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THE STATISTICS OF THE FIRE6All MODEL 

G. Mantzou~anis 

Lawrence Berk~ley laboratory 
University of California 

Berkeley, California 94720 

[R~lativi~tic Heavy Ion~; Theqry of ~he fir~ball model] 

ABSTRACT 

We derive the fireball model using a parametri~ation of the 

exactS-matrix. It will be shown that the fireball model is related 

tq the normal di$tribution of the par~meters in the S-matrix expansion. 

This way the fireball wil1 be understood in the same frame as the usual 

statistical spectroscopy. 

Work supportep by th~ U. S. Department of Energy. 
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I. INTRODUCTION 

Recently the fireball model has been proposed in order to calculate 

the inclusive spectra of light particles emitted in heavy-ion collisions 

at relativistic energies [1]. Methods which are similar in spirit have 

been applied for the study of the hadronic spectrum at very high energies 

[2]. Our goal is to derive the fireball model using more microscopic 

procedures and to connect it with the standard compound nucleus model 

for light-projectile-induced reactions at low energies. This way the 
' : ' 

success of the fireball in explaining data will become less mystifying .. 

Our program starts with a formal expansion for the scattering 

matrix in terms of unknown param~ters. Our next observation will be 

that the cross sections extracted from actual experimGnts are averaged 

over a relatively broad energy interval (I) due to limited experimental 

resolution.· Therefore, these Gross sections (i.e. the bilinear expressions 

of the S-matrix) can only contain those parts of the nuclear dynamics 

which have a characteristic energy scale larger than I. This loss of 

information of the nuclear details will enable us to derive expressions 

for the averaged quantities which depend only on limited features of the 

parameters involved in the exact S-matrix. In this paper we adopt the 

point of view of the phenomenological S-matrix theory so far as averaged 

quantities are concerned. Indeed, it is only for these quantities that 

the original space of parameters can be cast into a simple and informa-

tive form. It will be shown that the particular form of the fireball 

corresponds to the normal distribution of theparameters in the original 

S-matrix and thus, the fireball has the same roots as the conventional 

statistical spectroscopy [3]. 
. ) ··' 
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II. T~E MATHEMATICAL PROCEDURE 

A. A Parametrization of the S-Matrix 

It is convenient instead of the matrix to use its matrix elements 

Sec• taken between the asymptotic wave functions of the initial and final 

channel. The initial channel contains two nucl~i with non-vanishing 

relative momentum while the final one consists of several n~clear 

fragments and elementary particles (if the kinetic energy allows for 

particle production). We label the total kinetic energy withE and 

assume the following param~trization 

(1) 

where fq(E) is a channel-independent function of E while the quantities 

gqc are assumed to be (almost) energy-independent within a narrow energy 

i nterva 1 around E. The 1 abel q $ummari zes discrete and continuous 

variables, but for simplicity, we confined ourse1ves to denoting the 

discrete case only. The number N i~ to indicate the range of variance 

for the variable q. Finally, the label S~~~ contains the part of the 

scattering matrix which cannot be cast into the form of the second term 

on the r.h.s. of Eq. (1). In the trivial case it would contain the 

Kronecker symbol. We shall assume that S~~~ has a smooth energy dependence 

as compared to the second term. 

Eq~ation (1) above is our ba$ic starting point and it needs some 

additional comments. The proposed parametrilation can be well-established 

for non-relativistic energies and two-body channels [4). In this case q 

labels the discrete and continuous-intermediate states of the compound 
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system and g denotes the partial width for the decay of the state q qc 

into .c. The function fq(E) _would have the form (E-: cq)-1, cq beinq, 

in general, a complex function of q. 

While a corresponding derivation of Eq. (1) from a relativistic 

field theory does not exist, our expansion might be supported by the 

arguments of the phenomenological S-matrix theory which are based upon 
- ' . . 

the minimum requir~ments placed upon~e scattering operator due to the 

quantum mechanical_ nature of the sy~tems [5]. In fact, one is led to 

similar expressions containing sums over singularities [5]. The second 

term on the r.h.s. of Eq. (1) should contain the contribution from 

1 . . the . 1 I . • d 1 . . mu t1step processes, 1.~.Apart1c e s produ~tl?rr an over app1ng resonant 

states which are manifested as resonances in the scattering amplitude. 

B. The Averaged Quantitie~ 

We now proceed with the evaluation of the energy averages of the 
E+I/2 . 

reaction matrix <IS 1 - o , 12> = 1/I f dE' JS , - o , 12. One would 
. . , cc . cc E-I/ 2 cc cc 

expect that minor changes of the value of the averaging interval I should 

keep the averaged cross sections invariant, i.e., are-average has no 

action, << >> ~ < >. This is experimental evidence and a physical condition 

in order to make averaged quantities meaningful. 

Let us consider, for simplicity of notation, the inelastic case c t- c! 

Our procedure is a generalized version of the method proposed in Ref .. [6]. 

Using Eq. ( 1 ) , we find 

(Is . I 1
2) = IS(o)l2 + 2Re S (o) * l: 

gqc gqc' <fq(E)> + (j L gqc f (E)/2\ cc cc' cc' gqc' q I q q 

= I< \c•>/
2 

+:E 9.- gqc' gq*lc gq*' I [ <f (E) f*. (E)> q,q1 qc c q q . 

(f~(E)> <f~~(E)>] ( 2) 

.• , 
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where 

- (o) ~ ( ) < \c 1 > - \c~ + 1.. 9qc 9qcl <f q E > 
q 

In evaluating the double sum in Eq. (2) we observe thqt the interference 

terms ( q ~ q 1 ) are 1 ike ly to contribute 1 ~ss than the terms q = q 1 (after 

the average is taken). This fact can be established in the case that 

fq(E) has a pole singularity [4]. Generally speaking we should expect 

this result if the energy variation of fq(E) is independent (uncorrelated) 

for different q. We therefore obtain 

!<Sec. • >12 + L jg 1219 ~12 [<jf (E)j2>- l<fq(E)>I2J. 
q qc qc q 

{3) 

The next simplification arises from the following observation. The 

transmission coefficients Pee= 1 -4. <Scc"><Sc"c>* denote the probability 
1 

for the formation of the intermediate state vi~ multistep processes. We 

shall assume the case of maximum abso~tion for the two colliding nuclei, 

i.e. Pee= 1. In low energy reactions the maximum value for the trans­

mission coefficients corresponds to strong imaginary parts in the optical 

potential, i.e. strong absorption. The mathematical implication is that 

Sec' is a random number, i.e. <Sec'>= 0. Thus in the case of maximum 

absorption 

(4) 

Our next step is to rewrite the above expression using the distribution 

function for the absolute squares of parameters involved. First, we 
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consider the number n (cx,c'x',w) of labels (states) q for which 
£1£2£3 

the following relations hold 

lx I" ,;;;; lgqcl 
/ ,;;;; I X I~ - £1 ( 5a) 

and I x'l2 ,;;;; I 9qc • 1
2 

,;;;; I X '1
2 

- £ (5b) 
2 

and lwl
2 ,;;;; <1fq(E)I 2 >-I<fq(E)>I 2 < lw 12 - £3 (5c) 

The distribution functlon is defined by 

p(cx, c'x' ,w) = n (cx,c'x',w)l 
£ £ £ 

1 2 3 . £ =£ =£ =0 
1 2 3 

(6) 

and roughly speaking, indicates the number of labels q per value of the 

terms on the r.h.s. of Eq. (4). We can rewrite the sum in Eq. (4) by 

converting the sums into inteorals 

The above equation is a basic result. It indicates that averaged cross 

sections are sensitive to the··distribution function given by Eq. (6). 

Even if this function were completely known. the construction of the 
2 2 

exact l9qc1 .and < lfq(E) I > would be impossible, not to mention the 

quantities fq(E). 9qc \'ihich appear in the exactS-matrix. The object 

of any dynamical model should be the determination of this function. 

As far as averaged data are concerned, one would consider as equivalent 

to each other, models whic~ l~ad to .the same di~tribution f~nctions. 

Our analysis indicates the possibility of existence of such models. 

There is evidence that the fi reba 11 and fhe "row on row 11 mode 1 are 

equivalent as far as ave~aged nucleon inclusive spectra are concerned [7]. 

\\ 

'.r 
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C. The Fireball Model 

A complete theory would predict the distribution function which is 

needed for averaged spectra. However, we want to confine ourselves to 

the question, what did the existing data predict for this distribution? 

We shall show that the normal distribution, in addition with some geometry 

in calculating the level densities, led to the fireball model. By 

observing the success of this model in explaining the data, we should 

conclude that the existing data suggest a normal distribution" It is 

probably astonishing to discover the same distribution as in the lowest 

energy statistical spectroscopy [3]. 

Let U? assume for c 'f c 1 

p(cx, C
1
X

1
, w) = f(cx) f(C 1

X
1

) f(w) ( 8) 

If c = c 1 , Eqs. (5a,b) become identical and thus we would write 

p(cx, C
1
X

1
, w) = f(cx)f(w). A simple examination of Eq. (5) shows that 

the factorization property of Eq. {8) means that the parametrization of 

the S-matrix in Eq. (1) contains a huge number of totally diverse 

contributions from several gqc· This might become realistic if the 

wave function of the colliding ions is a very complicated superposition 

of asymptotic states. Low impact parameters and strong interactions 

might have it as sequence. 

Consistent with these remarks on the meaning of the factorization 

is the particular choice of a Gaussian (normal) form for f(cx). This 

enables us to express the higher moments. like Jdxlxl
4 

f(cx) [which occurs 

in the case c=c 1
], in terms of the second moment Jdxlxl 2 f(cx). Thus, 

Eq. (7) reads 
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[fdx f(cx)Jxl
2

] [fdx' f(c'x') Jx'J
2

] [fdw f(w)JwJ 2 
• 

(9) 

Using the unitarity relation <.E S .. s~. ,> = o c', the parametrization 
c" cc c c c 

of Eq. (1) and the maximum absorption model (<S> = 0), we get after 

some manipulations, 

= 
J.lc J.lc' 

E J.lc" 

( 10) 

C" 

\'/here J.lc = J.lc' = 1 if Sec' 1 occ' and J.lc = J.lc' = 0 in the case that 

\c, = o cc, , i.e. , if the sea tteri ng between the channe 1 s c ,c' vanishes 

due to high impact parameter or selection rules. This reminds us of the 

classical sharp cut-off model for the transmission coefficients. 

The definition of an inclusive cross-section requires a summation 

over the different states of the residual system. i.e. composite system 

minus one nucleon. We therefore indicate in the final channel c' the 

quantum numbers of the outg~ing nucleon by (n) and the labels of the 

residual system by (r). c' = (n,r) .. The relevant quantity for the 

inclusive cross sections reads 

L J.l,..u 
c" " 

( 11 ) 

The final step consists in incorporating into the sums of Eq. (11) the 

high energy geometry of the heavy-ion collision. We should assume that 

during the collision only the part of nucleons which are in the overlapping 

region participate. Thus the composite (and residual) system involves the 

degrees of freedom of the overlapping region. This region is defined by 
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. the impact parameter which can be determined from the labels of the 

initial channel c (i.e. relative angular momentum). Thus, the sums 

over the contributing final channels are strongly restricted due to the 

geometry of the collision. 

Since the sum I l.1 11 means simply the number of contributing 
c.. c 

channels, one can rewrite Eq. (11) using the level density of the composite 

system,pc(E), at a given excitation E and the 1 evel density of the residual, 

pr(U), at the residual energy U, i.e. 

L <IS .1
2

> = 
pr(U) 

( 12) 
r cc l.lc pc(E) 

The ratio of the level densities denotes the relative probability for the 

emission of a particle vo~ith the energy e: = E-U. The exact' calculation of 

the level densities in an interacting system is, in general, hard ~nd~gh to 

be practical. However, a simple model like that used in the standard 

fireball, i.e., the non-interacting Fermi-gas model, where all the 

particles share the excitation energy, might be useful. Namely, one 

has assumed [1] that the ratio in Eq. (12) is equal to the probability 

for having a particle at energy e: in a non-interacting Fermi-gas. 

We recognize that Eq. (12) means that the partial cross-sections 

(to a fixed impact parameter) is determined by the ratio of the phase 

spaces in the contributing composite and residual system. The effect 

of the geometry is to restrict the possible open (final) channels for a 

given impact parameter. 
' . 

So far only the absolute square of the S-matrix elements have been 

considered. Indeed, they are the relevant quantities for the evaluation 
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of the angle~integrated spectra. The angular distribution involves, in 

genera 1, interference terms. However, if we choose as a reference sys teni 

the c.m. system of the overlapping region (c.m. of the fireball), the 

angular distribution becomes symmetric about 90° and thus the contribution 

from the interference terms vanishes. This reference system has been 

used in the fireball calculations [1]. 

I I I . CONCLUSION 

One of our aims was to demonstrate that for averaqed measurements 

only bulk information about the nuclear dynamics is needed to be 

considered. This relevant dynamical information included is a distri­

bution function of the parameters in the expansion for the exact S-matrix. 

The present experimental evidence supports a normal form for this distri-. 

bution. Strong collective effects, like the exotic ones, should appear 

as violations of the normal distribution. At low energies the collective 

states serve as an example for such violations [3]. The truly interesting 

fact will be to discover the analogue at highest energies. 
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