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THE STATISTICS OF THE FIREBALL MODEL

G. Mantzouranis
Lawrence Berkeley Laboratory

University of California -
Berkeley, California 94720

[Relativistic Heavy Ions; Theqry of the fireball model]

ABSTRACT
We derive the fireball model using a parametrization of the
exaét S;matrix. It will be shown that the fireball model is related
to the normal distribution of the parameters in the S-matrix expansion.

This way the fireball will be undergtood in the same frame as the usual

statistical spectroscopy.

Work supported by the U. S. Department of Energy.



i. INTRODUCTION

‘Recently the fireball model has been proposed in order to calculate
the inc]usive.spectra'of 1ight particles emitted in heavy-ion collisions
at re]ativistic enérgies [1). Methods which are similar in spirit have
been applied for the study of thé hadronic Spectrum at very high energies
[2]. Our goal is to deriVe the fireball modeT.using more micrbscopic
procedUres and to connect:it with the standard compound nucleus model
for light- progect11e -induced react10ns at Tow energies. This way the
success of the f1reba1] in exp1a1n1nq data w111 become less myst1fy1ng

Our program starts with a formal expansion for the scattering
matrix in terms of unknown parameters. Our next observation will be
that the cross sections extracted from actual experiments are averaged
over a relatively broad energy interval (I) due.to 11mited_experimenta1
resolution.- Therefore, these ¢ross sectionS‘(iﬁe. the bilinear expressions
of the S-matrix) can only contain those parts .of the nuclear dynamics ;
whiéh have a characteristic energy scale larger than 1. This loss of
information of the nuclear details will enable us to derive expressions
for the_averaged quéntities which depend only on limited features of the
parameters involved in the exact S-matrix. In this paper we adopt the
boint of view of the phenomenological S-matrix theory so far as-averagéd
quantities are concerned. Indeed, it is only for these quantities that
the original space of parameters can be cast into a simple and informa-
tive form. It wi]] be shown that the particuiar form of the fireball
4 corresponds to the normal distribution of theparameters 1n_fhe origiha]
S-matrix and thus, the fireball has the same roots és the conventional

statistical spectroscopy [3].



II. THE MATHEMATICAL PROCEDURE

A, A Parametrizatjon of the S-Matrix

It is convenient instead of the matrix to use its matrix elements
Scc' taken between the asymptotic wave funétions of the initial and final
channel. The initial channel contains two nuclei with non-vanishing
ré]ative momentum while the final one consists of several nuclear
fragments and elementary particles (if the kinetic energy allows for
particle production). We label the total kinetic energy with E and

assume the following parametrization

N
_ <l(0)
Sect = Seol+ qZ‘T 9c Yqc' TqlE) (1)
where fq(E) is a channel-independent function of E while the quantities

g . are assumed to be (almost) energy-independent within a narrow energy

qc
interval around E. The Tabel q summarizes discrete and continuous
variables, but for simplicity, we confined ourselves to denoting the
discrete case anly. The number N is to indicate the range of variance
for the Qariab]e q. Finally, the label Ségz contains the part of the
scattéring matrix which cannot be cast into the form of the second term

on the r.h.s. of Eq. (1). In the trivial case it would contain the

Kronecker symbol. We shall assume that Séﬁ? has a smooth energy dependence

as compared to the second térm.

Equation (1) above is our basic starting point and it needs some
additional comments. The proposed parametrization can be well-established
for non-relativistic energies and two-body channels [4]. In this case q

labels the discrete and continuous-intermediate states of the compound



J-d-

system and gqc denotesethe partial wid?h fqr_the_decay of the state e
into ¢. The function fq(E)‘wOu1d have the formv(E 7cq)']g eq.beinq,
in general, a complex funcfion of q. |
While a corresponding derivation of Eq.‘(1)‘from a_re]atiVistie
fieid theory does not ekist, our_expansien might be suppbrfed by the
argumenfs Qf‘the phenpmeno]pgjca] S-matrix theory which are based upon
the minimum requirements‘piaped uponthe scattefiﬁgnoeefatdf dee-to the
quéntum mechanica];nature'ofﬁthe systems [5]; In faet,“one is led to
similar exbressfons containing sums over singularities [5]. fhe'second
term on fhe r.h.s. of Eq. (1) should contain the contribution frem -
multistep processes,_i.e?b%artic]e's prqduetign'and err]appihg resonant

states which are manifested as resonances in the scatterihg amp11tudeh

B. The Averaged Quantities

We now proceed with the evaluation of the energy averages of the .
2 - E+1/2 9
y=YL S dE'S -6, ]°.
. - E-1/2 ce e S
expect that minor changes of the value of the averaging interval I should

reaction matrix ¢[S_.'-§ One would

._cc'|

keep the averaged cross sections invariant, i.e., a re-average has no

2

action, ¢ » ¢ ). This is experimentaT evidence and a phyéicé] Condition
in order‘to make averaged quantities meaningful. |

Let us consider, for s%mp]icity of notetion, the ine1est1c case c#c!
dur procedure is a Qenera]ized'versien‘of the method'prehoéed fn Refb [6].
Using Eq. (1). we find ' | -
2 .

(IS )

cc

150012 4 pre sl 5 o (
ISCC.| + 2Re SLC g 9oc gqc.<fq(E)>‘+ <‘§ 99c Iqc' Tq(E)]°/

s.o|"+ X g gt E(E) e
, cC ’ q?quc gqcl gqlc gqlcl[<fq(E) fql(E))

- (Fy(E)) <f;;(E)>] o | (2)
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where

- <f(0)
(S, ) = St +2qu oc f(E))

In evaluating the double sum in Eq. (2) we observe that the interference
terms (g#q') are likely to contribute less than the terms q=q' (after
the average is taken). This fact can be established in the case that
fq(E) has a pole singularity [4]. Generally speaking we should expect
this result if the energy variation of fq(E) is independent (uncorrelated)
for different q. We therefore obtain

%)

VPN 2, 2 2 2
ISeerl® = [0l +§ 19cl 19ger 12 LIFENZ) = [cF (€217

(3)

The next simplification arises from the following observation. The

transmission coefficients P . =1 - 2: (S oS »* denote the probability

for the formation of the 1ntermed1ate state via multistep processes. We
shall assume the case of maximum absorption for the two co111d1ng nuclei,
i.e. PCC = 1. In low energy reactions the maximum value for the trans-
mission coefficients corresponds to strong imaginary parts in the optical
potential, i.e. strong absorption. The mathematical implication is that
Scc' is a random number, i.e. <SCC.> = 0. Thus in the case of maximum
absorption

2, . Y. 2
Icer® = 1 lagel 9902 [ar 01 - 1egen2] . @

Our next step is to rewrite the above expression using the distribution

function for the absolute squares of parameters involved. First, we
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consider the number n (cx,c'x',w) of labels (stateé) q for which

€18,8,

the following relations hold

2
X1 < lggel” < Ixl" e, (52)
12 2 2o ‘ :
and | Ix']” < |9g¢" | < Ix'|” - e, | . (5b)
2 2, 2 2
and lol™ < <f (BN = [(FED]T < o] - e, (5¢)

The distribution function is defined by

o ¥E ,
plcx,¢c'x',0) = ——0/—— 1. {ex, c'x', w) _ (6)
delde2 de , €,€,€; _€1=€2=€3=0

and roughly speaking, indicates the number of labels q per value of the:

terms on the r.h.s. of Eq. (4). We can rewrite the sum in Eq. (4) by

converting the sums intp integrals
([.S'CC,'|2) = /dw/dx/dx'_ plex, ¢'x', w) |x|2|‘x'|2 |w|2'. (7)

The above'equation is a basic result. It indicates-that averaged crosé
sections are sensitive to the-distribution function given by Eq. (6).
Even if this function were completely known, the consfruction of the
exact ngcl2 and <|fq(E)|2> would be impossible, not to mention thé_

quantities f _(E), g which appear in the exact S-matrix. The object

qg " "qc
of any dynamical model should be the determination of this function.
As far as averaged data are concerned, one would consider as equivalent
" .to each other, mode]s which lead to the same distribution functions.

Our analysis indicates the possibility of existence of such models.

There is evidence that the fireball ‘and the "row on row" model aré

equivalent as far as averaged nucleon inclusive spectra are concerned [7].
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C. The Fireball Model

A complete theory woﬁ]d predict the distribution function which is
needed for averaged spectra. However, we want to confine ourselves to
the question, what did the existing data predict for this distribution?
We shé11‘show that the normal distribution, in addition with some geometry
in calculating the level densities, led to the fireball model. By :
observing the success of this model in explaining the data, we should
conclude that the existing data suggest a normal distribution. It is

probably astonishing to discover the same distribution as in the lowest

energy statistical spectroscopy [3].

Let us assume for c;lc‘I
plex, c'x'yw) = flex) fle'x') flw) . (8)

If c==c'; Egs. (5a,b) become identical and thus we would write

p(cx,c'x';w) = f(cx)f(w). A simple examination of Eq. (5) shows that

the factorization property of Eq. (8) means that the parametkization of
thevS-matrix in Eq. (1) contains a huge number of totally diverse
contfibutions from several gqc. This might become realistic if the
wave fupction of the colliding ions is a very complicated superposition
of asymptotic states. Low impact parameters and strong interactions
might have it as sequénce.

Cbnsistent with these remarks on the meaning of the factorization
fs the particular éhoice.of a Gaussian (normal) form for f(cx). This
enables us to express the higher moments, like Sfdx|x]" f(cx) .[which occurs

in the case c=c'], in terms of the second moment fdx|x|®f(cx). Thus,

Eq. (7) reads



(s .12) = [ fdx f(cx)|x|2]‘»‘[fAdx' f(c'x‘)lx'»lz_][_fdw fw)|o|® .
- - | - (9

*

Using the unitarity relation (2 S

L o . : "
s Scc Sener? = 8or s the parametr1zatjon _
of Eq. (1) and the maximum absorption model (¢S} = 0), we get after ' .
some manipulations, x |
H.H : .
O N L SR, | o ~ (10)
cc - >
UII
Cll C
where Ho = Moo = 1 if SCC.# Gcc' anduC = ucp= 0 in the case that
S .=68_ ,, i.e., if the scattering between the channels c,c' vanishes

cc cc
due to high impact parameter or selection rules. This reminds us of the

classical sharp cut-off model for the trénsmissjon coefficients.

The definition of an'inclusive éross-section requifes a summatibn
over the different states of the residual system, i.e. composite system
minus one nucleon. We therefore indicate in the final channel c' the
quantum numbers of the outgoing nucleoh by (n) and the 1abeis of the

= (n,r). The relevant quantity for the

residual system by (r), c

“inclusive cross sections reads

z I ’ IZ uc Z. U(n,r) ) ' . )
(IS ) = : (1
r c(n,r‘) z U,.n ’ .
c" - »
The final step consists in incorporating into the sums of Eq. (11) the Y

high energy geometry of the heavy-ion collision. We should assume that
during the collision only the part of nucleons which are in the overlapping
region participate. Thus the composite (and residual) system involves the

degrees of freedom of the overlapping région" This region is defined by
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the impact parameter which can be determined from the labels of the

initial channe] o (1,e. reTét{vg angufar momentum). Thus, the sums
over the contributing final channels are strongly restricted due to the
geometry of the collision. ‘ | |

Since the sum 1 Hen  Means simply the number of contributing
channels, one can reﬁrite Eq. (11) using the Tevel density of the composite

system,pc(E),at a given excitation E and the level density of the residual,

pr(U), at the residual energy U, i.e.

o (U)

2, _ r ‘ 12
DBl = ve gy

The ratiolof the level densities denotes the relative probability for the

emission of a particle with the energy e=E-U. The exact calculation of

the level densities in an interacting system is,in genera]Qhard;eﬁdUQh to

be préctica]. 'However, a simple model like that used in the standard

' fﬁreba]], i.e., the non-interacting Fermi-gas model, where all the

particles share the excitation energy,'might be useful. NameTy, one
has assumed [1] that the ratio in Eq. (12) is equal to the probability
for having a particle at energy € in a non-interacting Fermi-gas.

We recognize that Eq. (12) means that the partial cross-sections
(to a fixed impact parameter) is determined by the ratio of the phase
spaces in the contributing composite and residﬁa] system. The effect
of the geometry is to restrict the possible open (final) channels for a
given impact parameter. )

So far only the abso]uté sqdake 6f thé S-matrix elements have been

considered. Indeed, they are the relevant quantities for the evaluation
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of the angle-integrated spectra. The anguiar distribution involves, in
generé], interference terms. Howevef, if we choose as a reference systen
the c.m. system of the overlapping region (c.m. of the fireball), the
angular distribution becomes symmetric about 90° and thus the contribution
from the interference terms vanishes. This reference system has been

used in the fireball calculations [1].

IIT. CONCLUSION

One of our aims was to demonstrate that for averaged measurements
oniy bulk information.about thé nuclear dynamics is needed to be
considered. This re]evént dynamical information included is a distri-
bution function of the parameteré in the expansion for the exact S-matrix.
The present experimental ‘evidence supports a normal form for this distri-
bution. Strong collective effects, 1ike the exotic ones, should appear
as violations of the nOrmé] distribution. At Tow energiesvthe collective
states serve as an example for such violations [3]. The tru]y'intekesting

fact will be to discover the.énaiogue at highest energies.
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