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ABSTRACT OF THE DISSERTATION

Understanding continuous and discrete stochastic models by coarse-graining

Tiangi Wu
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2022

Professor Georg Menz, Chair

This thesis will examine three stochastic models using the idea of coarse-graining;:

(1) A quantitative hydrodynamic limit of the Kawasaki dynamics via a “two-spatial-scale”
approach, refining the original two-scale approach of Grunewald, Otto, Villani, and
Westdickenberg.

(2) A quantitative ergodic theorem of the infinite-swapping process via a “two-time-scale”
approach, adapted from the approach of Menz and Schlichting to the setting of an
inhomogeneous diffusion.

(3) A sharp leading order asymptotic for the diameter of a long-range percolation graph via
concentration inequalities, which improves a previous result by Coppersmith, Gamarnik,

and Sviridenko.

A common key feature in these problems is the presence of multiple “levels” (or scales) in
space or time. The solution generally involves understanding the characteristic behavior at

each level and then combining the information about different levels together.

i



The dissertation of Tianqi Wu is approved.
Timothy Derek Austin
Marek Biskup
Christina Kim

Georg Menz, Committee Chair

University of California, Los Angeles

2022

il



Contents

[1__Introduction

(1.1 Quantitative hydrodynamic limit of the Kawasaki dynamics| . . . . . . . ..

(1.2 Ergodicity of the infinite swapping algorithm|. . . . . .. .. ... ... ...

(1.3 Diameter of a long-range percolation graph|. . . . . . .. ... ... ... .. 11

2 Quantitative hydrodynamic limit of the Kawasaki dynamics 14
2.1 Introductionl . . . . . . . ..o 14
[2.1.1 Connection to gradient flows| . . . . . . . . .. .. .. ... ... ... 17

[2.2  Setting and main result{. . . . . . .. ..o oL 21
[2.3  The two-scale approach|. . . . . . ... .. ... ... o0 28
[2.4  Convergence of microscopic dynamics to mesoscopic dynamics| . . . . . . . . 36
2.4.1 Proofof TheoremP2.43[. . ... ... ... ... .. .......... 40

[2.5  Convergence of mesoscopic dynamics to macroscopic dynamics| . . . . . . . . 45
[2.6  Properties of spline approximations| . . . . . . .. .. ... ... ... .. .. 48
[2.6.1 Penalization of fluctuations around spline profiles| . . . . . .. .. .. 48

[2.6.2 Spline approximations involving the operator Al . . . . . ... .. .. 51

[2.7  Uniform strong convexity of the coarse-grained Hamiltonian| . . . . . . . .. 56
2.7.1 Proof of Theorem 2.7. 7t a multivariate local Crameér theorem: . . . . 60

[2.7.2  Proots of auxiliary results.| . . . . . . ... .. ... 65

[2.8 A uniform log-Sobolev inequality for conditional measures| . . . . . . .. .. 68
[2.8.1 Basic principles for the LSI} . . . . ... ... ... ... ... .... 68

2.8.2  Uniform [SI for conditional measures/ . . . . . .. .. ... ... ... 71

[2.9  Closeness of the gradients of the coarse-grained Hamiltonian and the macro- |

| SCOPIC free energy| . . . . . . . . v o e e 7
[2.9.1 Auxabary results| . . . . . .. .. ... o 78

2.9.2 Proofof Lemmal25.2f. . . . . .. .. ... ... L. 85

[2.10 Proot of Proposition [2.7.14; a multivariate local CLT| . . . . . . ... . ... 85

(3 Ergodicity of the infinite swapping algorithm)| 94

iv



[3.2  Setting and main results| . . . . ... o Lo 98
[3.2.1 Infinite-swapping as the weak himit of parallel temperingl . . . . . . . 98
[3.2.2  Growth and non-degeneracy assumptions| . . . . . . . . . . . . .. .. 101
[3.2.3  The Eyring-Kramers formulal . . ... ... ... .. ... ... ... 103
[3.2.4  Dependence on the ratio between temperatures . . . ... ... ... 105
[3.2.5  Optimality of the Eyring-Kramers formula in dimension one| . . . . . 105
3.3 Proofs of main resultsl . . . . . ... .. ... 106
[3.3.1 A two-time-scale approach to Poincaré and log-Sobolev mequalities] . 106
[3.3.2  Local Poincaré and log-Sobolev inequalities: proots of Lemmas |3.3.5]
andB.3.6. . . .. 115
[3.3.3  Cost of exchanging temperatures: proof of Lemma|3.3.8]. . . . . . .. 124
[3.3.4  Optimality of dependence on temperature ratio: proot ot Proposition
[ 0.2.00 . . e 128
[3.3.5  Optimality in one dimension: proots of Proposition |3.2.7] and Propo-
I sition B.2.8. . . . .. 130
[3.4 Applications of main results| . . . . . . . ... 000000 133
[3.4.1 Application to samphng| . . . . . . ... ... ..o 0L 133
[3.4.2  Application to simulated annealing| . . . . ... ... ... ... ... 134
3.4.3 Proof ot TheoremlI3.4.4 . . . . ... ... .. .. ... .. ....... 137
[4 Diameter of a long-range percolation graph| 142
4.1 Model and Current Resultl . . . . . . .. .. ... . o000 142
4.2 Proof of Theorem M. 1.2 . . . . . . . . . . . . ... .. ... . . .. 143
[4.3  Beyond the leading order|{. . . . . . . .. ... oL 150




ACKNOWLEDGMENTS

I would like to thank Professor Georg Menz, my Ph.D. advisor, for sparking my interest
in the mathematics of probability, for his patient guidance in my research training, and
for providing many opportunities for my professional development. I am also grateful for
Professor Marek Biskup for his continuous support through these challenging times and
for guiding me into new directions of research. I also want to thank the other committee
members, Professor Tim Austin and Professor Inwon Kim, for their time and endorsement

as well as their instructive lectures on entropy and gradient flows.

I would also like to thank all of my co-authors. In particular, I want to thank Professor
Felix Otto for sharing valuable insights on the hydrodynamic limit and its connection to
gradient flows, both at the Max-Planck Institute and over Zoom. I also want to thank
Professor Wenpin Tang for discussions on simulated annealing while he was at UCLA and
Professor André Schlichting from whom I learned much of the techniques used in our work

on the infinite swapping algorithm.

Chapter [2| is a major revision of the preprints [DMOWI18a] and [DMOW18b|. It is the
result of a collaboration by Deniz Dizdar, Georg Menz, Felix Otto, and myself. Chapter [3]is
an expanded version of the submitted preprint [MSTW20|. It is the result of a collaboration
by Georg Menz, André Schlichting, Wenpin Tang, and myself. Chapter [4] consists of pre-
liminary findings of an ongoing project by Biskup and myself. Some of the works reported
in these chapters were partially supported by Max-Planck Institute for Mathematics in the
Sciences, Leipzig, Germany and the National Science Foundation grants DMS-1407558 and
DMS-1712632.

I want to take this opportunity to thank all of my family, friends, and teachers, who had
supported me in one way or another before and during these years of my Ph.D. studies,
without whom I would not be here today. As a believer in the gospel of Jesus Christ, I owe

my ultimate gratitude to the Lord whose grace sustained me even in my worst failures.

vi



VITA Spring 2022

Tiangi Wu

EDUCATION

Ph.D. candidate in Mathematics, Department of Mathematics, University of California,

Los Angeles. Advisor: Georg Menz. (2015 — present)

S.B. in Mathematics, Massachusetts Institute of Technology. (2011 — 2015)

PREPRINTS

G. Menz, A. Schlichting, W. Tang, and T. Wu, Ergodicity of the infinite swapping algorithm

at low temperature. Submitted, preprint available at arXiv:1811.10174

D. Dizdar, G. Menz, F. Otto, and T. Wu, The quantitative hydrodynamic limit of the

Kawasaki dynamics. In preparation, preprint available at | arXiv:1807.09850

D. Dizdar, G. Menz, F. Otto, and T. Wu, Towards a quantitative hydrodynamic limit of the

Kawasaki dynamics. In preparation, preprint available at  arXiv:1807.09857

Vil


https://arxiv.org/abs/1811.10174
https://arxiv.org/abs/1807.09850
https://arxiv.org/abs/1807.09857

Chapter 1

Introduction

A common theme in probability theory is the emergence of new types of patterns in an
appropriately “zoomed out” view, or on a coarse-grained scale. The emergent new order may

be either deterministic or stochastic:

e For example, the law of large numbers says that given a sequence of i.i.d. integrable
random variables X, X5, -+, the sample average %(Xl + X5 + -+ + Xy) converges
almost surely to the expected value EX; as N — oo.

e On the other hand, if we take away the expected value from each X; and then change the
scale factor % to \/LN’ then we obtain a different type of convergence result known as the
central limit theorem: the rescaled sample average of the fluctuations, \/LN Zi]\il(Xi —

EX;), converges to a normal distribution A(0, Var X;) as N — oc.

The intuition behind the law of large numbers is the difficulty for many independent sources
of randomness to work together: in a large i.i.d. sample, the individual fluctuations tend
to cancel each other, leaving only their common statistical properties in the average. In
an opposite manner, the Poisson limit theorem, also known as the law of rare events, is an
example of how rare fluctuations on a small scale can accumulate to an occurrence with high

probability on a large scale:

e According to the Poisson limit theorem, a sequence of binomial distributions Binom(n, p,,)

satisfying np, — A converges to a Poisson distribution Poi(\) as n — oo.



e As a consequence, suppose the probability of getting a phone call in a small time
interval At is approximately AAt as At — 0, then the waiting time between phone
calls is exponentially distributed with mean 1/, i.e. the phone calls follow a Poisson

process of rate A.

In this dissertation, we apply the idea of coarse-graining illustrated in these basic examples
to study three more complex stochastic models involving multiple scales in space or time.
The solution generally involves understanding the characteristic behavior at each scale and

then combining the information about different scales together.

1.1 Quantitative hydrodynamic limit of the Kawasaki dy-

namics

Our first topic is concerned with a dynamical version of the law of large numbers, called the
hydrodynamic limit. This type of results say that under a suitable time-space rescaling, a
deterministic dynamics emerges as the typical macroscopic behavior of a random evolution
on a microscopic lattice as the system size goes to infinity. The particular microscopic
evolution we study is the Kawasaki dynamics of 1-dimensional lattice systems of continuous,
unbounded spins. It is a spin-exchange dynamics preserving the mean spin and, in the
hydrodynamic limit, converges to a non-linear diffusion equation. On a qualitative level,
this convergence had been established in [Eri87|, [GPV8&8|, and [LY93], but it is not apparent

how to obtain quantitative rates of convergence from their methods.

The first step toward a quantitative theory was made in [GOVWO09| by introducing the
two-scale approach. In a nutshell, one chooses a mesoscopic scale between the microscopic
and macroscopic scales and then defines a mesoscopic dynamics that is close to both the
microscopic dynamics and macroscopic dynamics. The key insight behind the choice of the

mesoscopic dynamics in [GOVWO09| is a gradient flow interpretation of the microscopic and
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macroscopic dynamics, leading to the definition of the mesoscopic evolution in terms of an
appropriately coarse-grained gradient flow structure. However, this perspective was not fully
carried out in [GOVWO09] due to technical reasons. In our work, we capitalize a lot more on
the idea of choosing a mesoscopic evolution with the natural gradient flow structure, which

leads to improved error estimates in the system size.

Let us now give more details. We consider a spin system consisting of N real-valued
spins located on the 1-dimensional periodic lattice {1,..., N}. The associated Hamiltonian
H : RN — R for the spin values only has single-site potentials 1) : R — R and no interaction

term:
N

H(xy,x9,. .. ,2p) := Zw(xz)

=1

The evolution of the spin values is governed via a coupled system of SDEs, called the

Kawasaki dynamics:
dXt — —AVH(Xt)dt ‘I‘ V 2AdBt,

where B; denotes a standard N-dimensional Brownian motion and — A denotes the (centered)
second-order difference operator for the periodic rescaled lattice {]lv, ceey 1}. The presence
of the matrix A means a site can only change its spin by distributing the difference to its
neighbors. Consequently, the mean spin is conserved and we may restrict the dynamics to

the hyperplane Xy := {x € RV : Zfil z; = 0}.

As mentioned before, it is known that in the hydrodynamic limit N — oo, the Kawasaki

dynamics converges to a nonlinear PDE on the 1-dimensional torus T = [0, 1]

0i¢ = 60290,(07

where the function ¢ : R — R is the Cramér transform of the single-site potential v, i.e.

o(m) = sup <o'm ~log /R exp (02 — () dz) .

ceR

Compared with the microscopic dynamics,



e the l-dimensional periodic lattice is rescaled and embedded into the 1-dimensional
torus;

e the Euclidean space Xy is rescaled and embedded into the function space L?(T), as
the subspace of piecewise constant functions;

e the second-order difference operator —A is replaced by the second derivative 93;

e the microscopic Hamiltonian H is replaced by the macroscopic free energy H(() =
fol ©(€)df, with VH and ¢’ as their gradient mappings in their respective spaces;

e and the noise term v2AdB, has disappeared.

Our aim is to make this statement of convergence quantitative, providing a good estimate
on the speed of convergence, which is needed in applications. Towards this end we adapt
the two-scale approach introduced in [GOVWO09|. The basic idea is to choose a suitable
mesoscopic scale between the microscopic and macroscopic scales on which we can define
a mesoscopic dynamics 7; that serves as a coarse-grained version of both the microscopic

dynamics X; and macroscopic dynamics (;:

e Relative to the microscopic scale of Xy, the mesoscopic observables should become
more and more coarse-grained, which helps remove the random fluctuations of the
microscopic dynamics by the law of large numbers.

e Relative to the macroscopic scale of L?(T), the mesoscopic observables should become
more and more fine-grained, so that the coarse-grained dynamics approximate the full

dynamics on the macroscopic scale.

After a suitable space Y of mesoscopic observables is chosen and embedded in the function
space L*(T), the mesoscopic dynamics 7; will be given in the form of a (deterministic) high-

dimensional ODE

d

—n = —AV 2 H
dtnt vL (nt)u

where H and A will be coarse-grained versions of H and A for the mesoscopic space Y.

The key feature of this set-up is that all three dynamics can now be viewed as gradient
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flows, i.e. the evolution of each dynamics reduces some kind of energy in the fastest possible
way via some dissipation mechanism (see e.g. [AGS05, [San16] for more details, examples,

and further references).

e For the macroscopic dynamics (;, the energy functional is H and the dissipation mech-
anism is the H~! metric.

e For the mesoscopic dynamics 7, the energy functional is A and the dissipation mech-
anism is the Euclidean metric on Y given by the inner product (-, A=1.) 2.

e For the microscopic dynamics, the gradient flow structure appears on the level of the

law p; of the process X;, which evolves according to the Fokker-Planck equation

The associated energy functional is then given by the relative entropy of p; with respect

to the Gibbs equilibrium measure p(dx) = % exp(—H (z))d,

Ent(pulu) = / H(x)pu(d) + / log pr(x)pr(d).

The dissipation mechanism is the Wasserstein distance on the space of probability
measures over the Euclidean space Xy with the Euclidean metric given by the inner

product x - A~ 1y,

1
3
Wa(v, V') ;== min </ |z — '3 d7> ,
’YGH(V,V/) XN XXN

where II(v, ') is the set of all coupling of measures v and v/ and | - |4-1 denotes the

Euclidean norm induced by the inner product z - A=1y.

It is known that the convergence of gradient flows may be deduced from the I'-convergence
of the associated energy functionals together with the convergence of the dissipation mech-
anisms in the proper sense (see e.g. [SS04, [Ser11l Miel6]). Consequently, the gradient flow
interpretation provides insights for the convergence of these dynamics. In terms of the energy

functionals:



e The convergence of the coarse-grained Hamiltonian H to the macroscopic free energy
‘H is a version of the local Cramér theorem. This input from equilibrium statistical
mechanics also has the important consequence that H gains convexity from coarse-
graining.

e The relative entropy Ent(p;|p) can be interpreted as a free energy associated to the
ensemble p;, consisting of an energy part [ H(x)p;(dz) coming from the Hamiltonian
H and an entropy part [ log p;(z)pi(dx) coming from the noise B.

— Under coarse-graining onto mesoscopic profiles y € Y, the entropy part vanishes
due to the law of large numbers.

— On the other hand, as the mesoscopic scale becomes more fine-grained, the en-
ergy part converges to the coarse-grained Hamiltonian H because the Kawasaki
dynamics equilibrates faster on smaller spatial scales due to its spin-exchange
mechanism. In the rigorous analysis this fact will be quantified with the help of
a log-Sobolev inequality for the conditional Gibbs measures p(dzx|y) that is based

on the convexity of H.
In terms of the dissipation mechanisms:

e The operator —A is a coarse-grained version of the second-order difference operator
—A and therefore should converge to the second derivative 9.

e The dissipation mechanism on the microscopic level has two layers, an outer Wasser-
stein distance associated with the transportation of probability measures and an inner
Euclidean metric associated with the spin-exchange mechanism mediated by the ma-
trix A. Under coarse-graining, the outer metric on the space of probability measures
becomes degenerate as randomness vanishes, leaving only the inner metric on Xy asso-
ciated with the A~! inner product, which should then converge to the Euclidean metric

on Y associated with the A~' inner product.

To fully take advantage of the gradient flow interpretation, the operation of taking second-

order difference should be compatible with coarse-graining, which means the mesoscopic



observables need to be sufficiently smooth. In [GOVWQ09], the mesoscopic observables were
chosen to be piecewise constant functions. The lack of regularity then forces one to use an
unnatural definition of the coarse-grained operator A in the mesoscopic dynamics, leading
to sub-optimal error estimates when that approach is taken to completion. In our work, we
instead choose the mesoscopic observables to be splines, i.e. piecewise polynomials that are
smoothly joined together. The extra regularity then allows a more natural definition of the
mesoscopic dynamics in terms of its gradient flow structure, leading to overall better error
estimates. On the other hand, the smoothness constraints of the splines also make them
non-local functions, which makes deducing the main ingredients in the two-scale approach
more subtle. As a workaround, we need to introduce another level of mesoscopic observables
that are piecewise polynomials, on which we can perform the analysis more easily and then

transfer the properties established there back to the original level of splines.

1.2 FErgodicity of the infinite swapping algorithm

Our second topic is concerned with the ergodic properties of sampling dynamics in a non-
convex energy landscape. In many applications in physics, chemistry, engineering, statistics,
machine learning, etc, one needs to compute integrals with respect to Gibbs measures at low
temperature, i.e. probability distributions on R™ whose probability density is proportional
to exp(—H (z)/7), for some energy landscape H : R" — R, and temperature 0 < 7 < 1.
Because the dimension n is usually very large, direct integration is not numerically feasible.
Instead, by the ergodic theorem, one can (with high probability) approximate the integral by
the long-time average of one simulation of some random dynamics X; of a particle moving in
the state space R", with the property that the distributions of X; converge to p as t — oo.
The basic idea is that the dynamics X; will eventually visit the state space R™ everywhere

with frequency according to u. For example, the overdamped Langevin dynamics X, governed
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by the stochastic differential equation (SDE)
dXt = —VH(Xt) + Vv 27_dBt

where B; is a standard n-dimensional Brownian motion, can be used to sample the Gibbs

measure p(dz) := + exp(—H (z)/7)dz.

However, at low temperatures 7, if the energy landscape H has multiple deep local min-
ima, then a full exploration of the state space becomes very slow because of the metastability
phenomenon: the particle would quickly go down a nearby valley (due to the gradient term),
stay there waiting for an exponentially long time, before it finally jumps over to the neigh-
borhood of another valley (thanks to the random fluctuations of the Brownian motion). The
average waiting time for the jump follows the Arrhenius’s law, originally discovered in the

context of chemical reactions:

AFE
E[waiting time] = A(7) exp (—),
-

where the energy barrier AFE is the minimal height that a particle has to climb up in order
to cross over from one valley to another in the energy landscape H, and the pre-exponential
factor A(T) is a sub-exponential factor given by the more refined Eyring-Kramers formula

(see [Ber13| for background).

One way to overcome this slow-down of sampling Gibbs measures at low temperatures
due to the dynamics getting trapped at local minima is the replica exchange method, also
known as parallel tempering. In the simplest version, one considers two independent particles
governed by the same underlying dynamics, i.e. the overdamped Langevin dynamics in our
example, with one particle evolving at the desired low temperature 7; and the other particle
evolving at some higher temperature 75, where 0 < 71 < 75 < 1. At some random times,
the positions of the two particles are swapped. The advantage of this method is that the
low-temperature particle can gather information about the desired low-temperature Gibbs

measure while the high-temperature particle can more freely explore the full state space. In



a study of the sampling performance of parallel tempering, the authors of [DLPD12] found
that the rate of convergence of the empirical measures (as measured by the large deviation
rate function) is a monotone increasing function of the swap rate, which naturally leads them
to consider a suitable limiting process as the swap rate goes to infinity, the infinite swapping
algorithm (isa). This requires a shift of perspective from a particle-swapped process to a
temperature-swapped process: rather than swapping particle positions infinitely fast (which
would result in infinitely many jumps in finite time), the isa does not swap particle positions

at all but instead swaps temperatures infinitely fast.

In more detail, suppose the goal is to sample the Gibbs measure v” with density propor-
tional to exp (—@), for some smooth non-convex energy landscape H : R" — R, at low
temperatures 0 < 7 < 1. Given two different temperatures 0 < 71 < 7 <K 1, let 7 be
the product measure m(xy,z5) := v™(21)v™(x2). The isa is defined as the evolution of two

particles X;(t) and X5(t) governed by the SDEs:

dX, = —-VH(X;)dt + \/2710(X1>X2) + 279p(Xo, X1) dBy,

dXQ == _VH(XQ) dt + \/27—2/)(le XQ) + 2T1p(X2, Xl) ng,
where Bj, B, are independent standard Brownian motions in R”, and p(x1, x2) is the relative
weight of the configuration (z1,x2) versus (z, 1) assigned by

71'([[1, ZEQ)
7(xy, o) + (T2, 71)

p(ZL’l, xQ) =

At each instant, this assignment essentially gives the higher temperature 7 (resp. the lower
temperature 71) to the particle whose potential energy H is higher (resp. lower) at that
instant (see also [DDN17, Section 3.2]). The crucial feature of the infinite swapping dynamics

is that the empirical measure

1

t
N = ;/ (P(X1, X2)d(x, %) + (X2, X1)d(x5.x,)) ds
0

converges weakly to the product measure 7 as t — oo by the ergodic theorem. In particular,

the first marginal of the measure 7; approximates the Gibbs measure v™ for ¢ large enough.



In [DLPD12|, a large deviation principle was established for the measure 7;, though it is
not clear how the rate function depends on the temperatures 71, 75. Further numerical
and heuristic studies in [DDN17] indicate that the isa has an exponential gain in sampling
performance over the classical overdamped Langevin dynamics. More recently, the isa was
applied to training restricted Boltzmann machines [HNR20] and was shown to be competitive

empirically.

In our work, we take the analysis of the isa to the next level via a functional inequality
approach. It is well-known that Poincaré and log-Sobolev inequalities yield estimates on the
speed of convergence of the time average to the ensemble mean (see e.g. [CGO8, [WY0S]).
By rigorously deducing low-temperature asymptotic formulas for the Poincaré and log-
Sobolev constants of the isa, we thus quantify how the speed of convergence depends on
the two temperatures 7y, 75, under some standard non-degeneracy assumptions. Compared
with the Eyring-Kramers formulas for the classical over-damped Langevin dynamics (see
e.g. IBEGK04, BGKO05| [MS14]), our results for the isa show an exponential gain: the energy
barrier in the leading exponential term now only “sees” the higher temperature 7 instead of

the lower temperature 7, at a polynomial cost in terms of the ratio 7o /7.

The proof of our results adapts the “two-time-scale” approach of [MS14] for overdamped

Langevin dynamics. The basic idea is to decompose the Gibbs measure ™ into two levels:

e a local measure on each of the domains of attraction €; of the Hamiltonian H, corre-
sponding to the fast convergence to local minima m,, and
e a coarse-grained discrete measure on the set {1, -}, corresponding to the expo-

nentially long transitions between the local minima.

Consequently, by the law of iterated expectation, the variance (resp. entropy) splits into
local variances (resp. entropies) and a coarse-grained variance (resp. entropy). The Poincaré
(resp. log-Sobolev) inequality for the full Gibbs measure then follows from analyzing these

two levels separately:
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e The local variances (resp. entropies) are controlled by the corresponding Poincaré
(resp. log-Sobolev) inequalities for the local measures. The two-time-scale heuristic
suggests this should not be of leading order. However, the non-convexity of both the
Hamiltonian H and the regions (2;, combined together with the low temperature 7,
makes it difficult to apply the usual methods for proving such inequalities. These ob-
stacles were overcome in [MS14| by a subtle combination of a Lyapunov argument and
a perturbation argument.

e The coarse-grained variance (resp. entropy) can be expressed in terms of mean dif-
ferences between the local measures. This is where the energy barrier between local
minima comes into play and hence will be the dominant contribution to the Eyring-
Kramers formula. The proof is based on finding a good transportation interpolation

of measures between the regions ;.

In the setting of isa, another layer of complexity is introduced by the swapping between two
temperatures: the stationary distribution is now a mixture of products of Gibbs measures at
the two different temperatures, y = % (v @v™ + v™ ®v™). In order that the energy barrier
only “sees” the higher temperature 75, the exponentially long transitions should only happen
in the high-temperature component, and thus an estimate for swapping the temperatures of

the two components comes into play as a new ingredient.

1.3 Diameter of a long-range percolation graph

Our third topic is concerned with a random graph model inspired by the small-world phe-
nomenon exhibited in many real-world networks, i.e. their typical distances are much smaller
than their sizes. The term originates from the old paper [Mil67] which suggested that two
average Americans are just six acquaintances away from each other (the so-called “six degrees
of separation”), and the phenomenon has received renewed interest since advances in com-

munication and transportation technologies, in particular the Internet, have tremendously

11



increased global connectivity in recent decades.

A natural way to model this phenomenon is a long-range percolation graph on the hyper-
cubic lattice Z¢, in which nearest neighbors are connected a priori and, independently at
random, a new edge is added between each pair of non-adjacent sites x,y with probability
Pay = 1 —exp(—flz —y|™®) = Bz — y|~*, for some parameter 5 > 0,s > 0. The objects
of interest are how the typical graph-theoretical distance D(z,y) scales with the Euclidean
distance |x — y| and, when restricted to a finite box [N]¢ := {0,1,--- , N}¢, how the diame-
ter Dy in the graph-theoretical distance scales with the box size N. The motivation is that
adding long edges, even quite sparsely, could substantially shorten the typical distance of

the network (see e.g. the short article [WS98]).

This type of models was introduced and studied by [BBO1] for a one-dimensional case and
extended to a multi-dimensional version by [CGS02|. Five regimes of behavior have been

identified based on the exponent s: s <d, s=d, d < s < 2d, s = 2d, and s > 2d.

e In the regimes s < d, [BKPS04| showed the graph diameter Dy approaches the (de-
terministic) number [d/(d — s)| as N — oo using the stochastic dimension method.

e In the regime d < s < 2d, Biskup (|Bis04], [Bisll]) showed a poly-logarithmic scaling
for both the graph distance and the graph diameter: D(z,y) = (log|z — y|)2+°W
as |[x —y| — oo and Dy = (log N)2*t°M as N — oo, where A™' := log,(2d/s).
For the graph distance, this result was improved in the more recent work [BL19| to
D(z,y) = ©(1)(log |xr —y|)®. The main idea is identifying a “binary hierarchy” of edges
forming the path between two given sites.

e In the regimes s > 2d, |[Ber(4] showed the graph distance resumes linear scaling with
the Euclidean distance.

e The critical regime s = 2d, where the model is scale-invariant, is still largely open. In

dimension d = 1, [DS13| showed that there exists an exponent 6(3) € (0, 1) such that

the graph distance D(0, N) = ©(1)N¥),
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Our work focuses on the critical regime s = d. For s = d, it has been shown in [CGS02] that
Dy =0(1)log N/loglog N as N — 0.

Heuristically, the critical scaling in the connection probabilities suggest the graph is like a
“tree” with branching degree ©(log N). For instance, we can partition (or coarse-grain) the
box [N]? into ©(log N) many dyadic annuli around a given site:

e Within each dyadic annulus, the critical scaling s = d means the sum of the connection
probabilities is on the order ©(1), and the law of rare events takes effect, resulting in
an overall degree of connection distributed like Poi(©(1)).

e Across the dyadic annuli, there are ©(log N) many such Poi(©(1))-distributed con-
nection degrees, and the law of large numbers takes effect, resulting in a concentra-
tion around the expected value of the total connection degree, which is on the order
O(log N).

Therefore, in m steps one would reach [©(log N)|™ sites, ignoring for the moment any “re-
coils” back to the sites already visited and multiple “redundant” connections to the same
site. Taking m = dlog N/loglog N, then ©(N?) sites would be reached. This suggests the
(random) pre-factor ©(1) above should be close to the dimension d. In fact, the counting
arguments in [CGS02| already give a lower bound d — o(1), but give a much less optimal
upper bound. Guided by the “tree” heuristic mentioned before, we show a matching upper

bound d + o(1) for the pre-factor by a more systematic counting, so now we know
Dy = (d+o(1))log N/loglog N as N — oc.

The natural next step is to go beyond the leading order, which requires dealing with the
“recoils” and “redundancies” more carefully. In turn, this requires a deeper look at the spatial

distribution of the “tree” to see how “homogeneously” the “tree” is distributed in the box.
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Chapter 2

Quantitative hydrodynamic limit of the
Kawasaki dynamics

We derive a rate of convergence to the hydrodynamic limit of the Kawasaki dynamics for a
one-dimensional lattice spin system as considered by Guo, Papanicolaou and Varadhan. We
follow the two-scale approach of Grunewald, Otto, Villani, and Westdickenberg. However, we
use a different coarse-graining operator that allows us to leverage the gradient flow structure.

As a consequence, we obtain a better convergence rate.

2.1 Introduction

The broader context of this work is the derivation of scaling limits for lattice systems. Typ-
ically, such a result shows that under a suitable time-space re-scaling, a random evolution
of a lattice system converges to a macroscopic evolution as the system size goes to infinity.
Two different kinds of limits may be considered. In the hydrodynamic limit (a dynamical
version of the law of large numbers), the limiting macroscopic evolution is deterministic and
describes the typical macroscopic behavior of the system. In the fluctuation limit (a dynam-
ical version of the central limit theorem), the limiting macroscopic evolution is random and

describes the fluctuations around the hydrodynamic limit.
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This work is devoted to the hydrodynamic limit of the Kawasaki dynamics of one-dimensional
lattice systems of continuous, unbounded spins. The Kawasaki dynamics is a spin-exchange
dynamics preserving the mean spin. In the hydrodynamic limit, it converges to a non-linear
diffusion equation. On a qualitative level, this convergence was established in [Fri87] using
resolvent techniques and in [GPV88| using convergence of martingales and entropy estimates.
Our quantitative approach is closer to the [GPV88| method in the sense that we use ther-
modynamically natural quantities like the relative entropy and its dissipation, and allow for
non-convex single site potentials. As an alternative to the martingale method in [GPV8S],
Lu and Yau introduced the entropy method in [LY93|, which is based on a sophisticated
Gronwall-type estimate for a relative entropy functional. This method is more straightfor-
ward and gives stronger results, but also makes stronger assumptions on the initial data
(closeness to hydrodynamic behavior in the sense of relative entropy rather than in the sense
of macroscopic observables). All those results were qualitative, and it is not apparent how

to make them quantitative.

In the present work we develop a quantitative theory of the hydrodynamic limit of the
Kawasaki dynamics by establishing convergence rates. The first step toward a quantitative
theory was made in [GOVWQ9| by introducing the two-scale approach. For a detailed de-
scription of the two-scale approach, we refer to Section In a nutshell, the two-scale
approach introduces an additional mesoscopic scale in-between the microscopic and macro-
scopic scales. The hydrodynamic limit is then deduced in two steps, first showing the close-
ness of the stochastic microscopic dynamics to a carefully chosen, deterministic mesoscopic
dynamics, and then showing the closeness of that mesoscopic dynamics to the macroscopic
dynamics. In [GOVWO09), the hydrodynamic limit is still deduced only on a qualitative level,
but the main estimate for the first step is already quantitative, and in principle the second
step could also be made quantitative with some numerical analysis, which overall would lead

to a quantitative result on the hydrodynamic limit.
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However, rather than completing the approach of [GOVW09|, we instead proceed by ap-
plying the two-scale approach with a different choice of the mesoscopic scale. The reason is
that the choice of the mesoscopic scale in [GOVW09| would result in error terms with a worse
scaling in the system size compared to ours (for details see Remark and Remark
below). More precisely, [GOVWO09| defines the mesoscopic observables by projection onto
piecewise constant functions. Due to the lack of regularity, the mesoscopic dynamics has to
be defined in an unnatural way, and consequently one has to use a mixed Galerkin proce-
dure, which is not optimal. In the present work, we define the mesoscopic observables by
projection onto splines. Because the splines are smooth, the mesoscopic dynamics can be
defined more naturally as the Galerkin approximation of the macroscopic dynamics, leading
to better error estimates compared to [GOVW09]. On the other hand, because splines do
not have a localized basis, deducing the main ingredients of the two-scale approach becomes
more subtle. (See Section for more discussion on the rationale behind the choice of the

mesoscopic dynamics.)

The second motivation behind improving the estimates of [GOVWO09] is to develop a quan-
titative theory of the fluctuation limit, which states that the fluctuations of the Kawasaki
dynamics converge to the solution of a stochastic diffusion equation. As with the hydrody-
namic limit, the fluctuation limit of the Kawasaki dynamics is well understood on a qual-
itative level (see for example [Spo86, [Zhu90, [CY92, [DGP17]), but there is no quantitative
result. A possible line of attack would be to use the two-scale approach. The estimates
of [GOVWA(9| for the distance between the microscopic and mesoscopic dynamics are too
weak when using the scaling of the fluctuation limit. Because our error terms scale better,

our estimates are still meaningful under this scaling (cf. Theorem [2.3.14)).

Another interesting question in this setting is the convergence of the microscopic entropy
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to the hydrodynamic entropy. Again, this question is well understood from a qualitative
point of view (cf. [KosO1, [Fat13]). With the tools provided here, one could hope to make the

approach of Fathi [Fat13] quantitative.

2.1.1 Connection to gradient flows

Deducing the hydrodynamic limit is more accessible if both the microscopic and macroscopic
dynamics come from gradient flows, i.e. the evolution of each dynamics reduces some kind of
energy in the fastest possible way via some dissipation mechanism (see e.g. [AGS05], [San16] for
more details, examples, and further references). The main idea is that I'—convergence of the
energy functionals, together with the convergence of the dissipation mechanisms in the proper
sense, yields the convergence of the associated gradient flows (see e.g. [SS04., [Ser11l Miel6]).

This new perspective was applied, for example, in the recent works [FS16, MSW22].

Hence, finding the appropriate gradient flow structure for the microscopic and macroscopic
dynamics is beneficial. This task is non-trivial because different gradient flow structures could
give rise to the same evolution equation. For example, it was pointed out in [Ott01] that
the porous medium equation may be seen both as a H~!-gradient flow of functions and as
a Wasserstein gradient flow of number densities. Studying this question led to the recently
highlighted insight that the appropriate gradient flow structure arises from the large deviation
principle of the underlying microscopic process (see e.g. [ADPZ10, [ADPZ13, [DLR13| [Fat16]),

as was implicitly known before (see e.g. line (1.5) in [DG8T]).

Let us illustrate the importance of selecting the appropriate gradient flow structure with
two examples. The first example is the hydrodynamic limit for interacting Brownian particles
on the circle (see [Var91]). The second example is the hydrodynamic limit of the Kawasaki

dynamics on a one-dimensional lattice spin system (see e.g. [GPV88]), which is studied in
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the present work. The two examples appear quite similar in that they both yield a porous
medium type equation in the hydrodynamic limit. However, they differ significantly in terms
of the underlying microscopic model: an interacting particle system in the first example and
a spin system in the second one. The differences become even more apparent when studying

the associated gradient flow structures.

The first example, the hydrodynamic limit of the interacting Brownian particles, can be

interpreted as a convergence of gradient flows in the following way.

e In [Var91], on the microscopic level N Brownian particles interact on a circle S. The
positions X; of the particles are given by a coupled system of SDEs with repulsive
interaction. Because the evolution is reversible, one can interpret the associated
forward Kolmogorov equation as a gradient flow for the relative entropy functional
w.r.t. to the Gibbs equilibrium measure in the Wasserstein space of probability mea-
sures (see [JKO9§|). Here, the inner metric in the Wasserstein distance is given by the
Euclidean distance on SV.

e Because the Brownian particles are indistinguishable, one considers the empirical dis-
tribution of the particles, which is obtained by “forgetting” the labels of the particles.
The unlabelling of the particles naturally pushes forward the inner metric (see Section
4 in [Ott01]). For the former, the inner metric as described in the first bullet point
describes the displacement of the particles (Lagrangian description). For the latter,
the inner metric is the discrete Wasserstein distance, i.e. the minimal displacement of
the particles required to transport one empirical distribution into another (Eulerian
description). The microscopic dynamics relevant for the hydrodynamic limit is then
the associated projected evolution of the empirical distributions of the particles.

e As a consequence, one should view the porous medium equation obtained in the hydro-
dynamic limit as a Wasserstein gradient flow, namely the gradient flow of the macro-

scopic free energy on the Wasserstein space M;(S) of number densities on S.
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It is worth noting that there are two “levels” of Wasserstein metrics involved here. The
“inner” Wasserstein metric is associated with the “movement mechanism” of the dynamics
itself, i.e. transporting empirical distributions (for the microscopic dynamics) or transport-
ing number densities (for the macroscopic dynamics). The “outer” Wasserstein metric is
associated with the stochastic fluctuations of the dynamics and becomes degenerate, as it
is the nature of the hydrodynamic limit to be deterministic. The main takeaway is that
the dissipation mechanism for the macroscopic gradient flow is induced by the underlying
“movement mechanism” of the microscopic dynamics (in this case, the Wasserstein distance

on Ml(S))

Let us now turn to the second example: the interpretation of the hydrodynamic limit of

the Kawasaki dynamics as a convergence of gradient flows.

e On the microscopic level, the spin system consists of N real-valued spins located on
the discrete one-dimensional torus {1,..., N}. The associated Hamiltonian for the
spin values only has single-site potentials and no interaction term (see below).
The evolution of the spin values is governed via a coupled system of SDEs, called the
Kawasaki dynamics (see below). This means that a site can only change its
spin by distributing the difference to its neighbors. This spin-exchange mechanism
is mediated through the matrix A in (2.2.4). As in the first example, the associated
forward Kolmogorov equation (see equation below) has a gradient flow structure
given by the relative entropy w.r.t. to the Gibbs equilibrium measure in the Wasserstein
space of probability measures.

e Because a site can only reduce its energy via spin-exchange, the appropriate choice for
the inner metric is the inner product x - A~'y. Because A is a second-order difference
operator, x - A~!y corresponds to a discrete H ! metric. This illustrates another main
difference between both examples. The interaction is not mediated by the Hamiltonian
but by the dissipation mechanism of the dynamics.

e As a consequence, the porous medium equation obtained in the hydrodynamic limit
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of the Kawasaki dynamics should be considered as a (now continuum) H ~'-gradient

flow.

In [GOVWO09, those insights were applied to study the hydrodynamic limit. However, it

was not completely carried out. Because of technical reasons, the authors of [GOVWO09| did

not choose a mesoscopic evolution with the natural H—'— gradient flow structure, leading to

suboptimal estimates. In this work, we capitalize more on the idea of using the appropriate

gradient flow structure and choose a mesoscopic evolution with the natural H—!'— gradient

flow structure. While this makes our proof more involved compared to [GOVW0Q9], it leads

to estimates with an improved scaling in the systems size N.

Notations and conventions

We use the letter C' to denote a universal generic constant 0 < C' < oo that is inde-
pendent of the dimension N of the underlying lattice.

We denote with a < b that a < Cb. We denote a ~ bif a Sband b S a.

We denote with a - b and | - | the standard Euclidean inner product and norm on R,
Let X be a Euclidean space and f : X — R. Then we denote with V f and Hess f the
gradient and Hessian inherited from the Euclidean structure of X.

We use dx as a shorthand for the Hausdorff or Lebesgue measure of appropriate di-
mension.

| - |71 denotes the homogeneous H'! norm.

®(2) := zlog 2.

[M] :={1,..., M}. When indexing over [M], we use the convention 0 = M.

L*(T) denotes the L? functions on the torus T = [0, 1].

LZ(T) denotes the L? functions on the torus T = [0, 1] with mean zero.
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2.2 Setting and main result

We start with describing the Kawasaki dynamics on the microscopic lattice {1,..., N}.

Definition 2.2.1 (Microscopic Hamiltonian H). The Hamiltonian H : RY — R of the
system s given by

H(z) := Hy(z) = Y (). (2.2.1)

Here 1) : R — R is the single-site potential, assumed to be of the form
L
U(x) = 5% + azx + b+ 0Y(x) (2.2.2)
for some constants a,b and some function 61 that is bounded in C*(R), i.e.
||6¢||L°°(R) S C and ||6¢”HL°°(R) S C. (223)
The function @ may be non-convex and it helps to consider the case of a double-well
potential.

Definition 2.2.2 (Microscopic dynamics). The Kawasaki dynamics X, is given by the so-
lution of the SDE

Here By denotes a standard N-dimensional Brownian motion and —A denotes the (centered)
second-order difference operator for the periodic rescaled lattice {%, cee 1}. More precisely,

the operator A is qiven by the N x N—matrix
Am‘ = NQ(_(Si,j—l + 251'73' - 5i7j+1)- (2.2.5)

Remark 2.2.3 (Structure of the operator A). The second-order difference operator A is of
the form A = D'D, where D denotes the periodic rescaled N x N forward difference matriz

given by

and D' denotes the matriz transpose of D.
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It follows from the structure of the operator A that the Kawasaki dynamics (2.2.4])
conserves the mean spin of the system. Hence, after a translation of the single-site potential
1, we may restrict the state space RY of the Kawasaki dynamics X; to the hyperplane of

Zero mearn

N
1
Xy = {xERN: Nzxizo}.

=1

We endow the space Xy with the standard Euclidean inner product inherited from RY

N
(T, y)xy =a -y = Zl’zyz
i=1
Additionally, the operator A is positive definite when restricted to Xy. Hence:

Definition 2.2.4 (Euclidean structures on Xy induced by A). The operator A induces a
dual pair of inner products on the state space Xy, given by
(x, )4 =2 Ay, and (z,y)s4 =2 A"y,

We denote by |- |4 and |- |4-1 the corresponding norms on Xy.

The A/A™-Euclidean structures can be seen as a discrete version of the H'/H ! struc-
tures. In particular, we have the following well-known discrete analogue of the Poincaré

inequality for functions with zero mean.

Lemma 2.2.5 (Discrete Poincaré inequality). For all integers N > 1 and all x € Xy,
j2* S |=[- (2.2.6)

When the state space Xy is endowed with the A~! inner product, the dynamics (2.2.4)

can be written in the more suggestive form
dX, = —V o H(X,)dt + v2dB (2.2.7)

where V41 := AV denotes the gradient operation wrt. to the A~! inner product and

Bt“‘_1 = \/ZBt denotes a Brownian motion on Xy having identity covariance matriz wrt. to
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the A=! inner product.

As a standard result in the theory of stochastic processes (see for example [Pav14]), the

law of the process X; at time ¢ is characterized via the forward Kolmogorov equation.

Lemma 2.2.6 (Forward Kolmogorov equation). Assume that the law of initial condition X
is absolutely continuous wrt. the N — 1 dimensional Hausdorff measure LY=L, Let i denote
the Gibbs measure on Xy associated to the Hamiltonian H, i.e. the measure p is absolutely
continuous wrt. the N — 1-dimensional Hausdorff measure LN~1 with the Radon-Nikodym

derivative given by

du 1
W(CU) = Eexp(—H(I)) loexy- (2:2.8)

Then for all times t > 0, the law p(t) of the Kawasaki dynamics X; (2.2.7)) is absolutely
continuous wrt. the Gibbs measure i, i.e. p(t) = f(t)u for some f(t) € L' (u), and is a weak

solution of the Fokker-Planck equation
ﬁtpt =V- (pth—lﬂ + VA—lpt) (229)

in the sense that for any smooth test function £ : Xy — R it holds

%/f(m)pt(dx) :/—VH-VA1§pt(dx)+/V-VA1£pt<dx)-

In particular, the Gibbs measure p is the unique stationary distribution of the Kawasaki

dynamics (2.2.7)).

As a consequence of the forward Kolmogorov equation, the relative entropy of the law of

X; wrt. the Gibbs measure g,

Ent(p(t) 1) == / £(t,2) log £(t, 2)u(dr),

decreases monotonically over time at the rate

SR (o0l = [ V108 0)[3 pu(do) (2.2.10)
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The integral on the right hand side is the Fisher information for the Kawasaki dynamics,

which differs from the standard Fisher information

L) = [ IVlog (t.0)P S Onlde)

only in the Fuclidean structure being used. Hence, after we use the discrete Poincaré in-
equality in Lemma to account for the different Euclidean structures on Xy, the rate
of dissipation of the relative entropy is quantified by a log-Sobolev inequality (LSI) for the
Gibbs measure p by a standard Gronwall-type argument. In [GOVW09] it was shown that

this rate of dissipation is independent of the system size N:

Proposition 2.2.7 (Uniform LSI for u). The Gibbs measure p given by (2.2.8) satisfies a
LST with constant 0 > 0 uniform in the system size N. More precisely, for any nonnegative

test function g : Xy — R that satisfies [ g(x)u(dx) =1, it holds that

1
T

5 .(9)- (2.2.11)

Ent (gulp) <

Remark 2.2.8 (Gradient flow structure of the microscopic dynamics). The Fokker-Planck

equation (2.2.9) can be written in the form

oE
Opr = (prA 15(/),:)) :

where E(p) is the microscopic free energy of an ensemble p = fpu,
B(p) = [ Hp+ [ plogpds = Ent(oln)

oF
and 5, = H +logp = log f is its first variation. Consequently, on the level of probability
P
densities on Xy, the Kawasaki dynamics X, may be viewed as an A~'-Wasserstein gradient
flow for the convex enerqy functional E(-) = Ent(-|n), whose unique minimizer is the Gibbs

measure 1. As expected for Wasserstein gradient flows, the energy functional E decreases

—E ,Ot = /‘VA 1—

over time at the rate

dpt-

A-1




Moreover, the log-Sobolev inequality (2.2.11)) that quantifies this dissipation of the energy
functional E(-) = Ent(-|u) may also be seen as a statement quantifying its convexity wrt. the
Wasserstein distance, since by Theorem 1 in [OVO0] the inequality (2.2.11)) implies the Ta-

lagrand’s transportation inequality
Qa
Ent (pl) = S W5 (p, 1), (2.2.12)
where Wy denotes the L?-Wasserstein distance.

The goal of the present work is to derive quantitative bounds on the hydrodynamic limit of
the Kawasaki dynamics X; € Xy. Hydrodynamic limit means that as N — oo the random
dynamics X; defined on the one-dimensional periodic lattice {1,2,--- N} converges to a
deterministic dynamics (; on the one-dimensional torus T = R/Z. Towards this end, we
embed the spaces Xy into the space LZ(T) of square-integrable functions of mean zero, by

identifying the vector z € Xy with its corresponding step function on the interval [0, 1].

Convention. Given x € Xy, we identify it with the step function

1
JZ(Q) = Ty, 0 e {‘YT,%) .

Then the space Xy is identified with the space of piecewise constant functions on T = R/Z

1
)7 jzlu"7N7 and / x(@)d@IO}
0

(2.2.13)

with mean 0, i.e.

j—1
N’

2|m.

Xy = {:c : T — R; x s constant on [

With this identification, Xy C L3(T) and inherits the L? inner product, which is related to

the standard Fuclidean inner product on Xy by a rescaling

1
(x,y)p2 = Nx .

It turns out the L? norm is not well-suited to describe the hydrodynamic limit since it is

too sensitive to local fluctuations. Therefore we endow the embedded space Xy C L(T)
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with the weaker homogeneous H ~!-norm, which is natural in light of the alternative form of

the Kawasaki dynamics in (2.2.7)) and the analogy between A~!-norm and H~!-norm.

Definition 2.2.9 (H '-norm). If f : T — R is a locally integrable function with mean zero,

then

Wl = [woPao, o' =, [w@ao=o
T T
We now describe the limiting macroscopic dynamics (;.

Definition 2.2.10 (Macroscopic free energy). The macroscopic free energy H : L*(T) — R

15 given by
H(O) = [ wlco)as (2.9.14)
T
where the function ¢ : R — R is the Cramér transform of the single-site potential 1, given
by
©(m) = sup <am — log/ exp (oz — ¥ (2)) dz> : (2.2.15)
o€eR R
Accordingly, VH({) = ¢'(C) in the variational sense:
d
d_eH(C +&€) = (¢'(€),€) 2 for any & € L*(T). (2.2.16)

In particular, the macroscopic free energy H is convex. Indeed, the integrand ¢(m) is defined

as the Legendre transform of the smooth function ¢* : R — R given by

V¥ (o) = log/ exp (oz —(2)) dz, (2.2.17)

R
which is the log partition function associated to the linearly shifted potential ¢(z) — oz, It
turns out that the perturbed quadratic form (2.2.2)) of ¢ implies that ¢* is strongly convex
and bounded in C? (see e.g. Lemma below or [GOVW09, Lemma 41]). These properties

are then transferred to the conjugate function ¢ by the Legendre transform:
Lemma 2.2.11. The function ¢ : R — R given by (2.2.15)) is smooth and satisfies
0<A<"(0)<A<oo forallfeR,
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Moreover, the strong convexity of ©* means the mapping m = (¢*)'(o) is bijective, so
that up to a change in the linear term in the potential ¢, we may assume (1*)’(0) = 0 and
therefore ¢’(0) = 0. Finally, up to a change in the constant term in 1, we may also assume

1*(0) = 0. After applying the Legendre transform, this means we conveniently have that

Assumption 1. The function ¢ satisfies ¢(0) = ¢'(0) = 0. Consequently, the macroscopic

free energy H(() is minimized at ¢ = 0 with H(0) = 0.

Definition 2.2.12 (Macroscopic dynamics). The macroscopic dynamics ((t,-) is the unique

weak solution of the nonlinear diffusion equation

o _

= 55¢(0) (2.2.18)

with initial condition ((0,-) := {o. The precise formulation is deferred to Definition

at the end of this section.

Remark 2.2.13 (Gradient flow structure of the macroscopic dynamics). The nonlinear

diffusion equation (2.2.18|) can be written in the form

9 = =V H(C),

where V-1 is the gradient mapping of the first variation %—? wrt. to the H=' inner product
(rather than wrt. to the L* inner product as in the formulation of (2.2.1€)). Consequently, the
macroscopic dynamics may be viewed as a H = 1-gradient flow for the convex energy functional

H, which therefore monotonically decreases over time at the rate

SHG) = IV HOO 1 = I (2.2.19)

Now, let us formulate the main result of this work.

Theorem 2.2.14 (Quantitative hydrodynamic limit for the Kawasaki dynamics). We as-

sume that the single-site potential ¢ satisfies (2.2.2) and (2.2.3)). Let p denote the Gibbs
measure given by (2.2.8) and let p(t) = f(t)u denote the law of the Kawasaki dynamics X,
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(cf. Lemma[2.2.6). We assume that the initial law p(0) = f(0)u of Xo has bounded micro-

scopic entropy in the sense that for some constant 0 < Cgyy < 00,

Ent(p(0)|p) == /f((),x) log f(0,2)p(dx) < CrpN. (2.2.20)

Let (; be the deterministic dynamics described by equation (2.2.18|). Then there is a con-
stant 0 < C' < oo depending only on the constants appearing in (2.2.3) such that for any

T >0,

C
sup E|X, — Gl < CEIXo — Gl + 7 [T + Chne + [Gol22 + 1]. (2.2.21)

0<t<T 3
The statement of Theorem (2.2.14)) is a quantitative version of the hydrodynamic limit.
In [GOVWAOQ9]|, only the error from comparing the microscopic scale to a mesoscopic scale

was explicit. That error scaled in [GOVW09| like \/Lﬁ

We finish this section by giving the precise formulation of equation (2.2.18) that describes

the limiting macroscopic dynamics.

Definition 2.2.15. We call ((t,0) a weak solution of on [0,T] x T if

0
CeLF(m), G eI, FQ) € IF)

and

<£, %> = — (& (Q))e  forall& € LXT), for ae. t €[0,T). (2.2.22)
H-1

Here, L°(L%) (resp. L?(H,') is the set of functions ¢ : [0,7] x T — R such that
JpC(t,0)d0 = 0 and ||((t,-)|[r2 (resp. ||C(t,-)||u—1) is essentially bounded in t (resp. in
L2([0,T7)).

2.3 The two-scale approach

We will use the two-scale approach from [GOVWO09| to deduce Theorem [2.2.14, The main

idea is to introduce an intermediate dynamics on a mesoscopic scale between the microscopic
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dynamics (2.2.4) and the macroscopic dynamics (2.2.18)). The hydrodynamic limit is then
deduced in two steps; in the first step, one deduces the convergence of the microscopic dy-
namics to the mesoscopic dynamics (see Theorem [2.3.14] from below); in the second step,

one deduces the convergence of the mesoscopic dynamics to the macroscopic dynamics (see

Theorem [2.3.15| from below).

The most important ingredient in the two-scale approach is the correct definition of the
mesoscopic dynamics. The mesoscopic dynamics emerges from projecting the microscopic
observables onto mesoscopic observables. The projection onto mesoscopic observables is
done with the help of a coarse-graining operator P. We recall that an element x € Xy is
identified with a function on the torus T = [0, 1] that is piecewise constant with value x, on
(2t %), n=1,...N (cf. (2.2.13)). The coarse-graining operator P used in [GOVW09] can
be interpreted in the following way. It is the projection of Xy in L?*(T) onto the space of
functions that are piecewise constant on the intervals [mT_l, %), m =1,..., M. More precisely,

this means that first one decomposes the lattice {1,..., N} into M-many blocks B(m) of
size K i.e. N = MK and

B(m)={m(K—-1)+1,...,mK} for 1 <m < M.

Then the operator P : Xy — RM in [GOVWOQ9) is given for x € Xy by
P =g E o 3
xTr) = - Liyeonwy 75 i
K K 2"
i€B(1) i€B(M)

The main difference of this work compared to [GOVW09] is that the operator P is now
defined as the L? projection onto splines of degree 2 instead (see Definition from below).
Because spline functions of degree 2 are C'(T), the mesoscopic variables are more regular
compared to [GOVWO09|. This has two important advantages:

e In the first step of the two-scale approach, namely showing the convergence of the

microscopic dynamics to the mesoscopic dynamics (see Theorem [2.3.14| below), we get
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a better error estimate compared to [GOVWO09, Theorem §].

e The second step of the two-scale approach, namely deducing the convergence of the
mesoscopic dynamics to the macroscopic dynamics, becomes significantly easier (see
Theorem [2.3.15| below). Instead of a mixed method we can apply a direct Galerkin

approximation method.

However, there is a trade-off compared to the argument of [GOVWO09|. For deducing the
convergence of the microscopic dynamics to the mesoscopic dynamics one needs certain in-
gredients, among which is a uniform logarithmic Sobolev inequality (I.ST) for the conditional
Gibbs measures and the strong convexity of the coarse-grained Hamiltonian. Deducing those

ingredients becomes more difficult compared to [GOVW09].

We now build up the notion of the mesoscopic dynamics by coarse-graining the relevant

features of the microscopic dynamics Xj.

Definition 2.3.1 (The coarse-graining operator P). For M € N, let Y = Y}, be the space
of spline functions of degree L with mean zero on the torus T = [0,1] corresponding to the

mesh {%}me[M]' That is

1
Yy = {y c CEYT)|vm € [M] y\( )polynomial of degree < L, and/ y(0)do = O} :
0

m—1 m
M M
In this work, we choose the degree of the splines in Yy to be L = 2. We endow Yy, with the

inner product inherited from L*(T). We define the coarse-graining operator P : L*(T) — Yy

as the L?-orthogonal projection onto Yy.

The following basic facts show that splines serve as good approximations for deducing the

hydrodynamic limit in the ! norm.

Lemma 2.3.2 (Penalization of fluctuations by a strong norm). For any function ¢ € L3(T),

1

1
€= Pl S 571C = Pelie S
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|PClm < ICTmn, |PCla-1 S [Cla-1 (2.3.2)

The proof of Lemma is given in Section [2.6] where we gather and prove facts about

splines. The core idea is a Poincaré inequality on an internal length scale %

We also need the adjoint operator P! : Yy, — Xy, defined by
<PCL‘,y>L2:JJ'Pty, Ve e Xn,y € Y.

It follows that N P! : Yy — Xy is the L?-orthogonal projection of Y, onto X . Because the
spline space Y} is not a subspace of Xy for spline degree L > 1, PN P* # idy,, in general
(cf. assumption (2) in [GOVWO09|). However, once the block size K is large enough, the
microscopic space Xy will have enough resolution to fully describe the splines in Yj,, and

the back-and-forth projection PN P* will become close to the identity operator.

Lemma 2.3.3. Assume N = KM for K € N. It holds that

. 1
||PNPt—ldyM || :O<ﬁ) .

N

In particular, if K = 3; is large enough, then PNP!: Yy — Y is invertible.

Lemma is a corollary of Lemma in Section [2.7.1] The core idea is a Poincaré

inequality on an internal length scale %

From now on, we assume N = KM for K € N large enough so that PNP' : Yy — Y,
is invertible. In particular, this means the coarse-graining operator P : Xy — Y), has full

range and the orthogonal projection NP? : Yy; — Xy is an embedding. Hence:

Definition 2.3.4 (Disintegration of the canonical ensemble p). The operator P induces
a decomposition of the Gibbs measure p into a family of conditional measures u(dzly) =
w(dz|Pz = y) on the fibers P~ (y) C Xn and a marginal measure ji(dy) on the image Yy,

i the sense that

[ s@utis) = [ [ s@tdclpntay
for any test function g : Xy — R.
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More explicitly, the conditional measure pu(dz|y) is a probability measure of the form

1

pldely) = = Lipamyy(x) exp (—H(z)) L7 (dw),

where £V~ denotes the N — M-dimensional Hausdorff measure on the affine subspace

P~'(y) € Xy. The marginal measure /i is a probability measure of the form

fi(dy) = % exp (—NH(y)) dy,

where H is the coarse-grained Hamiltonian given by (2.3.3) below and dy is the Hausdorff

measure on Y.

Definition 2.3.5 (Coarse-grained Hamiltonian H). The coarse-grained Hamiltonian H :

Yy — R is given by

H(y) := —%log/{ e }exp(—H(m)) LM (dr), (2.3.3)

where LN~M denotes the N — M-dimensional Hausdorff measure.

It follows from a short calculation that the gradient of H is also a coarse-grained version
of the gradient of H:
NP'VH(y) = E,auy) VH (), (2.3.4)

which serves as a crucial link between the microscopic and mesoscopic dynamics. The main
advantage of the coarse-grained Hamiltonian H over the original microscopic Hamiltonian
H is a convexification resulting from averaging over large blocks, which is a well-known

phenomenon in statistical mechanics and will be central to our analysis.

Theorem 2.3.6 (Uniform strong convexity of H). There are constants 0 < X\, A, K* < oo

such that for all K > K*, M and all y € Yy it holds
2\ idy,, < Hess H(y) < 2Aidy,,

in the sense of quadratic forms.
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Remark 2.3.7. Theorem will be proven in Section [2.7 It should be compared to
the similar statement of Lemma 29 in [GOVW09]. The situation here is more subtle.
In [GOVW0Y/, the mesoscopic observables are also piecewise constant functions and therefore
local functions. In contrast, the mesoscopic observables in our setting are given by contin-
uwous splines which are non-local functions. This introduces additional interactions between
blocks. We work around this obstacle by first deducing the strong convexity for mesoscopic
observables that are piecewise polynomials of degree L, or discontinuous Galerkin functions

in the jargon of numerical analysis, and then transferring the result back to the spline space

Besides the coarse-grained Hamiltonian H, we also need a coarse-grained version of the

second-order difference operator —A.

Definition 2.3.8 (Coarse-grained operator A). The coarse-grained second-order difference

operator —A is defined by
A:= PANP'.

In particular, the coarse-grained operator A inherits the positive definiteness of the oper-

ator A. Hence:

Definition 2.3.9 (Euclidean structures on Y); induced by A). The operator A induces a

dual pair of inner products on the spline space Yy,

<y7 Z>A = <ya AZ>L2 and <y7 Z>/_l*1 = <y7 A_12>L2'
We denote by | - |z and | - | 11 the corresponding norms on Ya.

The definition of —A as a coarse-graining of the second-order difference operator —A
suggests that it is a discrete version of the second derivative adapted to the spline space Yj,
(see Lemma below for a precise statement). Indeed, it turns out that the A and A~!

norms are equivalent to the H! and H~! norm on Yj,, respectively.

33



Lemma 2.3.10. There exists an integer K* such that for all K > K*, M and all y € Yy,
lyla = lylm and lyli- > [ylu-. (2.3.5)

The proof of Lemma [2.3.10]is given in Section where we gather and prove facts about

splines. This is where we need the degree of the splines in Y); to be at least L > 1.
We are now ready to introduce the mesoscopic dynamics.

Definition 2.3.11 (Mesoscopic dynamics). The mesoscopic dynamics n, on Yy is given by

a solution of the ordinary differential equation

d L
= —AVH (). (2.3.6)

Remark 2.3.12 (Gradient flow structure of the mesoscopic dynamics). The mesoscopic

dynamics may be viewed as a A~ -gradient flow for the energy functional H,

d _
—ne = =V a1 H(my), (2.3.7)
dt

where V5.1 = AV denotes the gradient operation wrt. to the A~ inner product. The
strong convexity of the energy functional H then implies the convergence of all trajectories

irrespective of the starting point. More precisely, if n; and 7 are two solutions of (2.3.6),

then

d1
dt 2

|77t - ﬁtﬁi—l = —<77t — Mt Vﬁ(m) - VH(ﬁt))LQ (2-3-8)

< —2A ‘T]t — ﬁt|%2-

Before moving on, let us take a closer look at the gradient operation V-1 on Yy,. It is

related to the gradient operation V 4-1 on Xy by
Vi 1&(Px) = AP'A7'V 1..6(Px) for all v € Xy (2.3.9)

for any test function ¢ : Yy, — R. It is easy to check that the operator norm of AP'A~!

blows up if one projects onto piecewise constant functions or piecewise linear functions that

34



are C°(T) (i.e. splines of degree L = 0 or L = 1). However, we do get a good control if we
project onto splines of degree L = 2 (see Lemma [2.4.14| below). This observation was the
original motivation to consider the two-scale approach with the coarse-graining operator P

given by Definition

Remark 2.3.13. In [GOVW0I], the coarse-graining operator P was defined as the L*-
orthogonal projection onto piecewise constant functions and one worked around the problem
that operator AP*A™" is unbounded by using a less straight-forward definition of A as A™' .=
PA-INP!. That choice led to a sub-optimal error when comparing the microscopic to the
mesoscopic evolution (see also Remm’k below). Choosing splines of degree L > 2 does

not improve the error derived with our method further.

Now, we state the first ingredient of the two-scale approach.

Theorem 2.3.14 (Convergence of the microscopic to the mesoscopic dynamics). Under

the same assumption as in Theorem (2.2.18]), let n denote the solution of the mesoscopic
equation (2.3.6). Then

T 1
sup E|X; —n 51 SE[Xg — 0|31 + VZABYE (Cins + 1), (2.3.10)
0<t<T

where Cgyy 18 given by ([2.2.20)).

We prove Theorem in Section . The error term % on the right hand side
of comes from comparing the stochastic microscopic dynamics to the determin-
istic mesoscopic dynamics. Its scaling corresponds to what one would expect from the decay
of variance in the weak law of large numbers, if we had chosen to project onto piecewise
constant functions, in which case y would be a vector whose entries are means of K weakly

correlated random variables and 1 would be interpreted as the expectation of this vector.

Now, let us state the second ingredient in the two-scale approach.
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Theorem 2.3.15 (Convergence of the mesoscopic to the macroscopic dynamics). Let n

denote the solution of the mesoscopic dynamics (2.3.6) and let ¢ denote the solution of the
macroscopic dynamaics (2.2.18)). Then
1

T
T 1
2 2 2 2
— — s — Ns|72ds < | — aF =4+ (—=+-—= .
OZ?ETK} Nl 71 /0 s = msl72ds S [Go — molfr— K (Kg Mg) |Col 72

We prove Theorem [2.3.15]in Section For the proof we adapt a standard method from
numerical analysis, in which the mesoscopic evolution (2.3.6)) is interpreted as a Galerkin ap-

proximation of the macroscopic evolution ([2.2.18). The non-standard part of the argument

is that when comparing (2.3.6) to (2.2.18)) one gets two additional sources of errors. One

source of error comes from approximating the Euclidean structure (-, -) -1 by the Euclidean
structure (-, A~1.);2. The other source of error comes from approximating the gradient of

the macroscopic free energy H by the gradient of the coarse-grained Hamiltonian H.

We are now ready to give the proof of Theorem [2.2.14]

Proof of Theorem [2.2.14. We choose the initial condition of the mesoscopic dynamics 7 given
by ([2.3.6) to be g = P(y. Combining Theorem [2.3.14]and Theorem [2.3.15|yields the estimate

sup E|X; — Ctﬁl_l < sup 2E|X; — nt|fq_1 + sup 2| — Qﬁ{_l
0<t<T 0<t<T 0<t<T

S E|Xo — Pol3-1 + |Co — Plo|3-1
T 1 1 1
tt W(CEnt +1)+ <ﬁ + W) 1Col7-

Applying (2.3.1)) and (2.3.2), and choosing K = M? yields the desired estimate (2.2.21). O

2.4 Convergence of microscopic dynamics to mesoscopic
dynamics

The proof of Theorem [2.3.14] is quite complex. Before proceeding to the rigorous argument

let us give some heuristics. Theorem [2.3.14] states that the stochastic microscopic evolution
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given by the Kawasaki dynamics in (2.2.7)), i.e.
dX; = =V 41 H(X,)dt + V2dB ",

is close in the H~'—norm to the mesoscopic deterministic dynamics given by (2.3.7), i.e.

d _
—n=-Vi1H(n). 2.4.1
S =~V () (241)

The first observation needed is that because the H~'—norm is a weak norm (i.e. it involves
integration, see Definition [2.2.9)) one can control the difference between X; and the projected
process PX; in this norm (see Lemma [2.3.2)). Hence, it suffices to show that the stochastic

evolution
dPX, = —PV 41 H(X,)dt + V2PdB/" (2.4.2)

is close to the deterministic mesoscopic dynamics (2.4.1). Because the operator P takes
averages over blocks of size K, the noise term \/§POZB,5A_1 of the projected Kawasaki dynam-
ics (2.4.2)) should vanish as K — oo by the law of large numbers. It is left to show that the

dynamics

d
G PXi= PV, H(X) (2.4.3)

is close to the mesoscopic dynamics (2.4.1]). By the coarse-graining relation (2.3.4)) one sees
that the mesoscopic dynamics (2.4.1))can be written as

= —PE Vi H(z) | Pr=ni, (2.4.4)

where the expectation is taken with respect to the canonical ensemble ;1 conditioned on the

mesoscopic profile given by 7,. Let us recall that u is also the equilibrium distribution of the

Kawasaki dynamics (see Lemmal[2.2.6). The nearest-neighbor interaction of the spins

mediated by the matrix A means the Kawasaki dynamics X; equilibrates faster on smaller

spatial scales, so we expect that the dynamics and are close if the blocks are
K

much smaller than the overall system size N, in other words § = % — 0. In the rigorous
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argument, this fact will be quantified with the help of a uniform LSI which characterizes the

speed of the convergence to equilibrium (see Theorem [2.4.12| below).

Let us turn now to the rigorous proof of Theorem [2.3.14] The first ingredient of the proof
is an estimate of the second moment of X, in L? norm, which controls the difference in H !

norm between X; and the projected dynamics PX,; by Lemma [2.3.2]

Proposition 2.4.1 (Second moment estimate). Under assumption (2.2.20), the Kawasaki

dynamics satisfies that

1
E[X,[7: S + Ent(p(t)|p) + E,lz[72

< Cgpt + 1.
SN Ent +

~J

Remark 2.4.2. This was shown as part of Proposition 24 in [GOVW09]. A quicker deriva-

tion suggested there is that the first inequality can be restated as

W3 (p(t),d0) S Ent(p(t)|p) + W5 (1, 6),

where Wy denotes the L*-Wasserstein distance and &y is the Dirac measure supported at
0 € Xy. After first applying a triangle inequality for Wasserstein distance, this follows
from Talagrand’s transportation inequality . The latter is implied by the log-Sobolev
inequality for u , which also implies a Poincaré inequality for p and yields the second

inequality.

In light of the equivalence between the H~! norm and A~' norm (Lemma [2.3.10)), it
remains to control the difference between the projected microscopic dynamics PX; and the

mesoscopic dynamics 7; in A~ norm. This is provided by the following estimate, which

constitutes the main part of the proof of Theorem [2.3.14

Theorem 2.4.3. Under the same assumptions as in Theorem there is an integer K*

and X\ > 0 such that for all K > K* and any finite time T > 0 it holds

1 r 2T Ckn
— sup ElPXt—T]t|%_1 —f-)\/ E|PXt—nt|%2 dt §E|PX0—T]Q|%_1 +—+2C E2t.
0<t<T 0 K M
(2.4.5)
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Remark 2.4.4. The estimate (2.4.5)) also shows that the projected Kawasaki dynamics (2.4.2)
is close to the mesoscopic dynamics (2.4.1)) using a time-integrated strong norm. This is rem-

iniscent of the well-known phenomenon of parabolic improvement in numerical analysis.

Remark 2.4.5. The universal constant 0 < C < oo in Theorem [2.4.3 is given by C' =
K2y
402 a2’

-k = ||Hess H||, which is bounded independently of N by the assumption (2.2.1)), (2.2.2)

wnd @Z3);
-2\ the lower bound on Hess H as in Theorem [2.3.6 from below;

where the constants k, X\, v, o, and a are given by:

-« is the constant of the logarithmic Sobolev inequality (LSI) from Theorem from
below;

-0 is the constant from Lemma [2.4.14) from below;

-y the constant from Lemma [2.4.11] from below.

Remark 2.4.6. Theorem was first derived in Dizdar’s diploma thesis [Diz07]. We
present below a more streamlined derivation that makes clear the underlying gradient flow
structure. Theorem [2.4.5 should be compared with Theorem 8 in [GOVW0I]. They arrive
at a stmilar bound for the deviation from hydrodynamic behavior with an additional term
scaling like M~'. As mentioned before this additional error term occurs due to their choice

of the coarse-graining operator P as the projection onto piecewise constant functions and the

different definition of A.

Theorem will be proven in Section|[2.4.1] We finish this section with a quick derivation
of Theorem [2.3.14] based on the ingredients above.

Proof of Theorem [2.3.1). Combining Proposition and Theorem together with
Lemma [2.3.2 and Lemma [2.3.10

E|X, — n,[3- < 2E[X, — PX,|%- + 2E|PX, — 0,3

1
N WE’XtFL? + E|PX; — 77t|%—1
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1 T Ckn
5 W(OEM -+ 1) + ]E|PXO — 770|124_1 + E + C M;

T 1
SE[PXo—nolf-1 + e + W(CEnt +1).

This verifies the estimate ([2.3.10)). O

2.4.1 Proof of Theorem

Before we proceed, let us first introduce an conditioning for the Kawasaki dynamics X; on

the level of mesoscopic profiles, analogous to the disintegration of the canonical ensemble

from Definition 2.3.4

Definition 2.4.7 (Disintegration of the law p, of the Kawasaki dynamics). The operator P
induces a decomposition of the law p; of the Kawasaki dynamics into a family of conditional
measures py(dz|y) = pi(dz|Px = y) on the fibers P~'(y) C Xy and a marginal measure

pi(dy) on the image Yy, in the sense that

[s@mtan) = [ [ a@mtasloiptay (2.4.6)

for any test function g : Xy — R.

We also need a decomposition of the microscopic observables in X into parts correspond-

ing to mesoscopic profiles and microscopic fluctuations.

Definition 2.4.8 (Orthogonal decomposition of the state space Xy). The operator P in-
duces an orthogonal decomposition of the state space Xy into a subspace corresponding to
mesoscopic profiles, X~ = im NP!, and a subspace corresponding to microscopic fluctua-

tions around these profiles, XJ”\, = (im NP+ =ker PN Xy, as
XyDdrx=xDwL EXJ{,@X]%,.

For a smooth function f: Xy — R, its gradient V|| along lel, and its gradient V| along X~
are gien by Vf = (Vf) and V. f=(Vf)L.
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The starting point of the analysis is an equation of time evolution for the difference between
the projected dynamics PX; and the mesoscopic dynamics 7, provided by the forward
Kolmogorov equation (2.2.9) for the microscopic dynamics X;

d1 9 d 1 9
EﬁE‘PXt_nt‘Afl = %—VH(Z')VA—I +V'VA—1 §’P$—T]t‘1§,1 pt(d.’lf)

d _
=K (—Em, PXy — )i — /VH(x) . APtA_l(Pm — ) pe(dez)

+ /V (AP'A™Y(Px — ) pi(da), (2.4.7)

where we used the relation between V-1 and V1. Let us first look at the last
integral of the right hand side of (2.4.7). This is a purely entropic term coming from the
projected Brownian motion PdB;“*l (see (2.4.2)), whose covariance matrix can be easily
calculated to be ldWY wrt. the A~! inner product. Indeed, the divergence term inside the

integral equals

) ) : oy
try (AP'A™'P) = try (PAP'A™') = try (%Y) = dl%

This is a constant % = % that scales like the variance of the average of K i.i.d. random
variables. It accounts for the discrepancy that the Kawasaki dynamics (2.2.4) has noise

whereas the mesoscopic dynamics (2.3.6]) is deterministic.

Having dealt with the noise term, we apply disintegration of measure (2.4.6) to the law p;
in (2.4.7) and get

dl
qt2 E|PX; — 77t|i§71 =

M -1 d
T +E<—E77t,PXt _7715>A—1

- /Ept(dfry)VH(x) : APtA_l(y — ) pe(dy).

As the expectations are now taken on the level of the mesoscopic profiles of the process X;,
it helps to mentally fix one realization y = PX;. The first expectation on the right hand
side is a purely kinetic term: it looks like the rate of convergence between the mesoscopic

dynamics 7, and an alternate trajectory 7, of it that happens to be in state y at time ¢ (cf.
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(2.3.8)), if there were a corresponding time derivative

d R _ _
i —V i H(fy) = =V 11H(y).

Remarkably, the coarse-graining relation (2.3.4) between VH and VH indicates that this
missing mesoscopic energy gradient may be supplied by the average microscopic energy
gradient, when the microscopic fluctuations of the dynamics X; around the mesoscopic profile

y has reached stochastic equilibrium:

Moreover, the operator A7'PA : Xy — Yy in (2.4.8) is exactly the adjoint of the operator
AP'A7 Yy — Xy in (2.3.9). These observations lead to the rearranged equation

d1
73 E|PX; — |31 =

M-1

—E <VH(PXt) - VH(Ut)a PX; —ne)re (2.4.9)
- /(Ept(dﬂy)vH(x) — Epaaly) VH(2)) - AP' Ay — 10) pe(dy).-

In this form, the first expectation on the right hand side of (2.4.9) now fully resembles ({2.3.8))

and can be estimated by the uniform convexity of H from Theorem [2.3.6}

E(VH(PX,) — VH(n,), PX, — n;)2 > 2AE |PX, — n,|2,. (2.4.10)

It remains to estimate the second integral on the right hand side of (2.4.9). After taking the
operator norm of AP'A~! into account (see Lemma below), this integral quantifies
how far away the conditional measure p;(dz|y) is from the conditional Gibbs measure p(dz|y)
through the mean difference E,, (az)y) VH (2) — Ey(az)y) VH (). The latter quantity turns out
to be controlled by a bound on the operator norm of Hess H and a log Sobolev inequality

(LSI) of the conditional Gibbs measure p(dz|y).

Proposition 2.4.9 (Mean difference estimate). Let k := || Hess H||. Suppose u(dx|y) given

by (2.2.8)) satisfies a LST with constant o > 0 in the sense of (2.4.13)) below. Then we have:
(2
[Eputanly) VH () = Bpiaaty) VH (@) < = /|V| log f(t,2)[? pe(dzly), (2.4.11)
where V|| is the gradient along the subspace of fluctuations defined in Definition .
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Remark 2.4.10. This is a well-known result, e.g. contained in Lemma 22 in [GOVIW09] in
the form of a covariance estimate. The proof given there starts with using the Kantorovich-
Rubinstein duality to bound the mean difference by the Wasserstein distance. By Theorem 1
in [OVO00], the Wasserstein distance is bounded by the relative entropy provided a logarith-
mic Sobolev inequality is satisfied, which in turn bounds the relative entropy by the Fisher

information.

Moreover, the following discrete analogue of (2.3.1) allows us to pass from the Fisher
information involving V| in (2.4.11)) to the full Fisher information for the Kawasaki dynamics

in ([2.2.10).

Lemma 2.4.11 (Penalization of fluctuations by spin-exchange). There exists constant v > 0
such that for x € Xy

7|? = |z — 2y * < %x-/lx, (2.4.12)

where x|, x) denote the fluctuation and mesoscopic parts of x, respectively, as defined in

Definition [2.4.8

The proof of Lemma 2.4.11]is given in Section where we gather and prove facts about

splines. It remains to establish a uniform log Sobolev inequality:

Theorem 2.4.12 (Uniform LSI for u(dx|y)). The conditional measure u(dx|y) given by (2.2.8)
satisfies a LSI with constant o > 0 uniform in the system size N and the mesoscopic pro-
file y. More precisely, this means that for any nonnegative test function g : Xy — R that

satisfies [ g(z)p(dzy) = 1, it holds that

1L [ IVyg(@)f
Ent d d < — | ———————u(d 2.4.1
nt (gu(dzly)|p(dzly)) < 2@/ o(2) p(dxly), (2.4.13)
where V| is the gradient along the subspace of fluctuations defined in Definition [2.4.8

Remark 2.4.13. Theorem should be compared to [GOVW0O9, Theorem 14], where a

similar statement was deduced for the case L = 0 using the two-scale criterion for LSI (see
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Lemma below). As with the proof of Theorem the non-locality of the projection P
onto the spline space Yy creates difficulties with a direct application of the two-scale criterion,

and we have to take a detour through the space of discontinuous Galerkin functions.

The proof of Theorem [2.4.12) is given in Section 2.7 To get an overall estimate for the
integral involving the mean difference, we also need to control the operator norm of AP*A™! :

Yy — Xy, which measures the compatibility of projecting and taking second differences.

Lemma 2.4.14 (Interchanging second-order difference with coarse-graining). There exists
a universal constant o > 0 and an integer K* such that for all K > K*, M and all y € Yy

1t holds

- 1
|ANP' A y| 2 < ;|y\L2. (2.4.14)

The proof of Lemma [2.4.14]is given in Section where we gather and prove facts about
splines. We are now ready to prove Theorem [2.4.3]

Proof of Theorem [2.4.3 Applying the convexity estimate (2.4.10)) to the evolution equation
(2.4.9) and using Lemma [2.4.14] and Cauchy-Schwarz on the last integral yields that

d1
55 EIPX, — 5 + 22 EIPX, —nif3,

<+ [ 3= li2 [Bpao VE @) ~ Euany VH () 2 pilc) (2.415)
where we accounted for different Euclidean structures on Xy. By Lemma Lemma
and the observation (2.2.10]), we have

/ B aol) V H (%) = Eputaaly) VH ()| 2 pu(dy) < —a———i Ent (pi|p) -
Applying Young’s inequality and using this estimate, the integral on the right hand side of

(2.4.15) is bounded by

AE|PX, — 122 —

—— —Ent (p|p) . (2.4.16)

Putting the upper bound (2.4.16)) back into (2.4.15) and integrating over the time inter-
val [0, T yields the desired estimate ([2.4.5]). O
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2.5 Convergence of mesoscopic dynamics to macroscopic
dynamics

In this section we state the proof of Theorem [2.3.15. We need to show that the mesoscopic

evolution (2.3.6))

i B I —
dtnt -

converges to the macroscopic evolution ([2.2.18)

0] 0?
&Ct ==V H(G) = ﬁ@ (Ce)-

Formally, this means that one has to exchange the operator —A with the operator 97
and the function VH with the function ¢’. The first exchange is plausible because —A is
a coarse-grained version of the second-order difference operator —A. The second exchange
is essentially the consequence of a (local) Cramér theorem: H is a coarse-graining of the

Hamiltonian A with single-site potential 1, while ¢ is the Cramér transform of the same .

The proof of Theorem is inspired by the Galerkin approximation scheme, a well-
known method in numerical analysis. First, we need to show the macroscopic dynamics (; is
close to the projected dynamics P(;. Because the H~! norm is a weak norm, this difference
is controlled by the spline estimates in Lemma together with the following a priori

energy estimates.

Lemma 2.5.1. Let {; denote the macroscopic dynamics given by (2.2.22)). Then it holds
that

o0
sup |Gif% < [Cof2e  and / Gdt < 1Cof2.
0<t<T 0

Lemma plays a similar role as Proposition It follows directly from integrating

the dissipation (2.2.19) of the macroscopic free energy H wrt. the H ! gradient flow structure,
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after applying the estimates

A¢7: < H(C) <AlCl72 and AC]m < @' (Ol < Al¢]m,

which are straightforward consequences of the convexity estimates of ¢ (see Lemma [2.2.11]).

It remains to show that the mesoscopic dynamics 7, is close to the projected dynamics
P(;. Because of Lemma [2.3.10, we will work with the more natural A~! norm instead of
H~! norm. Differentiating in time, we have

d1

d d
%§|77t - PCt|,24—1 = <E"t - %PQ,% - PQ>

A1
This almost looks like the rate of convergence between the mesoscopic dynamics 7, and an

alternate trajectory 7; of it that happens to be in state P(; at time ¢ (cf. (2.3.8)), except

that the time derivative of the projected macroscopic dynamics

d ¢ 57

EPQZ azpﬁsﬂ@

is not exactly the same as the time derivative of the hypothetical mesoscopic dynamics

d

Eﬁt = —V#lﬁ(ﬁt) = _AVH(PQ)‘

These observations lead to the rearranged equation

d1

d _ _ _
E§|7]t - Pctﬁifl = <E"t + VA—IHUDCt)a e — PCt> + <A<P/<Ct) - VA—lH(PCt)ﬂ? - PCt>A—1

i
+ <—%PQ — A’ ()i — PQ>A1
= —(VH(n,) = VH(PG),n — Pl)e +(¢'(G) — VH(PG),n — P2
+ (@' (G), (AT —id)(n — PG)) re- (2.5.1)
The first term in now fully resembles and can be estimated by the uniform
strong convexity of H (see Theorem [2.3.6):

(VH(PG) — VH(m), m — PGy < —Xn — Pél7a. (2.5.2)

46



The second term in (2.5.1) is small because the gradient of the coarse-grained Hamiltonian

H is a good approximation of the gradient of the macroscopic free energy H.

Lemma 2.5.2 (Closeness of VH and VH). There is an integer K* such that if K > K*
then it holds for all ¢ € L3(T)

VH(PO - THQ| 5 (5 + ;4) —r (253

We prove Lemma in Section The last term in is controlled by the following

error estimates for exchanging the coarse-grained second-order difference operator —A and

the second derivative Jj.

Lemma 2.5.3 (Discrepancy between —A and 03). There exists an integer K* such that for
all K > K*, M and all y,y € Y,

| — 05A |2 < |ylre, (2.5.4)

_ 5 B 1 B
(=A™ Y, G) e — (Y, 9) 12| S ALl (2.5.5)

The proof of Lemma [2.5.3]is given in Section [2.6] where we gather and prove facts about
splines. The error estimate (2.5.4)) is closely related to the error estimate (2.4.14). We are

now ready to prove Theorem [2.3.15

Proof of Theorem [2.3.15. We first bound P(; — (;. By Lemma and Lemma [2.5.1]

1
Pl — 27 < i 2 <= 2
02ng| G — Gl S oiltlST M2|Ct|L2 ~ M2|CO|L2>

T T 1
| 1Pa—clars [ it s 350Gk

We now bound 7, — P(;. By Lemma the second term in (2.5.1)) is estimated as

- 1 1 1
(' (¢) = VH(PG),m — P&)re S ((K M) |Gl + e ) 1ne — PGl (2.5.6)

By Lemma and Lemma the last term in (2.5.1)) is estimated as

(¢'(Go), (=05 AT —id) (1 — PG))
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= (¢'(¢) = P (G), =05 A7 (e — PG)) e + (P (G), (=05 A™ —id) (1 — PG)) p2
S |90/(Ct) - P@’(Q)Im\m — P(y|r2 + %|P@,(Q)|H1|77t — PG|

1 1
S M\@'(Q)’Hlmt — PG + E’@/(Ct)‘Hl‘nt — PG|r2. (2.5.7)

Combining the estimates (2.5.2)), (2.5.6), and (2.5.7) for equation (2.5.1) and applying

Young’s inequality yields that

d1

A 1 1 1
Eglm — PG5 + Efﬁt — PGl S a (ﬁ + W) (1G] + 1€/ (G)n) -

Integrating in time from 0 to 7', applying the energy estimates in Lemma and exchang-
ing A~! norm with H~! norm (see Lemma [2.3.10)), we get

1 AT T 1 1
sup §|7]t — PG5 + 5/ n: — PGl3edt S Ve + (ﬁ + W) G072
0

0<t<T

Combining the estimates for n; — P(; and P(; — (; yields Theorem [2.3.15 O]

2.6 Properties of spline approximations

In this section we gather and prove the facts about splines y € Y), needed in this work,

namely Lemma [2.3.2] Lemma [2.3.10] Lemma [2.4.11} Lemma [2.4.14] Lemma

2.6.1 Penalization of fluctuations around spline profiles

In this subsection we prove those auxiliary results that show fluctuations around spline pro-
files are penalized when measured in a weak norm, namely Lemma [2.3.2| and Lemma [2.4.11

We need two auxiliary ingredients. The first is an inverse Sobolev inequality on the space Y.
Lemma 2.6.1 (Inverse Sobolev inequality). For all y € Yy holds

Yl S Mlylgr S Myl 2. (2.6.1)
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It is clear that the estimate (2.6.1) holds. The spline spaces Yj, are finite dimensional

and norms on finite-dimensional vector spaces are equivalent. The factors M and M? comes

from a scaling argument i.e. % is the only internal length scale. We omit the details of the
proof, which consists of a straightforward calculation. The second auxiliary ingredient is a

nice basis for the spline functions that forms a “partition of unity” on the torus T.

Definition 2.6.2 (B-spline functions). The B-spline functions of Yy are given by

MO - 5 fort € |52 5,
3 M0 — E)2 forf e [];1 i)
B(Q): 4 2M MM/ (262)
J M2 J+1y2 i g+l 0.
S5 (0 —=4F) for0 € [, 57),
0 else

Proof of Lemma[2.3.2 The proof of (2.3.1) is based on the following spline interpolation:
for ¢ € L*(T), we define I € Yy, as

I1¢(6) = iC (25) B

where B; € Yy is the B-spline basis defined in (2.6.2). We claim that

1
’C - PC’LQ < ‘C - IC|L2 SJ M K’Hl ) (2-6-3)

which establishes the second estimate of , from which the rest follows by duality.
To verify , note the first inequality is simply due to the fact that P( is the best L2
approximation of ¢ in Yj;. The second estimate of is well known in the literature
on B-splines (see for example [DL93|). For the convenience of the reader we give a short

proof of this fact. Using the fact that the B; have small support and sum to 1, we obtain

for 0 € (m—_l, %)

()~ 16(6) Z (60— ¢ (25 2) ) Bueresto)

We use Young’s inequality, the Fundamental Theorem of Calculus and the Cauchy-Schwarz
inequality to deduce an estimate:

R OR

M
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/mm (c<e> —¢ (W)) Byrsl6)

(/ 201 |g’(9)]2d6> (B2,_,(0) + BZ(0) + B2 .1(0)) do

2m+1
> B ( L \<’<0>12d9>.
o0 P

j=1
Summing over m = 1,..., M yields the second estimate of (2.6.3).

INA
o
M-

IA
—
ToEB

w
<[

<

Let us now turn to the verification of (2.3.2). Again, by duality it suffices to show the

first inequality only, which follows at once from the next two estimates

|C—I<‘H1§’<|H1 and |PC—I<‘H1§|<‘H1 (264)

The first estimate of (2.6.4]) can be deduced with similar calculations as were used for verify-
ing the second estimate of (2.6.3). We leave the details as an exercise. The second estimate
of (2.6.4) follows from the inverse Sobolev inequality on Y), and the estimates of (2.6.3)):

|PC—IClm S M|PC—IC|p2 < M(|PC—(Clre +[(—I¢]2) S ¢]m

]

Proof of Lemma [2.4.11 The argument is essentially analogous to the one given for the pre-
vious lemma. In the main step, we will use the discrete Poincaré inequality (2.2.6)) and define

a spline interpolation. Observe that
lv —z,* < |z — NP'|* forall y € Yy

since im N P! = ker P*. Let 87 := N P'B; be the L?-orthogonal projection onto Xy of the B-

spline function B; given by (2.6.2)). For each x € Xy, define a projected spline interpolation

M 1 (G+DK M
I(x) := Z 3K Z x| B =: ijﬁj.
Jj=1 i=(j—2)K+1 j=1

The properties that 0 < B; < 1, B, is supported on [%, %], and Zj\il B; =1 imply

the corresponding properties for 57: 0 < 3/ < 1 for each n € [N], 87 is supported on
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€((j—-2)K,(j+1)K], and Z;‘il (7 = 1. Hence,

m+1 2 m+1
(xn - I(m)n)Q = ( Z (xn - j])ﬁ%) < Z (xn - -ﬁj)Q
j=m—1 j=m—1
for n € ((m — 1)K, mK]. Summing this inequality over n leads to
N m+1
DRI ERES Sl SN
n=1 m=1 n=(m—2)K+1
M (m+1)K
226
Y CBK? Y (= wa1)
m=1 n=(m—2)K+1
N
= 3*CK? Z(a:n — Ty)?
n=1
2. K?
By 33C'mx - Ax

Thus ([2.4.12) holds with v = 33C, where C is the constant in ([2.2.6)).

2.6.2 Spline approximations involving the operator A

In this section we prove those auxiliary results which make precise the idea that the operator
—A, due to its definition as a coarse-graining of the second-order difference operator —A,
should be a discrete version of the second derivative adapted to the spline space Y.

begin with showing that the H! inner product on Y}, is close to the inner product induced

by the positive definite operator A.

Lemma 2.6.3. There exists an integer K* such that for oll K > K*, M and all y,y € Y

’<gaAy>L2 - <gay>H1’ ,S

S

zlg=l-

|9la [yl

(7l a [yla2 + 9] a2yl a)

This leads to a quick proof of Lemma [2.3.10| by a duality argument.

Proof of Lemma[2.3.10, Let z € H*(T) be arbitrary, then we have

(y,2)r2 = (y, Pz) 1> < |yla—1|Pz|a

<

~

ol

[yl 21| Pz|m

<

~

lyla-1|z]m,



which implies |y|z-1 < |y|z-1. To show the opposite inequality, let w € Y); be arbitrary,
then we have

i-1 i1 i1
(y, A7 w2 < |ylg— A" wlm S |yl AT wlz = |yl w1,

which implies |y|z-1 < |y|g-1. O

To prove Lemma [2.6.3] we will use the following simple facts about finite difference oper-

ators.

Lemma 2.6.4 (Finite Difference Operators). Let Q : L*(T) — Xy be the L*-orthogonal
projection onto Xy (cf. ([2.2.13)), then NP' = Q on Ya. Let D be a rescaled N x N
forward difference matriz, given by (Dx); = N(x;41 — 2;), then A = D'D, where D' denotes
the transpose of D. Let 0F be the difference quotient with step size h, given by Ohy(0) =
L(y(0+h) —y(0)), then

DQ =Q8), D'Q=—Qd,". (2.6.7)

Proof of Lemma[2.6.3 We will prove the estimate (2.6.5), and then the estimate (2.6.6)
follows from (2.6.5)) by an application of the inverse Sobolev inequality (2.6.1)). For g,y € Y,

(7, Ay)12 = (NP'y, A(NP'y)) 2

©-6.7)

1 1
= (DQyY, DQy)r2 == (9,9, Q9;" y) 2. (2.6.8)
Using (12.6.8) we get that

U, Ay) 2 — (G, y)m = <ag%?], Q%ﬁ@ 2 — (07, Opy) 12
= (0 5 — o3, Q% Y12 + (0py, Q(OF Ny DoY) L2

+ (07, (Q — id)Ogy) 12

which implies

1 ~ 1 ~ 1
}@,Ay)m - @JJ)HI‘ < |89N?J - a9y|L2|89Ny|L2 + |89y|L2|09N?J — Opy| 12
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+ 1007 2|(Q — id)Dpy| 2.

This yields estimate (2.6.5) once we establish the following estimates:

105" yle < 109yl 12, (2.6.9)

1 1
|80Ny — 89y|L2 S N|8gy|L2, (2610)

. 1
(@ —id)Dpylr2 S ngy’ﬂ. (2.6.11)

Argument for (2.6.9): Observe that
5 0+

9y y(0) = N/e Opy(s)ds. (2.6.12)

By Cauchy-Schwarz,

1, 2 1L N2 Oty 1
/ 94| d@g/ —/ |89y(s)|2dsd0:/ Oy (5)? ds.
0 0 N 0 0

Argument for (2.6.10): By mean value theorem, for some § € (6,60 + ),

L 3 0+
o5y~ 0| = ton(®) - o) = | [ dhucsras| < [ uislas

By Cauchy-Schwarz,

/

Argument for (2.6.11)): This follows from applying a Poincaré inequality on each of the

1 2 11 ot+x ) ) 1 1 ) )
89Ny_a(,y‘ d@é/o N/e 105y(s)] dsd@zm/g |95y(s)|” ds.

intervals (‘5*, &) to the function dyy.

Proof of Lemma[2.4.14 1t suffices to show
o|AN P2 < |PANPy|p2. (2.6.13)
Let z = ANP'y. By Lemma
2= D'DQy = D'QO;y = —Qd, ~ 9y y.
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Using the integral representation formula (2.6.12)), we compute
¥ 11
n—l

:—N/ N 0989Ny( )dsdf
g_f

s—&-%
=-N / N / N / OFy(t)dtdsdf
/ / / @;y( v+w> dwdvdu.

By definition of the spline space, on each interval (

5 i),
0y(0) = o
for some constants a; € R. Then evaluating the integral (2.6.14]) gives

z=—a; fori=(j—1)K+2, ... jK—1,

1 1
(g —aj), zjik = o5+

2(j—1)K+1 = —Qj + 6

6

—(aj — aji).

(2.6.14)

(2.6.15)

(2.6.16)

(2.6.17)

Thus the function z = AN Py is almost piecewise constant on blocks of K. This motivates

us to define a spline interpolation for z,

M
=Y —a;B;,
j=1

where B; are the B-spline basis of Y3,. We will show that there is a universal constant o > 0,

such that
(z,1(2)) 2
2|2 1(2)|22 —

This implies (2.6.13)) by

|Pz|p2 |1(2)|12 > (Pz,1(2))12 = (2, 1(2)) 12 > o|z|r2|1(2)|2-

Argument for (2.6.18)): It follows from (2.6.16|) and (2.6.17) that
M
1 K
2 2 Z 2
|Z|L2:N|Z’ Sﬁj_la{j.

o4

(2.6.18)



Using (2.6.2), we can compute |I(2)]zz:

M M
1 1
|I(Z)|%2 = E OCjOék<Bj,Bk>L2 = M<Oé, BO&>RM < M E OCJQ',
j=1 =1

where B is the symmetric matrix

11 13 1
Bjr = —=d,= Olj—kj=1 + —==0)j—k|=
Jk 20 Jj=k + 60 li—k|=1 + 120 li—k|=2

and the last inequality follows from ||B|| < 1. Finally, we compute (z, I(2))2:

(2. 1(2))p2 = Y _ —a; (2, Bj)r

j=1
M &k M k=1, 1
M 1 7T
= ;1 ajoy, /le B; — ;1 gozj(ozk — Qg_1) /le B;
‘77 = ‘77 =
Mo k
- Z —aj(og — ) B,
6 k1
J,k=1 I~ N
1 1\, , ¢,
M<O‘7Ea>RM _I_O N |a’]RM Z MZQW

where F is the symmetric matrix

2 1
Eji = 50j=+ gOli-r=1

and the last inequality follows from the strict diagonal dominance of F, once K is large

enough, for some universal constant ¢ > 0. Putting everything together, we arrive at (2.6.18)):

(z,1(2))3, S A N

22, ()%, ~ M2 CK ~ C

Proof of Lemma[2.5.3 Argument for (2.5.4): By (2.6.15), (2.6.16), and (2.6.17)),

M
11 11
((—=05y) — ANPy|7. = 2. N@(%’l — o)’ + N6_2<O‘j+1 — ;)

M

< E i|aA|2:i’_82 |2

~ N J K 0Ylr2-
Jj=1
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It follows that
| = Jgylie < (1 +0 (K‘%» | AN P'y] 2 |[PANP'y| 2.
Argument for (2.5.5)): we apply Lemmato ALy 4
G, )12 — (9, =05 A7 y) 2| = [(§, A(A™'Y)) 12 — (9, A y) |

1
~ K

)
e
v

—_

| Ayl |9 [yl |g]a-

2.7 Uniform strong convexity of the coarse-grained Hamil-

tonian

This section is devoted to the proof of Theorem As mentioned in Remark[2.3.7] because
the spline functions in Y}, are non-local due to continuity requirements (for L > 1), we will
instead work with an intermediate space Y2 D Yi, of discontinuous Galerkin functions,

prove the analogue of Theorem for Y;7¢ and then transfer the result to Y.

Definition 2.7.1 (The space of discontinuous Galerkin functions Y;7%). The space of dis-

continuous Galerkin functions of degree L € N is defined as

YD6 = {y e L(T)|Vm e [M] : y

(met m) polynomial of degree < L} ) (2.7.1)
M M
We endow Y7¢ with the inner product inherited from L*(T).

Definition 2.7.2 (The coarse-graining operator Qur). Let Qu : L*(T) — Y79 be the
orthogonal projection onto Y7¢ in L*(T). We also define Q% : Y79 — RY to be the

operator such that
<Q1\/[x7y>L2 =" Q?\/[y Vr € RN?Z/ € Y]\?Ga
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ie. NQY) @ Y9 — Xy is the L*-orthogonal projection of Y,2¢ onto RN, when RY is

embedded into L*(T) as a space of step functions.

It follows that the coarse-graining operator () is related to the coarse-graining operator
P onto splines (see Definition [2.3.1) via P = PQy on L*(T) and NP! = NQ?, on Y.
Consequently, the approximation property of splines in Lemma[2.3.3)is a direct consequence

of the following analogous approximation property of the discontinuous Galerkin functions.

Lemma 2.7.3. It holds that

. 1
|QuNQ}s — idyge || S -5 (2.7.2)

The proof of Lemma [2.7.3|is deferred to Section From now on, we assume K is large
enough so that QyNQ', : Y7¢ — Y2¢ is invertible. In particular, this means the coarse-
graining operator Qys : Xy — Y} is onto and the orthogonal projection NQY, : Yy — Xy

1S one-to-one.

Definition 2.7.4 (The coarse-grained Hamiltonian Hygc). The coarse-grained Hamiltonian
EngG 1Y 2C — R associated to Qyy is given by
ﬁyﬁc(y) = ——log/ exp (—Hy(x)) dz. (2.7.3)
{zeRN:Qnz=y}

Theorem 2.7.5 (Uniform strong convexity of HYJ\E;G)- There are constants 0 < A\, A, K* < oo

such that for all K > K*, M and all y € Y;}¢ it holds
2)\ ldyﬁG S HeSSYJVDIG ﬁYA?G (y) S 2A ldyﬁG
in the sense of quadratic forms.

Our first step towards proving Theorem is reducing it to the case M = 1. Since
the blocks are independent for functions in Y;7¢, the space Y,7¢ canonically factors as an

orthogonal direct sum:

VE¢ 5 =M o™ e @ v;Pe, (2.7.4)
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where o™ € VP is obtained by restricting a to the subinterval (1, %), Under this

identification, the Euclidean structure on Y,7¢ also factors:

M
1
(o B)ype = 57 (™, 8™y pe. (2.7.5)
m=1
Given z € RY, for 1 < m < M, denote 2™ := (2(m-1)K+1 -, Tmx) € RE. Then in the

sense of (2.7.4)), the coarse-grained operator (); decomposes as
Quz = GBT]\;L[:lle(m)'
Consequently, the coarse-grained Hamiltonian HYAL;G also decomposes:

Lemma 2.7.6. For § € Y/P¢ we define

Vs(B) = —% log /{xeRJ:le:B} exp(—H;(z))dz. (2.7.6)

Then it holds that for a € Y€
LM
] —— (m)
Hype(a) = - mZ:lW(a ). (2.7.7)
In light of (2.7.7)), proving Theorem reduces to proving the following:

Theorem 2.7.7. There are constants 0 < X\, A, J* < oo such that for all J > J*, and

all B € YPC it holds
2\ idleG < HeSSYlDG vr(B) < 2A idleG, (2.7.8)

in the sense of quadratic forms.

Proof of Theorem [2.7.5, By (2.7.7)), for all y € Y,7¢
M
1

D" Hypa(y) = 57 €D D*vr (™),

m=1

where D¥ denotes the k-th derivative as a multilinear form. Setting k = 2 and taking account
of the different inner product structures by using (2.7.5)) , (2.7.8)) vields for large enough K

the desired estimate

2\ idyj(;[)G < HQSSY]@G HYI{:;G (y) < 2A idyl{;;c .
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We prove Theorem in Section 2.7.1] The argument is quite technical, making up
the bulk of the proof of Theorem We follow a similar approach as in [GOVWO09]: a
local Cramér theorem and a local central limit theorem (CLT). The main difference here
is that the local Cramér theorem has to be extended to canonical ensembles with multiple

constraints, which means that we will have to use a multivariate CLT instead of a univariate

CLT.

To finish the proof of Theorem we need to transfer the strong convexity from ﬁy]ﬁ)G
to H. Since ﬁygc and H are coarse-grained versions of H on the levels of Y;7¢ and Y,

respectively, and Yy, C Y29, H is itself a coarse-grained version of ffngc, ie.

LM+1

NH(y) = —log/ . exp(—N]:IY]@c(y +2) )Nz LEM (d2), (2.7.9)
2€Y

where Vi := {y € Y2¢ : Py = 0} and dim Yz = LM + 1. (The factor N2 is due to the

different Euclidean structures on RY.)

Lemma 2.7.8. Let W & Z be an orthogonal decomposition of a finite dimensional Fuclidean
space. Suppose F: W & Z — R is a C? function such that fWEBZ exp(—F) < oo. Let
F(z) :=—log [, exp(—F(w,z)) dw. Let ¢ >0, then it holds that

Hessyez F > cidyey = Hessy F > cidy, (2.7.10)

Hessyaoz F < cidygy = Hess; F < cidy. (2.7.11)

In [BL76], it was shown in a very neat way that statement (2.7.10) in Lemma is
simple consequence of the well-known Brascamp-Lieb inequality. Statement (2.7.11)) follows

from a straightforward computation.

Proof of Theorem [2.3.6, We apply Lemma with Z =Yy, W =Y, and F = N]jfngc.

The hypotheses of (2.7.10) and (2.7.11]) are satisfied due to Theorem [2.7.5] This yields the
statement of Theorem O
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2.7.1 Proof of Theorem [2.7.7: a multivariate local Cramér theorem:

The rest of this section is devoted to the proof of Theorem [2.7.71 We prove uniform strong
convexity of v; for large J by showing that v; converges as J — oo in the uniform C?-
topology to a uniformly strongly convex function. Namely, this will be the Legendre trans-
form of the function which, to each 3 € Y;?Y, associates the specific free energy of a modified

grand canonical ensemble which makes the conditioning Q)1 = [ a typical event.

Before we enter into the details, we give a sketch of the argument, which closely follows the
argument in [GOVW09|. Using Cramér’s trick of exponential shift of measure, we construct

for each 3 a product measure v;5 on R’ such that

e the law of each spin is an “exponential shift" of the single-site measure (a perturbed
standard Gaussian),
e the expectation of ();x under v,z is equal to 3, i.e. the conditioning 1z = (3 is a

“typical" event.

We refer to the product measure v;4 as the modified grand canonical ensemble for 3. The

required shifts of spins can be parameterized by a variable B that is dual to .

Because the single-site potential v is quadratic plus a perturbation that is bounded in
C?*(R), it follows that the specific free energy @Zj}(ﬁ’) of v is convex in B for large J and
its Hessian is uniformly bounded from above and from below. Consequently, the Legendre
transform 1;(3) of z/_Jj;(B) is uniformly strongly convex. Moreover, the difference ¢;(3) —
1 ;(B) can be interpreted as the difference between the specific free energies of v, and its
restriction to the hyperplane determined by @z = § (which is the “typical event”). Hence,

we expect that this difference goes to zero as J grows large.

To verify that this difference indeed converges to zero in the uniform C?-topology, we first
relate it through a Cramér-type representation formula with the evaluation at 0 € Y;°% of
the density of the distribution of J2 (Qixz — ) under v, 5. This is done in Lemma [2.7.12

We then establish a kind of uniform C? local central limit theorem assuring that this eval-
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uated density is bounded from above and from below uniformly in 8 and that moreover, it
is bounded in C? as a function of 5. These estimates are stated in Proposition below
and constitute the core of our proof. Then, combining the statements of Lemma and
Proposition allow us to deduce Theorem [2.7.7]

Construction of the modified grand canonical ensembles v,

We begin by introducing a family of “exponential shifts” of the law of a single spin. For each

m € R, let p,, be the probability measure on R given by the Lebesgue density

d(/;_zm =exp(—Y"(Zn) + Zmz — ¥(2)), (2.7.12)

where 1™ is the log partition function defined in (2.2.17) and Z,, € R is chosen so that u,,

has mean m, i.e.

/R 2t (d2) = (%) (Bm) = m.

We will use the fact that the function ¢* is uniformly strongly convex and its 2nd and 3rd

derivatives are uniformly bounded.

Lemma 2.7.9. There are 0 < ¢ < C < 0o such that it holds that:

0<4de< in%\/’ar(,um) < (¥*)"(2) < sup Var(un,) < % < 00, (2.7.13)
me meR

|(¥7)"(2)] < sup

C
< — < oo. (2.7.14)
meR 2

[ mpinaz)

where Var(p,,) denotes the variance of piy,.

We omit the proof of this result. It is contained in Lemma 41 in [GOVWO09].

To construct v; 5, we need to find a suitable dual variable B € Y,P% and exponentially
3,8 1

shift the law of the J spins according to the J-dimensional vector J QﬁB, which is the L?
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orthogonal projection of 3 onto R’ (cf. Definition [2.7.2). Let ¢% : R/ — R be the sum of

the log partition function ¥* for J sites,

J
Wy(x) =) wt(ay),
j=1
and let ¢% : Y/P¢ — R be the function
Tx (D 1 * t A 1 ! * tH
BB = S03(IQi8) = 5 3ot ((QiA)) (2.7.15)
j=1

which will be interpreted as the specific free energy of v, g for the right choice of B After
dealing with the approximation error, property (2.7.13]) translates into convexity estimates

for the function % (3).

Lemma 2.7.10. Let ¢ and C be as in Lemma[2.7.9 Then there is J; € N such that for all

J > Jy and B,9,4 € VP

2¢ < ||Hess 0% (B)|| < C, (2.7.16)

I D*58) || < C. (2.7.17)

We postpone the proof of this result to Section 2.7.2]

By standard convex analysis, the bounds (2.7.16)) and (2.7.17) imply that for J > Ji, the

Legendre transform of 1%,

ba(8):= s ((8,8) = ¥3(3)). (2.7.18)

BEYIDG

is uniformly strongly convex and its Hessian and 3rd derivative are uniformly bounded, and

the unique maximizer Bm“‘”(ﬁ) of satisfies
B = V5(Bme), B = Vy(B). (2.7.19)
The vector 3™ serves to construct vyg. Set
g = ST, i = (1g),: (2.7.20)

62



mpg = ij(mﬂ)v mjp = (m5>j7 (2721)

and define a product measure on R’ (cf. (2.7.12))

J
d/j’m]',ﬂ )

dV{]?B

I (x) = |

Jj=1

(2.7.22)

Then the expected value of Q)12 under v, 3 is equal to 3:

©729) @727 . smazs B8 < 7 Smazs B7-19)
/ Qurdvys B Qumy B0 Q, vy (1 pmes) BED s ey B2 5

This completes the construction of the modified grand canonical ensemble v 4.

Uniform C? convergence of 1); — 1; to zero

For a given 3, the specific free energy of the modified grand canonical ensemble v;4 is just
i;(ﬁm“) = (B, Bm‘””> — 97(B). On the other hand, the specific free energy of the canonical
ensemble associated with the restriction of v;43 to the hyperplane {z|Qiz = [}, where
it is highly concentrated anyway for large J, is given by (8, 5m%) — 4;(8) (we leave the
calculation to the reader as an exercise). Consequently, 1;(3)—1(3) measures the difference
in free energies and hence we expect it to converge to zero in some sense as J — oo. As we
indicated above, the proof that it converges strong enough for our purposes, i.e. in C?, begins
with a Cramér-type representation formula for the density in 0 € Y;P% of the distribution
of J2 (Qix — ) under vy3, which is a centered (L + 1)-dimensional vector of “suitably

weighted" " sums of independent random variables. (Cf. equation (125) in [GOVW09])

Definition 2.7.11. Fiz once for all an orthonormal basis {fi}i—o1.... . on Y{?¢ (which are

polynomials of degree < L). From now on we will identify YPY with R*+Y using this basis.

Lemma 2.7.12. Denote by g5 the law of the REM -valued random variable J2 (Qrx — B)

where x follows the law vz and let JQ = (det QlQﬁ)%. The density of g;5 at 0 € REF!

with respect to Lebesque measure can be represented as follows:

dg
925(0) = -5 (0) = (J

L+l -
2

JQ)™ exp[J (¥s(8) — ¢s(B))]. (2.7.23)

63



We postpone the proof of Lemma [2.7.12] to Section Formula (2.7.23)) allows us to

transfer the strong convexity of 1, to the function 1;, once we have the following esti-

mates on the Jacobian (J% JQ)~! (appearing on the right hand side of (2.7.23))) and the

density ¢,5(0) (appearing on left hand side of (2.7.23)).

Lemma 2.7.13. There is a positive integer J* € N such that for J > J*:

1 L+1

s<Jrge<c (2.7.24)

This follows from estimate (2.7.32)).

Proposition 2.7.14. There exist a constant C' < oo and a positive integer Jo such that for

all J > Jy and all B € RV

1
S <o) < (27.25)
IVgs50) < C, (2.7.26)
[Hess g,5(0)[] < C. (2.7.27)

This result was proven in [GOVW09] for the case L = 0 (cf. equation (126) in [GOVW09)).
In the general case considered here, establishing the estimates becomes somewhat more
subtle. In particular, a geometric property due to the independence of basis polynomials f;
enters as a new ingredient. The proof also shares some similarities to the proof of the local
Cramér theorem in [Menll]. As the proof as a whole becomes quite long we postpone it
to the end of this chapter (see Section 2.10). We conclude this section with a derivation of

Theorem from these results.

Proof of Theorem [2.7.7]. Rewrite formula (2.7.23)) as:

- 1

Ua(B) = (B) = 5 [log (/'3 TQ) + 105 g15(0)] (27.28)

For J > max{J*, J}, the estimates and (2.7.25) and (2.7.24)) thus yield

log C' + log C'

(W —s)(B)] < 7

(2.7.29)
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IV~ )@ EB L (010) ™ 190,50 < e
I(Hes(y ~ ) E % (015(0) " [Hess g10)]
2 (015(0) 7 | Vss(0) ® Vgss(0) |
(]2'7'25D’q2'7§26D’(]2'7'27D 072 + 074 (2.7.31)

This proves convergence of 1); — 1 to zero in C2(RE*!), indeed with difference of order J—*
as J — oo. Since v is uniformly strongly convex and its Hessian is uniformly bounded if

J > Jp, this proves Theorem O]

2.7.2 Proofs of auxiliary results.

We need two facts of approximation. The first fact is that the operator Q1JQY is close to

the identity for large J.

Lemma 2.7.15. It holds (with implicit constants depending on L):

. 1
1Q17Q — idype || < Nk (2.7.32)

Proof of Lemma[2.7.15. Since JQ! : Y;’¢ — R’ is an L2-orthogonal projection onto piece-

wise constant functions, for any f € Y,P¢

((1d =QuIQ)f, fhrz = (f, ez — (JQLF, JQL )12

1
— 1 = JQi B S I B S

1

ﬁ’fﬁ/??

where we used a Poincaré inequality on interval of length Ll, for each interval [7%1, Z], and in

the last step we used the fact that norms on a finite dimensional space are equivalent (this

is where L comes into the implicit constant). ]
The second fact we need is that the vectors 44 € REFL, 5 =1,2,---,J, defined by
(JQiy);=y-7 forally €YY =R"
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form a piecewise constant approximation of the smooth curve

v [07 1] - RL+1 ) ’7(75) = (fo(t)u f1<t>’ U 7fL(t>)‘ (2733)
Lemma 2.7.16. VJ € N (with implicit constants depending on L),

and max |y’| < 1. (2.7.34)

max sup Wj - 7(75)| § 1<5<J

1<5<J i—1 3
SIS te[JJ 7%

~l =

Proof. The proof of (2.7.34)) is similar to that of (2.7.32)). Note that
W= QU =T | fl( )do
5
is the average of f; over the interval []%1, %] Thus, foreach 1 < j < J,and t € []%1, %],
. | 1
= Z 0 =P S Y S5l S 75
1=0

where we used mean value theorem. This implies the first bound in (2.7.34)), from which the

second bound follows. O

Let us now begin proving the auxiliary results in the previous sections.

Proof of Lemma | Because Y7¢ = @M VP (cf. [2.74)), Lemmal2.7.3|follows directly
from Lemma 2.7.15 O

Proof of Lemma[2.7.10, For /) € RE*! we have:

zjj ) ((7Q13);) [(7Qia))".

(7, Hess 45(5) 7

<=

Using ([2.7.13]) we obtain:
4c ) o C
7|JQ§77|2 < (), Hess ¢3(8) ) < —J|JQ i

By the approximation of Lemma, [2.7.15]
1 X X X . 1 X
SAIQ = Ut Qe = (et T (140 ()l

66



This shows ([2.7.16) for large J. Concerning (2.7.17)), we find for 5 € R+

1

| D> (B0, | = |5

J

)" ((Qi8);) [(7Qui),)’

<
—_

< max, |47 1 i ]w*)”’ ((‘]Qiﬁ)j) [(JQ4);].

We then appeal to (2.7.14) and the uniform bound (2.7.34)) and proceed just as above. [

Proof of Lemma[2.7.12 So far it has always been understood that by dz, etc. we mean
the Hausdorff measure of appropriate dimension. We will be a bit more careful during the
next computation and write out the measures in detail where it seems helpful. Let ¢ be a
measurable test function defined on RX*!. The proof of identity essentially boils

down to an application of the co-area formula for ;.

[, ¢t g i@ = [ ¢ (7@ =) T £ o

_ _ % "’_ dl/J7ﬁ o ~
_ RL+1(JQ) I¢ (J (8 5)) /Rf,a Tr (2)H' Y (dx) L2 (dB)
Q¢ (1B -9)
RL+1
J
/RJ exp (— Zw*(mj,g) + Z'rhjﬁxj — HJ(J:)> H(dx)[,(dg)
1,8 ] Jj=1
e ¢(F5-5)

exp (<3 0 (BB7) — Hy()) H{dr)£(dP)

B718). @7 (70) %(ﬁ B))

]RL""l

exp ( (wxm ~0y(B) + (B B,5m)) ) £+ (dB)

— /]R ) (7 JQ)

exp ( @J(@) — Uy Bt B) + (B, 7o) ) ) £ (dw).

%\

The identity (2.7.23) now follows from approximating the Dirac mass &, in R¥*! by contin-

uous test functions (;. O
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Proof of Lemma[2.7.13. We note that J JQ = (det Qleﬁ)%. Estimate ([2.7.32)) implies
that there is J* € N such that for J > J*:

1 Lt1
— < Jz < C.
C_J JQ < C

2.8 A uniform log-Sobolev inequality for conditional mea-

sures

The purpose of this section is to deduce Theorem which states that the conditional
measures p(dz|Px = y) satisfies a uniform logarithmic Sobolev inequality (LSIT). The loga-
rithmic Sobolev inequality was first discovered by Gross [Gro75|. It characterizes the speed
of convergence to equilibrium of the natural associated drift diffusion process. For more
facts about the LSI we refer to the books [Roy99, BGL14] and survey article [Led01]. In
Section we state some basic principles of the LSI and introduce the two-scale cri-
terion which is the key to our argument for deducing Theorem In Section [2.8.2]
we explain how those principles are applied to deduce the uniform LSI for the conditional

measure u(dz|Px = y).

2.8.1 Basic principles for the LSI

Four different principles underlie our proofs of logarithmic Sobolev inequalities in Sec-
tion [2.8.2] Three of these are standard results that have proven to be useful for establishing
LSI in many cases and that have been known for a long time. The fourth principle is a more
specialized criterion that has been successfully applied for deducing LSI for spin systems.
It will guide our main strategy of proof while the other results are needed to verify the
assumptions of the criterion. Let us forget for a moment the precise definitions of Xy and

H and present the basic principles of the LSI in the setting of Fuclidean spaces. Let X be
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an Euclidean space or affine subspaces of some Euclidean space. With V and | - | we denote
the gradient and norm that is derived from the Euclidean structure of X. We write P(X)

for the space of Borel probability measures on X.

Definition 2.8.1 (LSI). Let ®(z) := z logz. We say that v € P(X) satisfies a logarithmic
Sobolev inequality (LSI) with constant p > 0 if for all smooth functions h : X — R, it holds

that

Ent(hv|v) = /CD(h) U(dz) — @ (/hu(dm)) < %/% Vh? v(dz).

In this case, we also use the notation LSI(v) > p.

The following tensorization principle has been known ever since the notion of LSI came up

(see |[GroT7h]). It is the basic reason for why LSI is well-suited for high-dimensional systems.

Lemma 2.8.2 (Tensorization principle). Given v, € P(Xy) forn = 1,...,N. Then
LSI(v,) > pn for alln =1,..., N implies:
N
LSI <® yn) > min p,.
n=1 "
We next recall two fundamental criteria for proving logarithmic Sobolev inequalities. The

first one is a simple perturbation result due to Holley and Stroock [HS8&7].

Lemma 2.8.3 (Holley-Stroock). We assume that v € P(X) satisfies LSI(v) > p. For a
bounded function ¢ : X — R, define a measure v € P(X) that is absolutely continuous
with respect to v via

Tw) = 5 ewl-0u(z)

—(z) = = exp[— :

dv 7 P
Then LSI(v) > p exp[—2o0sc(0¢)]. Here osc(dy)) = supy 0¢ — infx 69 stands for the total

oscillation of the perturbation.

The second criterion is due to Bakry and Emery [BES5|. It says that a uniformly strongly

convex Hamiltonian implies LSI.
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Lemma 2.8.4 (Bakry-Emery). Let v € P(X) be absolutely continuous with respect to the

Hausdorff measure H on X. If the Hamiltonian H of the measure v, given by

H(x) = ~log 57 (),

15 twice continuously differentiable and uniformly strongly convexr with lower bound X, i.e.
VeeX VveT,X (v,HessH(z)v)r,x > A|v|7 x,
then LSI(v) > A.

Proofs of the facts mentioned so far can be found for example in [GZ03] or in the nice
introduction to both spectral gap and logarithmic Sobolev inequalities [Led01]. As pointed
out above, we will in addition need the two-scale criterion that was presented in [OR07] and
which is also contained, in a slightly different formulation, in [GOVW09]. We first define a

decomposition of measures analogous to Definition in the setting of a product space.

Definition 2.8.5. Let v € P(X; x X3) be a measure with smooth positive probability density
function with respect to Hausdorff measure. We decompose v into a family of conditional
measures {v(dry|xe) brex, C P(X1) and the corresponding marginal measure v € P(Xs).

This decomposition is such that for all measurable h : X1 x X5 — R:

/ hdl/:/ / h(z1, x9) v(dx|xe) U(dxs).
X1xXo Xo J X1

The two-scale criterion reads as follows.

Lemma 2.8.6 (Two-scale criterion for LSI). Let v € P(X; x X3) be a measure with twice
continuously differentiable Hamiltonian H. Assume that there exist constants p1, ps > 0 such

that

LSI(v(dxy|za)) > p1 for all 9 € Xo,
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Moreover, assume that
11 9
— — sup |Vx,Vx, H(z)|" = k < o0. (2.8.1)
P1 P2 X1xXs

Here
Vx,Vx,H(x)| = sup {(Hess H(x) u,v)|u € T, X1,v € T, X, |u| = |v| =1},

which is finite if Hess H is bounded. Then

LSIw) > £ (o1 + (Lt m)oe — /on & (L )2 — dpigs)

Lemma [2.8.6] says that LSI for conditional measures and corresponding marginal may -
under the coupling assumption (2.8.1) - be combined to yield a LSI for the full measure. A

proof of the two-scale criterion can be found in [OR07| where it is stated as Theorem 2.

2.8.2 Uniform LSI for conditional measures

In this section we explain how the basic principles of Section [2.8.1] are used to deduce
Theorem The proof adapts the strategy in [GOVWO09], which covered the case for
L = 0, when Y), is the space of piecewise constant functions. However, for L > 1, due to
the non-locality of the spline functions in Yy, we need to modify the strategy in [GOVW09|
by introducing an intermediate step. Namely, we first deduce a uniform LSI on the level of
Y2, the space of piecewise polynomials (which have the important property of being local),

and then apply two-scale criterion to get back a uniform LSI on the level of Y),.

Theorem 2.8.7 (Uniform LSI for p(dx|Quyx = y)). Let Y7 be the space of piecewise poly-

nomials (see (2.7.1)) or Definition . Let Qyr : LA(T) — Y7 denote the orthogonal pro-

jection onto Y% in L*(T). Then the conditional measures p(dz|Qyrx = y) satisfy LS1(0q)

with a constant og > 0 uniform in N, M and y € Y;7°.

Remark 2.8.8. Both in Theorem and in Theorem [2.8.7], the case L = 0 corresponds
to the result in [GOVW09[. In Theorem the space of observables is of course of
dimension (L + 1)M, not M.
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Proof of Theorem [2.8.7. Because the coarse-graining operator @), is local and the Hamilto-
nian H has no interaction between different sites, the conditional measure p(dz|Qyz = y)

factors as

M
(N (dz|Quz = o) = ®MK(d$(m)|Q1I(m) = Oé(m));
m=1

where for clarity we denote p” instead of u the Gibbs measure on RY. (Cf. Section m
for the notation 2™, a(™). By the tensorization principle (cf. Lemma [2.8.2) it suffices to

show that the conditional measure

p (de) = 1 (da] Qur = )

satisfy a uniform LSI for K large enough. The strategy now is to apply the two-scale cri-
terion for LSI (cf. Lemma [2.8.6)), which requires us to decompose the state space as an
orthogonal sum of two spaces, one describing the mesoscopic profile and the other describing

the fluctuations around the profile.

From now on we assume that K is of the form K = R.J, where J € N is large but fixed
and R € N is arbitrary. The key observation here is that Y, is a linear subspace of Y2¢.

This gives an orthogonal decomposition of the state space Q' (a) as
Ql_l(oz) Sx=xDrL €V OW,,
where
Vi=kerQp NRE, W, :=im KQ% N Q7 (a).

Now, following Definition we decompose 15 with respect to the factorization (2.8.7)) into
the family of conditional measures {uf(dm”xﬁ}u C P(V) and the marginal % (dz,) €
P(W,). In order to apply the two-scale criterion, it remains to show that there are p;, po > 0,

independent of R (and hence K) and «, such that

Vo, € W, LSI(uX (dzy|zy)) > pr, (2.8.2)
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and

LSI(z% (dz 1)) > po. (2.8.3)

Additionally, we have to show that

11
— = sup |VyVp, Hil]* < Kk < oo, (2.8.4)
P1 P2 Q7Y (a)

for some constant x that is independent of K and a.

Argument for (2.8.2): Let 8 = Qpa ., then pf (dz|z ) factors as

R
pd (deyle) = " (dz|Qre = B) = Q) p/ (d2|Qr2" = ).
r=1
The Hamiltonian of the conditional measure p”(dz|Q2™ = B) is just a restriction of

the Hamiltonian H; given in (2.2.1)). From the explicit form of H;, we get by a combination
of Holley-Stroock (cf. Lemma [2.8.3) and Bakry-Emery (cf. Lemma [2.8.4)) that

LSI (MJ(dx(T)|Q1$(T‘) = ﬁ(r))) > exp (—2J osc(0v))) =: p; > 0.

Then tensorization principle yields (2.8.2]).

Argument for (2.8.3): The strategy is to show that the Hamiltonian of the marginal
measure i (dz ) is uniformly strongly convex. The desired statement (2.8.3)) follows then
from the Bakry-Emery criterion. We will need the following approximation result, which we

will verify at the end of this argument.

Lemma 2.8.9. For all u € im NQY,,

[N (1 + 0 (%)) |7 . (2.8.5)

We start with observing the the Hamiltonian Hyy, of the measure X (dz, ) is given by

A dn®

(@) = ~log | expl=Hiclay +a1))da.
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Here as usual, dz| is the Hausdorff measure of appropriate dimension on V. Using defini-

tion ({2.7.3)) of Hy}?G, the last identity yields
F[WQ(ZL'J_) = KHYI%)G(QRQ;J-) —|—10gZ, (286)

where Z is a constant that accounts for different normalization constants. From Theo-

rem we know that HYR/?G is uniformly strongly convex, provided J is large enough. Now,

using (2.8.6)) we will transfer the convexity from F[Yéoc to Hy.. Applying Theorem [2.7.5| we

get by the chain rule that for J > J* and arbitrary u € T,,, W, C im KQ%,

(u, Hess ku (z1) U):rgcL w, = K{Qru,Hess HYRPG (Qrz1) QrU) 12

> 2K\ Qruli-

233) 1
BED 5y (1 40 (ﬁ» 2

1
—2) (1 +0 (ﬁ» ul?, ..

where we used estimate (2.8.5) with X' = RJ in place of N = M K. This yields the uniform
strong convexity of Hy,,. Thus, the Bakry-Emery criterion (cf. Lemma [2.8.4)) implies (2.8.3)

with constant ps = A

Proof of Lemma [2.8.9. By assumption u = NQ?%,3 for some 3 € Y79, so
NQy(QuNQjy) ™ Quu = NQjy S = u.

Using this and , we get

(Qumu, Quu)re
= ((QuNQ) ™' Quu, Quu)rz + ((idype —(QuNQY) ™) Qnru, Quru) 2

(NQy(QuNQ4Y) ™ Quu, u) 2 — |lidype —(QuNQhy) " | Qarul7a

1 1
> (uy g — O (7) ufZa = (1 e (?)) ulZe.

The reverse inequality is obvious. O

v
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Argument for ([2.8.4): This follows from the uniform C? bound of H.

Overall, we may hence apply Lemma which yields that for J > J*:

LSI() > 3 (o + (kA — Vo + (T RN — dpi)

which is bounded from below uniformly in K.

]

With Theorem [2.8.7 at hand, the proof of Theorem consists of another application
of the two-scale criterion (see Lemma [2.8.6)), which is very similar to the one in proof of
Theorem there we introduced an intermediate level by prescribing a global polynomial
as the constraint, here we will introduce an intermediate level by prescribing a spline on the

same mesh as the constraint.

Proof of Theorem [2.4.19. The key observation here is that Yj, is a linear subspace of Y;7¢,

which gives the orthogonal decomposition of the state space P~!(y) C Xy as
Ply)sz =z @z eVaW, (2.8.7)
where
Vi=kerQy N Xy, W,:=imNQ,, NP (y).

Now, following Definition we decompose p¥(dz|Px = y) with respect to the factor-
ization (2.8.7)) into the family of conditional measures {/LN(daf”\:cl)}M C P(V) and the
marginal gV (dz,|Pz, =y) € P(W,). In order to apply the two-scale criterion, it remains

to show that there are ppg, p > 0, independent of M (and hence N) and y, such that
Vo, € W, : LSI(u" (dxy|z1)) > ppe, (2.8.8)

and

LSI(zi" (dz |Pz, = y)) > p. (2.8.9)
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Additionally, we have to show that

1 1
— = sup |VyVw, Hyl> < k < 0, (2.8.10)
PDG P P-1(y)

for some constant s that is independent of N and y.
Argument for (2.8.8): This follows from Theorem and the representation
NN(dxll‘xi) = pN(dz|Que = Quzy).
Argument for (2.8.9): The proof follows the same strategy of the proof of (2.8.3) in the
proof of Theorem compute the Hamiltonian I:IWy of the measure ¥ (dz |Pz, = y),
relate it to [j[ylgG, transfer the uniform strong convexity of the latter to the former, and

apply Bakry-Emery criterion to get the desired statement with p := A. We leave the details

as an exercise.

Argument for ([2.8.10): This follows from the uniform C? bound of Hy.

Overall, we may hence apply Lemma which yields that for K > K*:

LSI(p™ (dz|Pz = y)) > p,

where the constant

(pDG + (1+ KA — V(ppe + (L+K)N)?2 — 4pDG)\).

N | —

pi=

is uniformly bounded from below in N. O
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2.9 Closeness of the gradients of the coarse-grained Hamil-

tonian and the macroscopic free energy

Our goal is to show that the gradient of the coarse-grained Hamiltonian Hy,, : Y3y — R

in (2.3.3) converges to the gradient of the macroscopic free energy H : L*(T) — R in

(2.2.14). As in the proofs of Theorems [2.3.6| and [2.4.12] the argument will go through the

intermediate space Y7 in (2.7.1). The argument will involve approximations by several
mesoscopic free energies on the spaces Yy, and Y79 introduced in this section. We begin

with the observation that the macroscopic Hamiltonian H has the dual formulation:

Hiy) = swp ({902 — (D)),

geL2(T)

where ©* : L*(T) — R is the function given by
1
o) = [ v (291)
0
and the supremum is attained by ¢ = ¢'(y).

This motivates the following definition of the mesoscopic free energy Hyjé)G on the space
Y2¢.
Definition 2.9.1. Let HYA/;I)G 1 YPC — R be the function given by
Hype(s) = sup (2 )iz — 3(2)),
2eY Q¢

where the function ¢% : Y% — R is a discretized version of ¢* in (2.9.1), given by

M
g715) 1 N
Z¢ ( / S(s)d >- 3 i) (2.02)
N
where 2™ € YPY m = 1,--- , M, are obtained by restricting 2 € Y2C to subintervals (cf.

@.74)).

The main ingredient of the proof is Lemma below which states that ﬁyﬁc is close

to Hype in C? for large K, which has been essentially established in Section The rest
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of the proof consists of arguing that Hy,, is close to I:IY]@G and H is close to Hypa. The fact
that H is close to [:[Y]gc follows from formula (2.7.9)),

L]\/I+1

H(y) = —— log/ exp(—=NHypa(y + 2))N LEMT (),

Y
and the fact that [:[Y]@G is uniformly strongly convex (see Lemma , and so the integral
on the right hand side concentrates around the minimum of I:IYA;;G for large K. The fact
that H is close to Hypc follows from the observation that as N'— oo the function ¢} given
by converges to the function ¢* and that as M — oo the spline space Yy, C L?(T)
approximates the full space L*(T). In the next section we collect the technical details for

this argument.

2.9.1 Auxiliary results

The first auxiliary result is that Hyjé)(} converges to HY]{?G in C? as K — oc:

Lemma 2.9.2. There exists K* such that for K > K* and for all M and z € Y}J¢,

_ 1
)HYAJ;[JG (Z) — HyﬁG(Z) 5 ?, (2.9.3)

_ 1
HVHYN,?G(Z) - VHyga(2)|| S (2.9.4)

_ 1
| Hess Hype(2) — Hess Hypa(2)|| < e (2.9.5)

Proof of Lemma[2.9.2 By Lemma [2.7.6] and Definition [2.9.1]

HYDG = ZwK m), HyDG = ZwK (m

Taking into account the different Euclidean structures on Y,2¢ and Y;”¢ as in the proof of

Theorem we see that the estimate (2.9.3) follows from (2.7.29)), the estimate (2.9.4))
follows from (2.7.30) and the estimate (2.9.5)) follows from (2.7.31)). O

The next auxiliary result is that the coarse-grained Hamiltonians Hy,, and ]:ijgc and the
free energies "Hngc and H are uniformly strongly convex. We summarize those results in the

following lemma.

78



Lemma 2.9.3. There are constants 0 < A < A < oo and Ky such that if K > Kq then for

all z € YO,

)\idyﬁc < Hess Hngc (Z) < Aidyjé:;c, (2.9.6)
Aidy]g@ S HeSS HYA?G (Z) S Aldy]gG, (297)
Aldype < Hess ¢y (z) < Aidype . (2.9.8)

Under the same conditions, for all z € Yy,

Midy,, < Hess Hy,,(2) < Aidy,, . (2.9.9)

Finally, for all z € L*(T),
Aidzz < Hess p*(2) < Aidpe, (2.9.10)
Aidz2 < HessH(z) < Aidpe. (2.9.11)

All inequalities are in the sense of quadratic forms.

Proof of Lemma[2.9.3 The estimate (2.9.6]) is given by Theorem The estimate ([2.9.8))
follows from ({2.7.16]), from which the estimate (2.9.7) follows by basic properties of Legen-

dre transform. The estimate (2.9.9) is given by Theorem [2.3.6f The estimates (2.9.10)
and (2.9.11) follow from the uniform strong convexity of ¥*, ¢* and uniform bound of

()", ()" (cf. R.7.13)). O

The next auxiliary statement shows a nice relation between the Hamiltonians Hy,, and HY]@G.
Recall that Yy := {z € Y79 : Pz =0}.
Lemma 2.9.4. For each y € Yy, there is a unique z* € Yj: such that
I:IYA/;[)G (y+z*) = zlerll%[ HYIQG (y + 2). (2.9.12)

It follows that VF[Y]GG (y + z*) € Y. Moreover,

1

IVH(y) — PV Hypo(y + 272 < %

(2.9.13)

D=
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Proof of Lemma[2.9.4 The statement (2.9.12)) follows from the strong convexity (2.9.6))

of HY]@G, applied to the affine subspace y + Y, and the second statement then follows

directly from this variational characterization of z*. Let us now turn to the verification

of (2.9.13). Taking gradient in ([2.7.9)) yields that

Vi) = [ PYHygoly+ 2oldedy)
Y,

M

where {v(-|y)} is the family of probability measures on Y} given by

v(dzly) = iexp ~NHypa(y+ 2) ) L5 (dz)
7 M

Y

for some normalization constant Z,. Now, the convexity bound (2.9.6) implies that

_ _ 2
PVHype(y+z) — PVHype(y+27)| < A%z — 7

A? I x
< 7<Z — 2", VHype(y + 2) = VHypa(y + 2°)) 12

A? _
= T<Z — 2*, VZHngG(y + Z)>L2’

where we used VHYIQGQ/ + z*) € Y)y in the last step. Thus, by Cauchy-Schwarz and inte-

gration by parts,
_ _ _ _ 2
VI ()~ PVHygely+ )P < | [PV, Bygey+2) = PV Hygoly -+ )] vldely
Y]M

S [ (=2 Vellygoly+ D)o vidl)
YL

M

11 _
=_——_ / (z — 2",V exp(—NHypa(y + 2))) 2 L5 11 (dz)
N Z, Yis M
1
== V-(z—z2"v(dz|y)
N Y]é
_dimYy; LM +1
-~ N N
which implies the desired estimate (2.9.13)). [

Let us introduce a mesoscopic free energy Hy,, on the spline space Y),.
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Definition 2.9.5. Let Hy,, : Yar — R be the function given by

Hyy, (y) = sup (v, )2 — on (D)),
JEY M

where ¥ (9) is given by (2.9.2)).

The next auxiliary statement shows a nice relation between the mesoscopic free ener-

gies My, and Hype.
Lemma 2.9.6. For each y € Yy, there is a unique 2* € Yy such that
Hypa(y +27) = zie% Hypa(y + 2). (2.9.14)
It follows that VHYIQG(y + 2*) € Yar. Moreover,
Hyi (y) = Hype(y+2")  and VHy, (y) = VHypa(y + 27). (2.9.15)

Proof of Lemma[2.9.6. The unique existence of z* follows directly from the strong convexity
of Hypa, and the second statement then follows directly from this variational characterization
of z*. Moreover, Hypc and Hy,, are defined as Legendre transforms of the same free energy
¢ in different mesoscopic spaces:
Hypa(y +2%) = sup (y+ 2", 2) 2 — oy (%)
zeY ¢

> sup <y7 2>L2 - QO*N(é) = HY]M (y)

Ze¥y

By basic properties of Legendre transform, the maximization problem in the first line has
the unique solution 2z = VHYIQG(Q + z*) and the maximization problem in the second line
has the unique solution 2 = VHy,, (y). But since VHypo(y + 2*) € Yay, it must also solve

the maximization problem in the second line. This verifies (2.9.15]). O

As a consequence of the results above, we deduce the following nice relation between the

mesoscopic free energies Hypc and Hype.
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Corollary 2.9.7. Let z* be as in (2.9.12) and z as in (2.9.14), then

1
|2* — 2|12 < e (2.9.16)
and
[] —% * 1

Proof. Argument for (2.9.16): Using the convexity bound (2.9.6) of I:IYZSG, the fact that

VHypa(y +2°) € Yy and VHypa(y + 2%) € Y (cf. Lemmas 2.9.4 and [2.9.6), and the

closeness between HyﬁG and Hype in C? (cf. Lemma [2.9.2)) , we obtain

1 _ _
2 = s < S (VHygoly + ) = Viypoly + 7). 5 = )i
1 _
X<VHYDG<Q +2") = VHypa(y + 27), 2" — 2%) 2
)1 1
5 N ?’5* — 2|12,

which yields the desired estimate.

Argument for (2.9.17): This follows from

IVHYIQG(?J“‘E ) — VHYDG(Q+Z )2

ZAE I/\E
—

[VHypa(y+2%) = VHypa(y + 27|12

Let us now introduce another mesoscopic free energy 7:[yM on the spline space Y),.

Definition 2.9.8. Let 7-AlyM : Yy — R be the function given by

Hyy (y) = sup (v, 9)zz — 0 (9)),
JEY M

where ©*() is defined in (2.9.1).

The next auxiliary result shows that VHy,, and VHy,, are close.
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Lemma 2.9.9. It holds that for any y € Yy,

- 1
[VHyi (y) = VHy, (W)le2 S 2 lylee. (2.9.18)

Proof. By basic properties of the Legendre transform, we have the duality relations

VHy, (y) = gn € Yar and P (Vo)) (In) =y, (2.9.19)

VHy, (y) =9 €Yy and P (V) (9) =y,

In particular, gy — ¢ € Yy and Vi (yn) — Vo' (9) L Y. Together with the convexity

bound (2.9.10) of *, this gives

Min — 9172 < (Vo' () — Vor (@), In — §) 2

= (V" (yn) — Von(Un), In — §) 12

< Vo (In) — Von@On)|e2lin — 9l (2.9.20)

Using the definitions (2.9.1)) and (2.9.2) of ¢* and ¢}, we find

V™ (in) = Ve (in)[72 (2.9.21)
N . i 2
- Z/_ W) (gn(0)) = () <N[_1 y?N(s)ds> do (2.9.22)
i=1"Y "N N
er3) N e i 2
S Z/ ?JN(Q)—N/ gn(s)ds| db (2.9.23)
-1/ =
1 a ﬁ A~ 2
< WZ/_ G (0)]° do (2.9.24)
i=1 N
1. M?
= vl = S lle (2.9.25)

where we used a Poincaré inequality on an interval of length % and then an inverse Sobolev

inequality (2.6.1)) on Y, from Section By the convexity bound (2.9.8)) of ¢% and the
fact that Vi (0) = (¢*)'(0) = 0 (see the discussion preceding Assumption L),
Miwlzz < (Ver(in) — Vo (0), gn) 1
= (PVon(Un), In) L2
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Eom) , . A
= (y,n) > < |yle2|in] L2,

and hence |gn|z2 < |ylr2 < |z|r2. Combining this with (2.9.20]) yields the desired estimate.

O
The last auxiliary result shows that V#y,, and VH are close.
Lemma 2.9.10. [t holds that for any x € L3(T)
\VHy,, (Px) — VH(x)|2 < %Ir!m- (2.9.26)

Proof of Lemma |2.9.10, By basic properties of the Legendre transform, we have the duality

relations
VHy, (Pz) =4 €Yy and P (Ve*)()) = Pu,

VH(z) =% € L* and (V™) (2) = x.

In particular, § — PZ € Yy and V*(y) — Ve*(Z) L Yy. Together with the convexity

bound ([2.9.10)), this gives

Ng = &[7. < (Ve*(9) — Vo' (2),5 — 2) 2
= (Vy"(9) = V¢'(2), PT — &) 12
< Alj — &|12|d — Pile. (2.9.27)

Now, by (2.6.3) from Section [2.6| and the uniform bound on ¢”,

. . . 1
‘I'— PI”L2 < —’.Z(}'|H1 = M|VH($)‘H1

1 1
N M|59$|L2 = M|x|H1>

since |VH(z)|m = |¢'(2)|m = |00 (2)|12 = |¢"(2)0px|r2. Combined with (2.9.27), this

gives the desired estimate.
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2.9.2 Proof of Lemma 2.5.2

Using the auxiliary results that were provided in Section [2.9.1] Theorem is straightfor-

ward to prove.

Proof of Theorem [2.5.2. For any ¢ € L(T) and y = P¢,

[VH(PC¢) = VH(Q)|r2 < [VH(y) = PVHypa(y + 2|2
PV Hypely + 2) — PVHypa(y + 2)|1s
+ |PVHypa(y + 2) = VHy,, (y)]r2
+ | VHy, () — VHy,, ()12

+ [ VHy,, () — VH(O)| 2.

The first term on the right hand side is estimated by (2.9.13)). The second term is estimated

by (2.9.17). The third term vanishes by (2.9.15). The fourth term is estimated by (2.9.18).
The fifth term is estimated by (2.9.26). Summing up yields the desired estimate (2.5.3). O

2.10 Proof of Proposition [2.7.14; a multivariate local

CLT

We now begin with the rather long and technical proof of Proposition |2.7.14 We recommend
the interested reader to first read the proof of Proposition 31 in [GOVW09]. As in the usual
proof of the (local) central limit theorem, we use independence and the Fourier transform to

obtain an explicit formula for g;4(0). This is the starting point of our further analysis.

Lemma 2.10.1. Let
h(m,z) = e_imz/eimum(daz) (2.10.1)
R
be the characteristic function of the centered version of the measure p,, giwen by (2.7.12)).
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Then g;5(0) can be represented as
1\ L+ J ) A
0) = [ — h : J26-~7)dE.
94,5(0) (27T> /RL+1 31;[1 (mjp, J72&-+7)dg
Proof of Lemma |2.10.1. Applying Fourier transform,
(2m) g, 5(0) = / / exp (1€ - u) gyp(u) dudé
RL+1 JRL+1

— /RL+1 /]RJ exp (ié- J(Qua — 5)) vy5(de) dg

:/ / exp (if- J%(le— /Ql.%y]75(d.%))> vyg(dx)d
RL+1 JRJ

J
E /Rexp (z Jz (JQ1E); (zj — mjﬂ)) i, 5 () dE

RL+1 °

RL+L %77

J
(210.1) 1 :
= I rOmys, J72 ¢ 47) de,
7j=1

as desired.

(2.10.2)

]

To continue from formula (2.10.2) we need two ingredients. The first ingredient is a

collection of elementary properties of the function h.

Lemma 2.10.2. We have the following bounds and decay properties for the function h and

its derivatives:

|h(m, z)| < 1.

Given € > 0, there is C. < 0o (uniform in m), such that for |z| > e:

1
< -
)| < e
For all z € R, m € R:
oh 0%h
—_— < —_— < 2.
‘am(m,z) < C(1+|z]), 8m2(m’z) < C(1+z]9)

There is 09 > 0 such that for z € [—dg, 0], m € R, we can express h as

h(m, z) = exp(—2* hy(m, 2)).
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Here, hy is a (complez-valued) function satisfying

ha(m,0) = —Var(,um)7 0 < ¢ < Re hy(m,z) <C Vz e [—dy, o], (2.10.7)
Oh, Oh, 0?hy
< J— < <
‘ P (m,z)‘ <C, o (m,2)| <C, o2 (m,z)| <C. (2.10.8)

The estimates of Lemma (2.10.2) should not be surprising as h(m,-) is just the Fourier
transform of u,, which belongs to the exponential family of a perturbed standard Gaussian

measure. For the proofs, we refer the reader to [GOVW0Y).

The second ingredient for the proof of Proposition [2.7.14] is a lower bound on the in-
ner products £ - 47 which enter into the second argument of h. This is new compared

to [GOVWO09].

Lemma 2.10.3. Fiz L+ 1 disjoint closed subintervals of [0,1] of length 1/(L 4 2), denoted
I, 1 <k < L+ 1. There exists a constant c, > 0 and an integer J, such that for J > J,,
each subinterval Iy, contains at least J/(L + 2) spins and, for every & € RETL there exists a

subinterval Iy on which
& > c|&|  for every spin 7€ Tie)- (2.10.9)

The proof is postponed to the end of this section. The strategy for the rest of the proof is
to split the integral on the right hand side of (2.10.2) into an inner and an outer part. We

will show that for sufficiently small § and for sufficiently large J (depending on 9)

li h(m, g, J 2 ¢ =0, 2.10.10
lim {|5|>J25}H| (mys, T2 € ~7)| dé (2.10.10)
h( ,J 2 d¢ < C, 2.10.11
/{Ig<m}H| (s, T4 € 7)| de 2.1011)
d ; 1
‘/|5<J 5 [T nimys, T3¢ %) de| > & (2.10.12)
2 j=1

J
lim || Hess / h(m;g, J_%f-vj) d§
J=s00 {‘£|>J%§} Jaiey 7P

‘ =0, (2.10.13)
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< C. (2.10.14)

J
Hess /{ H h(m;g, J73 §-v7) d¢ ‘

1
gl<I26} iy

The bounds for ¢;4(0) in (2.7.25) follows from (2.10.10) - (2.10.12). The bounds for the
Hessian in (2.7.27) follows from (2.10.13) and (2.10.14). The bounds for the gradient in

(2.7.26)) is then immediate from interpolation.

Let us assume for the rest of the proof that J > J,. First consider the outer integral from

(2.10.10). Recall that the interval Iy contains at least J/(L +2) spins (cf. Lemma [2.10.3)).
With this and the decay property (2.10.4) of h in mind, we set € := 6 ¢, and compute:

J
/{£|>J%5} [T1h0m;s, J7RE A7) de

J=1

([2.10.3) 1 .
S A | L
>J2 .
J

S G)

H : 1

T : d
1+ J72 ¢y O

<

{m = J%&} j:%elk@)

B L+2
[@-10.9) 1 53 1
< (—_1) Je / (—_1 > dg.
1+ eC: er>ay \1+ ¢, CHE|
This goes to 0 as J — o0.

For the inner integral from (2.10.11f) we use the representation of h via hy in Lemma|2.10.2

For this purpose, we assume from now on that

0 <d and § max V| < . (2.10.15)
Jj=1,.,
We compute :
J ) ’
/ L e, T2 647 dé
{‘€|SJ75} j=1
J

[©-10.6),[@.10.15)

) AI& sha) [T lexp (= (J72&-47)% ha(myp, T2 &-+7))] d€
<J2 j=1

[2:10.9),(2-10.3),[@2.10.7)

Lelg}
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J
= exp | —cJ ' —=¢ §2> d&
/{IESJ%} ( L+2 v 1¢]

1
< — 21612 ) d
< e (o)

which is finite. Note that here we really need that the number of spins in I is of order J,

whereas arbitrary growth to infinity of this number suffices for the previous estimate.

We next turn to the lower bound (2.10.12]):

J

‘/Iéﬁ(léé} ]1_[ hlmy g, J72 € ) dE

=1

J
— ' / . exp (— (Jfé &-47)? ho(mgs, Jo2 §- ’Yj)> d§
g1<I25} =

7j=1

{-10.7) J 1 9
> / o oexp | — (J72&-97)" ha(m;3,0) | d§
{iel<r26} st
51

J

. /{mé} o <_

J
exp (— N (T A [halmys, T2 E A7) - h2(mjﬁ=0)]> -1
j=1

N >
Vv
Sa

(J72 € 97)? ha(myg, 0))

7=1

d¢.

We estimate the terms Sy, S5 as (using | exp(z) — 1| < exp(|z]) — 1):

o) B0D - @107),@109) 1
exp (—C’ mJaX Y 1°1€] ) < 5 < exXp <_CL—+2 Cy €| ) )

(£108),(-10.15)
So <

exp (|¢]? max |v[2Cdy) — 1.

Set Oy = ¢4 ¢ and Oy := max; [7/|*C. We thus find:

Sid¢ — S159d€
/{asﬁé} : /{asﬁa} v

S / 6_C2|§‘2 de — 6—01\§|2 (60250\&2 _ 1) dg.
B {Ié\SJ%&} RE+1

Now, we choose dy (and accordingly §) small enough to ensure that the first integral dom-

inates the second integral for large J. This implies (2.10.12)) for all sufficiently large J.
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Let us now turn to the terms that involve derivatives with respect to 5. We first compute
V g55(0) and Hess g;5(0) starting from (2.10.2). The interchange of differentiation and
integration will be justified by the bounds developed below, relying on pointwise bounds for

the integrands. From now on, we write [j] := (m;g, J ~2¢ - ~7) for short. We have:

1 Vass0) = [ 30 S TT Al Vi

=1 n#j
and
(27)5*! Hess gs5(0) (2.10.16)
J
9%h .
- /L+1 Z 0m2[‘7] Hh[ ] vm]ﬁ®vm]5d§
= n#j
! on
i / Z Z H h[n] Vim;g @ Vm,, g d§
R G=1 v n#j.p
Y
+ /]RL+1 ; 8_m[‘7] gh[n] Hess m; g d€.

We will need the following auxiliary statement.
Lemma 2.10.4. It holds uniformly in j =1,...,J and (3 that
|Vm; 5| < C, (2.10.17)

| Hessm; g|| < C. (2.10.18)

The proof is postponed to the end of this section. From now on we write éj = J’%f I

for short. Denote O := {]£| > Jéé}. The outer integral of (2.10.13)) becomes

l

W ‘Hm e+ |

1| e tl| T o0l

n#j,p

J
Hess / H h(m g, Jf%f ) dg
0 i

N

/zz

J=1 p#j

)| TT ekl e

n#j
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em_gm3 146 1+ [g)
[e T +|§|Oldf+/Z e

j= 1n#]n€]( j= lnyé]nel(

(L4 D0 +16)
AR

J=1 p#j n#jp G el

[.10.9)

S JAﬂ]H_L_3/ B(S)L+2 df—l—maX|’7j|2ALJ+2_L_5/ |5|2 B(f)L+4 d£
(0] J (0]

+J2ALi2—L—4/

B(€)M2 de + ] max | [PATHR L / € B(e)"+ de
0] J 0]

7% max|y | ATt / €| B(e) de,
J o)

where we write for short

1 1

- ——— B():= 1 .
e

In the last step, we have collected like terms after application of the estimate . We
also used Young’s inequality once. Observe that we always left exactly enough of the factors
that were at our disposal, i.e. J/(L+2)—1and J/(L+2)—2 respectively, inside the integral
to ensure integrability. Performing a change of variables just as in the last step of the proof

for (2.10.10)), we find that the right hand side goes to zero as J — 0o because exponential

decay beats polynomial growth. This proves (2.10.13)).

For the inner integral of (2.10.14]), we again use the representation via hsy from (2.10.6)).

In this case, we have the following formulas for the derivatives with respect to m:

Oh , Ohy

0%h 0%h oh ?
S (m,z) = (—22 8m22 (m,z) + z* (8773 (m, z)) ) h(m, z).

Denote [ := {|£[ < J%(S}. Using the bounds from (2.10.8)), we find

H‘+§

J
Hess [ ] mya. 74e-o7) ag
I
Eom)-EuE [
<
[ (

0%h,
om?2

c2
j

~Y

)H|exp _2hafn])] de

j=
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| L1 lexp(=&haln))| dé

/z

' ’8h2

j=1 p#j
H | exp(—E2ha[n])| d¢
n=1
@108, E107) |
< max|y? / Pep | —est S jepe | a
J I

n:% Efk<§)

g max | [ e [ —er Y g | de
J I

n:% € Iy(e)

< [ e+ (—ed i) de

which is finite. This completes the proof of Proposition [2.7.14] up to the verification of
Lemma, and Lemma,

Proof of Lemma [2.10.5. After approximation of (2.7.34]), this reduces to the following ele-

mentary geometric property of the curve v defined in (2.7.33)): for ¢ € R+, define

wi(§) = Inf [€- (1),

tely
then there exists a constant ¢, > 0 such that for all £ € S¥,
max wp(§) > 2¢,y, (2.10.19)
+
where ST denotes the unit sphere in RF+1,

Argument for (2.10.19): The function wy, : R“** — R is continuous for all k = 1,..., L +1,
so the same is true for w := maxj,wy. As S” is compact, for it only remains to
show that w is strictly positive on S*. But for ¢ € S*, £ - v is a polynomial of degree < L
that is not identically zero by independence of the basis polynomials f;. Hence, it has at

most L zeros in [0, 1], which implies w(£) > 0 by pigeonhole principle. O

Proof of Lemma |2.10.4 We recall that
mjp = / z exp(—y*(m;g) + mjpz — P(2)) dz.
R
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Standard calculation yields

:
Vg —= Var(im, ;) Vg,

Hessm; g = Var(,umm) Hessm; g + (/ (z — mj,/g)?’ ,um].,ﬂ(dz)> Vi, ® Vin,g.

By the uniform estimates on Var(u,) and [ (z — m)? u,(dz) in (2.7.13) and ([2.7.14), it

remains to bound Vim; 3 and Hessm;g. Note that
~ ‘b Amaz ] " T 1 T
mis = (B ) = (VY(8),7) = 0,5¢5(8),

where 0, denotes n-directional derivative. Thus for any n € REFF!:

(Vi g,m) = 0y0,595(8) < || Hess vyl|nl|7],

(Hess 1iv g1, ) = 030,35 (8) < || D>y |lInf?|].

Since |y7| is uniformly bounded (cf. (2.7.34)) and the Hessian and 3rd derivative of ¢, are
uniformly bounded, this concludes the proof of (2.10.17) and (2.10.18)). n
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Chapter 3

Ergodicity of the infinite swapping
algorithm

Sampling Gibbs measures at low temperatures is an important but computationally chal-
lenging task. Numerical evidence suggests that the infinite-swapping algorithm (isa) is a
promising method. The isa can be seen as an improvement of the replica methods. We
rigorously analyze the ergodic properties of the isa in the low temperature regime, deducing
an Eyring-Kramers formula for the spectral gap (or Poincaré constant) and an estimate for
the log-Sobolev constant. Our main results indicate that the effective energy barrier can be
reduced drastically using the isa compared to the classical overdamped Langevin dynamics.
As a corollary, we derive a deviation inequality showing that sampling is also improved by
an exponential factor. Finally, we study simulated annealing for the isa and prove that the

isa again outperforms the overdamped Langevin dynamics.

3.1 Introduction

Sampling from Gibbs measures at low temperatures is important in science and engineering.
It has a variety of applications including molecular dynamics [And80, [CS11] and Bayesian
inference [RCOD, (GSCT13|. Usually, sampling at low temperatures is slow due to the fact

that at low temperatures energy barriers in the underlying energy landscape are large. This
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traps the stochastic sampling process and slows down sampling.

A lot of effort has been made to accelerate sampling at low temperatures and there are
many competing methods. One of them is the replica exchange method which is also known
as parallel tempering. In the simplest version of a replica exchange method, one considers
two independent copies of the underlying dynamics. One copy evolves at the desired low
temperature 7, > 0 and the other copy with a higher temperature 1 > 7 > 7y. At random
times the positions of both particles are swapped. This approach has the advantage that the
particle at a low temperature correctly samples the low temperature Gibbs measure whereas
the particle at a high temperature can explore the full state space discovering the relevant

states of the system.

Replica exchange methods and parallel tempering have been applied successfully in many
different situations and they seem to accelerate sampling in low-temperature situations quite
well. To the best of our knowledge, almost all evaluations of the performance of those
methods are empirical and numerical. In an attempt to study the sampling performance
of parallel tempering via large deviations, it was discovered that the large deviation rate
function is a monotone function of the swapping rate (see [DLPD12]). It means that sampling
can only improve as the swapping rate increases. This led to the discovery of the infinite
swapping algorithm /process (isa), which can be interpreted as the limit of parallel tempering
when swapping the particles infinitely fast (see [DLPDI12|, or Section for details).
Formally, given the underlying energy landscape H : R™ — R, the isa is defined as the
evolution of two particles X! and X? varying between two different temperatures 0 < 7 <

Ty, given by the stochastic differential equations (SDEs):

dX} = —-VH(X})dt +/2np(X}, X?) + 2m2p(X7, X[}) dB} |

(3.1.1)
de = —VH(XE) dt + \/QTgp(th, Xf) + ZTlp(th, th) alBt2 ,
with
(a1, 29) 1 H(xy) H(xg)
plor, 72) (21, x9) + w(22, 1) and - 7(z1,22) A exp( T Ty ’
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where Z is the normalizing constant making 7 a probability measure. Numerical and heuristic
studies [DDNT7] indicate that there is an exponential gain when using the isa for sampling
instead of the classical overdamped Langevin dynamics. However, no rigorous result has

been established so far.

In this work we take the analysis of [DDNI7| to the next level. We carry out the first
rigorous study of the ergodic properties of the isa at low temperatures. Under standard
non-degeneracy assumptions, we deduce the low-temperature asymptotics for the Poincaré
constant and a good estimate for the log-Sobolev constant of the isa (see Theorem m and
Theorem below). In the context of metastability, those type of formulas are also known
as Eyring-Kramers formulas. Comparing our results to the Eyring-Kramers formula for the
overdamped Langevin dynamics (see e.g. [BEGKO04, BGKO05l [MS14]) we have an exponential
gain: the effective energy barrier of the underlying energy landscape H only sees the higher

temperature 7. We also give indications that the result of Theorem is optimal.

To the best of our knowledge, this is the first time that an Eyring-Kramers formula was
derived for inhomogeneous diffusions. The reason is that usually, if the diffusion coeffi-
cient ¢ is inhomogeneous, the stationary and ergodic distribution p is unknown. But for
the isa , the ergodic distribution p is explicitly known. It is given by u(xi,zs) =
2 (m(z1, x2) + m(22, 21)). This makes a rigorous analysis of feasible.

For the proof of Theorem [3.2.3]and Theorem [3.2.4] we follow the transportation approach
of [MS14]. There are several other methods which could be used to deduce the Eyring-
Kramers formula for the Poincaré constant. For example, one could consider to adapt the
potential theoretic approach (see [BEGKO04, BGKO035|) or the approach using semiclassical
analysis (see [HKNO04, [HNO5|, [HNOG|). However, it seems that only the approach of [MS14]
is robust enough to deduce good estimates for the log-Sobolev constant. This is important

for our applications to sampling and simulated annealing.

In the first application, we apply the main results to study the sampling properties of

the isa and compare it to the overdamped Langevin dynamics. It is well known that the
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Poincaré and log-Sobolev constants characterize the rate of convergence to equilibrium of
the underlying process. It is also known that Poincaré and log-Sobolev inequalities yield
deviation inequalities (see [CGOS8, WY08| and references therein). Hence, our main results
yield a precise quantitative control on the convergence of the time average to the ensemble
average, quantifying the ergodic theorem. As a consequence, we conclude that sampling
at low temperatures using isa is exponentially faster than using the overdamped Langevin

dynamics.

In the second application, we study simulated annealing for the isa and compare it to
simulated annealing for the overdamped Langevin dynamics. Simulated annealing (SA) is
an umbrella term denoting a particular set of stochastic optimization methods. SA can be
used to find the global extremum of a function H : R® — R, in particular when H is non-
convex and n is large. Those methods have many applications in different fields, for example
in physics, chemistry and operations research (see e.g. [vLA87, [KAJ94, [Nar99]). The name
and inspiration comes from annealing in metallurgy. It is a process that aims to increase the
size of the crystals by a process involving heating and controlled cooling. The SA mimics
this procedure mathematically. The stochastic version of SA was independently described
by Kirkpatrick, Gelatt and Vecchi [KGV83] and Cerny [C85]. See Section for details

on simulated annealing.

Replica exchange and parallel tempering have been successfully applied to simulated an-
nealing (see e.g. [KZ09, LPAT09|). Because the isa has better ergodic properties than parallel
tempering, there is big hope that the isa can produce even better results. Additionally, our
main results show that the isa mixes much faster than the overdamped Langevin dynamics.
Therefore, one expects that the isa also outperforms the overdamped Langevin dynamics for
simulated annealing. In this work, we show that this is indeed the case, though it is unclear
from our theoretical study whether the isa could compete in practice with state-of-the-art
methods for simulated annealing, e.g. methods based on Lévy flights [Pav07| or Cuckoo’s

search [YDO9).
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3.2 Setting and main results

We start by discussing how the isa emerges as the weak limit from parallel tempering. Then
we introduce the precise setting and non-degeneracy assumptions. After this we present the
main results of this work, the Eyring-Kramers formula for the Poincaré constant and a good
estimate for the log-Sobolev constant for the isa. We also give indications that the Poincaré
constant is optimal. We close this section by discussing two applications: sampling Gibbs

measures at low temperatures and simulated annealing.

3.2.1 Infinite-swapping as the weak limit of parallel tempering

Before describing parallel tempering, let us consider a simpler situation: a single diffusion
on an energy landscape given by a sufficiently smooth, non-convex Hamiltonian function

H :R" — R at a single temperature 7 > 0, given by the SDE
dé, = —VH(&)dt + V27dB,,
where B, is a standard Brownian motion on R™. The generator of the diffusion is
L..=7A—-VH.-V.
The associated Dirichlet form is

E-(f) = /n(—LTf)fdyT:/ 7|V f P dv”

n

and the Fisher information is

L (f*) = 26, (f).

Under some growth assumptions on H (e.g. those of [MS14, Section 1.2]), this process

(known as the overdamped Langevin dynamics) has an invariant measure given by

V7 (2) = — exp (— H(‘T)) , (3.2.1)

z7 T
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where Z7 is the normalization constant. Due to the non-convexity of H, this process shows
metastable behavior at low temperatures 7 in the sense of a separation of time scales:
e In the short run, the process converges fast to a local minimum of the energy landscape.
e In the long run, the process stays near a local minimum for an exponentially long time
before it jumps to another local minimum.
In the previous work of [MS14], this behavior is captured by explicit, low-temperature asymp-
totic formulas (known as Eyring-Kramers formulas) for the two constants p, « > 0 appearing

in the following two functional inequalities for the invariant measure v7: the Poincaré in-

equality (PI(p))
Var,-(f) := /(f - /deT)QdVT < %&ﬁ(f)

and the log-Sobolev inequality (LSI(«))

Ent,-(f?) := /f2 log WdVT < lzw(f)

«

holding all smooth functions f : R" — R.

In the present work, we extend these results to a non-homogeneous diffusion, the “infinite
swapping process”. It arises from parallel tempering, which we now introduce. Given two
temperatures 0 < 7 < 7, < 1, 9 > K7y for some K > 1, define two product measures on
R™ x R"

7t (xy, 20) == v (212 (x0), T (21, T2) 1= V(11 ().
Let us identify the symbol 0 = +, — with the identity and swap permutation on {1,2},

respectively. Then 77 is the invariant measure of the following SDE:

dX1 = —VH<X1> dt + 4 /27’0(1) dBl y
ng = —VH(XQ) dt + \/ 27'0(2) ng s

where B := (Bj, Bs) is a standard Brownian motion in R” x R". Its generator is
PO T x
L, := LTi(l) + LTj@)
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and the associated Dirichlet form is

Eno(f) = /R =L

= Ei}_a(l) 5520'(2) <f) + ]Eigo'@) 5;07}0'(1) (f>

= Ero (7o) [ Var fI* + To2)| Vi 7).

The idea of parallel tempering is to swap between the positions of X; and X,. At random
times X is moved to the position of X5 and vice-versa, so the resulting process is a Markov
process with jumps. To guarantee that the invariant measure remains the same, the jump
intensity is of the Metropolis form a g(xy, z5), where the constant ‘a’ is the swapping rate
of the parallel tempering and ¢ = min (1,7~ /7). The resulting process is denoted by
(X2(0), X3(2)).

Intuitively, larger values of ‘a’ lead to faster convergence to equilibrium. However, the
process (X{(t), X4(t)) is not tight so it does not converge weakly as a — co. The key idea
of [DLPD12| is to swap the ‘temperatures’ of (X, X3) instead of swapping the positions.

Precisely, they consider the following process

dX| = —VH(Xy)dt + /211 ga_g + 2151 oy dBy ,

d72 = —VH(X2> dt + \/2T2]12a:0 + 27'1]lza:1 ng 5

where Z® is a jump process which switches from state 0 to state 1 with intensity a g(X;, X5),
and from state 1 to state 0 with intensity a g(X5, X;). It was shown in [DLPDI2| that as
a — 0o, the process (X1(t), X5 (t) converges weakly to the infinite swapping process, whose

dynamics is governed by the SDE:

Xm = —VH(Xl) dt + 2&1(X1,X2) dBl >
dX2 = _VH(XQ) dt + \/ QGQ(Xl,XQ) dB2 X

(3.2.2)

where the diffusion coefficients a, ay are given by

ay = Tlp+ +71p and ay = 72p+ +1ip
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Tt -

where p 1= and p~ = T

Tt 47 mt 4+ 7=

The invariant measure of this process is the symmetric measure
po= (@t + 7). (3.2.3)
The generator of this process is
L:=pTLy+p L.=-VH(x,) Vy —VH(x3) Vg, + a1, + asl\,,.

The associated Dirichlet form is

1

&)= [(LDfau= 56 () + 38 (D = [ YV fPdn
k=1

and the Fisher information is

T.(1?) = 26.()). (3.2.4)

3.2.2 Growth and non-degeneracy assumptions
In this work, we use the same assumptions on the potential H as in [MS14, Section 1.2].
These assumptions are standard in the study of metastability (see e.g. [BEGK04, BGK05]).

Definition 3.2.1 (Morse function). A smooth function H : R" — R is a Morse function,
if the Hessian V?H of H is non-degenerate on the set of critical points. That is, for some

1 < Cqx < o0 holds
VieS:={zeR":VH=0}: |C§_| < ‘VzH(x)ﬂ < Cylgl. (3.2.5)
H
We also make the following growth assumptions on the potential H to ensure the existence
of PI and LSI.

Assumption 2 (PI). H € C*(R",R) is a nonnegative Morse function, such that for some

constants Cyg > 0 and Ky > 0 holds

llin‘ainf]VH\ > Cy, (3.2.6)
x| —00
liminf ([VH]> = AH) > —Ky. (3.2.7)

|z|—o00
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Assumption 3 (LSI). H € C*(R",R) is a nonnegative Morse function, such that for some

constants Cyg > 0 and Ky > 0 holds
H(x)]? — AH
g L VA @) (x)

|z| =00 ‘l’|2

inf V2H(z) > —Ky.

v

CHv

Remark 3.2.2. Assumption[q has the following consequences for the potential H :
o The condition (3.2.0) and H(z) > 0 ensures that e~ is integrable and can be normal-

ized to a probability measure on R™ (see [MS14, Lemma 3.14]). Hence, the probability
measures V™ (and therefore nt m~ and p) are well defined.

e The Morse condition together with the growth condition ensures that the
set § of critical points is discrete and finite. In particular, it follows that the set of
local minima is a finite set M = {my,...,my}.

e Together with the rest of Assumption @ the Lyapunov-type condition leads to a
local PI for the Gibbs measures v™ (see [MS14, Theorem 2.9]).

Similarly, Assumption [3 yields the following consequences for the potential H.
e [t leads to a local LSI for the Gibbs measures v™ (see [MS14, Theorem 2.10]).
o Assumption [3 implies Assumption [d, which is an indication that LSI is stronger than

Pl

To keep the presentation clear, we also make some non-degeneracy assumptions on the

potential H. The saddle height I/-j(mi, m;) between two local minima m,;, m; is defined by

}A[(ml-,mj) = inf { max H(y(s)) : v € C[0,1], v(0) = my, v(1) = mj} :

s€[0,1]
Assumption 4. Let mq,--- ,my be the positions of the local minima of H.
(i) my is the unique global minimum of H, and my,...,my are ordered in the sense that

there exists & > 0 such that

H(my) > H(my_1) >---> H(mg) >0d and H(my)=0. (3.2.8)

102



(it) For each i,j € [N] := {1,...,N}, the saddle height between m;, m; is attained at a
unique critical point s;; of index one. That is, H(s;;) = f-\[(mi, m;), and if {1, ..., A\, }
are the eigenvalues of V2H(s;;), then \y =: A\~ <0 and N\; > 0 fori € {2,...,n}. The
point s;; is called the communicating saddle point between the minima m; and m;.

(iii) There exists p € [N] such that the energy barrier H(s,) — H(m,) dominates all the

others. That is, there exists § > 0 such that for all i € [N]\ {p},
E, .= H(sp) — H(myp) > H(si) — H(m;) + 6.

The dominating energy barrier E, is called the critical depth.

3.2.3 The Eyring-Kramers formula

Our main results are the Eyring-Kramers formula for the Poincaré constant and a good
estimate for log-Sobolev constant for the isa. Here a crucial new feature occurs in comparison
to the usual overdamped Langevin dynamic. The lower temperature cannot be arbitrarily
small and there is an effective restriction on the ratio between the two temperatures 7 and

5. We comment on this observation in Subsection [3.2.4

Theorem 3.2.3 (Eyring-Kramers formula for the Poincaré constant for the isa). Assume
that 79 > K7 for some constant K > 1. Let p be the invariant measure of the infinite
swapping process defined by (3.2.3). Suppose that the potential H satisfies Assumptions @

and[f] Then the Gibbs measure u satisfies the Poincaré inequality

VmAﬂS%&U%

with the constant p satisfying

1< 1 27r\/] det V2H (s1)]
p = /[det V2H(m,)] A~ (5p1)]
y eXp(H(Sp1)T—2H(mp>> (1 i O(\/T_2|10g7'2|g)> +0(1)®, (:-i) ) (3.2.9)
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Here A\~ (sp1) is the negative eigenvalue of the Hessian V2 H (sp1) at the communicating saddle

point sp1, and ®,, : [1,00) — [0,00) is the function

1 forn =1,
Q,(r) =4q1+logx forn =2, (3.2.10)
1L+2072/2 forn > 3.

Theorem 3.2.4 (Estimate for the log-Sobolev constant of the isa). Assume that 75 > K1y

for some constant K > 1. Let p be the invariant measure of the infinite swapping process
defined by (3.2.3). Suppose that the potential H satisfies Assumptions (3 and[f} Then the

G'ibbs measure p satisfies the log-Sobolev inequality

Bty (f) < (1), (3.2.11)
with
2 o (H(m,)  H(m,) 1 2m\/| det V2H (1)
o S ( n ) VI det V2H (m,)] A~ (5p1)]
X exp(H(Spl) 7_2 H(mp)) <1 + O(\/72 |log TQ\%)> +O0(m H®, (Z—j) : (3.2.12)

Here, N is the number of local minima of H, X~ (sp1) is the negative eigenvalue of the Hessian

V2H (sp1) at the communicating saddle point sy, and ®,, is the function defined in (3.2.10).

Remark 3.2.5. If we can ensure that 71 is not too low compared to 1o, e.g. imposing a
condition like

1

T > €_O<E>

Y

then the error terms involving ®,, (:—f) in (3.2.9) and (3.2.12)) become negligible, as can be

seen from the form of the function ®,. (In fact, this restriction can be entirely dropped in

o( 75
dimension n = 1, and relazed to 71 > e~ ¢ (%) in dimension n = 2.) Then in this regime

of temperatures 11,72, the estimates (3.2.9) and (3.2.12)) for the isa essentially reduce to

the corresponding Eyring-Kramers formulas for the overdamped Langevin dynamics at the
higher temperature o, given in [MS14, Corollary 2.18]. For the Poincaré constant this is

true to the exact pre-factor, and for the LSI constant this is true to the leading exponential
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order. Because we choose 7o > KTy, this means that the effective energy barrier H(m,) —

H(my) is reduced by a factor of K > 1.

More precisely, the estimate we give for the LSI constant differs from the one in |[MS1,
Corollary 2.18] (with temperature set to be 1) by two additional factors: first, we have
H(my,)/m instead of H(my,)/m in the pre-factor, which amounts to an additional factor of
To/T1; and second, we also have a combinatorial factor on the order of N*. Below, we show
the change from H(m,)/T to H(m,)/T is necessary in a generic one-dimensional case.
However, presently we do not know whether the combinatorial factor is necessary. It would

be interesting to study whether this factor of N? can be removed from the LSI constant.

3.2.4 Dependence on the ratio between temperatures

The following proposition shows that the dependence on 7/7 in the Poincaré and LSI
constants of the isa is necessary and the formula of &, that describes this dependence is

close to being optimal.

Proposition 3.2.6. If 7,71 /7o are sufficiently small, then for every n > 0, there exists a

constant C,, > 0 such that

sup Var,(f) S C,y(1o/m1)E=M0=2/2 " for n > 3,
reriny Eu(f) 7 |log(r2/m) formn =2.

3.2.5 Optimality of the Eyring-Kramers formula in dimension one

For the overdamped Langevin dynamics, the corresponding Eyring-Kramers formula for
Poincaré inequality has been shown to be optimal. For the isa, the Poincaré constant of
(3.2.9) is optimal in a generic one-dimensional case. This gives a strong indication of opti-

mality in higher dimensions.

Proposition 3.2.7. Assume that 75 > K11 for some constant K > 1. Assume n =1, and

H has three critical points: two minima my < me with H(my) =0 < 3§ < H(ms) and a local
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mazimum s in between. Then

: Eulf)
fegllf(u) Var,,(f)

<p
where p 1s given by the asymptotic formula (3.2.9)).

For the overdamped Langevin dynamics, the corresponding Eyring-Kramers formula for
LST inequality has been shown to be optimal in the one-dimensional case. For the isa, we do
not expect the LSI constant of (3.2.12) to be optimal. However, up to some combinatorial

factor in N, it has the asymptotic behavior for a generic one-dimensional case.

Proposition 3.2.8. Assume that 75 > K11 for some constant K > 1. Assumen =1, and
H has three critical points: two minima my < me with H(my) =0 < 6 < H(ms) and a local

mazimum s in between. Then

I 2
fert(w) Ent,(f?)

where « is given by the asymptotic formulas (3.2.12)).

3.3 Proofs of main results

3.3.1 A two-time-scale approach to Poincaré and log-Sobolev in-
equalities
Our overall approach follows that of [MS14|, which was via a decomposition of the state

space R™ into an “admissible partition” of metastable regions {;}, for the Gibbs measure

v™ defined in (3.2.1), as described below.

Definition 3.3.1 (Admissible partition). The family {0}, with Q; open and connected is

called an admissible partition for H if

(i) for each i € [N], the local minimum m; € €Y,
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(ii) {Q YN, forms a partition of R™ up to sets of Lebesque measure zero,

(11i) The partition sum of S; is approzimately Gaussian. That is, there exists 7o > 0 such

that for all T < 79, for i € [N],

V()27 = /Q exp (— Hix)>dx

r)"/2 me
- \/%H(m)e}{p (_@) (1+O0(W/rllogr[*?)).  (3.3.1)

Remark 3.3.2. A canonical way to obtain an admissible partition for H is to associate to

each local minimum m; for i € [N] its basin of attraction with respect to the gradient flow

of H. That iS,
i " t X It t), Y0 .

However, as in [MS14], to facilitate the proof, we choose instead the basins of attraction for

the gradient flow of a suitable perturbation of H (see Section [3.3.2)).

Suppose {;}Y, is an admissible partition in the sense of Definition [3.3.1 Define local

measures on R"

> (3.3.2)

r o V/det V2H (my) ~ H(mi) 3/2
Z .—V(Ql)—\/mexp( — )(1—|—O(\/?|log7| ).

This induces a decomposition of the measure g on R” x R" as

1 _ 1 1, =
p=gr )= > 3 Zimi + ) 3%ii i (3.3.3)
(4,9) (4:9)

)

where Z;J“- = ZZ-”ZJTQ,Z; = Z?Z]T1 and

1
71';;(1}1,%2) = E’/TJF(.%D.TQ) QixQ; = ViTl (.1'1)1/;—2(1'2),
ij
_ L
T (w1, 12) = 7= (21, 22)[Qix0; = Vi (x1)V] (72).

ij

The following results are read from [MS14, Lemma 2.4 and Corollary 2.8].
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Lemma 3.3.3 (Decomposition of variance). For the mizture representation (3.3.3) of the

Gibbs measure p, and a smooth function f :R" x R — R, it holds

Var,(f) = 5 37 75 Var,. (1) + % 32, Var,_(f) (3.3.4)
m’) ¥

b2 2B () ~ B (N4 1 3 25 2By () — B (1) (335)

1Yz <Eﬁ;j<f> ~E.. (M), (3.3.6)

where the second line is summing over unordered pairs (i,j) # (k,l) and the last line is

summing over ordered pairs ((i,j), (k,1)).

Lemma 3.3.4 (Decomposition of entropy). For the mizture representation (3.3.3) of the

Gibbs measure p, and a smooth function f :R" x R® — R, it holds

Ent,,( Z Z,5 Ent ( Z Z- Ent_- (3.3.7)

Ll Z 3 A(Z+ o = 2 77 | Zivar () (338)

(6.3) \(kD#(0.5) w7 (k1) ”’

Zy Z _
+ Z > ﬁJrzm Zj; Var - (f)  (3.3.9)

A
(0.4) \(kDA) "~ CHRREA
Z5 74

e v e 7oy B (D~ B (1)) (3.3.10)
2 Z A7 ZWZM ) w;j (f) — o (f))? (3.3.11)
T35 Z AZ % Z (f) - En;l ()% (3.3.12)

zy’
where the second to last line and the third to last line are summing over unordered pairs

(1,7) # (k,1) and the last line is summing over ordered pairs ((i,7), (k,1)).

The local variances appearing in (3.3.4), (3.3.8) and (3.3.9) and the local entropies ap-
pearing in (3.3.7) are dealt with by Poincaré and log-Sobolev inequalities for local product

measures.

108



Lemma 3.3.5 (Local PI for «f;). Under Assumption@, gien Ty small enough, there exists
an admissible partition {Q}N, such that for all T < 7o, , for all smooth functions f :

R" x R* - R
B-3.13)

Varﬁfj (f) < O(l)Eij (TU(I) |v$1f’2 + 7-0(2)|v902f|2>'

Lemma 3.3.6 (Local LSI for nf;). Under Assumption @ for all smooth functions f : R™ x

R* - R

Entﬂ-g (fz) S O

J

(DEag (IVar fI* + [ Vao /7).

We defer the details of the proof of Lemmas [3.3.5] and [3.3.6] to Section [3.3] They are based

on the simple product structure of the measures 77; and an adaption of the local Poincaré

inequality [MST14, Theorem 2.9] and the local LSI inequality [MS14, Theorem 2.10]. Tt follows

that

27 Vatgg (f) < O(1)Ere ()[4 % Q), (3.3.13)

Z5 Entrg (f) < O(11 1) Ere ()% X Q).

Here and below, for a Dirichlet form £(f), we denote E(f)[€?] to be the Dirichlet integral

with region of integration restricted to 2.

To deal with the mean-differences appearing in (3.3.5)) and (3.3.10)) - (3.3.11)), we will apply

the mean-difference estimate from [MS14, Theorem 2.12|, which allows us to transport in one
of the variables x1, x5 at a time from one metastable region {2; to another metastable region
. However, in order to ensure we only get exponential dependence on 1/, rather than
1/7 in the Eyring-Kramers formula, we can only transport in the high-temperature variable,
and not in the low-temperature variable. This allows us to deal with mean-differences of the

type between w;; and 7;;, or the type between m;; and ;.
Lemma 3.3.7 (Mean-difference estimates for 7.5, 77 and for 75, 7).

Zi (B f =B )* S OF - Exe (£)I x R, (3.3.14)
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Zii(Be f =B /) S O Ex- ()R x Q4 (3.3.15)

where

. 1 27 \/det V2H (s1;) exp (H(Skj) - H(mk)).

M Jdet V2H (my) A~ (s1)] T2
Here and below, &~ (resp. ) means equality (resp. less than or equal) up to a multiplica-

tive factor of 1 + O(y/Ta|log 72|%/?).
Proof. For the first estimate, applying Cauchy-Schwarz and [MS14, Theorem 2.12|, we get
ZH(E, ] B f)? < 20 ZPE", (B, f — B2, )
ij i i i k
S Z0ENCE [ iVt m)
< Cpj - Exe (P[0 x R7].

The second estimate is completely analogous. O

To deal with the remaining mean-differences in (3.3.5)) - (3.3.6)) and (3.3.10) - (3.3.12)), we

have another move available, which is to swap the temperatures of the two variables, i.e. to
swap between W;; and 7;;. This is the main new technical ingredient compared to [MS14],
which come at a cost that is polynomial in the ratio of the higher temperature to the lower

temperature, 7o /7.

Lemma 3.3.8 (Mean-difference estimate for 7;%, 7;.). In the same setting as Lemma

170 g
)
(B ~ By £ < 0 (2) OBy VoS 4 B, 920 1F)

T

+w(r2) D Bar (7o) Var I + To@)| Vo fP)
oce{+,—}

for any smooth function f:R" x R" — R, where ®,, : [1,00) — [0,00) is the function

1 forn=1,
O, (r)=<¢1+logx forn =2,
1+ 222 forn >3,

and w(r2) := O(y/Ta| log 5[*/?).
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We defer the proof of this lemma to the next two sections. It follows that

min(Z, Z;) (B s f —E - f) < @, <E
ij ij

177 “ig

) OM)EL(f)[ x Q). (3.3.16)

1

Using these estimates, we will show that the dominating terms in Lemma |3.3.3| are the

mean-differences between 7%, 77, and between 7

i ;> T11 where ¢, j are arbitrary and p is the

local minimum with the dominating energy barrier.

Lemma 3.3.9. Let p be the local minimum with the dominating energy barrier. Then for

any i,j € [N], and o0 € {+,—}

p

2520 B ()~ Bag (O 5 G- & (D00 x R 4.2, (2 ) 00D,

2 0B, (f) — Bug (1)’ S CF - Ex (NIR” x O] + @, (_) OMEL(S)

pJ

Moreover, if {(i,7)°", (k,1)?2} is one of the following forms

{67 (D)AWL ) - @) HAEDT (LD QDT (1,07},

then

225 By (1)~ By (1) < 0 ( 2) OWEL(D)

Finally, for any other {(i,7)7", (k,1)72}, the term Z7' Z7F (E o1 (f) _EWZ? (f))? is negligible in
the sense of being exponentially smaller in 1/1y compared to one of the terms above on the

right hand side.

Proof. Let I' be the graph whose vertices are labeled -7; and have three kinds of edges:

¢

e “vertical” edges between -, -F

“ij ik

e “horizontal” edges between -, T and

e “swapping” edges between -7, .

We decompose the mean-difference between any two measures WZ , T, as a sum of mean-

differences of the types in (3.3.14), (3.3.15), and (3.3.16]), corresponding to a sequence of
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“moves” on the graph I'. Given any sequence of moves vg — vy — -+ — v, on graph I', we

have

m 2
Ly Ly, (Emof - Emm,f>2 = ZvyZu,, ( (Emt,lf - Emtf)>

1
Wi
VWt
1
Z _Zvova Mt,lf - Emtf)Q (3'3'17)
=1 Wt
for any wy > 0, 1", wy = 1. After taking into account the weights ZZJ,Z,CZ, this leads to
the choice of the following three types of sequences of moves for the three types of mean-
differences occurring in Lemma [3.3.3
o Type I sequence: -}, — -} = 1) = 1) = 1, = 5 = 0
e Type Il sequence: - — -1; = -, — - L= =y = s and

e Type III sequence: ;; e R e e R T R TE

Let us first look at the decomposition (3.3.17) for a Type I sequence. For the 1st move,

Z5 2By (F) — By (£ S Z5CS: - Ext (£)[0 X RY),

ij

which is negligible unless j = p, k = [ = 1. For the 2nd move,

252 (B (1)~ B (1) < 27250, (2 ) 0D,

Ti1

which is negligible unless j = k = = 1. For the 3rd move,

P S e (<Hm) (£ - 1)) 22507 - 6o (DR ),

+ 7+
ZZ] Zkl (Eﬂz_l (f) - Ewu T T

which is always negligible. The analysis for the remaining three moves are completely sym-
metric: the 4th move is always negligible, the 5th move is negligible unless 1 = j = [ = 1,

and the 6th move is negligible unless [ = p,i = j = 1.

Overall, if (4, 7), (k, () is not one of the exceptions mentioned, we can just assign w; = w; =
- = wg = 1/6, then the overall sum is negligible. This choice of (w;)?_; also works in the
exceptional cases k = j =1 =1and i = j =1 =1 (since we can afford to lose a constant

factor because of the O(1)).
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Lastly, in the exceptional case j = p,k = [ = 1, we consider a shortened 2-move sequence

-+ = - = 1. For the 1st move in this sequence,

Zi 2 (B (f) = Bt (f))* = Ot - Ene () x RY,

ip <11
and for the 2nd move in this sequence,

Zip 2 (B (F) =B ()" = 257 - Z5 2 (B (f) = By ()

<77, (—) OME(f).

T1

Thus, for this sequence, we can assign w; =1 — Z72 ~ 1,ws = Z?, then the overall sum is

as claimed. The exceptional case [ = p,7 = 7 = 1 is completely symmetric.

The analysis for Type IT and Type III sequences are completely analogous.

We can adapt this approach to estimate the terms in Lemma [3.3.4

Lemma 3.3.10. Let p be the local minimum with the dominating energy barrier. Then for

i,k,l € [N] and o € {+,—} such that

H(m; H H H
H(m;) < H(my,) ori=p, and 5_? ) + (7'7;%> > 7_(7:?) + T(Z;),

it holds that
I (1) B () (e (< B 4 0, () 08
Az, Zg) ™ TR (g}, 1) e "\ )

ARVAY 1 T
s B ()~ Eaq (1 £ —— (e (R x 2]+ 0, (2) 0, ())
MZy, Z5) " ™ T (Z 1) " n ’

| o 7575 o
Finally, for any other {(i,7)7, (k,1)°2}, the term W(Eﬁql (f) —E, o2(f))" is negli-

ij » Zki J M

gible in the sense of being exponentially smaller in 1/ compared to one of the terms above

on the right hand side.
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Proof. The analysis is similar as in the previous lemma, but now we have to take into account

the logarithmic mean, using the estimate

ab b
Nab) @ a1 ~ lest/a)

for b £ 1,0 < 1. The main difference is that we now need to be more careful to show the
transport from -} to -} is negligible if H(m;) > H(m,) and i # p by choosing the alternative

. - —
path 'ip — .ip — '1p — .lp — '11. D

Proof of Theorem[3.2.5 Combining Lemma (3.3.13) and Lemma we get

Var,(f Zo ) x Q] Zo ) x Q]
Zcm- QXR” +92. ZC”Q, ”XQ].]
‘o, (—) O(1)E.(f)
T1
< <0(1) +CE+ O, (?) O(U) Eu(f),
1
as desired.

]

Proof of Theorem[3.2.4] Combining Lemma [3.3.4] (3.3.13)), (3.3.13) and Lemma [3.3.10, we

get

Ent,,( (ZO Enr () x Q] + ;;O(ﬁ NE () x Q]
+5 ; IN?O(r )Exs (F0% O] + ; ON2O(r ) En (£ X O]

N % Sy Z%) (0;5 i ()[4 X RY] + B, (:—f) O(l)é’u(f))

i<p \ (k1)° A (Zg, 1

n % Sy + <o;§ & (NR x Q] + ®, C—j) O(l)ﬁu(f))

=\ )
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T2

< 2N? (oull) + H(myp)(m '+ 73O+ O0(r 1)@, (—)) Eulf),

1

as desired. m

3.3.2 Local Poincaré and log-Sobolev inequalities: proofs of Lem-

mas [3.3.5] and [3.3.6

The following decomposition of variance and entropy for a product measure reduces proving

Lemmas [3.3.5| and [3.3.6] to proving corresponding estimates for the component measures v .

It may be verified by basic properties of variance and entropy.

Lemma 3.3.11 (Variance and entropy for product measure). Let 7 = v; ®v; be a product of

two probability measures on open subsets of R™. For any smooth function f:R" x R" - R
Vary (f) = B2 (Vary! (f)) + Varg? (ESH(f)) < B2 (Varg! () +Ep! (Varg2(f)). (3.3.18)
For any smooth function g : R™ x R® — R,
Ent,(g) = E;? (Ent;! (9)) + Ent;? (E! (9)) < Ej?(Ent;!(9)) + EJ! (Ent;2(g)).  (3.3.19)

Definition 3.3.12 (Local PI and LSI for v]). We say the local Gibbs measure v] satisfies a

Poincaré inequality with constant p if for all smooth functions f: R* - R
1 2
Var,7 (f) < ;Eu;|vf| :

which we denote Pl(p). We say v satisfies a log-Sobolev inequality with constant o if for all

smooth functions f : R" — R
2 2 2
Entyr (f7) = ~Euf [V,
which we denote LSI(a).

Lemma 3.3.13 (Local PI for v]). Under Assumption[9, given 7o small enough, there exists
an admissible partition {4}, such that for all T < 73, the local Gibbs measures v} satisfy

PI(p) with p~' = O(7).
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Lemma 3.3.14 (Local LSI for v]). Under Assumption [3, given 7o small enough, for the
same admissible partition {;}Y,, for all T < 13, the local Gibbs measures v} satisfy LSI(a)

with o~ = O(1).

Lemmas 3.3.13| and [3.3.14] are very similar to [MS14, Theorem 2.9] and [MS14, Theorem

2.10], except now that we have two temperatures 7 < 75, we want the regions €2; in the
admissible partition only depend on the higher temperature 75 but not the lower temperature
71, so that we can get Pl and LSI for the local Gibbs measures v;', 1> defined on the same
regions (.

This can be shown by making a small modification to the proof of [MS14, Theorem 2.9,
2.10], which is based on constructing a Lyapunov function. Let us recall the definition of a

Lyapunov function and the criterion for PI based on it from [MS14].

Definition 3.3.15 (Lyapunov function, Definition 3.7 in [MS14]). A smooth function W, :
Q; — (0,00) is a Lyapunov function for vl if the following hold for L, :==17A —VH -V:
(i) There exists an open set U; C S and constants b > 0, A > 0 such that

LW,
VW < -A+bly, VaeQ. (3.3.20)

T

(1) W, satisfies Neumann boundary condition on €; in the sense that it satisfies the inte-

gration by parts formula

/ (=L W, )gdv] :/ Vg - VW.dv. (3.3.21)
Qi Qi
Lemma 3.3.16 (Lyapunov condition for local PI, Theorem 3.8 in [MS14]). If there exists

a Lyapunov function for v] in the sense of Definilion and that the truncated Gibbs

measure V] |y, satisfies Pl(py,), then the local Gibbs measure v] satisfies PI(p) with

We choose U; to be a ball centered at the local minimum m; with a small, fixed radius
Ry such that H is strongly convex on U;. Then the Bakry-Emery criterion provides the

following result.
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Lemma 3.3.17 (PI for truncated Gibbs measure, Lemma 3.6 in [MS14]). The measures

v, satisfy Pl(py,) with py' = O(7).

.
v

In |[MS14], the candidate for the Lyapunov function is W, = exp(%), so that (see [MS14,

equation (3.9)])

1
W, 2

AH(z) — %|VH(ZL”)‘2.

In order to satisfy the condition ([3.3.20)), the Hamiltonian H was replace by a perturbed one
H, such that |H — H, || = O(7). In order to satisfy the condition (3.3.21)), §2; is then chosen
to be a basin of attraction with respect to the gradient flow of this perturbed Hamiltonian H..
Consequently, the local PI was first deduced for the perturbed Gibbs measure %exp % on
Q;, which then implies PI for the original measure via Holley-Stroock perturbation principle.
One side effect of this approach is that the region 2; depends on the temperature 7, which

is unsuitable in our setting with two different temperatures.

We modify this approach as follows: instead of perturbing the Hamiltonian in the Gibbs
measure, we only perturb the Hamiltonian in the Lyapunov function. Given 7, = ¢ small
enough, we will choose a perturbation H. = H + V. where V. = O(e), and choose §2; to
be the basin of attraction with respect to the gradient flow of H.. Then, for every 7 < ¢,
we choose the Lyapunov function to be W, = exp % Then (3.3.21) is satisfied by [MS14],

Theorem B.1| and

LW,  VH-VH. AH. |VH.]?
W 27 +T( 27 - 472 )

LW,
w. '’

1 1
= _AH. — —(|VH]? = |[VV.]?) <
5 4T(|V > —|VV.[P) <

where the last inequality holds as long as |VV.| < |[VH|. Then once (3.3.20) is verified for

T = ¢, PI for ] follows for every 7 < ¢ on the same region ().

It turns out the same perturbation used in [MS14] works here. Let S be the set of critical

points of H and M = {my, my,..., my} be the set of local minima of H.
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Lemma 3.3.18 (s-modification). Given a function H satisfying Assumption @ there exist
constants €y, \o, a,C € (0,00) and a family of C? functions {V.}ocece, Such that for H, :=
H + V_ the following hold:

(i) V. is supported on o\ pq Bayz(s) and |Vo(z)| < Ce for all x.

(i1) Lyapunov-type condition: |VV.(z)| < |VH(z)| for all x and

1 1
SAH, — 4—5(\VH|2 —|[VV.P) < =X forallz ¢ | ] B, z(m). (3.3.22)
meM

Proof. The proof of Lemma|3.3.18| will closely follow that of [MS14, Lemma 3.12]. By [MS14,
Lemma 3.11], there exist constants g, A\g, a € (0, 00) such that for all & < &,

1
AH — 2—€|VH|2 < =X forallz ¢ | ] B,y(s).

meS

Thus, it suffices to construct V; satisfying (i), (ii) such that (iii) holds for all z € (J,c g\ pq Bayz(8)-
Moreover, it suffices to construct V. separately near each saddle point s. By translation and
rotational /reflection symmetry, we may assume WLOG s = 0 and V?H(0) is a diagonal
matrix with nonzero eigenvalues in increasing order A\y < --- <\ <0 < My < -+ < Ay,
where 1 < [ <n. If | = n, then all eigenvalues are negative, so no perturbation is necessary,

and we can just set V. = 0 in B, z(0).

From now on we assume [ < n. Choose a constant 6 > 0 small enough such that

1
— b= (n—2l5+2)\ <0, and§ <o min (JA]).

1<i<n
=1

We introduce a norm | - |[s on R™ by

|2 _Z ~ox? + Z (A — 0)x (as,Q(;a:%

= l+1

where Qs is the positive definite symmetric matrix inducing the norm | - |5. It is a diagonal
matrix with first [ eigenvalues all equal to 6 and the last n — [ eigenvalues equal to \; — 9,

fori=1041,--- ,n. The norm | - |5 is equivalent to the Euclidean norm | - | and satisfies

A"Q_ Olef2 < 2n i,

0 2 2
— < <
4‘$| < lzf5 < =7

118



The last ingredient for the construction of V. is a smooth cutoff function £ : [0,00) — R

satisfying for a > 0 to be specified later

0 <€(0) <a’s, &(r)=0 forr > a’,
1 1
g(r)y=-1 forr < é_la2€’ —1<&(r)<0 forr> Za2€,
2

O< ! <_
<€) < —

(For example, let 0 < 7 < 2 be a smooth function supported on [%, 1] with total integral

equal to 1 and then choose £ to be the function satisfying &(a’c) = 0,&(a’¢) = 0 and
¢'(z) = zn (%) )

Now, we define the e-perturbation at s = 0
Vo(x) = &(|2[5),  and H.(z) = H(z) + Vi(x).

Then condition (i) and (ii) holds. It remains to check (iii) holds for B, z(0). It is enough
to establish the following estimates: for ¢ small enough and a large enough, there exists

constant Ag € (0, 00) such that for all z € Ba £(0),

A
AH.(z) < ?" (3.3.23)
and there exist constants Ry, Ca,cy € (0,00) such that for all x € Bg,(0),
AH.(z) < Ca (3.3.24)
IVH(2))? — |[VV.(2)]* > ev|z]?. (3.3.25)

Let’s verify (iii) assuming these estimates. By (3.3.25), |[VV,| < |VH(z)| in B, z(0). For
x € Ba(0), (3.3.23) implies (3.3.22). For x € B, z(0) \ Ba,z(0), (3.3.24) and (3.3.25)

imply that
2
AH.(z) < Ca, |VH(@)]? - |[VVi(z)P > cvazg.

: 2 - 8(Catro)
Choosing a* > oo gives (13-3.22]).
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It remains to derive the estimates ([3.3.23))-(3.3.25). Compared to the proof of [MSI14]

Lemma 3.12] (cf. equation (3.22), (3.24)), the only difference is (3.3.25). We will make use

of the explicit form of the perturbation V:

VV.(z) = €'(|2[5)Qsz,

VAVo(2) = €' (|2]5) Qs ® Qs + &'(|2[5)Qs.

Derivation of (3.3.23): for |z[s < /€, &'(Jz[;) = —1, so by Taylor expansion we get

AH.(z) = AH(0) — tr Qs + O(|z]) = =0 + O(Ve) < —

N | Sn

for € small enough.

Derivation of (3.3.24): By Taylor expansion,

AH.(z) = AH(0) + (AH(z) — AH(0)) + £"(|2[5)|Qsx|* + &€'(|2[5) tr Qs
2
< AH(0) + O(Jz|) + o2z LeB<ave 2225 =0

< AH(0) + O(|z]) + 4\,
Choosing Ry small enough, then for z € Bg,(0), we get (3.3.24).
Derivation of (3.3.25): By Taylor expansion, |VH(z) — V2H(0)z| = O(]z]?), so
VH()* = (IV*H(0)z| - [VH(z) = V2H(0)z|)* = |V H(0)z]* = O(|z]).
Moreover, since —1 < ¢ <0,
[VV(@)]* = €'(|2[5)*|@s]* < |Qs]*.
Thus,

[VH(2)]* = [VVe(2)]* = (z, (V2H(0)* — QF)z) — O(|z[*)

> claf* = O(|zf),
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where ¢ is the constant

¢ = min (min(v —6%), min (A2 —(\; — 5)2)) > 0.

1<i<t ' I+1<j<n 7

Choosing Ry small enough, then for x € Bg,(0), we get (3.3.25). O

We call a family {H.}o<cce, having properties (i)-(v) of Lemma [3.3.18 a family of e-

modifications of H, and from now on we will fix one such family.

Lemma 3.3.19. For any € < gy, the set of local minima of H. is M.

Proof. Property (iii) of Lemma/3.3.18/implies |V H,| # 0 or AH. < 0 outside | J,,c v Bayz(m),
so H. has no local minima there. Property (ii) of Lemma [3.3.18|implies that inside Bg,(m),

H. = H and therefore has a unique local minimum at m for each m € M. O

For each local minimum m; of H, let §2; = Q. be the associated basin of attraction w.r.t.

the deterministic gradient flow defined by H.,, that is

dy

=t _VHTQ(yt)7 Yo = y} .

Q= {?JGR 33&&?#:77% i

Then (€)Y, is a partition of R™ up to Lebesgue null sets. The preceding shows v defined
by (3.3.2)satisfies PI(p) with p=! = O(7) for all 7 < 7.

Equipped with the Poincaré inequality for v], the log-Sobolev inequality for v/ is now a

simple consequence of the following criterion from [MS14].

Lemma 3.3.20 (Lyapunov condition for local LST, Theorem 3.15 in [MS14]). Assume that

(i) There exists a smooth function W, : ; — (0,00) and constants \,b > 0 such that for

L, =7TA—-VH- -V
LW,
W,

(ii) V2H > —Kpg for some Ky > 0 and v} satisfies PI(p).
(iii) W, satisfies Neumann boundary condition on €; (see (3.3.21]) ).

< -MzP+b Ve,
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Then v} satisfies LSI(cv) with

vy [T (T AR | Ka (1 b M () | 2
— VA2 oT A\ 2 oT p’

where VI (|z]?) denotes the second moment of V7.

Choosing W, to be the same we chose for the PI, it is straightforward to check the con-
ditions (i)-(iii) holds and check the second moment v7(|z|?) is uniformly bounded. Indeed,
the verification of these facts is virtually identical to the counterpart in [MS14] (cf. Lemmas

3.17-3.19). Finally, p~' = O(7) yields a™! = O(1).

This establishes Lemma [3.3.13| and Lemma [3.3.14| up to the verification that (€;)Y, is an

admissible partition, which we now show.

Lemma 3.3.21. For any € < gy, let C); be the basin of attraction associated to the minimum

m; w.r.t. the deterministic gradient flow defined by the e-modified potential H., i.e.

d
Q; = {y ER™: lim yy = my, — = ~VH.(y), yo = y} :
t—o00 dt

Then there exists 1o > 0 such that for all T < 19 and all € < &y,

/Q? exp (—@) dr = \/%exp (—H(:“)) (1+w(r)).

This result is essentially shown in [MS14, Lemma 3.12|. The only change is that we modify

the proof to get a result independent of the perturbation size ¢, which is needed here due to

the presence of two temperatures.

Proof. By property (ii) of Lemma [3.3.18 and Assumption, there exists Ry small enough such

that H. = H on Bg,(m;) and H is strongly convex on Bg,(m;):
V2H(x) > cid for all z € Bg,(m;)

for some constant ¢ > 0. Then Bpg,(m;) C €. Define for rq > 0 specified later the ellipsoid

E; = {z € R" : |V2H (m;)"?(z — m;)| < \/2ro7|log7|}.
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For 7 small enough, E; C Bg,(m;) C €. Moreover, there is a constant x > 0 such that

B\/W(mz) C Ez

We split the integral into

/Qfexp (_Hf”)dx:/&exp (_H@)m/ﬂ%exp (_H@)d;ﬂ

4

=n =T
The main contribution is from the term I;. By a straightforward calculation (cf. the proof

of [MS14, Lemma 3.12|), I; has the asymptotic expansion

B (2m7)"/? o _ H(mi) _ D(n/2,ro|log 7]) ox ~low 132
= i i () (1= R Ot ),

where ['(s,z) := ["r*'a"dr is the incomplete Gamma function. Note that

['(n/2,ro|logT|) = / rs e dr — 0<7.)/ o2y — O(TTO/2>'

ro|log 7| ol log 7|

Thus, for rq > 1,

(27‘(’7’)”/2 exp (_H(mz)
v det VZH (m;) T

Thus, it remains to show I, is small enough in comparison, e.g. I, = exp (—@) O(r(+1)/2),

e

By [MS14, Lemma 3.14], the growth condition implies there exists ¢y > 0 such that

for R large enough
H(z) 4+ cu(Jz| — R) for all |x| > R.
By choosing R large enough,

H(x) > H(m;) + 1+ cy(|z| — R) for all [z] > R.

We split I into

H H
I, = / exp (— (x))dx—i-/ exp (— (x)>dx
(Q5\E;)NBR(0) T Q\Br(0) T

N N
~~ ~

=13 =1y




Estimate of I3: We obtain a pointwise bound for the integrand by dividing into two cases.

Case 1: = €  \ Bg,(m;), the gradient flow associated to H. starting at x must hit
0Bgr,(m;). By strong convexity of H. = H on Bg,(m;),
2

R
H.(r) > min H.(z)> min E]z—miIQ—t—H(mi) = C—O+H(mi).
ZG@BRO (ml) ZE@BRO (ml) 2 2

Thus, by property (i) of Lemma [3.3.18] for € small enough,

2 2
H(z) > % O+ H(my) > % + H(my).

Case 2: = € Bg,(m;) \ E;, then H.(z) = H(z) and the gradient flow associated to H

starting at  must hit 0F;. By strong convexity of H on Bg,(m;),

c
> mi > min =2 — m.|? N > )
H(zx) > min H(z) > Inin 2\2 m;|* + H(m;) > ckror|log 7| + H(m;).

Thus, for 7 small enough,

H(m.
I3 <exp [—cm”o| log 7| — ﬂ] |Br(0)| = exp (—
T

Lastly, I, is estimated as

H(m,; 1 —
I, < exp (_%) /| exp <_CH!9€|T R)dx
z|>R

o (Y e (ot

Forro > % [, = I3+ I, = exp (—M)O(T("H)/z), so we are done. O

3.3.3 Cost of exchanging temperatures: proof of Lemma

In order to prove Lemma [3.3.8, we observe that the local Gibbs measures v are close to
a class of truncated Gaussian measures in the sense of mean-difference (cf. [MS14, Lemma

1.6]).
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Definition 3.3.22 (Truncated Gaussian measure). Given m € R™, ¥ a symmetric positive

definite n x n matriz, R > 0, consider the ellipsoid
ET:={zeR": (z—m) - 'z —m) < R*}.

The truncated Gaussian measure v" at temperature T with mean m and covariance % on

scale R is defined to be
1 -1
. exp (—5-(x —m) -2 (x —m
O G R ) P

ZR\/?n\/ det E
where Zp := [5_ ) exp (—|z[*/2)dz = v2m (1 — O(e~ R"=2)).

Lemma 3.3.23 (Approximation by truncated Gaussian). For 7 < 1y, let 77 be the truncated
Gaussian measure al temperature T with mean m; and covariance ¥; = (VH?*(m;)) ™! on scale

R(72) = |log 72|'/2. Then
drf
dv;

(2

(7) = 1+ w(m), (3.3.26)

uniformly in the support of v, and for any smooth function f:R"™ — R

T

d
(Burf =B £ < Vanr (5 ) Varg (1) < ol 9P,

2

where w(73) = O(y/T2| log 72|*/?).

We omit the proof of Lemma [3.3.23] which is the same as [MS14, Lemma 4.6] with only

minor changes.

Corollary 3.3.24. For any smooth function f:R" x R" - R
(Ew;’jf - Evzau)@ﬁa(z)fy < w(7'2)E7rfj (7o) Var 1P + To@) | Vau /1?),
where w(m) := O(y/T2| log 72|*/?).
Proof. This follows from the previous lemma by writing
Ere f = szau)@ﬂa(z)f = (EV;J<1>®V]TU(2>f - Ewgau)@l,;o(mf)

+ (E{"“)@/;“@) f— E{ou)@ﬂa(z) f)-
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This reduces our task to proving mean-difference estimate for truncated Gaussian.

Lemma 3.3.25 (Mean-difference estimate for truncated Gaussians at two temperatures)
For any smooth function f:R"™ — R

]
(Eof —Ep f) < Gl (1 +a, (—)) B, |V P

where the function ®,, is given by (3.2.10), and C,, is a constant only depending on n.

Proof. By change of variables, it suffices to show the first inequality for m; = 0,%; = id. From

the Cauchy-Schwarz inequality and the fundamental theorem of calculus, we can deduce

A/T1T

<[ ( [ IVf(sw)\d8>2 -

r"dr
S 2(-[1 + -[2)7

where, for some 0 < kK < R to be specified later,

R J7ar 2 2
I = /Snl dw/o /ﬁr |V f(5w)|1s<nymds 7 iy
R V/T2r 2
I ::/ dw/ /
gn-1 0

IV (5w)| Lysn ﬁd5> €’

Estimate for I5: By Cauchy-Schwarz,

R Ry™2 o
I, S/ dw/ (\/Tor — /T1T) / IV f(sw)[*Ls<, ymzds " Ldr
Sn—1 0 Ky/T2 ZR
Ry™2 R -
<va [ o[ s |
Sn—1 Kr/T2

s

T
r”dr) ds.
s 4R
e
Using integration by parts and standard Gaussian tail bound, for s > k,/72,

R 2

e Trdr < Cp(1 4w~ H)e” 273
\/%

-1
2 82 2
- )

T2

IQ S Cn(l + /i_(n_l))’TgE,yfz |Vf|2

where C), is a constant only depending on n. This gives
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Estimate for I;: By Cauchy-Schwarz

R K72 ST .
L g/ dcu/ / |V f(sw)|?s" tds / s~ Vs | ——r"~lar
Sn—1 0 0 T Zp

1 H fH2 /R /\/72 ( 1)d T2d
= —||V 2 uw " Hdu | re” 2 dr
Zn L2(By. /7(0)) 0 -

&2 2 T2
< Cre? mE »|Vf]7- &, —
i 1

where C,, is a constant only depending on n. The conclusion now follows if we choose Kk = R

when R <1 and x =1 when R > 1. O

Corollary 3.3.26. For any smooth function f:R" x R"* - R

T2

(]Ey?@w?f - ]EA/F@v;lf)Q < (1 + @, ( )) 0(7—2)(E7r$|v1’2f|2 + Ew;|vm1f|2)

1

Proof. This follows from the previous lemma and (3.3.26) by writing

E,YZ'I & f— ]E%Tz @71 f= (E’Yzl &2 f— E,yiﬁ gyt f) + (E%ﬁ &1 f— E’YF &)1 f)

Lemma follows from Corollary [3.3.24] and [3.3.26]

Remark 3.3.27. One can show a weaker version of Lemma by a stmpler approach:

First we split the mean-difference as

(E’Tl':;f - ]E’]'I'Z_]f>2 = (ij;f - ]Elj,z—l®l/;—1f + ]El/;—1®l/;—1f - Eﬂ';f)2

< 2B (BL S — B2 ) + 2B (B S — B /)°

Now, using the covariance representation of mean-difference and Cauchy-Schwarz

9 dv;! 2 dv;! 2
(Eygzg — Eygl g9)° = Eygzg — ]Eyzzg = COVVZQ qg,

T2 T2
dv,, dvy,
T1

d dv;*
< Var,(g) Var, ( " ) < O(TQ)]EV;Z|V9|2EV;1 ( " ) :

T2 T2
dvy, dvy,
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Finally, using the partition size given in (3.3.1) we have a uniform estimate on the relative

density

n

dvi! v (%) _payeio ) v () T2\ 2 3
— DM < <(2) @ V2|1 7).
@) = = \n) rovRlenl)

Applying the preceding with k = 7,9(-) = f(x1,-) and k = i,9(-) = f(-, xa), respectively, we

obtain the estimate

By B fP < (2) OBy VoS + V)

1
In comparison to Lemma the dependence in the ratio 7o/ appearing in front of the

Dirichlet form is about one order worse in exponent.

3.3.4 Optimality of dependence on temperature ratio: proof of
Proposition [3.2.6

It suffices to consider test functions of the form f(x,y) = f(x). This is equivalent to replacing

1 by its first marginal, which is i = (™ 4 v™). In this case, Var,(f) and &,(f) reduces to

Varg(7) = 5 (Var,n () + Var,o () + (B f — By /)

1
gﬁ(f) = 5(7-1El/7—1 |vf|2 + TZEVTQ |Vf|2)

We further restrict f to C.(€21). By (3.3.1)) and (3.2.8)), v™(€),v™2(€) &~ 1 once 71, 75 are

dui—l dVI—Z
dv™ ) dyT2

small enough, so ~ 1 on Q; (see equation (3.3.2)). Then by applying Young’s

inequality
varﬂ(f) 2 (]El/Tl f)2 - 4(]]3,/72 f)Q 2 (Eulﬁ f)2 - 5(]]3,/172 f)Qa
Ex(f) S B, VP + |V .
By change of variables, we may assume m; = 0,%; = (V2H(my))™! = id. We consider a
test function of the form
f(@) = fo(x) = h(lz|/Ve),
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where h > 0 is a compactly supported, absolutely continuous function and 74 < e < 75 is
a scaling parameter, both to be specified later. As in the proof of Lemma [3.3.8] we will

approximate by truncated Gaussian measures (see Definition [3.3.22)). Since ¢ < 7, f is

supported in the support of 74{>. By Lemma (3.3.23

Varg(f) 2 (E,n fo)? = 6(E, = f.)?, (3.3.27)
Ea(f) STE, |V + RE 2|V L], (3.3.28)

if 75 is small enough. We have:

B, [V |? = %]E 2 | VAP, (3.3.29)
T 1
nE | VL = f]EV%? Vi < (e/m2) " 2P|V fil| 72, (3.3.30)
1 T
1
E’YIQfE = E»y% f1 S ﬂ_n <€/Tg)n/2|‘f1HL1, (3331)

and for any r > 0,

2
Enfe=Eafi>Pa(X|<r): mf fi> (1 — nexp (—T—i)> - inf h. (3.3.32)
1 715 716

|| <r 2n B! [0,7]

In the following R, > 0 is the number such that exp (—g—%) = %
Case 1: n > 3. We choose h to be a compactly supported smooth function such that h = 1

on [0, R,], decreases to 0 on [R,,,2R,] and is 0 outside [0,2R,,]. Then

) o ) B33 1|
T2E,ﬁ'2‘Vf5| 5 (S/Tg)(n )/ y E,‘/Pfg 5 (€/T2)n/ s E,yiqu Z 5,

where the implicit constants only depend on the dimension n and the function h. Since
h"=0on [0, R,]

|2-Tl

1B VS 1PNz P 2 (IXI > R,) <2 Hh'lliooCHe_cH% Sm (11/€)™,

for every positive integer m, where the constants ¢y, C'y > 0 only depend on the Hamiltonian

H. The second inequality is a consequence of Assumption [2| (see [MS14, Lemma 3.13]). Now,
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for any 0 <7 < 3, set e = 7 "7)], and choose m large enough so that nm > (1—7)(n—2)/2,
we obtain

(3.3.28) (3.3.27)

E(f) Sy (m/m) TR Nar(f) 2, (r/m)TPOTREL(f),
if 79, 71 /79 are both small enough.

Case 2: n = 2. Let h be the function given by

1 for 0 <r <,
h(r) =< 2(1—r%) forry<r <1,
0 for r > 1,

for parameters 0 < o < 1,0 < ry < 1 satisfying r§ = %, to be specified later. Then A is

absolutely continuous, i’ = 0 on [0, 7], and by direct computation
I fillr < 7a, (IVAlT~ = a®rg® [V fillz. = 3ma.

We choose ¢ = 7, and 752 = Rj (which is possible once 7, /73 is small enough). Then:

m 1 e m 1
2f€ = __Hf1||L1 = _7 1fs 27
- T o? - 1 3
mEAIVAE S DIVAI < T mERIVAR TS IVAIG =5
Since 1§ = %, é = 210g2 log ( ) Thus
B33 o2 3 B3.27) -
) S gt VD) 2 e 2o () &)
2 1

if 79,7 /75 are both small enough.

3.3.5 Optimality in one dimension: proofs of Proposition and

Proposition

It suffices to consider test functions of the form f(x,y) = g(z)g(y). This is equivalent to

replacing 4 by m = v™ ® v™. In this case, Var,(f), Ent,(f?),E.(f), Z.(f) reduce to

Var,(f) = EVTIQQEVWQQ - (EV719)2<EVT29)2a
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Ent,(f) = E,ng” Entyn ¢> + Eyrag” Ent,n g7,

%Iw(fz) =&(f) = B (¢) Burag” + 7oBEun g°Bua (9)7.
We represent v as the mixture
v = Z7'vt + Z3'vy where vt = v g vt = v q,,
where Q := (—00, 5), 2y := (s,00). Denote

HN
Z7 =vi( )~ 1, Z3 =07 (Q) ~ VHAM) )
H”(mg)

Here and below, ~ (resp. 5) means equality (resp. less than or equal) up to a multiplicative

factor of 1 + O(y/72|log T|*/?).

Proof of Proposition Imposing E,~n g = 0, we get

- Ezﬁl AV E,ﬂg "\ 2
&) Bnlg) | Evnl(g)”
Val”ﬂ- (f) Elﬁl 92 EZ/TQ 92

We make the following ansatz for g:

g(ma) forz <s—9¢
g(x) = q g(mi) + %\/ng“) kD e WY mgy fors—S<az<s+0
g(ms) for v > s 49,

where ¢ is a positive constant to be specified later, § = /2ro72|log 75| for some positive
constant ro to be chosen later, and « is chosen so that g is continuous at s 4+ 0. (This is the
same kind of ansatz used in [MSI14, Section 2.4].) Then x = 1 + O(r; /") ~ 1 once ry is
large enough. Fix such a choice of rg. For 7 small enough, ¢ is small enough so that

Eyrig =~ g(mi)Z{" + g(me2) Z3'.
This motivates the choice

g(mi) = —1,9(m2) = 1/Z3,
such that E,~ g = 0. Then

E.2g? = Z72g(m1)? + Z32g(ms)? = g(ms)*Zs?,
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Evng® = Z7' g(m1)* + Z3 g(ma2)? =~ g(ms)*Z3".

Finally, we compute the Dirichlet forms. By Taylor expansion of H around s

2
By (g)? ~ g(ms)* 1 / o (@=9)2/(07)~H(@) /72 g,
2moTy £ JBy(s)

. 9(ms)? H"(ml)eH(s)/Tz/ o (@=9)2/(@m2)(2/o+H" (5)) 1.y
2oy /27T Bs(s)

~ g(m? YIRS

27Ty

where we set 0 = 1/|H"(s)| = —1/H"(s). This implies

\/H“ |H// )|
]E v g2 27T

e(H(m2)=H(s))/T2 o,

7'2 pP.

It remains to show the other term is asymptotically negligible:

2
E (g/)2 < g(mQ) L/ e—(:ﬂ—s)Q/(oTz)dx . sup e—H(z)/Tl
1 ~ ooy Z
2 71 J Bs(s) xE€Bs(s)

ma)® VH"(ma)|[H" ()]~ 1-pysicsym
2 \/ﬁ 7

where n = O(6?). Since 75 > K1 for a constant K > 1, choosing 4 sufficiently small, this
( )

QN

implies 7y E“ is asymptotically negligible compared to p.

Proof of Proposition In the same set-up as above, imposing E,~ ¢? = 1, we get

1 Iﬂ 2 EVT /N2 EVT /\2
1 Z.(f%) <r 1(9) . :(9)
2 Ent,(f) Ent,~ ¢ Ent,~ ¢?E,~ ¢?

We use the same form of ansatz as before with

o 2y _NVH"(M1) pimyyn
g(m)” ~ T N
1 H (mg)

) g(mQ) =
such that E,~ ¢g> = 1. Then

Evg® = Z72g(m1)* + Z32g(me)? = Z32g(ms)?,

Ent,~ ¢° & Z7' g(m1)*log g(m1)? + Z3' g(ms)? log g(m2)* ~ log g(my)* ~ 7
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and the same computation as before shows

E, - (g/)Q < g(m2)2 \/H//<m1)’H”(S)|6—(1—7;)H(s)/7-1

~ 27/ 2T T ’
ma)|H"(s)
27T7'2

fe_H(s)/Tg’

Eyra(g')?  glma)? Y

where n = O(§?). This implies

T E,~(g')? ~ T \/H//(mQ)|H”($)|e(H(mQ)_H(S))/T2 S a
2 Enty‘rl gQEVTQ 92 1 27TH(m2) ~
1 (g/)2

E
and that 7 5% —
v

is asymptotically negligible compared to a.

3.4 Applications of main results

3.4.1 Application to sampling

It is well known that estimates on the Poincaré and log-Sobolev constant yield estimates of

the rate of convergence to equilibrium of the underlying process. Applying to the isa, we

obtain the following direct consequence of Theorem and Theorem We refer to

[Sch12l Theorem 1.7| for a proof in the setting of the overdamped Langevin dynamics. The

argument directly carries over to the isa.

Corollary 3.4.1. Let f; be the relative density of the infinite swapping process (3.2.2)) at

time t. Under the same assumptions as in Theorem |5.2.5 it holds that

Var,(fi) < e™*" Var,(fo),

where p satisfies the estimate (3.2.9). Under the same assumptions as in Theorem (3.2.4) it

holds that

Entu(ft) < e > Entu(f())’

where « satisfies the estimate (3.2.12)).
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Another well-known consequence is that the Poincaré or log-Sobolev constant allows one
to quantify the ergodic theorem i.e. to estimate speed of convergence of the time average to
the ensemble mean. See [CGOS8| Proposition 1.2.| and [Wu00, Corollary 4| for a proof in the

setting of the overdamped Langevin dynamics. The same argument carries over to the isa.

Corollary 3.4.2. Let v denote the initial law of the isa X;. Under the same assumptions
as in Theorem [3.2.5) it holds that for all functions f : RN x RN — R such that sup |f| = 1,

dl0< R<1andallt >0

1 [t dv
Py<;/0 f(Xs)ds—/fdqu) < H@

where p satisfies the estimate (3.2.9)).

{5
X T o’ I\ 7
12 8 Var,(f)

Under the same assumptions as in Theorem it holds that for all functions f € L'(u)
and all R,t >0

1 [t dv
PV(; /O F(X.)ds — / fdu > R) < H@

where « satisfies the estimate (3.2.12) and

H*(R) = igg{AR—log/exp(A(f—/fdu)) du}.

One consequence of Corollary is that the isa has an exponential gain compared to the

2 exp(—taH*(R)),

overdamped Langevin dynamics for sampling (see also Remark [3.2.5)). See [DLPD12] for the

details on the use of the isa to sample from the Gibbs measure %exp(—%) at temperature

T1.

3.4.2 Application to simulated annealing

In this section, we apply the log-Sobolev inequality of Theorem to the simulated an-

nealing of the isa.
The goal of simulated annealing is to find the global minimum of a function H : RY — R

that is potentially non-convex and lives in a high-dimensional space. Let us explain the main
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idea of the stochastic version of simulated annealing. One considers a stochastic process on H
that is subject to thermal noise. When simulating this process one lowers the temperature
slowly over time. Hereby, the stochastic process gets trapped. Now, the goal is to show that
the trapped process converges to the global minimum of H with high probability. This is
typically true if the cooling is slow enough. Hence, another goal is to find the best stochastic
process with the fastest possible cooling schedule that still allows one to find the global

minimuin.

Simulated annealing for the overdamped Langevin dynamics was studied in [GH86), Mic92].
As we will see below, the cooling schedule has to be logarithmically slow. This implies long
computation times in order to find the global minimum. There are many ways to improve
this behavior. Luckily, one has the freedom to choose the underlying stochastic process
which is used for simulated annealing. One of the most efficient approach is called Cuckoo
search and is based on Lévy flights (see [Pav07, [YD09]). Those methods are able to find the
global minimum in certain situations with a polynomial cooling schedule. An alternative
is to use replica exchange or parallel tempering. As we know from [DLPDI2|, mixing can
only improve when particles are swapped faster, which makes the isa a natural candidate for

simulated annealing.

In [Mic92| it was shown that for the overdamped Langevin dynamics the fastest successful
cooling schedule is characterized by the Eyring-Kramers formula for the log-Sobolev con-
stant. However, at that time no estimates on the associated log-Sobolev constant for low
temperatures were known at that time. Hence, more sophisticated arguments were applied
by [HKS89] to replace the log-Sobolev constant by the Poincaré constant showing that the
fastest successful cooling schedule is characterized by the critical depth E, = H(s1,)—H(m,).
Only in 2014, the Eyring-Kramers formula for the log-Sobolev constant was derived in [MS14]
which leads to a more direct proof of the same result. This formula was then used by [Mon18]
to study simulated annealing for the underdamped Langevin dynamics, showing that the

Langevin dynamics is at least as good as the overdamped Langevin dynamics for simulated
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annealing. The main result of [HKS89| (see also [Monl8]) is stated as follows.

Theorem 3.4.3 (|[HKS89, Mic92|). Let X, be given by the classical overdamped Langevin

dynamics

Let E, := H(s1,) — H(m,,) denote the critical depth of the potential H. Then:

If r(t) > % for t large enough with E > E,, then for all 6 > 0

P(H(X:) < H(mi)+6) — 1.

t—o00

If r(t) < 10275 for t large enough with 0 < E < E,, then for § small enough

limsup P(H(X;) < H(my) +6) < 1.

t—00

In this section we study simulated annealing for the infinite swapping dynamics given by

the following SDE

dX, = =VH(X1)dt +\/271(t) p(X1, X2) +272(t) p(Xo, X1) dBy (3.4.2)

dXy = =V H(Xs)dt + /275(t) p(X1, X2) + 271 (t) p(X2, X1) dBs .

We require that for some fixed constant K > 1
7'2(25) = KTl (t) and T1 (t) i/ 0.

In Theorem [3.2.3|and Theorem [3.2.4] we showed that the infinite swapping dynamics mixes
faster than the overdamped Langevin dynamics. Choosing 7, = K, the effective critical
depth of the potential H is % compared to F, for the classical overdamped Langevin dynam-
ics given by (3.4.1). This indicates that the infinite swapping dynamics could outperform
the overdamped Langevin dynamics for simulated annealing. The main result of this section

shows that this is true.
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Theorem 3.4.4. Assume that the potential H satisfies Assumptions [3 and [{] Let E, =

H(sp1) — H(m,,) be the critical depth of the potential H. For K > 1 and E > L=, let

E p () KE
= - an = .
log(2 + 1) E log(2 + t)

71(1) (3.4.3)

Let Xy, X5 be given by (3.4.2) with initial distribution m. Let my(x1,x5) be the probability
density of (X1(t), Xa(t)). Assume the following moment condition for the initial distribution

m: for every p > 1, there exists a constant C,, such that
/(H(xl) + H(zs)) dm(z1, 22) < Cp. (3.4.4)
Then for all 6 >0, ¢ >0

P(min{H (X1 (1)), H(X2(t))} > 0)

N

(L) el (3.4.5)

3.4.3 Proof of Theorem [3.4.4]

With the help of Theorem [3.2.4] i.e. the low-temperature asymptotics of the log-Sobolev

constant, the proof of Theorem follows the arguments in [Mic92, Mon18].

For each ¢t > 0, let y; be the probability measure given in (3.2.3) at temperatures 7, =

71(t), 72 = T2(t) as defined in (3.4.3), i.e. p(21,22) = %(Wt(%,@) + (22, 21)), with

1 (_Hm) H(x2)) |

m(x1, T2) := — exp ey o)

Zy

where Z; is the normalizing constant making m; a probability measure. Our first observation
is that the mass of the instantaneous equilibrium p; concentrates around the global minimum

min H =0 ast— oo.

Lemma 3.4.5. If (X1(t), Xo(t)) has law i, then for every 0 < e < 6, there exists constant

C such that

d—¢

P(min{H (X, (1)), H(X2(t)} > §) < Ce 70 < O(2 + 1)~ °F.
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Proof. Since (1, x2) = 5(m (21, T2) + m (22, 1)) and min H(z1, z5) is symmetric,

P(min{# (X1(t)), H(Xa(t))} > 0) = P(min{H (Y1), H(Y2)} > 0)
=P(H(Y1) > O)P(H(Y2) > 9)

<P(H(Y)) > 9),

where (371, 572) has law m;, and 171, Y, are independent. It remains to bound

_H(=)

Ju@sse ™ du

Je T da

P(H(Y)) > 6) =

Under Assumption [3) [MSI14, Lemma 3.14]| applies and shows H has linear growth at infinity.

More specifically, there exists a constant Cy such that for all sufficiently large R,

H(z) > \HRE%H(Z) +C(Jz| — R) for |z| > R.

In the above, we can choose R large enough so that min g H(z) > . Then

_H() _ H(w) _ H(x)
e T dr= e T dx+ e T dx
H(x)>6 H(z)>é,|z|<R |z|>R

_s _Clz|-R)
<e <|BR(0)|+/ e dw)
|z|>R

< e 71 (| Br(0)] + O(1)).

On the other hand, there exists r > 0 such that H(z) < ¢ when |z| < r. Then

_H@) _H) e
/e ™1 dx>/ e 7 dr>e |B.(0)].
|z|<r

Combining these gives the desired estimate. O]

Let (X(t), Xy(t)) be a random vector with law ;. By Lemma m and Pinsker’s in-

equality, we have

P(min{H (X, (1)), H(Xx(t))} > §) < P(min{H (X, (1)), H(Xa(t))} > 8) + drv (4, m0)

< C2+t)F + /2Ent(m|m), (3.4.6)
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where

Ent(my|u) := / %log <%> duy

is the relative entropy of m; with respect to ;. Thus, it remains to bound Ent(my|u;). The
following lemma gives an estimate of < Ent(my|u,), the proof of which is in the same spirit

of [Mic92, Proposition 3.

Lemma 3.4.6.

iEnt(mtmt) <-27, (mt) + 4 ( L + = )]E[H(Xl(t)) + H(X2(t)].  (3.4.7)
Proof. First note that

dt Kt
d dmt
—E = lo
o nt (| ) / o (Mt ( ) dx

dmt my mt mt d/,bt
= [ T og( ) d gy — g
/ og< > T + It x o dt x

dmy my leg(Nt)
= [ —1 — - [ ——= : 4.
/ o og< ” > dx / o dmy (3.4.8)

We consider the first term in (3.4.8). Observe that m, satisfies the Fokker-Planck equation

\_}
.
S
_|_
\
Z
=
=)
02

dm

T Vi - (miVy H) + Vo, - (Ve H) + Ay (amy) + Ay, (aamy).

Combining this with the identity V.. (a;u) = —p; Vi, H, we get

d
mt = Vm : (alutvm (mt>) + v:}cz : (a2,utvx2 (@)) .
dt Lt i

Integrating by parts, we have

” (%) : (3.4.9)

where Z,, is the Fisher information defined in (3.2.4)) for i = ;. Next we consider the second
term in ([3.4.8). Using that min H = 0 and that 71 (¢), 72(¢) are decreasing, direct calculation

yields

_dlog(u) _ d (1
= dt
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+ i ( 1 ) (H(xl)p(xg,x1) —|—H(x2)p(x1,$2))

dt
d 1 1
< — H H .
<7 (7 + g (o0 )
Integrating this against dm; and combining it with (3.4.9)) yields (3.4.7). O

The second term on the right hand side of (3.4.7)) are controlled via the following lemma.

Lemma 3.4.7. For any € > 0, there exists a constant C such that
E[H(X:(t) + H(X(t))] < C(1+1t)°.

We omit the proof of Lemma [3.4.7, which closely follows that of [Mic92, Lemma 2|,
using the moment assumptions on the initial distribution m given in (3.4.4) and growth

assumptions on the potential H in Assumption [3

Lemma 3.4.8. For any € > 0, there exists C' such that

E*
“KE ¢

!
Proof. Using the log-Sobolev inequality in Theorem [3.2.4] the estimate (3.4.7) becomes

%Ent<mt|ﬂt) < =20 Ent(my|p) + %(2 +1) TE[H (X1 (1) + H(X2(1))],

where oy is the LSI constant in (3.2.11)) for g = p,. From (3.2.12)) we see that for any € > 0,

there exists tg > 0 and C > 0 such that for ¢ > t,,
Ex
206,5 > 01(2 + t)iﬁis.

Together with Lemma [3.4.7, we get that for ¢t > ¢,

d *
7 Ent(mi|m) < ~Ci(1+ £)~F = Ent(me| ) + Cao(1 + £)7' =,

A standard Gronwall-type argument as in the proof of [Mon18, Lemma 19| then finishes off
the estimate: for 0 < ¢ < % (1 — %), let

Q(t) = Ent(me|p) — 2702(1 + t)*l+%+2s_
1
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Then for ¢, large enough and t > t,

L0 < ~Ci(1+1) FEQ),

_ By
Qt) < Q(tg)e™ I F0TRET

20 * v v
Ent (my|p) < 72(1 1) RET2E 4 Ent(mtomto)e’%((”t) ~(14t0)")
1

B,

75 — € >0, and the conclusion follows. O

where v =1 —

Combining (3.4.6) and Lemma [3.4.8 we get that for any 6 > 0,e > 0, there exists a

constant C such that

P(min{H(Xl(t)),H(Xg(t))} > 5) < C((%th) G-2) . (ﬁ) K )

which implies (3.4.5)).
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Chapter 4

Diameter of a long-range percolation
graph

Many real-world networks exhibit the small-world phenomenon: their typical distances are
much smaller than their sizes. One way to model this phenomenon is a long-range percolation

4 in which edges are added between far-

graph on the d-dimensional hypercube {0,1,--- , N}
away vertices with probability falling off as a power of the Euclidean distance. A natural
question of long range percolation is how the resulting diameter of the box of size N in
graph-theoretical distance scales with N. This question has been intensely studied in the
past and the answer depends on the exponent s in the connection probabilities (see e.g.
IBKPS04], [CGS02|, [Bis04], [Bis11], |[Ber04], and |[DSI13|). In this work we focus on the

critical regime s = d studied earlier by [CGS02| and improve the results from bounds to a

sharp leading-order asymptotic.

4.1 Model and Current Result

We consider a random graph G(N) on the hypercube [N]¢ = {0,1,--- , N}%. Let ||x|| denote
the L' norm of z € Z¢. Independently from each other, every pair of sites z,y € [N]? is
connected with probability
1 if o —yll =1,
{1 — exp <—ﬁ) otherwise,
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where § > 0 is some fixed parameter. Let D(x,y) denote the graph-theoretical distance
between x,y in G(N) and let Dy denote the associated diameter of G(NN). The authors of

[CGS02] proved the following result:

Theorem 4.1.1. There exist constants Cy,Cy (which may depend on (3,d) such that

Cilog N <Dy < Cylog N
loglog N loglog N

lim =
N—oo

Here is a heuristic explanation of this result. The critical exponent s = d in the connection
probabilities means that a typical site z in G(N) has ©(log V) neighbors with high proba-
bility. This suggests that as m increments, the set B,,(x) grows like a tree with branching
degree ©(log N), ignoring any overlap with previously reached sites. Therefore, starting from
x, in m steps we should be able to reach (©(log N))™ sites. At m = dlog N/loglog N, this
amounts to O(N?) sites. This suggests the constants C, Cy can be brought arbitrarily close
to d. The arguments in [CGS02| already show that C) = d — ¢ for any £ > 0, but the value
of (5 is much bigger than d. In this work we show that we can also take C5 = d + ¢ for any

e>0:

Theorem 4.1.2. For any ¢ > 0,

lim P ( Dy < (AFE0eNY
N—o0 loglog N

loglog N

g N d as N — oo in probability.

In particular, Dy

4.2 Proof of Theorem 4.1.2

The main idea of the proof is quite simple. Given a site € [N]¢, let B,,(r) be the set of
sites in [N]? reachable from x in m steps. We want to find some natural numbers my, m,
such that for any two sites x,y, the set B, (z) is connected to the set B,,,(y) with high
probability. The sum m; +my then provides an upper bound on the graph distance between

x and y in G(N) and we show it can be chosen to be at most (d + ) log N/ loglog N.
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To do this, we will use a counting argument for the sizes of the sets B,,, (), Bmn,(y). The
basic principle is that for any two sets Ay, Ay C [N]¢, there are |A;||Ay| many ways for them
to be connected, in correspondence to the pairs (z1,x2) € Ay X Ay. If the sites in A; are
separated by distance R from the sites in A,, then the connection probability for each pair
(x1,22) € A; X Ay is about 1 — exp (—@(R_d)). Under the assumption of independence,
the total connection probability between A; and A, is then about 1 — exp <—@ (%)).
Therefore, the two sets will almost certainly be connected if |A;]|A;| > R? and will almost
certainly fail to be connected if |A;||Ay| < R?. Since the distance between any two sites in

[N]4 is at most O(N), this leads us to show that
| Biny ()] | Brna ()| = O(NTF).

Recall our “tree” heuristic from the previous section that says |B,,(z)| = (©(log N))™. Tak-
ing logarithms on both sides of the inequality above, this suggests that we take m; =
a;dlog N/loglog N, for some «; € (0,1) with a3 + as > 1, and show our heuristic lower
bound

| Bm(z)| = [O©(log N)|™

holds with high probability. Moreover, our “tree” heuristic also suggests that we establish

this by showing the iterative bound
| Bt (z)| = ©(log N) - [ B ()]
holds with high probability.

Let us now proceed with the rigorous proof. The first ingredient is a spatial decomposition

of the hypercube [N]9.

Definition 4.2.1. Given a site x € [N]%, and an integer 1 < k < |logy, N|, the k-th dyadic

annulus centered at x 1s the set

Hi(w) = {y € [N]*: 257 < [ly — ) < 2*).
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Note that for each site x, the dyadic annuli Hy(x) are disjoint from each other, and for

each integer k between 1 and log, N, |Hy(z)| > Cy - 2% for some constant Cy > 0.

Definition 4.2.2. A set U C [N]¢ is well-mixed if there exists some constant Cyy > 0 such

that for all x € [N]%, |Hp(z) N Un|, |Hi(z) NU§| > Cy - 2% for 1 < k < log, N.

For example, both the lattice Uy := {z € [N]¢ : ||z|| is even} and its complement U§ =

[N]4\ Uy are well-mixed.

Civen two sites x,y € [N]%, our strategy is to iteratively build two sets B, (z) C Uy and
Bmz (y) C US by progressively revealing the edge connections in G(N). Roughly speaking,
By, (x) and By, (y) will be “truncated” versions of the “trees” B,,, (z) and By, (y) defined
earlier, in which a fraction of the edge connections are systematically removed from consid-
eration at each step of branching out. This procedure of truncated growth is a workaround
for having to deal with the overlapping of the full “tree” with itself as it branches out. It
results in a non-negligible undercounting of site connections but still suffices for obtaining

the leading order asymptotic of the graph distance.

We focus only on the construction of B,,, (), as the construction for B, (y) is completely
analogous. Before giving the details of the construction procedure, let us fix the following
parameters:

e some ay,ap € (0,1) such that a; + g > 1;
e some & € (0, 1) such that & > ay, as;
e some total order on the sites of [N]¢;

e some positive integer M.

We begin with defining
OBy := By :={z € Uy : ||z — z|| < 2M}.

The set By is to be thought of as our “tree” in step 0 and the parameter M controls this

initial size. The alternative notation 0B, for this set suggests it can also be thought of as
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the set of “new sites” added to our “tree” in step 0. Now, suppose our “tree” has been grown

to step m > 0, i.e. we have constructed

e anested sequence of sets By C By C --- B,, representing the “tree” after step 0,1,--- ,m;
e and the corresponding mutually disjoint sets By, By, - - - , OB,, representing the col-
lections of “new sites” added to our “tree” in step 0,1,--- ,m.

We then construct a random set 9B, as follows:

e Arrange the sites in 8Bm in ascending order as x1, o, - - - s L\ B

e LFor each z; € 8Bm, we construct an auxiliary random set 0S; that consists of a
fraction of the “new sites” connected to x; in the current step. The set 8Bm+1 will then
constructed as the union of all the 95;.

e The random sets 0.5; are constructed sequentially by selecting at most one “new site”

from each of the dyadic annuli Hg(z;). This is where truncation happens.

In more detail, the auxiliary random sets 0.5; are constructed by the following algorithm.

After 054, -- ,0S;_1 have been constructed for 1 <i < \8B0|, 0S; is constructed as follows:
i1
e Define S, ; := U 0S;. (This means Sy = 0.)
j=1

o Let Ij[k(ﬂfl) = (Hk(xz) N UN) \ (BO U Sifl).
e For alog, N <k <log, N, if f[k(xl) is connected to x;, let z; ;, be the minimal element
of ]:Ik(x,) that is connected to z;.

e Let 05; be the collection of these z;’s.

This completes the discussion for the construction of 8Bm+1. We then define Bmﬂ =
B, U 8Bm+1 as the “truncated tree” after step m + 1. Moreover, in order to keep track of

the information revealed at each stage of the construction, we define
Bm = (B07BI7”' 7Bm> and S’L = (BW“SO’SI’.” 752)

With the set-up above, the key fact driving the proof of Theorem is the following

iterative bound:
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Lemma 4.2.3. There exist some constants cy,cy > 0 (which may depend on 5,d, &) such

that in the procedure above,

P<\8§m+1| > ¢y logy N - |8Bm\

Bm) > 1 — exp(—calogy N - |0B,)
on the event that |B,,| < Ne1dte(l),

Remark 4.2.4. Note that the requirement |B,,| < N4t s satisfied as long as m <

ajdlog N/ loglog N.

By construction, we have that

B |0Bm|
0Bnial = D 10Sil, 1081 = D Lo
i=1 alogy N<k<logy N

where the expression S ~ x means the set S is connected to the site x. The construction

with dyadic annuli give the following uniform lower bound on the probabilities of the events
{ﬁk(xz‘) ~ T}
Lemma 4.2.5. Consider step m in the construction procedure above. There exists some

constant p > 0 (which may depend on 3,d) such that
P(Hy(x;) ~ 2:]Si1) = p
for alogys N < k < log, N.
Proof. By definition of Hy(z;), we have that
| Hyo(3)| > [Hi(2:) N Un| = (| Byl + 1S5-1])

> Cy - 2 = (| Bl + |0B - (1 - &) log, N)

> Oy - 28— Nead+o(1)

> Cy(1+o(1)) -2,
where we used the conditions k > alog, N and & > «y. Thus, for alog, N < k <log, N,

]P’(lf[k(xl) ~ z;|S;—1) > 1 —exp (—ﬂ Lok, ]ﬁ[k(xlﬂ) > 1 — ¢ ACulite(l)) —. .
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Before proving Lemma we need one more fact about stochastic domination of random

d
variables. Here and below > denotes stochastic domination.

Lemma 4.2.6. Suppose X,Y,Z are discrete random wvariables, Z is independent from X,

d d
and Y > Z conditioned on X. Then X +Y > X + Z.

Proof. Conditioned on X = z, we couple a copy Z(x) of Z such that conditioned on X = z,
Y > Z(x) almost surely. Define Z’ = Z(z) when X = z. Then Z’ is independent from X

andas. X+Y>X+2 <X+ 2. O

Proof of Lemma[4.2.3 Conditioned on S, ;, the events {]:Ik(xz) ~ x;}, where the index
k ranges over [alog, N,log, N), are mutually independent. Moreover, each of them has
probability at least p by Lemma [£.2.5] Let Y, be iid. Bernoulli(p) random variables,
independent from the random graph G(NN). Then conditioned on S; 1,

alogy N<k<log, N

By Lemma |4.2.6| this implies that conditioned on B,,,
d
|[Sia| 4+ 10Si] > [Sia| + Vi

Tterating this backwards for 1 < i < |0B,,|, we get that conditioned on B,,,

|8Bm| |8Bm| |aém‘

SesiEYv=Y Y v
=1

i=1 1=1 a&logy N<k<log, N

Applying the Chernoff bound for i.i.d. sum of Bernoulli random variables, we get

P(10Bsil < (L= p- (1= @)log, N - 0B,

2 ~
B ) < oxp (= (1) log, N[0, ).

Now take ¢; = (1 —=d)p- (1 — &), co = %p- (1—a).

Suppose m < ajdlog N/loglog N. Let &, be the event that |0B,,] > ¢ logy N - |0B,,_|.
Then on the event (", &, |0B,n| > (c1logy N)™|Bo|. By Lemma m,

m m i—1
P (ﬂ5> >1-Y P (55 ﬂ5>
i=1 i=1 j=1
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m Is L~
21-Y e (—C—j@l log, N>Z|Bor>

=1

c ~
> 1 exp (—c—%cl log N>1|Bo|) (1 +o(1)).
1
Since |By| > Cp - 2M?, we get

P(‘Bm’ > (61 log, N)m) >1-— N—\BO\'Q/IOgQ(l + 0<1)) >1— N_@@]\/Id).

In conclusion, for my = aydlog N/loglog N, if we define B,, () to be the set of sites in
Uy reachable from By(z) := {z € Uy : ||z — z|| < 2™} with paths inside Uy in m; steps,

21\/Id)

then | B, (2)] > (c1log, N)™ > Newd—o() with probability at least 1 — N~

By the same argument, for m, = asdlog N/loglog N, if we define B, (y) to be the set of
sites in U reachable from By(y) := {z € Uy : ||z — y|| < 2™} with paths inside U§ in my

steps, then |By,, (y)| > N9 with probability at least 1 — N~©E"),

Conditioned on these two events, namely that |B,, (z)| > N9 °0 and |B,,(y)| >

Ne2d=o() " the probability B, (z) is connected to B, (y) is at least
1 —exp (—@(N(O‘1+a2_l)d_°(1))) =1—exp(—O(N)),

where 0 < &, < € := (ay + ay — 1)d. Moreover, By(z), By(y) are reachable from x,y,

2]%

respectively, in steps using nearest-neighbor edges. Thus, the overall probability that z

and y is connected by a path of at most

(d+¢€)log N

2t my + 1+ mg +2M =14 2M 4
log log N

is at least

1 — N9CY) _oxp (—O(N)) = 1 — N-9CY,

Thus, union bound gives

(d+¢)log N

P( Dy <1+ 2M+!
<N_ + + log log N

) Z 1— N2d . N_®(2]Md).

Choosing M large enough (but constant), the right hand side tends to 1 as N tends to

infinity.
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4.3 Beyond the leading order

Let us now make an additional assumption to slightly simplify the model, namely that we
assume the hypercube [N]? has periodic boundary condition, so that every site now “looks
the same”. Following the construction used in the previous section, we define B,, to be the
ball of radius m in graph-theoretical distance centered at 0, and 0B,, := B,,\ B;,—1. We may
realize the random graph as the growth of a random “tree” starting from 0. To keep track of
the information revealed at each level of the “tree”, let us denote B,, := (B, B, -+, By).
We write Eg,,[-] for E[:|B,,] and Pg,,[-] for P[-|B,,]. As before, we write x ~ y to mean the
site x is connected to the site y and = ~ S to mean the site x is connected to some site

belonging to S.

Lemma 4.3.1 (Concentration of |0B,,|). For 0 <4 <1,

IP><1 _5< 198

62
< > _ -

and for m > 1,

P 1—5<M<1+5 >1—2ex —5—2E |0By+1]
Bm — ]EBm|aBm+1| — - p 3 Bm m+1 .

Proof. Conditioned on B,,,
|0B 1] = Z Ly o8,

yﬁé B,

is a sum of independent (but not identically distributed) Bernoulli random variables. The
inequalities then follow from the multiplicative form of Chernoff bound for independent sums

of Bernoulli random variables. O

In the previous section, we showed by a rough under-counting argument that for m <

adlog N/loglog N, where 0 < o < 1
Eg,, [0Bn11] = (©(log N))™*,

with high probability. This means the concentration in Lemma gets exponentially better

with the increment of m, so the main source of fluctuations is in the very first step, |0Bj].
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This allows us to choose 0 (perhaps differently for each m) so that the overall probability
of deviation from the “typical” situation in Lemma is exponentially small in log N for
m = 0 and super-exponentially small in log N for m > 1, so that the overall error probability
is less than N~ for some ¢y > 0. Moreover, if instead of starting from a single site 0, we
start from some constant radius ball in L'-distance centered at 0, the exponent ¢, could be
improved to any prescribed ¢ > 0, while keeping |0B,,| within a constant factor and the

graph distance m within an additive constant.

This concentration result naturally raises the question: what is the value of Eg_ |0B, 1|7
A more precise answer to this question would lead to a sharper asymptotic for the graph

distance. The iterative construction implies the following simple upper bound
Eg,, |0Bmi1| < |0Bn| - E|0B,].

There are two sources of overcounting in this upper bound:

e Recoil: some sites x € B,,, are revisited.

e Redundancy: some sites y € Bf, are multiply connected to 0B5,,.

To better understand the redundancy phenomenon, we introduce the following quantity.

Definition 4.3.2 (Weight of a site relative to a region). Given a site y € [N]¢ and a region

S C [N]¢, we define the weight of y relative to S to be

ps(y) = Z ﬁ~

€S, x#yY

It follows that P(y ~ S) =1 — e ?sW for y ¢ S. The elementary inequality
(A1 —-zAl)<1-e"<zAl

means that for sites of vanishing weight, i.e. pg(y) = o(1), the connection probability

essentially equals to the weight:

P(y ~8) = ps(y)(1 —o(1)).
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On the other hand, for sites of heavy weight, the connection probability no longer behaves
like a linear function of the weight. Indeed, for regions S that are “expanding away from y”,
the weight ps(y) essentially equals to the expected degree of y in S,

Bl ~yioe st =% (1-ew (-2 0)) = B S E =)

—_ qld
zeS €S, x#Y | y|

which only approximately equals to the connection probability P(y ~ S) when it is small

enough. Thus, the weight serves to identify the “hot spots” for redundant connections.

We are therefore interested in the weight distribution of sites outside B,, relative to 0B,,.
As a start, the additive definition of the weight makes an easy counting argument available.
By Fubini theorem for sums,

Z poB,. (Y Z ppg, () < [0Bp| - E|0B1] - (1 + o(1)).
yeEBE, x€0Bm,

By the pigeonhole principle, this implies

> pos,. ()

Bg, m
{y € B, : pos,, (y) > wn}| < = < (E|9B,[)m+oW

Wm

where we choose the threshold w,, to be ©((log N)~¢) for some constant ¢ > 0. Together

with the bound |B,,| < (E|0B;|)™, this means that as long as m < 102}&)59];1\ — O(1), most of

the sites [N]¢ are outside B,, and have vanishing weights relative to dB,,, namely in the set

Vin :={y € B, : pos,, ([y) < wm}-

This suggests a lower bound strategy of only connecting 0B, to sites in V,,. Using the

decomposition |0B,,+1 N V| = > 1,98, We have

YEVm

EBm’aBerl N Vm‘ = Z P(y ~ aBm) > Z p@Bm( 1 - wm = Z me 1 - wm)

YEVm YEVm 2EIBm,

where we used Fubini theorem for sums again. For each x € 0B5,,,
PV (2) = pppa () — pyg () = E[0By| = pyg (x).
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It remains to estimate py.(r). The “worst-case” scenario is that V¢ is tightly clustered

around x like a small hypercube, in which case

O(m
pve(z) = O (log |V7fl|1/d) = % log E|0B;|.

Hypothetically, this worst-case scenario could be achieved uniformly over z € 0B, if the
region 0B, itself is tightly clustered like a small hypercube. Without further analysis of
the spatial distribution of dB,,, this crude bound yields that as long as |B,,| = N°W, or
m = o(log N/loglog N),

Bz, |08yt N Vil > [0Bw| - E|OBy] - (1 — o(1)).

This is not quite enough to carry the lower bound strategy all the way through. However,
intuition suggests that the “tree” B,, should be quite homogeneously distributed in the
hypercube [N]¢ until a positive fraction of it is filled, and under that assumption, the weight
pve (x) should be substantially smaller, so one would expect the lower bound strategy can be
continued until the “penultimate steps”. These considerations lead us to make the following

conjecture:

Conjecture 4.3.3. There exists constant integer ¢ such that
dlog N
o8 < c) = 1.

lim P( | Dy — ———
5o (’ N logE[0B]

N—o0
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