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EXTENSIONS OF 2D GRAVITY* !

Alexander Sevrin?
Department of Physics, University of California at Berkeley
and
Theoretical Phys'ics Group, Lawrence Berkeley Laboratory,
Berkeley, CA 94720, USA

After reviewing some aspects of gravity in two dimensions, I show that non-trivial embeddings of
sl(2) in a semi-simple (super) Lie algebra give rise to a very large class of extensions of 2D gravity.
The induced action is constructed as a gauged WZW model and an exact expression for the effective

action is given. '

. 1. Introduction : ' \

Conformally invariant theories in two dimensions play an important role in
the study of string theories, second order phase transitions and integrable systems.
The Virasoro algebra and its extensions! form the cornerstone of conformal field
theories. More recently a lot of attention was devoted to the study of a particular
class of conformal field theories: gravity in two dimensions. As I will show in the
next section, gravity in two dimensions is a purely quantum mechanical artefact.
Contrary to the case of higher dimensions, gravity in two dimensions allows for
infinitely many extensions such as higher spin fields, supersymmetry, Yang-Mills
symmetries, etc. These extensions are in one to one correspondence w1th the ex-
tensions of the Virasoro algebra.

The interest in 2D gravity arose from its close relation to non-critical string -
theories. In these theories, the matter sector is a minimal model. A propagat-
ing gravity sector contributes to the conformal anomaly in such a way that the
‘conformal -anomaly of the combined matter-gravity-ghost sectors vanishes. Non-
critical string theories allow for a non-perturbative treatment thus providing a test-
ing ground for techniques and ideas which might be applicable to more “realistic”
string theories?. More recently 2D gravity gave rise to models which made the study
of quantum aspects of black hole evaporation possible?.

2. Gravity in Two Dimensions

The Einstein-Hilbert action in two dimensions |
Sen = —1—/ dzz\/ER(z), : ‘ (2.1)
47l' = .
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has no dynamical content as it gives the Euler characteristic of the surface =: x(T) =
2 — 2h, a topological invariant. Consider a scalar field ¢ coupled to gravity:

Ssp = -1- / d’z g“'"ama., ¢. A (2.2)

Introducxng light-cone coordinates, one parametrizes the metric as ge- = e?, gis =
2e¥u.y and Eq., (2 2) gets rewritten as

Ssp = 2—17; /dzzm (0+90-¢ + 2u+T-_(9) + 2#——r++(¢)) ) (2.3)

where the energy-momentum tensor is given by Ti1(¢) = —~10:¢9+¢4. The modes of
the energy-momentum tensor form two commuting copies of the Virasoro algebra
- with central extension ¢ = 1. As the action has no explicit dependence on the con-
formal mode ¢ anymore, the theory is not only invariant under general coordinate
transformations but under local Weyl rescalings of the metric as well. There are as
many gauge symmetries as gauge fields so one concludes that here also there is no
- (except for moduli) gravitational content.
Quantum mechanically, one of the symmetnes becomes anomalous and the
metric acquires dynamics. To see this, one passes to the light-cone gauge p =yt =0
and the action Eq. (2.3) reads now: '

St = 5= [(0100-9+ 2 _Tre(0). | (24)
- Classically there is still one gauge symmetry left:
| 8 = edye,
g = O_e_+e- Oypioe = Brepio, N (2.5)

with e_ an a.rbxtra.ry 1nﬁmte51mal para.meter The mduced action I‘[y__], is defined -
by

\ . |
P o /72 / [dgle—Ssr(®--) _—.<e-;/ ’_‘"T++>. o (2.6)

In diagrams Iju__] is given by:

[ J= A <

If the symmetry Eq. (2.5) were to persist at quantum level the induced action
would vanish. However one easily shows that



Not

Z . -1 external p_. fields . Z _ nexternal u.. fields

where éop__ = a_s_ and 6y p__ =e_O4p__ —Ose- e So the a.noma.ly is given by the
8y variation of the two-point diagram:

,, e S
SI'[H-_]=Anomaly = ¢ s = - ig_n Je afu__
. : ) ¢ ’ ’

where in our case ¢ = 1. Having computed the anomaly, the Wa.rd identity for I‘[p-_]v
follows:

o _ oy The=] .
(6- 26+u-- Ho0) =5 = 12«63 - @n

' ThlS glves a functional differential equation for I'{x__]. Methods to solve this equa-

tion have been developed‘l S: .
1 1 1 '
=55 f O T B B, O (28)

Cova.riahtizing this, one obtains the familiar result®

Feov = F[ﬂ—-] + F[I-‘++] + A[I"——’ B+ (P] =r 5_;; / ﬁR%R’ | (29)

which is manifestiy invariant under general coordinate transformations. Adding a
cosmological constant to this and coupling it in a diffeomorphic invariant way to
a minimal model gives the action for a non-critical string. The resulting model is

- tuned such that the total central charge of the minimal model and the gravity sector

equals 26, precisely cancellmg the contrlbutlon to the central charge cormng from
the ghosts. - :
The effective actlon is obta.med from the induced a.ctlon by mtegratmg over
the Beltrami dxfferentla.l TR

) . 1 . ) )
W] = /[d,,__]e—r[’u"] * -7;/ “"TH', ‘ (2.10)

Introduce the class1ca.l effective action W,[T.], simply given by the Legendre trans-
form of Iju__):

WcltT++] = {gl_if} (I‘[p__] - '};/I—‘——T++) . § - (2.11)

“The full effective action is equal to the classical one up to multiplicative renormalizations?:

W)= 2 Wcl[ZTT++] ' | : ' (2.12)



where

(c=1)(c—25)—

Z. =

C -
= Gy (213
In section four, I will give a general proof for thxs not only valid for pure 2D grawty

but for a very large class of extensions of it as well. .

- 3. Extensions of 2D Gravify

Taking W, gravity‘ as an example is most instructive and illustrates all com-
plications of the general case. Consider two free scalar fields, ¢, and ¢,. For conve-
nience, I use a matrix notatlon

, ¢ 0 0- » _ }
¢ = 0 ¢2—¢h 0 . . (31)
v 0 0 ~2 .
The action v
. ' 1 o
S=5 / tro, 906, | T (32)
~ is invariant under | .
§d = e__6+-¢ +A__04 00,0 — SA__ tr {6+¢6+¢} . : (3.3)
provided 8-c- = d_A_ = 0. The Noether currents associated to these symmetries

are denoted by T++ a[ld W+++: T++ X tr{6+¢6+¢} and W++'+ o tr{6+¢6+¢6+¢}. The
modes of the currents T and W satisfy (at quantum level) the W; algebra with ¢ = 2:

[Lmv Lﬂ']v = -]%m(mz "“_1)6'"'!-.",0 + (m - n)Lm+n
L Wa] = @m—n)Wmin - '
. 1
(W, W] = 360m(m - 1)(m - 4)5m+no +(m - n){i-s—(m+n+3)(m+n+2)

_-é-(m +2)(n+ 2)}L,-,,+,. + B(m = n)Amtn, - (3.4)
~where m,n ¢ Z, 8 =16/(22+5¢) and
3 ' o
Am = gz ) S S —E(m +3)(m +2)Lom. ‘~ (3.5)

The normal ordering prescription is given by : LpnLp:=LmLaif m<-2and: LmL, :=
"LoLm if m > —2. The fact that the commutator of two generators is expressed
not only as a linear combination of the generators but contains composites of the



generators as well is a generic feature shared by most extensions of the V1rasoro
algebra.
The symmetry Eq. (3.3) can be gauged by a simple xmmmal coupling?®:

Sep =5 / trd, 60_6 -+ / (e Ty (B) + v Wis s (8))- @)

The action is invariant under a.rbxtrary tra.nsformatlons Eq. (3.3), provided the
gauge fields transform as -

6[1;_ = O_e_+ e_6+p__ - a+€_ﬂ__ -2 (/\-..64.11..-.. - V___6+A.__)T++,
vol = BA_+2ABppoe — A _po_ + €Oy —204E-v___. 37)

It is not very hard to find the w; anafogue of the covariant action® Eq. (2.3). The
main observation is that Eq. (2.3) can be linearized through the introduction of
auxiliary fields (termed nested covariant derivatives®) F, and F_:

1 1 | R |
Ssr = p /dzz (—§3+4>3—¢ ~FyF_+Fi0-¢+F_0+¢+ g T__(Fy) + #--T++(F—)) » (3.8)

which upon elimination of F. through their equations of motion and identifying
prs = (14 fppfio) sy, reduces to Eq. (2.3). The action Eq (3.8) is gauge
invariant with gauge transformations

6¢ = E._F++E+F_, )
CdFy = E:;:aﬂ:F;t + ais;Fi,
6[1;::;: = 3;:6;: + 6;:63:[1:}::': - 6*8:;:[1;_;. : : (3-9)

What happened is that because F. only transform under e; transformations and
not under ¢+ transformations, the problem reduced to two copies of the chiral case
and minimal coupling ensured gauge invariance. It is clear now that exactly the -
same procedure can be applied for the case of W;. The action reads now

Ssp = -% / (.;-tra+¢a_¢+trp+p_;trF+a;'¢—trF_a+¢)

42 [ (oo T (B 4 v Wa (B T (F2) v W (F)) 310

However, the auxiliary fields do now appear through cubic order in the action, which
prohibits a second order formulation.

The chiral W; symmetry Eqs. (3.3, 3.7) is anomalous at the quantum level*s,
The induced action in the light-cone gauge is defined similar to Eq. (2.6):

1 ) .
R PR O <ef;/(#——T++(¢)+V__-W+++(¢))> . (3.11)



A careful treatment of the non-linearities in the W; algebra* reveals that the Ward
identities contain non-local, subleading in 1/c terms. This in its turn implies a 1/c
expansion for the induced action:

Tpeeyvo] = ch""r(")[y.._,u___]. (3.12)

n>0

© Only TO{y__,v___] has been obtamed in a closed form®. The effective action is
defined by:

1 . .
e WITet, Wess] / [d,,__][d,,___]e'r [““’"“‘H’;/ (bo-Tis o voe W) (3.13)

The classical action is the Legendre transform of the leading term of the induced
action Eq. (3.12): :

. s . . 1 . "
WOT Wesy] = ( min ) (CF(O)U‘——,V--—] - / (B Tog + v W+++)) - (3.14)
) e W
Just as for pure gravity, the full effective action is, except for a coupling constant
and a wavefunction renormalization, equal to the classical action'®!!:

Wl Wiry] = 2. WO (27T, wa++~.4-] ) ' (3.15)

4. Extended Gravity from Gauged WZW Models

In this section I will present a unifying treatment of extensions of the Vi-
rasoro algebra and the corresponding effective gravity theories'?-!¢. The principle
underlying this approach is quite simple. Consider a matter system, where I denote
the matter fields collectively by ¢, with as action S[¢] and with a set of n symmetry
currents, denoted by Ti[¢), ¢ € {1,---,n}, which forms an extended Virasoro a.lgebra
The 1nduced action in the light-cone gauge is defined by

e~ Tlul = / [déle Stel - ;/ ”‘T‘[(i.’], | ' (41)

where u; are sources. Alternatively u; can be viewed as chiral gauge fields or gener-
alized Beltrami differentials. The effective action’ is defined by:

LA Y ’
—WIT) = / [d,,]e-F["H?/ wT / [d¢]6(T[¢]—T)e—S[¢]. (42)

In order to evaluate this integral, one has to compute the Jacobian for going from
T[p] to . Though this is usually impossible, we will be able to do it by realiz-
ing the “matter” sector, i.e. S[¢], by a WZW model for which a chiral, solvable
~ 3Strictly speaking this is the generating functional for connected Greens functions of 4, whxch only upon

a Legendre transform becomes the generatmg functional of 1P1 Greens functions which is usually ca]led the
effective action.

|94



group is gauged. The possible choices for the gauge group are determined by the
inequivalent, non-trivial embeddings of s/(2) in the Lie algebra.

Consider a (super) Lie algebra g. Call the affine extension of g with level «: 3.
The affine algebra is realized by a Wess-Zumino-Witten theory with action «S-[g].
Given a nontrivial embedding of si(2) in g, the adjoint representation of g branches
into irreducible representations of si(2) which allows us to write the generators of
§ 3S t(jm,a;) Where j € IN labels the irreducible representation of s/(2), m runs from
—j to j and «; counts the multiplicity of the irreducible representation j in the
branching. The si(2) generators e+ and e, where es = t110)/v2 and ey = t(y),
satisfy the standard commutation relations: [ey,e+] = *+2e+ and [e+,e-] = eo. The
‘action of the s!(2) algebra on the other generators is given by

[301t(jm,a)-)] = 2m t(jm,a,-)» '
H -1 B T
lex,tGman] = (Y™ 23/ GFm)G £ m + Digmar,e;)- (43)

The si(2) embedding introduces a natural grading on g given by the eigenvalue of -

eo- I use the projection operators II to project Lie algebra valued fields onto certain

subsets of the si(2) grading, e.q. I, § = {tiimapim > 05V5,a5}, Mymd = {t(jna;ln 2

m;Vj,a;}, Omg = {t(jm,a;)IVi,a;}. All other conventions are as in previous papers'2.
The action S,

- 1 K K K
S =xS7[g] + ;;/str A_ (J+ - 5e-— E[T,e..]) + /str[‘r,e-]a_‘r, (4.4)

with the affine currents J. = $8, 997", the gauge fields A € I1,§ and the “auxiliary”
fields r € I14, ,3, is invariant under the gauge transformations

g—+hg A- = O0_hh™' + hA_h™! T =7+, ' (4.5)

where h = expn, n € I1, 3.

The gauge fields A- (Lagrange multipliers) impose the constraint I_J; =
Se- + £[r,e_]. Calling the constrained current J$, one performs the gauge transfor-
mation which brings J$ in the form T + §e_. where T € kerade,, and obtain in this
way the fields T which are gauge invariant modulo the constraints, i.e. modulo the
equations of motion of the gauge fields A_. They are of the form T o Myerade, J++---
These currents are coupled to sources and the action is modified to

1 .
S2=8+ m—g /Str‘pT, (4.6)

with the sources u € kerade_. As the fields T are only gauge invariant modulo
terms proportional to the equations of motion of the gauge fields, the resulting non-
invariance terms in §S; are cancelled by modifying the transformation rules for the
gauge fields. These modifications are proportional to the u-fields and do not depend
on the gauge fields themselves. Because the gauge fields occur linearly in Eq. (4.6),
gauge invariance is restored.

In the next I will argue that the fields T generate an extended Virasoro
algebra. A strong hint for this is the observation!®!¢ that constraining a chiral



WIZIW current as J, = T + § where T € kerade,, reduces the WZW Ward identities
to the classical Ward 1dent1t1es of some extended Virasoro algebra with currents
= TVt (;5.0,) and TU<:) has conformal dimension j + 1.
The functional I'[y]

exp —I[y] = / (699~ |[d7]idA_] (Vol(mg))—lexp—<82—zrlzz / stryT), @7

is, if T forms an extended Virasoro algebra, the induced action in the light-cone
gauge of the corresponding extended gravity theory. The price paid for modifying
the transformation rule of the gaugefields 4, is that the gauge algebra only closes
on-shell. Such a system calls for the Batalin-Vilkovisky formalism!’ to gauge fix
it. Introducing ghostfields ¢ € IL,5 and anti-fields J; € g, A~ € I1_g, 7" € II_, ;»§ and
c* e II_g, the solution to the BV master equation is given by:

. 1 . (K 1 .
' Sgv = S — m/strc cc+ m/strJ+ (§6+c+[c,J+]) + sz/Strr c
+-2%z- / strA” (6_c+[c,A;]+p-depeﬁdent terms) . (4.8)

The p-dependent terms proportional to A* absorb all complications arising from
the non-invariance of T.

The gauge choice A_ =0 is made by performing a canomca.l transformation
which changes A* into a field, the antighost b € II_g, and A_ into an antifield 5.
- The gauge-fixed action reads:

- K 9 1 1 .
Sgr = £S”[g] + P / strir,e_]0-7 + oy / strbd_c+ pp— / struT, (4.9)

and the nilpotent BRST charge is: , , ,
1 : L -
Q= o A .str {c (J+ - ge_ - %[T,e—] + '2‘J-7-h) } ) (4.10)

where J& = 1{b,c}.

The only unknown in the action is the current 7. This reflects the fa.ct that
I did not specify the explicit form of the i dependent terms in Eq. (4.8). In order
to guarantee BRST invariance of the action the currents 7 themselves have to be
BRST invariant. This determines them up to BRST exact pieces.

Following initial studies of this system!'®~2°, the BRST cohomology of Q was
solved in its full generality'* using spectral sequence techniques?!. I will omit most
details here and just summarize the results. The fields, &, in the theory are assigned
a double grading [®] = (k,!), k, ! € }Z, with k+1 € Z the ghostnumber: [J;] = (m,~m)
for J, €Img, me 1Z, [b] = (—m,m ~1)for bell_,ng, m >0, [ = (m,—m+1) for c € 1,3,
m>0and [r]= (0,0). The operator product expansions (OPE) are compatible with
the grading. The BRST operator Q is decomposed as Q = Qo + Q; + Q; where

® K '
v Qo = —%fstrce_ Ql = —g;-i-;fstrc[r,e_], i . (4.11)



such that [Qo] = (1,0), [Q1] = (§,1) and [Q.] = (0,1). One computes that Qf = Q2 =
{Qo, 1} = {Q1,Q:2} = @} + {Qo,Q:} =0, but Q} = —{Q0,Q2} = 757 § str{c[llipc,e_]}. A~
first fact is that, because of the existence of the subcomplex with trivial cohomology
and generated by {b,II_J, - £[r,e_]}, the full cohomology is isomorphic to the coho-
mology computed on the reduced complex generated by {IIyoJ+,7,c}. I denoted the
total currents by J, = J, + J&". Note that the OPEs also close on this subcomplex.

Computing a spectral sequence, one can show!* that the cohomology is gen-
erated by T=3; . TU)¢(j;.0;) € kerade, and TU=3) has the form

2j
flies) = Zﬁ:‘.an, | | | (4.12)
where 79%) has gradjng (7 - £,—j+%). The leading term is of the form

T(J o) =CJ { J(u.a,) +=2 251 050”00[7., fe—, ,,.]](oo ao)} (4.13)

O

~ where the norrna.lization constant C will be fixed later on and the remaining terms.
- are recursively determined by a generalized tic-tac-toe construction: ’

Qultio = —QuTs - Q1Ug. (419

The OPEs of TU:2) close modulo BRST exact terms. However, because TU:3)
has ghostnumber 0, a BRST exact term must be derived from a ghostnumber —1.
field. As the cohomology was computed on a reduced complex which has no fields
of negative ghostnumber, one concludes that the operator algebra of TG closes!

One can also show that the map TG - T{7*? is an algebra isomorphism!42°.
This is the so-called quantum Miura tra.nsformatlon

The only thing which remains to be shown is that the a.lgebra is an extension
of the Virasoro algebra, i.e. it does contain the Virasoro algebra. One can show
that the energy-momentum tensor:

FEM

) (str {jze_} + str {['r,e-]j,} + %Str {Ho(j,)ﬂo(j,)} +2 * Bstr {e_.af;}

—str{[no(t") [no(tA) aJ! ]] e-}-= th {[r,e_]af}), (4.15)

satisfies the Virasoro algebra with

1 (dp—dF)h -
= —Cerit = ———=— — 6y(K + h), 4.16
| €= SCarit p— y(x + h) o (419)
where c.i. is the critical central extension of the algebra under consideration, c.i =

e, ()P (1252 + 125 +2), y is the index of the si(2) embedding, i.e. the ratio of the

YThe first term in Eq. (4.15) is T{"%), the second term T{"® and the remainder forms T{""”). Requiring’
that this forms the Virasoro algebra in the standard normalization fixes C: C = 72-‘(‘%3



length squared of the longest root of § with the length squared of the s!(2) root, dg,
dr respectively, is the number of bosonic, fermionic respectively, generators of g and
_ h is the dual Coxeter number of g. Adding a BRST exact term to Eq. (4.15), one
gets the energy-momentum tensor in the familiar KPZ form:

. 1
T™MP trJ.J -——uma.I-—que_af
:c(n+h)sr++ 8zy 00+J4+ = 7= (1 10+7) .
1 1 1 '
+Z—strb[eo,6+c] - -—strba+c + Z—stra.,.b[eo,c] (4.17)

A simple example is provided by the embeddings of s/(2) in 31(3) There
are two inequivalent embeddings of s!(2) in sl(3). For the first, the adjoint of si(2)
branches according to 8 — [3] @ [5] which gives rise to the W; algebra containing a -
dimension 2 current, the energy-momentum tensor, and a conformal dimension 3
current. The other embedding is characterized by 8 — [1)@[2]®[2]®(3] and corresponds
to.the W algebra containing the energy-momentum tensor two bosomc dimension
3/2 currents and a U(1) current. -

The effective action in the light-cone gauge, W[T], of the correspondmg grav-
1ty theory!? is defined by - ,

/strpT) " (4.18) V

exp~WIT) = [uleap - (Tl -

- where I'[y] was given in Eq. (4.7). In order to compute the effective action, one first
feeds the information gained in the previous analysis back into the solution of the
BV master equation and one then chooses a different gauge: r =l le+,J+] =0. To
achieve this, one makes a canonical transformation in Eq. (4.8) which interchanges
fields and anti-fields for {r,7*} and {IIi[e4,J4},TI_[e-,J;]}. One finds

W(T] = «.S_[g), . (4.19)

- where &, = x+ 2k and I used [Jgg-l] = [dJ4]exp (—255‘[9]). From Eq. (4.16) one gets
the level as a function of the central charge:

z 1 1\ .
12y<. = 12yh — (c - -é-ccm) - ‘/(c - Eccm) —24(dg —dp)hy. o (4.20)

Eq. (4.20) provides an all-order expression for the coupling constant renormaliza- -
tion. The WZW model in Eq. (4.19) is constrained by

1 e T 1 1 iia:
 O4gg ! +Z—;str{HNA (0+997"))MIna (3+gg 1)}‘ff+=e-+. +ﬁ22§j_1ij(’ D(55,5X4-21)

where HNAg is the pro;ectlon on the centrahzer of si(2) in g. I also used?? J,
'220,9¢™! with ax =k +h.

5. Conclusions

I showed that one can associate an extended Virasoro algebra with every
non-trivial embedding of si(2) in a semi-simple (super) Lie algebra. The algebra is

10



realized as a WZW model where a chiral, solvable group is gauged—the gauge group
being determined by the si(2) embedding. Algebras that can be obtained in this
way can be called “simple” extensions of the Virasoro algebra. All other extended
Virasoro algebras, can be called “non-simple” extended Virasoro algebras and I
conjecture that they can be obtained from “simple” ones by canonical manipulations
such as adding free fermions or U(1) currents?, orbifolding?*, further gauging of
affine subalgebras, etc. Relating the representation theory of the extended Virasoro
algebra with the representation theory of the underlying WZW model remains a
very interesting, open problem.

From Eq. (4.20), one finds that no renormalization of the coupling constant
beyond one loop occurs if and only if either dg = dr or A =0 (or both). One gets
dp = dp for su(m = 1jm), osp(m|m) and osp(m + 1|m) and h = 0, for su(m|m), osp(m + 2|m)
and D(2,1,¢). This hints towards the existence of a generalized non-renormalization
theorem whose precise nature remains to be elucidated.

The close relation between this method of constructing extended Virasoro
algebras and extended 2D gravity theories, provides a good starting point for the
study of non-critical strings. Given an embedding of si(2) in g, one considers the
corresponding (p,q) minimal model as the matter sector of the string theory. Its
central charge, c) is given by Eq. (4.16), where ) + h = p/q. In order to cancel the
conformal anomaly, one needs to supplement the matter sector by a gauge sector
whose central charge ¢, is again given by eq, (4.16) but now . +h = —p/q. The
corresponding W string is now determined by currents Tio. = Ty + T, and a BRST
charge Q = 3L § strc(Tior + 3Tyhost), Where the ghost system contributes —c.;. to the
central charge. In order to explicitly perform this program, a covariant formulation
is needed so that one is not restricted to the light-cone gauge but that the conformal
gauge, which is more convenient, can be used as well. This can again be achieved
using WZW like techniques?s.

A most challenging problem is the understanding of the geometry behind
~ the extensions of d = 2 gravity. We saw that the Virasoro algebra appeared as the
algebra of residual symmetry after gauge fixing a theory invariant under general
coordinate transformations in d = 2. A similar statement for extensions of the
Virasoro algebra remains to be found. Finally, a most exciting application of the
methods developed in this paper would be the study of reductions of continuum
algebras?® which will lead to integrable theories in d > 2! Work in these directions
1s in progress.
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