4.5)
0, else
Proof. The proof simply follows from equations (4.4al) and (4.4b)). O

Lemmas and are important because they show that if the agents learn factored
functions that satisfy and act greedily with respect to their corresponding ¢ *, then
the resulting team policy is guaranteed to be optimal and hence they are not subject to
the coordination problem identified in 79[| (we show this in section [4.4.1)). Therefore, an
algorithm that learns ¢™* would satisfy the first two of the five desired properties that were
enumerated in the introduction. As a sanity check, note that for the case where there is

only one agent, equation (4.4c) simplifies to the Bellman optimality equation. Furthermore,

3This problem arises in situations in which the TMDP has multiple deterministic team optimal policies
and the agents learn factored functions of the form max, kgt (s qk o—#) (We remark that these are not the

same as ¢™¢*(07k, a¥)).
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Lemmal4.2l can be seen as an extension to the TMDP case of the well known result that states
that every MDP has at least one deterministic optimal policy [22]. Although in the single
agent case the Bellman optimality equation can be used to obtain ¢ (applying repeatedly
the operator of the same name), we cannot do the same with . The fundamental reason

for this is that the | 7| functions ¢"* are not the only functions that satisfy relation (4.4c)).

Remark 4.1. Sub-optimal Nash fixed points: There may exist T functions q" such

that (4.4c) is satisfied but (4.4b)) is not.

Proof. We prove this with an example. See appendix [£.B] O]

Note that Remark implies that relation (4.4c|) is not sufficient to derive a learning
algorithm capable of obtaining a team optimal policy because it can find sub-optimal Nash

equilibria. To avoid this inconvenience, it is necessary to find another relation that is only

satisfied by ¢*. We can obtain one such relation combining (4.4al) and (4.4c)):

max ¢ (o7F, a") =maxEp,[r(s,a,s") +~ max q™* (0%, a"M)] (4.6)

The sub-optimal Nash fixed points mentioned in Remark do not satisfy relation ({4.6))
since by definition the right hand side is equal to max, ¢'(s,a). Intuitively, equation (4.6))
is not satisfied by these suboptimal strategies because the max; considers all possible team

actions (while Nash equilibria only consider unilateral deviations).

Definition 4.1. Combining equations (4.4c) and (4.6), we define the Factored Team Opti-

mality Bellman operator BY as follows:

BYq™ (07 a*) = [H(cl)Bafqu’“(og", a®) +1(¢,) max{qT"(ogk, a®), B,—xq™ (07, ak)}”afkw; (4.7)
c1 2 a" == arg max g (or,a") VYn#k (4.8)
B.-+q™ (0}, ") =Ep,(r(s,a*, 0" s") + ymax g™ (o, a)) }a—k (4.9)

where I is the indicator function, ¢, is a Boolean variable, ¢, is the logical not operator applied

on ¢, and 1 is some distribution that assigns strictly positive probability to every a=*. Note
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—k

that operator BY is stochastic: every time it is applied to g™, a=* is sampled according to 1.

A simple interpretation of operator BY is the following. Consider a basketball game, in
which player o has the ball and passes the ball to teammate 5. If 3 gets distracted, misses the
ball and the opposing team ends up scoring, should « learn from this experience and modify
its policy to not pass the ball? The answer is no, since the poor outcome was player [5’s
fault. In plain English, from the point of view of some player k, what the first term of
means is "1 will only learn from experiences in which my teammates acted according to what
I think is the optimal team strategy”. It is easy to see why this kind of stubborn rationale
cannot escape Nash equilibria (i.e., agents do not learn when the team deviates from its
current best strategy, which obviously is a necessary condition to learn better strategies).
The interpretation of the full operator BY is "I will learn from experiences in which: a) my
teammates acted according to what I think is the optimal team strategy; or b) my teammates
deviated from what I believe is the optimal strategy and the outcome of such deviation was
better than I expected if they had acted according to what I thought was optimal”, which

arguably is what a logical player would do (this is the origin of the algorithm’s name).

Theorem 4.1. Repeated application of the operator BY to any initial |T| q"-functions con-

verge to set S with probability one. Mathematically:

P(limy_e0(BY)Vq™ (075 a*) € ) =1 (4.10)

S={q™|g™" (0}, a") < q"(0,a") < maxq'(s,a’ a™) V(rp, 0}, a") (T, O™ A™)} (4.11)

The mean convergence rate is exponential with constant lower bounded by v, where p is the

lowest probability assigned to any a™* by ¢ (i.e. p=argmin,x Py(a™")).

Proof. See appendix O

As a sanity check, notice that in the single agent case operator B¥ reduces to the Bell-
man optimality operator and Theorem reduces to the well known result that repeated
application of the Bellman optimality operator to any initial ()-function converges at an

exponential rate (with constant ) to ¢'.
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4.3.2 Reinforcement Learning Setting

In this section we present LTQL (see algorithm [4.1]), which we obtain as a stochastic approx-
imation to operator BY. Note that the algorithm utilizes two ¢ estimates for each type 7, a
biased one parameterized by 67 (which we denote gy-) and an unbiased one parameterized by
w” (which we denote q,-). We clarify that in the listing of algorithm we used a constant
step-size, however this can be replaced with decaying step-sizes or other schemes such as
AdaGrad [103] and Adam [101]. Note that the target of the unbiased network is used to
calculate the target values for both functions; this prevents the bias in the estimates gy-
(which arises due to the ¢y condition) from propagating through bootstrapping. The target
parameters of the biased estimates (67.) are used solely to evaluate condition ¢;. We have
found that this stabilizes the training of the networks, as opposed to just using 7. Hyper-
parameter a weights samples that satisfy condition ¢z ((r + maxq gy (03, @) > gom (03¢, a®))
differently from those who satisfy c;. Intuitively, since the purpose of condition ¢y is to
escape Nash equilibria, o should be chosen as small as possible as long as the algorithm
doesn’t get stuck in such equilibria. As we remarked in the introduction, LTQL reduces to
DQ@N for the case where there is a unique agent. In appendix we include the tabular

version of the algorithm along with a brief discussion.

Note that LTQL works off-policy and there is no necessity of synchronization for explo-
ration. Therefore, it can be implemented in a fully decentralized manner as long as all agents
have access to all observations (and therefore to the full state) and actions of other agents (so
that they can evaluate ¢;). Interestingly, if condition ¢; (a" = arg max,. Qo7 (oI",a™) Yn#k)
was omitted (to eliminate the requirement that agents have access to all this information),
the resulting algorithm is exactly Dist@ |79]. However, as the proof of theorem indicates,
the resulting algorithm would only converge in situations where it could be guaranteed that
during learning overestimation of the ¢ values is not possible (i.e., the tabular setting applied
to deterministic MDPs; this remark was already made in [79]). In the case where this con-
dition could not be guaranteed (i.e., when using function approximation and/or stochastic

MDPs), some mechanism to decrease overestimated g values would be necessary, as this is
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Algorithm 4.1 Logical Team Q-Learning
Initialize: an empty replay buffer R, parameters 6™ and w”™ and their corresponding
targets 07 and w]. for all types 7 € T.
for iterations e =0,..., F do
Sample T transitions (o', --- ,0l¥,a,r, 0y, -+ ,0,) by following some behavior policy

which guarantees all joint actions are sampled with non-zero probability and store them
in R.

for iterations i = 0,..., I do
Sample a mini-batch of B transitions (ol',--- ,0l%,a,r,0., -, 0. ) from R.
Set Ay =0 and A, = 0 for all types 7.
for each transition of the mini-batch b =1,--- , B and each agent k =1,--- | K do

if o = argmax,n gy (oI, a™) Vn#k then
Agri = Dgri + (r + max g, (0F, a) — gomi (07, a")) Vorigoms (o], a”)
A = Ayrie + (r + max g, (0, a) — qum (03, a*)) Vi gume (03, a*)
else if (r + Max gz (olF,a) > qomi (07*, a*)) then

Agnc = Dgmi + Oz(?“ + m,?x qw;k <OQ€7 a) — 4ok (0§’“a ak))mG do7r (02’“7 ak)

end if
end for
07 =07 + nly- W =W+ pA
end for
Update targets 67 = 07 and w}, = w’.
end for

the main tasks of updates due to ¢;. One possible way to do this would be to use all tran-
sitions to update the ¢ estimates but use a smaller step-size for the ones that do not satisfy

2. Notice that the resulting algorithm would be exactly Hyst@ [83].

4.4 Experiments

4.4.1 Matrix Game

The first experiment is a simple matrix game (table [4.4.1) shows the payoff structure) with
multiple team optimum policies to evaluate the resilience of the algorithm to the coordination

issue mentioned in section [4.3.1]

In this case, we implemented LT@QL and Dist(@ in tabular form (we do not include HystQ

because in deterministic environments with tabular representation this algorithm is domi-
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Agent 2
ay | Az | ag
by | 0] 2|0
by | O | 1 | 2

ALEYAYS

Table 4.1: Payoff matrix

nated by DistQ)) and we also implemented @miz (note that this algorithm cannot be imple-
mented in tabular form due to the use of the mixing network). In all cases we used uniform
exploratory policies (¢ = 1) and we did not use replay buffer. Dist@ converges to (4.12)),
which clearly shows why Dist() has a coordination issue. However, LTQL converges to either
of the two possible solutions shown in (4.13]) (depending on the seed) for which individual
greedy policies result in team optimal policies. (Imiz converges to . Note that Qmiz
fails at identifying an optimum team policy and the resulting joint Q-function g;; obtained

using the mixing network also fails at predicting the rewards. The full gj; is shown in table

44T

¢'(a') = maxq'(a',a*) = [2,2]  ¢*(¢”) = maxq'(a’,a®) = [0,2,2] (4.12)
¢ (a) =[2,1] ¢**(a®) =[0,2,0] or ¢"*(a')=[0,2] ¢**(a®)=[0,1,2] (4.13)

¢'(a') = [-0.75,1.09] ¢*(a®) = [—3.49,1.83,0.62] (4.14)

In figure we show the convergence curves for Qmiz [4.1(f), Dist@Q 4.1(a) and Logical

Team Q-learning. Figures |4.1(b)|and correspond to the deterministic (algorithm |4.2)
and general version (algorithm [4.3), respectively. Figures [1.1(d)] and [£.1(e)] also show curves

for LTQL but use different seeds and provide evidence to our claim that this algorithm can

converge to either of the two options in (4.13). One interesting fact to note is that the

suboptimal values of ¢% (in figures [4.1(b)|and 4.1(d))) do not converge while the same values

do converge in the case of ¢f;. This is a direct consequence of theorem . As the theorem
suggests, only the optimal values of the estimates generated by LTQL converge to ¢™*, and
suboptimal values lie in the region between ¢™* (0™, a*) and max, « ¢'(s,a*,a*). Due to

the bias generated by condition ¢, the values corresponding to sub-optimal actions converge
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to values in between ¢™* and ¢'. All the values ¢f; converge because these estimates are not

affected by this bias (because ¢f; is only updated through ¢, see algorithm |4.3]).
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Figure 4.1: Matrix game. In all figures the red curves correspond to the three actions of
agent 2, while the blue curves correspond to the two actions from agent 1.



Below we show the joint ¢ values generated by (mixz’s mixing network.

Agent 2
ay (—3.49) [ay (1.83) | a3 (0.62)
by (—=0.74) | —4.78 x 1072 1.17 [ 6.86 x 1071
by (1.09) | 1.51 x 1073 1.57 1.09

1 Jua8y

Table 4.2: Qmiz full results

We now specify the hyperparameters. For Logical Team Q-learning and Dist() we used
a step-size equal to 0.1. The a parameter for LTQL is equal to 1. The mixing network in
@mix has 2 hidden layers with 5 units each, the nonlinearity used was the FLu and the step-
size used was 0.05 (we had to make it smaller than the others to make the SGD optimizer
converge). We finally remark that due to the more complex structure of @mix (compared to

the other two algorithms) we had to train this algorithm with 100 times more games (notice

the x-axis in figure .

4.4.2 Stochastic Finite TMDP

In this experiment we use a tabular representation in a stochastic episodic TMDP. The
environment is a linear grid with 4 positions and 2 agents. At the beginning of the episode,
the agents are initialized in the far right. Agent 1 cannot move and has 2 actions (push
button or not push), while agent 2 has 3 actions (stay, move left or move right). If agent 2
is located in the far left and chooses to stay while agent 2 chooses push, the team receives
a +10 reward. If the button is pushed while agent 2 is moving left the team receives a —30
reward. This negative reward is also obtained if agent 2 stays still in the leftmost position
and agent 1 does not push the button. All rewards are subject to additive Gaussian noise
with mean 0 and standard deviation equal to 1. Furthermore if agent 2 tries to move beyond
an edge (left or right), it stays in place and the team receives a Gaussian reward with 0 mean
and standard deviation equal to 3. The TMDP finishes after 5 timesteps or if the team gets
the +10 reward (whichever happens first). We ran the simulation 5 times with different

seeds. The observation corresponding to agent 1 is a vector with two binary elements: the
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Figure 4.2: The dark curves show the mean over all seeds while the shaded regions show the
min and max limits over the seeds.

first one indicates whether or not agent 2 is in the leftmost position, and the second element
indicates whether or not there is enough time for agent 2 to reach the leftmost position.
The observation corresponding to agent 2 is a vector with two elements: the first one is the
number of the position it occupies and the second one is the same as agent 1 (whether there
is enough time to reach the leftmost position). Note that these observations are not full

descriptions of the state, however they do satisfy assumption (4.1

All algorithms are implemented in an on-line manner with no replay buffer. e-greedy
exploration with a decaying schedule is used in all cases (¢ = max[0.05, 1 — epoch/5 x 101]).
The learning rate used is s = 10~! and the smaller second rate for HystQ is ftgman = 5.1072,
in the case of Qmiz we used = 1073 to guarantee stability. The a parameter for LTQL is

equal to 1.

Figure shows the average test returnﬁ (without the added noise) of LTQL, HystQ),
Dist@ and Qmiz. As can be seen, LTQL is the only algorithm capable of learning the optimal
team policy.

Figures [4.3 show the estimated g-values for Logical Team Q-learning corresponding to 4

different observations at the 4 positions. Note that in all figures the optimum action has the

4The average test return is the return following a greedy policy averaged over 50 games.
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highest value and correctly estimates the return corresponding to the optimal team policy

(+10).

101 101
8_
5 S 5
° o
Lt 61 .-I:
ot o
g 4 C 0
= =
O 27 o 5l
0,
_ -101
0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000
Epochs Epochs
(a) Leftmost position t = 3 (b) Slot adjacent to leftmost t = 2
10 1 10
54 51
c c
o o o v
+J -+
o _. s 5.
c c
2 10 =
4 ~151 —— Stay O -5 —— Stay
— Left —20 1 — Left
—201 —— Right —— Right
T T T T T T T _25 T T T T T T T
0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000
Epochs Epochs
(c) Slot adjacent to rightmost ¢ = 1 (d) Rightmost position ¢t = 0

Figure 4.3: Learning curves for agent 2 of Logical Team Q-learning for a random seed.

Figures |4.4] show the learning curves for Dist@). Note that the reason that this algorithm
cannot solve this environment is that it severely overestimates the value of choosing to move
to the right whilst on the rightmost position. It is well known that this is a consequence
of the fact that Dist@) only performs updates that increase the estimates of the ()-values
combined with the stochastic reward received when agent 2 ”stumbles” against the right
edge.

Figures show the learning curves for Hyst@. This algorithm cannot solve this envi-

ronment because it has two issues and the way to solve one makes the other worse. More
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Figure 4.4: Learning curves for agent 2 of Dist@) for a random seed.

specifically, one can be solved by increasing the smaller step-size, while the other needs to
decrease it. The first issue is the same one that affects Dist(), i.e., the overestimation of the
move right action in the rightmost position. Note that this can be ameliorated by increasing
the small step-size. The second issue is the penalty incurred due to moving to the left when
agent 1 presses the button. This can be ameliorated by decreasing the small step-size. The
fact that there is no intermediate value for the small step-size to solve both issues is the

reason that this algorithm cannot solve this environment.

Figures [4.6| show the learning curves for @miz. The architecture used is as follows: we
used tabular representation for the individual ¢ functions, and for the mixing and hyper-

networks we used the architecture specified in [89]. More specifically, the mixing network is
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Figure 4.5: Learning curves for agent 2 of Hyst() for a random seed.

composed of two hidden layers (with 10 units each) with ELu nonlinearities in the first layer
while the second layer is linear. The hypernetworks that output the weights of the mixing
network consist of two layers with ReLU nonlinearities followed by an activation function
that takes the absolute value to ensure that the mixing network weights are non-negative.
The bias of the first mixing layer is produced by a network with a unique linear layer and
the other bias is produced by a two layer hypernetwork with a ReLU nonlinearity. All

hypernetwork layers are fully connected and have 5 units.
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Figure 4.6: Learning curves for agent 2 of Qmix.

4.4.3 Cowboy Bull Game

In this experiment we use a more complex environment. The TMDP is a challenging
predator-prey type game, in which 4 (homogeneous) cowboys try to catch a bull (see figure
4.4.3). The position of all players is a continuous variable (and hence the state space is
continuous). The space is unbounded and the bull can move 20% faster than the cowboys.
The bull follows a fixed stochastic policy, which is handcrafted to mimic natural behavior
and evade capture. In appendix we specify the bull’s policy. Due to the unbounded
space and the fact that the bull moves faster than the cowboys, it cannot be captured unless

all agents develop a coordinated strategy (the bull can only be caught if the agents first
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Figure 4.7: Cowboy bull game

surround it and then close in evenly). The task is episodic and ends after 75 timesteps or
when the bull is caught. Each agent has 5 actions (the four moves plus stay). When the bull
is caught a +1 reward is obtained and the team also receives a small penalty (—1/(4 x 75))
for every agent that moves. Note that due to the reward structure there is a very easily
attainable Nash equilibrium, which is for every agent to stay still (since in this way they
do not incur in the penalties associated with movement). In this game, since all agents are
homogeneous, only one Q)-function is learned whose input is the agent’s observation and the
output are the @-values corresponding to the 5 possible actions. Figure [4.8(a)| shows the
test win percentageﬂ and figure shows the average test return for LTQL, Hyst() and
@miz. The best performing algorithm is LTQL. Hyst() learns a policy that catches the bull
80% of the times, although it fails at obtaining returns higher than zero. We believe that the
poor performance of miz in this task is a consequence of its limited representation capacity
due to its monotonic factoring model. As we mentioned in the introduction, we can test the
learned policy on teams with different number of agents, figure shows the results. The
policy scores above 70% for teams of all sizes bigger than 4. Note that the policy can be

improved for any particular team size by further training if necessary.

SPercentage of games, out of 50, in which the team succeeds to catch the bull following a greedy policy.
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Figure 4.8: In (a) and (b) the blue, green and red curves correspond to LTQL, HystQ) and
@mix, respectively. The dark curves show the mean over all seeds while the shaded regions
show the min and max limits over the seeds.

We now specify the hyperparameters for Logical Team Q-learning. All NN’s have two
hidden layers with 50 units and ReLu nonlinearities. However, for each QQ-network, instead
of having one network with 5 outputs (one for each action), we have 5 networks each with
1 output. At every epoch the agent collects data data by playing 32 full games and then
performs 50 gradient backpropagation steps. Half of the 32 games are played greedily and
the other half use a Boltzmann policy with temperature by with decays according to the
following schedule by = max[0.05,0.5 x (1 — epoch/15 x 10%)]. We use this behavior policy

to ensure that there are sufficient transitions that satisfy condition ¢; and that also there
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are transitions that satisfy c,. The target networks are updated every 50 backprop steps.
The capacity of the replay buffer is 2.10° transitions, the mini-batch size is 1024, we use
a discount factor equal to 0.99 and optimize the networks using the Adam optimizer with

initial step-size 10~° and o parameter is 1.

The hyperparameters of the Hyst() implementation are the same as those of LTQL, the

ratio of the two step-sizes used by Hyst() is 0.1.

The architecture used by @Qmiz is the one suggested in [89] with the exception that,
for fairness, the individual Q)-networks used the same architecture as the ones used by the
other algorithms (i.e., 5 networks with a unique output as opposed to 1 network with 5
outputs). All hidden layers of the hypernetworks as well the mixing network have 10 units.
In this case we did 5 backprop iterations per epoch and the target network update period
is 15. We use a batch size of 256, a discount factor equal to 0.98 and optimize the networks
with the Adam optimizer with initial step-size 107, In this case the behavior policy is
always Boltzmann with the following annealing schedule for the temperature parameter

br = max[0.005,0.05 x (1 — epoch/25 x 10?)].

The batch size, Boltzmann temperature value, learning step-size and target update period

were chosen by grid search.

4.5 Summary

In this chapter we have introduced theoretical groundwork for factored cooperative MARL.
We also introduced LT@QL, which has the 5 desirable properties mentioned in the introduc-
tion. Furthermore, it does not impose constraints on the learned individual @-functions
and hence it can solve environments where previous algorithms, which are considered to be
state of the art such as Qmiz [89], fail. The algorithm fits in the centralized training and
decentralized execution paradigm. It can also be implemented in a fully distributed manner

in situations where all agents have access to each others’ observations and actions.
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4.A Proof of Lemma [4.1]

We start by rewriting equation (4.2b)) for convenience:
¢'(s,a) =E [r(s,a,s") + 7y max q'(s, a)] (4.15)

Now assume that we have some deterministic team optimal policy 7'(a|s). We define

q"*(s,a") as follows:
qu* (S’ ak) - qT(S’ ak7 a_k) |a*k~7rf(ak,a*k|s) (416)

In simple terms ¢®*(s, a*) is the g-value if agent k takes action a* while the rest of the agents
act optimally (note that this is not the same as max,-« ¢'(s,a*, a=*)). Due to assumption

, ¢"*(s,a*) can be written as a function of the observations. Therefore, we define ¢** as:
qk’.(OZ’“7 ak) = qk’*(s, ak) = qT(S7 ak, Cllik)’afk,\,ﬁt(ak’a—k‘s) (4.17)

Note that by construction we get:

m%qu"(ozk, a*) = max ¢'(s,a) Vk (4.18)
a a
arg max ¢** (o7, a") = a* ~ 7(a*, a7"|s) Vk (4.19)
ak
max q'(s,a) = ¢! (s, argmax ¢"*(o7, a'),- - ,argmax ¢"* (07, aK)) Vk (4.20)
a ol oK

Combining (4.15)), (4.17) and (4.19) we get the following relation for ¢**:

qk’.(O;—k, ak) = qT(S, ak, a_k) |a—k~7rf(ak,a—k|s) Vk (421)

k,T( k

qk’.<0;k, ak) =q s,a’, aikﬂa":argmaxan q™* (0T™ .am)Vn£k vk (422)

=E[r(s,d*,a" s)+ 7 max g~ VEk (4.23)

Tl /,k }
(OS' @ )} a™ arg max,n ¢ ® (05" ,a")Vn#k
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Note that (4.18)), (4.20) and (4.23) satisfy equations (4.4a)), (4.4b|) and (4.4c), respectively.

k.o

However, functions ¢™* are defined on a per agent basis (which means that there are K

such functions) while functions ¢™* depend on the type (and hence there are |7| such

functions). Therefore, we still have to prove that functions ¢** corresponding to agents of
the same type are equal. From assumption , it follows that choosing ¢™ in (4.3) to be

q'(s,ak, Cl_k)|a—k’,\,ﬂ-f(ak’a—k|s) we get:

q'(s1,a", a™") . = q'(s2,a",a™™)| ar=p Vb e AT (4.24)
a*k:WT(ak,a*k|s1) a~ "t (aa""s2)
of =0l (4.25)

where s, and s, are two equivalent states that swap agents k and n such that . =7, =7

for some type 7. Since (4.24)) holds for any b € A" and for all equivalent states, combining
(4.24), (4.25) and (4.17)) and setting o = oJ* = o]» we get that:

q"*(0,a) = ¢"*(0,a) = ¢"*(0,a) V(k,0,a)|m,=T,0€ OT,a € A (4.26)

which completes the proof.

4.B Proof of remark [4.1]

Consider the matrix game with two homogeneous agents, each of which has two actions

(A ={a;8}) and the following reward structure:

Table 4.3: Reward structure

Agent 2

o | p

al 0 | -1

Agent 1 G111

For this case ¢f, ¢*, 77 and 7* are given by:
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C (a2 c (a1 2
Table 4't q (% .a7) Table 4.5: 7i(a’, a%) Table 4.6: ¢*(a) Table 4.7: 7*(a)

e
a0 | -1 a 00 _O‘lf g‘f
pl-1]1 glo]1

Notice that as expected, ¢* satisfies (4.4c|). However, note that (4.4d)) is also satisfied by

the following ¢ function which is different from ¢*.

gla=a)=0, gla=p)=-1 (4.27)

Notice further that the team policy obtained by choosing actions in a greedy fashion with

respect to ¢ constitutes a Nash equilibrium.

4.C Proof of Theorem 4.1

We start defining the following auxiliary constants and operators:

Gmax = rmax(]- - 7)_1 (428)
qmin = rmin(l - P)/)_l (429)

BEqu (0?“7 ak) = E’P,n (7“(57 aka CL_k, Sl) +7 maa;x qu (Ogc7 CL/)) ‘an:arg max g™ (01" ,a™) Vn#£k (430)

Brg™ (0, a*) = max {g™ (o]t "), maxEp,, (r(s,a*,a”*, &) + ymaxq™ (o7, @)} (4.31)

Tk Tk k 3 1
Bﬁqm(ogk, o) = Brq™ (o, a") with probability p (432)
Brq™ (o7, a*)  else

Byq™ (o7, a") = [I(c1)Beq™ (07, a®) +1(e; A c2)Brg™ (03, a¥)

Ll A B )|, (439)

1 e (a” == argmaxq™(o",a") Vn # k) (4.34)

cy 2 (a’“ == argmax B,-+q™ (0", ak)) (4.35)
a—k
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where 7., is the maximum mean reward, r;, is the minimum mean reward and p is the

minimum probability assigned to any a~* by the discrete distribution .

Lemma 4.3. Repeated application of operator Bﬁ to any qiF (07, a*) > Gumaz converges to set
Su = {q™*|q™ (07+, a¥) < max,—« ¢'(s,a*,a™*) VoIt € O A ¥ € A™} with probability one.

The mean rate of convergence is exponential with Lipschitz constant vP.

Proof. See appendix [4.D] O

Lemma 4.4. Repeated application of operator B% to any qi* (0%, a¥) < guin converges to set
St = {q™|q™ (0, a*) > g™ *(07F, a¥) VoIt € O™ Na* € A™} with probability one. The mean

rate of convergence is exponential with Lipschitz constant +P.

Proof. See appendix [4.E] O

Now assume we have an initial Q-function and define gz (07, a*) = min{quin, ¢(07*, a*)}

and g (07, a*) = max{gmax, (07, a*)}. We conclude the proof by noting that BY gy, (07, a*) <
BYq(om,a*) < Biqu (o7, a*) and making use of lemmas (&.3) and (&4) and the sandwich

theorem.

4.D Proof of Lemma (4.3

We start defining g;f (o7, a*) = qu, V(7x, 07, a*), where g > gmax. The first part of the proof
consists in showing that any sequence of the form BBy - - BleEBquE“(OZ’C, a*) is equal
to Brq(r (o7, a*) where K,, € N and n € N is the number of times that operator B; is applied

in the aforementioned sequence. Applying operator B to g* (o7, a*) we get:

Brq¥ (07, a*) = max {qU, mgIs(Epm (r(s, a® a7* s") + 'qu)} = qu (4.36)
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Therefore, Bqu{;f(ogk, a®) = qf (o7, a*) for any K, € N. Applying operator Bp we get:

Brqif (07, a") = Egp(r(s,a*,a™) + vav)|

a"=argmaxqu Vn#k

an

< maxr(s,a”, a™") + yqu (4.37)

a—k

B%qufk (0?7 ak) SEgep (T(Sa @k’ a_k)+7 II?XT(S/’ ELI)_FP)/QQU) ‘an:arg max Beq(* (05" ,am) Yn#k

<maxEy. p (r(s, a® a7 + ymaxr(s’,a’) + ’quU> (4.38)
Ki—1

Brqir (o, a") < o omax K (Z vir(ss, af, a;7")|so = s) + 5 qy (4.39)
aq 7a17“'aaK1—1 i=0

where to simplify notation we defined Ep,7(s,a*, a7, s") = r(s,a* a™*). Further applica-

tion of B; we get:

K1
BBy qif (o], a") < max{ max K (Z V(s af, a7 )]s = 8) +v"Mqu,
i=0

—k - _
ag”,a1, a5k, -1

K
kmaX E (Z Vir(si’ CL?, ai_k)‘so = 3) + 7K1+1qU}
K i=0

aa a1, 0 1

—k _ _
Gy A1, 0K —1

Ki—1
- max R (Z vir(s,af, a7 *)|sg = 5) + Mgy (4.40)
i=0

Therefore, we conclude that Bi2Br'Brogr (o, a®) = Bi'qif (o7, a¥). More generally, we
can write:
Ky K1 K T _ T
By By Brgrf (of a*) = Biaf (o7, a¥)

n—1
max [ (Z yir(si, af,a;")|so = S) + 7" qu
1=0

k — —
aq,a1, " ,Gn—1

IN

< maxq'(s,a",a*) + 7" (qv — minmaxq'(s,a)) (441
where n is the number of times that operator Bg is applied. Therefore, we get:
(BOYN gk (07, a*) < max q'(s,a*,a™*) + 7" (qv — minmaxq'(s,a)) (4.42)
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where n € N is defined as before (i.e, it is the amount of times that Br was selected out of
N). Now we proceed to show that the probability that n is finite in any infinite sequence
is zero. The probability that operator By is selected n times in a sequence of N (which we

denote as P(n; N)) can be bounded as follows:

P(n; N) < N P'(1—-P)N "= <i 11 k) P'(1—- PN "< %Pnu — PN

(4.43)

lim P(n;N) =0 (4.44)

N—oo

where in (b) we upper bounded the probability of Br with P, which is the highest probability
assigned to any a=* by ¢ (i.e. P = max,«Py(a™")) and then calculated the probability
using the binomial distributionﬂ. Since limy o P(n; N) = 0, it follows that the probability
of n being finite in an infinite sequence is also 0 (because it is the finite sum of probabilities

which tend to 0). Therefore we can conclude:
w.p. 1
dim (B)Nqgr (o, a*) < maxql(s,a*,a7) (4.45)
—00 a—
We conclude the proof by lower bounding the mean convergence rate as follows:

E(y™) > 45" > (47)N (4.46)

where in (¢) we used Jensen’s inequality and in (d) we lower bounded the probability P(n; V)
using a binomial distribution with probability p, where p is the lowest probability assigned

to any a=* by ¢ (i.e. p = min, » Py(a™F)).

67 follows a binomial distribution because the sampled a=* ~ 1) in successive applications of operator Bg
are independent of each other.
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4.E Proof of Lemma [4.4]

The first part of the proof consists in showing that any sequence of the form B; - - - B2 Bl BR?
q;* (07, a*) is lower bounded by the sequence B7qj* (o7, a*) where Kj, € N and n € N is the
number of times that operator Bj is applied in the aforementioned sequence. We start

T

defining q7* (07, a*) = qz, where qr, < Guin. If we apply Bg to qr(o7¢, a*) we get:

Brqi (03, a*) > qr = g7 (of*, d¥) (4.47)
Br'qi (o7, a*) > g7 (0}, a*) (4.48)

Therefore, we get BiBr’q;* (o7, a*) > Brqj* (o7, a*). More specifically, we can write:

quzk (O;—k7 ak) = max {QLa makX T(Sa aka a_k) + VQL} = makXT<87 ak7 a_k) +74r (449)
a— a—
Ki—1
Bl (of,af) = | max B> q'r(siala s =5 ) +9"aq (4.50)
ag a1, 0K —1 i—0
where like in the previous section we defined Ep,,7(s,a*, a™*, s") = r(s,a* a™"). Applying
Bg we get:
K
BgBiqi (0}, a*) = max E <Z Vr(siyaf,a; ) so=s )| +yf g
ai, - ’aKl — ag=a
=0 afl=arg max Bfl qr™ (05™a™)Vn#£k
(4.51)
Ki+1
2 RK ke _ ' koo—k\|o K142
BEB[ lqzk (O;k’ a ) _al’fn’?[}flj? < ZO,-Y”"(SZ', a;,a; )’So—S) a’é:ak + ¥ 1 qr

a{l=arg max BEBfl q;" (0s™a™)Vn#k
an

(4.52)
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Expanding arg max BgBj) ' q7" (07", a™) Vn # k we get:

arg max BBy g (o7, a") =

s )
an

K
argmax max [E E yr(si,al,a; ") so = s

an i, ,aK) -1 -
0 1 =0

af=arg max Bf{l a7 (03t ,at) Vi#£n
‘

a

K
@argmax  max E(Zvnr<si,a?,azn>|s()=s>:argmaxsflqzwoz",a") (453)

= _
aly a A1, QK — -
0 0 a1, ,AK) -1 i=0

where in (a) we used equation (4.50)). Combining (4.53)) with (4.52) we get :

+ K12,

_ Ky T T
ag=arg IT‘{laXBI q;" (05" ,a™) Vn#k
a

K41
BLBE ¢k (0™, ) = max E (Z yir(si,af,ai—kﬂsozs)

a1, ,aK ) +1 -
! =0

> BpBrq; (of*, a") (4.54)
Therefore, it follows:
By*Bit it (ofF, a*) > BeBr a7 (o7, a*) (4.55)

+7%q

K
al=arg max By tqr" (o5™,am) Vn#k
a

K1
> max E (Z ’yir(si,af,a;k)|sozs>

a1, ,aK ) —1 -
1=0

(4.56)

Applying By to (4.56) we get:

a0, aK,

Ky
B BEBE T (07 aF)> max E(Z vir(s;, a, a;k)|sozs> + K g = BEH g (o7 aF)
i=0
(4.57)

Therefore, we conclude that any sequence of the form B - - - Ba?BF BE¢ (o7, a*) is lower

bounded by the sequence Brq;* (0%, a*) where n is the number of times that operator B is

applied in the aforementioned sequence. Furthermore, from equation (4.50) we see that as

n Tk

n — 0o BPq (oTk, a*) converges to max,« ¢'(s,a*, a*) at an exponential rate with Lipschitz
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constant ~:

lim Brq (o™, a¥)=lim maxq'(s,a" a™) +~" (g2 —max q' (8K, 41, a)) =max q'(s,a"a™")
n—oo n—oo g—k a a—k

(4.58)

A corollary of the previous statement is that any sequence of the form By - - - Ba2Bi Ba
q7* (07, a*) is lower bounded by the sequence BpBrq;* (0%, a*) (note that this sequence ends
with the application of By as opposed to B;, which is the case for the sequence studied in the
previous paragraph). In this case the sequence still converges at the same rate to ¢*(o7, a*)
as opposed to max,-« ¢'(s,a*, a=*). This can easily be seen as follows:

lim BeBlqp (o, a") = lim By [max q'(s,a",a*) +~"(qr — maxq'(sk,41, a))]
n—o0 n—o0 a—k a

= Bpmaxq'(s,a*,a™*) = ¢ (o}, a") (4.59)

Since by definition ¢™* (07, a*) < max,x ¢'(s,a*,a*) and operator B% applies By or B at
random (and therefore a sequence of composed of several applications of Bf can end with

either By or Bg) we get:

BY Ngm (o™, a*) > Bg| maxq'(s,a®, a™) + 7" (¢ — max¢'(sg,+1,a 4.60
L L S a—k a

= ¢ (o7, d¥) + O (") (4.61)

where n € N is defined as before (i.e, it is the amount of times that B; was selected out of
N). The same arguments we used in the previous section to prove the convergence w.p.1
and lower bound the rate of convergence apply here without modification. Therefore, we

conclude:

1
% g™ (07, a") (4.62)

s

lim (Bf)NqL(oz’@, ak) .
N—oo

E(y") 27" 2 4V (4.63)
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Algorithm 4.2 Tabular Logical Team @Q-Learning for deterministic TMDPs
Initialize: an empty replay buffer R and estimates ¢™
for iterations e = 0,..., F do
Sample T transitions (o', --- ,0l¥,a,r, 05, -+ ,0,°) by following some behavior policy
which guarantees all joint actions are sampled with non-zero probability and store them
in R.
for iterations + = 0,...,I do
Sample a transition (o7',--- ,0l%,a,r, 0, ,0.,) from R.
for agent k =1,--- ,K do
if (a" = argmax,. g™ (07", a") Vn#k) then
T (07 a") = 7 (07.a) + p(r + max g (o}, a) — 7 (07, a"))

else if (r+max (o, a) > q™(o Tk,a ")) then
g™ (07, a*) = g™ (o7, ak)*—u0(r-+1naxq (03, a) — g™ (o7, a*))
end if
end for
end for
end for

4.F Tabular Logical Team Q-Learning

In the case where the TMDP is deterministic it holds:
E(r(s,a,s") + ymaxq™ (o, a') = r(s,a, ') + ymaxq™ (o}, a') (4.64)

For this particular case, the tabular version of LTQL is given by algorithm [4.2]

If algorithm were applied to a stochastic TMDP, due to condition ¢, (given by r +

max g™ (o, a) > g™ (07, a*)), it would be subject to bias, which would propagate through
bootstrapping and hence could compromise its ability to find optimal team policies. This
can be solved by having a second unbiased estimate ¢y that is updated only when ¢; is

satisfied and use this unbiased estimate to bootstrap. The resulting algorithm is shown in

algorithm [4.3]

129



Algorithm 4.3 Tabular Logical Team Q-Learning

Initialize: an empty replay buffer R and estimates g and g;}
for iterations e = 0,..., F do

Sample 7" transitions (o7',--- ,0l%,a,r, 05, -+ ,0.°) by following some behavior policy
and store them in R.
for iterations i = 0,...,I do
Sample a transition (OQ, e 0lK a,r, 0,00 ) from R
for agent k =1,--- , K do
if a" = argmaxan qg (oI, a™) Vn#k then
(07, a*) = @ (01, 0) + u(r + max @ (o7 a) — G5 (07, ")
qif (03, d*) = qif (o3, a )+N(T+m§X§E€(OZ a) — qir (o ak))

end if

if (T+ma xqir(0F,a) > @ (07F,a*)) then
qg (of+, d¥) —qB( ,a*) + po(r + max gy (o a) — 5 (o], a*))
end if
end for
end for
end for

4.G Bull’s policy

The bull’s policy is given by the pseudocode shown in algorithm

Algorithm 4.4 Bull’s policy.

if distance to all predators ; 10 then
Natural foraging behavior: Stay still with 90% probability, otherwise make a small move
in a random direction.
else
if the maximum angle formed by two predators is ; 108° then
There’s a hole to escape: Escape through the direction in between these two predators.
else if distance to farthest predator - distance to closest predator ; 5 then
There’s no hole, but one predator is much closer than the others so run in the direction
opposite to this predator.
else
No way out (scared): Stay still with 70% probability, otherwise make a fast move in
a random direction.
end if
end if
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CHAPTER 5

ISL: A Novel Approach for Deep Exploration

In section of chapter [3] we identified two main limitations with the DTPO algorithm,
the problem of efficient exploration and the problem of learning factored policies. In this
chapter we address the problem of exploration. The problem of deep exploration is still an

open question in single-agent RL, hence in this chapter we consider the single agent case.

The DTPO algorithm we derived in Chapter [3| is based in the maximum-entropy RL
framework. Several single-agent algorithms have been introduced based on the maximum
entropy framework [28-34]. In maximum-entropy RL, the traditional RL objective is aug-
mented with the entropy of the learned policy, which is weighted by a temperature parameter.
The main benefit of the maximum RL framework is that it allows to derive algorithms that
are more sample efficient (because they operate off-policy) than policy gradients algorithms
like A3C [19], TRPO [20] and PPO [21] and exhibit improved stability over algorithms based
on Q-learning. Furthermore, it has been demonstrated empirically that algorithms based on
the maximum entropy framework have improved exploration capabilities [29]. Although
these recent algorithms have shown state of the art performance in several tasks, they are
not without shortcomings. In the first place, augmenting the original RL objective with the
entropy bonuses biases the solution of the optimization problem. This could be solved by
slowly annealing the temperature parameter, but it is unclear what is the best way to do so
and how this change affects convergence speed. The second, and more important, shortcom-
ing is that although these algorithms have improved exploration capabilities, they are still
unable to perform deep exploration (i.e., they tend to perform poorly in environments with

very sparse reward structures).

These difficulties suggest that there may not be sufficient theoretical justification for
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the use of the policy’s entropy as the regularizer for the RL objective, which in turn raises
the question of whether another regularizer could help address the two aforementioned chal-
lenges. In this chapter we explore this possibility and connect the problem of deep exploration
with that of maximum entropy RL. Traditionally, the problem of deriving deep exploration
strategies has been treated separately from that of deriving the learning equations [104-108].
In this chapter we show that both the learning equations and the exploration strategy can be
derived in tandem as the solution to a well-posed optimization problem whose minimization
leads to the optimal value function. We do this by augmenting the objective function with
a novel regularizer. Instead of using the policy’s entropy as the regularizer (as maximum-
entropy RL does), we use a function which depends on the uncertainties over the agent’s

estimates of the ¢ values.

The contribution of this chapter is the introduction of an alternative approach to address
deep exploration and the introduction of an algorithm that we refer to as the Information
Seeking Learner (ISL). This algorithm has a similar form to soft RL algorithms like SAC
and SBEED, but the fundamental difference is that it explicitly estimates the uncertainties

of its ¢ estimates and uses these uncertainties to drive deep exploration.

5.1 Related Works

ISL is related to recent work on maximum entropy algorithms [28-33]. All these algorithms
augment the traditional RL objective with a term that aims to maximize the entropy of the
learned policy, which is weighted by a temperature parameter. The consequence of using
this augmented objective is two-fold. First, it allows to derive off-policy algorithms with
improved stability compared to algorithms based on Q-learning. Second, it improves the
exploration properties of the algorithms. However, using this augmented objective has two
main drawbacks. First, the policy to which these algorithms converge is biased away from
the true optimal policy. This point can be handled by annealing the temperature parameter
but this can slow down convergence and compromise exploration. Furthermore, it is unclear

what the optimal schedule to perform annealing is and how it affects the conditioning of
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the optimization problem. Secondly, although exploration is improved, algorithms derived
from this modified cost are not efficient at performing deep exploration. The reason for
this is that a unique temperature parameter is used for all states. In order to perform deep
exploration it is necessary to have a scheme that allows agents to learn policies that exploit
more in states where the agent has high confidence in the optimal action (in order to be able
to reach further novel states with high probability) and act in a more exploratory manner
in unknown states. In chapter |3| we explored this possibility in a tabular setting making the
temperature parameter state dependent and annealing it progressively as states are explored;
however, the annealing schedule is determined heuristically and it is unclear what would be
an effective way to do so when using function approximation. The relation between ISL and
these works is that we also augment the RL objective with an entropy based regularizer and
as a consequence we derive a an algorithm that relies on a soft backup. Under our scheme,
agents converge to the true optimal policy without the need for annealing any parameter and,

moreover, an exploration strategy is derived that is capable of performing deep exploration.

The work we present in this chapter is also related to works on deep exploration strategies.
One line of research is based on posterior sampling for RL [105]/106,108]. The main idea in
these works is to sample the value function from a posterior distribution over such function.
The common point between these works and ISL is that deep exploration is driven by some
measure of the uncertainty on the estimated value function. One difference between these
works and ours is that they rely on Posterior Sampling while our work does not. Another
fundamental difference is that these works treat the exploration problem separately from the
derivation of the learning rules. In other words, they use heuristics based on randomised
value functions to drive exploration but use off-the-shelf learning rules like Q-learning. In our
approach, we use the uncertainty over the learned value function not only to drive exploration
but to formulate a new objective from which we derive a new learning rule. Another line
of work relies on pseudo-counts [109,/110], the fundamental limitation of this approach is
that it only performs good if the generalization of the density model is aligned with the task
objective [108]. Another line of research relies on intrinsic rewards (IRs) [104,[111H113], these

rewards are based on some heuristic based proxy that reflects the novelty of a state. ISL can
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also be seen as utilizing IRs, however there are two main differences with the previous works.
Firstly, we use IRs that depend on the uncertainty of the ¢ function. Secondly, we never

actually compute IRs, but rather we rely on a different backup to update the g estimates

(this point is clarified in section [5.3)).

5.2 Problem Setting

We consider the problem of policy optimization within the traditional RL framework. We
model our setting as an MDP defined by (S,4,P,r), where S is a set of states, A is a set
of actions of size A = | A, P(s'|s,a) specifies the probability of transitioning to state s’ € S
from state s € S having taken action a € A, and r: S x A x § — R is the reward mapping

r(s,a,s’), which can be a random variable with distribution ng, (7).

Assumption 5.1. ry, < E,.7(s,a,s) < rmax, V(s,a,5).

We further recall that the optimal policy is given by:

ml(als) = arg maXEP,n,n(ZVtr(St, ag, St+1)‘50 = S) (5.1)

i t=0

which can also be rewritten as a function of the optimal state-action value function as follows:

q'(s,a) = r(s,a) + yEpmaxq' (s, a’) (5.2a)

m'(als) = arg;naxZw(aB)qT(s,a) (5.2b)

where as usual we defined r(s,a) = Ep,7r(s,a,s’). Equations are useful to derive
algorithms for planning problems (i.e., problems in which the reward function and transition
kernel are known) but may be unfit to derive RL algorithms because they mask the fact that
the agent relies on estimated quantities (which are subject to uncertainty). Hence, in this
work, we modify to reflect the fact that an RL agent is constrained by the uncertainty of

its estimates. Intuitively, we change the goal of the agent to not just maximize the discounted
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cumulative rewards but also to collect information about the MDP in order to minimize the
uncertainty of its estimated quantities. For this purpose, we assume that at any point in
time the agent has some estimate of the optimal value function denoted by (s, a), which is
subject to some error ¢(s,a) = ¢'(s,a) — q(s,a). We model the unknown quantities ¢(s, a)
as random variables. More specifically, for each state-action pair we assume q(s, a) follows

a uniform probability distribution with zero mean q(s,a) ~ U(0, ¢(s, a)) such that:
25, 0) € [@(s, 0) — (5, 0);3(s, ) + (s, a)] (5.

We will refer to the probability density function of q(s, a) as d(,.)(¢). We assume zero mean
uniform distributions for the following reasons. First, if the mean were different than zero,
it could be used to improve the estimate q(s,a) as q(s,a) < q(s,a) + Eq(s, a) resulting in a
new estimate whose corresponding error would be zero mean. Secondly, under assumption
1, we know that for any infinitely discounted MDP, a symmetric bound for the error of the
value function exists in the form —((s,a) < g(s,a) < £(s,a)[| Moreover, typically there
is no prior information about the error distribution between these bounds and therefore a

non-informative uniform distribution becomes appropriate.

We further define the state uncertainty distribution u7(g) (which is given by a mixture of
the state-action error distributions) and the Maximum-Uncertainty-Entropy policy 7* (which

at every state chooses the action whose corresponding q(s, a) has the greatest uncertainty):

1, if £(s,a) = max, £(s,a
(@) = Bediw @, 7(als) = o o (5.4)

0, else

We thus define the goal of our reinforcement learning agent to be:

7 (a]s) = arg mapr,ﬂ,n(th P50 a1, 5041) — KDk (0, @3, (@)] | 0 = ) (5.5)
i t=0

IThis is due to the fact that the value functions are lower and upper bounded by rmin/(1 — ) and
Tmax/(l - ’Y)
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where k is a positive regularization parameter, D, is the Kullback-Leibler divergence, and
ug,(q) is the state uncertainty distribution corresponding to 7°. In this work we refer to
7*(als) as the uncertainty constrained optimal policy (or uc-optimal policy). Under this new
objective, we redefine the value functions as:
q"(s,a) =1r(s,a) + YEpv™(s) (5.6a)
=E ( > A [r(se, @, si41) — kDicp (3, (9))] 8o = 8)
t=
=E (r(s,a) — kD (uf(q)) + 7 (s")) (5.6b)

where, with a little abuse of notation, we defined Dy (uZ(q)) 2 Dy (uZ(q)||u2(q)). Using
(5.6) we can rewrite (5.5 as:

T = argmaxz (al$)q(s,a) — KDk (ul(q)) (5.7)

Note that the exploration-exploitation trade-off becomes explicit in ([5.7)). To maximize the
first term of the summation in (5.7, the agent has to exploit its knowledge of ¢, while to
maximize the second term, the agent’s policy needs to match 7*®, which is a policy that seeks

to maximize the information gathered through exploration.

5.3 Algorithm Derivation

Since the argument being maximized in (5.7)) is differentiable with respect to 7(als) we can
obtain a closed-form expression for 7*. Before presenting such closed-form expression we

introduce the following useful remark, lemmas and definitions.

Remark 5.1. In the interest of simplifying equations and notation we clarify that from now

on we will use £;(s) 2 U(s,a;) and even /; 2 ((s,a;) when the state s is clear from the context.

Lemma 5.1. Assuming the actions are ordered such that {; > {; <= i > j, the KL
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divergence term in (5.7)) for a given state s is given by:

Sl — ) (Z %’ﬁ) log [Z %] (5.8)

n=1 k=n
Proof. The proof is included in appendix [5.A] O

Definition 5.1. Pareto dominated action: For a certain state s we say that an action

a; is Pareto dominated by action a; if q(s,a;) < q(s,a;) and £(s,a;) < £(s,a;).

Definition 5.2. Mixed Pareto dominated action: For a certain state s we say that an

action ay, is mized Pareto dominated if there exist two actions a; and a; that satisfy:

(6 — ) £q(s, a5) + (Le — £;) Liq(s, a;)

l(s,a;) > L(s,a) > L(s,a;), 1< —
(5,00) > €5, ar) > Us, ;) (6 — ;) €rq(s, ag)

(5.9)

Definition 5.3. Pareto optimal action: We define an action a as Pareto optimal if it

18 not Pareto dominated or mized Pareto dominated.

Intuitively (mixed) Pareto dominated actions are actions that the agent should not choose
because there is another action (or group of actions) that is better in terms of both explo-

ration and exploitation.

Lemma 5.2. For all Pareto dominated and mixed Pareto dominated actions it holds that

m™(als) = 0.
Proof. The proof is included in appendix [5.B] O

The statement of Lemma [5.2]is intuitive since choosing a Pareto dominated action lowers
the expected cumulative reward and the information gained, relative to choosing the action
that dominates it. Also note that Lemma [5.2] implies that for all Pareto optimal actions it
must be the case that if ¢(s,a;) < ¢(s,a;) then ¢(s,a;) > £(s,a;). We now introduce the
state dependent set of actions & with cardinality |&|, which is formed by all the Pareto
optimal actions corresponding to state s. Furthermore, we introduce the ordering functions

os(k) : [1,]&]|] — [1,A4], which for every state provide an ordering amongst the Pareto
137



optimal actions from lowest uncertainty to highest (i.e., (s, 04(7)) > €(s,04(j)) < i > j).
For instance, o4(1) provides the index of the action at state s that has the lowest uncertainty

amongst the actions contained in &;.

Theorem 5.1. 7*(als) is given by:

Loiiy(pi(s)—piti1(s . . .
|£S|(J)(pj() Ppj+1(s)) : zfa — Us(]) fOT‘ some j € [1’ |SS|]

m(a]s) =  Zew i) (5.10a)

0, otherwise

o) (8)q(s,0(j)) = Log—1)(8)q(s,0(j — 1))
K (Lo) (8) = Lo(i-1)(5))

pi(s) = exp (5.10Db)

where to simplify notation we defined Ly (;)(s) = ly,(j)(s) and q(s,0(j)) = q(s,04(j)) and we
also set pie,1+1(s) = 0, lo(s) = 0.
Proof. The proof is included in appendix [5.C| ]

Note that as expected, 7*(a|s) is always strictly positive for Pareto optimal actions.
Lemma 5.3. The value function corresponding to policy 7*(als) is given by:

|Es|

vi(s) = klog | Y go(j)(szm—:é()j—l)(5)pj(s) ;o q(s,a) =7(s,a) +Ev*(s)  (5.11)

j=1
where lax(s) = max, £(s, a).

Proof. The proof follows by combining (5.10) with (5.6b|) and (5.6al). O

Remark 5.2. 7*(als) satisfies the following conditions:

lim 7*(als) = 7'(als), lim 7*(a|s) = 7'(als) (5.12)

r—0F La—th et

The first condition is expected since when the relative entropy term is eliminated, (|5.1)

and ([5.5)) become equivalent. The second condition reflects the fact that when the uncertainty
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is equal for all actions, the distributions «7(q) and u?(q) become equal regardless of m and
therefore Dy (u7(q)) = 0 and hence and become equivalent. The second condition
of is of fundamental importance because it guarantees that as the uncertainties over ¢
diminish (and therefore converge to some required threshold ¢(s, a) — £in), policy 7 tends
to the desired policy 7' (note that annealing of & is not necessary for this convergence of
7 towards 7'). Note that policy has the previously discussed qualities that policies
induced by maximum entropy RL do not. Namely, as learning progresses, the effect of the
regularizer also diminishes, and hence so does the bias of 7* with respect to «', without
the need for annealing x. Furthermore, the effect of the regularizer diminishes over time on
a per state basis, allowing for a high degree of exploration in states where the agent has
high uncertainty and high exploitation in states were the state has high certainty over its

estimates.

5.3.1 Uncertainty Constrained Value Iteration

In a dynamic programing setting ¢*(s,a) can be found by iteratively applying to any vector

q(s,a) the operator T defined by:

|€s]
loiy(8") — lo(j—1y(8")
¢ _ %)) o(j=1)
T q(s,a) =r(s,a) + vKkE log E o)

Jj=1

pi(s’) (5.13)

where we make the ¢ explicit to highlight the fact that ¢*(s,a) is a function of the uncer-

tainties.

Lemma 5.4. £-Policy Evaluation: For any mapping ¢ : S x A :— R, the sequence

¢t = T'q" converges to q*.

Proof. The proof follows by noting that 77 is a contraction mapping and applying Banach’s
fixed point theorem. See appendix O

Note that Lemma provides an algorithm to learn ¢*, however the ultimate goal of the

RL agent is to learn ¢f. To accomplish this goal a mechanism to estimate ¢ is necessary.
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5.3.2 Uncertainty Estimation
Recalling that ¢(s,a) = ¢'(s,a) — q(s,a) we can write:

d(s,a) = r(s,a) + YE gvi(s) — q(s,a) = Eé(s,a,s’) + yEpv(s') (5.14)
where 8(s,a,s’) = r(s,a,s") +40(s") — q(s,a) and v'(s) = 0(s) + (s). Furthermore 9(s) is
the estimate obtained using and ¢(s,a). We can now bound v(s’) as follows:

(a) (b)
vT(s) — 0(s) = max¢'(s,a) — (s) < maxq'(s,a) — maxq(s,a) < max/{(s,a) (5.15)

where (a) follows from Jensen’s inequality applied to v*(s) and in (b) we applied (/5.3).

Combining (5.14) and (5.15) we get |g(s,a)| < [Ed(s,a,s’)| + vE max, ¢(s’,a). Therefore
updating /(s,a) as:

((s,a) < [Ed(s,a,s")| +~E max{(s',a) (5.16)

guarantees that condition ([5.3)) is satisfied.

Lemma 5.5. Uncertainty Constrained Policy Evaluation: For any mapping ¢° :

S x A :— R, repeated application of £-Policy Evaluation and (5.16)) converges to q'.

Proof. See Appendix O

5.3.3 Information Seeking Learner

We now proceed to derive a practical approximation to Uncertainty Constrained Policy
Evaluation. We start by noting that is not adequate to design a stochastic algorithm
because the |[Ed(s, a, s’)| term has an expectation inside the absolute value operator. There-
fore a stochastic approximation of the form |§(s¢, at, s¢+1)| would be biased (since the sample
approximation |0(s, as, S¢+1)| approximates E|d(s,a, s")| instead of |[Ed(s,a,s’)]). In the

particular case where the MDP is deterministic this is not an issue because d(s,a, s’) is a
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deterministic quantity and therefore can be calculated with any sample transition (s, a,r, s').
But in the general case, we can have an estimator p(s, a) of Ed(s, a, s’), which then can be
used to estimate |[Ed(s,a, s”)| as |p(s,a)|. With this consideration and equations and
(5.16)) we can define the update equations for the tabular version of the algorithm we present

in this chapter as:

q(se; ar) = q(se, ar) + p1g (6(s, ar, Se41)) (5.17a)

p(se, ar) = p(se, ar) + po (0(st, ar, se41) — p(se; ar)) (5.17b)

(e, ar) = L(se, ar) + pue (1= 10)[0 (50, ae, 1) + mlp(se, )| + Yomax(se41) — £(51, 1))
(5.17¢)

OS¢, g, Se1) = 1(St, Aty Se1) + Y0(Se41) — q(5¢, ) (5.17d)

where 7, is a tunable hyperparameter. In cases where the MDP is deterministic then n; = 0.
For stochastic games n; closer to 1 becomes more convenient. As we mentioned before we
want to derive an approximation to Uncertainty Constrained Policy Evaluation suitable for
practical applications, which typically require that the ¢, p and ¢ functions are parameterized
using expressive function approximators such as neural networks. In this work we use the
parameters w, 6 and v to parameterize ¢, p and ¢, respectively. To extend to this

general case, w, # and v can be trained to minimize ([5.18)).

Jo(0) = 27'E (s ayy [(s, a5 0) — p(s, a; 0)]? (5.18a)

Jq(W) = 2_1E(s,a)~w [(QT<sa a; CJ) - (j(S, a; (.U))

(1= m2)(gr(s, a; @) — (s, a;w)) + n2p(s, a;0))] (5.18b)

Jo(v) = 27'E (s a)p[lr(s, a;0) — {(s, a; )] (5.18¢)
2 N o

qr(s,a;w) =r(s,a) + KE log Z 60(])<82maxf;%1)( ))pj(s') (5.18d)

lr(s,a;v) = (1= m)|6(s, a)| + mlp(s, a)| + YE g/ lmax(s; ) (5.18e)
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Algorithm 5.1 Information Seeking Learner (ISL)
Initialize: counter=0, w, 6 and v randomly, and an empty replay buffer R.
for iterations £ =0,..., K do

for environment transitions t =0,...,7 do

Sample transitions (s, a,,s’) by following policy and store them in R.
end for
for iterations i = 0,...,I do

Sample a minibatch from R and compute stochastic gradients.

W= w — 1, Vi dg(w)

0 0 — 11gV.J,(0)

Vv — ,ul,ﬁ,,Jg(y)

counter +=1

if counter mod targetUpdatePeriod then
Vv
W w
counter = 0

end if

end for
end for

where 9 is the distribution according to which the (s, a) pairs are sampled, and w and v are
used to denote the parameters of the target networks corresponding to ¢ and /¢, respectively.
Note also that we have added another tunable parameter 7,. In the tabular case this is
not necessary, but in the case with neural networks we observed empirically that using the
p network to train g helps stabilize training and improves performance. This is similar to
the SAC algorithm where a network is used to estimate the value function v(s) even though
apparently it is not necessary [31]. The resulting algorithm, which we refer to as Information

Seeking Learner, is listed in algorithm [5.1]

5.4 Experiments

The goal of the experiments in this chapter is to evaluate the capacity of ISL to perform deep
exploration. We test our algorithm in the three deep exploration environments provided by

the bsuite benchmark [114] (i.e., Cartpole Swingup, Deep Sea and Deep Sea Stochastic) and
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compare it against SBEED, UBE and Bootstrap DQN with prior networks (BSP)H
(which provides state of the art results in deep exploration tasks). All three environments
have the common quality that exploration is discouraged (due to negative rewards) and
positive rewards are only obtained by the agent in states that are hard to reach. We used

NNs as function approximators in all cases.
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Figure 5.1: Blue, red, purple and green curves correspond to ISL, BSP, UBE and SBEED,
respectively. In all cases we ran 10 experiments with different seeds, the plots show the
median and first and third quartiles. In figures |5.1(b)| and [5.1(c)[ we used dots are markers
when the goal was accomplished (at least 10 visits where made to the desired state) for all
seeds, square markers denote that the goal was accomplished for some seeds and the cross
markers denote failure for all seeds.

2We use the implementation provided by \\
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5.4.1 Sparse Cartpole Swingup

This is the classical cartpole swingup task with the added difficulty that positive rewards
are only provided when the pole is ‘almost stabilized’. The action space is {left, stay, right}
and the state space is continuous and given by s; = (Cos(Ht)7sin(9t),ét,xhj:t), where 6 is
the angle of the pole and x is the position of the cart. The feature that makes this task a
challenging exploration task is the reward structure; every move is penalized with a —0.1
reward and a +1 is only observed when the cart is ‘almost’ centered and the pole is ‘almost’
upright and stabilized. More specifically, a +1 reward is obtained when cos(6) > N/20,
0| < 1 and |z| < 1 — N/20, where N parameterizes the difficulty of the environment. This
is an episodic task where each episode ends when the cart moves too far away from the
center (Jx| > 3) or at 10 time-steps, whichever occurs first. We ran each algorithm for
10% episodes for ten random seeds. In this benchmark the performance measure is the best
return attained during training. The results for N from 0 to 19 are shown in figures [5.1(a)]
As expected SBEED fails in this task for all values of N due to the lack of a mechanism to
encourage deep exploration. ISL and BSP find close to optimal policies for all values of N up
to 10 approximately. However, for higher values of N ISL outperforms BSP by a significant
margin. For N = 19 all algorithms fail, however ISL is the only algorithm who can obtain

some positive rewards. Implementation details can be found in appendix [5.F}

5.4.2 Deep Sea and Deep Sea Stochastic

Deep Sea is an episodic grid-world type game which consists of an N x N grid with N? states.
The observation encodes the agent’s row and column as a one-hot vector s, € {0, 1}V*¥. The
environment has two possible actions {a1, a} and a mask M ~ Ber(0.5)¥*". The mask maps
for every state each action to {left, right}. The agent always starts at the top-left corner and
at every step deterministically descends one level and further moves left or right (depending
on the chosen action). Every time the agent moves right it gets a —0.01/N reward, except for
the bottom-right state in which case it gets a +1, while left moves always receive 0 reward.

The game ends after N time steps and we ran each algorithm for 10* episodes. The optimal
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strategy of the environment is to always move right in which case the total return would be
0.99. Note that the parameter N parameterizes the difficulty of the game. An important
point about this environment is that policies that do not encourage deep exploration take
O(2") episodes to learn the optimal policy [115], while for policies that explore optimally
it takes at best O(N) episodes (because the state-action space is of size O(N?) and at
every episode N state-action pairs are sampled). The Deep Sea Stochastic environment
has the added complexity that transitions and rewards are stochastic. In particular, the
reward of the last step of the episode is corrupted with additive Gaussian noise with zero
mean and variance equal to 1 and further, agents transition to the right only with 1 — 1/N
probability. In these benchmarks the performance measure is the amount of episodes played
before the agent visits the goal state for the 10-th time. Hyperparameters were tuned for
each of the cases, figures and show the results. Again SBEED fails at these
tasks as expected. In the deterministic case ISL and BSP perform similarly. Note also that
while ISL shows linear complexity for all values of N, BSP shows linear complexity only
for low values of N. We clarify that the complexity of BSP could probably be improved
for larger values of N by enlarging the ensemble size, however note that this would come
with an added computational cost since the computational cost of BSP scales linearly with
the size of the ensemble. In the stochastic environment ISL performs similarly as it does
in the deterministic environment and outperforms BSP for all values of N. Note further
that ISL is the only algorithm that is able to solve the task for all values of N for all seeds.

Implementations details for deep sea and deep sea stochastic can be found in appendices

and [5.H] respectively.

5.4.3 Ablation Study

In this section we include an ablation study for the hyperparameters x, 17, and 7, using

-1,01234] 414 n. and 7y through

the cartpole task. We sweep s through 20 x 2[=%-3-2
[0,0.1,---,0.9,1]. Results are shown in figure to make these plots more visually clear
we only show three of the curves in each plot; we note though that the effects of the hy-

perparameters on the performance of ISL are clear with these three curves. The rest of the
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curves can be found in appendix

The exploration-exploitation trade-off managed by & is clear in figure [5.2(a)} increasing

k improves results for high values of N (since more exploration is required in these cases)

but does so at the expense of exploiting less and therefore the best return diminishes for low

values of N (where less exploration is necessary). Figures|5.2(b) and [5.2(c)|indicate that the

effect of hyperparameters 7; and 7, on the performance of ISL are less drastic than that of

k, however in both cases the best performance is obtained for intermediate values of 7, and

19 as expected.

800 g9

=3
S

Best Return
=
S

[}

o

(@)
ot

; b oe=1040 _|].;
O 3 6 9 12 15
N
(a) K

ey

600 -

400 -

Best Return
.

{ m= 0.0
200 - { = 0.8
=1.0
° i é 0- { o ! 3
18 O 3 6 9 12 15 18
N
(b) T
]* T
n, = 0.0 !
m = 0.7 !
=09
T2 ] .
6 9 12 15 18
N
(C) 72

Figure 5.2: In all cases we ran 10 experiments with different seeds, the plots show the median

and first and third quartiles.
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5.5 Summary

In this chapter we provide a novel and original approach to address the problem of deep
exploration. We also make an interesting connection with the literature on maximum entropy
RL. In contrast to current RL algorithms and deep exploration strategies, where deriving the
learning equations and the deep exploration strategies are treated separately, in our approach,
both the learning equations and the deep exploration strategy are derived in tandem as the
solution to a unique optimization problem. The main insight of our approach, is that in RL,
obtaining point estimates of the quantities of interest is not sufficient, it is also necessary to
estimate confidence bounds. Furthermore, we have introduced a practical way of quantifying
uncertainty over ¢ estimates that is usable with NNs. We hope this ideas might inspire novel

and original research directions.

5.A Proof of Lemma [5.1]

In the proof we assume that the actions are ordered following the lemma’s assumption. By
definition, the KL divergence is given by:
ur .

D) g

D (uf(9) = /q ug(q) log (m

U3 w(al) [ dio@ o (Zw<a'|s>d<s,a»@> A7+ log(ta)  (5.19)

a q a’
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where in (b) we used (5.4). Note that since §7(s) is a piecewise constant distribution, the

integral in ([5.19) has the following closed form expression:

/~ d(s0,)(q) log (Z 7T(a'!é‘)d(s,a')@) dq = /_ (2;) og (Z 7r(OL'IS)Ul(s,a')(67)) dq

a’ J a’

45 li—1
- e{l/ log (Z W(G'IS)du,a/)@) dq + fj_l/o log (Z W(a'IS)d(s,a'>@> d

/ a/

A=
= %log <Z (A —b|s)l,t ) / log (ZW $)ds,ar)( )) dq
J b=0
I, — SNE
— Zl o= ot gf”_l log (; (2 )> (5.20)

Combining (5.19) and ([5.20]) we get:

3 Wé’“m >l — ) log [Z i ] (5.21)

k=1 ko=

Rearranging the terms in (5.21]) we get:

- 2 r(a 27 (bls)la
DKL( (@) Z n_ n— 1 Z log ZT (5'22)

5.B Proof Lemma [5.2|

We start proving that for any action a; that is Pareto dominated by another action a; it must

be the case that 7*(a;|s) = 0. We now present an assumption to make notation simpler.

Assumption 5.2. In this section we assume without loss of generality that actions are

ordered such that {; > {; <= i > j.

We prove the lemma by contradiction. Assume that there is a uc-optimal policy 7; for
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which 71 (a;]|s1) > 0. We now define policy s, as:

(

m(als) —a if (s,a) = (s1,a,)

ma(als) = m(als) + o if (s,a) = (s1,0a;) (5.23)

m1(als) else
\

where 0 < a < m(als). We show that 81)“82_0581)|a:0 > 0 and hence v™(s;) > v™(s1) for a

small enough « > 0, which contradicts the claim that 7 is a uc-optimal policy.

ov™ (1) _ 0v™(sy) Omi(ajlsy)
Oa o Om(ajls1)  Oa

«

Ov™ (s1) Omi(ai|s1)
om(a;ls1) O

a=0 a=0

Ov™(s1) ov™ (s1)

- 87r1(ai|31) B 871'1((1]‘|81)

= 5”2(&(12')—?2(37%) +K

S

-

(8DKL (u72(q))  ODkr(ul*(q))

oy (ajlsy) B om(a;|s1)

) (5.24)

>0 (due to Pareto assumption)

Using ((5.22)) we get the following expression for the gradient of the KL term:

ODrcr, (uf Ly — by A (el L
ﬁ - ; Ué—j())k)g (Zb #) +4 bzl(&) —lp-1)
J A
_yomb,, (Z w<§|s>) » -

Combining (5.25) and ([5.24]) we get:

(97r1(aj]31) B 671'1((11"81) -

D (@) _ IDr (@) _ g (= o) (iw(c\s))
gc

J
by — ly1) (i — )
1
pRICELE I

b=1

(a) (gb — gbfl)(&' — EJ)

0;0;

MQ

S8
Il
-



~0 (5.26)

where (a) is due to the fact that all terms in 37 ”(g ) are non-negative and log is a

monotone increasing function. Combining (5.26)) with (5.24)) we get:

Jv™ (s1)

aa > ?2(87 ai) - E]\ﬂ?(sa aj) >0 (527)

which completes the proof.

The proof for the Mixed Pareto case follows similarly. We assume that there is a uc-
optimal policy m; that assigns non-zero probability to an action a; Mixed Pareto dominated
by a; and a;, m1(ax|s1) > 0. Since ay is assumed to be Mixed Pareto dominated, equations

(5.9) are satisfied. Similarly, as before, we define a new policy 7, as:

(

mi(als) —a if (s,a) = (s1,ax)
(le—t)t; .
m(als) + at—5" if (s,a) = (s1,a;)
ma(als) = (L=t (5.28)
=)l _
m(als) + aﬁ if (s,a) = (s1,a;)
m1(als) else
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The gradient of the value function becomes:

ov™(sq) _ Ov™(sy) Omi(ag|s:) ov™(s1) Omi(ajls1)
oo |,_o Omlakls1) O« a0 Omi(ajls1)  Oa 00
0v™(s1) Omi(a;lsy)
om(a;ls1) O o

8’0”2(81) (Ek — 6]) él 8@“2 (81) (fz — f}c) Ej 8’0”2(81)

- (971'1((1”81) (Ez - EJ) Ek 87r1(aj|31) (fz - EJ) €k 07r1(ak|81)

o (U =) b | o, (G—t)l; o,
_q <S7al>(€i_€j>€k +q <S’aj)(€z_£])£k q (Saak)

A
>0 (due to Pareto assumption)

- (aDKL(UQf@) ODgr(ui?(q)) (b — €5) 6; 0D (ui?(q)) (0 — lx) @')

om(als1)  Omlads)) (G—£) 0 Omlasls) (6 — ;) by
(5.29)
And finally:
ODkr(ugz(q))  O0Dir(ui?(q) (b — ;) i ODkr(ug;(q)) (5 — )
omy (ax|s1) omi(asls1) (6 — ;) b, omi(aj]s1) — ;) Ly,
5l — by s 2 (s b= 1) < e
:z::( . ).log (; (El )> B (éi_g'_é ;( —ly1)log <§ . >
(=) < = 7(cls)
€b1 A r(els U — ‘ A r(els
(Z_; (el )) (éi—ej)ékb . 1(6” bo-1)log (Z_; (él )>

k
:]J,»
k

=j+1
k

6y — ly—1)(li — ly)

— ) (G —l),  [s~wlels))  (—8) < = 7(cls)
(€ — £;) tog (; le ) (=) b, b:;rl(gb = fo-) log <§ l, >

Lorlels))  (h—1) < L 7(els)
b= (€ =€) ° cz—; le ) Nz = 45) b b k+1<£b fi-n)loe cz—l; le )
<@—>@—@> Lowlels)\ (=) (6~ ) Lorlels)\

- =Tl log <; A ) BT log (Z:; Z ) =0 (5.30)

Combining (5.29) with (5.30) we get Bv“;_é&)}azo > 0, which completes the proof.
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5.C Proof Theorem [5.1]

Due to Lemma [5.2| we already know that for Pareto dominated actions 7*(a|s) = 0. There-
fore, without loss of generality, we assume that all actions are Pareto optimal. Furthermore,
to simplify notation in the proof we assume that o4(a;) = j and hence we will not use the
ordering function o,(a). We start differentiating with respect to m(a|s) and equating

to zero:

PN 0Dk (u3(q)

K q(s,a) — “or(als) =0 (5.31)

Using ((5.8) we get the following expression for the gradient of the KL term:

DL (@) _ = =bor) | (S (els) | ey
Om*(ay|s) _bzl ( lg<; >+€J bzl% ly-1)

— Zl @b_g#l)log (Z ﬂ(ﬁs)) +1

c=b

=(; (g. l;_1)log (ZW (cls)€ > l (ag;zzj(_ll@;)) - 1) .

Dk (w(q) | 4 =t
= (71 (t; — ;1) lo c|s b1 0Dk + L
( J 1 g(z7T ‘ > j Om* (ajily) gj

(5.32)

Now we can solve for each action combining the recursive form given in ) with (| -
Recall that due to the specific numbering of actions we assumed, a4 is the action who has

the greatest uncertainty ¢4. Hence, we can start solving for a4 as follows:

Ca-1 0Dk (ui(@)]|us(q)  €a—Llas

0=r""q(s,an) — €3 (€a — La_1)log (7" (aa|s)t;") —

fA 87r*(aA_1\s) £A
N _ . B o laq by — 0y
= /{_lq(87(IA) - EAI(EA —l4_1)log (7T (aA|s)€A1) — k7! ’2 lq(s,aA_l) — %
A A
— m(aa|s) x Lapa(s) (5.33)
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where we defined:

i(s)q(s, az) — £;-1(5)q(s, aj—l)}

pi(s) = exp { ) = L)) (5.34)

Following the same procedure as in (5.33]) we can solve for 7*(a;|s).

0=rx"'q(j,s) —
q(J, s) l; Om*(aj_1ls) ¢

=) log (i 7T*(C|5)> U1 0Dk (ui(q) G — 4
@ Kq(s, aj) — —(gj — ?j_l) log (Z T8 (C’S)> — li_lgj—_la(s, aj_1) — —f] b

t; ¢

— 7 (a;]s) o< Lipi(s)e™ " — ¢, 7 (c|s)l! (5.35)
c=j+1

where in (a) we used (5.31)). Starting with j = A — 1, unwinding ([5.35]) one step of the

recursion at a time, and normalizing we get:

i (pi(s) = pia(s))
>t (6 = L)y (s)

T (a;ls) =

(5.36)

which completes the proof.

5.D Proof Lemma [5.4]

We start by showing that 77 is a contraction mapping. For this we define two mappings

q1,q2 : S x A:— R. We start assuming 7*q1(s,a) > T*qz(s, a), then:

0 < T'qi(s.0) — T'a(s.0) = r(s,0) + YE0i(s") — 1(s,0) — YEgu3(s') = 1Ey (vi(s') - vi(s"))
Dy (max B (015", @) — wDger(u (@) — max B (05(5", @) — 5 Dier (3 () )

< By maxE s (0(s',a) — kDicr (w3 (@) — (s, @) + 5Dger (u (@)

= 1By maxE ey (a1(s', a) — g:(s'.a))

< yngix (q1(s,a) — q2(s,a)) (5.37)
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= 0 < T'qi(s,0) — T'ga(s,a) < ymax (qi(s, a) — ga(s, a)) (5.38)

where in (a) we used v*(s) = max, E 4 (¢*(s,a) — kD1 (u™(q))). Noting that if T%q(s,a) <
T'q:(s,a) the same argument applies. Exchanging the roles of ¢; and ¢o we can conclude

that for any (s,a) pair it holds:
0 <|T q(s,a) — Tiq(s,a)| < 7 max lg1(s,a) — qa(s, a) (5.39)

which concludes the proof that 7* is a contraction mapping. Applying Banach’s Fixed-Point
Theorem concludes the proof (see Theorem 6.2.3 [22]).

5E Proof Lemma 5.5

The proof follows by noting that due to Lemma 4 after application of /-Policy Evaluation,

it will hold d(s,a) = 0 for any (s, a) pair. Therefore,
U(s,a) < |0(s,a)| + vE s max{(s’,a) = YE g max ((s, a) (5.40)

and hence (s, a) for any (s, a) pair decays ~-linearly to 0. Combining this result with Remark

concludes the proof.

5.F Cartpole Swingup Implementation Details

The implementation details are as follows. All implementations used TensorFlow. We used
neural networks as function approximators in all cases. All NN’s are composed of two hidden
layers with fifty units per layer. ReLu’s are used in all hidden layers. All output layers are
linear, except for the outputs of the networks that approximate the ¢ values whose outputs
pass through sigmoid functions with limits [le — 12, 100]. We used the ADAM optimizer in
all cases. To approximate the ¢ values we used one network with only one output per action

instead of one network with A outputs, empirically this provides better performance without
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making any difference in terms of computation requirements. All hyperparameters were
set by iterating through them and performing individual per-hyperparameter grid-searches;

resulting values are shown in table [5.1}

Table 5.1: Hyperparameters for Cartpole Swingup. Where |R| is the size of the replay buffer,
B is the mini-batch size, j, is the step-size for g-network (and similarly for p,, e, o, fir
and ) and tup stands for the target update period.

ISL BDQN UBE SBEED
v =0.99 v =0.99 v =10.99 v =0.99
IR| = 1e5 |R| = 1leb IR| =15  |R|=1éb
B =064 B =128 B =128 B =256
fg = 2e — 4 fg = De — 4 fg =5 —4 pu,=1le—3
fp = 5e — 6 e=0 y =le—4 p, =1le—3
e = 2e — 5 mask prob = 0.5 w =20 e =le —3
tup=4 tup=14 tup=4 k=0.5
T=1 sgd period= 1 T=1 T=1
I=3 I=1 I=1
m = 0.8 p=1 n=20
ne = 0.7
k=13

5.G Deep Sea Implementation Details

The architecture of the implementation is the same as the one used for the Cartpole Swingup
task. All hyperparameters were set by iterating through them and performing individual

per-hyperparameter grid-searches; resulting values are shown in table |5.2
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Table 5.2: Hyperparameters for Deep Sea. Where |R| is the size of the replay buffer, B is
the mini-batch size, p, is the step-size for g-network (and similarly for p,, pe, o, p= and
y) and tup stands for the target update period.

ISL BDQN UBE SBEED
v =0.99 v =0.99 v =0.99 v =0.99
IR| = 1eb |R| = 1eb |R| = leb IR| = 1leb
B =256 B =128 B =128 B =256
[y = 2e — 4 qlg = de — 4 g =5 —4 p,=1le—2
pp =1le—4 e=0 oy =le—4 p, =1le—2
iy = be —5 mask probability = 0.5 w =10 e = le —2
tup= 2 tup="5 tup=4 k=10.5
T =2 sgd period= 1 T=1 T=1
I=1 I=1 I=1
m = 0.9 b =2 n=20
o = 0.1
k=1

5.H Deep Sea Stochastic Implementation Details

The implementation architecture for the Deep Sea Stochastic game is the same as for Deep

Sea, only some hyperparameters change (see table .
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Table 5.3: Hyperparameters for Deep Sea Stochastic. Where |R| is the size of the replay
buffer, B is the mini-batch size, i, is the step-size for g-network (and similarly for p,, p,
oy b and p,) and tup stands for the target update period.

ISL BDQN UBE SBEED
v =0.99 v =0.99 v =0.99 v =0.99
IR| = 1eb |R| = 1eb |R| = leb IR| = 1leb
B =256 B =128 B =128 B =256
g =1le —4 fg =1le—95 g =22—5 p,=1le—3
py =1le—4 e=0 y =le—=5 p, =1le—3
iy = be —5 mask probability = 0.5 p=10 e =1le—3
tup= 2 tup="5 tup=4 k=10.5
T =10 sgd period= 1 T=1 T=1
I=1 I=1 I=1
m = 1.0 B =2 n =0.01
o = 0.5
k=1
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5.1 Ablation Study Figures
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5.1.2 Ablation study for 7,
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5.1.3 Ablation study for 7,
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We clarify that figure shows no progress because the algorithm diverged for the chosen

step-sizes in this ablation study.
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CHAPTER 6

Concluding Remarks and Future Work

In this dissertation we have addressed four problems and provided solutions to each of them:

e In Chapter |2l we considered the distributed policy evaluation problem and proposed the
Fast Difussion for Policy Fvaluation algorithm. FDPE is designed for the finite sample
case and we proved that for this case all agents converge to the correct solution linearly
fast. This algorithm can be applied to two distinct scenarios. In the first scenario,
multiple agents interact with different instances of the same MDP and collaborate to
evaluate the same target policy. Due to the collaboration, all agents still converge
to the correct solution even in cases where each agent’s behavior policy only explores
a portion of the total state-space. The second scenario we considered is the MARL
setting with local rewards. FDPE can be use as part of a policy learning loop whose
goal is to learn the optimal policy. The main disadvantage of this policy learning

approach is that it is not sample efficient, this motivated the work in Chapter

e In Chapter |3| we addressed the problem of learning the optimal team policy in a fully
distributed MARL setting with local rewards. To this end, we introduced the Difussion
Team Policy Optimization algorithm. DTPO is an off-policy algorithm and hence is
sample efficient. Experimentation with this algorithm revealed two important issues.
The first issue is that of scalability. DTPO does not scale gracefully with the number of
agents due to the fact that each agent learns the policy for the team’s state-action space.
The second issue is that of exploration. DTPO can explore the state-space efficiently
only in the tabular setting. In the general case where function approximation is used,
it is unclear how to endow the algorithm with a behavior policy that is efficient at deep

exploration.
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e In Chapter [ we studied the scalability issue that was identified in chapter [3] This
scalability issue in MARL is independent of whether a global reward or local rewards
are considered. Hence, in this chapter we considered the MARL setting were the
reward is global. We proposed the Logical Team Q-learning algorithm. Our proposed
solution is off-policy and learns factored functions that only depend on the observation
and action of each individual agent. We proved that in the dynamic programming
setting our LTQL obtains factored quantities that allow all agents to converge to a

team optimal policy.

e Finally, in Chapter [5| we studied the problem of deep exploration. Since deep explo-
ration is still an open question in single-agent RL, in this chapter we considered this
domain. We connected the problem of deep exploration with the soft RL framework and
derived the Information Seeking Learner. We proved that in the dynamic program-
ming setting ISL converges to the optimal ¢-function. Experimental results showed
that ISL achieves state of the art performance in three challenging deep exploration

benchmarks.

The ideas and algorithms we introduced in this dissertation give rise to the two following

important research problems:

e Derive an algorithm that obtains factored policies in the fully distributed setting where
agents observe local instead of global rewards. Potentially this could be done by
combining the factored relations we derived in Chapter |4 with the techniques we used

in Chapter [3] to obtain DTPO.

e Extend the exploration work we presented in Chapter [5{to the multi-agent setting. In
particular, we believe that the ideas we used to derive ISL could be combined with

those of Chapters [3] and [4] to re-derive versions of DTPO and LTQL that are more

efficient at performing exploration.

e Extend LTQL to the fully distributed case even when agents can only perceive a subset

of the team’s agents and provide answers to the following questions. Can this be
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accomplished without loss of performance leveraging communication among agents? If
sharing information is not possible, can expressions be derived, which depend on the

TMDPs parameters, to bound the loss of performance?

Once all the previous research problems are addressed the following natural challenge
would be to put it all together to derive an algorithm for the MARL case that combines
all the aforementioned features. In other words, the resulting algorithm should be ca-
pable of learning off-policy, in a fully distributed manner, perform efficient exploration
and have good scalability properties in th setting where agents only have access to

their own observations and local rewards.
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