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Figure 5-40:  Prediction error (left) quickly increases but remains qualitatively accurate for hundreds 

of time steps. The initial increase in error is attributed to gridding artifacts (right) which 
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frequencies. 140 

Figure 5-45:  CKN modes 7 and 8 identify high frequency periodic shedding from the jet, with 
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NOMENCLATURE 

 

Roman Symbols 

𝐛    Bias vector 

𝑑     Diameter (m) 

𝐷𝑖𝑗    Mean diameter (μm) 

𝑓    Frequency (Hz) 

𝐠    Observable function 

𝐊    Koopman operator approximation 

𝒦    Koopman operator 

ℒ    Loss 

𝑂ℎ    Ohnesorge number 

𝑅𝑒    Reynolds number 

𝑆𝑡    Stokes number 

T    Time steps for prediction  

𝑢    Velocity (m/s) 

𝐰    Vector of weights 

𝑊𝑒   Weber number 

𝐱    State vector  

 

 

 

Greek Symbols  

𝛼    Learning rate or constant 

Δ𝑡    Time step or interval 

𝜆    Complex eigenvalue or Ritz value 

𝜇    Eigenvalue real part, or dynamic viscosity (Pa∙s) 

𝜌    Density (kg/m3) 

𝜎    Activation function, or surface tension (N/m) 

𝜙    Koopman eigenfunctions 

𝜔    Eigenvalue imaginary part 
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Subscripts  

∞     gas phase 

𝑙     liquid phase 

𝑠    Sampling frequency 

𝜓    Modal frequency 

 

 

Acronyms 

BPOD  Balanced POD 

CFD   Computational fluid dynamics 

CKN   Convolutional Koopman network 

CNN   Convolutional neural network 

DFT   Discrete Fourier transform 

DMD   Dynamic mode decomposition 

DMD-NN DMD neural network 

DNS   Direct numerical simulation 

EDMD  Extended DMD 

GAN   Generative adversarial network 

LIF   Laser-induced fluorescence 

MSE   Mean squared error 

NN   Neural network 

PCA   Principal component analysis 

PDI   Phase Doppler interferometry 

PIV   Particle image velocimetry 

POD   Proper orthogonal decomposition 

POD-NN  POD neural network 

PSD   Power spectral density 

ReLU   Rectified linear unit 

RNN   Recurrent neural network 

SMD   Sauter mean diameter 

SPOD   Spectral POD 

SVD   Singular value decomposition 
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Glossary 

Big data   Large datasets which are amenable to data-driven techniques 

Dimensionality reduction Identifying a low-dimensional subspace which captures the dominant 

structures or trends of the full-dimensional data 

Generalization   The ability of a model to perform successfully on unseen test data 

Koopman modes Projection of the observable function onto the Koopman eigenfunctions; 

captures the system coherent structures 

Observables The variables whose dynamics evolve linearly via the observable function, 

𝐠 

Representational capacity  The size of the set of all learnable functions of a given model 
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Liquid injection systems and subsequent atomization behaviors are vital in many power generation and 

propulsion systems. These systems are inherently complex, owing to coupling of nonlinear processes in 

turbulent, multiphase flows. As a result, understanding and predicting the dynamical behaviors is inhibited 

through traditional system analysis which greatly impacts the ability to predict future states or control the 

nonlinear flow. 

Koopman analysis has emerged as a data-driven approach in extracting dynamical features and physical 

understanding of nonlinear flows through a modal decomposition. This dissertation investigates such 

Koopman analysis techniques to improve the understanding of atomization systems, with an emphasis on 

generating compact and interpretable representations. Commonplace techniques of proper orthogonal 

decomposition (POD) and dynamic mode decomposition (DMD) are applied and evaluated on canonical 

atomization systems, highlighting their respective strengths and disadvantages as a means to perform a 

modal decomposition. Although POD and DMD have seen widespread use, they are inherently limited in 

capturing underlying dynamical processes of nonlinear data, which is demonstrated and verified on a 

hierarchy of system complexity. 

To overcome the limitations of POD and DMD, a deep learning-based extension of Koopman analysis, 

in the form of a deep convolutional Koopman network (CKN), is proposed for extracting dynamical features 

of spatio-temporal atomization data. The CKN is end-to-end trainable with an architecture which can 
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successfully be applied to a wide range of fluid flows. The CKN admits a more compact and, importantly, 

a more interpretable modal decomposition for improving the physical understanding of these systems. 

Highly accurate long-term future state predictions are achieved across multiple systems using an identical 

architecture. Indeed, these findings extend to spatio-temporal data in general which exhibit periodic, 

dynamical behaviors.  

  



 

 

1 

 

Chapter 1 

Introduction 

1.1 Motivation 

1.1.1 Developing Models 

For hundreds of years, scientists and engineers have strived to understand and represent phenomena 

within the natural sciences. These phenomena are general, defined as any system or process whose 

behaviors can be observed experimentally, or through simulation during the current era of computational 

progress. This encompasses physical, biological, and chemical processes, combinations thereof, with no 

bounds of complexity (or abstraction, as the frame of reference is arbitrary). Understanding these processes 

and representing them have necessarily gone hand-in-hand for centuries; one can only represent the 

behaviors of a system or process by first improving their understanding, to some fundamental level, while 

an understanding can only be developed by first establishing the assumptions, boundary conditions, or 

initial conditions for the representation. 

Progress in scientific innovation is enabled by the ability to both understand systems and by, ideally, 

representing their behaviors with as simple and few irreducible basic elements that capture all collected 

data [1]. The scientist or engineer collects data about the system in a methodical approach, revealing the 

fundamental behaviors which compactly dictate the system behaviors, to then distill their observations into 

scientific laws and theories which hold generally, save for conditions outside of the system assumptions. 

This has led to remarkably elegant formulae, capturing the equations of motion with a handful of governing 

variables, to equally generalizable equations like the Navier-Stokes equations, though the latter has evaded 

a general analytical solution due to the closure problem. 
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Unfortunately, not all systems admit a clean and concise mathematical expression which elegantly 

captures all underlying truths about the state and time-evolution properties, let alone a closed-form 

analytical solution. In fact, this is the case in general. Natural phenomena are tremendously complex: they 

exhibit spatial and temporal scales over many orders of magnitude; they exhibit apparent randomness or 

chaos; they are highly nonlinear; expressive state variables are either unknown or intractable to measure; 

or any combination of the aforementioned. 

Nonlinearity, in particular, greatly inhibits human intuition and understanding of these systems. Only 

linear systems, oftentimes with the added constraint of constant coefficient linear systems [2], or (often 

impractical) simple nonlinear systems, can be solved analytically. This has led to a growing interest in the 

field of nonlinear science, despite the ubiquity and abundance of nonlinear problems. “Using a term like 

nonlinear science is like referring to the bulk of zoology as the study of non-elephant animals” [3] – 

scientists and engineers have still to make significant progress to advance beyond only understanding 

elephants. 

 

1.1.2 Liquid Injection and Atomization 

A particular area of interest in the nonlinear sciences is liquid injection and atomization systems, which 

have been a vital component for power generation and propulsion for over 100 years. They must be safe 

and stable while maximizing efficiency and performance and, of paramount importance, they must burn 

cleanly. Almost surprisingly, there is a lack of deep understanding for these systems and even simplified 

representations of these systems. Multiphase flows, interfacial forces, complex dynamical coupling on 

many spatio-temporal scales with chaotic behaviors have occluded understanding. Yet, society relies on 

these systems. Regardless of any phasing out of liquid injection systems, for example in favor of electric 

propulsion, the lack of understanding is found elsewhere. 

The lack of understanding is particularly problematic on the dynamics of physical structures in a flow. 

In these systems, a range of physical structures interact in multiphase flows, and predicting their future 
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paths and interactions is necessary for controlling or predicting overall system performance. Currently, 

extracting the spatio-temporal dynamics of atomization processes, which often exhibit continuous spectra, 

is not possible. 

It may seem that complete and true understanding of these systems is unnecessary. After all, the human 

race has landed their own kind on the moon using these systems despite an apparent lack of understanding. 

Unfortunately, for all great successes, there is a list of drawbacks, failures, and tragedies. If one truly 

understands a system, one can avoid detrimental consequences, notwithstanding computational 

intractability. Improving the methods for improving system understanding, especially for these liquid 

atomization systems, therefore, has huge potential. 

 

1.1.3 Data-Driven Modeling 

Traditional model development relies on experimentation and data collection. All models, whether 

empirical or derived from first principles, whether general or greatly constrained, have been developed by 

collecting data or validating against data. To leverage these data, scientists and engineers attempt to distill 

the data down into general models which can be applied ad infinitum for their associated application. 

Inaccuracies and uncertainties are expected, often with surrogate models used to account for primary model 

errors. 

The past five decades have seen an explosion in computational capabilities, which has fueled a paradigm 

shift which has permeated, and continues to permeate, every field of study. One of the most significant 

contributions of this new computational power is in rapid data handling, processing, and analysis at ever 

growing scales. While humans can only handle working with and maintaining intuition for a small number 

of variables and manually process a small amount of data, these limitations are removed, subject of course 

to reasonable computational constraints, by using computers. In fact, this has enabled an entirely new, and 

exceedingly relevant, approach to developing useful models: data-driven modeling. 
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Data-driven modeling eliminates, or reduces, the need for human intuition or knowledge in generating 

a general model directly from data. Instead, an algorithm is used which learns structure from data in order 

to minimize a cost function. Of course, these algorithms are developed by humans and are therefore 

preconditioned on human knowledge, however, they are often designed to be as general and flexible as 

possible to remove human bias from the model development. 

The progress, power, development, interest, and indeed hype, around data-driven approaches has grown 

dramatically in the 21st century. Their success has been demonstrated in everything from healthcare to 

finance to high-energy physics to social media to fluid mechanics. This success has been facilitated by 

growing computational power but is largely attributed to the great representational capacity of these 

approaches. These frameworks have allowed for highly nonlinear processes to be identified; a near-

impossible challenge using traditional model development techniques. This does come at the cost of model 

opacity where “opening the black box” of these models is a nascent and active area of research. Ensuring a 

model, or the results of such a model, is interpretable is conducive to improving understanding of the target 

system. 

Data-driven modeling is well-suited for high-dimensional, nonlinear data which makes it the perfect 

candidate for investigating the complex, multiphase flow systems comprising much of atomization 

phenomena. As this is a growing area where applications to fluid mechanics in general have only just begun, 

substantial progress has yet to be made. Koopman analysis is one of these data-driven approaches receiving 

growing attention which attempts to globally linearize nonlinear systems, thereby enabling linear analysis. 

Common Koopman analysis techniques are currently limited, however, extending these techniques into a 

deep learning framework can improve representational capacity, which has the potential to enable 

transformative progress in fluid mechanics. 
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1.2 Goals and Objectives 

The goals of this dissertation are to (1) assess the extracted dynamical features of atomization 

phenomena using existing Koopman analysis techniques, and (2) improve on existing techniques’ 

performance and generalizability while promoting result interpretability by developing and applying a 

novel deep learning-based Koopman analysis framework: the deep convolutional Koopman network. 

The following objectives provide a systematic approach to achieve these goals: 

 

Objective 1: Identify and select Koopman analysis techniques typically used for liquid injection 

systems 

 

Objective 2:  Critically evaluate algorithm design, apply selected techniques, and evaluate 

extracted results and interpretability 

 

Objective 3:  Replicate selected techniques using a deep learning framework 

 

Objective 4:  Develop a general deep learning-based Koopman network 

 

Objective 5: Refine the deep Koopman network and training requirements to perform an 

interpretable modal decomposition 

 

Objective 6:  Evaluate the deep Koopman network and compare to traditional techniques  

 

 

 

1.3 Dissertation Outline 

Chapter 2 provides the reader with the background necessary to understand the contributions of this 

work. In particular, the relevance and complexity of liquid injection systems and atomization phenomena 

is given, however, more focus is placed on Koopman theory and associated algorithms, and the pertinent 

deep learning theory for extending Koopman analysis into a deep learning framework. 

The approach to meet the aforementioned objectives is then presented in Chapter 3, which, in turn, 

enables the dissertation goals to be accomplished. 
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Chapter 4 covers the methodology of the work capable of achieving the dissertation goals. Relevant 

Koopman analysis theory, deep Koopman network design and training details, and the methods for 

comparing Koopman techniques on image and video data are discussed. 

In Chapter 5, results are presented and discussed. First, the standard Koopman analysis techniques are 

implemented, with a focus on their utility, compactness, and interpretability. Next, a proposed deep 

convolutional Koopman network (CKN) is provided with insight into model development and design 

choices. The effectiveness of standard Koopman techniques and the CKN on a variety of spatio-temporal 

data of dynamical systems are evaluated, with a growing emphasis on practical atomization systems. 

Finally, Chapter 6 provides a summary of the dissertation with the main contributions and conclusions 

developed. This work provides early insights into an exciting and growing area, so recommendations for 

future work to be carried out are also given. 
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Chapter 2 

Background 

This dissertation focuses on three distinct areas with appropriate accompanying background. The first 

area discusses the practical significance and relevant processes and behaviors associated with liquid 

atomization. Traditional approaches to analyze these fluid systems have yet to advance understanding and 

technologies sufficiently, owing largely to the highly complex flow phenomena present. Pertinent flow 

phenomena are discussed based on example applications. 

The background of Koopman analysis is then provided. Koopman analysis is the leading approach to 

dynamical feature extraction for fluid systems, which has demonstrated many advantages in improving 

fluid flow understanding compared to traditional approaches within the fluid mechanics community. 

Finally, an overview of the relevant deep learning background and theory is presented as there is a need 

to afford existing Koopman analysis techniques with the representational flexibility, and other attractive 

properties, of deep learning. 

 

2.1 Liquid Atomization Processes 

2.1.1 Broader Impact 

Environmental Impacts 

Liquid transport and subsequent liquid breakup and atomization are essential processes which drive 

modern life, with example liquid injection systems given in Figure 2-1. These processes are important in 

many applications including, but not limited to, propulsion, power generation, agriculture, transportation, 

and pharmaceuticals. All of these applications heavily rely on liquid atomization characteristics [4]. 
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Of great significance is the emissions which are produced when combusting liquids through fuel 

injection systems. Around 80% of the world's energy comes from the burning of fossil fuels [5], of which 

a third is in liquid form where atomization is necessary to achieve high combustion performance. The 

properties and characteristics of the fuel atomization have a major impact on emissions and, therefore, 

climate change, with 80% of emitted greenhouse gases in the U.S. originating from the combustion of fossil 

fuels [6]. Greenhouse gas and criteria air pollutant emissions are of great societal significance as they have 

severe environmental and human health impacts, respectively. With an ever-growing concern of climate 

change, it is a necessity to reduce greenhouse gas emissions, in particular CO2 [7]. Similarly, nitrogen 

oxides (NOx) and particulate matter have a significant impact on air quality, contributing to smog and 

respiratory issues [8]. Almost half of NOx emissions arise from liquid fueled engines, with many of these 

harmful pollutants forming through flame instability, flashback, and equivalence ratio heterogeneity [9]; 

transient behaviors deriving from atomization mechanisms which are not yet well understood and, currently, 

cannot be controlled accurately. 

Even with a societal shift towards the electrification of, for example, light- and heavy-duty transportation 

and renewable and sustainable power generation, the presence of these liquid systems, and need to 

understand them, is necessary. There are numerous reasons for this. First, these systems will continue to be 

necessary and relevant to non-combusting applications, such as in agriculture and pharmaceuticals. For 

 

Figure 2-1: Example fuel injection and atomization systems. (Left) A canonical jet breakup case, 

(top right) flow from a pressure swirl atomizer, and (bottom right) a liquid jet in crossflow system. 
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combustion applications, liquid fueled injection systems are likely a mainstay for rocket and aircraft 

applications, owing to their higher energy densities and thrust capabilities required for the aerospace 

industry, compared to their electric counterparts [10]. Second, for power generation and light- and heavy-

duty transportation, there is still a transition period required before becoming fully electric [11], allowing 

for significant improvements in current combustion technologies in the next few decades. Finally, any 

fundamental understanding of these systems is likely to transfer to many other areas of fluid mechanics. 

In all cases, it is imperative to optimize and understand system properties and behaviors. By improving 

the understanding of liquid injection and atomization mechanisms and dynamics, societal and technological 

benefits can be enabled. The production of greenhouse gases or criteria air pollutants can be reduced, the 

efficiency of liquid dispersion and subsequent combustion can be improved, while ensuring safe and stable 

system operation. 

 

 

Operational Impacts 

Issues associated with emissions can be mitigated through two avenues: cleaner combustion of existing 

fuels or the practical implementation of advanced, green fuels. The former relies on understanding the 

pathways of harmful emission formation, for example through turbulent liquid transport and breakup 

characteristics which govern the combustion process, in order to design cleaner systems. This dependence 

has been noted for decades (e.g., [12]) and gives rise to the need for experimental and computational work 

on liquid breakup phenomena. Despite decades of work, traditional analytic approaches for understanding 

the dynamical behaviors of these systems have not been met with great practical improvements. 

The practical implementation of advanced fuels relies on the tailored understanding of specific candidate 

renewable fuels which inherently have better molecular properties, e.g., carbon-free molecules. Currently, 

these types of fuels have unfavorable performance relative to typical fuels, due to, for example, considerably 

higher viscosity and surface tension values [13]. This inhibits liquid breakup which consequently affects 

operation stability making them unsuitable as a drop-in replacement for fossil fuels [14]. More 
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fundamentally, the inability to transition to new liquid fuels stems from the poor generalization of current 

models or understanding of these systems and how they behave. Generalizability is particularly important 

for models, both in terms of a given model’s ability to perform well on new test conditions and its practical 

implementation to many systems or areas. 

Addressing stability issues not only ensures expected performance but also promotes system lifetime 

and operational safety. A fuel injection system which operates close to steady-state limits material fatigue 

and failure associated with oscillatory behavior. Combustion instabilities often arise through liquid 

injection, atomization, and mixing, which greatly impact combustion stability and operational safety. 

Moreover, these instabilities and processes promote nonlinear behavior and inhibit principled 

understanding [15]; the governing liquid atomization theory and processes is a vast and largely unsolved 

area. 

 

 

2.1.2 Liquid Atomization Theory 

In its own right, liquid atomization is a subject that requires numerous books to even begin to address 

its complexity. Not only is turbulence of a single phase flow yet to be solved, and one of the most important 

unsolved problems in classical physics [16], liquid atomization deals with turbulence of multiphase flows. 

This section addresses only the most relevant details for future chapters. 

 

 

Injector Design 

The goal of a liquid injector is to atomize and disperse a given liquid throughout a continuous gas 

environment according to some pre-defined objective. The geometric and operational design of an injector 

must take into consideration the internal and external flows, liquid breakup mechanisms, and environmental 

conditions to achieve this goal. 

An example liquid injection system is shown in Figure 2-2; a pressure-swirl atomizer commonly used 

for aerospace applications. While the internal flow and geometrical artifacts have considerable effects, an 
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example being cavitation [17, 18, 19], often both the experimentalist and computational fluid dynamicist 

will assume idealized exit conditions from the injector exit. Boundary and initial conditions are then 

imposed which, along with environmental conditions, promote liquid breakup into the desired atomization 

characteristics. 

The atomization system is often characterized in two different sections: the near-nozzle near-field and 

the far-field, also shown in Figure 2-2. While the extent and exact properties of these regions vary 

dramatically across different injector designs, there are many similarities relevant to understanding these 

systems. In the near-field, primary atomization occurs; the intact liquid structures emanating from the 

injector undergo initial atomization processes. This region is predominantly made up of large segments of 

liquid ligaments and liquid sheets, and large amorphous droplets, creating a highly dynamic and optically 

dense region. 

In the far-field, secondary atomization occurs. As the initial intact liquid breaks down into high volume 

structures, aerodynamic and hydrodynamic forces continue to disintegrate these structures further, resulting 

in full atomization where only droplets, stable under their own surface tension forces, are present. In 

contrast to the near-field, the far-field has predictable liquid structures, approaching spherical droplets, and 

has a low optical density. This enables the use of optical diagnostics for probing the entirety of the far-field 

volume. 

Once secondary atomization is complete, a droplet size distribution has been produced. Generally, a 

specific liquid droplet size distribution or dispersion homogeneity is desired. These particle sizes are often 

 

Figure 2-2: An example atomization system from a pressure-swirl atomizer. Atomization systems can 

often be divided into the near-field, close to the nozzle, and the far-field. 
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distributed according to the Rosin-Rammler, or Weibull, distribution. Consider the experimentally obtained 

distribution of droplet sizes at a point in the far-field of a pressure-swirl atomizer shown in Figure 2-3. A 

wide range of physical scales exist throughout the entire atomization system. Coupled with a size 

distribution target, injectors are also subject to velocity and momenta criteria. This is a complex challenge 

which requires an understanding of atomization phenomena and dynamics spanning all spatial and temporal 

scales.  

 

 

Multiphase Flows 

All atomization systems are multiphase; a dispersed liquid phase is injected into a continuous gas phase. 

The ultimate goal is to atomize the liquid and disperse the liquid mass throughout the gas subject to problem 

requirements. Typically for combustion processes, monodispersed droplets with a small diameter, 

homogeneously distributed throughout the gas phase, is desired. In addition, these systems are often 

multicomponent; the liquid and gas phases have dissimilar molecular constituents. Of course, any flow 

utilizing air, which is the most common gas phase for transportation and power generation, is a 

multicomponent flow. 

What is often of interest is the dynamics of the final liquid droplet size distribution as it is suspended in 

the gas phase. As the distribution represents a continuum of values, it is often represented by a mean 

diameter of the form: 

 

 

Figure 2-3: An experimentally measured droplet size distribution at a point in an atomization system. 
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𝐷𝑗𝑘 = [

 

∫ 𝐷𝑗𝑁′(𝐷)𝑑𝐷
∞

0

∫ 𝐷𝑘𝑁′(𝐷)𝑑𝐷
∞

0  

]

1
𝑗−𝑘

. (1.1) 

A commonly used mean diameter is the Sauter mean diameter (SMD), which is representative of the system 

volume to surface area ratio. These mean diameters provide a simplifying step for modelers in the hope that 

they are representative of the entire system. 

The evolution of both phases is encoded in the Navier-Stokes equations. The equations elegantly capture 

the relationship between the velocity, pressure, density, and temperature of moving fluids. Unfortunately, 

the form of these equations is as coupled differential equations which, particularly in the presence of 

turbulence, are intractable to solve analytically. Even more concerning, numerically solving the Navier-

Stokes equations for practical conditions is outside of computational capabilities, and so simplifications, 

such as using a mean diameter, are essential to model the multiphase flow behaviors [20].  

Other parameters exist for practicality. The Stokes number, St, is an important parameter which captures 

the relationship in an appropriate characteristic time between a liquid particle and the gas flow it is 

suspended in: 

St =
τ𝑙

τ∞

(1.2) 

where τ𝑙 is a characteristic time for the liquid, and τ∞ is a characteristic time of the gas. For sufficiently 

small values, i.e., St << 1, then the liquid particle velocity field will approach the velocity field of the gas 

flow. While for large values, St >> 1, the gas flow has negligible effect on the liquid. For all other values, 

which is where typical droplet size distributions lie [21], there is a competing effect between the two phases. 

The Stokes number provides a useful heuristic for the bulk behaviors of the flow, but it does not provide 

dynamical insight. 

In addition, there is often phase coupling [22]. Coupling of phase mass, momentum, and energy transfer 

greatly complicates individual phase behaviors which are only compounded by interfacial forces between 

the two phases [23]. These complexities have meant prediction and computation of multiphase behaviors 

are confined to a wide array of idealized or simplified conditions or assumptions to admit practical 
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implementation. An overarching problem is the inherent complexity of multiphase flows and, as such, a 

detailed description of the many theoretical approaches is beyond the scope of this dissertation, though 

readers are directed to [24] for further reading. Each aforementioned aspect is still actively being researched 

and only exemplifies the complexity of the subject. 

 

 

Waves and Oscillatory Behaviors 

Despite the complexity of multiphase flows, it is often the case that a number of simple processes 

contribute to the overall system complexity. The majority of liquid atomization systems are comprised of 

liquid droplets, jets or ligaments, or sheets which may be any 2D surface, and intermediate transient states 

thereof. Example systems in Figure 2-1 contain these fundamental elements. 

One of the prevailing governing forces for these simple elements is surface tension forces, while 

additional hydrodynamic and aerodynamic forces compound complexity but represent a more realistic 

system [4]. The presence of numerous oscillating modes within droplet breakup processes has been noted 

since the 1980’s [25], with acknowledgement of decaying energy content of particular modes. The effect 

of Weber number, We , and Ohnesorge number, Oh , on the transition between droplet oscillatory 

deformation and bag breakup was presented in [26]. Indeed, these dimensionless numbers are commonly 

used for liquid studies, and are represented by 

We =
𝜌𝑢2𝑑

𝜎
(1.3) 

Oh =
𝜇

√𝜌𝜎𝑑
=

√We

Re
(1.4) 

Re =
𝜌𝑢𝑑

𝜇
(1.5) 

where 𝜌 is density, 𝑑 is a characteristic length, which is often the diameter of the injector outlet, 𝜎 is surface 

tension, 𝜇 is dynamic viscosity, 𝑢 is velocity, and Re is Reynolds number. Units are arbitrary so long as 

they are consistent and cancel out. The above dimensionless numbers have significant utility in all fluid 
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flows, despite them representing bulk values. As a result, dynamical information and understanding is not 

considered in favor of general flow behaviors. 

A specific multiphase variant of the Weber number is the aerodynamic Weber number, which is the 

ratio of the aerodynamic drag force on a liquid segment to the liquid’s surface tension force. It is given by 

We∞ =
𝜌∞𝑢∞

2 𝑑

𝜎𝑙

(1.6) 

where the subscript ∞ and 𝑙 denote properties of the gas and liquid phases, respectively. Surprisingly, these 

dimensionless numbers are not free from their own complexities, as they have shown to be highly sensitive 

in their utility for jet in crossflow systems [27]. 

From an atomizer, the liquid is often injected as either a liquid circular jet or a planar or conical sheet.  

Liquid jets are perhaps the most common and well-studied flow from atomization systems, going back to 

Lord Rayleigh [28] and Haenlein [29] in the late 19th century and early 20th century, respectively. Surface 

tension forces drive diameter oscillations with known wavelengths in the absence of air friction, while the 

presence of aerodynamic forces can lead to dilational or sinuous oscillations prior to liquid breakup. This 

has led to a number of simple analytical expressions for stable and unstable wavelengths of idealized 

conditions. 

Of course, a spectrum of breakup types and complexities can be achieved, often governed empirically 

by Oh and Re values [30]. The atomization mechanisms of liquid jets from plain orifices were studied 

extensively by Reitz and Bracco [31], focusing on various hydrodynamic and aerodynamic instabilities. 

These instabilities are primarily investigated experimentally with attempts to tie findings to previous 

developments of atomization theory, specifically from the incompressible, linearized Navier-Stokes 

equations. Agreeing with work by Taylor [32], they present the wave growth rate, 𝜔, of a wave with 

wavelength 𝑘 to be 

𝜔

𝑘𝑢
= 2(

ρ𝑙

ρ∞
)

1
2
𝑓(ρ𝑙 , ρ∞, 𝑢, σ, μ) (1.7) 
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where 𝑢 is the jet injection velocity. They correlate experimental atomization findings with growth rates of 

surface waves and the spreading angle of a liquid jet, though strong dependency was found on nozzle 

geometry. While the prediction of atomization behaviors and mechanisms of liquid jets are limited to 

simplified cases, such as for approximately inviscid flow, theoretical analysis continues to provide 

insights [33]. 

Likewise, a liquid sheet can induce sinuous or dilational waves with known wavelengths, as excited by 

aerodynamic forces [34], with theory governing growth rates of surface waves being identical to the liquid 

jet case [31]. Liquid sheets undergo successive stages of atomization, often first to large ligament structures, 

which share many properties with liquid jets, prior to ligament disintegration into droplets. These behaviors 

are shared with conical sheets. 

Although the above represents simplified cases, they often admit analytical understanding and they are 

both ubiquitous in practical applications and serve as fundamental processes which contribute to all 

subsequent, more complex processes. Further, they serve as a ground truth; they are repeatable and periodic 

with known behaviors. Any attempt to analyze such an atomization system, whether complex or simplified, 

must extract, or be validated with, these processes.  

 

 

Turbulence 

Even for the simplest injectors, for example plain orifice injectors, analytical system understanding is 

confined to laminar or transitional flow of a cylindrical jet which gives rise to the above oscillatory 

behaviors. In fact, these findings date back over 100 years ago without much analytic improvement [35]. 

Indeed, characterization of more complex systems has improved, but the presence of turbulence, coupled 

with multiphase interactions, has marred the development of analytical theory or a truly generalizable 

understanding of flow behaviors. 

In reality, practical atomization systems are highly nonlinear. For multiphase interactions, there is a 

velocity differential at the phase interface which creates Kelvin-Helmholtz instabilities, these instabilities 
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may be damped due to surface tension forces which, in turn, also induces Rayleigh-Taylor instabilities [4]. 

There is a cascade of processes producing or affecting new processes resulting in atomization systems 

which are highly nonlinear. Of course, this is exacerbated by high velocity instabilities and the energy 

cascade found in turbulence flows, occurring on spatio-temporal scales over many orders of magnitude [36]. 

For numerical analysis, many works have addressed the coupling of Kelvin-Helmholtz and Rayleigh-Taylor 

instabilities through linear stability analysis, which has only recently been expanded to include nonlinear 

effects [37]. 

A particular practical system of interest in this work is that of a jet in crossflow, where multiple breakup 

mechanisms are shown in Figure 2-4. The liquid jet in crossflow case is commonly found in high velocity 

air-breathing engines [4] and shares many behaviors with the well-studied liquid jet. In these systems, a 

liquid fuel is injected perpendicular into a gaseous oxidant flow, which is commonly air, where the velocity 

differential gives rise to many nonlinear, turbulent interactions. As these systems have been intractable to 

study analytically, works have focused on generating correlations to predict characteristics and behaviors 

on a macroscale. Works for gaseous jets in crossflow [38, 39, 40, 41] and liquid jets in crossflow                   

[42, 43, 44] have identified the importance of We∞ and the momentum flux ratio, given by 

𝑞 =
ρ𝑙𝑣𝑙

2

ρ∞𝑣
∞
2 , (1.8) 

 

Figure 2-4: Breakup mechanisms of a jet in crossflow system. From left to right: column, bag, multimode, 

and shear breakup. 
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for governing jet penetration depth, droplet size characteristics, and breakup regime. Work by Wu et al. [44], 

especially, has been influential as they provide a regime map for the breakup mechanisms given in 

Figure 2-4 based only on We∞ and 𝑞, though turbulent effects were not considered. These works do not 

account for the dynamical behaviors of the system in favor of capturing general trends. Reviews and 

summaries of jet in crossflow investigations have been provided (e.g., [45] and [46]) which have discussed 

discrepancies within the literature. A particular concern is the lack of a single, generally applicable model 

as existing correlations simply do not generalize well or capture dynamical behaviors. 

 

 

2.1.3 Diagnostics and Analytical Tools 

In the absence of analytical solutions for solving the flow evolution of liquid injection systems, these 

systems can be probed experimentally to directly capture state variable behaviors and processes, which can 

subsequently be used to enhance and validate computational fluid dynamics (CFD) models or used directly 

for data-driven approaches. 

Unfortunately, no diagnostics currently exist which are able to provide high spatio-temporal resolution 

global data of an atomization system. Intrusive methods are often avoided as they directly impact the flow 

characteristics and behaviors. As a result, the majority of diagnostic tools are optical so as to be non-

intrusive. A wide variety of diagnostics are available to the experimentalist, however, there is no panacea. 

In particular, the multiphase flows are often optically dense or interfere with the diagnostics, inhibiting 

measurement fidelity. 

Experiments for characterizing and understanding liquid atomization systems typically investigate either 

the near-nozzle near-field or the downstream far-field, recalling Figure 2-2. The former is of critical 

importance as it is where primary atomization begins and large liquid segments breakup. An understanding 

of the phenomena occurring in the near-field should, in theory, allow for prediction of far-field behavior. 
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Near-Field Diagnostics 

Primary atomization occurs in the near-field; the emanating liquid from the injector begins to 

disintegrate into large segments. Amorphous liquid sheets, ligaments, and large, unstable droplets are 

common structures present within this region, combining to create an optically dense and stochastic region. 

Currently, no diagnostic is able to successfully collect instantaneous atomization characteristics, e.g., 

droplet sizes, velocities, or liquid breakup monitoring, in the near-field. Improvements have been made 

using high fidelity simulations [47] for this purpose, but these simulations are prohibitively expensive for 

practical investigations. Methods to probe the near-field are generally image- or simulation-based, because 

other diagnostic methods, such as those commonly used in the far-field region, rely upon unreliable 

assumptions of liquid fragment morphology or require low optical density. 

High-speed shadowgraphy can be applied but only to capture peripheral information. To probe optically 

thick systems, advanced time-gating methods can be applied, such as ballistic imaging (e.g., [48]), which 

rejects multiply-scattered photons and has shown promise in imaging very dense spray regions. An example 

comparison of high-speed shadowgraphy and ballistic imaging for the same system is shown in Figure 2-5. 

Ballistic imaging is able to capture intact liquid structures despite high optical density but suffers from low 

spatial resolution, a lack of portability, and may require image-averaging to increase signal-to-noise ratio. 

Regardless, it is unable to capture fine time-resolution data [49]. 

 

Figure 2-5: A comparison of (left) high-speed imaging and (right) ballistic imaging for the same system. 

Image from [48]. 
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Other near-field diagnostics include digital particle field holography and x-ray radiography, but these 

suffer from the same issues or are prohibitively costly. Not only is analytical progress inhibited by system 

complexity, but as is the collection of meaningful upstream data. 

 

 

Far-Field Diagnostics 

Despite the theoretical benefits of probing the near-field, the far-field is much easier to characterize as 

optically dense liquid ligaments and sheets have undergone secondary atomization, dispersed into a larger 

spatial volume, and form a dilute system. Laser-based diagnostics have had great success in characterizing 

the droplet size distribution and velocity field of dilute atomization systems, such as through laser-induced 

fluorescence (LIF), particle image velocimetry (PIV), phase Doppler interferometry (PDI), and laser 

diffraction. 

All of these techniques rely on the scattering behaviors of light as it is transported, non-intrusively, 

throughout the system of interest. LIF and PIV are relatively insensitive to the liquid morphology, though 

the former requires long time scales to record data due to the fluorescence time scales and weak intensity 

signals. PDI and laser diffraction are two common approaches for measuring droplet sizes, where PDI can 

also measure velocity, but they are highly sensitive to liquid morphology as they have strong assumptions 

on droplet sphericity [50]. In addition, they have small measurements volumes. PDI can provide highly 

accurate particle size and velocity measurements with high temporal resolution, but only at a point. Laser 

diffraction has a greater measurement volume, expanding to a line of sight measurement, but with low 

temporal resolution. To collect quasi-global information about the system with these techniques is very 

time expensive and will not have temporal coherence. This, in itself, encourages the use of bulk or averaged 

values to reconcile the asynchronous measurements. 

Unfortunately, while PDI and laser diffraction are extensively used for capturing atomization 

characteristics, they also suffer from sensitive operation. A large number of works (e.g., [51, 52, 53, 54, 55, 

56, 57, 58, 59] have evaluated the robustness of these techniques on nominally identical diagnostics and 
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experimental systems. Numerous caveats and inconsistencies were presented in their findings with many 

instruments requiring calibration but with few robust calibration procedures available. There is then a 

circular problem which affects liquid atomization research: a system with known characteristics is required 

to fully calibrate a diagnostic, but knowing the characteristics relies on already having fully calibrated 

diagnostics. Indeed, alongside the development of more robust diagnostics, reference liquid injection 

systems have been established in an attempt to provide the fluids community with systems with known 

characteristics and dynamics at different test conditions [60, 61, 62, 63]. 

Extracting the underlying true characteristics or behaviors is currently intractable with current 

diagnostics, however, using the law of large numbers, measured characteristics can be assumed correct if a 

large and varied enough dataset is produced for a given atomizer. 

 

 

Computational Modeling 

Numerical modeling is heavily constrained for turbulent flows as, unfortunately, the Navier-Stokes 

equations lack a closed-form solution when modeling turbulence. Additionally, the lack of instantaneous, 

global, quantitative characterization of the near-field and primary atomization hinders the already 

challenging problem of numerical modeling. Only simple cases have been sufficiently characterized 

experimentally, such as individual droplet breakup and dynamics [64] and laminar flow fragmentation [65], 

so near-field primary atomization numerical modeling is rare and can lack experimental validation [47]. 

Recent progress has been made in applying direct numerical simulation (DNS) to understand primary 

atomization for turbulent inflow conditions of a circular liquid jet [66]. For that study, DNS had utility in 

identifying turbulent structures, as shown in Figure 2-6. Asymmetric surface waves of the emanating jet 

promote the generation of liquid rims creating high vorticity turbulent features. This provides additional 

insight into turbulent mechanisms beyond existing experimental work. While DNS does not require the 

same experimental validation as other CFD models, it requires unique access to expensive computational 

resources to simulate practical systems (see, e.g., [67, 68, 69]). Any practical system is likely unable to be 
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understood or predicted with sufficient accuracy for the desired application so, instead, approximations are 

required. Therefore, a need exists for methods that are able to quantitatively characterize the near-field, 

which includes extracting system characteristics and dynamical features, which can aid in the development 

of more computationally accessible numerical models. 

Bohr et al. [70] discusses turbulence extensively with a dynamical systems approach with consideration 

of chaos. While some turbulent systems can be simulated directly, this does not necessarily provide any 

understanding of the underlying phenomena. A growing approach, avoiding analytic derivation or tackling 

the Navier-Stokes equations directly, is to identify the underlying spatio-temporal dynamical features which 

govern the behaviors of a flow. This may not provide the desired generality of the Navier-Stokes equations, 

but is more amenable to extracting physical understanding and enabling nonlinear control. Indeed, 

extracting dynamical features is a general approach to solving nonlinear dynamical systems as a whole [71], 

which operates on automatically identifying system approximations directly from data opposed to 

traditional approaches from first principles [2]. For the aforementioned flows, it is intractable to capture 

and model their full, high-dimensional state. Instead, a possible alternative is to identify a low-dimensional 

subspace which captures the most energetic dynamical processes. This is discussed to greater detail later. 

 

 

 

 

 

 

Figure 2-6: DNS of the breakup of a turbulent jet. Colored regions represent turbulent structures. Image 

modified from [66]. 
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High-Speed Imaging 

An ability to determine the characteristics and dynamics of atomization systems is needed to improve 

physical understanding of these systems, to improve CFD models, and to design and control improved 

liquid injection systems. Current best practices for extracting this information rely on laser-based 

diagnostics. As covered previously, these systems are often very expensive, have small measurement 

volumes, and make assumptions about particle sphericity. In contrast, imaging methods, such as high-speed 

video, provide an instantaneous, quasi-global, 2D characterization of the system of interest. Indeed, where 

optical density is too high, particularly at the near field, only peripheral information can be recorded with 

high fidelity. 

Use of high-speed imaging is often only used qualitatively, see Figure 2-1 for example high-speed 

images, yet it inherently captures the underlying system dynamics and, depending on data resolution, 

system characteristics. High-speed recordings can exceed 1 megapixel, and their temporal resolution can 

be on the order of 10−5  seconds, generating a vast amount of data and spanning a large probe area. 

Importantly, the use of high-speed imaging is very robust and common. Recordings do not require extensive 

calibrations and are not sensitive to user operation. 

A primary concern with high-speed imaging is that it does not directly measure state variables of interest. 

However, if it were possible to leverage this data quantitatively, a more flexible and robust diagnostic would 

be available, yielding high resolution, quasi-global spatio-temporal dynamics, further improving system 

understanding and modeling efforts. Data-driven approaches are an attractive and growing area to directly 

learn from these datasets, with Koopman analysis techniques being at the forefront in the fluids community. 
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2.2 Koopman Analysis 

The previous section has discussed how fluid flow problems are typically very difficult to model 

accurately and generally. Difficulties arise due to certain characteristics which are inherently found in these 

systems; the systems exhibit high-dimensionality, complex coupling of system processes, and often suffer 

from noise or incomplete data [4]. In a practical experiment, system processes abound. A variety of 

procedures can be taken to isolate underlying system processes or to limit the effect of undesirable processes, 

however the recorded data will still likely be an entangled combination of numerous process modes or 

behaviors. Even the simplest of these systems lack analytical theory based off first principles as multiphase 

interactions and turbulence greatly inhibit detailed physical interactions [72]. 

Of course, collecting high fidelity measurements throughout the entire atomization system is itself a 

great challenge which only hinders physical understanding and model development for these phenomena. 

However, recent decades have seen tremendous progress in computational power, data acquisition, and data 

analysis. This has enabled data-driven analysis: the ability to learn and discover system behaviors and 

patterns directly from collected data. Data-driven approaches provide an alternative route for understanding 

and modeling systems where analytic theory is hindered. In particular, their performance improves as the 

amount of data available increases. Focus in this dissertation is placed on data collected from high-speed 

video as it is especially amenable to data-driven techniques due to the large quantities of data acquired. 

Koopman analysis is an example data-driven approach based on Koopman theory which takes advantage 

of high-dimensional data, attempts to decouple underlying system processes, and enable linear analysis for 

nonlinear systems. Generally, Koopman theory states that all nonlinear systems can be globally linearized 

through a possibly infinite-dimensional coordinate transform where the dynamics evolve according to a 

linear operator: the Koopman operator. This has the potential to facilitate future state prediction and control 

of highly nonlinear systems. 
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2.2.1 Data-Driven Approaches 

Large quantities of data are becoming ubiquitous in all science and engineering fields. As a result, 

learning from these big data collections, i.e., datasets which are amenable to data-driven analysis, has 

become a serious undertaking to facilitate system analysis and to identify low-dimensional representations 

of high-dimensional structures. With the explosion of big data, machine learning has flourished and is 

quickly becoming a popular data-driven toolset in solving heretofore difficult or intractable problems 

throughout science and engineering. 

Consider Figure 2-7 for a general overview of a data-driven pipeline. The core of these techniques is the 

learning algorithm; computational procedures for processing large datasets which learn parameters of a 

given model. The parameters are updated according to a relevant cost function, which may be solved 

analytically or iteratively, depending on the complexity of the model. Given enough computational time 

and data, a trained model is produced which can be used for prediction, e.g., regression or classification, of 

new input data. 

Although impressive progress has been made in addressing problems through machine learning 

techniques, much of the current progress is merely a means to an end; solving a problem is prioritized over 

understanding the problem itself. Neural networks, as an example machine learning framework, have been 

 

Figure 2-7: A general framework for a data-driven technique. 
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particularly criticized for this as it is often a black box which achieves the task at hand without relying on 

concrete understanding of how the network is learning. Researchers have noted this issue for over two 

decades [73, 74], yet this has continued even to current efforts without transformative consequences [75]. 

A better understanding and interpretation of how these data-driven techniques learn has the potential to aid 

understanding of the systems analyzed, to improve how the models solve problems, and to aid 

understanding in how the models generalize. The latter is of great interest [76]. 

As much of the work in liquid transport and breakup relies on experiments and simulations which 

generate large amounts of data, e.g., image-based measurements or DNS, these problems lend themselves 

very well to machine learning techniques. In fluid mechanics, many flows are of very high dimension where, 

for example, a large number of spatially distributed measurements are required to capture the global 

behaviors of the flow. This is commonly found in high-speed video and simulations from CFD. Therefore, 

many researchers have taken advantage of machine learning techniques for dimensionality reduction so to 

capture low-dimensional structures of the original high-dimensional datasets (e.g., [77, 78, 79, 80]). 

Dimensionality reduction takes high-dimensional data and eliminates low information-content dimensions 

to reduce dataset size and to facilitate data analysis. Variants of these techniques aim to extract the 

dynamical features of independent processes, called modes, which govern flow behavior and their 

corresponding modal dynamics. Hence, many of these dimensionality reduction approaches perform a 

modal decomposition. An example modal decomposition for a pressure-swirl atomizer is given in 

Figure 2-8. Instead of representing a video as a collection of frames, dominant spatio-temporal structures 

are identified through modes where, ideally, the modes capture distinct system phenomena, e.g., surface 

waves and accompanying frequencies. 

Many modal decomposition techniques are founded in abstract theory whose application purports to 

extract physical understanding. In an atomization system, for example, although a large number of modes 

may be affecting the system dynamics, it is often the case that the flow is dominated by only a small subset 

of fundamental and periodic modes and that an accurate reconstruction of the entire system may be 

computed with knowledge of only a few modes. Dimensionality reduction can then be performed, whereby 
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insignificant modes are removed based on, for example, an energy content metric, which can reduce 

redundancy in datasets and illuminate dominant flow processes [81, 82]. 

Oftentimes, image-based recordings of a dynamical system are used for modal decomposition as they 

are a convenient and non-intrusive approach to capture a large spatial extent of the system at a, potentially, 

very high time resolution. For liquid injection systems, workers are greatly limited in their diagnostic tools 

due to complex multiphase interactions and instabilities which plague both the near- and far-field areas. 

Instead, learning physical structures through high-speed video offers a convenient way of extracting very 

high spatial- and temporal-resolution data from the probed system. Further, the field of computer vision has 

already seen large improvements in capabilities from learning from pixel-value data alone [83]. Of course, 

generally, high-speed video captures a two-dimensional representation of a three-dimensional dynamical 

system, but this does not prevent meaningful results from being extracted. Three-dimensional imaging 

techniques may provide several advantages, for example through digital holography [84]. 

 

 

2.2.2 Koopman Mode Decomposition 

Koopman analysis, or Koopman operator theory, is a data-driven approach able to perform a modal 

decomposition: the Koopman mode decomposition. This approach has gained increasing attention recently 

(e.g., [85, 86, 87, 88, 89]), owing to its ability to allow for linear analysis of nonlinear systems. Koopman 

analysis seeks to identify the Koopman operator [90]; a possibly infinite-dimensional linear map whose 

eigenfunctions describe the coordinate transformation to globally linearize the system dynamics. These 

 

Figure 2-8: Modal decompositions transform input data into spatio-temporally coherent modes. 
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eigenfunctions are linked to the Koopman modes. This transformation into a linear system is not restrictive; 

nonlinear dynamics are still captured through the linear system, only the variables governing the system 

have changed. Once the system is globally linearized, analysis of the system is greatly enhanced. Intuitively, 

Koopman theory says that there are a set of system observables, which are a function of measurable 

variables, which behave linearly. 

The problem then becomes finding the observables, or observable function, where they dynamics evolve 

linearly. Consider a discrete-time system, chosen due to its practicality over continuous-time systems. A 

dynamical system of the spatial distribution of variables 𝐱 ∈ ℂ𝑛, such as velocity or pixel-values, can be 

written 

𝐱𝑘+1 = 𝐟(𝐱𝑘) (1.9) 

where 𝐟 is some possibly nonlinear function which maps from states at time step 𝑘 to 𝑘 + 1. The Koopman 

operator, 𝒦, acts on, generally, nonlinear observable functions, 𝐠(𝐱). This can be written 

𝐠(𝐟(𝐱𝑘)) = 𝒦𝐠(𝐱𝑘). (1.10) 

Instead of modeling Equation 1.10, one can directly model the eigenfunctions of 𝒦 , the Koopman 

eigenfunctions, through 

𝜙(𝐱𝑘+1) = 𝒦𝜙(𝐱𝑘) (1.11) 

for a given eigenfunction, 𝜙. This bypasses modeling the observable functions, and instead projects onto 

the eigenfunctions which yields the Koopman modes, 𝛙𝑗, associated with eigenfunction 𝜙𝑗, according to 

𝐠(𝐱) = ∑𝜙𝑗(𝐱)𝛙𝑗

𝑟

𝑗=0

, (1.12) 

where 𝑟  represents the number of modes used for the prediction or reconstruction. Additionally, the 

eigenfunctions are orthogonal which yields a block diagonal Koopman operator, where each block can be 

associated with its own Koopman mode. 

A low-dimensional approximation of the Koopman operator, denoted here as 𝐊, is desirable as it is 

generally infinite-dimensional. Ideally, the low-dimensional approximation represents a Koopman-
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invariant subspace, whereby 𝐊𝑚𝜙(𝑆) ⊆ 𝑆  for an invariant set of states, 𝑆 . Therefore, any trajectories 

within 𝑆 are confined to 𝑆, which also includes useful dynamical features such as fixed points, limit cycles, 

and attractors. 

In the study of dynamical systems, it is these dynamical features which are sought, with each feature 

associated with a given Koopman eigenfunction or mode. Indeed, each mode contributes linearly to the 

overall Koopman mode decomposition according to 

𝐠(𝐱𝑚) = 𝐊𝑚𝐠(𝐱0) = ∑λ𝑗
𝑚𝜙𝑗(𝐱0)𝛙𝑗

𝑟

𝑗=0

(1.13) 

where λ𝑗 is the associated eigenvalue of the Koopman eigenfunction. The eigenvalues capture the stability 

and frequency of the associated modes, with general trends depicted in Figure 2-9. Eigenvalues which lie 

close to the unit circle capture the long-term dynamics of the observables [86] and are often of greatest 

interest. Modal energy can also be extracted which identifies the most dominant oscillatory behaviors and 

transients present in the system. 

Through knowledge of the observable function, 𝐠, the Koopman modes can be projected in either the 

state space or the observable space. The choice of which projection is dependent on the interpretability of 

the mode. 

With access to an approximation of the Koopman operator, nonlinear prediction, control, and system 

understanding can be improved. 

 

Figure 2-9: The distribution of modal eigenvalues, generally for modal decompositions, describe the 

stability and oscillatory behaviors of the corresponding mode. 
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2.2.3 Dynamical Feature Extraction 

Koopman theory lends itself well to the extraction of dynamical features for a system of interest; spatio-

temporal coherent structures can be extracted through the Koopman modes. The need for dynamical feature 

extraction for liquid atomization systems is three-fold. First, in the absence of analytical theory or improved 

understanding from empirical correlations, the extraction of spatio-temporal dynamical features can provide 

a simplified but accurate approximation of dominant system behaviors. 

Second, while extracting characteristics has its own merits, they do not give insight into the dynamical 

behaviors and, therefore, future state prediction of the system. By extracting dynamical features, the spatio-

temporal coherence of system structures can be obtained which naturally allows for the temporal evolution 

of features to be determined. 

Third, the dynamical features are more readily able to improve interpretability. Extracting system size 

characteristics, for example, lacks context for practical experiments, as either spatial or temporal resolution, 

or both, is prohibitively small to understand the full system behaviors. By construct, dynamical features 

admit clear context and interpretation. They are often extracted from high spatial resolution images or 

videos, thereby preserving the spatial topology of dynamically-similar physical structures, with the 

temporal evolution succinctly described through a dynamical system, whose time steps can be set as desired. 

Of course, the above relies on physically meaningful dynamical features to be extracted, with an accurate 

model of their temporal evolution. However, there are many groups both actively researching and 

demonstrating the capabilities of such an approach. 

 

2.2.4 Algorithms 

While Koopman theory affords linear analysis of nonlinear systems, both 𝒦 and 𝜙 are unknown in 

Equation 1.11. The goal of any Koopman algorithm is to approximate 𝒦 and to extract its eigenfunctions 

and eigenvalues to improve the understanding of the system dynamics and future state prediction or control. 

Approaches to this are growing in popularity, with many of the most common approaches stemming from 
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two related techniques. As the accompanying theory are particularly relevant to the work of this dissertation, 

it is left for more thorough review, analysis, and discussion in Chapter 4. 

 

 

Proper Orthogonal Decomposition 

Although not an approach to approximate the Koopman operator, proper orthogonal decomposition 

(POD) is a related modal decomposition technique and is also a fundamental component of many Koopman 

techniques. POD has a long history, going back to 1901 with Pearson [91] who established principal 

component analysis (PCA). Since then, PCA developed into the Karhunen-Loève transform [92, 93], the 

Hotelling transform [94], empirical orthogonal functions [95], and then Lumley [96] provided the first 

introduction to POD. All of these techniques are approximately identical, up to nomenclature and mean-

subtraction variations. In addition, while there are a number of methods for calculating POD, it shares the 

same formulation as the singular value decomposition (SVD) and, hence, it is valid for any data matrix. 

While the SVD can be computed very efficiently, the data matrix is usually prohibitively high-dimensional 

with great redundancy and is, thus, limited by computational expense to even modest datasets [88]. 

POD was established to address the need of understanding turbulence [96]. POD finds the orthogonal 

low-rank structures which optimally capture the entire system energy from a time-series of spatially-

distributed measurements, e.g., time-resolved PIV or high-speed video data. These low-rank structures are 

captured through the POD modes, with each successive mode capturing the highest variance dimensions 

which are orthogonal to the previous modes. The orthogonality constraint ensures energy optimality at the 

cost of wide power spectral densities (PSDs). 

POD’s first application in fluid mechanics was in representing large eddies in turbulent velocity fields 

[96], which was subsequently applied to extracting physical information of eddies within the viscous 

sublayer of turbulent pipe flow [97]. These initial works demonstrated POD’s ability to identify streamwise 

velocity fluctuations, attributed to a low effective Reynolds number close to the wall, for the analyzed flow. 

Lower energy modes, however, were not attributed to any physical process, owing to a lack of accuracy 
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and computational concerns. The original formulation was later refined by Sirovich [98] in the popular 

POD snapshot method. Many formulations exist but, ultimately, the application and results remain constant. 

Decades after its first introduction, POD’s popularity began to increase. Berkooz et al. [99] revisited the 

applications of POD to turbulent flows more generally. They discuss conditions for modal energy content 

to be meaningful in relation to POD’s PSD but, significantly, they conclude that an a priori physical 

understanding of the system is essential for a successful application of POD. An early application of POD 

to simulation was given by Kirby et al. [100] in the study of supersonic shear layers. They demonstrate 

POD’s utility at data compression, as it is able to capture large-scale features of the simulated flow with 

orders of magnitude decrease in the dataset size. While physical meaning is attributed to extracting POD 

modes, they acknowledge the inability to directly extract physics, as the POD formulation does not 

generally adhere to the governing flow equations. Additionally, time-dependence is removed from POD 

which is a considerable detriment to an analytical tool for highly dynamical systems. As will be a common 

theme, they recommend an adapted POD formulation to maintain the spatio-temporal relationships of the 

data. 

Since the above early applications, a wide variety of fluid and atomization systems have been analyzed 

using POD. Annular jets were analyzed by Patte-Rouland et al. [101], where the most dominant modes 

were considered as probable realizations of the flow. The most dominant mode, as is commonly found with 

POD’s application, captures the mean flow, while the remaining modes are interpreted as capturing pairs 

of vortical structures in the flow. Jets in crossflow have also been studied with POD [102, 103]. POD was 

used to identify breakup mechanisms, wake vortical structures, and jet penetration fluctuations with 

different degrees of bending. While the most energetically dominant modes are often discussed the most, 

considering their relevance from a system energy point of view, higher order modes (i.e., modes with lower 

energy content) are also used to facilitate discussion. The POD modes were also used to extract system 

wavelengths and frequencies attributed to upstream Kelvin-Helmholtz instabilities [103]. 

Indeed, the application of POD has found extensive use for more specific atomization-related 

phenomena. Recently, the morphology and dynamics of immiscible liquids emanating from a co-axial 
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injector was investigated [104], POD was used to aid flame dynamic understanding from an industrial fuel 

nozzle [105], cavitation processes were identified in a sharp-edged orifice using POD [106], and vortical 

structures governing the flow of cryogenic liquids injected at transcritical conditions have also been 

captured [107]. Further, owing more to its ability to compress data rather than extract physics, POD has 

been used as a pre-processing tool for image analysis of atomization systems [108]. 

While many works have been conducted for many different, but related, applications, most of the results 

are interpretive and qualitative. Specifically, physical interpretation is often given but is not sufficiently 

validated. These concerns were noted in the early applications of POD, yet its use for fluid flows continues 

extensively. 

 

 

Dynamic Mode Decomposition 

Dynamic mode decomposition (DMD) is a recent modal decomposition technique, introduced by 

Schmid [88], which approximates the Koopman operator by assuming the system evolves linearly [88, 89, 

109, 110]. It was formed to overcome the wide PSDs and temporal independence of POD by relating 

extracted spatial modes with a single oscillatory frequency with exponential growth or decay. DMD and its 

variants build upon POD and can be considered an extension of POD with Fourier analysis (see, e.g., [89]). 

Schmid [88] discusses how POD attempts a decomposition based on orthogonality in space whereas DMD 

does this in time. It provides an approximation of the Koopman eigenfunctions, which is exact when the 

observable function 𝐠 is just the identity function. DMD can be considered an alternative to the Arnoldi 

method for calculating the eigendecomposition of a linear operator. It is noted to be the first decomposition 

technique to provide temporal dynamical characteristics with spatially coherent structures for experimental 

data. 

DMD and POD have become ubiquitous tools in the analysis of nonlinear dynamical systems, even 

though they are linear analysis tools. The seminal work on DMD [88] highlights differences between POD 

and DMD and provides example applications, and whose follow up work gives insight to extracted 
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representative dynamic modes for fluid flow cases [111]. Detailed differences of the POD and DMD 

formulation are explored in Chapter 4. 

DMD also has a close relation to the discrete Fourier transform (DFT), beyond its ability to extract 

oscillatory behavior. Chen et al. [112] showed that when data are first mean-subtracted, DMD reduces 

exactly to the DFT. This is clearly restrictive as, in its fullest generality, DMD is able to extract oscillatory 

dynamics which can also be coupled with exponential growth or decay. Subtracting the mean of the data, 

while a common approach in POD [113], has the consequence of also removing important dynamical 

information. Mean-subtraction is therefore not encouraged for most DMD studies. 

Despite the linearity assumption, DMD has been applied extensively to numerous problems in an 

attempt to extract physical understanding of a system, such as predictive modeling [114, 115, 116], disease 

modeling [117], nonlinear control [109], and a wide range of fluid flow problems [80, 111, 77, 118]. 

Specifically, for liquid injection and atomization, which demonstrate wave-like oscillatory transport and 

breakup mechanisms even in complex flows [4], DMD appears well-suited to aid in the understanding of 

the underlying processes due to its relationship with Fourier analysis. 

There are numerous example applications within atomization. An early DMD study is that by 

Rowley et al. [80], who applied DMD to a simulated jet in crossflow, and discuss the differences between 

POD and DMD results. While POD extracts similar modal structures to DMD, it assigns numerous peak 

frequencies for each mode, given by its PSD, which hinders insight into the temporal evolution of the 

corresponding modal structures. DMD, on the other hand, decouples different frequency components, 

whose modes capture shear layer vortices and the shedding of wall vortices. 

A recent application of DMD to a simulated axial jet suggests that DMD is not always able to fully 

separate independent dynamical behaviors [119], even when modal structures appear to be intuitive. The 

wavelengths, frequencies, and growth rates of prominent instabilities are identified, though parts of the 

discussion focus on higher order modes which should not contribute significantly to the system’s energy. 

Hua et al. [77] used DMD in the analysis of shear coaxial jets and discussed POD’s inability to 

differentiate low-energy robust flow constituents from noise. Further studies have identified cyclic 
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variations of pulsing fuel injectors [120], unsteady internal flow structures and surface wave instabilities 

from pressure-swirl atomizers [121, 122] and annular liquid sheets [123], and the morphology and dynamics 

of emulsions from a plain orifice [124]. Example extracted DMD modes from [122] are given in Figure 2-10 

which purport to extract surface instabilities and their associated frequencies. As with POD, many results 

found with DMD have yet to be validated and are interpretive. 

Due to the overlapping relationship of POD and DMD, many studies have directly explored their 

respective efficacies comparatively in a number of areas. Huang et al. [125] compared POD and DMD on 

the analysis of simulated self-excited longitudinal combustion instabilities. DMD was found to be more 

useful at providing system modes that correspond to frequencies relating to pressure and heat-release. 

Tirunagari et al. [126] applied POD and DMD to data from a large eddy simulation of injected gaseous jets 

at subsonic conditions and were able to compare the techniques' efficacy at identifying Kelvin-Helmholtz 

instabilities. POD is preferred for preserving behaviors corresponding to high kinetic energies and more 

global structures, whereas DMD focuses on finer scale details. 

Additionally, a comparative analysis of POD and DMD in capturing the dynamic evolution of flow past 

a marine propeller has been performed [78], differences between the techniques in extracting acoustic 

resonance behaviors from a compression-ignited combustion chamber have been investigated [79], and 

extracted coherent flow structures have been compared for the wake of a high-speed train [127]. 

Hua et al. [77] investigated the application of DMD on shear coaxial jets and looked into the robustness of 

extracted modes, following on previous work by Roy et al. [128]. These works note the folly of POD and 

DMD modes but with their respective advantages and acknowledge the lack of verification in successfully 

differentiating between true underlying system modes and inherent system noise. 

 

Figure 2-10: Extracted modes from [122], capturing surface wave instabilities and frequencies of a 

pressure swirl atomizer system. 
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It is important to remember that these techniques are inherently linear techniques. As the systems of 

interest are multiphase, turbulent, and high-dimensional, the underlying physics is highly nonlinear. Even 

with these techniques being commonly applied to experimental data of interest, no new validated physical 

insight has been found, potentially due to applying linear analytical tools to nonlinear processes. 

 

 

2.2.5 Modal Interpretation 

Certainly, there are a plethora of works which have applied POD, DMD, or both in parallel, especially 

to nonlinear systems. Interestingly, in certain cases, the agreement of DMD with POD is used as validation 

that the modal decompositions are extracting meaningful results, irrespective of their close relationship in 

theory. Although POD and DMD are becoming more prevalent in the literature, there are limited works 

which focus on the physical interpretation of extracted modes, seek to validate this interpretation, or identify 

decomposition dependence to user parameters, such as the number of data points used for analysis. As a 

result, there is a risk that interpretations of results, or the results themselves, do not represent true underlying 

system processes. 

Physical interpretation of POD modes has been discussed by Kerschen and Golinval [129] for structural 

dynamics problems where a focus on linear systems revealed that POD will converge to the system 

eigenmodes. For the nonlinear case tested, however, no intuition was given on what the best linear 

representation means physically. Similarly, Feeny and Liang [130] interpreted POD modes of a linear 

vibration system by correlating them with the true vibrational modes under random excitation. Indeed, good 

agreement in the POD modes and the normal modes of the system have been found for linear systems, but 

greater difficulty arises through the linearization of nonlinear systems. 

Chen et al. [131, 132] noted the difficulty in interpreting POD modes for nonlinear systems, particularly 

when comparing the likeness between two datasets as POD energy distributions or spectra are not a good 

correlation metric. Further, they demonstrate the highly coupled nature of processes in the system as all 

flow structures in every data matrix snapshot contributes, to some extent, to every POD mode. Arienti and 
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Soteriou [103] conducted an investigation of POD for liquid injection cases. While a large number of modes 

and their interpretations are given, this is not the case for all modes where some are left out of the discussion. 

As is commonly found in practical applications, certain modes are particularly easy to discuss, while others 

are not. Distinguishing between a valid mode or noise can be a significant challenge [133], particularly 

when the data are resolution-limited. 

Of the large number of papers which have implemented both POD and DMD, there is still not a sound 

understanding of what extracted modes represent and how to interpret them in a validated way for nonlinear 

systems. Interpretative claims, in most cases, have not been validated which hinders the progression of 

understanding flow processes. It is vital for these models, and extracted modes, to be interpretable to truly 

improve physical understanding of the system. To this end, simpler systems with multiple processes with 

known spatio-temporal coherence can serve as an initial validation step prior to application of more 

complex systems. 

 

 

2.2.6 POD and DMD Variants 

While there have been numerous successes with implementing both POD and DMD, many works rely 

on adapting or supplementing the standard algorithms. Of course, this has led to significant algorithmic 

progress being made in Koopman analysis, with many variants being successfully implemented [134, 112, 

135, 136, 137, 86, 138]. However, a more general approach which performs well on many problems is 

desirable. Instead, researchers have often adapted algorithms specifically for their problem of interest as 

the onus lies on them to identify the technique which is most appropriate for their dataset. While prominent 

and relevant alternatives are discussed here, readers are directed to the recent reviews of POD and DMD, 

and similar techniques, provided by Rowley and Dawson [139] and Taira et al. [140] for an in-depth 

overview of modal decomposition techniques. 

A variant of POD specifically for dynamical fluid systems is the balanced POD (BPOD), first introduced 

by Rowley [141], which is designed to be an approximation of balanced truncation [142] which becomes 
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intractable on high-dimensional data. Stemming from control theory, BPOD attempts to extract modes 

which are both highly controllable and observable. The weakly controllable or observable modes can then 

be truncated. Error bounds for BPOD can be set a priori, and this approach can overcome POD's sensitivity 

to the empirical data used and inner product definition. However, this technique has not seen much attention 

in the fluid dynamics community. 

Attempts have been made to incorporate frequency information into POD creating a spectral POD 

algorithm (SPOD). There are, however, at least two procedures both called SPOD which attempt this in 

different ways. Sieber et al. [143] take the data correlation matrix, which is discussed in Chapter 4, and 

apply a filter which smooths the values along the diagonals of the matrix. By varying the strength of this 

filter, SPOD can vary between a pure POD and a pure DFT to find the data augmentation which extracts 

modes whose spatial structures and frequencies are easily interpretable. This approach forces structure into 

the raw data matrix so it becomes difficult to ensure the extracted results are truly a consequence of the 

measured data, and not of the applied filtering process. The other procedure, where a recent discussion on 

POD and SPOD is given by Towne et al. [134], tries to capture space-time coherence in the data, rather 

than the space-only coherence captured by POD. The main change is in the definition of the inner product 

for the correlation matrix which incorporates a sum over the temporal extent of the acquired data, not just 

the spatial extent. 

Many variants exist to overcome concerns with applying DMD to nonlinear flows, as it can be ill-suited 

in its standard form. For example, Alessandri et al. [144] demonstrated the need to modify the standard 

DMD algorithm to improve the detection of stable to unstable, or unstable to stable, flow regime changes. 

A higher-order variant of DMD has been shown to extract salient flow patterns and improve on the standard 

algorithm's extrapolation performance [145], and a composite-based DMD, utilizing snapshots of different 

variable distributions, was shown to capture Reynolds stresses in turbulent channel flows [146]. 

While not necessarily an issue with high-speed video data, Brunton et al. [147] provided a DMD 

approach to compressive sensing where requirements of complete and uniformly sampled data are relaxed. 

This is important for systems where spatial measurements are affected by occlusion or the probing 
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diagnostic is subject to non-uniform time-sampling. This technique is particularly useful in two scenarios. 

First, if the full system of interest is only sub-sampled, it is possible to approximate the full-state DMD 

through what is called compressive-sampling DMD. Second, if information on the full-state is available, 

compressed DMD may be performed where the full-state is first compressed prior to applying DMD. Also 

borrowing ideas from compressive sensing, Jovanović et al. [137] suggest using a sparsity-promoting DMD 

to get the best trade-off between quality of approximation and the number of modes required for a suitable 

approximation. To achieve this, a regularizer term is added to the approximation cost function, which is 

typically the 𝐿2 deviation between the original data matrix and the DMD reconstruction. By including an 

𝐿1 regularizer, the cost function is then weighted in favor of reconstructions using fewer modes. 

Optimized DMD [148] was developed to overcome DMD's sensitivity to noise while also having 

improved ability at extracting hidden dynamics. This added robustness is balanced with an increased 

computation cost, which may increase by 50%. The approach rephrases DMD into an exponential data 

fitting problem through the variable projection method which considers all snapshots of the data at the same 

time. This also removes any bias from the original DMD formulation and is recommended for use by the 

authors over the standard DMD formulation. 

While DMD is an approximation of a Koopman decomposition with an observable function, 𝐠, equal to 

the identity, Williams et al. [86] generalize this notion to a dictionary of potential scalar functions with 

extended DMD (EDMD). A dictionary of potential functions is defined a priori, and the EDMD algorithm 

identifies which combination of functions yield the best finite-dimensional linear representation of the 

nonlinear system. This gives DMD greater flexibility to generalize to a variety of problems, but this is 

necessarily accompanied by a much greater computational burden. As the dictionary must be defined 

a priori, there is also the problem of how to select the appropriate set of candidate functions. Dietrich et al. 

[138] demonstrate how to learn a suitable dictionary using a neural network to make EDMD a fully data-

driven method. 
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2.3 Deep Learning 

Prior discussions into the background of liquid atomization system complexity, traditional dynamical 

analysis for these systems, and the conventional diagnostics used to probe these systems have highlighted 

the continuing difficulty in successfully understanding and predicting their behaviors. Growing interest has 

been towards Koopman analysis: a data-driven approach for linearizing nonlinear systems which can also 

learn dynamical features directly from data. These approaches fall into the category of machine learning; 

an algorithmic technique which learns to optimize a desired cost function automatically and improves with 

more data. However, while successes have been demonstrated for POD, DMD, and variants thereof, each 

algorithm either struggles with computational cost, in generalizing to many disparate datatypes and systems 

of interest, or in validating its efficacy on nonlinear systems.  

Koopman analysis is just one such machine learning technique. Recently, a vast array of machine 

learning approaches has emerged which have been shown to effectively analyze large datasets from various 

fields including, but not limited to, finance, business, computational biology, healthcare, and signal 

processing, wherever it can learn from large datasets in order to elucidate patterns and make predictions. 

Recently, deep learning, a subset of machine learning, is a specific approach leveraging neural networks 

and has made tremendous progress in almost every field it has been applied in. The great utility of deep 

learning is in its rich representational capacity; it is a universal function approximator. As it learns directly 

from data, no prior information about the system of interest is required. 

The flexibility and generality afforded by neural networks in system analysis can be used to overcome 

concerns with existing Koopman approaches. This section introduces the most relevant deep learning 

background required to present the deep learning contributions in this work. 

 

 

2.3.1 Learning 

All machine learning algorithms learn directly from data. Data are collected about a system with many 

different examples or snapshots in time and are split into training and test datasets. A further validation 
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dataset is also created, serving as a proxy test dataset while training a given model. The selected machine 

learning model optimizes its model parameters, i.e., it learns the optimal model parameters, to minimize a 

loss function. This follows the schematic presented in Figure 2-7. 

Often, the model has both model parameters and hyperparameters. The former is what is learned 

automatically by minimizing the given loss function. Hyperparameters, in comparison, are manually 

selected and govern the specific model configuration or design, thus, are not learned directly. Instead, 

experimentation is done using the training and validation data, either manually or programmatically, to 

perform a hyperparameter search to identify the optimal model design [149, 150]. Hyperparameter 

optimization is not necessary for all machine learning approaches, but it is vital for neural networks. 

Learning of the model parameters is often done analytically for simple algorithms, otherwise an iterative 

approach is taken. A basic example is the use of the normal equations to analytically optimize the 

parameters for the generalized least squares method. Similarly, both POD and DMD have analytical 

solutions due to their linear formulation; only linear algebra computations are required. In contrast, iterative 

methods update the model parameters incrementally, often through a gradient descent algorithm to traverse 

the loss surface. 

Two of the most prolific types of learning methodologies are supervised and unsupervised learning. In 

supervised learning, algorithms are trained on inputs with known outputs such that the algorithm is then 

able to classify or make predictions on input data with unknown outputs. Unsupervised learning, also called 

self-supervised learning, however, does not require matching input-output data. Instead, it takes large 

datasets and identifies characteristics and salient trends present without known outputs. Achieving high 

performance with unsupervised learning algorithms is generally more sought after than with supervised 

learning algorithms, as relying on hand-labeled training data can be prohibitively expensive [151]. 

Learning without labels has great implications in engineering as much of the data collected are 

impossible to label due to the desired network output not being known a priori. Consider the goal of 

extracting physics from an observed fluids system. Many processes and behaviors dominate the system 
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dynamics of which only a few are known analytically, others are understood qualitatively, while many 

others are obfuscated by system complexity. As a result, no known output data exist.  

 

 

2.3.2 Neural Networks 

Recently, neural networks (NNs) have seen a tremendous increase in interest and application due to a 

coupled increase in data acquisition with computational power. While POD and DMD learn the best linear 

representation of a dataset, NNs relax this constraint by allowing the network to find the best nonlinear 

representation. Using a NN framework for Koopman analysis, therefore, offers much greater flexibility in 

identifying dynamical features compared to POD and DMD. 

There is no shortage of areas where NN-based models have performed at or exceeded state-of-the-art 

levels. While specialized architectures do exist, the prototypical NN is a feed-forward design which, in 

theory, is a universal function approximator [152]. Of course, in practice, alternative designs are found to 

perform better or be more robust for specific problems. Image-data are best probed by convolutional neural 

networks (CNNs) which have excelled in object recognition and classification, regardless of noise or 

occlusion. Recurrent neural networks (RNNs) are predominantly used on sequential data that can learn to 

remember salient features over a certain sequence interval. Models can be either deterministic or generative, 

where generative models learn the underlying data distribution of input data which can then be used to 

predict or generate further data samples. 

Deep learning has seen great success since the beginning of the 2010’s, despite active research into 

neural networks for decades prior (see, e.g., [153, 154, 155] for early developments). Much of the recent 

progress has been attributed to leveraging large datasets and in creating deep neural networks; networks 

which have many hidden layers. Early insight into the performance of neural networks for image 

recognition was given by Aizenberg et al. [156], prior to the watershed image classification performance 

on the ImageNet dataset by Krizhevsky et al. [157]. Since then, deep learning has proven successful in 

medical diagnosis [158], high-energy physics [159, 160, 161], genomics [162], finance [163], as well as 
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countless other areas. In many of these areas, NNs have quickly outperformed the previous state-of-the-art 

often leading to new, fast, and inexpensive predictive or diagnostic tools. 

 

 

Feed-Forward Neural Networks 

The basic neural network design is that of a feed-forward neural network, with an example 5-layer neural 

network given in Figure 2-11. The network is composed of neurons, arranged in layers, with each neuron 

taking in inputs, calculating outputs, and passing the outputs in one direction. The input layer has the same 

number of neurons as the dimension of the input data, likewise for the output layer and the output data. All 

layers in between are hidden layers, as they only have access to latent variables. For clarity, the network 

design in Figure 2-11 is arbitrary; the number of inputs and outputs are defined by the specific problem. 

Each neuron performs the same basic calculation, given by 

𝑜𝑖 = σ(𝐰T𝐱 + 𝐛) (1.14) 

where the scalar output of neuron 𝑖, 𝑜𝑖, is a function of the dot product of the inputs into that neuron, 𝐱, 

with the associated weights, 𝐰, plus a bias term, 𝐛. The σ is the activation function of the neuron, which is 

used to introduce nonlinearity into the model to provide the rich representational capacity. Common choices 

 

Figure 2-11: An example feed-forward neural network predicting a single output value. 
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of the activation function include the rectified linear unit (ReLU) [164], the sigmoid function, and the 

hyperbolic tangent. 

The weights and biases, 𝐰  and 𝐛 , respectively, are the model parameters which are optimized to 

minimize the chosen loss function. The choice of loss function is dependent on the formulation of the 

problem, producing a loss ℒ. For regression problems, the mean squared error (MSE) is commonly used, 

given by 

ℒ =
1

𝑛
∑(𝑦𝑖 − �̃�𝑖)

2

𝑛

𝑖=1

(1.15) 

where �̃�𝑖 is the prediction of the true 𝑖th output, 𝑦𝑖, which is averaged over 𝑛 outputs. 

For each training iteration, a batch of input data are used to update the weights. The inputs propagate 

through the network according to Equation 1.14 until a prediction is made which produces an error, ℒ, on 

that batch. The error is used to update all of the weights in the network through backpropagation [165, 166]. 

In a simplistic view, this is done by calculating the contribution of each weight to the overall error by 

calculating its gradient, 
𝜕ℒ

𝜕𝑤𝑖
, and updating each weight using gradient descent, 

𝑤𝑖 = 𝑤𝑖 − α
𝜕ℒ

𝜕𝑤𝑖
, (1.16) 

where α is the learning rate. In practice, a variation for updating the weights is used, of which stochastic 

gradient descent is core. Momentum is often incorporated, whereby previously calculated gradients are 

used to inform the present calculation. Commonly used variants include AdaGrad [167], RMSProp, and 

Adam [168]. The learning rate, α, is a significant hyperparameter in neural network training. As training 

progresses, the general weight update form in Equation 1.16 often uses a decaying learning rate to help 

model convergence. 
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Convolutional Neural Networks 

While feed-forward NNs are universal function approximators, they do not always perform well on 

image and video data in their standard configuration. Referring back to the feed-forward design in 

Figure 2-11, feed-forward NNs will first flatten a 2D input, such as an image, into a 1D vector. This design, 

therefore, does not take advantage of the spatio-temporal topology of image and video data as the neurons 

in a given layer are independent of each other. This is often useful when no a priori knowledge of the input 

is available to the network designer, but this is not the case for image or video data. 

Convolutional NNs (CNNs) were designed specifically for image and video data which leverage the 

local neighborhood dependency of pixels in the data.  They have famously been applied to image data [157] 

and video data [169] and related tasks [157, 170, 171, 172], for the purposes of object recognition, tracking, 

and prediction, or in tandem with deep autoencoders for compression and low-dimensional representations 

of image and video data (e.g., [173]). 

Instead of a regular fully connected network in the feed-forward NN where the weights between neurons 

are optimized, CNNs instead optimize filters; small grids of weights, imitating a small image of pixels, 

which convolves over the entire input image, see Figure 2-12. Each filter in a convolutional layer is applied 

to the input image and produces a feature map in the next layer, where each feature map can be considered 

the new input image for the next convolutional layer. In Figure 2-12, a 3 × 3 filter is applied to an 8 × 8 

input image, producing a 6 × 6 feature map, when no input padding is used. The filter strides across both 

 

Figure 2-12: A 3 × 3 filter convolves over an input to produce a feature map in a convolutional layer. 
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input dimensions, where a stride of 1 is used in this example. Padding is commonly added around the input 

image for the convolutions, so the feature map dimensions match the input image dimensions. The basic 

convolution computation is identical to Equation 1.14; the weight vector is now the filter weights and the 

input vector is the corresponding neighborhood where the convolution is applied. 

While the convolution process captures short-range dependencies in the data, the network also requires 

long-range dependencies to be captured so general features and behaviors can be extracted. To encourage 

this, convolutional layers are often paired with pooling layers. These pooling layers downsample the input 

image or feature map by only preserving a characteristic value of a given region of the partitioned image. 

The pooling also uses a filter of a given size and stride, but this is typically set to a 2 × 2 filter with a stride 

equal to the size of the filter to give non-overlapping regions which downsamples by a factor of 2. For 

example, in max pooling with a 2 × 2 filter with a stride of 2, the image is first partitioned into 2 × 2 non-

overlapping blocks where only the maximum value of each block is kept for further computation. 

Very often, the goal of a CNN is in image classification or recognition. Convolutional and pooling layers 

form the core of the network architecture, but they are, generally, not sufficient by themselves. After the 

convolutional and pooling layers, the final feature maps are flattened, and fully connected layers, such as 

in the feed-forward design, are used to map to the correct output dimension. This design naturally constrains 

the CNN to have a fixed input size to ensure all subsequent layers operate on the same dimension size. This 

constraint can be relaxed through, for example, the use of spatial pyramid pooling which operates on 

proportions of regions rather than fixed dimensions [174]. This has been successfully applied to a range of 

applications, in particular in region proposal networks for proposing bounding boxes to localize and detect 

objects [175, 176, 177]. 

 

 

Autoencoders 

Techniques related to principal component analysis (PCA), e.g., POD, have been the most developed 

and used unsupervised learning algorithms for combustion research. An alternative, deep learning-based 
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approach, is to use deep autoencoders to convert high-dimensional data to low-dimensional representations 

which can have improved performance over PCA [178]. An autoencoder is an encoder-decoder network 

which learns a low-dimensional representation of inputted data; an encoder network learns to transform 

high-dimensional data to a low-dimensional latent space, or embedding space, where salient patterns are 

extracted, before a decoder network attempts to recover the original high-dimensional input. 

The autoencoder can be thought of as a generalization of PCA, as it can perform nonlinear mappings 

unlike PCA approaches [179], thus it is an architecture of great interest in extending existing POD and 

DMD algorithms for engineering datasets. Note, the previous descriptions of feed-forward and 

convolutional NNs are very general. In their typical use cases, supervised learning is used and the output 

dimension is predetermined by the problem being solved. For autoencoders, as with PCA, no known outputs 

accompany the inputs, hence the autoencoder tries to reconstruct the given input in its output layer. 

Autoencoders are central to the development of a Koopman-based deep learning framework, and more 

detailed descriptions are given in Chapter 4. 

Autoencoders have been used for image compression, an example of dimensionality reduction, where 

they enable the efficient storing and transmission of large image sizes [180]. Further, Le [181] used deep 

sparse autoencoders to produce a face detector on a large image dataset of random images. Le found, 

contrary to widely-held intuition, an unsupervised learning algorithm was able to achieve this, regardless 

of face scaling, rotation, or position. Unsupervised learning circumvents the need for labels and classifies 

features autonomously. It is possible to develop high-level features from unlabeled data, giving credence 

to the possibility of identifying low- and high-level features from fluids-related image datasets using these 

algorithms. 

 

 

2.3.3 Neural Network Design 

Beyond the fundamental components presented above for feed-forward NNs, CNNs, and autoencoders, 

there are a tremendous number of adaptations to network design, all striving to improve generalization or 
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model performance for specific tasks. Every week a new design or feature is presented, oftentimes 

superseding what was previously state-of-the-art. Acknowledging this, relevant adaptations pertinent to the 

tasks of this dissertation are presented here which are attractive design choices as of writing. While not all 

of the following discussions are explored or implemented directly in this work, their utility is particularly 

relevant for future work. 

 

 

Regularization and Normalization 

The above provides the fundamental concepts which are needed to successfully train a neural network. 

In practice, there are many variants and additional tools used to improve training convergence and overall 

performance. This is a primary focus with deep learning as, to take advantage of large swathes of data, 

increasingly large networks are designed to ensure the model has sufficiently high representational capacity. 

Consider the relationship between test error and model complexity in Figure 2-13. The Pareto front 

provides a lower bound on the minimum test error achievable given a model’s complexity, where the 

complexity can be considered the number of parameters in the model. Of course, there are diminishing 

returns as model complexity exceeds the true, underlying complexity of the problem being solved. What is 

desired is a parsimonious model; the least complex model whose performance does not improve 

significantly as complexity is increased. This model is said to be Pareto optimal. 

 

Figure 2-13: Underfitting and overfitting are significant concerns in training NNs, which prevent models 

from approaching Pareto optimality. 
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One of the greatest concerns with deep learning is in overfitting; due to the high number of parameters 

available to the neural network, the network is often able to memorize the training data without learning 

the underlying truths of how the data are generated. This is the cause for the increase in model error as 

complexity increases in Figure 2-13. Similarly, underfitting occurs when the network has not been trained 

to sufficiently high performance or whose representational capacity is too low for the problem it is solving.  

In theory, underfitting is trivial to solve as additional neurons or layers can be added ad infinitum until its 

representational capacity is sufficiently large. However, as the dimension of the parameter space increases, 

it becomes much easier to get trapped in saddle points [182]. 

A number of techniques and heuristics have therefore been introduced to improve training properties 

and to regularize the model; approaches to the latter aim to reduce overfitting and, thus, generalization error. 

One of the most popular regularization procedures is the use of dropout [183, 170]. During training, neurons 

are stochastically dropped from the network to prevent the co-learning of neuron groups. A more intuitive 

regularization technique is early stopping. By monitoring training and validation error as training progresses, 

insignificant improvements in model performance can be observed which indicate sufficient learning has 

been achieved. Any further learning is susceptible to overfitting. 

Pre-training, or transfer learning, may also be used for regularization purposes. The core idea is to reuse 

network weights which have been applied successfully to a similar problem. For example, in many image-

based problems, low level features are shared across datasets, such as edges, corners, or gradients. By 

leveraging the learned feature detectors, i.e., filters, from a related problem, the apparent training dataset 

size has increased, and more general features are used. 

However, interestingly, He et al. [150] demonstrate that pre-training versus random initialization, on the 

ImageNet dataset, does not affect overall performance once fully trained. Additionally, while pre-training 

gives faster convergence at the beginning of training, additional fine-tuning to get to peak model 

performance was found to take the same length of time as training from random initialization. Their findings 

hold for multiple dataset sizes and show how ImageNet pre-training does not automatically give improved 

regularization. 
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Finally, normalization procedures are often taken to make input or latent data more amenable to learning. 

Batch normalization is a common technique to maintain inputs with statistics that are beneficial for training 

[184]. Unfortunately, the accuracy of batch normalization severely degrades when applied to small batch 

sizes [150, 185]. This is particularly troublesome for applications which typically act on high-resolution 

images or video data. An alternative is to use group normalization which is invariant to changes in batch 

size [186]. Reducing the batch size can increase the model error dramatically when using batch 

normalization, but this is not an issue for group normalization. Other alternatives do exist, such as layer 

normalization or instance normalization, however, they have not approached the accuracy of group 

normalization in many visual recognition tasks. 

 

 

Skip Connections 

The discussion on the basic feed-forward and convolutional NN designs have had layers feed 

unidirectionally into the following layer. Neural network design has few topological limitations, although 

here we consider only acyclic networks, and so many works have demonstrated the use of so-called skip 

connections, where the connections from one layer may feed into any downstream layer. 

A highly successful use of skip connections is that of residual networks, or ResNets [187]. It is motivated 

by when networks are tasked to learn the identity, which is a trivial task for a network with any number of 

parameters, it becomes more difficult as the network gets deeper. Performance is found to deteriorate as the 

number of layers increase beyond a certain threshold. Residual networks overcome this limitation by 

preconditioning on the idea that, in the worst case, deeper redundant layers should learn an identity mapping. 

To achieve this, instead of a layer attempting to model H(𝐱), where 𝐱 is the layer input, it tries to model the 

residual H(𝐱) − 𝐱 in a so-called residual block. The input is both fed into the residual block and directly 

into the output to give each residual block a reference point. By including the input, the block is tasked with 

learning the residual which improves the overall mapping performance and learning the identity becomes 

trivial. 
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Taking the idea of passing inputs into the output of blocks further, DenseNets are similar but instead 

pass all of the previous feature maps, with the restriction of feature maps from convolutional layers of the 

same dimension [188]. This greatly increases the number of connections in the network thereby creating a 

densely connected network. 

 

 

Dilated Convolutions 

In many image and video problems, the presence and dynamics of features exist on a range of spatial 

scales. To successfully identify all features from short- to long-range information (i.e., pixels close and far 

away from each other, respectively), a network must account for these different scales. The most prevalent 

technique for this is to use an image pyramid: the original image is downsampled 𝑛 times, such as through 

pooling layers for CNNs. Each successive downsampling loses finer details but allows coarser details to be 

identified. For regular convolutions without a subsequent pooling layer, downsampling is avoided to 

maintain high feature map resolution, but the receptive field of each filter will always be small throughout 

the network and will be unable to capture long-range dependencies [189]. 

Instead of downsampling the feature maps to identify coarse features, dilated convolutions, also called 

atrous convolutions, maintain the same input resolution but instead dilate the applied filter, i.e., the filter is 

padded with zeros, to capture coarse features. This is demonstrated in Figure 2-14, where a dilation rate of 

2 is used, effectively transforming a 3 × 3 filter into a 5 × 5 filter at no extra computational cost. Note, a 

dilation rate of 1 is identical to a regular convolution. In this case, it is necessary to pad the input with zeros 

to prevent any downsampling. Successively higher dilation rates can be used to build up coarser features as 

the depth of the network increases. 

Dilated convolutions provide dense feature extraction whereas regular convolutions provide sparse 

feature extraction [190]. Extracting dense features is desirable as it allows each pixel in the input to be 

mapped directly to a discrete or continuous label, rather than trying to infer or interpolate values from sparse 

features. Consider the task of image segmentation, for example, where the goal is to segment the original 
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image at full resolution. For a regular CNN, upsampling must be performed, often through deconvolution, 

but finer details have been lost through downsampling. Hence, this approach will produce sparse feature 

extraction. This downsampling is necessary to reduce the number of high-level parameters, which grows 

exponentially, and allows for multi-scale feature extraction. Instead, dilated convolutions use sparse filters 

which provide dense feature extraction on the high resolution image directly. In addition, although full 

resolution feature maps are maintained unlike the regular case, this does not actually introduce more 

parameters or operations. Not all of the zero-multiplications are computed, instead, each filter weight is 

strided at the dilation rate in the original image. 

Yu and Koltun [191] use dilated convolutions to overcome the sparse feature extraction of regular CNNs, 

which is more suitable for image classification problems. The authors use dilated convolutions for image 

segmentation, as it is able to aggregate contextual information at multiple scales without a loss of resolution. 

A drawback of using dilations, however, is that they produce grid-like artifacts, since the convolutions 

are done sparsely. There are a number of approaches for reducing the artifacts produced by dilations (see, 

e.g., [192]), where the dilated convolutions can be directly smoothed, or by first increasing the dilation 

factor in the middle of the network before decreasing the dilation factor at the end of the network. 

 

 

 

Figure 2-14: Dilated convolutions pad a regular convolutional filter to increase its receptive field over 

high-resolution inputs. 
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Physics-Informed Design 

Neural networks have seen extensive application and there have been a large number of variations 

presented in literature. Many of these works are able to achieve state-of-the-art performance, yet are unable 

to soundly explain the rationale behind architecture design or gain an understanding of the effectiveness of 

their networks. While neural networks were developed to reduce dependence on human understanding of a 

system, physics-informed designs, which incorporate inductive biases into the network, are growing in 

popularity to promote interpretability and understanding of model behavior. 

Chen et al. [193] investigated a method of encouraging features to be interpretable through their so-

called InfoGAN: an information-theoretic extension of generative adversarial networks (GANs). By 

incorporating a mutual-information cost, latent codes (generator features) can be forced to be similar to the 

desired output. This causes features of little semantic significance to be rejected as they have poor 

correspondence to input or output images. As latent codes change discretely, there is clear semantic 

meaning behind what each code represents. This is achieved at no extra computation cost and is something 

which can provide greater understanding to how the model is operating. 

Deep learning for identifying and learning partial differential equations (PDE) have seen widespread 

interest (e.g., [194, 195, 196, 197]). In these works, PDEs are used in the cost function of networks to 

incorporate prior scientific knowledge, or NNs are used directly to learn the structure of initial value 

problems of a form such as 

𝑢′ = NN𝜃(𝑢, 𝑡), (1.17) 

governed by the NN with parameters 𝜃. The generality afforded by NNs, either as a subcomponent or as 

the entire model, has shown promise in turbulence modeling [198] and in overcoming computational 

constraints of DNS for practical, 3D turbulent flows [199]. 
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2.3.4 Related Deep Learning Applications 

Liquid Atomization and Combustion 

The application of neural networks is receiving widespread attention, however, it has yet to have a 

substantial impact in the field of liquid atomization and subsequent combustion. As liquid transport and 

breakup problems seek global characterization and dynamical understanding, NNs which leverage the 

spatial- and temporal-dependence of data are of particular interest. Based on the previous discussions, there 

is a suspected symbiosis between the needs of liquid atomization works and the solutions that NNs can 

provide. 

Very few works have investigated deep learning for liquid atomization work. Focusing on particle size 

distributions of solids, Ko and Shang [200] developed a NN to help estimate size distributions from images. 

The images require preprocessing and no attempt at resolution or magnification invariance was made, 

however, they provided initial insight into the problem. Work by Yu et al. [201] also used a neural network 

approach for approximating particle size distributions. Instead of using images, dimensionless parameter 

groups were defined and used as inputs to reduce the size of the input space. Many algorithms for automatic 

particle sizing leveraging high-speed video do not use neural networks (e.g., [202]), or only use neural 

networks for segmentation and identification of particles prior to sizing [203]. 

For datasets which rely on their temporal characteristics, recurrent NNs (RNNs) allow previously used 

information to persist in future calculations. Arsie et al. [204] used an RNN as a virtual NOx sensor in an 

internal combustion engine, which was shown to give good predictions of NOx dynamics. 

An early application of deep learning for combustion work is by Sarkar et al. [205] who used NNs for 

the early detection of combustion instabilities. The network could extract the coherent structures of the 

flames and then model the temporal variation at a reduced dimension. This was followed up by 

Akintayo et al. [206] who developed a convolutional autoencoder for the detection of thermo-acoustic 

instabilities in gas turbine engines. They leveraged high-speed video recordings to detect low energy 

instability features which performed favorably to existing image processing techniques. Jha et al. [207] 
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used a CNN and Gaussian processes to analyze video data of swirl-stabilized combustor flames. Initially, 

a CNN is used to extract features from the videos with the feature dynamics being modeled using a Gaussian 

process. Spatio-temporal results of combustion flame instability are produced. They discuss the difficulty 

in interpreting results with the main conclusion that a framework has been presented for future work to be 

based off. Additionally, NNs have been used to predict boundary layer flashback [208]. 

 

 

Video Data 

One of deep learning’s most attractive traits is in its general formulation and flexibility; even seemingly 

disparate fields or problems can be solved with minimal adjustment to a given network design. This is 

especially true for problems working with image and video datasets as many of the same spatio-temporal 

features are required to understand and learn mappings. Here, additional insight into relevant advances in 

learning from image and video data, beyond the fields of liquid atomization and combustion, are provided. 

CNNs have shown great promise in the area of image segmentation and recognition, so its application 

to video data shortly followed. In this case, data become spatio-temporally correlated. Initial insights to the 

problem of video classification were given by Karpathy et al. [209]. Millions of video clips were used to 

train a number of CNN architectures which attempted to incorporate the temporal structure of the data. An 

obvious concern of applying deep learning to video data is in the increased computational expense, which 

can be many orders of magnitude greater than image classification. Their work provides a solution to this 

problem using a multiresolution design. Instead of inputting each video frame at full resolution, two inputs 

are used: a context stream which is at half resolution of the full image, and a fovea stream which is at full 

resolution of the center 50% of the frame. This approach is shown to greatly reduce computation demand 

while having negligible impact on the classification performance. Although the features learned through 

these streams are not semantically significant, the context stream primarily learns colors while the fovea 

stream learns high-frequency, grayscale patterns. 
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To infuse time information into the CNN, three approaches are considered, as shown in Figure 2-15. 

Late fusion uses two “single frame” paths and connects their outputs in the last layer whereas early fusion 

immediately combines adjacent frame information. The slow fusion method is a combination of the late 

and early designs. Interestingly, the single frame method is able to achieve high classification accuracy 

without the need of explicitly incorporating temporal information. However, this accuracy is increased 

using the fusion techniques, with the slow fusion case performing the best. 

An alternative approach is to naturally extend 2D convolutions into the temporal dimension, thereby 

creating 3D convolutions. A 3D CNN design was presented by Ji et al. [210] and compared to a 2D CNN 

for motion recognition of low quality video data. When comparing 2D and 3D designs, both are capable of 

extracting motion information but the latter has superior performance in recognizing desired actions. Of 

course, the use of 3D convolutions comes at a cost of increased computational time and more model 

parameters and hyperparameters, but it allows spatio-temporal information to be fused together directly. 

Perhaps surprisingly, 2D CNNs have been shown to outperform 3D CNNs for learning video 

representations, without any explicit encoding of temporal information [211]. 

A ResNet formulation for spatio-temporal feature learning was used by Tran et al. [212], which was 

found to have improvements over a regular 3D CNN implementation [213]. To perform the 3D 

convolutions, the network first performs a 2D spatial convolution followed by a 1D temporal convolution, 

with a nonlinearity in between which was found necessary to improve performance. By separating the 

spatial and temporal convolutions, performance improvements were found over regular 3D convolutional 

ResNets. 

 

Figure 2-15: Approaches to fusing spatio-temporal information in a CNN. Image from [209].  
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While ResNets provide benefits over networks without the residual connections, dilated residual 

networks [189], which utilize dilated convolutions in place of regular convolutions, have demonstrated 

improved accuracy over regular ResNets at the same depth, or shallower, with no increase in parameters. 

Both ResNets and dilated convolutions have been, and continue to be, successful for a wide range of image- 

and video-based problems. An example application is for object segmentation using the FusionSeg 

architecture, which can combine motion and appearance within videos using an adapted ResNet-101 model 

with dilations [214]. 

The work by Carreira and Zisserman [215] focuses on video classification and investigates a variety of 

ways of fusing temporal information with spatial information. In particular, they present a two-stream 3D 

convolutional network, where one stream has the regular input images as input while the other stream has 

optical flow images, before fusing them together prior to classification. They show that while 3D CNNs 

can directly learn temporal patterns from RGB inputs, also incorporating an optical-flow stream greatly 

improves model performance. A central idea of the paper is in inflating pre-trained 2D CNNs into a 3D 

CNN; they use pre-trained filters from ImageNet 2D networks, and stack them to become 3D. Using this 

pre-training scheme was found to outperform all other networks tested.  

 

2.4 Summary Literature Review 

Liquid atomization systems are complex, yet display, and are fundamentally built on, a large number of 

simpler, oscillatory behaviors with known spatio-temporal coherence. Despite advances in diagnostics, 

experimentation, simulation, and computational tools and power, understanding of and an ability to predict 

and control these systems has not greatly improved or led to great advancements in atomization 

technologies. Indeed, liquid atomization systems are just an example, albeit rather complex, in fluid 

mechanics as a whole. Contributions and new physical insights into atomization systems have limitless 

transferability to other fluid systems. 



 

 

58 

 

High-speed imaging and videos are used extensively for qualitative purposes for atomization problems; 

high spatio-temporal resolution, capturing a large spatial volume of the fluid system, can be captured. Not 

only are these data often only used qualitatively, but only a small fraction are actually used for discussion 

or to generate results. Yet, these data are very revealing and capture many fundamental processes, with the 

main drawback being the data are a 2D projection of a 3D system. Methods of extracting quantitative 

information, or illuminating system physics, directly from these data can overcome the large swathe of 

existing diagnostics and their respective limitations which are typically used. 

A particular problem with improving physical understanding and extracting dynamical features from 

atomization datasets is that they are extremely high-dimensional. In excess of millions of variables can be 

recorded whose spatio-temporal dependence is unknown a priori. This high-dimensionality has greatly 

hindered advancements through traditional analytical or dynamical analysis. As a result, techniques from 

machine learning have seen growing use as they can be used in a purely data-driven approach, offering 

flexibility in model design. 

Proper orthogonal decomposition (POD) and dynamic mode decomposition (DMD) have been two 

approaches leveraging high quantities of system data to provide dynamical feature extraction from fluid 

flow data. These techniques are linear, yet have been applied extensively to many different problems in an 

attempt to improve physical understanding of the applied system. In reality, the systems analyzed are highly 

nonlinear and, while workers interpret extracted modes and results, they are seldom validated. Further, 

while a reduced order linear model can be formulated using both POD and DMD, future state prediction is 

rarely done and, for nonlinear systems, are unlikely to be successful. 

Many of the aforementioned limitations can be addressed through the use of deep learning. Deep 

learning has demonstrated state-of-the-art performance for problems in many disparate fields; it is a 

universal function approximator with high flexibility and generality, particularly in identifying nonlinear 

relationships; and it excels on tasks which generate large quantities of data. For the purpose of Koopman 

analysis, only a few recent advances have focused on extending current Koopman ideas into a deep learning 

framework. 
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There is great potential in further developing Koopman techniques for extracting dynamical features 

and improving physical understanding of complex, multiphase, liquid atomization systems. Current 

Koopman techniques require further analysis to evaluate and validate their efficacy for these challenging 

problems while deep learning offers many attractive attributes for addressing accompanying concerns. This 

dissertation provides a critical evaluation of the efficacy of existing Koopman techniques in extracting 

system physics and associated concerns tied to their underlying theory for spatio-temporal data. Further, a 

new deep learning-based Koopman framework is presented specifically for spatio-temporal data, enabling 

the extraction of spatially and temporally dynamic liquid atomization fundamental processes. 
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Chapter 3 

Approach 

The previous chapter has highlighted the need to understand atomization systems and the associated 

challenges in addressing this need. The development of analytical theory is currently restricted to idealized 

and impractical cases due to the inherent complexity of the multiphase, turbulent flows. Instead, one can 

leverage high-speed imaging to capture quasi-global system data at a high spatio-temporal resolution. 

Existing Koopman analysis techniques have sought to leverage these datasets, with numerous works 

purportedly extracting and identifying fundamental system processes. While these works have shown 

promise, there is a lack of result validation, which is of particular interest as many common techniques are 

linear tools.  

Therefore, there is a clear and justified need in evaluating and further developing existing Koopman 

analysis techniques for the dynamical feature extraction of atomization phenomena. Current concerns have 

the potential to be addressed by leveraging the flexibility and high representational capacity of deep learning. 

To meet the dissertation goals and objectives laid out in Chapter 1, it is imperative that tasks are 

established and reasoned. These tasks form the overall approach of the dissertation work, where each task 

logically follows the preceding task, enabling a successful and cogent path to achieve the goals. 

 

 

 

Task 1: Identify and select Koopman analysis techniques typically used for liquid 

injection systems 

 

A large number of variants for performing Koopman analysis have previously been, and currently are, 

implemented for a large number of disparate engineering problems. With a focus on liquid injection studies, 

the most typical and successful techniques are first identified, with the most relevant techniques being 

selected for implementation in this work. 
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Due to the growing interest in modal decomposition and the rapid development of variants, it is essential 

to conduct analysis on only the most relevant approaches. These approaches will form a baseline with which 

further analysis and deep learning developments will be compared against. 

 

 

 

Task 2:  Critically evaluate algorithm design, apply selected techniques, and evaluate 

extracted results and interpretability 

 

The selected techniques will be critically evaluated for their application in extracting dynamical features. 

Their algorithmic formulation and design are analyzed to gain a deeper understanding of their intrinsic 

behaviors prior to applying the techniques to both practical and simplified systems. The extracted results 

are then validated in a hierarchical fashion, with a focus on the physical interpretation and understanding 

that is gained. 

Despite the extensive application of Koopman analysis techniques, few works validate their findings or 

contribute effectively to improving the physical understanding of a specific application. Due to this, it is 

essential to identify any algorithmic reason for the results extracted and the physical interpretation gained 

or lack thereof. Results should be explained trivially for basic systems with known spatio-temporal 

coherence and thus serve as a strong foundation to evaluate the techniques. 

 

 

 

Task 3:  Replicate selected techniques using a deep learning framework 

 

A deep learning analog of the selected techniques is developed and demonstrated. Algorithmic variations 

and performance details are compared and discussed. This introduces a deep learning baseline and network 

design fundamentals for incorporating Koopman theory directly into the architecture. Further development 

is enabled through this task. 
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Task 4:  Develop a general deep Koopman network 

 

A more general and flexible deep learning approach to Koopman analysis is developed, removing the 

linearity assumptions of traditional Koopman analysis techniques in favor of the arbitrary nonlinear 

complexity afforded by neural networks. The appropriate design and training choices and potential network 

variants and modifications for a variety of purposes are described. 

Generality ensures that future variants are limited in terms of necessity and modification scope. A 

general Koopman network provides the necessary flexibility to analyze a large number of flow problems. 

Indeed, there are many variants and alternative designs that require investigation and evaluation, either for 

network or problem optimization. 

 

 

 

Task 5: Refine the deep Koopman network and training requirements to perform an 

interpretable modal decomposition 

 

Further deep Koopman network developments are made specifically to improve the extraction of modes 

and their interpretation. How the network is able to extract the contribution of individual modes, with a 

focus on spatio-temporal data, is presented and discussed. Approaches for improving the interpretability 

and robustness of the Koopman network are provided. 

Neural networks in general benefit from their representational capacity and flexibility, which often 

comes at the cost of model opacity. Therefore, while the network can easily minimize the specific cost 

function, this only provides benefits to physical understanding if the modal decomposition is intuitive and 

interpretable. 

 

 

 

 

Task 6:  Evaluate deep Koopman network and compare to traditional techniques  

 

Finally, the developed deep Koopman network is compared to the selected, traditional techniques in 

their ability to predict future flow states and in modal interpretability. The previous results of the Koopman 



 

 

63 

 

analysis techniques are revisited, again in a hierarchical fashion, to demonstrate the utility and limitations 

of all approaches. 

 Where traditional techniques are evaluated and have their limitations identified, it is important to 

perform the same validation to the deep Koopman network and demonstrate its ability to overcome the 

limitations. The deep Koopman network’s performance on a variety of problems is presented and discussed 

to serve as a guide for future work. 
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Chapter 4 

Methodology 

The background provided in Chapter 2 has highlighted existing concerns for advancing atomization 

understanding which led to the formulation of tasks for this work, presented in Chapter 3. Specifically, 

techniques related to Koopman analysis are of interest for atomization systems as they provide a data-driven 

approach to extract physical understanding from large quantities of data; a task traditional dynamical 

analysis and analytical development have struggled with. Data from high-speed video are the focus of this 

work, owing to their ability to capture quasi-global, high spatio-temporal resolution data. While existing 

Koopman analysis techniques have had widespread use within the fluids community, they have yet to be 

evaluated critically and validated on even simple systems. Further, many immediate concerns with common 

techniques can be alleviated through a deep learning framework. 

This chapter covers the methodology taken to critically evaluate proper orthogonal decomposition (POD) 

and dynamic mode decomposition (DMD), highlight their limitations, which subsequently guides the 

development of a more general and flexible deep learning-based model for video data: the deep 

convolutional Koopman network (CKN). 

Due to contributions from this work being in algorithm and model development, design, and consequent 

analysis, general theoretical and methodology discussions are also provided here. More specific 

experimental details are found with their accompanying results in the next chapter. 

 

4.1 Image and Video Data 

An ability to extract quantitative information directly from image or video data greatly facilitates the 

global analysis of atomization systems. While there are drawbacks such as optical density limits and 
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capturing a 2D projection of a 3D system, important dynamical and physical insights have the potential to 

be gathered even for the practical systems presented. Of course, this is contingent on a technique capable 

of providing these insights. With advances in computer vision and data-driven dynamical analysis, however, 

this is now a feasible approach. 

For the analyzed datasets, the spatial resolution is to be kept reasonably low, while still capturing all 

necessary spatial structures, to limit computational expense. Temporal resolution is largely dependent on 

spatial resolution for high-speed recordings, but temporal resolution is to be sufficiently low to prevent 

subpixel motion which may adversely affect the decomposition techniques. This is particularly the case for 

DMD as a linear mapping is unable to map a single input to multiple outputs. Evaluation of techniques 

accounting for subpixel motion is beyond the scope of this work, but is highly desirable for future works. 

Training data for the decompositions can either be simulated, and extracted from the simulated results, 

or captured experimentally using a high-speed camera. A number of dynamical systems are analyzed, 

ordered hierarchically in terms of system complexity. Simulated systems are used to generate data for the 

simplest systems, as the exact spatio-temporal behaviors can be known a priori. Experimental systems are 

left as examples of more complex systems due to the number of uncontrollable variables in a practical 

setting. 

 

4.1.1 Data Collection 

All of the simulated systems in this work have simple formulations to simulate their spatio-temporal 

evolution. All spatial and temporal scales are known precisely and selected to be conducive to providing 

meaningful analysis. The datasets consist of 10,000 snapshots of the system evolution, as if through 

experimentation, with random noise added with a standard deviation of up to 10% of the peak value. The 

time interval between frames was sufficiently high to limit sub-pixel motion which can lead to identical 

adjacent frames. 

A Vision Research Phantom V7.2 monochrome high-speed camera was used to capture all experimental 

systems. Backlighting was used to produce a shadowgraph, which was made uniform by using a diffuser. 
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As there is a trade-off between the spatial and temporal resolutions for recording data, they were optimized 

for each system. An Infinity long-distance microscope with accompanying objective lenses were used to 

provide the appropriate magnification, particularly for the simplest injection systems. 

 

4.2 Koopman Theory 

Although many variants of Koopman analysis techniques are available in the literature, the standard 

POD and DMD algorithms are by far the most prevalent and continue to be used in current works. A deeper 

understanding of these standard algorithms can have an impact on all current and future variants. The 

standard DMD formulation provided by, for example, Tu et al. [89] is considered for use in this work. The 

link between POD and DMD theory and their ability to extract physics has not been verified, despite this 

link being a major motivation for workers to use the techniques. As such, a thorough discussion and 

understanding of the algorithms is essential prior to developing further methodology.  

 

 

4.2.1 Understanding POD 

For POD, while mean-subtraction does not have an effect on the basic calculations, it can affect the 

interpretation of the results [113], hence it is not recommended here. POD can be calculated from the 

singular value decomposition (SVD) which can be applied to any arbitrary data matrix, 𝐗 ∈ ℂ𝑚×𝑛, to give 

𝐗 = 𝐔𝚺𝐕∗ (4.1) 

where 𝐔 ∈ ℂ𝑚×𝑛  has orthonormal columns, 𝚺 ∈ ℂ𝑛×𝑛  is a diagonal matrix, 𝐕 ∈ ℂ𝑛×𝑛  has orthonormal 

columns, and the asterisk denotes the complex conjugate transpose. The columns of the matrix 𝐔 are 

typically denoted the POD modes, however, this is not necessarily the case. This formulation is brilliantly 

simple, but some intuition is lost if the POD modes are found blindly from the SVD. 

Understanding the data matrix and how the SVD is calculated aids the intuition of how and why POD 

works. First, the matrix 𝐔  is calculated as the eigenvectors of the matrix 𝐗𝐗∗ ∈ ℂ𝑚×𝑚 . The matrix 
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multiplication 𝐗𝐗∗ yields a correlation matrix: each row of 𝐗 is dotted with every other row, including itself, 

which provides a similarity measure. Therefore, column 𝑗 and row 𝑗 of the correlation matrix both describe 

the 𝑗th row of the data matrix's similarity with every other row of the data matrix. 

The correlation matrix can now be thought of as 𝑚 vectors living in an 𝑚 dimensional space, where 

each dimension corresponds to a row of the data matrix. The vectors’ magnitude and direction indicate 

which rows correlate highly with which other rows in the data matrix. For example, consider the distribution 

of points in Figure 4-1, where the coordinates of data point 𝑑 are governed by the 𝑑th row’s similarity with 

every other row. The red points correspond to highly correlated data points arising from every 𝑘th row. The 

black points show how these rows share low information content with all other rows. For clarity, only three-

dimensions are visualized, but this idea is readily extended to include all 𝑘 rows. Then, there exists a 

correlation matrix vector which has large component magnitudes in the direction of all 𝑘th dimensions, and 

small component magnitudes in all other directions. 

Further, the resultant matrix is symmetric and therefore has orthogonal eigenvectors, which form a basis 

in which data are only scaled by corresponding real eigenvalues. Because of this property, and when 

eigenvalues are sorted in descending order where {λ1 > λ2 > ⋯ > λ𝑚}, the corresponding eigenvectors 

identify directions of maximal variance, with every subsequent eigenvector capturing the maximal variance 

in a direction orthogonal to all previous eigenvectors. In this sense, the eigenvectors capture the principal 

components of the data. 

 

Figure 4-1: Plot of row similarities. Red points show how every 𝑘th row is highly correlated, but 

generally uncorrelated with all other rows, given by the black points. 
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Similarly, the matrix 𝐕 is calculated as the eigenvectors of the matrix 𝐗∗𝐗 ∈ ℂ𝑛×𝑛. All of the previous 

intuition holds but this time the correlation matrix generated captures the similarity between columns of the 

data matrix. 

Finally, the matrix 𝚺 holds the singular values of the data matrix, which are the square roots of the non-

zero eigenvalues of both 𝐗𝐗∗ and 𝐗∗𝐗, where the square root arises from the repeated multiplication of the 

data matrix 𝐗 to form the correlation matrix. As the singular values are related to the eigenvalues of the 

correlation matrix, which is a measure of the variance captured by the corresponding eigenvectors, the 

singular values capture the relative modal energy content of the system. POD therefore provides a 

convenient and interpretable energy metric for ordering the importance of the modes. 

Since 𝚺 can be calculated with knowledge of only one of 𝐔 or 𝐕, only one eigendecomposition is 

necessary since the remaining matrix can be calculated through a rearrangement of Equation 4.1. While 

convenient, this forgoes the intuition that 𝐔 and 𝐕 are in fact both correlation-dependent matrices and 

whose utility depends on the structure of the data matrix 𝐗. 

More concretely, the data matrix is defined as 

𝐗 =   [

    
| |  |
𝐱1 𝐱𝟐 . . . 𝐱𝑛

| |  |
    

] , (4.2) 

which is made up of 𝑛 vectors, each of which belong to ℂ𝑚. Video data is of interest, which is made up of 

a collection of video frames of equal time-spacing. As is typical in modal decomposition studies, the spatial 

measurements at a given time are all stacked into a column vector of identical size with arbitrary order but 

whose order is consistent across all samples. In this case, video frame 𝑗 is flattened into a column and forms 

column 𝑗, 𝐱𝑗, of the data matrix, where each frame has 𝑚 pixels. Recalling Section 2.3.2, this flattening 

removes the spatial topological order of the dataset, but this is a necessary step of the standard POD 

algorithm. 

In this format, each row represents the measured time history of a given spatial location and each column 

represents the spatial distribution of measurements at a given time step. Performing the SVD on 𝐗 therefore 
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produces matrices 𝐔  and 𝐕  which capture the spatial and temporal correlative structure of the data, 

respectively. Here, the spatial measurements are pixel intensity values but could be any variable of interest. 

The matrix 𝐔 therefore captures the spatial structures which are most dominant in the data, hence why it is 

often termed the POD modes, while 𝐕  captures the time dynamics, or temporal coefficients, of the 

corresponding modes. To be clear, the matrix 𝐔 is only termed the POD modes because of the format of the 

data matrix given in Equation 4.2. Further, the spatial- and temporal-correlation matrices are completely 

independent and, as such, only spatial-coherence in captured in this formulation. For this reason, this 

algorithm is also called space-only POD. 

A common use case for POD is in reduced order modeling or low-dimensional reconstructions of an 

original dataset. It is often the case that a high percentage of the explainable variance in the data, on the 

order of 95%+, can be captured within the first 10 or 20 modes. An 𝑟-mode truncation can be performed, 

allowing a reconstruction of time step 𝑘 through 

𝐱POD,𝑘 = ∑σ𝑗𝐮𝑗
𝑇𝐯𝑗.

𝑟

𝑗=1

(4.3) 

The POD modes, 𝐔, capture the dynamical features with energy, 𝚺, whose dynamics evolve according to 𝐕. 

A number of important points need to be made here. First, discussion on the SVD highlighted how the 

columns of 𝐔, the POD modes, capture the orthogonal directions of maximal variance, which can be 

physically interpreted as the energy of the system. Thus, the first POD mode is the spatial structure which 

optimally captures the entire system energy, in an 𝐿2 sense, with one vector. The second mode, together 

with the first mode, then optimally captures the entire system energy with two orthogonal vectors, and so 

on. There is then nothing in this formulation which attempts to decouple independent or overlapping 

processes; rather, any coupling present in a system is likely to be mixed together in the POD modes. 

Secondly, POD is not dependent on data ordering. The calculated eigenvectors of the correlation 

matrices will always identify the spatial measurements which are highly correlated. Clearly, this is not an 

ideal feature of a dynamical analysis tool, but it does mean that time-sampling does not need to be uniform. 
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The time dynamic information, captured by 𝐕, is, however, highly dependent on the coupling of system 

processes and on the time-sampling procedure.  

 

 

4.2.2 Understanding DMD 

Dynamic mode decomposition arose from the desire to learn the physical structures and behaviors of 

turbulent systems directly from measured data [88]. DMD aims to capture data, infer linear models from 

the data, and then give physical insight into processes which currently have no analytical theory available. 

DMD approximates the system of interest as being linear in a high-dimensional space, attempting to capture 

nonlinear dynamics. As this is generally not the case, concern arises over the extent to which DMD is 

considered valid when applied to nonlinear systems. 

Generally, DMD is the procedure for performing the eigendecomposition of the linear operator which 

maps the matrix 

𝐗 =   [

    
| |  |
𝐱𝑖 𝐱𝑗 . . . 𝐱𝑘

| |  |
    

] (4.4) 

to the matrix 

𝐗′ =   [

    
| |  |

𝐱𝑖+1 𝐱𝑗+1 . . . 𝐱𝑘+1

| |  |
    

] (4.5) 

where the indices 𝑖, 𝑗, and 𝑘 are arbitrary time steps but highlight that the only ordering that matters is that 

corresponding columns in 𝐗 and 𝐗′ are shifted by one time step. Note how, likewise with POD, the spatial 

topology of video data is not preserved in the DMD algorithm. In this work, there is a uniform time step, 

Δ𝑡, between adjacent columns, so 𝐗 can be written {𝐱𝑡}𝑡=1
𝑛−1 and the time-shifted data matrix, 𝐗′, can be 

written {𝐱𝑡}𝑡=2
𝑛 , so 𝐗, 𝐗′ ∈ ℂ𝑚×𝑛−1 , where 𝑚 is the number of state variables and 𝑛 is the number of 

snapshots in time. In general, the data matrices may be complex, however only real data are used for video 

data. The linear operator, 𝐀 ∈ ℂ𝑚×𝑚, then maps the columns of 𝐗 to the corresponding columns of 𝐗′, 

𝐀𝐗 = 𝐗′, (4.6) 
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which can be solved through 

𝐀 = 𝐗′𝐗† (4.7) 

where the superscript † denotes the Moore-Penrose pseudoinverse. Using the definition of the SVD from 

Equation 4.1, this can be written as  

𝐀 = 𝐗′𝐕𝚺−𝟏𝐔∗. (4.8) 

Typically, this is intractable to compute, so a low-dimensional approximation of 𝐀 is desired from which 

the behavioral properties of the linear system can be extracted. 

DMD builds on the foundations of POD, leveraging the utility of optimally representing the system's 

energy with a given number of POD modes. It is stressed that POD is purely mathematical in nature; it is a 

linear technique which provides orthogonal vectors which maximize explained variance of the dataset, 

independent of data ordering. To reduce the dimensionality of the approximation of 𝐀, DMD truncates the 

number of modes used for all of the analysis. An 𝑟-truncated SVD of 𝐗 is used for DMD, 

𝐗 ≈ 𝐔𝑟𝚺𝑟𝐕𝑟
∗ (4.9) 

with the 𝑟-most dominant POD modes given by 𝐔𝑟 ∈ ℂ𝑚×𝑟, associated relative energy contributions given 

by 𝚺𝑟 ∈ ℂ𝑟×𝑟, and modal temporal dynamics given by 𝐕𝑟 ∈ ℂ𝑛×𝑟, where 𝑟 is the number of modes kept to 

produce an 𝑟 × 𝑟 approximation of 𝐀. 

The approximation of 𝐀 is calculated by projecting onto the column space of 𝐔𝑟
∗ to give 

�̃� = 𝐔𝑟
∗𝐀𝐔𝑟 (4.10) 

where �̃� is the 𝑟 × 𝑟 approximation of 𝐀 which can tractably be analyzed. The projection onto the POD 

modes defines spatial groupings of state variables whose behaviors have similar coherence in time. �̃� 

therefore captures the dynamics of the system with the POD modes forming the basis of the transformation. 

An eigendecomposition of �̃� can now be calculated through 

�̃�𝐖 = 𝐖𝚲 (4.11) 

where 𝐖 ∈ ℂ𝑟×𝑟 is given by 
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𝐖 =   [

    
| |  |

𝐰1 𝐰2 . . . 𝐰𝑟

| |  |
    

] (4.12) 

and 𝚲 ∈ ℂ𝑟×𝑟 is a diagonal matrix given by 

Λ =  

[
 
 
 

    
λ1   0 
 λ2   
  ⋱  
 0   λ𝑟    ]

 
 
 

. (4.13) 

𝐰𝑗 and λ𝑗 are approximations of the 𝑗th eigenvector and eigenvalue of 𝐀, respectively. The approximate 

eigenvalues, λ𝑗, of the full system are known as the Ritz values [88]. Knowing that this eigendecomposition 

was performed in a low-dimensional representation of 𝐀 through the POD modes, the eigenvectors now 

identify contributions of the POD modes which result in oscillatory behavior with exponential growth or 

decay. Therefore, when the column space of 𝐗 and 𝐗′ are approximately equal [71], the DMD modes can 

be defined through 

𝚿 = 𝐔𝐖 (4.14) 

where 𝚿 ∈ ℂ𝑚×𝑟 is given by 

𝚿 =   [

    
| |  |

𝛙1 𝛙2 . . . 𝛙𝑟

| |  |
    

] . (4.15) 

The columns of 𝚿, 𝛙𝑗, represent the DMD modes which can be considered a linear combination of the 

POD modes, 𝐔, whose coefficients are given by the eigenvectors, 𝐖. Similar to POD, the DMD modes 

capture dynamical features, but whose dynamics evolve sinusoidally owing to its linear transformation 

formulation. Intuitively, the DMD modes use the energetically-optimal POD modes to form a basis for the 

approximation of 𝐀  whose eigenvectors identify contributions to the linear dynamics in the lower-

dimensional basis. 

Although DMD utilizes the orthogonal modal decomposition of POD, the DMD modes themselves are 

generally not orthogonal [88]. For practical considerations, the eigenvalues of �̃�  are distinct, which 

indicates that DMD is able to decouple spatial behaviors which have different oscillatory and decay 
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properties. The frequencies and exponential growth or decay rates of the DMD modes can easily be given 

by the corresponding phase and magnitude of the eigenvalues, respectively. Unfortunately, the convenient 

energy hierarchy afforded by POD is no longer available for DMD and, therefore, ranking the DMD modes 

by energy content can be difficult. 

A modal energy ranking suggested by Tu et al. [216] utilizes the modal norm, given by the 𝐿2 norm, for 

mode 𝑗, ‖𝛙𝑗‖, scaled by its corresponding eigenvalue to the 𝑛 − 1th power, such that 

𝑏𝑗 = λ𝑗
𝑛−1‖𝛙𝑗‖ (4.16) 

where 𝑏𝑗 is the energy content of the 𝑗th DMD mode. The scaling by the eigenvalue assumes that quickly 

decaying eigenvectors in the system have reduced coherence which are not necessarily representative of 

the system as a whole. Higham et al. [217] demonstrate the utility of using the Fourier transform of the 

POD temporal coefficients, creating a power spectral density (PSD), to guide the selection of dominant 

DMD modes. 

A popular DMD energy metric is to solve the least squares problem 

𝐛 = min
𝐛

‖𝚿𝐛 − 𝐱1‖ (4.17) 

relative to the first column in the data matrix 𝐗. Although in practice this formulation has been successful, 

it is dependent on data ordering; different values of 𝑏𝑗 or modal ordering, or both, can arise. Instead, for 

this work, an average energy metric over 𝑣 randomly selected vectors is introduced and used, to reduce 

sensitivity on data ordering. Thus, the formulation used here is 

𝐛 =
1

𝑣
∑ min

𝐛
‖𝚿𝐛 − 𝐱‖

 

𝐱∈𝑉

(4.18) 

where 𝑉 is the set of 𝑣 randomly selected vectors from 𝐗. A value of 𝑣 = 100 was used as it provided a 

robust modal ordering without excessive additional computational cost. 

Finally, generating reconstructions of the original dataset is a common approach to quantify the accuracy 

of the truncated linear model, which is given by 
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𝐱DMD,𝑘 = ∑𝑏𝑗

𝑟

𝑗=1

𝛙𝑗exp(𝜔𝑗𝑡𝑘) (4.19) 

for an 𝑟 -mode truncation, where 𝐱DMD,𝑘  is the DMD reconstruction of the 𝑘th  time step and                                 

𝜔𝑖 = ln(λ𝑗)/Δ𝑡. 

As DMD relies on the formulation of POD, and both techniques are inherently linear, the 

representational capacity is clearly limited. Further, nothing about either formulation is physically-informed 

[218], so their ability to extract physics is not tied to theory.  

 

 

4.2.3 Evaluating POD and DMD 

Despite POD and DMD being linear tools, they are almost exclusively applied to nonlinear systems. 

These techniques purport to extract physical understanding and allow the user to identify dominant 

dynamical features. While the idea of the modal decomposition is a useful one, the lack of validation on the 

results is concerning. Further, while interpretability of modes is likely to be an ongoing issue for highly 

complex processes and behaviors, any postulation should be built upon the validation of known, ground 

truth processes. Although a seemingly trivial step, no published works have critically evaluated and 

validated the application of POD and DMD for even simple systems with known spatio-temporal coherence. 

This serves as a fundamental aspect of this dissertation: all algorithms and models in this work are to be 

applied, analyzed, evaluated, and validated on a hierarchy of problem complexity. As such, initial 

contributions of this work focus on the application of POD and DMD on problems with simple dynamics 

before investigating practical systems as is traditionally done, with a focus on evaluating the efficacy of the 

decompositions. 

For clarity, for all the systems analyzed, they are recorded in spatio-temporal form optically, or optically 

through simulation. 
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Simulated Systems 

While there are many simple liquid injection systems which behave predictably with established 

formulae for instability wavelengths and breakup lengths, many experimental variables must be controlled 

which are likely to make the system less idealized. Instead, a simulated system can be controlled exactly, 

serving as a starting point with which to analyze POD and DMD. 

As the data are observed from an optical viewpoint, the intrinsic state variables are not recorded directly. 

Of course, the true underlying dynamics are known a priori as they are specified to simulate the systems. 

For many such cases, this change in perspective causes nonlinear variables to be recorded, regardless of the 

true underlying linearity. Hence, the performance of POD and DMD for these systems, without access to 

the intrinsic state variables, is of great interest. 

Due to the presence of oscillatory waves or wave-like behaviors in liquid atomization systems, the 

application of POD and DMD to a fundamental wave problem serves as a strong baseline. Probably the 

simplest wave system is that of a vibrating string. The analyzed system is shown in Figure 4-2 with its 

constituent sinusoidal waveforms. Only two sinusoids contribute to the overall waveform: one sinusoid is 

one wavelength long with a frequency of 2 Hz and the other is three wavelengths long with a frequency of 

3 Hz. As these are the only structures contributing to the overall system dynamics, a successful modal 

decomposition should produce two modes, one for each waveform, capturing the correct spatio-temporal 

behaviors. The resolution of the data is 40 × 60 pixels. 

Indeed, vibrating strings are ubiquitous problems with well-known analytical solutions. However, when 

viewed optically, the response of each pixel is nonlinear, often capturing a square-like wave, and so POD 

and DMD are tasked with identifying the characteristics of a linear system from a nonlinear representation. 

 

Figure 4-2: The vibrating string system, made up of two superimposed sinusoids. 
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Evaluating these results clarifies to what extent POD and DMD can analyze nonlinear representations of 

linear systems or if they are confined to linear representations. 

The next simulated system analyzed is that of a group of observed particles moving on linear trajectories 

at constant velocity; a basic representation of behaviors typically found in atomization systems. The particle 

stream system is shown in Figure 4-3 with a snapshot of its independent constituent processes. Three 

particle streams move at different velocities and, thus, have different periods as they wrap in and out of the 

frame (i.e., motion is top to bottom). The cycling frequency of the particle streams from left to right is 2 Hz, 

3 Hz, and 4 Hz. Therefore, the right particle stream cycles at the second harmonic frequency of the left 

particle stream. The resolution of the data is 56 × 56 pixels. 

The particle stream system tests fundamental spatial and temporal behaviors of the decompositions. 

Each stream is spatially independent; no overlapping or cross-stream interaction occurs between the streams. 

As POD and DMD do not preserve the spatial ordering of the analyzed video, their ability to separate 

spatially distinct dynamical features is of great interest. In addition, two of the streams are related by an 

integer multiple frequency. While this ensures strong temporal correlation between the two streams, one is 

interested in the extraction of spatio-temporal coherence.  

 

  

Liquid Atomization Systems with Known Spatio-Temporal Coherence 

Next, a simple experimental atomization system is considered: the dilational jet, shown in Figure 4-4. 

The behavior of the dilational jet can be carefully controlled, it is a fundamental process in many 

 

Figure 4-3: The particle stream system, made up of three distinct particle streams. 
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atomization systems, and has accompanying analytical theory. To ensure predictable behavior, the 

emanating jet is laminar, cavitation is avoided in the nozzle, and recorded data are close to nozzle exit [219]. 

The issuing liquid is water, injected from a plain sharp-edged orifice with an orifice diameter of 0.6604 mm 

and an orifice length-to-diameter ratio of 4, and at a low velocity so low Ohnesorge and Reynolds numbers 

encourage Rayleigh breakup. In this case, only a single mode governs the system: a 2700 Hz dilational 

wave induced by a 900 Hz pulse. The perturbed wave only supports the third harmonic as its wavelength, 

λopt ≈ 4.51𝑑, where 𝑑 is the injector diameter, is the most dominant unstable wavelength [4, 220]. Of 

course, although the 900 Hz perturbing frequency does not provide its own sustaining instability, it may 

indirectly affect the flow in a practical system. The resolution of the data is 200 × 64 pixels. 

Subsequently, the dilational jet will begin to breakup as surface tension forces amplify the instabilities, 

leading to jet breakup. Thus, a jet breakup case is analyzed, but with a 4000 Hz perturbation frequency to 

produce primary droplets, along with the satellite droplets, which are large enough to be captured by the 

optical setup [220]. A snapshot of the jet breakup process is also given in Figure 4-4; the dilational jet 

breaks up into a large primary droplet with an accompanying smaller satellite droplet. The jet breakup case 

is the first system analyzed which has a continuous spectrum [221] due to fluctuations in the jet breakup 

length. As a result of the inconsistent breakup length, the location of the primary droplet formation, and 

accompanying satellite droplet, also fluctuates. Certainly, a mode which captures the breakup and formation 

of both the primary and satellite droplets is expected due to the periodic formation. It is of interest as to 

 

Figure 4-4: Snapshots from the (left) dilational jet and (right) jet breakup, and corresponding instability 

frequencies. 
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whether POD and DMD are able to capture the continuous spectrum of the breakup length as they only 

directly capture discrete spectra phenomena. Both of these systems are recorded at 20,000 frames per 

second. 

 

 

Jet in Crossflow 

From the above cases, from a linear system analyzed from a nonlinear representation to a basic 

experimental system exhibiting a continuous spectrum, a verifiable hierarchy is provided with which to 

evaluate POD and DMD on a fundamental level that heretofore has yet to be presented. The final system 

provides a more practical use case while still admitting tangible physical insights and understanding: the 

jet in crossflow. Data are recorded at 9708 frames per second with a (downsampled) resolution of 

128 × 200 pixels. 

Specifically, the system analyzed is a liquid jet undergoing bag breakup from a transverse gaseous 

crossflow, shown in Figure 4-5. Again, a plain sharp-edged orifice with an orifice diameter of 0.6604 mm 

and an orifice length-to-diameter ratio of 4 was used to inject water into an air crossflow. The air enters a 

25.4 mm × 25.4 mm square channel with the liquid injected perpendicular to the air flow. Waves in the 

liquid column are produced primarily through aerodynamic instabilities. The conditions were run at an 

aerodynamic Weber number, We∞, of 30, and a momentum flux ratio, 𝑞, of 10. No underlying frequencies 

of this system are known. Liquid segments flatten out and then expand into a large bag before fully 

atomizing. This regime has alternating segments which are undisturbed or have undergone bag breakup. 

 

 

Figure 4-5: A snapshot of a jet in crossflow undergoing bag breakup. 
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Visualizing Modes 

Both POD and DMD modes are very natural to visualize as they represent spatial structures in the flow. 

In both cases, each mode captures the relative spatio-temporal contributions of structures whose dynamics 

evolve according to their temporal coefficients or modal frequency for POD and DMD, respectively. Modal 

values are centered around zero and the positive (resp. negative) regions oscillate between positive and 

negative (resp. negative and positive) values according to their dynamics. In addition, the modes come in 

complex conjugate pairs whose values are phase lagged by 90, analogous to pairs of sines and cosines. 

Only the real part of the modes is plotted which is conventionally done. 

An example pair of complex conjugate modal structures, corresponding to a single POD mode, for the 

particle stream system is given in Figure 4-6. Note, that this is still representative of the visualization of 

DMD modes. It is stressed that modal values are relative and should be treated qualitatively. Quantitative 

information is extracted through the temporal coefficients or modal frequency, the modal power, or a 

combination of these values with the modal values. 

By combining the mode with its temporal behaviors, a modal video can be created which provides 

intuitive insight into the contribution of each mode. However, representing the modes as a single image is 

still clear. For example, for DMD, structures present in positive (resp. negative) regions will then move to 

adjacent negative (resp. positive) regions at twice the modal frequency. This is easy to show by considering 

the relevant temporal scale of the mode, found by taking the reciprocal of twice the modal frequency. As 

 

Figure 4-6: An example pair of complex conjugate modal structures. Note the 90 phase offset in the 

positive-negative regions between the modal pair. 
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DMD models the dynamics of an arbitrary system linearly, the matrix 𝐀 progresses the system one time 

step forward and, hence, 

𝐀𝑓𝑠/(2𝑓ψ)𝛙 = −|λ|𝑓𝑠/(2𝑓ψ)𝛙 (4.20) 

where 𝑓𝑠 is the data sampling frequency and 𝑓ψ is the modal frequency. This occurs, by definition, since 𝛙 

is an eigenvector of the linear operator 𝐀, however this provides clear physical insight into how the modal 

structures and frequencies interact. The direction of movement of modal structures can be found by 

decreasing the exponents in Equation 4.20 and comparing the output. 

Both POD and DMD capture the mean flow of the system as their most dominant mode. As this does 

not usually provide any notable insights, this mode is omitted and considered the zeroth mode. Instead, all 

modes are presented in order of energy starting from the most dominant mode not capturing the mean flow. 

The modal structures are compared qualitatively to known spatio-temporal structures and dynamics, 

particularly for the simplest systems, as the underlying behaviors are known. A focus is placed on the 

physical meaning represented by each mode individually, as this is commonly done in the literature. 

To evaluate the modal decomposition holistically, an 𝑟-mode reconstruction and future state prediction 

are performed and compared to the original dataset. The quantitative metric for the comparison is the mean 

squared error (MSE) of pixel values for both the reconstruction and the future state prediction, given by 

MSE =
1

𝑚𝑛
∑∑(𝑥𝑖𝑗 − �̃�𝑖𝑗)

2
𝑚

𝑗=1

𝑛

𝑖=1

(4.21) 

where the MSE is calculated over all 𝑛 columns and 𝑚 elements of the data matrix 𝐗, 𝑥𝑖𝑗 is the 𝑗th element 

of the 𝑖th vector, and �̃�𝑖𝑗 is the modal reconstruction or prediction of the corresponding element. 

While POD provides temporal coefficients for how each mode evolves, it does not, generally, allow for 

future state prediction. A power spectral density (PSD) can be produced by taking the Fourier transform of 

the modal temporal coefficients. If the PSD has an appropriately narrow bandwidth, a single frequency can 

be attributed to the mode and future state prediction is possible. For even simple systems, however, the 
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PSD for each mode can cover a broad range of frequencies. As a result, only state reconstructions are 

performed for POD. 

In contrast, DMD is spectrally clean in that it outputs a single modal frequency per DMD mode. This 

enables both reconstruction and future state prediction as well as assigning each modal structure clear 

dynamical behaviors. This is particularly important for physical interpretation discussions of the extracted 

modes. 

In addition, DMD modes are accompanied by their Ritz values, which are the approximations of the true 

eigenvalues of 𝐀. The Ritz values are plotted relative to the unit circle, whose magnitudes capture the decay 

or growth rates and whose angle captures the modal frequency. The marker size for the Ritz plots is directly 

proportional to the DMD modal energy. No scale is accompanied, so the marker size scaling is used 

qualitatively. 

4.3 Deep Koopman Architecture 

Revisiting the general linearized dynamical system through the Koopman operator: 

𝜙(𝐱𝑘+1) = 𝒦𝜙(𝐱𝑘), (4.22) 

𝒦 is the full-dimensional Koopman operator and 𝜙 is the generally nonlinear coordinate transformation 

which linearizes the dynamics. Both 𝒦 and 𝜙 are unknown; only the recorded variables, 𝐱, are known 

through time and so approximations are sought, particularly for a low-dimensional representation of the 

Koopman operator, given by 𝐊. 

DMD approximates 𝒦  by assuming the dynamics evolve linearly, such that 𝜙  is just the identity. 

Instead, with deep learning, there is the possibility to learn both 𝜙 and an approximate 𝐊 simultaneously. 

 

 

4.3.1 POD and DMD Neural Networks 

As will be discussed fully in the next chapter, the logical intermediate step between the analytic POD 

and DMD approaches and the full deep Koopman framework is to represent both POD and DMD in neural 
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network form. The understanding gained by analyzing the underlying theory enables their implementation 

via a deep learning framework, with example comparative results acting as validation for the network 

design. 

Example networks for learning POD and DMD modes through a POD neural network (POD-NN) and a 

DMD neural network (DMD-NN) are given in Figure 4-7. In this specific figure with four neurons in the 

hidden layers, two complex conjugate pairs of modes can be learned from the system by using an 

autoencoder framework. POD attempts to learn an efficient data compression while maximizing the 

reconstruction accuracy, which implicitly preserves the energy-optimal formulation. The compressed 

section of the network will be referred to as the embedding space in this work, which is synonymous to the 

latent space. Of course, the ability to perform PCA using neural networks has been known for decades [182]. 

Specific application for identifying spatio-temporal dynamics, however, has not been demonstrated and 

provides a nice link between the analytical version of POD to further deep learning extensions. 

For the given example, the only change in the DMD network is to expand the embedding space with an 

extra hidden layer with the same dimensionality. The DMD network attempts to learn an approximation of 

the linear map 𝐀 which maps a given input, 𝐱𝑘, into a prediction of the next time step, �̃�𝑘+1. The activation 

for all neurons in both POD-NN and DMD-NN designs is the linear activation function. 

 

Figure 4-7: Example neural network representations of (left) POD and (right) DMD. The number of 

layers is fixed, but the number of neurons per layer can change. 
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4.3.2 Koopman Autoencoder 

One only has access to the variables, 𝐱, with no knowledge of the target outputs. This lends itself well 

to an autoencoder design, following on from the basic POD-NN and DMD-NN implementations, with a 

general diagram given in Figure 4-8, acting on image data. In this case, the network inputs and outputs are 

data points from the data matrix 𝐗. The encoder section learns the transformation 𝜙 from Equation 4.22 to 

linearize the system dynamics. Likewise, the decoder section learns the inverse, 𝜙−1, to recover the original 

coordinate system. As the encoder and decoder are inverses of the other, only the parameters of one need 

to be optimized if an analytical inverse exists. For a feed-forward NN, for example, the transpose of the 

encoder weights with the inverse of the activation function can be used as the decoder, forgoing any extra 

parameters. For many cases, such as the choice of activation function or in CNNs, an analytical inverse 

does not exist. However, a generalized inverse can be approximated by learning parameters in both the 

encoder and decoder. 

In a common autoencoder application, the encoder will take the input space, transform it into an 

embedding space, then transform back to the input space and try to reconstruct the given input. Indeed, this 

step can be taken to help learn 𝜙. In theory, the only necessary addition is to learn the linear map 𝐊 which 

advances the input forward in time. The linear map can be learned as a, for example, fully connected layer 

or as a parameterized block diagonal matrix. An example forward propagation pass would be mapping the 

input to the embedding space, applying 𝐊 a number of times, 𝐊𝑚, before the embedding variables are 

transformed back into the input space where instead of reconstructing 𝐱𝑘, the network is to predict 𝐱𝑘+𝑚. 

 

Figure 4-8: A schematic of the fundamental components of the Koopman autoencoder. 
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A loss function is desired which optimizes input reconstruction to help learn 𝜙, with an additional term 

optimizing future state reconstruction which learns 𝐊 and further helps to learn 𝜙. The general loss function 

for the Koopman autoencoder can thus be written 

ℒ = α1‖𝐱𝑘 − 𝜙−1(𝜙(𝐱𝑘))‖ + α2

1

𝑇
∑‖𝐱𝑘+𝑚 − 𝜙−1(𝐊𝑚𝜙(𝐱𝑘))‖

𝑇

𝑚=1

(4.23) 

where all norms are the mean squared error, 𝑇 is the number of time steps the network predicts into the 

future, 𝑘 is a random time step from the training input, and α1 and α2, are constants. The first term is the 

reconstruction loss and the second term is the future state prediction loss over 𝑇 time steps. 

Fundamentally, this is the structure of the Koopman autoencoder. The transformation to the embedding 

space captures the Koopman modes which linearizes the system dynamics. The 𝜙 and 𝐊 sections can have 

an arbitrary design whose parameters are learned; specific design choices are provided later. While many 

practical alterations can be applied, they will, currently, be variants of this design. 

 

 

4.3.3 Deep Koopman Network 

Recently, Koopman theory-inspired deep learning networks have demonstrated the greatest model 

flexibility in generating low-dimensional representations of the Koopman operator [138, 222, 223, 224]. 

The first published work introducing an end-to-end trainable deep Koopman network is that by 

Lusch et al. [223], providing the ability to compactly represent dynamical systems with either discrete or 

continuous spectra. By leveraging the high representational capacity of neural networks, this approach has 

the potential to perform a modal decomposition successfully on a wide range of problems with minimal 

algorithmic alteration. 

Initial deep learning work in this dissertation, including the above discussions, was developed 

independently from the publication by Lusch et al. [223], however, important insights from their study were 

gained to serve as a practical, demonstrable Koopman framework. Their work aligns with the Koopman 

autoencoder structure and uses a parameterized block diagonal matrix to advance the embedding state 
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forward in time. A straightforward implementation of learning 𝐊 is to directly learn the real and imaginary 

parts of the eigenvalues for each mode, λ = 𝜇 + 𝑖𝜔. Indeed, this works very well but only for systems with 

discrete spectra; the eigenvalues do not vary dependent on phase space location. Importantly, they introduce 

an auxiliary network which learns to parameterize the matrix 𝐊(λ), dependent on the embedding state 

location in phase space. Specifically, the matrix 𝐊(λ) is of Jordan form 

𝐊(λ) =

[
 
 
 

    
𝐁1   0 
 𝐁2   
  ⋱  
 0   𝐁𝑟    ]

 
 
 

(4.24) 

for an 𝑟-mode approximation, where each mode is advanced independently according to 

𝐁𝑖(𝜇𝑖 , 𝜔𝑖) = exp(𝜇𝑖∆𝑡) [

   
cos(𝜔𝑖∆𝑡)  −sin(𝜔𝑖∆𝑡) 

   
sin(𝜔𝑖∆𝑡)  cos(𝜔𝑖∆𝑡)

   

] (4.25) 

for mode 𝑖. Not only does this learn a low-dimensional approximation, but it also allows for continuous 

spectra to be learned directly, which subsumes discrete spectra processes. 

The extensions by Lusch et al. to the Koopman autoencoder are shown in Figure 4-9. The main practical 

contributions are in the auxiliary network and the network’s loss function. The auxiliary network takes the 

first variables in the embedding space directly from the transformation, 𝜙, where the eigenvalues of a given 

mode are a function of their respective embedded modal coordinates. In addition to the loss terms 

introduced in Equation 4.23, they also include a linearity loss, an infinity norm loss, and an explicit 𝐿2 

 

Figure 4-9: The deep Koopman network from [223] suggests learning an auxiliary network to 

parameterize 𝐊(λ). 
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regularization term on the network weights. The linearity loss acts very similar to the future prediction loss, 

but helps to ensure the learned mapping is linear in the embedding space. The infinity norm loss penalizes 

examples with unusually large errors. 

This design of a deep Koopman network was validated independently in this work for the same systems 

presented by Lusch et al. [223]. Due to this deep learning framework only recently being developed, this 

both helps to verify the results of the publication and ensure independently developed models for this work 

are learning as expected. A comparison of results is shown in Figure 4-10 for two eigenvectors and their 

corresponding eigenvalues. Readers are directed to their work for a detailed discussion of the results and 

problems investigated. 

Notable variations between the previous work and this include the use of TensorFlow 2.0 for the current 

work compared to TensorFlow 1.14, computational hardware and time, and normalization and 

regularization schemes. However, strong agreement is found and verify both the results of the initial deep 

Koopman network and the development of the current network. 

 

 

 

 

Figure 4-10: A comparison of results replicating the deep Koopman network from [223]. Given enough 

training, the results will converge to the same solution. 
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4.3.4 Convolutional Koopman Network 

This dissertation presents a deep convolutional Koopman network (CKN) architecture, which naturally 

adapts the Koopman framework provided above for video data [225]. The primary CKN used in this work 

is shown in Figure 4-11. Specific details about this network are given in Chapter 5. 

 

Figure 4-11: One of the CKN architectures used in this work. 
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To handle image data, the encoder and decoder sections are composed of convolutional and pooling 

layers, and their transposes, respectively, which learn the coordinate transformation, 𝜙, in Equation 4.22. 

The auxiliary network is a feed-forward NN which learns the eigenvalues which parameterize an 

approximation of the Koopman operator, 𝐊(λ), which, again, allows both discrete and continuous spectra 

to be identified. 

For modal learning, all data are used when training, similar to POD and DMD. Using the CKN 

architecture primarily for future state prediction, for example, may warrant the use of validation and test 

data. However, for the purposes of extracting dynamical features and gaining physical insights, this is not 

considered necessary with the embedding size used in this work. 

Prior to training, all data are scaled to have their values in the range (−1, 1) with the mean of the full 

dataset equal to zero. While videos of experimental systems include noise (e.g., sensor noise), artificial 

noise was added to the simulated systems. 

 

 

Loss Function 

The general loss function used for the CKN is 

ℒ = α1‖𝐱𝑘 − 𝜙−1(𝜙(𝐱𝑘))‖                                   

+α2

1

𝑇
∑‖𝐱𝑘+𝑚 − 𝜙−1(𝐊𝑚𝜙(𝐱𝑘))‖

𝑇

𝑚=1

 

+α3

1

𝑇
∑‖𝜙(𝐱𝑘+𝑚) − 𝐊𝑚𝜙(𝐱𝑘)‖

𝑇

𝑚=1

     (4.26)

 

where all norms are the mean squared error, 𝑇 is the number of time steps the network predicts into the 

future, 𝑘 is a random time step for the training input, and α1, α2, and α3 are constants. Constant values of 

unity were found to work well for most networks analyzed, though additional tuning can be made to 

optimize model performance and convergence further. The first term is the reconstruction loss, the second 

term is the future state prediction loss, and the last term is the linearity loss in the embedding space as 

proposed by Lusch et al. [223]. 
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Visualizing CKN Modes 

 

POD and DMD modes are often presented as a single image where, with each associated modal temporal 

coefficients or frequency and energy, the time evolution of the mode can be inferred from the modal values. 

The CKN modes, though, provide greater spatial localization than POD and DMD modes and evolve 

nonlinearly on the input space, as will be discussed to a greater extent in the next chapter. Therefore, the 

most revealing visualization is to show snapshots of the modal videos and reconstructions at different time 

steps to demonstrate modal dynamics and to promote interpretability. 

For the CKN, producing the modes is straightforward because of the network design. As the modes in 

the embedding space are forced to be independent through the Jordan matrix 𝐊(λ), extracting mode 𝑖 only 

requires keeping block 𝑖  in 𝐊(λ), zeroing all other blocks, and passing an example input through the 

network. The output will produce a modal video in the original input coordinate system which can 

subsequently be fed back into the input for further state prediction. Each CKN mode, therefore, performs a 

partial state reconstruction which identifies the direct contribution of each mode. 

While it is possible to rank POD and DMD modes by their energy contribution to the reconstruction, 

the modes for the CKN are not ranked. However, for the systems presented in this work, this is not 

necessarily a drawback. For the case where the dimension of the CKN embedding space is larger than the 

number of independent system processes, redundant modes are easy to identify due to their aperiodicity. 

The remaining modes capture the underlying independent processes which govern the system and, therefore, 

all are required to achieve an accurate reconstruction or prediction. It is possible to rank the modes by their 

respective contribution to the mean squared error for future state prediction, which may or may not be 

suitable for a given system. As a result, no modal ranking is performed for the systems analyzed in this 

work, but it is acknowledged that this is of future interest, particularly when the embedding space is 

restrictively small. 
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4.3.5 Evaluating the Convolutional Koopman Network 

As there are many design choices to the CKN, an essential step in its development is a systematic 

evaluation of candidate design choices. While neural network architectures in literature are optimized 

specifically for the investigated problem to maximize model performance, this approach is not a high 

priority for the CKN design choices, in favor of a single design which performs well on numerous problems. 

Of course, any given metric can be optimized for a specific problem, such as future state prediction for the 

CKN, but an emphasis here is placed on developing a model which is successful without significant 

alteration and remaining interpretable. Interpretability is subjective and so optimizing a given metric is 

unlikely to also make the results more interpretable.  

 

 

Network Design and Training 

 

General network design choices are evaluated on representative datasets to identify sufficiently 

performant configurations. Specific design requirements include the number of neurons or filters per layer, 

the number of layers, filter size, choice of activation function, and choice of normalization and 

regularization procedures. The goal is not to identify an exact, optimal configuration, but rather to 

investigate the sensitivity and effects of varying these design options. A deep investigation of 

hyperparameters, optimizers, and training routines is beyond the scope of this work but should be conducted 

in the future. 

For video data, a number of options for fusing spatial and temporal information exist, where different 

approaches often lead to various impacts on model performance [212, 213]. As this is central to the problem 

of applying convolutions to video data, a number of convolutional approaches are compared to identify the 

most appropriate option in terms of model performance and computational cost. 

Specifically, regular 2D and 3D convolutions are tested, as the former is the predominant choice for 

image-based problems while the latter is also selected as it is a natural extension of 2D convolutions to 
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integrate temporal information. Additionally, dilated 2D convolutions are also tested, motivated by their 

ability to identify dense features without downsampling [190, 226]. 

 

 

Koopman Comparison 

 

Once a CKN design and training method have been developed, a direct comparison against POD and 

DMD can be made. The compactness and interpretability, in particular, will be compared for the same 

systems analyzed by POD and DMD. As DMD builds on POD and is more suitable for dynamically 

evolving systems, a focus is placed on comparing the CKN to DMD. As DMD has numerous limitations 

and drawbacks, the ability of the CKN to overcome these issues is of great interest. 

Quantitatively, the reconstruction and future state prediction errors will be discussed. While this is not 

a measure of gain in physical understanding, it is a desirable trait which can help verify that a mode’s spatio-

temporal structures are physically meaningful. 
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Chapter 5 

Results and Discussion 

5.1 POD and DMD 

5.1.1 Decomposition Sensitivity 

Before introducing results for specific systems, a brief discussion is given on the sensitivity of both POD 

and DMD to decomposition parameters. Of particular interest are the number of data points used in the 

decomposition and the choice of 𝑟-mode truncation for DMD. Despite a wide understanding of the lack of 

robustness in DMD modal energy ranking, sensitivity analyses are seldom accompanied with published 

works. The common energy ranking in Equation 4.17 is sensitive to the initial condition of the dataset which 

has been analyzed and improved on by Kou and Zhang [227]. This same analysis has yet to be applied to 

other aspects of the decompositions. 

Here, only data which fully capture oscillatory behavior is considered, i.e., the number of data points 

used for the decomposition is much larger than the period of the slowest, persisting system process. The 

first system analyzed, the vibrating string, is used here to facilitate exposition, however an understanding 

of the system is not necessary. 

Due to the energy optimal formulation of POD, the number of frames used for the decomposition has 

little effect on the ordering of modes, modal structures, or modal values. This is particularly the case for 

the most energetic modes which capture in excess of 95% of the system’s energy content. The only 

requirement for this to hold is that no anomalous or unrepresentative behaviors of the system are included 

with a change in the number of frames analyzed. For the vibrating string example, testing 500, 1000, and 

2000 frames analyzed had no effect on the first 50 POD modes, which account for more than 99.7% of the 

system’s energy. Transient behaviors generally do not affect the most dominant POD results as they have 
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relatively low system energy content, but they will affect the ordering of higher order modes, i.e., modes 

which contribute to the remaining <5% of the system’s energy. 

While DMD builds on POD, it does not maintain the same energy optimality. DMD is additionally 

subject to the choice of the 𝑟-mode truncation; a necessary dimensionality reduction step for calculating �̃�. 

As POD is generally robust within the choice of 𝑟 , this does not cause additional concern, however 

subsequent DMD calculations are dependent on the chosen value of 𝑟. 

Figure 5-1 demonstrates the sensitivity of DMD modal ordering as the number of frames analyzed varies. 

These results are shown for 𝑟 = 10, but similar results are found for other 𝑟 values. Even for the third most 

energetic mode, the modal ordering is inconsistent across the three cases. As the number of frames analyzed 

changes, the modal energy can fluctuate by in excess of 25%, which greatly impacts its ordering with modes 

at similar energy levels. The change in modal ordering, therefore, is localized to distinct energy groupings. 

This often leads to, for example, the most 50 dominant DMD modes being consistent across decompositions, 

but the specific ordering of those 50 changes. 

Similarly, Figure 5-2 demonstrates the sensitivity of DMD modal ordering as the value of 𝑟 varies with 

a constant 2000 frames analyzed. As with the prior results, the third mode is not consistent across the 

different cases. DMD is dependent on the POD decomposition, as its modes must be a linear combination 

of POD modes. Therefore, DMD is constrained to the expressiveness of the set of the most dominant 𝑟 

POD modes, which increases as the value of 𝑟 increases. For example, the third DMD mode for 𝑟 = 20 

 

Figure 5-1: DMD modal ordering sensitivity on number of frames analyzed for the third DMD mode. 
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requires a POD mode which is unavailable to the 𝑟 = 10 case. A sufficiently high value of 𝑟 should be used 

to limit this effect. Unfortunately, as will be seen later in this chapter, this value grows large for even simple 

systems. 

The above results were also observed for different systems. However, no consistencies were found with 

the cause of fluctuation and relationship with number of frames analyzed. 

 

 

5.1.2 Vibrating String 

An overarching qualitative discussion for the modal decomposition techniques in general is that of 

physical interpretation of extracted modes. This can be addressed through consideration of a reverse 

problem: given the modes of a system, what are the characteristics of the physical system? The 

characteristics depend on the type of problem, but can generally be considered relevant to physical spatial 

scales, their motion and trajectories, and periodic behaviors.  

Generally, system processes combine with or occlude other processes and it is visually unclear what the 

governing processes are. POD and DMD are first tasked with a simple wave decomposition problem: given 

optical access to a periodic vibrating string, i.e., without direct access to amplitude measurements, perform 

a Fourier decomposition of the string vibration. 

In this system, a string vibrates linearly according to the superposition of two sinusoids. One sinusoid is 

one wavelength long with a frequency of 2 Hz and the other is three wavelengths long with a frequency of 

 

Figure 5-2: DMD modal ordering sensitivity on 𝑟-mode truncation for the third DMD mode. 
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3 Hz. Thus, it is expected that two modes are extracted: one for each of the sinusoids. The data are recorded 

observing the changes in amplitude on the 𝑦-axis of the image data. This change in perspective for a Fourier 

problem makes the problem nonlinear in the observed variables. The interval between frames is 

8.8 × 10−3 seconds, 2000 frames were analyzed for both decompositions, and a 50-mode truncation was 

used for DMD. 

The four most dominant POD and DMD modes are shown in Figure 5-3, with the POD PSD for each 

mode. It is noted that preferential discussion is given to the most dominant modes, according to the used 

energy metric. While higher order (i.e., lower energy) modes might be meaningful to the analyzed system, 

this either requires domain-specific knowledge to verify or speculation which is not a useful feature of a 

decomposition technique. 

While some clear patterns of the original string vibration are identified, no mode successfully identifies 

one of the sinusoids which contribute to the system behavior; the modes are more representative of 

 

Figure 5-3: The first four POD and DMD modes (columns) for the vibrating string. 
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snapshots of the data. This becomes apparent by looking at the DMD modal frequencies and the POD PSD 

for the corresponding modes. The majority of the most dominant DMD modes have frequencies close to 

zero, which corresponds to quasi-steady state behaviors. The POD PSD for mode 1 and 2 capture a peak 

signal at 3 Hz, however the PSD is not localized at this peak, the frequencies do not correspond to the 

underlying spatial structures of the system, and many other modes have their peak signal between 0 Hz and 

10 Hz. 

The above findings lead to a decomposition which, verifiably, does not capture the correct, independent 

dynamical features. This is further verified by looking at the POD energy distribution and DMD Ritz values 

in Figure 5-4. While POD provides a useful energy hierarchy, the modal energies decrease continuously, 

save for a minor drop at mode 30, precluding a clear truncation which captures the necessary system 

behaviors. For context of results found in the literature, a drop in energy content of half an order of 

magnitude is not uncommon for POD modes in adjacent energy groupings. It is therefore difficult, in this 

case, to justify that fewer than, for example, 30 modes are necessary in both reconstructing and extracting 

the necessary physics of the system. The latter point is hindered regardless due to the inability to capture 

the correct spatial structures. 

The DMD Ritz values are grouped closely to the real axis, corresponding to frequencies at 0 Hz or the 

Nyquist limit. In addition, the majority of modes have very high decay rates (i.e., low eigenvalue 

 

Figure 5-4: (Left) POD energy distribution and (right) DMD Ritz values for the vibrating string. 
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magnitudes), with the exception of steady or quasi-steady state modes. This suggests DMD will have poor 

future state prediction, which is indeed the case as evidenced by Figure 5-5. 0Δ𝑡 corresponds to input 

reconstruction, while 50Δ𝑡 is predicting 50 time steps into the future. DMD can reconstruct the input image, 

but since the majority of the modes are static, DMD is unable to reconstruct the time evolution of the system 

as modes which are not static decay rapidly. 

Both POD and DMD are able to reconstruct a given snapshot, though the POD reconstruction is not 

shown for brevity, but neither are able to identify the correct spatial structures and corresponding modal 

frequencies. DMD is also incapable of providing any semblance of an accurate future state prediction. The 

modes and modal characteristics from both POD and DMD suggest that, physically, numerous static 

processes govern the analyzed system which have complex spatial structures which, of course, is not the 

case. 

These findings are surprising as the underlying system is truly linear, and these techniques have seen 

widespread use for highly nonlinear problems. As demonstrated by the next system, part of the complication 

with the string vibration system is that the governing processes are superimposed and are neither spatially 

nor temporally distinct. POD and DMD provide more physical insight when independent processes are 

spatially uncorrelated. 

 

Figure 5-5: A 50-mode DMD reconstruction and future state prediction for the vibrating string. 
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5.1.3 Particle Streams 

The vibrating string problem is trivial when one has direct access to amplitude measurements, otherwise 

the superposition of the constituent sinusoids greatly affects the utility of POD and DMD beyond snapshot 

reconstruction. The next system is a group of constant velocity particles whose spatio-temporal scales, 

trajectories, and frequencies are precisely known. The frequencies of interest, for this case, are related to 

the periodic looping of the particles in the vertical direction of the data. The interval between frames is 

0.02 seconds, 2000 frames were analyzed for both decompositions, and a 50-mode truncation was used for 

DMD. 

The first four POD modes, with accompanying PSDs, and DMD modes are shown in Figure 5-6. Both 

decompositions extract the same modes, although with a slightly different ordering. Additionally, the POD 

PSDs identify a single dominant frequency for each of these modes, which agrees exactly with the DMD 

results. Because of this agreement, POD and DMD are functionally identical for this system, at least for the 

most dominant modes. The modes are also a lot more intuitive than the vibrating string case: the left and 

 

Figure 5-6: The first four POD and DMD modes (columns) for the particle stream system. 
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center streams are isolated with their own mode with its accompanying modal frequency, and the modal 

structures span the full length of the particle trajectory. This is also the case for the right stream, although 

this is coupled with contributions from the left stream. 

These results appear a lot more promising than for the vibrating string problem which demonstrates the 

effect of analyzing spatially independent processes. Not only are the modal structures more interpretable, 

but the modes are also spectrally clean and capture the correct corresponding modal frequency. 

Of course, while more promising, the right stream is always coupled with the left stream. Further, both 

POD and DMD identify mode 4 as being prominent, oscillating at 6 Hz, despite this frequency’s absence 

in the governing dynamics. In fact, mode 4 is highly representative of other higher order modes: many low 

energy modes have frequencies which are harmonics of the first three modes and whose modal spatial scales 

decrease as the frequency increases. This relationship is commonly found in the literature. For ease of 

explanation, any modes whose frequency is a harmonic of a more dominant mode, and which shares modal 

spatial structures, is termed a harmonic mode. Conversely, other modes are termed fundamental modes. For 

this system, the first three modes are fundamental modes, while all other modes are harmonic modes. 

The fourth POD and DMD mode identify contributions to two trajectories as the modal frequency, 6 Hz, 

is a harmonic of two fundamental modes. Returning to the reverse problem of inferring what system 

behaviors occur by only investigating the extracted modes, this would suggest cross-trajectory coupling at 

this frequency. This is not the case for this system, as no cross-trajectory effects were added. The reason 

for this modal structure covering two trajectories is only because the modal frequency is a higher harmonic 

of multiple fundamental modes. Suppose it were not obvious that this frequency was directly tied to 

fundamental modes, it would be easy to interpret this as a distinct fundamental mode which has a single, 

complex structure. 

A reasonable question here is to ask whether the spatial scales of the fundamental or harmonic modes 

are representative of the physical spatial scales of the system. Certainly, for extracting physics, an 

understanding of the physical scales and the associated dynamics is highly desirable. Interestingly, this 

question has not been discussed at length in the literature; modal structures often appear intuitive without a 
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critical investigation of if their spatial scales exist in the physical system. This leads to many works using 

modal spatial scales as representing physical scales without any validation. 

Clearly, while the fundamental modes capture the correct frequency, they lack the spatial localization to 

identify the particle size. The modal structure, instead, describes the particle’s trajectory, as the same mode 

will be extracted even for particles with reduced vertical height. This trajectory is described by a single 

positive-negative region over the span of the trajectory. These fundamental modes, therefore, should not be 

used to infer physical lengths along the trajectory. The horizontal spatial scale can be extracted, but that is 

trivial as only dynamics in the vertical direction exist for this system. 

Analogously to sinusoids with integer wavelengths, the harmonic modal spatial structures provide an 

integer number of positive-negative region pairs along the trajectory, with the fundamental frequency being 

represented by a single positive-negative region pair which spans the entire periodic trajectory. The 𝑗th 

harmonic is therefore represented by 𝑗 positive-negative region pairs. In fact, this continues up until the 

Nyquist limit. This is evidenced by the DMD Ritz values in Figure 5-7 where the most dominant points 

(i.e., largest markers) are the fundamental modes while all other modes are distributed evenly around the 

unit circle. All other modes are harmonics of either 2 Hz, 3 Hz, or 4 Hz, hence the uniform distribution, 

with prominent harmonic modes occurring at multiples of 6 Hz. 

 

Figure 5-7: (Left) POD energy distribution and (right) DMD Ritz values for the particle stream system. 
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The harmonic spatial scales decrease by a factor of two with each new harmonic mode up until the 

Nyquist limit. As there are many harmonic modes present for this system, interpreting modal scales as 

representing physical scales suggests that a spectrum of physical scales exist in the data. Of course, this is 

verifiably not true. Further, as the harmonic modes produce integer wavelength structures based on the 

trajectory defined by the corresponding fundamental mode, it is possible that the correct spatial scale of the 

corresponding dynamics is never identified for an individual mode. For this example, no single mode is 

able to extract the vertical size of the particles. 

Instead, the harmonics are used to help with the spatial localization of the particles. Referring to 

Figure 5-7, all Ritz values of harmonic modes lie on the unit circle, indicating they are all necessary for a 

reconstruction. This is the case for both POD and DMD, as more than 20 modes are needed to accurately 

reconstruct the particles, as demonstrated in Figure 5-8. While 20 modes provide a reasonable 

reconstruction, more harmonic modes are still needed to sharpen the final reconstruction. The necessary 𝑟-

mode truncation is clearly depicted by the POD energy spectrum, as 25 modes have a meaningful 

contribution to the overall system energy. Indeed, this also corresponds to the 25 complex conjugate Ritz 

value pairs that DMD provides, though this relationship is generally not the case. 

The DMD reconstruction error, for different 𝑟-mode reconstructions, is shown in Figure 5-9. Both of 

the reconstructions in Figure 5-8 produce a low error, which reaches a minimum at around 30 modes, which 

agrees with the expected 𝑟 -mode truncation from the Ritz values and POD energy spectrum. The 

reconstruction error also holds for DMD future state prediction error, since the most dominant modes do 

 

Figure 5-8: Comparison of a 20-mode POD and DMD 

reconstruction for the particle stream system. 

 

Figure 5-9: Effect of 𝑟 on DMD 

reconstruction error 
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not decay over time, i.e., they lie on the unit circle. The final error is nonzero, which is attributed to 

unresolved noise. In linear superposition with all other harmonic modes, the harmonics greatly aid in the 

reconstruction of the original dataset, which seem to indicate they hold physical meaning. For physical 

length information, this is not the case.  

Further, modes can be considered as acting over temporal scales, rather than oscillating at a fixed 

frequency. As discussed, Equation 4.20 can be applied to modes to map from positive (resp. negative) to 

adjacent negative (resp. positive) regions. A cycle is only completed for the fundamental mode by applying 

𝐀 over the temporal scale, whereas the harmonics require an integer multiple more mappings. For this case, 

the harmonic frequencies do not represent periodic behavior, but rather define the temporal scale with which 

positive (resp. negative) regions move to negative (resp. positive) regions. This is more descriptive of 

physical motion rather than frequency. 

These harmonics can be interpreted as identifying regions where if liquid is present, such as at maximal 

values, then the liquid will move to the adjacent downstream minimal values in 𝑓𝑠/(2𝑓) time steps. Care 

must then be taken to identify modes which capture pure motion content or a combination of motion and 

structure content. Harmonic modes, therefore, do not necessarily capture physical spatial scales or 

oscillatory behavior; instead, they are all effective in capturing motion behavior over temporal scales 

associated with their modal frequency and in spatial localization. In addition, the fundamental mode does 

not necessarily capture the correct physical spatial scales. 

 

 

Emergence of Harmonics 

Harmonics appear to arise very naturally for the particle stream system, and similar structures are found 

throughout the literature. The emergence of harmonics can be attributed to DMD’s close ties with the 

temporal discrete Fourier transform (DFT) [228], as mean-subtracted DMD has been shown to be 

mathematically equivalent to the temporal DFT [112]. DMD can be considered a combination of POD with 

the temporal DFT, where the POD modes define dominant spatial groupings whose temporal coherence is 
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governed by their temporal DFT, but with exponential growth or decay from their Ritz values. Here, 

conditions under which harmonics may arise for a DFT are investigated to help explain, quantitatively, the 

preceding empirical results. 

The forward DFT is defined by 

𝑥𝑘 =
1

𝑛 − 1
∑ 𝑥𝑛exp (−

2𝜋𝑖

𝑛 − 1
𝑘𝑟)

𝑛−2

𝑟=0

(5.1) 

for the data matrices in Equation 4.4 with 𝑛 − 1 columns. Here, 𝑘 is representative of frequency with the 

contribution of frequency 𝑘 to the signal 𝑥 being 𝑥𝑘. There exists (𝑛 − 1)/2 + 1 distinct frequency values 

which are linearly spaced. 

The temporal DFT decomposes an arbitrary signal into discretized sinusoids of a finite frequency set, 

𝑓𝑘 ∈ {𝑓𝑘}𝑘=0

𝑘=
𝑛−1

2 . A perfect decomposition therefore relies on a signal {𝑓𝑠} ⊆ {𝑓𝑘}𝑘=0

𝑘=
𝑛−1

2  where {𝑓𝑠} is the set 

of constituent frequencies in the signal. Suppose the signal of interest, 𝑥𝑠, is a sinusoid with frequency 𝑠, 

the inner product with the DFT sinusoids is given by 

⟨𝑥𝑠, 𝑥DFT⟩ = ∑ exp (−
2𝜋𝑖

𝑛 − 1
𝑠𝑟) exp (

2𝜋𝑖

𝑛 − 1
𝑘𝑟)

n−2

r=0

 

= ∑ exp (−
2𝜋𝑖

𝑛 − 1
(𝑘 − 𝑠)𝑟)

n−2

r=0

 

=
1 − exp(2𝜋𝑖(𝑘 − 𝑠))

1 − exp(
2𝜋𝑖

𝑛 − 1
(𝑘 − 𝑠))

(5.2)
 

where the last line is a consequence of the inner product producing a geometric series. Orthogonality is 

maintained only when (𝑘 − 𝑠) is a non-zero integer. Should 𝑓𝑠 ∉ {𝑓𝑘}𝑘=0

𝑘=
𝑛−1

2 , the result in Equation 5.2 is 

never zero. Harmonics therefore necessarily arise, even for the approximation of pure sinusoids. 

For spatially-distributed data, a further issue arises. By leveraging POD modes, DMD attempts to 

identify spatial groupings with shared temporal coherence, whose respective signal is analyzed similar to a 
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temporal DFT. However, consider data for the particle streams, or image-based data in general, where state 

points are uniformly and statically distributed throughout the probed domain. The time history of most state 

points contains discontinuities; for example, zero or non-zero values are measured when a physical structure 

is present or absent, respectively. An example pixel-value time history of a single pixel for the particle 

stream case is shown in Figure 5-10. This signal is close to a square wave and these are the temporal 

signatures which are analyzed by POD and DMD. As is well known, the Fourier series approximation of a 

square wave requires an infinite number of harmonics to resolve the discontinuities. As discontinuities are 

present in the analyzed datasets, harmonics necessarily arise. 

Most DMD algorithms do not retain the topological ordering of the underlying data which therefore 

relies heavily on the independent state point time histories. As discussed here, and shown for the particle 

stream system, this yields harmonics which do not necessarily capture physical frequencies or structures in 

the data. 

 

 

5.1.4 Dilational Jet 

Next, a weakly nonlinear experimental system is investigated: a dilational jet perturbed at a known 

frequency. As there is a velocity differential at the interface of the two phases, Kelvin-Helmholtz 

instabilities arise, damped due to surface tension which also induces Rayleigh instabilities [4], providing 

weak nonlinearity. 

 

Figure 5-10: Normalized pixel value at a single point in the particle stream system. Note how a square 

wave is formed. 
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Numerous works have shown the dependence of sustainable wavelengths with liquid jet diameter (see, 

e.g., [229]). Therefore, to further test the physical interpretation of harmonic modes, a 900 Hz perturbation 

was applied to a liquid jet as this frequency induces wave instabilities at a harmonic frequency: 2700 Hz. 

The interval between frames is 5 × 10−5 seconds, 5000 frames were analyzed for both decompositions, 

and a 50-mode truncation was used for DMD. 

The four most energetic POD modes, with accompanying PSD, and DMD modes are shown in 

Figure 5-11. This time, only two of the modes agree between the decompositions: the first two DMD modes 

with POD mode 1 and 3, respectively. For POD, these modes isolate the same modal frequency as DMD 

with high confidence. POD mode 2 and mode 4, however, are not present in the first 20 DMD modes. The 

discussion of POD theory in the previous chapter suggested that POD is unlikely to decouple processes 

 

Figure 5-11: The first four POD and DMD modes (columns) for the dilational jet. 
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which share spatio-temporal coherence. It is hypothesized here that this is the reason for the fourth POD 

mode’s structure: it has peak signals close to 0 Hz, which captures mean flow behaviors, and 5401 Hz, 

which is captured by the third POD mode. The resulting mode is therefore a combination of these two 

modal structures. This finding is found for other, higher order modes. POD modes which have multiple 

localized peaks are therefore likely an artifact of cross-modal coupling. 

Both POD and DMD identify the induced 2700 Hz instability and describes wave structures in the first 

mode. As this is the most dominant mode, this appears to be a fundamental mode, however this conflicts 

with prior discussion as this mode does not have a single positive-negative spatial wavelength. The modal 

spatial scales, again, do not agree exactly with the spatial scales of the experimental data, though they are 

similar. Further, the most dominant modes are harmonics of the 900 Hz perturbation frequency. 

Instead, DMD mode 11, shown in Figure 5-12, is considered the fundamental mode: its modal structures 

span the full trajectory and it oscillates at a frequency which gives rise to higher harmonics. Attributing 

meaning to this mode, however, is not easy to validate. While the jet is perturbed by a 900 Hz signal, the 

modal structures are not representative of distinct physical structures of the data. Each subsequent harmonic 

mode decreases the modal structures by a factor of two which is necessary for spatial localization for 

reconstructions. 

Also, this apparent fundamental mode has a considerably low modal energy, marked in blue on the Ritz 

plot in Figure 5-12. Harmonics of the 900 Hz mode are distributed around the unit circle, but most of the 

 

Figure 5-12: (Left) POD energy distribution and (middle) DMD Ritz values for the particle stream 

system. (Right) The 900 Hz DMD mode, marked blue on the Ritz plot. 
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energy is in the first two modes. The POD energy spectrum confirms this, as there are four distinct, 

dominant modes. 

Of course, this is a weakly nonlinear system, so there is a potential asymptotic need for higher harmonics 

for reconstruction, and harmonics are often present in these systems [230, 231, 232], but this is difficult to 

validate experimentally. Further, care was taken to ensure only a single dominant instability was present in 

the system. Considering the results of the previous systems, harmonics will extend up until the Nyquist 

limit, regardless of if they represent physical properties other than motion. This makes it difficult to verify 

these modes' physical contribution, but they can still be used to characterize the jet motion over a given 

temporal scale. Many of these modes lie within the unit circle, so they will decay with increasing future 

state prediction using DMD. As the prediction extends to longer time scales, the nonlinearities compound 

and begin to increase the overall reconstruction error, shown in Figure 5-13. 

Despite the most dominant mode not capturing the precise spatial scales of the system, they are 

sufficiently close to provide low reconstruction errors using only a few modes. This is also the case for 

future state prediction, however all harmonics up until the Nyquist limit are needed for highly accurate and 

improved long-term predictions. 

 

 

5.1.5 Jet Breakup 

The analysis of the breakup of a liquid jet is of particular interest as it has many similarities with both 

primary and secondary atomization in practical systems. A perturbation frequency of 4000 Hz is applied to 

 

Figure 5-13: Future state prediction error using 50 DMD modes for the dilational jet. 
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a liquid jet producing a dilational jet which subsequently breaks up producing large droplets with 

accompanying satellite droplets, both of which are expected to be captured through modal analysis. The 

interval between frames is 5 × 10−5 seconds, 5000 frames were analyzed for both decompositions, and a 

50-mode truncation was used for DMD. 

All of the previous systems have had discrete spectra, so the modal decompositions provide a single 

frequency for each extracted mode. The jet breakup case, however, as demonstrated in this work, has a 

continuous spectrum [221] due to fluctuations in the jet breakup length. As a result of the inconsistent 

breakup length, the location of the primary droplet formation, and accompanying satellite droplet, also 

fluctuates. 

The most dominant POD and DMD modes are shown in Figure 5-14. The first POD and DMD modes 

correctly capture the perturbation frequency and agree on the spatial structure. This mode can be segmented 

into three parts. The top part, just prior to droplet formation, correlates well with the pure dilational 

structures identified in the dilational jet discussed previously. This indicates that this segment primarily 

undergoes a dilational process rather than jet breakup. The bottom segment identifies clear regions and 

shapes of formed droplets indicating that jet breakup has generally occurred further upstream. In between 

these two sections, however, there is a bifurcation of these droplet regions, as if representing a transition 

from the pure dilational behavior to the pure droplet formation. From the video of this system, the location 

of jet breakup and consequent droplet formation fluctuates greatly within the captured field of view. This 

fluctuation is, in part, captured by this mode as the centerline bifurcation is caused by an uncertainty of 

whether the liquid column is still intact or has broken up within this region. Even the formed droplets in the 

bottom section are not true droplet shapes but instead may indicate an uncertainty that liquid is present 

along the jet centerline. 

Though not validated, the alternating high and low valued regions in the DMD modes have been 

attributed to traveling waves or surface instabilities [233]. This interpretation makes sense for mode 1 in 

capturing the jet dilational behavior and subsequent droplet formation, however, waves of the spatial scales 

in DMD mode 2 are not observed in the original data, similar to the discussion of harmonic modes of 
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previous systems. Based on previous findings, DMD mode 2 is necessary to improve spatial localization 

and to even attempt to reconstruct the satellite droplets, though, this is poorly done. Since these smaller 

spatial scales are not observed through observation of the original data, this suggests that DMD mode 2 

does not capture independent physical behaviors by itself. 

The sensitivity of POD to cross-modal coupling is exacerbated for the jet breakup case. The 

corresponding modal PSDs show how only the first mode has a single localized peak. The remaining modes 

have wide bandwidths with numerous spikes at dominant frequencies, namely 0 Hz, 4000 Hz, and 8000 Hz. 

This cross-modal dependence is clear when observing the modal structures qualitatively for these modes, 

as modes 2, 3, and 4 have high correlation to the first mode. Indeed, POD also captures the second harmonic 

 

Figure 5-14: The first four POD and DMD modes (columns) for the jet breakup case. 
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of the first mode, similar to DMD mode 2, but the modal energy of this mode is considerably lower and 

contributes to the modal structures of, for example, POD mode 4.  

Again, as system complexity is increased, the appropriate modal truncation becomes less clear through 

the POD energy distribution, beyond the first two dominant modes, and DMD Ritz values in Figure 5-15. 

All remaining modes have significant energy content and are necessary in an accurate POD reconstruction. 

Although the Ritz values do cluster close to the unit circle, which relates to the 4000 Hz modal frequency 

of mode 1 and its second harmonic, mode 2, the remaining Ritz values appear to be distributed randomly 

within the unit circle. In addition, many of the other Ritz values lie close to the unit circle or have very 

significant modal energies while providing no clear physical interpretation to what they represent. The 

seemingly random distribution is attributed to DMD trying to account for the continuous spectrum of 

frequencies needed to represent the jet breakup length fluctuations. 

The poor interpretability of the modes and the distributions of the modal energies and Ritz values lead 

to very poor DMD future state prediction, and even fairly poor reconstruction performance, as shown in 

Figure 5-16. With 50 modes, DMD and POD are able to reconstruct an input image, though many artifacts 

are present. This performance deteriorates rapidly as DMD predicts future states, as even after 10 time steps, 

the 50-mode truncation converges to a steady-state prediction. An exponential number of modes is required 

to improve the prediction which dramatically limits the utility of DMD for this system. Too many rapidly 

decaying modes dominate the decomposition. 

 

Figure 5-15: (Left) POD energy distribution and (right) DMD Ritz values for the jet breakup case. 
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5.1.6 Jet in Crossflow 

The previous systems have served to illuminate the behaviors and limitations of both POD and DMD in 

a verifiable setting. Concerns have been shown for systems which exhibit processes which combine spatio-

temporally, where neither system spatial structures or frequencies can be extracted, or for spatially-

independent processes, which requires many harmonics to resolve the system spatial characteristics. Yet, 

both POD and DMD are applied to systems with much greater complexity and with strong nonlinearities. 

The final system analyzed is a more practical system which still has some behaviors which can be 

validated: the jet in crossflow. Specifically, the jet undergoes bag breakup; a regime where liquid segments 

of the jet are periodically flattened and subsequently ballooned into a bag by the crossflowing gas before 

atomizing. The periodic behaviors lead to a range of physical scales in the system: large intact ligaments 

are present in the upstream and between the periodic bag breakup; large primary droplets and smaller 

satellite droplets are formed as the ligaments disintegrate, as in the jet breakup case; and very small droplets 

are formed through bag breakup. It is desirable for extracted modes to capture all of these spatial scales and 

their accompanying dynamics. The interval between frames is 1 × 10−4  seconds, 5000 frames were 

analyzed for both decompositions, and, initially, a 50-mode truncation was used for DMD. 

 

Figure 5-16: A 50-mode POD and DMD reconstruction for the jet breakup case. POD and DMD can 

reconstruct an input, but future state prediction performance deteriorates rapidly for DMD, even within 10 

time steps. 
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The most dominant POD and DMD modes are presented in Figure 5-17. Both techniques provide very 

similar modal structures in their decomposition, which extends even to lower energy modes. The first two 

POD and DMD modes are commonly found in the literature (see, e.g., [102, 103]), which is often attributed 

to bending degrees of freedom for the jet as the jet penetration depth fluctuates. Inspecting the original data 

confirms this interpretation of the first mode, which does oscillate at a low frequency. The second mode, 

contributing an additional bending degree of freedom, however, is not easy to verify through observation. 

Additionally, note that the POD modes in general do not provide a single localized frequency, which makes 

validating any interpretation difficult. 

POD mode 4 and DMD mode 3 are also commonly found in the literature (see, e.g., [103, 234]). These 

structures are attributed to the periodic shedding of larger liquid segments or, conversely, the periodic bag 

breakup formations in the jet. Indeed, these approximate structures are found in the original data, but this 

is not sufficient validation for these modes. One issue is that the POD PSD has a very wide bandwidth. It 

 

Figure 5-17: The first four POD and DMD modes (columns) for the jet in crossflow system. 
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centers at 1000 Hz but there is high variance around the mean. Verifying these high frequencies is also 

difficult, including the spectrally clean DMD frequency of mode 3. 

Another issue is in the number of modes which capture the same formations. Four DMD modes, with 

relatively high modal energy, with the same formations as DMD mode 3 are shown in Figure 5-18, with a 

wide range of frequencies. As was seen with the previous systems, as the modal frequency increases, the 

modal spatial scales continuously decrease, but this does not necessarily capture separate processes or 

physical spatial scales. Further, there is no mode which serves as a clear fundamental mode; many of these 

modes do not follow an integer multiple of a given frequency. Certainly, this is a complex system whose 

processes may have continuous spectra, but it is difficult to gain additional insight here. 

The POD energy spectrum and DMD Ritz values in Figure 5-19 do not provide extra clarity. Beyond 

the first two modes, the next 50 are all within one order of magnitude and contribute significantly to the 

overall system energy. Similarly, the Ritz values are distributed continuously within the unit circle, with 

only the mean flow mode lying on the unit circle. No dominant frequencies are identified or long-term 

modes, which may suggest a continuous spectrum is needed to capture the system dynamics. 

Unsurprisingly, the POD and DMD reconstructions and prediction are poor for the jet in crossflow 

system, even when using 100 modes, shown in Figure 5-20. Of particular note is how POD and DMD 

resolve the different spatial scales, from the large intact ligaments to the small droplets produced via bag 

breakup. These smallest scales are not resolved as preference is given to larger structures which contain 

most of the system’s energy. This arises from the energy-optimality afforded by POD, but this prevents 

 

Figure 5-18: Four DMD modes with significant energy content which purport to capture periodic 

shedding of the jet. 
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small scales from being analyzed sufficiently, which is of great interest in atomization studies. Regardless, 

the time evolution of even large structures is poor, again due to rapidly decaying modes until the prediction 

converges to the mean flow. The mean squared error of the DMD prediction grows rapidly until the mean 

flow is predicted. 

The presented results for this system do not provide an interpretation or discussion which is easily 

validated. Due to the concerns with comparatively simple systems, this is expected, but conflicts with the 

apparent utility of the approaches found in the literature. Certainly, some basic processes can be extracted 

using these techniques, such as the flapping and bending of the jet or the periodic shedding and bag breakup, 

but only this high level understanding is extracted, which is already evident from observation of the data. 

POD and DMD do not provide additional insight that can be validated, some modes have been shown to 

provide neither spatial or temporal information about the system, and their inability to reconstruct or predict 

the future states of practical systems brings concern to their general utility for these applications. 

 

Figure 5-19: (Left) POD energy distribution and (right) DMD Ritz values for the jet in crossflow system. 

 

Figure 5-20: Comparison of a 100-mode POD and DMD reconstruction for the jet in crossflow system. 
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5.2 POD and DMD Neural Networks 

Before applying the deep convolutional Koopman network (CKN) to compare against prior POD and 

DMD results, a logical intermediate step is in representing both POD and DMD in neural network form. 

POD and DMD have precise mathematical definitions which enables their translation into a neural network 

framework. 

 

 

5.2.1 POD Neural Network 

Here, POD and principal component analysis (PCA) are considered synonymous, which is often the 

case for mean-subtracted data. Within computer science, PCA has long been a robust approach for 

dimensionality reduction and in making predictive models. PCA identifies the principal components (resp. 

modes) of a dataset, where each subsequent principal component (resp. mode) captures the maximum 

explained variance of the dataset, in a direction orthogonal to all previous principal components (resp. 

modes). Only a linear transformation is needed to perform the change of basis into the principal components, 

then a truncation step can be performed maintaining an appropriate number of components, often 

keeping >95% of the explained variance. This truncation step performs the dimensionality reduction 

through knowledge of the principal components and their associated singular values. Finally, the basis is 

changed back to the original coordinate system. 

The concept of a POD neural network (POD-NN) mimics the Koopman autoencoder described in 

Chapter 4: the input space is transformed into an embedding space before being inversely transformed back 

into the input space. The main difference is that the transformation is linear, i.e., linear activations are used 

for the encoder and decoder, and, thus, only a single layer is needed for each. No linear mapping is required 

in the embedding space. Instead, an 𝑟-mode truncation is enforced by compressing the input space into an 

embedding space with 2𝑟 neurons, where each neuron represents a complex conjugate mode by reshaping 

the weights tied to that neuron. By training the autoencoder to reconstruct the input, an energy optimal 

solution with 𝑟 modes can be learned. 
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A comparison of results between extracted POD and POD-NN modes with the 20-mode NN 

reconstruction error with training time for the jet breakup system are shown in Figure 5-21. As POD treats 

each pixel independently, only fully connected layers are needed in the POD-NN. The POD-NN results 

converge to the POD reconstruction error after 10 epochs, with 2000 iterations per epoch. The most 

dominant modes are extracted accurately once the error converges, though some artifacts are present in the 

NN results. From experimentation, lower energy modes take considerably longer to learn and may produce 

different results from the SVD approach. The orthogonality of modes is not explicitly enforced through the 

POD-NN which does not provide a unique solution. 

Additionally, the POD-NN does not itself extract the temporal coefficients, 𝐕, nor the modal energy 

content, but these can be approximated in post-processing once the modes have been extracted. 

 

 

5.2.2 DMD Neural Network 

A major drawback of the standard DMD algorithm is in its assumption that the dynamics evolve linearly. 

Extended DMD [86] and DMD with dictionary learning [138] address this concern by providing a 

dictionary of candidate functions which attempt to approximate the dynamics of the system. The latter work 

was the first to incorporate deep learning into a Koopman framework, acting as a supplement to the standard 

 

Figure 5-21: The POD-NN modes converge to the POD modes given enough training. Note, mode 3 

represents the same structures, but with inverted values. 
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DMD approach. Works following up on this idea focused on an end-to-end trainable network for learning 

Koopman representations, specifically the work by Yeung et al. [222] and Lusch et al. [223]. The 

intermediate step of performing DMD through deep learning has yet to be demonstrated which, again, acts 

as a logical connection between the standard algorithm, the POD-NN, and the more general deep Koopman 

framework. 

As DMD uses POD as a foundation, the DMD neural network (DMD-NN) shares the same architectural 

components as the POD-NN, namely the linear encoder and decoder are also present in the DMD-NN. 

Recalling the DMD formulation, the dynamics of the system are assumed to evolve according to 

𝐀𝐗 = 𝐗′ (5.3) 

where 𝐀 is the DMD approximation of the Koopman operator, as per convention. DMD utilizes the POD 

modes to learn a low dimensional approximation of 𝐀 through 

�̃� = 𝐔∗𝐀𝐔. (5.4) 

Naively, the encoder and decoder capture the POD modes as in the POD-NN, and form the basis of the 

above transformation to calculate �̃�. The only addition to the DMD-NN is to learn �̃�; the linear map which 

advances the embedded POD space forward a single step in time. Similar to discussions of the Koopman 

autoencoder, this can be achieved either through a single fully connected layer with linear activations or by 

learning the parameters of a block diagonal matrix. 

Results comparing DMD and the DMD-NN using a parameterized diagonal block matrix are shown in 

Figure 5-22 for the jet breakup case. The block matrix is favored as it is more intuitive; the eigenvalues are 

directly learned and one has access to the approximation �̃� without further processing. The DMD-NN 

results converge to a 20-mode DMD reconstruction after 7 epochs, again with 2000 iterations per epoch.  

The standard DMD formulation leverages the POD modes. In practice, the DMD-NN design attempts 

to bypass this step and, instead, learn the DMD modes and modal frequencies directly. Using POD modes 

as a basis can be forced by first converting the training images into their constituent POD modes, however, 

this is both an expensive and undesirable step and is not considered. Empirically, while the DMD-NN can 
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be successful, the extracted DMD modal structures are not unique across training instances, likely due to 

the reduced POD constraint. The final modal structures are often a random combination of dominant 

structures identified from the data. 

This further impacts the extracted modal frequencies; as the extracted modes have no POD basis and 

are therefore less constrained, the corresponding modal frequencies are more volatile. The extracted 

frequencies are often on the same order as the corresponding DMD modes, particularly for the most 

dominant patterns such as the first DMD mode in Figure 5-22, but fluctuations in excess of 50% are possible. 

The current DMD-NN formulation is very simple and computationally and memory inexpensive. The 

latter point is significant for large 𝑟-mode decompositions as the number of parameters for the DMD-NN 

embedding space scales with 𝒪(𝑛) in space, where 𝑛 is the number of modes, as only the modal Ritz values 

are learned. In contrast, standard DMD scales with 𝒪(𝑛2) in space due to matrix computations. 

Of course, the DMD-NN can be adapted to retain the additional constraints of the standard algorithm 

which would provide more consistent modal structures and frequencies to be extracted. This route is not 

taken for the current work as the goal is to overcome demonstrated limitations of POD and DMD. Instead, 

the previous results serve as a starting point on the development of a more general and flexible deep 

Koopman network. 

 

Figure 5-22: The DMD-NN will approach the same loss as DMD given enough training. 
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5.3 Deep Convolutional Koopman Network 

The original deep Koopman network is not well-suited for image and video data but can be naturally 

adapted with convolutional and pooling layers to form a deep convolutional Koopman network (CKN). The 

goal of the modal decompositions is to successfully separate independent physical processes in the form of 

modes, maintain high interpretability, and to reconstruct or predict the system evolution accurately. Results 

from Section 5.1 have highlighted many similarities in POD and DMD’s strengths and drawbacks. Because 

of this, the developed CKN is compared only to DMD to limit duplicated discussion and to allow for a 

comparison of future state prediction performance. Many of the benefits of the CKN over DMD is also 

experienced compared to POD. 

For the presented reconstruction results, results at 0Δ𝑡 show the networks ability to reconstruct the last 

input image, while results at, for example, 80Δ𝑡 are predictions 80 time steps into the future. The values 

were chosen to demonstrate long-term future state prediction beyond the number of training time steps and 

for clarity of exposition. 

An arbitrary number of images can be stacked to form the input of the network. To avoid ambiguity in 

the direction of velocity, three consecutive frames, concatenated together in the channel dimension, were 

used as inputs to the CKN for all systems investigated. 

Generally, for each training iteration, 𝐊(λ) is applied up to 𝑚-times before being decoded back into the 

original state space to predict an output. The network is tasked to learn to predict [0, 1, 2, . . . , 𝑚] time steps 

into the future. 

The exact same architecture is used for each system, Figure 4-11 in Chapter 4, except for the jet in 

crossflow system. Three convolutional layers, each followed by a max pooling layer with pool size 2, make 

up the encoder, with the transpose of each layer, in reverse order, making up the decoder. Max pooling is 

non-invertible, so the decoder approximates the inverse of 𝜙  through up-sampling and transpose 

convolutions [235]. As will be discussed, the architecture for the jet in crossflow system uses dilated 
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convolutions instead. The auxiliary network in all designs is a simple feed-forward neural network with 

three hidden layers with 8, 64, and 64 neurons per layer, respectively. 

Eight pairs of complex conjugate eigenvalues were used to parameterize the Koopman operator 

approximation for each system, which allows the network to identify 8 different modes in the embedding 

space. The number of modes was chosen to be greater than the number needed to suitably decompose the 

simplest systems of interest; any redundant modes do not contribute to the system reconstruction, are 

aperiodic, and either approach the mean flow or are spatially and temporally uniform. For the jet in 

crossflow system, while a larger embedding space may be beneficial, only 8 modes were used to 

demonstrate the utility of aggressive dimensionality reduction using the CKN. 

Batch normalization [184] and dropout [170] are applied after each layer, with a dropout rate of 0.25. 

The last layer of the auxiliary network and the decoder and the two linear layers use linear activation 

functions, all other layers use the ReLU activation function [164]. Models were trained using 

TensorFlow 2.0 [236]. 

Batch sizes were kept low as this was found to be less susceptible to converging to the mean flow 

compared to larger batch sizes. A batch size of 8 was used for all systems except the jet in crossflow system 

which used a batch size of 4. Many deep learning works have recommended large batch sizes, but an 

investigation into the effect of batch size on learning from image datasets found that batch sizes between 2 

and 32 yielded the best results [237]. Certainly, the optimal batch size will depend on the type of data and 

problem of interest. It is speculated here that a large batch size identifies general dynamical patterns in 

video data, i.e., it converges towards mean flow dynamics, so transients or low energy behaviors are more 

likely to be averaged out.  
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5.3.1 Input Masking 

Without alteration, the CKN will learn efficient Koopman embeddings which allow for accurate 

nonlinear prediction. However, there is no guarantee that extracted modes are interpretable or capture 

independent processes. In initial experiments, the network was able to learn embeddings which were too 

compact; a single mode could capture multiple independent processes. Interestingly, this has utility in other 

applications, such as through neural video compression. 

Of course, compression which does not disaggregate independent processes inhibits system 

understanding and is not desirable here. Consider the string vibration system: a linear system with two 

constituent linear processes but which is recorded in a nonlinear representation. Not only can the CKN 

identify the necessary nonlinear transformation to linearize the dynamics, but it is able to capture both 

processes with a single mode, as shown in Figure 5-23. This is great for compression, however it clearly 

does not improve one’s physical understanding of the system. 

Similarly, for the particle stream system, fewer than three modes are needed to accurate predict the 

future states of the system. Similar to the POD and DMD results, the two streams with an integer multiple 

frequency were highly coupled. In extreme cases, all three particle streams were captured by a single mode, 

where a 1-mode reconstruction is compared to the original snapshot in Figure 5-23. The left stream, with 

the fundamental frequency of the right stream, identifies two particles, again similar to the POD and DMD 

harmonic modes. 

 

Figure 5-23: Initially, the CKN modes learned are too compact. Only a single mode is needed to get high 

future state prediction for the vibrating string and particle stream systems. 
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To overcome this, a simple input masking scheme was implemented which robustly identifies system 

modes and improves interpretability. Input images are masked with a random number of, possibly 

overlapping, squares of random side length. While the random values depend on the systems of interest, 2 

or 3 squares with a side length between 10% to 30% of the image width or height worked well for this study. 

The masking value was either that of the background or zero. An example of the input masking is shown 

in Figure 5-24. For all systems analyzed in this work, three sequential images were used as the input and 

the random masking was applied to each image identically. 

For all systems except the simulated particle streams, the masking was applied only to the input images; 

the network was still to predict the unmasked future time steps. While this approach was still effective for 

the particle stream system, a more aggressive masking approach was required to fully disaggregate 

independent processes (i.e., remove the second particle in the left stream). For this case, the same masking 

was also applied to the target output images. 

The intuition behind the effectiveness of this approach is that the masking blocks the contribution of 

certain independent processes, thus allowing the network to focus on and identify other independent 

processes. As will be shown, this is successful regardless of the spatial independence, or lack thereof, of 

the processes.  

 

Figure 5-24: Input images are masked at the same spatial locations, represented by the blacked-out 

squares. The CKN is tasked to predict the unmasked future states, i.e., output images. 
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5.3.2 Convolutions 

The three main choices for convolutions investigated in this work are regular 2D convolutions, 2D 

dilated convolutions, and 3D convolutions, where only the latter explicitly incorporates the spatial and 

temporal information together. Although the benefits of directly learning spatio-temporal behaviors 

together are apparent, this often does not improve model performance or is compromised by a large increase 

in computational cost (see, e.g., [211]). 

Regular 2D and 3D convolutional layers were followed by max pooling with a pool size of 2. Both 2D 

and 3D pooling were compared when using 3D convolutions, but negligible performance difference was 

found so 2D pooling operations were selected for all comparisons here. 

Agreeing with results by Qiu et al. [211], no improvement was found with using 3D convolutions over 

2D. In fact, convergence deteriorated as the model was more prone to falling into suboptimal minima or 

saddle points. Results, when converged, did match the performance of the 2D convolutions but with no 

additional advantages. Figure 5-25 compares the training loss progression between using 2D and 3D 

convolutions, with a batch size of 8 for the particle stream case. The time to converge was considerably 

longer for 3D convolutions than for 2D convolutions, so 3D convolutions were not selected for the final 

design. 

Dilated convolutions offer an opportunity to capture dense dynamical features by avoiding 

downsampling and instead convolving filters with successively large dilation factors acting on the full 

 

Figure 5-25: Despite directly fusing spatio-temporal information together, 3D convolutions did not 

outperform regular 2D convolutions for the systems analyzed. 
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dimensional input image. No increase in model parameters is required, but using dilations allows small 

scale features and dynamics to be preserved. This is of great importance for liquid atomization systems with 

small particles, and highly desirable considering POD and DMD’s inability to resolve these features. 

As is common with using dilations, gridding artifacts may be present in extracted modes or in state 

reconstruction, but good agreement is still found with regular convolutions. The benefit of dilations, 

however, is in applications to systems with a wider range of relevant spatial scales. Taking the particle 

stream system and adapting the size of the particles enables a comparison of how regular and dilated 

convolutions perform over different spatial scales. The architectures are identical with three convolutional 

layers in both the encoder and decoder. The only difference is max pooling is used after the regular 

convolution layers to allow coarser features to be identified, whereas no pooling was used after the dilated 

convolution layers. 

Both networks were trained for 3000 iterations with a batch size of 8. Results comparing the 

reconstruction of the adapted particle stream system are shown in Figure 5-26. The results highlight the 

reconstruction efficacy at three scales. The left stream is a 1 × 1 pixel particle and the middle stream is a 

2 × 2 pixel particle. These scales are prevalent for practical systems, as will be seen for the jet in crossflow 

system, so an ability to represent these scales and their accompanying dynamics is of great significance. 

The regular 2D convolutions generally create smoother images as a result of their downsampling and 

 

Figure 5-26: Dilated convolutions accurate resolve small scales, even down to the pixel level. Regular 

convolutions lose these details. 



 

 

125 

 

upsampling operations and local neighborhood operations. For many applications, this is acceptable, but it 

comes at the cost of completely removing very small scale features, as in the left stream, or losing the 

specific morphology or resolution of small scales, as in the middle stream. Using dilated convolutions, in 

contrast, maintains the relevance of the smaller scales and produces a highly accurate reconstruction for all 

scales, particularly the middle stream. In addition, the structures of the right stream are much cleaner 

compared to the blurred reconstruction from the regular convolutions. The main compromise of dilated 

convolutions is the presence of extra modal artifacts in extracted modes, which will be explored for the jet 

in crossflow system. 

For the systems analyzed here, only the jet in crossflow system benefits from the use of dilated 

convolutions due to the wider range of spatial scales. Therefore, all systems use regular 2D convolutions, 

and identical architectures, except for the jet in crossflow which uses dilated convolutions with no pooling 

or upsampling layers. 

 

 

5.3.3 Loss Function 

The loss function used for all systems is 

ℒ = ‖𝐱𝑘 − 𝜙−1(𝜙(𝐱𝑘))‖                                   

+
1
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𝑇

𝑚=1

     (5.5)

 

which is the same formulation as Equation 4.26 where all constants α1 , α2 , and α3  are unity. It is 

emphasized again that a single loss function which performed well on many systems was of interest and, 

thus, these constant terms are not to be taken as optimized for a given system. Through experimentation, 

an equal weighting across the three terms was found to give the most consistent results which maintain high 

interpretability, uncoupled modes, and high future state prediction accuracy for all systems. 
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𝑇 = 5 was used for all systems except for the jet breakup and jet in crossflow systems, which used 

𝑇 = 15. Low values of 𝑇 were found to be the most stable in training and robust in convergence. As the 

complexity of the system increases, a greater value of 𝑇 was needed to improve long-term reconstruction 

error but suffered more from local saddle points or minima. 

 

 

 

5.3.4 Vibrating String 

The results of the modal decomposition by the CKN are given in Figure 5-27, comparing a two-mode 

reconstruction with the original data. Without access to the intrinsic amplitude measurements, the network 

is still able to successfully decompose the waveform into its constituent sinusoids. The network has learned 

to associate pixel row with wave amplitude; the reconstructed wave amplitudes (pixel rows) are a linear 

combination of the extracted modal wave amplitudes, as highlighted by the dotted red line for the 30Δ𝑡 

reconstruction. The correct spatial wavelengths have been captured, with modal frequencies 2.00 Hz and 

3.00 Hz, and the model maintains high reconstruction accuracy even hundreds of time steps into the future 

despite being trained on 5 time steps, as shown in Figure 5-28. Interestingly, while the minimum error is 

 

Figure 5-27: Given a nonlinear representation of a superimposed waveform, the CKN learns the nonlinear 

transformation to linearize the dynamics. The extracted modes are the correct spatio-temporal structures 

of the constituent sinusoids. 
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achieved throughout the future state predictions, the envelope of the error decreases as more time steps are 

predicted. This occurs for different input sequences. The reason for this is currently uncertain, but it may 

be due to a decaying component of the modes which prevents localized spikes in the error.  

In total, 8 modes were used for the CKN decomposition, however only two modes contributed to the 

reconstruction. Representative examples of remaining modes are shown in Figure 5-29, both of which are 

aperiodic and capture a flat wave. 

As shown earlier, DMD is unable to compactly capture the two modes and is unable to reconstruct the 

system beyond the first time-step. Importantly, no DMD mode successfully identifies one of the sinusoids 

which contribute to the system behavior nor are the correct string frequencies extracted. Where DMD may 

fail due to the variable representation analyzed, the CKN is able to learn the suitable nonlinear 

transformation to linearize the dynamics and extract a compact, interpretable, and physically meaningful 

selection of modes. Indeed, this is the goal of variants such as extended DMD [86, 138]. Unfortunately, 

extended DMD and variants suffer from combinatorial explosion, prohibiting high-dimensional analysis, 

unlike the end-to-end trainable deep Koopman network approach. 

 

 

 

 

Figure 5-28: Since the CKN extracts the physics 

of the vibrating string, it can accurately predict 

hundreds of time steps into the future. 

 

Figure 5-29: Two example redundant modes for the 

vibrating string. Both modes are aperiodic. 
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5.3.5 Particle Streams 

Recalling the performance of POD and DMD for the particle stream system, while both can extract the 

correct underlying frequencies of the processes and, with a relatively large 𝑟 -mode reconstruction, 

reconstruct to high accuracy, there are numerous downsides. First, the modes which capture the correct 

process frequency are not sufficient in also capturing the correct spatial localization. Instead, POD and 

DMD rely on higher harmonic modes to provide this localization which reduces the compactness of the 

modal representation. Second, if multiple processes share an integer multiple frequency, these processes 

will be coupled by at least one fundamental mode. The CKN overcomes these issues by providing both 

spatial and temporal localization for each mode, greatly improving the compactness and interpretability of 

the representation. 

For the CKN, the time evolution of the input data, a three-mode reconstruction, and the contribution of 

each mode are given in Figure 5-30. The network is able to successfully disaggregate each particle stream 

and its frequency, although some artifacts are present. As well as capturing the correct modal frequencies, 

each mode provides a clear physical understanding of the system. The partial state reconstruction, 

particularly when viewed as a video, does not include contributions from other processes so each mode 

 

Figure 5-30: The CKN is able to extract the three underlying modal frequencies of the particle streams 

and the localized spatio-temporal contribution of each associated process. 
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provides accurate spatio-temporal localization. This provides clear interpretation of each mode and makes 

validating each mode against the original data trivial. 

In initial experiments, contributions of mode 2 were also captured by mode 1 due to the shared harmonic 

frequency. This was prevented by extending the input masking to the outputs. Because of the masking, 

however, additional training did not dramatically improve the presence of artifacts in each mode. 

Fortunately, it is easy to confirm that these attributes do not represent anything physical due to their neutral 

values, but this does warrant caution for the possibility of artifacts which are difficult to distinguish from 

true modal structures. For the systems analyzed in this work, these artifacts are only a concern for this 

system. 

Ringing artifacts are also present around the individual particles, as well as slight blurring of the particle 

edges. These are both well-known consequences of using regular 2D convolutions, with the latter being 

discussed previously. Ringing is closely related to the Gibbs phenomenon, which often arises at signal 

discontinuities. There are numerous approaches to suppressing these artifacts (see, e.g., [238]), including 

the use of dilated convolutions. Of course, dilated convolutions give rise to other artifacts which may be 

more or less desirable depending on the problem. 

Despite the presence of these artifacts, only three modes contribute to the reconstruction which is highly 

accurate, again for many time steps into the future. Unlike the string vibration case, the reconstruction error 

does deteriorate over time as shown in Figure 5-31. This is attributed to the non-negligible effect of the 

artifacts, where small disturbances over time compound until a steady-state condition is predicted, which 

 

Figure 5-31: The CKN predicts the particle stream future state to high accuracy, but modal artifacts cause 

deterioration over time. 
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gives the maximum error. This effect is also found on the extracted modal frequencies: 1.96 Hz, 2.99 Hz, 

and 3.98 Hz for the left, middle, and right streams, respectively. The values are very close to the true 

underlying values, but will, over time, deteriorate the reconstruction. 

The ability to decouple processes which share harmonic frequencies makes the CKN very attractive, as 

this is a concern of using both POD and DMD for these spatio-temporal systems. While artifacts are present, 

the spatio-temporal localization afforded by the CKN maintains interpretability, and easy of validation, for 

these modes. 

 

 

 

5.3.6 Dilational Jet 

Both POD and DMD were able to reconstruct the dilational jet to high accuracy, even with only a few 

modes. Higher harmonics were needed to provide the spatial localization required, but this was not needed 

to the same extent as for the particle stream system. The DMD results raised questions of the physical 

presence of a 900 Hz instability, and instabilities at higher harmonics, which were not visibly present in the 

data; only the 2700 Hz was observed, which should be the dominant unstable frequency. 

Only a single mode, oscillating at 2700 Hz, is required to reconstruct the original flow, as shown in 

Figure 5-32. The CKN captures the correct spatial structures and frequency to predict, again, hundreds of 

time steps into the future without an increase in prediction error. These results almost appear trivial: a single 

 

Figure 5-32: Only a single CKN mode, oscillating at 2700 Hz, is needed to reconstruct the dilational jet. 
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wave disturbance dominates the flow, and this single wave disturbance is identified by the CKN in one 

mode. Indeed, it should be trivial, however, it leads to two valuable insights. 

First, the CKN results highlight the lack of compactness and effectiveness of the physical representation 

of POD and DMD. POD and DMD will provide as many modes as frames analyzed, which will be unique, 

covering the entire spatial and temporal scales of the system. This is particularly troublesome when 

discerning the physical meaning behind harmonic modes. In contrast, redundant CKN modes are rarely 

unique and are aperiodic. 

Secondly, the generation of the modes is more intuitive for the CKN. As will be seen in the jet breakup 

and jet in crossflow systems, each CKN mode provides context for behaviors it has captured. Considering 

the single mode of Figure 5-32, the mode needs no alteration to reconstruct the original data. DMD, instead, 

does not provide this context which can hinder the interpretability of a single mode in isolation. 

The only concern with the CKN for the presented case is that the jet boundary has blurred due to the 

small horizontal spatial scales for regular 2D convolutions. At the risk of repetition, the results were 

repeated for a dilational jet oscillating at 4000 Hz, but at a higher magnification to increase the spatial scales 

of the jet boundary. The results in Figure 5-33 comparing the CKN and DMD modes agree with the original 

dilational jet, but with a sharper jet boundary. The CKN and the first DMD mode identify the 4000 Hz 

frequency while DMD mode 2 is the second harmonic at 8000 Hz. 

 

 

Figure 5-33: Repeatable results are found for a different perturbation frequency and magnification for the 

dilational jet. 
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5.3.7 Jet Breakup 

All of the previous systems have had discrete spectra, so the modal decompositions provide a single 

frequency for each extracted mode. While the CKN, in general, learns a continuous spectrum for each mode, 

it asymptotically approaches a discrete spectrum approximation for these special cases. The jet breakup 

case, however, as demonstrated here, has a continuous spectrum [221] due to fluctuations in the jet breakup 

length. As a result of the inconsistent breakup length, the location of the primary droplet formation, and 

accompanying satellite droplet, also fluctuates. The jet breakup and consequent droplet formation are 

induced by a 4000 Hz pulse. 

The CKN maintains high reconstruction accuracy, even a large number of time steps into the future, 

using only a 2-mode reconstruction, as demonstrated in Figure 5-34. Importantly, these modes are highly 

interpretable. Although the breakup length fluctuates, mode 2 captures the 4000 Hz jet breakup and droplet 

formation, with accompanying satellite droplets, with stationary breakup length. Another mode is needed, 

in this case mode 1, to account for the fluctuation in the breakup length which has a continuous spectrum. 

 

Figure 5-34: Only two CKN modes are needed to reconstruct the jet breakup system. Mode 1 has a 

continuous spectrum which predicts the breakup length while mode 2 is a pure 4000 Hz breakup with 

constant breakup length. 
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Figure 5-35 shows the normalized modal frequency as a function of time as the modal phase space is 

traversed. For discrete spectra phenomena, such as the pure jet breakup without breakup length fluctuation 

as identified by mode 2, the normalized modal frequency is constant, regardless of the location in phase 

space. This is true for all of the previous systems with discrete spectra phenomena. Mode 1, however, 

exhibits a continuous spectrum to account for the variable breakup length. Indeed, although the spectrum 

is continuous, a recurring behavior in the modal frequency fluctuations is observed. 

The motion of the jet in mode 1 still describes the coarse features of the dilational behavior and 

subsequent breakup of the jet. Qualitatively, this mode combines with mode 2 to alter the reconstructed 

breakup length, where thinner jet segments in mode 1 encourages breakup in the reconstruction while 

thicker jet segments do not. As discussed for the dilational jet, these modes provide the necessary context 

by identifying their spatio-temporal contributions relative to the overall system. Rather than identifying the 

static and periodic jet breakup subtractively, i.e., as for DMD modes where skeletal modal structures are 

provided, the CKN modes are shown as a direct contribution to the underlying system. 

The reconstructions are accurate, even 200 time steps into the future, as demonstrated in Figure 5-36, 

while still capturing variability in the jet breakup length. Beyond 200 time steps, the error begins to increase 

quickly. The ability for the CKN to predict accurately 200 time steps into the future, when it was only 

 

Figure 5-35: A comparison of the change in modal frequency with time (resp. phase space location). For 

discrete spectra phenomena, like mode 2, the frequency does not change in time. Mode 1, however, 

requires a continuous spectrum to predict breakup length. 
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trained to predict the next 15 time steps, strongly highlights the CKN’s ability to identify both discrete and 

continuous spectra and true underlying system processes. Recalling the DMD results, poor performance 

was seen after only 10 time steps using 50 modes. 

Finally, to reaffirm the properties of the redundant modes, three of the CKN modes which do not 

contribute to the reconstruction and prediction results discussed are shown in Figure 5-37. These modes are 

identical and are aperiodic, making identifying their redundancy simple for this case. The remaining 

redundant modes are also highly similar to these structures and are aperiodic. In fact, in none of the systems 

analyzed have aperiodic modes been necessary in the reconstruction, unlike for POD and DMD where the 

mean flow is always separated, captured by the most dominant mode. The CKN naturally incorporates this 

information into each mode as, by definition, no dynamics are present in static behaviors. In fact, the 

aperiodicity of CKN modes may be a general metric for identifying redundant modes, however, further 

work is needed to evaluate this. 

 

 

 

5.3.8 Jet in Crossflow 

The most practical system is now analyzed with the CKN: a jet in crossflow undergoing bag breakup. 

Findings from investigating the effects of convolution type led to an adapted architecture which leverages 

dilated convolutions in order to resolve the finest spatial scales of the system. While large scale dynamics 

 

Figure 5-36: Even for systems with continuous 

spectra, the CKN predicts accurately hundreds 

of time steps into the future. 

 

Figure 5-37: Three identical, aperiodic CKN modes 

which do not contribute to the jet breakup 

reconstruction. 
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are very important, the spatio-temporal behaviors of small droplets are equally important for understanding 

and predicting the atomization performance of a system. 

The network architecture for analyzing the jet in crossflow system is shown in Figure 5-38. Though the 

ultimate goal for the CKN is to provide a single, robust model capable of performing successfully, which 

 

Figure 5-38: The dilational CKN used for the jet in crossflow system. 
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has already been demonstrated for all previous systems, this additional network is presented as it provides 

a potential preferred variation which, in initial experiments, can replicate the results seen in the previous 

sections. The only changes are in the encoder and decoder sections. Pooling layers have been removed, and 

regular 2D convolutions have been replaced by dilated 2D convolutions. Each dilated convolutional layer 

uses 24 filters, of size 3 × 3, which was largely constrained by computational memory requirements as all 

layers act on the full resolution input. Using 24 filters reduces the number of parameters compared to the 

previous architecture, so a fourth convolutional layer is used to provide richer representational capacity. 

The dilation rate grows in increments of 2, starting with a dilation rate of 1, which corresponds to a regular 

convolution. This increase in dilation rate provides an exponential increase in the receptive field of each 

neuron [191]. The network was trained to predict 15 time steps into the future and was trained on 8000 

frames. 

A comparison of the 8-mode CKN future state predictions against the original flow is shown in 

Figure 5-39. The network is able to capture many of the salient features and behaviors of the original jet 

given only three consecutive input images. Jet penetration depth, periodic shedding of ligaments, location 

of bag breakup, and fine droplets are all captured by the CKN reconstruction. Impressively, the jet structure 

at 120Δ𝑡 matches the original jet very closely, with a single larger segment separated from a relatively 

undisturbed jet. 

 

Figure 5-39: CKN future state prediction for the jet in crossflow. Large-scale features and behaviors are 

predicted correctly even at 120Δ𝑡. 
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This accurate prediction continues hundreds of time steps into the future, with the prediction error 

growth shown in Figure 5-40. The error grows quickly at the beginning, though on inspection of the 

reconstruction, many of the salient features are captured. The error then only grows gradually, exhibiting 

periodic improvements in prediction error as the predicted behaviors align with the actual system. An 

example of gridding artifacts, magnified for clarity, is also shown in Figure 5-40, which becomes more 

prominent as future states are predicted. As outputs of the network are re-inputted for subsequent 

predictions, gridding effects slowly compound, which deteriorates the prediction accuracy over time. 

Smoothed dilated convolutions offer a potential alternative to suppressing gridding artifacts [192]. 

The jet in crossflow system is the first application where all 8 modes were required for the reconstruction. 

A larger number of modes would probably increase the overall performance of the network, and testing 

with a larger embedding space is a high priority for future work, but this allows evaluation of a restrictively 

small embedding space. The reader is reminded that modes are labeled numerically out of convenience of 

discussion. The presented modes are not ordered in terms of modal energy. Further, representing any mode 

as a still image forgoes its modal dynamics. To address this, modal reconstructions at different snapshots 

in time are presented which are representative of the general qualitative behaviors observed from their 

modal videos. 

 

Figure 5-40: Prediction error (left) quickly increases but remains qualitatively accurate for hundreds of 

time steps. The initial increase in error is attributed to gridding artifacts (right) which compound over 

time. 
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Perhaps surprisingly, none of the individual modes require a continuous spectrum; they all converged 

to a single frequency for their governing process. The reason for this is currently an open question. It is 

possible that the most dominant processes are truly governed by a single frequency, however, it may also 

be a consequence of the small embedding space. It is noted that the single frequency behavior occurs in the 

embedding space, not the input space, which is dependent on the input and so the reconstructions are not 

necessarily periodic. Further, while it is difficult to truly validate the extracted CKN results for this system, 

the CKN has been validated on systems with known spatio-temporal behaviors with no concerns of spurious 

modal spatial structures or frequencies. This provides confidence in the extracted results for the jet in 

crossflow system. 

The extracted modes can be split into capturing five distinct features. The first mode, shown in 

Figure 5-41, captures the general large-scale structures of the flow. In particular, at 30Δ𝑡, this mode is able 

to resolve a large, separated ligament away from the intact jet, which is not identified by any other modes. 

Subsequent temporal evolutions approximate the shape and overall thickness of the atomization system. 

The CKN identifies a single frequency for this mode, oscillating at 96.4 Hz. 

The second mode, shown in Figure 5-42, attempts to resolve bag breakup behaviors and associated finer 

particles, though many of the other modes also resolve small scale features as well. Only this mode has a 

 

Figure 5-41: The first CKN mode captures the large-scale features of the jet. 
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clear correlation with the formation and atomization of bags in the flow, whose modal behaviors are more 

pronounced during bag breakup. The 25Δ𝑡 prediction captures the full spatial distribution of an instance of 

bag breakup. It is difficult to validate this behavior compared to all other modes, but, qualitatively, the 

above relationship can be found. 

The remaining modes come in pairs, which capture the same phenomena but at different frequencies 

and spatial scales. Modes 3 and 4 both identify the periodic flapping of the upstream jet, shown in 

Figure 5-43. Mode 3 oscillates at 307 Hz, capturing the full extent of the upstream jet, while mode 4 is a 

higher frequency flapping at the end of the jet, at 509 Hz. Both POD and DMD extract modes which appear 

to identify this flapping, which has also been discussed extensively in the literature. One of the recurring 

concerns with both POD and DMD is in their wide range of represented frequencies. For POD, this comes 

in the form of wide PSDs, while DMD provides many harmonic-type modes with growing frequency. The 

CKN identifies two distinct frequencies, whose direct contribution is evident to the overall jet behavior, but 

at a relatively high frequency compared to the most dominant DMD modes. As DMD requires many modes 

to represent the jet penetration fluctuations, and with concerns with the physical meaning of extracted 

frequencies, it is difficult to identify a true underlying frequency.  

 

Figure 5-42: The second CKN mode correlates with bag breakup behaviors. 
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Next, modes 5 and 6 capture downstream penetration fluctuations, as demonstrated in Figure 5-44. 

Similar to the upstream flapping, mode 5 identifies low frequency behavior at 129 Hz and mode 6 identifies 

higher frequency behavior at 204 Hz. These modes have reduced frequencies compared to the upstream 

case. While high frequency flapping may be observed upstream, this is confined to a dense, intact region 

where small variations in pixel locations provide significant changes in the energy distribution. Further 

downstream, the liquid atomizes, and the energy is distributed over a greater spatial extent, which is 

dominated by the bulk flow. This reduces the sensitivity of the downstream distribution, hence reducing 

the fluctuation frequency. 

 

Figure 5-43: The third and fourth modes both capture upstream bending of the jet. Mode 4 is at a higher 

frequency. 

 

Figure 5-44: CKN modes 5 and 6 capture the fluctuation in jet penetration depth at different frequencies. 
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Finally, the last two modes both capture the periodic shedding of larger structures, in between which 

bag breakup has likely occurred. These CKN modes, with similarities to the identified shedding structures 

from DMD, are shown in Figure 5-45. Recalling the discussion of the DMD modes; they cover a wide range 

of frequencies and spatial scales, thereby limiting their compactness and utility. The CKN modes provide 

two distinct frequencies, 855 Hz and 1084 Hz for mode 7 and mode 8, respectively, which fall in the range 

of the extracted DMD frequencies, and the modal structures and frequency of CKN mode 8 correspond 

very closely with the DMD results. This appears to indicate that the extracted DMD results are interpretable 

and accurate, however this agreement is not surprising. DMD identifies a continuum of salient frequencies 

to capture periodic shedding; the concern is verifying whether all, or some, frequencies are physically 

meaningful, which is demonstrably challenging. Additionally, DMD modes rarely capture the correct 

physical spatial structures in the flow, and their relationship with modal frequency is not tied to physics. 

The utility of the CKN modes is much more evident than the DMD modes. Again, the CKN modes 

provide the necessary context via the partial state reconstruction and shows, very clearly, the captured 

 

Figure 5-45: CKN modes 7 and 8 identify high frequency periodic shedding from the jet, with example 

DMD modes also identifying periodic shedding. 
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spatial behaviors of the jet. This is without the need for further harmonics to improve spatial localization; 

each mode is spatially and temporally localized. In agreement with the DMD results, the lower frequency 

does correspond to larger scale shedding of the jet. 
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Chapter 6 

Summary, Conclusions and 

Recommendations 

6.1 Summary 

This dissertation has investigated the use of Koopman analysis as a data-driven approach for analyzing 

and understanding atomization phenomena. Liquid injection and atomization systems are very complex: 

they have evaded sound analytical understanding and model development due to highly nonlinear 

multiphase and turbulent interactions. Further, measuring informative state variables from these systems is 

limited to spatially or temporally small resolutions, or both. Koopman analysis provides a framework to 

overcome these challenges by leveraging large datasets to automatically learn accurate models and extract 

physical understanding, and by unlocking high-speed video as a quantitative diagnostic for providing quasi-

global, high spatio-temporal resolution datasets. 

Proper orthogonal decomposition (POD) and dynamic mode decomposition (DMD) are two prominent 

decomposition techniques which purport to extract physics from large datasets. DMD assumes a system 

evolves linearly, and provides an approximation of the Koopman operator; a possibly infinite-dimensional 

operator which evolves the dynamics of a globally linearized system. This has the potential to enable linear 

analysis of nonlinear systems. However, POD and DMD are inherently linear tools, which continue to be 

applied extensively in the fluids community for the analysis of nonlinear flows. 

The first part of this work provided a systematic analysis and evaluation of POD and DMD for a number 

of spatio-temporal systems. Despite their widespread use, extracted results are rarely validated, so their 

ability to extract physics and reconstruct or predict future states was investigated on a hierarchy of system 

complexities, so as to validate and verify their results. Even for the simplest systems analyzed, both POD 
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and DMD have limited utility and do not provide clear interpretations, as the presence of harmonics mars 

the effectiveness of physical representation of individual modes. 

To overcome these concerns, a newly developed deep convolutional Koopman network (CKN) was 

presented for the first time. The CKN provides a highly compact and interpretable modal decomposition 

which enables long-term future state prediction for all systems analyzed. 

 

6.2 Conclusions 

The main contributions of this work include: 

 

• POD and DMD are unable to decouple nonlinear processes which are spatially and 

temporally dependent 

 

In practical systems, processes overlap, occlude, and combine resulting in spatially and 

temporally correlated processes. The simplest example is that of a linear vibrating string made 

up of sinusoids: the resulting waveform is spatially and temporally dependent on all constituent 

sinusoids. Despite the underlying linearity, given a nonlinear representation of the system, POD 

and DMD are unable to extract either the correct spatial or temporal structures. Both techniques 

appear to require spatial independence, or weak spatial dependence, as a minimum for 

successful application. In fact, temporal dependence also hinders modal decoupling. At least 

one spatially distinct and independent process, related to another by a harmonic frequency, will 

never be uncoupled without algorithmic modification. DMD’s orthogonality in time prevents 

the necessary spatial influence to decouple processes which are spatially and temporally distinct. 

For POD, the PSD can give a strong indication of modal coupling, particularly if multiple 

localized peaks are identified. 
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• Harmonic modes necessarily arise for spatio-temporal data and do not, necessarily, 

provide additional physical insight 

 

An important qualifying term is additional physical insight. The only consistency found in this 

work for the utility of harmonic modes is in capturing motion over discrete temporal scales. 

Every harmonic mode describes an integer multiple number of positive-negative regions, whose 

modal frequency can be used to define the temporal scale over which structures will flow from 

a positive region to a negative region. Beyond this, harmonic modes necessarily arise due to the 

analyzed spatio-temporal waveforms having discontinuities. While a fundamental mode may 

capture an underlying system frequency, its modal spatial structures are unlikely to be 

representative of physical spatial scales. This was demonstrated for a simple particle stream 

system, where no mode captured the correct spatial scales of the system, as the harmonic scales 

decrease by a factor of 2 from the fundamental spatial scales. 

 

 

• The presented deep convolutional Koopman network provides a highly flexible, compact, 

and accurate modal decomposition 

 

The developed CKN successfully identified all verifiable processes governing the systems 

analyzed with the correct spatial and temporal behaviors. This has been demonstrated for 

systems with spatially and temporally dependent processes, and spatially independent processes. 

Significantly, this has been achieved using an identical model architecture, proving that the 

intended model flexibility and generality has been achieved for systems with discrete or 

continuous spectra, or with a redundantly large or restrictively small embedding space. This has 

led to highly accurate long-term future state prediction, even for practical systems. Although a 

second architecture was presented, it was not necessary in performing a successful modal 
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decomposition. However, for the second architecture, only a simple modification was made to 

layers in the encoder and decoder; no other hyperparameters required modification, which 

demonstrates the robustness of the overall network design. 

 

 

• The presented deep convolutional Koopman network is interpretable 

 

Unlike POD and DMD, the CKN modes can provide both spatial and temporal localization. 

This allows the CKN to identify specific features of a system, such as droplets or ligaments, and 

evolve them in time according to the captured modal dynamics. This greatly enhances the 

interpretability of the results, as context is provided with each mode showing the mode’s direct 

contribution to a particular behavior or phenomenon in the system. Single mode reconstructions 

are therefore sufficient in providing high future state prediction accuracy. 

 

6.3 Recommendations 

The development of the deep Koopman network has only recently started, and there is no shortage of 

directions with which future work can expand into. While key areas that have been identified in this work 

are addressed here, the reader is invited to take this research into their own path; deep learning provides a 

tremendous amount of flexibility, with the CKN being no exception.  

The following are the most notable recommendations from the investigation: 

 

• Dimensionality of the embedding space 

 

The effects of changing the size of the embedding space are very important to investigate. The 

size of the embedding space is central to the learning of the network, so the sensitivity of learned 
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modes or training convergence on this must be evaluated. This is pertinent for modal ordering 

and robustness, and in understanding the network behaviors for highly complex systems. A jet 

in crossflow system was analyzed in this work to provide a practical implementation of the CKN. 

Surprisingly, the CKN predicted only discrete spectra, which raises the question of if the size 

of the embedding space used has an effect on this. 

 

 

• Dilated convolutions 

 

Of course, there are an endless number of interesting design paths and choices for modifying or 

optimizing the given CKN, however, the main recommendation is in continued investigation of 

the effectiveness of dilated convolutions. There were noticeable benefits in transitioning from 

regular 2D convolutions to dilated convolutions, none of which required fine-tuning. It is 

generally simpler to identify and represent large-scale features, which can be done with POD 

and DMD, than for finer details. For atomization systems especially, these finer details are 

arguably the most important features to analyze, which is precisely why further work into the 

use of dilated convolutions is of great interest. 

 

 

• POD and DMD evaluation 

 

Finally, despite the limitations of POD and DMD observed in this work, it is highly 

recommended that further evaluation of both techniques for the purpose of extracting system 

dynamics or understanding is conducted. At least, it is recommended that future works using 

either POD or DMD provide sufficient validation for the interpretation attributed to extracted 

modes. 
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