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b y M i n i m u m E n t r o p y M e t h o d 

Ryotaro Kaimimura 

Informatio n Scienc e Laborator y 

Toka i  Universit y 

1117 Kitakanam e Hiratsuk a Kanagaw a 259-12 ,  Japa n 

RYO@cc.u-tokai.ac.j p 

Abstrac t 

In the present paper, a principal hidden 
uni t  analysi s wit h entrop y minimizatio n i s 
propose d t o obtai n a  simpl e o r  fundamenta l 
structur e fro m origina l  comple x structures . 
The principa l  hidde n uni t  analysi s i s com -
pose d o f  fou r  steps .  First ,  entropy ,  define d 
wit h respec t  t o th e hidde n uni t  activity ,  i s 
minimized .  Second ,  severa l  principa l  hidde n 
unit s ar e selected ,  accordin g t o il-index ,  rep -
resentin g th e strengt h o f  th e respons e o f  hid -
den unit s t o inpu t  patterns .  Third ,  th e per -
formanc e o f  th e obtaine d principa l  networ k i s 
examine d wit h respec t  t o th e erro r  o r  gen -
eralization .  Finally ,  th e interna l  representa -
tio n o f  th e obtaine d principa l  networ k mus t 
appropriatel y b e interpreted .  Applie d t o a 
rule-plus-exception ,  a  symmetr y proble m an d 
an autoencoder ,  i t  wa s confirme d i n al l  case s 
tha t  b y usin g entrop y method ,  a  smal l  num -
ber  o f  principa l  hidde n unit s wer e selected . 
Wit h thes e principa l  hidde n units ,  principa l 
network s wer e constructed ,  producin g target s 
almos t  perfectly .  Th e interna l  representatio n 
coul d easil y b e interprete d especiall y fo r  sim -
pl e problems . 

Introductio n 

There have been many attempts to obtain 
network s wit h a  suitabl e o r  optima l  networ k 
size(e.g .  Chauvin ,  1989 ;  Chun g &  Lee ,  1992 ; 
Mozer  Sc Smolensky ,  1989) .  Thes e attempt s 
ai m a t  th e improvemen t  o f  th e generalizatio n 
performanc e an d th e explici t  interpretatio n o f 
th e interna l  representatio n (Jacob s &  Jordan , 
1992) .  Wit h to o man y parameters ,  th e gen -
eralizatio n performanc e ca n no t  b e improve d 

and to o comple x structure s preven t  u s t o in -
terpre t  th e interna l  representatio n (Rumel -
har t  e t  al. ,  1986 )  o r  codin g strategie s (Gor -
man & ;  Sejnowski ,  1988) .  I f  origina l  oversize d 
network s ca n automaticall y b e reduce d t o a 
networ k wit h a n appropriat e o r  optima l  size , 
i t  i s  muc h easie r  t o interpre t  o r  examin e th e 
interna l  representatio n whic h network s ca n 
create . 

To extrac t  a  simpl e structure ,  w e hav e 
used a  metho d o f  entrop y minimizatio n 
(Kamimura ,  i n press) .  Entrop y H  i s define d 
wit h respec t  t o th e hidde n uni t  activity . 

M 
H =  -a^pilogpi , (1 ) 

wher e p ,  i s a  normalize d activit y  o f  it h hidde n 
uni t  an d a  i s a  paramete r  an d th e summatio n 
i s onl y ove r  al l  th e hidde n unit s ( M hidde n 
units) .  I f  thi s entrop y i s minimized ,  onl y on e 
hidde n uni t  i s  turne d on ,  whil e al l  th e othe r 
hidde n unit s ar e turne d of f  b y multipl e stron g 
inhibitor y connection s (Kamimura ,  i n press) . 
On th e othe r  hand ,  i f  entrop y i s maximized , 
al l  th e hidde n unit s ar e equall y activated .  I f 
entrop y i s sufficientl y decreased ,  onl y a  smal l 
number  o f  hidde n unit s ar e turne d on ,  whil e 
al l  th e othe r  unit s ar e of f  an d no t  use d fo r 
producin g outputs .  Thus ,  thi s entrop y func -
tio n ca n b e use d t o detec t  unnecessar y hidde n 
unit s t o b e eliminated ,  an d t o construc t  sim -
pl e networks . 

A principa l  hidde n uni t  analysi s propose d i n 
thi s paper ,  take s advantag e o f  th e localizatio n 
of  activatio n b y entrop y minimization .  Th e 
analysi s ca n b e use d t o extrac t  simpl e struc -
ture s almos t  automaticall y fro m origina l  com -
ple x structures .  Thi s analysi s consist s o f  fou r 
steps .  First ,  entrop y (H )  mus t  b e minimized . 
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By minimizin g entropy ,  onl y a  smal l  numbe r 
of  hidde n unit s ar e activate d an d use d t o pro -
duc e targets .  Othe r  unit s ar e completel y in -
hibite d throug h th e effec t  o f  entrop y mini -
mization .  Thi s mean s tha t  multipl e stron g 
negativ e connection s ar e cooperate d t o tur n 
of f  unnecessar y units .  Second ,  severa l  princi -
pal  hidde n unit s mus t  b e determined .  A  prin -
cipa l  hidde n uni t  i s  define d a s a  uni t  whic h 
contribute s significantl y t o th e performanc e 
of  networks ,  fo r  example ,  th e productio n o f 
targets .  A  measure ,  calle d i2-index ,  i s intro -
duce d t o evaluat e th e effectivenes s o f  hidde n 
units .  /?-inde x fo r  »t h hidde n uni t  i s  define d 
by 

Ri = j^t^^, (2) 

where vf is an activity of ith hidden unit for 
kt h inpu t  pattern .  Thi s inde x represent s ho w 
strongl y a  hidde n uni t  respond s t o inpu t  pat -
terns .  I f  thi s i?-inde x i s greate r  tha n a  thresh -
ol d e ,  the n a  hidde n uni t  wit h tha t  i?-inde x 
must  b e selecte d a s a  principa l  hidde n unit . 
Third ,  th e performanc e o f  th e principa l  net -
wor k mus t  b e examined ,  fo r  exampl e wit h re -
spec t  t o th e erro r  rat e o r  generalization .  Fi -
nally ,  w e mus t  interpre t  th e interna l  repre -
sentatio n o f  a  principa l  network ,  constructe d 
by selecte d principa l  hidde n units .  Sinc e th e 
obtaine d principa l  networ k i s muc h simple r 
tha n a n origina l  network ,  i t  i s  eas y t o inter ^ 
pre t  th e interna l  representatio n o f  network s 
or  codin g mechanism ,  tha t  is ,  wha t  kin d o f 
codin g strategie s zu- e adopte d b y network s t o 
solv e problems . 

Theor y an d Computat iona l  M e t h o d s 

Entropy Minimization Method 

We have applied en-
trop y minimizatio n metho d t o recurren t  back -
propagatio n (Kamimura ,  i n press) .  I n thi s 
section ,  w e formulat e th e entrop y metho d fo r 
standar d back-propagation . 

Suppos e tha t  a  networ k i s compose d o f 
thre e layers :  input ,  competitiv e hidde n an d 
outpu t  layers .  Hidde n unit s ar e denote d b y 
Vi  an d inpu t  terminal s b y (j .  Then ,  connec -
tion s fro m input s t o hidde n unit s ar e denote d 
by Wi j  an d connection s from  hidde n unit s t o 
outpu t  unit s ar e denote d b y Wij . 

A hidde n uni t  produce s a n outpu t 

V, = f{ui), 

where 
N 

wher e i i  i s  a  it h elemen t  o f  a n inpu t  patter n 
and N  i s th e numbe r  o f  element s i n th e pat -
tern .  A n entrop y functio n a t  competitiv e hid -
den laye r  i s define d b y 

M 
H =  - a J 2 Pi  lo g Pi , (3 ) 

wher e 

Pi  =  7:j r 

and M i s th e numbe r  o f  competitiv e hidde n 
units .  Differentiatin g entrop y functio n wit h 
respec t  t o connection s fro m inpu t  t o hidde n 
layer ,  w e hav e 

d H d H dv i 

dwi j dvi  dwi j 

(4 ) 

wher e 

<f>i  =  (logp .  +  i)^L_!:i/'(^,) .  (5 ) 

By using phi rule, update rules can be 
summarize d a s follows .  First ,  fo r  connec -
tion s fro m competitiv e hidde n unit s t o outpu t 
units ,  onl y delt a rul e mus t  b e used .  Thus , 
weight s ar e update d b y a n equation : 

Awij = -0-
dWij 

= fiSiVj. (6 ) 

For  connection s fro m inpu t  unit s t o compet -
itiv e hidde n units ,  i n additio n t o delt a rule , 
phi  rul e mus t  b e incorporate d a s 

d H „  d E 
Awi i  =  - a -  P -

awi j  owi j 
"t j 

= a4>iij-\-pSiij . (7 ) 

Thi s updat e rul e mean s tha t  i n additio n t o 
th e erro r  minimization ,  entrop y mus t  b e min -
imize d i n th e cours e o f  th e learning . 

i?-index 

To evaluat e th e effectivenes s o f  hidde n units , 
il-inde x i s introduced .  7i-inde x fo r  it h hidde n 
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uni t  i s  define d b y 

K 
Entrop y 

(8 ) 

wher e K  i s th e numbe r  o f  inpu t  pattorna .  Thi s 

inde x i s bounde d betwee n zer o an d one : 

0<Ri< 1. 

When the index is close to one, the hidden 

uni t  respond s strongl y t o al l  th e inpu t  pat -

terns .  O n th e othe r  hand ,  i f  th e inde x i s clos e 

t o zero ,  th e hidde n uni t  respond s t o n o inpu t 

patterns ,  an d thu s th e hidde n uni t  i s  unnec -

essar y fo r  a  give n problem . 

Result s a n d Discussio n 

Rule-Plus-Exception Problem 

Principa l  hidde n uni t  analysi s wa s first  ap -

plie d t o a  rule-plus-exceptio n proble m (Moze r 

& Smolensky ,  1989) .  I n thi s problem ,  on e out -

put  uni t  an d fou r  input s (fo r  example .  A ,  B , 

C,  D  unit )  ar e used .  T h e outpu t  uni t  i s  turne d 

on ,  i f  tw o inpu t  unit s ar e on ,  fo r  example ,  A 

and B  ar e on .  I n a n exceptiona l  case ,  i f  al l 

th e fou r  inpu t  unit s ar e off ,  th e outpu t  i s als o 

on .  T h e tas k t o b e learne d i s  describe d b y 

a function :  A B -\ -  A  B  C  D .  Fiftee n pattern s 

of  tota l  1 6 inpu t  pattern s ca n b e explaine d 

by th e so-calle d rule :  A B .  O n th e othe r  hand , 

onl y on e cas e i s explaine d b y a n exception ,  tha t 

is ,  A ' B C D .  Network s ar e expecte d t o lear n 

th e rule ,  ignorin g th e exceptiona l  case .  W e 

employe d extremel y redundan t  eigh t  hidde n 

unit s t o evaluat e th e performanc e o f  th e prin -

cipa l  hidde n uni t  analysis . 
First ,  w e examine d t o wha t  exten t  entrop y 

ca n b e minimized .  Figur e 1  show s entrop y 

as a  functio n o f  th e paramete r  a .  Entrop y 

i s decrease d a s th e paramete r  a  i s  graduall y 

increased .  A  m i n i m u m valu e o f  entrop y wa s 
0.061 .  Entrop y wa s average d ove r  al l  th e in -

put  pattern s an d wa s divide d b y th e maxi -
m um entropy .  Sinc e value s o f  entrop y range d 

betwee n zer o an d one ,  thi s valu e wa s clos e t o 

th e m i n i m u m value . 

To determin e principa l  hidde n units ,  w e 

hav e introduce d i2-inde x whic h show s h o w 

strongl y hidde n unit s respon d t o inpu t  pat -

terns .  Figur e 2  show s th e il-inde x fo r  al l  th e 

hidde n units ,  compute d wit h standar d back -

propagatio n (white )  an d wit h entrop y metho d 

Alph a 

Figur e 1 :  Entropie s compute d wit h five  differen t  ini -
tia l  values ,  rangin g fro m -0. 5 t o 0. 5 a s a  functio n o f 
th e paramete r  a  fo r  th e rule-plus-exceptio n problem . 
Entrop y wa s normalized ,  rangin g betwee n zer o an d 
one,  an d th e paramete r  wa s divide d b y th e maximu m 
entropy :  logM . 

(blac k bar) .  Immediately ,  on e principa l  hid -

de n uni t  i s  extracted ,  becaus e R-inde x o f  th e 

first  hidde n uni t  i s  m u c h highe r  tha n tha t 

of  al l  th e othe r  hidde n units ,  whe n entrop y 

metho d i s  used .  Thus ,  a  principa l  networ k 

ca n b e constructe d onl y wit h thi s principa l 

hidde n unit .  Thi s principa l  networ k wit h on e 

hidde n uni t  ca n produc e 1 5 targe t  pattern s o f 

tota l  1 6 patterns .  T h e strateg y o f  thi s princi -

pal  networ k wa s clear .  Tha t  is ,  onl y whe n tw o 

inpu t  unit s wer e on ,  th e activit y o f  th e hidde n 

unit s coul d excee d th e bia s o f  th e hidde n unit . 

Otherwise ,  th e activit y coul d no t  excee d th e 

bias ,  an d th e hidde n uni t  wa s turne d off . 

Symmetry Problem 

We applied our method to the so-called sym-

metr y problem( 8 bits )  (Rumelhar t  e t  al. ,  1986) . 

Becaus e w e hav e alread y know n it s suitabl e 

networ k size ,  tha t  is ,  a  networ k wit h tw o hid -

den unit s (Rumelhar t  e t  al. ,  1986) .  I n addi -

tion ,  i t  ha s bee n wel l  know n tha t  typica l  sym -

metri c connection s ar e generate d a s input -

hidde n connections . 

First ,  w e decrease d entrop y a s muc h a s pos -

sible .  Entrop y reache d a  lowes t  poin t  o f  0.068 , 
when th e paramete r  wa s 0.0005 .  Entrop y val -

ues wer e normalize d betwee n zer o an d one . 
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Figur e 2 :  i?-inde x { R =  ; ^ E f  ^ , * ) .  compute d wit h 
standar d back-propagation(whit e bar )  an d wit h en -
trop y metho d (blac k bar) ,  whe n th e paramete r  a  wa s 
1.0 ,  divide d b y th e maocimu m entropy :  logM . 

R 
ae 

as 

0.3 

a2 

ai 

— r- n 

n 

(—1 

—1 

- i—1 

3 4  5  6 

Hidde n Unl t  Number 

HEntroPyDStandar d 

Figur e 3 :  i?-inde x fo r  th e symmetr y problem ,  com -
pute d wit h standar d back-propagatio n (white )  an d 
entrop y method(black) . 

Thus ,  thi s stat e i s significantl y clos e t o a  final 

stat e o f  m i n i m u m entropy . 

Afte r  havin g minimize d entropy ,  principa l 

hidde n unit s mus t  b e determined ,  whic h con -

tribut e mainl y t o th e mechanis m o f  networks . 

Figur e 3  show s i?-indice s fo r  al l  th e hidde n 

units .  Le t  u s se e blac k bars ,  representin g R -

inde x b y entrop y metho d { a =  0.0005) .  W e 

ca n immediatel y detec t  tw o majo r  hidde n 

units .  i?-inde x fo r  th e first  an d sixt h hid -

de n unit s ar e m u c h larger .  Thus ,  th e first 

principa l  uni t  i s  th e sixt h hidde n unit s an d 

th e secon d principa l  uni t  i s  th e first  hidde n 

units .  I n thi s case ,  a  principa l  networ k ca n 

clearl y b e constructe d b y th e first  an d th e 

sixt h hidde n units .  O n th e othe r  hand ,  b y us -

in g standar d back-propagation ,  E-indice s ar e 

mor e evenl y distribute d ove r  m a n y hidde n 

units(whit e bars) .  Thes e result s sho w tha t 

by usin g entrop y method ,  a  smal l  numbe r  o f 

principa l  hidde n unit s ca n b e selected . 

We hav e see n tha t  b y entrop y method ,  tw o 

principa l  unit s ca n b e detected,  an d a  princi -

pal  networ k i s constructe d wit h them .  Le t  u s 

examin e th e performanc e o f  th e principa l  net -

work .  W h e n onl y tw o hidde n units ,  tha t  is , 

tw o principa l  hidde n units ,  wer e used ,  th e er -

ro r  rat e wa s completel y zero ,  meanin g tha t  a n 

obtaine d principa l  networ k ca n produc e out -

put s a s correctl y a s th e origina l  network .  O n 

th e othe r  hand ,  th e erro r  rat e wit h standar d 

back-propagatio n di d no t  easil y decrease .  Fo r 

th e erro r  rat e t o b e zero ,  th e networ k mus t 

us e a s m a n y a s si x  hidde n unit s o f  tota l  eigh t 

hidde n units . 

Concernin g th e interna l  representatio n ob -

taine d b y th e principa l  hidde n uni t  analysis , 

i t  wa s observe d tha t  connection s symmetri c 

abou t  th e middl e wer e equa l  i n magnitud e 

an d opposit e i n sign ,  a s describe d b y Rumel -

har t  e t  al .  (Rumelhar t  e t  al. ,  1986) .  T h e so -

lutio n wa s slightl y differen t  from  th e solutio n 

obtaine d b y standar d back-propagatio n wit h 

tw o hidde n units .  However ,  th e mai n poin t 

was completel y th e same . 

Autoencoder 

We applied the method to a larger network in 

whic h 3 5 input ,  hidde n an d outpu t  unit s wer e 

employed .  Th e networ k mus t  exactl y repro -

duc e five  alphabe t  letters :  B ,  C ,  D ,  E ,  F ,  G  a t 

outpu t  units .  Sinc e th e differenc e betwee n 

thes e letter s ar e small ,  compare d wit h th e 

differenc e betwee n othe r  letters ,  thes e letter s 

ar e expecte d t o b e compresse d int o a  smalle r 

number  o f  hidde n units . 

A minimu m entrop y wa s searche d b y chang -

in g th e paramete r  a .  Entrop y decrease d grad -

uall y a s th e paramete r  increased .  Fo r  exam -

ple ,  whe n th e paramete r  a  wa s 0.28 ,  th e net -

wor k coul d reac h a  final  minimu m entropy : 

0.06 9 fo r  a  se t  o f  initia l  values . 

Figur e 4  show s il-indice s fo r  3 5 hidde n 
units .  A s ca n b e see n i n th e figure,  onl y 

thre e majo r  hidde n unit s ca n immediatel y b e 
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pointe d ou t  fo r  entrop y method .  Fo r  exam -

ple ,  6th ,  17th ,  28t h hidde n unit ,  ca n per -

fectl y b e considere d t o b e principa l  hidde n 

units ,  becaus e thei r  i2-indice s ar e consider -

abl y highe r  tha n thos e o f  othe r  hidde n units . 

On th e othe r  hand ,  b y usin g standar d back -

propagation ,  m a n y hidde n unit s ar e activated , 

an d thu s th e informatio n upo n inpu t  pattern s 

ar e distribute d ove r  m a n y hidde n units . 

Let  u s examin e th e performanc e o f  net -

wor k wit h principa l  hidde n units .  Fo r  entrop y 

method ,  whe n th e numbe r  o f  principa l  hid -

de n unit s wa s increase d t o thre e units ,  th e 

erro r  becam e completel y zero ,  meanin g tha t 

network s ca n produc e th e origina l  alphabe t 

letter s a s perfectl y a s th e origina l  networ k 

onl y wit h thre e hidde n units .  However ,  b y us -

in g th e standar d method ,  th e erro r  decrease d 

ver y slowly ,  an d coul d reac h zer o erro r  wit h 

16 hidde n units . 

Let  u s interpre t  th e functio n o f  hidde n 

units .  T o se e clearl y th e meanin g o f  hidde n 

units ,  network s wer e constructe d onl y wit h 

principa l  hidde n units ,  an d th e output s gen -

erate d b y th e network s wer e carefull y exam -

ined .  T h e first  principa l  hidde n uni t  tende d t o 

produc e B .  Letters :  Z), F ar e als o produce d a s 

B.  wer e als o produce d a s B .  T h e secon d princi -

pal  hidde n uni t  wa s concerne d wit h a  lette r  C 

an d G.  T h e distanc e betwee n thes e tw o letter s 

i s smal l  enoug h t o b e unifie d int o on e hidde n 

unit .  A  lette r  D  wa s als o produce d a s G.  Th e 

thir d principa l  hidde n uni t  coul d produc e let -

ter s E  an d F ,  becaus e th e distanc e betwee n 

thes e tw o letter s i s ver y small .  Finally ,  a  let -

te r  D  wa s observe d t o b e produce d wit h th e 

first  an d th e secon d principa l  hidde n unit . 

i?-index, Relevance and Variance 

J?-index ,  measurin g th e strengt h o f  th e re -

spons e o f  hidde n unit s t o inpu t  patterns ,  hav e 

bee n use d t o determin e th e effectivenes s o f 

hidde n units .  Relevance ,  propose d b y Moze r 
an d Smolensk y (Moze r  &  Smolensky ,  1989) , 

has als o bee n usefu l  t o evaluat e th e effective -
nes s o f  hidde n units .  Th e relevanc e p  i s de -

fined  b y 
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F igu r e 5 :  i?-inde x a n d relevanc e fo r  h i d d e n unit s fo r 
th e symmetr y problem . 

i?-inde x (soli d line )  fo r  th e symmetr y prob -

lem ,  discusse d i n th e previou s section .  T h e 

relevanc e an d i?-inde x i s clearl y correlated , 

as show n i n th e figure.  T h e correlatio n co -

efficien t  wa s 0.9 9 fo r  th e symmetr y problem . 

Thus ,  bot h il-inde x an d th e relevanc e ca n b e 

use d t o evaluat e th e utilit y  o f  hidde n units . 

However ,  t o comput e th e il-inde x i s m u c h 

simple r  tha n t o comput e th e relevance . 

T h e varianc e o f  input-hidde n connection s i s 

als o use d t o sho w th e strengt h o f  th e respons e 

of  hidde n unit s t o inpu t  patterns .  T h e vari -

anc e (s^ )  o f  it h hidde n uni t  i s  define d b y 

1 ^ _ 

J 

wher e M i s th e numbe r  o f  hidde n unit s an d v h 
i s z m averag e ove r  al l  th e connection s int o tt h 

hidde n units .  Figur e 6  sho w th e varianc e an d 

th e i2-inde x fo r  th e symmetr y problem .  A s 

show n i n th e figure,  th e varianc e an d i2-inde x 

i s clearl y correlated .  T h e correlatio n coeffi -

cien t  wa s abou t  0.99 .  Thi s mean s tha t  prin -

cipa l  hidde n unit s ar e considere d t o b e unit s 

wit h large r  varianc e o f  input-hidde n connec -

tions . 

Pi  — E^ithot t  i  — •E'uiiif c  » » Conclusio n 

wher e Ey,uhou t  •  mean s th e erro r  betwee n tar -
get  an d output s withou t  tt h hidde n unit .  Le t 
us compar e th e relevanc e wit h ou r  i?-index . 
Figur e 5  show s th e relevanc e (dotte d line )  an d 

I n thi s paper ,  w e hav e propose d a  metho d 
of  principa l  hidde n uni t  analysi s b y entrop y 
minimization .  B y minimizin g entropy ,  onl y 
a smal l  numbe r  o f  hidde n unit s ar e turne d 
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Figure 4: i?-index for 35 hidden units for standard 
me thod (wh i t e )  an d entrop y method(b lack) . 
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Figur e 6 :  il-inde x an d varianc e o f  input-hidde n con -
nection s fo r  th e s y m m e t r y problem . 

on ,  whil e al l  th e othe r  hidde n unit s ar e of f  b y 

stron g inhibitor y connections .  Principa l  hid -

de n unit s ar e considere d t o b e unit s whic h re -

spond s quit e strongl y t o inpu t  patterns .  Wi t h 

thes e principa l  hidde n units ,  principa l  net -

work s ca n b e constructed .  Thes e principa l 

network s ca n produc e output s a s correctl y a s 

origina l  oversize d networks .  Thus ,  th e inter -

nal  representatio n network s ca n creat e i s eas y 

t o interpret .  I n addition ,  withou t  usin g arbi -

trar y criteri a t o eliminat e hidde n units ,  i t  i s 

possibl e t o obtai n a n optima l  siz e fo r  a  give n 

proble m b y usin g principa l  hidde n uni t  anal -

ysis ,  tha t  is ,  th e automati c determinatio n o f 

optima l  siz e withou t  retrainin g i s possible .  Fi -

nally ,  w e thin k tha t  ou r  metho d ca n easil y b e 

extende d t o unsupervise d learnin g t o extrac t 

some feature s hidde n i n inpu t  patterns . 
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