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ABSTRACT OF THE DISSERTATION

Parametric and Semiparametric Models for Causal Inference, Longitudinal Data Analysis and
Brain Imaging Data with Measurement Errors, Missing Data and Small Samples

by

Chenyu Liu

Doctor of Philosophy in Biostatistics

University of California San Diego, 2025

Professor Xin Tu, Chair
Professor Lin Liu, Co-Chair

Accurate statistical inference with complex, noisy data and limited sample sizes requires
methods capable of addressing measurement errors, missingness, and model misspecification.
This dissertation develops methodological tools for such challenges, grounded in rigorous theory
and simulation studies. It comprises three studies.

The first study focuses on estimating the total variance explained by imaging-derived
phenotypes (IDPs) in brain imaging data affected by measurement error. We propose a Bayesian
model using Hamiltonian Monte Carlo (HMC) to correct for errors in predictors and to estimate

the variance explained as if IDPs were measured without noise. Simulation studies confirm
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the method’s validity. Using resting-state fMRI data from the Adolescent Brain Cognitive
Development (ABCD) Study, we train a noisy Best Linear Unbiased Predictor (BLUP) model
and show that accounting for measurement error yields substantially higher and more realistic
estimates of variance explained than models that ignore noise in IDPs.

The second study addresses hypothesis testing for average treatment effects (ATE) in
causal inference. While outcome regression models, marginal structural models, and doubly
robust estimators (DRE) have appealing asymptotic properties, they may yield biased inference
in small samples, with anticonservative type I error or poor coverage, even when incorporating
recent nonparametric extensions. To overcome these limitations, we develop a sign-flipping
score-like test. Although score and score-like tests already outperform Wald tests for modest
sample sizes, they can still behave anticonservatively, especially with heteroscedastic contin-
uous outcomes or over-dispersed counts. Our proposed sign-flipping test preserves favorable
asymptotic behavior while substantially improving finite-sample performance, as demonstrated
by extensive simulations.

Motivated by the Peer Empowerment Program 4 Physical Activity (PEP4PA) study, the
third study investigates multiple imputation (MI) for longitudinal data with missing responses.
Despite MI's widespread use, many implementations lack established asymptotic guarantees, and
Rubin’s variance estimator can fail under certain conditions. We distinguish two MI types: type
B, based on sampling from a posited regression model with consistent parameter estimates, and
type A, which samples from the predictive distribution by integrating over parameter uncertainty.
Because type B is difficult to implement generally, we propose a type A MI estimator using
standard software such as the MICE package in R. Our approach accommodates missingness
depending on variables outside the posited model and yields asymptotically valid inference with
Rubin’s variance formula. Simulations and application to PEP4PA data demonstrate its practical

validity and ease of implementation.
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Chapter 1

Introduction

In modern statistical research, dealing with complex and imperfect data is a ubiquitous
challenge. In this thesis, we propose novel statistical methods to address such challenges across
various domains. Specifically, we focus statistical methodologies for brain imaging data with
measurement errors in explanatory variables, robust hypothesis testing for average treatment
effect in causal inference, and multiple imputation approaches for longitudinal regression analysis
with missing responses (dependent variables). These methods are crucial for improving the
accuracy and reliability of statistical analyses in their respective fields.

Causal inference is a fundamental aspect of statistical analysis and research, focused
on determining the cause-and-effect relationships between variables. Unlike associations or
correlations, causal inference aims to understand how changes in one variable (the cause) directly
influence another variable (the effect). This is crucial for making decisions in various fields,
including medicine, economics, social sciences, and policy-making. Several approaches exist for
inferring causality from observational data. Outcome regression models (ORM) estimate causal
effects by controlling for other influencing variables, or confounders, using various models,
such as parametric, semiparametric generalized linear and non-linear models. Despite its wide
application, it faces challenges such as incorrect specification of the confounders, or covariates,
in the model. Marginal structural models (MSM) mitigate confounding using propensity scores.

In addition to misspecification of covariates, the inverse-propensity-score weighted estimators



also do not perform well with anticonservative bias in type I errors, even moderate samples and
under correctly specified covariates in the model. The doubly robust estimator (DRE) integrates
the ORM and MSM to offer consistency if only one of the models has a correct specification of
covariates in the model, thus doubling the chance of correct inference, though it still struggles
with small and moderate samples. Hemerik et al. (2020) proposed a sign-flipping score test
for parametric generalized linear models and demonstrated that it was quite effective to control
anticonservative bias for small to moderate samples, especially in the presence of overdispersion
and heteroscedasticity for the response. This approach seems promising and adaptable to the
context of causal inference with DRE to address the anticonservative bias.

Issues like Functional magnetic resonance imaging (fMRI) is a non-invasive neuroimag-
ing technique used to measure and map brain activity. By detecting changes in blood flow, fMRI
provides insights into the functional anatomy of the brain, allowing researchers to see which
areas are involved in various cognitive and motor tasks. Research initiatives like the multi-site
Adolescent Brain Cognitive Development (ABCD) Study have substantially augmented sample
sizes in contrast to earlier neurodevelopmental cohorts to study. There’s a realization that the
effect sizes of brain-behavior relationships utilizing individual imaging-derived phenotypes
(IDPs) are generally quite small. Furthermore, while the effects individually seem modest, they
are dispersed widely across multiple IDPs rather than being concentrated on a few specific ones
in many brain-behavior relationships. Consequently, there is a need for analytical methods
capable of comprehensively assessing the overall variance explained by sets of IDPs without
assuming sparsity. Genome-Wide Complex Trait Analysis (GCTA) is a commonly used tool for
evaluating the total variance explained by extensive sets of genetic loci in genetics. Although
there are notable parallels between genome-wide and brain-wide analyses, a key distinction
lies in the fact that IDPs derived from magnetic resonance imaging (MRI) data are subject to
considerably more noise compared to genetic data. This disparity may offer insight into why
brain-behavior effect sizes observed in large-scale studies tend to be small.

Missing data is a prevalent issue in clinical research, often arising from loss to follow-



up, intercurrent events, or data collection errors, which inevitably result in not all intended
measurements being obtained for all participants. This can lead to several problems, as it
necessitates untestable assumptions about the effects of the unobserved data on analysis results.
Improper handling of missing data can introduce bias into estimates, potentially leading to
incorrect conclusions. Additionally, missing data reduce the available sample size, decreasing
the statistical power of the analysis and leading to less precise estimates. This complicates both
the analysis and interpretation of results. There are three primary mechanisms by which data
can be missing: Missing Completely At Random (MCAR), Missing At Random (MAR), and
Missing Not At Random (MNAR). Clinical trial analyses typically assume MAR, where the
probability of missingness is related to observed data but not the unobserved data. MCAR,
where missingness is entirely random, is less defendable, while MNAR is difficult to address,
as missingness is related to unobserved data itself and external information is needed to model
the impact of the missing data on analysis results. A widely used approach for addressing MAR
and MCAR is multiple imputation (MI), which involves filling in missing values by generating
plausible numbers based on the distributions and relationships among observed variables. MI
explicitly incorporates the uncertainty about the true value through multiply imputed data for
valid inference. We develop innovative and robust statistical methods to handle complex and
imperfect datasets. The subsequent chapters address specific research goals inspired by the
identified gaps and limitations in our study. First, we extend the existing GCTA model by
incorporating a more general assumption that IDPs derived from MRI data are measured with
significant noise. Second, to improve the performance of the DREfor small or moderate samples,
we propose a novel sign-flipping score-like test to reduce anticonservative bias in inference about
average treatment effects. Last but not least, we develop a new MI approach to utilize existing
software such as the MICE package in R to facilitate longitudinal data analysis with missing

data under MCAR and MAR.



1.1 Aims and Organization of this Dissertation

In Chapter two, we develop the best linear unbiased predictor for noisy brain data. We
propose a Bayesian methodology with the application of Hamiltonian Monte Carlo Algorithm
(HMC) to correct for measurement errors in predictors and estimate the total fraction of variance
explained by sets of imaging-derived phenotypes. We illustrate our proposed method with real
data from the Adolescent Brain Cognitive Development (ABCD) Study, using resting-state fMRI
data from Release 4.0.

In Chapter three, we explore several hypothesis testing methods for average treatment
fffects (ATE) in causal inference. We provide an overview of existing methods such as outcome
regression model (ORM), marginal structural models (MSM), and doubly robust estimators
(DRE) and propose a novel sign-flipping score-like test for DRE to imporve its performance for
small or moderate samples when applied for causal inference about ATE. Simulation study is
employed to validate the theoretical characteristics of the proposed sign-flipping score-like test
and provide comparisons with existing methods.

Chapter four conducts a study investigating multiple imputation (MI) approaches for
longitudinal regression analysis with missing responses (dependent variables) under MAR and
MCAR. By leveraging the work of Tsiatis (2006), we propose a novel MI estimator by utilizing
popular software for missing imputation such as the MICE package in R for the imputation
step. The proposed estimator is shown to have consistent and asymptotically normal properties.
In addition, we show that Rubin’s variance estimator is consistent when used to estimate the
asymptotic variance of the propose MI estimator. We illustrate the approach with both real and
simulated data. The simulation stuidy evaluates the performance of the proposed estimator, while
the real study allows us to investigate whether the intervention group in a study on improving
health with physical activity has significantly increased the minutes of moderate-vigorous-
physical activity during the period of visits after baseline visit. Chapter five finally summarizes

the overall findings and discusses the future studies.



Chapter 2

Estimating the Total Fraction of Variance
Explained from Noisy Brain Imaging Data

2.1 Abstract

Due to the advent of large neurodevelopmental datasets such as the Adolescent Brain
Cognitive Development (ABCD) Study, it has become increasingly clear that brain-behavior
effect sizes using individual imaging-derived phenotypes (IDPs) are generally quite small. It is
also appears to be the case that, while individually small, effects are widely distributed rather than
concentrated on just a few IDPs for many brain-behavior relationships. Thus, analytical methods
are needed for assessing the total variance explained by sets of IDPs en masse using methods that
do not assume sparsity. In the field of genetics, Genome-Wide Complex Trait Analysis (GCTA)
is commonly used to assess the total variance explained by large sets of genetic loci. While there
are clear analogies between genome-wide and brain-wide analyses, a major difference is that
IDPs obtained from magnetic resonance imaging (MRI) data are measured with considerably
more noise than are genetic data, thus perhaps partially explaining why brain-behavior effect
sizes observed in large studies are generally small. Here, we propose a GCTA-like model for
assessing the total variance explained by sets of IDPs applicable to noisy brain imaging data.
We develop a Bayesian implementation of this model using Hamiltonian Monte Carlo (HMC)
algorithm for posterior inferences, which correct for measurement error in the predictors and

estimate the total fraction of variance explained if IDPs were measured without noise. We



validate the noisy BLUP model in simulation studies. In real data analyses, we train the noisy
BLUP model on resting state functional magnetic resonance imaging (rsfMRI) data from the
ABCD Study, showing that the trained model provides substantially higher estimates of the total
fraction of variance explained than that obtained by incorrectly assuming IDPs are measured

without noise.



2.2 Introduction

Functional Magnetic Resonance Imaging (fMRI) measures changes in blood oxygenation
and blood flow related to neuronal activity, providing researchers with the means to study human
brain function in vivo [1]. fMRI has become an essential and widely-used tool for assessing brain-
behavior relationships and neurodevelopmental outcomes. However, the explosive growth in the
number of published fMRI studies has led to something of a replication crisis [2], wherein initial
published effects are greatly attenuated or completely absent in follow-up studies. This crisis
has likely been caused by a combination factors, including high-dimensional data, incentives for
finding “signficant” associations, publication bias and, importantly, small sample sizes [3].

Studies such as the UK Biobank (UKB, [4]), the Human Connectome Project (HCP) [5],
the Adolescent Brain Cognitive Development (ABCD) Study [6], and the upcoming HEALthy
Brain Child Development (HBCD) Study [7] have greatly increased sample sizes (n ~ 1k to
12k) compared to previous neurodevelopmental cohorts. An important consequence of larger
samples is the ability to estimate brain-behavior effect sizes with more power and precision, and
hence less prone to shrinkage due to the "Winner’s Curse” [8]. In particular, recent results from
the ABCD Study demonstrate that effect sizes of brain-behavior relationships are considerably
smaller than have been published in the past [3, 9] from smaller, likely under-powered datasets.

Another realization arising from the the greater power and precision of large-scale
neurodevelopmental studies is that brain-behavior associations tend to be widely distributed
across the brain. For example, Zhao et al. [10] found that whole-brain ridge regression of
all cortical vertices outperformed methods (e.g., LASSO) that assumed sparsity for predicting
cognitive ability in the Adolescent Brain Cognitive Development (ABCD) Study using the N-
back task MRI data. The presence of individually small but widely-distributed effects argues for
using statistical methods that integrate associations across the brain (e.g., all networks, vertices
or voxels) to assess the total variance in behavioral outcomes explained by brain morphometry

or activity.



This is precisely the scenario that Genome-Wide Association Studies (GWAS) encoun-
tered over the last two decades. Under-powered candidate gene studies failed to replicate, effect
sizes of individual loci were much smaller than researchers had hoped, but they were widely
distributed across the genome [11]. For most human complex diseases and traits, loci identified
by GWAS explain only a tiny fraction of the overall heritability. In response to this, Yang et
al. [12] proposed Genome-wide Complex Trait Analysis (GCTA) for GWAS data, a method
for assessing the total fraction of variance explained (FVE) for all loci in a GWAS, which can
be applied to data when the number of loci far exceeds the number of participants. Other FVE
methods include LD-Score Regression [13] and GWASH [14]. Using these and other methods,
genetics researchers have determined that common variants tagged by microarrays (so-called
”SNP heritability”) account for a substantial proportion of total heritability, e.g., as assessed
by family and twin studies, for many complex traits [15, 16]. This is an important observation,
because it impacts how researchers interpret GWAS results and how important additive effects
of common variants are as drivers of complex traits and diseases [17], compared, e.g., to rare
mutations or structural variation.

The gap between the proportion of variance attributable to genetics from family studies
and the proportion from microarray data is sometimes called the “missing heritability” problem
[18]. While not usually framed in the same way, there is a similar issue in neurobehavioral studies.
It is widely accepted among neuroscientists that all cognitive behaviors are ultimately a product
of brain activity. However, to date fMRI studies have only explained a small proportion of
variation in most measured cognitive behavioral responses in healthy human beings. This could
be because the neural activity captured by a particular set of fMRI features is not directly relevant
for the behavioral phenotype of interest. It could also be because the BOLD response is an
indirect measure that only weakly captures the underlying neurobiology relevant for behavioral
responses. Finally, it could also be due to measurement error in both the fMRI BOLD signal and
in the behavioral responses themselves: if these sources of measurement error are uncorrelated

(i.e., non-differential) they will tend to attenuate association effect sizes [19]. Here, we focus on



the issue of attenuation of effect sizes due to non-differential measurement error. The GCTA
model assumes that genetic features are measured without noise. In contrast, fMRI whole-brain
data is measured with considerable noise, e.g. intra-class correlations (ICCs) rarely exceed 0.5
in the ABCD fMRI data [20].

In the low-dimensional setting, there are existing methods addressing attenuation due
to measurement error. Cook and Stefanski [21] proposed a simulation-extrapolation estimation
(SIMEX) in parametric measurement error models. SIMEX is a simulation-based method of
inference for parametric models with measurement error in which the measurement error variance
is known or at least well estimated. The method added additional measurement error in known
increments to the data, computing estimates from the contaminated data, establishing a trend
between these estimates and the variance of the added errors, and extrapolating this trend back
to the case of no measurement error. While in our case, the measurement error is unknown
and it is difficult to estimate the measurement error. Wang et al.[22] proposed a new class
of models, generalized linear mixed measurement error models, which model the correlation
and the measurement error simultaneously, considering generalized linear mixed models for
clustered data when one of the predictor with measurement error. They explored the model
from two directions: bias analysis and functional inference using the SIMEX method. However,
this method assumed that the data are obtained from independent clusters and the paper was
more interested in computing the biases that result in common GLMMs when one ignores
measurement error. Dellaportas and Stephens [23] adopted a Bayesian approach, analysing
errors-in-variables models in full generality under a Bayesian formulation that makes inferences
about the coefficients in errors-in-variables regression models.

However, no existing methods address measurement error in the context of the fraction of
variance explained by a large set of features en masse. In this paper, we propose a Bayesian model
to correct for measurement error in predictors when estimating the total fraction of variance
explained (FVE) by sets of imaging-derived phenotypes. The model is implemented using a

Hamiltonian Monte Carlo (HMC) algorithm. In Section 2, we describe our Bayesian model and



our derivation of best linear unbiased predict (BLUP) for linear mixed models. In Section 3, we
propose a method that deals with noisy BLUPs. In Section 4, we do simulations under several
settings, and apply our proposed method to resting state functional magnetic resonance imaging

data from ABCD Study. In Section 5, we give our concluding remarks.

2.3 Methods
2.3.1 Model

We posit a generative linear model for continuous responses. Let y = (y1,...,y,)” be a
vector of standardized (i.e., mean zero and unit standard deviation) neurobehavioral values on n
independent subjects. There are also B imaging-derived phenotypes (IDPs) potentially involved

in generating y. Let W denote the n x B matrix

where the w; are B-dimensional vectors of standardized “noise-free” IDPs for the ith subject

(note, the w; are not directly observable in our setting). We assume the linear generative model
y=Wp +e¢, 2.1

where 8 ~ Np/(0, Gél ) are independent of & ~ N,,(0,621). This is essentially the GCTA model.
Under the GCTA framework, the parameters GI% and 0'3 of model (2.1) are estimated using
restricted maximum likelihood (REML) implemented via the average information algorithm [12].

Once estimates (6 E, 52) are obtained, B can be estimated using the the Best Linear Unbiased
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Predictor (BLUP) given by

A ~ . . -1 .
Buw=EBIW.Y) = (W'W/6t+6571) W'y/67

-1
1 62 .
— <;Wﬁv+—§y> bw, (2.2)
"Op

where by is the B-dimensional vector of mass univariate linear regression coefficients of y on W.
ﬁBLUP could then be used to infer the neurobehavioral value of a new participant by combining

this estimate with their IDPs w,.,,

A

A
_ T
Y pred WnewB BLUP*

This prediction method is functionally similar to the polygenic risk score (PRS) approaches
commonly-used in genetics research, wherein PRS weights are computed from GWAS association
statistics and used to infer phenotypic values based on genotypes [24].

However, in our application W is not directly observable, since each IDP is in fact

measured with a significant level of noise. What is actually observed is

X=W+A 2.3)
51

whre §; is a B-dimensional vector of noise for the ith participant. We assume w; ~ Ng(0,%,,)
and §; ~ Np(0,Ls) are independent of each other and of 8 and €. These assumptions (normality
and independence) are often reasonable approximations in practice, as we demonstrate in our

real-data application below.
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In the model with noisy IDPs, the conditional posterior of 8 is given by

f<B|X7y76§76372W725) o< Hf(yl|-xl7ﬁ768272W726)f(ﬁ|65)
i=1

fOilxi,B,07, 50, Zs) = /f(y,-|w,-,x,—,/3,og)f(w,-yx,-,zw,zg)dwi

where

Wl'|xi=2waz6 ~ N(.uw,»\xﬂzw\x)

ZW|X = (251 +Zv_vl)_1'
Using Woodbury’s formula and integrating out the W, we get

Yi|xia ﬁ72W725 ~ N(.uyi\xﬁv Gyz|x,[3)
T
Hyilxi,p = 'uWil)Cil3

Gyz\x,ﬁ = 6£2+ﬁTZw|xﬁ-

(2.4)

Thus, the conditional posterior distribution of  given the observed data and the other paramters

is given by

f(ﬁ’X,y,Zw,Zg) o< CXp{—% [(y_MW|xB)T(y_MW|xﬁ)/(Gg+ﬁTzwa)—‘f—ﬁTﬁ/Gé]}

wlx

T
H W |%n

(2.5)

Equation (2.5) is not a standard distribution, and there is no closed-form expression for the

posterior expectation to estimate 3 like the BLUP in (2.2). Instead, we propose to approximate
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it (and the other parameters of (2.1)) via a Monte Carlo Markov Chain (MCMC) algorithm, as

described next.

2.3.2 Hamiltonian Monte Carlo Inference

Denote the parameters in model (2.1) by 8 = (8,63, 672) Since f(6|X,y) is not a standard
distribution, we employ a Hamiltonian Monte Carlo (HMC) algorithm [25] to estimate the
posterior. An essential advantage of HMC over more traditional MCMC methods, such as the
Metropolis-Hastings (MH) algorithm, is greatly improved computational efficiency, especially
with higher-dimensional and more complex models. HMC algorithms improve the efficiency of
MH by employing a guided proposal generation scheme, using the gradient of the log posterior
to direct the Markov chain towards regions of higher posterior density, where most samples are
taken.

In a Hamiltonian system, the horizontal and vertical positions are given by (6,p). In
MCMC, we are interested in 6, which follows the posterior density f(6) of interest. The mo-
mentum p is generated from a parametric distribution. Let U(0) := —log f(0); for momentum,
we typically assume p ~ N(0,M), where M is a user-specified covariance matrix. Under this
formulation, we have

1
H(G,p)z—logf(9)+§pTM 'p

Over time, HMC travels on trajectories that are governed by the following first-order differential

equations, known as the Hamiltonian equations:

dp  JH(6,p)  JU(6)

i~ a0 ag _Vele/®)
de _JdH(6,p) _JK(p) .
g dp  Jp =M

The leap frog method is a widely-used approach for approximating the solutions to Hamiltonian

equations [26]. The leapfrog algorithm uses a discrete step size € individually for p and 0, with

13



a full step € in 6 sandwiched between two half-steps € /2 for p,

p(t+€/2) =p(t) +(€/2)Velog f(6()),
0(r+¢€)=0(t)+eM 'p(t+¢/2),

p(t+¢&)=p(t+€/2)+(g/2)Vglog f(O(t +€)).

For a given momentum vector p within an HMC iteration, the path defined by the Hamiltonian
equations is deterministic. An exact solution, if achievable, should always be accepted. However
since our solution from the leapfrog is an approximation, a Metropolis style accept/reject step
is added to ensure the newly generated proposal does not deviate too far from the specified
Hamiltonian H(6,p).

The efficiency of an HMC algorithm can be improved through parameter tuning and
reparameterization. Two parameters that need to be specified are the step size € and the number
of leapfrog steps L. A smaller € results in closer approximations and thus higher acceptance
rates. But a small € must be coupled with a large L to ensure the trajectory length €L is large
enough to move the simulated parameter to a distant point in the distribution. If €L is too large
the trajectory is likely to circle back. To tune € and L is to find the right combinations of these
values, which are usually chosen via monitoring the acceptance rate (approximately 65%, [27]).
While € and L can be tuned jointly, most analysts choose to select the step size first, then under a

given step size, they fine-tune the number of steps per leapfrog L.

2.3.3 Posterior Inferences

Based on (2.4), the likelihood for y is given by

f(y ‘ X;B72W72576[%7G§> = (2ﬂ(Gg+BTZw|xﬁ))i%

exp{—5 0~ L B/ (02 + BTE,1.8))
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Consider the following priors for 3, Gé and ng

B ~ Ng (0, Gél)
Gé ~ Inv — Gamma (ag, bo)

62 ~ Inv —Gamma (ay, by)
We assume X, = GV%I is a diagonal matrix (perhaps after an appropriate transformation of IDPs
to de-correlate the features). The prior for 67 is also Inverse Gamma
2
Oy ~ Inv — Gamma (ay, b;)

The support of Gé, 682, and szv is (0,00), so we take a logarithmic transformation to

expand the support to R, that is, ¥ = log(Gé), 71 = log(c?), » = log(c?). Thus, we have

b
log(7(7|ao,bo)) o< —aoo — e—y?)
1 b bi
og(m(ilai,by)) < —ary — on
1 b by
og(w(plaz,by)) < —azy, — o

The log posterior is proportional to the log-likelihood plus the log prior:

log(f(B, 1,7,y X,a0,bo,a1,b1,a2,b2))

o< —glog(eﬁ +BTZW|XB) - %[(y - Mw|xﬁ)T(y - MW|XB)/(6% +ﬁTZw\xB)]

ﬁT bO bl bz
—%p/2— e N e AN T o mh -

The noise covariance matrix X5 needs to be estimated from external test-retest data. We assume

these data exist and are used to produce a positive definite covariance matrix 25 which is plugged

into the HMC algorithm.
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The parameters of interest are defined as 8 = (Bo, -, Bs, %0, 71, %2)" . To fit the model
using Hamiltonian Monte Carlo Algorithm, we also need a vector for the gradient of the log

posterior since the steps of the leapfrog algorithm used in Hamiltonian Monte Carlo Algorithm:

nX,.B
Vﬁfx _EY — +
el et f Zw|xﬁ
N ML (v = My B) (e + BT ZyB) + (v = MyB)T (¥ — My B)EyB
(67'1 +ﬁTZW\xB)2
B'B _
Vi o< =p/2+ 5 — 0o+ Poe ™
i 1(y—M T(y—M N
V?’lf‘x _n eT 4 _( W|Xﬁ) §~ wixﬁ) _ oy +[31€7%
2en 4B Zw|x[3 2 (en+B"%,.B)
IB" Ty A(y—My i B)7 (y—My BTE...
. fu_ﬁ ﬁayz\ﬁ 1 (y \ﬁa)n(y xB) n +/3Tzw\xl3—(y—Mw\xﬁ)T(y—Mw\xﬁ)ﬁaih‘ﬁ
1 2e%+ﬂTzw‘x/3 2 (€Y1+ﬁTZw|xB)2
_0524-[32677/2
where
aﬁTZW|X[3 :ﬁTaZW|xﬁ
aYZ 8}/2
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OZ,  9(Z5' +exp(—p)) !
op on

1 9(Z5" +exp(—p)I)
on

= —(Z5' +exp(—p)I)” (Z5' +exp(—p)l) !
= _Zw\x[_ CXp(—}’z)I]ZWLY

= CXp(— YZ)Zw\xzw\x

a(y - Mw|xﬁ)T (y - Mw|xﬁ) J (y - nglzw\xﬁ)T(y - nglzwhﬁ)

7 o
_ 0BTl X5 XXy, B _2ayszglzw‘x[3
27 7
oxr or
T7 W e Iy Tys—1 Tl v—lyTyy—17<w
= IXIXs 1y, B+ BT e 2UIXTXE
ﬁ37’25 a\ﬁﬁ\a 58y2ﬁ
)Y
_ovTxy-! wlx
y 1) a,}/z ﬁ

After obtaining the log posterior and the vector of gradients of the log posterior, we implement the HMC

algorithm using the hmclearn package in R.

2.4 Results

2.4.1 Simulations

To test the performance of the model in simulations, we are setting n = 500 and B = 34. The
FVE (total fraction of variance explained) by W for phenotyoe y is given by h*> = Bcré, h? is called the
“SNP heritability” in the GWAS literature. In our simulations, we set the number of MCMC samples
N = 5000, FVE is set to 0.25, 0.5 and 0.75; Gg is set to 0, 0.5, 1 and 2. X set to be the true X, obtained
from our real dataset of the N-back task MRI data in ABCD study. We also compare with the BLUP that
does not assume measurement noise in the predictors.

As we can see from the Table 2.1, in which ﬁ%vx denotes the noisy BLUP and fz;‘; denotes the

BLUP. The noisy BLUP provides FVE estimates which are very close to the true FVE we are setting
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Table 2.1. Simulation results for Noisy BLUP and "Noisy-Free” BLUP

0;=0| 0§=05 | o5=1 o5 =2
2 2 2 2 2 2 2
hyx | by | | b | | B | g,

W=0.75] 073 |0.39]0.74 038 0.76 | 0.38 | 0.75
> =0.5 053 |10.29 052|030 0.54|0.26 | 0.48
W”=0.25] 024 [0.19]024]0.14 | 026]0.13 | 0.25

regardless of the level of noise; while the BLUP gives biased FVE estimates which becomes progressively

more attenuated as 62 becomes larger.

2.4.2 Real Data Analysis: Application to Resting-State fMRI Data

We have applied our proposed method to data taken from the Adolescent Brain Cognitive
Development (ABCD) Study, using resting-state fMRI data from Release 4.0. The ABCD Study has
primary data collections sites at 21 research institutes across the US. Participants include n = 33818
subjects aged 40-60, there are 33814 participants for visit 1 and 3977 for visit 2; 3973 subjects involved
in both visits.

The resting-state MRI features of interest X, are Fisher z-transformed Pearson correlations
between pairs of cortical vertices. The cognitive phenotype Y is the FIQ measured by the NIH Toolbox.
We used resting state MRI and NIH Toolbox data collected at both visits. The number of features was
B =210, then the dimension of £,, is 210 x 210. We residualized each feature of X on age, sex, income
and the first 10 principal components of genetic ancestry (PC1 to PC10) and MRI scanner instance.
The residualized X were then standardized to have zero (column) means and unit variances. The error
covariance matrix Xg is calculated using the residuals of each visit.

We first applied the Noisy BLUP on the dataset and ran the Bayesian paradigm using HMC with
10,000 iterations with 3,000 burn-ins. The initial values were all set to be 0; the tuning parameters are
€ =0.001 and L = 20. To compare our model’s performance with the model without measurement error,
we also applied the HMC algorithm on the noise-free”” model (2.1), i.e. A =0 in (2.3), using the same
parameters as in the Noisy BLUP model.

Since the dimension of Xy is 210 x 210, there are (1+210) x 210/2 = 22155 parameters to

estimate for a random positive definite matrix. We considered using a regularization method to make
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the Xy more sparse. [28] proposed the graphic lasso method through the use of L; (lasso) regularization.
After trying 10-fold cross-validation for estimation of the parameter p (the parameter of L; norm), the
results indicated that the unregularized model is the best.

The results showed that for the “noisy-free” model, we get FVE = 11.66%. Then we apply our
noisy BLUP method on the resting-state fMRI data, we get FVE = 27.97%. As can be seen in this result,
the model that assumes there is measurement error in variables has higher fraction of variance explaine
than the model does not assume. In this way, using our proposed method for noisy predictors could

explain a larger fraction of the variance, that is, higher SNP heritability.

2.5 Discussion

In this paper, we have developed the best linear unbiased predictor (BLUP) for noisy brain data.
We proposed a Bayesian methodology with the application of Hamiltonian Monte Carlo Algorithm (HMC)
to correct for measurement error in predictors and estimate the SNP heritability 4> and the FVE. While
we applied the noisy BLUP model to resting state fMRI data from the ABCD Study, the model could
improve the FVE significantly. In future work, we plan on implementing the noisy BLUP model with a
more complex covariance matrix Xy assumption, e.g. AR(1), exchangeable.

Chapter 2, in full, has been submitted for publication as ”Chenyu Liu, Bohan Xu, Chun Fan,
Wesley Thompson. Estimating the Total Fraction of Variance Explained from Noisy Brain Imaging Data”.

The dissertation author was the primary author on this paper.
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Chapter 3

Sign-flipped Doubly Robust Score-like
Test for Average Treatment Effect in
Causal Inference

3.1 Abstract

The doubly robust estimator (DRE) has been increasingly used to provide robust inference about
the average treatment effect (ATE) in causal inference. By integrating the semiparametric outcome
regression model (ORM) and marginal structural models (MSM), the DRE doubles the chance of making
correct inference about ATE, as it only requires one of the ORM and MSM to be correctly specified for
valid inference. More recently, the DRE has been extended to allow the ORM and MSM to have non-
parametric specification for covariates, further increasing inference validity. Although the nice asymptotic
properties of DRE ensure valid asymptotic inference, its performance for small and moderate samples is
not good, with anticonservative bias in type I error rates, or bias in coverage probability, especially when
there is heteroscedasticity for continuous and overdispersion for count responses.

In this paper, we propose a sign-flipping score-like test to address such bias in type I error rates
when applying DRE to studies with small or moderate samples. The proposed approach leverages the
work by Hemerik et al. (2020) and extends their sign-flipping score tests for parametric generalized
linear models to the semiparametric and non-parametric settings of DRE. We examine both asymptotic
properties and finite-sample performances of the sign-flipping score-like test proposed.

KEY WORDS: Causal inference, ATE, Machine Learning Methods, Score test, Sign-flipping
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3.2 Introduction

In this paper, we consider the problem of hypothesis testing about average treatment effects in
causal inference with small or moderate samples. Understanding causality is crucial for making accurate
predictions and taking effective actions in our daily lives [29]. The fundamental problem of causal
inference is that we can see only one potential outcome for any given unit [30]. One popular approach
for inferring causality from observational data is outcome regression model (ORM) [31]. This classic
regression approach has been widely used to estimate causal effects of a treatment by controlling for the
effects of other variables that might be influencing the outcome [32]. Different types of regression models
with different assumptions can be used for causal inference, such as parametric and semiparametric
generalized linear models (GLM) [33]. A major issue of applying a parametric ORM is the correct
specification of the regression model [34]. When applying parametric GLM, misspecified distribution
model generally leads to biased estimates. Another major problem is the correct specification of the
covariates in the regression model. Although a semiparametric MSM alleviates this problem, it still
requires a correct specification of the covariates in the model. An alternative is the semiparametric
marginal structural model (MSM). Like the semiparametric ORM, it imposes no parametric model on
the conditional distribution of the mean given the explanatory variables [35]. Unlike the semiparametric
ORM, the regression model of MSM only contains the treatment variables as the predictor and controls for
confounders by balancing such covariates through weighting each subject with the inverse of the propensity
score (usually modeled using logistic regression) [36]. Correct inference by either the semiparametric
ORM and MSM requires a correct specification of the covariates (in the regression model for ORM and
propensity score model for MSM). Moreover, estimators from MSM obtained by the inverse probability
weight (IPW) technique generally converge slower to their asymptotic distributions than the ORM
estimators, yielding anticonservative type I errors, or coverage probabilities, even for moderate and fairly
large samples [37].

A doubly robust estimator (DRE) integrates the semiparametric ORM and MSM to improve the
performance of either approach when applied individually [38]. Specifically, it provides valid inference
about causal effects, if the covariates are correctly modeled in only one of the two modules. In addition to

doubling the chance of correct inference, DRE has more power than either ORM or MSM, if the covariates
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are correctly modeled in both modules [39]. DRE estimators are less anticonservative than those from
MSM. However, it still does not perform well for small or moderate samples.

Hemerik et al. (2020) [40] proposed a novel sign-flipping score test for parametric GLM by
sign-flipping individual score contributions. The proposed score test is shown to perform very well
for small and moderate samples when employed to address violations of parametric models such as
overdispersion for count and heteroscedasticity for continuous responses. Moreover, although their paper
is focused on parametric GLM, the sign-flipped score has an asymptotic that actually does not depend
posited parametric models for the conditional distribution of the response given the explanatory variables,
thereby enabling it to apply to semiparametric GLM.

In this paper, we propose a sign-flipping score-like test for DRE to improve its performance for
small or moderate samples when applied for causal inference about average treatment effects. In Section
3.3, we give an overview of the three approaches (semiparametric OR, MSM and DRE) in causal inference.
In Section 3.4 we develop a sign-flipping score-like test for DRE to provide inference about average
treatment effect. Sectionm 3.5 contains simulation studies to examine performance of the proposed

approach for small and moderate samples. In Section 3.6 we give our concluding remarks.

3.3 Causal Inference

There are three general assumptions needed to draw causal inference [41]: (1) Counterfactual
Consistency posits that an individual’s potential outcome under their observed treatment is the same as
their actual observed outcome; (2) Ignorability, which ensures that the potential outcomes are independent
of treatment assignment; (3) Positivity, states that there is positive probability of receiving every level of
exposure for every combination of values of exposure and confounders that occur among individuals in
the population [42].

For notational brevity and without loss of generality, we focus on two treatment groups and a
continuous outcome. Our considerations are readily extended to multiple treatment conditions.

Consider a sample of n subjects and let y; = (y;0,i1 )T denote the potential continuous outcomes

22



of the ith subject for the two treatment conditions. Let

EWix)=mc=Ppo+pik, 1<i<n, k=0,1. 3.1

The average treatment effect (ATE) is defined by:

ATE =E (A;)) = E (yi1 —yio) = B (3.2)

where A; = y; 1 — yio is the treatment difference for the ith subject. Since only one of the y;o and y; |

is observed, A; cannot be computed, precluding the application of conventional statistical methods for

inference about ; such as the paired t-test. However, the ATE in (3.2) is well defined and estimated.
Below we review the three popular approaches for inference about the ATE ;. We start with the

semiparametric OR.

3.3.1 Outcome Regression Model

We start with randomized control trials (RCTs). Let z; denote the indicator variable for treatment
group, i.e., z; = 0 (1) for the control (treated) group. In this case, the potential outcomes y; are
independent of z;, i.e., y;xLz;, for 1 <i < n, which is known as the ignorability assumption. By the
counterfactual consistency assumption, we observe y;  if the ith subject receives the kth intervention. We

denote the observed individual subject’s outcome by (y;,z;). Thus y; =y if z; = k.

vio ifzi=0
yi=
yvii ifzi=1

We can express the mean of the potential outcome as:

E(yix) =E (yi|zi =k) (3.3)

By yixLz, we have:

E (i) =E (yix|zi=k)=E(yi|zi=k) (3.4)
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If we model (y;,z;) using a semiparametric linear regression, we have:

E(yilz)=Po+Bizi+&, 1<i<n (3.5)

By (3.4), we have:

Bo ifzz=0
E(yix)=E(yi|lz=k) = (3.6)
Bo+p1 ifzi=1

ATE =E(A) =E (yig —yio) =E(ilz=1)—E(yi|z=0) =

Thus for RCTs, we can fit the linear model in (3.5) to the observed data (y;,z;) for inference about the
ATE ;.

For observational studies, the assumption of y; ;L z; is no longer true and thus the counterfactual
consistency assumption (3.4) no longer holds. We assume instead the ignorability condition, y; x L z; | x;,

in which case the counterfactual consistency assumption is given by:

E (yix | xi) = E (yik

xi,zi = k) = E (yi | xi,zi = k) 3.7

The OR approach is posit a parametric linear regression to explicitly control for x;.

Let y; denote the observed data:

vio ifzi=0 _
yi = 1<i<n
yvii ifzi=1
Then under linear regression, we have:
E(yi | xi,zi) = Bo+ Pizi+ Poxi, 1<i<n (3.8)
It follows from the above
E(E(yi | xi,zi) | xi) = E (yi | xi) = Bo+ BiE (zi | x;) + Baxi (3.9)
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By (3.7) and (3.9), we have:

E (yig | xi) =E (yi | xi,zi = k) = Bo+ Bik + Box;

By the iterated conditional expectation, we have:

E(yix) =E[E (yik | xi)]
= E (Bo+ Bik + Bax;)

= ﬁo +ﬁ]k+ﬁ2E (xi)

Thus

ATE = E (yi1) — E (io)
= Bo+ B+ BE (xi) — [Bo + BE (xi)]
— B,

and fB; in (3.9) is the ATE of interest.
Unlike RCTs, By + B E (x;) is the mean of y; o for observational studies, but f; still has the same
interpretation as the ATE.

Now consider testing the hypothesis concerning f;:

Hy:Bi=PBio vs. Hy:Bi#Pio (3.10)

We can test the null using Wald or score-like test. Under the Wald test, we obtain an estimator Bl of B
by solving the estimating equations (EE) and make inference about f; using the asymptotic distribution
of the EE estimator 1/3\1. If we use the score-like test, we partition the parameters into the parameter of
interest, B, and the nuisance parameters, ¥ = (Bo, 82) . We estimate y with 8; = B0 and then construct
the efficient score-like test based on the estimated ¥, which has an asymptotic normal distribution. We

discuss such efficient scores in Section 3.4.1.
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Although both the Wald and score-like test have nice asymptotic properties, type I errors based
on such asymptotic distributions often exhibit anticonservative behavior for small and moderate samples.
Although the efficient score-like test performs better, it still has bias. The sign-flipping score test in
Hemerik et al.(2020) [40] shows much better type I error levels than its asymptotic counterpart when
applied to parametric GLM using simulated data. As the asymptotic distribution of the sign-flipping score
test does not depend on the posited parametric model, it can be applied to the semiparametric GLM to
address the anticonservatism of the asymptotic score-like test for small and moderate samples. Our own
simulation study also confirms the superior performance of this randomization test for semiparametric
GLM. We will discuss the extension of this sign-flipping score test to the semiparametric OR in Section

3.4.

3.3.2 Marginal Structural Model

The MSM is a popular semiparametric alternative to model the potential outcomes y; = (i 0,yi1 )T
using missing data methods for semiparametric regression.

Consider the following semiparametric model for y;:

E(y)=u, 1<i<n (3.11)
w= (ko) Ho=Po, t=Ppo+p
Since one of the y;;’s is always missing, we can view inference about u, or about 8 = (S, B; )T, asa

missing data problem and apply missing data methods for inference about f3.

For the semiparametric linear model in (3.11), let:

o o
l_aﬁ_ Iy Iy B 7 TR
9B 9B 0 1 0 1
1—z
L0
Al': ]—ﬂ:,'
0 Zi

For RCTs, m; = 7 is a constant, while for observational studies, ; = 7 (x;) is a function of x;. In real data
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analysis, 7; is the probability of subject i to be assigned in the group z; = 1.

Consider the following weighted estimating equations (WEE):

U = n—l/ZiUni — 1’1_1/2
i=1

=

It is readily checked that

i=1

Y0 s i) =0

E(U") :n’l/2iE(U”i) =0
=1

Since

1
0
=S| 7 E
0z
1
([ o
—E 1-m; E
0 %
1
:E 1771',' 0
0
=E[E(yi—u)]
=E(yi—u)
=0

1

1*717,'

l_Zi

0

TT;

<i

(yi—u) | xi

| xi | E[(yi—u) | xi]

E(yi—u)

(3.12)

the WEE in (3.12) is unbiased and thus yields consistent estimators B of B=(Bo,B1)". We refer to B as

the inverse probability weighting (IPW) estimator below.

The WEE above in (3.12) simplifies to:
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n . n 1 1
Ul=n'2Y Ui =n"12y Ai (yi— 1) (3.13)
i=1 =1\ 0 1

Y =5 (io = Bo) + % (vir = (Bo+ 1))
=1 £ ig—(Bo+pr))

=7 (o — Bo) +”_1/2§: + (i1 = (Bo+Br))

0 =1\ (i1 = (Bo+Br))

1/2 W
:n_
L

:”1/2%1_1 ¥i0 = Po l/zi;_ yii— (Bo+Br)
ST 0 S\ v = (Bo+By)

As in OR, we can also express the U in (3.13) using the observed outcomes (vi,zi) (1 <i<n).

Consider the semiparametric linear regression for the observed outcomes (y;,z;):

E(yi|z)=ui=Po+Pizi, 1<i<n (3.14)

There is no missing data in the observed (y;,z;). Let

. 9k; 1
Di:au,: b | _ L Vi=1, Si=vyi— (3.15)
8[3 ggl %
1

We can estimate 8 = (Bo, 81) ' by the EE:

n . n n 1
H' =n 2y W =n'2Y DV 'S =02 Y (i — 1) (3.16)

i=1 i=1 i=1\ z

n P — + P1z;

=1\ zi[yi— (Bo+PBiz)]

o [ yio—Po mo | yii—(Bo+Bi)

:nfl/ZZ ; +n71/22 ;

i=1 0 =1\ yin—(Bo+Pr)
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By weighting H" with w; = ﬁ forz;=0and w; = ni for z; = 1, the weighted version of (3.16) is given

by:

n n
H, =n"'2 Y wH" =n~'2Y wiDiV;!s; (3.17)
i i=1

i=1 =
yio— Bo moq [ yii—(Bo+Br)
’ a2y

no 1
2y b
! ; 1—m; = T
i= 0 i= yii—(Bo+B1)

which is identical to the WEE in (3.13), i.e., H}, = U".

Thus we can use WEE for the semiparametric linear regression in (3.13) for inference about f3,
which is implemented in most statistical software. For notational brevity, we will use U”" to refer to either
WEE in (3.13) or (3.17) unless stated otherwise.

If 7; is known, we just estimate B = (Bo,81) . In this case, B; is the parameter of interest and B

is the nuisance parameter. We partition D; in (3.15) into:

I
o _ | o | _ | Po_| 1! _
bi= B | o B B y Vi=1
,;Ef D Zi
and partition U™ and U" into:
. X wiDiV,~!S; Ul
U* = W,‘Dl’V; Si = = ‘ (318)
w,-D,-]Vi_lSi Ulm

Under the null Hy : B; = Big, we obtain an asymptotically normal estimator BO of By by solving the

following reduced EE:

Ug (Bo, Bro) =n~'/? Y UG (Bo, Bro) = n1/? Y wiDigV;'Si =0
i=1

i=1

With the estimated [y, we obtain a score-like test for the null:

Uy (EO,ﬁlO) =n'/2 ii Uy (ﬁoﬁm)
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Although U} (ﬁo, ﬁ10> has an asymptotic normal distribution, its asymptotic variance depends on the
asymptotic variance of y. One popular approach to eliminating this dependence is to construct the efficient
score-like statistic by orthogonalizing U7’ (Bo, Blo> to the tangent space of the nuisance parameter 3. We

discuss such efficient score statistics in Section 3.4.

3.3.3 Doubly Robust Estimator

A third approach is to combine the ORM and MSM to create an augmented weighted estimating
equations to obtain a doubly robust estimator (DRE) for inference about f3;. The DRE approach ensures
consistent estimation of fi, if the covariates in the ORM or MSM (propensity score model) is correctly
specified, thus doubling the chance of correct inference. Moreover, if the covariates are correctly specified
in both ORM and MSM, the DRE estimator is more efficient than either ORM or MSM when applied
individually.

Consider the combined ORM and MSM by the following joint model:

E(yi | zi,xi) = Bizi+ (Bo + Baxi) (3.19)

E(z|x)==(x;n) 1<i<n

In the above model, the first module is the ORM which is partitioned into one involving the parameter
of interest, fz;, and one involving the nuisance parameters, & (X;,7) = o + Bx;. The second propensity
module specifies a semiparametric GLM for the probability of treatment assignment given the confounders
X;.

Inference about f; is based on an augmented weighted estimating equations (AWEE).

The DRE estimator for the combined semiparametric 7(x;, 1) and A (X;,y) has the following
influence function [43]:

Zi l—z

v (¥i,zi,Xi3 B1o, Mo, J0) = oG o) [vi — Bio—h (xi, )] —

— h(x, 3.20
xi7n0) )[y (X YO)] ( )

1*”()%770

The above IF, v (v, zi,xi; Bio, Mo, o), is Neyman orghogonalized to both tangent spaces of the nuisance

parameters 1) and v = (o, ﬁz)T. For such an IF, the variance of the IF v (y;,z;,x;; Bio, Mo, o) is the
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asymptotic variance of the DRE estimator. Thus with a consistent estimator 7] and ¥ of the respective
nuisance parameters, we can readily estimate the asymptotic variance of the DRE estimator and use the
asymptotic normal distribution of B\l for inference about f3;.

In addition to the Wald test, we can also construct a score-like test based on the IF
v (yi,zi,%i; B1, 1M, Y) to test the null Hy in (3.10). By substituting a consistent estimator of 7 and ¥ in place

of i and yin (3.20), we have:

n

Up, = ¥ W (i, 2i%: B0, 1, 9) (3.21)
i=1
Zi - [yi_BIO_h(xh@]—I;Zi/\[yi—h(xi,@] (3.22)
i:17f(xz',77) 1 —7(x;,m)
Under the null, Ug, has an asymptotic normal distribution:
I & ~
VnUp, = %ZW()’iathi;Bwvrlv% —4 N (0,6%) (3.23)
i=1

where 62 = var (W (yi,zi,xi; B10, M0, ). A consistent estimator of 62 is readily constructed by the
sample version of var (¥ (yi,zi,%i; B1o, N0, %)) (see below).

The DRE approach has been recently extended to non-parametric 7(x;,n) and & (x;,y) to further
improve the robustness of the estimator El- Under the non-parametric 7(x;, 1) and % (x;, ¥), the conditional
mean E(y; | z;,x;) becomes a partial linear model, where the parameter of interest f3; retains the same
simple linear form, whereas the nuisance 4 (x;,7), 7(x;, 1) or both has a non-parametric form. We can
estimate 7 and y using machine learning methods such as random forest. Let mo(x;) and Ao (x;) denote the
true form of 7(x;) and A (x;) and let 7(x;) and ﬁ(xi) denote the respective estimators. A major difference
between parametric/semiparametric and non-parametric estimators is the slower convergence rate of the
asymptotic distribution. In particular, non-parametric 7(x;) (ﬁ (x;)) no longer has \/n convergence rate
and as such the score-like statistic does not have the asymptotic normal distribution in (3.23).

A popular approach to addressing this issue is to construct a “debiased”” machine learning estimator
using sample splitting [44, 45]. Under this approach, we randomly equally split the sample into two: one
with size = ny, indexed by i € I, and the other with size = njc, indexed by i € I°. We use one subsample

such as I° to estimate the nuisance 77(x;) and 4 (x;), and substitue the estimated 7 (x;) and Tige (x;) into
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the IF in (3.22):

1—z
1— ﬁ]c (Xl')

~ Zi
l/’i()’iazi’xﬁﬁlo,ﬂ[f,/’l]f) == (' ]

7e \ X

[)’i —Bio— hye (Xi)] - [yl' — e (Xi)} (3.24)

By switching the roles of the subsamples I and /€ in estimating the nuisance parameters and constructing

the estimator, we obtain:

Vi (}’i,Zi,xi;ﬁlo,ﬂuh1>

which substitutes the nuisance 7(x;) and & (x;) with the estimated 7;(x;) and y (x;). By using the IF

above, we can construct a score-like test to test the null hypothesis in (3.10):

Up, =Y Vi (Yiabei;BlO:ﬁI“jl\IC) +Y v ()’i,Zi,xi;ﬁloﬁl,Zl) (3.25)

icl el

n
- Z Vi (yi7Zi7xi;B107ni>hi>
i=1

where
R me(x) ifiel hpe (x;) ifiel
7= . =S (3.26)
7/1'\1 (X,‘) ifiel hy (X[) ifiel

Under the null in (3.10), Up, has an asymptotic normal distribution:

1 & -
VnUp, = W Z v (ylei,Xi;Blm TCiyhi> —a N (0, G§1> (3.27)
i=1
We can estimate Gl%l by:
op, = ZZ% (yi,Zi;xi;B1077rlf7h["> +o Y wi (yi,Zi,Xi;Bloﬂfl,hl) (3.28)
iel i€l

1 n o~
= - Z lllzz (yiaziaxi;ﬁl()’ni?hi)
iz

We can use this score-like test statistic along with its asymptotic normal distribution for inference about
the null in (3.10).

Although the score-like test performs better for small/moderate samples than its Wald counterpart,

32



it generally still shows anticonservatisim. By flipping signs of y; <yi,zi,xi; Bio, ﬁ,ﬁ) in (3.25), the resulting
sign-flipped score-like test may address this issue. We review the sign-flipping score test for parameteric

GLM next.

3.4 Sign-flipping Score and Score-like Test

3.4.1 Sign-flipping Score Test for Parametric GLM

We start with a overview of the sign-flipping score test for parametric GLM. More details can be
found in Hemerik et al. (2020) [40].

Consider an i.i.d. sample z; = {y;,X; }, where y; is a response, or dependent variable, and x; is a
g x 1 vector of independent variables. We assume that x; = (1,x;1,. .. ,x,'q)T with the first component of x;

corresponding to the intercept. A parametric generalized linear model (GLM) has the form:

yil X~ f (1i,8), wi=E (il x)=h(BTx), 1<i<n,

where f (1;,0) denotes a parametric distribution function with mean g; and parameter vector 8, 2~! (-) is
a link function and fB is a ¢ x 1 parameter vector. The parameter vector 6 = (ﬁT, T]T) ! is partitioned
into the parameters of interest, §, and the nuisance, 7.

The maximum likelihood estimator (MLE) is generally used for Inference about 6. Let Uy

denote the score vector, i.€.,

n
Ug =) Uy
i=1

where Ugi is the derivative of the loglikelihood for z; with respect to 8 = (ﬁT, nT> T. If B and 7 are
variationally independent, inference about 8 can be based on Up, since the resulting influence function
for the MLE of f3 is orthogonal to the nuisance tangent space of 7. For the discussion below, we assume
variationally independent 8 and 1 so inference about 8 is based on Up.

As discussed earlier, inference based on the asymptotic distribution of Ug often exhibits anti-
conservatism for small and moderate samples. The sign-flipping score test in Hemerik et al. (2020)

[40] provides an effective solution to reduce such bias. We now describe this score test for testing the
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null hypothsis involving a subset of independent variables. For notational brevity and without loss of
generality, we consider testing the null hypothesis involving one independent scalar variable x;, with 2 <
P=q

Hy: By =Pop. Ha: Bp# Pop 3.29)

Letx; = (XI , x,-p) " denote a partition of x; and 8 = ( ﬁ;, ﬁ; ) ! denote the corresponding partition
of B, where x;. (B,.) is a (g —1) x 1 column vector. We are interested in testing the null concerning the
predictor, x;, of X;, Hy : B, = Pop. If B, is known, The score statistic is a scalar, U [3!1,' Under the null
Hj, the random sequence, n12y ][13,,’ has an asymptotic normal distribution, which can be used
for inference about Hy. For notational brevity, we denote the score test U[-;p as U" (z,Bop) or simply
as U" when no confusion arises.

Let 0 < m < 2" be a positive integer. For 1 < j <m, let g; = (gjl,...,gjn)T be a
sequence of (n x 1) independently distributed random vectors, where g; = (1,..., 1)T and g;
follows the n-dimensional discrete uniform {—1,1}" for 2 < j<m. Foreach 1< j<m,

consider a transformation of the score statistic U by g;:

n

Ut (z,Bop) =n "2 Y giiU" (2.Bop), 1< j<m (3.30)
=1

=

Thus Uf' = U", while for 2 < j < m, Uj is a transformed version of U " with the sign of U™ flipped for at
leastone i (1 <i<n).

For any ¢ € R, let [c¢] (|c]) be the smallest (largest) integer which is at least (most) ¢. For
inference using the finite number of sign-flipped scores U7, let & (0 < a < 1) denote the type I error such
as oo = 0.05. Let U("l)

the number of values U ("r ) greater than and equal to U ("r ) respectively. Let

<... < U, be the ordered values of U}. Let r = m — |ma). Let m* and m® be

mo—mt (z
b(z,Bp) = amo(z7lg,o;fo">.
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Define the rejection rule as:

1 it U > Uy,
¢ (2.pop) =\ b(z.pop) IfU"=U, - (3.31)
0 it Un < U,

Then the test ¢ (zp, fop) in (3.31) is unbiased for randomization hypothesis, i.e., if U} has the same
distribution as U} (2 < j < m), then E[¢ (), Bop)] = o [46]. Within the current context, the U}’s do not
have the same distribution as U} and as such the randomization test ¢ (z,, Bo,) in (3.31) may be biased.
However, as the following theorem shows, the U}’s all have the same asymptotic distribution and the test

based on rejecting the null if U}' > U("r ) (zp, Bop) is asymptotically conservative.

Theorem 1 Let s> =1y Var (U") and e, = % . E {(U”i)21 (n%U”i > 8)} If

a)s2=1Y" var(U") — s% asn — oo

b) e, = %Z;’:l E [(U"i)zl (n%U”i > 8)} — 0 for any € > 0,
then under Hy, we have:

a) U} are asymptotically normal and independent with mean O and common variance 52 =
lim; e s,21 under Hy;

b) Pr (UI” > U(”r)) — lam|/m < a.

Thus, although the randomization-like test in (3.31) is not unbiased, it addresses the key issue of
anticonservatism for asymptotic tests when applied to relatively small sample sizes. Next we consider the
practical case when the coefficients for the covariates are unknown, but estimated.

Consider again the null hypothesis Hy : B, = Bo,. As the nuisance parameter vector 3. is unknown,
it needs to be estimated. Within the context of semiparametric GLM, we can estimate 3. by partitioning
the score statistic U (U") into one for the nuisance f3,. and one for the predictor of interest 8,. To this

end, let
. U?l n . n .
U — 7 U? — n71/2 ZUrc”7 U" = n71/2 ZUm (332)
U i=1 i=1

where U (U") denotes the derivative of the loglikelihood with respect to 8, (,). By setting 8, = o,
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under Hy, we obtain an asymptotically normal estimator 3. of B, by solving the following score equations:

UIC1 (Z7ﬁc7ﬁ0p) =0. (333)

By substituting BC in place of 3., we denote the score vectors in (3.32) by:

gni — i (z,-,BC, [30,,) R . (z,-,ﬁc, /sop) (3.34)
0" = Uy (2.Be.Bop) =n' 2 Y, 0"
i=1

U= (z,ﬁc,ﬂop) —a 2y
i=1
For 1 < j < m, the sign-flipped score U} and Uy ; are defined by:

U]n _ n—1/2 ZgjiUnia U?] _ n—l/Z Zg]lUZ” (335)
i=1 i=1

The sign-flipping score test is based on the efficient, or effective, score, which is obtained by orthorganliz-
ing U" with respect to the nuisance tangent space.
Let £y denote the asymptotic variance of the score statistic U” (f) in (3.32): and a consistent

estimator given by:

Yy =E |:Um' (Uni)Ti|

Let Zyy denote the inverse of X, which is partitioned according to U" and U7:

_ Loy I,
U=
Ipc Icc
The efficient version of U" as:
n
U =U"-1) I U =02y U (3.36)

i=1

R
A sl V.

pc=cc
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Unlike U", the asymptotic variance of the efficient U"* does not depend on how f3,. is estimated by:

3 1 ¢ rynix  7ynix T 1 ¢ nik n nix n T
S == Y 0" (0) ==Y U (#,Bes oy ) (U™ (B ) )
i=1 i=1
For 1 < j < m, the sign-flipped efficient score statistics U " with an estimated B. are defined by:

T IED PN ] 637

pccc
i=1

As in the case with known 3, let l/]\(”l*) <...< ﬁg’m*) be the ordered values of U j”* Then the U J’-”’s all
have the same asymptotic distribution and the test based on rejecting the null if ﬁf* >U ("‘r“;(zp, Bop) is

asymptotically conservative.

Theorem 2 Consider the efficient sign-flipped score statistics ﬁJ”* above (1 < j <m). Under Hy, the
rejection probability Pr (ﬁ]"* > ﬁ{’;;) — |law]|/m < o, where 17(";; denotes the ordered version of 17]”*
(1<j<m)

3.4.2 Sign-flipping Score-like Test for Average Treatment Effect

We now consider extending the sign-flipping score test for parametric models in the proceeding
section to semi- and non-parametric DREs discussed in Section 3.3.3.

Let 7 and / be an estimated nuisance parameter for semi- or non-parametric 7 and /4. Note that
for non-parametric 7 and &, 7 and 1 are defined in (3.26) based on splitted sample. Then the score-like test
statistic U 5, in (3.25) has an asymptotic normal distribution in (3.27) for both semi- and non-parametricaly
specified 7 and &, with the asymptotic variance given in (3.27) and consistently estimated as in (3.28).

To construct a sign-flipping score-like test based on the score-like test in (3.25), let 0 < m < 2"
be a positive integer and for 1 < j <mletg; = (gj1,.. .,gjn)T be defined the same as in Section 3.4.1.

The sign-flipped efficient score-like test statistics U [’}]*J. are defined by:
AN n —~
Ug, :n_l/zzgjiw()’i72i7xi§ﬁ10,77:7h> (3.38)
1

Given U 5, s asymptotic properties and orthogonality with respect to the nuisance parameters 7 and s, we

can readily extend Theorem 2 to the semi- or non-parametrically estimated 7 and 4.
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Corollary 3 Consider the orthogonalized sign-flipped score-like statistics U ”l*j. Under the null hypothe-
sis Hy, the rejection probability Pr (I/J\ 1> U b (r)> — law|/m < o, where U 5, (r) denotes the ordered

version Ofﬁ[rfll*i (1 <j<m).

3.5 Applications

We illustrate the proposed approach with both real and simulated data. We start with simulation
study to help assess the performance of the proposed approach in addressing anticonservative behavior
of type I errors for small and moderate samples. In particular we considered simulating the datasets for

learning causal effects.

3.5.1 Simulation Study

The covariate X € R was drawn from a normal distribution with zero mean and var(X) = 1. The
treatment condition Z was generated from Bernoulli distribution with probability 7;, where 7; is calculated

from a logistic regression based on X:
Z; ~ Bernoulli(m;), logit(m) =Y+ nX;
The potential continuous outcome Y of the ith subject satisfied

vio=Po+Poxi+&, yii=Po+Pi+Pxi+e&, €&~N(0,1) 1<i<n

vio ifz;=0
yi= 1<i<n

yvii ifzi=1
yi=Po+Pizi+Pxi+&, 1<i<n
As we discussed in Section 3.3, f; is the ATE that we are interested in. We use the simulated
datasets to test the hypothesis Hy : B; = 0 v.s. H; : B; # 0. For the simulation study, we set the nuisance

parameters o =1, B =0, =1, 1 = 1, and generate z;,-- ,z,, Y1, ,yu according to the model given

above.
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We consider six tests to help assess the performance of the proposed approach: (a) outcome
regression; (b) inverse probability weighting score-like test; (c) doubly robust score test; (d) sign-flipping
doubly robust score test (use linear regression to solve nuisance parameters); (e) sign-flipping doubly
robust score test (use random forest to solve nuisance parameters); (f) sign-flipping inverse probability
weighting score-like test.

The sample sizes are set to n = 50, 100, 500, and 1000 to study performance of the proposed
approach for small, medium, and large samples. The true type I error « is set to 0.05. For the sign-flipping

tests, i.e., tests (d), (e), (f) above, we set the Monte Carlo sampling number m = 1000.

3.5.2 Simulation Results

Shown in Table 3.1 are the empirical type I error. For the sign-flipping doubly robust score test,
the empirical type I errors were very close to o = 0.05 even for small sample size (e.g., n = 50), either
using linear regression or random forest to estimate the nuisance parameters; and it performed better than
the doubly robust score test. For the outcome regression, since we included the covariate X when fitting
the model, the empirical type I errors are also very close to & = 0.05. The tests using inverse probability
weighted score-like statistics gave biased empirical type I errors; when sample sizes are large, applying
sign-flipping to inverse probability weighted score-like statistics resulted in unbiased empirical type I

€IT0T.

Table 3.1. Simulation results for comparing (a) outcome regression; (b) inverse probability
weighting score-like test; (c¢) doubly robust score test; (d) sign-flipping doubly robust score test
(use linear regression to solve nuisance parameters); (e) sign-flipping doubly robust score test
(use random forest to solve nuisance parameters); (f) sign-flipping inverse probability weighting
score-like test.

n=50 n=100 n=500 n=1000
Doubly robust score test 0.041 0.064 0.059 0.06
Outcome regression 0.044  0.046 0.049 0.051
IPW score-like test 0.157  0.118 0.079 0.072
sign-flip doubly robust score test(Im) 0.047 0.05 0.049 0.051
sign-flip doubly robust score test(random forest) | 0.045  0.044 0.049 0.055
sign-flip IPW score-like test 0.143  0.105 0.051 0.047
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3.6 Discussion

We proposed a new sign-flipping score-like test for inference about the average treatment effect
(ATE) based on the doubly robust estimator approach (DRE) to improve anticonservatism with small and
moderate samples. Like its components of semiparametric ORM and MSM, DRE has nice asymptotic
properties, but its performance for small and moderate samples is still not good with anticonservative
type I error, or poor coverage probability, especially when there is heteroscedasticity for continuous and
overdispersion for count responses. Although score-like tests generally perform better than Wald tests,
they still exhibits anticonservative bias in type I error, or coverage probability. The proposed sign-flipping
score-like test provides a more effective approach to address such bias in small and moderate samples.

In addition to the semiparametric DRE, the sign-flipping score-like test also applies to the
DRE with non-parametric models for covariates. In the ORM, the linear predictor has a partial
linear form with a parametric specification for the predictors of interest (ATE) and non-parametric
specification for the nuisance covariates. In MSM, the nuisance covariates are modeled non-
parametrically for the propensity score. The non-parametric models for the covariates are
generally estimated using machine learning methods such as random forest. By reconstructing a
sign-flipping score-like test using sample splitting, which has been used in addressing sub-./n
convergence rates of non-parametric nuisance estimators in recent studies, the reconstructed sign-flipping
score-like test statistic again has nice asymptotic properties. Moreover, it performed very well in our
limited simulation studies.

Chapter 3, in full, is currently being prepared for submission for publication of the material as it
may appear in ”"Chenyu Liu, Jinyuan Liu, Tuo Lin, Yuqi Qiu, Lin Liu and Xin Tu. Sign-flipped Doubly
Robust Score-like Test for Average Treatment Effect in Causal Inference”. The dissertation author was the

primary author on this paper.
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Chapter 4

A Multiple Imputation Approach for Lon-
gitudinal Regression with Missing Re-
sponse

4.1 Abstract

Missing data is a common issue in clinical research, often resulting from loss to follow-up, data
collection errors, or unforeseen events. This issue complicates statistical analysis since assumptions
about the distribution of unobserved data are necessary. Missing data mechanisms include Missing
Completely At Random (MCAR), Missing At Random (MAR), and Missing Not At Random (MNAR),
with MAR being the most commonly assumed in clinical trials. Multiple imputation (MI) is a widely
used approach to handle missing data, generating plausible values based on observed data distributions
and relationships. These imputed datasets are analyzed separately, and results are pooled to account
for uncertainty. The properties of MI estimators, such as consistency and asymptotic normality, are
crucial for reliable inference. However, many imputation methods lack well-established large sample
properties. Tsiatis (2006) examined these properties for two popular imputation schemes, type A and B,
finding both to be consistent and asymptotically normal, though their practical application to real-world
data remains challenging. We propose a type A MI estimator using predictive distribution sampling via
software like the MICE package in R. This approach allows the response’s missingness to depend on
variables outside the regression model, enhancing the MAR assumption’s validity. We show that the MI

estimator follows an asymptotic normal distribution with variance estimated by Rubin’s formula. We
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demonstrate the method with real and simulated data, showing easy implementation using MICE in R.
Applying this to the PEP4PA study, we assess whether the intervention group significantly increased their
moderate-to-vigorous physical activity minutes after the baseline visit.

KEY WORDS: Missing data, Multiple imputation, MICE, Longitudinal data, asymptotic proper-

ties, Rubin’s variance formula

4.2 Introduction

Missing data is a common occurrence in clinical research. Loss to follow-up, data collection
errors, or intercurrent events due to various reasons in clinical trials is unintended but inevitable so that we
often cannot measure what we intended to for all participants [47, 48]. The outcomes could be unattainable
due to the type of deviation (e.g., missed patient visit) [49] and, depending on the nature of the estimand
and analysis, even the values that were recorded post deviation may be better considered as missing [50].

The presence of missing data creates complexity, since any statistical analysis necessarily makes
an untestable assumption about the distribution of the unobserved [51]. There are three types of missing
data mechanisms in terms of the impact of missing data on statistical inference [52]: Missing Completely
At Random (MCAR), Missing At Random (MAR), and Missing Not At Random (MNAR). When data are
MCAR, whether the data are missing is independent of the observed and unobserved data [53]. When
data are MAR, missing data is systematically related to the observed but not the unobserved data. When
data are MNAR, whether the data is missing is systematically related to the unobserved data [51], that is,
the missingness is related to events or factors which are not measured in the study. Typically, the primary
analysis of a clinical trial is conducted under the assumption of MAR [54]. MCAR assumption is less
common in real-life datasets, which occurs when the missingness is truly random and unrelated to any
other variables in the study [55]. MNAR requires external information in addition to the observed data and
as such is not addressable unless such information is collected [56], in which case MNAR becomes MAR.

A widely used approach for addressing missing data for parametric models is multiple imputation
(MI) [57]. Multiple imputation fills in missing values by generating plausible numbers derived from
distributions of and relationships among observed variables [58, 59]. Each imputed complete data is then

analyzed and analysis results are pooled to derive inference about parameters of interest [60]. In this way,
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MI allows the user to explicitly incorporate the uncertainty about the true value of the parameters based
on the analysis of the imputed variables [61, 62].

When using MI to impute missing data, we are more interested in the properties of MI estimators,
such as consistency and asymptotic normality. Different imputation methods have been proposed in
the statistical and applied literatures [63, 64, 65]. However, many of these procedures have unknown
large sample properties. Tsiatis (2006) [43] investigated such large sample properties for two popular
imputation schemes, known as type A and B in the statistical literature [66]. Although both types of MI
estimators have been shown to yield consistent and asymptotically normal estimators [67, 68, 69], neither
has straight-forward application to real study data. The difficulty lies in obtaining imputed data that satisfy
the requirement for the large sample properties of the two estimators [70].

In this paper, we will propose an approach to facilitate applications of type A estimator by
leveraging imputation methods available in popular statistical packages such as the mice package in R
[63]. In Section 2, we discuss the multiple imputation for parametric regression models for longitudinal
data. In Section 3, we use simulation studies and the real dataset to illustrate the approach. In Section 4,

we give our concluding remarks.

4.3 Multiple Imputation for Parametric Regression Models
for Longitudinal Data

4.3.1 Data Generating Process and Missing Data

Consider an i.i.d. sample of size n with observed-data value {C;, Ge, (Z;);1 <i < n}, where Z; is
a vector of variables, C; is a categorical variable for missing patterns and G, (Z;) denotes the subvector of
variables with observed data. We let C; = oo indicate fully observed Z;, i.e., Gw (Z;) = Z;, and C; # oo for

missing data in Z; with Gg, (Z;) denoting the variables with observed data. Let Z; be distributed as:
Z,-sz(z,G), i:l,...,n (41)

where py (z,0) denotes a parametric model parameterized by 6.
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Under MAR, the observed Gg, (Z;) has the distribution:

ZinZ‘C,Gc(Z) (Z|C[,GCI. (Z,-),G), = 1,...,]’1

The observed-data likelihood can be used to obtain the MLE of 6 by maximizing

PG,z (&:0), pc, (gr;9)=/ pz(z;0)dz.
,IJ] G2 G@) (#:G,(2)=g}

Denoting the full-data score vector by:

810ng(Zi 9)
F ; = Pk e S
S"(Z;,0) 58

Then the observed data score S (C;, Ge, (Z;); 0) is related to ST (Z;,6) by:
S(Ci,Ge, (Z1);0) =E [S" (2;0) | Ci,Gc, (Z:) 6]
By the law of conditional variance,

var (S (Z;)) = var [E (S (2)) | Ci,Gc (Z:))] +E [var (S" (2;) | Ci.Ge (Z1)) ]

= var (S (C;,Ge(Zi))) +E [var (SF (Z) | Ci,Ge (Z:))]
it follows that
E |var (8" (2) | Ci,Gc ()] = var (S" (2))) — var (S(Ci,Ge(Z))) =17 (6) —1(8) 4.2)

where I (8) and I (8) are the Fisher information for the full and observed data.

4.3.2 Multiple Imputation for Missing Data

Consider a longitudinal study with n subjects and m assessment times. For regression analysis for
longitudinal data, let y;; and x;; denote the response and vector of explanatory (independent) variables

from the ith subject at timet (1 <i<n, 1 <t <m). LetZ; = (yil,...,yim)T and X; = (Xl-Tl,.. x| )T. In

o Xim
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regression analysis for longitudinal data, we model the conditional distribution of Z; given X;. Further,
we assume that missing data only occurs to the responses y;;. Thus we can view the parametric model in
(4.1) as the regression model for the conditional distribution of Z; given X;. However, the parameter 6
is partitioned into § and 1 with 8 being of primary interest such as regression coefficients and 1 being
nuisance parameters such as variances of random effects and error terms in linear mixed-effects models.

Multiple imputation is a general approach to the problem of missing data, which allows for
the uncertainty about the missing data by creating several different and plausible imputed data sets
and appropriately combining analysis results obtained from each of them [60]. Generally, the multiple

imputation procedure can be broken down into three stages.

1. Imputation. Missing values are imputed following some imputation approach. This is done m times

independently to create m completed datasets.

2. Analysis. Each of the m datasets is analyzed, using statistical methods for complete data to fit the

model of interest with imputed data.

3. Pooling. Analysis results from m imputed datasets are combined to give a multiple imputation

estimate for inference.

Different approaches have been proposed in the literature for the imputation step.
Under MAR, multivariate imputation by chained equations (MICE) is a popular multiple imputa-
tion technique and readily implemented with an R package called "mice” [63]. Let R¢, (Z;) denote the

subvector Z; with missing data for each subject. Then Z; consists of the observed G¢, (Z;) and missing

T
R¢, (Z;). For notational brevity, let Z; . = Ge, (Z;) and Z; ,is = Re, (Z;). Then Z; = (ZLbS,ZiTmm) .
Under MICE, the parameters 6 are partitioned into multiple 6y, -, 6, that are specific to the respective

conditional densities of the parameters or Z; ;s given the observed Z; ;. Starting from a simple draw from
observed marginal distributions, the /th iteration of chained equations is a Gibbs sampler that successively

draws from the following conditional distributions:

i,mis

1<k<p
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-
T
where Z < lobs, lmls > denotes the complete imputed data for Z; at the /th iteration. Previous

( s only enter 2

imputations Z i mis

through its relation with other variables, and not directly. The sampling

process continues until convergence. The completed Zl-(l) ’

s through MICE imputation at convergence are
sampled from their predictive distributions based on the observed data Z; ,;,;. We can repeat this process m
times to generate m imputed full-data sets.

If 8¢ is known (as in simulation study), we can view the imputed data Z; (6y) from a single
imputation as being generated from the following steps:

a) Generate {C;, Gc, (Z;) } from the distribution with density p¢ . (z) (7 r; 00);

b) Generate Z; (6) from the conditional distribution of Z given C,G¢(Z) with the conditional

density:

Pzic.6e(z){2 | Ci,Ge, (Zi) 300} -

We then have a full data for all subjects and obtain the MLE §n by solving the full-data likelihood

equation:
Y s" (2 (60):8,) =0 (4.3)
i=1

Under mild regularity conditions, the MLE 6, is consistent and asymptotically normal:
\/;l (é\n — 90) —d N(O,Z)

where the asymptotic variance X and a consistent estimator are given by:

F (7.
=1, h=E (_as ;E?6°)>

oo L " (z o)
r=I=
i bef
where I is the Fisher information.
In practice, 6 is unknown. Large sample properties of MI estimators depend critically on how

the missing data is imputed. To ensure consistency and asymptotic normality, imputed values for the

missing Re, (Z;) must satisfy certain requirements. Following [43], we consider two imputation schemes
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and the resulting MI estimators that are consistent and asymptotically normal.

4.3.3 Multiple Imputation Estimators

Frequentist Type B Estimator
. . . ~I . . . ~I
If 8¢ is unknown and a consistent estimator, 0,, of 8 is available, we can substitute 8, in place

of 6y and generate Z; (52) for each missing data {C; # o, G¢, (Z;) } m times to obtain m imputed full-data

sets:

Zij(80) ifCi=eoo . .
Zij = , 1<i<n, 1<j<m (4.4)

~i
Z; (en) if C; oo
For each j-th set of imputed full data, {Zi 1 <i<nl1<j< m}, we obtain the j-th estimator 5: i by

solving the full-data score equations:
~I\ ~

Y " (2;(8,):8,,) =0 4.5)
The multiple-imputation estimator is for the m imputed full-data sets is:

A~k LN

6,=m") 6, (4.6)

j=1
Under mild regularity conditions, the MI estimator 5: is consistent and asymptotically normal [71]:
\/ﬁ (/9\: — 90) —d N(O,Z*)

where the asymptotic variance X* is given by:

= (1) [T4m (P = 1)+ (IF =) var (¢ (Ci, G, (2))) (IF =) +2(IF = D] (1IF) ™" @7
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where IF and I denote the full-data and observed-data Fisher information and ¢ (C;, G¢, (Z;)) denotes the

: . . ~1
influence function of the estimator 8,,:

i=1

The asymptotic variance X* can be consistently estimated [43]. However, the popular variance estimator

proposed by [66] below is not a consistent estimator of X*:

AN -1 m (3 3 A*'_A*T
E*:m—ljil ;i{_gsF<Z"fa(;")’9nJ) +<m;1>nzﬂ<9w‘ n‘jn_)l<9nf 0,) 4.8)

Furthermore, this type B MI estimator requires a consistent estimator 52 to ensure consistency and
asymptotic normality of the MI estimator. In practice, it is difficult to obtain such a consistent estimator.

For example, if we model longitudinal data under MAR using the linear mixed-effects model,
we can obtain a consistent estimator of 8 of the regression coefficients using semiparametric linear
regression such as weighted generalized estimating equations (WGEE). However, WGEE does not provide
any estimator of the nuisance parameters 717. Although we may model the second moments of Z; using

semiparametric WGEE II [72], popular statistical packages such as R do not support WGEE II.
Bayesian Type A Estimator

. . . . . . I~
A popular alternative to sampling Z;; from the statistical model with an consistent estimator 6, is

to generate such values from the predictive distribution (1 <i <n, 1 < j) [66]:

pzic.e(z) (2] Ci,Ge, (Z:)) (4.9)

In this case, we can view the generated Z;; as through the following sampling process:
a) Treat 6 as a random quantity and specify a prior distribution for 6, from which we obtain the

posterior distribution:

Pejc.Gez) (0| Ci,Ge, (Z:) = /Pz|c,cc(z) (z|Ci,Ge, (Z);0) ppic.cez) (0 | Ci,Ge, (Z:))dO  (4.10)
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b) Randomly select 6U) from the posterior distribution in (4.10);

¢) Conditional on 8/, we sample from the conditional predictive distribution given ol
PzIC.Ge(2) (z | Ci,Ge, (Zi)§9(j)> (4.11)

to obtain Z;; (G(j)).

By repeating (b) and (c) m times, we obtain m imputed full-data sets {Z,- 1 <i<n1<j< m}

For each jth set of imputed full-data set, {Zi i (9(j )> 1 <i < n} we solve the full-data score
equations as in the case of Type B estimator, but with a differently imputed full-data set
{Z,~ (90)) 1<i< n}:

zn:SF (z,-j (9<f)) ;éjjj) —0 (4.12)
i=1
The multiple-imputation estimator m imputed full-data sets is again given by averaging the m estimators
5; ; in (4.12) obtained from the m imputed full-data sets.

Rubin refers to imputation with the values for imputing missing Z;; drawn from the predictive
distribution in (4.9) as type A estimator. The imputed data from MICE are generated this way. Like the
Type B estimator, Type A estimator is also consistent and asymptotically normal. However, unlike Type
B estimator, this Type A estimator is readily implemented by leveraging available software such as the

MICE package in R [63]. Thus we focus on the large sample properties for Type A estimator.

4.3.4 Large Sample Properties of Type A Estimator

In Bayesian imputation, the jth imputation is obtained by sampling from the predictive distribution
in (4.9), which can be viewed as first drawing 6\ from the posterior distribution in (4.10) and then
sampling Z;; from the conditional predictive distribution in (4.11). For lage sample size n, the posterior
distribution of 8 and the sampling distribution of the estimator are closely approximated by each other.

C . ~1 .
The initial estimator 6, was assumed to be asymptotically normal:

/2 (@i _ 90) ~N(0,var(q(C,Gc(Z))))
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~1
Therefore, mimicking the idea of Bayesian imputation, instead of fixing the values 8, for each of the m

imputations, at the jth imputation, we sample 6 from

ny
n

N@I @(q(C,GC(Z)))>7

where ¢ (Ci,Ge, (Z;)) denotes the influence function of 9 and var (¢ (C,G¢(Z))) a consistent estimator
for the asymptotic variance of 9,,.

By a Taylor series expansion, we have:

+0,(1) 4.13)

1=

W2 (8, 60) =1 Y (1 (00) [ LS (2 (0) o)

Since m~! ”-1:1 St (Z,-j <9(j)) ,60> is a dependent sequence with G(j),
(I (490))_1 {m” m SE(Z ( (9(1)) 790” is not the influence function. To find the asymptotic variance,
we need to find the influence function.

To this end, let

n m
U, = n—l/zz )
i=1

" (Zij(60), 90)]

j=1
V, =2 (1" (80)) 'Y [m—l Y s” (zij (Zij (9(1‘))) 790> —m'Y S (Z3;(60) . 80)
i=1 j=1 =1
We can express (4.13) as:
2 (8- 60) = (I (60)) ' Uy +V) +0, (1) +0, (1) 4.14)

The first term U, is made up of a sum of # i.i.d. elements and thus here the ith element of the sum

is equal to
m

Gi(m,00) =m™' Y S"(Z;(60),60), i=1,....n. (4.15)
j=1
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For the second term V,,, we show in the Appendix that

Vo= (IF =1)m™" Y n'/? (9<J’> 0 )+(1F ) *1/22q (Ci,Ge, (Z)),00) +0,(1)  (4.16)
j=1 i=1

RN
Since the m random terms n'/? (6“ ) — 9n> (1 < j < m) are asymptotically equivalent to m i.i.d. normal

random variables with mean zero and variance var (¢ (C,G¢(Z))), Vi, ..., Vi, we can express (4.16) as:

Vo=(I"~D)m 1Zv+ (I" =1)n 1/2Zq (Ci,Ge, (Z:),60) +0,(1) (4.17)
]_1 i=1

By (4.14), (4.15) and (4.17), we can express (4.13) as:

i=1

n'/? (5:— 90) = n*”zf ("™ [(ml iSF (Zij(90)790)> +(I" =1)q(Ci,Ge,(Z:), 00) | +
=1

(4.18)

i I"—1)Vi+o,(1)
=
:n—l/zi (IF)’1 Km—l iSF (Zij(Go),60)> +(I" =1)q(Ci,Ge, (Z;) ,00) | +
i=1 j=1
+n- VZZ( 2P ! f " —1) >+o,,(1)
=

Thus the influence function v; (8) for n'/? (5: - 90) is given by:

vi (2" (80):60) = (I") " Km_l iSF (Zij(eo)a90)> + (1" =1)q(Ci,Ge, (22)) | +
i=1

+<1/21F B iIF 1) )
j:

where Z" (69) = {Z;j(80);1 < j <m} denotes the observed and pseudo-imputed data Z;; (6), i.c
Z;j(09) is drawn from the true data-generating process.
The asymptotic variance Xy of the multiple imputation estimator n'/? (5: — 90) is the variance

of the influence function y; (Z" (6¢);09), i.e., L = var (y; (Z" (09);00)). In the Appendix, we show that
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var (y; (Z" (89);09)) is given by:

Yo=21+X (4.19)

) = (17 (80)) var [S¥ (Zi(60),00) + (IF (80) —1(60)) q(Ci,Ge, (Z),00)] (IF (60))

S, =m (17 (80)) " (IF (80) —1(60)) var (q(Ci,Ge, (Zi),00)) (IF (80) —1(60)) (IF (60)) ™"

. . . . . . %k .
We can estimate Xy directly by substituting the sample moments for the respective expectations and 6, in

place of 8y. Alternatively, we can use the variance estimator suggested by Rubin:

A\ -1 ~x ~k\ [k x|
igzmlé nlg_aSF (zi;giw),enj) +(m’:1) ”J; (enj—enzginj—en) w20)

~ o~k ~k s\ T
o i 07). ) (), (5,-5) (35

nj T
m :
J

~%

In (4.20), I, (Zi j (90 )) ,0, j) in the first sum is the observed information from the jth imputed full-data
set and this is ready obtained. The second term in (4.20) is readily computed from the multiple imputation
estimates of 0 from the m imputed full-data sets. Thus the Rubin’s estimator is readily computed. In the

Appendix, we show that fe is a consistent estimator of X*.

4.4 Application

We use both real and simulated study data to illustrate the approach. We start with simulated data
to investigate the properties of the multiple imputation estimator. In both real and simulated studies, we

set type I error level at two-sided o = 0.05.

4.4.1 Simulation Study

We consider a longitudinal study with two groups and three assessments 7" = 3. We consider a
continuous response, y;;, and one continuous baseline confounder, x;. We model the treatment effect, z;,

on the response using linear mixed-effects models.
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Generating Complete Data

We assume that x; ~ N(0,1), z; ~ BN(p = m;) and y; given x; and z; follows a linear mixed-effects

model:

yir = Bo + B1zi + Boxi + b+ Bl (t =2) + Bl (t = 3) + &, (4.21)
SilNN(O,GZ), X[NN(O,G)?), Z,'NBN(R','), b,‘NN(O,G}E)

1<t<T i=12,,n

where BN () denotes a Bernoulli with mean 7. To model the confounder effect of x;, we assume a logistic
regression for z; given x;:

logit(m;)) =&+ &x;, i=1,2,---,n

For the simulation study, we set the parameter values as follows:

Bo=10, Bi=-2, Bp=2, P3=25 Ps=6

Generating Missing Data

We generate missing data for both the missing completely at random (MCAR) and missing at
random (MAR) mechanism.
For creating missing y; under MCAR, we randomly remove y;; and y;3. To do so, we generate

two observed data indicators, r;» and r;3, from two Bernoulli distribution:

ri NBN(OS), ri3 NBN(OS), i:1,2,---,n

We set yi» (vi3) as missing when ryp (ri3) = 0.
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For creating missing y;; under MAR, we model rj» and r;j3 using two logistic regression models:

riZNBN(PiS), "i3NBN(Pi3)a i:1725"'7n'

pi2 = expit (Y +nyi), pi3=expit(&o+ Sy + &yi)
For our simulation, we set
M :Cl :C2:0.8

To ensure 80% missing for y;» and 70% missing for y;3, we set ¥ = —4.5 and ) = —13.5 to create 80%
missing in y;; and 70% missing in y;3.

MAR Missing x;. To do so, we generate one observed data indicator, v;, from a Bernoulli distribution:
ViNBN(pi), i:1,2,---,n
where
E(Vi‘Zi):Pia 1Ogit(Pi):n0+TIIZia i:1727'”7n
To ensure 80% observed data for v;, we set Ny = 1 and 1y = 0.9.

Monte Carlo Simulation to Evaluate Performance of Estimator

We use Monte Carlo (MC) simulation to evaluate the performance of the multiple imputation
estimator. We set the MC sample size M = 500. For multiple imputation, we set the number of
imputations m = 50. We set n = 300 for the sample size.

We first create missing data and imputed full-data sets. For k = 1,--- ,M, we simulate the kth

observed data with missing y;» and y;3:
Z® = {yin,y,yiz,zi:1 <i<n}.
For the kth observed data Z(%), we create m imputed datasets:
z0={z0D<izni<j<mf, 299 = {1 <i<n}
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where

. vi (6p)  ify; is observed
YW= ' 1<i<n1<j<m1<t<T

Vit (9(j)> if y;; is missing

For each imputed full-data set Z(k/ ), we fit a linear mixed-effect model (LMM) and obtain an

*(k)

x(k) s
G (k) ;

~x(k
MLE 9,15» ) (Bn i ) where ﬁ denotes the estimated parameters of interest  and 7], denotes
the estimated nuisance parameters 1. We repeat this model fitting step for all the m imputed full-data sets

Z,Sf ), we have the multiple-imputation estimate for the k th observed dataset Z (k) ag
/\* _ /\* (k)
=m! Z nj (4.22)

We also obtain a consistent estimate of the asymptotic variance Tr(k) using (4.20):

A* ~x% ~% ~x\ T
—0 6, —0

k) _ 1N 17 (7 (o)) B m+1) ( nj ”)( nj ”)

S0 = m j;n In(Z,J(GJ 6,;) + ,; S (4.23)

Since most packages such as R only provide variance estimates for the estimated parameters of

~x(k

interest B, we can apply (4.20) to B to obtain a consistent estimator of the corresponding Bn( ). This
allows us to compare the asymptotic with empirical variance estimates for the simulation study.

By repeating the MC iterations M times, we obtain the MC estimate of 6, along with the

asymptotic and empirical variance estimates:

M
Z TP = Z gt (4.24)

f( -6,) (878, )T

<= \

k=
emp 1

|

As asymptotic variance estimates are generally not available from most packages, we can apply (4.24) to
B to evaluate the performance of the proposed estimator.
In addition to comparing estimates with true parameter values and asymptotic with empirical

variance estimates, we also compare type I error rates. For example, for the parameter of interest 31, we
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compute the Wald statistic W®) for testing the null Hy : B; = Bio at each MC iteration:

where 8ﬁ

W = (&) (B —pu)". 1k

2(k)

1

(k)

denotes the element of the estimated asymptotic variance %fz corresponding to Bl(k). The

empirical type I error rate for testing Hy by:

. 1Y
o= MI;I{WET)ZQLQ.%}

where g1 .95 is the 95th percentile of the central 9512 with one degree of freedom.

Results

We follow the steps generating the dataset and doing the Monte Carlo simulation as described

in Section 4.4.1. When there is no missing values in covariates x, shown in Table 4.1 are the results for

MCAR and in Table 4.2 are the results for MAR. When there are missing values in covariates x with

assumption MAR, shown in Table 4.3 are the results for MCAR and in Table 4.4 are the results for MAR.

As we can see from Table 4.1, Table 4.2, 4.3 and Table 4.4 the multiple imputation estimates E: were

close to the true parameter value f3, the empirical variance estimates fgmp were also close to the MC

asymp

asymptotic variance estimates iﬁ , and the type I error rates were close to the nominala = 0.05 for

both MCAR and MAR mechanisms.

Table 4.1. Monte Carlo Simulation for MCAR assumption

True Param. Est. Param. Mean Asymp. Var Emp. Var Emp. Type I error
Intercept 10 9.97 0.0408 0.0383 0.052
Z -2 -1.98 0.0490 0.0502 0.054
X 2 1.99 0.0104 0.0106 0.044
I(t=2) 2.5 2.50 0.0310 0.0294 0.046
I(t=3) 6 6.02 0.0311 0.0292 0.048

4.4.2 Real Study Data

We apply the proposed approach to a real study data. The Peer Empowerment Program 4 Physical

Activity (PEP4PA) study [73] is a cluster randomized control trial with participants randomized to either
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Table 4.2. Monte Carlo Simulation for MAR assumption

True Param. Est. Param. Mean Asymp. Var Emp. Var Emp. Type I error
Intercept 10 9.99 0.0426 0.0399 0.042
Z -2 -1.99 0.0531 0.0500 0.044
X 2 1.99 0.0126 0.0119 0.041
I(t=2) 2.5 2.50 0.0338 0.0323 0.046
I(t =3) 6 6.04 0.0423 0.0416 0.048

Table 4.3. Monte Carlo Simulation for MCAR assumption on y;;, MAR on x;

True Param. Est. Param. Mean Asymp. Var Emp. Var Emp. Type I error
Intercept 10 10.01 0.0481 0.0483 0.056
Z -2 -2.01 0.0581 0.0596 0.054
X 2 1.99 0.0117 0.0112 0.042
I(t=2) 2.5 2.50 0.0312 0.0296 0.044
I(t =3) 6 6.00 0.0313 0.0292 0.048

a peer-led PA intervention or usual center programming [74]. The initial phase is a cluster-randomized
control trial with subjects randomized to either a peer-led PA intervention or usual center programming.
The study includes 476 participants, with 209 assigned the Control group and 267 assigned the Intervention
group. For each group, the participants were recruited from 6 senior center sites. The patients are measured
at baseline (A1), 6 month (A2), 12 month (A3), 18 month (A4) and 24 month (A5). We are interested
in whether the Intervention group has significantly increase the minutes of f_mvpa during the period
of visits after baseline visit. We consider applying the approach we proposed for PEP4PA dataset, the
covariates are: age, gender, race, education, income, awake wear time, SPPB, 6MWT. We set m = 50 for
the number of imputations when applying the method.

For the dataset, there are also some missing values in the covariates, we apply the proposed proper
multiple imputation approach to the dataset with imputed covariates. We fit the linear mixed-effect model

on the interaction of condition (Control or Intervention group) and different visits with all the covariates:

Yy = bi1 + b + Bo + B1 Gender + B, Age + B3 Race(Black) + B4 Race(Asian)
+ Bs Race(Other) + Bgbaseline_edu_bin + 7 baseline_income_bin
+ Bs awake wear time + B9 SPPB + ;o MWT + f3;; Condition

+ B2 (tp =1t) + P13 ConditionxI(tp =1) + &
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Table 4.4. Monte Carlo Simulation for MAR assumption on y;;, MAR on x;

True Param. Est. Param. Mean Asymp. Var Emp. Var Emp. Type I error
Intercept 10 9.99 0.0504 0.0503 0.048
Z -2 -2.00 0.0621 0.0630 0.052
X 2 1.99 0.0139 0.0138 0.046
I(t=2) 2.5 2.51 0.0344 0.0373 0.048
I(t =3) 6 6.04 0.0430 0.0435 0.048

where longitudinal outcome Y;; is corresponding to f_mvpa at visit ¢ for subject i, b;; is the random
intercept for each individual and b;; is the random intercept for each individual within each site.

To make statistical inference about the multiple imputation estimators, we use the Rubin’s variance
formula in (4.20) as the variance. Results shown in below Table 4.5 and Table 4.6. After applying the
proposed approach, the results showed that there was sufficient evidence (with p-value < .001) such that
the Intervention group has significantly increased the minutes of moderate-vigorous-physical activity
(f_mvpa) during the five visits after baseline visit, 6 month (A2), 12 month (A3), 18 month (A4) and 24

month (AS).

4.5 Discussion

In this paper, we proposed an approach that utilizes existing software such as the R package mice
to implement multiple imputation. We focused on Type A estimators, as the popular Rubin’s variance
estimators are consistent only for this class of estimators. Although the type A estimator has been shown
to be consistent and asymptotically normal, it is not easy to apply this estimator in real studies because of
the difficulty to samples from the posited regression model for imputing missing responses. The problem
lies in the difficulty of deriving the predictive model from the posited model. We addressed this issue by
viewing the posited model as derived from a more complex parametric model for the joint distribution of
the responses and explanatory variables used in imputing missing values in software such as MICE in
R. Under this viewpoint, we can readily leverage existing software such as MICE to sample from the
predictive distribution (from the parametric model for the joint distribution, rather than the conditional
distribution of the response given the explanatory variables in the posited regression model) to impute

missing data. Moreover, if the missingness also depends on observed data from other variables (not
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Table 4.5. Type A multiple Imputation estimator on PEP4PA Dataset Results (With Observed
Covariates)

Est. Std. Error z value p-value
(Intercept) -6.9505 14.5876  -0.4765 0.634
gender -0.8954 2.0759 -0.4313  0.666
age -0.22242 0.1072 -2.0921  0.036
Race
Black 1.3886 3.0488 -0.4555  0.649
Asian -4.7028 4.2800 -1.0988  0.272
Other -1.7112 3.4148 -0.5011  0.616
education 2.5962 1.8709 1.3877  0.165
income -2.3471 1.8484 -1.2698  0.204
awake wear time 0.0164 0.0109 1.4989 0.134
SPPB 0.3220 0.5226 0.6162  0.538
6MWT 0.0674 0.0135 4.9965 < .001
condition -5.7007 2.4644 -2.3132 0.021
tpA2 -2.3890 1.2156 -1.9653  0.049
tpA3 -3.2251 1.2625 -2.5545  0.011
tpA4 -4.3520 1.2259 -3.5501 < .001
tpAS -4.8442 1.3637 -3.5521 < .001
Intervention:tpA2 | 8.1383 1.8579 43804 < .001
Intervention:tpA3 | 10.1961 1.8520 5.5053 < .001
Intervention:tpA4 | 9.1850 1.7453 5.2628 < .001
Intervention:tpAS | 8.4691 2.0745 4.0825 <.001

the observed responses and explanatory variables), we simply include these additional variables when
computing the predictive distribution.

The proposed approach performed very well with missing under both MCAR and MAR, as
demonstrated by the simulation study for varying sample sizes. In the future, we will consider additional
missing data due to reasons other than lost-to-followup such as left- or right-censoring for both responses
and explanatory variables. For example, missingness due to detection limit is a common issue in analyses
of biomarker data. Multiple imputation can be readily used to address this type of missing data. Work is
underway to extend the proposed approach to this and other types of missing data.

Chapter 4, in full, is currently being prepared for submission for publication of the material as it
may appear in “Chenyu Liu, Loki Natarajan, Lin Liu, Yuqi Qiu, Xin Tu. A Multiple Imputation Approach

for Longitudinal Regression with Missing Response”. The dissertation author was the primary author on

59



Table 4.6. Type A multiple Imputation estimator on PEP4PA Dataset Results (With Imputed
Missing Covariates)

Est.  Std. Error 1z value p-value

(Intercept) -7.3077  13.3514  -0.5473  0.584
gender -1.5267 1.8833 -0.8107 0.418
age -0.2128 0.0966 -2.2037  0.028
Race

Black -0.7422 2.5901 -0.2865 0.774
Asian -4.3087 4.1048 -1.0497  0.294
Other -1.5657 3.0125 -0.5197  0.603
education 2.2384 1.6492 1.3573  0.175
income -1.6982 1.6856 -1.0075 0.314
awake wear time | 0.0159 0.0101 1.5841  0.113
SPPB 0.3052 0.4856 0.6285  0.530
6MWT 0.0674  0.01119 5.6697 < .001
condition -5.5262 2.2626 -2.4425  0.015
tpA2 -2.6018 1.0978 -2.3701  0.018
tpA3 -3.4479 1.1619 -2.9675  0.003
tpA4 -4.4046 1.1925 -3.6938 < .001
tpAS -4.9271 1.2606 -3.9086 < .001
Intervention:tpA2 | 7.9310 1.6145 49125 <.001
Intervention:tpA3 | 9.6879 1.6258 5.9589 < .001
Intervention:tpA4 | 8.2524 1.6912 48796 < .001
Intervention:tpAS | 8.1120 1.7712 4.5798 < .001

this paper.
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Chapter 5

Conclusion and Future Work

In the thesis, we developed innovative statistical methods aimed at tackling complex statistical
issues arising from imperfect data problems across different fields. We focused on statistical methodologies
for brain imaging data involving measurement errors in explanatory variables, robust hypothesis testing for
average treatment effects in causal inference, and multiple imputation strategies for longitudinal regression
analysis when dealing with missing responses (dependent variables). Simulation studies were used to
investigate the performance of these proposed methods, while real studies were used to illustrate their
applications.

In particular, in chapter two we investigated the performance of the best linear unbiased predictor
(BLUP) for noisy brain data. We presented a Bayesian methodology that utilizes the Hamiltonian Monte
Carlo (HMC) algorithm to correct for measurement errors in predictors and estimate the SNP heritability
h2 as well as the fraction of variance explained (FVE). Our simulation studies demonstrated that the noisy
BLUP provides FVE estimates very close to the true FVE, regardless of the noise level. In contrast, the
“noise-free” BLUP yields biased FVE estimates that become progressively more attenuated as 62 increases.
By applying the noisy Best Linear Unbiased Predictor (BLUP) model to resting-state fMRI data from the
ABCD Study, we observed a significant improvement in the FVE. The noisy BLUP model effectively
addresses the inaccuracies in the predictor variables, enhancing the reliability of heritability estimates and
the explained variance. In the future work, we plan to extend this model to incorporate more complex
assumptions for the covariance matrix Xyw. For instance, we will explore using an autoregressive model of
order 1 (AR(1)) or an exchangeable covariance structure to better capture the underlying dependencies in

the data. These advanced covariance structures are expected to further refine the model’s performance
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and accuracy, providing more robust estimates of SNP heritability and the fraction of variance explained.
By addressing these enhancements, we aim to expand the applicability and precision of the noisy BLUP
model in various genetic and neuroimaging studies.

In chapter three, we introduced a new sign-flipping score-like test for inferring the average treat-
ment effect (ATE) based on the doubly robust estimator (DRE) approach to improve anti-conservatism in
small and moderate samples. While the DRE, along with its semi-parametric Outcome Regression Model
(ORM) and Marginal Structural Model (MSM) components, exhibits desirable asymptotic properties,
it struggles with anti-conservative type I error and bias in coverage probability in small and moderate
samples, particularly for responses with heteroscedasticity and overdispersion . Although score-like tests
generally outperform Wald tests, they still exhibit anticonservative bias in type I error and bias in coverage
probability. The proposed sign-flipping score-like test addresses this bias more effectively in small and
moderate samples. Additionally, this test applies to DRE with non-parametric models for covariates. In the
ORM, the linear predictor includes a parametric specification for ATE and a non-parametric specification
for the nuisance covariates, while in the MSM, the propensity score’s nuisance covariates are modeled
non-parametrically. The non-parametric models for the covariates typically use machine learning methods
such as random forests for estimating model parameters. By reconstructing the sign-flipping score-like
test using sample splitting, which has been effective in addressing sub-y/n convergence rates of non-
parametric nuisance estimators, we achieved a test statistic not only with robust asymptotic properties, but
also remarkably strong performance for small and moderate samples, as demonstrated by the simulation
studies.

In chapter four, we proposed an approach that leverages existing software such as the R package
MICE to implement multiple imputation. Our focus was on Type A estimators, as Rubin’s variance
estimators are consistent only for this class of estimators. Although Type A estimators are consistent
and asymptotically normal, they are difficult to apply in real studies due to challenges in sampling from
the posited regression model for imputing missing responses. This difficulty arises from the complexity
of deriving the predictive model from the posited model. We addressed this challenge by interpreting
the posited model as being derived from a more complex parametric model for the joint distribution

of the responses and explanatory variables implemented in popular statistical software for imputing
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missing data such as the MICE package in R. When missingness depends on observed data from other
variables (not the ones for the posited regression model), we can include these variables in computing the
predictive distribution, increasing inference validity under the missing at random (MAR) mechanism. Our
method performed well under both MAR and the missing completely at random (MCAR) assumptions,
as demonstrated in our simulation study with varying simulation settings. Future work will address
additional types of missing data, such as left-censoring due to detection limit , which is a common issue in
analyses of biomarker data and missing data in explanatory variables. By extending the proposed approach
to handle these scenarios, we aim to enhance its applicability and robustness across a wider range of
real-world data sets and missing data mechanisms, ultimately improving the reliability and validity of

imputed data in various research contexts.
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Appendix

A Additional materials for Chapter 3

A.1 Proof of Theorem 1

Proof. Suppose Hy holds. We will show that U" = (U7, ...,Uy:) converges in distribution to a multivariate
normal distribution with mean 0 and variance lim,,_.c s%l , where [ is the m X m identity matrix. It then
follows from Lemma 11 in [40] that P (Ul” > Uﬁ_a]> — |am]/m.

Under Hy, foreach 1 < j <m,E (U]") =0. Forevery 1 < j < m,var (Uf) =
n~ 'Y var (U ’”) = 52. Let Q,, be the covariance matrix of U”" - Q,, has zeroes off the diagonal. Indeed,

forl1<j<k<m

n n
cov (U},U}') = cov (nl/z ZgjiU"’,ifl/2 ng,-U’”> =0
i=1 i=1

since the gx;,2 < k < m, are independent with mean O . Hence Q,, converges to lim,_,. s,/. Note that U"
is a sum of n vectors. By the multivariate LindebergFeller central limit theorem [75], U" converges in
distribution to a multivariate normal distribution with mean vector 0 and covariance matrix lim,, . s%] .
We have shown that U" converges in distribution to a vector U, say, of i.i.d. normal random variables. It

now follows from Lemma 11 that P (U]” > Uﬁ—d]) — lam|/m. =
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A.2 Proof of Theorem 2

Proof. Suppose that Hy holds. Note that

Uy =0, - 1,10 = Uy — T, T, ' Ul +0p, (1) =

pctcc pctcc

U;} _I;c\/ﬁ(;)\/_ ’}/O) I;gc ccl {Un CC\/E(;}\/_ YO)} +0P/30-?’0(1) =

*
U;,l —{—0[[»[30,70(1).

Let2 <j<wand

n n
+_ . —1/2 i —1/2 Cv-lg.
Uyl =n Zil{gﬁ_l}Ul’;”—n .Z‘il{gﬁ_]}D,pVi S;
1= 1=

n n
n—_  —1)2 ni . —1/2 u-le
Upj =n Z{l{gﬁ:ﬂ}UP =n Zil{gji}l}D’pVi Si-
1= 1=
Note that

rin rin FTn— n 1 % n— %
Uy, =0~ :{UJ—E\/EI;C(Y—%)}—{UP ——\/_ pe (7= Vo)}+0Pﬁ0,yo(1)=

n+ n— n

The intuitive reason why ﬁ i =Upi+ OPg. 1 (1), is that the estimation of ¥ does not cause the
summands underlying U " to be correlated. Similarly we find that U =Ug; + OFg 1o (1) and
conclude that 17”* Upj +opg (1).

Let U" be as in the proof of Theorem 1, with U™ replaced by U ;,’i* =U ;’i cp 1 T .1U™. Suppose Hy
holds and 7 = Z, so that the summands underlying U 7 are independent. For every 1 <i <n,E (U;") =0.
The elements of U" are uncorrelated and have common variance var (U [’,“*). By the multivariate central
limit theorem [75, 76], U" converges in distribution to N (0, var (U ;”*) I ) We supposed that 7 = 7 to use
the central limit theorem, but the asymptotic distribution of U" is the same if 7 is any consistent estimator
of Z.

Let U" be as in the proof of Theorem 1, with v; replaced by 17;}"* = ﬁ i ZCTpIcclU’” For every

1<j<w, 17 i =Upi i TPy (1). Thus U " and U" are asymptotically equivalent. The result now follows
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from Lemma 11 [40]. m

B Additional materials for Chapter 4

B.1 Show (4.16)

For the term V,,, consider the stochastic process parameterized by f3:

hwﬁw4”2m4i§WQWL%)

Then we can express V,, as:
~1

Vo= (BL) = (By) (1)

If J, (B) converges weakly to a tight Gaussian process, then J,, () is stochastically equicontinuous
in the sense that J, ([3/) and J, (B ”)become arbitrarily close to each other, if 8" and B” are sufficiently
close to each other. We assume that J () converges weakly to a tight Gaussian process.

Let
A(B.By) =E[S"(Zij(B),By)] (2)

Then the mean E [J, ()] of J, (B) is given by:

Wa(B) = Ju(B) —EJa (B)] = Ju (B) —n’l/zzn‘,E [S" (2 (B) . Bo)] = Ju (B) —n'/*A (B, Bo)

i=1

Consider the centered version W, (B) of J,, (B):

If the stochastic equicontinuity holds, then
N

Wo (Ba) = Wa (Bo) = 0, (1) 3)

~1
whenever f3, is a consistent estimator of f3,.
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To prove (.3), choose arbitrary €, 17 > 0. Then, by stochastic equicontinuity, there exists a §(&,n)

and n(g,n) such that

P () )22 <0
B.B":|I1B"—B"||<8(em)

for all n > n(g,n). By consistency, there exists for every § and n an n*(8,n) such that

P(Hﬁi_ﬁou > 5) <n/2foralln>n*(5,n).

Note that the event

{
{

By taking complements, we obtain

P{|[wa (B.) ~wa (o) > €}
<P [{|B.- 8| > 5}
u{ ap HWn(ﬁ’)—Wn(ﬁ”)H>€}]
B'.B":||B'—B"||<5(e,n)
<P{|B,~Bo|| > e}

R AR TE

B'.B":|IB'—B"||<8(e.m)

~1
B~ Bo| < 8(e.m) and sup W, (B") =W, (B")]| <e}
BB BB <3(e.m)

~I

W, (B,) Wi (Bo)| <}

By choosing n > max [n(g,n),n"{3(€,n),n}], we obtain

it

~I

Wo (B.) =W (Bo)| > e} <m/2+n/2=n.
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By (.3), we have

=30 (Bo) = Jn (Bo) = Wa (B,) + 124 (B, Bo) —Wa(Bo) +n'% (Bo.Bo)  (4)
=W, (B,) = Wa(B)+n"2[4 (B, Bo) — 2 (Bos Bo)]
=2 (1 (B Bo) — 2 (Bo: Bo)] + o0, (1)

By a Taylor series expansion, we have:

Vo =172 (2 (B, Bo) = 2 (Bo:Bo)| +0, (1) (5)
IA(B.Bo)|  ip2
= k) B, Ba) +0, (1)
B’ 5p ( ) P
Now we show that the derivative al{;’g}ﬁ") - is given by:
ar
M =1"(By) —1(By) (.6)
9B B=Po
By the law of conditional expectations, (.2) equals
E [E (SF (Zij (B)aﬁO) |Ci?GCi (Zl)vﬁ)} 7

Because Z;; () is a random draw from the conditional distribution with conditional density

pzic.Ge(z) (2| Ci,Ge, (Zi), B)

this means that the inner expectation of (.2) is equal to

|8 B0 prcae (1€ Ge, (@) B)dVacceiz) (| CiGe (2).

The outer expectation of (.7), however, involves the distribution of the observed data {C;, G¢ (Z;)}, which
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are generated from the truth, 3. Therefore, the overall expectation is given as:

2880 = [ | [5G prcon Gl Bl avacon el s

X PC.Ge(2) (I", 8rs BO) dVC,Gc(Z) (r7gr)

Because

PzicGez) (@] 1,8r,B) Pe.Gez) (18 Bo) dVzic Ge(z) (2| 1:8r) dVe Ge(z) (1:8r)

=pcz (r,zvﬁ)de,Z (I",Z)

we can write the above as

/5" B0 (LR e i Bu vt

Taking the derivative of (.8) with respect to 8 and evaluating at f3,, we obtain

S R

PC,Ge (l")

9A (B, Bo)

g’

B=PBo B=Bo

XPC.Ge(Z) (r,8r,Bo)dve z(1,2)
o F pcz (raza ﬁO) a pC,Z(raZ)ﬁ)
a /S (z:Fo) (Pc,cc(z) (h&ﬁo)) ' foe <pC7Gc(Z) (”,gr,ﬁ)>

Xpe.Ge(z) (1:&r Bo) dve z(r,z)

B=pBo

Because the data are coarsened at random,

pC,Z(F’Zvﬁ) _ PZ(Z,ﬁ)
PeGe(z) (181B)  Pe,z) (&rB)

Therefore

i o PC,Z(",Z,ﬁ)
a/fl g<pc,GC<Z) (r,gr,ﬁ)> s 9B ap
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When data are coarsened at random, we showed in Lemma 7.2 [43] that

ag log e, 2) (80 Bo) = E (S7(2) | € = r.Ge(2) = &) = S (r.8,)

Therefore (.10) is equal to
-
(SF (Zaﬁo)) = (z,B0)

Substituting this last result into (.9) and rearranging some terms yields

/SF Z ﬁo (2.B0)) =57 gr,ﬁo)} pez(rz,Bo)dvez(nz)
=E[S"(Z,Bo) (5" <z,ﬁ0>)T} ~E[S"(Z,80)ST (€., Ge(2),B0)]
=17 (Bo) —E{E |S" (Z.B0)S” (C,Ge(2),Bo)| 1€, Gel(2), By }
=1 (By) —E [ST(C.Ge(2).By)S” (€. Ge(2). By)|

1" (Bo) ~ 1 (Bo)

~1
By combining the above results, we can expresses V,, in terms of the IF of n'/? (ﬁ .—B ) :

vnznl/ZiaF(ﬁo)—I(ﬁo)) (€1, Ge, (7)) + 0, (1) (10

By (4.8) and (.11), we have:

n/2 (B, —Bo) = (I" (Bo) ™ (Uy+Va) +0p(1)

_ nl/zi (IF)*l

mliSF (Zi; (Bo) - Bo)+ (I" =1) q(Ci,Ge, (2:)) | +0, (1)

B.2  Show var (y; (Z"" (69);6y)) is given by (4.19)

Let

m—milzs lj ﬁo ﬁo) B:(IF_I)q(CivGCi(Zi))
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Then

var (Wi (Z" (80):60)) = var (Ay) + E (AmBT> +E (BA,;) +var(B)

By the law of conditional variance, we have:
var (A,,) = E[(var (A, | Ci,Ge, (Z)))] +var (E (An | Ci,Ge, (Z))) = 1 +JIm2
By (4.1), we have:

I =E

var (ml ﬁ SF (Zij (ﬁo) 7[30) ’ Ci7GCi (Zi))

=1

=F [mflvar (SF (Zi,Bo) | Ci, G, (Z,))]
=m 'E [Var (SF (Zi,Bo) ’ Ci, G, (Zl))]

=m~" (I" (Bo) —1(By))
Similarly, we have:

Jmo = var

E (m Y. (2 (Bo) o) G “”)] = var(E (8" (2::By) | G- Gc, ()
j=1
= var(S(C;,Ge, (Z:))

=1(By)

Thus

var (Ap,) =m™~! (I" —1)+1.
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Next we compute the covariance matrix

E (AmBT> —E

<ml iSF (Zij (Bo) ﬁo)) (1" ~1)q(Ci.Ge, (22))]

! i E[S" (Z(Bo),Bo)a" (€ Ge,(2)] (17 1)

= E[S" (Z;(B)Bo)a" (C1,Ge, (z)] (1 1)

=A(I" -1)
Since
A=E[S(Z;(By).Bu)a" (CGe, (2)]
=E{E S (2;(Bo).Bo)d (Ci:Ge,(2)) | Ci.Ge, (2)| }
=E[E(S"(Zij(Bo).By) | Ci,Ge, (Z)) ] 4" (Ci,Ge, (Z:))
—E |S(C:.Ge, ()" (€, Ge, (2)]
=1,
we have:

E(AnBT) =1 (Bo)~1(By)

Since E (AmBT) is symmetric,
E(4,8) =E (AuBT) =1 (Bo) —1(By)
Finally,

E (BBT> = var [(I" = 1) q(Ci,Ge, (Z))]

= (]F —I)var(q(Ci,Gc, (Z))) (IF ~1)

Thus
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If we use q(Ci, G, (Zi)) = Qe (Ci, G, (Zi)) +h(Ci,Ge, (Z;)) with var (@efe (Ci,Ge, (Z:))) = I

and Qe (Ci, Ge, (Z;)) Lh(Ci,Ge, (Zi)), the above can be expressed as:

'ri—ua (" =1+ 1" —1)var(h(Ci,Ge, (Z:))) (I" =1)
=1 - - 1+ (1 1) var (h(Ci, Ge, (22))) (IF 1)

=111 =21 + 1+ (1" — 1) var (h (Ci, Ge, (2))) (IF —1)
Thus we have:

= (1) [E(Anay ) +E (BBT) +E (AuBT) + E (B, ) | (1)

— (1) [T+m (I = 1)+ (IF = 1) var(q(Ci,Ge, (Z))) (IF =) +2 (IF = 1)] (1F) ™"

If use q (Ci, Ge, (Zi)) = @ete (Ci, Ge, (Z:i)) +h(Ci, Ge, (Z;)), we obtain:

Iy =E <AmA;) VE (BBT) +E (AmBT) VE (BA;)
=I+m ' (I" =)+ 1" 17'1F 21" + 1+ (I" = I) var (h(C;, Ge, (2))) (IF —1) +
+2(1"-1)

="'+ m V(1P = 1)+ (1" = 1) var (h(C;, G, (Z)))) (I" 1)
Thus we have:

= () ()

=1 e ()T =) (1) (1) (1 1) var (G Ge (20)) (1 1) (1)
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B.3 show fg is a consistent estimator of X*

First, we have

—1

m_lj_i n‘li_aSF (z,-j (9(1)),6,’:].)] N <—9SF(Zi(90),90)>1:(1F)1

12
= 00" 00" (12

By (4.18) and (4.20), we have:

n'/? (B:, —B:) =n'/? (BZ, _ﬁo) —nl/? (BZ —ﬁo>
= () R[5 2 (Bo) . Bo) S (Bo) |+
+ (1) =1) (V= V) +0,(1)

= (Y Y Gy (1) (1) (V- 7) +op(1)
i=1

where

Gij=S" (Zi; (Bo) .Bo) — 5 (By)
F

ST (Bo) =m™! Zs (2 (Bo) Bo)s V=m" ivj

Since V; and ¥ (Z;; (B,) . By) are independent, G;; = S* (Z;; (B,) , Bo) —Ef (By) and V; — V are indepen-

dent. Thus we have:

E [ (B.,-B.) (Ezj—BZ)T] () e (GuG) | 0F)

+ (IF) (I =) var (v; = V) (IF —1) (IF) ™"
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and

where

= (1)

e (Evn ) ney
- J;E<G,-JGD (")~ +
0o (£ 9 )0 -n

' (mA+mB) (1)

A=(")"E (GijG;) ()™

B= (") (1 ~ 1) var (v, =) (1" 1) (1)

To find E (G,-jGiTj>, we have:

E (G,-jGiTj) —E
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where

J=Y E[s"@)(sf)]
j=
When j = j/,

E |:SF (Z,'j) (SF (Zij))T} = var (SF (Zij)) = IF

When j # j, since Z;; (B) are independent draws for different j from the conditional density

pzic.oe(z) (2] Ci, G, (Z:)), we have:

E [SF (Zij) (8" (Zij'))—r} =cov [$" (Z;),8" (Ziy)]
=E{cov[$"(Z;).8" (Ziy) | Ci,Ge, (Z3)] } +
+cov (E [SF(2) | Ci.Ge, ()] E [SF (Ziy) | G Ge, (2)])
= 0+var(S(C;,Ge, (Z)))
= var (S (Ci,Ge, (Z)))

=]
Thus

J=E[$"z) (sh)"] + iE |7 () ()|

=1 —(m—1)I
and

£(GyGy) = E[" ) (5" (2) ]~ s

:IF—% (1" — (m—1)1]
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By (.14) and (.15), we have:
mA = mE (GUGD =(m—1) (I = 1) (.16)
By a similar argument, we have:
mvar (V; —V) = (m—1)var(q(Ci,Ge, (Z))) (.17)
By (.13), (.16) and (.17), we have:
m(A+B) = (m—1)[(I" = 1)+ (I" —I)varq(C;,Gc, (Z;)) (I" —1)]

and

~%

e|nf: (5,-52) (ﬁnj—E:)T] ) a8 (1F) (1)

By (.12) and (.18), we have:

(Br-B2)'

Fl, (a1 3* —1 (E 7
fmZ[ZaS (z,,(ﬁ,,),ﬁnj)] X <m+1>nz(ﬁw B,)

J=1 " i=1 aﬁT " J=1 ml
~] * -1
N |:m1 i (nliaSF (Zij (fn> ﬁnj) ] I
o
m+1 M x ~% ~% e~
(ote) o 6o )
= (1F)71 + m’(ner—]l) (m—1) (IF)i1 (1" =1)+ (I" = 1) varq(C;, G, (Z)) (I" —1)] (IF)il

= () ) [ 1) (1) varg (€ G, () (7 1)) (1)
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