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Evaluation of Current Distribution in Electrode Systems 

by High-Speed Dig~tal Computers 

Jack A. IG..ingert, Scott !zy"nn, and Charles W. Tobias 

Lawrence Radiation Laboratory 
and 

Department of Chemical Engineering 
University of California, Berkeley, California 

ABSTRACT 

In the absence of significant concentration gradients, the distribu-

· tion of potential in electrolytic cells can be satisfactorily described 

by the Laplace equation. Becaus~ of severe mathematical difficulties, in 

the past, analytical solutions have· been obtained. only for a few, simple 

cell ·configurations. , In other fields of application it is "\vell known 

that the finite-difference form of the Laplace equation by iterative pro-

cedure is ideally suited for numerical solution by digital computers. 

The method is·suitable for handling any arbitrary two-dL~ensional cell 

geometry, and allovrs consideration of realistic overpotential behavior. 

Brief description is given of the elementary m&thematical relations 

involved., and of the iterative procedure employed in machine computations. 

By use of .this technique, the primary and secondary current density die-

tributions were evaluated. for the outside corner of an electrode, a model 

representative of cell geometries commollly employed in i'ndustry. The 

ef'f'ects of' the variations of' geometric and overpotential pareuneters o.rc 

demonstrated. The results obtained indicate that the numerical technique 

employed is eminently suitable for rapid and accurate evaluation of current 

density distributions for re,alistic models. 
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Evaluation of Current Distribution in Electrode Systems 
by High-Speed Digital Computers* 

+ Jack A. IO.ingert, Scott ~nn , and Charles w. Tobias 

' INTRODUCTION 

The determination of current density distribution, and its depen-

dence on cell geometry, on soluti9n properties, on hydrodynamic condi-

:tions, and on the impedances associated with charge-transfer reactions 

has long been recognized to be of importance in the design and conduct 

of metal deposition and dissolution processes. In more recent years, the 

need for more rational procedures for the prediction of perfor.nmnce of 

industrial electrolytic processes and of various galvanic cell types 

has become increasingly evident. 

The problem in its most general formulation includes the considera-

tion of concentration gradients associated with the progress of elec­

trode reactions. 1 However, in numerous applications, the buDc electro-

lyte is well stirred, and its composition may be assumed invariant. 

Further, the concentration gradients near the electrode surfaces may 

be small, and, therefore their influence on the electrode potential 

can be considered negligible. Under these conditions, the local elec-

trode potential is d,ependent only on the activation overpotential 
/ 

// 2 
corresponding ;t'O the local current d,ensity. , The, distribution of po-

tential between the electrodes then can be described by the Laplace 

'equation, 

'V
2 E=O. 

' 2 3 4 5 
In 1940, Kasper ' ' ' presented an orderly and lucid exposition 

of the boundary conditions pertaining to metal deposition and, dicsolu-

tion processes, neglecting mass transport effects. Methods of obto.inin~ 

' ... 
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solutions for various types of electrode geometries were described by 

(among others) loJ'agner, 6' 7 Kronsbein, S and Drossbach. 9,lO Agar and Hoa;r, ll 
,\ 

Wagner, 6' 7 and Wijsman and Tobias. 12 discussed the significant paramete,rs, 

and the criteria of similarity. 

Analytical solutions of the Laplace equation have been obtained for 

a number.of simple cell geometries.3' 4'5' 6' 8 Most of these solutions 

2 evaluate only the primary distribution, ·i.e. disregard any overpotential 

effects at the electrodes. Consideration of linear or logarithmic over• 

' ' . 6 7 12· l3 
. potential relationships leads to mor~ severe mathematl.cal difficulties. ' ' · ' 

,Instead of solving the Laplace equation, it is possible then to employ 

integral equations to evaluate the local curren~ densities.l3,l4 More· 

complicated electrode geometries required model experiments with the 

electric trough, or application of graphical techniques of potential 

mapping. 15 Unfortunately both these techniques are quite inaccurate 
/ 

when sharp vari~tions of potential occur over veri small distances. Fur• 

ther, neither of these techniques allows the consideration of overpotential 
. .• 

effects. 

Although much progress has been made during the last 20 years in 

understanding current distribution phenomena, and in obtaining solutions 

to certain simple problems, there appears to be a definite need for 

more convenient methods to solve problems of higher degrees of complexity. 

Further, it is desirable to introduce techniques that do not require 

unusual mathematical skills 1 excessive time, or elaborate (althouch not 

very accurate) experimental methods. These criteria appear to be met 

by the method of the i te:rati ve solution of the dif:f.erence form· of the 
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APPLICATION OF THE DiF.F.ERENcE FORM OF THE LAPLACE EQUA!I'ION 

TO SOLVING PROBLEMS m CU.RRENT DISTRD3UTION 

Various techniques for the evaluation of temperature, stress, and flow 

fields by numerical methods have been perfected in the past several decades. 

The most commonly employed method involves the numerical solution of the differ-

. . ~u~ 
ence form of the l.a.place equation by "1 terati9n" or "relaxation." 1 1 In 

the following the basic features of this method are . outlined, . 8Jld the typical 

boundar,1 conditions representative of electrolYtic cell s7stems are introduced. 

Basic Considerations 

~ repl.acing the differential equation . 

2 0~. 0~ 
V E=2+::-2•0 ox oy 

(1) 

.with the difference equation 

6.E2 6.~ 
c c 

- + ---- = o, 
(6x)2 (153)2 

(2) 

we replace the description of a. continuum with a recta.ngular network (Figo 1). 

The meaning of the central di.fference quotients in _equation (2) may be understood 

with reference to Fig. 2. Here the va.lue.s of the forward and backward d.ifference 

quotients are 

· respectively.. The second central difference quotient then is given by 

6.c~ ¥ L\E . 
----:-· a , "¥ .. '"EX • El .. 2Eo + E3 .. 
(6x)2 h h2 

(3) 

By similar reasoning, ¥ 
6. ~ - - L\E E2 ... 2Eo + E4 
-2..- •. ~ AY: - (4) 
(~)2 h h2 0 

Addition of equations (3) and (4) results in. the remarkably simple relationship 

~I 



UCRL=10998 

(5) 

Thus we obtain a simple formula that relates the potential at each point 

of the grid to the potentials at the four nearest neighbors. If 1·re 

satisfy the condition stated in equation (5) simultaneously at every grid 

point within the regime considered~ we obtain a solution to equation (2), 

* the difference form of the Laplace equation. 

We will briefly consider now the degree of approximation involved 

in substituting the difference equation (equation 2) for the differential 

equation (equation~). With reference to Fig. 2, Taylor expansion of 

the potential function with respect to both x and. y about point o, with 

interval h, results in 

"2E + 2h
2 

4 2h
6 

"6E = v 4!\l E + 'b!v + •••• (6) 

Thus the error committed in setting the left-hand side equal to zero is· 

repre·sented by a power series that converges rapidly, and for a small 

mesh interval, h, the first term of the series involving h
2 

is already 

negligible. 17 

Boundary conditions 

In addition t0/the formula relating the potential at each point 
/' 

of the grid to those at its neighbors, we also have to state the con-

ditions/at the boundaries in difference form. 

* It should be noted that instead of the simplest "square 11 or "cross" 
formulae, represented by equation (5), larger "molecules" involving the 
nearest eight or nineteen neighbors can be developed. Solutions employ~ 
ing these higher-order approximations approach the solution of the .c 
differential equation even more closely than those involvine; equation (5). J.u, 

·~ 

i ,. 
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a. For conducting boundaries, in the absence of an overpotential de- , . 

pendent on current density, we specif.r the potential of the electrode, 

. E which is usually uniform. Thus in Fig. 3, if the four sides of the 
c 

quadrangle were electrodes at different potentials, we would. write do>in 

at each boundary point along the four different sides the corresponding 

values of the potential. 

b. For insulating boundaries, the normal flux is zero. .In this case 

we construct image points behind the boundary (points .1 ', 2 ' , ·. 3 i, 4 ' , 

in Fig. 4), and set the potentials at these points equal to their counter-

parts within the regime considered. Thus 

The mesh points on the boundary will then be treated. as any interior 

point. For instance, at point :s
3 

in Fig.. ~~ the potential is calculated 

by 
2E3 + EB2 + El\ 

El3 := ---..,.._..;.... __ _.;.. 
3 

c. The third type of boundary condition describing electrodes 1.-i th 

current-dependent overpotential concerns the case in Hhich neither the 

potential .nor the current is specified at the boundary, only their 

functional relationship. The finite-difference expression will, of 

course, depend on the relation specified between current.and potential 

(Fig. 5). 

For linear overpotential relations, the. :potential in·the electrode, 

Ec' is related. to the potential on the solution side, E13, by 

. f 

J 
,j 

·~ 
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Therefore, b·K 

b·K E h El 
EB = Ec (EB- El), and E = c -- b •K J h B 1 + ·h 

2 · ,.,here b = slope of i vs .E line, ..n. em , K = conductivity of electrolyte 

··, -1 -l 
.!. - em • 

For a logarithmic relationship between potential and current den-

sity (Tafel polarization), the relation of the local density of the 

current to the exchange-current density must be taken into consideration: 

.tn ~ = E 
(EB ... El) K 

E = E - 13• - 13• .en B c i c 1 .. h J 

0 0 

~ AI 2 where 13 = --- volts, i
0 

=exchange current and density rycm, and 
a.n.F 

(8) 

a. = transfer coefficient. Evaluation of the potential at the solution 

side of the boundary in this case involves a trial-and-error procedure. 

Method. of solution 

As shown in the preceding section, it is possible to >vrite an 

equation for every point of the. rectangular grid, including the points 

on the boundaries. These eq~ations must be solved s~ultaneously to 

specified limits of accuracy. 

The simplest procedure, the method of iteration, involves a pro-

gressi ve self-correcting solution, starting -vri th the values given at 

the boundaries a9d. arbitrarily assumed. values of the potential ir:t the 
/ 

interior of -the grid. Consider the rectangular regime in Fie. 3. Let 

us assume that in this problem all values of the potential are specified 

at the boundaries. We shall write in reasonable values of the potential 

at each grid. point and then, using· equation ( 5), calculate a nev value, . 

E8, for point 8, and using this new value, calculate E9 for point 9, .etc. 

Using the improved" values generated, we proceed in an orderly muhner 
. ' .· ' ' 

as indicated in Fig. 3, and; after a fuJ.l s\reep through the rec;ime 
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I 

considered, we return to point 8, etc. This procedure is continued until -
;j 

·at each mesh point the basic relationship, equation (5)1 is approached 

to within the specified. error limit €: 

-~ 

The maximum possible error that we can introduce by allowing an error 

smaller than € at each point within a regime bound by a circle of radiUS r 

€ r)2 16 I -6 cannot exceed 4(ii _;/- For example, if r h = 50, and € = 10 volt, the 
- - 4 

maximum possible/~rror at a grid point will be less than 4 x 10- volt. 

An appr?priate check may be made of the accuracy of the solution if one 

refines the grid and compares the values calculated for the finer grid 

with those obtained earlier. 

The calculation procedure for 'cases involving insulating boundaries, 

and electrodes with overpotential condition, becomes necessarily more in-

volved. However, powerfUl numerical techniques are available for the 

20 solution of equation (8) and the computation will again involve only 

routine manipulations. 

To obtain sufficiently accurate solutions, a fine grid and low error 

.limits for the solution of equation (5) ~ust be used. In general, the 

grid intervals should be small compared with the distances over which a 

significant variation of flux occurs. In practice, we find that grids 

containing from a few hundred to a few thousand points are required. The 

number of sweeps, or passes, will vary according to the geometry of the 

problem and the overpotential relations employed. In a typical case,·from 

several hundred to several thousand_passes are r~quired to solve a problem 

of average complexity •. !l'hus somawhere between 104 and 107 individual 

grid-point solutions are required to obtain a single distribution •. Although 
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these numbers appear formidable, since the calculations outlined above . 

. are ideally suited for programming onto high-speed digital computers, 

highly accurate solutions may be obtained quite rapidly. Depending on 

the accuracy desired and the complexity of the problem, the average time 

involved on an ID1 7090 computer is in the range of a few minutes to a 

fraction of an hour. 

CURRENT DISTRIBJTION m AN L-SHAPED REGION 

The geometry chosen to illustrate the numerical evaluation of current 

distribution is shown in Fig. 6. As is demonstrated in Fig. 1, application 

2 of sectioning rules to this basic element allows the generation of many 

·important practical cell geometries a For a< c << d, .and a << b, we ob-

tain the model of a fissur~-type.pore, of interest in the description of 

porous electrodes. 

In the present ex,ploration of this model, we have restricte! the 

range of geometric parameters as follows: 
' 

c = 2d in all cases, 

b = 4d in all cases, 

d/4 < a < 2d; 

h was chosen to be equal to d/20. The riumber of mesh points involved 

varied from 1,300 (for a=d/4) to 41 800 (for a~2d)o The potential applied 

across the electrodes was loO volt when the primary current distribution 

was evaluated. 

In order to keep the curent d.ensity, i 1 at the right-hand corner 
r 

of the anode, the same as in the primary distribution examples, an 

appropriately higher anode potential was used when the effect of anodic 

. -6 
overpotential was evaluated. An error limit of 10 volt was applied 

in the primar,y distribution cases, and 10•4 volt for the cases involving 

i 
I 
I 
~ 
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overpotential. The number of passes required was between Boo and 3,000. 

' 
The distribution near the corner was evaluated both with a sharp~ 

~ 

'· 
point corner, and. a rounded-off corner having a radius of d/20. For this 

}..: 

latter case the grid near the corner was refined to h = d/80 (see shad~d 
I 

region in Fig. 6). 

The effect of overpotential at the anode was studied by using a 

single length relation: a = d. In contrast to the case of primary 

distribution, here the relation of absolute size to conductivity and to 

t~e imped.ance corresponding to polarization must be considered. 

11 ' 6 
As shmm by Agar and Hoar and Wagner, in the case of linear over-

potential relation the significant parameter is ~L = K b/L, where L is 

* the significant dimension of the regime considered. In evaluating the 

effect of linear polarization on current distribution in a given geometry, 

· therefore, it is unnecessary to vary all three variables individually; 

rather it suffices to obtain solutions for a range of values of ~ • This 
L 

dimensionless number represents the ratio of the potential drop at the 

interface, corresponding to the current-dependent portion of the elec-

trode potential, to the potential drop across the significant length of 

the system. When ~L is small compared with unity, the current distribution 

approaches the primary distribution; for I-LL'>' l, the impedance corresponding 

to the d.ischarge reaction dominates, and the distribution approaches 

uniformity. 

Similar reasoning7 leads for the case of logarithmic (Tafel) 

overpotential relationship to the similarity cri;te_rion 

* For the range of geometric parameters considered here, the choice of 

L = d is appropri~te. 

. . i 
! 
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. w:qere f3 is the Tafel slope (volts), and i is the average current densitY' 

corresponding to the location of L. As shown, in this case the current.' 

distribution depends on the average current denai:ty also. Again,. however, 

identical distribution will be obtained in two geometrica~ similar 

systems, if the values of ~ is the same for both cases. 

In our case the distribution at the anode was evaluated w1 th IJ.L == 

0.05, 0.1, 0.5, and 1.01. representative of a practical range of the com-

bination of variables frequently employed in practice. For computational 

. purposes one is free to choose conveilient values of the variables involved··: 
\ 

in llr. and ~. Individual variables were chosen as shown in Table l. 

Table 1· 

j.l. ' E . E K L(=d) b 
L (~lts) (:;&.ts) (n:"l cm .. l) 2 

em {.n.cm ) 

I 0 0 l l l 0 

II 0.05 0 1.05 l l 0.05 

III 0.1 0 1.1 l l 0.1 

IV 0.5 0 1.5 l 1 0.5 

v 1.0 0 2.0 l l .1.0 

For purposes.of comparison, the effect of Tafel pblarization was also 

computed, by using conditions identical to those of case v. , 
-5 AI 2 •' 2 i

0 
= 10 .t1f em was c~osen, resulting in a current density of 1.0 A/em .. 

in the right-hand corner, and f3 was set equal to 1.0 volt. 

'· 
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RESULTS AND DISCUSSION 

In our model the value of b was ·chosen deliberately so that the 

effect of the corner vanished near the insulating boundary (at right1 

in Fig. 6), ~d the potential gradient at this position was constant 

between the two electrodes. Thus the current d.ensity near this boundary 

correspond.s to the current density one would obtain between two infinite 

parallel electrodes separated by the distance d. The current density, 

ir' at this boundary was chosen as a reference value, and all other 

densities are expressed relative to it. 

Figure 8 shows the primary' current distribution for a = d in the 

region near the corner of the anode. The dashed. portion of the curve 

indicates approximately the way in which the current density would tend 

towar¢1 infinity if the corner were geometrically square. The solid line 

was calculated with a mesh size of d/80 in the small region shown in 

Fig. 6 and with a radius of d/20 for th~ corner. The method of projecting 

and subsequently unfolding the anode surface to form the abscissa is 

illustrated. in the inset in Fig. 8. This method. is also used in Figs. 

9 through 13. 

In Fig. 9 the current distribution for the entire anode is shown 

on a smaller scale. An abbreviated listing of i/ir values is .given in 

Table 1. The current flowing into the normal branch of the anode is 

shown here to depend strongly on a/d'. The current distributio~. along 

the cathode is remarkably uniform. Integration of the current densities 

along each electrode yielded values within 1% of each other. 

As is shown in Fig. 8,· the actual maximum in the current density 

at the corner does not· occur at point 0 but is somewhat displac~d tovrard 

the lower side of the anod.e. .It' was also found, by using the smaller mesh 

r~ 
t 

". 

: j 

·~·· 

' ) 
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to improve the precision of the calculation, that the current distribution 

around the corner itself is smooth and well-behaved. Using the smaller 

mesh size did not produce an appreciable shift in the distribution of 

the current relative to _that obtained previously, which indicates th~t 

the precision obtained with the larger mesh was satisfactory. On the 

·basis of these consid.erations the curves for the cases showing the effect 

of geometry (discussed above) anq polarization (discussed below) were 

simply drawn in smoothly in the region bounded. by one mesh unit on either 

side of zero in Figs. 9, 10 and 11. The curves so obtained are for an 

electrode with a corner having a radius of one mesh unit (d/20). The 

case of an electrod.e· with a geometrically sharp corner is actually of 

. no practical importance. 

The effect of linear polarization on the distribution at the anode 

is shown in Fig. 10 and in Table 1. The effect of increasing influence 

of anodic overpotential is apparent; as ~L is increased from zero to 1.0, 

. the current flowing into the vertical branch of the anod.e is much in-

creased. The sharpness of the peak of current density (which approaches 

infinity for ~L = 0) .at the corner is reduced, and for ~=1.0, there is 

.no longer a maximum current density ,at this point. Figures 11 and 12 

show the position of streamli~;tes for IJ.L = 0 and ~L = 1. It should. be 

noted that the same amount of current flows betw·een any two adjacent 

streamlines. 

A comparison between linear and logarithmic overpotential relation-

ship is made in Fig. 13 at ~L~~T=l.O. It is apparent that the line~ ex­

pression yields a much less evening effect on the distribution than does 

the logarithmic one. It should be noted, however, that the two cases . . 

were calculated with such a choice of b that the current densities at the 
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right-hand corner were equal in the two cases. If we had chosen to match 

the current densities in the upper corner along the vertical branch of 

the anode, the linear expression would have given a more even distribution 

than the logarithmic one. It is evident that the linear polarization 

expression is inadequate to represent overvoltage behavior when a sub­

stantial range of current densities occurs within a given distribution 

problem. 

In the foregoing sections we have attempted to show the principles 

underlying the iterative solution of the finite-difference form of the 

Laplac.e equation, and illustrated the method by computing the distribution 

in a realistic geometric model, using both linear and Tafel overpotential 

relationships. 

We have not attempted to cover in the frame of this paper various 

computational techniques by which the t~e required for the accurate evalua-

·tion of a given problem can be further reduced. It is advisable to solve 

a problem initially with a large mesh interval, hl, and. then, using the 

· potential values obtained in this manner, refine the mesh to h2=h
1
/2. If 

necessary the new potential values can again-be used to initiate still 

another solution, using now h3~h2/2 intervals. The total number. of pas~es 

reqUired when this successive mesh refinement is employed is fa.r smalle~ 

than if the problem is solved with the finest mesh right away. One should 

a.lso consider the application· of different mesh den:::;i ties over dLfferent 

segments of' the domain cons:lO.ered, according to the more or less irregular 

vwiation of :potent:ial in these s'egments. It is not necessary, for ;instance, 

to use a fine mesh when the potential varies in a linear rr~nner in a segment. 

The reader is referred to specialized texts on field computations for still 

other powerful methods by WhiCh convergence can be acce1erated.19 
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right-hand corner were equal in the two cases. If we had chosen to match 

the current densities in· the upper corner along the vertical branch of ; 

the anode, the linear expression would have given a more even distribution 

than the logt\rithmic one. It is evident that the linea.r polarization 

expression is inadequate to represent overvoltage behavior when a sub­

stantial range of current densities occurs within a given distribution 

problem.. 

In the foregoing sections we have attempted to show the principles 

underlying the iterative solution of the finite~difference form of the 

Laplac.e equation, and illustrated the method by computing the distribution 

in a realistic geometric model, using both linear and Tafel overpotential 

relationships. 

We have not attempted to cover in the frame of this paper various 

computational techniques by which the t~e required for the accurate evalua­

·tion of a given problem. can be further reduced. It is advisable to solve 

a problem. initially with a large mesh interval, h
1

, and then, using the 

· potential values obtained, in this manner, refine the mesh to h2""h1/2. If 

necessary the new potential values can again be used. to initiate still 

another solution, using now h3•~2 inte~vals. The total number. of passes 

required when this successive mesh refinement is employed is far smaller 

than if the problem is solved with the finest mesh risht aw~. One ahould . 
also consider the Bpplie~t1on·ot different,me~h densiti~~ OV@:r diff~:r®nt 

· sesments of the domB.in oonsid.ered, a.ceordi:ng to the more or leB~ irr~aulLl.r 

va.ri~t:Lon of ;potential in themt~ ;'@~nt&~. It :is not nece!H!ary 1 tor inmtMc~ 1 

to use a fine mesh when the ;potentisl v~:iea in a lin@~ ~-nn~r in ~ ~asm~ntt 

~~ ro~er is referred to apeci~zed text~ on field eam~ut~tionG tor mtill 

other powerful metb.ode by which convo:rsenoo Ql:m be I:!.QCOle:ratad e l)) 

0 
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· right-hand corner were equal in the two cases. If' we had. chosen to match : · -

. the current densities in t;he upper corner a.l:ong the verticai branch of<. ~ 
. !. •. 

the anode, tbe' linear express:ion would have gi wn a. more even distribution 

. than the logaritbniic one. . It is evident that the linear polarization-· 
. . . - . 

;·_. ,i ·. . ·' ' ·. . \ 

expression is inadequate to represent overvoltage behavior when a sub•. 
,;·,. 

'!,' 

. sta.htial range of current densities occurs within a given distribution-

problem. . ' 

In the foregoing sections we have attempted to show the principles 

· underlying the iterative solution of the finite-difference form of the 
' . 

'"· Laplac,e equation, and illustrated the method by computing. the distribution 
''.·: 

~-:· • \< •• ·.:: ·t in a realistic geometric .. model~ using both linear and Tafel_ overpotential_. · 
. ·; :~ 

.·relationships. 
l·· '; 

We- have not attempted to cover in the frame of this paper various .. · · -· .·· 

. · computational techniques by which the time required for the accurate e..falua.- · 
. ;. . ' ,. 

''. :;,· 
··;·::. 

.. '· .·· :·: tion of a 'given problem can be further reduced. It is advisable to solve· .. · 

a pro~lem initially with a large mesh interval, h1, and. then, using the 

·.·potential values obtained in this manner, refine the mesh to h2=h1/2. If. 

· ' necessary the new potential values can again be used. to initiate. still · .•: · 

:: :;: __ .. :.' ,. ,, another solution, using how h3=h/2 inte~vals. The total number. of passes 
.. .'·'1 

. ··. . 
... J ,· 

. •' ·,:: ... 

.. · ,• 

required when this successive mesh refinement is employed is far smaller 

than if the problem is solved with the finest mesh right awey. One should:.· 

:·also consider the application· of' different .mesh densities over different 

'Segments of the domain-considered, according to the more or less irregular 
.' •" 

·,. .· 

. variation of potential in these s'egm.ents~ It is not necessary, for instance; .. 

-~ to use . a .fine mesh when the potential va.ries in a linear zr.anner in a segment. . 

. The reader is referred to: spe_ciaJ.ized texts on field computations for still 

. other powerful -~ethods by which. conve:t-gence . ~an be accelerated. l9 . 
. . ~.· 

• ' f~ ··~. • 

'., '•' '.,;o."' • '· • 

,.•·. . ·'>, 

· ... 
. ,· .... 

' I ~.-: 
,. ~ .. , 
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Numerical solutions in general r~quire a large number of' indiVid;ual 
~· ' .... ; ' 
:.; . 

solutions, varying each parameter, while the others are:kept constant, 

to yield the equivalent information that is contained in an analytical 

solution. Generation of such a set of' solutions, however, does not in ' 

most cases require excessive computer time, particularly if' programs are 

written judiciously. At the same time one should consider that only in 

a few trivial cases can one obtain analytical solutions in clos·ed forms. 

In most cases, an analytical ~elutions is either impossible or involves 

a number of' approximations, and, in any case, yields results that still 

' require numerical evaluation (such as complicated integrals,; or slo'ivly 

converging infinite series). 

The numerical solution scheme presented here allows the use of 

any arbitrary ove:rpotential relationship.. The effect of mass-transfer 

polarization on'current distribution can also be included. Finally, 

electrod.e resistance effects (terminal effect) can also be taken into 

account. 

There can be no doubt about the advantages of this technique for 

obtaining current d.ensity distributions in any arbitrary two·dimensiona.J.· 

cell geometry. Use of this method does·not.require highly specialized 

· :Preparation in applied mathematics. 

• r', '' ,· .• 

.. 

. . 
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•; 

; .. j' 
l-. TABLE· 2 ~ <:..j.· 

; 

! 

Ratios of local local current densities on the anode, i, to the 
t uniform current density near the right-hand corner, ir*· 
i: 

'l 

Dist~ ll =0 0 0 0 0.05 0.1 1.0 !lT=l.O 
from L 

corner a 1 1 (x d) b'4 2 1 2· 1 l l l 

-4.0 o.ooo o.ooo 0.010 0.038 0.026 0.038 0.050 0.162 
-3.0 o:ooo o.ooo 0.014 0.054 0.030 o.o44 o.o68 0.174 
-2.0 o.ooo 0.002 0.038 0.108 0.054 0.070 0.140 0.222 
-1.0 0.002 0.032 0.144 0.260 ·0.158 0.174 0.328 0.344 
-0.9 0.002 o.o44 0.170 0.288 0.180 0.198 0.358 0.364 
-0.8 o.oo6 o.o6o 0.198 0.320 0.208 0.226 0-392 0.388 
-0-7 0.010 0.082 0.234 0-358 0.242 0.260 0.430 0.416 
-0.6 0.018 0.112 0.278 0.404 0.284 0.296 0.470 0.446 
-0.5 0.034 0.154 . 0.344 o.46o 0.336 0.350 0.516 o.48o 
-0.4 o.o64 0.214 o.4o6 0-534 o.4o6 0.412 0.568 0.520 
-0-3 6).120 0.306 0.508 0.636 0.500 0.500 o.628 0-570 
-0.2 0-232 0.452 0.668 0-796 o.64o 0.624 0.702 0.630 
-0.1 0.484 0.746 0.986 1.124 0.892 0.834 0-790 0.708 
-0.05 0.760 1.060 1.330 1.486 1.132 1.016 0.846 0.760 
+0.05 1-352 1.524 1.686 1-776 1.484 1-350 0.986 0.922 
+0.1 1.126 1.312 1.420 1.482 1.328 1.254 0.990 0-936 

. +0.2 1.088 1.150 1.210 1.244 1.182 . 1.152 0-996 0-954 
+0.3 1.048 1.086 1.126 1.148 1.116 1.102 0-998 0.960 
+0.4 1.028 1.056 1.082 1-096 1.078 1.068 0.998 0-972 

' '+0-5 1.020 1.036 1.054 1.066 1.054 1.048 J,.OOO 0-978 
+0.6 1.014 1.026 1.038 1.046 1.038 1.034 1.000 0.984 
+0.7 1.010 1.018 1.026 1.032 1.028 1.028 1.000 0.988. 
+0.8 1.006 1.012 1.020 1.022 1·.018 1.018 1.000 0-990 
+0.9 1.004 1.oo8 1.014 1.016 1.014 1.014 1.000 0~992 
+1.0 1.004 1.006 1.010 1.012 1.010 1.012 1.000 0.994 
+2.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 

* Positive multiples of d. refer to distance from the outside corner 

along the surface parallel to the cathode, negative ones to the 

distance along the ~urface perpendicular to it. 
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·'· 
FIGURE'CAPTIONS 

Replacement of the continuum with a rectangular network .. 

Network element. 

Typical iteration sequence. 

Insulating boundary. 

Conducting boundary. 

Geometry of the modeL Element covered. with lattice shovrs region 

near corner, in which the potential was evaluated using a refined 

mesh (h = d/80). For the rest of the enclosure h = d/20 was used. 

7· Typical two dimensional multiple electrode arrangements generated 

2 
from the basic model in Fig. 6 using symmetry considerations. The 

dashed lines may be substituted by insulators, the dotted ones 

representing equipotential surfaces by electrodes. 

'· 

8. The relative current density, i/i at the outside corner on_the anode. 
r 

9.• The effect of varying the ratio a/d on the current distribution. 

10. The effect of linear polarization on current distribution. 

11. · Potential-flux map showing the primary distribution (!J.=O). 

12. Potential-flux map showing the secondary d.istribution for IJ.T = 1. 0. 

13. Comparison of the effect of linear-; and Tafe;L polarization • 

. .', .. 



-19-

).. 

y 

X 

y 

X 

REPLACEMENT OF THE CONTINUUM WITH A RECTANGULAR NETWORK 

MU-31819 

Fig. 1 



-20-

E2 

E3 Eo E1 

T 
h 

1 
E 4 

~h-I 

NETWORK ELEMENT 

MU-31820 

Fig. 2 



-21-

·-

TYPICAL ITERATION SEQUENCE 

2 3 4 5 E' = E9+ E2+ E7+ Eu 
6 8 4 

7 8 9 10 11 12 

13 rr~ ll-5 ... 16 17 

19 20 .2-~;.- 22 23 

18 E10+ E3+ E'8+ E15 
E' = 24 9 4 

25 26 .2-7" -;a 29 30 

31 32 33 34 35 36 E15+ E'8+ E13+ E2o 
E' = 14 4 

etc. 
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Fig. 3 
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This report was prepared as an ac~ount of Government 
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m1ss1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
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