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Abstract

Extremely Correlated Limit of the Hubbard Model
by
Edward Perepelitsky

In this work, we describe the simplifications to the Extremely Correlated Fermi Liquid
Theory (ECFL) [3] [6] which occur in the limit of infinite spatial dimensions. In particular,
we show that the single-particle electron Green’s function G(k) (k = (k,iwy)) can be written
in terms of two momentum-independent self-energies W (iwy) and x(iwg). Moreover, we
elucidate the nature of the ECFL A expansion in the limit of infinite dimensions and carry
out this expansion explicitly to O(A?). Additionally, we demonstrate the vanishing of vertex
corrections to the optical conductivity in general and to each order in A in the limit of infinite
dimensions. We generalize the ECFL formalism to the infinite-U Anderson impurity model
(AIM) , and demonstrate a Dynamical Mean-Field Theory (DMFT) like mapping between
the ECFL objects of the infinite-dimensional t—J model and the infinite-U AIM, and show
that this mapping holds to each order in A. We compute the spectral function for the AIM
to O(A\?) and make comparisons with results obtained through Numerical Renormalization
Group (NRG) computations. Finally, we develop a novel formalism for the high-temperature
expansion of dynamical correlation functions in the infinite-U Hubbard model which is more
efficient than any used previously and gives results for an arbitrary number of spin species.
We use it to calculate the single-particle Green’s function G(k) to fourth order in (5t) for

m spin-species on a d-dimensional hypercube.
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Part 1

Introduction



The Hubbard model (HM) with the Hamiltonian:

H=- Z tijCIUCjU +U Znnnu — MZ n;, (0.1)

ijo

has attracted great theoretical interest in condensed matter physics, and is also a fairly
realistic model of strongly correlated materials such as the cuprates. While the small %
limit is well described by standard Fermi-Liquid theory[Il 2], the phase diagram of the
Hubbard model for the large and intermediate % (strongly correlated) cases, is much less
well understood. This is due to the fact that there are very few exact results for this model.
One of these is the classical result due to Nagaoka[27], that the ground of the infinite-U
Hubbard model, doped with one hole away from half-filling, on the simple cubic or body-
centered cubic lattice is a fully saturated ferromagnet, with all spins pointing in the same
direction. He also shows that this is not the ground state for U < WL, where L is the
number of sites on the lattice, and W is the bandwidth.

In [2§], the authors consider the more realistic scenario of a thermodynamic con-
centration of holes §. For the case of infinite-U, they construct a variational wave function
whose energy is lower than that of the Nagaoka state in two and three dimensions for a
large enough concentration of holes. However, their wave function has higher energy than
the Nagaoka state in one dimension for all values of the doping. This is consistent with
the exact result that the Nagaoka state must be the ground state in one dimensions for all
values of the doping, due to the separation of spin and charge degrees of freedom. Finally,

using their variational approach, they are able to determine the value of U below which the

Nagaoka state becomes unstable for any value of the doping. Thus, in Fig.2 of [28], they



are able to map out the parameter-space in the § — U plane in which the Nagaoka state
becomes unstable, which generally happens for larger values of § and smaller values of U.

For large but finite U, the low-energy physics of the Hubbard model is described
by the t—J model [29, [30]. This model consists of taking the U — oo limit of the Hub-
bard model (the t part of the model) and adding on a nearest neighbor anti-ferromagnetic
coupling term (the J part of the model). It has been argued by Anderson[29] that the t-J
model describes the physics of the cuprates. The 6 — T phase diagram of the cuprates is
well described in [31] (see Fig.1 of [31] or Fig.1 of [32]). For § = 0 (i.e. half-filling) and
very small §, up to very high temperatures, the cuprates are an anti-Ferromagnet. This
anti-Ferromagnetism can be attributed to the J term in the Hamiltonian.

This anti-Ferromagnetism dies out very fast upon increasing J, and for § = .05 at
T = 0, the system enters into the superconducting phase. This phase exists within a super-
conducting dome, which extends between § = .05 and § = .28, and has doping-dependent
transition temperature T.. The highest point of the dome occurs for § = .15 and has
T. ~ 90K. Therefore, this is referred to as optimal doping. For § < .15, the under-doped
regime, T, increases with increasing doping, while for § > .15, the over-doped regime, 7T, de-
creases with increasing doping. The superconducting phase can be understood through the
standard BCS-theory for conventional superconductors, describing a condensate of Cooper-
paired electrons with long-lived quasi-particles as excitations. The main difference is that
while conventional superconductors have s-wave pairing between electrons, the cuprates
have d-wave pairing.

In the over-doped regime, raising the temperature above T, gives rise to the



strange-metal phase. This is the electron-liquid (normal) phase of the cuprates which con-
tains no broken symmetries. However, it has many properties which distinguish it from the
normal phase of ordinary metals (the Fermi-liquid phase). Amongst these are [30] the linear
temperature dependence of the resistivity, the “Drude-like” tail of the mid-infrared conduc-
tivity, the T-dependent Hall effect, and the anomalous line-shapes of (ARPES) experiments
(the line-shapes have been explained by the Extremely Correlated Fermi Liquid Theory
[3, 16 [7, 13] described below). Upon increasing the doping, § — 1, there is a crossover
from strange-metal behavior to standard Fermi-liquid behavior. The fact that the Hubbard
model is a Fermi-liquid for small densities even at large values of U is well known (see for
example [34].)

In the under-doped regime, when the temperature is raised above T, the super-
conducting phase gives rise to the pseudogap phase. Upon further raising the temperature
in the pseudogap phase to a temperature T, the system transitions from the pseudogap
phase into the strange-metal phase. It has been a point of controversy whether this is a
true phase transition or a crossover between different behaviors. However, there have been
recent experimental studies [33] that give compelling thermodynamic evidence that it is
indeed an actual phase transition. 7™ decreases monotonically with increasing doping until
it intersects T' = 0 at a quantum critical point at around optimal doping.

The pseudogap phase is characterized by a reduction (from the normal phase) in
the imaginary part of the low-frequency dynamic spin susceptibility [31]. This reduction is
characteristic of gapped states such as the BCS superconducting state in which spin-singlet

formation occurs. In the case of the cuprates, this reduction occurs only upon lowering



the temperature below 7™ and there is no further reduction upon lowering the temperature
below T.. Therefore, one natural theory is that the Cooper pairs have already formed in
the pseudogap state when T, < T' < T*, but only condense in the superconducting state
T < T, [31]. However, this is not the only possibility, as any symmetry-breaking phase
would lead lead to an energy-gap and therefore a reduction in the density of states. Some
other suggestions include anti-ferromagnetic order, charge-density waves, and loop-current
electronic order [32].

It is our goal to understand the strange-metal phase of the cuprates, the philosophy
being that a good understanding of the normal phase will lead to an understanding of the
broken-symmetry phases. To do this, we study the liquid phase of the t—J model at all
values of the doping, with the understanding that as § — 0, it will be a meta-stable phase.
In this model, the Hilbert space is Gutzwiller projected so that only single occupancy is
allowed on each lattice site. The Hamiltonian for this model can be written in terms of the

Hubbard X operators as[15]

1
H = =Y t;X7°X¥ —pn) X77 + 5 > i Xee
ijo e ijo
1
+5 N TAXTXT - X7 X772 (0.2)
ijo102

The operator X = |a)(b| takes the electron at site i from the state |b) to the state |a),
where |a) and |b) are one of the three allowed states | 1), | J), or |—). In the over-doped
regime of n < .85, where n is the electron density, the charge fluctuations dominate the
spin fluctuations, and the physics is dominated by the ¢ term in the Hamiltonian [30]. In

addition, mathematically, this term already encapsulates much of the complexity of the



model. Therefore, we intend to study the ¢ model, obtained by dropping the J term in
Eq. (02)), and which is identical to the U = oo limit of the HM. The Hamiltonian for this

model is given by

H=-) t;X7°X)7 —p> X7, (0.3)

ijo o

Our object of study is the Green’s function written as

Goroa (i, f) = (T X]7 (1) X7 (7)), (0-4)

where the angular brackets indicate the usual thermal average. Due to the non-canonical

commutation relations of the X operators, the high frequency limit of the Green’s function

g

is 52 rather than ﬁ as in the canonical case. To avoid linear growth of the self-energy

in the high frequency limit[15], the Dyson self-energy must be redefined to the Dyson-Mori

self energy [4] as in:

1_
)= T h a5 - Som()

N3

(0.5)

Just as is the case for X p in the finite-U Hubbard model, ¥Xpjs is finite as iw — oo in the
t-J model.

Shastry has recently introduced a novel and promising approach for calculating
correlation functions within the t-J model based on Schwinger’s formulation of field theory
15 3} [6]. This has culminated in the theory of the Extremely Correlated Fermi Liquid

(ECFL) [3}, 6], which preserves the Fermi-surface volume of the ordinary Fermi-liquid, but



has large corrections to Fermi-liquid behavior due to the Gutzwiller projection . This theory
has been successfully benchmarked against: line shapes from (ARPES) experiments]|7, [13],
high-temperature series[I2] and the numerical renormalization group (NRG) calculations
for the Anderson impurity model[I1]. A recent theoretical benchmarking is the comparison
with DMFT calculations for the large U Hubbard model[9]. In the ECFL theory, the
physical Green’s function G(k) is factored into a canonical auxiliary Green’s function g(k)

and an adaptive spectral u(k), where k = (k, iwy).

G(k) = g(k) x p(k). (0.6)

These two factors are in turn written in terms of two self-energies, ®(k) and ¥(k).

g (k) =iwr +p— (1 —n/2)ep — B(k), (0.7)

Here ®(k) plays the role of a Dyson self-energy for the canonical Green’s function g(k), and
(k) is a frequency-dependent correction to p(k) from its high frequency value of 1 — 5. @
and W are then given in terms of the vertices ( i.e. functional derivatives w.r.t. the source of
the g~! and p) as will be described below, leading to a closed set of Schwinger differential
equations (the ECFL equations of motion). These equations are in general intractable

since there is no obvious small parameter, and therefore to enable practical calculations, an

expansion is carried out in a partial projection parameter A\. Here A interpolates between



the free Fermi gas and the t-J model. The meaning of A as a partial projection parameter
is detailed in [6], and may be summarized in the mapping X?° — fiTU(l — A nz), where fi,
is a canonical electron operator. Thus at A = 0 we have canonical electrons, whereas at
A =1 we have the fully projected electrons.

The A expansion is also argued to be a low density expansion[6]. Thus, at low
enough densities of particles, the complete description of the system, including its dynamics
is expected in quantitative terms, with just a few terms in the A\ expansion. The theory to
O(A\?) has been evaluated for the t-J model in Ref. ([§]), and higher order calculations
in A\ valid up to higher densities could be carried out in principle. Thus, one can envisage
systematically cranking up the density from the dilute limit, until we hit singularities arising
from phase transitions near n ~ 1 [35]. This represents a possible road map for solving one
of the hard problems of condensed matter physics and is exciting for that reason.

Together ® and ¥ must perform a delicate balancing act to ensure the simultaneous

satisfaction of three sum rules:

n
-3
WWn

L4 (a) hmiwn—mo g(k?) =

e (b) The Luttinger-Ward volume of the Fermi-surface must be preserved[59].

o (¢c) 2 G(k) =5
The first of these sum rules is enforced by the fact ¥ (k) vanishes and ®(k) remains finite
in the high-frequency limit. The second one is enforced by requiring that the number
of auxiliary Fermions be equal to the number of physical fermions, i.e. requiring that
> 1 8(k) = 5. This gives the auxiliary Green’s function, described by a Fermi-liquid like

self-energy ®(k), the correct Fermi-surface volume. Furthermore, since W(k) is smooth



through the Fermi surface, the auxiliary-Fermions and the physical ones share the same
Fermi-surface,which ensures that the Fermi-surface volume of the physical Green’s function
G(k), is the correct one. Finally, if W(k) were to vanish at all frequencies, the third sum
rule would be violated, as the number of physical electrons would be depleted by a factor
of 1 — 5. Therefore, the third sum rule requires that ¥(k) be non-zero at small frequencies,
and add enough weight to the spectral function to bring the number of physical Fermions
up to the correct value.

Another feature of the ECFL formalism is the introduction of a second chemical
potential ug [6]. This second chemical potential is motivated by the need to satisfy the
shift-invariance of the model. By this we mean that, if one examines Eq. (0.3)), it is clear
that any shift of the kind ¢; ; — t; ; +u:0; j, where w; is any constant, can be absorbed into
the chemical potential u leaving both the physical Green’s function G(k) and the Dyson-
Mori self-energy Y pps(k) unchanged. wug ensures that such a shift can also be absorbed
individually by the two ECFL self-energies ®(k) and W(k). wg also serves the role of a
Lagrange multiplier (as does the original chemical potential p). Together, the two Lagrange
multipliers p and ug enable one to satisfy the number sum-rules for both the auxiliary and
the physical Fermions.

A key physical idea that has emerged from the ECFL theory is the particle-hole
asymmetry in the spectral density of the electron Green’s function, and the spectral density
of the Dyson-Mori self-energy, which becomes more pronounced as the density n — 1[3 4, [5].
This breaks a previous paradigm, in which the Fermi-liquid state was always believed to be

particle-hole symmetric. This asymmetry is fundamentally a consequence of the Gutzwiller



projection in the extreme correlation limit. Within the ECFL theory, this asymmetry is
generated by W(k), which adds spectral weight at low frequencies in an asymmetric fashion,
leading to a skewing of the density of states towards the occupied states. Another key
idea is that the two self-energies ® and ¥ are Fermi-liquid like particle-hole symmetric
self-energies [3, [4, 8], which, when combined through the ECFL functional form Egs. (0.6])
through (0.8]), give rise to a Dyson-Mori self-energy with large corrections to Fermi-liquid
behavior of the kind discussed above. These ideas have been corroborated in the work
described here [9] 1], 12], as will be elaborated upon below.

In this thesis, we use the ECFL approach in three different contexts to gain a better
understanding of the ECFL approach and what it reveals about the solution to this model.
These three contexts are the limit of infinite spatial dimensions, the infinite-U Anderson
Impurity Model (AIM), and the high-temperature series.

Considerable progress has been made by considering the HM in the limit of infinite
dimensions [18| [19], 20} 211, 22} 23], 24} 25, 26]. One important result is that the Dyson self

energy, defined by inverting the expression for the electron Green’s function G:

1
)_iwk—i-l,t—ek—ED(k)’

G(k (0.9)

becomes momentum independent in this limit [18, 20, 21, 19]. Two other important results
are the self-consistent mapping of the infinite dimensional HM onto the Anderson Impurity
model (AIM), detailed in [23](Dynamical Mean Field Theory), and the vanishing of the
vertex corrections in the optical conductivity[25] 26], so that the two particle response is

obtainable from the single particle Green’s function. The Dynamical Mean Field Theory

10



(DMFT) provides a means for doing reliable numerical calculations for the Hubbard model,
at any value of U and has continued to provide new, and interesting results[16), [17].

In [10], we laid the foundation for the study of ECFL in the limit of infinite spatial
dimensions. In this limit, J — 0, and the Hamiltonian for the t—J model Eq. (0.2]),
automatically reduces to the one for the infinite-U Hubbard model Eq. (0.3]) (see sec. 6A
of Ref. ([9]) for a brief discussion of this). It is not clear a priori, whether or not the
aforementioned results, valid for the infinite dimensional finite-U Hubbard model, carry
over to the infinite dimensional ¢-J model. The possible conflict arises from the fact that
in the case of the former, the ratio % — 0, while in the case of the latter, % — o0o. This
question was raised in Ref. ([14]), pointing to the ECFL solution of the infinite dimensional
t-J model as a source of resolution. Using the ECFL equations of motion, we were able to
address this challenging task and to show that the two limits U — oo and d — oo do in fact
commute. Moreover, we were able to determine the structure of the ECFL objects ®(k) and
U (k) in the limit of infinite dimensions. We were also able to elucidate the nature of the A
expansion, derive a DMFT-like mapping between the ECFL solutions of the infinite-U HM
and infinite-U AIM, and demonstrate the vanishing of vertex corrections in the conductivity,
in the large-d limit.

In [9], these results were put to use, in a comparative study between the DMFT
and ECFL solutions of the infinite-dimensional ¢-J model. This work had several key

findings:

e (a) Both ECFL and DMFT predict particle-hole asymmetry in the spectral density

of the physical Green’s function and the Dyson self-energy.

11



e (b) The rich frequency dependence of the momentum-independent Dyson self-energy
¥ (w) found through DMFT is reproduced by assuming standard Fermi-liquid forms
(ie. U (w) ~ {w? + (rkpT)?}) for each of two momentum-independent ECFL self-
energies, which are then recombined through the ECFL functional form, giving rise
to the exotic features of the Dyson-self energy. Thus, ECFL gives analytical insight

into the exact numerical results provided by DMFT.

e (c) Even the leading order O(A\?) theory of ECFL is able to capture all of the main
features of the exact DMFT spectral function. All of the error introduced in the
truncation of the A series at second order is reflected in Z, the quasiparticle weight,
which when calculated through ECFL does not decay fast enough with increasing

density as compared with the DMFT result.

It should be emphasized that while DMFT is a numerical technique which becomes exact
in the limit of infinite dimensions, it does not provide sufficient analytical insight into the
results for ¥ (w) which it produces. It is also not easily generalizable to lower dimensions,
where the momentum-dependence of the self-energy becomes important. ECFL, on the
other hand is an analytical theory which can be used in any number of spatial dimensions.

In [I1], we generalized the ECFL theory to the infinite-U AIM. This problem, which
describes a single correlated impurity site (with density ng4) coupled to a non-interacting
bath, was introduced by Anderson Ref. ([36]) in 1961, and has been a fertile ground where
several fruitful ideas and powerful techniques have been developed, and tested against ex-
periments in Kondo, mixed valency and heavy Fermion systems. These include the renor-

malization group ideas- from the intuitive poor man scaling of Anderson [37, [38], to the

12



powerful numerical renormalization group (NRG) of Wilson [39], Krishnamurthy et.al. [40],
and more recent work in [41, 42]. A comprehensive review of the AIM and many popular
techniques used to study it, such as the large N expansion [43] [44], slave particles [45] and
the Bethe ansatz [46] can be found in Ref. ([47]). In the AIM, the Wilson renormalization
group method provides an essentially exact solution of the crossover from weak to strong
coupling, without any intervening singularity in the coupling constant. As emphasized in
[48, 149, [50], the ground state is asymptotically a Fermi liquid at all densities. This im-
plies that as a function of the density ny (at any U), the Fermi liquid ground state evolves
smoothly without encountering any singularity, from the low density limit (the empty or-
bital limit) to the intermediate density limit (the mixed valent regime), and finally through
to the very high density limit (Kondo regime). In view of the non singular evolution in
density, the AIM provides us with an ideal problem to benchmark the basic ECFL ideas
discussed above.

AIM studies of the spectral functions [51) 52 53, [54] using NRG have become
available in recent years. Therefore, in [I1], we were able to conduct a comparative study
between the ECFL and NRG techniques for the flat-band infinite-U AIM. The key findings

of this study were the following:

e (a) The ECFL theory enforces the Friedel sum rule in the AIM model analogously to

the way in which it enforces the Luttinger-Ward volume theorem in the t—J model.

e (b) The Dyson self-energy found through NRG for the flat-band (describing the bath
electrons) AIM is very similar to the Dyson self-energy found through DMFT for the

infinite-dimensional t—J model (which can also be viewed as an AIM with a much

13



more complicated band). In the case of the AIM, it is also reproduced by combining

two Fermi-liquid like ECFL self-energies using the ECFL functional form.

(¢) The error introduced by truncating the A expansion at second order is reflected
in 7, the quasiparticle weight, which is overestimated by ECFL. Since the flat-band
AIM has an exponentially decaying Z (as a function of ng4), as opposed to a linearly
decaying one for the infinite-d t—J model, ECFL makes a greater error in the high

density limit for the flat-band AIM as compared to the infinite-d t—J model.

(d) After rescaling by Z, there is good quantitative agreement between the ECFL and
NRG spectral functions at all values of the density, showing that the O(\?) ECFL
theory captures the shape of the spectral function, but misses the scale in the high

density limit.

Finally, we also study the Hamiltonian in Eq. (03] through the use of high-

temperature series. In this series, all quantities are expanded in powers of (%), where

T is the temperature, and t is the magnitude of the hopping. In the regime T > ¢, the

series converges nicely and gives reliable results. To obtain results for the case of T' < t,

one must use Padé approximations. One may also use this perturbation series to construct

self-consistent approximations which sum infinite sub-classes of diagrams.

In [I2], we used the high-temperature series for the single-particle Green’s function,

obtained by us to eighth order in (%) in [69] to benchmark the ECFL O()\?) results in

the high-temperature limit. We found good quantitative agreement between the ECFL

results, and the exact results of the series. Furthermore, using the aforementioned skew

of the density of states towards the occupied states, we used a modified first moment of

14



the spectral function, which overestimates the contribution of the unoccupied states, as an
estimate of the location of the quasi-particle peak. Since this moment was available to us
from the series for any density, we were able to use it to study the evolution of the Fermi
surface in the limit n — 1, which is not directly accessible to the O(\?) ECFL theory, for
temperatures down to which the Padé approximations converged.

Finally, in this thesis, we develop a new formalism for the high-temperature series

of the infinite-U HM model. This series has several advantages over those used previously:
e (a) A simple rule for the evaluation of the signature and spin sum of a diagram

e (b) The ability to calculate for an arbitrary number of m spin species without any

additional computational difficulty.

e (c¢) A novel formula for the restricted lattice sum of a disconnected diagram consisting

of several connected components.

e (d) The ability to go to at least ninth order for the single particle Green’s function

(the previous record is our eighth order result).

(e) The ability to go to at least tenth order for any dynamic susceptibility (previously

no results have been reported as this calculation has been deemed too hard [68]).

The computations alluded to in the last two points will be reported upon in a future

publication which is currently a work in progress [70].
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Part 11

ECFL in the limit of infinite

dimensions
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Chapter 1

Introduction

1.1 Results in the limit of infinite dimensions

We show that in the large d limit, the two self energies ®(k) and ¥(k) simplify in

the following way.

(k) = W(iwy), (1.1)
(I)(k) = X(iwk) + ek\I/(iwk). (1.2)
These in turn show that the Dyson-Mori self energy behaves as

(iwg + p) ¥ (iwg) + (1 — §)x(iwg)
1 — 5+ U(iwg) ’

Ypm (k) = Epum(iwy) =

17



and is therefore local in the limit of infinite dimensions. We show that to each order in the

A expansion, U (iwy) and x(iwg) are each a product of an arbitrary number of factors, each

of which take on the form Eﬁ 9(p, iwp)eg"b, with m equal to zero or one, and with arbitrarily
complex frequency dependence of the individual factors.
We show that just as in the finite U case[25] 26], the optical conductivity is given

by the expression

2 o o - ) . o )
0P (W) = 25 D2 G i) ofuplG(Fw + i+ isy) = G(F i + iy ), (1.4)
p,iwp

where v is the component of the velocity in the o direction (Eq. (318)). We show that
this formula can be applied at each order of the A expansion.

We show that there is a self consistent mapping between the ECFL theory of the
infinite-dimensional ¢-J model and the ECFL theory of the infinite-U AIM [I1]. This
mapping is similar in spirit to the mapping first discussed by Georges and Kotliar for
the Hubbard model [23], but is made directly in the infinite U limit here. In this mapping,
8ii[7i, 7] and p; ;[1i, 7] of the t-J model are mapped to the objects g[7;, 7f] and p[7;, 7f] of
the Anderson model, written with the same symbols, but without the spatial or momentum

labels. This mapping is valid under the self-consistency condition

vz
E Egg(k‘)ZE —r g (iwg), (1.5)
= — dwn — €

where e is the dispersion of the lattice in the t-J model, and V;: and € are the hy-

bridization and dispersion of the bath respectively in the Anderson impurity model. This

18



self-consistency condition is shown to be equivalent to the standard self-consistency condi-
tion from DMFT[23] 24]. We also show that the mapping holds to each order in A under
the same self-consistency condition. We note that this implies that ECFL computations for
the infinite-dimensional ¢-J model can be done with a DMFT-like self-consistency loop in-
volving ECFL computations for the AIM. However, since the \ expansion provides integral
equations which are relatively straightforward to solve numerically, this is not necessary as

the ¢-J model equations can be solved directly.

1.2 Outline of the chapter

This chapter is structured as follows. In section 2] some basic facts about lattice
sums in the limit of large dimensions and the ECFL equations of motion as well as the
A expansion are reviewed. Additionally, the spatial dependence of various standard and
ECFL specific objects in the limit of large dimensions is stated. Finally, we introduce a
class of local functions denoted as class-L functions; these turn out to play a central role
in the ECFL in the limit of large dimensions. In sections Bl and B2, Eqs. (LI and (L2
are proven in general and to each order in A, and the locality of the Dyson-Mori self energy
is shown as a consequence. In section B3, Eq. (I4]) is shown to hold in general and to
each order in . In section [3.4], the ECFL self-consistent integral equations are derived to
O(X\?) in the large-d limit. Finally, in section @, the ECFL of the infinite dimensional ¢-.J
model is mapped onto the ECFL of the infinite-U AIM under the self-consistency condition

Eq. (LX). This is done in general and to each order in .
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Chapter 2

Preliminaries

2.1 Spatial dependence of lattice sums in large d dimensions

We take the hopping to nearest neighbor sites on the d-dimensional hypercube.
In this case, it is well known [I9] that ¢;; — \/%to with ¢y of O(1). We would like to
exploit the smallness of individual ¢;;’s, these can only contribute (after multiplying with
another like object), if one of the indices is summed over the d-neighbors as in the simplest
example Zj t?j = t3. Extending this argument further, for a pair of sites (i,m) located at
a (Manhattan metric) distance r;, on the hypercube, suppose there are two objects W p,
and V; ,,, who both have the dependence on rjy,: Vs Wi ~ O <W) . Then it follows
that
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Here, and in the rest of the paper, bold and repeated indices are summed and/or integrated
over. This relation can be understood by first considering the case that the site n is on one
of the shortest paths between ¢ and m. In this case, 7y + rnm = 7im proving the relation. If,
n is a certain distance r, off of a shortest path, then ;4 + 7nm = 7im + 27,. This introduces

an extra factor of dlo into the lattice sum in Eq. (21)). However, this factor is exactly

cancelled by the d™ choices for the site n. In this argument, the number of shortest paths

between ¢ and m is taken to be O(1).

2.2 ECFL Equations of Motion and the )\ expansion

The ECFL equations of motion for the finite dimensional ¢-J model can be found
in Ref. ([6]). There is some freedom in how these equations are written because one may
add terms to them which vanish identically in the exact solution, but play a non-trivial role
when implementing approximations (such as the A expansion). We denote the version of
these equations with no added terms the minimal theory, and the version containing the
added terms the symmetrized theory (since the added terms make the resulting expressions
symmetric in a certain sense). In Ref. ([6]), the ECFL equations of motion for the sym-
metrized theory are derived, and the added terms required to go from the minimal theory
to the symmetrized theory are singled out. The ECFL equations for the minimal theory,
which are the ones used in this paper and in Ref. ([9]), can therefore be obtained from those
in Ref. ([6]) by dropping these extra terms.

Setting J — 0 (as discussed in section [[), we write the minimal theory ECFL
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equations of motion in expanded form.

g ' im] = (u—0n = V) 8[i,m] +tli,m] (1= My[i]) + At[i,j] € .glj, n].Ax[n,m; ],
M[Z7m] = (1 - /\/V[Z])(S[va] - )\t[Z,J] g*-g[jvn]'u*[ILm; i])

(2.2)

where V; = V;(7;) is the Bosonic Schwinger source function, and we have used the notation
8[i,m] = 03 ;m0(7; — Tpy) and t[i,m] = t; ,0(7; — Tp,). These exact relations give the required
objects g and p in terms of the vertex functions. Here we also note that the local (in space

and time) Green’s function 7[i], and the vertices Aln,m;i] and U[n,m;1], are defined as

“Hn,ml; Uln,msi) = iu[n,m], (2.3)

g 5V

where we have used the notation M(E—]f?az = 0102M5, 5, to denote the time reversed ma-
trix M*) of an arbitrary matrix M. These exact relations give the vertex functions in
terms of the objects g and u. The vertices defined above (A and i) have four spin
indices, those of the object being differentiated and those of the source. For example,
UFLe2[n,m;i] = ML“%MUWQ [n,m]. In Eq. 22)), .5, = 04q0p, and the * indicates that these
spin indices should also be carried over (after being flipped) to the bottom indices of the
vertex, which is also marked with a ,. The top indices of the vertex are given by the usual
matrix multiplication. An illustrative example is useful here: (£*.g[j, n].Us[n, m;i]), ,, =

010a 8oa.opld> n]w%;;ugbm [n,m|. Finally, in order to ensure that the shift identities

(Ref. ([6])) are satisfied, the substitution ¢;; — ¢;; + %*d;; is made, where uq is the second
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chemical potential. For the sake of clarity, this substitution will be ignored in the proofs
given below, although they are easily generalized to account for it. This generalization is
discussed at the end of section [3.11

The A expansion is obtained by expanding Eq. (2.2]) and Eq. (23] iteratively in
the continuity parameter A. The A = 0 limit of these equations is the free Fermi gas.
Therefore, a direct expansion in A will lead to a series in A in which each term is made up
of the hopping ¢;; and the free Fermi gas Green’s function go[¢, f]. As is the case in the
Feynman series, this can be reorganized into a skeleton expansion in which only the skeleton
graphs are kept and go[i, f] — g[i, f]. However, one can also obtain the skeleton expansion
directly by expanding Eq. (2:2) and Eq. 23] in A, but treating g[i, f] as a zeroth order
(i.e. unexpanded) object in the expansion. This expansion is carried out to second order
for the finite-dimensional case in Ref. ([6]). In doing this expansion, one must evaluate the
functional derivative g—{g}. This is done with the help of the following useful formula which

stems from the product rule for functional derivatives.

%l;:n] = gli,x].Alx,y, r].gly, m]. (2.4)

This is an exact formula and will be used extensively in the arguments given below. Within
the X\ expansion, the LHS is evaluated to a certain order in A by taking the vertex A on the

RHS to be of that order in \.
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2.3 Leading order spatial dependence of various objects

All objects may be expanded in the inverse square root of the number of spatial
dimensions d. The lowest order term in the physical Green’s function G[i, f] must be at
least O (W) This must be so because it takes at least 7;; hops to get from the site
i to the site f. Any terms that contribute to G[i, f] at higher order than O (W) are
neglected in the large d limit. In a similar vein, the lowest order term in g[i, ], g~ '[i, f],
wli, f], Ali, f;7], and Ui, f; 7] must be at least O <W> Furthermore, using the real
space version of Eq. (6] and Eq. (Z1]), we see that any terms of higher order than this in
gli, f] and p[i, f] will result in a higher order term in G[i, f] and may therefore be neglected
as well. Finally, using matrix inversion in the space-time indices, we see that higher order
terms may also be dropped from g~1[i, f] as these will lead to higher order terms in gli, f],
and using Eq. (22]), higher order terms may be dropped from Ali, f;r], and U[i, f;7] as
these will lead to higher order terms in g~'[i, f] and u[i, f] respectively. In summary, in all
objects: G[i, f], gli, f], g [, f], pli, f], Ali, f;7], and U[i, f;7], terms of higher order than
0 <W) may be neglected in the large d limit.

We also note that the correlation function Il,g[i, f] appearing in Eq. (3.19) must
be at least O (d%f) This is due to the fact that unlike the creation and destruction
operators which appear in the Green’s function, the current operators appearing in this
correlation function conserve particle number. Hence, one must hop from site i to site f

and back, which takes 2 X r;y hops. Any terms that contribute to Il,s[i, f] at higher order

than O (d*%f) are neglected in the large d limit.
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2.4 Class L functions

For the arguments given below, we need to define a class of localized functions,

denoted as class L functions. A class L function L; has three properties.
e (a) Li ~ O (7).

e (b) L; is a function of only one site i, and an arbitrary number of time variables.
Upon turning off the sources, it becomes translationally invariant, but an arbitrary

function of frequencies.

e (c) The V source derivative of L; is also localized:

0

s li= Si; L, (2.5)

with L, again a Class-L function.
Our proofs deal with functions that turn out to be of this class. Iterating property (c), the
following equation must hold for any positive integer s.

o o 0 o

(5Vr1 (SVT»S ! ? (51}, (Tm) (5VZ (TT»S)

(2.6)

In the presence of the current source k ( Eq. (8.:21])), class L functions acquire one additional

property (d): Consider a typical contribution to II,g[, f] ( Eq. (8:23) denoted by O;¢

d

o
0K

Oz’f = Wf,x (Lx) Vx,fa (27)
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where the functions Vi r, Wy ~ O <W> . Then, neglecting terms of higher order than
(@) (d”"+f) in Oy, Zi—f O;f — 0 as A — 0. Again iterating property (c) and using property

(d), the following must hold for any nonnegative integer s:

0 1) 1)
Z <Wf’x @5%{(”1) 5VX(TT’S) (L) ij) =0

71—

(2.8)
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Chapter 3

Limit of Large dimensionality
through the ECFL equations of

motion

3.1 Simplification of the ECFL self energies.

We use notation in which we indicate spatial dependence by subscripts, so that
gli,j] — 8ij[m, 7], and recall that t[i,j] = t;; 0(ri — 75), 0[i,j] = & ; 6(m — 7;), and
d[1i, 75 = 8(1i — 1) etc. After some inspection of Eq. (2.2) and Eq. (23] in the limit of

high dimension, we make an Ansatz - to be proven below - namely

g_l[i,m] = (u—0, —Vi) d0li,m]+ tli,m] (1 — My[i]) — A Sim XilTi, Tim] + A tim WilTi, Tl

pli,m] = d[i,m](1 — My[d]) + A 0im Vil Tin), (3.1)
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where W;[7;, 7], XilTisTm], and ~[i] are class L functions. We will prove Eq. BI]) by
assuming that it is true, and then showing that this assumption is consistent with the
equations of motion (Egs. (22 and (2.3])). This argument will consist of a loop which
begins with Eq. (8I]). Then, substituting this equation into Eq. (2.3)), we will derive a
certain form for A, U, and ~. Finally, substituting these objects into Eq. (2.2]), and using
simplifications which occur in the large d limit, we will complete the loop and arrive back
at Eq. (3).

Substituting Eq. (31)) into Eq. ([Z3)), we find that the vertices and ~[i] have the

following form.

Aln,m; 4] = 8 n0im AilTo, T 7] + Sintnm BilTn, T i),
u[nv ms; Z] = _5i,n5i,m BZ [TTH Tm; Ti]v

1l = (1= 29®00) g®i i + A 90y, 7]gl i 5,

(3.2)
where we defined two new functions:
1)
Ai[Tny Tm; Ti] = 6[7—2'7 Tn]6[7—h Tm] 1+A 5_VXi[Tna Tm]y
Bilras mmi 7l = A 817 Tl il = A s Wil 7]
ilTny Tms Ti) = Tns Tm 5VZ’YZ Tn 5]}2 ilTns Tm]-
(3.3)

Here A; and B; are class L functions since they inherit this property from W¥;, x;, and

~[i] by functional differentiation. Substituting Eq. (8.2)) into Eq. (Z.2)) and comparing with
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XilTisTm] = — tiy & 85,7, Tal- Aix[Ta, Tmi i)

Uilr, mim] = tiz & 5,il7, Ta)- Bix[Ta, Tmi Tl (3.4)

If we can now show that x;, ¥;, and ~[i] as defined in Eq. (3:2) and Eq. ([8.4]) are Class
L functions, we will have justified our Ansatz and therefore we will have proven all of the
above equations. To do this, we must show that g;;[7;, 7] and ¢;; g;.i[7i, 7] are Class L

functions. Taking their functional derivatives we obtain:

syt gilTism] = ti38.r[Ti> k| Ar[Ti T 7] 8ri [T1s Tin]
T

+ti385,r (75, k] Brk, 71 T |tr181,4 [T, T,

and

)
ng,i [Tiv Tm] = 8ir [Ti7 Tk] AT [Tk7 715 TT]gT,i [7—17 Tm]
r

+8i »Tis Tx| BrlTk, T1; Tr)tr 181 [T1, T -

(3.6)

Using Eq. (21)), the terms on the RHS of Eq. (3.5) and Eq. (8:6]) survive the large d limit
if and only if » = ¢. Moreover, upon making the substitution r — 4, we see that the RHS is

made up of the same objects that appear on the LHS of the equations (as well as the class L
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functions A and B). Therefore, this argument can be iterated to any number of derivatives
acting on t; 5 g;4(7, Tm] Or 8 i[Ti, Tm| (as required by Eq. (2.6])), which are therefore class L
functions. Thus, we have shown the self-consistency of our ansatz Eq. (3.1)).

The above results hold for any value of A, since the proof was done with A present
in all of the equations. In the bare expansion, this would imply that they also hold to each
order in A. However, this line of reasoning is not as straightforward in the skeleton expansion
because each order in the skeleton expansion contains contributions from all orders in the
bare expansion. Nonetheless, the above results do hold to each order in A in the skeleton
expansion. In proving this, we shall shed more light on the nature of the objects ¥;, x;,
v[i], Ai, and B;. In particular, we will show that they satisfy a certain explicit form stated
below in Eq. (87). We will do this using an inductive argument, in which we will assume
that they have this form through a certain order in A, and then substituting this form into
the equations of motion, will show that it must hold for the next order.

We now use the symbol R; as a proxy for either of the two functions g; ;[7, 7]
or t;;8;,i[Tn, Tm| where the time indices are arbitrary. Inductive hypothesis: Through
nt* order in \, Eq. (31)) and Eq. (32) hold. Through n — 1%¢ order in \, the objects ¥;, i,
and 7[i], and through n'* order, the objects A; and B;, (all denoted below by the generic
object L;) can be written as the following product (multiplied by some delta functions in

time variables):

(Li)™ = X"(R;)™, (3.7)
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where m is arbitrary. We first examine the base case of zeroth order. In this case,

A (7 7o 7] = 0[7i, Tl )i B [, s i) = 0.

(3.8)

Clearly the hypothesis is satisfied. Now, we prove the inductive step. Explicitly displaying

the order in A of all objects, the equations for x, ¥, and v (Eqs. (84]) and ([8.2])) become

Xl = = i € ggalris Tl AL [y i i,
\I/Z(-n)[T’iaTm] =t £ gj,i[Ti,Tn]. BZ-(Z)[TH,Tm;Ti],
y O[] = A PO ® ) 4 x eE D [ 51 7).

(3.9)

() g

By the inductive hypothesis, x; ; »and ’y(") [i] have the required form. The equations

for A and B (Eq. (8.3])) become

(n)

r<n

(n) )
BZ-(n+1)[Tn,Tm;TZ'] = A O[Tn, Tm] (Z 511),%'(7“) [Tn]) —A ( 5(;@2(7“) [T”’Tm]) '
? r<n v

r<n

(3.10)
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To see that A1) and B+ have the required form we note that for all [ < n,

5 U]
<5—Vrti,j gj,i[Tz’aTm]> = ;&[T k] A,(f) [Tk, 715 Tr|8ri [T, Tn

+t; 525017 i) B[, 715 7 tragrilm, Tl (3.11)

and

5 0]
<ng7i[7'iy7'm]> = gi 1,1 AV [ne, 13 7)1, T
+gi,r[Ti7Tk] B,(«l)[Tk,Tl;Tr]tr,lgl,i[TlaTm]- (3.12)

In the limit of large dimensions, r — i. We can therefore (using the inductive hypothesis)
write the RHS of Eq. (B11) and Eq. B12) as \'(R;)™. Applying Eq. 877) (which has been

shown to hold for y\™, \IJE"), and v [i]) to Eq. (3I0), we may write

7

(n—r)
AEn—i—l) — Z)\T—H <5f} (Rz)m> ’
r=0 ¢
(n+1) - r+1 4 m (n=r)
B, = > A 55, (i) .
r=0 v

(3.13)

Eq. (313), in conjunction with Eq. (B1I) and Eq. (8.12]), shows that AE"H) and BZ-(nH)
have the required form. This completes the proof.
Since t;; is independent of the source, the substitution ¢; ; — t; ; + 52d; ; can be

made directly into all of the above equations. The only problem that could potentially

arise involves Eqgs. (B.1) and (B.6l), where the large d simplifications are actually used.
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However, one can check that this substitution does not affect the simplifications. Therefore,
this substitution merely adds the term A%28; ., U;[7;, 7] — A%L26[i, m]v[i] to g~'[i,m], and
everywhere replaces the local function ¢; ;g; ;[7n, Tm] With the local function t; ;; i [7n, Tm] +
%28i.i[Tn, Tm). This can be seen explicitly in the O(X\?) equations in section B.4], and does

not change the general structure of the solution.

3.2 The zero source limit

Setting the sources to zero, the system becomes translationally invariant so that
all objects can be written in momentum space. Additionally, v[i] — %. Then, the above

results can be summed up in the following formulae (in which we set A = 1):

gt k) = dwp+p—er(l— 5) — x(iwr) — ex ¥ (iwg),

pk) = 1— g U (i), (3.14)

where W (iwy) and x(iwy) are the two momentum independent self-energies of the ECFL in
infinite dimensions. In terms of these self-energies, the physical Green’s function is written
as

- 1 — 5+ W(iwy)
iwg + p—ep(1 = 5) — x(iwr) — ep ¥ (iwy)

(3.15)
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Comparing with the standard form of the Green’s function in terms of the Dyson-Mori self

energy

1_
Cdwp+p—ep(1—2) = Spu(k)’

N3

G(k) (3.16)

we see the momentum independence of the Dyson-Mori self energy Y pas(k) = Xpas(iwy),

and

(iwg + )W (iwg) + (1 — §)x(iwg)
T 7+ Uion)

EDM(iwk) ==

(3.17)

3.3 Conductivity in the limit of large dimensions

It is well known that for the finite-U Hubbard model in the limit of large di-
mensions, for zero wave vector, vertex corrections can be neglected in the current current
correlation function [25] 24]. This simple observation allows one to express the optical con-
ductivity in terms of the single particle Green’s function as in Eq. (3:229). We show that this
is also the case for the infinite dimensional t-J model. Moreover, a question of practical
importance for the purpose of calculating the optical conductivity within the framework of
ECFL, is whether or not Eq. (8.29]) can be applied at each order in the A\ expansion (as is
done in Ref. ([9])). We show that it can be applied and is the correct procedure. First, we

define the relevant objects.
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The Schrodinger picture current operator for site j in the direction « is defined as:

« § : o 00 v 0o, o D D
J] = 1 Uk,ij )(‘7 5 Uk,j = tk’](Rk - Rj)057
ko

(3.18)

so that v is a velocity. Using the notation J[i] = J*(7;); Joi] = Jl] — (J*[]), we define

the correlation function II,g[i, f] and its Fourier transform as

Haﬁﬁ) f] = <T7'ja[z]jﬁ[f]>a

B , .
Mos(F, i) = / d(r; — 74) €T N " TR g, £).
0

i—f
(3.19)
The optical conductivity can be given in terms of this object as
B 1 = . >
o) = [T (0,0 + in) — T (0, m)] (3.20)

where 7 = 07. We would like to express the object II,z(i, f] as a functional derivative of

the Green’s function. To this end, we add a source which couples to the current operator

B
A= A+Y /0 drw2 (r)J2 (7). (3.21)

In terms of the  source derivative of the Green’s function, and using the definitions v*[i, j] =
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0§ 0(T — 1)k = K (1i), apli, f] is given as

Ml = =i 7 (500735, 171) (3:22)

i A—0

where the trace is over the spin degrees of freedom only. We expand the RHS of this equation

using Eq. which holds equally well for the s source derivative), finally obtaining an
g Eq. @4) ( qually : y g

expression for I,s[i, f] in terms of the x source derivatives of g=* and p.
. . 6o . .
Mool f] = 07 (sl s boy] sly.Kudkod] o°5. 1)
kg A—0
. J a0 Bre
St (g led] ) (3.23)
R A0

We now consider how the additional source Eq. ([8:2]]) affects the ECFL equations
of motion (Eq. (2.2) and Eq. ([2.3])). The source enters into the equations of motion in the
same way as the Hamiltonian does, via its commutator with the destruction operator, X 7.
Moreover, the source has the same form as the Hamiltonian, with the hopping in the kinetic
energy replaced by the velocity in the current operator. Therefore, the additional source

affects the equations of motion only through the substitution

tli, f] = tli, f] =i > 5§ [, f). (3.24)
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Thus, the new equations of motion can be read off from Eq. [2.2]) as

g_l[i,m] = (.U - 87'2‘ - Vz) 6[Z7m] + (t[i7m] - iZH% Ua[i7m]) (1 - )"Y[Z])
+ ([0, 5) =i > k5 v, §]) € gli n].Ax [0, ms ),
pliym] = (1= Xy[i)oli, m] = A(t[i, 5] — i Y w5 v°[0,3]) € -gli, n] Us[m, m; ],

(3.25)

Since there is no source derivative with respect to x in the equations of motion and v®[i, f]
is of the same order in % as t[z, f], all of the results derived in section [3.I] continue to hold

after making the substitution in Eq. (324). In particular, we showed that g~![i,m] and

wli,m] have the following form (Eq. (31])).

g_l[i,m] = (u—0, —Vi)d0li,m] — X 0im Xil[Ti, Tm)
+(t[i,m) — iy k% v*i,m]) (1= Myli])
X (Eim — 1Y K5 08 Wil7i, 7],

pli,m| = [, m)(1 — Ay[i]) + X 0im VilTi, Tn)s (3.26)

where x;, U;, and 7[i] have properties (a)-(c) of class L functions (sec2.4]), and are defined
by Egs. [BJ) through ([3.4). We shall now further assume that they also satisfy property
(d) (Eq. (2:8])) and show that this assumption is consistent with their definitions. This, in
turn, will allow us to demonstrate the validity of Eq. (3:29)).

Our task is then to show that x;, ¥;, and ~7[i], as defined in the last line of
Eq. B2) and Eq. (34)), satisfy Eq. (Z8). By Eq. B3], 4; and B; satisfy Eq. (Z38]) since
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they inherit this property from x;, ¥;, and ~[i]. It remains to show that g, .7, 7] and
(tzg — 2 0 65 (Tn)V5 ;) 8jw[Tn, Tm] (the time indices are arbitrary) satisfy this equation.
Defining the notation w; f(7;) = t;p — i), /i;‘é(n) vy, and using (the K source

derivative version of) Eq. (24]) as well as Eq. (8.26]), we find that

<5—aw1’7j (Tn) gj,x[Tny Tm]) = _Z'(S[Tia Tn]vg,i gi,x[Tia Tm]
ki A—0

+ity 385,a[Tn, Ta) (1 — Ay[a]d[Ta, 7] + AV 4[Ta, Ti])vg‘,igm[n, Tm)

)
+A t:c,jgj,a[Tna Ta] w (’7[3]5[7?1, Tb] - \I’a[Taa 7—b]) 75a,b.gb,ac[7—by Tm]

)
+A tm,jgj,a[Tna Ta] (SH—Q (Xa[Tay Tb]) ga,x[Tb7 Tm]a
i

(3.27)

where the RHS is also evaluated in the A — 0 limit. We now substitute this into Eq. (2.8))
(with s = 0). The last two terms must vanish by assumption (where a has taken the place
of x). The first term contains two paths from i to f, both via x. Hence, this term must
vanish in the large d limit unless x = ¢ or x = f. The former also vanishes since vi; =0
while the latter must vanish due to the sum over i — f and the odd parity of Ufff. The
same reasoning applies to the second term except that in this term the x = ¢ case vanishes
by the odd parity of vf';. Hence, we have shown that (t,5 — i), £{'(72)03;) &jz[Tn: Tim]
satisfies Eq. (2.8) with s = 0. A completely analogous argument shows that this is also the
case for gy »[Tn, Tm]. Using Eq. (8.5) and Eq. (3.6 (in particular the fact that the RHS is
made up of the same objects as the LHS), the above argument can be used to show that

the result holds for any value of s. Thus, we have demonstrated the self-consistency of our
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ansatz (Eq. (2.8]).

Substituting Eq. (3:26]) into Eq. (8:23]), and using Eq. (2.8)), we find that

> Maslis £l = 3 Tr (G1£. K0 e 160031 713 £71) -
i—f

Py A—0

(3.28)

Substituting this equation into Eq. (8:20]), the optical conductivity may be expressed as

2
ow) = =3 G iwn)vguslG(F.w +in +iwy) — G(BLin +iwy)),  (3:29)

p,wwp

We now want to prove that this result holds to each order in A. We do this via an
inductive argument, in which we assume that through nt" order in A, (%LIXZLO (where
L; can be ¥, y;, or v[i]) satisfies a certain explicit form (Eq. (8:30])), and then show that
this form holds for n + 1% order. We then plug Eq. ([828]) into Zi—f st f] (Eq. (3:23)),
and use the explicit form of (%Lm) f:lo to simplify the resulting expressions, thereby
proving Eq. (3.28)) and Eq. (3:29) to each order in .

For the reason given below Eq. ([8:25]), we are free to use any of the results from
section [B.1] after making the substitution in Eq. ([8.:24). We define X; to be a product
of local functions of the type in Eq. BX) (ie. X; = (R;)™) and Y; ¢ to be a proxy for
either g; ¢[Tn, Tm] Or t;;8j,f[Tn, Tm| Where the time indices are again arbitrary. Inductive

hypothesis: Through n'* order in A, the s source derivative of the objects ¥, x;, and 7[i]
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(denoted below by the generic symbol L;) can be written as

(n)
(52? L;c) = A" X-I’vaxlXxlyxl,X2XX2 c ’Xxm—lem—lamex . }/iyxmlexnzfl e Xxlyxl,me

o .
A—0 m Y Xm,i

(3.30)

where the number m is arbitrary. In the base case of zeroth order, the objects ¥;,

Xi, and 7[i] are

VO r, 7n] = 0 4 O] = gW[i, i)

)

XEO) [Ty Tm) = —(tij — zz K5 (Ti)viz) §-85,i[Tis TilO[Ti, Tim].

(3.31)

)
We note that <&%@wx7j(7’n) gj,x[Tn,Tm])A is given by Eq. (3:27) with the appropriate

—0
objects on the RHS evaluated to the appropriate order in A. An analogous formula holds

0]
for (Miqum[Tn,Tm])A . Using these formulas with [ = 0 shows that the hypothesis is

—0

satisfied for the base case.
We now prove the inductive step. Eq. (8.1 continues to hold with ¢; ; = w; ;(7)
(the time index is again arbitrary). Therefore, using the notation R; = [Rilt, ;=i j(rm)s WE

may write

5 (n+1) n+1 s~ (n+1—7)

ki A=0

0

(1)
Substituting the formulas for <%wx7j(m) gj@[Tn,Tm])A_)O and <%gx,x[7'n,7'm]>A_>0
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(Eq. 3217)) for | < n+ 1 into Eq. (8:32)), and using the inductive hypothesis, shows that

(n+1) (n+1) (n+1)
o o 5 .
<5K? \I’m) A ((5“? Xw)A—m , and <5“?7[$])A—>0 all have the desired form (Eq. (3:30).

Thus, Eq. (3:30) holds to all orders in A.

Substituting Eq. (@3.26]) into >, ,Ilag[i, f] (Eq. B.23)), and using Eq. 3.30),
the only non vanishing terms are those which involve a derivative of the explicit factor
(txy =i o Ky vy y) from Eq. (3.26). The other terms vanish due to the following reasoning.
Upon substituting Eq. (330), in each of these terms there are two paths from i to f, both
of which pass through the point x as well as the points x; ...x;,—1 in Eq. (330)). Hence, in
the large d limit, all of these points must be chosen to be either ¢ or f for these terms to be
non vanishing. Then, if we choose x,,_1 = 7, the term vanishes due to parity, while if we
choose x,,,—1 = f, the term vanishes due to parity combined with the sum ), s Therefore,
after making these simplifications, we find that Eq. (8.28]) and consequently Eq. (8:29) hold

to each order in .

3.4 O ()\2) theory in the limit of large dimensions

To obtain self-consistent integral equations to any order in A\ for the objects
g [, f] and p[i, f], we expand Eqgs. (3.1 through (3.4) iteratively in )\, and set the sources
to zero. Once the sources are set to zero, the system becomes translationally invariant in
both space and time and we may express the equations in momentum/frequency space.

Using the definitions

Sloem(iwr) = Y g(k)er, (3.33)

k
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Imlmgmg (Zwk) = - Z gloc,ml (iwq)gloc,mg (iwp)gloc,mg (iwq + Z‘W]u - iwk):

Wp,Wq
(3.34)
the resulting equations to O (/\2) are:
_ e (3.35)
49 = 2 1 '
g (k) = dwp+p —ag (e — 70) - <6E — 70> U (iwg) — Ax(iw), (3.36)
pliwg) = ag + AV (iwy), (3.37)
n n? U
H=p—uo(Ag —A2§)+A26pg(p) —aggo, (3.38)
p
\I/(zwk) = —)\U()I()Qo(iwk) + 2)\1010(1'0%), (339)
x(iwg) = —EO\IJ(wk) — upA o1 (twg) + 2A o171 (Twy)- (3.40)
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Before solving the equations, one must set A = 1. The two Lagrange multipliers g and ug

are determined by the two sum rules:

>elk) =5 Y6k = 3. (3.41)
k

k

The objects gjoc,m (iwy) are given by an appropriate integral over the non-interacting den-
sity of states of a function composed of the two self energies x(iwy) and W(iwy) and the
energy € (Eq. (8.30])). Therefore, these constitute a self-consistent set of equations for the
two self energies. These equations have been solved numerically and compared to DMFT

calculations in Ref. ([9]).
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Chapter 4

Anderson Model

A word is needed at this point on the notation used, since similar looking symbols
represent quite different objects in the ¢-J model and the AIM. We use the functions
G{m}),g({1i}), n({r;}) or G({iw;}), g({iw;}), n({iw;}) and the related vertex functions for
the impurity site of the AIM as well, but distinguish them from the ¢-J model variables
by dropping the spatial or momentum labels. Therefore in an equation such as Eq. (4.26]),

the object on the left (right) hand side corresponds to the t-J model (AIM).

4.1 Equations of Motion for Anderson Model

In DMFT|23| 24], the local Green’s function of the infinite-dimensional finite-U
Hubbard model is mapped onto the impurity Green’s function of the finite-U AIM, with
a self-consistently determined set of parameters. Using the ECFL equations of motion for
both models, we show that the same mapping can be made between the infinite-dimensional

t-J model and the infinite-U AIM. Further, we show that this mapping also extends to
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the auxiliary Green’s function g, and the caparison factor p individually. In this section,
we briefly review the ECFL theory of the AIM[I1], and we establish the mapping in the
following section.

Consider the AIM in the limit U — oo which has the following Hamiltonian.

H = > eX+> &npo+ Y (Vi X7 g + Vi of,, X,
o ko ko

(4.1)

where we have set the Fermi energy of the conduction electrons to be zero. The impurity

Green’s function is given by the following expression.
Gosors 75 74] = —({ X°7(m3) X710(7y))). (4.2)

The ECFL solution of the Anderson model is presented in Ref. ([I1]). The impurity Green’s

function is factored into the auxiliary Green’s function and the caparison factor.
g[Tiva] :g[Tth] ':u[Tj’Tf]‘ (43)
The equations of motion for g and p can be written as

(Or, + €a+V(m))glmi, 7] = —0(m —71f) — (1 = My[m)).Alm, 73).8[75, 7¢]
—A EA[r, 73]-8[75, 7] As[7x, Ty Tl 8lTy, Y

(4.4)
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N[Tiva] = 5(7—2' - Tf)(]l - )"Y[Ti]) + A 5*'A[Ti77—j]'g[7j77-x]'u* [TX7Tf; Ti]v (4'5)
where the conduction band enters through the (V independent) function
Alri, ] = =1 Vi (0r, + &) 0(m — 7p). (4.6)
k

We have also made use of the following definitions:

M) = =G Tl Ul i) = sl
v[n] = p¥) [Tn7Ti+]-g(k) [Tis Tl (4.7)

4.2 Mapping of t-J model onto Anderson model in infinite

dimensions

Now let us consider the t-J model in the limit of infinite dimensions. Inverting

Eq. (Z2), the equations of motion for g; ;[7;, 7] and p; [, 7f] are

(On — n+Vi(ri)) gialmi, 7] = —0(mi —7¢) + (1 = Myi])- i gj.l7, 77]
Aty €857, Tx) - Aix[Tx, Ty Ti] i [Ty, T#]
+ A ti,j g*'gj,i[TiaTx]'Bi,*[Txﬂ—y;Ti]- ti,y gy,i[Tyﬂ'f]a

(4.8)
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i ilmi, TFl = (L= MY[d])0(mi — 7¢) + X tij £ .85,i(7i5 Tx)- Bix[Tx, Tf3 Tl - (4.9)

By mapping g; ;[7i, 7¢] and p; (7, 7¢] onto g[r;, 7] and p[r, 7f] of the AIM, we would like
to show that the equations of motion of the AIM (Egs. (&4]) and (£5])) and those of the
infinite dimensional ¢-J model (Egs. (48] and (£.9)) map onto each other. To do this, we
need the analog of the object g~![r;, 7¢] of the AIM in the ¢-J model. We denote this new
object by gl_oi’i[n, 7¢] and define it to be the temporal inverse of the local auxiliary Green’s

function.

81,i(7is T3 -&je i 5 7] = 6(7i — 7). (4.10)

Note that g; ! [7i, 7] # g, L7, 7¢]. We also define the corresponding vertex.

0

Aloc,i[Tm Tm; Ti] = - gl_oiﬂ'[Tna Tm]- (4'11)

We now make use of the following identity.

Aloc,i[Tm Ty; Ti] -8ii [Tya Tf] = A; [Txy Ty; Ti] 'gi,i[Tya Tf] + B; [Tmy Ty; Ti] -ti,y gy,i[Tyy Tf] .

(4.12)
This identity is easily proven by considering %gi,i[n, 7f].
)
mgi,i[%, 7] = 8iilTes T Mioc,il Ty, Ty Til @il Ty, Ty
(4.13)
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The LHS can also be expressed as

1)
75V'(T')gi7i[7x77f] = 8i.i[Tw, T3)-(Ai[Ty, Tys 7] -8ii [Ty, Tf] + BilTy, Ty Til tisy 8y.ilTy:T¢])-

(4.14)

Left multiplying the above 2 equations by gl_oi ;» we recover the identity Eq. (£12)). Substi-

tuting this identity into Eq. (£.8]), we obtain

(Or, =+ Vi(m))gialmis 7] = —0(mi —7¢) + (1 = AMy[d]). i85, 7r]
+A ti,j g*'gj,i[Th Tx]'Aloc,i*[TX7 Ty; Ti]'gi,i[Tya Tf]-

(4.15)

We are now ready to map the ¢-J model onto the Anderson model. To do this, we map the
local objects g; ;[7i, T¢] and p; (7, 7f] of the t-J model to the objects g[r;, 7¢] and p[7;, 7¢]
of the Anderson model. We also map p to —e4. The following mappings also follow as a

consequence of these.

Y = AT Moe,ilTn, Tms 7] = AT, Tms Tals - BilTn, T Ti) = —U [T, T T

(4.16)

Comparing Eq. (@15 with Eq. (44) and Eq. ([4.9) with Eq. (4.3]), we see that the equations
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of motion map onto each other if the following constraint is satisfied.

tij 8j.ilm, 5] = —Alm, 73).8[75, 7] (4.17)

4.3 Mapping to each order in A

The O(\?) equations for the infinite-dimensional ¢-J model and infinite-U AIM
are solved numerically in Ref. ([9]) and Ref. ([11]) respectively. This can in principle be
done to higher orders in A as well, and it is therefore interesting to know if the mapping
from the previous section holds to each order in A. We show that it does, and give a simple

prescription for obtaining the ECFL integral equations for one model from those of the

other one (Eq. (£21))).

We review the A\ expansion for the Anderson model from Ref. ([I1]). There,

Eq. (@4) and Eq. (45) are written as

g_l[Ti,Tf] = —(0n + e+ V(1)d(ri —7¢) — (1 = My[1i]).Ali, 7¢]
=N ATy, 13].8115, T As[x, TF5 Ta) s

(4.18)

plris 7] = 6(7i = 7p) (L = My[7il) + AE"Almi, 75]-8[75, 7o U7, 753 7l (4.19)

The A expansion is obtained in the same way as for the ¢-J model, by iterating the

1

equations in g=! and g and keeping track of explicit powers of A. The details to O()\?)
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can be found in Ref. ([I1]). To relate this to the A expansion for the infinite-dimensional
t-J model, recall from Eq. (3.7) that to each order in A, ¥;, x;, 7[i], A;, and B; can be
written as a product of the functions g; ;[7,, Tm] and ¢; ;8;,i[Tn, 7m]. We can now state our
inductive hypothesis: through n'” order in \, the \ expansion for the Anderson model

has the form

g_l[Ti,Tm] = —(0r, + €4+ V(1)) O[T, Tm] — A X[Tis T

— (1= M) Al7i, Tin] = A Wmi, 5] Alr, 7],

WTis i) = O[T, Tl (1 = My[7i]) + AW [T, T,
A[TnaTm§Ti] = A[Tn,Tmﬂ'i] - B[TnaTﬁTi]A[Tj,Tm],
U[TnaTm;Ti] = - B[Tnmi;Ti]y (420)

where through n'* order in \, the objects A[ry, Tm; 7;] and B[7,, Ty; 7], and through n — 1°¢
order in A, the objects ¥[r;], x[7i,Tm], and ¥[r;, 7;,], can be obtained from their infinite

dimensional ¢-J model counterparts via the substitution

gi,i[Tnmi] — g[TnaTm]; M — —€4; ti,jgji[Tnmi] — _A[TnyTj]'g[ijTm]' (4'21)

We first examine the base case of zeroth order.

A(O) [Tnmi;Ti] = 5[Ti77—n]6[7—i77m]; B(O) [Tnmi; Ti] =0.

(4.22)
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Comparing with Eq. (8.8]), the hypothesis clearly holds. We now prove the inductive step.

Eq. (A1) together with Eq. (£I8]) through Eq. (420) implies the following:

X [y tim] = € A, 758175, 7 A [, T i,
\I’(n) [TTH Tm] = —f*A[Tn, Tj]-g[Tj ) Tx]-Bin) [Txy Tm; Tn]a
A(n+l) 0 &
[T, Tms i) = A <WX[Tna7—m]> :
(n+1) ) (n) K} (n)
B [Tny Tm; Ti] = A 5[Tn7 Tm] <5V(TZ)’Y[TH]> - A <5V(Tz) \IJ[Tna Tm]) s
7(n) ] = =\ 7(/’f)(n—l)[n]g(l'f) [, 7] + A \I'(k)("_l)[fj,n]g(k) [7i,73]. (4.23)

Comparing with Eq. (39), we see that x" [1,, 7], ™ [7,,, 7,n,], and 4 [r;] have the desired

form. We also note that

5 0]
(Wg[Ti,Tmo = g[Ti7TX](A(l)[TX=Ty3TT] ~BW (7, 735 T ) A[T5, Ty ) 8[Ty s Tin]-

(4.24)

Comparing this with Eq. (3.5) and Eq. ([8.6]), we see that by the inductive hypothesis, the
mapping Eq. (£21]) continues to hold through order I < n even after both sides have been
acted on with a functional derivative. Furthermore, in evaluating A("H)[Tn,Tm;n] and
B (7, 70; 7] using Eq. @23), we will at most need to set | = n in Eq. (@24). Finally,
comparing Eq. @23) with Eq. (I0), we see that A®V[r, 7,.: 7] and BV [7, 7,1 7]
have the desired form. Thus, we have proven our inductive hypothesis.

Setting the sources to zero, and Fourier transforming Eq. (£20]), we may write
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g iwy) = dwp—eq—(1— g)A(zwk) — x(iwg) — Aiwg) W (iwg),

pliwy) = 1-— g W (). (4.25)

Comparing with Eq. (8I4]), it immediately follows that under the mapping Eq. (4.21]),
pii(iwg) — p(iwy). Furthermore, multiplying both sides of the equation for g=1(k) by
g(k), summing over k, and using the mapping Eq. ([@.21)), it follows that g; ;(iwy) — g(iwg).
Therefore, the ECFL solution of the infinite dimensional ¢-J model maps onto the ECFL
solution of the AIM to each order in A as long as the following self-consistency condition is

satisfied.

Z Egg(k') = Z mg(iwk)- (4.26)
3 gk

This mapping and self-consistency condition can be understood by referring back to DMFT.
In DMFT|[24], the physical Green’s function G; f(iwy) is determined for any separation of
i and f by the local green’s function G; ;(iwy) or equivalently the local self energy X (iwy).
The impurity Green’s function of the Anderson model G(iwy) can be set equal to G; ;(iwy,) as
long as €, and Vj, satisfy a self-consistency condition relating them to G(iwy) (See Egs.(13)
and (15) of Ref. ([24])). In the ECFL mapping, the auxiliary Green’s function g; f(iwy) is
determined for any separation of ¢ and f by the local auxiliary green’s function g; ;(iwy)
and by the local caparison factor p;;(iwy), or equivalently by the two local self energies

U (iwy) and x(iwg). pir(iwy) is itself local and related simply to W(iwy). The impurity
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auxiliary Green’s function of the Anderson model g(iwy) can be set equal to g; ;(iwy) and
the caparison factor of the Anderson model p(iwy) set equal to p;;(iwy) as long as € and
V. satisfy the self-consistency condition Eq. (£.26]). We now show that Eq. (4.26) can be

put into the form of Egs. (13) and (15) of Ref. ([24]). Using Eq. (814) the LHS can be

written as

3 i) = Ty e+ Xn)gCin) (a.27)
k

Using Egs. (0.9), [@5), (314), (3I7) and the relation G(iwy) = g(iwg).p(iwg), the above

equation becomes

1
g(iwy)

1
G (iwy,)

— (i +p) = = (k)

k

ED(iwk) +

(4.28)

Substituting Eq. (£26]) into the RHS of the above equation, we recover Egs.(13) and (15)

from Ref. ([24]).
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Chapter 5

Conclusion

In this chapter, we provide a detailed analysis of the simplifications arising from
the large dimensionality limit of the ¢-J model, and have given the first few terms in
the A\ series that leads to practically usable results. It is clear that the formal result of a
local Dysonian self energy is already implied by the large d results for the Hubbard model
reviewed in Ref. ([24]), if we take the limit of infinite U; that is indeed another description
of the model studied here. However it must be kept in mind that the present calculation
starts with the infinite U limit already taken, and thus provides a non trivial check on the
uniqueness of the limit of U — oo and d — oo, i.e. its independence on the order of these
two limits. Also the present work uses the novel ECFL methodology that rests on a different
set of tools from the ones usually used to study the Hubbard model and its large dimensional
limit. We use the Schwinger equations of motion, as opposed to the usual Feynman-Wick
theory, and we have obtained analytical results that do not rely on the Wick’s theorem.

Summarizing, we have considered the ECFL theory for the ¢-J model (J = 0)
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by establishing the simplifications that arise in the equations of motion in the limit of large
dimensions. The auxiliary Green’s function g(k) and the caparison factor p(k) can be
written in terms of two local self energies ¥ (iwy) and x(iwg) as in Eq. (3.14]). This insight
into the structural form of the physical Green’s function G(k) has been used in Ref. ([9]), to
benchmark and compare the ECFL and DMFT calculations. The ECFL integral equations
in the large d limit, derived here to O(A?), have been solved numerically in Ref. ([9]), and
their solution compares favorably with DMFET results. It can be seen explicitly from these
equations that Eq. (8I4]) holds to second order in A, with W(iwy) and x(iwg) written as
a product of the functions gjocm (iwg) (Eq. B33) with m = 0 or m = 1. This continues
to hold to each order in A\. We have analyzed the optical conductivity and have shown
that it is given by Eq. (8.29) in general and to each order in A\. We have separately also
studied the ECFL theory of the infinite-U AIM[I1], and have shown that there is a mapping
between the ECFL of the infinite dimensional ¢-J model and the ECFL of the AIM with
a self-consistently determined set of parameters (Eq. (£26])). This mapping holds to each
order in A and there is a simple prescription for obtaining the ECFL integral equations for
one model from those of the other (Eq. (£21])).

In conclusion, this provides a solid foundation for the study of the t-J model, and
in particular for the ECFL formalism, in the limit of infinite dimensions, by providing exact
statements about the k dependence of the self energies, the absence of vertex corrections in
computing the conductivity, and finally in yielding a systematic expansion in the parameter

A that enables a quantitative comparison with other methods as in Ref. ([9]).
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Chapter 6

ECFL equations for the Anderson

Impurity Model

6.1 Model and Equations for the Green’s Function

We consider the Anderson impurity model in the limit U — oo given by the

following Hamiltonian:

H = ZEdXUU+Z€knko
o ko

1
=) (Vi X% ¢y + Vi ¢ X0, (6.1)
\/ﬁ %: k “k

where 2 is the box volume, and we have set the Fermi energy of the conduction electrons
to zero. Here X® = |a)(b| is the Hubbard projected electron operator with |a) describing

the empty orbital, and the two singly occupied states a = 0,4+0. We study the impurity
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Green’s function:

Goury (73, 7p) = —(( X 7 (1) X770(7y))), (6.2)

with T’ the imaginary time ordering symbol, the definition for an arbitrary time dependent
operator Q: {((Q)) = (Tr T, e~Q)/(Tr T, e~*), and with the Schwinger source term
A= foﬁ dr V7192 (7) X7192(7), involving a Bosonic time dependent potential V. Often we
abbreviate V(7;) — V;. As usual this potential is set to zero at the end of the calculation.
In this paper expressions such as G(7;,7¢) and V are understood as 2 x 2 matrices in spin
space. We assume a constant hybridization Vi, = Vp, and a (flat) band of half-width D with
constant density of states p(€) = po (D — |e|) with pg = 5.

Taking the time derivative of Eq. (6.2]) we obtain the Schwinger equation of motion

(EOM)

{0 + €)1 +Vi}G(7i,77) = =6(7i = 74) x (1 = ~v(7))
1

——= [ —7(n) + Di]. Y _ Vi G(k,7i;7), (6.3)
P

S

where y(1;) = G® (77, 1) following Ref. ([3]) Eq. (35), or more explicitly in terms of

spin indices as ’ygmf(n) = 0i01Gs5,5 (T,-,T;r), and with ¢ = —o. In the following, we
abbreviate vy(7;) — ~;. Here we introduced the mixed Green’s function G, ; (kymiy71f) =
—({Cho, (11)X770(7%))), and a functional derivative operator (D;)s,0; = (0i05) 6/6V71% (7).
In the ECFL formalism Ref. ([3]), Eq. (€3] and similar equations are to be understood as

matrix equations in spin space. Following the Schwinger technique, the higher order Green’s
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functions have been expressed in terms of the source functional derivatives of the basic ones;
an example illustrates this: o;0;((X%%Q)) = (v; — D;){((Q)). Proceeding further, we take

a time derivative of the mixed Greens function to find

b

(Or, + €,)G(k,1357f) = 75

Vk* g(Tian)7 (64)

so combining with Eq. (63) we find the exact EOM for the localized electron Green’s

function:

{0 + )l +Vi}G(7i,75) = =6(7i = 7¢) x (1 = %)

— (L =y +Di). A7 — 73)- G(75,7)s (6.5)

with the convention that the time label in bold letters 7j is to be integrated over € [0, 3].

The conduction band enters through the usual (V independent) function
1 _
Al — 1) = _5Z\Vk12(an +ep) Lo (T — 7)), (6.6)
k

with a Fourier transform

M) = gy SV g [ O e (67)
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We will require below its analytic continuation iw, — w + in:

A(w+1in) = Ag(w) — i I'(w); (6.8)

Iy lw+ D]
Iw)=7nVZ pw); Ap(w)=— .
(w) =7 Vg p(w); r(w) o 0g| D]

Here T'g = 7VZpo. We now use the non-interacting Green’s function

gal(Ti,Tf) = —(0r, + €a+V(1:))0(1i — 7f) — A(73,7¢), (6.10)

and rewrite the fundamental equation of motion Eq. (6.5]) as

{g5 " (71, 7) + (v = D). Ari — 73)}.G(73,7p) = (L = %:)d(7i — 7). (6.11)

Let us note an important shift invariance of Eq. (6.11]) and Eq. (610). If we consider a trans-
formation A(7) — A(7)+wus x (7) with an arbitrary ug, it is possible to show that Eq. (6.11])
is unchanged, except for a shift of e; by —u;. The added term w; x (v; —D;).G (73, 7f) vanishes
upon using the Pauli principle and the Gutzwiller projection applicable to operators at the
same time instant. We use this shift invariance below, to introduce a second chemical

potential. In the ECFL theory, we use a product ansatz

G(mi,71) = g(m,75) - p(75,7¢) (6.12)
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where p(7;,7;) is the caparison factor, and use this in Eq. (6.II). It is useful to intro-
duce two vertex functions AJ102(7y, Tm; 7i) = —M%ggllaz (Tn, ), and UFLT2 (T, Tin; Ti) =
Wg%,ugl@ (Tn,Tm) as usual, and suppressing the time indices, we note %.g = gAg.

We now use the chain rule and Eq. (€12) to write D.A.G = D.A.g.u = £ AgAc.g.u+

&*.A.gU,, with the matrix &,,» = oo’. The * symbol from Ref. ([3]) is illustrated in com-

ponent form by an example: ---&; . ---0/6V* = ---0q04---0/6V7%%, or in terms of the
vertex functions ---&§7 . - AT = g0y Ag;z_,’; -+, with the upper indices of A

governed by the rules of the matrix multiplication. Following Ref. ([3]) we define the linear
operator L(i,j) = f*.A(i,j).g(j,j).W%. We can now collect these definitions to rewrite

DAG=¢AgAigpu+E.Agl =Pgu+ ¥, and define the two self-energies:

®(i,j) = -L(i,r).g"" (r,j) = £A®1,])).80, k). A (k, j;9);

V(i,j) = L(,r).ur,j) = AG)) 80 k) Uk, j; 1)

(6.13)
Summarizing, we may rewrite the exact EOM Eq. (6.I1]) symbolically:
(g0t +7.A - dygpu=(1—7)5+ V. (6.14)
This equation is split into two parts by requiring g to be canonical:
g l={gy' +7.A-d}, and p= (1 —~)5+ T, (6.15)
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bringing it into the standard form in the ECFL theory Ref. ([3]). Using Eq. (613), we
note that the formal solutions of Eq. (6I5) are: g~ = (1 — L)% (ga1 +7.A) and p =
(1-L)~!. (1 — v) 6. We introduce the resolvent kernel £ using the identity (1—-L)™' = 14+L

where £ = (1 — L)"!.L. In terms of the resolvent, we see that
d=L(-gy' —7A), and ¥ = —L..6. (6.16)
Therefore distributing the action of £ over the two terms, we can rewrite

® = x+UA, (6.17)

with x = L.(—gyl). (6.18)

Therefore the self-energy ® breaks up into two parts, as in Eq. (GI7). Note that in
Eq. (6.I6]), the expressions 7.A and 7.J involve multiplication at equal times, whereas
in Eq. (€I7), ¥.A implies a convolution in time. The two Green’s functions satisfy the pair

of sum rules
g(7—7 T+) = %; g(7—7 T+) = @7 (619)

where ng is the number of electrons on the d-orbital ng = >"_(X77).
In the context of the ¢-J model in Ref. ([6]), the sum rule for g is necessary to
satisfy the Luttinger-Ward theorem. If we use the representation fj,()\) =(1-X f; fz) fCT, for

the correlated electrons, this constraint is understandable as the constraint on the number of
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“uncorrelated” Fermions ( fCT, fo), which must agree with the number of physical (correlated)
electrons ( fj, ﬁ,) Similarly, in the present case, this constraint is needed to fulfill the Friedel
sum rule. We also remark that the self-energy W, unlike its counterpart ®, is dimensionless,

and thus interpreted as an adaptive spectral weight [6].

6.2 Zero Source Limit

Upon turning off the sources, all objects become functions of only 7; — 7y and may
therefore be Fourier transformed to Matsubara frequency space. By Fourier transforming
Eq. (612), Eq. (6I5) and Eq. (6.17) and using v — % we obtain the following expressions

in frequency space:

Gliwn) = gliwy) . pliwy),
wuliw,) = 1—% + U(iwy,),

g (iwn) = iwn — eq — Aliwy)pliwn) — x(iwp). (6.20)

Alternately this result can be rewritten in terms of the Dyson-Mori self-energy representa-

tion as

Gliwn) = - n_ld 2 , (6.21)
2
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and

Ypum(iwn) + €q — iw, =

ng

1 — % T é,(wn) (x(iwn) + €q — iwy) - (6.22)

The sum rules Eq. (6.19]) are:

S Gliwa)e e = B3 gliw e = 2. (6.23)

Wn Wn

These are satisfied at a fixed ng using two Lagrange multipliers, the localized state energy
eq and the second chemical potential uy introduced below in Eq. ([6.25). We observe that
the usual Dysonian self-energy ¥ 4ps(iwy,) defined through the usual Dyson equation (valid
for finite U) G~ = iw, — g — A(iw,) — L an(iwy,) in the infinite U limit can be obtained

from

) 2 . n
EAM(ZWn) = 5 _ ndEDM(an) + 5 _ g

(€q — iwn). (6.24)

The unlimited growth with w,, makes this self-energy somewhat inconvenient to deal with,
and therefore motivated the introduction of the Dyson Mori object, which is better behaved
in this regard. After analytic continuation iw, — w + i0", the imaginary part of ¥ 45 is
well behaved and finite as w — oo. It is obtained from the NRG method and compared
with the relevant ECFL functions after scaling by 1 — % as in Eq. (6.24). We notice that

the density ng appears explicitly in the expressions for the Green’s functions, and must
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therefore be calculated self-consistently, from Eq. (6.23]). This feature is quite natural in
the present approach, since Eq. (6.3)) for the Green’s function contains v and therefore ngy

explicitly.

6.3 Introducing A and u( into the equations.

Summarizing the work so far: Eq. (€I3), Eq. (€I6) and Eq. (€I7) follow from
Eq. (GII) upon using the product ansatz Eq. (6.12]), and are exact equations. In order to
get concrete results, we proceed by introducing two parameters into the equations. (I) The
parameter A € [0, 1] multiplies certain terms shown in Eq. (625]), allowing a density type
expansion, and continuously connects the uncorrelated Fermi system A = 0 to the extremely
correlated case A = 1. (II) The second parameter ug is introduced as shown in Eq. (6.25]).

It is the second chemical potential used to enforce the shift identities of the exact equation

Eq. (611). Eq. (6.11) now becomes
{80! +A(r = D)(A = )16 = (1 - X)s. (6.25)

As a consequence, in Eq. (614]) to Eq. (GI8) we set v — Ay, ¥ — AU, and & — AP, or
X — Ax. Secondly in Eq. (614) to Eq. [6I8) we set A(r;, 1) — A(7,7p) — 5 6(1i — 7¢).
Note that there is no shift of Eq. (6.10) implied in Eq. (6.25]).

We write Eq. (6.15) with A inserted explicitly and the understanding that A(7;, 7y)
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has been shifted as (Ref. ([55])):

g (rirp) = gy (i) + M(m).Ar,p) — X (1, 74),

w(ri,7r) = 6(m — 1) (L — Ay(m)) + X W(m,7s), (6.26)

where the two self-energies are given in terms of the vertex functions as

(1, 7)) = &A(7i,75)-8(75, ) A (i, 753 70)

U(r, 1) = &A1, 75).8(75, ) Us (T T3 %) (6.27)

On switching off the sources, these expressions can be spin resolved and expressed as ® =
A g A@ and ¥ = A g Y@, with the same time labels as above, and with the usual spin

decomposition A = AZZ — A97.

A Expansion

We note that we can obtain the equations of motion for the Anderson model from
the equations of motion for the t—J model by making the following substitutions and

replacing all space-time variables with just time[10].

t[i,f] — —A(TZ’,Tf); Ex — A(iwk), J — 0, H — —€4. (628)

The A expansion for the Anderson model is therefore analogous to the one for the t-J
model in Ref. ([6]) and the large-d ¢-J model in Ref. ([I0]), and can be obtained from

them by making the substitutions in Eq. (6.28]) and changing all frequency momentum four
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vectors to just frequency. For completeness, Appendix A provides a brief derivation (in

time domain) of the following equations. Denoting
nd 21
ag =1—-A—+ N2, (6.29)
2 4
and the frequently occurring object
R = gliwp)g(iwg)g(iwy + iwg — iwy,),

we obtain to O(A\?) the expressions :

Gliwn) = gliwn)p(iwn), pliwn) = ag + AU (iwy), (6.30)
g (iwn) = it — ey — (Aliwn) — i)
—Ax(iwn), (6.31)
Xiw) = =AY [2A(iwp) — uo]
x [A?pr + ity — i) — %}R, (6.32)
Uliwn) = =AY [2A(iw,) — uglR. (6.33)

The energy €, is given by collecting the static terms in ® as

2
)= eq+ uo(A% - )\2%) + %ag A Aliw,)glivy). (6.34)

iwp
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The shift-theorem is satisfied by all the terms separately- since we have taken care to form
expressions of the type A — 2. As discussed in Ref. ([6]), the shift theorems mandate the
introduction of ug, and its availability, in addition to €4, enables us to fix the pair of sum
rules Eq. (6.19). As explained, we must set A — 1 before using these expressions.

Within the O(\2) theory, the total spectral weight of the Green’s function is ag
rather than the exact value 1 — %, This is understood as the incomplete projection to
singly occupancy leading to an excess in the total number of states available to the system.
In order to ensure that Xpys(w) retain the feature of being finite as w — oo, it must be

slightly redefined (to ¥py) in the O(\?) theory.

Gw) = ag (6.35)
where
€ =e,— —ag (6.36)

Using Eq. (630) and Eq. (631, we can relate ¥py(w) to x(w) and ¥(w).

~ ag

EYpm(w) +eg—w= ) (X(w) + €g —w) (6.37)

ag—l—\If

Since ¥(w),x(w) — 0 as w — 0o, we see explicitly that 3pas(w) remains finite in this limit.
Just as in the case of Sm Xpy(w), Sm oy (w) is related to Im X 4 (w) by a multiplicative
constant (1 — %% and ag respectively), and therefore their spectra are identical apart from

this multiplicative constant. Comparing Eq. ([6.2I]) and Eq. (635]), we see that the latter is
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obtained from the former with the substitutions
2DM(UJ) — 2DM(W)§ €4 — eg; 1-— % — ag. (638)

Keeping these substitutions in mind, we will now only use ¥ pjs(w) from the exact theory,
with the understanding that the same expressions hold for 3p v (w) in the O(A?) theory as

long as the substitutions in Eq. (6.38]) are made.

6.4 Friedel Sum Rule at T'=0

At T = 0, the Friedel sum rule [56], 57, 58] plays an important role in the AIM,
parallel to that of the Luttinger-Ward volume theorem in Fermi liquids. In Ref. ([58]), the
original form of the Friedel sum rule is written in terms of 7,(w), the phase shift of the

conduction electron with spin ¢ at energy w:
1
Ne(w) = % log [Go(w + i0M)G H(w — i07)], (6.39)

where the logarithm is chosen with a branch cut along the positive real axis, so that 0 <

n < . The Friedel sum rule is then written as :
No(w=0) = —. (6.40)

This theorem is proven for the AIM at finite U Ref. ([58]), by adapting the argument of

Luttinger and Ward Ref. ([59]), with an implicit assumption of a non-singular evolution in
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U from 0. We assume that the Friedel sum rule also holds in the extreme correlation limit
U — oo. Using the Dyson Mori representation Eq. (6.2I]) to compute the phase shift in

Eq. (6:39), we may rewrite this as

2 [ed + %ezDM(O):| 7 (6.41)

=1——tan"~
nd — tan To = &)
with €5 + ReX par(0) > 0, in the physical case of 0 < ng < 1. It is easily seen [61] that this

form is equivalent to the standard statement of the Friedel sum rule(Ref. ([47])):

1 ™Ng

pg(0) = o Sinz(T% (6.42)

Within the approximation of the A expansion, the Friedel sum rule implies a relationship

between the values of the two self-energies at zero frequency.

_1 [eg— 5 1(0) +x(0)
Lou(0) ’

2
ng=1- - tan (6.43)

This can be obtained by using the substitutions from Eq. ([6.38)) in Eq. (6.41]), and using

Egs. (6.37),6.36), and (6.30).

We can also record a result for the auxiliary density of states pg(w = 0), analogous
to Eq. (6.42) here. It follows from Eq. (6.47), with the Fermi liquid type assumption of

vanishing of py(0) at "= 0, and reads

) (6.44)
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We check the validity of the Friedel sum rule within the A expansion in both the forms
Eq. (6.42])) and Eq. (6.43]). In doing so, we are thus testing if the strategy of the two ECFL
sum rules Eq. ([6.23)) enforces the Friedel sum rule, in a situation that is essentially different
from that in finite U theories so that the central result of Luttinger and Ward Ref. ([59]) is

not applicable in any obvious way.

6.5 Computation of Spectral function

In computing the spectral function, we follow the approach taken in Ref. ([6]), in
which the spectral function is calculated for the O(A?) ECFL theory of the t—J model.
Our calculation is made simpler due to the absence of any spatial degrees of freedom, but
more complicated by the presence of the frequency dependent factor A(iw,). We define
the various spectral functions and the relationships between them. These expressions are

analogous to those in sec.III A of Ref. ([6]).

Qiwn) = /OO v Pe). (6.45)

R N

Where ) can stand for any object such as G, g, x, Xpay or W. Therefore after analytic

continuation iw, — w + 0T
C\4

po(w) = ——=Q(w +i0") and Re Q(w) = Hpq] (@),

(6.46)
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where for any real density pg(w) the Hilbert transform is denoted as

Hp =P [% . From Eq. (6.33)), we find that
p6(w) = pg(w)lag + Re U(w)] + pu(w)Re g(w) (6.47)
With f(w) = 1+—/3w and f(w) =1 — f(w), the two sum rules Eq. (6.23)) read

/f pale) dw = 2 / F() pgle) duo =" (6.48)

We also note pa(w) = @ It is useful to define a mixed (composite) density
w
pur(2) = pg(@)(An(x) = ) + pa(a)Re g(x), (6.49)

2

so that we can integrate (or sum) the internal frequencies in Eq. (633]) efficiently (see

Appendix B), and write the two relevant complex self-energies (with w = w +i0") as

W) = _2A/ P (1) pg(v) pg (w)

w—u—vt+w

s Yy

< [fu)f()f(w) + Fu) f(v) f(w))]

@) = _2)\/ pz\j}(i)igﬁvipfz(vw)

Uy

< [f(uw) f()f(w) + Fu) f(v) f(w)] (6.50)

In these expressions u, v, w are understood to be real variables, and using Eq. (6.46]) we can

extract the real and imaginary parts of ¥ and y in terms of the spectral functions.
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ng | pa,ecrr(0) | €4ECcFL | €4NRG | 2ECFL | 2NRG

0.35 | 8.69 + 1.8 | -0.003 -0.003 0.753 0.697
%

0.441f 13.0 + 1.1 | -0.010 -0.009 0.661 0.567
%

0.536| 17.7 + | -0.015 -0.015 0.559 0.416
0.73%

0.6 20.8 + 0.41 | -0.019 -0.018 0.489 0.312
%

0.7 25.3 + | -0.024 -0.024 0.388 0.169
0.62%

0.777 28.1 + | -0.031 -0.029 0.314 0.081
0.26%

0.834| 29.7 + 0.20 | -0.037 -0.035 0.265 0.035
%

Table 6.1: The bare impurity level ¢; as well as the quasiparticle weight z are displayed
for the ECFL and the NRG calculations for all values of the density. Additionally, the
theoretical value for the Friedel sum rule as well as the ECFL deviation from it are displayed.
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Chapter 7

Results

The following explicit results were obtained after setting A = 1 in the equations
noted above. We calculated the spectral functions pg , ps , py , and py using the values
D =1,T9=0.01, and T = 0. The zero temperature limit is easily achieved in the ECFL
theory by setting all of the Fermi functions to step functions. We expect that the spectral
function calculated within the ECFL O(\?) theory will be accurate through a density of
approximately ng = 0.6, or perhaps at best ng ~ 0.7. As discussed in [3| [6], this is the
main limitation of the low order A results, the theory begins to have substantial corrections
as we increase ng towards unity. The source of this error estimate is the high frequency

behaviour within the A expansion of the Green’s function Eq. ([6.33]) G ~ 3, this deviates

w

l—nd/2

-o=. The error grows with increasing density, but

from the known exact behaviour G ~
we expect to have reasonable results even at ng = 0.7.

In Table (I), we show the results for the spectral function at zero energy in terms

of the percentage deviation from the Friedel sum rule Eq. (6.42]), demonstrating that the
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ECFL satisfies the Friedel sum rule to a high degree of accuracy. We specify the occupation
number ny and show the values of the energy level ¢; and quasiparticle weight z calculated
within the ECFL and NRG calculations. The values of ¢; are in good agreement between
the two calculations, while there is a discrepancy in z which becomes more pronounced
at higher densities. = While the error in the scale of z as ng — 1 is expected from the
low order in A aspect of the theory, we should keep in mind that the shape of the spectral
function, and also the imaginary part of the self energy is another matter altogether. We
display below these objects after scaling the frequency with z, this captures the shape of
the spectra, and isolates the discrepancy to a single number, namely the magnitude of z.
The admittedly non trivial problem of the magnitude of z must await a more satisfactory
resolution involving the treatment of higher order terms in \.

In Fig. (1)) we display the spectral functions at the indicated densities- indicat-
ing a smooth evolution with density. The Kondo or Abrikosov-Suhl resonance at positive
frequencies becomes sharper as we increase density and moves closer to w = 0. If the
raw ECFL and NRG spectral functions are compared (as in right panel of Fig. (7.2) for
ng = 0.536), one finds that the peak in the ECFL spectral function is too broad. This
over-broadening becomes worse at larger densities and better at lower densities. However,
it can be understood well in terms of the elevated value of z for ECFL at higher densities.
Hence, before doing the comparison, as in Fig. (7.1]), we first rescale the w axis for both the
ECFL and NRG spectral functions by the appropriate z (as in the left panel of Fig. (T.2])
for ng = 0.536 and in Fig. (Z.I)) for the other densities). They are then found to be in good

agreement up to surprisingly high values of ng4, suggesting that the ECFL theory captures
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Figure 7.1: The spectral density for the physical Green’s function versus % for densities

of ng = 0.35,0.441,0.6,0.7,0.777,0.834. The red curve is the ECFL calculation, while the
blue curve is the NRG calculation.

the shape (but not the scale) of the spectral functions and their asymmetry in a very natural
fashion. We also found good agreement with the NRG spectral functions in Ref. ([54]).
The ECFL spectral function pg is constructed out of the two spectral functions p, and py
that are shown at various densities in Fig. (.3]) and Fig. (Z4]), exhibiting Fermi liquid type
quadratic frequency dependence at low w.

In Fig. (7.5]) we present the density evolution of the spectral function for the Dyson
Mori self-energy (see Eq. ([€22])). This exhibits a remarkable similarity to the analogous
spectral density for the ¢-J model in the limit of high dimensions Ref. ([9]) and the Hubbard

model at large U Ref. ([16]).
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Figure 7.2: The spectral density for the physical Green’s function for the density of ng =
0.536. For the plot on the left, both the ECFL and NRG curves are plotted versus ﬁ.
Since ECFL has a larger z value, the absolute scale of the w axis differs for the two curves.

For the plot on the right, both ECFL and NRG are plotted versus Fio and hence the ECFL
peak is too wide.
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Figure 7.3: The spectral function for x for densities of ngy =

0.834,0.777,0.7,0.6,0.536, 0.441, 0.35.
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Figure 7.5: The spectral function for the Dyson-Mori self-energy for densities of ng =
0.874,0.777,0.7,0.6,0.536,0.441,0.35. The curvature of the quadratic minimum becomes
larger with increasing density.
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Chapter 8

Conclusion

In this chapter we have applied the ECFL formalism at the simplest level, using the
O(A\?) equations, to the Anderson impurity model with U — oo . In this formalism, the two
self-energies of the ECFL theory ¥ and x are calculated using a skeleton expansion in the
auxiliary Green’s function g. This is analogous to the skeleton expansion for the Dyson self-
energy X, in standard Feynman-Dyson perturbation theory applicable to the case of finite
U. These two self-energies determine g as well as the physical G, leading to a self-consistent
solution. We obtained the equations to second order and solved them numerically at 7" = 0.
We found that at low enough w, the ECFL self-energies have symmetric spectra of the type
predicted by Fermi-Liquid theory (see Fig. (Z3)) and Fig. (T4])). Combining them through
the ECFL functional form Eq. (6:22]) generates a non-trivial self-energy with an asymmetric
spectrum displayed in Fig. (TH]). It therefore appears that functional form Eq. (6.22]) has
the potential to generate realistic and non trivial spectral densities, starting with rather

simple components. The availability of convenient and natural analytical expressions is
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seen to provide a distinct advantage of the ECFL formalism. Formally exact techniques
such as the NRG involve steps that are not not automatically endowed with these, but
rather rely on analytic continuation or other equivalent techniques.

The physical spectral function for the impurity site is obtained from the above
pair of ECFL self energies, and displays a Kondo or Abrikosov-Suhl resonance. This feature
becomes more narrow and the spectrum becomes more skewed towards the occupied side
of the peak with increasing density. However, the computed quasiparticle z in the present
calculation is considerably larger than the exact value z oc e=1/20-"4) 'asng — 1 Ref. ([60])
, i.e. into the Kondo regime. This large z makes it impossible for the O(A?) version of ECFL
presented here, to address the Kondo regime ngy — 1. It results in the the masking of a
small (and broad) peak at w ~ ¢4, found in our NRG spectral functions, as we approach
the Kondo limit. Both real and imaginary parts of the computed ¥ ps(w) are larger than
their NRG counterparts in that regime, thereby precluding a peak.

To place this result in context, we observe that the same level of approximation of
ECFL, applied to the lattice problem of the d — 0o, U — oo Hubbard model in Ref. ([9])
(see Fig (12)), does show a lower Hubbard band peak in the spectral function. This difference
presumably arises from the robust value of z ~ (1 — n) in the lattice model, arising from
Gutzwiller physics, it is much larger than the exponentially small value z oc e~1/2(1—74) ip
the AIM. Therefore the fractional error made by the O(A\?) ECFL calculation is smaller in
the lattice model compared to the AIM.

The location of the peak is set by €5+ Xpa(0) (Eq. (62I))). Using Eq. (6.41)), we

can see that this quantity must decrease with increasing density. This is consistent with
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the expectation that the location of the peak will approach w = 0 as ng — 1. This can also
be understood from the need to have more spectral weight when w < 0, to yield a higher
value of ny. We found that the ECFL spectrum satisfies the Friedel sum rule (Eq. (642])
to a high degree of accuracy, and that ECFL yields values of ¢4 in good agreement with the
NRG values at all densities (See Table (I).)

As mentioned above the ECFL calculation to O()\?) overestimates the value of
the quasiparticle weight z as compared with the NRG and the exact asymptotic result z o
e~ 1/2(1=ma) a5 ny — 1 Ref. ([60]), the difference becoming more significant with increasing
density. This also leads to an over broadening of the peak in the ECFL spectrum at higher
densities. This is consistent with the fact that the A expansion of the ECFL is a low-density
expansion and the current calculation has only been carried out to O(A\?). Nevertheless,
after rescaling the w axis for both the ECFL and NRG spectra by their respective values of
z, we find good quantitative agreement between the two as in Fig. (7). In Fig. (7.2 we
illustrate the comparison between scaled and unscaled spectral functions at a typical density.
We find similarly good agreement with the NRG calculation from Ref. ([54]). This implies
that the ECFL theory has the correct shape of the spectra built into it quite naturally.

Finally we note that the computed spectral functions exhibit a remarkable simi-
larity to the analogous spectral density for the ¢-J model in the limit of high dimensions

Ref. ([9]) and the Hubbard model at large U Ref. ([16]).
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Chapter 9

Appendix A: Calculating the

self-energies in the O()\?) theory

The calculation follows the procedure given in Ref. ([6]). A few comments are pro-
vided to make the connections explicit- the zeroeth order vertices are common to Ref. ([6])
Egs. (B3, B14), and the first order ¢ is common to Eq. (B15). The first order vertex [A];

can be found parallel to Eq-(B23- B28) from differentiating
871 (6 Nl = AG, £)-g%(0,0) + 06, /)AG, 2).8M (a, f), (9.1)
as

[A(a) (’L.> m; ])]1 = _2A(i7 m)g(l> ])g(]> Z)

—26(i, m)A(i,k).g(k, 7).8(j, 1). (9.2)
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Here the bold labels are integrated over. From this we construct the time domain self-

energies

and

®(i, f) = —0(i, f)A(ik).g(ki)
—2XA(1))-g (k). Ak f).g(ki).g(ik)

—2)A(4j).8(f)-A(fk).g(ki).g(if). (9.4)

After shifting A(4, f) — A(4, f) — 526(4, f) and Fourier transforming these we obtain
Eq. (633) and Eq. (634]). These expressions for the self-energies are correct to O(\) and

1

lead to expression for g=! and p which are correct to O(A?). x can be extracted from ® as

indicated in the text.
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Chapter 10

Appendix B: Frequency

summations

An efficient method to perform the frequency sums is to work with the time domain
formulas Eq. (O.3)) and Eq. ([@.4) until the final step where Fourier transforms are taken.

We note the representation for the Green’s function

g(r) = / pe(@)e™™ [B(=) f(z) — (r) ()] (10.1)

so that we can easily compound any pair that arises by dropping the cross products

0(7)0(—7) and using #(7)? = 6(7). An example illustrates this procedure:

[0(=7)f(2)f(y) +0(7) f () f(y)] - (10.2)
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We also need to deal with the convolution of pairs of functions.

X(r) = /_Z 7 g(7) [A(T o %5(7 - f)]

- / par(@)e™™ [8(—r) f(x) — 0(r)F()] | (10.3)

where the density pys(z) is defined in Eq. (6.49]). This equation in turn is easiest to prove
by transforming into a product in the Matsubara frequency space, simplifying using partial

fractions, and then transforming back to time domain. We next note that Eq. (@3] and

Eq. (@4) imply

U(r) = =21 X(n)g(r)g(-7),

X(t) = =2X X(1)X(-7)g(7), (10.4)

so that taking Fourier transforms is simplest if first multiply out as in Eq. (I0.2]), leading

to Eq. (6.50).
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Part 1V

High-temperature expansion for

dynamic correlation functions
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Chapter 11

Introduction

11.1 Previous work

An important tool in the study of the Hamiltonian in Eq. (03] is the high tem-
perature expansion. In this expansion, various static and dynamic quantities such as the
thermodynamic potential, the electron Green’s function, and the (time-dependent) density-
density and spin-spin correlation functions are expanded in the parameter 8t, where (5 is the
inverse temperature. Some recent examples of the use of the high temperature expansion
can be found in Refs. [12] and [67], in which it is used synergistically with ECFL and DMFT
respectively. In Ref. [12], the high-temperature expansion for the electron Green’s function
in the infinite-U Hubbard model is used to benchmark ECFL calculations. Furthermore,
combined with insight gained from the asymmetric shape of the ECFL spectral function,
it is used to study the evolution of the Fermi surface in the limit n — 1. In [67], the high
temperature expansion and DMFT are used to study the thermodynamic properties of the

Hubbard Model and its implications for cold atomic gases in optical lattices.
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In the 1970’s and 1980’s, Plischke[65], Kubo and Tada[66] extended the methods
of Betts et. al.[64] (for the XY model) to the study the thermodynamic and ferromagnetic
properties of the infinite-U Hubbard model, through the calculation of the high temperature
expansion of the thermodynamic potential and static correlation functions. Although series
expansions usually seek to remove disconnected diagrams using the linked-cluster theorem
[62] [63], their approach contains disconnected diagrams and relies on the use of restricted
lattice sums, in which distinct vertices of a diagram represent distinct sites on the lattice.
In 1991, Metzner formulated the linked-cluster expansion around the atomic limit of the
Hubbard model[21], in which the lattice sums are unrestricted, and disconnected diagrams
are explicitly eliminated from the formalism. Metzner’s expansion applies to both static and
dynamic quantities, such as the single particle Green’s function, and higher order dynamic
correlation functions. In spite of this, there have not been many numerical results for the
high-temperature series for dynamic correlation functions. Some notable exceptions are
presented in Refs. [69] and [68], in which the Green’s function is calculated to 8t order for
the infinite-U Hubbard model, and 5" order for the finite-U Hubbard model respectively,

using the Metzner (or similar) formalism.

11.2 Results

In this chapter, we extend the method of Kubo et. al. to the calculation of
dynamic correlation functions for the infinite-U Hubbard model. We introduce an
improvement in the evaluation of the spin sum and signature of a diagram, which permits

us to make this evaluation with greater ease and for an arbitrary number of spin species m.
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We also introduce a novel approach for dealing with the problem of disconnected diagrams,
this is the main achievement of our work. Although this problem has been addressed in
various ways in the context of high-temperature expansions of the Ising and Heisenberg
models[63], and the methods adapted to the infinite-U Hubbard model by Kubo et. al., our
approach is distinct from those taken previously. It has the advantage that it can be easily
generalized to the case of dynamic correlation functions, as we do here. In our approach,
first the connected diagrams are evaluated. Their contribution feeds into a temporal part
and a spatial part, the latter consisting of the lattice sum of the diagram. Then, an arbitrary
number of the connected diagrams are chosen to create a “generalized connected diagram”.
The temporal contribution of this generalized connected diagram consists of the product of
the temporal contributions of the constituent diagrams, and its spatial contribution consists
of the lattice sum of all the ways that one can partially or fully overlap these constituent
diagrams on the lattice. The linked cluster theorem is then proved to be valid with respect
to the generalized connected components. Our method is computationally more efficient
than any used previously, and we are therefore able to calculate the Green’s function to
fourth order in St by hand. Taking the m — oo limit, we obtain expressions for the
Dyson-Mori self-energy valid in the limit of infinite spin species, which may be interesting
in the context of slave boson techniques [44], [7T], [72]. Numerical high order calculations for
both the Green’s function and the time-dependent density-density and spin-spin correlation

functions shall be presented in a separate paper[70].
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11.3 Outline of the chapter

In sections [[2.1] and [12.2] we develop diagrammatic rules for the partition func-
tion, and give examples of their use. In section [[2.3] we discuss the linked-cluster theorem
with respect to “generalized connected components”. In sections [2.4] and we derive
a formula for the restricted lattice sum of a disconnected diagram with n of the origi-
nal components and use this formula to prove the aforementioned linked-cluster theorem.
We are thus able to write the thermodynamic potential as a sum of the contributions of
the generalized connected components. In sections [3.1] and I32] we extend the methods
developed for the thermodynamic potential to derive diagrammatic rules for the Green’s
function. In particular, the linked-theorem is used to show that the partition function in
the denominator of the Green’s function cancels the disconnected diagrams consisting of
several generalized connected components in the numerator. Hence, the Green’s function is
written as a sum of generalized connected components. In section I3.3] we give results for

4™ order in Bt for m spin species on a d-dimensional hypercube.

the Green’s function to
In section [[34] we give the 4" order results for the Dyson-Mori self-energy in the limit of

infinite spin species i.e. m — oo. Finally, in section 3.5 we extend the formalism to the

calculation of time-dependent density-density and spin-spin correlation functions.
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Chapter 12

Expansion for the thermodynamic

potential

12.1 Diagrams for the partition function

The partition function and thermodynamic potential are defined as
Z = Tr(e_ﬁﬁ); Q=-ThhZ (12.1)
We write the Hamiltonian as

H=T-uN, (12.2)
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where T is the kinetic energy operator, and N is the number operator. Comparison with

Eq. (03) shows that

T=-> t;X7°X); N= ZX{"’. (12.3)

ijo

The partition function (Eq. (IZ1])) is then written as
Z = Tr(ePN ePT), (12.4)

where we have used the fact that the kinetic energy operator commutes with the number

operator. Expanding e #T, we obtain

Z Z Lyt Jan<X010X001 ---X;;L"OX;):"M (12.5)

.71]1 ]n]n
01...0n

where we have used the definitions
Zy = Tr(eP*N); (0)g = ———Z. (12.6)

The creation and destruction operators in the expectation value in Eq. (I2.5]) will distribute
amongst the various sites of the lattice with the following restrictions. For a given site,
creation and destruction must alternate. There must be an even number acting on each
site. In addition, XZ,)” % and X](-]Zp operate on neighboring sites. Within the expectation
value, the operators must be permuted from their current order so that all operators acting

on a given site are next to each other. The sign of the diagram is determined by whether
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the necessary permutation is even or odd. Once this permutation is done, the expectation
value factors into a product of single site expectation values for each of the sites being acted
on. Suppose there are p operators acting on a given site. Then, the expectation value for

this site must have one of the 2 following forms:

(X710 x002 X030 x00u  xop-10 X003 %5%01 Soy 10y 2 -+ Orsoas (12.7)

or
(X071 x 720 x 098 x 740 xO7=1 X0) = (1 = p)6srp0p_1 00y s0ps - - - Oaor s (12.8)
where p = 1?;[2;;”' This observation allows us to write down the rules for calculating the

nt* order contribution to Z%:

1 Using lines labeled by o; starting from o, and going down to o1, draw all topologically
distinct diagrams, such that each line emerges from one vertex and enters into another
one. Each vertex can be one of 2 types, a filled circle () or an empty one (). Every
time a line is drawn, it can be attached to two existing vertices, or one may create
new vertices for it to attach to. Multiple lines can go into the same vertex. However,

the following rules must be satisfied at each step ¢ : n — 1 of the diagram process.

[a] For a filled circle with an odd number of lines attached to it, there must be
one more coming out than going in. The opposite is true for an empty circle, one
more going in than coming out.

[b] For an empty or filled circle with an even number of lines, as many must go
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out as come in.

[c] In the final diagram, all circles must have an even number of lines.
2 Insert a factor of £ for each filled circle, and 1 — p for each empty circle.

3 Each vertex is a distinct site on the lattice with lines connecting nearest neighbors.
Compute the multiplicity of each diagram over the entire lattice (with the restriction
that vertices are distinct sites and their relative positions are as indicated by the lines

of the graph). Insert a factor of ¢".
4 Insert a factor of i—?

5 Determine the spin sum and the sign of the diagram as follows. At each site, pair the

lines in the following way. For a full site with p lines,

the pairings are (z1,xp)(22,23) ... (p—2,xp—1). For an empty site with p lines,

a..
YT

P
/ T <T2<...<ZTp-1<XT

&

\\JI 1

the pairings are (z1,x2)(x3,24) ... (Tp—1,Tp).
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Split the diagram into loops in the following way. Find the filled site with the line
labeled by o, coming out of it. Find the line that this line is paired to on this site,
and follow it to a neighboring site. Find the line that this new line is paired to on
that site, and follow that line to a neighboring site, etc. Do this until you complete
a loop. Now, find the highest remaining spin, call it o4, which will also come out of
a full site. Repeat the above process to get another loop. Make loops until you run
out of lines. Let [ be the number of loops, and x be the number of full sites in the

diagram. Insert a factor of m!(—1)*!,

12.2 Derivation of sign and spin sum rule

Rules 1-4 follow from the expression for Z% by inspection. We now derive rule
5. We will first show why it works for some examples and then prove that it works for all

diagrams. The examples will also illustrate the other rules.

12.2.1 Examples

Consider the following example from fourth order.

(£)2(1 — p)tAL(2d)(2d — 1) 5rm?

The original ordering of operators in the expectation value is
<X;,10X§]1‘71X;',20X§]202 X;,SOX;);SX]?'}OX]Q;‘*%. Let us label the diagram by writing the indices
1 2 3 4

of the operators acting on a given site above the site.
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(£)2(1 — p)t*L(2d)(2d — 1)5:m?

Let us now determine the sign of the diagram. This is the number of transpositions it takes
to get between the following 2 orderings: 3’412’°34’1’2 and 1’12’23’34’4. We can move a
number past 2 numbers without changing the sign. We can also move a pair of numbers
anywhere we want without changing the sign. Let us pair the numbers as indicated in rule
5 above: (37,4)(1,2")(3,47)(1",2). Let us now move the (3,4’) pair inside the (3’,4) pair to
obtain (3’34’4)(1,2’)(1’,2). Let us now move the (1,2’) pair inside the (1’,2) pair to obtain
(3’34'4)(1’12’2). Now we can move x’x pairs to get the desired order 1’12’23’34’4. Hence,
the sign of the diagram is (+). Now we determine the contribution from the spin sum. For
empty sites, we must first create a particle. For filled sites, we must first destroy a particle.
Hence, recalling Eqs. (I2.7) and (IZ.8]), we see that the pairings in rule 5 correspond to
the Kronecker deltas in these formulas. In addition, x” and x share the same spin label o,.
Hence, in our expression (3'34’4)(1°122), all numbers within a given parenthesis share the
same spin. Hence, the spin sum is m?.

Alternatively, if we go back to the diagram and make loops by the process indicated
in step 5 of the rules, we will see that the first loop corresponds to (3’34’4), while the second
one corresponds to (1’12°2). Since there are 2 full sites in the diagram and 2 loops, rule
5 says that the sign and spin sum give a factor of (—1)272m? = + m?2, which is exactly
what we found. Using the other rules as well, the contribution of the diagram can be found

and is written next to the diagram. We have assumed that the lattice is a d-dimensional
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hypercube. Let us consider another example.

—(£)2(1 — p)2*L(2d)(2d — 2)2xm

19/
19

The initial ordering is 1’424°2°313’. Again, pair the numbers according to rule 5:
(1',4)(2,47)(2°,3)(1,3”). Move the (1,3’) pair into (1’,4) pair to obtain: (1°13’4)(2,4’)(2’,3).
Now move the (2’,3) pair inside the loop to obtain: (1'13'2’34)(2,4’). Now we need a
transposition to get 3 to the right of 3’. This gives a (-) sign. We obtain: -(1°13’32’4)(2,4").
Now put (2,4’) into the loop to obtain: -(1'1°3’32’24’4) = -(1'12’23’34’4). The reason that
we got an overall (-) sign for this diagram was because the (2’,3) pair was in the “wrong”
order with the primed number to the left of the unprimed one instead of the other way
around. Both (1,3’) and (2,4”) were in the “right” order and hence generated no (-) sign.
The wrong order came about because (2’,3) was on a full site rather than an empty site.
The full site pair (1’,4) did not generate a (-) sign because it started the loop. Hence,
full sites generate (-) signs except when they start loops. This is the reason for the factor
(—1)m_l in rule 5. Since we put everything into one parenthesis this time, the spin sum
gives a factor of m.

Alternatively, using step 5 of the rules we would break the diagram into one loop.
In addition, it has 2 full sites. So the factor from the sign and the spin sum should be

(=1)2~'m! = — m as we have already found. Using the other rules as well, the contribution
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of the diagram can be found and is written next to the diagram.

The only case we have yet to consider is when full sites have multiple pairs on
them. Let us consider a full site which has the numbers $/1$233%334...$;_1$p on it. In
this case, the pairings should be made according to rule 5: (2, ) (z2,23) ... (¥p—2,7,_1).
Making the pairings in this way does not generate a (-) sign because z;, has to move past
a certain number of pairs to get to the right of . We see that only the (2}, z,) pair is in
the “wrong” order while the other pairs are in the “right” order. Hence, only this pair has
the potential to generate a (-) sign and will do so unless it is used to start a loop. Let us

consider a concrete example from sixth order which illustrates this.

/6 6/

The initial ordering is 3'646°12°1’24’535’. Now we pair the numbers:

(3,6)(4,6")(1,2")(1",5)(2,4)(3,5”), and perform the necessary steps to bring them into the
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desired order.

(3,6)(4,6")(1,2")(1',5)(2,4')(3,5") = (3'35'6)(4,6")(1,2")(1",5)(2,4)
= (3'35'1'56)(4,6')(1,2')(2,4") = —(3'35'51'6)(4,6')(1,2")(2,4)
= —(3/35'51"12'6)(4,6")(2,4") = —(3'35'51'12/24'6) (4, 6')

= —(3/35'51'12'24/46'6) = —(1'1223'34'45'56/6). (12.9)

Note that the full site on the bottom right corner of the square generated a (-) sign from

[13 3

its “wrong” pair (1,5), which was not used to start a loop. The “wrong” pair (3’,6) on the
full site at the top left corner of the square was used to start a loop, and hence did not
generate a (-) sign. Therefore, the overall sign of the diagram is (-). All of the pairs were
put into one parenthesis, and hence the spin sum gave a factor of m.

Alternatively, we could use rule 5 according to which we find that the diagram has 1
loop. We also see that it has 2 full sites. Hence, the sign and spin sum give the contribution

(=1)271(m)! = —m, which matches our previous result. The total contribution of the

diagram is again written next to the diagram.

12.2.2 Proof of the general case

We can now write down a rigorous proof for rule 5 for an n** order diagram. For
a given vertex, we indicate an incoming line with a prime, and an outgoing line with no
prime. In the notation of rule 5, empty sites have the pairs (x1,5)(x3,2)) ... (vp-1, 7))
on them, while full sites have the pairs (z7,z))(z2,23) ... (¥p—2,2;, ;) on them. The loop

starts with the pair (2/,n) on a full site. This corresponds to the (), z,) pair on this site.
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The next pair in this loop is either (z,y’) or (v, x), where the latter can only correspond to
the (2}, z,) pair on a full site. The loop now becomes +(z'zy'n) where (z,y’) yields + and
(y/, ) yields —. This process continues until we come across n’ at which point we complete
the first loop.

Suppose that the first loop has not exhausted all of the lines in the diagram. Of
the lines not used in the first loop, find the one with the highest spin label, o,. We now
show that ¢ must occur in a pair of the form (v, ¢), corresponding to the (2, x,) pair on
a full site. The number ¢ must be on some vertex. Remove the pairs that were used in the
first loop from this vertex. ¢ must be the biggest number of those still left on this vertex.
However, we see that this could only occur if x, = ¢ for a full site in the original diagram.

The pair (u/,q) will start the second loop, which will be formed in exactly the
same way as the first loop. We repeat the same reasoning to show that all of the loops are
started by pairs of the form (2, x,) on full sites. Those (z},z;,) pairs on full sites which
do not start loops will generate (-) signs. This means that of the x full sites,  — [ generate
(—) signs. Hence, the overall sign of the diagram is (—1)*~!. Furthermore, the lines in a
l

loop must share the same spin, independent of the other loops. Hence, the spin sum is m".

Thus, the overall factor from the sign and spin sum is (—1)*~‘m! as stated in rule 5.

12.3 Loss and recovery of the linked cluster theorem

In the case of Feynman diagrams or the Meyer cluster expansion of the classical gas,
disconnected diagrams arise in the expression for the partition function, but are eliminated

from the thermodynamic potential upon taking the log of the partition function. This so-
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called “linked cluster theorem” [62[63] is a consequence of two properties of the disconnected
diagrams. a) The contribution of a disconnected diagram is the product of the contributions
of the connected components from which it is formed. b) The combinatorial factors involved
in permuting the labels work out in just the right way for the cancellation to occur. In the
case of the expansion at hand, property b) continues to hold. However, property a) breaks
down due to the restricted lattice sum in which the distinct vertices of the diagram represent
distinct sites on the lattice. This is illustrated below by the simplest disconnected diagrams

in the calculation of Z%? which appear in 4th order.
p2(1 — p)2BtAL(2d)[2dL — 4(2d — 1) — 2]

gy 02

G D O

gy 03

G D O

gy 03

G D O

Applying the rules for Z%, we see that they all have an identical contribution which

is written above the diagrams. The permutation of line labels leads to (;1) % = 3 diagrams.
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There are 4 lines, 2 of which must be chosen for the connected component on the left.
However, since the 2 components are identical, exchanging all of the labels between them
does not lead to a new labeling.

The lattice sum for each of these disconnected diagrams is (2dL)[2dL—4(2d—1)—2].
This lattice sum comes about because the vertices are restricted to being distinct sites on
the lattice. For a second, let us suppose that this is not the case, and that the lattice

sum is unrestricted. The lattice sum would then simply be (2dL)?. In this case, the

L)(‘l) _ 2(1_

total contribution from the three disconnected diagrams would be ( 7 )disconnected = P

p)z%t4(2dL)2. We relate this contribution to the contribution of the only second order

diagram, from which these disconnected diagram are formed.

p(1—p)5t°L(2d)

(4) (Z)@7? - .
= —20-— This is exactly the factor we need for the linked-

disconnected ~— 2!

We find that (Z%)
cluster theorem to work.

Let us return to the actual situation, in which the vertices are in fact restricted
to being distinct sites on the lattice. In this case, the lattice sum of each diagram is
(2dL)[2dL — 4(2d — 1) — 2]. This lattice sum contains a term proportional to L and one
proportional to L2. However, we have just shown that the one proportional to L? is cancelled
upon taking the log of the partition function, leaving only the one proportional to L. We

expect this to be the case since the thermodynamic potential is an extensive quantity.
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Therefore, we see that the linked cluster theorem may yet be possible, but with
a generalized definition of the “connected components” which go into making a diagram.
These generalized connected components will involve overlappings of the original connected
components. A disconnected diagram for the partition function involving a number of these
generalized connected components will in fact now satisfy both properties a) and b), nec-
essary for the linked cluster theorem to work. Taking the log of the partition function will
eliminate all disconnected diagrams leaving only the generalized connected components.
This will also provide a rigorous proof for the observation just made, that the thermody-
namic potential corresponds to the term proportional to L in the partition function. The
proof of the linked cluster theorem in terms of generalized connected components will hinge
upon a formula for the restricted lattice sum of a disconnected diagram with n of the original

components, which we shall now derive.

12.4 Formula for the restricted lattice sum of disconnected
diagrams

12.4.1 Restricted lattice sum of disconnected diagrams with 3 compo-

nents

The simplest instance of a disconnected diagram is one of the 4th order discon-
nected diagrams considered above. One of the connected components can be placed any-
where on the lattice, hence the factor (2dL). The other component can be placed anywhere

on the lattice such that none of its sites overlap any of the sites of the first one. The number
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of ways it can overlap the first one with just one site is 4(2d — 1). The number of ways it
can overlap it with both sites is 2. Hence the factor [2dL — 4(2d — 1) — 2]. The lattice sum
is thus (2dL)[2dL —4(2d — 1) — 2].

In the case where there are more than two disconnected components, it will be
difficult to calculate the lattice sum by adding on one component at a time, because for
the third one, its options depend on how far apart the first two are on the lattice. Hence,
we need a systematic way of calculating the lattice sums. Consider a disconnected diagram

with 2 components.

LS[A de B] = LS[AB] — LS[(AN B)]. (12.10)

Here, LS[A dc B] indicates the lattice sum of A disconnected from B, and is what we are
trying to calculate for a disconnected diagram. LS[AB] indicates the lattice sum where
A and B ignore each other, and can each be placed anywhere on the lattice. Hence,
LS[AB] = LS[A]LS[B]. LS[(A N B)] indicates the lattice sum where A and B somehow
overlap. We generalize this notation. LS[D; dc Dy dc...dc D,] indicates the lattice sum
of the components Dy ... D, in which they are not allowed to overlap each other in any
way, and is the object that we need a systematic way of calculating. LS[D1Ds...D,] =
LS[Dy]LS[Ds)]...LS[D,]. Finally, LS[(D1NDyN...ND,)] indicates the lattice sum of the
components D1 ... D, in which they must overlap to form one connected component, but

no two of the Dy ... D, are required to overlap each other.
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Consider a disconnected diagram with 3 components.

LS[Adc Bde C] = LS[ABC]—LS[(ANBNC)] - LS[(ANB) dc C]

~LS[(ANC) de B] - LS[(BNC) de AJ. (12.11)

Here, LS[(ANB) dc C] indicates the lattice sum where A and B overlap to form a connected
component, which is then not allowed to overlap the component C. This formula states
that to obtain the lattice sum of A, B, and C not overlapping in any way, we take the
lattice sum of them ignoring each other, and subtract the lattice sums of all of the possible
ways in which they can overlap (either overlapping to form one connected component or
two, which are then not allowed to overlap each other). According to the formula for two

components, we have

LS[(AN B) de C] = LS[(AN B)C] — LS[((AN B)n C)]. (12.12)

Here, LS[((A N B) N C)] indicates the lattice sum in which first A and B must overlap to
form a connected component, and then the resulting connected component must overlap C'.
This is not the same as the term LS[(AN BN C)] in which A, B, and C must overlap to
form a connected component, but may do so without A overlapping B. In general, we use

the notation (D1 N Dy N ...N D,) to indicate that first Dy ... D, must overlap to form a
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connected component. Combining Eq. (I211]) with Eq. (I2.12]), we see that

LS[A dec B de C] = LS[ABC] — LS[(ANBNC)] — LS[(AN B)C] + LS[((AN B) N C)]

_LS[(ANC)B] + LS[(ANC) N B)] — LS[(BNC)A] + LS[(BNC) N A)].  (12.13)

12.4.2 Restricted lattice sum of disconnected diagrams with n compo-

nents

Consider a disconnected diagram with n components D;...D,. The object we
wish to calculate is LS[Dy dc Dy de...dc D,]. We think of each term in Eq. (I213])
as coming from a particular “configuration”. For example, the term LS[((B N C) N A)]
comes from the configuration ((BNC)NA). We call D1Ds ... D, the initial configuration.
LS[Dy dc Ds dc...dec D) is a sum of terms, which are generated by the following set of

rules:

1 Starting from the initial configuration, arbitrarily group the components Dy ... D,.
Enclose each group with a parenthesis and place intersection symbols between the
members of a single group. For a component not grouped with any of the other ones

we imagine that there is a parenthesis around it but we do not draw it in.

2 Identify the outer parentheses. These are the parentheses not enclosed in any
other parenthesis. Arbitrarily group the outer parentheses. Enclose each group with

a parenthesis and place intersection symbols between the members of a single group.

3 We denote each time you group objects as a step. Take anywhere from 0 to n — 1

steps, each time grouping the outer parentheses, to get from the initial configu-
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ration to the final configuration associated with this sequence of steps. The final
configuration will have p < n outer parentheses. Each outer parenthesis represents
an overlapping of some subset of the components present in the initial configura-
tion. Let us number the outer parentheses by the index i, and denote
the overlapping of components represented by each outer parenthesis as
w;. Let s denote the number of steps taken. Then, the contribution of this se-
quence of steps to LS[Dy dc Dy dc...dc D,] is given by (—1)°LS[wiw; ... wp| =

(—=1)°LS[wi]LS[wy] ... LS[wp].

4 LS[Dy dc D3 de...de D,)] is given by the sum of all terms generated by a distinct

sequence of steps.

We illustrate these rules with a couple of examples from the case n = 3 (Eq. (I2.13])).
Consider the configuration (AN B)C'. It is reached from the initial configuration by group-
ing A and B in the first step. Hence, s = 1, w; = (AN B), and wy = C. The contribution
of this sequence of steps is therefore (—1)!LS[(A N B)C] = —LS[A N B]LS[C]. Consider
the configuration ((A N B)NC). It is reached from the initial configuration by grouping
A and B in the first step. The second step consists of grouping (A N B) with C. Hence,
s =2, and w; = (AN B)NC). The contribution of this sequence of steps is therefore
(-1)2LS[((ANB)NC)] = LS[((ANB)NC)].

For n < 3 components, each final configuration must be reached by a unique
sequence of steps starting from the initial configuration. However, this is not the case for
n > 4. For n = 4, consider the configuration (Dy N Dy)(D3 N Dy). There are three distinct

sequences of steps to get from the initial configuration to this configuration. One sequence
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involves only one step in which D; and D are grouped together and D3 and D, are grouped
together. Another sequence involves two steps. In the first step, Dy and Dy are grouped
together, while in the second one D3 and D, are grouped together. The third sequence also
involves two steps. In the first step, D3 and D, are grouped together, while in the second
one D and Dy are grouped together. Since all of these sequences end in the same final
configuration, their contribution differs only in the number of steps it takes to get from the
initial configuration to this final configuration. The first sequence involves only one step
and hence has a contribution of —LS[(Dy N D2)]LS[(Ds N Dy)]. The other two sequences
each involve 2 steps and hence each have a contribution of LS[(Dy N D2)]LS[(Ds N Dy)].
Hence, the overall contribution of this configuration is —LS[(Dy N D2)]LS[(D3 N D4)] +

2LS[(D1 N D2)|LS[(Ds N Dy)] = LS[(D1 N D2)]LS[(D3 N Da)]-

12.4.3 Classification of configurations

We now want to isolate a particular final configuration, and add all of the con-
tributions from the distinct sequences of steps which lead to this final configuration from
the initial configuration. This will give us the contribution of this final configuration. If
we can do this for any final configuration, then instead of adding contributions from se-
quences of steps to determine LS[Dy dc Do dc...dc D,], we can add contributions from
final configurations. Let us denote an arbitrary final configuration by . Suppose k has
p outer parentheses. Then each distinct sequence of steps leading to x will have the con-
tribution £LS[w;|LS[ws]. .. LS[wy], where the choice of plus or minus depends on how

many steps there are in that sequence. Hence, the overall contribution from x will be
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C.LS[w1|LS[ws] ... LS[w,] where C,, = > (—1)%(seauence) " where the sum is over all
sequences

sequences leading to x from the initial configuration. We want to find Cy for all k. To this
end, we classify the different x into types that will share the same value of C.

First, we classify the parentheses appearing in the various configurations. A type
0 parenthesis is the invisible parenthesis enclosing any one of the n components present in
the initial configuration. A type 1 parenthesis is a parenthesis which encloses only type 0
parentheses. A type 2 parenthesis encloses at least 1 type 1 parenthesis and zero or more
parentheses of lower type. A type 3 parenthesis encloses at least 1 type 2 parenthesis and
zero or more parentheses of lower type. A type k parenthesis encloses at least 1 type k — 1
parenthesis and zero or more parentheses of lower type. We give some examples to illustrate
the different types of parentheses. In the following examples, the very outer parenthesis is
of the specified type. Type 1 parenthesis: (DN D3). Type 2 parenthesis: ((D1 N Dy) N Ds).
Type 3 parenthesis: (((D1 N D) N D3) N (Dy N Ds)).

We are now in a position to classify all of the final configurations. A type
M(iy ia,....im) CODfiguration is a configuration which has i; type 1 parentheses, iy type 2
parantheses, ...1%,, type m parentheses. Every possible final configuration falls into one of
these types. We shall see that all final configurations of a given type have equal C,. For a
, we shall denote Cy by Cpy,

configuration x of type m .- The following are

11,02,..050m) (41 yi9 ey

examples of different types of configurations. 1(1): (D1ND2)D3Dy, 1(5): (D1ND2)(D3NDy),
2(1’1): ((Dl N D9) N D3 N Dy), 2(271)2 ((Dl N Dg) N (D3N D4)), 2(1’2): not possible, 2(2’2):

((Dl N Dg) N D3)((D4 N D5) N Dﬁ), 3(17171)2 (((Dl N Dg) N Dg) N D4), etc.
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12.4.4 Calculation of Cl(il)

We now calculate C

My i i) for a few simple cases before stating and proving

the general result. We start with (5. This is just the initial configuration, reached by

making 0 steps.

Co=1. (12.14)

Consider one of the type 1(1) configurations. The only sequence of steps by which one can

get to this configuration is to form the single type 1 parenthesis on the first step.

C,, = —1. (12.15)

Consider one of the type 1) configurations. As already discussed, there are 3 distinct
sequences of steps by which this configuration can be reached. One consists of forming both
type 1 parentheses in one step from the initial configuration, while the other two consist
of forming one of the type 1 parentheses as the first step and forming the other one as the

second step.

Cly =-1+2x1=1. (12.16)

The way in which we shall calculate Cl(g) illustrates the way in which we shall

calculate C’m(iw.2 .., for all m. Consider a particular type 13 configuration. In all of the

,,,,, %

sequences of steps which lead to this configuration, the configuration reached right before
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the last step in the sequence must be either of type 0, 1), or 1(3). Hence, we have the

following formula for 01(3).

C1) = Co(—1) + (# of type 1(;)configs. 1 step away from type 1(3 config.)Cy, (—1)
+(# of type 1(g)configs. 1 step away from type 1(3)conﬁg.)C’1(2)(—1). (12.17)

is to calculate these coefficients in the cor-

Thus, our strategy in calculating Om(il,i2 """ i)

rect order, so that by the time we are calculating the coefficient for a particular type of
configuration, we have already calculated the coefficients for all configurations that are
within one step of it. This makes the initially daunting task of calculating Cmul,iz YYYYY im)
very manageable.

Returning to our calculation of Cl(s), a type 1) configuration can be reached in
one step from the initial configuration by forming all three of the type 1 parentheses in this
single step. It can be reached in one step from (‘z’) = 3 distinct type 1(;) configurations,
one for each of the type 1 parentheses that define the 1(3) configuration. This is done by
forming the other two type 1 parentheses in that step. It can be reached in one step from
(g) = 3 distinct type 1(y) configurations, one for each choice of 2 of the type 1 parentheses

that define it. This is done by forming the other type 1 parenthesis in that step. Therefore,
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Similarly, we can calculate Cy @

Oy =1+ (?)(—1)(—1) + (3)(1)(—1) + <§>(—1)(—1) = —14+4-6+4=1

(12.19)

We can now calculate Cl(il)'

Ciyy = —1+ <211> - <Z21> + (g) (1) (lei 1> —(—1)". (12.20)

12.4.5 Calculation of Cm(il,i2 ) for all m

,,,,,

We are now ready to state and prove the general formula for C’m(iw.2 """ im)

_ (_1)i1+i2+---+im' (1221)

M(iq,ig,0im)

We prove this formula by induction. Before stating the inductive hypothesis, we or-

der the coefficients C - To compare the coefficients Cp, and Ck(jl i

M(iy,ig,... i (11,89, sim) TR ,d0 e k)’
find the leftmost entry where they differ, where from left to right the entries are m, iy, ..., iy
and k, j1,...,Jk. The one that has the bigger number in this entry is greater according to

this ordering. We write the coefficients in order from least to greatest:

CO; Cl(l) ) 01(2)7 ey C2(1,1) ) C2(2,1) ) 02(22) ) C2(3,1) ) 02(32) ) 02(33) R C3(1,1y1) PR C

n—111,1,...,1)"

Inductive hypothesis: Cy,, . = (=1)"*=2FFm holds for all coefficients less than

or equal to the r** coefficient in the above sequence of coefficients. We have already proven
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the base case, so we now prove the inductive step.

Suppose that the r + 1%t coefficient is C’m(ﬁ’ The inductive hypothesis

19,00ny im)
implies that

k(51 i) = (—1)J1ti2t++ik if all of the inequalities k < m, j1 < i1, jo < oy ..., jr < ig
are satisfied, except for the case where all of the inequalities are equalities. We now split
the 71 type 1 parentheses into 2 sets, a and 5. In the « set, we put those type 1 parentheses
which are enclosed by other (higher type) parentheses. We put the rest into the set 5. We
do the same for the type 2 parentheses, type 3 parentheses, ... type m — 1 parentheses.
All of the type m parentheses are put into the set 8 since they can’t be enclosed by other
parentheses. Consider the configurations from which the type m, ;,. . i,,) configuration in
question can be reached in one step. Any such configuration must have all of the parentheses
in the set «, since these are enclosed by higher type parentheses, but we can only make
one more step. In addition to these, it can have anywhere from zero to all but one of the
parentheses from the set [, since any number of them can be formed in 1 step. Let x be

the number of parentheses in the set «, and y be the number of parentheses in the set 5.

Then,

rHy=i1+i2+ ...+ in. (12.22)

Consider a configuration x with all x of the parentheses from the set « and 0 < z <y —1
of the parentheses from the set 3. Then, by the inductive hypothesis, C,, = (—1)**=.

Since one more step is required to reach the type m configuration in question, the

i17i27~~~7i77L)

contribution of & to Crpy, . , 18 Cg(—1) = (=1)*+#F1 There are (Y) such configurations

»»»»» im z
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since we have to choose z out of y parentheses from the set 3. Therefore,

oty = (D)7 (D) crps2 o (2) s
+<g> (—1)w+4 4+ ...+ <y g 1> (—1)+Y

o () @) Q) e ()

— (_1)90(_1)31 — (_1)x+y — (_1)i1+i2+...+im' (12.23)

Thus we have proven the claim and shown that Cp,, . . == (—1)atizt+im

We now have the following expression for the lattice sum of a disconnected diagram

with components D1, Do, ... D,.

LS[Dy de Dy de...de D) = (1) %2 m LG[uy | LS[wy]. .. LS[wp].  (12.24)

K

Here, the sum is over the configurations s that one can make from the components
D1, D,,...D,. Each configuration x has p outer parentheses, i1 type 1 parentheses, ... i,
type m parentheses. LS[w;] represents the lattice sum of the overlapping of components

inside the i*" outer parenthesis.

12.5 Calculation of the thermodynamic potential

12.5.1 Partition function as a sum over configurations

We return to our calculation of Z% via the diagrammatic rules presented in section

1211 Let zp denote the contribution to Z% of a connected diagram D. Let z(p, .. p,) denote
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the contribution to Z% of a disconnected diagram with components D1, Dy, ... D,. Let us
recall that such a disconnected diagram will have a certain multiplicity which we denote by
M(D;...D,)- Suppose the components Dy, Dy, ... Dy are of orders ny, ng, . .. np in ¢ respectively.
Then, the whole diagram is of order n in ¢, where n = ny +n2+...+n,. In addition, out of
the p components D1, Ds,... D), let us suppose that k < p are distinct, with degeneracies
g1, 92, ..., gk, Wwhere g1 + g2 + ... 4+ g = p. Then, we find that

n! 1

nilnal...nyl gilge! ... g’

ND;..Dy) = (12.25)

This factor comes about because we must distribute n labelled lines among p components
with n; lines going to component D;, but exchanging all of the lines of two identical compo-
nents does not give a new distribution of lines. Now, instead of drawing 7p,...p,) diagrams

with different distributions of lines, we draw only one such diagram with contribution

n! 1 g"
"ND1..-Dp) (D1 Dp) = nilng!. .. ny! gilgal. ..gk!ﬁzB(Dl”'DP)LS[DI de Dy de....de Dp).

(12.26)

Here, zp(p,..p,) indicates that we have dropped the factors % and

LS[D; dec Dy de...dc D) from %(D,..n,)- Now, let [ denote the number of loops and
denote the number of full sites in the disconnected diagram with components D1, Do, ... D).

Let I; denote the number of loops and x; denote the number of full sites in the component
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D;. Then, we have that

t"ml(=1)77 = i (—1)m Tl (1)el | preple (—1) Tl
ZB(D;..Dp) = ZBD1ZBDs---ZBD,- (12.27)
Therefore,
1

'ZnLDlanDg e ZnLDpLS[Dl dc D2 de...dc Dp]. (12.28)

A e

Here, z,1,p indicates that we have dropped the lattice sum from zp . The partition function

can now be expressed as

Z 1
— =1+ Z Z manDlanDz ... ZnLDpLS[Dl dc Dy dc...dc Dp].(12.29)
»

Here, the sum over (D ... D,) includes only one term for each set of connected components
since the multiplicity from the different distributions of lines has already been taken into
account. Plugging in our expression for LS[D; dc Dj dc...dec D] from Eq. (12:24)), we

obtain

Z 1

70 =1 + Z Z manDl ZnLDs - -+ ZnLDy
=P

x Y (—1)tittin LS | LS[wy)] .. . LS[w,).

(12.30)

Here, the sum over « runs over all configurations that arise from the components (D; ... Dp).
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However, a given configuration x can only come from a unique set of components (D; ... Dy).
Hence, we can sum over all possible k directly, where in each term of the sum, by specifying

k, we automatically specify the (D; ... D,) that it came from.

70 =1+ Z manplanDZ - ZnLDp(_l) [RECEERE LS[wl]LS[wg] A LS[wq].

K

(12.31)

12.5.2 Linked cluster theorem w.r.t. generalized connected components

For each configuration x, we relabel the components (D; ... D)) according to which
ones are contained in w;. Those in wy are now labeled (D, 1Dy, 2 ... Dyyyry ) - - those in w,
are now labeled (qulqug ... qurq), where 71 is the number of components in wq, etc. We
also count the number of different types of parentheses in the w;. We denote the highest
type of parenthesis (which is the outer parenthesis) in a given w; by m,,;. We denote the
number of type 1 parentheses in w; by 71(wj), ...the number of type m,,, parentheses in
wj by im,, (wj). Note that o (wj) = 1, unless w; = D; (i.e. My, = 0 ), in which case

o (wj) = 0. Then, we have that
it izt i = d(w1) e, (01) i (wg) e, (W) (12.32)
We also make the following definition. For a particular w,

2w = ZnLDwi #nLDuws - - - “nLDuwry (—1)n (@) Fi2(W)t Fimw () [,G 4y, (12.33)
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Eq. (I2.331) now becomes

—_1+Z

PP Zupy Zwg - - - Zwg- (12.34)

In a given configuration «, all of the p components that go into making k are given
the distinct labels D ... D, regardless of whether they are identical or not. However, there
are distinct configurations which would be identical if we gave identical components the
same label. As an example, consider configurations with three components which are all
identical, but given the labels Dy, Dy, D3. Then, the configuration ((Dy N Dy) N Ds) is
distinct from the configuration ((D; N D3) N Dy). However, if all 3 components had the
same label, the 2 configurations would be the same. All such configurations clearly have
equal contributions to 2. We therefore only consider configurations x*, in which identical

components are given identical labels.

> Z(k) =) H(")Z("). (12.35)

K

Here, H(x*) is equal to the number of configurations £ which collapse into £* once identical
components are given the same label.

Consider an arbitrary configuration x. It consists of wq, ws, ... w,. Transform it to
a k" by giving identical components the same label. Then £* consists of wi, w3, ... wy, where

wj is transformed to w} in the process of transforming « to x*. After the transformation,

J

there may be some degeneracy among the w;f. Suppose there are u distinct w*:w7, w3, ... w}
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with degeneracies si, so, ..., S, respectively. Then,

*\ gllggl...gk!
H(w) = silsal. syl [y(wi)]st[y(ws)]s2 ... [y(ws)]sw (12.36)

where ~(w?

]) is the symmetry factor of wj. By this we mean that if we momentarily give

distinct labels to the identical components in w;, it is the number of ways to permute
labels amongst identical components and return to the same labeling. For example, if
w; = ((Dl N Dl) N (Dl N Dl)), then ’y(w;) =8 If w; = ((Dl N Dl) N (DQ N Dg)), then

v(w}) = 4. Plugging the expression for H(x*) into Eq. (IZ.34]), we obtain

[2w7]° [2w3 ]2 - - - [2wz]®

VA
R D P N 1) Kl e e i 1230

An arbitrary «* has an arbitrary number (from 0 to co) of each of the different possible

w*, except there has to be at least 1 w* of some kind for «* to exist. However, the term

in which there are zero of all of the possible w* is 1 and is therefore accounted for in the

expression for Z% Therefore,

Z *
= Y “w ] (12.38)

In <£> =\ 2w (12.39)

We see that the w* are the “generalized components” alluded to in section [12.3]
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12.5.3 Diagrammatic rules for calculating the thermodynamic potential
We now have the following set of rules for the n'* order contribution to ln(Z%):

1 Choose p > 1 connected diagrams (not necessarily distinct) whose orders add up to

n. If p =1, the overall diagram is connected and evaluated according to the rules for

Z

Zo "
2 If p > 1, the overall diagram is disconnected. The p connected diagrams are now

components in this disconnected diagram.

3 Denote the contribution of a connected diagram D to Z% by zp. If one removes the
lattice sum factor from zp, denote this by z,rp. Multiply together the factors z,rp

from the individual components.

4 Create all distinct w* from the components by forming i;(w*) type 1 parenthe-
ses, ..., im,.(w*) = 1 type m,~ parentheses. There is only one outer parenthe-

sis in each w* which encloses all p components. The contribution of each w* is

(=)t () L5 )
v(w*)

, where v(w*) is the symmetry factor of w* as explained
below Eq. (I2.36]), and LS[w*| is the lattice sum of the overlapping of components

represented by w*. Sum the contributions over all w*.

5 Multiply the factor from 4 by the factor from 3.

In addition to proving the above rules, the derivation shows that In Z% is indeed
the term in Z% proportional to L. From Eq. (IZ:33]), we see that z,, is proportional to L.
Therefore, the term proportional to L on the RHS of Eq. (IZ37)) corresponds to s; = 1 for

some i and s; = 0 for j # i. Comparing this with Eq. (I2.39), we see that it is equal to
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In Z% Therefore, an alternative to the above set of rules for In Z% is to use the rules for

Z% from section [[2.1] but to keep only the term proportional to L in the lattice sum of a

disconnected diagram.
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Chapter 13

Expansion for time dependent

correlation functions

13.1 Diagrams for the numerator of the Green’s function

The Green’s function is defined as

Gjro(T) = = (X7 (1) X70), (13.1)
where
r(e BH
(0) = Tr 7 9) (13.2)
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and the time dependence is given by the Heisenberg representation. Furthermore, 0 < 7 <

where 1S € 1mverse temperature. rom . € reen’'s runctrion 1S written as
B, where 3 is the i temperature. From Eq. (I30), the Green’s function is writt

Tr(e”PHX)7(1)X50)
~ :

Gijio(T) = =

Plugging in Eq. (12:2)),

00
» Z\ — _ut (B=1)" 1 . 710 y001 40 004 300 yTa+10 y00a41
Gijo(T)(Z5) = =" 20 “ar=Fr 2 g by (XGXG7 L XGRXG e X X0 X

Jhpr et

where n = a+ b. This leads to the following rules for calculating the nt”

t0 Gjyro(7)(£):

(13.3)

(13.4)

on0 v 00pn y o0
- XX X o

(13.5)

order contribution

1 Choose 0 < a <n. Set b =n — a. Draw the diagram as you would for Z%, except for

the following changes. Begin drawing the diagram with a line labeled by o, ¢ going

into an empty site labeled by j’. The line does not come out of any site, it only goes

into j/. In addition to this, after drawing the line labeled by 0,1, and before drawing

the line labeled by o,, draw a line labeled by o, 5 going out of a site labeled j. The

line does not go into any site, it only comes out of j. j and j' may label the same site.

2 Insert a factor of =% (8 — 7)%r®.
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3 Insert a factor of £ for each filled circle, and (1 — p) for each empty circle.

4 Compute the multiplicity of the diagram, keeping in mind that j and j’ are fixed sites

on the lattice. Insert a factor of ¢™.

5 Pair the lines at each site in the same way as for Z%? including the o, 6 and o, 5 lines.
Now, find the line which is paired with the o, ¢ line on the site j’. Follow the same
process as for Z% until you reach the o, 5 line. This completes the loop started by
the 0,6 line. Find the line with the highest remaining spin label, and continue to the

Z

break the diagram into loops just as for Zo- Let [ be the number of loops. Let x be

the number of full sites in the diagram. Insert a factor of (—1)*+1=lm!=1,

13.1.1 Proof of the rules for the numerator of the Green’s function

The rules for calculating
ij/U(T)(Z%) are modified from those for calculating Z% by introducing the external line
on.¢ on the site j' to account for XJ?‘,O, and the external line o, 5 on the site j to account
for X]QU. We now state the proof of rule 5 for ijrU(T)(Z%), which is similar to the proof of
rule 5 for Z%, given in section [[2.2.21

The order of the numbers in the expectation value in Eq. (I3.0)) is 1'12'2.. .. d’aa 5(a+
1)(a+1)...n'nn'q. This is equivalent to the order 1'12'2...d’a(a+1)'(a+1)...n'nasn'y,
since a5 has to be moved past a certain number of pairs to get to the left of n'y. The first
loop is started by the pair (z,ny) on an empty site. This corresponds to the (a:p_l,x;)
pair on this site. The next pair in this loop is either (y, ') or (2/,y), where the latter can

only correspond to the (2, z,) pair on a full site. The loop now becomes =+ (z'zyn’;) where

125



(y, ") gives + and (2/, y) gives —. This process continues until we come across a 5, at which
point we complete the first loop.

The subsequent loops are made in the same way as for Z% We make the same
arguments to show that each subsequent loop is started by the (2, x,) pair on a full site.
However, in the case of ij/J(T)(Z%), this does not apply to the first loop. Therefore, only
1—1)

I — 1 full sites don’t contribute a minus sign, and the sign of the diagram is (—1)~(
(_1)m—l+1'

For the spin sum we note that 0,6 = 0,5 = o. Thus, the spin of the first loop
is fixed to be 0. Hence, this loop does not give a factor of m. Therefore, the spin sum is

x—l—l—lml—l

m!~!. The overall factor from the sign and spin sum is (—1) as stated in rule 5.

13.2 Calculation of the Green’s function

13.2.1 Numerator of the Green’s function as a sum over configurations

To proceed further with our calculation of the Green’s function, we need to address
the issue of disconnected diagrams in ij/J(T)(Z%). In a disconnected diagram, there will
be one component, which we denote by D¢, which will contain the external lines. The
other components will be the same as those in the diagrams for Z% Let Gp, be the
contribution of Dg as calculated by the rules for ijro(T)(Z%). Let G(pyp,..p,) be the
contribution of a disconnected diagram with components DgD; ... D), as calculated by
these rules. Consider a disconnected diagram of order n, with 0 < a < n, comprised of

components DgD; ... D,, where D¢ is of order ¢, and D;...D, are of orders ni...n,

respectively. Let f = ny +mn2 4+ ... +n,. Then, f = n —c. In general, Dg has « lines
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numbered lower than 0,5, and § = ¢ — « lines numbered higher than o, 5(excluding o,,¢).
Additionally, there could be some degeneracy among the components D; ...D,. Assume
that out of these, k are distinct, with degeneracy gi ...gr. Then, the number of different

ways to distribute lines among the components DgD; ... D, is:

a\ (b f! 1
la(DG D1..-Dp) = <a> <(5> nml.o.onplgr! gkl (13.6)

Hence, for a given choice of a, the components Dg D1 ... D,

make the following contribution to G, (T)(Z%)

a) (b f! L (=) a b
77a(DcD1...Dp)G(DGD1...Dp) = <a> <5> nil... np! gl gs! ald! (B—1)7
XGB(DGDl...Dp)LS[DG dc D1 de...dc Dp], (137)

where Gp(p,p,...n,) 18 G(pD;...p,) Without the factors
%(ﬁ — )27 and LS[Dg dc Dy dc...dc D,]. However, there are multiple values of
0 < a < n for which a disconnected diagram can have the components Dg D1 ... D,. The

values of a are restricted by the values of o and § for the given D¢g. In particular, a < a

and 0 < n — a. Therefore, we have

a<a<n-—9 (13.8)
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Hence, the total contribution of the components DD ... D), to ij/U(T)(Z%) is:

n—ay
n(DGDl...Dp)G(Dng...Dp) = Z

a=x

1 1 £ 1
alla—a)ldl(b—90)n!l...npl il .. gi!

X(—ehT)(8 — )00 — )

XGB(Dch...Dp)LS[DG dc Dide. . .dc Dp].

(13.9)
We also have the following equalities:
GB(DgDs...Dy) = GBDGZB(D,...D,): (13.10)
Gnipe = %(5 —7)*71°GRpe- (13.11)
Furthermore, using the definitions of b, §, and f, one can show that
g @ _1a)! G _1 Ik 7)ot = ; % T _1 I ryerf=e = i—f (13.12)

Hence, Eq. (I3.9)) simplifies to:

N(DeD:...0,)G (DD, ...Dy) = GnLDg#nLD; - - - #2nLD,LS[Dg dc Dy dc. .. dc Dy).

91! oo gk!
(13.13)
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Therefore,

ij/o(T) <Z£()> = ZZ Z GnLDg#nLD; - - - ZnLD,

D¢g p=0 (D; ..
LS[D¢ dc D1 dc. ..dc Dp]. (13.14)

LS[D¢g dec Dy dc...de D,| is evaluated in terms of configurations in the same way as
LS[D; dc...dc Dp| from Z% was, except that now in each , there will be one w which

contains Dg. We shall denote it by wg. The other w will be the same as those found in

the calculation of Z% Thus, we obtain

Gjjio(T) < > ZZ Z GuLDG#nLDy - - - ZnLD,

Dg p=0 (D;...

XY (- “*"'*“”LS[wG]LS[wl]...LS[wq]. (13.15)

A given k can only come from a unique (DgD; ...D,). Therefore,

Z 1 i14...Fim
ij/O'(T) (7()) = Zﬁ:mGnLDGZnLDl ...ZnLDp(—l) 1
x LS[we|LS[wy] . . . LS[w,). (13.16)

13.2.2 Cancellation of the denominator of the Green’s function

We define

— i1 (we)+iz(wa)+.. . timy,, (WG)
Gue = GnLDa(we)#nLDug1 #nlDugs - -+ #nLDugryg, (—1) meg (W) I STwg).

(13.17)
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Then, Eq. (I3:16) simplifies to

(13.18)

6 (£) = S

'Gwczwl...zw
K

k! .

Just as in the case of Z-, we perform the transformation £ — x* by giving identical com-

Zo’
ponents identical labels. In the process, wg — wg, and w; — w;. After the transformation,

*

there may be some degeneracy in the wj ... wy. Suppose there are u distinct wi wy...wy,

with degeneracies s ... s, respectively. There can only be one wg, because there is only one
D¢ in any diagram. Therefore, the multiplicity factor for the number of configurations k

which correspond to a single k* is

o gi'lg2!. .. gi!
H(H ) o 31!32! A Su![’y(wf)]& [fy(rw;)]sz . [,Y(wz)]gu,y(w&y (13.19)
and Eq. (I3I8]) becomes
zZ\ G, [2wr] 2ws]® - - - [2ws ]
o) (7) = s s - b )

K*

An arbitrary «* has one of the wy, and an arbitrary number from 0 to co of each of the w*.

Therefore,

Z Gw*G Z*
G (7) - 25z [%: ’Y(’w*)] | (1521
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Recalling that Z% = exp[Y_ 2¢=:], we have that

~ v(w*)

¢ (13.22)

13.2.3 Diagrammatic rules for the calculation of the Green’s function

This leads to the following set of rules for the n'* order contribution to G (7):

1 Choose one connected diagram from G/, (T)(Z%) and p > 0 connected diagrams (not
necessarily distinct) from Z%. The orders of the p + 1 diagrams must add up to n. If

p = 0, then the overall diagram is connected and must be evaluated according to the

rules for ij/U(T)(Z%).

2 If p > 0, the overall diagram is disconnected. The p + 1 connected diagrams are now

components in this disconnected diagram.

3 Denote the contribution of a connected diagram Dg to Gjjs (T)(Z%) by Gp,. If one
removes the lattice sum factor from Gp,, denote this by G, p,. Multiply G.rp,, from

the component D¢ together with 2,rp, ... 2,1p, from the p components D; ... D,.

4 Create all distinct w* from the components by forming i;(w*) type 1 parenthe-
ses, ..., im,.(w*) = 1 type m,~ parentheses. There is only one outer parenthesis

in each w* which encloses all p + 1 components. The contribution of each w* is

(_1)i1 (W*)+~~~+imw* (w*)LS[w*]
¥(w*)

, where y(w*) is the symmetry factor of w*, and LS[w*]
is the lattice sum of the overlapping of components represented by w*. Sum the

contributions over all w*.
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5 Multiply the factor from 4 by the factor from 3.

In addition to proving the above rules, the derivation shows that Gj/,(7) is indeed
the term in ijrU(T)(Z%) independent to L. From Eq. (I2:33]), we see that z,, is proportional
to L. Therefore, the term independent L on the RHS of Eq. (I3:20]) corresponds to s; = 0
for all 7. Comparing this with Eq. (I3.22]), we see that it is equal to Gj;s(7). Therefore,
an alternative to the above set of rules for G;/,(7) is to use the rules for ijrU(T)(Z%) from
section [I3.1], but to keep only the term independent of L in the lattice sum of a disconnected

diagram.

13.3 Examples and results for the Green’s function

13.3.1 Examples from 0" to 2"¢ order

We now show some examples of diagrams for G/, (7), with the contribution writ-

ten next to the diagram. In zeroth order, there is only one diagram:

—elT (1 — p)dyy

In first order, there are 2 diagrams:
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1.6

a=0 Q ! 0 —e'7(1 — p)*tjy
0.5

%1.6
a=1 Q ; @ e (B—T)2(1 - p)t;y

1.5

In second order, one can have a disconnected diagram:

=5 (1= p)?pdjj (=2 - 2d)P°
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13.3.2 Green’s function to fourth order in St

We have used the above rules to calculate the Green’s function to 4th order in t

on a hypercube in d dimensions with m spin species:

COV(F,wy) = m(—p) +m+ P
GO (F,wp) = ek(m(—ﬁz;m 0’
GO (F,wy) = 2d(m — 1)t*p(m(p ;;23— p)m(p—1) —p) 2d(m — 1%;5(0 —1)p
_d(m = 1)#*B*(p — 1)p(2p — 1) N ei(m(=p) +m+ p)®
mz m323 ’

GO (F. oy = — A= Dm 1)t*pe(m(p — 2) = p)(m(=p) +m + p)*

7 miz4

2(2d — 1)(m — )#*B(p — Dpey(m(p — 1) = p)
* m2z3
L (m = DA% (p — Dper(d(4p = 2) = p)(mlp —1) = p) = p)  ci(m(=p) + m+p)*

m2z2 miz4 ’

GO (R uy) = 2B = D(m = Dt*pei(m(p = 2) — p)(m(=p) + m + p)?

g mbz5
~2(3d — 2)(m — D#*B(p — Dpeg(m(=p) +m + p)*

m3z4
~(m =13 (p = Dpeg(m(p — 1) = p)((d(6p = 3) = 2p)(m(p — 1) — p) = 2p)
m323
+2d(m — Dt*B(p — 1)p (—4dm? + 2(3d — 2)(m — 1)%p* + mp(—6d(m — 3) + 5m — 11))
m3z4

n d(m—1)t* B2(p—1)p(—4dm?+4(3d—1)(m—1)2 p3 —2(m—1)p? (3d(5m—1)—4m+2)+mp(2d(9m—T7)—3m+5))
m323

d(m—l)t453(p—l)p(m2 (d(26p2—28p+6)+2(5—4p)p—3) +8(d—1)m(p—1)p+2(d—1)p> )
3m32z2

d(m—1)t4 84 (p—1)p(m? (2d(p(p(52p—81)+34)3)—2p(p(16p—27)+13)+3)+16(d—1)m(p—1)p(2p—1)+2(d—1)? (4p—3))
- 12m32

I 2d(m—1)t*p(m(p—1)—p) ( 10(1—2d)m3+2m? p(d(8m—2)—6m+3)—(m—1)3 p3+4(m— 1)2mp2)

mpP2z®

+6§(m(—p) +m+p)°

s (13.23)
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Z = iwk + p. (13.24)

In the case where m = 1, this should reduce to the answer for a single species free Fermi
gas. We can see that this is indeed the case as all the terms but the free propagator vanish.
When we set m = 2 and d = 2, we recover the expressions obtained from the Metzner

expansion [69]. Using the formula

n—1=Gjj,(r=0), (13.25)

we can convert to expressions where n is the independent parameter and hence t-independent.
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GO (k,wy) = — :
GO (F,wy) Ek(m(—g;zrzm + n)2,
G((f)(lg, ) = 2d(m — 1)nt?(m(n ;@23— n)(m(n —1) —n)
_dPBmn—1) +n)  G(m(=n) +m+n)’

mz2 m323 ’
G891 -~ Dl = Dnf o —2)~n)m(o)
_2t266k(m(n —1)—=n)d(m —(m+1)n)+ (m —1)(n — 1)n)

m2z3

Lamn) +mt )t (m = 1)2(n —1)°n%25%,

miz? m222 ’
G((f)(E, i) = 2(3d —1)(m — 1)nt26%(mn§7512; 2) —n)(m(n —1) —n)3
+t256%(m(—n) +m+n)2(4(m —1)(n — Dn — 3d(m(n — 1) +n))

m3z*

4 2d(m—1)nt4ﬂ(d(m2 (n—1)(9n—10)+3mn(2n—3)—3n2)+(1—n)n(4(m—1)2n+(11—5m)m))
m3z4

n dt*p? (dm(m2+2(m—1)2n3—2((m—4)m+1)n2 —m(m-}—iﬁ)n)—4—(1—777,)(71—1)712 (4(m—1)2n2—4(m—1)(2m—1)n+m(3m—5)) )
po

4 a3 (72(7774»1)”3 (({177)'m2 +10(d71)7n+(i71)+m2n(78d(m,+2)+17'm,+25)+2'm71,2 (d(5m(m+4)+11)+(—2m—1)(Tm+11))—3m? )
12m322

+2d(m—1)nt4 (m(n—1)—n)(10(1—2d)m3+2m?n(d(8m—2)—6m+3)— (m—1)>n3+4(m—1)2mn?)

moz°
+e§(m(—n)5+5m +n)°  2Am—1)°(n— 1)2712;2626%(”?(” —-n) (13.26)
mPoz m-z
2 = i + 4®. (13.27)
p(u®) = n. (13.28)
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13.4 The infinite spin species limit.

It is interesting to see how the above expressions simplify in the limit of infinite

spin species, i.e. as m — oo. In this case, the Green’s function may be written in the form

1—n
G(k) = A=) —Som () (13.29)

where X pas(k) is the Dyson-Mori self energy [4], which has a finite value as iwy — co. The

high frequency limit of the Green’s function is therefore lim;,, oo G(k) = 1i;—:, as can be

seen explicitly from the anti-commutation relations of the Hubbard X operators:
0o a0 00 oo oo’ n
({XP7, X900 = 65 (X0 + X77) = 6551 = D X77) = i1 — (m — -1 (13.30)
o'#o

Taking the m — oo limit of the above equation gives the high frequency coefficient 1 — n,
while m = 2 gives the usual coefficient of 1 — & [15]. Using Eq. (I3.26), we derive a high

temperature expansion for ¥ps(k) in the m — oo limit:

- —2)(n — 1)nt? 2(n — 1)nt?
Egg\/l(k,wk):(n—l)nzﬂﬁzek— (n )(n n €k+ (n )nt"Bey,

22 2 )

2(51) (Ea wk) _ dn2t4,82(_2d 24(n — 2)n + 3) _ 2d(2d — 1)n(n((n2—34)n + 12) _ 10)t4
4

_ 2dnt*B(d(Tn —Z(;‘) + (5 — 4n)n) + %dt4ﬁ3(2n(d(n —4)—Tn+17) - 3). (13.31)
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The connection between this high temperature expansion for the Dyson-Mori self-energy
in the m — oo limit and slave boson techniques [44] 71, [72] is an interesting direction for

further study.

13.5 Time-dependent density-density and spin-spin correla-

tion functions

13.5.1 The density-density correlation function

The density-density correlation function is defined to be

Tr(e” M3, (r)ng)
Z Y

I (7) = (nj()n;) = (13.32)

where

(1) =n(r) = (ng); myj= X7 (13.33)

Expanding the exponentials in the density matrix and the time dependence of the number

operator, we obtain

B N2\ _ (B=7)* 7t L o 010 v 001 040 v 004, v Oa+10 00041 on0 y00n
(I (7) +n2)(£) = TOH N g g (X OXOT L XXy X OX T XX ),

(13.34)

where n = a + b. We shall now state the rules for calculating the n** order contribution

to II;5:(7). The proof of these rules runs along the same lines as the ones given for the
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thermodynamic potential and the Green’s function. We will not give the full proof, but
will merely point out a few key points particular to this case. First, we give the rules for
drawing the diagrams Dy, and evaluating their contributions IIp,. The rules for II;;/(7)
will be given in terms of these diagrams and the partition function diagrams D;. Rules for

drawing and evaluating the n'* order diagram Dr:

1 If n > 0, draw the diagram Dr in the same way as you would a connected diagram
for Z%. Mark a site on this diagram to distinguish it from the other sites. If n = 0,

the only diagram is a single full site whose contribution is p. The single full site is

then the site marked.

2 Insert a factor of £ for each filled circle, and 1 — p for each empty circle. Insert a

factor of ¢".

3 Define the time 7,5 for 0 < a < n to lie between 7, and 7,41 (recall also that higher

numbers correspond to “earlier” times when drawing the diagram). Then, insert a

factor of (B=r)® 2—? f(7a5), where b =n — a, f(745) = 1 if the site marked in rule

al
a=0
1 is full at time 7,5, and f(7,5) = 0 otherwise. The site being full at a certain time

means that either the last line on this site before this time entered the site, or it is a

filled vertex whose earliest line occurs after this time.

Z

4 The sign and spin sum of the diagram are determined in the same way as for Zo-

The n'* order contribution to I;;(7) is split into 2 pieces, Hg?,) (1) = Hg?,) W(T) + Hg?,) p(7)-

Rules for calculating Hg-?,)’a(T)l

1 Choose one diagram Dyy, and p > 0 connected diagrams (not necessarily distinct)
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from Z%. The orders of the p+ 1 diagrams must add up to n. The p+ 1 diagrams are

now components in this diagram.

2 Multiply the contribution IIp;, from Dy with the contributions z,.p, ... z,Lp, from

the p components D1 ... D,.

3 Fix any full site in the diagram Dy to be j’ on the lattice. Fix the marked site in the
diagram Dy (from rule 1 of the rules for Diy) to be j on the lattice. Create all distinct
w* from the components by forming i; (w*) type 1 parentheses, ..., iy, . (w*) = 1 type

my+ parentheses. There is only one outer parenthesis in each w* which encloses all

(=) im0 gy
v(w*)

p + 1 components. The contribution of each w* is , where
~v(w*) is the symmetry factor of w*, and LS[w*] is the lattice sum of the overlapping

of components represented by w*. Note that in calculating v(w*), Dr should not

be considered identical to any of the D; ... D,. Sum the contributions over all w*.
4 Multiply the factor from 3 with the factor from 2.

Rules for calculating Hg?,)7b(7'):

1 Choose one diagram Dy, one connected diagram from Z% (or the single full site with

contribution p) denoted by l~), and p > 0 connected diagrams (not necessarily distinct)
from Z. The orders of the p + 2 diagrams must add up to n. The p+ 2 diagrams are

Zo

now components in this diagram.

2 Multiply the contribution IIp; from Dy with the contribution z ; 5 from 5, and the

contributions z,rp, ...2znrp, from the p components Dy ... D,.
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3 Fix any full site in the diagram D to be 4" on the lattice. Fix the marked site in the
diagram Dy to be j on the lattice. Create all distinct w* from the components by
forming i1 (w*) type 1 parentheses, ..., ip, .(w*) = 1 type m,~ parentheses. There is

only one outer parenthesis in each w* which encloses all p + 2 components. The con-

(1)1 (W) i e ) g
7w

tribution of each w* is , where y(w*) is the symmetry factor
of w*, and LS[w*| is the lattice sum of the overlapping of components represented by

w*. Note that in calculating v(w*), neither Dy nor D should be considered identical

to any of the Dy ... D,. Sum the contributions over all w*.
4 Multiply the factor from 3 with the factor from 2.
The following observations went into deriving these rules.

a Number operators commute with all other operators (on different sites), and accom-
modate all spin species with equal coefficient. Therefore, they don’t affect the sign or

spin sum of a diagram.

b Since the number operators don’t create or destroy particles, n; and n; don’t have to
occur in the same connected component. When they do appear in the same connected
component, this is the component Dr;. When they appear in different connected

components, n; appears in Dy while n; appears in D.

¢ For the density-density correlation function, Dy plays the same role as Dg plays in
the Green’s function. For IL;; (), the combinatorial factors involved in distributing
lines work out exactly as they do in Eq. (I3.6). For IL;; 4(7), the presence of D

does not complicate matters since the operator n; occurs to the right of all other
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operators in the expectation value in Eq. (I3.34]). Hence, any combination of lines
in the disconnected diagram can go into making 15, as is the case for the diagrams

Dy ...D, (but in contrast to Dyy). Therefore, D of order n gets the usual factor of

n

=)

n!

d Below Eq. (I2:31]), we explain that the different components originally present in the
diagram go into making the various “generalized components” w. In the case when
both Dy; and D are present, they can either both go into making the same w or go into

different w’s. The former is accounted for by II;; ;(7), while the latter is cancelled by

(—)n?.

13.5.2 The spin-spin correlation function

The spin-spin correlation function is defined to be

II35/(7) = {s5(7)53,), (13.35)

where

= s(0)X0°. (13.36)

By s(o) we mean the spin corresponding to o. For example, for spin-half particles, s(+1) =

:l:%. We note that for spin [ particles (m = 21 + 1):

Ss0) =0, Y o) = éza +1)m. (13.37)

g
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The first of these two equations tells us that s% and S]Z-/ must occur in the same “loop” of the
diagram. Therefore, the rules for the spin-spin correlation function can be obtained from

those for the density-density correlation function by making the following simple changes.
1 H;j’,b(T) = 0

2 In the calculation of Drs, mark any site j and a full site j' (see rule 1 for Dy for
comparison). This is in contrast to Dy in which the choice of j' did not affect the
evaluation of Dy (or occurred in D rather than Drr), and hence only came when

calculating the lattice sum in rule 3 for IL; o(7) or IL;;/ (7).

3 Rule 3 for the contribution of Dyps is modified from that of Dry, so that there are now
additional requirements for f(7,5) = 1. In the case that the last line on the site j
before the time 7,5 enters j, this line must be in the same loop as the earliest line on
the site marked j’. In the case that the site j is full and its earliest line occurs after
the time 7,5, then this line must be in the same loop as the earliest line on the site

marked j'. Otherwise, f(7,5) = 0.
4 Insert a factor of 2I(I+1) = 15(m? — 1) into the contribution of the diagram Drys.

We note that the above rules imply that there will only be even order contributions to the
density-density and spin-spin correlation functions, since this is the case for the partition
function. This was expected, since the number operator and spin operator conserve particle

number.
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Chapter 14

Conclusion

In conclusion, we have developed a high-temperature series for the thermodynamic
potential, the Green’s function, and the time-dependent density-density and spin-spin corre-
lation functions in the infinite-U Hubbard model. The n*" order contribution in 8t is given
in terms of diagrams consisting of n lines connecting vertices that can either be empty or
full, corresponding to unoccupied and occupied sites on the lattice. The signature and spin
sum of the diagram are evaluated with the help of a simple rule that increases the efficiency
of computation, and enables results to be obtained for any number of spin species with
no additional difficulty. The contribution of a diagram factors into a temporal part and a
spatial part. The computation proceeds in two stages. In the first stage, the temporal part
is evaluated for all of the connected diagrams. In the second stage, an arbitrary number
of connected diagrams are combined into a “generalized connected diagram”. Its tempo-
ral part is the product of the temporal parts of its constituent connected diagrams, while

its spatial part is the lattice sum corresponding to overlapping its constituent connected
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diagrams on the lattice. The linked cluster theorem is proved, enabling one to express
the thermodynamic potential and the dynamical correlation functions as a sum over the
generalized connected diagrams.

This is an especially efficient way of doing the calculation because the temporal
part of each constituent connected diagram, which is by far the most time-consuming part
of the calculation, is evaluated only once. The rest of the complexity is taken care of by
calculating lattice sums of overlappings of constituent connected diagrams. This should be
contrasted with the Metzner approach [21I], in which a “generalized connected diagram”
(referred to in [21] as a connected diagram) is broken into constituent connected diagrams
through the use of cumulants. The temporal contributions of the constituent connected
diagrams are then evaluated and multiplied together every time a generalized connected
diagram is broken up. Therefore, the temporal contribution of a given constituent connected
diagram is evaluated many times. What is gained by this is extreme simplicity in evaluating
lattice sums. However, although complex, the lattice sum part of our calculation takes
very little computation time, and even in high order calculations, can be done for a few
minutes on a computer [70]. This is the essential reason why our method constitutes an
improvement over those employed previously for the Green’s function, and especially for
the time-dependent density-density and spin-spin correlation functions. We have used our
method to calculate the Green’s function to fourth order in St valid for m spin species
on a d-dimensional hypercube. Taking the m — oo limit, we obtained expressions for the
Dyson-Mori self-energy to fourth order in St, valid for the case of an infinite number of spin

species. This may have interesting connections to slave Boson techniques [44] [71], [72] used
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for the study of this model.
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