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ASYMPTOTIC EXPANSIONS IN TIME FOR ROTATING
INCOMPRESSIBLE VISCOUS FLUIDS

LUAN T. HOANG! AND EDRISS S. TITI?

ABSTRACT. We study the three-dimensional Navier—Stokes equations of rotating incom-
pressible viscous fluids with periodic boundary conditions. The asymptotic expansions, as
time goes to infinity, are derived in all Gevrey spaces for any Leray-Hopf weak solutions
in terms of oscillating, exponentially decaying functions. The results are established for all
non-zero rotation speeds, and for both cases with and without the zero spatial average of
the solutions. Our method makes use of the Poincaré waves to rewrite the equations, and
then implements the Gevrey norm techniques to deal with the resulting time-dependent
bi-linear form. Special solutions are also found which form infinite dimensional invariant
linear manifolds.
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1. INTRODUCTION

We study the long-time behavior of the three-dimensional incompressible viscous fluids
rotated about the vertical axis with a constant angular speed. The Navier—Stokes equations
(NSE) written in the rotating frame are used to describe the fluid dynamics in this case, see,
e.g., [28]. We denote by x € R? the spatial variables, t € R, = [0, c0) the time variable, and
{e, ey, €3} the standard canonical basis of R3. The NSE for the rotating fluids are

a—u—uAu+(u-V)u+Vp+Qe3xu:0, (1.1)

ot
divu =0, (1.2)
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where u(x,t) is the velocity field, p is the pressure adjusted by the fluid’s constant density,
gravity and centrifugal force, v > 0 is the kinematic viscosity, and %Qeg is the angular
velocity of the rotation.

Above, Q2e3 x u represents the Coriolis force exerted on the fluid. We will write

0 -1 0
esxu=Ju, where J =1 0 0
0 0 0

Equations (L) and (L2)) comprise a system of nonlinear partial differential equations
with the unknowns u and p, while the constants v > 0 and €2 are given. We will study this
system within the context of spatially periodic functions.

Let Ly, Ly, Ly > 0 be the spatial periods and denote L = (L4, Lo, L3). A function f :
R3 — R™, for some m € N, is L-periodic if

f(x+ Lie;) = f(x) forall x e R?, j =1,2,3.
Consider the L-periodic solutions (u,p), that is, u(-,¢) and p(-,t) are L-periodic for all

t>0.
Let L, = max{Ly, Ly, L3} and \; = (27/L,)?. Under the transformation

u(x, t) = APu v x Avt),  p(x,t) = Mr2gN x, Avt), Q= Aww,

where v(y,7) and q(y,7) are A{*L-periodic adimensional functions, system () and (2)
becomes

)xi’/21/2<g—: —Ayv+ (v-Vy)v+Vyq+ va) =0 and A\ divyv =0,

thus,
ov

ar
Thanks to (L3]), we can assume hereafter, without loss of generality, that the Navier—
Stokes system (LI and (L2) has
v=1, L,=2m, M =1 (1.4)
In dealing with L-periodic functions, it is convenient to formulate the equations and func-
tional spaces using the domain (the three-dimensional flat torus)

—Ayv+ (v-Vy)v+ Vyq+wJv =0 and divyv = 0. (1.3)

def
Regarding the notation in this paper, a vector in C? is viewed as a column vector, and we
denote the dot product between x,y € C? by

X y=y'x=x'y.

Hence, the standard inner product in C? is x - y.
For k = (ky, ko, k3) € Z3, denote

f( — (];31, ]%2, ]%3)

def

= 27T(]{51/L1,]€2/L2,]€3/L3), (15)

and, in case k # 0,
def

k = (k1 ks, ks) < K/[K], (1.6)
{zeC:2-k=0}={zeC®:z-k=0}. (1.7)

def
Xy =
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In the following, we present the functional setting and functional formulations for the
NSE. We refer the reader to the books [5,[13122126,27] for more details.

Denote the inner product and norm in L?(Ty,)? by (-,-) and | - |, respectively. The latter
notation is also used for the modulus of a complex number and the length of a vector in C",
but its meaning will be clear from the context.

FEach u € L?*(Ty,)? has the Fourier series

x) = Y e, (1.8)
keZ3

where i = v/—1, Uy € C? are the Fourier coefficients with the reality condition U_j = . If
u has zero spatial average over Ty, then Uy = 0.

We now focus on the case of solutions u(x, t) with zero spatial average over Ty, for any
t > 0. The general case will be studied in section @l For brevity, denote

Y= >
keZ3\ {0}

Let V be the space of zero-average, divergence-free L-periodic trigonometric polynomial
vector fields, that is, it consists of functions

U= Z/ T
where Ty € Xy, U_y = Uy for all k € Z*\ {0}, and Uy # 0 for only finitely many k’s.

Let H, respectively (resp.) V, be the closure of V in L*(Ty)?, resp. H'(Ty)3.
We use the following embeddings and identification

VcH=H cV/,

where each space is dense in the next one, and the embeddings are compact.
Let P denote the orthogonal (Leray) projection from L?*(Ty)® onto H. More precisely,

P ™) = i — (G- WK™ = 3 Rgee™ = 3" Rdiee’™,
keZ3 keZ?
where P’s are symmetric 3 X 3 matrices given by
Po=0, Pc=1I3—kk" for k € Z*\ {0}. (1.9)
The Stokes operator A is a bounded linear mapping from V' to its dual space V' defined
by

(Au,v)yry = (u,v) o Z ou Ov for allu,v e V.

= <85L’j 8 j>

As an unbounded operator on H, the operator A has the domain D(A) = V N H?(Ty)?,
and, under the current consideration of periodicity conditions,

Au = —PAu = —Au € H, for all u e D(A).

With the Fourier series, this reads as

Au =" [KPae™>, foru =Y Gee™* € D(A).

The spectrum of A is known to be
= {|k]*: k€ Z® k+#0},
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and each \ € 0(A) is an eigenvalue with finite multiplicity. We order

o(A) = {A, : n € N}, where the sequence (A,,)5°

o2 1 1s strictly increasing.

The additive semigroup generated by o(A) is

(o(A)) d:ef{iaj neNajeo()for1<j<n} (1.10)

j=1

The set (0(A)) is ordered as a strictly increasing sequence (1,)2 ;. Note that A,,, p, — o0
as n — oo, and, by (L4), upy = Ay = A\ = 1.
For A € 0(A), we denote by R, the orthogonal projection from H onto the eigenspace of
A corresponding to A, and set
Py= > R

A€o (A), <A
Note that each vector space Py H is finite dimensional.

/ .~
For a,0c € R and u = Z uge™®* € H, define

A% = Z/|lv<|2°‘ﬁkeif"x, Ay = Z/ e”'k‘ﬁkeik'x,
and 5 / ] ]
A%y = Z k| ekl et
For a;,0 > 0, the Gevrey spaces are defined by
Goo =DA% ) E {u € H : [ulos E |A% 4 u| < 00}
In particular, when ¢ = 0 the domain of the fractional operator A% is
D(A%) = Gopo ={u € H : |A%| = |u]ao < 00}.

Observe that for o > 0, G, consists of real analytic divergence-free vector fields.

Thanks to the zero-average condition, the norm |A™/?u/| is equivalent to ||u| zm(q) on the
space D(A™/?), form =0,1,2,...

Note that D(A°) = H, D(AY?) =V, and |jul| & |Vu| is equal to |A?u|, for all u € V.
Also, the norms | - |, are increasing in «, o, hence, the spaces G, , are decreasing in a, o.

Regarding the nonlinear terms in the NSE, a bounded linear map B : V x V — V' is
defined by

(B(u,v),w)yry = b(u,v,w) o / (u-V)v) -wdx, for all u,v,w e V.
TL

In particular,
B(u,v) =P((u-V)v), for all u,v € D(A). (1.11)
In fact, if u = Z/ tke™* € D(A) and v = Z/ Vie®* € D(A), then (u - V)v has zero

spatial average and

(u-V)o =3 bee™™, where b= 3 i(Tim - k)7, (1.12)

m+j=k
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and, consequently,

Blu,v) = Y Bubye™>. (1.13)
Applying the projection P of the equation (1), we obtain
%+Au+B(u,u)+QPJu:O, (1.14)

with solution w € H. In the case of non-rotation, i.e. 2 =0, equation (L.I4) is the standard
NSE

d
d—ltL—I-AujLB(u,u) = 0. (1.15)
Since Pu = u, for u € H, equation (LI4) is equivalent to
d
d—TZ+Au+B(u,u)+QSu:O (1.16)

with u € H, where S = PJP. Equation (LI€) will be the focus of our study.
Note that if u is as in (L.8]), then

Su=3"" BuJBcie™. (1.17)

We have the following elementary properties:
(Su, A“60A1/2u) =0, forall «,0 >0 and u € D(Ao‘e"Al/Q), (1.18)
b(u,v,w) = —b(u,w,v) and b(u,v,v) =0, for all u,v,w € V. (1.19)

Because of relation (LI8]) with & = 0 = 0, the energy balance/inequality for (I.I6]) is the
same as for (LID). Hence, the following definitions of weak and regular solutions for (.16

are quite similar to those for (LIT), see, e.g., [5L13L27].

Definition 1.1. (a) A Leray-Hopf weak solution u(t) of (LL16) is a mapping from [0, 00) to
H such that

u € C([0,00), Hy) N L2 (0,00), V), u' € L3(]0, 00), V'),

loc

and satisfies

%(u(t), w) + (u(t), w) + b(u(t), u(t), w) + QUSu, w) = 0

4/3

in the distribution sense in (0,00) (in fact in L,/

inequality

([0,00))), for all w € V, and the energy

t

Su@P+ [ un)Pdr < Slutto)?
to

holds for to = 0 and almost all ty € (0,00), and for all t > to. Here, H, denotes the
topological vector space H with the weak topology.

(b) We say a function u(t) is a Leray-Hopf weak solution on [T,00) if u(T + -) is a
Leray-Hopf weak solution.

A Leray-Hopf weak solution u(t) on [Ty, 00), for some Ty € R, is a regular solution on

[Ty, To +T), for some 0 < T < o0, if
ue O[Ty, Ty +T), V)N LY, ([To, Ty + T), D(A)), and ' € L}, ([To, To +T), H).

A global regular solution is a regular solution on [0, 00).
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Same as for equation (LIH), the basic questions, for equation (ILI6]), about the uniqueness
of weak solutions, and the global existence of regular solutions are still open, see Theorem [L3]
below. Regarding the second question, it is proved in Babin-Mahalov-Nicolaenko [I] that for
any initial data ug € V, there is 0y > 0 depending on uq such that global regular solutions
exist for all |©2| > Q. Moreover, it is also showed in [I] that the long-time dynamics of ((L16l),
with an additional non-potential body force, is close to that of a so-called “2%—dimensional
NSE” when || is sufficiently large. However, these basic questions will be bypassed and the
mentioned results of [I] will not be needed in this study. It is due to the eventual regularity
and decay (to zero) of the solutions, see Proposition B.4] below. We, instead, will focus on
the refined analysis of that decay.

When Q = 0, the long-time dynamics of equation ([I.I5]), which covers the case of potential
forces, is studied in details early in [I4HI8], and later in [THITL20]. (The case of non-potential
forces is treated in [2,BL21]. See also the survey paper [12] for more information.) Briefly
speaking, it is proved in [I7] that any solution u(t) of (L.IH]) admits an asymptotic expansion,
as t — oo,

u(t) ~ Y gu(t)e ™", (1.20)

where ¢, (t) is an V-valued polynomial in ¢. See Definition below for more information.

When €2 # 0, one can initially view equation ([LI€) the same as ([LI5) with the linear
operator A = A + QS replacing A, and follow [17] to obtain the asymptotic expansions.
However, the spectrum of A, and its eigenspaces will be more complicated. The expansions
will be of the form

u(t) ~ D qut)e™, (1.21)

pe(o(A))

where (0(A)) is defined similarly to (II0).

One can see that the additive semigroup (c(A)) is a set of complex numbers, much more
complicated than (o(A)), and consequently expansion (L2I]) is considerably more compli-
cated than (L20). The construction of g, (¢) must consider various scenarios including reso-
nance and non-resonance cases, which are harder to track for complex values u’s. To avoid
all these technicalities, we propose another approach that converts (LIG) to (ILI3) with a
time-dependent bilinear form. By maintaining the operator A, the expansions will be sim-
ilar to (L20), and the proof will be direct and clean in the spirit of [I7], taking advantage
of recent improvements in [20,21]. This approach was, in fact, successfully used in [1] in
studying the global well-posedness for regular solutions of (.16]).

Rewriting the variational NSE using the Poincaré waves. In dealing with term QSu
in (LIG), we will make a change of variables using the exponential operator e*°. Clearly, S
is a bounded linear operator on L?(Ty,)* with norm ||S||z(z2(ry, )3 = 1. For our problem, we
restrict e to H only, and have the isometry group e*® : H — H, t € R, is analytic in .

/ s
It is well-known, see e.g. [IL4], that one has, for u = Z Ge®™ e H,

ey = Z/ By (kst)te™>,  where Ey(t) = cos(t)I5 + sin(t)Jy, (1.22)
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with Ji being the 3 x 3 matrix for which Jyxz = k x z, for all z € C3. Explicitly, the matrix
Jy, for k € Z3\ {0}, is

0~k ks
Jk - ]{53 0 —]{51 . (123)
—ky k1 0

For the reader’s convenience, we include a simple proof of (L22)) in Appendix [Al
One sees that

(Bu(t))” = Bl ),
|Ex(t)z| = |z, for all z € X.
From these properties, we deduce
(") =e™  (on H), (1.24)
1€%U] 0.5 = |t]a.q, forall a,0 >0 and u € D(Ao‘e"Al/z). (1.25)
Also, some relations between S and A are
ASu = SAu, " Au= Ae'u, for all u € D(A) and t € R. (1.26)

The bi-linear form in (LI6) will be transformed to a similar, but time-dependent one that

we describe below.
Let t,Q € R. Define b(t,-,-,-) : V¥ = R and bq(t,-,-, ) : V3 — R by

b(t,u,v,w) = ble™Pu, e v, e Sw),  ba(t,u,v,w) = b(Qt, u, v, w),

for all u,v,w € V. We then define B(t,-,): V x V — V' by

(B(t,u,v), w)y v = b(t,u,v,w), for all u,v,w e V. (1.27)
In particular, thanks to (LI]) and (IT24),
B(t,u,v) = e B(e"®u, e "®v), for all u,v € D(A). (1.28)

Define Bq(t, u,v) = B(Q, u,v).
We now rewrite equation ((LI6) using the Poincaré waves e=*5w, for w € H and t € R.

Let u(t) be a solution of ([(LIG). Set v(t) = e u(t), or equivalently, u(t) = e~ *v(t).
If ue C'((0,00), H) N C((0,00), D(A)) then, with (28] taken into account, v solves

d
d—:—l—Av+BQ(t,v,v) —0, ¢>0. (1.29)

With this formulation, equation (L29) resembles more with (LI5]) than (ILI6). The dif-
ference between (L29) and (LIH) is the time-dependent bi-linear form Bgq(t, -, ). However,

this bi-linear form turns out to possess many features similar to B(,-) itself.
For example, from (L27) and (LI9]), we have, for all Q,¢ € R and u,v,w € V, that

(Ba(t,u,v), w)yy vy = —(Bal(t,u, w),v)y v, (1.30)
and, consequently,
(Ba(t,u,v),v)y v = 0. (1.31)
This prompts the following definition of weak solutions of (L.29]).
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Definition 1.2. A Leray-Hopf weak solution v(t) of (L29) is a mapping from [0,00) to H
such that

v e C([0,00), Hy) N L2.([0,00), V), o € L3(]0,00), V"),

loc loc

and satisfies

%(v(t), w) + (W(t), W) + bo(t, (), v(t), w) = 0

4/3

in the distribution sense in (0,00) (in fact in L.

inequality

([0,00))), for all w € V, and the energy

1 ! 1
SOF + [ etr)Pdr < Slotta)
to

holds for to = 0 and almost all ty € (0,00), and all t > t,.
Other definitions in (b) of Definition[I1 are extended to the solution v(t).

Similar to the case 2 = 0, we have the following existence, uniqueness and regularity

results for equations (LI0) and (L.29).

Theorem 1.3. Let 2 # 0 be a given number.

(i) For any uy € H, there ezists a Leray-Hopf weak solution u(t) of (LI6), resp. v(t) of
([L29), with nitial data ug. Moreover, there is Ty = Ty(ug) > 0 such that u, resp. v,
is a regqular solution on [Ty, 00).

(ii) For any ug € V, there exists a unique regqular solution u(t) of (LI6), resp. v(t)
of (L29), with initial data ug, on an interval [0,T) for some T > 0. If |lug| is
sufficiently small, then T = oo.

(i) For any Leray-Hopf weak solution u(t) of (LI6), resp. v(t) of (L29), and any number
o >0, there exists T, > 0 such that u(t), resp. v(t), belongs to G124, for all t > Tk,
and the equation (LI6)), resp. ([L29), holds in D(A) on (Ti,00) with classical time

derivative.

Parts (i) and (ii) of Theorem [[3] are standard. Part (iii) can be proved by using the same
technique of Foias-Temam [19], noticing that we have the orthogonality (LI8)). See details
of similar calculations in [20], and also more specific statements in Proposition B.4] below.

The current paper is focused on a different question, namely, the precise long-time dy-
namics of the solutions of (LI6]) for all 2 # 0. Even though they eventually, as t — oo, go
to zero, our goal is to provide a detailed description of such a decay. In the case with the
zero spatial average of the solutions, we will show that each solution possesses an asymptotic
expansion which is similar to (L20), but contains some oscillating terms that are from the
rotation. The oscillating parts, in this case, are written in terms of sinusoidal functions of
time. (See a similar result by Shi [25] for dissipative wave equations.) In the general case
of non-zero spatial average, similar asymptotic expansions are obtained with the oscillating
terms being expressed by the “double sinusoidal” functions.

This paper is organized as follows. In section 2 we introduce our abstract asymptotic
expansions, for large time, in terms of oscillating-decaying functions. Our basic classes of
functions are the S-polynomials and SS-polynomials, see Definition 2], below. Fundamental
properties of these two classes are studied. In particular, when the forcing term of a linear
ordinary differential equation (ODE) is a perturbation of an S-polynomial, then the ODE’s
solution can be approximated by S-polynomials, see Lemma 2.9, below. This lemma turns
out to be a building block in our constructions of polynomials in the asymptotic expansions.
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In section B, we establish the asymptotic expansions for solutions of (L29) and (LI6),
below, in Theorems B.1] and B.2] respectively. The expansions are in terms of S-polynomials
and exponential functions. It is worth mentioning that these results are established for all
Q # 0 and for all Leray-Hopf weak solutions. In particular, it does not rely on Babin-
Mahalov-Nicolaenko’s global well-posedness result [I], which, as mentioned after Definition
[LIl requires €2 to be sufficiently large depending on the initial data. In section [, we derive
the asymptotic expansions for solutions without the zero spatial averages. This is done by
using the specific Galilean-type transformation (£.3)). Unlike the previous section, this yields
the expansions in terms of SS-polynomials. In section B we present some special solutions
that form infinite dimensional linear manifolds that are invariant under the flows generated
by the solutions of (LI6]). Especially, Remark [5.2] contains a subclass of solutions for which
the helicity, a meaningful physical quantity in fluid dynamics [23/24], vanishes. The case of
non-zero spatial average of the solutions is treated in Theorem [5.4], below.

2. ABSTRACT ASYMPTOTIC EXPANSIONS AND THEIR PROPERTIES
We introduce here the classes of functions which will appear in our asymptotic expansions.

Definition 2.1. Let X be a vector space over the scalar field K =R or K = C.

(a) A function g : R — X is an X-valued S-polynomial if it is a finite sum of the
functions of the set

{tm cos(wt)Z, t"sin(wt)Z :m e NU{0}, we R, Z € X}. (2.1)

(b) A function g : R — X is an X-valued SS-polynomial if it is a finite sum of the
functions of the set
{tm cos (a cos(wt) + bsin(wt) + ct + d) Z,
" sin (a cos(wt) + bsin(wt) + ¢t +d) Z : (2.2)
meNU{0}, a,bc,dweR, Ze X}.

(¢) Denote by Fo(X), resp., F1(X) and F5(X) the set of all X -valued polynomials, resp.,
S-polynomials and SS-polynomials.

Clearly, Fo(X), F1(X) and F2(X) are vector spaces over K, and Fy(X) C F1(X) C Fao(X).
If f e Fi(X), then we can write f as

f() =Y " fuld), (2.3)

where
Nn

fult) = Z[an,j cos(wy,jt) + by ; sin(wy, ;t)], (2.4)

Jj=1

with N,, € N, a,, ;,0,; € X, and w, ; > 0 with the mapping j — w, ; being strictly increasing
for each fixed n.
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Definition 2.2. Let (X,|| - |x) be a normed space and (a,), be a sequence of strictly
increasing non-negative real numbers. Let F = Fo, Fi, or Fa. A function [ : [T, 00) = X,
for some T € R, is said to have an asymptotic expansion

)~ > fult)e ™" in X, (2.5)
n=1
where each f, belongs to .7-"( ), if one has, for any N > 1, that

0~

= O(e~vFemt) st — oo, (2.6)

for some eny > 0.

With this definition, the precise statement of (L20) is that it holds, with F(X) = Fo(X),
in the space X = G, , for all o, > 0.

The expansion ([2H) with F = F is equivalent to the one used in [25], for the dissipative
wave equations, while with the largest class F = JF5 is new. For other related asymptotic

expansions for solutions of NSE, see [2,[3].
One can observe, same as in ﬂZL Remark 2.3], that if (2.6) holds for all N then

0~ S

for all N and all a € (aN,aN+1).

Lemma 2.3. Given N € N, if f1, fo, ..., fn € F1(X) satisfy [26), then such S-polynomials
fn’s are unique.

=0(e™ ™), ast — o0, (2.7)

Proof. Let g1, 9s,...,g9n be functions in F;(X) that satisfy

- St

Let h, = f, — gn. By the triangle inequality, we have

Hﬁ%W%usW =S o -

= O(e~ @+ as t — oo for some gy > 0.

)

X

hence

= O(e™ NI as t — 00, for € = min{ey, ey} > 0. (2.8)

IS

Suppose that not all h,’s are zero functions. Let ng be the smallest number such that
hy, # 0. By multiplying ([2.8) with e*mof, we deduce

| e (D) x = O(e‘alt), for some &' > 0. (2.9)

We write hy,,(t) in the form of ([2.3]). Suppose the highest order term (with respect to the
power of t) of hy,(t) is t?z(t), where d is a non-negative integer, and z is a non-zero function
of the form as in the RHS of (24). Then dividing (23) by ¢ yields

lim ||2(¢)||x = 0. (2.10)
t—00
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Suppose
Ng

2(t) =Y [an cos(wnt) + by sin(w,t)], (2.11)

n=1
where N; € N, a,,b, € X and w, € R, for 1 <n < N,.
Let Y be the vector space spanned by {a,,b, € X : 1 <n < Ng}. Let Y ={Y;: 1 <j <
m} be a basis of Y. By representing the vectors a,,’s and b,’s in basis ), we can rewrite z(t)

as
m

)= 50
j=1
where m € N, each z; : R = K, for 1 < j < m, is a linear combination of the functions
cos(wy,t) and sin(w,t), for 1 <n < Ny, in (2.17).
Fory =77 y;Y; € Y, with y; € K for 1 < j < m, define the norm

m 1/2
Iylly = (" i) ™
j=1

On the finite dimensional space Y, the norms || - [|x and || - ||y are equivalent. Therefore,
(210) gives

lim ||2(¢)||y = 0, which implies lim z;(t) =0, for 1 < j <m.
t—o00 t—o00

By Lemma [AT] we obtain z; = 0 for all j. Hence z = 0, which leads to a contradiction.
Thus, h, =0, for all n = 1,2,..., N. We conclude f, = g,, for 1 <n < N. The proof is
complete. 0
Remark 2.4. We discuss a consequence of Lemma Suppose (2.6]) is satisfied with
X = Gp, o, and f,, = gy(f) € Fi(X), fori =1,2and 1 <n < N. Let § = min{3y, 3} and
o = min{oy,09}. Then (Z0) is satisfied with both f,, = g and f, = ¢ on the same space
X = Gp 4. By the virtue of Lemma 23] we have gﬁl) = g,(f), for 1 <n < N.

2.1. Properties of S-polynomials and SS-polynomials. We start this subsection with
some elementary properties of the functions introduced in Definition 2.1l above.

Lemma 2.5. Let X and K be as in Definition[21], and F(X) = F1(X) or F(X) = Fao(X).
Let f be any function in F(X).
(i) The functionst — f(T'+t) and t — f(kt) belong to F(X) for any numbers T, k € R.
(i) If g € Fi(K), then gf € F(X).
(iii) In case X is a subspace of C", with K = C, then ' f € F(X).
(iv) Suppose Y is another vector space over K and L is a linear mapping from X to Y.
Then Lf € F(Y).

Proof. Parts (i) and (ii) can be easily verified by using elementary trigonometric identities
such as the sine and cosine of a sum, and the product to sum formulas. Part (iii) is obtained
by applying part (ii) to the function g(t) = e™* which, in fact, belongs to F;(C). Part (iv)
is obvious. U

Lemma 2.6. Let F = F; or F = Fy. Then, a function f belongs to F(V) if and only if
f(t) = Z/ fi ()™, with each fi € F(Xy), and f_y = f, (2.12)

finitely many k
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where Xy is as in (L1).

Proof. We prove for the case F = F;. The arguments for the other case F = F, are similar
and omitted.
Suppose f € Fi(V). We write
N
f(t) = Z t"™ ]a; cos(w;t) + b sin(w;t)]u;, each a;,b; € R, u; € V.
j=1
By writing the finite Fourier series of each u; and combining the coefficients for e, we
find that the Fourier series of f is of the form as in (ZI2) with each fi(¢) being a finite sum
of t™i[a; cos(wjt) + b; sin(w;t)]z for some z € Xi. Thus, fy € F1(Xx). The last relation in
(2.12) is the standard condition for f to be real-valued.
Now, suppose f is as in (2I2)). For each k, consider the function

Fie(t) = ()™ + £y (8)e % = fi(£)e™™ + Rie(t)e .
If fi.(t) contains t™ cos(wt)z for some z € Xy, then Fy () contains
£ cos(wt) (ze™* + ze ), (2.13)

Since ze®* 4 ze~** € V| the function in [ZI3) belongs to F(V). Similar property holds
for sin(wt) replacing cos(wt), and we obtain Fy € F;(V). Then f being a finite sum of such
Fy’s yields f e Fi (V). O

The following are important properties relating the S- and SS- polynomials with the ro-
tation and nonlinear terms in the rotational NSE.

Lemma 2.7. Let A € o(A), two functions f,g € F1(PyH), and Q2 € R. Then

M f(t) € Fi(PaH), (2.14)
B(f(t),9(t)) € Fi(PunH), (2.15)
Bal(t, f(1),9(t) € Fi(PinH). (2.16)
Proof. (a) By Lemma 2.6 we can write f(¢) as
f(t) = Z/ fk(t)eif"x, with each f, € F1(Xy), and f_y = fi. (2.17)
[k[2<A

Applying (L22) yields
2Sf (1) = 3 B Qhst)fic(t)e™. (2.18)
k[2<A
Applying Lemma 23l to F = Fy, g(t) == cos(Qkst) and then g(t) := sin(Qkst), one has each
Ex(Qkst)fic(t) belongs to Fi(Xk). Then by the virtue of the sufficient condition in Lemma

2.6, we have e f(t) € F,(V). This and the restriction |k|? < A in (ZI8) give (2.14).
(b) We prove (2.10). By Lemma [2.6] again, we can assume, in addition to (2.I7), that

/ g
g(t) = Y gk(t)e’™™, with each gi € Fi(Xy), and g_x = Bi.
[k[2<A
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By (CI3]), we have v
B(f(1),9()) = Y B(t)e'™™, (2.19)
where
Bi(t)= > (fm(t) - ik)Pg(t). (2.20)

0<[m|2,j|2 <A,
m+j=k

Thanks to formula (2.20) for By, we only need to sum over k in (2.I9) with
[k|* = [+ j|* < 2(jmf* + [j|*) < 4A.
Thus, B(f(t),9(t)) € PinH for all t € R.

Note that Py = P_i. In the sum 220), we will pair m+j = k for By(t) with (—1h)+(—j) =
(—k) for B_k(t). Because (fm, - zk)Png, for By(t), and (f_pm - (— zk))P_kg _j, for B_y(?),
are conjugates of each other, so are By (t) and B_y(t).

Using Lemma 27 (i) and (iv), one can verify that (£, -1 R) Pygj belongs to F;(X), hence
Bk(t) - fl(Xk)

By combining the above facts with Lemma [2.6] we conclude (2.15).

(c) Next, we prove ([ZI6). Because f(t), g(t) € Fi(PyH), we apply (ZI4) to have e~ f(t)
and e~%9¢(t) belong to F,(PyH), which, by ZI5), imply

B(e™™f(t),e"7g(t)) € Fi(PinH),
which, in turn, thanks to ([ZI4]) again, further implies
M B(e M F (1), e M5 g(t)) € Fi(PinH).
Therefore, thanks also to (L28), we conclude (2IG). O

2.2. Approximating solutions of certain linear ODEs with S-polynomials. In our
proofs, we often need the following integrals.

Lemma 2.8. Let a,w € R with o + w? > 0, and m be a non-negative integer. Then each
integral

/tmeo‘t cos(wt)dt, /tmeo‘t sin(wt)dt (2.21)
is of the form
p(t)e® cos(wt) + q(t)e™ sin(wt) + const.,
where p(t) and q(t) are polynomials of degrees at most m.
Although this lemma is elementary, we give a proof in Appendix [A] that yields simple and
explicit formulas for the integrals in (221), see (A4]) below.

The next lemma essentially originates from Foias-Saut [I7], but is stated and proved in
the same convenient form as [21, Lemma 4.2].

Lemma 2.9. Let (X,] - ||X) be a Banach space. Suppose y is a function in C([0,00), X),
with distribution derivative y' € L ([0,00), X), that solves the following ODE

y'(t) + By(t) = p(t) + g(t)
in the X -valued distribution sense on (0, 00), where 5 € R is a constant, p(t) is an X -valued
S-polynomial, and g € L'([0,00), X) satisfies

lg()|lx < Me™®, for allt >0, and some M,5 > 0. (2.22)
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Define q(t), fort € R, by

e Pt ffoo ePTp(r)dr if B> 0,
q(t) = S y(0) + [;" g(r)dr + [y p(r)dr if B =0, (2.23)
—e Pt [ ePTp(T)dr if B <0.

Then q(t) is an X -valued S-polynomial that satisfies
q'(t) + Bq(t) = p(t), for allt € R, (2.24)

and the following estimates hold:
(i) If B > 0 then

t
ly(t) — a(®)[Ix < 2¢7*"[|y(0) — q(0) 1% + 215/ e lg(7) |Redr, for allt > 0. (2.25)
0

(ii) If either

(a) B=0, or
(b) 8 <0 and
lim (¢ [ly ()] x) = 0. (2:26)
then
2
ly(t) — g()||% < (%) e forallt > 0. (2.27)

Proof. Thanks to Lemma 28] ¢(¢) is an X-valued S-polynomial. The rest of this lemma is
the same as [21I, Lemma 4.2], except for the relaxed estimate (225) which we verify now.
Consider 5 > 0. Let z(t) = y(t) — q(t). Recall the inequality after (4.13) in [21, Lemma 4.2],
for all t > 0,

lz@®)llx < e™[l2(0)] +/ e 2| g ()| xdr. (2.28)

to
Using Cauchy-Schwarz’s and Holder’s inequalities, we estimate

t 2
=01 < 262 20) 1 +2( [ ¢ lg(r)lxar)
0

t
< 26725 2(0)|% + 2t / e~ | ()| 2.
0

Therefore, we obtain (2.25)). O

3. THE CASE OF ZERO SPATIAL AVERAGE SOLUTIONS

We obtain two main asymptotic expansion results, one for equation (.29), and the other

for equation (LI6]).

Theorem 3.1. For any Leray-Hopf weak solution v(t) of (IL.29), there exist unique V-valued
S-polynomials q,’s, for all n € N, such that it holds, for any o, > 0 and N > 1, that

=0(e™), ast — oo, for all pi € (py, pn41)- (3.1)

a,o

v(t) = Y au(t)e !
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That 1s,
o0
v(t) ~ E g (t)e "t in Gay, for all a,o > 0.
n=1

Theorem B.T]is our key technical result. With this, we immediately obtain the asymptotic
expansions for solutions of (IIGI).

Theorem 3.2. Let u(t) be any Leray-Hopf weak solution of (LIG). Then there exist unique
V-valued S-polynomials Q,,’s, for all m € N, such that it holds, for any a,0 >0 and N > 1,

that
N

u(t) = > Qult)e ™

n=1

= O(e‘“t), ast — oo, for all u € (un, pini1)- (3.2)

o,

That 1s,
u(t) ~ Y Qu(t)e ™t in Gy, for alla,o > 0.
n=1

Moreover, each Q,, is related to q, in Theorem [Tl via relation ([B.H), below.

Proof. Let T, > 0 be as in Theorem [[3(iii). Set v(t) = e®u(t). Then v(t) is a regular
solution of (L29) on [T, 00). Applying Theorem Bl to solution v(T} + t), we have, for all
a,0 > 0and N > 1, that

=0(e™), ast — oo, for all p € (pun, pn1), (3.3)

a,o

O+ 8) = Y au(t)e !

where all g,’s belong to F1(V). By shifting the time variable, we obtain from (B.3]) that

=0(e™), ast — oo. (3.4)

a,o

N
0(t) = 3 galt = Toye T
n=1

Let
Qn(t) = et e Mg (t —T,). (3.5)
Rewrite the left-hand side of (3.4]) as

’ems (u(t) - z]j: Qn(t)e—ﬂnt)

thanks to the isometry (L25]). Thus, we obtain (8:2)). Thanks to Lemmal[2.5(i), each ¢, (t—7%)
is a V-valued S-polynomial, and hence, by ([2I4) of Lemma 21 so is each @Q,(t). The
uniqueness of the S-polynomials @,,’s follows from Lemma O

N
, which equals ‘u(t) - Z Qn(t)e Fnt
o0 n—1

a,o

Our proof of Theorem B.1] uses the Gevrey norm technique. We recall a convenient esti-
mate in [20, Lemma 2.1] for the Gevrey norms of the the bi-linear form B(-,-), which is a
generalization of the original inequality in [I9, Lemma 2.1], and also the Sobolev estimates
in [9].

There ezists a constant K > 1 such that for any numbers a > 1/2, ¢ > 0, and any
functions v,w € Goq1/2,0, one has

|B(va)‘a,cr < Ka|v‘a+1/2,cr|w‘a+1/2,cr- (36)

The same estimate as (3.6]) can be obtained for B(¢, v, w).
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Lemma 3.3. For any numbers o > 1/2, 0 > 0, any functions v,w € Goy1/2, and any
t € R, one has

|B(t, v, w)|ae < K*|V]at1/2.0/W]at1/2,05 (3.7)
where K is the constant in (3.0]).

Proof. By the isometry (L25) and inequality (B.6]), we have
|B(t,v,0)|a0 = |B(e™v, e W) a0
< Ka|€_tsv‘a+1/2,a‘e_tsw|oc+l/2,a = K*v|ay1/2,0|W]at1/2,05
which proves (B.1). O

As another preparation for the proof of Theorem B.I] we establish the relevant estimates
for the Gevrey norms of v(t), when ¢ is large.

Proposition 3.4. Let v° € H and v(t) be a Leray-Hopf weak solution of ([L29). For any
o >0, there exist T, D, > 0 such that
lw(t)|1/2,041 < Doe™",  forallt >T.
Moreover, for any o > 0 there exists Dy, > 0 such that
[0(t)|as1/2.0 < Dage™t,  forall t>T. (3.8)

Proof. Thanks to the isometry (20, properties (L30), (L31)), and inequality (B7), the
proof, with 7 = 1 under the current setting, is exactly the same as in [20, Theorem 2.4] and

is omitted. U
We now are ready to prove Theorem [3.1]

Proof of Theorem [31. This proof follows [I7] and [20,21] with necessary modifications.
Firstly, we note, by part (iii) of Theorem [[3] that there exists T, > 0 such that equation
(C29) holds in the classical sense in D(A) on (7%, 00).
Let 0 > 0 be fixed. For each N € N, our main statement is
(Hy) There exist V-valued S-polynomials q,’s forn =1,2,..., N, such that

N
Mt) > (e =0(e ) ast — oo, (3.9)
n—1 o0
foralla > 0, and some e = ey > 0. Moreover, eachv,(t) aef qn(t)e it form=1,2,..., N,
solves the equation
VL (8) + Ava(t) + Y Bolt,on(t),v;(t) =0, for allt € R. (3.10)
pn 3 i

Claim: (Hy) holds true for any N € N.
We prove this Claim by induction in N.

First step N = 1. Given o > 1/2. By estimate (3.8), there exist 7y > T and dy > 0 such
that
|’U(t>|a+1/270 < doe_“lt, for all ¢ > T(). (311)

Set wy = e"'v(t). We have, for ¢t € (Tp, 00), that
wy = (V' + pyv) = e (—Av — Bq(t,v,v)) + pv),
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hence
+ (A — py)wy = Hy(t ) el _emt Bq(t,v(t),v(t)). (3.12)
Estimate (811]) and inequality (B.1) imply
|Ho(To + t)]ae < e TTIK(Ty + 1)|21 )0, < Moe™™, for all £ > 0, (3.13)

where My = K%d2e 110,
For k € N, applymg the projection R,, to equation (B.I2) gives

(Rp,wo) + (Ax — 1) R, wo = Ra, Ho(t). (3.14)

We apply Lemma 2.91to equation (3.14) in the space X = Ry, H with norm |- ||x = | |a.0+
solution y(t) = Ry, wo(To + t), S-polynomial p(t) = 0, constant § = Ay — py > 0, function

g(t) = Ry Ho(Th + t) and numbers M = My, 6 = py in (2.22).

When k£ = 1, we have § = 0, then by Lemma 2.9(ii), it follows that

|RA1w0(T0 + t) - €1|a,0 = O(e—ﬂlt)’ (315)
where

& = Ry, wo(To) +/ e Ry, Ho(To + 7)dr,
0

which exists and belongs to R, H.
When k > 2, we have § > us — py > 0, and it follows Lemma 2.9(i) that ¢(¢) defined by

([223) is 0, and, by (228), one has

t
| Rawo(To + 17, < 27| Ry wo(To)[2, + 2 / AT Ry Ho(To + 7)|3 o dT
0

t
< 2e72 TN Ry wo(Ty) |2, + 2t / “em) D Ry Ho(Ty + )2 ,dr
0

Summing up this inequality in & gives

|(Id—RA1)’LU0(T0+t |o“7 Z|RAkw0(T0+t)|ao
k=2

< e 22—t f: |RAkwo(To)|i,g + 2t /t e~ 2(p2—p1)(t—T) i |RAkHO(TO + 7)|i,0d7
k=2 0 k=2
< 2e7 22k g (Ty) |2, + 2te 22 i)t / t 2= mIT| Ho(Ty 4 7)|2 ,d.
0
Using ([B.13), we obtain
|(Id — Ry, Jwo(Ty + t)|%, < 2e™202=m) <|w (Ty)[2., + 2Myt / t 62(”2_2”1)Td7).
0

We simply use the fact ps < 247 in the last integral, and obtain

|(Id — Ra,)wo(To + |2, < 2202708 (| (Ty)

Combining ([315), (3:16) and the fact s — g < pq, gives
wo(t) — &ilaw < [Rawo(t) — &ilao + |(Id — R, Jwo(t)]ae = Oe™), (3.17)

for any number ¢ such that 0 < e < o — .

+ 2Mot?). (3.16)

o0
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Define
() =& (3.18)
Multiplying BI7) by e #* yields 39) for N = 1. Also, since & € Ry, H, it is clear
that vy (t) = & e~ satisfies v () + Avi(t) = 0 on R. Hence, v, satisfies (BI0) with n = 1,

because the sum of the bi-linear terms in ([B.I0]) is void. Note that ¢; does not depend on a.
Therefore, the statement (Hpy) holds true for N = 1.

Induction step. Let N > 1 and assume the statement (Hy) holds true. Let g,, for
n=1,2,..., N, be the V-valued S-polynomials in (Hx). There exists A € 0(A) such that

Gn € F1(PyH), forall 1 <n < N. (3.19)

Let v, (t) = ¢, (t)e !, denote sy(t) = ij:l v, (t) and ry(t) = v(t) — sy (t). Let o > 1/2.
(a) By the definition of v,,, we have, for n > 2,

V0n ()] as1/20 = Oe”Hn=Dh) s > 0, (3.20)

and, thanks to (3.IJ),
[01(8)at1/2.0 = Oe™).
The last two properties imply

‘SN(T -+ t)|a+1/2’0 = (’)(e““t). (321)
By the induction hypothesis (Hy) applied to « + 1/2, there exists € > 0 such that
75 (8)|at1/2,0 = O(e” N+, (3.22)

We derive a differential equation for ry(t), for t > T.. We calculate from ([L.29)) and (310
forn=1,2,..., N that

N N
ry=v"— Zv; = —Av — Bq(t,v,v) — Z{ — Av, — Z Bg(t,vm,vj)}
n=1

n=1 1<m,j<n—1
Hom T =Hn,

= —ATN — BQ(t, TN(t), U(t)) — BQ(t, SN(t),’/’N(t)) — BQ(t, SN(t), SN(t))
+ > Balt,vm,v).
Bt SpN
We manipulate the last two terms as

— Ba(t,sy(t).sn() + Y Balt,vmv;)=— Y Balt,va(t),v(t))

Mo+ <pN 1<mj<N
Hmtp 2N +1

= — Z BQ(t,'Um,'Uj) - Z BQ(t,Um(t),Uj(t)).

1<m,j<N 1<m,j<N
Hm i =HN+1 Hm 2 N +2

Thus, we obtain

riv() + Ary(H) + Y Balt,vm(t),v(t) = hy, for t > T, (3.23)

1<m,j<N
Pmt i =UN+1
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where
hn(t) = —Bo(t,rn(t),v(t)) — Ba(t, sy (t), rn(t)) — Z Bo(t, v (t),vi(t)). (3.24)

(b) We estimate each term on the right-hand side of ([324). Note from EII), (3:22),
B.20), B.2I) and B.12) that
| Ba(t, v (t), v(t))]a,o = O(e W Hter), (3.25)
|Ba(t, s (t), rn (1) laq = Oe™ v Hrtel), (3.26)
and for 1 <m,j < N with p,,, + 1t; > pinyo,
| Bo(t, vm (1), 0(t)) a0 = Oe”#mFra=20t) — O(eUns272001) 5 > (). (3.27)
Since pun + p1 > pin+1, 28 > pyer and pyio > pna1, by taking 0 sufficiently small in
[B.27), we have from (3.24), (8.25)), (3.20) and (3.27) that
|hN(t)|a,a = 0(6_(MN+1+6N)t), for some (S]\[ € (O,,UN+2 — ,UN-H)' (328)

(c) Define wy (t) = etN+itry(t), and wy x(t) = Ry, wn(t), for k € N. We have from (3:23)
that
d
prh s (Av — pve)wne =— Y. Ra,Balt,qm,q;) + Ra, Hn (1), (3.29)

1<m,j<N
Hm+ i =N +1

where Hy(t) = e*N+1thy(t). By ([3I9) and (ZI6),
Bg(t,qm(t),q]‘(t)) - fl(P4AH), (330)
which implies that the finite sum
> Ba(t,qn(t),q;(t) € Fi(PinH).

1<m,j<N
Hm+ i =N +1

Consequently,
> Ry Bolt (1), q;(t)) € Fi(Ra H). (3.31)

1<m,j<N
Hm+ =N +1

By the first property in Lemma 2.5[i),
> R Ba(T+t,qu(T +1),¢(T +1) € Fi(Ry H), forall T €R,

1<m,j<N
Pmt i =UN+1

By B23), |Hyx(t)|ao = O(e™?¥!). Then there exist Ty > T, and My > 0 such that

|Hy (T +t)|ae < Mye ¥t for all £ > 0. (3.32)
We will apply Lemma again to equation ([B:29) in the space X = Rj, H with norm
|- llx =1 |ae, solution y(t) = wn k(T +t), constant § = Ay — pn41, S-polynomial
pt)=—= Y RaBo(Ty+t,qu(Ty +1),q;(Tiy + 1)),
1<m,j<N

Hm =N 41

function g(t) = Ry, Hy (TN + t), numbers M = My and § = dy in ([3.32)).
We consider three cases.
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Case Ay = pinyy1. Then =0 in (329). Let

ef

€N+1 d: RMN+1TN(TN) + / 6”N+1TRMN+1HN(TN + ’7') dT,
0

which exists and belongs to R H. Define

HN+1

t
pn+1k(t) = Engr — / Z Ry Ba(In + 7,qn(Ty +7),¢;(Tv + 7))dr. (3.33)
0

1<m,j<N
Pmt i =UN+1

Case A, < . Then < 0 in ([329). Note, by ([3.22), that
eﬁt|y(t)|oc,a = 6Akt|R/\k7ﬂN(T‘N + t)|a,a S 6MNt|RAk7’N(ZrN + t)|a,a = O(e_at)-
Hence condition (2.20) is met. Define

pN-i—l,k(t) — 6_(Ak_ﬂN+1)t/ e(Ak_;U'N+1)T
t

. ( Z RAkBQ(TN + T, qm(TN -+ T)’ q; (TN + T)))dT (334)

1<m,j<N
Hm i =HN+1

In the above two cases of Ay, by applying Lemma 2.9(ii), we obtain pyi1 € Fi(Ra, H)
that satisfies

lwn (T +1) = prra ()2, = O(e™ M), (3.35)

Case Ay > pinyo. Then 8> 0 in (B:29). Define

t
Prk(t) = _e—(Ak—#NH)t/ ePe—kN+1)T

— 00

3.36
: ( Z R, Bo(Ty + 7, gu(Tn + 7), q;(Ty + T)))dT. (3.36)
#mﬁ;’iﬁm
Applying Lemma 2.9(i), we obtain pyi1 € Fi(Ra, H), and, by (2.23]),
N (Tn +1) = prsan(Ba s < 2672075 oy 1 (T) = pva,(0)]3 0
(3.37)

t
. Qt/ e 2N 2 —pN 1) (t=7) |RAkHN(TN + 7-) i,adT'
0

Denote zy k(t) = wn k(TN +1) — py41.x(t), which is the remainder on the left-hand side of

(3.35) and B.37).

On the one hand, because there are only finitely many k’s with Ay < ppyy1, it follows from

(338 that
Y lawalt)a, = 0. (3.38)

Ap<pN41
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On the other hand, summing inequality (337) in &k for which Ay > py.2, we obtain

> lewa(®), < dem2wveemmidt Ny (Te) = prs1k(0)2,

Ap>pN 42 Ap>pN 42

t
i Qt/ —2(uNt2—pN+1)(E—T) Z |RAkHN(TN + 7') i,o’dT' (3'39)
0

Ap>pN+2
For the terms on the right-hand side of ([8:39), we have
> Jwna(Tn) = pvern(0)2, <2 ) |Ryun (TP, +2 D> [pneas(0

Ap>pN+2 Ap>pN2 Ap>pN+2

<20un(Tn)lie+2 D Ipvera(O)f,

Ap>pN2

It follows from (B.31]) and (3.30) that pyi1x =0, for Ay > max{4A, yuy,1}. Thus,

Z [pn+11(0)[%, is a finite sum, and hence is finite.

Ap>pNy2

Also, the last integral in (3.39) has

Ap>pNy2
Therefore, there exists Cy > 0 such that

t
Z |ZN,k(t)‘Z7g < 4006—2(HN+2—uN+1)t + 2M]2Vte—2(uzv+2—u1v+1)t/ 2(BN+2=kN+1=0N)T 1
Ap>pN 2 0

Recall that dy < pnie — pnve1 in (332). Calculating the last integral explicitly, we easily
find

2 —20Nt
Myte

UN+2 — UN+1 — ON

> lana(t)]Z, < ACoe 2Tt < Cye N, (3.40)

Ap>pN2

for some constant C > 0.

Combining ([3:38) and (B40) gives
D vk, = O, (3.41)
k=1

(d) Let A, be the smallest A,, such that A, > max{4A, ux.1}. By B30) and formulas
B.33), B.34), B.3G), we have
PN+1,k € fl(PAkH) C fl(PA*H), for Ak S A*, and PN+1,k = O, for Ak > A* (342)

Define, for t € R,

an+1(t) = ZpN—i-l,k(t — Tn). (3.43)
k=1
Thanks to (842)), the sum in ([343) is only a finite sum, and qy.1 € Fi(Pa, H).
Obviously,
Ragan+1(t + Tn) = pni1e(t), (3.44)
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hence, 2y (t) = Ra, (wn(t + Tw) — qn41(t + Tw)). It follows from (BAT) that

lwn(t+Tn) — g (t+Tn)2, = Z vk ()2, = O(e~0v1y,
k=1

which implies that
wn () = gy 1(8)]ao = O™,
Multiplying this equation by e #~+1 we obtain the desired statement ([B.9]) for N + 1.

(e) It remains to prove the ODE (B.I0), for n = N + 1. By (224)) of Lemma 2.9 we have,
for each k, that

Pryrr(t) + (A — pvs)pvee(t) + Z Ra,Bo(Ty +t,¢m(Tn +1),q;(Tn +1)) = 0.

1<m,j<N
Pmt i =UN+1

From this and (3.44]), we deduce
(Raqn+1(1)) + (A — pivg1) Rag gt (B) + Ry, Z Ba(t, qm(t), q;(t)) = 0.

1<m,j<N
Pmt i =UN+1

Multiplying this equation by e #~¥+1! yields
(Raconir (D) + A(Raona(B) + R, D> Balt,vm(t),v;(t) =0,

1<m,j<N
HmF =N +1

where vny1(t) = gny1(t)e #V+1E Note in this equation that vyi1(t) and Bo(t, v (t), v;(t))
all belong to Py, H. Then summing up the equation in k, for which A, < A, yields that the
ODE system (3.I0) holds for n = N + 1. According to Remark 2.4 the S-polynomial g4
is independent of a. Therefore, the statement (Hy,1) is proved.

By the induction principle, the statement (Hpy) holds true for all N, i.e., the Claim is
proved.

Now, we note that at step n = N +1, the ¢,’s, forn =1,2,..., N, are those from the step
n = N, and are used in the construction of qy,1. Therefore, for each ¢ > 0, such recursive
construction gives the existence of the S-polynomials g,’s, for all n € N. By Remark 2.4
again, all these ¢,’s are, in fact, independent of o. Therefore, (3.9) holds true for all N, a,
o. Then estimate (3] follows thanks to (Z7). Finally, by Lemma 23] the S-polynomials
¢»’s are unique. The proof is complete. O

Remark 3.5. The statement and proof of Theorem [3.1] can be presented simply with G,
for all o > 0. Nonetheless, general calculations in the above proof for G, are flexible and
can be applied to cover the case when a non-potential force is included in the NSE and has
limited regularity in G, , for a fixed o, see [2321].

Remark 3.6. It is not known whether the polynomials @),,’s in Theorem have any limits
as |2 — oo. However, such a question can be answered for some special solutions, see
Remark [B.5] below.

4. THE CASE OF NON-ZERO SPATIAL AVERAGE SOLUTIONS

In this section, we establish the asymptotic expansions for the solutions with non-zero
spatial averages.
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Assumption 4.1. Throughout this section, u(x,t) € C’i:i (R3x (0,00)) NC(R3 x [0,00)) and
p(x,t) € CL(R3 x (0,00)) are L-periodic functions that form a solution (u,p) of the NSE

(CI) and (T2).

Note that any L-periodic function on R? can be considered as a function on the flat torus
Ty. In particular, u(t) = u(-,t) and p(t) = p(-,t) can be considered as functions on Try,.
Suppose f is a L-periodic vector field on R? and f € D(Aae”Al/Q), for some a,0 > 0. Let

g(x) = f(x + Xj), for some fixed Xy € R?, then g € H. Let f(x) = Z/?ke"f"x, then
g(x) = Z/gkeif‘*, where g = fi.e™ X0,
It follows that |gx| = \?k|, and consequently,
£ + Xo)la.e = 18()lae = [£(-)]ao- (4.1)

Returning to the solution (u, p), denote, for t > 0,
1
U(t) = / u(x, t)dx.
(t) Ly Jo. (x,1)
Integrating equation ([[LI]) over the domain Ty, gives
U'(t)+QJU({t) =0, t>0.

Hence,
cos(Qt)  sin(Qt) 0
U(t) = e U(0) = [ —sin(Qt) cos(Qt) 0| U(0). (4.2)
0 0 1
Theorem 4.2. There exist V-valued SS-polynomials Q,,(t)’s, for all n € N, such that
u(t) = U(t) ~ Y Qu(t)e ™" in Gog, for all a,o >0, (4.3)
n=1

Proof. For t > 0, define V(t) = [ U(r)dr, which, by [@2), is
1 sin(2t) 1 —cos(2t) 0
V(t) = ) cos(Q) —1  sin(Qt) 0 | U(0). (4.4)
0 0 Qt
We use the following hyper-Galilean transformation [6]:
w(x,t) =u(x+ V(t),t) —U), J(x,t)— px+V(t),t). (4.5)
By simple calculations, one can verify
w; — Aw + (w - V)w + QJw = =V and divw = 0,

that is, (w, 1) is also a classical solution of the system (L)) and (L2) on R3 x (0, 00).
Note that (w,d) is L-periodic, and w(-,t) has zero average for each t > 0. Applying
Theorem B.2] to the solution w(t) = w(-,t) we obtain

w(t) ~ Y Qu(t)e ™ in Gop, for all a,o > 0, (4.6)

n=1



24 L. T. Hoang and E. S. Titi

where (),,(t)’s are V-valued S-polynomials.

Assume each @), (t) is a mapping x — Q,(x,t). Note that each @Q,(t) belongs to V, hence
Q..(x,1), as a function of x € R3, is L-periodic. Let N € N, a,0 > 0 and u € (pn, fins1)-
We have from (6] and (2.7) that

u(x+ V(0.0) = U(D) = 3 Qulx )| =0,
This and (£1) imply
‘u(x, ) —-UM) - Qulx— V(#).t)eHt =0,
which means
[u(t) = U) = 3 Qult)e =00, (4.7)

where Q,,(t) = Q,.(-—V(t),t) for n € N. It remains to prove that Q, € F»(V), for all n € N.
Suppose

Q)= > Quut)e™, with Quilt) € Fi(Xu).

finitely many k

Then
Qn(t) = Z/ ka(t)fi_ikv(t)eikx = Z/ @mk(t)eifcx’

finitely many k finitely many k

where Q1 (t) = Qu(t)[ cos(k - V() —isin(k - V(1))].
Using the formula of V(¢) in (£4]), one can see that

k- V(1) = r; cos(Qt) + rysin(Qt) + gt + 14,

for some numbers ro, 79, 73,74 € R, that depend on k.
By using the product to sum formulas between trigonometric functions, we have

Qi (t) cos(k - V (1)), Qui(t)sin(k - V(1)) € Fa(Xy).

Therefore, @n,k(t) € Fo(Xx), and, by Lemma 2.6, Q,,(t) € F5(V). With this fact, we obtain
the expansion ({.3) from estimate ([.T7]). O

Remark 4.3. We can roughly rewrite (A3]) as an asymptotic expansion of u(t) as
u(t) ~U(t) + ) Qu(t)e ",
n=1

This shows that U(¢) is the leading order term in the asymptotic approximation, as t —
00, i.e., the O(1) term, is explicitly determined by (£2]), and is responsible for the non-
zero average of u(t). The following order terms in the approximation are all exponentially
decaying and are with zero spatial averages.
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5. SOME SPECIAL SOLUTIONS

We present next some special solutions of ([LT]) and (LZ). They are inspired by examples
in [7[8/[16] for the case without rotation.
Let k = (ky, ko, k3) € Z3 \ {0} with k = (ky, ks, k3) be fixed. For any m € Z, = Z \ {0},
we note from (LH), (L6) and (L23)) that
mk = mk, mk = sgn(m)k, and Jo = sgn(m)Jy. (5.1)
We define Vi to be the space of all u € V' such that

u= Y e, (5.2)

MELs
By (LI2), one immediately sees that
(u-V)v=0, for all u,v € Vi. (5.3)
Let u € Vi as in (5.2) and t € R. We have, by ([L22)), (52) and (51J),
Su= " Bi(kst)Bpe™ .
MEZy

Hence
eu € V. (5.4)

Combining (5.3]) and (5.4)) yields
[(e"u) - V](e"v) = 0, for all u,v € Vi and t € R. (5.5)

Theorem 5.1. Let k € Z3 \ {0} be fized and uy € Vi, then problem (LI6), with initial
condition u(0) = ug, has a unique global reqular solution

u(t) = e e My, fort > 0. (5.6)
Moreover, u(t) solves the linear equation
u + Au+ QSu =10, fort > 0. (5.7)

Proof. Let ug =3, o o™ > € Vi, Set v(t) = e ug. First, we have
v+ Av =0, for all t > 0. (5.8)

Note that u(t) defined by ([5.8]) equals e=*5v(¢). Then u(0) = ug and, by (&), u(t) solves

G.D).
Clearly, v(t) € Vi, for all t > 0, hence, by (5.5,

(u(t) - V)u(t) =0, (5.9)
which gives B(u(t),u(t)) = 0. The last fact and (5.7) imply that u(¢) also solves (LLIG]).
Since u(t) is a global, regular solution, it is unique. O

Remark 5.2. We find some special solutions for which the helicity #(t) o (V xu(t),u(t))
vanishes for all £ > 0. (See [23l[24] for the physics of helicity, and [7l[8] for its analysis in the
case of non-rotating fluids.) We consider the solution in Theorem [B.I] which can be written
explicitly as

u(t) =y e—m2|1“<|2t{ cos (ks )t i — sin(ksQt)k x ao,mk}eimkx. (5.10)

mEZ*
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Then the vorticity is

V xu(t) = Z e_m2|k\2tim‘k|{ cos(ksQ)k X T i + Sin(%39t>ﬁ0’mk}eimk-x7

MELx

and the helicity is

H(t) = L1L2L3 Z e‘2m2‘k|2tim|k\{ COSz(E;th)Jkﬁka . ﬁo,mk — sin2(%3Qt)ﬁ0,mk . Jkﬁo,mk

MELx

— COS(Eth) Sin(zgﬁt) [ﬁo,mk . ﬁka — Jkﬁqu . Jkﬁo,mk:| }

= L1L2L3 Z 6_2m2‘k|2tim|[{‘ |:Jkﬁ0,mk : ﬁ0,mk:|
mEZ*
— LLy L4 Z e‘zmz‘k|2tim|f{| [2 cos(ksQt) sin(%gﬂt)|ﬁ07mk|2].

MELx

When summing over m and —m, the last sum vanishes. Hence,

H(t) = LiLoLs Z 6_2m2|k|2t2m|k‘ [(Re(ﬁ&mk) X Im(ﬁo,mk)) E}

MELx

Thus, H(t) = 0 for all ¢ > 0, provided that

(Re(Ug,mi) x Im(Ugmi)) - k =0, for all m € Z,. (5.11)

However, since Uy .k is orthogonal to k then Re(Ug k) % Im (U mx) is co-linear with E, and
as result (B.I0]) is equivalent to

Re (U mx) X Im(Ug k) = 0, for all m € Z,. (5.12)

This class of solutions (B.I0]), (512]) with vanishing helicity for the NSE of rotating fluids
has more restrictive wave vectors, i.e., the mk’s in (5.10)), than those studied in [7, Proposition
6.4] for the NSE without the rotation.

Corollary 5.3. There exist infinitely many vector spaces of infinite dimensions that are
invariant under the NSE ([LI6), and each space is not a subspace of any of the others.

Proof. According to Theorem [B.1] each vector space Vi is invariant under the NSE (.16,
and each has infinite dimension. Moreover, there are infinite many k’s which are pairwise not

co-linear. For those k’s, the corresponding Vi ’s are the vector spaces for which the statement
holds true. 0

Next, we consider the case of non-zero spatial average solutions.

Theorem 5.4. Suppose ug = Uy + wg, where Uy is a constant vector in R3, and

Wy = E ﬁO,mkezmk.x c Vk~
mEZ*
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Let U(t) = e Uy and V(t) = [, U(7)dr. Define, for x € R® and t > 0,

u(x,t) =U(t) + Z e~ m kPt —imk V() Ey(— k:g,Qt)uo i€ ™R, (5.13)
mEZ*
_ i —m?2|k|?t_—imk-V(t)
p(x,t) = pu(t) = Q Y —=e " e
WZZ:* mlk|
[ cos(ksQt)Jk + sin(ksQt)es] - T e ™ %, (5.14)

where p,(t) is any scalar function. Then (u, p) is a solution of (LT)) and ([L2) on R3x (0, c0).
Proof. Let w(t) = e~e =" w,, which we write as w(t) = w(-,t). By Theorem B} particu-
larly, (5.7) and (5.9), we have
(w-V)w =0 and w; — Aw + QJw = —Vq,
where the scalar function ¢(x,t) satisfies the geostrophic balance
Qdiv(Jw) = —Aq.
We solve this equation by
q(x,t) = p.(t) + Q(—A)'div(Jw(x, 1)), (5.15)

where the inverse operator (—A)~! is meant to apply to functions having zero spatial average
over Ty,.

We note that w(x,t) is Gevrey-regular, for each ¢t > 0. Therefore, the following calcula-
tions are valid in the classical sense. Define

u(x,t) =w(x — V(t),t) + U(t) and p(x,t) = q(x — V(¢),1). (5.16)
(The functions u and p in (5I6) will be proved to agree with those in (5.13) and (G514
latgilrﬁ)(:e w is divergence-free, then, clearly, so is u. We calculate, with the shorthand notation
u=u(x,t) and w = w(x — V(t),1),
wu=w,—(U-V)iw+U =w,— (U-V)w - QJU,
(u- V)u=(w+U)-Vjw = [U- V]w

Therefore,

[ut—Au—l—(u-V)u—l—QJu] = |:Wt—AW—|—QJW}

(x:t)

(x=V(1),t)
[
[ (x—V(t),t) (x,t)

We conclude that (u,p) defined by (5.I0) is a solution of (L)) and (L2) on R?® x (0, c0).
It remains to calculate them explicitly. First, we have
wix, ) =Y e MG (—ks Q)T e ™ (5.17)
mEZ*
Then, thanks to (5I6) and (5I7), we obtain formula (5.I3) for u(x,t). Next, we calculate
div(Jw) by
div(Jw(x, 1)) Z eIk mkT By (—ksQt) T e ™ . (5.18)

MELx
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Denote z = Uy ux € X, then
KT JE(t)z = cos(t)|k|k - Jz + sin(t)|k|k - (e3 x Jyz)
= [K|[cos(t)(Jk) - z — sin(t)e; - J22]
— |K|[— cos(t).JK + sin(t)es] - z.

(We used the fact J is anti-symmetric and relation (A.2)) below.) Thus, together with (.15
and (5.I8),

. —m2\12|2t _ _ _ s
g(x,t) = p.(t) = QY WT [ cos(k3Qt) Jk + sin(k3Qt)es] - g™ (5.19)
m
mEZ*

From (5.10) and (5.19), we obtain formula (5.14]) for p(x,t). The proof is complete. O

Remark 5.5. Let k and ug be as in Theorem .1l We rewrite (5.0]) as
u(t) =Y Qualt)e ™, (5.20)

n=1

where Q, o(t) = e™ Ry ug. By @), Qna € Fi(V). Therefore, (E20) is the asymptotic
expansion of u(t).

By ([[22)) and (5.2), we have either @, o = 0, or there is a unique number m € N with
m?|k|?> = A, and

Qn.a(t) = (cos(ksut)I5 — sin(fcg,Qt)Jk)[ﬁmkeimkx + ﬁ_mke_imk'x]. (5.21)

In case k3 = 0, we then have @, o(t) = Ra, uo which is independent of €.
Consider the case k3 # 0. Given T' > 0, define the time averaging function

_ 1 t+T
Qualt) =7 [ Quarydr (5.22)
t
One can see from (5:2I) and (5:22) that

lim Q,q(t)=0, foranyteR.
Q—+o0

APPENDIX A.
Proof of (L22]). First, we have from (LI7) that
ey = Z/ e/ Sy, (A.1)
where Sy = ]3kJ J3k. Using formula (L9) for ]3k and the fact kT .Jk = 0, we can compute
Sk =J —Kk"J — JKk" + kk"JKK" = J — kk"J + (kk".J)T.
With |k|? = 1, we have

0 14k 4k ksky 0 -k ksky
Sk - 1-— ]{7% - ]{Zg 0 —]{33]{71 - k% 0 —]{33]{31 - k’ng.
—ksks sk 0 —ksko  ksky 0

Let z € Xx. Then
Jr=kx(kxz)=(k z2)k—(k-K)z=—z (A.2)
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We observe
%(Ek(t)z) = —(sint)z + (cost) .z = (sint)Jiz + (cost)Jyz,

thus,

d

E (Ek(t)Z) = Jk (Ek(t)z) .
This linear ODE yields the solution Ey(t)z = €'/« Fy(0)z = e'/kz. Therefore,

etz = Mtz = By (fst)z. (A.3)
Letting z = Uy, we obtain (L22) thanks to (Al and (A.3). O

Proof of Lemmal2.8. Denote
(€™ cos(wt) 1 a w
I(t) = (eo‘t sin(wt)) and D_, = a? + w? (—w a) ’

First, we prove, for all m € NU {0}, that

m

/tm[(t)dt => %t"(D_l)m“_"[(t) + C, (A.4)

where C denotes an arbitrary constant vector in R?. Indeed, it is well-known that
/I(t)dt =D_11(t) + C, (A.5)
which proves ([A.4]) for m = 0. For m € N, integration by parts, with the use of ([A.H]), yields
/tml(t)dt = t"D_I(t) —mD_l/tm_ll(t)dt+C.

By iterating this recursive relation, we obtain (A.4)). Then the statement of Lemma 2.8
obviously follows from ([A]). O

Lemma A.1. Let m € N and a,,b, € C, w, € R for 1 < n < m. Suppose the function
f:R — C defined by

ft) = i[an cos(wpt) + by, sin(wyt)], fort e R, (A.6)
n=1
satisfies
tliglo f(t)=0. (A.7)

Then f(t) =0 for all t € R.

Proof. By considering the real and imaginary parts of f, we can assume, without loss of
generality, that a,,b, € R for alln = 1,...,m. Equation (A.6]) can be rewritten so that w,’s
are strictly increasing non-negative numbers. We then convert (A.6]), with some re-indexing,
to the following form

N
F£) = Ao+ Ay cos(wnt + ¢y, (A.8)
n=1
where N > 0, Ay, A, and ¢, for 1 < n < N, are constants in R, and w,’s are positive,
strictly increasing in n.
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Claim: A, =0forall 0 <n < N.

With this Claim, we have f = 0 as desired. We now prove the Claim by induction in N.

Case N = 0. Then f(t) = Ao, which, by (A1), yields Ay = 0. Therefore, the Claim is
true for N = 0.

Let N > 0. Assume the Claim is true for any function of the form (A.§]) that satisfies
(A.7). Now, suppose function

N+1
f(t) = Ao+ Z A, cos(wnt + ©) (A.9)
n=1
satisfies ([AL7)), with positive numbers w,,’s being strictly increasing in n.
Set T'= 27 /wn1 > 0, and define function g(t) = a f(r)dr.

—Jt
On the one hand, we have, for 1 <n < N, that

t+T 2
/ cos(w, T + @ )dT = — sin(w,T/2) cos(wnt + on + w,T/2)
t Wn

= D,, cos(w,t + ¢,),

where D,, = 2w, ! sin(w,7/wy1) > 0 and number ¢/, € R. On the other hand,

T
/ cos(wn 1T + @n11)dT = 0.
t

Hence,

N
g(t) = AT + Z A, D,, cos(w,t + ¢,).
n=1
Moreover, it follows from (A7) that g(t) — 0, as ¢ — oco. By the induction hypothesis
applied to function g, we obtain AyT' =0 and A,D,, =0, for 1 <n < N. Thus, A, =0, for
0 <n <N, and ([(A9) becomes

f(t) = AN+1 COS((.UN_Ht + QON.H).

This form of f and property (A7) imply Ay,1 = 0. Therefore, the Claim holds true for
N + 1. By the induction principle, it is true for all N > 0. U
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