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Abstract

Optimization Problems with Matrix Variables in Machine Learning and Control Applications

by

Baturalp Yalcin

Doctor of Philosophy in Industrial Engineering and Operations Research

University of California, Berkeley

Associate Professor Javad Lavaei, Chair

This dissertation aims to advance the understanding and solution methods for optimization prob-
lems involving matrix variables. These problems are inherently complex and require sophisticated
solution approaches. Despite their difficulty, they have critical applications in machine learning
and control systems. We integrate high-dimensional statistics, machine learning, system theory,
and mathematical optimization techniques to address key challenges in analyzing their solution
landscapes and computational feasibility. The dissertation is divided into two parts.

In the first part, we study low-rank matrix sensing and completion problems, which are fundamen-
tal in recommendation systems and collaborative filtering. The restricted isometry property (RIP)
is sufficient for solving matrix sensing problems using the Burer-Monteiro (B-M) factorization
approach. However, when the RIP condition is not satisfied, these problems are considered hard.
A widely studied case of matrix recovery without RIP is the matrix completion problem. First,
we identify a class of matrix completion problems that can be solved using simple graph traver-
sal algorithms in polynomial time. Next, we demonstrate that for this class of polynomial-time
solvable problems, the B-M factorization approach gives rise to exponentially many spurious local
minima, causing gradient descent algorithms to fail in recovering ground-truth matrices almost
surely. This highlights a gap between the information-theoretic and optimization complexity of
the problem. On the other hand, another widely used convex semidefinite programming (SDP) for-
mulation approach achieves the exact recovery for the same class of problems. However, we also
identify another class of matrix completion problems where the SDP formulation fails, whereas
the B-M factorization produces an optimization landscape where all local minima are global. Con-
sequently, when the RIP conditions are not met, neither approach strictly outperforms the other for
matrix completion.

In the second part, we focus on the system identification problem for dynamical systems in the
presence of adversarial disturbances. System identification involves learning a system matrix that
governs the relationship between system states and inputs across time. In safety-critical systems,
such as power grids, autonomous vehicles, and unmanned aerial vehicles, adversarial agents may
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attempt to manipulate system dynamics. The least-squares estimator, commonly used for learn-
ing system dynamics, is highly susceptible to these outliers and adversarial perturbations. To
address this vulnerability, we analyze non-smooth estimators and establish their finite-time recov-
ery guarantees. We show that for both linear time-invariant and parametrized nonlinear systems,
non-smooth estimators can recover the exact system matrices in finite time with high probability.
In contrast, the least-squares estimator fails to do so. We propose a first-order subgradient method
to iteratively update estimates at each time step, leveraging information from previous estimates.
This approach eliminates the need to solve a new optimization problem from scratch at each time
step, significantly reducing computational complexity.
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Chapter 1

Introduction

Matrices capture intricate relationships between entities. With the surge of machine learning
applications and the growth of big data, optimization problems involving matrix variables have
become fundamental to data-driven applications. These problems aim to accurately learn relation-
ships between entities using observations from unknown matrices or systems. Although optimiza-
tion problems with matrix variables conceptually resemble those with vector variables, they are
more challenging to analyze, and their solution algorithms are generally less scalable.

Recommendation systems have gained significant popularity in recent years with the rise of
streaming services and online retail platforms. These services aim to learn user preferences for
products by identifying users with similar tastes. As platforms grow, the user-product matrix can
reach millions of rows and columns, yet the observations from this matrix remain sparse since
users cannot interact with all products. Completing the missing preferences in this matrix from
limited observations is generally NP-hard. However, convex relaxations of NP-hard formulations
and first-order algorithms, such as stochastic gradient descent, can efficiently recover the matrix.
Despite this empirical success, a gap remains in the theoretical understanding of these problems,
particularly regarding (i) how solution algorithms behave when sufficient conditions for recovery
are not met and (ii) which solution method is most practical given the structure of the available
observations.

Another key application of optimization problems with matrix variables is system identification
for safety-critical dynamical systems, including autonomous vehicles, power grids, and robotics.
In such systems, the current state determines the next state through a complex set of differential
equations. Here, matrices represent system dynamics, and the objective is to learn the unknown
dynamics, i.e., the unknown system matrices. Although the system identification problem can
be formulated as a convex optimization problem with convex loss functions, there is growing
interest in understanding how estimation error scales with the number of observations. As more
observations become available, the optimization landscape evolves, causing the global solution of
the convex loss function to converge to the true system dynamics. However, smooth convex loss
functions are not robust to large outliers or adversarial perturbations. Yet, accurate estimation of
safety-critical systems under adversaries is essential for effective control. This motivates the need
(i) to utilize non-smooth estimators for robust system identification and (ii) to develop tractable
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algorithms to solve convex problems with non-smooth objectives in control applications.
This chapter first provides a general overview of optimization problems involving matrix vari-

ables and explores how their solution landscapes evolve. It then summarizes the contributions
of each chapter and the related publications that form the basis of this dissertation. Finally, it
introduces the notations used throughout the dissertation.

1.1 Landscape of Optimization Problems with Matrix
Variables

This dissertation studies the optimization problem with the matrix variable in the following
form:

min
X∈Rm×n

f(X;A,X∗) s.t. X ∈ X (A,X∗),

where;

- The term A represents the set of observations and measurements from the ground-truth ma-
trix X∗. The set of observations determines how well-specified the function f and the set
X are. When the number of observations increases, we collect more information from the
ground-truth matrix. Hence, the problem becomes well-specified and easier to solve. In the
recommendation system application, A may be the set of all the rated movies by the users on
the streaming platform. Alternatively, it also denotes the duration of the data collection from
the dynamical system when the unknown system dynamics are learned using the system
identification problem.

- The decision variable X ∈ Rm×n denotes m × n dimensional matrix. The goal is to find a
matrix X as close to the ground-truth matrix X∗. For example, in the context of recommen-
dation systems for the streaming platform, X will be the rating matrix of the n movies by
m users. Based on the solution X, the relevant movies with highly estimated ratings by the
user can be recommended to the users. In another application, X ∈ Rn×n may stand for the
system dynamics equations for a system with n states.

- The function f(X;A) is the loss function that penalizes the mismatch between the decision
variable X and the observations from the ground-truth matrix X∗. Throughout this disser-
tation, the function f is a convex loss function with respect to X. The most common loss
function used in the context of this dissertation is the squared-loss function. Alternatively,
it might be a non-smooth loss function for robust learning applications. We note that the
objective function and its landscape change over time with the observation set growing.

- The set X (A,X∗) is the feasible set for the optimization problem. It consists of all the fea-
sible matrices with respect to the observations from the ground-truth matrix and the system.
In the context of the low-rank matrix optimization problems, the feasible set contains all
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the matrices with a rank lower than r and conforms to all the observations we have from
the ground truth matrix. Moreover, the system identification problem must have a feasible
set that the matrix must satisfy all the system update equations over time. We note that the
feasible set evolves as more observations become available.

Most optimization problems with matrix variables, including those discussed in this disserta-
tion, can be formulated within the framework outlined above. When the loss function f is smooth
and convex, and the feasible set X is convex with respect to the observations, the optimization
problem is tractable. It can be solved using convex optimization techniques. However, specific
challenges related to the objective function and feasible set can disrupt these favorable properties,
necessitating further study.

• The number of observations and measurements plays a crucial role in determining the
feasibility of matrix recovery. In the trivial case of no observations, recovering the ground-
truth matrix is impossible. The number of available observations directly influences the
amount of information about the underlying matrix: the more observations we have, the
more well-specified the problem becomes. Ideally, the ground-truth matrix should be the
unique solution that satisfies all given measurements. However, learning the matrix may
become infeasible if the measurements are concentrated in specific regions of the matrix or
follow a particular pattern. For example, an observation structure that only captures zero
entries of a sparse matrix fails to provide useful information. Therefore, it is essential to
ensure that the measurement operator A collects a sufficient number of measurements with
adequate randomness to guarantee a well-posed optimization problem. The study of the
number of required measurements, known as sample complexity analysis, is of fundamental
importance in this context.

• Another challenge arises from the non-convexity of the feasible set in low-rank matrix
optimization problems. Typically, the rank of the decision variable is constrained by a pre-
specified upper bound, which is enforced using the rank function that is a non-smooth and
non-convex operator. A common approach to addressing this issue is to replace the rank
function with its convex surrogate, the nuclear norm, in its convex relaxation problem. How-
ever, it is crucial to understand the properties of the solution obtained through this relaxation.
Specifically, we seek to determine the conditions under which the solution to the relaxed
problem satisfies the original rank constraint despite the non-convex nature of the feasible
set.

• An alternative approach to handling rank constraints is through factorization of the decision
variable. If the matrix X ∈ Rm×n is required to have rank at most r, it can be parameterized
as X = UV⊤ with U ∈ Rm×r and V ∈ Rn×r. This factorization enforces the rank con-
straint automatically but introduces non-convexity into the objective function f(UV⊤;A)
with respect to the decision variables U and V. The resulting optimization landscape may
contain multiple local minima that are not global, making the problem intractable in general.
However, in the context of low-rank matrix optimization, it is possible to show that under
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certain conditions, the landscape demonstrates benign properties. When these conditions
hold, simple first-order algorithms, such as gradient descent, can efficiently find the global
minimum. Therefore, a key objective is identifying the necessary and sufficient conditions
that characterize the optimization landscape of factorized formulations.

• Another complication arises from the non-smoothness of the loss function. While smooth
loss functions are commonly used, they often lack robustness in learning the ground-truth
matrix when measurements are contaminated by noise or adversarial perturbations. This
issue is particularly critical in safety-critical systems, where malicious attacks can signif-
icantly corrupt the measurements. Analyzing non-smooth loss functions presents several
challenges: (i) first-order optimality conditions involve subdifferentials, which consist of
sets of subgradients rather than single gradients; (ii) unlike squared loss functions, non-
smooth loss functions often lack closed-form solutions; and (iii), optimization algorithms for
non-smooth functions typically exhibit slower convergence rates compared to their smooth
counterparts.

Throughout this dissertation, we aim to address these challenges in optimization problems
involving matrix variables, with a particular focus on applications in machine learning and control.

1.2 Summary of Contributions
Due to the challenges outlined above, this dissertation plays a fundamental role in advanc-

ing the understanding of the optimization landscape for problems involving matrix variables. Ef-
fectively addressing these complexities will lead to better-informed choices of scalable solution
methods and algorithms. In this section, we present a summary of the key contributions of this
dissertation.

Low-Rank Matrix Optimization
• Chapter 2

It is well-known that the Burer-Monteiro (B-M) factorization approach can efficiently solve
low-rank matrix optimization problems under the RIP condition. It is natural to ask whether
B-M factorization-based methods can succeed on any low-rank matrix optimization prob-
lems with low information-theoretic complexity, i.e., polynomial-time solvable problems
that have a unique solution. In this chapter, we provide a negative answer to the above
question. We investigate the landscape of B-M factorized polynomial-time solvable matrix
completion (MC) problems, which are the most popular subclass of low-rank matrix opti-
mization problems without the RIP condition. We construct an instance of polynomial-time
solvable MC problems with exponentially many spurious local minima, leading to the failure
of most gradient-based methods. Based on those results, we define a new complexity metric
that potentially measures the solvability of low-rank matrix optimization problems based on



CHAPTER 1. INTRODUCTION 5

the B-M factorization approach. In addition, we show that more measurements of the ground
truth matrix can deteriorate the landscape, which further reveals the unfavorable behavior of
the B-M factorization on general low-rank matrix optimization problems.

• Chapter 3
Many fundamental low-rank optimization problems, such as matrix completion, phase syn-
chronization/retrieval, power system state estimation, and robust PCA, can be formulated
as matrix sensing problems. Two main approaches for solving matrix sensing are based on
semidefinite programming (SDP) and Burer-Monteiro (B-M) factorization. The SDP method
suffers from high computational and space complexities, whereas the B-M method may re-
turn a spurious solution due to the non-convexity of the problem. The existing theoretical
guarantees for the success of these methods have led to similar conservative conditions,
which may wrongly imply that these methods have comparable performances. In this chap-
ter, we shed light on the major differences between these two methods. First, we present
a class of structured matrix completion problems for which the B-M methods fail with an
overwhelming probability while the SDP method works correctly. Second, we identify a
class of highly sparse matrix completion problems for which the B-M method works and the
SDP method fails. Third, we prove that although the B-M method exhibits the same perfor-
mance independent of the rank of the unknown solution, the success of the SDP method is
correlated to the rank of the solution and improves as the rank increases.

System Identification under Adversarial Disturbances
• Chapter 4

This chapter investigates the system identification problem for linear discrete-time systems
under adversaries and analyzes two lasso-type estimators. We examine the non-asymptotic
properties of these estimators in two separate scenarios, corresponding to deterministic and
stochastic models for the attack times. We prove that when the system is stable, and attacks
are injected periodically, the sample complexity for the exact recovery of the system dynam-
ics is linear in terms of the dimension of the states. When adversarial attacks occur at each
time instance with probability p, the required sample complexity for exact recovery scales
polynomially in the dimension of the states and the probability p. This result implies almost
sure convergence to the true system dynamics under the asymptotic regime. As a by-product,
our estimators still learn the system correctly even when more than half of the data is com-
promised. We emphasize that the attack vectors are allowed to be correlated with each other.
This chapter provides the guarantee of learning from correlated data for dynamical systems
when there is less clean data than corrupt data.

• Chapter 5
We study the problem of learning a non-linear dynamical system by parameterizing its dy-
namics using basis functions. We assume that disturbances occur at each time step with an
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arbitrary probability p, which models the sparsity level of the disturbance vectors over time.
These disturbances are drawn from an arbitrary, unknown probability distribution, which
may depend on past disturbances, provided that it satisfies a zero-mean assumption. The
primary objective of this chapter is to learn the system’s dynamics within a finite time and
analyze the sample complexity as a function of p. To achieve this, we examine a LASSO-
type non-smooth estimator and establish necessary and sufficient conditions for its well-
specifiedness and the uniqueness of the global solution to the underlying optimization prob-
lem. We then provide exact recovery guarantees for the estimator under two distinct condi-
tions: boundedness and Lipschitz continuity of the basis functions. We show that finite-time
exact recovery is achieved with high probability, even when p approaches 1. Unlike prior
literature, which primarily focuses on independent and identically distributed (i.i.d.) distur-
bances and provides only asymptotic guarantees for system learning, this chapter presents
the first finite-time analysis of non-linear dynamical systems under a highly general distur-
bance model. Our framework allows for possible temporal correlations in the disturbances
and accommodates semi-oblivious adversarial attacks, significantly broadening the scope of
existing theoretical results.

• Chapter 6 This chapter investigates a subgradient-based algorithm to solve the system iden-
tification problem for linear time-invariant systems with non-smooth objectives. This is
essential for robust system identification in safety-critical applications. While existing lit-
erature provides theoretical exact recovery guarantees using optimization solvers, the fast
learning algorithms with convergence guarantees for practical use remain unexplored. We
analyze the subgradient method in this setting and establish linear convergence results for
both the best and Polyak step sizes after a burn-in period. Additionally, we characterize
the asymptotic convergence of the best average sub-optimality gap under diminishing and
constant step sizes. Finally, we compare the time complexity of standard solvers with the
subgradient algorithm and support our findings with experimental results.

1.3 Related Publications
• Chapter 2

Main Paper

- Baturalp Yalçın, Haixiang Zhang, Javad Lavaei, and Somayeh Sojoudi. “Factorization
Approach for Low-Complexity Matrix Completion Problems: Exponential Number of Spu-
rious Solutions and Failure of Gradient Methods”. In: International Conference on Artificial
Intelligence and Statistics. PMLR. 2022, pp. 319–341

Related Paper

- Haixiang Zhang, Baturalp Yalcin, Javad Lavaei, and Somayeh Sojoudi. “A New Complex-
ity Metric for Nonconvex Rank-One Generalized Matrix Completion”. In: Mathematical
Programming 207.1 (2024), pp. 227–268
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• Chapter 3
Main Paper

- Baturalp Yalçın, Ziye Ma, Javad Lavaei, and Somayeh Sojoudi. “Semidefinite Program-
ming versus Burer-Monteiro Factorization for Matrix Sensing”. In: Proceedings of the AAAI
Conference on Artificial Intelligence. Vol. 37. 9. 2023, pp. 10702–10710

• Chapter 4
Main Paper

- Baturalp Yalcin, Haixiang Zhang, Javad Lavaei, and Murat Arcak. “Exact Recovery for
System Identification with More Corrupt Data than Clean Data”. In: IEEE Open Journal of
Control Systems (2024)

Related Paper

- Han Feng, Baturalp Yalcin, and Javad Lavaei. “Learning of Dynamical Systems under Ad-
versarial Attacks-Null Space Property Perspective”. In: 2023 American Control Conference
(ACC). IEEE. 2023, pp. 4179–4184

• Chapter 5
Main Paper

- Haixiang Zhang, Baturalp Yalcin, Javad Lavaei, and Eduardo D. Sontag. “Exact Recovery
Guarantees for Parameterized Non-linear System Identification Problem under Adversarial
Attacks”. 2024. arXiv: 2409.00276

• Chapter 6
Main Paper

- Baturalp Yalcin and Javad Lavaei. “Subgradient Method for System Identification with
Non-Smooth Objectives”. 2025. arXiv: 2503.16673

1.4 Notations
Scalars, vectors, matrices, and sets: We use lower case bold letters x to represent vectors and

capital bold letters X to represent matrices. For a vector x, ∥x∥1, ∥x∥2, and ∥x∥∞ denote its ℓ1,
ℓ2, and ℓ∞ norms, respectively. Moreover, Sn−1 is the unit ball {x ∈ Rn|∥x∥2 = 1}. For every
vector x, [x]i denotes the i-th entry and [x]i:j denotes the subvector of entries from index i to index
j for i < j. Similarly, for every matrix X, [X]i:j,k:l denotes the submatrix with rows between i and
j and columns between k and l with i < j and k < l. For a vector x and a matrix X, x⊤ and X⊤

represent their transpose, respectively. For a matrix X, ∥X∥F and ∥X∥ denote the Frobenius norm
and operator norm of a matrix. For two matrices X1 and X2, we use ⟨X1,X2⟩ = Tr(X1

⊤X2) and
X1 ⊗ X2 to denote the inner product and Kronecker product, respectively. The notations X ⪰ 0
and X ≻ 0 mean that the matrix X is positive semidefinite and positive definite, respectively.

https://arxiv.org/abs/2409.00276
https://arxiv.org/abs/2503.16673
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The set of n × n positive semidefinite matrices is denoted as Sn
+. For a matrix X, vec(X) is the

usual vectorization operation by stacking the columns of the matrix X into a vector. For a vector
x ∈ Rn2 , mat(x) converts x to a square matrix and matS(x) converts x to a symmetric matrix,
i.e., mat(x) = x and matS(x) = (X +X⊤)/2, where X ∈ Rn×n is the unique matrix satisfying
x = vec(X). The set [n] represents the set of integers from 1 to n. |S| shows the cardinality of a
given set S. In refers to the identity matrix of size n× n and 0n×n refers to the n× n dimensional
matrix with zero entries. We use 0n to denote the n-dimensional vector with all entries 0.

Functions: Given two functions f and g, the notation f(x) = Θ[g(x)] means that there exist
universal positive constants c1 and c2 such that c1g(x) ≤ f(x) ≤ c2g(x). The relation f(x) ≲ g(x)
holds if there exists a universal positive constant c3 such that f(x) ≤ c3g(x) holds with high
probability. Equivalently, we use f(x) ≤ O(g(x)) as well. The relation f(x) ≳ g(x) holds if
g(x) ≲ f(x). Given the function f , ∂f denotes the subdifferential of the function. For a function
f : Rm×n 7→ R, we denote the gradient and the Hessian as ∇f(·) and ∇2f(·), respectively.
The Hessian is a four-dimensional tensor with [∇2f(X)]i,j,k,l =

∂2f(X)
∂Xij∂Xk,l

for all i, j ∈ [m] and
k, l ∈ [n]. The quadratic form of the Hessian in the direction ∆ ∈ Rm×n is defined as ∆ :
∇2f(X) : ∆ =

∑
i,j,k,l[∇2f(X)]i,j,k,l∆ij∆kl. We use ⌈·⌉ and ⌊·⌋ to denote the ceiling and floor

operators, respectively.
Random Events: P(·) and E[·] denote the probability of an event and the expectation of a

random variable. A Gaussian random vector X with mean µ and covariance matrix Σ is written as
X ∼ N (µ,Σ).
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Part I

Low-Rank Matrix Optimization
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Chapter 2

Factorization Approach for Matrix
Completion Problems

The low-rank matrix optimization problem aims to recover a low-rank ground truth matrix M∗

through some measurements modeled as A(M∗), where the measurement operator A is a function
from Rn×n to Rd. The operator A can be either linear, as in the linear matrix sensing problem and
the matrix completion problem [23, 91], or non-linear, as in the one-bit matrix sensing problem
[31] and the phase retrieval problem [99]. The problem has two variants, known as symmetric
and asymmetric problems. The first one assumes that M∗ is a positive semidefinite (PSD) matrix,
whereas the second one makes no such assumption and allows M∗ to be non-symmetric or sign in-
definite. Since the asymmetric problem can be equivalently transformed into a symmetric problem
[125], we focus on the latter.

There are, in general, two different approaches to overcome the non-convex low-rank con-
straint. The first approach is to design a convex penalty function that prefers low-rank matrices
and then optimize the penalty function under the measurement constraint [23, 91, 24]. However,
this approach works in the matrix space Rn×n and has a high computational complexity. The other
widely accepted technique is the Burer-Monteiro (B-M) factorization approach [17], which con-
verts the original problem into an unconstrained one by replacing the original PSD matrix variable
M ∈ Rn×n with the product of a low-dimensional variable X ∈ Rn×r and its transpose. The
optimization problem based on the B-M factorization approach can be written as

min
X∈Rn×r

g
[
A(XX⊤)−A(M∗)

]
,

where g(·) is a loss function that penalizes the mismatch between XX⊤ and M∗. The objective
function is generally non-convex using the B-M factorization, even if the loss function g(·) is
convex. Nonetheless, it has been proved that under certain strong conditions, such as the Restricted
Isometry Property (RIP) condition, saddle-escaping methods can converge to the ground truth
solution with a random initialization [125, 14] and first-order methods with spectral initialization
converge locally [108, 11]; see [29] for an overview.

Then, it is natural to ask whether optimization methods based on the B-M factorization ap-
proach can succeed on general low-rank matrix optimization problems with low information-
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theoretic complexity (i.e., problems that have a unique global solution and can be solved in poly-
nomial time), especially when the RIP condition does not hold. This chapter focuses on a common
class of problems without the RIP condition, namely the matrix completion (MC) problem. For
the MC problem, the measurement operator AΩ : Rn×n 7→ Rn×n is given by

AΩ(M)ij :=

{
Mij if (i, j) ∈ Ω

0 otherwise,

where Ω is the set of indices of observed entries. We denote the measurement operator as MΩ :=
AΩ(M) for simplicity. An instance of the MC problem, denoted as PM∗,Ω,n,r, can be formulated
as

find M ∈ Rn×n (PM∗,Ω,n,r)
s.t. rank(M) ≤ r, M ⪰ 0, MΩ = M∗

Ω.

If M∗ is the only solution to this problem, we will say that PM∗,Ω,n,r has a unique solution. Using
the B-M factorization approach, the MC problem can be solved via the optimization problem:

min
X∈Rn×r

f(X), (2.1)

where f(X) := g[(XX⊤ − M∗)Ω]. For example, if the ℓ2-loss function is used, the problem
becomes

min
X∈Rn×r

∥∥(XX⊤ −M∗)Ω
∥∥2
F
. (2.2)

Contributions. We provide a negative answer to the preceding question by constructing MC
problem instances for which the optimization complexity of local search methods using the B-M
factorization does not align with the information-theoretic complexity of the underlying MC prob-
lem instance. The information-theoretic complexity refers to the minimum number of operations
that the best possible algorithm takes to find the ground truth matrix. In contrast, the optimization
complexity refers to the minimum number of operations that a given optimization method takes
to find the ground truth matrix. In general, the optimization complexity of local search methods
depends on the properties of spurious solutions to the optimization problem, e.g., the number, the
sharpness, and the regions of attraction of spurious solutions. The optimization complexity pre-
dicts the performance of an algorithm and provides a hint on which algorithm to use for a given
problem. Therefore, the results in this chapter imply that the popular B-M factorization approach
cannot capture the benign properties of the low-rank problem when the RIP condition does not
hold. We summarize our contributions as follows:

i) Given natural numbers n and r with n ≥ 2r, we construct a class of MC problem instances
L(G, n, r), whose ground matrix M∗ ∈ Sn

+ has rank r. A unique global solution exists for
every instance in this class, and the solution can be found in polynomial time via graph-
theoretic algorithms.
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ii) Next, we show the existence of an instance in L(G, n, r) whose B-M factorization formula-
tion (2.2) has at least O(2n−2r) equivalent classes of spurious local solutions. A solution is
called spurious if it is a local minimum but has a larger objective value than the optimal ob-
jective value. Note that this claim holds for general loss functions under a weak assumption.

iii) Moreover, for the rank-1 case, we prove that most gradient-based methods with a random
initialization converge to a spurious local minimum with probability at least 1 − O(2−n/2).
Numerical studies verify that the failure of the gradient-based methods also happens for
general rank cases.

iv) We present an instance with no spurious solution under the B-M factorization formulation
(2.2), but introducing additional observations of the ground truth matrix leads to at least ex-
ponentially many spurious solutions. This example further reveals the unfavorable behavior
of the B-M factorization approach on general low-rank matrix optimization problems.

Based on these results, we define a new complexity metric that potentially captures the optimiza-
tion complexity of optimization methods based on the B-M factorization.

Related Work. The low-rank optimization problem has been well studied under the RIP condi-
tion [91]. Several recent works [129, 13, 125] showed that the non-convex formulation has no spu-
rious local minima with a small RIP parameter. To understand how conservative the RIP condition
is, we consider a class of polynomial-time solvable problems without the RIP condition and study
the behavior of optimization methods in this class. Specifically, we consider the polynomial-time
solvable MC problems. Most existing literature on the MC problem is based on the assumption
that the measurement set is randomly constructed and the global solution is coherent [23, 24, 48,
47, 74, 27]. In comparison, there is a small range of works that have focused on the determinis-
tic MC problem [10, 63, 88, 70]. Furthermore, efficient graph-theoretic algorithms utilizing the
special structures of a deterministic measurement set can be designed [75]. Existing works on a
deterministic measurement set case have focused on the completability problem and the convex
relaxation approach, while the B-M factorization approach has not been analyzed. Moreover, sev-
eral existing works also provided negative results on the low-rank matrix optimization problem.
The counterexamples in [24, 10] have non-unique global solutions, which make the recovery of
the ground truth matrix impossible. The counterexamples in [112] have a unique global solution,
but the objective function must be linear. We refer the reader to [29] for a review of the low-rank
matrix optimization problem. This chapter is the first one in the literature to study optimization
complexity in cases when information-theoretic complexity is low.

2.1 Exponential Number of Spurious Local Minima
This section shows that MC problem instances with a low information-theoretic complexity

may have exponentially many spurious local minima if the B-M factorization is employed. We
first construct a class of such instances and then identify the problematic instances.
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Low-complexity Class of MC Problems
Suppose that r ≥ 1 and n ≥ 2r are two given integers. We construct a class of MC problem

instances whose ground truth matrix M∗ ∈ Sn
+ is rank-r. For every instance in this class, the global

solution is unique and can be found in polynomial time in terms of n and r. Let m := ⌊n/r⌋ ≥ 2.
We divide the first mr rows and the first mr columns of the matrix M∗ into m×m block matrices,
where each block has dimension r×r. For every i, j ∈ [m], we denote the block matrix at position
(i, j) as M∗

i,j . We now define the block measurement patterns induced by a given graph.

Definition 1 (Induced measurement set). Let G = (G1,G2) = (V , E1, E2) be a pair of undirected
graphs with the node set V = [m] and the disjoint edge sets E1, E2 ⊂ [m]× [m], respectively. The
induced measurement set Ω(G) is defined as follows: if (i, j) ∈ E1, then the entire block M∗

i,j are
observed; if (i, j) ∈ E2, then all non-diagonal entries of the block M∗

i,j are observed; otherwise,
none of the entries of the block is observed. In addition, the last n−mr rows and the last n−mr
columns of the matrix M∗ are fully observed. We refer to the graph G as the block sparsity graph.

The following definition introduces a low-complexity class of MC problem instances.

Definition 2 (Low-complexity class of MC problems). Define L(G, n, r) to be the class of low-
complexity MC problems PM∗,Ω,n,r with the following properties:

i) The ground truth M∗ ∈ Sn
+ is rank-r.

ii) The matrix M∗
i,j ∈ Rr×r is rank-r for all i, j ∈ [m].

iii) The measurement set Ω = Ω(G) is induced by G = (G1,G2), where G1 is connected and
non-bipartite.

The following proposition states that every MC problem instance in L(G, n, r) is polynomial-
time solvable.

Proposition 1. For an arbitrary instance PM∗,Ω,n,r in L(G, n, r), the ground truth M∗ is the unique
solution of this problem and can be found in O(n2/r2 + nr2) time.

Intuition for Rank-1 Case with ℓ2-loss Function
We start with the case when the rank r equals 1 and the loss function g(·) is the ℓ2-loss. We

study two instances in the class L(G, n, 1) with O(n) and O(n2) observations, respectively. The B-
M formulation (2.2) of both instances contains exponentially many spurious local minima. Since
the decomposition variable X is a column vector in the rank-1 case, we write it as x.

Example 1. We first provide an instance with O(n) observations. Note that the number of blocks,
namely m, equals n in the rank-1 case. Let the graph G = (V , E1, E2) be chosen as V := [n] and

E1 := {(i, j) | i, j ∈ [n], |i− j| ≤ 1}, E2 := ∅.

The measurement set is the induced set Ω := Ω(G). Namely, we observe the ground truth matrix’s
diagonal, sub-diagonal, and super-diagonal entries. One can verify that the subgraph G1 = (V , E1)
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is connected and non-bipartite. Now, we construct a specific ground truth matrix. We define the
vector x∗ ∈ Rn by

x∗
2k+1 := 1, ∀k ∈ [⌈n/2⌉] , x∗

2k := 0, ∀k ∈ [⌊n/2⌋] ,

and let M∗ := x∗(x∗)⊤. For the B-M factorization formulation (2.2), the set of global minima is
given by

X ∗ :=
{
x ∈ Rn | x2

2k+1 = 1, ∀k ∈ [⌈n/2⌉] , x2k = 0, ∀k ∈ [⌊n/2⌋]
}
,

which has cardinality 2⌈
n
2
⌉. For every global solution x̂ ∈ X ∗ and every ∆ ∈ Rn\{0}, the Hessian

satisfies

∆ : ∇2f(x̂) : ∆ = 2
∥∥(x̂∆⊤ +∆x̂⊤)

Ω

∥∥2
F
= 8∥∆∥2 − 1[n is even]4∆2

n > 0,

where 1[·] is the indicator function. Therefore, the Hessian is positive definite at every global
minimum. Then, we perturb the ground truth solution M∗ to

M∗(ϵ) := x∗(ϵ) [x∗(ϵ)]⊤ = (x∗ + ϵ)(x∗ + ϵ)⊤,

where x∗(ϵ) := x∗+ ϵ and ϵ ∈ Rn is a small perturbation. We denote the associated problem (2.2)
as

min
x∈Rn

f̃(x; ϵ), (2.3)

where f̃(x; ϵ) := ∥(xx⊤ −M(ϵ)∗)Ω∥2F . For a generic perturbation ϵ, all components of ϵ are non-
zero and problem PM∗(ϵ),Ω,n,1 belongs to the class L(G, n, 1). This implies that the global solution
of problem (2.3) is unique up to a sign flip.

We analyze the relation between the local minima of the original problem and those of the
perturbed problem. Consider the equation ∇xf̃(x; ϵ) = 0 near an unperturbed global minimum
x̂ ∈ X ∗. Since (x̂; 0) is a solution to the gradient equation and the Jacobian matrix with respect to
x is equal to the positive definite Hessian ∇2f(x̂), the Implicit Function Theorem (IFT) states that
there exists a unique solution x̂(ϵ) in a neighborhood of x̂ for all values of ϵ with a small norm. In
addition, the continuity of Hessian implies that ∇xxf̃(x̂

∗(ϵ); ϵ) ≻ 0.
Thus, x̂(ϵ) is a local minimum of the perturbed problem (2.3). As a result, we have proved

the existence of a local minimum for the perturbed problem corresponding to each of the 2⌈n/2⌉

global minima of the unperturbed problem. Hence, the problem (2.3) has at least 2⌈n/2⌉ local
minima, while only two of them are global minima. In summary, we have constructed an instance
in L(G, n, 1) that has exponentially many spurious local solutions.

Example 2. Next, we construct an MC problem instance with exponentially many spurious local
minima and O(n2) observations. We choose the same ground truth matrix M∗(ϵ) as in the last
example, but assume that the measurement set Ω is induced by the graph G = (V , E1, E2) with
V := [n], E2 = ∅ and

E1 := {(i, i), (i, 2k), (2k, i) | ∀i ∈ [n], k ∈ [⌊n/2⌋]} .
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Since the subgraph G1 = (V , E1) is connected and non-bipartite, the problem PM∗(ϵ),Ω,n,1 belongs
to the class L(G, n, 1). Moreover, one can verify that the set of global minima of this problem is
still X ∗, and the Hessian at every global solution is positive definite. By the same argument, IFT
implies that problem (2.3) has at least 2⌈n/2⌉ − 2 spurious local minima for a generic and small
perturbation ϵ.

Note that the instances analyzed in this section, as well as those in the remainder of this chapter,
satisfy the incoherence condition [23] with the parameter µ = O(1). The results in this subsection
will be formalized next with a unified framework.

Rank-1 Case with General Measurement Sets
In this subsection, we estimate the largest lower bound on the number of spurious local minima

for the given parameters n and r. We address the problem by first finding a lower bound on the
number of spurious local minima given a general measurement set Ω and then maximizing the
lower bound over Ω. The following theorem utilizes the topology of G to quantify a lower bound
on the number of spurious solutions for the measurement set Ω(G). It uses the independent sets for
the graph G. For a graph G = (V , E), the set S ⊂ V is called an independent set if no two nodes in
S are adjacent. The set S is called a maximal independent set if it is an independent set and is not
a strict subset of another independent set.

Theorem 1. Let G = (V , E1, ∅) such that G1 = (V , E1) is connected and non-bipartite with n
vertices. Assume that there exists a maximal independent set S(G1) of G1 such that every vertex in
the set has a self-loop. There exists an instance in L(G, n, 1) for which the problem (2.2) has at
least 2|S(G1)| − 2 spurious local minima.

In both Examples 1 and 2, a maximal independent set is S = {2k+1 | ∀k ∈ [⌈n/2⌉]} . Hence,
Theorem 1 implies that there are 2⌈n/2⌉ − 2 spurious local minima, which is consistent with our
analysis. Since a maximal independent set of a connected and non-bipartite graph can have up to
n− 1 vertices, the number of spurious local minima can be as large as 2n−1 − 2.

Corollary 1. There exist a graph G and an instance in L(G, n, 1) such that problem (2.2) has
2n−1 − 2 spurious solutions. In addition, there exist a graph G and an instance in L(G, n, 1) with
|Ω| = n2 − 2 such that the problem (2.2) has spurious solutions.

Corollary 1 implies that the B-M factorization may not be an efficient approach to the MC
problem since it has a spurious solution even in the highly ideal case when almost all matrix
entries are measured. Generally, the proof of Theorem 1 implies that, as a necessary condition for
not having a spurious solution in formulation (2.2), the elements of x∗ associated with the nodes
outside of the maximal independent set S should not be much smaller than those associated with
the nodes in S.
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Corollary 2. Under the setting of Theorem 1, there exists a function hS(·) : (0,∞) 7→ (0,∞)
such that Px∗(x∗)⊤,Ω(G),n,1 has at least 2|S|− 2 spurious local minima in formulation (2.2) for every
generic x∗ ∈ Rn satisfying

∥x∗
Sc∥ ≤ hS(mini∈S |x∗

i |) · ∥x∗
S∥,

where Sc := [n]\S and xSc := (xi : i /∈ S).

Because the maximal independent set of a graph G is not necessarily unique, the set of functions
hS,M(·) over all maximal independent sets S designates a necessary condition for the non-existence
of spurious local minima given a measurement set Ω(G).

Extension to General Rank-r Case
We generalize the results to the case when the ground truth matrix has a general rank. [37]

showed that the rank-r MC problem is NP-hard in the worst case for every r ≥ 2. However, we
focus on instances in the low-complexity class L(G, n, r) and show that there are instances in this
class whose B-M factorization formulation (2.2) has a highly undesirable landscape. We cannot
simply extend the proof of the rank-1 case to the rank-r case since there exists an infinite number
of matrices X∗ such that M∗ = X∗(X∗)⊤ when r > 1. The global optimality of a solution X∗ is
not lost under any orthogonal transformation. This implies that the Hessian at the global solutions
of problem (2.2) cannot be positive definite, which fails the applicability of IFT. Therefore, we
consider the quotient manifold Rn×r/Or, where Or is the lie group of r × r orthogonal matrices.
To simplify the analysis, we instead consider the following lower-diagonal subspace:

Wn×r := {X ∈ Rn×r |Xij = 0, ∀i ∈ [n], j ∈ [r] s.t. i < j}.

We define an embedding of the manifold Rn×r/Or into Wn×r and composite it with the quotient
map.

Definition 3 (Restriction map). Given a matrix X ∈ Rn×r, we define the embedding ϕemb([X]) :=
R ∈ Wn×r, where X = RQ is the RQ decomposition with Q being an orthogonal matrix and R
having non-negative diagonal elements. The restriction map is defined as ϕ(X) := ϕemb([X]).

When the RQ decomposition is not unique, we choose an arbitrary decomposition for the em-
bedding ϕemb(·). However, the properties of the RQ decomposition ensure that ϕemb(·) is a bi-
jection in a small neighborhood of each matrix X whose first r rows are linearly independent.
Consider the restricted version of problem (2.2):

min
X∈Wn×r

f(X), (2.4)

Results in Section 2.1 can be extended to the problem (2.4) and then be translated back to the
problem (2.2).
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Lemma 1. Consider a graph G = (V , E1, E2) with m = ⌊n/r⌋ vertices for which the subgraph
G1 = (V , E1) is connected and non-bipartite. Assume that there exists a maximal independent
set S(G1) of G1 whose vertices each have a self-loop. If the induced subgraph (see [52] for the
definition.) G2[S] is connected, then there exists an instance in L(G, n, r) for which the problem
(2.4) has at least 2r|S(G1)| − 2r spurious local minima. In addition, the first r rows of each local
minimum are linearly independent.

The Hessian at each local minimum of the unperturbed problem is positive definite along the
tangent space of Wn×r, where the off-diagonal observations of Ω(G) play a key role. If the first
r rows of a local minimum X̂ are linearly independent, the diagonal elements of X̂ are non-zero.
Therefore, by flipping the signs of columns, we can find an equivalent local minimum X̃ with
positive diagonal elements, i.e., X̃ lies in the range of ϕemb(·). By symmetry, the total number
of such local minima is 2r(|S(G1)|−1) − 1. Since the restriction map ϕemb(·) is a bijection in a
neighborhood of X̃, the equivalent class [X̃] ∈ Rn×r/Or is a local minimum of problem (2.2) on
the quotient manifold and thus X̃ is a local minimum of problem (2.2). The above argument leads
to Theorem 2.

Theorem 2. Consider a graph G = (V , E1, E2) satisfying the conditions of Lemma 1. There exists
an instance in L(G, n, r) for which problem (2.2) has at least 2r(|S(G1)|−1) − 1 equivalent classes of
spurious solutions.

Finally, we estimate the largest lower bound for the number of spurious local minima.

Corollary 3. There exists an instance in L(G, n, r) for which the problem (2.2) has at least 2n−2r−
1 equivalent classes of spurious solutions. In addition, there exists an instance in L(G, n, r) with
|Ω| = n2 − 2r for which the problem (2.2) has spurious solutions.

General Loss Functions
In this part, we generalize the preceding results to the problem (2.1). To extend the construc-

tions to a general loss function g(·), we require a few weak assumptions on the loss function g(·).

Assumption 1. The following conditions hold for the function g(·):
i) g(·) is twice continuously differentiable;

ii) the matrix 0n×r is the unique minimizer of g(·);
iii) the Hessian of g(·) at 0n×r is positive definite.

Now, we can extend the results in Section 2.1 to the general loss function case under the above
assumption.

Theorem 3. Consider a graph G = (V , E1, E2) satisfying the conditions of Lemma 1 and suppose
that Assumption 1 holds. There exists an instance in L(G, n, r) for which the problem (2.1) has at
least 2r(|S(G1)|−1) − 1 equivalent classes of spurious local minima.
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MΩk
=


0

M1,k
...

0

Mk,1 · · · Mk,k · · · Mk,m

0
...

Mm,k

0



Figure 2.1: Measurement Operator AΩk
on Matrix M.

The proof is similar to those of Theorems 1 and 2. We can prove that the Hessian is positive
definite at all global solutions for each loss function g(·) satisfying Assumption 1. We note that
the ℓ2-loss function g(·) = ∥ · ∥2F satisfies the conditions in Assumption 1. As another example,
regularizers are ubiquitously used in the low-rank matrix optimization literature [48, 47, 42]. As
a corollary to Theorem 3, the regularized version of the problem (2.2) also suffers from the same
issue. In this case, the loss function is equal to

g(X) :=
∥∥(XX⊤ −M∗)Ω

∥∥2
F
+Q(X),

where Q(X) := λ (∥Xi∥ − α)4+ is from [48], (x)+ := max{x, 0} and α, λ > 0 are constants. Since
the regularizer does not change the landscape around global solutions with a large α, Assumption
1 is satisfied and Theorem 3 is applicable to the regularized problem.

2.2 More Observations Lead to Spurious Local Minima
In Section 2.1, we showed that the B-M factorization formulation (2.2) has an exponential num-

ber of spurious local minima on low-complexity MC problem instances. In this section, we exhibit
another unfavorable behavior of the B-M factorization. We identify an MC problem instance in
L(G, n, r) with some pattern Ω that has no spurious solution, while adding observations to Ω leads
to spurious solutions. Let m and r be natural numbers with m ≥ 2r. We define n := mr and let
the graph be Gk := (V , Ek) where k ∈ [m] is an arbitrary index and

V := [m], Ek := {(k, j), (j, k) | ∀j ∈ [m]}.

In the measurement set Ωk, we observe the blocks Mi,j for all (i, j) ∈ Ek; see Figure 2.1. Ωk

contains only full block observations induced by Gk. Second-order critical points are defined as
those points that satisfy the first-order and the second-order necessary optimality conditions. The
next proposition states that if the ground truth matrix is generic, every SOCP of the problem (2.2)
is a global minimum.
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Proposition 2. Given an index k ∈ [m], let the measurement set Ω be equal to Ωk. Assume that
the block M∗

i,j of the ground truth matrix M∗ has rank r for all i, j ∈ [m]. Then, every SOCP of
problem (2.2) is a global minimum.

Next, we construct a graph G̃k := (V , Ẽk, E2), where

Ẽk := Ek ∪ {(i, i) | ∀i ∈ [m]}, E2 := {(i, j) | ∀i, j ∈ [m], i ̸= j}.

Namely, we have included each block’s self-loops and non-diagonal observations in the new graph.
A maximal independent set for the subgraph G̃k,1 := (V , Ẽk) is S := [m]\{k}. We define a new
measurement set Ω̃k := Ω(G̃k). Since Ẽk is a super set of Ek, the measurement set Ω̃k is larger than
Ωk. We obtain the following result using Theorem 2.

Corollary 4. Every instance of the MC problem with the measurement set Ω̃k and full rank blocks
M∗

i,j for all i, j ∈ [m] belongs to L(G, n, r). The formulation (2.2) of an instance of the problem
has at least 2r(m−2) − 1 equivalent classes of spurious local minima. In contrast, all spurious
solutions disappear when using the smaller set Ωk.

Results of Proposition 2 and Corollary 4 conclude that the landscape of the problem (2.2)
deteriorates when the number of observations is increased. This phenomenon further reveals the
unfavorable behavior of the B-M factorization on low-rank matrix optimization problems, even if
the information-theoretic complexity is low.

2.3 Measure of Complexity for Factorization Approach
In Section 2.1, we showed that if there is an MC problem with a non-unique completion, a

slightly perturbed problem will have exponentially many spurious local minima in the B-M factor-
ization formulation (2.1). Hence, bifurcation behaviors appear around measurement matrices M∗

Ω

that are associated with multiple global solutions. For a given measurement operator A, a mea-
surement matrix A(M) that allows multiple global solutions designates an unacceptable region in
the space of ground truth solutions. Based on this intuition, we define a metric to capture the extent
of the bifurcation behavior. We define the set of measurements that allow non-unique solutions:

TA :=
{
A(M) : ∃X1,X2 ∈ Rn×rs.t.X1X

⊤
1 ̸= X2X

⊤
2 , A(M) = A(X1X1

⊤) = A(X2X2
⊤)
}
.

Then, we define a complexity metric below.

Definition 4 (Complexity metric). The complexity metric for operator A and ground truth M∗ is
defined as

dist(A(M∗), TA) := min
A(M)∈TA

∥A(M∗)−A(M)∥F .

It is expected that for instances with a large complexity metric, the optimization complexity
of algorithms based on the B-M factorization approach will be aligned with the corresponding
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information-theoretic complexity. For example, if the RIP condition is satisfied, the set T is empty
and therefore the complexity metric is always ∞. Oppositely, the instances studied in Section 2.1
with spurious solutions all have small complexity metrics. Consequently, the complexity metric is
a possible measure of the optimization complexity for the MC problem with the B-M factorization:
the optimization problem should be more difficult if the complexity metric is lower.

2.4 Gradient-Based Methods Fail With High Probability
We show that the exponential number of spurious local minima in preceding instances will

make most randomly initialized gradient-based methods fail with a high probability. The existence
of spurious local minima does not necessarily imply the failure of gradient-based methods; see
[75, 27]. The analysis in this section is based on the gradient flow

Ẋ(t) = −∇Xf(X(t)), X(0) = X0. (2.5)

It is known that the trajectories of gradient-based methods with a small enough step size are close
to those of the gradient flow. We can view various gradient-based methods as ordinary differential
equation (ODE) solvers applied to the gradient flow (2.5). Then, the convergence of the discrete
trajectories when the step size goes to 0 can be guaranteed by the consistency and stability of
the ODE solver. [97] proved that the consistency and stability conditions are satisfied by several
commonly used gradient-based methods, such as the gradient descent, the proximal point, and the
accelerated gradient descent methods. Although [97] considered minimizing a strongly convex
function, the consistency and stability conditions only depend on the ODE solver and the Lipschitz
continuity of the underlying gradient flow. We need the following assumption on the loss function
to characterize the global landscape.

Assumption 2. The loss function g(·) satisfies the sparse (δ, r)-RIP condition in the Ω-norm for
some constant δ ∈ [0, 1) and integer r ≥ 1. Namely, the inequality

(1− δ)∥NΩ∥2F ≤ N : ∇2g(MΩ) : N ≤ (1 + δ)∥NΩ∥2F

holds for all matrices M and N with rank at most 2r.

The sparse RIP condition is remarkably different from the conservative RIP condition. For
example, the ℓ2-loss function satisfies the sparse (0, r)-RIP condition for every r, while the RIP
condition does not hold if Ω is not a complete graph. Under the above assumption, we show that
for the unperturbed example constructed in Section 2.1, the gradient flow will converge to each
global minimum with equal probability in the rank-1 case. The main difficulty is to show that all
saddle points of the objective function f(X) are strict, and therefore, their region of attractions
(ROAs) have measure zero [67].

Lemma 2. Suppose that Assumption 2 holds for r = 1 and δ = O(1/n), where n ≥ 3 is the size of
the ground truth matrix. There exists an MC problem instance such that the following statements
hold for the problem (2.1):



CHAPTER 2. FACTORIZATION APPROACH FOR MATRIX COMPLETION PROBLEMS 21

• there are 2⌈n/2⌉ equivalent global minima;
• if the gradient flow (2.5) is initialized with an absolutely continuous radial probability dis-

tribution, it converges to each global minimum with the equal probability 2−⌈n/2⌉,
where a probability distribution is called radial if its density function at point x only depends on
∥x∥ and the absolute continuity is with respect to the Lebesgue measure.

Examples of absolutely continuous radial probability distributions include zero-mean Gaussian
distributions and uniform distributions over a ball centered at the origin. Note that the ℓ2-loss func-
tion satisfies the assumption of Lemma 2. Next, we show that with a sufficiently small perturbation
to the previous instance of the problem, the ROA of each local minimum will not shrink signif-
icantly. Therefore, the gradient flow will converge to each global minimum or spurious solution
with approximately the same probability.

Theorem 4. Consider an absolutely continuous radial probability distribution under the setting of
Lemma 2. There exists an instance in L(G, n, 1) for which the problem (2.1) satisfies the following
properties:

• the global minima are unique up to a sign flip;
• if the gradient flow (2.5) is initialized with the given distribution, it converges to a global

minimum associated with the ground truth solution with probability at most O(2−⌈n/2⌉).

The results of Theorem 4 imply that, in the rank-1 case, most gradient-based methods with a
small enough step size and a suitable random initialization will converge to a spurious solution
with an overwhelming probability. The proof works for the general rank case if it can be shown
that there are no degenerate saddle points for the above-mentioned unperturbed instances of the
problem.

Remark. We remark that the trajectories of stochastic gradient descent (SGD) methods cannot be
approximated by those of the gradient flow. Hence, our analysis cannot automatically imply the
failure of SGD. However, the proof of Lemma 2 can be adopted to conclude that SGD methods with
a random initialization will converge to each global minimum with equal probability in the unper-
turbed case. Since the trajectories of SGD methods will not vary dramatically with a sufficiently
small perturbation, they still converge to each solution with approximately the same probability.
Therefore, we also expect the SGD methods to fail with high probability.

2.5 Numerical Experiments
Numerical results are presented to support the failure of the gradient descent algorithm. Each

MC problem with the B-M factorization formulation (2.2) is solved by the gradient descent al-
gorithm with a constant step size, where the step size is chosen to be small enough to guarantee
that the algorithm converges to a stationary point. Regarding the measurement set, the graph
G1 := (V , E1) is generated randomly by the Erdös–Rényi model G(m, p), where V := [m] and
each edge of the graph is included independently with probability p. If G1 is not connected or
a node in the maximal independent set S does not have a self-loop, the missed edges are added
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to satisfy these conditions. In addition, a connected subtree G2 = (S, E2(S)) is generated for
non-diagonal observations. We define G := (V , E1, E2) and subsequently the measurement set
Ω(G). In addition, the unperturbed ground truth matrix M∗ = X∗(X∗)⊤ is defined as M∗

i,j := Ir
for all i, j ∈ S , and M∗

i,j := 0r×r otherwise. Lastly, a Gaussian random perturbation matrix
ϵ ∈ Rn×r is generated and normalized, e.g. ∥ϵ∥F = 1. Then, the perturbed ground truth matrix
M∗(ϵ) := (X∗ + γϵ)(X∗ + γϵ)⊤ is generated, where γ > 0 is the perturbation size. We evaluate
the algorithm’s success rate at 100 equally distributed values of γ ∈ (0, 0.5) with 300 random
initializations of the gradient algorithm for each instance and each γ.

The top figure in Figure 2.2 illustrates the success rate of the gradient descent algorithm with
the rank r = 1, dimension n = 20, and various maximum independent set sizes |S|. The results
conform to Theorem 4 implying that the success rate is less than 1/(2|S|−1) when the perturbation
size γ is small. The bottom figure in Figure 2.2 makes similar observations with different ranks and
maximum independent set sizes |S| when m equals 10. These observations imply that Theorem 4
can be extended to the general rank case, since the success rate is less than 1/(2r(|S|−1)) when γ is
small. We note that the algorithm’s behavior may change when γ is large. Specifically, significant
improvements in success rate are observed when γ > 0.2 for most problem instances. This is in
accordance with our notion of complexity metric.
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Figure 2.2: Success Rate of Gradient Descent Method for (top) Rank-1 and (bottom) Rank-r MC
Problem Instances with Randomly Generated Measurement Sets.
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Appendices

2.A Proof of Proposition 1
Proof. The condition PM∗,Ω,n,r ∈ L(G, n, r) implies that G1 = (V , E1) is connected and non-
bipartite. Since the graph is non-bipartite, there exists a cycle with an odd number of vertices
Codd = (Vodd, Eodd) in G1 in which Eodd ⊂ E1. To numerically find an odd cycle, the breadth-
first search method requires O(|V| + |E1|) = O(m2) operations. Without loss of generality, we
assume that the set of vertices of the cycle is Vodd = {1, 2, . . . , 2k + 1} and the set of edges is
Eodd = {(1, 2), (2, 3), . . . , (2k + 1, 1)}, where k is a non-negative integer. Suppose that the matrix
X∗ ∈ Rn×r satisfies M∗ = X∗(X∗)⊤. We denote the i-th r × r block of X∗ as X∗

i for all i ∈ [m],
i.e.,

M∗ = X∗(X∗)⊤ =

X
∗
1

...
X∗

m

 [(X∗
1)

⊤ . . . (X∗
m)

⊤] .
Since PM∗,Ω,n,r ∈ L(G, n, r), the block X∗

i is non-singular for every i ∈ [m], which further implies
that the block M∗

i,j is non-singular for all i, j ∈ [m]. Using the relation that M∗
i,j = X∗

i (X
∗
j)

⊤, we
can calculate that [

k∏
i=1

(
M∗

2i−1,2i

(
M∗

2i,2i+1

)−T
)]

M∗
2k+1,1 = X∗

1(X
∗
1)

⊤,

Since the left-hand side only contains observed blocks, the matrix X∗
1(X

∗
1)

⊤ can be computed via
observed blocks. Since computing the inverse of an r×r matrix and computing the product of two
r×r matrices both require O(r3) operations, the total number of operations required for computing
X∗

1(X
∗
1)

⊤ is O[(2k + 1)r3] = O(mr3). In addition, computing the Cholesky decomposition of
X∗

1(X
∗
1)

⊤ requires O(r3) operations, which produces a matrix X∗
1R for some orthogonal matrix

R ∈ Rr×r.
With the knowledge of X∗

1R, we can recursively compute the block X∗
i using the connectivity

of G1. More specifically, we use P ⊂ [m] to denote the set of vertices i or which we have computed
X∗

iR. We start with P = {1}. At each iteration, we choose indices i ∈ P and j /∈ P such that
(i, j) ∈ E1. Such a pair of indices always exist unless P = [m], since the graph G1 is connected.
Then, using the observation

M∗
j,i = X∗

j(X
∗
i )

⊤ = (X∗
jR)(X∗

iR)⊤,



CHAPTER 2. FACTORIZATION APPROACH FOR MATRIX COMPLETION PROBLEMS 25

we first compute the matrix X∗
jR with O(r3) operations and then add j to the set P . We stop the

iteration when P = [m]. After this process, we can concatenate X∗
iR for all i ∈ [m] to obtain the

matrix X∗R. The number of iterations is m− 1; thus, the total number of operations is O(mr3).
Summarizing the two parts, the total number of operations to compute the matrix X∗U is

O(m2 +mr3) = O[n2/r2 + nr2].

Gradient and Hessian of the Problem (2.2)

Before proceeding with the analysis for the proofs in the remainder of this chapter, we first
derive the gradient and the Hessian of the objective function of the problem (2.2). We omit the
proof since the calculation can be done using basic calculus. The gradient of the objective function
can be written as

∇f(X) = 2(XX⊤ −M∗)ΩX. (2.6)

Similarly, the quadratic variant of the Hessian can be written as

∆ : ∇2f(X) : ∆ = 4⟨(XX⊤ −M∗)Ω,∆∆⊤⟩+ 2
∥∥(X∆⊤ +∆X⊤)

Ω

∥∥2
F
. (2.7)

2.B Proof of Theorem 1
Proof. Let S(G1) be a maximal independent set of G1 such that every vertex in the set has a self-
loop. We define the global solution as M∗ := x∗(x∗)⊤, where

x∗
i := ci, ∀i ∈ S, x∗

i := 0, ∀i ̸∈ S

and {ci | ∀i ∈ S} is a set of non-zero constants. We note that in the case when r = 1, the factor
X ∈ Rn is a vector. Therefore, we represent it using the notation for vectors, i.e., x. Considering
the problem instance PM∗,Ω(G),n,1, the set of global solutions of the problem (2.2) is given by

X ∗ :=
{
x ∈ Rn | x2

i = c2i , ∀i ∈ S, xi = 0, ∀i /∈ S
}
,

which has the cardinality |X ∗| = 2|S|.
For every global solution x̂ ∈ X ∗, we have x̂x̂⊤ = M∗. Thus, we know that x̂ is a first-order

critical point of the problem (2.2). For every ∆ ∈ Rn, the quadratic form of the Hessian (2.7) can
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be written as

∆ : ∇2f(x̂) : ∆ = 2
∥∥(x̂∆⊤ +∆x̂⊤)

Ω

∥∥2
F

=
∑
i∈S

2(∆ix̂i + x̂i∆i)
2 +

∑
j ̸∈S

∑
i∈S

(i,j)∈E1

[
2(∆jx̂i)

2 + 2(x̂i∆j)
2
]

=
∑
i∈S

4(∆ix̂i)
2 +

∑
j ̸∈S

∑
i∈S

(i,j)∈E1

4(∆jx̂i)
2

=
∑
i∈S

4x̂2
i ·∆2

i +
∑
j ̸∈S

(∑
i∈S

(i,j)∈E1
4x̂2

i

)
·∆2

j .

The first term in the above expression corresponds to self-loops in S, while the second term corre-
sponds to the edges between S and Sc := V\S . We note that the edges whose endpoints are both
in Sc do not contribute to the quadratic form. Since S is a maximal independent, we know that

{i ∈ S | (i, j) ∈ E1} ≠ ∅, ∀j /∈ S.

As a result, it holds that
∆ : ∇2f(x̂) : ∆ > 0, ∀∆ ∈ Rn\{0},

which implies that the Hessian at the global solution x̂ is positive definite. Then, we perturb the
global solution of the above problem to be

M∗(ϵ) := x∗(ϵ) [x∗(ϵ)]⊤ = (x∗ + ϵ)(x∗ + ϵ)⊤,

where x∗(ϵ) := x∗ + ϵ and ϵ ∈ Rn is a small perturbation. We denote the problem (2.2) after
perturbation as

min
x∈Rn

f̃(x; ϵ),

where f̃(x; ϵ) := ∥(xx⊤ − M(ϵ)∗)Ω∥2F . For a generic perturbation ϵ, all components of ϵ are
non-zero and the problem PM∗(ϵ),Ω,n,1 belongs to the class L(G, n, 1). This implies that the global
solution of the problem (2.3) is unique up to a sign flip.

The earlier argument implies that ∇xf̃(x̂; 0) = 0 and ∇xxf̃(x̂; 0) ≻ 0. Now, we analyze the
relationship between the local minima of the original problem and those of the perturbed problem.
We consider the equation ∇xf̃(x; ϵ) = 0 near an unperturbed global minimum x̂ ∈ X ∗. Since
(x̂; 0) is a solution to the gradient equation and the Jacobian matrix with respect to x is equal to
the positive definite Hessian ∇2f(x̂), the Implicit Function Theorem (IFT) states that there exists
a unique solution x̂(ϵ) in a neighborhood of x̂ for every ϵ with a small norm. In addition, the conti-
nuity of the Hessian implies that ∇xxf̃(x̂(ϵ); ϵ) ≻ 0. Otherwise, we can find a sequence of ϵk → 0
and another sequence {yk} with ∥yk∥ = 1 such that (yk)⊤∇xxf̃(x̂(ϵ); ϵ)y

k < 0. We arrive at a
contradiction by taking the limit along a convergent subsequence of {yk}. Therefore, every point
in x̂∗(ϵ) still satisfies the second-order sufficient conditions. Since there are 2|S| global minima for
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the unperturbed problem, an analysis through the IFT implies that there are 2|S| strict local minima
for the problem (2.3). Hence, there are 2|S| − 2 spurious local minima for the perturbed problem
(2.3).

2.C Proof of Corollary 1
Proof. We first prove the claim about the largest lower bound. Theorem 1 implies that there are
at least 2|S(G1)| − 2 spurious local minima for a problem instance in L(G, n, 1). For an arbitrary
connected and non-bipartite graph G1 with n vertices, the maximal possible size of a maximal
independent set with self-loops is n− 1. More specifically, the graph G∗

1 that attains this maximal
value is the star graph K1,n−1 complemented with self-loops for the n − 1 independent vertices.
Hence, Theorem 1 implies that there exists a problem instance in L(G∗, n, 1) with at least 2n−1− 2
local minima, where we define G∗ := (G∗

1 , ∅).
We then consider the second claim of this corollary. Consider the measurement set Ω that

observes all entries of the ground truth M∗ except M∗
12 and M∗

21. We have |Ω| = n2−2 in this case.
Choose the set of vertices to be V := [n] and the set of edges to be E1 := [n]× [n]\{(1, 2), (2, 1)}.
Then, the graph G := (V , E1, ∅) satisfies that Ω = Ω(G) and the maximal independent set is
S := {i, j}. Therefore, Theorem 1 implies that there exists a problem instance in L(G, n, 1) that
has at least 2|S| − 2 = 2 spurious local minima.

2.D Proof of Corollary 2
Proof. For a generic vector x∗ ∈ Rn, all elements of x∗ are non-zero and we can decompose x∗

into x0 + x1, where
x0
i := x∗

i , ∀i ∈ S, x0
i := 0, ∀i /∈ S,

x1
i := 0, ∀i ∈ S, x1

i := x∗
i , ∀i /∈ S.

We first consider the problem Px0(x0)⊤,Ω(G),n,1. Using a similar proof as Theorem 1, we can prove
that this problem has 2|S| equivalent global solutions in formulation (2.2), which are described by
the set

X ∗ :=
{
x ∈ Rn | x2

i = (x∗
i )

2, ∀i ∈ S, xi = 0, ∀i /∈ S
}
.

In addition, the Hessian is positive definite at every global solution x̂ ∈ X ∗. Using a similar
argument as the proof of Theorem 1, we conclude that there exists a small constant rx0 > 0 such
that the conditions

∥ϵ∥ ≤ rx0 , ϵi ̸= 0, ∀i ∈ [m] (2.8)

imply that the problem Px0(ϵ)[x0(ϵ)]⊤,Ω(G),n,1 has at least 2|S|−2 spurious local minima in formulation
(2.2), where x0(ϵ) := x0 + ϵ. Moreover, the MC problem is “scale-free” in the sense that the
formulation (2.2) of the problem Px′(x′)⊤,Ω(G),n,1 has spurious local minima if and only if that of
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the problem P(cx′)(cx′)⊤,Ω(G),n,1 has spurious local minima, where x′ ∈ Rn is an arbitrary vector
and c ̸= 0 is a constant. Therefore, we have the relation

rcx0 = c · rx0 , ∀c ̸= 0. (2.9)

Hence, it suffices to consider vectors x0 ∈ X0, where

X0 := {x ∈ Rn | xi ̸= 0, ∀i ∈ S, xi = 0, ∀i /∈ S, ∥x∥ = 1} .

Now, we consider a vector x̂0 ∈ Rn satisfying

∥x̂0 − x0∥ < rx0/2.

Then, as long as the generic perturbation ϵ satisfies ∥ϵ∥ ≤ rx0/2, the condition (2.8) implies that
the problem Px̂∗(ϵ)[x̂∗(ϵ)]⊤,Ω(G),n,1 has at least 2|S| − 2 spurious local minima in formulation (2.2),
where x̂∗(ϵ) := x̂0 + ϵ. This verifies the existence of a function hS on the open set

N (x0) :=
{
x ∈ Rn | ∥x− x0∥ < rx0/2

}
, ∀x0 ∈ X0.

Now, we consider the compact set

Xk :=

{
x ∈ Rn | min

i∈S
|xi| ≥ 1/k, xi = 0, ∀i /∈ S, ∥x∥ = 1

}
, k = 1, 2, . . .

The open set family {N (x0) | x0 ∈ X0} comprises an open covering of the compact set Xk. Hence,
there exists a finite covering of the compact set Xk, and thus there exists a small constant ϵk such
that

hS(x
0) ≥ ϵk, ∀x0 ∈ Xk.

Moreover, using the relation

Xk−1 ⊂ Xk, ∀k ≥ 2, X0 =
∞⋃
k=1

Xk,

we can decrease the value of the function hS to be

h(x0) := ϵk, ∀x0 ∈ Xk\Xk−1, k ≥ 2.

Using this definition, hS reduces to mini∈S |xi| and, with a bit of abuse of notations, we still write
the new function as hS(mini∈S |xi|).

Now, we can view the problem Px∗(x∗)⊤,Ω(G),n,1 as the perturbed problem, where the generic
perturbation is given by x1. The above analysis implies that the following condition holds

∥xSc∗∥ = ∥x1∥ ≤ hS

(
min
i∈S

|xi|
)
· ∥x0∥ = hS

(
min
i∈S

|xi|
)
· ∥x∗

S∥

which demonstrates the existence of at least 2|S| − 2 spurious local minima in formulation (2.2).
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2.E Proof of Lemma 1
Proof. We follow a similar proof construction as in Theorem 1. Let D be the set of full-rank
diagonal matrices and D{1,−1} be the set of diagonal matrices with the diagonal entries being +1
or −1. Suppose that S is a maximal independent set of G1 in which every node has a self-loop.
Then, we define the ground truth matrix M∗ := X∗(X∗)⊤, where X∗ ∈ Rn×r satisfies

X∗
i = 0, ∀i ̸∈ S, X∗

i ∈ D, ∀i ∈ S,

where Xi is the i-th block of X ∈ Rn×r; see the definition in the proof of Proposition 1. Then, the
set of global solutions is given by

X ∗ :=
{
X ∈ Rn×r |Xi = X∗

iD, ∀i ∈ S, D ∈ D{1,−1}, Xi = 0, ∀i ̸∈ S
}
,

For every global solution X̂ ∈ X ∗, we have X̂X̂⊤ = M∗. Thus, every global solution is a first-
order critical point of the problem (2.2). In addition, let ∆ ∈ Rn×r be an arbitrary direction matrix
with its r×r block matrices denoted as ∆1,∆2, . . . ,∆m. Then, the quadratic variant of the Hessian
(2.7) in the direction ∆ can be written as

∆ : ∇2f(X̂) : ∆ = 2
∥∥∥(X̂∆⊤ +∆X̂⊤

)
Ω

∥∥∥2
F

(2.10)

=
∑
i∈S

∥∆iX̂
⊤
i + X̂i∆

⊤
i ∥2F (2.11)

+ 2
∑
j ̸∈S

 ∑
i∈S

(i,j)∈E1

∥∆jX̂
⊤
i ∥2F +

∑
i∈S

(i,j)∈E2

∥(∆jX̂
⊤
i )nd∥2F


+ 2

∑
j∈S

∑
i∈S

(i,j)∈E2

∥(∆jX̂
⊤
i + X̂j∆

⊤
i )nd∥2F

where (·)nd is the projection onto the matrix space with a zero diagonal. We note that the first term
in (2.10) corresponds to self-loops in G1, while the second term corresponds to edges between
S and Sc. The edges whose endpoints are both in Sc do not contribute to the quadratic form.
Moreover, the last term corresponds to partial observations with non-diagonal entries within the
independent set S.

Now, we aim to prove that the Hessian at X̂ is positive definite in the tangent space of Wn×r,
namely,

∆ : ∇2f(X̂) : ∆ > 0, ∀∆ ∈ Rn×r\{0}, ∆1 is lower triangular.

We assume that ∆ : ∇2f(X̂) : ∆ = 0 for some ∆ ∈ Rn×r such that ∆1 is lower triangular. Under
this assumption, all three terms in (2.10) are equal to zero. Considering the second term, since X̂i

is full-rank, we have
∆j = 0, ∀j /∈ S.
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For the first term, ∥∆iX̂
⊤
i + X̂i∆

⊤
i ∥2F is zero only if ∆iX̂

⊤
i = −X̂i∆

⊤
i , i.e., ∆iX̂

⊤
i is skew-

symmetric. Since X̂i is a diagonal matrix with non-zero diagonal entries, the diagonal entries of
∆i must be zero for all i ∈ S . Without loss of generality, we assumed that vertex 1 ∈ S . This is
because we can equivalently fix the block Xi to be lower-diagonal for any i ∈ S and consider a
similarly constrained optimization problem. Then, since ∆1 must be lower triangular, we have

∆1 = 0,

We define the set
S0 := {i ∈ S | ∆i = 0} .

We have shown that i ∈ S0 and aim to prove that S0 = S. Since the induced subgraph G2[S] is
connected, there exists a vertex j ∈ S such that (1, j) ∈ E2. Considering the third term in (2.10),
we have

(∆jX̂
⊤
1 + X̂j∆

⊤
1 )nd = (∆jX̂

⊤
1 )nd = 0,

which implies that ∆j = 0 because X̂j is a diagonal matrix with non-zero diagonal entries. Hence,
we have proved that j ∈ S0.

By the connectivity of G2[S], we can inductively prove that all elements in S belong to S0.
Therefore, it holds that ∆ = 0 and the quadratic form of Hessian is zero only when ∆ = 0. As a
result, the Hessian is positive definite at every global solution X̂ ∈ X ∗ of the problem (2.4).

Then, we perturb the ground truth of the above problem instance to be

M∗(ϵ) := X∗(ϵ) [X∗(ϵ)]⊤ = (X∗ + ϵ)(X∗ + ϵ)⊤,

where X∗(ϵ) := X∗ + ϵ and ϵ ∈ Rn×r is a small perturbation. Similar to Theorem 1, for a generic
perturbation ϵ, all block components of ϵ are non-zero and full-rank. Therefore, the problem
PM∗(ϵ),Ω,n,r belongs to the class L(G, n, r). This implies that the global solution of the problem
(2.4) is unique up to a right-multiplication with D ∈ D{1,−1}. Since there are 2r|S| global minima
for the unperturbed problem, IFT implies that there are 2r|S| strict local minima for the perturbed
problem. Hence, there are 2r|S| − 2r spurious local minima for the perturbed problem.

2.F Proof of Corollary 3
Proof. We first consider the largest lower bound on the number of spurious local minima. Similar
to Corollary 1, since an instance in L(G, n, r) can have a maximum independent set of size at most
|S(G1)| = m − 1 = n/r − 1, Theorem 2 implies that the largest lower bound on the number of
spurious local solution classes is 2r(n/r−2) − 1 = 2n−2r − 1.

We prove the second part of this corollary next. We choose G1 to be a graph with m vertices
and

(
m
2

)
− 1 edges, where (i, j) is the only missing edge. Then, the maximal independent set

is S := {i, j}. Since G2[S] must be connected, the non-diagonal entries of the block M∗
i,j are

observed. Thus, only 2r entries are not observed and |Ω| = n2 − 2r. Furthermore, Theorem
2 implies that there exists a problem instance in L(G, n, r) with at least 2r(|S|−1) − 1 = 2r − 1
equivalent classes of spurious local minima.
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2.G Proof of Proposition 2
Proof. For every matrix X ∈ Rn×r, we denote Xi as the i-th r × r block of X for all i ∈ [m].
Because each block M∗

i,j is assumed to be full rank, the block X∗
i is also full rank for all i ∈ [m],

where X∗ satisfies M∗ = X∗(X∗)⊤. It is desirable to show that every first-order critical point is
either a global solution or a saddle point with a strict descent direction. For every i ∈ [m], the
gradient of the problem (2.2) with respect to the i-th block Xi is

∇Xi
f(X) =

{
2(XiX

⊤
k −X∗

i (X
∗
k)

⊤)Xk, if i ̸= k∑m
j=1 2(XkX

⊤
j −X∗

k(X
∗
j)

⊤)Xj, if i = k.

Let X̂ ∈ Rn×r be a first-order critical point of problem (2.2).
We first consider the case when X̂k is non-singular. For every i ∈ [m]\{k}, the condition

∇Xi
f(X) = 0 implies that

X̂iX̂
⊤
k −X∗

i (X
∗
k)

⊤ = 0.

Substituting the above equations into the equation ∇Xk
f(X) = 0, we obtain

(XkX
⊤
k −X∗

k(X
∗
k)

⊤)Xk = 0,

which implies that X̂kX̂
⊤
k = X∗

k(X
∗
k)

⊤. Therefore, the matrix X̂ is a global solution of the problem
(2.2) in this case.

Now, we consider the case when X̂k is singular. We choose a vector yk ∈ Rn such that

X̂kyk = 0, ∥yk∥ = 1.

Given a small constant ϵ > 0, the i-th block direction ∆ ∈ Rn×r is defined as

∆i :=

{
ziy

⊤
k , if i ̸= k

ϵyky
⊤
k , if i = k,

where zi ∈ Rn is arbitrary. The above definition directly implies that X̂k∆
⊤
i = 0 for all i ∈ [m].

Then, we obtain

4
〈
(X̂X̂⊤ −X∗(X∗)⊤)Ω,∆∆⊤

〉
= −4tr

[
X∗

k(X
∗
k)

⊤∆k∆
⊤
k

]
−

m∑
j=1,j ̸=i

8tr
(
X∗

j(X
∗
k)

⊤∆k∆
⊤
j

)
=

m∑
j=1,j ̸=i

−8tr
[
X∗

j(X
∗
k)

⊤ykz
⊤
j

]
· ϵ+O(ϵ2),

and

2∥(X∆⊤ +∆X⊤)Ω∥2F = 8∥Xk∆
⊤
k ∥2F + 4

m∑
j=1,j ̸=k

∥Xj∆
⊤
k ∥2F = O(ϵ2)
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Combining the two estimates above, the quadratic form of the Hessian (2.7) can be written as

∆ : ∇2f(X̂) : ∆ =
m∑

j=1,j ̸=i

−8tr
[
X∗

j(X
∗
k)

⊤ykz
⊤
j

]
· ϵ+O(ϵ2).

Since X∗
i is non-singular for all i ∈ [m], it holds that X∗

j(X
∗
k)

⊤yk ̸= 0. Choosing

zj := X∗
j(X

∗
k)

⊤yk,

we obtain

∆ : ∇2f(X̂) : ∆ =
m∑

j=1,j ̸=i

−8∥X∗
j(X

∗
k)

⊤yk∥2 · ϵ+O(ϵ2).

Hence, the quadratic form of the Hessian is negative with a sufficiently small ϵ and X̂ is a strict
saddle point.

Combining the two cases, we conclude that every second-order critical point of the problem
(2.2) is a global minimum.

2.H Proof of Lemma 2
In this proof and the following proofs for Section 2.4, we consider the instance of the MC prob-

lem constructed in Section 2.1. For completeness, we repeat the instance here. In the unperturbed
case, the ground truth matrix is defined as M∗ := x∗(x∗)⊤ ∈ Rn×n, where vector x∗ ∈ Rn satisfies

x∗
2k−1 = 1, ∀k = 1, . . . , ⌈n/2⌉, x∗

2k = 0, ∀k = 1, . . . , ⌊n/2⌋.

The measurement set Ω is given by

Ω := {(j, j), (2k, j), (j, 2k) | j = 1, . . . , n, k = 1, . . . , ⌊n/2⌋} .

It has been proved in Section 2.1 that the problem (2.1) has 2⌈n/2⌉ global solutions, which are given
by the set

X ∗ :=
{
x ∈ Rn | x2k = 0, k = 1, . . . , ⌊n/2⌋, x2

2k+1 = 1, k = 1, . . . , ⌈n/2⌉
}
.

For each vector x ∈ Rn, we denote

xo := (x1, x3, . . . , x⌈n/2⌉), xe := (x2, x4, . . . , x⌊n/2⌋).

Before presenting the proof of Lemma 2, we first state three technical lemmas.
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Lemma 3. Suppose that Assumption 1 holds with (δ, 1) and that x̂ is a first-order critical point of
the problem (2.1). Then, it holds that

∥x̂e∥∥x̂∥ ≤ 2
√
2δ∥ (M−M∗)Ω ∥F ,

where we define M := x̂x̂⊤.

Proof. Utilizing the first-order optimality condition and the gradient in (2.6), it holds that〈
∇g
[(
x̂x̂⊤ − x∗x∗)

Ω

]
, x̂∆⊤〉 = ∫ 1

0

(M−M∗) : ∇2g [(M∗)Ω + t (M−M∗)Ω] : x̂∆
⊤ dt = 0,

∀∆ ∈ Rn, where the first equality is from Taylor’s expansion. For every fixed number t ∈ [0, 1],
the proof of Theorem 1 in [13] implies that

(M−M∗) : ∇2g [M∗
Ω + t (M−M∗)Ω] : x̂∆

⊤

≥
〈
(M−M∗)Ω ,

(
x̂∆⊤)

Ω

〉
− 2

√
2δ∥ (M−M∗)Ω ∥F∥

(
x̂∆⊤)

Ω
∥F .

Integrating over t, it follows that〈
(M−M∗)Ω ,

(
x̂∆⊤)

Ω

〉
≤ 2

√
2δ∥ (M−M∗)Ω ∥F∥

(
x̂∆⊤)

Ω
∥F . (2.12)

By choosing

∆2k+1 = 0, k = 1, . . . , ⌈n/2⌉, ∆2k = x̂2k, k = 1, . . . , ⌊n/2⌋,

we obtain 〈
(M−M∗)Ω ,

(
x̂∆⊤)

Ω

〉
= ∥x̂e∥2∥x̂∥2, ∥

(
x̂∆⊤)

Ω
∥F = ∥x̂e∥∥x̂∥.

Substituting the above two equalities into (2.12), we have

∥x̂e∥2∥x̂∥2 ≤ 2
√
2δ∥ (M−M∗)Ω ∥F∥x̂e∥∥x̂∥.

The above inequality implies that

∥x̂e∥∥x̂∥ ≤ 2
√
2δ∥ (M−M∗)Ω ∥F or x̂e = 0,

since ∥x̂e∥∥x̂∥ = 0 if and only if x̂e = 0. In both cases, the claim of this lemma holds.

Lemma 4. Let D be the set of r×r diagonal matrices and D{1,−1} be set of r×r diagonal matrices
with the diagonal entries +1 or −1. Under the same setting as Lemma 1, consider the n×n ground
truth matrix M∗ := X∗(X∗)⊤ such that n = mr, where

X∗
i ∈ D, ∀i ∈ S(G1), X∗

i = 0, ∀i /∈ S(G1).

Let D ∈ Rn×n be an arbitrary matrix with its diagonal blocks denoted as D1,D2, . . . ,Dm such
that Di ∈ D{1,−1} for all i ∈ [m]. Then, the problem instance PM∗,Ω(G),n,r in formulation (2.2)
satisfies that

∇f(DX) = D∇f(X), ∀X ∈ Rn×r.
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Proof. Since the graph G satisfies the conditions in Lemma 1, the gradient ∇f(X) for problem
(2.2) can be written as

∇Xk
f(DX) = (XkX

⊤
k −X∗

k(X
∗
k)

⊤)Xk +
∑

(k,j)∈E1

XkX
⊤
j Xj+∑

(k,j)∈E2

(XkX
⊤
j −X∗

k(X
∗
j)

⊤)ndXj, if k ∈ S,

and

∇Xk
f(DX) =

∑
(k,j)∈E1

XkX
⊤
j Xj +

∑
(k,j)∈E2

(XkX
⊤
j )ndXj, if k ̸∈ S,

where (·)nd is the projection onto the matrix space with the zero diagonals. Note that blocks of the
transformed variable DX are DiXi for all i ∈ [m]. First, we consider the change in the i-th block
of the gradient function for i ∈ S:

∇Xi
f(DX) = 2

(
(DiXiX

⊤
i D

⊤
i −X∗

i (X
∗
i )

⊤)DiXi +
∑

(i,j)∈E1

DiXiX
⊤
j D

⊤
j DjXj+ (2.13)

∑
(i,j)∈E2

(DiXiX
⊤
j Dj

⊤ −X∗
i (X

∗
j)

⊤)ndDjXj

)
.

Using D⊤
i Di = I and X∗

i ∈ D, the first term in (2.13) can be written as

(DiXiX
⊤
i D

⊤
i −X∗

i (X
∗
i )

⊤)DiXi = DiXiX
⊤
i Xi −X∗

i (X
∗
i )

⊤DiXi

= Di(XiX
⊤
i −X∗

i (X
∗
i )

⊤)Xi,

where the second equality is justified by the commutative property of diagonal matrix multiplica-
tion. Similarly, the second term in (2.13) can be written as∑

(i,j)∈E1

DiXiX
⊤
j D

⊤
j DjXj = Di

∑
(i,j)∈E1

XiX
⊤
j Xj.

For the last term in (2.13), we use the relation X∗
i ∈ D and the fact that (·)nd is non-zero only at

positions associated with the non-diagonal entries to obtain∑
(i,j)∈E2

(DiXiX
⊤
j Dj

⊤ −X∗
i (X

∗
j)

⊤)ndDjXj =
∑

(i,j)∈E2

Di(XiX
⊤
j −X∗

i (X
∗
j)

⊤)ndD
⊤
j DjXj

= Di

∑
(i,j)∈E2

(XiX
⊤
j −X∗

i (X
∗
j)

⊤)ndXj.

Thus, we have
∇Xi

f(DX) = Di∇Xi
f(X), ∀i ∈ S.
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Now, we consider the change in the i-th block of the gradient function for i ̸∈ S:

∇Xi
f(DX) = 2

 ∑
(i,j)∈E1

DiXiX
⊤
j D

⊤
j DjXj +

∑
(i,j)∈E2

(DiXiX
⊤
j D

⊤
j )ndDjXj


= 2Di

 ∑
(i,j)∈E1

XiX
⊤
j Xj +

∑
(i,j)∈E2

(XiX
⊤
j )ndXj

 = Di∇Xi
f(X),

where the second equality holds by a similar argument as in the case of i ∈ S . Consequently, we
have

∇Xi
f(DX) = Di∇Xi

f(X), ∀i ̸∈ S.
Combining the two cases, it follows that

∇f(DX) = D∇f(X).

Lemma 5. Consider the case r = 1. Given an arbitrary point x0 ∈ Rn, let x̂ ∈ Rn denote a point
with the property that the gradient flow (2.5) initialized at x0 converges to x̂. For every diagonal
matrix D ∈ Rn×n that satisfies

D2
ii = 1, ∀i ∈ [n],

the gradient flow initialized at Dx0 will converge to Dx̂.

Proof. By the results of Lemma 4, we obtain

∇f(Dx) = D∇f(x), ∀x ∈ Rn. (2.14)

Hence, we know that the gradient flow initialized with Dx0 is equal to Dx(t) at time t, for all
t ≥ 0. This leads to the conclusion that the new gradient flow will converge to Dx̂.

Proof of Lemma 2. Since it is already known that the problem (2.1) has exponentially many global
solutions, it remains to prove that the gradient flow with a radial random initialization will converge
to one of the above global solutions with equal probability, i.e., with probability 2−⌈n/2⌉. It has been
proved in [67] that the gradient flow will only converge to local minima if the objective function
does not have degenerate saddle points, i.e., the Hessian of every saddle point has a negative
curvature. Since the global solutions of the problem (2.1) are symmetric with respect to a radial
probability distribution, it follows from Lemma 5 that we only need to prove that the objective
function of this problem does not have degenerate saddle points. Equivalently, we prove that all
second-order critical points are global minima.

Suppose that x̂ is a second-order critical point of the problem (2.1) that is not a global min-
imizer. Let M := xx⊤. Due to the symmetry of the landscape, we can assume, without loss of
generality, that

x̂k ≥ 0, k = 1, . . . , n.
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We define the direction ∆ ∈ Rn as

∆2k+1 = x̂2k+1 − 1, k = 1, . . . , ⌈n/2⌉, ∆2k = x̂2k, k = 1, . . . , ⌊n/2⌋.

Then, Lemma 7 in [47] implies that

∆ : ∇2f [x̂] : ∆ =∆∆⊤ : ∇2g
[(
x̂x̂⊤ − x∗x∗)

Ω

]
: ∆∆⊤

− 3(M−M∗) : ∇2g
[(
x̂x̂⊤ − x∗x∗)

Ω

]
: (M−M∗)

≤(1 + δ)∥
(
∆∆⊤)

Ω
∥2F − 3(1− δ)∥ (M−M∗)Ω ∥2F ,

where the last inequality is from the assumption that g(·) satisfies the sparse RIP condition with
(δ, 1). Combining with the second-order necessary optimality condition, we obtain

(1 + δ)∥
(
∆∆⊤)

Ω
∥2F ≥ 3(1− δ)∥ (M−M∗)Ω ∥2F . (2.15)

Using the expression

∥ (M−M∗)Ω ∥2F − ∥
(
∆∆⊤)

Ω
∥2F =

⌈n/2⌉∑
k=1

[
4x̂2k+1 · (x̂2k+1 − 1)2 + ∥x̂e∥2(2x̂2k+1 − 1)

]
,

the inequality (2.15) can be written as

−
⌈n/2⌉∑
k=1

[
4x̂2k+1 · (x̂2k+1 − 1)2 + ∥x̂e∥2(2x̂2k+1 − 1)

]
≥ 2− 4δ

1 + δ
∥ (M−M∗)Ω ∥2F . (2.16)

The above inequality shows that

2− 4δ

1 + δ
∥ (M−M∗)Ω ∥2F ≤ −

⌈n/2⌉∑
k=1

[
4x̂2k+1 · (x̂2k+1 − 1)2 + ∥x̂e∥2(2x̂2k+1 − 1)

]
≤ −

⌈n/2⌉∑
k=1

[
0− ∥x̂e∥2

]
= ⌈n/2⌉ · ∥x̂e∥2 ≤ (n+ 1)/2 · ∥x̂e∥2

≤ (n+ 1)/2 · ∥x̂e∥∥x̂∥ ≤
√
2(n+ 1)δ∥ (M−M∗)Ω ∥F ,

where the second inequality is from the assumption that x̂2k+1 ≥ 0 and the second last inequality
is from Lemma 3. The above inequality implies that

∥ (M−M∗)Ω ∥F ≤
√
2(n+ 1)δ(1 + δ)

2− 4δ
.

Recalling the condition

n ≥ 3, δ ≤ 1

2n
,
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we obtain
∥ (M−M∗)Ω ∥F ≤ 1

2
.

Checking the diagonal entries of M−M∗ = x̂x̂⊤ − x∗(x∗)⊤, we have

|x̂2k+1 − 1| ≤ 1

2
, k = 1, . . . , ⌈n/2⌉,

which gives

x̂2k+1 ≥
1

2
, k = 1, . . . , ⌈n/2⌉.

Applying this condition to inequality (2.16), the left-hand side of the inequality is non-positive
while the right-hand side is non-negative, which implies that

∥ (M−M∗)Ω ∥F = 0.

This contradicts the assumption that x̂ is not a global solution. Hence, we have completed the
proof that all second-order critical points of the problem (2.1) are global minima.

Furthermore, using Lemma 5, we know that each global minimum’s region of attraction (ROA)
is symmetrical. Since the randomly initialized gradient flow converges to a second-order critical
point with probability 1 and all second-order critical points are global minima, the gradient flow
with a radial random initialization will converge to each global minimum with equal probability.

2.I Proof of Theorem 4
Proof. In the unperturbed case, the curvature of the Hessian at each global minimum is given by

∆ : ∇2f(x) : ∆ ≥ (1− δ)∥
(
x∆⊤ +∆x⊤)

Ω
∥2F , ∀∆ ∈ Rn, x ∈ X ∗,

which has been proved to be positive in Section 2.1. Therefore, we know that the Hessian at each
global solution is positive definite, and global minima are asymptotically stable for the gradient
flow. We choose R > 0 to be a large enough constant such that

P [∥x0∥ ≤ R] ≥ 1− 2−⌈n/2⌉,

where the probability is chosen with respect to the initialization distribution. We consider the level
set

LR := {x ∈ Rn | f(x) ≤ cR},

where cR := max{f(x) | ∥x∥ ≤ R}. Since the function f(x) is continuous and coercive, the level
set LR is compact, and the gradient flow will not leave LR if it is initialized inside it. In addition,
it holds that

P [x0 ∈ LR] ≥ 1− 2−⌈n/2⌉.
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Conditioning on the event that x0 ∈ LR, Lemma 2 implies that the gradient flow will converge to
each global minimum with the same probability. Let x̂ ∈ X ∗ be an arbitrary global minimum and
Rx̂ be its ROA of the gradient flow on LR. Therefore, Lemma 2 implies that

P [x0 ∈ Rx̂ | x0 ∈ LR] = 2−⌈n/2⌉.

By Theorem 4.17 in [60], there exist a smooth positive definite function V (x) and a continuous
positive definite function W (x) such that every level set of V (x) is compact and

V (x) → +∞, ∀x → ∂Rx̂,〈
dV (x)

dx
,−∇xf(x)

〉
≤ −W (x), ∀x ∈ Rx̂,

where x → ∂Rx̂ means that the distance between x and ∂Rx̂ goes to zero, and ∂Rx̂ denotes the
boundary of the region of attraction of the solution x̂. We choose a large enough constant M such
that

P [x0 ∈ VM | x0 ∈ Rx̂] ≥ 1− 2−⌈n/2⌉,

where we define the level set VM := {x ∈ Rn | V (x) ≤ M}. Since the level set VM is compact,
there exists a small enough constant ϵ0 such that

W (x) ≥ ϵ0, ∀x ∈ VM .

Now, we consider the perturbed case. We denote the new objective function as f̃(x; η), where
η ∈ R is the perturbation to the global solution. More explicitly, the objective function is defined
as

f̃(x; η) :=
∥∥(xx⊤ − (x∗ + η)(x∗ + η)⊤

)
Ω

∥∥2
F
.

It has been proved in Section 2.1 that the global minimum of the perturbed problem is unique up to
a sign flip if the perturbation is sufficiently small and generic and that there exist 2⌈n/2⌉−2 spurious
local minima. Since the gradient of f̃(x; η) is a uniformly continuous function of η on the compact
set VM , there exists a small enough r > 0 such that for any generic η0 satisfying ∥η0∥ ≤ r, it holds
that 〈

dV (x)

dx
,−∇f̃(x; η0)

〉
≤ −ϵ0/2 < 0, ∀x ∈ VM .

This implies that the gradient flow on the perturbed problem will not leave VM and will converge
to a local minimum inside VM if x0 ∈ VM . Therefore, if the initial point x0 is initialized with the
given distribution, we have

P
[
lim

t→+∞
x(t) ∈ VM

]
≥ 2−⌈n/2⌉ (1− 2−⌈n/2⌉)2 ≥ 2−⌈n/2⌉ (1− 2−⌈n/2⌉+1

)
.

By choosing r to be the minimum over all the points x̂ ∈ X ∗, the gradient flow on the perturbed
problem will converge to a spurious minimum with probability at least(

2⌈n/2⌉ − 2
)
· 2−⌈n/2⌉ (1− 2−⌈n/2⌉+1

)
= 1−O

(
2−⌈n/2⌉) .
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Thus, we can conclude that the gradient flow on the perturbed problem will fail with probability at
least 1−O(2−⌈n/2⌉).



40

Chapter 3

Comparison of Solution Methods for Matrix
Sensing

Low-rank matrix recovery problems have ubiquitous applications in machine learning and data
analytics, including collaborative filtering [64], phase retrieval [19, 103, 15, 99], motion detection
[42], and power system state estimation [57, 133, 58]. This problem is formally defined as follows:
Given a measurement operator A(·) : Rm×n 7→ Rd returning a d-dimensional measurement vector
A(M∗) from a low-rank ground truth matrix M∗ ∈ Rm×n with rank r, the goal is to obtain a matrix
with rank less than equal to r that conforms with the measurements, preferably the ground truth
matrix M∗. This problem can be stated as a feasibility problem.

find M ∈ Rm×n (3.1)
s.t. A(M) = A(M∗)

rank(M) ≤ r.

While the measurement operator A can be non-linear as in the case of one-bit matrix sensing [31]
and phase retrieval [99], matrix sensing and matrix completion that are widely studied have linear
measurement operators [23, 91]. We focus on the matrix sensing and matrix completion problems
throughout this chapter. Despite the linearity of A, there are two types of problems depending on
the structure of the ground truth matrix M∗. The first type, symmetric problem, consists of a low-
rank positive semidefinite ground truth matrix M∗ ∈ Rn×n, whereas the second type, asymmetric
problem, consists of a ground truth matrix M∗ ∈ Rm×n that is possibly sign indefinite and non-
square. Since each asymmetric problem can be converted to an equivalent symmetric problem
[125], we study only the symmetric problem in this chapter.

The matrix sensing and completion problems have linear measurements; hence, the first con-
straint in problem (3.1) is linear. Therefore, the only non-convexity of the problem arises from the
non-convex rank constraint. Earlier works on these problems focused on their convex relaxations
by penalizing high-rank solutions [23, 91, 24]. They utilized the nuclear norm of a matrix as the
convex surrogate of the rank function. This led to semidefinite programming (SDP) relaxations,
which solve the original non-convex problems exactly with high probability based on some as-
sumptions on the linear measurement operator and the ground truth matrix, such as the Restricted



CHAPTER 3. COMPARISON OF SOLUTION METHODS FOR MATRIX SENSING 41

Isometry Property (RIP) and incoherence conditions. High computational time and storage require-
ments of the SDP algorithms incentivized the implementation of the B-M factorization approach
[17]. This approach factorizes the symmetric matrix variable M ∈ Rn×n as M = XX⊤ for some
matrix X ∈ Rn×r, which obviates imposing the positive semidefiniteness and rank constraints. Al-
though the dimension of the decision variable reduces dramatically when r is small, the problem
is still non-convex since its objective function is non-convex in terms of the factorized X.

3.1 Problem Formulation
Formally, the SDP formulation of the matrix sensing problem uses the nuclear norm of the

variable, ∥M∥∗, to serve as a surrogate of the rank and replaces the rank constraint in (3.1) with
an objective to minimize ∥M∥∗. Due to the symmetricity and positive semidefiniteness of the
variable, the nuclear norm is equivalent to the trace of the matrix variable M. Hence, the SDP
formulation can be written as

min
M∈Rn×n

tr(M) s.t. A(M) = b, M ⪰ 0, (3.2)

where b = A(M∗) = [⟨A1,M
∗⟩, . . . , ⟨Ad,M

∗⟩]⊤ is given and {Ai}di=1 ∈ Rn×n are called sensing
matrices. Moreover, the matrix completion problem is a special case of the matrix sensing problem,
with each sensing matrix measuring only one entry of M∗. We can represent the measurement
operator A as AΩ : Rn×n 7→ Rn×n for this special case, which is defined as follows:

AΩ(M)ij :=

{
Mij if (i, j) ∈ Ω

0 otherwise,

where Ω is the set of indices of observed entries. We denote the measurement operator as MΩ :=
AΩ(M) for simplicity. Besides the SDP formulation, the B-M factorization formulation of the
matrix sensing (MS) and matrix completion (MC) problems can be stated as

(MS) min
X∈Rn×r

g
[
A(XX⊤)− b

]
, (3.3a)

(MC) min
X∈Rn×r

g
[
(XX⊤ −M∗)Ω

]
, (3.3b)

where g(·) : Rd 7→ R is some twice continuously differentiable function such that 0n×n is its
unique minimizer and the Hessian of g(·) is positive definite at 0n×n. These assumptions are
satisfied by the common loss functions considered in the literature. The main objective of this
chapter is to compare the SDP and B-M methods for the MC and MS problems.

3.2 Background and Related Work
It is widely known that the SDP formulation (3.2) can be used to solve the matrix sensing

problem if the sensing matrices are sampled independently from a sub-Gaussian distribution and
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the number of measurements d is large enough [91, 92]. This is also a sufficient condition for the
sensing matrices to satisfy the RIP condition with high probability, which is defined below:

Definition 5 (RIP). [23] The linear map A : Rn×n 7→ Rm is said to satisfy δp-RIP if there is a
constant δp ∈ [0, 1) such that

(1− δp)∥M∥2F ≤ ∥A(M)∥2 ≤ (1 + δp)∥M∥2F

holds for all matrices M ∈ Rn×n satisfying rank(M) ≤ p.

The RIP constant δp represents how similar the linear operator A is to an isometry, and various
upper bounds on δp have been proposed to serve as sufficient conditions for the exact recovery
(meaning that one can recover the ground truth M∗ by solving the SDP problem). A few notable
ones include δ4r <

√
2 − 1 in [25], δ5r < 0.607, δ3r < 0.472 in [81], and δ2r < 1/2, δ3r < 1/3

in [18]. On the other hand, when the sensing matrices are not sampled independently from a sub-
Gaussian distribution or when the RIP condition is not met, the SDP formulation may still recover
the ground truth matrix with a high probability. This is the case for MC problems for which RIP
fails to hold while SDP works as long as entries of observation follow an independent Bernoulli
model [23, 24].

However, recent works have shown that if we use the B-M method instead of the SDP approach,
we can still recover the ground truth matrix via first-order methods under similar RIP or coherence
assumptions in both the matrix sensing and matrix completion cases [47, 12, 86, 132, 135, 129,
124, 13, 50, 134, 130, 125, 76, 77]. A local minimum is called spurious if it is not a global
minimum. Namely, the state-of-the-art result states that as long as δr̃+r < 1/2 for the matrix
sensing problem, there exists no spurious local minima for an over-parametrized B-M formulation
and the gradient descent algorithm can recover M∗ exactly [130]. Here, r̃ ≥ r is the search rank
that we choose manually in the B-M formulation. If we know the value of r, we can set r̃ to r,
making the B-M approach enjoy the same RIP guarantee as the SDP approach. Since the B-M
approach enjoys far better scalability, it has become an increasingly popular tool for solving the
matrix sensing problem.

Nevertheless, the B-M approach cannot be routinely used without careful consideration since it
could fail on easy (from an information-theoretic perspective) instances of the problem as demon-
strated in [121], especially in cases when the RIP condition is not satisfied.

Thus, it is essential to compare and contrast the SDP and B-M approaches to discover which
is superior to the other. This comparison is timely since specialized sparse SDP algorithms have
become more efficient in recent years, making the SDP method more practical than before [128,
123, 122]. In this chapter, we show that the SDP approach is more powerful than the B-M method
regarding the RIP measure. We also discover that the B-M method is able to solve certain instances
for which the SDP approach fails. This means that none of these techniques is universally better
than the other one, and the best method should be chosen based on the nature of the problem.
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Contributions
We provide a comparative analysis between the SDP approach and the B-M method. We first

present the advantages of the SDP approach over the B-M method:

1. First, we focus on an important class of MC problems recently studied in [121]. That chapter
has shown that even though this class has low information-theoretic complexity, the B-M
method would utterly fail, and the probability of success via first-order methods is almost
zero. We prove that the SDP method successfully solves this class and, therefore, SDP may
not suffer from the unusual behavior of B-M with regard to easy instances of MC. This also
implies that the information-theoretic and optimization complexities are expected to be more
aligned for SDP than for B-M.

2. We then investigate a class of MS problems found in the recent chapter [126]. Each MS
instance belonging to this class satisfies δ2-RIP with r = 1 for some δ > 1/2 such that the
B-M formulation leads to O((1 − δ)−1) spurious solutions and this number goes to infinity
as δ approaches 1. We show that although each instance is extremely non-convex based on
the number of spurious solutions, the SDP method successfully solves all of the problems in
this class. This implies that, unlike the B-M method, the success of the SDP approach is not
directly correlated to the presence of many spurious solutions.

3. The recent paper [125] has shown that the sharpest RIP bound for the success of the B-M
method on the MS problem is 1/2, and this is independent of the rank r. This is undesirable
since high-rank problems have lower information-theoretic complexity than low-rank prob-
lems. We derive a sufficient RIP bound for the SDP method and show that it can increase
from 1/2 to 1 as the rank r becomes larger. This implies that the SDP approach does not
suffer from a significant shortcoming of the B-M method.

Despite the above advantages, we show that the SDP approach is not universally better than the
B-M method. To prove this, we identify a class of MC problems with O(n) observations in the
rank-1 case for which B-M works while SDP fails. It is clear from these comparisons that although
the B-M approach is known to be more powerful due to its scalability property, the SDP approach
enjoys some unique merits and deserves to be revisited, especially in light of the advancements of
fast SDP solvers [128, 123, 122]

3.3 Advantages of the SDP Approach

B-M Fails While SDP Succeeds
In this section, we focus on a class of MC instances that was first proposed in [121] for which

the B-M factorization fails. We focus on the matrix completion problem since it is the most com-
mon special case of the matrix sensing problem that does not satisfy the RIP condition. We will
prove that while the B-M approach fails to recover M∗, the SDP approach can provably find M∗.
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We will first give an introduction to this class of MC instances. Consider a rank-r ground truth
matrix M∗ ∈ Sn

+ with r ≥ 1 and n ≥ 2r. Let m := n/r and assume without the loss of generality
that n is divisible by r. We decompose the ground truth matrix into blocks of dimension r × r;
thus, M∗ is an m ×m block matrix whose block element at the position (i, j) is denoted as M∗

i,j

for i, j ∈ [m]. We require some graph-theoretic notions before introducing the underlying class of
MC instances.

Definition 6 (Induced Measurement Set). Let G = (G1,G2) = (V , E1, E2) be a pair of undirected
graphs with the node set V = [m] and the disjoint edge sets E1, E2 ⊂ [m]× [m], respectively. The
induced measurement set Ω(G) is defined as follows: if (i, j) ∈ E1, then the entire block M∗

i,j is
observed; if (i, j) ∈ E2, then all non-diagonal entries of the block M∗

i,j are observed; otherwise,
none of the entries of the block is observed. The graph G is referred to as the block sparsity graph.

We represent the general problem (3.1) with the linear measurement operator A and rank-r
ground truth matrix M∗ ∈ Rn×n as PM∗,A,n,r. If this is a matrix completion problem with the
measurement set Ω, then this special case of the same problem is denoted as PM∗,Ω,n,r. Based on
Definition 6 and this notation, a low-complexity class of MC instances will be introduced below.
These instances have a low complexity because graph-theoretical algorithms can solve them in
polynomial time in terms of n and r.

Definition 7 (Low-complexity class of MC instances). Define L(G, n, r) to be the class of low-
complexity MC instances PM∗,Ω,n,r with the following properties:

i) The ground truth M∗ ∈ Sn
+ is rank-r.

ii) The matrix M∗
i,j ∈ Rr×r is rank-r for all i, j ∈ [m].

iii) The measurement set Ω = Ω(G) is induced by G = (G1,G2), where G1 is connected, non-
bipartite, and its vertices have self-loops.

The following theorem borrowed from [121] illustrates the failure of the B-M factorization
method.

Theorem 5. Consider a maximal independent set S(G1) of G1 such that the induced subgraph by
vertices in S, G2[S], is connected. There exists an instance in L(G, n, r) for which the problem
(3.3b) has at least 2r|S(G1)| − 2r spurious local minima. In addition, the randomly initialized
gradient descent algorithm converges to a global minimum with probability at most O(2−r|S(G1)|),
while there is a graph-theoretical algorithm that can solve the problem in O(n2/r2 + nr2) time.

The proof of Theorem 5 utilizes the Implicit Function Theorem (IFT). Specifically, the work
[121] has generated ground truth matrices M∗ for which the B-M method has 2r|S(G1)| global
solutions and only 2r of them correspond to the correct completion of the M∗. A generic small
perturbation of the problem results in a new instance of an MC problem that belongs to the low-
complexity class of MC instances. The conditions on G1 guarantee that the perturbed problem
belongs to the low-complexity class, while the conditions on G2 guarantee that the Hessian of the
objective function of the unperturbed problem is positive definite at the global solutions. Since the
instances in the low-complexity class are well defined, the new perturbed problem has a unique
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completion with 2r possible global solutions for the B-M method. On the other hand, the other
stationary points that correspond to global solutions of the unperturbed problem must be spurious
local minima of the new instance. This is concluded by using the IFT. The perturbation that yields a
new instance in the low-complexity class of the MC problem is achieved by perturbing the ground
truth matrix M∗ = X∗(X∗)⊤ by a small and generic perturbation ϵ ∈ Rn×r. The new ground
truth matrix is M∗(ϵ) = X∗(ϵ)(X∗(ϵ))⊤, where X∗(ϵ)i = X∗

i + ϵi if i ∈ S(G1) and X∗(ϵ)i = ϵi
otherwise and rank(X∗

i ) = rank(X∗
i + ϵi) = r,∀i ∈ [m]. A generic perturbation ϵ does not belong

to a measure zero set in Rn×r.
It is desirable to study how the SDP method performs on this low-complexity class of MC

instances. We will present the result for a larger class of problems that contains all instances
discussed in Theorem 5.

Theorem 6. Given G = (G1,G2) = (V , E1, E2), consider any maximal independent set S(G1).
Consider also M∗(ϵ) = X∗(ϵ)(X∗(ϵ))⊤ for any arbitrary ϵ ∈ Rn×r, where X∗(ϵ)i = X∗

i + ϵi if
i ∈ S(G1) and X∗(ϵ)i = ϵi otherwise and rank(X∗

i ) = rank(X∗
i + ϵi) = r,∀i ∈ [m]. The SDP

formulation (3.2) with the observation set Ω induced by G1 uniquely recovers the ground truth
matrix M∗(ϵ).

Note that we do not require ϵ to be small or have access to partial observations of blocks
induced by edges in G2. Hence, Theorem 6 shows that SDP solves all MC instances introduced
in Theorem 1 and beyond. As a result of Theorem 6, the SDP approach is a viable choice for
those MC instances for which the preferable and faster B-M factorization method fails to recover
the ground truth matrix. Similar to perturbing the ground truth matrix, one can perturb the linear
measurement operator of the matrix completion problem AΩ as

AΩ(ϵ)(M)ij :=

{
Mij, if (i, j) ∈ Ω

ϵMij, otherwise
, (3.4)

where ϵ > 0 is a sufficiently small real number [126]. Note that AΩ(ϵ) satisfies the RIP condition
with δ = (1− ϵ)/(1 + ϵ).

Theorem 7. Suppose that g is the squared loss function, i.e g(x) = ∥x∥2. Consider the measure-
ment set Ω defined in Theorem 5. For every sufficiently small ϵ > 0, there exists a low-complexity
instance of the MS problem PM∗,AΩ(ϵ),n,r with O(2r|S(G1)|) spurious local minima.

The proof of the above theorem is similar to the proof of Theorem 5 because the conditions
for unperturbed problems are the same, and a different small perturbation to the problem yields a
similar number of spurious solutions. Hence, the proof is omitted. The above theorem states that
not only MC instances but also MS instances suffer from this undesirable behavior of the B-M
factorization approach. The ground truth matrix M∗ is generated as in Theorem 5 to have 2r|S(G1)|

global solutions for the unperturbed problem. Furthermore, the number of spurious solutions for
this scheme can be quantified as O((1− δ)−1) for δ ≥ 1/2 in the rank-1 case [126]. Nevertheless,
the SDP formulation approach trivially solves all these undesirable MS instances. This is due to
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the fact the perturbed measurement operator AΩ(ϵ) corresponds to observing all the entries. Hence,
the feasible set only contains the ground truth matrix M∗.

Proposition 3. Given a measurement set Ω, the SDP formulation (3.2) uniquely recovers the rank-
r ground truth matrix M∗ for the MS instance PM∗,AΩ(ϵ),n,r, where AΩ(ϵ) is defined in (3.4) and ϵ
is an arbitrary non-zero number.

Hence, unlike the B-M method, the SDP approach successfully solves all the instances in
Theorem 7 for which the RIP constant exists (while greater than 1/2). Consequently, SDP could be
the preferred method when sufficient conditions on RIP for exact recovery by the B-M factorization
are not met. In the next part, we will provide sharper sufficiency bounds for the SDP approach,
which further corroborates its strength.

Sharper RIP bound for SDP
Since the SDP method is more powerful than the B-M factorization for certain classes of MC

and MS problems, as shown in the previous section, and since specialized SDP algorithms can
solve large-scale MC and MS problems, it is useful to further study the SDP method through the
lens of the well-known RIP notion. We will derive a strong lower bound δlb on the RIP constant
δ to guarantee convergence to the ground truth solution by using a proof technique called the
inexistence of incorrect solution [129]. We aim to find a linear measurement operator A with the
smallest RIP constant such that the SDP formulation converges to a wrong solution. To do so, we
need to solve the optimization problem

min
δ,A

δ

s.t. A(M) = A(M∗)

tr(M) ≤ tr(M∗)

A satisfies the δ2r-RIP property,

(3.5)

where M ̸= M∗. The condition tr(M) ≤ tr(M∗) guarantees that SDP cannot uniquely recover
M∗. Checking the RIP constant for a linear measurement operator is proven to be NP-hard [105].
Therefore, it is difficult to solve the problem (3.5) analytically. To simplify the problem, we will
introduce some notations. We use a matrix representation of the measurement operator A as fol-
lows:

A = [vec(A1), vec(A2), . . . , vec(Ad)]
⊤ ∈ Rd×n2

.

Then, A vec(M) = A(M) for every matrix M ∈ Rn×n. We define H = A⊤A, which is the matrix
representation of the kernel operator H = A⊤A to simplify the last constraint of the problem (3.5).

To derive a RIP bound, we consider the following optimization problem given M and M∗,
where M is the global solution of (3.2) and M∗ is the ground truth solution:

min
δ,H

δ

s.t. e⊤He = 0

H is symmetric and satisfies the δ2r-RIP,

(3.6)
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where
e = vec(M∗ −M).

For this fixed M and M∗, we assume that M ̸= M∗ and that rank(M∗ − M) > 2r, since if
rank(M∗ −M) ≤ 2r, the relation M = M∗ holds automatically by definition of δ2r-RIP for any
δ since it implies strong convexity. Denote the optimal value to (3.6) as δ(e), which is a function
of e. It is desirable to find

δ∗ := min
e:tr(M)≤tr(M∗)

δ(e).

By the logic of in-existence of counterexample, we know that if a problem H = A⊤A has δ2r-RIP
with δ < δ∗, then the solution to (3.2) will be M∗, which is the ground truth solution. However,
since the last constraint of (3.6) is non-convex, it is useful to replace it with a surrogate condition
that allows solving the problem analytically. The following problem helps to achieve this goal:

min
δ,H

δ

s.t. e⊤He ≤ 2∥ec∥2 + 2(l − 3)δ∥ec∥2

(1− δ)In2 ⪯ H ⪯ (1 + δ)In2 .

(3.7)

Here, l = ⌈n/r⌉ and we define {ei}li=1 and ec in the following fashion. First, consider the eigen-
decomposition of M∗ −M and assume that the eigenvalues are ordered in terms of their absolute
values, namely, |λ1| ≥ |λ2| ≥ · · · ≥ |λn|. Let uk’s denote the corresponding orthonormal eigen-
vectors:

matS(e) = M∗ −M =
n∑

k=1

λkuku
⊤
k .

Then, we define:

ei = vec

 min{i∗r,n}∑
k=(i−1)∗r+1

λkuku
⊤
k

 ,

e2r = e1+e2, and ec =
∑l

i=3 ei. The next proposition allows us to replace (3.6) with (3.7) because
the optimal value of the (3.7), δlb(e), gives a lower bound on δ(e).

Proposition 4. The optimal objective value of the problem (3.7), δlb(e), is always less than or
equal to the optimal objective value of the problem (3.6), i.e., δlb(e) ≤ δ(e).

The proof of this proposition is central to the construction of the sufficiency bound, which is
based on using a convex program to serve as an estimate of the non-convex problem. After we
extend the RIP2r constraint in (3.7) to be RIPn(thus making it convex), it is necessary to somehow
preserve the information that the near isometric property of H should only apply to low-rank
matrices. This is achieved by changing the first constraint so that e does not need to be completely
in the null space of H. (3.7) approximately requires that H only maps a certain low-rank sub-
manifold to 0. The full proof can be found in the Appendix. As a result of Proposition 4, it
immediately follows that

δlb = min
e:tr(M)≤tr(M∗)

δlb(e) ≤ δ∗.
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In fact, we can obtain a lower bound on the value δlb by solving the problem (3.7) analytically. The
following lemma quantifies a lower bound on δlb.

Lemma 6. It holds that
δlb ≥

2r

n+ (n− 2r)(2l − 5)
.

The best-known sufficiency bound presented in [18] is independent of n and r. This sufficiency
lower bound on the RIP constant presented in Lemma 6 can be tighter than 1/2 depending on the
size of the problem n and the rank of the ground truth matrix r. For instance, the SDP formulation
converges to ground truth solution whenever RIP constant δ is close to 1 as r −→ n/2. On the other
hand, whenever r/n is ratio is small, e.g., rank-1 matrix sensing problem with large n, δ < 1/2 is a
stronger guarantee for the ground truth matrix recovery. Combined with the 1/2 sufficiency bound
that works for both the symmetric and asymmetric cases [18], we obtain the following result:

Theorem 8. The global solution of the SDP formulation (3.2) will be the ground truth matrix M∗ if
the sensing matrix A satisfies the RIP condition with the RIP constant δ2r satisfying the inequality:

δ2r < max

{
1/2,

2r

n+ (n− 2r)(2l − 5)

}
,

where l = ⌈n/r⌉.

Compared with the existing sufficiency RIP bounds, this new result has a striking advantage.
The bound δ2r < 1/2 has already been proven to be the sharpest for the B-M formulation, which is
independent of the search rank. In contrast, Theorem 8 shows that the RIP bound for SDP exceeds
this bound and approaches 1 as the rank r increases.

In this section, we have shown that as opposed to the popular belief that B-M enjoys very simi-
lar RIP guarantees as the SDP approach, there are real benefits to switching to the SDP formulation,
making it a more competitive option since specialized SDP solvers are becoming more efficient in
recent years. However, we will next provide some problem instances for which the SDP method
fails to solve the problem while the B-M method contains no spurious solutions, which balances
the desirable properties of the SDP method.

3.4 Advantages of the B-M Method
In this section, we give two classes of rank-1 matrix completion problems for which the B-M

factorization does not contain any spurious solution while SDP fails to recover its ground truth ma-
trix. Throughout this section, the rank-1 positive semidefinite ground truth matrix M∗ = x∗(x∗)⊤

is assumed not to contain any zero entries, meaning that x∗
i ̸= 0 for all i ∈ [n]. Before proceeding

with the results, we provide two small examples to highlight the underlying ideas behind the main
results.
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Example 3. Consider a block sparsity graph G = (V , E) with |V| = 3 nodes and the edge set
E = {(1, 1), (1, 2), (2, 3)}. Namely, it is a chain graph with three nodes and a self-loop at the
first node. First, we aim to show that only second-order critical points are the global solutions
of the B-M factorization method. The B-M factorization formulation (3.3b) with the squared loss
function can be explicitly written as minx∈R3 f(x), where

f(x) =
1

4

∑
(i,j)∈E
i=j

(x2
i − (x∗

i )
2)2 +

1

2

∑
(i,j)∈E
i ̸=j

(xixj − x∗
ix

∗
j)

2.

The corresponding gradient and Hessian are:

∂f(x)

∂xi

=
∑
i,j∈E
i=j

(x2
i − (x∗

i )
2)xi +

∑
i,j∈E
i ̸=j

(xixj − x∗
ix

∗
j)xj,

∂2f(x)

∂x2
i

= 1[(i, i) ∈ E ](3x2
i − (x∗

i )
2) +

∑
i,j∈E

x2
j ,

∂2f(x)

∂xi∂xj

=

{
2xixj − x∗

ix
∗
j , if i ̸= j and (i, j) ∈ E

0, otherwise
.

Each second-order critical point x̂ must satisfy the conditions ∇f(x̂) = 0 and ∇2f(x̂) ⪰ 0.
The third entry of the gradient implies either x̂2 = 0 or x̂2x̂3 = x∗

2x
∗
3. Whenever x̂2 = 0, the

Hessian is not positive semidefinite since [∇2f(x̂)]2:3,2:3 ̸⪰ 0. Thus, x̂2x̂3 = x∗
2x

∗
3 must hold.

Following this, ∂f(x̂)/∂x2 implies either x̂1 = 0 or x̂1x̂2 = x∗
1x

∗
2. However, if x̂1 = 0, then

∂f(x̂)/∂x1 gives −x∗
1x

∗
2x̂2 = 0, which implies x̂2 = 0. This contradicts the earlier result. Thus,

each second-order critical point must have the following properties:

x̂2
1 = (x∗

1)
2, x̂1x̂2 = x∗

1x
∗
2, x̂2x̂3 = x∗

2x
∗
3.

The solution to this system of equations proves the exact recovery of the ground truth matrix M∗.
Hence, the only second-order critical points are the valid factors of the ground truth solution, i.e.,
±x∗.

The next step is to demonstrate the failure of the SDP formulation (3.2) for some instances of
the MC problem with this given block sparsity matrix G. The problem (3.2) is equivalent to the
optimization

min
M∈R3×3

M2,2 +M3,3

s.t

(x∗
1)

2 x∗
1x

∗
2 M1,3

x∗
1x

∗
2 M2,2 x∗

2x
∗
3

M3,1 x∗
2x

∗
3 M3,3

 ⪰ 0.
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Consider a feasible solution M̂ with M̂2,2 = M̂3,3 = |x∗
2x

∗
3| and M̂1,3 = M̂3,1 = |x∗

1x
∗
2|. Note

that M̂ is feasible whenever |x∗
3| ≥ |x∗

2|. While the objective value of the ground truth matrix M∗

is (x∗
2)

2 + (x∗
3)

2, the objective value of the feasible solution M̂ is 2|x∗
2x

∗
3|. Under the assumption

|x∗
3| > |x∗

2|, the feasible solution M̂ is strictly better than the ground truth solution. Thus, SDP
fails to recover the ground truth matrix.

This example demonstrates the MC instances for which the B-M method successfully con-
verges to the ground truth solution while the SDP fails to find the solution. One reason is that
the number of measurements is O(n) in this example, which is the minimum threshold for exact
completion. However, the statistical guarantees on SDP often need more observations. We can
generalize Example 1 to any chain graph with n nodes and a single self-loop at one of the ends.

Theorem 9. Consider the MC problem with a rank-1 positive definite ground truth matrix M∗ ∈
Rn×n that can be factorized as M∗ = x∗(x∗)⊤ with x∗

i ̸= 0,∀i ∈ [n]. Let G = (V , E) be a block
sparsity graph with |V| = n and E = {(1, 1), (1, 2), (2, 3), · · · , (n−1, n)}. Then, the B-M method
(3.3b) does not contain any spurious solutions.

The proof of Theorem 10 needs a careful treatment of the second-order optimality conditions
and is deferred to the appendix. In addition to the success of the B-M factorization, the following
result establishes the failure of the SDP for the instances described in the above theorem.

Theorem 10. Consider the ground truth matrix M∗ ∈ Rn×n satisfying the conditions in Theorem
10. Suppose that there exist two indices j, k such that x∗

k > x∗
j and j, k > 2. Then, the SDP

problem (3.2) fails to recover the ground truth matrix.

As mentioned before, SDP fails due to a lack of observations on the diagonal entries of the
ground truth matrix. Note that the RIP condition is not satisfied since these are MC problems. As a
result, whenever we do not have sufficient guarantees on linear measurement operator, none of the
methods are superior to the other one in terms of exact recovery. The following example identifies
another class of problem instances that corroborates these findings.

Example 4. Consider a block sparsity graph G = (V , E) with |V| = 3 nodes and the edge set
E = {(1, 2), (2, 3), (3, 1)}. Namely, it is a simple cycle with three nodes. The B-M factorization
formulation (3.3b) with the squared loss function can be written the same as in Example 1. Firstly,
we can show that each second-order critical point x̂ only has non-zero entries, i.e., x̂i ̸= 0 for
all i ∈ [n]. Without loss of generality, suppose by contradiction that x̂1 = 0. In order for the
stationarity condition to hold, either x̂2x̂3 = x∗

2x
∗
3 or x̂2 = x̂3 = 0 should be satisfied. The latter

implies x̂ = 0 and ∇2f(x̂) ̸⪰ 0 in that case. Thus, x̂2x̂3 = x∗
2x

∗
3 must hold. Following this,

∂f(x̂)/∂x1 yields −x∗
1x

∗
2x̂2−x∗

1x
∗
3x̂3 = 0. Combining these two equations yields (x̂3)

2 = −(x∗
2)

2,
which does not have any real solution. As a result, each second-order critical point x̂ must have
only non-zero entries.

By the condition ∇f(x̂) = 0, whenever x̂ix̂j = x∗
ix

∗
j for some (i, j) ∈ E , then x̂ix̂j = x∗

ix
∗
j

holds for every (i, j) ∈ E . This system of equations yields the ground truth solution. Accordingly,
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a spurious solution x̂ must have the following characteristics: x̂ix̂j ̸= x∗
ix

∗
j ,∀(i, j) ∈ E and

x̂i ̸= 0,∀i ∈ {1, 2, 3}. Define ai,j = xixj − x∗
ix

∗
j . Then, the stationarity condition becomes

∇f(x̂) =

â1,2x̂2 + â1,3x̂3

â1,2x̂1 + â2,3x̂3

â1,3x̂1 + â2,3x̂2

 = 0.

Multiplying the first entry of the gradient by x̂1/x̂2 and substituting with the second entry gives
â1,2x̂1 = −â2,3x̂3. Successively, substituting this to the third entry of the gradient results in

x̂3(â1,3x̂1 − â2,3x̂2) = 0.

Because we search for a solution with x̂i ̸= 0, we must have â1,3x̂1 − â2,3x̂2 = 0. This condition,
combined with the last entry of the gradient, results in the condition â1,3x̂1 = 0, which is a contra-
diction. As a result, all the second-order critical points are global solutions that yield the ground
truth matrix completion.

Our next goal is to show that the SDP formulation (3.2) fails for this class of instances of MC
instances. Note that the SDP formulation of the matrix completion problem considered in this
example is equivalent to the formulation:

min
M∈R3×3

M1,1 +M2,2 +M3,3

s.t

M1,1 x∗
1x

∗
2 x∗

1x
∗
3

x∗
1x

∗
2 M2,2 x∗

2x
∗
3

x∗
1x

∗
3 x∗

2x
∗
3 M3,3

 ⪰ 0.

Without loss of generality, assume that x∗
1 ≤ x∗

2 ≤ x∗
3 by the symmetry of the problem. Consider

a feasible rank-2 solution M̂ given as M̂1,1 = x∗
1(x

∗
3 − x∗

2), M̂2,2 = x∗
2(x

∗
3 − x∗

1) and M3,3 =

x∗
3(x

∗
1 + x∗

2). Note that M̂ is feasible whenever x∗
3 ≥ x∗

1 + x∗
2. The objective value of the feasible

solution M̂ is −2x∗
1x

∗
2 + 2x∗

2x
∗
3 + 2x∗

1x
∗
3, whereas the objective of the ground truth solution M∗ is

(x∗
1)

2 + (x∗
2)

2 + (x∗
3)

2. The feasible solution M̂ is strictly better than the ground truth solution if
x∗
3 > x∗

1 + x∗
2. Hence, the SDP cannot recover the ground truth solution for all the instances with

a simple cycle block sparsity graph.

Similar to Example 1, SDP fails in this example due to a lack of diagonal observations. Next,
we can generalize this instance to any simple cycle block sparsity graph with an odd number of
vertices.

Theorem 11. Consider the matrix completion problem with a rank-1 positive definite ground truth
matrix M∗ ∈ Rn×n that can be factorized as M∗ = x∗(x∗)⊤ with x∗

i ̸= 0,∀i ∈ [n]. Let G = (V , E)
be a block sparsity graph with |V| = |E| = n = 2k + 1 and E = {(0, 1), (1, 2), . . . (2k −
1, 2k), (2k, 0)}. Then, the B-M factorization problem (3.3b) does not contain any spurious solu-
tions.
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Theorem 12. Consider the ground truth matrix M∗ ∈ Rn×n satisfying the conditions in Theorem
9. Suppose that the condition

∑k
t=1(x

∗
2t−1)

2 >
∑k

t=0(x
∗
2t)

2 holds for some chosen node 0. Then,
the SDP problem (3.2) fails to recover the ground truth matrix.

Note that we can choose any node as node 0 due to the symmetry of the problem. Therefore, the
condition stated in Theorem 12 is not restrictive because this condition suffices to hold for a chosen
node 0 among 2k+1 ones. As a result of the above theorems, the B-M factorization can outperform
the convex relaxation approach. A critical extension of the work presented in this section would
be finding subgraphs for which the B-M method is successful while the SDP is unsuccessful and
then attaching these subgraphs to generate larger block sparsity graphs. It is known that SDP will
fail in these instances, and it is intriguing to investigate the behavior of the B-M method in those
instances.
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Appendices

3.A Proof of Theorem 6
Proof. Let M∗ ∈ Rn×n be the rank-r unperturbed ground truth m×m block matrix with each block
having dimension r×r. Hence, the ground truth matrix can be factorized as M∗ = X∗(X∗)⊤,X∗ ∈
Rn×r. Each square factor X∗

i ∈ Rr×r is rank-r if i ∈ S1 and is 0r×r otherwise. We perturb the
ground truth matrix by ϵ ∈ Rn×r, where M∗(ϵ) = (X∗ + ϵ)(X∗ + ϵ)⊤ such that X∗(ϵ)i = X∗

i + ϵi
if i ∈ S1 and X∗(ϵ)i = ϵi otherwise. Here, we assume that rank(X∗

i + ϵi) = r,∀i ∈ [m].
If all diagonal blocks are observed, then it will reduce to a feasibility problem, and we can skip

the following procedure. Since S1 is maximal independent set, there exists two indices i ∈ S1 and
j ̸∈ S1 with (j, j) ̸∈ E such that (i, j) ∈ E1. Consider the 2× 2 block sub-matrix with i-th and j-th
block columns and rows:[

Mi,i Mi,j

Mj,i Mj,j

]
=

[
(X∗

i + ϵi)(X
∗
i + ϵi)

⊤ (X∗
i + ϵi)ϵ

⊤
j

ϵj(X
∗
i + ϵi)

⊤ Mj,j

]
⪰ 0.

The equality holds because the blocks (i, i) and (i, j) are in E1. By the Schur complement argument
and since X∗

i + ϵi is full-rank, the above constraint is equivalent to

Mj,j ⪰ ϵjϵ
⊤
j .

The unique trace minimizer for the diagonal blocks is Mj,j = ϵjϵ
⊤
j . By the same argument, this

must hold for every j that is not in the independent set without a self-loop. Thus, the objective
value cannot be less than

∑n
i=1 tr(X

∗(ϵ)i(X
∗(ϵ)i)

⊤). Therefore, the minimum value is achieved
whenever M∗

i,i = X∗(ϵ)i(X
∗(ϵ))⊤. This makes M(ϵ)∗ an optimal solution.

We now prove the uniqueness of the solution. Since the graph is connected, a node k exists
adjacent to the node j, such that the edges (i, j) and (j, k) exist in the graph. Consider the 3 × 3
block submatrixMi,i Mi,j Mi,k

Mj,i Mj,j Mj,k

Mk,i Mk,j Mk,k

 =

X∗(ϵ)iX
∗(ϵ)⊤i X∗(ϵ)iX

∗(ϵ)⊤j Mi,k

X∗(ϵ)jX
∗(ϵ)⊤i X∗(ϵ)jX

∗(ϵ)⊤j X∗(ϵ)jX
∗(ϵ)⊤k

Mk,i X∗(ϵ)kX
∗(ϵ)⊤j X∗(ϵ)kX

∗(ϵ)⊤k

 ⪰ 0.
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This is equivalent to following constraints by Schur’s complement[
X∗(ϵ)iX

∗(ϵ)⊤i X∗(ϵ)iX
∗(ϵ)⊤j

X∗(ϵ)jX
∗(ϵ)⊤i X∗(ϵ)jX

∗(ϵ)⊤j

]
−
[
Mi,kX

∗(ϵ)−T
k X∗(ϵ)−1

k Mk,i Mi,kX
∗(ϵ)−T

k X∗(ϵ)Tj
X∗(ϵ)jX

∗(ϵ)−1
k Mk,i X∗(ϵ)jX

∗(ϵ)Tj

]
⪰ 0,[

X∗(ϵ)iX
∗(ϵ)⊤i −Mi,kX

∗(ϵ)−T
k X∗(ϵ)−1

k Mk,i (X∗(ϵ)i −Mi,kX
∗(ϵ)−T

k )X∗(ϵ)⊤j
X∗(ϵ)j(X

∗(ϵ)i −Mi,kX
∗(ϵ)−T

k )⊤ 0

]
⪰ 0.

Another Schur complement argument gives

(X∗(ϵ)i −Mi,kX
∗(ϵ)−T

k )X∗(ϵ)⊤j = 0.

Since X∗(ϵ)⊤j is full rank, we have X∗(ϵ)i − Mi,kX
∗(ϵ)−T

k = 0. Thus, we obtain Mi,k =
X∗(ϵ)iX

∗(ϵ)⊤k . Note that filling out the unobserved non-diagonal blocks is equivalent to adding
the edge (i, k) to the graph G1. Hence, we can always find such triple (i, j, k) defined above until
all missing entries are filled out. As a result, we obtain the unique solution M∗(ϵ) by continuing
iteratively.

3.B Proof of Proposition 4
Proof. To prove Proposition 4, we study the intermediary problem.

min
δ,Ĥ

δ

s.t. ê⊤Ĥê ≤ (1 + δ)∥ec∥2 + 2(l − 3)δ∥ec∥2

(1− δ)I4r2 ⪯ Ĥ ⪯ (1 + δ)I4r2 ,

(3.8)

where
ê = P⊤e, P ∈ Rn2×4r2 = P ⊗ P,

and P ∈ Rn×2r is defined to be

P =
[
u1 u2 . . . u2r,

]
where ui’s are orthonormal eigenvectors of M∗−M so that P⊤P = I. Denote the optimal solution
to (3.8) as δP (e). Then, the following two lemmas will suffice to prove Proposition 4.

Lemma 7. Given a fixed vector e ∈ Rn2
, we have

δP (e) ≤ δ(e). (3.9)

Lemma 8. Given a fixed vector e ∈ Rn2
, we have

δlb(e) ≤ δP (e). (3.10)
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Proof of Lemma 7. It suffices to show that for any feasible pair (δ, H̄) of (3.6), we can construct a
feasible solution (δ, Ĥ) to (3.8) characterized as below

δ = δ, Ĥ = P⊤H̄P,

which directly proves the lemma. We can verify the feasibility of (δ, Ĥ) as follows. The feasibility
of the first constraint is certified by the following argument:

ê⊤Ĥê = e⊤PP⊤H̄PP⊤e,

By the definition of P, one can write

PP⊤e = (PP⊤ ⊗ PP⊤)e = vec(PP⊤(M∗ −M)PP⊤) = e1 + e2 = e2r,

Since e⊤H̄e = 0 and H̄ is symmetric, H̄ admits a factorization H̄ = Ā⊤Ā, making Āe = 0.
Also, we know that e = e2r + ec, meaning that

Āe2r = −Āec.

Therefore,

ê⊤Ĥê = e⊤2rH̄e2r = e⊤c H̄ec = (
l∑

i=3

ei)
⊤H̄(

l∑
i=3

ei).

Since H̄ satisfies δ2r-RIP, for every (i, j) such that i ̸= j, we have:

(ei + ej)
⊤H̄(ei + ej) ≤ (1 + δ)∥ei + ej∥2 = (1 + δ)(∥ei∥2 + ∥ej∥2), (3.11)

where the last equality follows from the facts that e⊤i ej = 0 and

(ei+ej)
⊤H̄(ei+ej) = e⊤i H̄ei+2e⊤i H̄ej +e⊤j H̄ej ≥ 2e⊤i H̄ej +(1−δ)(∥ei∥2+∥ej∥2). (3.12)

Combining (3.11) and (3.12) yields that

e⊤i H̄ej ≤ δ(∥ei∥2 + ∥ej∥2) ∀i ̸= j.

Therefore,

ê⊤Ĥê = (
l∑

i=3

ei)
⊤H̄(

l∑
i=3

ei) ≤ (1 + δ)(
l∑

i=3

∥ei∥2) + 2δ(l − 3)(
l∑

i=3

∥ei∥2)

= (1 + δ)∥ec∥2 + 2δ(l − 3)∥ec∥2.

The above inequality directly verifies the satisfaction of the first constraint. For the second con-
straint, consider an arbitrary vector ẽ ∈ R4r2 . Then,

ẽ⊤Ĥẽ = ẽ⊤P⊤H̄Pẽ = ẽ⊤(P⊤ ⊗ P⊤)H̄(P ⊗ P )ẽ

= vec(P mat(ẽ)P⊤)⊤H̄ vec(P mat(ẽ)P⊤).
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By orthogonal projection, we know that P mat(ẽ)P⊤ ∈ Rn×n has rank 2r. Therefore, the follow-
ing holds by the δ2r-RIP property of H̄:

(1− δ)∥P mat(ẽ)P⊤∥2F ≤ vec(P mat(ẽ)P⊤)⊤H̄ vec(P mat(ẽ)P⊤) ≤ (1 + δ)∥P mat(ẽ)P⊤∥2F
(3.13)

and since

∥P mat(ẽ)P⊤∥2F = tr(P mat(ẽ)⊤P⊤P mat(ẽ)P⊤)

= tr(P mat(ẽ)⊤ mat(ẽ)P⊤)

= tr(P⊤P mat(ẽ)⊤mat(ẽ))

= tr(mat(ẽ)⊤mat(ẽ))

= ∥ẽ∥22,

(3.13) automatically implies the satisfaction of the second constraint.

Proof of Lemma 8. It suffices to show that for any feasible pair (δ, Ĥ) of (3.8), we can construct a
feasible solution (δ,H) to (3.7) characterized as

δ = δ, H = PĤP⊤ + (1− δ)(In2 −PP⊤).

To prove the lemma, it is enough to verify that the above pair (δ,H) is feasible to (3.7). We first
verify the second constraint. Given an arbitrary vector e ∈ Rn2 , we have that

e⊤He = e⊤PĤP⊤e+ (1− δ)
[
e⊤e− e⊤PP⊤e

]
and defining ẽ := P⊤e ∈ R4r2 , we obtain:

e⊤PĤP⊤e+ (1− δ)
[
e⊤e− e⊤PP⊤e

]
≥ (1− δ)∥ẽ∥22 + (1− δ)[∥e∥22 − ∥ẽ∥22] = (1− δ)∥e∥22.

Also, since ∥ẽ∥22 ≤ ∥e∥22 and P is a projection matrix, one can write:

(1 + δ)[∥e∥22 − ∥ẽ∥22] ≥ (1− δ)[∥e∥22 − ∥ẽ∥22],

which further implies that

e⊤PĤP⊤e+ (1− δ)
[
e⊤e− e⊤PP⊤e

]
≤ (1 + δ)∥ẽ∥22 + (1 + δ)[∥e∥22 − ∥ẽ∥22] = (1 + δ)∥e∥22.

Combining the above equations, we recover the second constraint of (3.7):

(1− δ)∥e∥22 ≤ e⊤He ≤ (1 + δ)∥e∥22.

To study the first constraint, we have that

e⊤He = ê⊤Ĥê+ (1− δ)
[
∥e∥22 − ∥ê∥22

]
≤ (1 + δ)∥ec∥22 + 2(l − 3)δ∥ec∥22 + (1− δ)∥ec∥22
= 2∥ec∥22 + 2(l − 3)δ∥ec∥22.
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Note that ∥e∥22 − ∥ê∥22 = ∥ec∥22 due to

∥e∥22 =
n∑

i=1

λ2
i , ∥ê∥22 =

2r∑
i=1

λ2
i .

The proof of Proposition 4 follows directly from combining Lemma 7 and 8.

3.C Proof of Lemma 6
Proof. We aim to solve (3.7) analytically to obtain a sufficient RIP bound for problem (3.2). This
amounts to deriving a closed-form expression for δlb(e). We consider a simpler problem to solve
(3.7):

max
η,H̃

η

s. t. e⊤H̃e ≤ 1− η

2
c2 +

1 + η

2
d2

ηIn2 ⪯ H̃ ⪯ In2

(3.14)

with c2 = 2(l − 3)∥ec∥22 and d2 = 2∥ec∥22. Given any feasible solution (δ,H) to (3.7), the tuple(
1− δ

1 + δ
,

1

1 + δ
H

)
is a feasible solution to problem (3.14). Therefore, if we denote the optimal value of (3.14) as η(e),
then it holds that

η(e) ≥ 1− δlb(e)

1 + δlb(e)
=⇒ δlb(e) ≥

1− η(e)

1 + η(e)
. (3.15)

We use the dual problem to solve for η(e):

min
U1,U2,γ

tr(U2) +
γ

2
(c2 + d2)

s. t. tr(U1) +
γ

2
(c2 − d2) = 1

γee⊤ = U1 −U2, U1,U2 ⪰ 0, γ ≥ 0.

(3.16)

Since Slater’s condition holds for the convex program (3.14), the optimal solution to (3.16) is
equivalent to that of (3.14), which is η(e). Using a Lagrangian argument, η(e) can be solved as
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follows:

η(e) = max
β∈R

min
γ≥0

β(1− γ

2
(c2 − d2)) + γ

c2 + d2

2
+ min

U1⪰0
U1−γee⊤⪰0

[
tr(U1 − γee⊤)− β tr(U1)

]
= max

β≤1
min
γ≥0

β(1− γ

2
(c2 − d2)) + γ

c2 + d2

2
+ min

U1⪰0
U1−γee⊤⪰0

[
(1− β) tr(U1)− γ∥e∥22

]
= max

β≤1
min
γ≥0

{
β(1− γ

2
(c2 − d2)) + γ

c2 + d2

2
+ γ(1− β)∥e∥22 − γ∥e∥22

}
= max

β≤1

{
β +min

γ≥0

[
γ(

c2 + d2

2
− β(

c2 − d2

2
+ ∥e∥22))

]}
= max

β≤1

{
β :

c2 + d2

2
− β(

c2 − d2

2
+ ∥e∥22) ≥ 0

}
= min

{
1,

c2 + d2

2∥e∥22 + c2 − d2

}
,

where the first equality uses the Lagrangian argument by introducing the Lagrange multiplier β,
and the second equality constraints β ≤ 1 since (1− β) tr(U1) will be unbounded otherwise. The
third equality results from the obvious choice of U1 = γee⊤ given that (1 − β) is non-negative.
The fifth equality results from the choice of γ = 0 constrained to the requirement that its coefficient
must be non-negative.

Substituting η(e) = 1 into (3.15) results in the trivial lower bound δlb(e) of 0, which means
that the lower bound indeed will not be negative. Hence, we will focus on c2+d2

2∥e∥22+c2−d2
from now

on. We know from (3.15) that in order to obtain a lower bound on δlb, we need to derive an upper
bound on η(e). Note that

c2 + d2

2∥e∥22 + c2 − d2
=

2(l − 2)∥ec∥22
2∥e∥22 + 2(l − 4)∥ec∥22

=
(l − 2)∥ec∥22

∥e2r∥22 + (l − 3)∥ec∥22
. (3.17)

The last equality follows from the relations

∥e∥22 = ∥ec + e2r∥22 = ∥e2r∥22 + ∥ec∥22.

If we fix ∥e2r∥22, then we can maximize (3.17) with respect to ∥ec∥22 first. In this case, taking the
derivative of (3.17) yields that

∂

∂∥ec∥2

(
(l − 2)∥ec∥22

∥e2r∥22 + (l − 3)∥ec∥22

)
= 2

(l − 2)∥ec∥2∥e2r∥22
(∥e2r∥22 + (l − 3)∥ec∥22)2

≥ 0.

Therefore, (3.17) is maximized when ∥ec∥22 is set to be as large as possible. Before we derive the
maximum value of ∥ec∥22 in terms of ∥e1∥22 and ∥e2∥22, we introduce one key lemma.
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Lemma 9. Consider two PSD matrices M and M∗ such that tr(M) ≤ tr(M∗) and rank(M∗) = r.
Then,

σ(1)(M
∗ −M) + · · ·+ σ(r)(M

∗ −M) ≥ σ(r+1)(M
∗ −M) + · · · σ(n)(M

∗ −M), (3.18)

where σi denote the i-th largest singular value of the matrix M∗ −M.

Proof. For each matrix A, we denote the ith eigenvalue as λ(i)(·), meaning that

λ(1)(A) ≥ λ(2)(A) ≥ · · · ≥ λ(n)(A).

By Weyl’s inequality, we know that

λ(i+j−1)(M
∗ −M) ≤ λ(i)(M

∗) + λ(j)(−M).

Hence,
λ(r+1)(M

∗ −M) ≤ λ(r+1)(M
∗) + λ(1)(−M) ≤ 0

since M∗ is of rank-r and M ⪰ 0. Therefore, we know that M∗ − M has at most r positive
eigenvalues. Also, since tr(M∗ −M) ≥ 0, it holds that

λ(1)(M
∗ −M) + · · ·+ λ(r)(M

∗ −M) ≥ −λ(r+1)(M
∗ −M)− · · · − λ(n)(M

∗ −M),

which implies that

|λ(1)(M
∗ −M)|+ · · ·+ |λ(r)(M

∗ −M)| ≥ |λ(r+1)(M
∗ −M)|+ · · ·+ |λ(n)(M

∗ −M)| (3.19)

since λ(k)(M
∗ −M) ≤ 0 for all k > r. According to the definition, we have

|λ1(M
∗ −M)|+ · · ·+ |λr(M

∗ −M)| ≥ |λ(1)(M
∗ −M)|+ · · ·+ |λ(r)(M

∗ −M)|,
|λ(r+1)(M

∗ −M)|+ · · ·+ |λ(n)(M
∗ −M)| ≥ |λr+1(M

∗ −M)|+ . . . |λn(M
∗ −M)|

(3.20)

since λ1(M
∗ − M), . . . , λn(M

∗ − M) are ordered with respect to their absolute values. As per
the main text, we abbreviate λi(M

∗ −M) as λi for the sake of brevity for any i ∈ [n]. Combining
(3.19) with (3.20) proves the original lemma.

Denote S1 :=
∑r

i=1 |λi| and S2 :=
∑n

i=r+1 |λi|. Given S2, since |λi| ≤ |λr| as long as i > r, we
know that

∑n
i=r+1 λ

2
i is maximized when every absolute value is chosen to be as large as possible,

namely

|λr+1|, . . . , |λr+⌊S2/|λr|⌋| = |λr|, |λr+⌈S2/|λr|⌉| = S2 − ⌊S2/|λr|⌋|λr| := λ̃ ≤ |λr|.

Therefore,
n∑

i=r+1

λ2
i ≤ ⌊S2/|λr|⌋λ2

r + λ̃2 ≤ ⌊S2/|λr|⌋λ2
r +

λ̃

|λr|
λ2
r =

S2

|λr|
λ2
r.
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As a result,

S2

|λr|
λ2
r = S2|λr| ≤ S1|λr| ≤ S1

S1

r
≤ S2

1

r
≤ r∥e1∥22

r
= ∥e1∥22,

where the last inequality follows from Cauchy-Schwartz. Combining the above two inequalities,
we obtain

n∑
i=r+1

λ2
i ≤ ∥e1∥22. (3.21)

Furthermore, since |λr+1| ≥ · · · ≥ |λn|, one can write:

∥ec∥22 =
n∑

i=2r+1

λ2
i ≤

n− 2r

n− r

n∑
i=r+1

λ2
i

with equality holding if and only if |λr+1| = · · · = |λn|. Combined with (3.21), we obtain

∥ec∥22 ≤
n− 2r

n− r
∥e1∥22. (3.22)

Consequently,

∥ec∥22 ≤
n− 2r

n− r
(∥e2∥22 + ∥ec∥22) =⇒ ∥e2∥22 ≥

r

n− 2r
∥ec∥22. (3.23)

It results from (3.22) and (3.23) that

max
e:tr(M)≤tr(M∗)

η(e) = max
e:tr(M)≤tr(M∗)

(l − 2)∥ec∥22
∥e2r∥22 + (l − 3)∥ec∥22

≤ (l − 2)∥ec∥22
∥e1∥22 + r

n−2r
∥ec∥22 + (l − 3)∥ec∥22

≤
(l − 2)n−2r

n−r

1 + ( r
n−2r

+ l − 3)n−2r
n−r

=
(l − 2)(n− 2r)

n+ (n− 2r)(l − 3)
.

Thus,

δlb ≥ max
e:tr(M)≤tr(M∗)

1− δ(e)

1 + δ(e)
=

2r

n+ (n− 2r)(2l − 5)
.
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3.D Proof of Theorem 9
Proof. The matrix completion problem with the least-squares objective function can be written as

min
x∈Rn

f(x) = (x2
1 − (x∗

1)
2)2 + 2

n−1∑
i=1

(xixi+1 − x∗
ix

∗
i+1)

2. (3.24)

We assume that every element of the vector x∗ is non-zero, i.e. x∗
i ̸= 0,∀i ∈ [n]. In this case, the

problem (3.24) does not have any spurious solutions. In order to prove the inexistence of a non-
global second-order critical solution, we need to investigate the second-order necessary optimality
conditions. The gradient and Hessian of the above objective can be written as

[∇f(x)]i =


(x2

1 − (x∗
1)

2)x1 + (x1x2 − x∗
1x

∗
2)x2, if i = 1

(xi−1xi − x∗
i−1x

∗
i )xi−1 + (xixi+1 − x∗

ix
∗
i+1)xi+1, if i ̸∈ {1, n}

(xn−1xn − x∗
n−1x

∗
n)xn−1, if i = n

,

[∇2f(x)]i,j =



3x2
1 − (x∗

1)
2 + x2

2, if i, j = 1

x2
i−1 + x2

i+1, if i = j, i, j ̸∈ {1, n}
x2
n−1, if i, j = n

2xixj − x∗
ix

∗
j , if |i− j| = 1

0, otherwise

Note that for the point x̂ to be a second-order stationary point, we require ∇f(x̂) = 0 and
∇2f(x̂) ⪰ 0. [∇f(x̂)]n = 0 implies either x̂n−1x̂n = x∗

n−1x
∗
n or x̂n−1 = 0. The latter results

in ∇2f(x̂) ̸⪰ 0 since the following principal minor is not positive semidefinite:

[∇2f(x̂)]n−1:n,n−1:n =

[
(x̂n−2)

2 + (x̂n)
2 2x̂n−1x̂n − x∗

n−1x
∗
n

2x̂n−1x̂n − x∗
n−1x

∗
n (x̂n−1)

2

]
=

[
(x̂n−2)

2 + (x̂n)
2 −x∗

n−1x
∗
n

−x∗
n−1x

∗
n 0

]
̸⪰ 0.

Hence, x̂n−1x̂
∗
n = x∗

n−1x
∗
n is the only feasible option for x̂ to be a second-order critical point. Next,

we show that no second-order critical point x̂ can have a zero entry, i.e. x̂i ̸= 0 for all i ∈ [n].
The first goal is to identify the structure of the stationary points with at least one zero entry. If

x̂1 = 0, [∇f(x̂)]1 implies x̂2 = 0. Then, [∇f(x̂)]2 gives x̂3 = 0. Continuing iteratively gives that
the only possible stationary point with x̂1 = 0 is x̂ = 0, which cannot be a second-order critical
point. Similarly, if x̂n = 0, then [∇f(x̂)]n implies x̂n−1 = 0. Then, [∇f(x̂)]n−1 gives x̂n−2 = 0.
Hence, the only stationary point with x̂n = 0 is x̂ = 0. Consequently, x̂1 ̸= 0 and x̂n ̸= 0 for a
second-order stationary point.

Let k be defined as an index with the property that x̂1, x̂2, . . . , x̂k−1 ̸= 0 and x̂k = 0. Then,
[∇f(x̂)]k−2 yields x̂k−2x̂k−1 = x∗

k−2x
∗
k−1. Continuing iteratively backward on [∇f(x̂))]i for 1 ≤
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i ≤ k − 2 gives the following conditions on second-order critical points, which are correct values
for the corresponding edges:

x̂k−2x̂k−1 = x∗
k−2x

∗
k−1,

x̂k−3x̂k−2 = x∗
k−3x

∗
k−2,

...
x̂1x̂2 = x∗

1x
∗
2,

(x̂1)
2 = (x∗

1)
2.

We can focus on entries of the stationary point x̂ corresponding to x̂i for i > k. We show that
x̂k+1 ̸= 0 and x̂k+2 ̸= 0 for every second-order critical point. If x̂k+1 = 0, then [∇f(x̂)]k = 0 gives
x∗
k−1x

∗
k = 0, which contradicts the assumption on the ground truth matrix. Since x̂n−1, x̂n ̸= 0, we

have k ≤ n − 2 for each second-order critical point. If x̂k+2 = 0, then the 2 × 2 submatrix of the
Hessian will have the form

[∇2f(x̂)]k:k+1,k:k+1 =

[
(x̂k−1)

2 + (x̂k+1)
2 2x̂kx̂k+1 − x∗

kx
∗
k+1

2x̂kx̂k+1 − x∗
kx

∗
k+1 (x̂k)

2 + (x̂k+2)
2

]
=

[
(x̂k−1)

2 + (x̂k+1)
2 −x∗

kx
∗
k+1

−x∗
kx

∗
k+1 0

]
̸⪰ 0.

Let m be defined as an index with the property that x̂k+1, x̂k+2, . . . , x̂m ̸= 0 and either x̂m+1 = 0 or
m = n. By the previous arguments and the definition of m, we have the condition k+3 ≤ m ≤ n.
We are not interested in the entries after the m-th entry because we can show that a stationary point
with this structure cannot be a second-order critical point because [∇2f(x̂)]1:m,1:m ̸⪰ 0. By using
the first-order partial derivatives and algebra, we obtain the following equations for the stationary
point x̂:

[∇f(x̂)]k = 0 −→ x̂k+1 = −
(x∗

k−1

x∗
k+1

)2
x∗
k+1 = −αx∗

k+1,

[∇f(x̂)]k+1 = 0 −→ x̂k+2 = −
(x∗

k−1

x∗
k+1

)−2

x∗
k+2 = −α−1x∗

k+2,

...

[∇f(x̂)]m−1 = 0 −→ x̂m = −
(x∗

k−1

x∗
k+1

)2(−1)(m−k+1)

x∗
m = −α((−1)m−k+1)x∗

m,

where α =
(

x∗
k−1

x∗
k+1

)2
. As a result, the possible candidates for second-order critical points with at

least one zero entry have the form:

x̂ = [x∗
1, x

∗
2, . . . , x

∗
k−1, 0,−αx∗

k+1,−α−1x∗
k−2, . . . ,−α((−1)m−k+1)x∗

m, . . . ]
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or the form

x̂ = [−x∗
1,−x∗

2, . . . ,−x∗
k−1, 0, αx

∗
k+1, α

−1x∗
k−2, . . . , α

((−1)m−k+1)x∗
m, . . . ].

These points correspond to the same matrix completion, and they lead to the same Hessian matrix.
As mentioned before, we focus on the m×m Hessian submatrix [∇2f(x̂)]1:m,1:m:

[∇2f(x̂)]1:m,1:m =

 E D

D⊤ A B
B⊤ C

 ,

where A ∈ R3×3,B ∈ R3×(m−k−1),C ∈ R(m−k−1)×(m−k−1),D ∈ R(k−2)×(m−k+2) and E ∈
R(k−2)×(k−2). The submatrices can be written as

A =


(x∗

k−2)
2 −x∗

k−1x
∗
k 0

−x∗
k−1x

∗
k (x∗

k−1)
2 +

(x∗
k−1)

4

(x∗
k+1)

2 −x∗
kx

∗
k+1

0 −x∗
kx

∗
k+1

(x∗
k+1)

4(x∗
k+2)

2

(x∗
k−1)

4

 ,

B =

 0 0 . . . 0
0 0 . . . 0

x∗
k+1x

∗
k+2 0 . . . 0

 ,

C =



α2(x∗
k+1)

2 + α2(x∗
k+3)

2 x∗
k+2x

∗
k+3 . . . 0

x∗
k+2x

∗
k+3 α−2(x∗

k+2)
2 + α−2(x∗

k+4)
2 . . . 0

0 x∗
k+3x

∗
k+4 . . . 0

...
... . . . ...

0 0 . . . x∗
m−1x

∗
m

0 0 . . . (α2)((−1)m−k)(x∗
m−1)

2


,

D =

 0 0 . . . 0
...

... . . . ...
x∗
k−2x

∗
k−1 0 . . . 0

 ,

E = [∇2f(x∗)]1:k−2,1:k−2.

We investigate three different cases: A ̸⪰ 0, A ⪰ 0 with at least one of the eigenvalues being
equal to 0, and A ≻ 0. If A ̸⪰ 0, then [∇2f(x̂)]1:m,1:m ̸⪰ 0 because A is a principal minor of the
Hessian. Therefore, x̂ cannot be a second-order critical point. If A ⪰ 0 with an eigenvalue equal
to 0, we consider the following 4× 4 principal minors of the Hessian:

(x∗
k−3)

2 + (x∗
k−1)

2 x∗
k−2x

∗
k−1 0 0

x∗
k−2x

∗
k−1

0
0

A

 ,

 A
0
0

x∗
k+1x

∗
k+2

0 0 x∗
k+1x

∗
k+2 α2(x∗

k+1)
2 + α2(x∗

k+3)
2

 .
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The submatrices are not positive semidefinite by Schur complement if

A− 1

(x∗
k−3)

2 + (x∗
k−1)

2

(x∗
k−2)

2(x∗
k−1)

2 0 0
0 0 0
0 0 0

 ̸⪰ 0

and

A− 1

α2(x∗
k+1)

2 + α2(x∗
k+3)

2

0 0 0
0 0 0
0 0 (x∗

k+1)
2(x∗

k+2)
2

 ̸⪰ 0,

respectively. If Av = 0, then v1 and v3 cannot be equal to 0 at the same time because (x∗
k−1)

2 +
(x∗

k−1)
4

(x∗
k+1)

2 > 0. If v1 ̸= 0, then

v⊤Av − v⊤ 1

(x∗
k−3)

2 + (x∗
k−1)

2

(x∗
k−2)

2(x∗
k−1)

2 0 0
0 0 0
0 0 0

v = 0−
v21(x

∗
k−2)

2(x∗
k−1)

2

(x∗
k−3)

2 + (x∗
k−1)

2
< 0.

Hence, the quadratic form of the Hessian has a descent direction. If v1 = 0, then v3 ̸= 0, and
we can use the second submatrix to show that the submatrix is not positive semidefinite. Thus,
x̂ cannot be a second-order critical point. As a result, if x̂ is a second-order critical point, then
A ≻ 0. In that case, we can show that the submatrix[

A B
B⊤ C

]
cannot be positive semidefinite. This requires proving that C−B⊤A−1B ̸⪰ 0. Note that

B⊤A−1B =


A−1

3,3(x
∗
k+1)

2(x∗
k+2)

2 0 . . . 0
0 0 . . . 0
...

... . . . ...
0 0 . . . 0

 .

We can calculate A−1
3,3 by using the cofactors of A as

A−1
3,3 =

1

det(A)

(
(x∗

k−2)
2(x∗

k−1)
2 + (x∗

k−2)
2 (x

∗
k−1)

4

(x∗
k+1)

2
− (x∗

k−1)
2(x∗

k)
2
)
,

where

det(A) = (x∗
k−2)

2
((x∗

k+1)
4

(x∗
k−1)

2
(x∗

k+2)
2 + (x∗

k+1)
2(x∗

k+2)
2 − (x∗

k)
2(x∗

k+1)
2
)
−

(x∗
k)

2(x∗
k+1)

4(x∗
k+2)

2

(x∗
k−1)

2
.
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An algebraic manipulation shows that
dA−1

3,3

d(x∗
k)

2 > 0. Thus, the value of A−1
3,3 is minimized when

(x∗
k)

2 −→ 0. Whenever (x∗
k)

2 = 0, A−1
3,3(x

∗
k+1)

2(x∗
k+2)

2 is equal to α2(x∗
k+1)

2. As a result,
A−1

3,3(x
∗
k+1)

2(x∗
k+2)

2 > α2(x∗
k+1)

2 by the non-zero assumption on x∗
k. We can write the matrix

C−B⊤A−1B as the summation of m− k − 1 matrices as

C−B⊤A−1B =


α2(x∗

k+1)
2 −A−1

3,3(x
∗
k+1)

2(x∗
k+2)

2 0 . . . 0 0
0 0 . . . 0 0
...

... . . . ...
...

0 0 . . . 0 0
0 0 . . . 0 0

+


α2(x∗

k+3)
2 x∗

k+2x
∗
k+3 . . . 0 0

x∗
k+2x

∗
k+3 α−2(x∗

k+2)
2 . . . 0 0

...
... . . . ...

...
0 0 . . . 0 0
0 0 . . . 0 0

+ · · ·+


0 0 . . . 0 0
0 0 . . . 0 0
...

... . . . ...
...

0 0 . . . (α2)(−1)m−k+1
(x∗

m)
2 x∗

m−1x
∗
m

0 0 . . . x∗
m−1x

∗
m (α2)(−1)m−k

(x∗
m−1)

2

 .

Consider the vector v defined as v2t+1 =
x∗
k+2t+2

x∗
k+2

and v2t = α2 x
∗
k+2t+1

x∗
k+2

for t = 0, . . . , ⌊(m − k −
1)/2⌋. Then,

v⊤(C−B⊤A−1B)v = α2(x∗
k+1)

2 −A−1
3,3(x

∗
k+1)

2(x∗
k+2)

2 + 0 + · · ·+ 0 < 0.

As a result, C − B⊤A−1B is not positive definite. Hence, the Hessian is not positive definite
either. Consequently, the problem cannot have a second-order critical point x̂ with x̂i = 0 for
some i ∈ [n]. Then, the only possible second-order-critical points must satisfy (x̂1)

2 = (x∗
1)

2

and x̂ix̂i+1 = x∗
ix

∗
i+1, i = 1, . . . , n − 1, which correspond to the valid factors of the ground truth

completion of the matrix M∗.

3.E Proof of Theorem 10
Proof. To show that the SDP formulated as (3.2) fails to solve the problem, consider two indices
j, k such that x∗

k > x∗
j and j, k > 2. Then, we construct a feasible solution M̂ that is strictly better

than the ground truth solution, which shows the failure of SDP. Let M̂ = yy⊤ + zz⊤, sum of two
rank-1 matrices, where

yi = x∗
i ,∀i ∈ [n]\{k}, yk = x∗

j
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and
zi = 0,∀i ∈ [n]\{j, k}, zj = zk = (|x∗

jx
∗
k| − (x∗

j)
2)1/2.

Since the sum of PSD matrices is PSD and M̂ satisfies the observed entries, M̂ is a feasible
solution. Moreover, the objective value corresponding to M̂ is

∑
i ̸=j,i̸=k(x

∗
i )

2+2|x∗
jx

∗
k|. Hence, by

the assumption, the feasible solution M̂ is strictly better than the ground truth solution M∗. Thus,
SDP fails to recover the true solution.

3.F Proof of Theorem 11
Proof. Note that the nodes are numbered from 0 to 2k as opposed to earlier examples. Hence, the
matrix completion problem with the least-squares objective function can be written as

min
x∈Rn

f(x) = 2
2k∑
i=0

(xixi+1 − x∗
ix

∗
i+1)

2 + 2(x0x2k − x∗
0x

∗
2k)

2. (3.25)

The gradient and Hessian of the above objective can be written as

[∇f(x)]i =


(x0x2k − x∗

0x
∗
2k)x2k + (x0x1 − x∗

0x
∗
1)x1, if i = 0

(xi−1xi − x∗
i−1x

∗
i )xi−1 + (xixi+1 − x∗

ix
∗
i+1)xi+1, if i ̸∈ {0, 2k}

(x2k−1x2k − x∗
2k−1x

∗
2k)x2k−1 + (x0x2k − x∗

0x
∗
2k)x0, if i = 2k

,

[∇2f(x)]i,j =



x2
1 + x2

2k, if i, j = 0

x2
i−1 + x2

i+1, if i = j, i, j ̸∈ {0, 2k}
x2
0 + x2

2k−1, if i, j = 2k

2xixj − x∗
ix

∗
j , if |i− j| = 1

0, otherwise

.

The optimization problem (3.25) does not have any spurious solution x̂ such that x̂i = 0 for some
i = 0, . . . 2k. To prove this, assume without loss of generality that x̂0 = 0 for a stationary point
x̂. By the proof of Theorem 9, we know that x̂2k−1, x̂2k, x̂1, x̂2 ̸= 0. Let m be defined as an index
such that x̂1, x̂2, . . . , x̂m ̸= 0 and either x̂m+1 = 0 or m = n. Thus, 2 < m < 2k − 2. One can
characterize the stationary points as.

[∇f(x̂)]2k = 0 −→ x̂2k−1x̂2k = x∗
2k−1x

∗
2k,

[∇f(x̂)]0 = 0 −→ −x∗
0x

∗
2kx̂2k = x∗

0x
∗
1x̂1,

[∇f(x̂)]1 = 0 −→ x̂1x̂2 = x∗
1x

∗
2,

[∇f(x̂)]2 = 0 −→ x̂2x̂3 = x∗
2x

∗
3,

...
[∇f(x̂)]m = 0 −→ x̂m−1x̂m = x∗

m−1x
∗
m.



CHAPTER 3. COMPARISON OF SOLUTION METHODS FOR MATRIX SENSING 67

Setting x̂2k as a free variable gives the following characterization of the stationary points:

x̂2k−2 =
x∗
2k−2

x∗
2k

x̂2k,

x̂2k−1 =
x∗
2k−1x

∗
2k

x̂2k

,

x̂2k = x̂2k,

x̂0 = 0,

x̂1 = −x∗
2kx̂2k

(x∗
1)

2
x∗
1 = −αx∗

1,

x̂2 = − (x∗
1)

2

x∗
2kx̂2k

x∗
2 = −α−1x∗

2,

x̂3 = −αx∗
3,

...

x̂m = −α(−1)m−1

x∗
m.

Similar to proof of Theorem 9, we focus on the following (m+2)×(m+2) submatrix of the Hessian
that is [∇2f(x̂)](2k−1):m,(2k−1):m where (2k − 1) : m denotes the rows/columns corresponding to
(2k − 1), 2k, 0, 1, . . . ,m in that respective order:

[∇2f(x̂)](2k−1):m,(2k−1):m =

 E D

D⊤ A B
B⊤ C

 ,
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where A ∈ R3×3,B ∈ R3×(m−1),C ∈ R(m−1)×(m−1),D ∈ R1×(m+2) and E ∈ R. The submatrices
can be written as

A =


(x∗

2k−1)
2(x∗

2k)
2

(x̂2k)2
−x∗

2kx
∗
0 0

−x∗
2kx

∗
0 (x̂2k)

2 +
(x∗

2k)
2(x̂2k)

2

(x∗
1)

2 −x∗
0x

∗
1

0 −x∗
0x

∗
1

(x∗
1)

4(x∗
2)

2

(x∗
2k)

2(x̂2k)2

 ,

B =

 0 0 . . . 0
0 0 . . . 0

x∗
1x

∗
2 0 . . . 0

 ,

C =



α2(x∗
1)

2 + α2(x∗
3)

2 x∗
2x

∗
3 . . . 0

x∗
2x

∗
3 α−2(x∗

2)
2 + α−2(x∗

4)
2 . . . 0

0 x∗
3x

∗
4 . . . 0

...
... . . . ...

0 0 . . . x∗
m−1x

∗
m

0 0 . . . (α2)((−1)m−2)(x∗
m−1)

2


,

D =
[
x∗
2k−1x

∗
2k 0 . . . 0

]
,

E = (x̂2k)
2 +

(x∗
2k−2)

2

(x∗
2k)

2
(x̂2k)

2.

Similar to the proof of Theorem 9, we can investigate three different cases to demonstrate that x̂
cannot be a second-order critical point, which are A ̸⪰ 0, A ⪰ 0 with at least one zero eigenvalue,
and A ≻ 0. Firstly, if A ̸⪰ 0, ∇2f(x̂) cannot be positive semidefinite because A is a principal
minor of the Hessian. The second case is when A is positive semidefinite but not positive definite.
In that case, for a vector v that satisfies Av = 0, we know that v1 and v3 cannot be zero simul-
taneously. Consider following principal minors that correspond to [∇2f(x̂)](2k−1):1,(2k−1):1, which
includes the rows/columns corresponding to (2k−1), 2k, 0, 1 in that order, and [∇2f(x̂)](2k):2,(2k):2,
which includes the rows/columns corresponding to 2k, 0, 1, 2 in that order, respectively:

(x̂2k)
2 +

(x∗
2k−2)

2

(x∗
2k)

2 (x̂2k)
2 x∗

2k−1x
∗
2k 0 0

x∗
2k−1x

∗
2k

0
0

A

 ,

 A
0
0

x∗
1x

∗
2

0 0 x∗
1x

∗
2 α2(x∗

1)
2 + α2(x∗

3)
2

 .

The submatrices are not positive semidefinite by Schur complement if

A− 1

(x̂2k)2 +
(x∗

2k−2)
2

(x∗
2k)

2 (x̂2k)2

(x∗
2k−1)

2(x∗
2k)

2 0 0
0 0 0
0 0 0

 ̸⪰ 0
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and

A− 1

α2(x∗
1)

2 + α2(x∗
3)

2

0 0 0
0 0 0
0 0 (x∗

1)
2(x∗

2)
2

 ̸⪰ 0.

If v1 ̸= 0, then

v⊤Av − v⊤ 1

(x̂2k)2 +
(x∗

2k−2)
2

(x∗
2k)

2 (x̂2k)2

(x∗
2k−1)

2(x∗
2k)

2 0 0
0 0 0
0 0 0

v = 0−
v21(x

∗
2k−1)

2(x∗
2k)

2

(x̂2k)2 +
(x∗

2k−2)
2

(x∗
2k)

2 (x̂2k)2

This term is negative. Hence, the quadratic form of the Hessian has a descent direction. If v1 = 0,
then v3 ̸= 0, and we can use the second submatrix to show that the submatrix is not positive
semidefinite. Thus, x̂ is not a second-order critical point. As a result, if x̂ is a second-order critical
point, then A must be positive definite. In that case, however, we can show that the submatrix[

A B
B⊤ C

]
cannot be positive semidefinite, which implies that x̂ cannot be a second-order critical point. We
prove the last proposition by showing that C − B⊤A−1B ̸⪰ 0 by using Schur complement idea.
Note that

B⊤A−1B =


A−1

3,3(x
∗
1)

2(x∗
2)

2 0 . . . 0
0 0 . . . 0
...

... . . . ...
0 0 . . . 0

 .

We calculate A−1
3,3 by using the cofactors of A as follows:

A−1
3,3 =

1

det(A)

(
(x∗

2k−1)
2(x∗

2k)
2 +

(x∗
2k−1)

2(x∗
2k)

4

(x∗
1)

2
− (x∗

2k)
2(x∗

0)
2
)
,

where

det(A) =
(x∗

2k−1)
2(x∗

2k)
2

(x̂2k)2

((x∗
1)

4(x∗
2)

2

(x∗
2k)

2
+ (x∗

1)
2(x∗

2)
2 − (x∗

0)
2(x∗

1)
2
)
− (x∗

0)
2(x∗

1)
4(x∗

2)
2

(x̂2k)2
.

An algebraic manipulation shows that
dA−1

3,3

d(x∗
0)

2 > 0. Thus, the value of A−1
3,3 is minimized when

(x∗
0)

2 −→ 0. Whenever x∗
0 = 0, A−1

3,3(x
∗
1)

2(x∗
2)

2 is equal to α2(x∗
1)

2. As a result, A−1
3,3(x

∗
1)

2(x∗
2)

2 >
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α2(x∗
1)

2 by the non-zero assumption on u0. We can write the matrix C−B⊤A−1B as the summa-
tion of m− 1 matrices as

C−B⊤A−1B =


α2(x∗

1)
2 −A−1

3,3(x
∗
1)

2(x∗
2)

2 0 . . . 0 0
0 0 . . . 0 0
...

... . . . ...
...

0 0 . . . 0 0
0 0 . . . 0 0

+


α2(x∗

3)
2 x∗

2x
∗
3 . . . 0 0

x∗
2x

∗
3 α−2(x∗

2)
2 . . . 0 0

...
... . . . ...

...
0 0 . . . 0 0
0 0 . . . 0 0

+ · · ·+


0 0 . . . 0 0
0 0 . . . 0 0
...

... . . . ...
...

0 0 . . . (α2)(−1)m−1
(x∗

m)
2 x∗

m−1x
∗
m

0 0 . . . x∗
m−1x

∗
m (α2)(−1)m−2

(x∗
m−1)

2

 .

Consider the vector v defined as v2t+1 =
x∗
2t+2

x∗
2

and v2t = α2 x
∗
2t+1

x∗
2

for t = 0, . . . , ⌊(m − 1)/2⌋ so
that v⊤(C−B⊤A−1B)v results in zero for all the matrices above except for the first one. Then,

v⊤(C−B⊤A−1B)v = α2(x∗
1)

2 −A−1
3,3(x

∗
1)

2(x∗
2)

2 + 0 + · · ·+ 0 < 0.

As a result, C − B⊤A−1B is not positive definite. Hence, the Hessian is not positive definite
either. Consequently, the problem cannot have a second-order critical point x̂ with x̂∗

i = 0 for
some i ∈ [n].

Any solution that meets the requirements of second-order necessary optimality conditions can-
not contain any zero entries. In addition, if a stationary point x̂ satisfies x̂ix̂j = x∗

ix
∗
j for some

(i, j) ∈ E , then x̂ix̂j = x∗
ix

∗
j for all (i, j) ∈ E due to the stationarity condition. Therefore, a

spurious solution has the following properties: x̂ix̂j ̸= x∗
ix

∗
j for all (i, j) ∈ E and x̂i ̸= 0 for all

i = 0, . . . 2k.
Define ai,j = xixj − x∗

ix
∗
j . Then, the stationarity condition for the B-M factorized problem

(3.25) can be written as

[∇f(x̂)]i =


â0,2kx̂2k + â0,1x̂1 = 0, if i = 0

âi−1,ix̂i−1 + âi,i+1x̂i+1 = 0, if i ̸∈ {0, 2k}
â2k−1,2kx̂2k−1 + â0,2kx̂0 = 0, if i = 2k

.

The following calculation yields a contradiction because none of the terms can be zero:
2k∑
i=0

(−1)i[∇f(x̂)]i = 2â0,2kx̂0x̂2k = 0.
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As a result, all the second-order critical points are global solutions, and we obtain the valid factors
for the ground truth matrix.

3.G Proof of Theorem 12
Proof. We aim to find an instance of the matrix completion problem with an odd-numbered cycle
graph for which the SDP problem (3.2) fails. Consider the following rank-1 feasible solution
M̂ = yy⊤ with

y0 = (M̂0,0)
1/2 ≥ x∗

0, y2t−1 =

(
(x∗

2t−1)
2(x∗

0)
2

M̂0,0

)1/2

, y2t =

(
(x∗

2t)
2

(x∗
0)

2
M̂0,0

)1/2

,

where t = 1, . . . , k. Note that M̂0,0 is free to choose, and we can minimize the trace to find the
best rank-1 solution. This is equivalent to the following optimization problem:

min
M̂0,0≥(x∗

0)
2

M̂0,0

(x∗
0)

2

k∑
t=0

(x∗
2t)

2 +
(x∗

0)
2

M̂0,0

k∑
t=1

(x∗
2t−1)

2.

Note that whenever M̂0,0 = (x∗
0)

2, the solution M̂ is the same as ground truth solution. A basic
first-order optimality condition implies that whenever

∑k
t=1(x

∗
2t−1)

2 >
∑k

t=0(x
∗
2t)

2, the optimal
M̂0,0 is strictly larger than (x∗

0)
2. However, the objective value is strictly better than the trace of

the ground truth matrix. Due to the symmetry of the problem, any node can be chosen as node 0.
Therefore, if the condition

∑k
t=1(x

∗
2t−1)

2 >
∑k

t=0(x
∗
2t)

2 holds for some chosen node 0, the SDP
fails to solve the matrix completion problem.
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Part II

System Identification under Adversarial
Disturbances
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Chapter 4

System Identification for Linear Systems

Dynamical systems serve as the fundamental components in reinforcement learning and control
systems. The system dynamics may not be known exactly when the system is complex. There-
fore, learning the underlying system dynamics, named the system identification problem, using the
data collected from the system is essential in robotics, control theory, time-series, and reinforce-
ment learning applications. The system identification problem with small disturbances using the
least-square estimator has been ubiquitously studied [26]. Despite several advances in this field,
most results in system identification focus on the asymptotic properties of the proposed estimators,
i.e., their behavior as sample size approaches infinity [72, 68]. Nonetheless, the non-asymptotic
analysis of the system identification problem has gained interest in recent years [53, 78, 94, 107].
Non-asymptotic analysis is crucial to understanding the required sample complexity for online
control problems.

Robust learning of dynamical systems is crucial for safety-critical applications, such as au-
tonomous driving [2], unmanned aerial vehicles [113], and robotic arms [61]. While recent papers
have addressed online non-asymptotic control of linear time-invariant (LTI) systems, their ap-
plicability often hinges on the assumption of small noise in measurements, neglecting scenarios
involving large magnitudes of noise indicative of adversarial attacks or data corruption [102, 101,
131]. These papers utilize recent advances in high-dimensional statistics and learning theory to
analyze the properties of the solution even when the data samples are correlated. The work [136]
provides a tutorial on proof techniques. Least-square estimators are the main tool in those works,
which are susceptible to outliers and large noise in the system. Consequently, we propose two new
non-smooth estimators inspired by the lasso problem and robust regression literature [6]. We study
the required sample complexity for the exact recovery of LTI systems using these estimators when
there are sporadic large disturbance injections.

The robust regression and learning problems under adversaries are ubiquitously studied in the
literature [116, 5, 9, 87]. ℓ1-based non-smooth estimators are extensively investigated in the con-
text of robust learning in the presence of adversaries and outliers [38, 30, 46]. Compressed sensing
and sparse error detection are such problems that are closely related to the proposed estimators
[36, 35, 21, 20]. However, existing methods for analyzing the estimators cannot be directly gener-
alized to control problems due to the sample correlation. Therefore, different strategies have been
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developed recently to tackle this challenge. Firstly, the system is initiated multiple times, and the
data point at the end of each run is used to obtain uncorrelated data points, as in [32]. However,
obtaining multiple trajectories is not viable and cost-efficient for most safety-critical applications.
One method with a single trajectory relies on the persistent excitation of the states so that the dy-
namics can be explored thoroughly. This is achieved by injecting a Gaussian noise input into the
system. Block Martingale Small Ball (BMSB) techniques are used to analyze the properties of the
estimator [79, 102, 69]. It employs normalized martingale bounds for the estimation error when
the excitation is large enough [102].

Unlike the non-asymptotic analysis of correlated data, the least-squares estimator offers a
closed-form solution [41, 56, 110]. The least-squares estimator performs relatively well as long
as the noise magnitudes are not large. The estimation error asymptotically converges to zero with
the optimal rate of T−1/2, where T is the number of samples collected from the system [102].
However, it is not robust to adversarial attacks, and the literature on robust learning of dynamical
systems is limited. The work [117] uses compressed sensing to learn system parameters for FIR
systems. However, the impulse vectors are assumed to be Gaussian independent and identically
distributed, which does not contain the correlated state vectors. The work by [44] defines the null
space property (NSP) to analyze a lasso-type estimator for the system. It provides necessary and
sufficient conditions for exact recovery when NSP is satisfied, which is NP-hard to check. To
circumvent the computational complexity, we build upon [44] and study estimators from a non-
asymptotic point of view under standard assumptions, such as the stable system and sub-Gaussian
attacks.

Contributions: We consider an LTI dynamical system over the time horizon [0, T ], xi+1 =
Āxi + B̄ui + d̄i, i = 0, 1, . . . , T − 1, where Ā ∈ Rn×n and B̄ ∈ Rn×m are unknown system
matrices, and d̄i ∈ Rn are unknown system disturbances. We aim to learn these matrices from
the samples {xi}Ti=0 and {ui}T−1

i=0 of a single initialization of the system when the disturbance
vectors d̄i are adversarial. Here, the adversarial noise refers to a vector designed to deteriorate
the estimator’s performance. Thus, the adversarial vectors {d̄i}T−1

i=0 can take arbitrarily large finite
values, be dependent over time, and have undesirable structures. We say that an adversarial attack
occurs whenever d̄i is non-zero, and we have no information on the value of d̄i. If d̄i is zero, there
is no attack or adversary at time i. In our setting, we study systems that are not subject to ordinary
minor measurement or modeling errors, and instead, the non-zero noise or disturbance stems from
an adversarial event.

We study two convex estimators based on the minimization of the ℓ2 and ℓ1 norms of the
estimated disturbance vectors,

∑T−1
i=0 ∥di∥2 and

∑T−1
i=0 ∥di∥1, with the decision variables A, B,

and {di}T−1
i=0 subject to xi+1 = Axi +Bui + di, given the samples {xi}Ti=0 and {ui}T−1

i=0 :

min
A∈Rn×n,B∈Rn×m

T−1∑
i=0

∥xi+1 −Axi −Bui∥◦, ◦ ∈ {1, 2}.

We employ a non-smooth objective function to obtain a robust estimator. The arbitrary injection of
adversaries may happen infrequently. In that case, the attacks occur sparsely in time. Conversely,
the vector d̄i at each attack time i could be dense, and there is no limitation on how sparse the vector
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is. The ℓ2 norm estimator is the most effective in this case. In contrast, the ℓ1 norm estimator is
preferable if the vector d̄i at each attack time is structured and known to be sparse. We summarize
our contributions below.

i) We first consider the case when the adversarial noise injections, i.e., adversarial attacks,
happen periodically over time with the period ∆. We show that both of our estimators exactly
recover the true system matrices when the system is stable and the number of samples, i.e., T , is
larger than n+∆.

ii) We then consider a probabilistic model for the occurrence of attacks, in which there is
an arbitrary noise injection at each time instance i with probability p, independent of previous
time periods. Nevertheless, we allow these noise injections, or attack vectors, to be dependent.
We study the required sample complexity of our estimators for exact recovery when the attack
vectors are stealthy. Suppose that the adversarial noise and the input sequence are sub-Gaussian
random vectors. Then, the estimators achieve exact recovery with probability at least 1 − δ if the
time horizon T satisfies the inequality T ≥ Θ(max{T 1

sample, T
2
sample}), where T 1

sample and T 2
sample are

defined as

n2R1 log

(
nR1

δ

)
and nmR2 log

(
nR2

δ

)
,

with the constants R1 and R2 defined in Theorem 16. If the attack vectors are not stealthy, the
system operator could detect the abnormalities and stop the system, which is not a desired outcome
for the adversarial agent or attacker.

4.1 Preliminaries
We will utilize concentration bounds for sub-Gaussian random variables to verify that the op-

timality conditions for our proposed estimators are satisfied with high probability.

Lemma 10. (Hoeffding’s Bound [111]) Suppose that the variable X has mean µ and sub-Gaussian
parameter σ. Then, for all t > 0, we have

P (|X − µ| > t) ≤ 2 exp

(
− t2

2σ2

)
.

The subdifferential of the ℓ2 norm of 0 vector is the ℓ2 norm unit ball, whereas the subdifferen-
tial of the ℓ1 norm of 0 vector is the ℓ∞ norm unit ball, which is B∞(1) = {x ∈ Rn : ∥x∥∞ ≤ 1}.
Note that while the subdifferential of the ℓ1 norm is coordinate-wise separable, the subdifferen-
tial of the ℓ2 norm is not coordinate-wise separable. We also define the unit sphere S2(1) as
S2(1) = {x ∈ Rn : ∥x∥2 = 1}, that is the set of all the points on the sphere with radius 1.

4.2 Problem Formulation
We assume that the disturbance vectors {d̄i}T−1

i=0 can be dependent on the disturbance vectors
from the previous time instances and there is no specific distribution assumption for these vectors
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except the sub-Gaussian assumption. We represent the time indices of the attacks or large distur-
bance vectors with the set K, that is K = {i : d̄i ̸= 0, i ∈ 0, 1, . . . , T − 1}. These time instances
are called the attack times, and K is the set of attack times. Similarly, the set of time instances
without attack or corrupted data is shown with Kc, which are called the no-attack times. The data
corresponding to attack times are corrupted, whereas those corresponding to no-attack times are
uncorrupted. We establish the exact recovery of the proposed estimators when there are large dis-
turbances in the system. In such cases, the least-squares method cannot achieve exact recovery, a
fact that can be easily verified from its closed-form solution. To exactly recover the system matri-
ces Ā and B̄, we analyze the following convex optimization problems with non-smooth objective
functions:

min
A∈Rn×n,B∈Rn×m

T−1∑
i=0

∥xi+1 −Axi −Bui∥2 (CO-L2)

and

min
A∈Rn×n,B∈Rn×m

T−1∑
i=0

∥xi+1 −Axi −Bui∥1 (CO-L1)

where the states {xi}Ti=0 are generated according to xi+1 = Āxi + B̄ui + d̄i, i = 0, . . . , T − 1.
The difference between problems (CO-L2) and (CO-L1) is their objective functions. In problem
(CO-L2), the sum of the ℓ2 norm columns is analogous to the ℓ1 norm minimization in the lasso
problem. In other words, the ℓ1 norm is applied at the group level to {d̄i}T−1

i=0 because the occur-
rence of large injections of disturbances is rare and not frequent. We highlight that the vectors
{d̄i}T−1

i=0 are not necessarily sparse. On the other hand, the ℓ1 norm is applied both at the group
level and the in-group levels to {d̄i}T−1

i=0 for problem (CO-L1). For those applications that the
disturbance vectors can be assumed to be sparse, (CO-L1) is more suitable than (CO-L2). Fur-
thermore, the states xi are correlated to each other due to the system dynamics, which makes the
non-asymptotic analysis of the problem more challenging than the robust regression literature for
which the samples are assumed to be independently generated. Although these types of sum-of-
norm minimization non-smooth loss functions are utilized in other applications, this chapter marks
the first non-asymptotic analysis of these loss functions in the context of control and system iden-
tification with serially correlated data.

The optimization problems (CO-L2) and (CO-L1) are equivalent to an empirical risk minimiza-
tion problem for which the loss function is the ℓ2 and ℓ1 norms. We remark that classical statistical
theory on empirical risk minimization is not applicable here due to the correlated data at each time
instance. By representing the data points xi as tuples (xi+1,xi,ui), it is impossible to claim that Xi

and Xi+1 are independent, which is a key assumption in the empirical risk minimization literature.
We can also transform this problem into a compressed sensing problem. Let Y = [x1, . . . ,xT ],
X = [x0, . . . ,xT−1], and U = [u0, . . . ,uT−1] be the matrices where the state, input, and noise
vectors are given as columns. Then, the problem is equivalent to

min
A∈Rn×n,B∈Rn×m

∥∥∥∥Y − [A,B]

[
X
U

]∥∥∥∥
◦,1

,
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where ∥ · ∥◦,1 is the sum of the ◦-norms of the columns for a given matrix. However, some entries
of the feature matrix [X⊤,U⊤]⊤ are not independent of each other due to the auto-correlation
between the state vectors. Therefore, the classical compressed sensing results do not apply to this
system identification problem. In addition, the existing sufficient conditions, such as NSP [44],
do not provide explicit conditions for exact recovery and are difficult to analyze. As the first step
of the proof, the Karush-Kuhn-Tucker (KKT) conditions will be used to analyze the properties of
these estimators because (CO-L2) and (CO-L1) are convex optimization problems.

Theorem 13. Consider the convex optimization problems (CO-L2) and (CO-L1) and let ◦ ∈
{1, 2}. Given a pair of matrices (Â, B̂), if the following conditions hold simultaneously

0 ∈
∑
i ̸∈K

xi ⊗ ∂∥(Ā− Â)xi + (B̄− B̂)ui∥◦ +
∑
i∈K

xi ⊗ ∂∥(Ā− Â)xi + (B̄− B̂)ui + d̄i∥◦,

(4.1)

0 ∈
∑
i ̸∈K

ui ⊗ ∂∥(Ā− Â)xi + (B̄− B̂)ui∥◦ +
∑
i∈K

ui ⊗ ∂∥(Ā− Â)xi + (B̄− B̂)ui + d̄i∥◦,

(4.2)

then (Â, B̂) is a solution to (CO-L1) when ◦ = 1 and a solution to (CO-L2) when ◦ = 2.

We emphasize that (Ā, B̄) represent the unknown ground truth matrices, (A,B) are the deci-
sion variables in the convex optimization problems, and (Â, B̂) are the solutions to those convex
optimization problems. The proof for the KKT conditions when ◦ = 2 is provided in [43], and the
proof for the case ◦ = 1 can be done similarly. We will utilize the conditions above to study the
scenarios where the exact recovery is achievable. As a simple corollary to Theorem 13, we can
state that (Ā, B̄) is a solution to our estimator(s) if the following conditions hold:

0 ∈
∑
i ̸∈K

xi ⊗ ∂∥0∥◦ +
∑
i∈K

xi ⊗ ∂∥d̄i∥◦,

0 ∈
∑
i ̸∈K

ui ⊗ ∂∥0∥◦ +
∑
i∈K

ui ⊗ ∂∥d̄i∥◦.

4.3 Autonomous Systems
In this section, we consider autonomous systems, meaning that u0 = · · · = uT−1 = 0. There-

fore, the system dynamics could be written as xi+1 = Āxi + d̄i for i = 0, . . . , T − 1. We study
noiseless systems under an adversary to obtain exact recovery results, meaning that if there is no
attack at time i, i ∈ Kc, then d̄i = 0. We are interested in recovering the system matrix Ā using
the following convex optimization problems for autonomous systems:
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min
A∈Rn×n

T−1∑
i=0

∥xi+1 −Axi∥2 (CO-L2-Aut)

and

min
A∈Rn×n

T−1∑
i=0

∥xi+1 −Axi∥1 (CO-L1-Aut)

The optimality conditions for problem (CO-L2-Aut) with ◦ = 2 and problem (CO-L1-Aut) with
◦ = 1 can be written as follows using Theorem 13:

0 ∈
∑
i ̸∈K

xi ⊗ ∂∥(Ā−A)xi∥◦ +
∑
i∈K

xi ⊗ ∂∥((Ā−A)xi + d̄i)∥◦.

Remark. As a remark, although the set of attack times K appears in the optimality conditions,
this set is not known a priori to the system operator. The set is only used during the analysis of
the proposed estimators to derive sufficient conditions for exact recovery. Moreover, although the
attacker can choose a zero attack, d̄i = 0, the time period i is not included in the set of attack
vectors, i.e., i ̸∈ K, to facilitate the mathematical derivations regarding subdifferentials. However,
due to the continuity of optimal solutions, one can select an infinitesimally small value for the
attack vector. Thus, its limit corresponds to a zero attack.

We examine two types of attack structures: ∆-spaced and probabilistic attack structures. An
attack structure refers to the pattern of attack occurrences. In other words, it involves the distribu-
tion of each time instance at which a large disturbance vector is injected into the system. Namely,
we inspect the structure of the set K.

∆-spaced Attack Structure
The first attack structure is a deterministic attack model for which the attacks occur at every

∆ time period. For instance, if ∆ = 2, the set K could be {1, 3, 5, . . . , 2k + 1}, meaning that an
agent injects a disturbance vector into the system at every odd time instance. We first define the
deterministic attack model, borrowed from [43].

Definition 8 (∆-spaced Attack Structure). Given a positive integer ∆ > 2, the disturbance se-
quence {d̄i}T−1

i=0 is said to be ∆-spaced if for every i ∈ {0, 1, . . . , T −∆− 1} such that d̄i ̸= 0, we
have d̄j = 0, for all j ∈ {i+1, . . . , i+∆−1} and d̄i+∆ ̸= 0. In addition, for i ∈ {0, 1, . . . ,∆−1},
we must have at least one non-zero disturbance vector, i.e. d̄i ̸= 0.

Initially, we consider first-order and stable systems where xi ∈ R and |Ā| < 1. When n =
1, the problems (CO-L1-Aut) and (CO-L2-Aut) are equivalent, and therefore, we only focus on
(CO-L2-Aut). We will show that the convex formulation (CO-L2-Aut) exactly recovers Ā in the
case of ∆-spaced disturbance sequence with ∆ ≥ 2.
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Proposition 5. Consider a first-order autonomous system with |Ā| < 1 and ∆-spaced disturbance
sequence with ∆ ≥ 2. Then, whenever x0 = 0 or 0 ̸∈ K, the convex formulation (CO-L2-Aut) has
the unique solution Ā as long as the sample complexity satisfies the inequality T ≥ ∆+ 1.

This proposition implies that the exact recovery is guaranteed to be achieved whenever there
are more than ∆ + 1 data samples. Note that Proposition 5 does not make any assumption on
the vector set {d̄i : i ∈ K} and each element of the set could be arbitrarily large and correlated
as long as they are finite. As a result, regardless of the severity of the attack, an exact recovery
is guaranteed for (CO-L2-Aut). One important implication of Proposition 5 is when there is a
∆-spaced disturbance sequence with ∆ = 2, meaning that half of the observations are corrupted.
In the robust regression estimation literature, exact recovery is possible only if the number of
attacked observations is less than half of the total observations. The main difference between
robust regression and system identification problems is that the observations are correlated with
each other in the latter. This enables exact recovery for the convex formulation even if half of the
data is corrupted via an adversarial agent. The proof of Proposition 5 is based on the following
lemma.

Lemma 11. (Theorem 1 in [43]) Consider the convex optimization problem (CO-L2-Aut). If∑
i ̸∈K |xi| >

∑
i∈K |xi|, then Ā is the unique solution to the problem.

A natural question arises about whether one can generalize the above result to higher-order
systems. The next proposition extends Proposition 5 to autonomous dynamical systems with an
arbitrary order n under a ∆-spaced disturbance sequence with ∆ ≥ n+ 1.

Proposition 6. Consider an autonomous system of order n under a ∆-spaced disturbance se-
quence with ∆ ≥ n + 1. Suppose that Ā is diagonalizable with eigenvalues, λ̄l, l = 1, 2, . . . , n,
and that the condition

span{d̄i, Ād̄i, . . . , Ā
n−1d̄i} ∈ Rn, ∀i ∈ K (4.3)

is satisfied. Then, whenever x0 = 0 or {0, . . . ,∆ − 1} ̸∈ K, Ā is a solution to the convex
formulation (CO-L2-Aut) if T ≥ n+∆, provided that∣∣∣∣∣ ∑

k1+···+kn=∆−n

λ̄(k1, . . . , kn)

∣∣∣∣∣ ≤
∆−n−1∑
i=0

∣∣∣∣∣ ∑
k1+···+kn=i

λ̄(k1, . . . , kn)

∣∣∣∣∣ , (4.4)

where the notation λ̄(k1, . . . , kn) denotes λ̄k1
1 × · · · × λ̄kn

n .

This result generalizes Proposition 5. The condition (4.3) is necessary to ensure that the KKT
condition is satisfied, which guarantees that the disturbance vector excites the system to explore
the entire system space in the next n time instances. In real-life applications, this condition can be
attained by injecting a random small perturbation into the system. To gain insight into equation
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Figure 4.1: Upper-Bound Value Cn,k for Different Values of n and k.

(4.4), which involves the product of eigenvalues, consider a special case where Ā has the eigen-
value λ with multiplicity n with n linearly independent eigenvectors. In this case, we can simplify
(4.4) as follows. Define k := ∆− n. Then, (4.4) is equivalent to(

n+ k − 1

k

)
|λ|k −

k−1∑
i=0

(
n+ i− 1

i

)
|λ|i < 0.

This condition is satisfied if |λ| ≤ Cn,k, where Cn,k denotes the upper bound on the eigenvalue
magnitudes given the parameters n and k. Figure 4.1 summarizes the values of Cn,k for different
choices of n and k. Note that Cn,k ≤ Cm,k if n > m and Cn,k ≤ Cn,l if k < l, due to the definition
of Cn,k. It can be shown that C1,k −→ 2 as k −→ ∞. As a result, |λ| ≤ Cn,k ≤ C1,k −→ 2. This shows
that the system’s stability is not necessary for exact recovery when the attack vectors are injected
less frequently. In addition, whenever k = n or ∆ = 2n, |λ| < 1 is sufficient for exact recovery.
This conclusion is analogous to the stability of the system. Proposition 6 can still be applied to
problem (CO-L1-Aut). However, the KKT conditions will differ due to the subdifferential of the
ℓ2 and ℓ1 norms. They both have a similar shape. Therefore, one can show that this proposition
still holds with the same condition even if convex formulation (CO-L1-Aut) with the ℓ1 norm of
the disturbance vectors is used.

Remark. We choose the ∆-attack structure with uniform attacks as the strictest attack structure.
Here, ∆ can be generalized as the smallest interval over which there is no attack. The sufficient
conditions hold for every ∆-time interval. If the sufficiency conditions are satisfied for the interval
of length ∆, they will also be satisfied for intervals greater than ∆. In the latter case, we add
additional terms to the summation for i ̸∈ K in the KKT condition, which enlarges the set of
possible values for the subgradients. This relaxes the KKT condition for the interval of length ∆.

Probabilistic Attack Structure
Because the minimum value of ∆ is 2, the deterministic attack structure does not allow the size

of corrupted data to exceed the size of clean data. Thus, we investigate a probabilistic attack struc-
ture for which a non-zero disturbance vector d̄i is injected into the system at time instance i with
probability p > 0, independent of the other time periods. Specifically, given a time instance i, d̄i is
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non-zero with probability p, independent of all previous and future time instances. Nevertheless,
the attack vectors are still allowed to be correlated with each other. Our goal is to discover the
properties of (CO-L1-Aut) and (CO-L2-Aut) for an arbitrary value of p, especially p > 0.5. We
make the following assumptions throughout this section.

Assumption 3. Given an autonomous system xi+1 = Āxi+d̄i for i = 0, . . . , T−1 with dimension
n, assume that x0 = 0 and all singular values of Ā are less than 1, i.e. ∥Ā∥ < 1.

The stability assumption is standard in system identification problems to avoid unbounded
growth of the states during the learning process. Without loss of generality, we initialize the
trajectories at the origin since an initialization at other points affects the results only with a constant
factor. In addition, we make the following stealth attack assumption.

Assumption 4. For each k ∈ K, the attack vector is defined as d̄k := ℓ̄k f̄k where ℓ̄k ∈ R and
f̄k ∈ S2(1). f̄k plays the role of the direction of the attack while ℓ̄k plays the role of the length.
Define the filtration

Fk := σ{x1, . . . ,xk}, ∀k ∈ {0, . . . , T − 1}.

For all k ∈ K, conditioning on Fk, the following statements hold:

1. ℓ̄k is independent from the direction f̄k;

2. The direction f̄k obeys the uniform distribution on S2(1);

3. ℓ̄k is mean-zero and sub-Gaussian with parameter σ;

4. The variance of ℓ̄k is σ2
k ∈ [c2σ2, σ2] for some constant c > 0.

Under the stealth assumption, the length ℓ̄k can depend on the previous attacks d̄k′ , and in
particular ℓ̄k′ and f̄k′ for k′ < k. For example, a stealthy attack vector d̄i could have the distribution
N (0,min{c, ∥̂xi∥2}) where ∥̂xi∥2 =

∑i
k=0(i+1)−1∥xi∥2 is the average norm of the states between

time periods 0 and i. The magnitude of the attack vector is dependent on the past. The above
symmetry assumption of the disturbance vectors reflected in f̄k is not restrictive and corresponds
to stealth attacks. If this does not hold, the attacks may be detectable, and their effects could be
nullified, or the system could be stopped to investigate the possible influence from outside agents
[104, 90]. To understand the notion of stealthy attack, consider the practice in power systems
where the system operator performs some hypothesis testing on sensory data to detect anomalies
before making any decisions using the data. If the mean of the data is not zero, it would not pass
the test, and therefore, the attack would be isolated or nullified. If the symmetric assumption does
not hold, there is an unavoidable bias in estimation [28].

It is impossible to obtain deterministic sample complexity for exact recovery due to the random-
ness in the attack structure. Therefore, it is essential to quantify the required number of samples
for the exact recovery with high probability. Under Assumption 4, the attack vector at time i, d̄i,
has a sub-Gaussian distribution with parameter σ given Fi. The sub-Gaussian assumption does not
specify the distribution of the disturbance vector but assures that the disturbance vectors have light
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tails. For instance, any distribution over a bounded space is sub-Gaussian, making this assumption
mild.

The KKT conditions for exact recovery, which are necessary and sufficient, can be restated as

∃γi ∈ ∂∥0∥◦, ∀i ̸∈ K s.t.
∑
i ̸∈K

xi ⊗ γi =
∑
i∈K

xi ⊗ ∂∥d̄i∥◦.

because of the properties of the subdifferentials at the origin. To simplify the analysis, we use
the relationship between the unit balls of the ℓ∞ and ℓ2 norms, that is, B∞(1)/

√
n ⊆ B2(1).

Additionally, we examine the results for each coordinate of the subdifferentials since they are
separable due to the properties of the ℓ∞ norm. Therefore, the following propositions provide
sufficient conditions to satisfy the KKT conditions.

Proposition 7. The KKT conditions for the problem (CO-L2-Aut) and (CO-L1-Aut) are satisfied
if there exist scalars γl

i ∈ [−1, 1], i ̸∈ K, l = 1, . . . , n such that∑
i ̸∈K

γl
ixi/

√
n =

∑
i∈K

∂∥d̄i∥l2xi, ∀l = 1, . . . , n (4.5)

and ∑
i ̸∈K

γl
ixi =

∑
i∈K

∂∥d̄i∥l1xi, ∀l = 1, . . . , n. (4.6)

Here, ∂∥d̄i∥l◦ is the l-th element of the subgradient.

Because analyzing the conditions (4.5) and (4.6) directly is cumbersome, we investigate the
equivalent condition provided in the lemma below, derived using Farkas’ lemma [40] and the
duality of linear programs.

Lemma 12. Given a matrix F ∈ Rn×m and the vector g ∈ Rn, the following statements are
equivalent:

i) There exists a vector w ∈ Rm with ∥w∥∞ ≤ 1 satisfying Fw = g.

ii) For every z ∈ Rn with ∥z∥2 = 1, it holds that f(z) := z⊤g + ∥z⊤F∥1 ≥ 0.

It is important to notice that the conditions (4.5) and (4.6) amount to finding a vector for the set
of equations in the form of Fw = g where w is restricted as ∥w∥∞ ≤ 1. Given a coordinate l, the
matrix F ∈ Rn×(T−|K|) associated with the conditions (4.5) and (4.6) is a matrix with columns xi√

n

and xi, and the vector g ∈ Rn is
∑

i∈K ∂∥d̄i∥l2xi and
∑

i∈K ∂∥d̄i∥l1xi, respectively. Moreover, the
vector w ∈ RT−|K| has the elements γl

i, i ̸∈ K for both conditions. Hence, we study the condition
ii) in Lemma 12. However, infinitely many points are on the ℓ2 unit circle S2(1). To show that the
function f(z) = z⊤g+ ∥z⊤F∥1 is non-negative at every point on the ℓ2 unit circle, we employ the
discretization technique that chooses a finite set of points. These points are chosen as the ϵ-cover
of the unit ball.
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Definition 9 (Covering Number [111]). ϵ-cover of the compact set T with respect to the norm ρ
is a set {θ1, θ2, . . . , θN} ⊂ T such that for each θ ∈ T, there exists some i ∈ {1, . . . , N} with
ρ(θ, θi) ≤ ϵ. The ϵ-covering number N (ϵ,T, ρ) is the cardinality of the smallest ϵ-cover.

Given a ϵ > 0, the logarithm of the covering number of the unit ball or the metric entropy of the
unit ball can be upper bounded using the volumetric arguments of the balls. Indeed, the number of
ϵ balls exceeding exp{n log (1 + 2/ϵ)} is sufficient to cover the unit ball with balls of radius ϵ.

Lemma 13 (Covering Number of the Unit Ball [111]). Given an n-dimensional unit ball B(1) with
the norm ∥ · ∥, the metric entropy of the unit ball can be upper bounded by

logN (ϵ,B(1), ∥ · ∥) ≤ n log

(
1 +

2

ϵ

)
.

We show that the function f(z) can be lower bounded by some positive number θ > 0 at
every point in the ϵ-cover of the unit ball with high probability and that the function value inside
the ϵ-ball does not change more than this positive number θ with high probability. Thus, f(z)
must be non-negative at every point of the unit circle with high probability. Utilizing this idea, the
next theorem shows that the sample complexity for the exact recovery grows with n2 log(n) and
(1− p)−2 for the general systems of order n.

Theorem 14. Consider an autonomous system of order n under a probabilistic attack model with
frequency p. Suppose that Assumptions 3 and 4 hold. Then, for all δ ∈ (0, 1], if the time horizon
satisfies T ≥ Θ(Tsample), where Tsample is defined as

nR

[
n log(nR) + log

(
1

δ

)]
,

and

R := max

{
log(1/c)

nc4p(1− p) log(1/ρ)
,

log2(1/c)

c10(1− p)2(1− ρ)3 log2(1/ρ)
,

1

np(1− p)

}
,

with ρ denoting the largest magnitude of the singular values of Ā, then Ā is the unique solution to
the convex optimization (CO-L2-Aut) with probability at least 1− δ.

The above theorem implies that even when p is large (e.g., p > 0.5) corresponding to the
system being under attack frequently, exact recovery of the system dynamics is still possible as
long as the time horizon is above the threshold. Similar results can be obtained if one uses problem
(CO-L1-Aut) to recover the system matrix Ā.

Theorem 15. Under the assumptions of Theorem 14, if the time horizon T satisfies T ≥ Θ(Tsample),
where Tsample is

R

[
n log(nR) + log

(
1

δ

)]
,
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and R is defined in Theorem 14, then Ā is the unique solution to the convex optimization problem
(CO-L1-Aut) with probability at least 1− δ.

The proof of Theorem 15 is highly similar to that of Theorem 14. Because the conditions (4.5)
and (4.6) differ by a factor of

√
n, the sample complexity results in those theorems differ by a factor

of n. The required amount of data increases with the value (1−p)−2 and the order of the system n.
Hence, as p and n increase, the number of samples for exact recovery with high probability grows.
The results on sample complexity are intuitive: as the probability of having an attack increases,
a larger time horizon is required for exact recovery. In addition, if the system is on the verge of
instability, the sample complexity increases significantly. Even when the probability p is close to
1, significantly more corrupt data than clean data, this result guarantees asymptotic exact recovery
as long as there are sufficient clean samples. We make the following remarks regarding various
generalizations of the above results.

Remark. We note that the dependence on p−1(1−p)−1 is an artifact of the high probability bound.
Specifically, this dependence ensures that the number of attacks is bounded by Θ(pT ) with high
probability. When p is very small or even zero, learning the system becomes a classic problem
in control theory, where it is known that artificial noise (referred to as an excitation signal) must
be added to the system to enable learning. There is a rich literature explaining why an excitation
signal is necessary when a system is (nearly) deterministic. For instance, consider the system
xi+1 = Āxi. If x0 is zero, then xi will always remain zero, preventing us from identifying Ā. To
avoid this, we must excite the system as xi+1 = Āxi + wi, where wi is, for example, Gaussian
noise. When p is not close to zero, the adversarial attack serves as an excitation signal, helping in
this regard.

Remark. When the system is initialized randomly at x0 following Assumption 4, the results of
Theorems 14 and 15 continue to hold. A system with a non-zero initial state x0 at time 0 is
equivalent to the system initialized at the origin at time −1 under the attack x0 at time −1, namely,
the new system could be constructed as x−1 = 0 and d̄−1 = x0, leading to the state value x0 at
time 0. Thus, the sample complexities of the theorems only shift by a constant.

Remark. Furthermore, we mention that the uniform distribution assumption of f̄k can be relaxed
to any distribution on the sphere with zero mean and full-rank covariance matrix. In that case, the
sample complexity in Theorems 14-17 will depend on the conditional number of the covariance
matrix.

4.4 Systems with Input Sequence
It is desirable to understand the role of an input sequence in exact recovery. Since a controller

generates the input sequence, one can design it in such a way that it accelerates the learning. In this
case, the system dynamics is given as xi+1 = Āxi+ B̄ui+ d̄i, i = 0, . . . , T − 1, where Ā ∈ Rn×n

and B̄ ∈ Rn×m. The goal is to obtain these matrices using the state trajectories and the sequence
of inputs. We will investigate the estimators (CO-L2) and (CO-L1) defined earlier.
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We choose the input vectors ui to be Gaussian given Fi. A random input sequence is commonly
used in system identification and online learning because it enables the exploration of the system
to learn the system dynamics faster. The Gaussian input assumption is mild, and it is satisfied
when ui is designed in the linear feedback form as ui = Kxi + Ω. Conditioning on Fi, the
input is excited with Gaussian noise Ω. Note that the closed-loop system could be written as
xi+1 = (Ā + B̄K)xi + B̄Ω + d̄i. Thus, the problem is equivalent to estimating the matrices
(Ā + B̄K) and B̄ when the linear feedback control is used. Therefore, the most common input
sequence used in optimal control satisfies this assumption. Similar to Proposition 7, sufficient
conditions can be tightened so that the equations become coordinate-wise separable.

Proposition 8. The KKT conditions for problem (CO-L2) are satisfied if there exist scalars γl
i, µ

l
i ∈

[−1, 1] for all i ̸∈ K, l ∈ {1, . . . , n} such that∑
i ̸∈K

γl
ixi/

√
n =

∑
i∈K

∂∥d̄i∥l2xi, ∀l = 1, . . . , n, (4.7)

and ∑
i ̸∈K

µl
iui/

√
n =

∑
i∈K

∂∥d̄i∥l2ui, ∀l = 1, . . . , n, (4.8)

where ∂∥d̄i∥l2 denotes the l-th element of the subgradient.

The proof of Proposition 8 relies on the same technique as in Proposition 7. Similar to au-
tonomous systems, we can omit the factor

√
n from the above equations to guarantee the sat-

isfaction of the KKT conditions for problem (CO-L1). We require the following controllability
assumption.

Assumption 5. The ground truth (Ā, B̄) satisfies

rank
{[

B̄ ĀB̄ · · · Ān−1B̄
]}

= n.

Intuitively, the controllability of a non-autonomous system denotes the ability to move a sys-
tem around in its entire state space using the input sequence {ui}T−1

i=0 . Controllability is an im-
portant property of a control system and plays a crucial role in many control problems, such as
the stabilization of unstable systems by feedback. Under the above assumption, we implement the
non-asymptotic analysis of the general non-autonomous system in a similar fashion to Theorem
14.

Theorem 16. Consider an autonomous system of order n under a probabilistic attack model with
frequency p. Suppose that Assumptions 3, 4, and 5 hold. Assume also that the input vectors ui|Fi

are selected to be independent of the attack vectors and obey the Gaussian distribution N (0, ξ
2

m
Im).

For all δ ∈ (0, 1], let

T 1
sample := nR1

[
n log(nR1) + log

(
1

δ

)]
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and

T 2
sample := nR2

[
m log(nR2) + log

(
1

δ

)]
,

where

R1 := max

{
log(κ/c)

nc4 log(1/ρ)
,

pκ2

c10(1− p)2(1− ρ)2
,

pκ2 log2(κ/c)

c10(1− ρ)2 log2(1/ρ)
,
1

np

}

R2 := max

{
1

np
,

p

(1− p)2
,
m

n

}
.

Here, constants c ∈ (0, 1] and κ ≥ (1 − ρ)−1 depend on m, n, σ, ξ and B̄. If the time horizon
satisfies the inequality T ≥ Θ[max{T 1

sample, T
2
sample}], then (Ā, B̄) is the unique solution to (CO-L2)

with probability at least 1− δ.

We have obtained a high probability bound for the exact recovery of the system matrices Ā and
B̄. The T 1

sample in the sample complexity corresponds to the satisfaction of the KKT conditions for
the state measurements, whereas the T 2

sample corresponds to the satisfaction of the KKT conditions
for the input sequence. Like autonomous systems, the sample complexity increases as the proba-
bility of disturbances increases. Compared with the previous theorems for the autonomous case,
we require a sample complexity that scales with p/(1 − p)2 and terms depending on the spectral
norm of Ā. Introducing the input sequence removes the requirement on the variance of the attack
vectors. In addition, the dependence of the sample complexity on p is improved from 1/(1−p)2 to
p/(1−p)2. Moreover, the dependence on the spectrum of Ā is reduced from 1/[(1−ρ)3 log2(1/ρ)]
to 1/[(1 − ρ)2 log2(1/ρ)]. As expected, even if more than half of the data are corrupted, that is
p > 1/2, the exact recovery is still attainable with high probability. The following theorem studies
problem (CO-L1).

Theorem 17. Under the assumptions of Theorem 16, for all δ ∈ (0, 1], let T 1
sample and T 2

sample be
defined as

R1

[
n log(nR1) + log

(
1

δ

)]
and R2

[
m log(nR2) + log

(
1

δ

)]
,

where R1 and R2 are given in Theorem 16. If T satisfies the inequality

T ≥ Θ[max{T 1
sample, T

2
sample}]

, then (Ā, B̄) is the unique solution to (CO-L1) with probability at least 1− δ.

Remark. When the input sequence ui = Kxi is used to control the system, the closed-loop system
with the matrix (Ā + B̄K) results in a second solution Â = Ā + B̄K and B̂ = 0. Still, the
ground-truth system matrix pair (Ā, B̄) is also a solution to our estimators. This phenomenon
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occurs due to the existence of multiple optimal solutions. It could be avoided if the input is excited
with a small noise in the form of ui = Kxi + Ω. Moreover, if all the input vectors ui are set to
zero, it is not possible to uniquely recover the system matrix B̄. Because the input sequence is zero,
the KKT conditions are trivially satisfied; thus, we have multiple optimum solutions.

Remark. The results in Sections IV and V can be extended to the case where there is a small-in-
magnitude dense measurement noise, ei, in addition to potentially large-in-magnitude adversarial
noise di. Note that the estimator can be written as a constrained optimization problem as

min
A∈Rn×n,B∈Rn×m,

di∈Rn,∀i

T−1∑
i=0

∥di∥◦

s.t. xi+1 −Axi +Bui + di = 0, i = 0, . . . , T − 1

Adding the dense measurement vector ei is equivalent to perturbing the constraint from xi+1 −
Axi −Bui − di = 0 to xi+1 −Axi −Bui − di = ei. This implies that the optimal solution will
be perturbed as well. Different results are readily available on how to calculate the change in the
optimal solution (Theorem 2 in [133]).

4.5 Numerical Experiments
We conduct numerical experiments with synthetically generated dynamical systems and a real-

life biomedical application involving insulin injections.

Synthetic Simulations
We generate LTI dynamical systems to verify the theoretical results. For each experiment, we

generate 10 different random matrices Ā and B̄ with singular values uniformly distributed between
(−1, 1). We generate the trajectory of the system, {xi}Ti=0, from a system initialized at the origin
by using the disturbance vector d̄i = ℓif̂i where

ℓi ∼ N (0,min{100/n, 100∥̂xi∥2}), f̂i ∼ Uniform(Sn−1)

whenever i ∈ K and using i.i.d. zero mean and Gaussian input vectors ui with the covariance
matrix Im/m. We solve the following optimization problem for every time period t between [1, T ]
using the CVX solver

(Ât, B̂t) = arg min
A∈Rn×n,B∈Rn×m

ft(A,B) =
t−1∑
i=0

∥xi+1 −Axi −Bui∥◦

For any time period t = 1, . . . , T , we obtain the solution gap, ∥(Ât, B̂t)− (Ā, B̄)∥F , and the loss
gap, ft(Ât, B̂t) − ft(Ā, B̄). We plot the trajectory of the average solution gap and the loss gap
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Figure 4.2: Performance of (CO-L2-Aut) with Probability of Attacks p ∈ {0.5, 0.7, 0.8} with
n = 5

of the 10 independent simulation runs. First, we analyze the performance of the estimator with
respect to the probability of having an attack on the autonomous systems. We use three different
values of p ∈ {0.5, 0.7, 0.8}. In Figure 4.2, we report the results for the estimator (CO-L2-Aut).
In this case, as the probability of attack p increases, the number of required samples grows. This
aligns with the theoretical results since the sample complexity scales with (1− p)−2.

Moreover, we experiment with a very small probability of having an attack, namely the prob-
ability of attack p being equal to {0.001, 0.01, 0.1}. Unsurprisingly, an extremely small excitation
or probability of attack, such as p = 0.001, leads to the failure of exact recovery in T = 500 time
periods in Figure 4.3 because of the lack of excitation.

In addition, we test the impact of the dimension of the system using the estimator (CO-L2). Set-
ting p = 0.5, we create systems with dimensions (n,m) ∈ {(5, 5), (10, 10), (15, 15)} for (CO-L2).
In Figure 4.4, it is observed that the sample complexity for exact recovery grows with the dimen-
sion of the system. Theoretically, T grows with roughly n log(n) when the term R in the sample
complexity bound is dominated by the terms that scale with n−1. The smaller empirical sample
complexity hints at stricter lower bounds since the theoretical results are only sufficient conditions
and are derived for the worst-case scenario.

Moreover, we test the relationship between the sample complexities of the estimators with ℓ2,
ℓ1 norms, and the least-squares method. Figures 4.5 and 4.6 show the performance for autonomous
systems with n = 5 and p = 0.7, and non-autonomous systems with (n,m) = (5, 5) and p = 0.7,
respectively. The solution gap and loss gap plateau for the least-squares estimator, whereas the
ℓ2 and ℓ1 norm estimators successfully learn the ground truth system matrices. Since the attack
vectors themselves are not sparse, the ℓ2 estimator requires fewer samples to achieve exact recovery
than the ℓ1 estimator.
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Figure 4.3: Performance of (CO-L2-Aut) with Probability of Attacks p ∈ {0.001, 0.01, 0.1} with
n = 5

Figure 4.4: Performance of (CO-L2) with Dimensions (n,m) ∈ {(5, 5), (10, 10), (15, 15)} with
p = 0.5
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Figure 4.5: Performance of (CO-L2-Aut), (CO-L1-Aut), and Least-Squares with n = 5 and p =
0.7

Figure 4.6: Performance of (CO-L2), (CO-L1) and Least-Squares with (n,m) = 5 and p = 0.7
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Biomedical Application
We conduct a numerical experiment inspired by biomedical applications to demonstrate results

for a real-life biomedical application. We consider a compartmental model of blood sugar and
insulin dynamics in the human body, as described in [54]. Accurately estimating the parameters of
the dynamics is crucial when regulating the blood sugar level by injecting a bolus of insulin into the
system. Due to the complex structure of the human body, the dynamics vary among individuals.
We consider a linear system based on Hovarka’s model as follows [51]:

ẋ1 = −ka1x1 + kb1I + d1,

ẋ2 = −ka2x1 + kb2I + d2,

ẋ3 = −ka3x1 + kb3I + d3,

Ṡ1 = −S1/tmax,I + d4,

Ṡ2 = S1/tmax,I − S2/tmax,I + d5,

İ = S2/(tmax,IvI)− keI + d6,

where given a time-dependent variable z(t), ż(t) represents its derivative with respect to time t.
The states x1, x2, x3 represent the influence of insulin on glucose distribution/transport, glucose
disposal, and endogenous production, respectively. S1 and S2 represent the absorption rate of
insulin. Lastly, the state I represents the blood sugar level in the body. The disturbance d4 cor-
responds to the bolus injection into the body, while the remaining disturbance vectors represent
other effects not captured by the model. Although the injected insulin amount could be known, the
exact amount of insulin and its timing reaching the effective body parts are unknown. Hence, the
di values are treated as unknown. Even though the disturbance in this application is not a malicious
attack, it exhibits similar characteristics for identification purposes: the arrival time of the bolus is
unknown, and once it arrives, it has a large magnitude.

We discretize the continuous-time system to obtain an LTI system using ∆i = 0.5. The re-
sulting matrix Ā is stable. Our objective is to estimate the parameters (kai, kbi, tmax,I ,vI , ke). The
attack vectors are modeled using the same distribution as in the synthetic simulations. We run our
model with the probability of an attack being p = 0.5, p = 0.7, and p = 0.8. We report the solution
gap for the least-squares estimator, problem (CO-L2), and problem (CO-L1).

Figure 4.7 suggests that our proposed estimators attain exact recovery while the least-squares
estimator fails to do so. As the probability of having an attack p increases, the number of required
time periods for exact recovery grows. Note that there are more corrupted data than clean data
in the case of p = 0.7 and p = 0.8. Additionally, because there is no sparsity assumption on
the attack vectors, (CO-L2) performs slightly better than (CO-L1). We compare the performance
of (CO-L2) and (CO-L1) by running a similar experiment with and without sparse disturbances.
When the disturbances are sparse, d1, d2, d3, d5 are set to zero. Figure 4.8 shows that the ℓ2 and ℓ1
estimators perform similarly when the attack vectors are also sparse.
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Figure 4.7: Solution Gap for (CO-L2), (CO-L1) and Least-Squares with p ∈ {0.5, 0.7, 0.8} for the
Insulin Application

Figure 4.8: Performance of (CO-L2), (CO-L1) and Least-Squares with p = 0.7 for the Insulin
Application with Sparse Vector Injections
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Appendices

4.A Proof of Proposition 5
Let i1, i2, . . . be the set of attack times over the time horizon, i.e., K = {i1, i2, . . . }. We show

that sufficient conditions are satisfied for every attack interval [ik + 1, ik+1],∀k ≥ 1. Due to ∆-
spaced attack model, we have i1 ≤ ∆. We can utilize Lemma 11 to show that Ā is the unique
solution.

Case 1: x0 = 0
We have xi = 0 for i = 0, 1, . . . , i1. As a result, we will show that the condition of Lemma 11

holds for every time period in the time intervals [ik + 1, ik+1], ∀k ≥ 1, where ik+1 = ik + ∆. For
any such interval with k ≥ 1, the following holds

ik+∆−1∑
i=ik+1

|xi| − |xik+1
| =

ik+∆−1∑
i=ik+1

|xi| − |Ā||xik+∆−1| =
ik+∆−2∑
i=ik+1

|xi|+ (1− |Ā|)|xik+∆−1| > 0

The last statement is positive because |Ā| < 1 and ∆ ≥ 2. Note that
∑j

i |xi| = 0 whenever j < i.
The condition

∑
i ̸∈K |xi| −

∑
i∈K |xi| > 0 holds after the first attack time period. Thus, whenever

T ≥ i1 + 1 ≥ ∆+ 1, exact recovery is achieved.
Case 2: 0 ̸∈ K and x0 ̸= 0
Because 0 ̸∈ K, we have i1 ≥ 1. From the above statements, we know the sufficient condition

holds for every time interval [ik+1, ik+1],∀k ≥ 1. Hence, we only need to show that the condition
in Lemma 11 is also satisfied for the time interval [0, i1]. It is apparent that

i1−1∑
i=0

|xi| − |xi1| =
i1−1∑
i=0

|xi| − |Ā||xi1−1| =
i1−2∑
i=0

|xi|+ (1− |Ā|)|xi1−1| > 0.

The last statement is positive because |Ā| < 1 and i1 ≥ 1.

4.B Proof of Proposition 6
By using KKT conditions, Ā is a solution to the problem if and only if

0 ∈
∑
i ̸∈K

xi ⊗ ∂∥0∥2 +
∑
i∈K

xi ⊗ ∂∥d̄i∥2. (4.9)
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Let i1 be the time stamp of the first attack time. Then, we have i1 ≤ ∆ due to the ∆-attack
structure and the assumptions in the theorem. The set of attack times is K = {i1, i1 + ∆, i1 +
2∆, i1 + 3∆, . . . }. Since x0 = 0, we have xi = 0 whenever i = 0, 1, . . . , i1 and xi1+1 = d̄i1 . Let
T = ∆+ i1, i.e., the time step at which a disturbance cycle is completed. In this case, the sufficient
condition using the KKT condition can be written as

0 ∈
∆−1∑
t=1

xi1+t ⊗ ∂∥0∥2 + xi1+∆ ⊗ ∂∥d̄i1+∆∥2

∈
∆−2∑
t=0

Ātd̄i1 ⊗ ∂∥0∥2 + Ā∆−1d̄i1 ⊗
d̄i1+∆

∥d̄i1+∆∥
.

The matrix 0 may belong to the right-hand side term for arbitrary d̄i1+∆ if

d̄i1+∆ ∈ span{d̄i1 , Ād̄i1 , . . . , Ā
∆−2d̄i1}.

This is satisfied by the assumption in the proposition statement. However, this is not sufficient
because the vectors chosen for ∂∥0∥2 have a bounded norm. Therefore, we need to bound the
norm of the columns of Ā∆−1d̄i1 ⊗

d̄i1+∆

∥d̄i1+∆∥2
, so it can be expressed as a linear combination of

the vectors {d̄i1 , Ād̄i1 , . . . , Ā
∆−2d̄i1}. Let (λj,vj) be eigenvalue-eigenvector pairs for the matrix

ĀT . Let e1, . . . , e∆−1 ∈ ∂∥0∥2. Then, the KKT condition can be written as follows:

0 ∈ e1d̄
⊤ + e2d̄

⊤Ā⊤ + · · ·+ e∆−1d̄
⊤(Ā⊤)∆−2 + f d̄⊤(Ā⊤)∆−1,

where f =
d̄i1+∆

∥d̄i1+∆∥2
and ∥f∥2 = 1. If we multiply the equation above by the eigenvector vj of Ā⊤,

we obtain

0 ∈ e1d̄
⊤vj + · · ·+ e∆−1d̄

⊤(Ā⊤)∆−2vj + f d̄⊤(Ā⊤)∆−1vj

∈ (e1 + λje2 + · · ·+ λ∆−2
j e∆−1 + λ∆−1

j f)d̄⊤vj.

Note that because Ā is diagonalizable, we only need to satisfy this condition along the direction
of each eigenvector. Therefore, the KKT condition holds if

0 = e1 + λje2 + · · ·+ λ∆−2
j e∆−1 + λ∆−1

j f , ∀j = 1, . . . , n.

There are (∆ − 1)n free variables and n2 equations. One can use the substitution to eliminate n2

variables, which leads to

∑
k1+···+kn=∆−n

λ(k1, . . . , kn)f =
∆−n−2∑
i=0

∑
k1+···+kn=i

λ(k1, . . . , kn)ei+n+1.
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Taking the norm of both sides and using the triangle inequality yields that∣∣∣∣∣ ∑
k1+···+kn=∆−n

λ(k1, . . . , kn)

∣∣∣∣∣ ∥f∥2 ≤
∆−n−1∑
i=0

∣∣∣∣∣ ∑
k1+···+kn=i

λ(k1, . . . , kn)

∣∣∣∣∣ ∥ei+n+1∥2.

Using the fact that ∥ej∥2 = 1 for all j and ∥f∥2 = 1, we obtain∣∣∣∣∣ ∑
k1+···+kn=∆−n

λ(k1, . . . , kn)

∣∣∣∣∣ ≤
∆−n−1∑
i=0

∣∣∣∣∣ ∑
k1+···+kn=i

λ(k1, . . . , kn)

∣∣∣∣∣ .
Moreover, if x0 is not 0, then we can show that the KKT condition is satisfied for the interval

{0, 1, . . . ,∆}. This completes the proof for the proposition.

4.C Proof of Proposition 7
The KKT condition for the exact recovery is

∃γi ∈ ∂∥0∥◦, i ̸∈ K s.t.
∑
i ̸∈K

xi ⊗ γi =
∑
i∈K

xi ⊗ ∂∥d̄i∥◦. (4.10)

For (CO-L2-Aut) with ◦ = 2. the condition (4.10) becomes

∃γi ∈ ∂∥0∥2, i ̸∈ K s.t.
∑
i ̸∈K

xi ⊗ γi =
∑
i∈K

xi ⊗ ∂∥d̄i∥2.

Since ∂∥0∥1/
√
n = B∞/

√
n(1) ⊆ B2(1) = ∂∥0∥2, we can rewrite it as

∃γi ∈ ∂∥0∥1, i ̸∈ K s.t.
∑
i ̸∈K

xi√
n
⊗ γi =

∑
i∈K

xi ⊗ ∂∥d̄i∥2.

We can check the condition at each coordinate because the set B∞(1) is coordinate-wise separable.
Thus, KKT condition holds for (CO-L2-Aut) if there exist scalars γl

i ∈ [−1, 1], i ̸∈ K, l = 1, . . . , n
such that ∑

i ̸∈K

γl
ixi/

√
n =

∑
i∈K

∂∥d̄i∥l2xi, ∀l = 1, . . . , n,

where ∂∥d̄i∥l◦ is the l-th element of the subgradient. Similar algebraic manipulation can be done
for (CO-L1-Aut).
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4.D Proof of Lemma 12
The condition "Given a matrix F ∈ Rn×m and the vector g ∈ Rn, there exists a vector w ∈ Rm

with ∥w∥∞ ≤ 1 satisfying Fw = g." is equivalent to the feasibility of the linear programming
(LP) below with objective function equal to 0:

max
w∈Rm

0 s.t. Fw = g, ∥w∥∞ ≤ 1.

Due to the strong duality, the dual problem of the LP above must have the optimum objective value
equal to 0. The dual problem can be formulated as

min
y∈Rm,z∈Rn

z⊤g + ∥y⊤∥1 s.t. z⊤F+ y⊤ = 0,

or equivalently,

min
z∈Rn

f(z) := z⊤g + ∥z⊤F∥1.

Thus, for any z ∈ Rn, f(z) must be non-negative. Because f(cz) = cf(z) for all c > 0, the
condition f(z) ≥ 0 for all z ∈ Rn is satisfied if f(z) ≥ 0 for all z ∈ Rn such that ∥z∥2 = 1.

4.E Proof of Theorem 14
Since x0 = 0, xi can be expressed as

xi =
∑
k∈K

Ā(i−k−1)+d̄k,

where A(i)+ is defined as

A(i)+ :=


0, if i < 0

I, if i = 0

Ai, if i > 0

.

By Lemma 12, given a coordinate l ∈ {1, . . . , n}, the optimality condition for the recovery of Ā
is equivalent to

f(z) := z⊤g + ∥z⊤F∥1 ≥ 0, ∀z ∈ S2(1), (4.11)

where the matrix F ∈ Rn×(T−|K|) has the columns

Fi :=
∑
k∈K

Ā(i−k−1)+d̄k√
n

, ∀i ̸∈ K,

and the vector g ∈ Rn is
g :=

∑
i∈K

∑
k∈K

Ā(i−k−1)+d̄k · f̄ li .

We do the proof in multiple steps.
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Showing f(z) > 0 for any given z ∈ S2(1)
We first prove that condition (4.11) holds with high probability for a fixed z ∈ S2(1).

Analysis of the term ∥z⊤F∥1

E∥z⊤F∥1 =
1√
n

∑
i/∈K

E

∣∣∣∣∣∑
k∈K

z⊤Ā(i−k−1)+d̄k

∣∣∣∣∣ . (4.12)

We construct the index set
I1 := {i | i /∈ K, i− 1 ∈ K}.

Let

S :=

⌈
logρΘ

[
c5

log(|I1|/δ)

]⌉
= Θ

[
log log(|I1|/δ) + log(1/c)

log(1/ρ)

]
,

where ⌈x⌉ is the minimal integer that is not smaller than x and δ ∈ (0, 1) is the specified probability.
We construct a subset of I1 in the following way:

I := {i1, . . . , iI | ij ∈ I1, ij − ij−1 ≥ S, ∀j}.

It is straightforward to construct I such that

I = |I| ≥ 1

S
|I1|.

In addition, due to the probabilistic attack model, it holds with probability at least 1−exp[−Θ[p(1−
p)T ]] that

|I1| ≥
p(1− p)T

2
.

Therefore, we have an estimate on the size of I:

P
(
I ≥ p(1− p)T

2S

)
≥ 1− exp[−Θ[p(1− p)T ]]. (4.13)

For each j ∈ {1, . . . , I}, we define Kj := {k ∈ K | ij−1 < k < ij}, where we denote i0 := −1.
Moreover, we define

Xj,ℓ :=
∑
k∈Kj

z⊤Āiℓ−k−1d̄k, ∀j, ℓ ∈ {1, . . . , I} s.t. j ≤ ℓ.

Using equation (4.12), we can calculate that

∥z⊤F∥1 ≥
1√
n

I∑
ℓ=1

∣∣∣∣∣
ℓ∑

j=1

Xj,ℓ

∣∣∣∣∣ ≥ 1√
n

I∑
j=1

(
|Xj,j| −

I∑
ℓ=j+1

|Xj,ℓ|

)
. (4.14)

We utilize the following lemma to bound |Xj,ℓ|.
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Lemma 14. Suppose that a random variable X is sub-Gaussian with parameter σX , where the
mean and the variance of X are 0 and σ̃2

X , respectively. Then, we have

P (|X| ≥ σ̃X) ≥
σ̃4
X

64σ4
X

.

For all j ∈ {1, . . . , I}, Assumption 4 implies that the standard deviation and the sub-Gaussian
parameter of Xj,ℓ are

σ̃j,ℓ :=

√
1

n

∑
k∈Kj

∥z⊤Āiℓ−k−1∥22σ2
k,

σj,ℓ :=

√
1

n

∑
k∈Kj

∥z⊤Āiℓ−k−1∥22σ2,

respectively. It follows from Lemma 14 that

P (|Xj,j| ≥ σ̃j,j) ≥
σ̃4
j,j

64σ4
j,j

,

which further leads to

P (|Xj,j| ≥ cσj,j) ≥
c4

64
. (4.15)

On the other hand, the sub-Gaussian parameter of
∑I

ℓ=j+1 |Xj,ℓ| is at most

I∑
ℓ=j+1

σj,ℓ ≤
I∑

ℓ=j+1

ρ(ℓ−j)Sσj,j ≤
ρS

1− ρS
σj,j.

Therefore, it holds with probability at least 1− δ/(4I) that

−
I∑

ℓ=j+1

|Xj,ℓ| ≥ − ρS

1− ρS
σj,j ·

√
2 log(4I/δ) (4.16)

≥ − ρS

1− ρS
σj,j ·

√
2 log(4|I1|/δ)

≥ − c4

512
· cσj,j,

where the last step is by the choice of S. Using the bound in (4.13), if we choose

T ≥ Θ

(
log log(1/δ) + log(1/c)

p(1− p)c4 log(1/ρ)

)
,
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it holds with high probability that
c4

64
− δ

4I
≥ c4

128
.

Note that we have dropped the |I1| term in the definition of S since log log(|I1|) is bounded by
log log(T ) and will not change the order of the above bound. Let qj be the (1 − c4/128)-quantile
of |Xj,j| −

∑I
ℓ=j+1 |Xj,ℓ|.

We define the indicator function

1j :=

{
1, if |Xj,j| −

∑I
ℓ=j+1 |Xj,ℓ| ≥ qj,

0, otherwise,
∀j ∈ {1, . . . , I}.

Since the value of the Bernoulli random variable 1j only depends on attacks in Kj , which are
disjoint from each other, the random variables

11 − c4/128, . . . , 1I − c4/128

form a martingale sequence with respect to filtration Fi1 , . . . ,FiI . For all j ∈ {1, . . . , I}, we can
calculate that

E [exp (s1j)] ≤ exp

[
c4

128
(es − 1)

]
, ∀s ∈ R.

By the tower property of expectation, we have

EI

[
exp

(
s

I∑
j=1

1j

)]
≤ exp

[
c4I

128
(es − 1)

]
, ∀s ∈ R.

For conditional probabilities and expectations of a random variable X given another random vari-
able Y , we use the notation EY [X] := E[X|Y ] and PY (X) := P(X|Y ) for the remainder of the
proof. Therefore, EI [·] denotes the conditional expectation of the term given the value of the ran-
dom variable I . Therefore, by applying Chernoff’s bound and choosing s := − log(2), it follows
that

PI

(
I∑

j=1

1j ≤
c4

256
· I

)
≤ exp

[
− c4I

256
· s+ c4I

128
(es − 1)

]
= exp

[
−Θ

(
c4

128
· I
)]

.

Equivalently, we know

PI

(
I∑

j=1

1j ≥
c4

256
· I

)
≥ 1− exp

[
−Θ

(
c4

128
· I
)]

. (4.17)
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Furthermore, since ij − 1 ∈ Kj , we can estimate that

σj,j ≥
√

1

n
∥z∥22σ2 =

1√
n
σ.

By the definition of qj and 1j , when the event in inequality (4.17) happens, inequalities (4.15) and
(4.16) imply that

∥z⊤F∥1 ≥
1√
n

I∑
j=1

(
|Xj,j| −

I∑
ℓ=j+1

|Xj,ℓ|

)

≥ 1√
n

I∑
j=1

[
c4

256
· cσj,j −

c4

512
· cσj,j

]
≥ c5σ

512n
· I

holds with probability at least 1− δ/4. Hence, we obtain

PI

[
∥z⊤F∥1 ≥

c5σ

512n
· I
]
≥ 1− exp

[
−Θ

(
c4I
)]

− δ

4
. (4.18)

Upper bounding of the term z⊤g

E
[
exp

(
λ · z⊤g

)]
= E

[
exp

(
λ
∑
k∈K

∑
i∈K

z⊤Ā(i−k−1)+d̄k · f̄ li

)]
.

Define the filtration Ff := σ{f̄i, i ∈ K}. By the stealth assumption, for each k ∈ K, conditional
on Fk and Ff , we have

ℓ̄k is sub-Gaussian with parameter σ.

Let T ′ be the second last time instance in K. We have

E

[
exp

(
λ
∑
i∈K

∑
k∈K

z⊤Ā(i−k−1)+d̄k · f̄ li

)]
(4.19)

=E

[
exp

(
λ

∑
k∈K,k<T ′

∑
i∈K

z⊤Ā(i−k−1)+d̄k · f̄ li

)

× E

[
exp

(
λ
∑
i∈K

z⊤Ā(i−1−T ′)+d̄′
T · f̄ li

)∣∣∣∣∣FT ′ ,Ff

]]
.
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Using the decomposition in Assumption 4, we have

E

[
exp

(
λ
∑
i∈K

z⊤Ā(i−1−T ′)+d̄T ′ · f̄ li

)∣∣∣∣∣FT ′ ,Ff

]

=E

[
exp

(
λ
∑
i∈K

z⊤Ā(i−1−T ′)+ f̄T ′ f̄ li · ℓ̄T ′

)∣∣∣∣∣FT ′ ,Ff

]

≤ exp

λ2σ2

2

(∑
i∈K

z⊤Ā(i−1−T ′)+ f̄T ′ f̄ li

)2


≤ exp

λ2σ2

2

(∑
i∈K

ρ(i−1−T ′)+

)2
 .

Substituting back into (4.19) and continuing the process for all k ∈ K, we obtain

E

[
exp

(
λ
∑
i∈K

∑
k∈K

z⊤Ā(i−k−1)+d̄k · f̄ li

)]
(4.20)

≤E

exp
λ2σ2

2

∑
k∈K

(∑
i∈K

z⊤Ā(i−1−k)+ f̄k f̄
l
i

)2


≤E

exp
λ2σ2

2

∑
k∈K

(∑
i∈K

∣∣z⊤Ā(i−1−k)+ f̄k
∣∣)2


≤ exp

λ2σ2

2

∑
k∈K

(∑
i∈K

ρ(i−1−k)+

)2
 ,

where the last inequality holds because f̄ li is bounded in [−1, 1]. For each i, k ∈ K, the value of(
z⊤Ā(i−1−k)+ f̄k

)2 concentrates around its expectation ∥z⊤Ā(i−1−k)+∥22/n. Therefore, inequality
(4.20) leads to

E

[
exp

(
λ
∑
i∈K

∑
k∈K

z⊤Ā(i−k−1)+d̄k · f̄ li

)]
≤ exp

Θ
λ2σ2

2n

∑
k∈K

(∑
i∈K

∥∥z⊤Ā(i−1−k)+
∥∥
2

)2

(4.21)

≤ exp

Θ
λ2σ2

2n

∑
k∈K

(∑
i∈K

ρ(i−k−1)+

)2
 .

Suppose the elements in K are
j1 < j2 < · · · < j|K|.



CHAPTER 4. SYSTEM IDENTIFICATION FOR LINEAR SYSTEMS 102

Define
∆k := jk − jk−1 − 1, ∀k ∈ {2, . . . , |K|}.

We can calculate that ∑
i∈K

ρ(i−1−jk)+ ≤ ρ∆k

1− ρ
.

Since ρ∆k ∈ [0, 1] are bounded random variables, they are sub-Gaussian and concentrate around
the mean with high probability. The expectation of ρ2∆k is

∞∑
∆=0

p(1− p)∆ρ2∆ =
p

1− (1− p)ρ2
.

Therefore, with probability at least 1− exp[−Θ(pT )], we have

|K|∑
k=2

ρ2∆k ≲
|K|p

1− (1− p)ρ2
≤ |K|p

1− ρ
.

Hence, inequality (4.21) implies that with the same probability, z⊤g is sub-Gaussian with param-
eter

Θ


√√√√σ2

n

|K|∑
k=2

ρ2∆k

(1− ρ)2

 ≤ Θ

[√
|K|pσ2

n(1− ρ)3

]
.

Therefore, Hoeffding’s inequality leads to

P|K|

[
z⊤g ≤ −Θ

(√
|K|pσ2

n(1− ρ)3
log

(
4

δ

))]
≤ δ

4
. (4.22)

By combining inequalities (4.18) and (4.22), it holds with probability at least

1− exp
[
−Θ(c4I)

]
− δ

2

that

f(z) ≥ Θ

[
c5σI

n
−

√
|K|pσ2

n(1− ρ)3
log

(
1

δ

)]
.

Similar to the bound in (4.13), it holds with probability at least 1− exp[−Θ(pT )] that

|K| ≤ 2pT.
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As a result, if we choose

T ≥ Θ

[
max

{
log log(1/δ) + log(1/c)

c4p(1− p) log(1/ρ)
log

(
1

δ

)
,

1

p(1− p)
log

(
1

δ

)
, (4.23)

n log(1/c)2

c10(1− p)2(1− ρ)3 log2(1/ρ)
log

(
1

δ

)}]

= Θ

[
nR log

(
1

δ

)]
,

where

R := max

{
log(1/c)

c4p(1− p) log(1/ρ)
log

(
1

δ

)
,

log2(1/c)

c10(1− p)2(1− ρ)3 log2(1/ρ)
,

1

np(1− p)

}
,

we have

PI

[
f(z) ≥ Θ

(
c5σI

n

)]
≥ 1− δ. (4.24)

Using Discretization Bound over the Unit Sphere

In the second step, we apply discretization techniques to prove that condition (4.11) holds for
all z ∈ S2(1) with high probability. Suppose that ϵ > 0 is a small constant. We construct an
ϵ-cover of the unit sphere S2(1), denoted as

{z1, . . . , zN},

Namely, for all z ∈ S2(1), we can find r ∈ {1, 2, . . . , N} such that ∥z− zr∥2 ≤ ϵ. The number of
points N can be bounded by

log(N) ≤ log[N (ϵ,S2(1), ∥ · ∥2)] ≤ n log

(
1 +

2

ϵ

)
.

Define a to be the lower bound of f(z) in inequality (4.24). Then, we have

a = Θ

(
c5σI

n

)
.

Our goal is to prove that

f(z)− f(z′) ≥ −a, ∀z, z′ ∈ S2(1) s.t. ∥z− z′∥2 ≤ ϵ
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holds with high probability. Notice that

f(z)− f(z′) = (z− z′)⊤g + (∥z⊤F∥1 − ∥(z′)⊤F∥1)
≥ (z− z′)⊤g − ∥(z− z′)⊤F∥1
≥ −∥z− z′∥2∥g∥2 − ∥z− z′∥2

∑
i/∈K

∥Fi∥2

≥ −ϵ

(∥∥∥∥∥∑
i∈K

∑
k∈K

Ā(i−k−1)+d̄k

∥∥∥∥∥
2

+
1√
n

∑
i/∈K

∥∥∥∥∥∑
k∈K

Ā(i−k−1)+d̄k

∥∥∥∥∥
2

)
≥ −ϵ

∑
k∈K

∑
i>k

ρ(i−k−1)|ℓ̄k|.

Using the property of exponential sequences, we have∑
k∈K

∑
i>k

ρ(i−k−1)|ℓ̄k| ≤
1

1− ρ

∑
k∈K

|ℓ̄k|.

Using a similar proof, we can show that
∑

k∈K |ℓ̄k| is sub-Gaussian with parameter |K|σ. There-
fore, Hoeffding’s inequality implies that

P|K|

(
1

1− ρ

∑
k∈K

|ℓ̄k| >
a

ϵ

)
≤ 2 exp

[
−(1− ρ)2a2

2ϵ2|K|2σ2

]
.

Letting

ϵ :=
(1− ρ)a

|K|σ
√

2 log(4/δ)
,

it holds that

P [f(z)− f(z′) ≥ −a, ∀z, z′ ∈ S2(1) s.t. ∥z− z′∥2 ≤ ϵ]

≥P|K|

(
1

1− ρ

∑
k∈K

|ℓ̄k| ≤
a

ϵ

)
≥ 1− δ

2
.

Now, after we replace δ in (4.23) with δ/(2N), it holds with probability at least 1− δ/2 that

f(zr) ≥ a, ∀r ∈ {1, . . . , N}.

After combining the above two inequalities, we apply the union bound to obtain

P [f(z) ≥ 0, ∀z ∈ S2(1)] ≥ 1− δ.

The corresponding sample complexity is

T ≥ Θ

[
nR log

(
2N

δ

)]
.
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Since it holds with probability 1− exp[−Θ[p(1− p)T ]] that

|I1| = Θ[p(1− p)T ], |K| = Θ(pT ),

we get the estimate

log(N) ≤ n log

(
1 +

2

ϵ

)
= n log

[
1 + Θ

(
n
√

log(1/δ) log(1/c)

(1− p)c5(1− ρ) log(1/ρ)

)]
= Θ [n log (nR)] .

By omitting the constants in the expression, the final sample complexity can be written as

T ≥ Θ

[
nR

[
n log (nR) + log

(
1

δ

)]]
.

Finally, we replace δ with δ/n and apply the union bound to all coordinates ℓ ∈ {1, . . . , n}.

Showing Uniqueness of Solution

Ā is the unique solution to the (CO-L2-Aut) if and only if the objective function value evaluated
at Ā is strictly less than the objective function value evaluated at Ā + Ω, where Ω is any small
perturbation to the matrix Ā. Let fT (A) =

∑T−1
i=0 ∥(Ā−A)xi + d̄t∥ be the objective function of

the (CO-L2-Aut). Then, Ā is the unique solution if

fT (Ā) < fT (Ā+Ω) ⇒
T−1∑
i=0

∥d̄i∥2 <
T−1∑
i=0

∥Ωxi + d̄i∥2 ⇒

∑
i∈K

∥d̄i∥2 <
∑
i ̸∈K

∥Ωxi∥2 +
∑
i∈K

∥d̄i∥2 +
∑
i∈K

〈
Ωxi,

d̄i

∥d̄i∥2

〉
⇒ 0 <

∑
i ̸∈K

∥Ωxi∥2 +
∑
i∈K

〈
Ωxi,

d̄i

∥d̄i∥2

〉
+O(∥Ω∥2F )

In the second-to-last step, we used Taylor’s expansion for ∥x∥2 whenever x ̸= 0. Taking Ω
sufficiently small ensures that ∥Ωxi + d̄i∥2 is not zero. The terms O(|Ω|2F ) is non-negative. As a
result, Ā is the unique solution whenever

∑
i ̸∈K

∥Ωxi∥2 +
∑
i∈K

〈
Ωxi,

d̄i

∥d̄i∥2

〉
> 0, ∀Ω : ∥Ω∥F ≤ ϵ.
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Thanks to homogeneity, we can bound the norm of Ω with 1 instead of ϵ. Let Ωl denote the l-th
row of the matrix Ω. Using ∥x∥2 ≥ ∥x∥1/

√
n, we have the following sufficient condition for the

exact recovery:

n∑
l=1

(∑
i ̸∈K

1√
n
∥Ωlxi∥1 +Ωlxi ·

d̄l
i

∥d̄i∥2

)
> 0,

for all Ω such that ∥Ωl∥2 ≤ 1, l = 1, . . . , n. This condition can be simplified as

n∑
l=1

Ωlg + ∥ΩlF∥1 > 0, ∀Ω s.t. ∥Ωl∥2 ≤ 1, l = 1, . . . , n

The matrix F ∈ Rn×(T−|K|) and the vector g ∈ Rn are defined at the beginning of the proof. The
above condition is the same as (4.11), except that we require strict positivity of f(z) rather than
non-negativity. The number of samples required to satisfy both inequalities will remain the same
due to the continuous distribution of the attack vectors.
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Chapter 5

System Identification for Non-Linear
Systems

Dynamical systems serve as the foundation for several fields, including sequential decision-
making, reinforcement learning, control theory, and recurrent neural networks. They are essential
for analyzing and controlling the behavior of real-world physical systems. However, accurately
modeling dynamical systems is challenging due to their complexity and the large-scale nature of
modern systems. The problem of estimating or learning a system’s dynamics from past obser-
vations is known as the system identification problem. This problem is extensively studied in
the control theory literature, typically under the restrictive assumption that disturbances are small
in magnitude and follow an independent and identically distributed (i.i.d.) probability distribu-
tion, accounting for modeling errors, measurement noise, and sensor inaccuracies. In contrast to
the conventional small-value, dense-over-time i.i.d. disturbance model, this chapter considers a
sparse-over-time, large-value, and temporally correlated disturbance model. Specifically, we ana-
lyze settings where the disturbance is often zero, but when non-zero, it can take large values and
exhibit correlations with past disturbances.

The primary motivation for this chapter arises from emerging safety-critical applications, such
as smart grids, autonomous vehicles, and unmanned aerial vehicles, which require robust estima-
tion of system dynamics in the presence of sparse but large and potentially adversarial disturbances.
While machine learning techniques have demonstrated significant success in various domains, such
as computer vision and natural language processing, their application to safety-critical systems re-
mains limited due to a lack of theoretical guarantees. This chapter addresses this gap by providing
strong theoretical results for learning dynamical systems using machine learning techniques.

As a motivating example, we consider the dynamical system associated with a power grid, such
as the U.S. electrical grid or a regional interconnection. The system states capture various physical
parameters, including voltage magnitudes and frequencies across different parts of the network.
To enhance the sustainability, resiliency, and efficiency of energy systems, modern power grids
integrate large volumes of renewable energy sources, such as wind turbines, solar panels, and
electric vehicles.

The operation of power systems has become increasingly complex due to the active participa-
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tion of consumers, who strategically respond to electricity prices by adjusting their consumption
based on price signals. Simultaneously, the widespread deployment of sensors across the grid has
enabled data-driven grid operation by continuously collecting and analyzing system data. How-
ever, this advancement introduces a significant vulnerability: even a small, strategically executed
data manipulation could mislead power suppliers, causing them to overestimate or underestimate
electricity demand. Such miscalculations could result in severe consequences, including system-
wide blackouts. This scenario can be modeled as a non-linear dynamical system in which the
system input is subject to semi-oblivious attacks at various locations, resulting in the injection of
incorrect electricity values into the grid. Given the integration of a large number of new devices
into the system, coupled with strategic human behavior, power operators lack a complete model
of the underlying dynamical system. Consequently, they must simultaneously learn the system
dynamics and detect potential adversarial attacks to effectively mitigate disruptions and restore
normal operation. If an input attack remains unaddressed, it can destabilize the system’s transient
behavior, leading to signal instability and potentially triggering a cascading failure across the grid.

Prior research on robust system learning has primarily focused on unreliable measurements,
where the objective is to extract knowledge from noisy and corrupted observations—such as in the
matrix sensing problem in machine learning. However, this chapter addresses an emerging and
largely overlooked aspect of robust learning in safety-critical systems, where the system input it-
self is manipulated (potentially by an adversary), thereby affecting the system states and inducing
instability. Existing results in system identification have largely concentrated on the asymptotic
properties of the least squares estimator (LSE) [26, 71, 73, 7]. With the advent of statistical learn-
ing theory, research in this area has evolved to study the required number of samples necessary
to achieve a given error threshold [107]. While early non-asymptotic analyses focused on linear
time-invariant (LTI) systems with i.i.d. disturbances using mixing arguments [66, 93], more recent
studies employ martingale and small-ball techniques to derive sample complexity guarantees for
LTI systems [102, 39, 106]. For non-linear systems, parameterized models have been explored in
recent studies [84, 85, 45, 95, 137], demonstrating the convergence of recursive and gradient-based
algorithms to the true parameters with a convergence rate of T−1/2 using martingale techniques
and mixing time arguments. Additionally, there has been some progress toward developing non-
smooth estimators for both linear and non-linear systems [43, 44, 119], particularly in handling
large-but-sparse noise vectors with dependencies. However, robust regression techniques incorpo-
rating regularization [116, 9, 55] remain relatively unexplored in the context of dynamical systems,
particularly with respect to non-asymptotic sample complexity analysis. This gap is largely due to
the inherent autocorrelation in system samples, making traditional statistical tools less applicable.
A more detailed literature review is provided in Section 5.1.

This chapter lays the foundation for advancing online optimal control in the presence of large
but sparse disturbances, such as certain adversarial attacks. A crucial first step in achieving this
goal is accurately learning the system dynamics. To this end, we focus on the system identifi-
cation problem for parameterized non-linear systems, making necessary assumptions about the
disturbance model, which will be discussed in later sections. We model the unknown non-linear
functions describing the system via a linear combination of some given basis functions by taking
advantage of their representation properties. Our objective is to estimate the parameters of these
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basis functions, which dictate the updates of the dynamical system. Formally, we consider the
following autonomous dynamical system:

x0 = 0n, xt+1 = Āf(xt) + d̄t, ∀t ∈ {0, . . . , T − 1}, (5.1)

where f : Rn 7→ Rm is a combination of m known basis functions and Ā ∈ Rn×m is the unknown
matrix of system parameters. The system trajectory is also influenced by the disturbance term d̄t ∈
Rn. We consider a sparse-but-large disturbance scenario, where the disturbance is sometimes zero
but, when non-zero, takes large values. In the context of an adversarial attack, a zero disturbance
value for d̄t indicates the absence of attack at time t, while a non-zero disturbance is typically large,
designed to maximize the impact of the attack. The goal of the system identification problem is
to recover the ground truth matrix Ā using observations of the system states, i.e., {x0, . . . ,xT}.
The model generating d̄t’s is unknown to the user; however, to ensure unique recoverability of
the system from measurements, we will later introduce necessary assumptions on the disturbance
model, referred to as semi-oblivious attacks.

Unlike empirical risk minimization problems, where samples are typically assumed to be i.i.d.,
the system states {x0, . . . ,xT} exhibit auto-correlation. As a result, the standard i.i.d. assumption
on the data-generating distribution is violated. This auto-correlation introduces significant theoret-
ical challenges, which we address in this chapter by proposing a novel and non-trivial extension
of exact recovery guarantees to the system identification problem. Since the disturbance d̄t is un-
known to the system operator and can take a large value, it is necessary to utilize estimators to the
ground truth Ā that is robust to variations in d̄t and converge to Ā within a finite time horizon
T . This chapter is inspired by [119] that studied the above problem for linear systems. The linear
case is noticeably simpler than the non-linear system identification problem since each observa-
tion xt becomes a linear function of previous disturbances. In contrast, for non-linear systems,
the relationship between measurements and disturbances is considerably more complex, requiring
substantial technical advancements beyond the methods used in [119].

The existing literature has primarily focused on the smooth least-squares estimator:

Â ∈ arg min
A∈Rn×m

T−1∑
t=0

∥xt+1 −Af(xt)∥22. (5.2)

In contrast, motivated by the exact recovery properties of non-smooth loss functions (e.g., the
ℓ1-norm and the nuclear norm), we consider the following alternative estimator:

Â ∈ arg min
A∈Rn×m

T−1∑
t=0

∥xt+1 −Af(xt)∥2. (5.3)

We note that the optimization problem (5.3) remains convex in A despite its non-smooth objective
function; therefore, it can be solved efficiently by existing optimization solvers. The estimator (5.3)
is closely related to the LASSO estimator, as its loss function can be interpreted as a generalization
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of the ℓ1-loss function. More specifically, when n = 1, the estimator (5.3) simplifies to

Â ∈ arg min
A∈R1×m

T−1∑
t=0

|xt+1 −Af(xt)|,

which corresponds to the auto-correlated general linear regression estimator with an ℓ1-loss func-
tion. In this chapter, the goal is to prove the efficacy of the above estimator by obtaining mild
conditions under which the ground truth Ā can be exactly recovered by the estimator (5.3). More
specifically, we seek to address the following key questions:

i) What are the necessary and sufficient conditions under which Ā is an optimal solution to the
optimization problem (5.3) or the unique optimal solution?

ii) What is the minimum number of samples required to ensure that the necessary and sufficient
conditions for exact recovery hold with high probability under certain assumptions?

In this chapter, we provide answers to the above questions. Section 5.1 presents a comprehensive
literature review on system identification and robust estimation problems. In Section 5.2, we an-
alyze the necessary and sufficient conditions for the global optimality of Ā for the problem (5.3).
Furthermore, we establish conditions under which Ā is the unique solution, thereby addressing
Question (i). Next, in Sections 5.4 and 5.5, we derive lower bounds on the number of samples T
required to guarantee that Ā is the unique solution with high probability. We consider two distinct
cases: when the basis function f is bounded when it is Lipschitz continuous. These results provide
an answer to Question (ii). In Section 5.6, we introduce a faster learning strategy when non-zero
disturbances fail to sufficiently explore the system state space. Finally, in Section 5.7, we present
numerical experiments that support our theoretical findings. This chapter constitutes the first non-
asymptotic sample complexity analysis for exact recovery in the non-linear system identification
problem.

5.1 Literature Overview
Until recently, research on the system identification problem primarily focused on the asymp-

totic properties of the least squares estimator (LSE) [26, 71, 73, 7]. However, with the increasing
prominence of statistical learning theory [109, 111], understanding the number of samples required
to achieve a given error threshold in system identification has become a topic of significant inter-
est. For a comprehensive overview of existing results and proof techniques, we refer the reader to
the survey by [107]. The non-asymptotic analysis of system identification has primarily focused
on linear time-invariant (LTI) systems under the assumption of i.i.d. noise. Early research in this
area relied on mixing arguments, which heavily depended on system stability [66, 93]. More re-
cent studies have employed martingale and small-ball techniques to establish sample complexity
guarantees for least squares estimators applied to LTI systems [102, 39, 106]. These works demon-
strate that the LSE converges to the true system parameters at a rate of T−1/2, where T denotes
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the number of samples. Furthermore, these results have been applied to the linear-quadratic regu-
lator problem, where adaptive control techniques leverage system identification results to achieve
optimal regret bounds [33, 1, 34].

The non-linear system identification problem has been extensively studied [84, 85]. However,
research on the non-asymptotic analysis of non-linear system identification remains in its early
stages and has primarily focused on parameterized non-linear systems. Recursive and gradient-
based algorithms designed for the least squares loss function have been shown to asymptotically
converge to the true system parameters at a rate of T−1/2 for non-linear systems with a known
link function ϕ of the form ϕ(Āxt), using martingale techniques [45] and mixing time arguments
[95]. More recently, [137] established sample complexity guarantees for non-parametric learning
of non-linear system dynamics, demonstrating a convergence rate that scales as T−1/(2+q), where
q depends on the complexity of the function class in which the true dynamics reside. Notably,
existing studies on both linear and non-linear system identification have largely assumed i.i.d.
(sub)-Gaussian noise structures, limiting their applicability to more general disturbance models.

Despite the growing interest in non-asymptotic system identification, research on system iden-
tification using non-smooth estimators capable of handling dependent and adversarial noise vectors
remains limited to linear systems. [43] and [44] investigated a non-smooth convex estimator in the
form of the least absolute deviation estimator, analyzing the conditions required for exact recovery
of system dynamics using Karush-Kuhn-Tucker (KKT) conditions and the Null Space Property
from the LASSO literature. Subsequently, [119] demonstrated that exact recovery of system pa-
rameters is achievable with high probability, even when more than half of the data is corrupted,
opening new avenues for adversarially robust system identification. Compared to [119], the pres-
ence of non-linear basis functions in our setting makes it impossible to analyze the optimization
problem by explicitly expressing xt; see the proof of Theorem 2 in [119]. Note that when the
system is in the form of xt+1 = Axt, then xt can be written directly as Atx0 and we only need
to analyze the eigenvalues of A. For a non-linear system in the form of xt+1 = f(xt), writing xt

in terms of x0 needs the composition of t functions, and this cannot be done analytically. Unlike
linear systems, there is no direct counterpart to eigenvalue analysis for non-linear systems. This
fundamental challenge is widely acknowledged in non-linear systems literature within control the-
ory, and as a result, many results known for linear systems do not extend to the non-linear setting.
Consequently, our proof for the bounded case is novel and fundamentally different from the ap-
proach in [119]. Finally, by leveraging the generalized Farkas’ lemma, we establish necessary and
sufficient conditions in Section 5.2 that are both novel and stronger than the sufficient conditions
provided in [119].

On the other hand, robust regression techniques have been developed by incorporating reg-
ularizers into the objective function [116, 9, 55]. Additionally, the robust estimation literature
has introduced several non-smooth estimators, including M-estimators, least absolute deviation
estimators, convex estimators, least median squares, and least trimmed squares [98]. The convex
estimator in (5.3) was proposed in [6, 5] in the context of robust regression, demonstrating that
exact recovery is achievable given an infinite number of samples. However, these studies lack a
non-asymptotic analysis of sample complexity. Furthermore, their analytical techniques are not
directly applicable to dynamical systems due to the presence of autocorrelation among samples.
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Recent works [115, 65] have focused on reinforcement learning (RL), where the primary ob-
jective is to maximize a reward function. In contrast, system identification aims to recover the
underlying system dynamics, and in many applications, a naturally defined reward function may
not exist. Moreover, both of these RL studies assume that perturbations are bounded, a restrictive
assumption that may not hold in real-world scenarios. More importantly, attempting to control a
system without first learning its dynamics (e.g., using model-free RL techniques) poses significant
risks. During exploration, an inadequate policy could shift the system state beyond safe operational
limits, potentially leading to instability; see the survey by [80]. For safety-critical systems, it is
typically necessary to first learn the system dynamics before applying a control strategy, whether
it be a classical optimal control method or an RL-based approach. This chapter focuses on learn-
ing the system model in the presence of adversaries on its dynamics. Existing RL approaches,
including those in [115, 65], address a fundamentally different problem. Additionally, while the
field of robust model-based RL is well-developed, our setting involves unknown system dynamics,
necessitating the use of model-free RL techniques.

5.2 Global Optimality of Ground Truth and Uniqueness of
Global Solutions

In this section, we derive conditions under which the ground truth Ā is a global minimizer
to the optimization problem (5.3). Given the system dynamics, this optimization problem can be
reformulated as

min
A∈Rn×m

T−1∑
t=0

∥(Ā−A)f(xt) + d̄t∥2, (5.4)

where x0, . . . ,xT are generated according to the unknown system under disturbances. To facilitate
the analysis, we define the set of time instances where disturbances are non-zero as K := {t | d̄t ̸=
0} and introduce the normalized disturbances as

d̂t := d̄t/∥d̄t∥2, ∀t ∈ K.

The following theorem provides a necessary and sufficient condition for Ā to be a global minimizer
of the problem in (5.4).

Theorem 18 (Necessary and sufficient condition for optimality). The ground truth matrix Ā is a
global solution to problem (5.4) if and only if∑

t∈K

d̂⊤
t Zf(xt) ≤

∑
t∈Kc

∥Zf(xt)∥2, ∀Z ∈ Rn×m, (5.5)

where Kc := {0, . . . , T − 1}\K denotes the set of time indices where disturbances are zero.
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Theorem 18 provides a necessary and sufficient condition for the well-specifiedness of the
optimization problem in (5.4). Intuitively, the left-hand side of (5.5) represents the impact of non-
zero disturbances, while the right-hand side corresponds to the normal system dynamics. If the
disturbances do not dominate the correct system dynamics, then the estimator can successfully
recover the ground truth dynamics. The condition in (5.5) is derived using the generalized Farkas’
lemma, which eliminates the need for inner approximation of the ℓ2-ball by an ℓ∞-ball, as in [119].
Consequently, the sample complexity bounds obtained in this chapter are stronger than those in
[119] when applied to the special case of linear systems. Further details on these bounds are
provided in Sections 5.4 and 5.5.

Using the condition established in Theorem 18, we derive both sufficient and necessary condi-
tions for the optimality of Ā in Corollaries 5 and 6.

Corollary 5 (Sufficient condition for optimality). If it holds that∑
t∈K

∥Zf(xt)∥2 ≤
∑
t∈Kc

∥Zf(xt)∥2, ∀Z ∈ Rn×m, (5.6)

then the ground truth matrix Ā is a global solution to problem (5.4).

Corollary 6 (Necessary condition for optimality). If the ground truth matrix Ā is a global solution
to problem (5.4), then it holds that∥∥∥∥∥∑

t∈K

f(xt)d̂
⊤
t

∥∥∥∥∥
F

≤
∑
t∈Kc

∥f(xt)∥2. (5.7)

In the case when m = 1, condition (5.7) is necessary and sufficient.

The proofs of Corollaries 5 and 6 are provided in the Appendix. The conditions established
above are more general than many existing results in the literature; see Examples 1 and 2 in Ap-
pendix 5.A for further discussion.

Next, we derive conditions under which the ground truth matrix Ā is the unique solution to the
optimization problem in (5.4). We present the following necessary and sufficient conditions for the
uniqueness of global solutions, which extends the result of Theorem 18.

Theorem 19 (Necessary and sufficient condition for uniqueness). Suppose that condition (5.5)
holds. The ground truth Ā is the unique global solution to problem (5.4) if and only if the following
logical condition holds for every non-zero Z ∈ Rn×m:∑

t∈K

d̂⊤
t Zf(xt) =

∑
t∈Kc

∥Zf(xt)∥2 =⇒
∑
t∈K

∣∣∣d̂⊤
t Zf(xt)

∣∣∣ <∑
t∈K

∥Zf(xt)∥2, (5.8)

which means that whenever the left-hand side equality is satisfied for some non-zero Z, the right-
hand side inequality must also hold.
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Based on Theorem 19, the following corollary provides a sufficient condition for the uniqueness
of Ā, which is more practical to verify compared to condition (5.8). Notably, this corollary also
generalizes the sufficiency part of Corollary 6 to the multi-dimensional setting.

Corollary 7 (Sufficient condition for uniqueness). Suppose that condition (5.5) holds. If∑
t∈K

d̂⊤
t Zf(xt) <

∑
t∈Kc

∥Zf(xt)∥2, ∀Z ∈ Rn×m s.t. Z ̸= 0, (5.9)

then the ground truth matrix Ā is the unique global solution to problem (5.4).

Proof. The logical condition in (5.8) states that whenever the left-hand side equality is satisfied
for some non-zero Z, the right-hand side inequality must also hold. Under the assumption in (5.9),
there is no non-zero Z satisfying the left-hand-side equality. This implies that the logical condition
in (5.8) automatically holds and, thus, Theorem 19 implies the uniqueness of Ā.

Theorem 19 strengthens and generalizes existing results for first-order systems, specifically
Theorem 1 in [43]. For further discussion, see Example 3 in Appendix 5.A.

5.3 Disturbance Model and Semi-Oblivious Attacks
We consider the frequency at which the system experiences a non-zero disturbance to model

sparse disturbances. This is captured by the sparsity probability p, defined as follows:

Definition 10 (Probabilistic sparsity model). For each time instance t, the disturbance vector d̄t is
non-zero with probability p ∈ (0, 1). Furthermore, the occurrences of disturbances are indepen-
dent across time instances.

Existing results have predominantly focused on the case where p = 1, under which the sys-
tem dynamics cannot be learned in finite time. To illustrate the impact of sparsity, consider the
scenario where d̄t follows a Gaussian distribution for all t ∈ K and independent of previous distur-
bances d̄1, ..., d̄t−1. When p = 1, it follows that there exists no finite time T for which the correct
dynamics matrix Ā is a solution to the least-square estimator (5.2) almost surely.

Moreover, when p < 1, the LSE fails to achieve exact recovery even under an i.i.d zero-mean
Gaussian disturbance structure. To illustrate the failure of LSE, we define the following matrices:

FT =
[
f(x0) f(x1) · · · f(xT−1)

]
and XT =

[
x1 x2 · · · xT

]
,

where FT ,XT ∈ Rn×T . In addition, we define the disturbance matrix D̄T =
[
d̄0 d̄1 · · · d̄T−1

]
,

where D̄T ∈ Rn×T . Under these definitions, the system updates can be expressed as XT =
ĀFT + D̄T . Thus, the closed-form solution of the LSE is given by Â = (FTF

⊤
T )

−1FTX
⊤
T , and

the estimation error can be written as Â − Ā = (FTF
⊤
T )

−1FT D̄
⊤
T . When T is sufficiently large,

the matrices FT and D̄T become full-rank; consequently, the LSE estimation error, Â − Ā never
attains zero error. In contrast, the results in Sections 5.4 and 5.5 conclude that for every p ∈
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(0, 1), the ground truth matrix Ā becomes the unique solution of the non-smooth estimator (5.3),
provided that T exceeds a certain threshold. This result represents a highly specialized case of
the broader findings presented in this chapter and highlights the advantage of incorporating zero
disturbances. Specifically, having some instances of zero disturbances enables a transition from
asymptotic learning to finite-time learning, demonstrating the efficacy of the proposed approach.

It is important to note that in this chapter, the disturbance vectors d̄t’s are allowed to be corre-
lated over time. Definition 10 is only about the times at which disturbances are non-zero. Addi-
tionally, we do not assume that the sparsity probability p or the model generating the disturbances
is known. Recalling the definition K := {t | d̄t ̸= 0}, we observe that with probability at least
1 − exp[−Θ(pT )], the cardinality of K satisfies |K| = Θ(pT ). When p is close to 0, the system
is rarely affected by disturbances. The absence of disturbances, however, may lessen the rate of
exact recovery due to insufficient exploration of the system space. A potential approach to mitigate
this issue is outlined in Section 5.6. Nevertheless, this chapter primarily focuses on the case where
p is close to 1, meaning that the system experiences disturbances at nearly all time steps. In the
following theorem, we demonstrate that in the absence of assumptions on the disturbance vectors,
no estimator can reliably learn the system dynamics.

Theorem 20. Consider the linear system xt+1 = Āxt + d̄t,x0 = 0n, together with a linear
subspace D ⊂ Rn whose dimension is less than rank of Ā. Assume that the disturbance d̄t is
always chosen from this not-full-dimensional subspace. Then, there does not exist any estimator of
the form

ÂT ∈ arg min
A∈Rn×n

g(A; {xt}Tt=0)

that uniquely recovers the matrix Ā all the time from the states x0, ...,xT no matter how large T
is. Here, g(A; {xt}Tt=0) is the function of A that depends on the system states over time.

Consider the scenario where the disturbances affecting the system are adversarially designed.
In this case, we refer to these disturbances as attacks, with p representing the frequency at which
the system is under attack. Two key problems arise in the context of attack analysis: (1) attack
problem where the adversary aims to design the attack vectors d̄t to maximize the disruption to the
system, and (2) defense problem where the system operator seeks to detect any suspicious attack
and nullify it. Two common strategies often used in combination to design an effective defense
mechanism are (i) inspecting the system inputs to detect anomalies indicative of attacks and (ii)
analyzing collected state values to infer whether an attack has occurred. Based on Theorem 20,
if the attacker has complete freedom in selecting attack values, the most effective strategy is to
constrain them to a specific subspace where no estimator can function reliably. However, such
biased attack strategies are easier to detect using defense strategy (i), as the operator can analyze
the statistical behavior of the inputs and identify deviations from natural disturbances, flagging
them as attacks. Thus, the risk for an attacker employing extreme attacks is that they increase the
likelihood of detection and nullification by a well-designed defense mechanism. Consequently, a
strategic adversary should avoid highly conspicuous attack patterns and instead focus on attacks
that have a lower probability of detection.
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As an example, consider the first-order system xt+1 = xt + d̄t where d̄t ∈ R. Suppose
this represents a physical system that cannot accept inputs exceeding a given magnitude limit
γ. The most severe attack in this case would be to set d̄t to be equal to γ at all times, driving
the state to grow as rapidly as possible. However, a well-designed defense mechanism could
quickly detect this attack by recognizing that the injected input is not a natural disturbance but
rather a deliberately crafted adversarial input. To evade detection, the attacker must adopt a more
subtle approach. Instead of consistently applying the maximum allowable input, the attacker may
alternate between positive and negative disturbances, choosing d̄t to be +γ̄ and −γ̄ for some
γ̄ < γ. This strategy achieves two key objectives: (i) avoiding hitting the maximum limit, and (ii)
making the attack look like a disturbance by having a zero mean. Although this alternating attack
pattern is less detectable, it still has a significant impact on the system. Specifically, it increases the
variance of xt, causing oscillatory behavior that can degrade system performance. This example
illustrates a broader principle: an effective attack strategy should involve alternating positive and
negative perturbations rather than consistently applying unidirectional inputs. To formally capture
this concept, we introduce the notion of attack/disturbance direction and define a semi-oblivious
condition in the attack/disturbance process. This condition aligns with existing robustness criteria
in the literature [22, 28]. To do so, we define the filtration Ft := σ {x0,x1, . . . ,xt}.

Assumption 6 (Semi-oblivious condition). Conditional on the past information Ft and the event
that d̄t ̸= 0n, the disturbance direction d̂t = d̄t/∥d̄t∥2 is zero-mean.

The semi-oblivious condition has been widely studied in real-world systems, particularly in
the context of stealthy attacks. To illustrate this concept, consider another example from an energy
system comprising two nodes: Node 1 represents a neighborhood of homes, and Node 2 is a power
supplier owned by a utility company. Every five minutes, Node 1 reports to Node 2 the amount
of electrical power required for the next five-minute period. Suppose the neighborhood requires a
constant power demand of 1 unit for the next five hours. However, an attacker has compromised
the communication channel between Node 1 and Node 2, altering the reported demand from 1 unit
to either 1 − e or 1 + e every half hour, where e is a large perturbation relative to 1 unit. Since
the average of 1 − e and 1 + e is still 1, this could serve as a semi-oblivious attack. However,
this manipulation disrupts the power balance: when Node 1 actually requires 1 unit of power, but
Node 2 instead generates either 1 − e or 1 + e, the resulting mismatch violates the fundamental
physical constraints of the grid. Such discrepancies can trigger grid instability, potentially leading
to large-scale blackouts. Semi-oblivious attacks of this kind have been observed in various parts
of the world, resulting in severe power outages. The cyberattack problem in power systems aligns
closely with our mathematical models. Notably, power system operators employ hypothesis testing
techniques to detect anomalies in reported data. If the injected disturbances exhibit a non-zero
mean, they would be flagged as suspicious. However, by maintaining a zero mean, semi-oblivious
evade detection while still destabilizing the system.

Due to the poor performance of LSE under the disturbance structure characterized by the semi-
oblivious condition and the probabilistic sparsity model, this chapter focuses on analyzing the
LASSO-type estimator and understanding the conditions under which exact recovery is attainable
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in such settings. We emphasize that this disturbance structure encompasses not only some sparse
disturbances but also certain types of attacks. For instance, the disturbance structure may consist
of a combination of sparse, zero-mean Gaussian input vectors, denoted as ēt, and semi-oblivious
attack vectors, f̄t, both of which satisfy the required assumptions. If the ēt and f̄t follow the
probabilistic sparsity model with probabilities p′ and p, respectively, then the overall disturbance,
given by d̄T = ēt + f̄t, is also semi-oblivious and follows the probabilistic sparsity model with
probability at most p′ + p < 1.

In the next two sections, we provide lower bounds on the sample complexity T such that
the ground truth Ā is the unique solution to problem (5.4). The next section derives results under
Assumption 6. Following that, we extend our analysis to unbounded basis functions, which require
Assumption 11. While Assumption 11 is somewhat stronger than Assumption 6, it remains a
practical assumption. Note that the latter assumption requires the disturbance directions to have
a zero mean meanwhile the former assumption requires the disturbance directions to follow a
uniform distribution. In both cases, the magnitudes of the non-zero disturbances/attacks remain
unrestricted, meaning that adversaries can inject disturbances of arbitrary values to maximize their
impact on the system.

5.4 Bounded Basis Function
In this section, we analyze the case where the basis function f is bounded.

Assumption 7 (Bounded basis function). The basis function f : Rn 7→ Rm satisfies

∥f(x)∥∞ ≤ B, ∀x ∈ Rn,

where B > 0 is a constant.

Finally, to avoid the degenerate case, we assume that the norm of basis function is lower
bounded under conditional expectation after a non-zero disturbance.

Assumption 8 (Non-degenerate condition). Conditional on the past information Ft and the event
that d̄t ̸= 0n, the disturbance vector and the basis function satisfy

λmin

[
E
[
f(x+ d̄t)f(x+ d̄t)

⊤ | Ft, d̄t ̸= 0n

]]
≥ λ2, ∀x ∈ Rn,

where λmin(F ) is the minimal eigenvalue of matrix F and λ > 0 is a constant.

Intuitively, the non-degenerate assumption ensures sufficient exploration of the trajectory in the
state space. More specifically, for the condition in (5.9) to hold, it is necessary that the matrix

[f(xt), t ∈ Kc] ∈ Rm×(T−|K|) (5.10)

has rank-m; see the proof of Theorem 22 for further details. The non-degenerate assumption
guarantees that the basis function evaluations f(x+ d̄t) spans the entire state space in expectation.
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As a result, the matrix in (5.10) is full-rank with high probability when the number of samples T
is sufficiently large.

The following theorem establishes that when the sample complexity is sufficiently high, the
estimator in (5.3) achieves exact recovery of the ground truth matrix Ā with high probability.

Theorem 21 (Exact recovery for bounded basis function). Suppose that Assumptions 6-8 hold and
define κ := B/λ ≥ 1. For all δ ∈ (0, 1], if the sample complexity T satisfies

T ≥ Θ

[
m2κ4

p(1− p)2

[
mn log

(
mκ

p(1− p)

)
+ log

(
1

δ

)]]
, (5.11)

then Ā is the unique global solution to problem (5.4) with probability at least 1− δ.

The above theorem provides a non-asymptotic bound on the sample complexity required for
exact recovery with a specified probability of at least 1 − δ. The lower bound scales as m3n,
indicating that the required number of samples increases as the number of states n and the number
of basis functions m grow. In addition, the sample complexity increases when B is larger or λ is
smaller. This aligns with the intuition that B reflects the size of the space spanned by the basis
function and λ measures the speed of exploring the spanned space.

Regarding the dependence on the sparsity probability p, the next theorem demonstrates that the
scaling factor 1/[p(1− p)] is unavoidable under the probabilistic sparsity model. Furthermore, the
theorem also establishes a lower bound on the sample complexity that depends on m and log(1/δ).

Theorem 22. Suppose that the sample complexity satisfies

T <
m

2p(1− p)
.

Then, there exists a basis function f : Rn 7→ Rm and a disturbance model such that Assump-
tions 6-8 hold and the global solutions to problem (5.4) are not unique with probability at least
max

{
1− 2 exp (−m/3) , 2[p(1− p)]T/2

}
. Furthermore, given a constant δ ∈ (0, 1], if

T < max

{
m

2p(1− p)
,

2

− log[p(1− p)]
log

(
2

δ

)}
,

then the global solutions to problem (5.4) are not unique with probability at least

max {1− 2 exp (−m/3) , δ}

.

Remark. A key objective of this chapter is to show that the exact recovery in finite time is achiev-
able when p is close to 1, indicating that the system operates under semi-oblivious attacks most of
the time. In Theorem 21, we establish an upper bound on the required time horizon for exact re-
covery, a result with significant implications for real-world systems. Conversely, the lower bound
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derived in Theorem 22 serves primarily as a theoretical result. Unlike large-scale machine learn-
ing problems, where the problem size can reach tens of millions, real-world dynamical systems
typically have far fewer states, often fewer than several thousand. As a result, our upper bound
already provides a practical estimate of the required sample complexity. While further tightening
the lower bound remains a relevant and theoretically interesting problem, its practical impact is
likely to be marginal, given that the current upper bound is already within a feasible range for
real-world applications.

5.5 Lipschitz Basis Function
In this section, we consider the case when the basis function f(x) is Lipschitz continuous in x.

Specifically, we make the following assumption.

Assumption 9 (Lipschitz basis function). The basis function f : Rn 7→ Rm satisfies

f(0n) = 0m and ∥f(x)− f(y)∥2 ≤ L∥x− y∥2, ∀x,y ∈ Rn,

where L > 0 is the Lipschitz constant.

As a special case of Assumption 9, the basis function of a linear system is f(x) = x, which
satisfies the Lipschitz condition with L = 1.

Remark. It is important to note that the assumptions of boundedness or Lipschitz continuity are al-
ways satisfied in dynamical systems, as the user has the flexibility to select appropriate basis func-
tions to ensure these properties. Specifically, the user can choose an arbitrary set of basis functions
to approximate the unknown function as a linear combination of these bases. This setting differs
from classical machine learning problems, where the model is trained to learn an unknown func-
tion, and there is no direct control over its Lipschitz continuity. Conversely, in dynamical systems,
the user can impose constraints on the basis functions to ensure desirable mathematical properties.
However, if unbounded basis functions or functions with high Lipschitz constants are restricted, a
larger number of basis functions may be required to achieve an accurate approximation of the un-
known function. Moreover, many real-world dynamical systems, ranging from robotics to energy
systems, inherently exhibit smooth and well-behaved dynamics due to their foundation in physi-
cal laws, such as Newtonian mechanics and Kirchhoff’s circuit laws. This stands in contrast to
various machine learning problems, where the optimal policy may be inherently non-smooth and
highly complex, making function approximation significantly more challenging.

Additionally, we assume that the spectral norm of Ā is bounded to ensure system stability.

Assumption 10 (System stability). The ground truth Ā satisfies

ρ :=
∥∥Ā∥∥ <

1

L
.
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Assumption 10 is related to the asymptotic stability of the dynamical system and is sufficient to
prevent the finite-time divergence of the system trajectories. In Theorem 24, we demonstrate that
this stability condition may also be necessary for exact recovery. Finally, we make the additional
assumption that each disturbance follows a sub-Gaussian distribution.

Assumption 11 (Sub-Gaussian disturbances). Conditional on the filtration Ft and the event that
d̄t ̸= 0n, the disturbance vector d̄t is expressed as the product ℓtd̂t, where

1. d̂t ∈ Rn and ℓt ∈ R are independent conditional on Ft and d̄t ̸= 0n;

2. d̂t is a zero-mean unit vector, namely, E(d̂t | Ft, d̄t ̸= 0n) = 0n and ∥d̂t∥2 = 1;

3. ℓt is zero-mean and sub-Gaussian with parameter σ.

As a special case, the sub-Gaussian assumption is guaranteed to hold if there is an upper bound
on the magnitude of each disturbance. The bounded disturbance case is common in practical
applications since real-world systems do not accept inputs that are arbitrarily large. For example,
physical devices have a clear limitation on the input size and the disturbances/attacks cannot exceed
that limit. In Assumption 11, the components d̂t and ℓt respectively represent the direction and
intensity (such as magnitude) of each attack/disturbance. While the intensity parameters ℓt’s could
be correlated over time, both d̂t and ℓt are assumed to be zero-mean, aligning with the semi-
oblivious condition stated before.

Under these assumptions, we can establish that high-probability exact recovery is achievable,
provided that the sample size T is sufficiently large.

Theorem 23 (Exact recovery for Lipschitz basis function). Suppose that Assumptions 8-11 hold
and define κ := σL/λ ≥ 1. If the sample complexity T satisfies

T ≥ Θ

[
max

{
κ10

(1− ρL)3(1− p)2
,

κ4

p(1− p)

}

×
[
mn log

(
1

(1− ρL)κp(1− p)

)
+ log

(
1

δ

)]]
, (5.12)

then Ā is the unique global solution to problem (5.4) with probability at least 1− δ.

Theorem 23 provides a non-asymptotic sample complexity bound for the case where the basis
function is Lipschitz continuous. As a special case, when the basis function is linear, i.e., f(x) = x,
and the attack/disturbance vector d̄t follows the Gaussian distribution N (0n, σ

2In) conditional on
Ft, we have κ = 1. Compared to Theorem 21, the dependence on the non-zero disturbance
probability p is improved from 1/[p(1−p)2] to 1/[p(1−p)], a consequence of the stability condition
(Assumption 10). In addition, the dependence on the dimension m is improved from m3 to m.
Intuitively, the improvement is achieved by improving the upper bound on the norm ∥f(xt)∥2.
In the bounded basis function case, the norm is bounded by

√
mB; while in the Lipschitz basis



CHAPTER 5. SYSTEM IDENTIFICATION FOR NON-LINEAR SYSTEMS 121

function case, the norm is bounded by σL with high probability, which is independent from the
dimension m. Finally, the sample complexity bound grows with the parameter κ = σL/λ and the
gap 1− ρL, which is also consistent with the intuition.

Conversely, we can construct counterexamples demonstrating that when the stability condition
(Assumption 10) is violated, exact recovery fails with probability at least p.

Theorem 24 (Failure of exact recovery for unstable systems). There exists a system such that
Assumptions 8, 9 and 11 are satisfied but for all T ≥ 1, the ground truth Ā is not a global solution
to problem (5.4) with probability at least p[1− (1− p)T−1].

5.6 Absence of Semi-Oblivious Attacks
In Sections 5.4 and 5.5, we derived the required number of samples for exact recovery in

the presence of sparse and semi-oblivious disturbances using bounded and Lipschitz basis func-
tions. For bounded basis functions, the sample complexity scales as p−1(1 − p)−2 in terms of
the non-zero disturbance probability, up to a logarithm factor, as stated in Theorem 21. Simi-
larly, Theorem 23 established that, for Lipschitz basis functions, the sample complexity scales as
max{(1− p)−2, p−1(1− p)−1} with respect to the non-zero disturbance probability. Although the
theoretical results in these sections are quite promising whenever non-zero disturbance probability
p > 0.5, it may seem counterintuitive that the sample complexity increases as p decreases and
approaches zero, given that a smaller p implies fewer non-zero disturbances and attack injections
into the system. This phenomenon can be explained through the concept of exploration. When
p is small, the lack of disturbances reduces the rate at which the system state space is explored,
thereby increasing the number of samples required for exact recovery. This theoretical observation
is further supported by numerical experiments, the results of which are presented in Appendix 5.L.

It is well-known that random excitation signals into dynamical systems can accelerate con-
vergence in system identification problems. To leverage the sample complexity bounds derived in
earlier sections and enhance the learning rate, we define the disturbance vector d̄t as a combination
of the random input vectors injected by the controller, ēt, and the semi-oblivious attacks designed
by an adversarial agent, f̄t, such that d̄t = ēt + f̄t. In the absence of random excitation input
injections from the controller, we have d̄t = f̄t. In this case, as the non-zero attack disturbance
probability p approaches to zero, attaining exact recovery requires more samples. The controller
can counteract this trend by injecting random zero-mean i.i.d. Gaussian inputs into the system
following the probabilistic sparsity model with probability p′. Under this formulation, d̄t as the
combination of ēt and f̄t, continues to satisfy the assumptions required for Theorem 21 and Theo-
rem 23. The non-zero disturbance probability for d̄t becomes at most p′+p, and the exact recovery
remains achievable as long as there exist sufficient time periods when both vectors ēt and f̄t are
zero, i.e., p′ + p < 1.

For the bounded basis functions, the sample complexity is minimized when the non-zero dis-
turbance probability p is set to p∗ = 1/3, as the bound in Theorem 21 scales with p−1(1 − p)−2.
As a result, it is optimal to inject zero-mean i.i.d Gaussian inputs with probability p′ = p∗ = 1/3
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as this value minimizes the sample complexity bound. Furthermore, for Lipschitz basis functions,
the sample complexity scales as max{(1− p)−2, p−1(1− p)−1} according to Theorem 23. In this
case, the optimal p∗ value is p∗ = 1/2, meaning that it is preferable to inject random excitations
approximately half of the time when the semi-oblivious attacks are nearly absent, i.e., p ≈ 0. Fi-
nally, although p is unknown to the controller, when the probability of attacks is lower than p∗

values specified above for bounded and Lipschitz basis functions, injecting excitation signals with
zero-mean i.i.d Gaussian inputs at a probability of p′ = p∗ − p will accelerate the exact recovery
rate of the system dynamics.

5.7 Numerical Experiments
We conduct numerical experiments for both the bounded and Lipschitz continuous basis func-

tion cases to validate the exact recovery guarantees presented in Sections 5.4 and 5.5. Specifically,
we examine the convergence behavior of the estimator in (5.3) under varying values of the sparsity
probability p and problem dimensions (n,m). Additionally, we numerically verify the necessary
and sufficient conditions established in Section 5.2. Further numerical experiments exploring ad-
ditional problem parameters are provided in Appendix 5.L.

Evaluation metrics. Given a trajectory {x0, . . . ,xT}, we compute the estimators

ÂT ′ ∈ arg min
A∈Rn×m

gT ′(A), ∀T ′ ∈ {1, . . . , T},

where the loss function is defined as gT ′(A) :=
∑T ′−1

t=0 ∥xt+1 − Af(xt)∥2. In our experiments,
we solve the convex optimization problem using the CVX solver [49]. To evaluate the recovery
quality of the estimator for each T ′, we consider the following three metrics:

• The Loss Gap is defined as gT ′(Ā) − gT ′(ÂT ′). The ground truth Ā is a global solution if
and only if the loss gap is 0.

• The Solution Gap is defined as ∥Ā − ÂT ′∥F . The ground truth Ā is the unique solution
only if the solution gap is 0.

• The Optimality Certificate is defined as

min
Z∈Rn×m

∑
t∈Kc

∥Zf(xt)∥2 −
∑
t∈K

d̂⊤
t Zf(xt) s.t. ∥Z∥F ≤ 1,

which is a convex optimization problem that can be solved using the CVX solver. The ground
truth is a global solution if and only if the optimality certificate is 0.

We evaluate these metrics to assess the performance of the estimator in (5.3) and validate the pro-
posed optimality conditions. For each parameter setting, we independently generate 10 trajectories
using the system dynamics in (5.1) and compute the average of the three metrics.

Since we need to solve estimator (5.3) many times (for different trajectories and steps T ′),
we consider relatively small-scale problems. In practice, the estimator (5.3) is only required for
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T ′ = T and we only need to solve a single optimization problem. As a result, estimator (5.3) can
be solved for large-scale real-world systems since it is convex and should be solved only once.
We provided experiment results for large-scale systems in Appendix 5.L. Next, we explain the
experiment setup and the numerical results for the bounded basis functions.

Bounded basis function. Given a state space dimension n, we set m = 5n and define the basis
function as

f(x) :=

f̃(x1)
...

f̃(xn)

 , where f̃(y) :=

 sin(y)
...

sin(5y)

 , ∀x ∈ Rn, y ∈ R.

The basis function satisfies Assumption 7 with B = 1. For each time instance t ∈ K and for each
i ∈ {1, . . . , n}, the disturbance d̄t,i is independently generated by

d̄t,i ∼ Uniform (−ct,iπ, ct,iπ) , where ci,t := min{max{|xt,i|, 0.1}, 0.5}.

Here, d̄t,i and xt,i denote i-th components of d̄t and xt, respectively. Since the disturbance distri-
bution is symmetric about the origin, it satisfies Assumption 6. Additionally, as the sine functions
sin(y), . . . , sin(5y) are linearly independent, the non-degeneracy condition (Assumption 8) is sat-
isfied. Finally, the ground truth matrix Ā is constructed such that

Āf(x) =


∑5

k=1 Ā1,k sin(kx1)
...∑5

k=1 Ān,k sin(kxn)

 ,

where the coefficients are sampled independently as

Āi,k
i.i.d.∼ Uniform(−100, 100), ∀i ∈ {1, . . . , n}, k ∈ {1, . . . , 5}.

We choose a large upper bound for the coefficients Āi,k (i.e., greater than 1) to illustrate that the
stability condition (Assumption 10) is not required in the case of bounded basis functions.

We first compare the performance of estimator (5.3) under different non-zero disturbance prob-
abilities p. Specifically, we set T = 500, n = 1 and p ∈ {0.7, 0.8, 0.85}. The results, presented in
Figure 5.1, align with the Theorem 21. In particular, the optimality certificate accurately reflects
the exact recovery of the estimator in (5.3), and the required sample complexity increases as the
attack/disturbance probability p grows.

Next, we analyze the estimator’s performance across different problem dimensions (n,m). We
set T = 500, p = 0.7, and evaluate the cases where n ∈ {1, 2, 4}. The results are plotted in Figure
5.2 demonstrate that exact recovery requires more samples as (n,m) increases, further validating
the theoretical results established in Theorem 21. After verifying the behavior of the estimator for
bounded basis functions, we proceed to simulate its performance using Lipschitz continuous basis
functions.



CHAPTER 5. SYSTEM IDENTIFICATION FOR NON-LINEAR SYSTEMS 124

Figure 5.1: Loss Gap, Solution Gap, and Optimality Certificate of the Bounded Basis Function
Case with Attack/Disturbance Probability p = 0.7, 0.8 and 0.85.

Figure 5.2: Loss Gap, Solution Gap, and Optimality Certificate of the Bounded Basis Function
Case with Dimension (n,m) = (1, 5), (2, 10) and (4, 20).

Lipschitz basis function. Given a state space dimension n, we set m = n and define the basis
function as

f(x) :=
1√
n


√

∥x− x1∥22 + 1−
√

∥x1∥22 + 1
...√

∥x− xn∥22 + 1−
√

∥xn∥22 + 1

 , ∀x ∈ Rn,

where x1, . . . ,xn ∈ Rn are i.i.d. standard Gaussian random vectors. We can verify that the basis
function is Lipschitz continuous with a Lipschitz constant of L = 1, thus satisfying Assumption 9.
For each time instance t ∈ K, the disturbance d̄t is generated by

d̄t := ℓtd̂t, where ℓt ∼ N (0, σ2
t ), d̂t ∼ uniform(Sn−1), ℓt and d̂t are independent.

Here, we define σ2
t := min{∥xt∥22, 1/n}. We verify that the random variable ℓt is zero-mean

and sub-Gaussian with parameter σ = 1. Additionally, since the random vector d̂t follows a
uniform distribution on the unit sphere Sn−1, Assumption 11 is satisfied. Note that d̄0, . . . , d̄T−1

are correlated, violating the i.i.d. assumption commonly made in the literature. Our disturbance
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Figure 5.3: Loss Gap, Solution Gap, and Optimality Certificate of the Lipschitz Basis Function
Case with Attack/Disturbance Probability p = 0.7, 0.8 and 0.85.

model further implies that the intensity of a disturbance vector (represented by ℓt) depends on the
current state, which itself is influenced by previous disturbances Since the points x1, . . . ,xn are
randomly generated, the multiquadric radial basis functions are linearly independent with probabil-
ity 1. Functions g1(y), . . . , gk(y) are said to be linearly independent if there do not exist constants
c1, . . . , ck such that

∑k
i=1 cigi(y) = 0 for all y. Thus, the non-degeneracy condition (Assumption

8) is satisfied. Finally, the ground truth matrix Ā is constructed as UΣV ⊤, where U, V ∈ Rn×n are
random orthogonal matrices and Σ = diag(σ1, . . . , σn) is a diagonal matrix. The singular values
σi are independently drawn from a uniform distribution:

σi
i.i.d.∼ uniform(0, ρ), ∀i ∈ {1, . . . , n},

where ρ > 0 is the upper bound on the spectral norm of Ā.
We first evaluate the performance of the estimator in (5.3) under varying values of the sparsity

probability p. We set T = 500, n = 3, and consider p ∈ {0.7, 0.8, 0.85}. Additionally, we
set the upper bound ρ to be 1, which guarantees the stability condition (Assumption 10). The
results are plotted in Figure 5.3. The results demonstrate that both the loss gap and solution gap
converge to zero as the number of samples T increases. This implies that the estimator in (5.3)
achieves exact recovery of the ground truth matrix Ā when a sufficient number of samples is
available. Furthermore, the optimality certificate also converges to zero simultaneously with the
solution gap, thereby confirming the validity of the necessary and sufficient conditions established
in Section 5.2. Additionally, we observe that the required number of samples increases with the
non-zero disturbance probability p, which is consistent with the upper bound derived in Theorem
23.

Next, we evaluate the performance of the estimator in (5.3) across different problem dimensions
(n,m). Specifically, we set T = 500, p = 0.75, and ρ = 1, while varying n ∈ {3, 5, 7}. The results
are presented in Figure 5.4. We observe that as the problem dimension (n,m) increases, a larger
number of samples is required to ensure exact recovery. This finding aligns with the theoretical
bound established in Theorem 21.
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Figure 5.4: Loss Gap, Solution Gap, and Optimality Certificate of the Lipschitz Basis Function
Case with Dimension (n,m) = (3, 3), (5, 5) and (7, 7).
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Appendices

5.A Comparing Results to Existing Work
Example 5 (First-order systems). In the special case when n = m = 1 and the basis function is
f(x) = x, condition (5.7) reduces to ∣∣∣∣∣∑

t∈K

d̂txt

∣∣∣∣∣ ≤ ∑
t∈Kc

|xt|,

which is the same as Theorem 1 in [43].

Example 6 (Linear systems). We consider the case when m = n and the basis function is f(x) =
x. We also assume the ∆-spaced disturbance model; see the definition in [119]. By considering
the disturbance period starting at the time step t1, a sufficient condition to guarantee condition
(5.5) is given by

d̂⊤ZĀ∆−1d̄t1 ≤
∆−2∑
t=0

∥∥ZĀtd̄t1

∥∥
2
, ∀Z ∈ Rn×n, (5.13)

where we denote d̂ := d̂t1 for simplicity. Let d̂ ∈ Rn×(n−1) be the matrix of orthonormal bases of
the orthogonal complementary space of f , namely, d̂⊤d̂ = 0, d̂⊤d̂ = In−1, and d̂d̂⊤ = In − d̂d̂⊤.
Then, we can calculate that∥∥ZĀtd̄t1

∥∥2
2
≥
(
ZĀtd̄t1

)⊤
d̂d̂⊤ (ZĀtd̄t1

)
,

where the equality holds when d̂⊤ZĀtd̄t1 = 0, i.e., ZĀtd̄t1 is parallel with d̂. Therefore, for
condition (5.13) to hold, it is equivalent to consider Z with the form Z = d̂z⊤ for some vector
Z ∈ Rn. In this case, condition (5.13) reduces to

z⊤Ā∆−1d̄t1 ≤
∆−2∑
t=0

∣∣z⊤Ātd̄t1

∣∣ , ∀z ∈ Rn. (5.14)

Condition (5.14) leads to a better sufficient condition than that in [119]. To illustrate the improve-
ment, we consider the special case when the ground truth matrix is Ā = λIn for some λ ∈ R.
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Then, condition (5.14) becomes

|λ|∆−1 ≤
∆−2∑
t=0

|λ|t = 1− |λ|∆−1

1− |λ|
, which is further equivalent to |λ|+ |λ|1−∆ ≤ 2,

which is a stronger condition than that in [119]. When the disturbance period ∆ is large, we
approximately have |λ| ≤ 2− 21−∆, which is a better condition than that in Figure 1 of [119].

Example 7 (First-order linear systems). In the case when m = n = 1 and f(x) = x, our results
state that the uniqueness of global solutions is equivalent to∣∣∣∣∣∑

t∈K

d̂txt

∣∣∣∣∣ < ∑
t∈Kc

|xt|. (5.15)

As a comparison, the sufficient condition in Theorem 1 in [43] is∑
t∈K

|xt| <
∑
t∈Kc

|xt|.

Since |d̂t| = 1 for all t ∈ K, our results (5.15), as well as Theorem 19, are more general and
stronger than that in [43].

5.B Proof of Theorem 18
Proof of Theorem 18. Since problem (5.4) is convex in A, the ground truth matrix Ā is a global
optimum if and only if

0 ∈
∑
t∈Kc

f(xt)⊗ ∂∥0n∥2 +
∑
t∈K

f(xt)⊗ d̂t. (5.16)

Using the form of the subgradient of the ℓ2-norm, condition (5.16) holds if and only if there exist
vectors

gt ∈ Rn, ∀t ∈ Kc

such that ∑
t∈Kc

f(xt)g
⊤
t +

∑
t∈K

f(xt)d̂
⊤
t = 0n×n, ∥gt∥2 ≤ 1, ∀t ∈ Kc. (5.17)

Define the matrices

B :=
[
f(xt) ∀t ∈ Kc

]
∈ Rm×(T−|K|), V :=

[
f(xt) ∀t ∈ K

]
∈ Rm×|K|,

G :=
[
gt ∀t ∈ Kc

]
∈ Rn×(T−|K|), F :=

[
d̂t ∀t ∈ K

]
∈ Rn×|K|.
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Condition (5.17) can be written as a combination of second-order cone constraints and linear con-
straints:

∃G ∈ Rn×(T−|K|), s, r ∈ R s.t. BG⊤ +VF⊤ = 0m×n, ∥G:,t∥2 ≤ s, ∀t,
s+ r = 1, s, r ≥ 0, (5.18)

where G:,t is the t-th column of G for all t ∈ {1, . . . , T − |K|}. We define the closed convex cone

S :=

{
z ∈ R(T−|K|)n+2

∣∣∣∣∣
√√√√ n∑

i=1

z(T − |K|)i+ t2 ≤ z(T − |K|)n+ 1, ∀t ∈ {0, . . . , T − |K| − 1},

z(T − |K|)n+ 1, z(T − |K|)n+ 2 ≥ 0

}
,

and we define the matrix and vector

A :=

[
In ⊗B 0 0

0 1 1

]
∈ R(mn+1)×[(T−|K|)n+2], b :=


−(VF⊤):,1
−(VF⊤):,2

...
−(VF⊤):,n

1

 ∈ Rmn+1,

where (VF⊤):,i is the i-th column of VF⊤. Then, condition (5.18) can be equivalently written as

∃z ∈ R(T−|K|)n+2 s.t. Az = b, z ∈ S. (5.19)

Since the cone S is closed and convex, we can apply the generalized Farka’s lemma to conclude
that condition (5.19) is equivalent to

∀y ∈ Rmn+1,
(
A⊤y ∈ S∗ =⇒ b⊤y ≥ 0

)
, (5.20)

where S∗ is the dual cone of S. It can be verified that the dual cone is

S∗ =

{
z ∈ R(T−|K|)n+2

∣∣∣∣∣
T−|K|−1∑

t=0

√√√√ n∑
i=1

z(T − |K|)i+ t2 ≤ z(T − |K|)n+ 1,

z(T − |K|)n+ 1, z(T − |K|)n+ 2 ≥ 0

}
.

We can equivalently write condition (5.20) as

∀Z ∈ Rn×m, p ∈ R,
(
∥ZB∥2,1 ≤ p, p ≥ 0 =⇒ ⟨VF⊤,Z⊤⟩ ≤ p

)
,
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By eliminating variable p, we get

⟨VF⊤,Z⊤⟩ ≤ ∥ZB∥2,1, ∀Z ∈ Rn×m,

where the ℓ2,1-norm is defined as

∥M∥2,1 :=
n∑

j=1

√√√√ m∑
i=1

M2
ij, ∀M ∈ Rn×m.

The above condition is equivalent to condition (5.5), and this completes the proof.

5.C Proof of Corollary 5
Proof of Corollary 5. The sufficient condition follows from the fact that ∥d̂t∥2 = 1 and

d̂⊤
t Zf(xt) ≤ ∥Zf(xt)∥2, ∀t ∈ K.

This completes the proof.

5.D Proof of Corollary 6
Proof of Corollary 6. We choose

Z :=

∑
t∈K d̂tf(xt)

⊤∥∥∥∑t∈K d̂tf(xt)⊤
∥∥∥
F

.

Then, condition (5.5) implies∥∥∥∥∥∑
t∈K

f(xt)d̂
⊤
t

∥∥∥∥∥
F

=
∑
t∈K

d̂⊤
t Zf(xt) ≤

∑
t∈Kc

∥Zf(xt)∥2 ≤
∑
t∈Kc

∥f(xt)∥2,

where the last step is because ∥Z∥ ≤ ∥Z∥F = 1. Now, suppose that the basis dimension is m = 1.
In this case, we have

∑
t∈K

d̂⊤
t Zf(xt) =

(∑
t∈K

f(xt)d̂t

)⊤

Z⊤ ≤

∥∥∥∥∥∑
t∈K

f(xt)d̂t

∥∥∥∥∥
F

∥Z∥,∑
t∈Kc

∥Zf(xt)∥2 =
∑
t∈Kc

|f(xt)|∥Z∥ =
∑
t∈Kc

∥f(xt)∥2∥Z∥.

Combining the above two inequalities shows that condition (5.7) is also a sufficient condition.
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5.E Proof of Theorem 19
We establish the sufficient and the necessary parts of Theorem 19 by the following two lemmas.

Lemma 15 (Sufficient condition for uniqueness). Suppose that condition (5.5) holds. If for every
non-zero Z ∈ Rn×m such that ∑

t∈K

d̂⊤
t Zf(xt) =

∑
t∈Kc

∥Zf(xt)∥2,

it holds that ∑
t∈K

∣∣∣d̂⊤
t Zf(xt)

∣∣∣ <∑
t∈K

∥Zf(xt)∥2.

Then, the ground truth matrix Ā is the unique global solution to problem (5.4).

Proof. The ground truth Ā is the unique solution if and only if for every matrix A ∈ Rn×m such
that A ̸= Ā, the loss function of A is larger than that of Ā, namely,∑

t∈K

∥d̄t∥2 <
∑
t∈Kc

∥(Ā−A)f(xt)∥2 +
∑
t∈K

∥(Ā−A)f(xt) + d̄t∥2. (5.21)

Denote
Z := A− Ā ∈ Rn×m.

The inequality (5.21) becomes∑
t∈Kc

∥ − Zf(xt)∥2 +
∑
t∈K

(
∥ − Zf(xt) + d̄t∥2 − ∥d̄t∥2

)
> 0. (5.22)

Since problem (5.4) is convex in A, it is sufficient to guarantee that Ā is a strict local minimum.
Therefore, the uniqueness of global solutions can be formulated as

condition (5.22) holds, ∀Z ∈ Rn×m s.t. 0 < ∥Z∥F ≤ ϵ, (5.23)

where ϵ > 0 is a sufficiently small constant. In the following, we fix the direction Z and discuss
two different cases.

Case I. We first consider the case when condition (5.5) holds strictly, namely,∑
t∈Kc

∥Zf(xt)∥2 −
∑
t∈K

d̂⊤
t Zf(xt) > 0.

Since the ℓ2-norm is a convex function, it holds that

∥ − Zf(xt) + d̄t∥2 − ∥d̄t∥2 ≥
〈
∂∥d̄t∥2,−Zf(xt)

〉
= −d̂⊤

t Zf(xt).
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Therefore, we get ∑
t∈Kc

∥ − Zf(xt)∥2 +
∑
t∈K

(
∥ − Zf(xt) + d̄t∥2 − ∥d̄t∥2

)
≥
∑
t∈Kc

∥ − Zf(xt)∥2 +
∑
t∈K

−d̂⊤
t Zf(xt) > 0,

which exactly leads to inequality (5.22).

Case II. Next, we consider the case when∑
t∈K

d̂⊤
t Zf(xt) =

∑
t∈Kc

∥Zf(xt)∥2,
∑
t∈K

∣∣∣d̂⊤
t Zf(xt)

∣∣∣ <∑
t∈K

∥Zf(xt)∥2. (5.24)

Since ϵ is a sufficiently small constant, we know

d̄α
t := −αZf(xt) + d̄t ̸= 0, ∀α ∈ [0, 1],

and the ℓ2-norm is second-order continuously differentiable in an open set that contains the line.
Therefore, the mean value theorem implies that there exists α ∈ [0, 1] such that for each t ∈ K, it
holds

∥ − Zf(xt) + d̄t∥2 − ∥d̄t∥2 =
〈
d̂t,−Zf(xt)

〉
+

1

2
[−Zf(xt)]

⊤

(
In

∥d̄α
t ∥2

−
d̄α
t

(
d̄α
t

)⊤
∥d̄α

t ∥32

)
[−Zf(xt)] . (5.25)

We can calculate that

[−Zf(xt)]
⊤

(
I

∥d̄α
t ∥2

−
d̄α
t

(
d̄α
t

)⊤
∥d̄α

t ∥32

)
[−Zf(xt)] =

∥Zf(xt)∥22
∥d̄α

t ∥2
−
〈
d̄α
t ,Zf(xt)

〉2
∥d̄α

t ∥32
≥ 0, (5.26)

where the equality holds if and only if Zf(xt) is parallel with d̄α
t . By the definition of d̄α

t , the
equality holds if and only if Zf(xt) is parallel with d̄t, which is further equivalent to∣∣∣〈d̂t,Zf(xt)

〉∣∣∣ = ∥Zf(xt)∥2 .

Substituting (5.25) and (5.26) into (5.22), we have∑
t∈Kc

∥ − Zf(xt)∥2 +
∑
t∈K

(
∥ − Zf(xt) + d̄t∥2 − ∥d̄t∥2

)
≥
∑
t∈Kc

∥Zf(xt)∥2 −
∑
t∈K

〈
d̂t,Zf(xt)

〉
= 0,
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where the equality holds if and only if∣∣∣〈d̂t,Zf(xt)
〉∣∣∣ = ∥Zf(xt)∥2 , ∀t ∈ K.

Considering the second condition in (5.24), the above equality condition is violated by some t ∈ K.
Therefore, we have proven that condition (5.22) holds strictly.

Combining the two cases, we complete the proof.

Next, we prove that the condition in Lemma 15 is also necessary for the uniqueness.

Lemma 16 (Necessary condition for uniqueness). Suppose that condition (5.5) holds. If the ground
truth matrix Ā is the unique global solution to problem (5.4), then for every non-zero Z ∈ Rn×m,
we have∑

t∈K

d̂⊤
t Zf(xt) <

∑
t∈Kc

∥Zf(xt)∥2 or
∑
t∈K

∣∣∣d̂⊤
t Zf(xt)

∣∣∣ <∑
t∈K

∥Zf(xt)∥2. (5.27)

Proof. Assume conversely that there exists a non-zero Z ∈ Rn×m such that∑
t∈K

d̂⊤
t Zf(xt) =

∑
t∈Kc

∥Zf(xt)∥2,
∑
t∈K

∣∣∣d̂⊤
t Zf(xt)

∣∣∣ =∑
t∈K

∥Zf(xt)∥2. (5.28)

Without loss of generality, we assume that

0 < ∥Z∥ ≤ ϵ

for a sufficiently small ϵ. In this case, the second condition in (5.28) implies that∣∣∣d̂⊤
t Zf(xt)

∣∣∣ = ∥Zf(xt)∥2, and Zf(xt) is parallel with d̄t, ∀t ∈ K.

Therefore, when ϵ is sufficiently small, equations (5.26) and (5.24) lead to

∥ − Zf(xt) + d̄t∥2 − ∥d̄t∥2 = −
〈
d̂t,Zf(xt)

〉
, ∀t ∈ K.

We now show that condition (5.22) fails:∑
t∈Kc

∥ − Zf(xt)∥2 +
∑
t∈K

(
∥ − Zf(xt) + d̄t∥2 − ∥d̄t∥2

)
=
∑
t∈K

〈
d̂t,Zf(xt)

〉
−
∑
t∈K

〈
d̂t,Zf(xt)

〉
= 0.

This contradicts the assumption that Ā is the unique solution to the problem (5.4).

Combining Lemmas 15 and 16, we have the following necessary and sufficient condition for
the uniqueness of the ground truth solution Ā.
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5.F Proof of Theorem 20
Proof. Without loss of generality, we can assume that Ā is full-rank. Otherwise, the system space
can be reduced to the subspace spanned by Ā. Similarly, we assume that Ā is diagonalizable, such
that Ā = PΛ̄P−1. If this is not the case, define Ã = Ā + ϵIn for a sufficiently small ϵ to ensure
diagonalizability. Taking the limit as ϵ → 0 preserves the validity of the argument.

We redefine the linear system updates xt+1 = Āxt + d̄t as follows:

xt+1 = Āxt + d̄T ⇒ x̃t+1 = Λ̄x̃t + d̃t,

where x̃t = P−1xt and d̃t = P−1d̄t. These transformations can be thought of as coordinate
transformations in n dimensional space. Thus, we can establish the result for the LTI systems with
a diagonal ground truth matrix Λ̄, whose diagonal entries are λ̄1, . . . , λ̄n. In this case, the system
update equations decompose into n separate equations of the form: x̃i

t+1 = λ̄ix̃
i
t+ d̃it,∀i = 1, . . . , n

were x̃i
t ∈ R is the i-th element of the system state at time t in the new coordinate system.

Now, suppose that the non-zero disturbance vectors are chosen from the subspace D̃ := {d̃ :
Pd̃ ∈ D} where D = {d̄ : d̃ = P−1d̄, d̃1 = 0}. Due to the constraint on the first entry of the d̃,
d̃1, the subspace D has dimension less than n. Consequently, since P−1x1

0 = x̃1
0 = 0, it follows

that x̃1
t = 0,∀t ≥ 0. Note that setting the first entry to zero is done without loss of generality, as

this argument applies to any coordinate or any subset of coordinates.
Next, define Λ̂ as the diagonal matrix with diagonal entries (λ̂1, λ̄2, . . . , λ̄n) where λ̂1 ̸= λ̄1,

where all the diagonal entries are identical to those of Λ̄ except for the first one. Suppose that we
start two dynamical systems with ground truth matrices Ā = PΛ̄P−1 and Â = PΛ̂P−1, where
the non-zero disturbances {d̄t}T−1

t=0 are chosen from D. Since x̃1
t = 0,∀t ≥ 0 in both systems,

their trajectories over time must be identical, i.e., {x̃t}Tt=0 is the same for both systems.
Suppose, for contradiction, that there exists an estimator that uniquely recovers Λ̄ in finite time

T , given by:
Λ̄ ∈ arg min

Λ∈Diag(n)
g(Λ; {x̃t}Tt=0),

where the decision variable Λ is restricted to be a diagonal matrix. Since Λ̄ is the unique solution,
we must have

g(Λ̄; {x̃t}Tt=0) < g(Λ̂; {x̃t}Tt=0)

However, since the objective function g(Λ; {x̃t}Tt=0) depends solely on system states over time,
and these states are identical for both systems, it follows that g(Λ̂; {x̃t}Tt=0) = g(Λ̄; {x̃t}Tt=0). This
contradicts the uniqueness assumption of the solution, which concludes the proof.

5.G Proof of Theorem 21
Proof of Theorem 21. Since both sides of inequality (5.9) are affine in Z, it suffices to prove that

P
[
d̂1(Z)− d̂2(Z) < 0, ∀Z ∈ SF

]
≥ 1− δ, (5.29)
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where SF is the Frobenius-norm unit sphere in Rn×m and

d̂1(Z) :=
∑
t∈K

⟨Z⊤, f(xt)d̂
⊤
t ⟩, d̂2(Z) :=

∑
t∈Kc

∥Zf(xt)∥2.

The proof is divided into two steps.

Step 1. First, we fix the vector Z ∈ SF and prove that

P
[
d̂1(Z)− d̂2(Z) < −θ

]
≥ 1− δ,

holds for some constant θ > 0. Using Markov’s inequality, it is sufficient to prove that for some
ν > 0, it holds that

E
[
exp

(
ν
[
d̂1(Z)− d̂2(Z)

])]
≤ exp(−νθ)δ. (5.30)

We focus on the case when K is not empty, which happens with high probability. The proof of this
step is also divided into two sub-steps.

Step 1-1. We first analyze the term d̂1(Z). Let T ′ be the last non-zero disturbance time instance,
i.e.,

T ′ := max{t | t ∈ K}.

Then, we have E
[
exp

[
νd̂1(Z)

]]
equaling to the term

E

exp
ν

∑
t∈K\{T ′}

〈
Z⊤, f(xt)d̂

⊤
t

〉× E
[
exp

[
ν
〈
Z⊤, f(xT ′)d̂⊤

T ′

〉]
| FT ′

] . (5.31)

According to Assumption 6, the direction d̂T ′ is a unit vector. Since∣∣∣[Zf(xT ′)]⊤ d̂T ′

∣∣∣ ≤ ∥Zf(xT ′)∥2 ≤ ∥Z∥∥f(xT ′)∥2 ≤ ∥Z∥F
√
m∥f(xT ′)∥∞ ≤

√
mB,

the random variable [Zf(xT ′)]⊤ d̂T ′ is sub-Gaussian with parameter mB2. Therefore, the property
of sub-Gaussian random variables implies that

E
[
exp

[
ν
〈
Z⊤, f(xT ′)d̂⊤

T ′

〉]
| FT ′

]
≤ exp

(
ν2 ·mB2

2

)
.

Substituting into (5.31), we get

E
[
exp

[
νd̂1(Z)

]]
≤ E

[
exp

ν
∑

t∈K\{T ′}

〈
Z⊤, f(xt)d̂

⊤
t

〉] · exp(ν2 ·mB2

2

)
.

Continuing this process for all t ∈ K, it follows that

E
[
exp

[
νd̂1(Z)

]]
≤ exp

(
ν2 ·mB2|K|

2

)
. (5.32)
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Step 1-2. Now, we consider the second term in (5.30), namely, −d̂2(Z). Define

K′ := {t | 1 ≤ t ≤ T, t ∈ Kc, t− 1 ∈ K}.

With probability at least 1− exp[−Θ[p(1− p)T ]], we have

|K′| = Θ[p(1− p)T ].

Therefore, K′ is non-empty with high probability. Since ∥Zf(xt)∥2 ≥ 0 for all t ∈ Kc, we have

E
[
exp

[
−νd̂2(Z)

]]
≤ E

[
exp

(
−ν
∑
t∈K′

∥Zf(xt)∥2

)]
(5.33)

=E

exp
−ν

∑
t∈K′\{T ′}

∥Zf(xt)∥2

× E [exp (−ν∥Zf(xT ′)∥2) | FT ′ ]

 ,

where T ′ is the last time instance in K′, namely,

T ′ := max{t | t ∈ K′}.

By Bernstein’s inequality [111], we can estimate that

E [exp (−ν∥Zf(xT ′)∥2) | FT ′ ]

≤ exp

[
−νE (∥Zf(xT ′)∥2 | FT ′) +

ν2

2
E
(
∥Zf(xT ′)∥22 | FT ′

)]
≤ exp

[
− ν√

mB
E
(
∥Zf(xT ′)∥22 | FT ′

)
+

ν2

2
E
(
∥Zf(xT ′)∥22 | FT ′

)]
,

where the last inequality is from
∥Zf(xT ′)∥2 ≤

√
mB.

Assumption 8 implies that

E
(
∥Zf(xT ′)∥22 | FT ′

)
=
〈
ZZ⊤,E

[
f(xT ′)f(xT ′)⊤ | FT ′

]〉
≥ λ2∥Z∥2F = λ2.

If we choose ν such that

0 < ν <
2√
mB

, (5.34)

we have

E [exp (−ν∥Zf(xT ′)∥2) | FT ′ ] ≤ exp

[(
ν2

2
− ν√

mB

)
λ2

]
.
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Substituting into inequality (5.33), it follows that

E
[
exp

[
−νd̂2(Z)

]]
≤ E

exp
−ν

∑
t∈K′\{T ′}

∥Zf(xt)∥2

× exp

[(
ν2

2
− ν√

mB

)
λ2

] .

Continuing this process for all t ∈ K′, we have

E
[
exp

[
−νd̂2(Z)

]]
≤ exp

[(
ν2

2
− ν√

mB

)
λ2|K′|

]
. (5.35)

Combining the inequalities (5.32) and (5.35), we have

E
[
exp

(
ν
[
d̂1(Z)− d̂2(Z)

])]
≤ exp

[
mν2B2

2
|K|+

(
ν2

2
− ν√

mB

)
λ2|K′|

]
.

We choose

θ :=
λ2p(1− p)T

4
√
mB

.

In order to satisfy condition (5.30), it is equivalent to have

mν2B2

2
|K|+

(
ν2

2
− ν√

mB

)
λ2|K′|+ λ2νp(1− p)T

4
√
mB

≤ log (δ) . (5.36)

Now, we consider the fact that K is generated by the probabilistic sparsity model. Using the
Bernoulli bound, it holds with probability at least 1− exp[−Θ[p(1− p)T ]] that

|K| ≤ 2pT, |K′| ≥ p(1− p)T

2
. (5.37)

Thus, with the same probability, we have the estimation

mν2B2

2
|K|+

(
ν2

2
− ν√

mB

)
λ2|K′|+ λ2νp(1− p)T

4
√
mB

≤ mν2B2

2
· 2pT +

(
ν2

2
− ν

2
√
mB

)
λ2 · p(1− p)T

2
.

Choosing

ν :=
λ2(1− p)

2
√
mB[4mB2 + λ2(1− p)]

,

we get

mν2B2

2
|K|+

(
ν2

2
− ν√

mB

)
λ2|K′|+ λ2νp(1− p)T

4
√
mB

≤ − p(1− p)2

16mκ2(4mκ2 + 1− p)
· T,
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where we define κ := B/λ ≥ 1. Note that our choice of ν satisfies the condition (5.34). Therefore,
in order for inequality (5.36) to hold, the sample complexity should satisfy

T ≥ 16mκ2(4mκ2 + 1− p)

p(1− p)2
log

(
1

δ

)
.

By considering the Bernoulli bound (5.37), the sample complexity bound becomes

T ≥ Θ

[
max

{
mκ2(mκ2 + 1− p)

p(1− p)2
,

1

p(1− p)

}
log

(
1

δ

)]
(5.38)

= Θ

[
m2κ4

p(1− p)2
log

(
1

δ

)]
.

Step 2. Next, we establish the bound (5.29) by discretization techniques. More specifically,
suppose that ϵ > 0 is a constant and {Z1, . . . ,ZN} ⊂ SF is an ϵ-net of the sphere SF under the
Frobenius norm, where we can bound

log(N) ≤ mn · log
(
1 +

2

ϵ

)
.

Then, for every Z ∈ SF , we can find a point in the ϵ-net, denoted as Z′, such that

∥Z− Z′∥F ≤ ϵ.

Now, we upper bound the difference f(Z)− f(Z′), where we define the function

f(Z) := d̂1(Z)− d̂2(Z), ∀Z ∈ Rn×m.

We can calculate that

f(Z)− f(Z′) =
∑
t∈K

d̂t(Z− Z′)f(xt)−
∑
t∈Kc

(∥Zf(xt)∥2 − ∥Z′f(xt)∥2)

≤
∑
t∈K

d̂t(Z− Z′)f(xt) +
∑
t∈Kc

∥(Z− Z′)f(xt)∥2

≤
∑
t∈K

∥Z− Z′∥F∥f(xt)d̂
⊤
t ∥F +

∑
t∈Kc

∥Z− Z′∥2∥f(xt)∥2

≤
∑
t∈K

∥Z− Z′∥F∥f(xt)∥2 +
∑
t∈Kc

∥Z− Z′∥F∥f(xt)∥2

≤ T · ϵ
√
mB =

√
mTB · ϵ.

We choose

ϵ :=
θ√

mTB
= Θ

[
p(1− p)

mκ2

]
.
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Therefore, under the event that

f(Zi) < −θ, ∀i = 1, . . . , N, (5.39)

we have
f(Z) < −θ +

√
mTB · ϵ = 0, ∀Z ∈ SF .

Hence, it suffices to estimate the probability that event (5.39) happens. To bound the failing prob-
ability, we replace δ with δ/N in (5.38) and it follows that

P
[
f(Zi) < −θ

]
≥ 1− δ

N
, ∀i = 1, . . . , N.

Applying the union bound over all i ∈ {1, . . . , N}, the event (5.39) happens with probability at
least 1− δ, namely,

P
[
f(Zi) < −θ, ∀i = 1, . . . , N

]
≥ 1− δ.

With this choice of δ, the sample complexity should be at least

T ≥ Θ

[
m2κ4

p(1− p)2
log

(
N

δ

)]
= Θ

[
m2κ4

p(1− p)2

[
mn log

(
mκ

p(1− p)

)
+ log

(
1

δ

)]]
.

This completes the proof.

5.H Proof of Theorem 22
Proof of Theorem 22. We only need to show that condition (5.8) fails with probability at least
1− exp(−m/3). We choose the matrix

Ā :=

[
1 01×(m−1)

0n−1 0(n−1)×(m−1)

]
∈ Rn×m.

As a result, the last n − 1 elements of Āf(x) are zero for every state x ∈ Rn. Moreover, we
will choose the basis function f such that its values will only depend on the first element of state
x ∈ Rn. With these definitions, the dynamics of xt reduces to the dynamics of its first element
(xt)1. Hence, we can assume without loss of generality that n = 1 in the remainder of the proof.

We define the basis function f : R 7→ Rm as

f̃(x) :=
[

x
max{|x|,1} sin(x) sin(2x) · · · sin[(m− 1)x]

]
, ∀x ∈ R.

Under the above definitions, it is straightforward to show that the following properties hold and we
omit the proof:

f(0) = 0m, f
[
Āf(x)

]
= f(x), ∀x ∈ R. (5.40)

Finally, the attack/disturbance vector is defined as

d̄t|Ft ∼ Uniform {[−(|xt|+ 2π),−(|xt|+ π)] ∪ [|xt|+ π, |xt|+ 2π]} , ∀t ∈ K.

The remainder of the proof is divided into three steps.
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Step 1. In the first step, we prove that Assumptions 6-8 hold. By the definition of f(x), we have

∥f(x)∥∞ = max

{
|x|

max {|x|, 1}
, | sin(x)|, . . . , | sin[(m− 1)x]|

}
≤ 1, ∀x ∈ R,

which implies that Assumption 7 holds with B = 1. Moreover, the semi-oblivious condition
(Assumption 6) is a result of the symmetric distribution of d̄t|Ft.

Finally, we prove that Assumption 8 holds. For the notational simplicity, in this step, we omit
the subscript t, the conditioning on the filtration Ft, and the event t ∈ K. The model of disturbance
vector d implies that

|x+ d| ≥ |d| − |x| ≥ π > 1.

Therefore, we have

f(x+ d) =
[

x+d
|x+d| sin[(x+ d)] · · · sin[(m− 1)(x+ d)]

]
.

For any vector ν ∈ Rm, we want to estimate

ν⊤E
[
f(x+ d)f(x+ d)⊤

]
ν = E

[
ν1

x+ d

|x+ d|
+

m−1∑
i=1

νi+1 sin[i(x+ d)]

]2
.

First, we can calculate that

E
(
ν1

x+ d

|x+ d|

)2

= ν2
1 , E [νi+1 sin[i(x+ d)]]2 = ν2

i+1 ·
1

2
, ∀i ∈ {1, . . . ,m− 1}. (5.41)

Then, for every i ∈ {1, . . . ,m− 1}, we have

E
[
ν1

x+ d

|x+ d|
· νi+1 sin[i(x+ d)]

]
(5.42)

=ν1νi+1

[∫ −|x|−π

−|x|−2π

x+ d

|x+ d|
sin[i(x+ d)] dd+

∫ |x|+2π

|x|+π

x+ d

|x+ d|
sin[i(x+ d)] dd

]

=ν1νi+1

[∫ −|x|−π

−|x|−2π

− sin[i(x+ d)] dd+

∫ |x|+2π

|x|+π

sin[i(x+ d)] dd

]
= 0.

For every i, j ∈ {1, . . . ,m− 1} such that i ̸= j, it holds that

E [νi+1 sin[i(x+ d)] · νj+1 sin[j(x+ d)]] =νi+1νj+1

[∫ −|x|−π

−|x|−2π

sin[i(x+ d)] sin[j(x+ d)] dd

(5.43)

+

∫ |x|+2π

|x|+π

sin[i(x+ d)] sin[j(x+ d)] dd

]
= 0.
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Combining equations (5.41)-(5.43), it follows that

ν⊤E
[
f(x+ d)f(x+ d)⊤

]
ν = ν2

1 +
1

2

m−1∑
i=1

ν2
i+1 ≥

1

2
∥ν∥22,

which implies that Assumption 8 holds with λ2 = 1/2.

Step 2. In this step, we prove that the linear space spanned by the set of vectors

F c := {f(xt) | t ∈ Kc}

has dimension at most m− 1 with probability at least 1− δ. By the second property in (5.40), the
subspace spanned by F c is equivalent to that spanned by

F ′ := {f(xt) | t ∈ K′},

where we define
K′ := {t | t− 1 ∈ K, t ∈ Kc}.

Therefore, the dimension of the subspace is at most |K′|.
To estimate the cardinality of K′, we divide K′ into the following two disjoint sets:

K′
1 := {2t+ 1 | 2t ∈ K, 2t+ 1 ∈ Kc}, K′

2 := {2t | 2t− 1 ∈ K, 2t ∈ Kc}.

The size of K′
1 is the summation of ⌈T/2⌉ independent Bernoulli random variables with parameter

p(1− p). Therefore, the Chernoff bound implies

P
[
|K′

1| ≤ 2p(1− p) ·
⌈
T

2

⌉]
≥ 1− exp

[
−p(1− p)

3
·
⌈
T

2

⌉]
. (5.44)

Similarly, the size of K′
2 is the summation of ⌊T/2⌋ independent Bernoulli random variables with

parameter p(1− p). Therefore, the Chernoff bound implies

P
[
|K′

2| ≤ 2p(1− p) ·
⌊
T

2

⌋]
≥ 1− exp

[
−p(1− p)

3
·
⌊
T

2

⌋]
. (5.45)

Combining the bounds (5.44) and (5.45) and applying the union bound, it holds that

P [|K′| ≤ 2p(1− p)T ] ≥ 1− exp

[
−p(1− p)

3
·
⌈
T

2

⌉]
− exp

[
−p(1− p)

3
·
⌊
T

2

⌋]
≥ 1− 2 exp

[
−p(1− p)T

3

]
,

where the last inequality is because ⌊T/2⌋ ≤ ⌈T/2⌉ ≤ T . Since

T <
m

2p(1− p)
,
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we know

P [|K′| < m] ≥ 1− 2 exp (−m/3) . (5.46)

In addition, when K is the empty set ∅ or the full set {0, . . . , T − 1}, the set K′ is an empty set,
which implies that |K′| is smaller than m. This event happens with probability

p⊤ + (1− p)⊤ ≥ 2[p(1− p)]T/2.

Combining with inequality (5.46), we get

P [|K′| < m] ≥ max
{
1− 2 exp (−m/3) , 2[p(1− p)]T/2

}
.

Step 3. Finally, we prove that if the dimension of the subspace spanned by F c is smaller than m,
the condition (5.8) cannot hold. Since the dimension of the subspace is at most m− 1, there exists
Z ∈ Rm such that

Zf(xt) = 0, ∀t ∈ Kc.

With this choice of Z, the condition on the left-hand-side of (5.8) holds while the strict inequality
on the right-hand-side fails. Therefore, we know that Ā is not the unique global solution to (5.4).

5.I Proof of Theorem 23
Proof of Theorem 23. The proof is similar to that of Theorem 21. Since both sides of inequality
(5.9) are affine in Z, it suffices to prove that

P
[
d̂1(Z)− d̂2(Z) < 0, ∀Z ∈ SF

]
≥ 1− δ,

where SF is the Frobenius-norm unit sphere in Rn×m and

d̂1(Z) :=
∑
t∈K

〈
Z⊤, f(xt)d̂

⊤
t

〉
, d̂2(Z) :=

∑
t∈Kc

∥Zf(xt)∥2 .

The proof is divided into two steps.

Step 1. First, we fix the vector Z ∈ SF and prove that

P
[
d̂1(Z)− d̂2(Z) < −θ

]
≥ 1− δ,

holds for some constant θ > 0. The proof of this step is divided into two steps.
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Step 1-1. We first analyze the term d̂1(Z). For each k ∈ K, we define the following disturbance
vectors:

d̄k
t :=

{
d̄t if t ≤ k,

0n otherwise,
∀t ∈ {0, . . . , T − 1}.

Then, we define the trajectory generated by the above disturbance vectors:

xk
0 = 0m, xk

t+1 = Āf(xk
t ) + d̄k

t , ∀t ∈ {0, . . . , T − 1}.

Let
K = {k1, . . . , k|K|},

where the elements are sorted as k1 < k2 < · · · < k|K|. Under the above definition, we know
x
k|K|
t = xt for all t. We define

g
kj
t :=

{
f(x

kj
t )− f(x

kj−1

t ) if j > 1,

f(xk1
t ) if j = 1,

∀j ∈ {1, . . . , |K|}.

We note that gkj
t is measurable on Fkj . Using these introduced notations, we can write d̂1(Z) as

d̂1(Z) =

|K|∑
j=1

〈
Z⊤, f(xkj)d̂

⊤
kj

〉
=

|K|∑
j=1

〈
Z⊤,

j−1∑
ℓ=1

gkℓ
kj
d̂⊤
kj

〉
=

|K|∑
ℓ=1

|K|∑
j=ℓ+1

d̂⊤
kj
Zgkℓ

kj
.

Then, Assumption 11 implies that d̄t is sub-Gaussian with parameter σ conditional on Ft. Now,
we estimate the expectation

E
[
exp

[
νd̂1(Z)

]]
,

where ν ∈ R is an arbitrary constant. First, for each ℓ ∈ {1, . . . , |K|−1}, we estimate the following
probability:

P

∣∣∣∣∣∣
|K|∑

j=ℓ+1

d̂⊤
kj
Zgkℓ

kj

∣∣∣∣∣∣ ≥ ϵ

∣∣∣∣∣ Fkℓ

 .

Since d̂kj is a unit vector and ∥Z∥F = 1, we know∥∥∥d̂⊤
kj
Z
∥∥∥
2
≤ ∥d̂⊤

kj
∥2∥Z∥ ≤ ∥d̂⊤

kj
∥2∥Z∥F = 1. (5.47)
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Moreover, we can estimate that∥∥∥gkℓkj∥∥∥2 = ∥∥∥f(xkℓ
kj
)− f(x

kℓ−1

kj
)
∥∥∥
2
≤ L

∥∥∥xkℓ
kj
− x

kℓ−1

kj

∥∥∥
2

(5.48)

= L
∥∥∥Ā [f (xkℓ

kj−1

)
− f

(
x
kℓ−1

kj−1

)]∥∥∥
2
≤ ρL

∥∥∥f (xkℓ
kj−1

)
− f

(
x
kℓ−1

kj−1

)∥∥∥
2

≤ L(ρL)
∥∥∥xkℓ

kj−1 − x
kℓ−1

kj−1

∥∥∥
2
≤ · · · ≤ L(ρL)kj−kℓ−1

∥∥∥xkℓ
kℓ+1 − x

kℓ−1

kℓ+1

∥∥∥
2

= L(ρL)kj−kℓ−1∥d̄kℓ∥2,

where the first inequality holds because f has Lipschitz constant L, the second inequality is from
∥Ā∥ ≤ ρ and the last equality holds because

xkℓ
kℓ+1 = Āf

(
xkℓ
kℓ

)
+ d̄kℓ , x

kℓ−1

kℓ+1 = Āf
(
x
kℓ−1

kℓ

)
= Āf

(
xkℓ
kℓ

)
.

By the sub-Gaussian assumption (Assumption 11), it holds that

P

(
∥d̄kℓ∥2 ≥ η

∣∣∣∣∣ Fkℓ

)
≤ 2 exp

(
− η2

2σ2

)
, ∀η ≥ 0. (5.49)

Combining inequalities (5.47)-(5.49), we get

P

∣∣∣∣∣∣
|K|∑

j=ℓ+1

d̂⊤
kj
Z⊤gkℓ

kj

∣∣∣∣∣∣ ≥ ϵ

∣∣∣∣∣ Fkℓ

 ≤ P

 |K|∑
j=ℓ+1

∥∥∥gkℓkj∥∥∥2 ≥ ϵ

∣∣∣∣∣ Fkℓ


≤ P

 |K|∑
j=ℓ+1

L(ρL)kj−kℓ−1∥d̄kℓ∥2 ≥ ϵ

∣∣∣∣∣ Fkℓ


≤ P

(
L(ρL)∆j

1− ρL
∥d̄kℓ∥2 ≥ ϵ

∣∣∣∣∣ Fkℓ

)

≤ 2 exp

[
− (1− ρL)2ϵ2

2σ2L2(ρL)2∆j

]
, (5.50)

where ∆j := kj − kj−1 − 1 and the second last inequality is from

|K|∑
j=ℓ+1

L(ρL)kj−kℓ−1 <
∞∑

i=∆j

L(ρL)i =
L(ρL)∆j

1− ρL
.

Since

E

 |K|∑
j=ℓ+1

d̂⊤
kj
Zgkℓ

kj

∣∣∣∣∣ Fkℓ

 = 0,
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inequality (5.50) implies the random variable
∑|K|

j=ℓ+1 d̂
⊤
kj
Z⊤gkℓ

kj
is zero-mean and sub-Gaussian

with parameter σL/(1 − ρL) conditional on Fkℓ . By the property of sub-Gaussian random vari-
ables, we have

E

exp
ν

|K|∑
j=ℓ+1

d̂⊤
kj
Zgkℓ

kj

 ∣∣∣∣∣ Fkℓ

 ≤ exp

[
ν2σ2L2(ρL)2∆j

2(1− ρL)2

]
, ∀ν ≥ 0.

Finally, utilizing the tower property of conditional expectation, we have

E
[
exp

[
νd̂1(Z)

]]
= E

[
exp

ν

|K|−2∑
ℓ=1

|K|∑
j=ℓ+1

d̂⊤
kj
Zgkℓ

kj

× E

exp
ν

|K|∑
j=|K|

d̂⊤
kj
Zgkℓ

kj

 ∣∣∣∣∣ Fk|K|−1

]
(5.51)

≤ E

[
exp

ν

|K|−2∑
ℓ=1

|K|∑
j=ℓ+1

d̂⊤
kj
Zgkℓ

kj

× exp

[
ν2σ2L2(ρL)2∆j

2(1− ρL)2

]]

≤ · · · ≤ exp

[
ν2σ2L2

2(1− ρL)2

∑
j∈K

(ρL)2∆j

]
, ∀ν ≥ 0.

Since the random variable (ρL)∆j is bounded in [0, 1] and thus, it is sub-Gaussian with parameter
1/2. Therefore, with a constant number of samples, the mean of (ρL)2∆j will concentrate around
its expectation, which is approximately

∞∑
∆=0

p(1− p)2∆(ρL)2∆ =
p

1− (1− p)2(ρL)2
≤ p

1− ρL
.

Then, the bound in (5.51) becomes

E
[
exp

[
νd̂1(Z)

]]
≲ exp

[
ν2σ2L2p|K|
2(1− ρL)3

]
, ∀ν ≥ 0. (5.52)

Applying Chernoff’s bound to (5.52), we get

P
[
d̂1(Z) ≤ ϵ

]
≥ 1− exp

[
− (1− ρL)3

2σ2L2p|K|
· ϵ2
]
, ∀ϵ ≥ 0. (5.53)

Step 1-2. Next, we analyze the term d̂2(Z). Define the set

K′ := {t | 1 ≤ t ≤ T, t ∈ Kc, t− 1 ∈ K}.

With probability at least 1− exp[−Θ[p(1− p)T ]], we have

|K′| = Θ[p(1− p)T ].
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Therefore, K′ is non-empty with high probability. Since ∥Zf(xt)∥2 ≥ 0 for all t ∈ Kc, we know

d̂2(Z) ≥
∑
k∈K′

∥Zf(xt)∥2.

To establish a high-probability lower bound of ∥Zf(xt)∥2, we prove the following lemma.

Lemma 17. For each t ∈ K′, it holds that

P
[
∥Zf(xt)∥2 ≥

λ

2

∣∣∣∣ Ft

]
≥ cλ4

σ4L4
,

where c := 1/1058 is an absolute constant.

For each t ∈ K′, let 1t be the indicator of the event that ∥Zf(xt)∥2 is larger than the cλ4

σ4L4 -
quantile conditional on Ft. Then, it holds that

P(1t = 1 | Ft) = 1− P(1t = 0 | Ft) =
cλ4

σ4L4
.

Therefore, we know {
1t −

cλ4

σ4L4
, t ∈ K′

}
is a martingale with respect to filtration set {Ft, t ∈ K′}. Applying Azuma’s inequality, it holds
with probability at least 1− exp[−Θ(λ

4|K′|
σ4L4 )] that∑
t∈K′

1t ≥
cλ4|K′|
2σ4L4

,

which means that for at least cλ4|K′|
2σ4L4 elements in K′, the event that ∥Zf(xt)∥2 is larger than the

cλ4

σ4L4 -quantile conditional on Ft happens. Using the lower bound on the quantile in Lemma 17, we
know ∑

t∈K′

∥Zf(xt)∥2 ≥
cλ4|K′|
2σ4L4

· λ
2
+

(
|K′| − cλ4|K′|

2σ4L4

)
· 0 =

cλ5|K′|
4σ4L4

(5.54)

holds with the same probability.
Combining inequalities (5.53) and (5.54), we get

P
[
f(Z) ≤ ϵ− cλ5|K′|

4σ4L4

]
≥ 1− exp

[
− (1− ρL)3

2σ2L2p|K|
· ϵ2
]
− exp

[
−Θ

(
λ4|K′|
σ4L4

)]
,

where we define f(Z) := d̂1(Z)− d̂2(Z). Choosing

ϵ :=
cλ5|K′|
8σ4L4

,
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it follows that

P
[
f(Z) ≤ −cλ5|K′|

8σ4L4

]
≥ 1− exp

[
−Θ

(
(1− ρL)3λ10|K′|2

σ10L10p|K|

)]
− exp

[
−Θ

(
λ4|K′|
σ4L4

)]
.

(5.55)

Due to the probabilistic sparsity model, it holds with probability at least 1− exp[−Θ[p(1− p)T ]]
that

|K| ≤ 2pT, |K′| ≥ p(1− p)T

2
. (5.56)

Therefore, the probability bound in (5.55) becomes

P
[
f(Z) ≤ −cλ5p(1− p)T

16σ4L4

]
≥1− exp

[
−Θ

(
(1− ρL)3λ10(1− p)2T

σ10L10

)]
− exp

[
−Θ

(
λ4p(1− p)T

σ4L4

)]
− exp[−Θ[p(1− p)T ]].

Now, if the sample complexity satisfies

T ≥ Θ

[
max

{
κ10

(1− ρL)3(1− p)2
,

κ4

p(1− p)

}
log

(
1

δ

)]
, (5.57)

we know

P [f(Z) ≤ −θ] ≥ 1− δ, (5.58)

where we define

κ :=
σL

λ
, θ :=

cλ5p(1− p)T

16σ4L4
.

Step 2. In the second step, we apply discretization techniques to prove that condition (5.58) holds
for all Z ∈ SF . For a sufficiently small constant ϵ > 0, let

{Z1, . . . ,ZN}

be an ϵ-cover of the unit ball SF . Namely, for all Z ∈ SF , we can find r ∈ {1, 2, . . . , N} such that
∥Z− Zr∥F ≤ ϵ. It is proved in [111] that the number of points N can be bounded by

log(N) ≤ mn log

(
1 +

2

ϵ

)
.
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Now, we estimate the Lipschitz constant of f(Z) and construct a high-probability upper bound for
the Lipschitz constant. For all Z,Z′ ∈ Rn×m, we can calculate that

f(Z)− f(Z′) =
∑
t∈K

〈
(Z− Z′)⊤, f(xt)d̂

⊤
t

〉
−
∑
t∈Kc

(∥Zf(xt)∥2 − ∥Z′f(xt)∥2)

≤ ∥Z− Z′∥F
∑
t∈K

∥∥∥f(xt)d̂
⊤
t

∥∥∥
F
+ ∥Z− Z′∥2

∑
t∈Kc

∥f(xt)∥2

≤ ∥Z− Z′∥F
T−1∑
t=0

∥f(xt)∥2 . (5.59)

Using the decomposition in Step 1-1, we have

f(xt) =

j∑
ℓ=1

gkℓt ,

where kj is the maximal element in K such that kj < t. Therefore, we can calculate that

T−1∑
t=0

∥f(xt)∥2 ≤
|K|∑
j=1

T−1∑
t=kj+1

∥∥∥gkj
t

∥∥∥
2
. (5.60)

For each j ∈ {1, . . . , |K|}, we can prove in the same way as (5.48) that∥∥∥gkj
t

∥∥∥
2
≤ L(ρL)kj−t−1∥d̄kj∥2, ∀t > kj.

Substituting into inequality (5.60), it follows that

T−1∑
t=0

∥f(xt)∥2 ≤
|K|∑
j=1

T−1∑
t=kj+1

L(ρL)kj−t−1∥d̄kj∥2 ≤
L

1− ρL

|K|∑
j=1

∥d̄kj∥2.

Using Assumption 11 and the same technique as in (5.51), we know

P

 |K|∑
j=1

∥d̄kj∥2 ≤ η

 ≥ 1− 2 exp

(
− η2

2σ2|K|

)
≥ 1− 2 exp

(
− η2

4σ2pT

)
,

where the second inequality is from the high probability bound in (5.56). Hence, it holds that

P

(
T−1∑
t=0

∥f(xt)∥2 ≤ η

)
≥ 1− 2 exp

(
−η2(1− ρL)2

4σ2L2pT

)
, (5.61)

Choosing

η :=
θ

2ϵ
,
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the bound in (5.61) becomes

P

(
T−1∑
t=0

∥f(xt)∥2 ≤
θ

2ϵ

)
≥ 1− 2 exp

(
− (1− ρL)2

4σ2L2pTϵ2
· θ2
)

(5.62)

= 1− 2 exp

[
−Θ

[
(1− ρL)2

4σ2L2pTϵ2
·
(
λ5p(1− p)T

σ4L4

)2
]]

= 1− 2 exp

[
−Θ

[
(1− ρL)2κ10p(1− p)2T

ϵ2

]]
.

We set

ϵ := Θ
[√

(1− ρL)2κ10p(1− p)2
]
.

Then, it follows that

exp

[
−Θ

[
(1− ρL)2κ10p(1− p)2T

ϵ2

]]
= exp [−Θ(T )] ≤ δ

4
,

where the last inequality is from the choice of T in (5.57). Substituting back into (5.62), we get

P

(
T−1∑
t=0

∥f(xt)∥2 ≤
θ

2ϵ

)
≥ 1− δ

2
. (5.63)

Under the event in (5.63), for all Z ∈ SF , there exists an element Zr in the ϵ-net such that

f(Z) ≤ f(Zr) + ϵ ·
T−1∑
t=0

∥f(xt)∥2 ≤ f(Zr) +
θ

2
.

If we replace δ with δ/(2N) in (5.58) and choose Z = Zr for all r ∈ {1, . . . , N}, the union bound
implies that

P [f(Zr) ≤ −θ, r = 1, . . . , N ] ≥ 1− δ

2
. (5.64)

Under the above conditions, we have

f(Z) ≤ f(Zr) +
θ

2
≤ −θ

2
< 0.

To satisfy condition (5.64), the sample complexity bound (5.57) becomes

T ≥ Θ

[
max

{
κ10

(1− ρL)3(1− p)2
,

κ4

p(1− p)

}
log

(
2N

δ

)]
= Θ

[
max

{
κ10

(1− ρL)3(1− p)2
,

κ4

p(1− p)

}

×
[
mn log

(
1

(1− ρL)κp(1− p)

)
+ log

(
1

δ

)]]
,

which is the desired sample complexity bound in the theorem.
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Lower bound of κ. Before we close the proof, we provide a lower bound of κ = σL/λ. Equiv-
alently, we provide an upper bound on λ2, which is at most the minimal eigenvalue of

E
[
f(x+ d̄t)f(x+ d̄t)

⊤ | Ft, d̄t ̸= 0n

]
.

Let ν ∈ Rm be a vector satisfying

∥ν∥2 = 1, ν⊤f (x) = 0.

Then, we know

ν⊤f(x+ d̄t)f(x+ d̄t)
⊤ν = ν⊤ [f(x+ d̄t)− f(x)

] [
f(x+ d̄t)− f(x)

]⊤
ν (5.65)

=
[[
f(x+ d̄t)− f(x)

]⊤
ν
]2

≤
∥∥f(x+ d̄t)− f(x)

∥∥2
2

≤ L2∥d̄t∥22,

where the last inequality is from the Lipschitz continuity of f . Using the sub-Gaussian assumption,
it follows that

E
[
∥d̄t∥22 | Ft, d̄t ̸= 0n

]
≤ σ2, (5.66)

where we utilize the fact that the standard deviation of sub-Gaussian random variables with pa-
rameter σ is at most σ. Combining inequalities (5.65) and (5.66), it follows that

ν⊤E
[
f(x+ d̄t)f(x+ d̄t)

⊤ | Ft, d̄t ̸= 0n

]
ν ≤ σ2L2.

Therefore, it holds that

λ2 ≤ λmin

[
E
[
f(x+ d̄t)f(x+ d̄t)

⊤ | Ft, d̄t ̸= 0n

]]
≤ σ2L2, ∀x ∈ Rn,

which further leads to
κ =

σL

λ
≥ 1.

This completes the proof.

5.J Proof of Lemma 17
Proof of Lemma 17. Let

δ :=
cλ4

σ4L4
, θt :=

∥∥Z⊤f
[
Āf(xt−1)

]∥∥
2
.

We finish the proof by discussing two cases.



CHAPTER 5. SYSTEM IDENTIFICATION FOR NON-LINEAR SYSTEMS 151

Case 1. We first consider the case when

θt ≥
λ

2
+

√
2σ2L2 log

(
2

1− δ

)
.

Using the Lipschitz continuity of f , we have

∥Zf(xt)∥2 =
∥∥[Zf(xt)− Z⊤f

[
Āf(xt−1)

]]
+ Zf

[
Āf(xt−1)

]∥∥
2

(5.67)

≥
∥∥Zf [Āf(xt−1)

]∥∥
2
−
∥∥Zf(xt)− Zf

[
Āf(xt−1)

]∥∥
2

≥ θt − ∥Z∥
∥∥f(xt)− f

[
Āf(xt−1)

]∥∥
2

≥ θt − ∥Z∥F · L
∥∥d̄t

∥∥
2
≥ θt − L

∥∥d̄t

∥∥
2
.

By Assumption 11, we know
∥∥d̄t

∥∥
2
= |ℓt| and it follows that

P
(∥∥d̄t

∥∥
2
≥ ϵ | Ft

)
≤ 2 exp

(
− ϵ2

2σ2

)
, ∀ϵ ≥ 0.

Therefore, we get the estimation

P
(
∥Zf(xt)∥2 ≤

λ

2

∣∣∣∣ Ft

)
≤ P

(
θt − L

∥∥d̄t

∥∥
2
≤ λ

2

∣∣∣∣ Ft

)
= P

(∥∥d̄t

∥∥
2
≥ θt − λ/2

L

∣∣∣∣ Ft

)
≤ P

(∥∥d̄t

∥∥
2
≥

√
2σ2 log

(
2

1− δ

) ∣∣∣∣ Ft

)
≤ 1− δ.

Therefore, we have proved that

P
(
∥Zf(xt)∥2 ≥

λ

2

∣∣∣∣ Ft

)
≥ δ.

Case 2. Then, we focus on the case when

θt ≤
λ

2
+

√
2σ2L2 log

(
2

1− δ

)
. (5.68)

Assume conversely that

P
(
∥Zf(xt)∥2 ≥

λ

2

∣∣∣∣ Ft

)
< δ. (5.69)

Similar to inequality (5.67), the Lipschitz continuity of f implies

∥Zf(xt)∥2 ≤ θt + L
∥∥d̄t

∥∥
2
.



CHAPTER 5. SYSTEM IDENTIFICATION FOR NON-LINEAR SYSTEMS 152

Therefore, by applying Assumption 11, we get the tail bound

P (∥Zf(xt)∥2 ≥ θ | Ft) ≤ P
(
θt + L

∥∥d̄t

∥∥
2
≥ θ | Ft

)
=P
(∥∥d̄t

∥∥
2
≥ θ − θt

L

∣∣∣∣ Ft

)
≤ 2 exp

[
−(θ − θt)

2

2σ2L2

]
, ∀θ ≥ θt.

Define (x)+ := max{x, 0}. The bound above leads to

P (∥Zf(xt)∥2 ≥ θ | Ft) ≤ 2 exp

[
−
(θ − θt)

2
+

2σ2L2

]
, ∀θ ∈ R. (5.70)

Using the definition of expectation, we can calculate that

E
[
∥Zf(xt)∥22 | Ft

]
=

∫ ∞

0

2θ · P [∥Zf(xt)∥2 ≥ θ | Ft] dθ

≤ λ2

4
+

∫ ∞

λ/2

2θ · P [∥Zf(xt)∥2 ≥ θ | Ft] dθ.

By condition (5.69), we get

P [∥Zf(xt)∥2 ≥ θ | Ft] ≤ P
[
∥Zf(xt)∥2 ≥

λ

2

∣∣∣∣ Ft

]
≤ δ, ∀θ ≥ λ

2
.

Combining with inequality (5.70), it follows that

E
[
∥Zf(xt)∥22 | Ft

]
≤ λ2

4
+

∫ ∞

λ/2

2θ ·min

{
δ, 2 exp

[
−
(θ − θt)

2
+

2σ2L2

]}
dθ (5.71)

=
λ2

4
+ δ

(
θ21 −

λ2

4

)
+

∫ ∞

θ1

4θ exp

[
−(θ − θt)

2

2σ2L2

]
dθ,

where we define

θ1 := max

{
λ

2
, θt +

√
2σ2L2 log

(
2

δ

)}
≥ θt.

Using condition (5.68), we know

θ21 ≤

(
λ

2
+

√
2σ2L2 log

(
2

1− δ

)
+

√
2σ2L2 log

(
2

δ

))2

(5.72)

≤

(
λ

2
+ 2

√
2σ2L2 log

(
2

δ

))2

≤ λ2

2
+ 16σ2L2 log

(
2

δ

)
,
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where the last inequality is from Cauchy’s inequality. Moreover, we can estimate that∫ ∞

θ1

4θ exp

[
−(θ − θt)

2

2σ2L2

]
dθ ≤

∫ ∞

θ2

4θ exp

[
−(θ − θt)

2

2σ2L2

]
dθ (5.73)

=

∫ ∞

θ2

4θt exp

[
−(θ − θt)

2

2σ2L2

]
dθ +

∫ ∞

θ2

4(θ − θt) exp

[
−(θ − θt)

2

2σ2L2

]
dθ

=

∫ ∞

θ2

4θt exp

[
−(θ − θt)

2

2σ2L2

]
dθ + 2δσ2L2,

where we denote θ2 := θt+
√
2σ2L2 log

(
2
δ

)
≤ θ1. Utilizing the following bound on the cumulative

density function of the standard Gaussian distribution:∫ ∞

η

e−
x2

2 dx ≤ η−1e−
η2

2 , ∀η > 0,

we have ∫ ∞

θ2

4θt exp

[
−(θ − θt)

2

2σ2L2

]
dθ ≤ 4θtσL · 1√

2 log
(
2
δ

) · δ2 ≤
√
2θt · δσL.

Combining with (5.73), it follows that∫ ∞

θ1

4θ exp

[
−(θ − θt)

2

2σ2L2

]
dθ ≤

√
2θt · δσL+ 2δσ2L2 ≤ 4δθ2t + 4δσ2L2, (5.74)

where the last inequality is from Cauchy’s inequality. Substituting inequalities (5.72) and (5.74)
back into (5.71), we get

E
[
∥Zf(xt)∥22 | Ft

]
≤ λ2

4
+ δ

[
λ2

4
+ 16σ2L2 log

(
2

δ

)]
+ 4δθ2t + 4δσ2L2

≤ (1 + δ)λ2

4
+ 16σ2L2 · δ log

(
2

δ

)

+ δ

[
λ

2
+

√
2σ2L2 log

(
2

1− δ

)]2
+ 4δσ2L2

≤ (1 + δ)λ2

4
+ 16σ2L2 · δ log

(
2

δ

)
+

δλ2

2
+ 4σ2L2 · δ log

(
2

δ

)
+ 4δσ2L2

≤ (1 + 3δ)λ2

4
+ 24σ2L2 · δ log

(
2

δ

)
.

where the second inequality is from (5.68) and the last inequality is from Cauchy’s inequality and
δ < 1/2. On the other hand, Assumption 8 implies that

E
(
∥Zf(xt)∥22 | Ft

)
=
〈
ZZ⊤,E

[
f(xt)f(xt)

⊤ | Ft

]〉
≥ λ2∥Z∥2F = λ2.
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Combining the last two inequalities, we get

λ2 ≤ (1 + 3δ)λ2

4
+ 24σ2L2 · δ log

(
2

δ

)
,

which is equivalent to

δ log

(
2

δ

)
≥ (3− 3δ)λ2

96σ2L2
≥ λ2

23σ2L2
.

For all x ∈ (0, 1), it holds that x log(2/x) <
√
2x. Hence, we have

√
2δ >

λ2

23σ2L2
,

which contradicts with our assumption (5.69).

5.K Proof of Theorem 24
Proof of Theorem 24. In this proof, we focus on the case when m = n, and the counterexample
can be easily extended into more general cases. We construct the following system dynamics:

Ā := ρIn, f(x) := x, ∀x ∈ Rn,

where ρ ≥ 2 +
√
6 is a constant. One can verify Assumption 9 holds with Lipschitz constant

L = 1. Therefore, the stability condition (Assumption 10) is violated since ρ > 1/L. The system
dynamics can be written as

xt =
∑

k∈K,k<t

ρt−k−1dk, ∀t ∈ {0, . . . , T}. (5.75)

Conditional on Ft and t ∈ K, the disturbance vector is generated as

dt ∼ Uniform(Sn−1),

where Sn−1 is the unit ball {d ∈ Rn | ∥d∥2 = 1}. The attack/disturbance model satisfies Assump-
tion 8 with λ = 1/

√
n and Assumption 11 with σ = 1/

√
n. Define the event

E := {T − 1 ∈ K, |K| > 1} .

By the definition of the probabilistic sparsity model, we can calculate that

P(E) = p
[
1− (1− p)T−1

]
.
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Our goal is to prove that

P
[
d̂1(Z)− d̂2(Z) > 0 | E

]
= 1,

where we define

d̂1(Z) :=
∑
t∈K

〈
Z⊤, f(xt)d̂

⊤
t

〉
, d̂2(Z) :=

∑
t∈Kc

∥Zf(xt)∥2 .

Then, by Theorem 18, we know that Ā is not a global solution to problem (5.4) with probability at
least

p
[
1− (1− p)T−1

]
.

Let t1 be the smallest element in K, namely, the first time instance when there is a non-zero
disturbance. Under event E , it holds that t1 < T − 1. We first prove that

xt ̸= 0n, ∀t ∈ {t1 + 1, . . . , T − 1}.

By the system dynamics (5.75) and the triangle inequality, we have

∥xt∥2 ≥ ρt−t1−1∥dt1∥2 −
∑

k∈K,t1<k<t

ρt−k−1∥dk∥2 = ρt−t1−1 −
∑

k∈K,t1<k<t

ρt−k−1

≥ ρt−t1−1 −
t−t1−2∑
i=0

ρi =
ρt−t1 − 2ρt−t1−1 + 1

ρ− 1
> 0,

where the last inequality holds because ρ ≥ 2. Then, we choose

Z := xT−1d̂
⊤
T−1 ̸= 0.

It follows that

d̂1(Z) =
∑
t∈K

〈
Z⊤, f(xt)d̂

⊤
t

〉
=
∥∥∥xT−1d̂

⊤
T−1

∥∥∥2
F
+

∑
t∈K,t<T−1

〈
xT−1d̂

⊤
T−1, f(xt)d̂

⊤
t

〉
≥ ∥xT−1∥22 −

∑
t∈K,t<T−1

∥xT−1∥2 ∥xt∥2 ,

d̂2(Z) =
∑
t∈Kc

∥Zf(xt)∥2 =
∑
t∈Kc

∥∥∥xT−1d̂
⊤
T−1xt

∥∥∥
2
≤
∑
t∈Kc

∥xT−1∥2 ∥xt∥2 .

Combining the above two inequalities, we get

d̂1(Z)− d̂2(Z) ≤ ∥xT−1∥2

(
∥xT−1∥2 −

T−2∑
t=0

∥xt∥2

)
= ∥xT−1∥2

(
∥xT−1∥2 −

T−2∑
t=t1+1

∥xt∥2

)
,
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where the last equality holds because xt = 0n for all t ≤ t1. Since ∥xT−1∥2 > 0, it is sufficient to
prove that

∥xT−1∥2 >
T−2∑

t=t1+1

∥xt∥2 . (5.76)

Considering the system dynamics (5.75) and the fact that ∥dk∥2 = 1 for all k ∈ K , we have the
estimation

ρt−t1−1 −
∑

k∈K,t1<k<t

ρt−k−1 ≤ ∥xt∥2 ≤
∑

k∈K,k<t

ρt−k−1.

The desired inequality (5.76) holds if we can show

ρT−1−t1−1 −
∑

k∈K,t1<k<T−1

ρT−1−k−1 >
T−2∑

t=t1+1

∑
k∈K,k<t

ρt−k−1,

which is further equivalent to

2ρT−t1−2 >
T−1∑

t=t1+1

∑
k∈K,k<t

ρt−k−1

⇐= 2ρT−t1−2 >
T−1∑

t=t1+1

t−1∑
k=t1

ρt−k−1 =
T−1∑

t=t1+1

ρt−t1 − 1

ρ− 1
=

ρT−t1 − ρ− (T − t1 − 1)(ρ− 1)

(ρ− 1)2

⇐= 2ρT−t1−2 ≥ ρT−t1

(ρ− 1)2
⇐⇒ ρ2 − 4ρ− 2 ≥ 0 ⇐= ρ ≥ 2 +

√
6.

By our choice of ρ, we know condition (5.76) holds and this completes our proof.

5.L Extensions of Numerical Experiments for Different
Problem Parameters

Numerical Experiments on Spectral Norm of Ā
In this section, we use the same experimental setup as in Section 5.7 for Lipschitz continuous

basis functions. We examine the relationship between sample complexity and the spectral norm ρ.
Specifically, we set T = 100, p = 0.75, and n = 3. To eliminate randomness in the spectral norm
∥Ā∥, we assign the singular values of Ā as σ1 = · · · = σn = ρ, where ρ ∈ {0.5, 0.95, 1.5}. In
the case where ρ = 1.5, we terminate the simulation when ∥xt∥2 ≥ 1014, as this indicates that the
trajectory diverges to infinity, causing numerical issues for the CVX solver.
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Figure 5.5: Loss Gap, Solution Gap, and Optimality Certificate of the Lipschitz Basis Function
Case with Spectral Norm ρ = 0.5, 0.95 and 1.5.

The results, presented in Figure 5.5, reveal that the required sample complexity increases
slightly as ρ increases from 0.5 to 0.95, which is consistent with Theorem 23. In addition, when
ρ = 1.5, the system is not asymptotically stable, violating Assumption 10. The resulting diver-
gence of the system state (∥xt∥2 → ∞) leads to numerical instabilities in computing the estimator
(5.3). However, it is possible that the estimator in (5.3) could still achieve exact recovery for large
values of ρ, if a numerically stable method is employed for optimization. This does not contradict
our theoretical findings, as Theorem 23 provides only a sufficient condition for exact recovery,
rather than a necessary one.

Numerical Experiments with Small Probabilistic Sparsity Model
In this section, we repeat the experiments in Figure 5.3 with p ∈ {0.001, 0.1, 0.3} and n = 5.

The results are presented in Figure 5.6. We observe that the predictor fails to recover the ground
truth within 500 steps when p = 0.001, whereas it successfully converges when p = 0.1 and 0.3.
Notably, both the loss gap and the optimality certificate are equal to zero in the case of p = 0.001.
This occurs because multiple global solutions exist, causing the estimator to fail in recovering the
unique ground truth solution within 500 iterations. However, given a larger number of samples,
the algorithm will eventually converge to the correct solution. That said, the primary focus of
this chapter is the regime where p > 0.5. When p is very small or zero, learning the system
falls within the classical control theory framework, where it is well established that an artificial
excitation signal must be introduced to facilitate learning. The necessity of excitation signals in
nearly deterministic systems is well documented in the control literature. For example, consider
the linear system xt+1 = Axt, where the objective is to learn A from observations of xt. If the
initial condition x0 is zero, then xt remains zero for all t, making it impossible to infer A. To
circumvent this issue, an artificial excitation signal is typically introduced, yielding a system of
the form xt+1 = Axt + wt where wt is, for instance, Gaussian noise. Interestingly, when p is
sufficiently large, the adversarial attack itself serves as an effective excitation signal, aiding in the
learning process by introducing necessary perturbations into the system.
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Figure 5.6: Loss Gap, Solution Gap, and Optimality Certificate of the Lipschitz Basis Function
Case with Attack/Disturbance Probability p = 0.001, 0.1 and 0.3.

Figure 5.7: Loss Gap, Solution Gap, and Optimality Certificate of the Lipschitz Basis Function
Case with p ∈ {0.7, 0.8, 0.85} and n = m = 10.

Numerical Experiments with Sparse Ā

In this section, we replicate the experiments presented in Figure 5.3, using a sparse ground
truth matrix Ā. Specifically, we generate a sparse matrix Ā as a tridiagonal matrix, where each
entry Āi,j is set to zero whenever |i − j| > 1. We conduct the experiments for Lipschitz basis
functions with non-zero disturbance probabilities p ∈ 0.7, 0.8, 0.85 and system dimension n = 10.
Additionally, we extend the simulation period to T = 1000, compared to T = 500 in the previous
experiments. To improve computational efficiency, we solve the optimization problem (5.3) every
10 time steps. Consequently, the plots exhibit discrete jumps corresponding to time periods that
are multiples of ten. The loss gap is omitted from the figures since the estimator is computed only
at a subset of time points. Figure 5.7 suggests that exact recovery is achieved despite the sparse
structure of the ground truth matrix Ā. This result is expected, as our theoretical analysis does
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Figure 5.8: Loss Gap, Solution Gap, and Optimality Certificate of the Lipschitz Basis Function
Case with Dimension (n,m) = (10, 20), (25, 50) and (50, 100).

not impose any dependency on the sparsity structure of Ā. Beyond demonstrating robustness, the
non-smooth objective function in (5.3) also acts as an implicit regularization mechanism that aligns
with the specific matrix structure.

Numerical Experiments with Larger Order Systems
In this section, we extend the experiments presented in Figure 5.4 to significantly higher-order

dynamical systems and a larger number of basis functions. Specifically, we consider system di-
mensions and basis function counts of (n,m) ∈ (10, 20), (25, 50), (50, 100). The probability of a
non-zero disturbance occurring is set to p = 0.6. Additionally, we increase the simulation period
to T = 1100, compared to T = 500 in the previous experiments. To optimize computational
efficiency, we solve the optimization problem (5.3) every 100 time periods. As a result, the plots
exhibit discrete jumps corresponding to time periods that are multiples of 100. Due to this sam-
pling strategy, the loss gap is omitted from the figures, as the estimator is computed only at a subset
of time points.

In Figure 5.8, we observe that exact recovery is achieved even for large-scale system identifica-
tion problems, where both the system dimension and the number of basis functions are significantly
high. However, achieving exact recovery requires the system to evolve over a sufficiently long time
horizon, as indicated by our theoretical results.
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Chapter 6

Algorithm for Non-Smooth System
Identification

Dynamical systems form the foundation of modern problems, such as reinforcement learning,
auto-regressive models, and control systems. These systems evolve based on their current state,
with the system dynamics equations determining the next state. Due to the complexity of real-
world systems, these dynamics are often unknown or difficult to model precisely. Learning the
unknown dynamics of a dynamical system is known as the system identification problem.

The system identification problem has been extensively studied in the literature [26, 68]. The
least-squares estimator (LSE) is the most widely studied approach for this problem as it provides a
closed-form solution. Early research focused on the asymptotic (infinite-time) convergence prop-
erties of LSE [72]. Recently, finite-time (non-asymptotic) analyses gained popularity, leveraging
high-dimensional statistical techniques for both linear [102, 32, 106, 39] and non-linear dynami-
cal systems [45, 95, 137]. See [107] for a survey. Traditionally, asymptotic and non-asymptotic
analyses of LSE focused on systems with independent and identically distributed (sub)-Gaussian
disturbances. However, this assumption is often unrealistic for safety-critical systems such as au-
tonomous vehicles, unmanned aerial vehicles, and power grids. In these settings, disturbances may
be designed by an adversarial agent, leading to dependencies across time and arbitrary variations.

Since LSE is susceptible to outliers and temporal dependencies, recent research focused on ro-
bust non-smooth estimators for safety-critical systems, particularly lasso-type estimators. [43] and
[44] analyzed the properties of these estimators through the lens of the Null Space Property, a key
concept in lasso analysis. Later works introduced a disturbance structure where disturbance vectors
are zero with probability 1− p and non-zero with probability p. For any p between 0 and 1, [119]
and [127] proved that lasso-type estimators with non-smooth objectives can exactly recover sys-
tem dynamics for linear and parameterized non-linear systems, respectively, with probability ap-
proaching one. Additionally, [62] showed that asymmetric disturbances with non-zero probability
p could be transformed into zero-mean disturbances with probability 2p, enabling exact recovery
for any disturbance structure where p < 1/2. These non-asymptotic analyses leverage techniques
from modern high-dimensional probability and statistics [111, 109]. Despite their strong learning
properties, these approaches rely on convex optimization solvers, which become computationally
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prohibitive as the system state dimension and time horizon grow. Safety-critical systems require
rapid estimation to ensure real-time control without delays. Thus, it is imperative to design fast
algorithms that efficiently solve lasso-type non-smooth estimators within a reasonable time frame.

Gradient- and Hessian-based first-order and second-order algorithms are not viable options
in this context due to the non-smoothness of the objective. Instead, we employ the subgradi-
ent method, a well-established technique in the literature, as the lasso-type estimator is a convex
optimization problem. Unlike gradient-based methods, subgradient methods do not guarantee de-
scent at each iteration. However, existing results show that the best sub-optimality gap asymptot-
ically converges to zero over time with constant and diminishing step sizes. For a comprehensive
overview of subgradient methods for non-smooth objectives, see [100, 89, 8, 83, 82]. Closed-form
solutions and gradient-based methods are widely used in system identification problems, as the
literature has primarily focused on LSE or other smooth estimators for linear systems [59]. Non-
linear system identification is inherently more complex than its linear counterpart [96], yet existing
estimation techniques still rely on smooth penalty functions. In contrast, subgradient methods have
not been explored in the context of system identification. It is important to note that we do not ap-
ply the subgradient method to a single optimization problem but instead apply it to a sequence of
time-varying problems because as new measurements are taken, the optimization problem to be
solved changes as well.

6.1 Non-smooth Estimator and Disturbance Model
We consider a linear time-invariant dynamical system of order n with the system update equa-

tion
xt+1 = Āxt + d̄t, t = 0, 1, . . . , T − 1,

where Ā ∈ Rn×n is the unknown system matrix and d̄t ∈ Rn are unknown system disturbances.
Our goal is to estimate Ā using the state samples {xt}Tt=0 obtained from a single system initializa-
tion. Note that we only study the autonomous case and the generalization of the case with inputs
is straightforward. Traditionally, the following LSE has been widely studied in the literature:

min
A∈Rn×n

T−1∑
t=0

∥xt+1 −Axt∥22 . (LSE)

However, the LSE is vulnerable to outliers and adversarial disturbances. In safety-critical system
identification, a new popular alternative is the following non-smooth estimator:

min
A∈Rn×n

T−1∑
t=0

∥xt+1 −Axt∥2 . (NSE)

The primary objective of this non-smooth estimator is to achieve exact recovery in finite time,
an essential feature for safety-critical applications such as power-grid monitoring, unmanned aerial
vehicles, and autonomous vehicles. In these scenarios, the system should be learned from a single
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trajectory (since multiple initialization is often infeasible) and can be exposed to adversarial agents.
Even under i.i.d. disturbance vectors, if d̄t is non-zero at every time step t, the exact recovery of
the Ā is not attainable in finite time. Motivated by [127], we introduce a disturbance model in
which the disturbance vector d̄t is zero at certain time instances.

Definition 11 (Probabilistic sparsity model [127]). For each time instance t, the disturbance vector
d̄t is zero with probability 1 − p, where p ∈ (0, 1). Furthermore, the time instances at which the
disturbances are non-zero are independent of each other while the non-zero disturbance values
could be correlated.

[127] showed that the estimator (LSE) fails to achieve exact recovery in finite time even when
p < 1 and in the simplest case when the disturbance vectors are i.i.d. Gaussian. Consequently,
employing non-smooth estimators to enable exact recovery within a finite time horizon becomes
essential. Furthermore, without specific assumptions on the system dynamics and disturbance
vectors, exact recovery is unattainable in finite time. See Theorem 3 in [127]. First, we impose
a sufficient condition for the system stability of the LTI system in Assumption 12 to guarantee
learning under possibly large correlated disturbances.

Assumption 12. The ground-truth Ā satisfies ρ :=
∥∥Ā∥∥ < 1.

If the disturbance vectors take arbitrary values and are chosen from a low-dimensional sub-
space, it is shown in [127] that learning the whole system dynamics becomes infeasible. To ad-
dress this, we define the filtration Ft := σ{x0,x1, . . . ,xt}, and we add the semi-oblivious and
sub-Gaussian disturbances assumption below based on [127].

Assumption 13 (Semi-Oblivious and sub-Gaussian disturbances). Conditional on the filtration Ft

and the event that d̄t ̸= 0n, the attack vector d̄t is defined by the product ℓtd̂t, where

1. d̂t ∈ Rn and ℓt ∈ R are independent conditional on Ft and d̄t ̸= 0n;

2. d̂t obeys the uniform distribution on the unit sphere whenever d̄t ̸= 0n;

3. ℓt is zero-mean and sub-Gaussian with parameter σ.

Assumption 13 implies that the disturbance vectors d̄t are sub-Gaussian and temporally cor-
related since ℓt may depend on previous disturbances. This correlation better reflects real-world
semi-oblivious attacks, where an adversarial agent can inject disturbances that depend on prior
injections. Moreover, Assumption 13 ensures exploration of the entire state space, as the direction
vector d̂t is uniformly distributed on the unit sphere.

In recent years, non-smooth estimators for system identification gained traction [43, 44, 119,
127, 62]. These studies analyzed non-smooth estimators in a non-asymptotic framework under
various disturbance models. Specifically, under Assumptions 12 and 13, [119] and [127] derived
sample complexity bounds for exact recovery in finite time with high probability. However, they do
not propose numerical algorithms and rely on existing convex optimization solvers, which suffer
from two drawbacks. The first issue is that in practice, (NSE) should be repeatedly solved for
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T = 1, 2, ... as new measurements are taken until a satisfactory model is obtained. This means
the methods in [15] and [16] require solving a convex optimization problem at each time step. In
addition, the problem (NSE) at time T is translated into a second-order conic program with T +n2

scalar variables and T conic inequalities. Hence, the solver performance degrades significantly as
the order of the system and the time horizon grow. Since safety-critical applications demand fast
and efficient identification, convex optimization solvers are inefficient for real-time computation.
We investigate the subgradient method for learning system parameters to address these limitations.

6.2 Subgradient Method
Let fT (A) denote the objective function of (NSE) and ∂fT (A) denote its subdifferential at a

point A and time period T . We denote a subgradient in the subdifferential as GA,T ∈ ∂fT (A). We
first define the subdifferential of the ℓ2 norm.

Definition 12 (Subdifferential of ℓ2 Norm). Let ∂∥x∥2 denote the subdifferential of the ℓ2 norm,
i.e.,

∂∥x∥2 =

{
x

∥x∥2 , if x ̸= 0,

B2(1), otherwise .

The subdifferential is a unique point when x is non-zero, but it consists of all points within the
unit ball when x = 0. Using the previous definition, we obtain the subdifferential of the objective
function, ∂fT (A).

Lemma 18. The subdifferential of fT (·) at a point A is

∂fT (A) =

{
−

T−1∑
t=0

∂∥xt+1 −Axt∥2 ⊗ xt

}
,

and the subdifferential of the fT (·) at the point Ā is

∂fT (Ā) =

{
−
∑
t∈K

d̂t ⊗ xt −
∑
t̸∈K

et ⊗ xt : ∥et∥2 ≤ 1,∀t ̸∈ K

}
,

where K := {t | d̄t ̸= 0} is the set of time indices of non-zero disturbances and

d̂t := d̄t/∥d̄t∥2,∀t ∈ K,

are the normalized disturbance directions.

The proof of Lemma 18 is straightforward and follows from a property of the Minkowski sum
over convex sets. Furthermore, due to the convexity of fT (A), the following lemma provides a
useful bound on the difference between the objective function values at two distinct points.
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Lemma 19 ([16]). Given two arbitrary points A,B ∈ Rn×n and any subgradient GA,T ∈ ∂fT (A),
it holds that

fT (B) ≥ fT (A) + ⟨GA,T ,B−A⟩.

To find the matrix Ā, we propose Algorithm 1 that relies on the subgradient method. In Step
(i), the subdifferential of the objective function at the current estimate is calculated. Since this
subdifferential possibly contains multiple values, we choose a subgradient from the subdifferential
in Step (ii). After that, a step size is selected in Step (iii). In Step (iv), a subgradient update is
performed. Lastly, we update the objective function with the new data point in Step (v). The main
feature of this algorithm is that we do not apply the subgradient algorithm to solve the current
optimization problem (NSE), and instead, we take one iteration to update our estimate of the
matrix value at time t. Then, after a new measurement is taken, the optimization problem at time
t + 1 changes since an additional term is added to its objective function. Thus, as we update
our estimates, the optimization problems also change over time. We analyze the convergence of
Algorithm 1 under different step size selection rules and show that although the objective function
changes at each iteration, our algorithm convergences to the Ā.

Algorithm 1 Subgradient Method for (NSE)

Initialize Â(0) randomly
for t = 0, . . . , T − 1 do

(i) Find ∂ft(Â
(t)) = −

∑t
ℓ=0 ∂

∥∥∥(Ā− Â(t))xℓ + d̄ℓ

∥∥∥
2
⊗ xℓ

(ii) Choose GÂ(t),t from ∂ft(Â
(t))

(iii) Choose β(t) using an appropriate step size rule
(iv) Update Â(t+1) = Â(t) − β(t)GÂ(t),t

(v) Update ft+1(A) = ft(A) + ∥xt+1 −Axt∥2
end for
Return Â(T )

Subgradient Method with Best Step Size
We analyze the subgradient method using the best step size, which is defined as the step size

that maximizes improvement at each iteration. However, computing this step size requires knowl-
edge of the ground-truth matrix Ā, making it impractical in real-world applications. Nonetheless,
studying this case offers valuable insights into the behavior of subgradient updates. Let the step
size in Algorithm 1 be chosen as

β(t) =
⟨GÂ(t),t, Â

(t) − Ā⟩
∥GÂ(t),t∥2F

,
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It is shown in Appendix 6.A that this is the best step size possible. According to Theorem 25, the

distance to the ground-truth matrix decreases by a factor of
√
1− cos2(θ̂t) at each update with best

step size. As long as this angle is not ±90◦ or ±270◦, Algorithm 1 progresses toward Ā.

Theorem 25. Under the best step size for Algorithm 1, it holds that

∥Â(t+1) − Ā∥F ≤
√

1− cos2(θ̂t)∥Â(t) − Ā∥F ,

where θ̂T denotes the angle between Â(t) − Ā and GÂ(t),t.

If θ̂t is obtuse, the step size will be negative, which must be avoided. To this end, we establish
a positive lower bound on cos(θ̂t) in Theorem 26 and show that this angle remains acute. To
guarantee that, we define the burn-in period as the number of samples required for a theoretical
exact recovery. After the burn-in period, Ā is the unique optimal solution of min fT (A) with high
probability.

Definition 13. Consider an arbitrary δ ∈ (0, 1). Let T (burn)(n, p, ρ, σ, δ) be defined as

T (burn) := Θ

(
max

{
σ10

(1− ρ)3(1− p)2
,

σ4

p(1− p)

}

×
[
n2 log

(
1

(1− ρ)σp(1− p)

)
+ log

(
1

δ

)])
.

For every t ≥ T (burn)(n, p, ρ, σ, δ), Ā is the unique optimal solution to (NSE) with probability at
least 1− δ.

For convenience, we omit the argument (n, p, ρ, σ, δ) and denote the burn-in period as T (burn).
We analyze the algorithm’s behavior after the burn-in period because it happens that the iterates of
Algorithm 1 are chaotic when t is not large enough or equivalently when Ā is not the unique so-
lution of (NSE). The following theorem establishes that if the number of samples exceeds T (burn),
the cosine of the angle can be lower-bounded by a positive term.

Theorem 26. Define θ̂T to be the angle between Â(T ) − Ā and GÂ(T ),T , and let ∥̃xT∥2 =∑T−1
t=0 ∥xt∥2/T be the average norm of the states until time T . Suppose that Assumptions 12

and 13 hold. Then, as long as the sample complexity T ≥ T (burn)(n, p, ρ, σ, δ) and Â(T ) ̸= Ā,
with probability at least 1− δ, the term cos(θ̂T ) can be lower-bounded as

cos(θ̂T ) ≥ Θ

(
min

{
1,

p(1− p)

σ4∥̃xT∥2

})
> 0.
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Theorem 26 provides a probabilistic lower bound on the cosine of the angle of interest when
the sample complexity T is sufficiently large. The algorithm iterates move toward the ground truth
Ā when the Ā is the global solution of (NSE). In this lower bound, the average norm of the system
states over time, ∥̃xT∥2, appears as a random variable. This term is known to have an upper bound
on the order of p1/2/σ9(1− ρ) with high probability.

Lemma 20 (Equation (63) in [127]). Under the assumptions of Theorem 26, when T is greater
than T (burn)(n, p, ρ, σ, δ), the inequality

∥̃xT∥2 ≤ Θ

(
p1/2

σ9(1− ρ)

)
holds with probability at least 1− δ

In order to establish the result in Lemma 20, we select θ := Θ(p(1 − p)T/σ4) and ϵ :=
Θ(
√

p(1− p)2(1− ρ)2σ10) in Equation (63) of [127]. Combining this result with Theorem 26
leads to the main result of this subsection.

Corollary 8. Let D = ∥Â(T (burn)(n,p,ρ,σ,δ/2)) − Ā∥F denote the distance of the solution of the last
iterate to the ground-truth Ā at the end of the burn-in time. Define γ(p, ρ, σ) to be

γ(p, ρ, σ) :=
√

1−min{1,Θ(p(1− p)2σ10(1− ρ)2)}.

Then, given an arbitrary ϵ > 0, Algorithm 1 under the best step size achieves ∥Â(T ) − Ā∥F ≤ ϵ
with probability 1− δ, when the number of iterations T is sufficiently large such that T > T (ϵ) :=
T (burn)(n, p, ρ, σ, δ/2) + T (conv)(p, ρ, σ,D, ϵ), where

T (conv)(p, ρ, σ,D, ϵ) := log

(
D

ϵ

)
log

(
1

γ(p, ρ, σ)

)
.

Algorithm 1 achieves linear convergence with high probability after the burn-in period due to
the log(D/ϵ) term. Corollary 8 implies that to achieve an ϵ-level estimation error, the total number
of required samples should be the sum of those needed for the burn-in phase and the linear conver-
gence phase. With high probability, the burn-in period scales as max{(1−p)−2, p−1(1−p)−1} with
respect to p and as n2 with respect to the system dimension. After the burn-in phase, the algorithm
converges to the ground truth at a linear rate because cos(θ̂T ) is lower-bounded by a positive factor
given by min{1, p1/2(1−p)σ5(1−ρ)}. Consequently, the linear convergence is upper-bounded by
γ(p, ρ, σ), and the sample complexity scales logarithmically with the problem parameters. There-
fore, the sample complexity of the burn-in period dominates the sample complexity of the linear
convergence phase. Next, we generalize the results to more practical step size rules.

Subgradient Method with Polyak Step Size
We analyze the Polyak step size. Unlike the best step size selection, the Polyak step size does

not require knowledge of Ā. However, it requires information about the optimal objective value at



CHAPTER 6. ALGORITHM FOR NON-SMOOTH SYSTEM IDENTIFICATION 167

Ā at time T , that is, fT (Ā). Under this step size rule, we can establish a result similar to Corollary
8.

Theorem 27. Consider Algorithm 1 under the Polyak step size defined as

β(T ) =
(fT (Â

(T ))− fT (Ā))

∥GÂ(T ),T∥2F
.

Suppose that Assumptions 12 and 13 hold. When the number of samples T is greater than T (ϵ),
Algorithm 1 achieves ∥Â(T ) − Ā∥F ≤ ϵ, where T (ϵ) defined in Corollary 1.

Although the Polyak step size relies on less information about the ground-truth system dynam-
ics than the best step size (i.e., it needs to know an optimal scalar rather than an optimal matrix), it
requires the same number of iterations as the best step size selection. These step sizes are imple-
mentable in practice (subject to some approximations) if some prior knowledge about the system
dynamics is available.

Subgradient Method with Constant and Diminishing Step Sizes
The step sizes discussed in previous sections require information about the ground-truth ma-

trix Ā and the optimal objective value fT (Ā). While theoretically sound, these step sizes are
impractical in real-world applications. Therefore, we explore the subgradient method with con-
stant and diminishing step sizes. Unlike the best and Polyak step sizes, constant and diminishing
step sizes do not guarantee descent at every iteration. Instead, they lead to convergence within a
neighborhood of the true solution rather than exact recovery. Consequently, results concerning the
solution gap, Â(T ) − Ā, are less relevant in this setting. Nevertheless, we establish the asymptotic
convergence of the best average sub-optimality gap over time, defined as:

min
t∈[T (burn)(n,p,ρ,σ,δ),T ]

{
1

t
(ft(Â

(t))− ft(Ā))

}
.

The best average sub-optimality gap represents the algorithm’s performance over its entire horizon,
from the burn-in period to the final iteration. We scale the sub-optimality gap by 1/t to ensure com-
parability across time steps, as the objective function ft(A) in (NSE) evolves with t and consists
of a sum of t terms. An ϵ-level estimation error at time t , i.e. ∥Â(t) − Ā∥F ≤ ϵ, corresponds to a
sub-optimality gap of tϵ. Furthermore, we focus on the best average sub-optimality gap rather than
the gap at the final iteration, as iterates fluctuate around the neighborhood of Ā due to the nature
of these step sizes. These step sizes may potentially remain large, preventing exact convergence,
or diminish too quickly or too slowly to achieve a precise limit. Additionally, we analyze the best
average sub-optimality gap only after the burn-in period since Ā may not be the global minimizer
during this phase, leading to potential negative sub-optimality terms.

Next, we demonstrate that under a constant step size, the best average sub-optimality gap of
the subgradient algorithm asymptotically converges at a rate of T−1/2. When T is significantly
larger than T (burn), the upper bound for the best average sub-optimality gap can be simplified as
Θ(Dp1/2/σ9(1− ρ)T 1/2). Hence, it asymptotically converges to zero with the rate T−1/2.
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Theorem 28. When the step size β(t) is set to the constant,

β(t) = β = Θ

(
Dσ9(1− ρ)

p1/2(
∑T

t=T (burn) t2)1/2

)
,

the best average sub-optimality gap for Algorithm 1 iterates can be bounded with probability at
least 1− δ as

min
t∈[T (burn),T ]

{
1

t
(ft(Â

(t))− ft(Ā))

}
≤ Θ

(
Dp1/2

σ9(1− ρ)
× (
∑T

t=T (burn) t2)1/2∑T
t=T (burn) t

)
.

We establish a similar result for the diminishing step size.

Theorem 29. Suppose that the step size β(t) takes the diminishing form β(t) = β/t, where β is
defined as

β := Θ

(
Dσ9(1− ρ)

p1/2(T − T (burn))1/2

)
.

Then, with probability at least 1− δ, the best average sub-optimality gap for Algorithm 1 iterates
can be bounded as

min
t∈[T (burn),T ]

{
1

t
(ft(Â

(t))− ft(Ā))

}
≤ Θ

(
Dp1/2

σ9(1− ρ)
× 1

(T − T (burn))1/2

)
.

The proof of Theorem 29 is omitted as it follows the same reasoning as Theorem 28. The
diminishing step size is chosen to satisfy

∑
β(t) −→ ∞ and

∑
(β(t))2 < ∞, ensuring sufficient

exploration and stable convergence without excessive oscillations. Theorem 29 establishes that,
under a diminishing step size, the best average sub-optimality gap asymptotically converges at a
rate of T−1/2.

6.3 Time Complexity Analysis
We compare the time complexities of the subgradient method and the exact solution of (NSE)

using CVX. For the subgradient algorithm, each time period involves computing the subgradient,
which has a per-iteration cost of O(Tn2). Running the algorithm for T iterations results in an over-
all complexity of O(T 2n2). On the other hand, solving (NSE) using CVX reduces the problem to
a second-order conic program (SOCP) with T +n2 variables with T second-order cone constraints
(minimization of the sum of norms can be written as a SOCP [3]). This problem is formulated as

min
vec(A)∈Rn2

ft∈R, t∈[T ]

T∑
t=0

ft (SOCP)

s.t. ft ≥ ∥xt+1 − (xt ⊗ In)vec(A)∥2, t ∈ {0, 1, . . . , T − 1}.
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The CVX solver employs primal-dual interior point methods to solve (SOCP). The number of
iterations required to reach an ϵ-accurate solution is O(T 1/2 log(1/ϵ)) [114]. Since solving conic
constraints has a worst-case complexity of O(n6), the per time period complexity is O(T 1/2n6),
leading to an overall complexity of O(T 3/2n6). We know that T and T (burn) scale as Θ(n2). Con-
sequently, the per-time period complexity of the subgradient method and the exact SOCP solution
are O(n4) and O(n7), respectively. This highlights that solving (SOCP) requires significantly more
computational power than the subgradient approach. Next, we present numerical experiments to
validate the convergence results.

6.4 Numerical Experiments
We generate a system with the ground-truth matrix Ā whose singular values are uniform in

(0, 1). Given the probability p, disturbance vectors are set to zero with probability 1 − p. With
probability p, the disturbance d̄t is defined as d̄t := ℓtd̂t. Then, we sample ℓt ∼ N (0, σ2

t ), where
σ2
t := min{∥xt∥22, 1/n}, and we sample d̂t ∼ uniform(Sn−1). This disturbance vector conforms to

Assumption 13, and the values of the disturbance vectors are correlated over time. We generate 10
independent trajectories of the subgradient algorithm using 10 different systems. Then, we report
the average solution gap and the average loss gap of Algorithm 1 at each period. The solution gap
and the loss gap for Algorithm 1 at time T are ∥Â(T ) − Ā∥F and fT (Â

(T ))− fT (Ā), respectively.
Algorithm 1 is experimented with different step size rules. The system has order n = 5, and

p = 0.7. In addition to the best, Polyak, diminishing, and constant step sizes, we also introduce the
backtracking step size. We initialize the step size at a constant value, and it is shrunk by constant
factor γ ∈ (0, 1) until we achieve a sufficiently large descent. See Armijo step size in [4]. Figure
6.1 depicts the performance of Algorithm 1 under these different step sizes. Best and Polyak step
sizes achieve fast and linear convergence as proven theoretically. Moreover, the backtracking step
size performs similarly to the best and Polyak step sizes without using the knowledge of the ground
truth Ā or the optimal objective value fT (Ā). Thus, the theoretical analysis of the backtracking
step size is an interesting future direction. Furthermore, despite the slower rates, the diminishing
and constant step sizes converged to the neighborhood of the solution.

We test the performance of Algorithm 1 with different system dimensions n and probabilistic
sparsity model parameters p. We choose backtracking and best step sizes to test the impact of dif-
ferent dimensions of the system states, n ∈ {5, 10, 15} on the solution gap and loss gap when p is
set to 0.7. Figure 6.2 shows that as n grows, the number of samples needed for convergence grows
as n2. This aligns with the theoretical results from earlier sections. Moreover, the backtracking
step size performs similarly to the best step size. Likewise, Figure 6.3 depicts the performance of
the subgradient algorithm for the different probabilities of non-zero disturbance p ∈ {0.5, 0.7, 0.8}
with n = 5 using best and backtracking step sizes. As p increases, the convergence for the estima-
tor needs more samples, as supported by the theoretical results.

We experimented with the subgradient selection in Step (ii) of Algorithm 1. Whenever the ℓ2
norm is less than 10−5, we consider its subdifferential as the unit ball. We select the subgradient
randomly on the unit sphere for random subgradient selection. For the zero subgradients, we set
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Figure 6.1: Solution Gap and Loss Gap of Algorithm 1 with Different Step Sizes for n = 5, and
p = 0.7

the subgradient to zero. Lastly, we chose the minimum norm subgradient among all the available
ones in the subdifferential. Using the best step size, we test these selection criteria for a system
with order n = 10 and p = 0.7. Figure 6.4 demonstrates that there is not a significant difference in
terms of solution gap. Last, we provide simulation results using the best step size for large systems
of order n ∈ {25, 50, 75}. We run these experiments for T = 10000. This is not possible with the
CVX solver due to the high computational complexity of (SOCP). Nevertheless, the subgradient
algorithm provides an accurate estimation for large systems within a reasonable time frame, as
seen in Figure 6.5.
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Figure 6.2: Solution Gap and Loss Gap of Algorithm 1 with p = 0.7, Best and Backtracking Step
Sizes, and n ∈ {5, 10, 15}

Figure 6.3: Solution Gap and Loss Gap of Algorithm 1 with n = 5, Best and Backtracking Step
Sizes, and p ∈ {0.5, 0.7, 0.8}



CHAPTER 6. ALGORITHM FOR NON-SMOOTH SYSTEM IDENTIFICATION 172

Figure 6.4: Solution Gap and Loss Gap of Algorithm 1 with Different Subgradient Selection Meth-
ods for n = 10 and p = 0.7

Figure 6.5: Solution Gap and Loss Gap of Algorithm 1 with p = 0.7, Best Step Size, and n ∈
{50, 75, 100}
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Appendices

6.A Proof of Theorem 25
Proof. Using the subgradient update iteration at time T , Â(T+1) = Â(T ) − β(T )GÂ(T ),T , we have

∥Â(T+1) − Ā∥2F = ∥(Â(T ) − Ā)− β(T )GÂ(T ),T∥
2
F

= ∥Â(T ) − Ā∥2F + (β(T ))2∥GÂ(T ),T∥
2
F − 2β(T )⟨GÂ(T ),T , Â

(T ) − Ā⟩. (6.1)

Substituting the step size stated in the theorem yields

∥Â(T+1) − Ā∥2F = ∥Â(T ) − Ā∥2F −
(⟨GÂ(T ),T , Â

(T ) − Ā⟩)2

∥GÂ(T ),T∥2F

≤
√
1− cos2(θ̂T )∥Â(T ) − Ā∥F .

The last inequality uses the fact that ⟨GÂ(T ),T , Â
(T )−Ā⟩ = ∥GÂ(T ),T∥F∥Â(T )−Ā∥F cos(θ̂T ).

6.B Proof of Theorem 26
Proof. Using Lemma 19, we can show that

cos(θ̂T ) =
⟨Â(T ) − Ā,GÂ(T ),T ⟩

∥Â(T ) − Ā∥F∥GÂ(T ),T∥F
≥ fT (Â

(T ))− fT (Ā)

∥Ā− Â(T )∥F∥GÂ(T ),T∥F
.

We lower bound the difference between the objectives as

fT (Â
(T ))− fT (Ā) ≥ sup

GĀ,T∈∂fT (Ā)

{
⟨Â(T ) − Ā,GĀ,T ⟩

}
= sup

∥et∥≤1,t ̸∈K

{〈
Â(T ) − Ā,−

∑
t∈K

d̂t ⊗ xt −
∑
t̸∈K

et ⊗ xt

〉}

=
∑
t∈K

〈
(Ā− Â(T ))xt,

d̄t

∥d̄t∥2

〉
+
∑
t̸∈K

∥(Ā− Â(T ))xt∥2.
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The term on the right-hand side is equivalent to the condition in Corollary 3 in [127] with f(xt) =
xt and Z = Ā− Â(T ).

Lemma 21 (Theorem 6 in [127]). Suppose the Assumptions 12 and 13 are satisfied. Then, for any
given B ∈ Rn×n , the following holds with probability at least 1− δ:∑

t∈K

〈
B− Ā,

d̄t

∥d̄t∥2

〉
+
∑
t̸∈K

∥(B− Ā)xt∥2 ≥ Θ

[
cp(1− p)∥B− Ā∥FT

σ4

]
when the number of samples T ≥ T (burn)(n, p, ρ, σ, δ).

Using Lemma 21 and B = Â(T ), if T ≥ T (1)(δ), we have

fT (Â
(T ))− fT (Ā) ≥ cp(1− p)∥Â(T ) − Ā∥FT

σ4
(6.2)

with probability at least 1− δ. Next, we upper-bound the norm of the subgradient as below:

∥GÂ(T ),T∥
2
F =

〈
−

T∑
t=0

∂
∥∥∥(Ā− Â(T ))xt + d̄t

∥∥∥
2
⊗ xt,

−
T∑
t=0

∂
∥∥∥(Ā− Â(T ))xt + d̄t

∥∥∥
2
⊗ xt

〉
≤

T∑
t=0

T∑
m=0

∥xt∥2∥xm∥2 =

(
T−1∑
t=0

∥xt∥2

)2

. (6.3)

The second-to-last inequality holds due to the norm of subgradients being at most one and the
Cauchy-Schwarz inequality. We simplify the expression as ∥GÂ(T ),T∥F ≤ T ∥̃xT∥2. We combine
(6.2) and (6.3) with the lower bound on cos(θ̂T ). With probability at least 1− δ, when the number
of samples is greater than T ≥ T (burn)(n, p, ρ, σ, δ), we have

cos(θ̂T ) ≥ Θ

(
min

{
1,

p(1− p)

σ4∥̃xT∥2

})
> 0.

6.C Proof of Theorem 27
Proof. Using the subgradient update iteration at time T , Â(T+1) = Â(T ) − β(T )GÂ(T ),T , we have

∥Â(T+1) − Ā∥2F = ∥(Â(T ) − Ā)− β(T )GÂ(T ),T∥
2
F

= ∥(Â(T ) − Ā)∥2F + (β(T ))2∥GÂ(T ),T∥
2
F − 2β(T )⟨GÂ(T ),T , Â

(T ) − Ā⟩
≤ ∥(Â(T ) − Ā)∥2F + (β(T ))2∥GÂ(T ),T∥

2
F − 2β(T )(fT (Â

(T ))− fT (Ā)). (6.4)
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The last inequality uses the fact that (fT (Â(T )) − fT (Ā)) ≥ ⟨GÂ(T ),T , Â
(T ) − Ā⟩ due to the

properties of subgradient. Substituting the step size stated in the theorem yields

∥Â(T+1) − Ā∥2F ≤ ∥(Â(T ) − Ā)∥2F − (fT (Â
(T ))− fT (Ā))2

∥GÂ(T ),T∥2F
.

In Theorem 26 and Corollary 8, it is proved that whenever the number of samples is greater than
T (burn)(n, p, ρ, σ, δ), we have

(fT (Â
(T ))− fT (Ā))2

∥GÂ(T ),T∥2F
≤ (1− γ2)∥(Â(T ) − Ā)∥2F

with probability at least 1 − δ where γ is a positive constant that is less than 1. Thus, we have
convergence to the ground truth with the linear rate γ because

∥Â(T+1) − Ā∥F ≤ γ∥(Â(T ) − Ā)∥F .

The rest of the arguments are similar to those in Corollary 8.

6.D Proof of Theorem 28
Proof. We first define the following Lemma.

Lemma 22. Let D = ∥Â(T (burn)) − Ā∥F be the distance of the iterate to the ground-truth Ā at the
end of the burn-in time. Then, the following holds:

T∑
t=T (burn)

β(t)(ft(Â
(t))− ft(Ā)) ≤ D2 +

T∑
t=T (burn)

(β(t))2

(
t∑

ℓ=0

∥xℓ∥2

)2

.

Using Lemma 22 and taking the minimum of the left-hand side over periods [T (burn), T ] yields

min
t∈[T (burn),T ]

{
1

t
(ft(Â

(t))− ft(Ā))

}
≤

D2 +
∑T

t=T (burn)(β(t))2
(∑t

ℓ=0 ∥xℓ∥2
)2

2
∑T

t=T (burn)(β(t)t)
.

Using Lemma 20, we know that
(∑t

ℓ=0 ∥xℓ∥2
)

can be upper-bounded by Θ(tp1/2/σ9(1− ρ)) with
probability at least 1− δ whenever t is larger than the burn-in time. We have

min
t∈[T (burn),T ]

{
1

t
(ft(Â

(t))− ft(Ā))

}
≤ Θ

(
D2 +

∑T
t=T (burn)(β(t))2t2p/σ18(1− ρ)2∑T

t=T (burn)(β(t)t)

)
with probability 1− δ. Setting the step size to be β(t) = β implies the term on the right-hand side
to be

Θ

(
D2 + β2p

σ18(1−ρ)2

∑T
t=T (burn) t2

β
∑T

t=T (burn) t

)
.
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Minimizing the right-hand side with respect to β results in the following constant step size:

β(t) = β = Θ

(
Dσ9(1− ρ)

p1/2(
∑T

t=T (burn) t2)1/2

)
.

Substituting this constant step size to the expression on the sub-optimality gap inequality provides
the simplified upper bound that holds with probability at least 1− δ:

min
t∈[T (burn),T ]

{
1

t
(ft(Â

(t))− ft(Ā))

}
≤ Θ

(
Dp1/2

σ9(1− ρ)
× (
∑T

t=T (burn) t2)1/2∑T
t=T (burn) t

)
.

6.E Proof of Lemma 22
Proof. Using (6.4) and the iterative substitution between the time periods from T (burn)(n, p, ρ, σ, δ)
to T , we obtain

∥Â(T+1) − Ā∥2F ≤ ∥(Â(T (burn)) − Ā)∥2F +
T∑

t=T (burn)

(β(t))2∥GÂ(t),t∥
2
F

− 2
T∑

t=T (burn)

β(t)(ft(Â
(t))− ft(Ā))

≤ D2 +
T∑

t=T (burn)

(β(t))2

(
t∑

ℓ=0

∥xℓ∥2

)2

− 2
T∑

t=T (burn)

β(t)(ft(Â
(t))− ft(Ā)).

The last inequality follows from the fact that D = ∥Â(T (burn))− Ā∥F and ∥GÂ(t),t∥F can be upper-
bounded by

(∑t
ℓ=0 ∥xℓ∥2

)
. Since ∥Â(T+1) − Ā∥2F is non-negative, the last term on the right-hand

side can be lower-bounded by 0. Switching the term with the negative coefficient from the right-
hand side to the left-hand side completes the proof.
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Chapter 7

Conclusion and Future Direction

This dissertation explored the landscape of optimization problems involving matrix variables
and develops scalable solution approaches. These problems present significant challenges due
to factors such as limited observations, the non-convexity of the feasible set and objective func-
tion, and the non-smoothness of the objective function. Addressing these complexities through
optimization and statistical learning techniques is essential for achieving tractable and accurate
solutions in machine learning and control applications. In this dissertation, we tackled these chal-
lenges in the context of low-rank matrix optimization and system identification under adversarial
disturbances. The following sections summarize the key contributions of each chapter and outline
promising directions for future research.

7.1 Low-Rank Matrix Optimization
In Chapter 2, we provided a negative answer to the question of whether the B-M factoriza-

tion approach can capture the benign properties of low-complexity MC problem instances. More
specifically, we defined a class of MC problem instances that could be solved in polynomial time.
We showed that there exist MC problem instances in this class that have exponentially many spu-
rious local minima in the B-M factorization formulation. The results hold for a general class of
loss functions, including the commonly used regularized formulation. In addition, for the rank-1
case, we proved that gradient-based methods fail with high probability for such instances. Nu-
merical results verify that similar behaviors also hold for higher rank cases. These results imply
that the optimization complexity of methods based on the factorized problem is not aligned with
the information-theoretic complexity of the MC problem. Furthermore, we derived a complexity
metric that potentially captures the complexity of the B-M factorization formulation.

In Chapter 3, we conducted a comparison between two main approaches to matrix completion
and matrix sensing problems: a convex relaxation that gives an SDP formulation and the B-M fac-
torization method. It is well-known that both of these methods enjoy mathematical guarantees for
the recovery of the ground truth matrix whenever the RIP assumption is satisfied with a sufficiently
small δ. We offered the first result in the literature that compares these two methods whenever the
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RIP condition is not satisfied or only satisfied with a large constant. We discovered classes of
problems for which B-M factorization fails while the SDP recovers the ground truth matrix. The
fact that specialized SDP algorithms have improved in recent years and can compete with simple
first-order descent algorithms inspired us to investigate sharper bounds on sufficient conditions for
the SDP formulation. We provided RIP bounds for the SDP formulation that depend on the rank
of the solution and are automatically satisfied for high-rank problems, unlike the B-M method. On
the other hand, when the number of measurements from the ground truth matrix is not high, we
showed that SDP fails drastically while the B-M method does not contain any spurious solutions
on its optimization landscape. As a result, we concluded that none of the methods outperforms the
other one whenever the sufficiency guarantees are not met. The parameters of the problem, such
as dimension, rank, and linear measurement operator, determine which solution method performs
better. Consequently, it is prudent to apply both solution methods in case the RIP and incoherence
are not satisfied.

Although sufficient conditions for learning low-rank matrices have been studied, the literature
still lacks effective metrics for assessing the complexity of solution methods based on the structure
of the measurements. A promising direction for future research is the development of a new com-
plexity metric that quantifies the difficulty of solving matrix sensing problems using measurement
properties. Such a metric could provide deeper insights by capturing not only sufficient but also
necessary conditions for exact recovery. Additionally, further investigation into SDP formulations
could refine the bounds established in Chapter 3. With recent advancements in SDP solvers, it
is crucial to explore problem structures that can mitigate the limitations of the B-M factorization
approach. Understanding these structures could lead to more efficient recovery guarantees and
improved computational performance in practical applications.

7.2 System Identification under Adversarial Disturbances
In Chapter 4, we investigated the problem of learning LTI systems under adversarial attacks

by studying two lasso-type estimators. We considered both deterministic and probabilistic attack
models regarding the time occurrence of the attack and developed conditions for the exact recovery
of the system dynamics. When the attacks occur deterministically every ∆ period, exact recovery
is possible after n + ∆ time steps. Moreover, if the system is attacked at each time instance with
probability p, the system matrices are recovered with high probability when T is on the order of
Θ((1 − p)−2) and a polynomial in the dimension of the problem. These findings were supported
by numerical experiments. We provided the first set of mathematical guarantees for the robust
non-asymptotic analysis of dynamic systems.

In Chapter 5, we addressed the problem of parameterized non-linear system identification in
the presence of sparse-but-large disturbances or semi-oblivious attacks. The non-smooth estimator
is utilized to achieve the exact recovery of the underlying parameter Ā. First, we established
necessary and sufficient conditions for the well-specifiedness of the estimator and the uniqueness
of optimal solutions to the embedded optimization problem. Subsequently, we derived sample
complexity bounds for the exact recovery of the system dynamics under two different conditions:
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bounded basis functions and Lipschitz basis functions. For bounded basis functions, the sample
complexity scales as m3n in terms of the problem dimension and as p−1(1 − p)−2 in terms of the
non-zero disturbance probability, up to a logarithm factor. For Lipschitz basis functions, the sample
complexity scales as mn in terms of the problem dimension and as max{(1−p)−2, p−1(1−p)−1} in
terms of the non-zero disturbance probability, up to a logarithm factor. Furthermore, we established
that if the sample complexity scales at an order smaller than p−1(1− p)−1, high-probability exact
recovery is unattainable. This result implies that the term p−1(1−p)−1 in our bounds is fundamental
and unavoidable. Finally, we validated our theoretical findings through numerical experiments.

In Chapter 6, we proposed and analyzed a subgradient algorithm for non-smooth system identi-
fication of linear-time invariant systems with disturbances following a probabilistic sparsity model.
While the non-asymptotic theory for this setting is well-established in the literature, existing meth-
ods rely on solvers that use primal-dual interior-point methods for second-order conic programs,
leading to high computational costs. We proposed a subgradient method that enables fast exact re-
covery to address this. We demonstrated that the subgradient method with the best and Polyak step
sizes converges linearly to the ground-truth system dynamics after a burn-in period. Additionally,
we showed that constant and diminishing step sizes lead to convergence within a neighborhood
of the true solution, with the best average sub-optimality gap asymptotically approaching zero.
Numerical simulations support these theoretical results.

Given the novelty of non-smooth estimators in system identification problems, there are nu-
merous promising directions for future research. One key avenue is the analysis of sample com-
plexity for non-smooth estimators in parametrized non-linear systems with input sequences, as
well as in non-parametric non-linear systems. Understanding these complexities could provide
deeper insights into estimator performance and its practical implications. Additionally, accurate
estimation of system dynamics from a single initialization is crucial for model predictive control
(MPC), where control inputs are designed based on the best available estimates. A particularly
compelling future direction is the regret analysis of non-smooth estimators when used in MPC for
safety-critical applications. Comparing the performance of non-smooth estimators against least-
squares estimators in the context of regret analysis could offer valuable insights into their relative
advantages and trade-offs. Moreover, our experiments highlight the practical effectiveness of back-
tracking step size in subgradient-based algorithm design, suggesting it as a promising alternative.
However, its theoretical properties remain an open question, warranting further investigation. An-
other area for improvement lies in the computational efficiency of our current implementation,
which computes the full subgradient at each iteration. Exploring a partial subgradient approach
akin to stochastic gradient descent could significantly enhance time complexity while maintaining
robust performance. These future directions not only build upon the foundational work in this
dissertation but also open new pathways for advancing the theory and application of non-smooth
estimators in system identification and control.
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