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The Neutron-Proton Interaction 

Richard S .. Christian and Edward W .. Hart 

Radiation Laboratory, Department of Physics 
Uni versi ty of California, Berkeley# California 

September 21, 1949 

The purpose of the present paper is to ascertain if it is possible to 

determine a phenomenological description of the neutron-proton interaction in terms 

" of a potentialo A further aim is to determine with what uniqueness this potential 

can be determined from the present experiments ~ particularly those at high energies. 

The program will be to assume a nuruber of potential models so adjusted that they 

fit the low energ;y region and attempt to correlate the high energy scattering with 

the various features of each model .. 

It is w'ell knovm that the experimental results in the 10V! energy region 

can be described by an interaction potential; h01vever, for sufficiently high 

eIlergies relativistic corrections may be expected to be of major importance .. 

Detailed scattering calculations, using a field theory, ShOll, that the use of 

re1ativisticdhomenta corresponds to calculating tlie kinematical aspects re1a-

tivistically, but that the dynamical corrections depend on the specific theory 

employed.. Scattering deduced from a fieldtheory(l) has» in @9neralb relativistic 

correction proportional to (v/c)2; for exampleb at 90 il'Iev (v/c)2 is 0 .. 05 while 

approximately 10 percent corrections are found by application of the I~ller method 

'~j to tho scalar and vector meson theories.(2) Thus a choice cannot be made between 

tvro models both of which agree vii thin 10 percent with the experimental results 

at 90 Meve 
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The experimental results of the lovr energy regi on (including ,some 

derived quantities) are swmnarized in Table 1. ·Hone of these experiments give 

informati on concerning the expHci t radi 0.1 dependence of the forces or of the 

forces in other tha1:1. S-states, and!!· in fact even the ranges are determined only 

approximatelyo In 'bhe triplet state there is a further uncertainty in the 

relati ve central and tensor rsnges.. This latter uncertainty would be removed 

considerably if it were assumed that the magnetic moment gave a measure of '/:;he 

D=state admixture due to tensor forces.. Unfortunately because of uncertain 

relati vis'Gic corrections (3) this fOl"TilS an unreliable restriction. The depths of 

the various potentials, i.e., singlet and triplet central and triplet tensor, 

are o however, accurately determined for any specified. combination of ranges. 

The high energy experimental angular distributions are shovm in graphical 

form in Fig. 1. The expansion (in Legendre polynomials, Pn(e)) for the 90 Mev 

distribution is 

\'!Jith an estimated error of :to.l for the coefficients of PIce) through P4Ce). The 

most noteworthy result is the near symmetry about 900 • We have therefore assumed 

that the 40 Mev angular distribution, which has been determined only in the range 

70 0-180 0 
I) is symmetrical about 90 0 "vi th the consequent expansion 

1 vn'bh an estimated error of :to.l for the P2(9) and P4 (e) coefficients. The experi-
1 .• / 

mental total cross sections are tabulated in Table 2.. The low values for the total 

cross sections appear to be further con'oboration of the lack of odd harmonics in 

scattering. 

A unique analysis into phase shifts of the experimental angular distribu-

tion is impossible due to the presence of the mixture of singlet and triplet states 
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as well as the complication of the tensor force. Hevertheless, on the simplifying 

assumption of scattering wi th no spin dependence, the 90 Mev angular distribution 

may be analyzed to give the order of magnitgde of the phase shifts. Tl~ results 

and D phase shifts are so small, 1,'re may conclude that at 90 Mev the S scattering 

accounts for about 90 percent of the total scattering cross section. The high 

energy cross ,sections, therefore, determine the S scattering fairly unambiguously. 

The potentials usually considered show significant differences in S scattering 

above 30-40 :Mev when adjusted to have the same low energy properties.. The compari-

s on then of' the S-wave cross sections provides one method of determining the 

poten'cial shape .. 

The angular distribution at a particular energy yields information 

primarily concerning the exchange character of the forces.. For example, theories 

such as the "charged" or "neutral ll which predict large scattering in odd states 

may be immediately discarded as unacceptable. The low values of the high energy 

cross sections also favor theories without large scattering in odd states e 

Finally» comparison of angular distributions at tv:ro or more high energies 

enables one to distinguish shape featt~es of the various potentials. This final 

comparison is a cri tical test of the potential shape since, vmile it is possible 

wi t11 any shapes by a proper choice of ra.l1ge, to fit the angular distribution at 

'f, 90 li.1ev and the low energy data simultaneously, it will not in general» be possible 

,~ to also fit the 40 Mev rulgular distribution .. 

Comp~~:tional M6~hods 

Vru4 ious approximate methods vrere employed to avoid the mar~ tedious 

numerical integrations required for a comprehensive investigation of the effect 

of the many parameters.. These ru'e principally concerned ,vi th the integration of 
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the radial equations to yield phase shifts or eigenval110s. 

Ivlost of the calculations "rere done by iteration of trial functions in 

I the integral form of the equations. In order that this procedure might, ,converge 

rapidly, it was necessary to have good initial trial functions, especially in 

the case of potentials wi'bh a deep hole at the origin. Sui table trial functions 

were provided by the vVKB approximation (explicitly using 1/3 order Bessel functions 

as the asymptotic representations).(14) This approximation has been fUrther 

. ,.' extended to the case of coupled equations as follmvs. 

Let the differential equations to be solved, be: 

u" + A(x)u + B(x)w = 0 

w" oj. C(x)w + B(x)u ;::; 0 • 

The desired representation of the soiution is then 

1/:2 
cos 1 0 (S/S t) ··z 1/3 (S) u = 

WI = sin ~ • (s/s,)1/2 Z 1/3 (S) • 

where 
t 2 1 (A + C ! [(J ... d + 4B2] 

1/2 
(s:) -. 2' 

t2 ' 
tan Yl ::: (S:- A)/B • 

) , 

The + and - signs correspond to 'blvo independent representati ons • The Zt s are 

Bessels functions of order lis. The usual phase in'1:;egral condition for the bound 

state is replaced by the similar condi ti on~ 

S'dx=S 
n 

where Xl and x
2 

are the turning points and Sn is a root of 
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These representations have been found to yield close approximations to the wave 

f'unctions at all energies., the S-wave phase shif'ts being in general in error by 

less than five degrees, and the wave functions exhibiting the correct general 

behavior. 1fVhen applied to the bound state, the phase integral condition yields 

potential depths that are within 10 percent of the correct value. 

The bound deuteron state was numerically iterated using the variation­

iteration(15) method, using as a trial function the approximate WKB f'unctions 

above. Three iterations yielded an eigenvalue and wave functions vnth an accuracy 

of about one percento The accuracy was essentially limited by the numerical methods 

used C intervals corresponding to one to tvro tenths of the effective range vrere used). 

For the 3S + 3D scattering state the appropriate 1mB functions above 
1 . 1 

furnished trial functions for the coupled integral system 

u ~ A sin kx + M/t,2J~(kx..kx.') [V.(X')U(X) + 23!2~ Vt(X')W(X')] <lx' 
o ,. - .. - .' ,- - .. _-

Vi = B gz(kx.) + M,4;2 [~(kx.kx') { [V. (x. )-ZIfVt(x')] w(x' )+2
3
!2Yvt(x, )U(X')) <lx'. 

where A = 1, B=O corresponds to the choice of' the posi~ive sign in (S!)2 and 

if A = ~ [O:os kx [v (x t )uC'x t )+23/ 2 '( V (x' )w{x t )] dx':l B=l corr~spondsto 
1\ k c t 

() .. - --- -. -' - ,.' 

't. the negative sign. Further 

wnere x(, me ans the lesser of x and xt. 

The potential has been written in the form 
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The iteration of the integral equations above was carried out numerically with the 

normalization of the trial functions so chosen that the iterated functions matched 

the trial functions in the region where the L~rnel of the integral system is 

largest. Threei"1:;erations for the S-doniinant mode (i.e ., with A = 1,"B!= 0 ) and 

one for the D-dominant mode yie lded phase shifts 17n th an accuracy of about Z 

percent. 

The phase shift in the 3DZ state was calculated using 'I.;ho vai"iational 

procedure vnth the 3DZ component of the p];'ane wave as a trial function. ,The 

phase s,hift in the 3D3 + 3F 3 state vms computed using the same procedure as for 

the 3S + 3D state. One iteration yielded an accuracy of tvm percent. 
1 1 

The Born approximation was used'to effect the inclusion of th.e angular 

momentum s't;ates for 1.. ~ 4 in the scattering sum. The sum was,-'-in general, done 

by actually sumnling the individual terms for J"£ 3, using calculated Pll~e shifts, 

and adding the Born cross section froID, which these states had been sui~ably 

subtracted. The angular distributiO!l$~():qerived are accurate 'within ?#,5 percent. 

We shall consider in this section the results of scatteringf;rom a 
... ,. 

model which consists only of central fo~ces,si~ce, as will be seen lat~~, it is 
'".» 

possible to make a state by state comparison of the scattering from ad:¢ntral 

force model ,and from one which includes terisorforces. 
. ..•. .. , .... 

The details of loc'; energy scattering'Vrill not be treated here;:"but,rather, 

the re'ader isC:referred to the review of Blatt and Jackson..c 16) One result of their 

VlO5k is that in the expansion 

• • 

the shape dependent coefficient, T, is sufficiently small that below 6 Mev 
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it can. be neglected ll and, in interpreting the experiments, the shape independent 

. approximation may be used.. The effective range in the triplet state is determined. 

! therefore ll by the approximate relation 

~. 

Substi"l:iuting the experimental values from Table Is we obtain 

31' = 1 .. 53 :!: .20 x iO ... l3 em. 

Fig. 2 is a plot of effecti va range versus intrinsic range for the triplet state 

of the various potentials 0 The singlet effective range is not Well determined by 

the present experiments, as can be seen by reference to Figso 3 and 4. 

To simplify the analysis of the high energy data, it is convenient (and 

reasonable) to assume exact s~netry of scattering about 90 degreeso This means 

that the potential is assumed, to be zero in odd parity states.. The experimental 

results are actually compatible with a small repulsiv-e potential in odd states, 

but this shall be considered as a small perturbation which will not essentially 
I 

,~. ,~ 

alter any of the following conclusions. The factor .... ~ (1 + Px ) vrill" therefore, 

be included as a factor in the potential and will have as one consequence that 

the total cross section computed for any radial dependence will be the minimum 

possible over any· other choice of exchange dependence c The main effect of any 

admiss ible odd wave phase shifts is the interferenoe with the large S-wave phase 

shift, which is in evidenoe 'only in the angular distribution, and its actual 

effect on the total cross section is negligibleo 

In order to oompare different potential shapes, the effective range 

'., has been taken as a connnonparametere For example, we have plotted (Fig. 5) 

the S-'tl]"ave phase shift e.t 90 Mev for the various potentials versus the effective 

range. This device insures similar low energy behavior for the same abscissa. 
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In Figfl 6 are plots at 90 r;:ev for the various potentials of the total 

'O,1'oss section and of 41t times the differential cross section for scattering at 

900 and 1800 as functions of the effective tange on the assumption of no odd parity 
'4~"·':~ 

interactiono For the plots of complete total cross section, io. e .. , the sum of 

triplet and singlet scattering~ it is necessary to make some choice of a Singlet 

range corresponding to a particular triplet range.. The lovr energy region implies 

only loose restrictions on the singlet range; we may, therefore, choose the singlet 

range so that the singlet e~d triplet intrinsic ranges are equal. The results 

for the complete cross sections are also sho'lfn:J. in Fig .. 6.. From these plots it 

is possible to make further limitations on the allovrable triplet ranges by a 

comparison with the experimental values of (J' (1~/()(900) «> 

With the Yukawa or exponential poten'l:;ial a range adjusted for the 9011ev 

'.:'1-

ratio~redicts a 40 Mev rEt.tio within the experimental limits o However, with the 

square well potential, the range required at 40 Mev is considerably larger than 

that required at 90 Eeve This difference in behavior results primarily from 

the more rapid decrease in (J (900) with energy increase for the "cut-offll 

poten-cial than for the 1I10ng-tailedll potentials.. ThisjJ in turn)) can be interpreted 

in tenns of the destructive interference be~reen the S and D waves at 90 degrees. 

In detail~ the S-wave phase shift decreases more rapidly (as a function of energy) 

for the "cut-offll potel'itials (Fig" '7). FUrther the D-vrave phase shift is nearly 

a linearly increasing function of energy for the "1ong-tailedll potentials, while 

the increase with energy is much more rapid for the "cut-off" potentials (Fig. 8) • 
-

For potentials vThich have a "deep hole If at the origin (e .ges the 

- -
Yukawa and exponential) the "long-tail" is necessary to give a sufficiently long 

effective range.. However, as the energy increases the contributions to the S-l'rave 

phase shift come fram regions closer to the origin, and, consequently, at high 

energies the "deep holst! (and; therefore, "long-tailed1t
) potentials yield larger 
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phase shifts than the IIcut-offn potentials (eeges the square well or gauss 

potentials) 0 These remarks are further illustrated by reference to Figso 5 and 7. 

vV:hile it is impossible to define the limits of the singlet effective 

range with any accuracy, for 3r <. 1.7 x 1O-l3 cm the best fits for the angular 

distribution are obtained 'tin th the singlet effective range between 205 - 3.0 x 

10-13 cm. 

The complete angular distribution is shown in Figs 0 9 and 10~ for the 

Yukawa and exponential potentials vli 1:;h ranGes chosen such that they are both good 

fi ts of the angular distribution at 90 Mevo From this the superiority of the 

Yukawa angular distribution at 40 Mev is apparento The total cross secti on~lI 

havre-vers are in much better agreement with the exponential potential. 
' .. ~~. 

'; 

The only partial waves contributing appreciably to the cross sections 

are the S~ and D-waves~ consequently~the angular distribution can be expanded 

in terms of Legendre polynomials Po' P 2 and P 40 The coefficient of P is identical 
o 

wi th the total cross sectionp that of P2 arises primari ly from the interference 

between the S- and D-states,and that of P 4 arises primarily from the combinations 

of the various D-stateso These coefficients allmv a rapid comparison of theory 

and experiment and are therefore tabulated in Table 3 for all models mentioned 

explicitly. 

If we consider the YukWTa and exponential p,1tentials of Figs. 9 and 10" 

we see that the only discrepancy with the experimental value s of the coefficients 

occurs in the magnitude of the P
4 

coefficient which is perhaps a factor of two 

to three too large.· This is manifested in the angular distribution bya 

theoretical prediction that is somewhat too flat in the region about 90°. 

Fig. £) and Table 4 show the effect of adding a small repuls i ve potenti al 

in the odd parity s'catos e This modification may be expressed by a potential factor ll 

C1- 9- + aP ) 0 The best fit for this type of exchange interaction is a :;: 0.55 :t 0.05. 
x 
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The large, odd state po~entials in the singlet state required'by the 

symmetrical theory produces far too much exchange scattering for any potentials 

vnth a tail and a range compatible ViTi th low energy scattering. For "cut-offlt 

potentials such as the square well the observed ratio (j (lsoO)/cir(900) may be 

fitted at 90 Mev ~~th a range of 1~7 - 1 0 8 x 10-13 cm; however, at 40 W~V, a fit 

to (J (1800 )/a- (90 0 ) would require a range longer than 200 x 10-13 em. FurthermoreR 

in these latter cases the shape of the predicted angular distribution is not 

similar to the experimental results for small angle scatteringe The symmetrical 

theory can, tl~refore, be ruled out for central forces. 

Tensor Forces . 
Ae The bound state and 10viT energy scattering 

The existence of the deuteron quadrupole moment requires the inclusion 

dl' a tensor potential in the neutron-proton interaction.. We consider first the 

case where the radial dependence is chosen the same for both the central and tensor 

potentials o The extreme cases of tflong-tailedll and "cut-off" potentials are 

exemplified by the Yukawa and square well respectively. Calculation, of the 

quadrupole moment have been made for these potentials as a function of range and 

tensor depth viTi th the central depth adjusted to gi ire the correct binding energy. 

The results are presented graphically in Figse IIi 12 and 13. 

The calculations of Rarita and Schwinger(22) have shown that at least 

for the choice of a square potential, there is only slight modification of the 

low energy scattering properties upon the introduction of tensor forces. Such a 

behavior can be e:L..-pected for more general potential shapes v;ith ranges shorter 

than the deuteron radius since the S-wave component is determined primarily from 

the boundary conditions at the origin and asymptotically .. (23) , 

i·Ve can put these ai.~guments on a quantitative be,sis b;y: the considers.tion 

of an Itequivalent central potential,," "V(r)." For the potential V(r) = Vc(r) + 

¥S12 vt(r)tt the "equivalent central'pbtentiar'for the S-wave is 
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"vCr)" '" VeCr) + 23/2 ¥Vt(r) ., R(r) {J 

where R{r) is the ratio of the D-vrave to the S-wa:ve 1 H(r) vrill be~ ingenerall) 

a slowly varying function of the energy (at least in the region vlhere'the potential 

is large) e Its form may then be estimated from considerations of the bound state 

solutions0 It is found then that RCr) is zero at the origin, inc:reases to a 

maximum value (about; O()2 or O~3) somewhere between the maximum of the·S-wave 

radial function and the tensor force range, and decreases symptotically to a 

small value (somewhere under O&l)() Then if vre consider the r~:Gio of the equivalent 

potential nYCr)" to the central potential Veer) (the latt;er adjusted to give 
- ~ - ~. 

binding.: by itself)" we would find the ratio to be less than-1..Ulity at the origin!) 

gree,ter "chan unity in the neighborhood of the range~ 8l1d again less than tUlity 

asymptoti.callye Thus -the equivalent potentialvvill be shallower at; the origin 

8l1d asymptotically~ and will be deeper in the neighborhood of the tensor range 0 

.... 

This can be further illustrated in terms of the Willi approximatibn. In 

this approximation, H(r) is independent of energy and decreases as;y:mptotically 

to zero.. The equivalent potential in this approximation is 

'. 

If the centrifugal potential is large compared to the tensor potentialtJthis may 

be simplified to 

vfiich is clearly in agreement viTi th the prece ding remarks,. 

The analysis of the low energy scattering is again conveniently carried 

out in terms of the expansion of the phase shift in powers of the energYe(24) Since 

th.e shape independent approximation is valid for Yukavra ranges less than 1..4 x lO~13 

em. and for all sg.'Lw.re well nmges considered .• the effective range is essentially 
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determined from the tripl~t scattering lengthe (The explicit value of the shape 

dependent coefficient as well as the effective ranges are shovm in Table 4 for a 

number of cases &) ·Wehave chosen, therefore:! in order to relate the scattering 

characteristics of a potential ·with its ability to produce a quadrupole moment, to 

plot 1/'(' versus the scattering length (Fige 14) with the range indicated para-

metrically along the curves 0 From this plot we can conclude that va th the accepted 

value of the scattering length, the proportion of tensor potential must be qui to 

large,"the actual amount being, lovrer for the long-tailed potentialo 

The low energy constants for the case in which the tensor force range 

is increased relative to the central force range are given in Table 4 and Fige 15. 

From the equivalent potential we see that the main effect is to increase the 

ttlong-tailedtl character of the potenti alo This is evident by the decrease in the 

percentage D state and by the increase in the shape dependent coefficiente 

B.. High energy scattering 

We Yfill attempt in the next paragraphs to gain a quali tati ve understanding 

of the relation bei;w"een central and tensor scatteringo Then we will consider the 

results of various models:l the calcul-ations being carried out by the methods previously 

descri bede 

As in the case of central forces vre must adjust the ranges so that only 

the S- and D- partial waves contribute to the cross saction" We would then expect 

that if the tensor force were a weak effect Vie could add the tensor scattering 

which would be present in Born approximatiol1e Actually/! as we have seen, the 

tensor force is far from we~( and the approximation ce~ only be expected to give 

the gener~l trend o The characteristic pe aking of the Born-approximation cross 

section around 45 and 135 0 (the exact angle depending upon the model" range and 

energy-with a maximum. occurring roughly where 2kR sin 9/2-1) is, in fact:! the 

type of correction needed to explain the discrepancy betvreen the shapes of the 
( 
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) experimental curves and the central force curves shown in Figso 9 and 10 D loe"'1) 

such a correction could convert the U-shaped central force curves into the more 

,iI V-shaped experimental curveso 

," 

." 

For a s ornewhat more detailed comparison we will again use the WKB 

approximation to approximate the "equivalent central potentialsf)" ltV J If for LD 

each of the states L al1d J ll vIith the result 

1/2 

1/2 

nV2n t=v + 20V 
6 

2 c t 
,~ --z-

r 

"V
3

" ... 'tV 13 +[(7:4 tv0 2 3(¥Vt ) 1 1/2 
::;:V ~- .... 

2 c t 2 
r 

4 3 (~r 2 S 
~V ""'7 t V

t .... 14 or r Vt ) ""2 c r 

In the approximation 1'rher0 we neglect the asymptotic amplitude of the 

coupled mod~f) as above o in the evaluation of the phase shifts there vnl1 be no 

difference betvueen states of different magnet;ic qUal1tum m.unber,\/ ill !) how-ever the . s 

Yflffi approximation yields' angular distributions which agree with the results of a 

',J more accnrat;e calculation within 10 to 20 percent o 
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---long-tailed potenti-a1s s-uch-a-8 the -exponentiaL-or the_ -Yukavrapotentiale ______ _ 

The results of using 'bhe Yukawa and exponential radial dependences 

(cfo Figs9 16, 17 and 18) indicate that the addition of tensor forces causes 

only relatively small changes in the scatteringG The best fits of the angular 

distribution require slightly longer ranges than for the purely tensor model .. 

A detailed comparison, using the Legendre coefficients: shov!s that the P 4 (e) 

component is reduced in the tensor model. It is this decrease 'which allovm can..;, 

siderably better fi tr:; of the angular distribution c.1.1.d is therefore evidence for 

the presence of tensor forces in scatteringo The total cross section is increased, 

however., approximately 10 percent 1'li th the addition of tensor forces so that the 

agreerllent with the 0:rpcrimcntal value of the total cross section is poorer 0 

The sa..llC -8i tuation holds for the tensor model as for the central 

model regarding the intercomparison of the Yukawa and exponential potentials. 

That iSt) the Yukavra potential fits the angular distriblitions at both 40 and 90 Mev 

noticeably better~ however the total cross section is 20 to 30 percent too high. 

The total cross section wi th the ex£)on0ntial potential is only 10-15 percent too 

high.. Since the "long~tail, It which is necessary to f it the a..'1.gular distribution, 

forces the potentials considered here to also have a "deep hole" and consequently 

high cross section, it vrould seem that an eS3entially more complicated radial 

dependence would be necessary to fit the e:c-perirn.ental results more closely.. It 

is be lieved" though, that the present experimental data (as we 11 as uncertain 

,~ relativistic effects) do liot exclude either the Yukawa or exponential potentials. 

The exchange character found necessary for the central force model is 

also valid, in the main, for the tensor force model (cfo Table 3) .. As an example 

of spin dependent exchal1.ge dependence we have considered the case when the central 
. " 

force has a _~ (1 + Px) exchange dependence and the tens or force excha.nge dependence 

was of the form (1 +- a - aPx). This doos not produce as large as;ymmetries in the 
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angular distribution as when (1 + a - aPx) is taken as a factor of both the central 

and tensor potential.. The restriction on the magnitude of at) now arises mainly 

from the increase in the total cross sect10no These limits are estimated to be 

The principal change in the high energy scattering wi'l:ih increase in 

tensor range." is according to the WIm, argur;]Bnts Sl similar to an increase in the 

t110ng~tailed" character of the potentialo The high energy scattering results are 

shovm in Fig., 19 for the cases lis ted in Table 4" There is an increase in 

scattering from the higher states which may be interpreted as the increase in 

the "long=tailed" character or alterna"Gively as shovring that the characteristic 

Born approximation "~ensor peaking is displaced to s:naller angles & 

We wish to note here that all of the models seriously considered (because 

of the smallness of the odd state potentials) predict neUl~ly isotropic distribution 

at 14 Mev in agreement vri th the recent experiments of Barschall and Taschek(27) who 

find isotropy within their statistical accuracy of 6 percento 

Cone lus i ons· 

1:0 Exchange character.. If the potential has approximately the same 

radial dependence in all states (ioeo, even and odd parity, singlet and triplet) 

and the range is chosen vri thin acceptable limi tSt) we rn.ay eonclude that for a good 

- fit 

or" alt;erna-t:;ively, the depths of odd potentials,l) VOdd~ mus"t:; satisfy the relation 

20 Radi 0.1 dependence .. The (1 + P )/2 poten"cialst) 1!rhen compared for 
x 

equal effective ranges differ by at most a factor of 2 in the total cross section 

or in the ratio CJ (1800 )/ 0-( 90°),. IIov:rever D these differences m.ay be correlated 

wi tIl general shape features" Fur"Gher the experiments areadequa"t;e to distinguish 
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among the potential shapes .. 

a& A long-tailed potential is necessa~J to e~Jlain the large scattering 

from the higher angular momentum states at 40 Mev without violently affecting th~ 

90 Mev scattering.. On tl\is basis the square and gauss potentials are unacceptable 

while the exponential and Yukawa potentials are allowable .. 

be The Yuk~wa potential, because of its singular nature~ predicts 

high total c ross sections (approximately 20 to 30 percent higher than the best 

expeT'imenbal value) for any combimitioli of ranges.. The exponential potential for 

approximate 1y the same angular dependel'l::'i6 pre di cts cros s se cti ons 10 percent to 20 

percent 101"Terl) hovrever D the detailed fi t of the angular distribution is poorer .. 

Both are acceptable p however D I'd th 'bhe pr~sent experimental tU1certainties" 

The best fit for these potentials is (assuming the same range for all 

the forces) 
R = 0 0 75 x 10~13 em 

R = 1 .. 35 x 10-13 em 

( ex-ponentia1) 
, 

(Yukavm) 

(For calculations D where the tensor fDrca is unimportan't a central force 

model with a Yukawa range· of 1 .. 18 x 10-13 em can be usedo) 

00 The shape of the angular distribution about 90 0 is evidence of a 

tensor force in scattering .. Here" vvith ai (1 + px ) dependence, a purely central 

force yields' a flatter distribution than an interaction including tensor forces 0 

The latter distribution agrees significantly better v:rith experiment .. 

3 0 Singlet range.. The total cross sec'l:;lon measurements imply a singlet 

er"fective range greater than 2 x 10 ... 13 cm.. A long singlet range is fUrther favored 

by the angular distribution.. Low energy scattering yields only the requirement 

that the singlet range be less than 3:x: 10,:.13 em .. 

4.. Triplet range.. The low energy limits on the effective range ru1 e 

L.53 ! e20 x 10~13 em.. The determination of the limits on the range from high 

energy scattering depend upon the explicit model used but for all models considered 
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it has been found to be vnthin the above limitsG 

f"'~j;t Tensor force rangeG The tensor range may be increased relative 

to the central range by as much as a factor of 2 without adversely affecting 

either-the low or high energy results 0 
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Table 1 

Derived Quantities 

_ .. - ----- -"-

Quantity }To·tation Magnitude Source (with error} 

=23~70 ! 010 x 10=13 ©m 
cC 

singlet scattering length 1 - ortho=para scatterin~(4) (:!:; 0 0 03 x 10=13 em) 
a crysta1=scattering(5 -(:! 0 005 x 10=13 em) , 

zero energy cross section( 6) (± 0 0 06 x 10=13 em) 
, 

radius of deuteron I'd 40 332 ~ .025 x 10613 em binding energy(?) 

triplet scattering length 3 5.26 ± .1Z·x 10=13 em ortl1o=para seatterin~ (~ .09 x 1Q=13 em) a crystal scattering (= ,,15 x 10=13 em) c 

c· 
zero energy cross section (± 003 x 1Q=13 em) 

! . , 

~ 

from 3a (± 017 x 10=13 em) triplet effective range 3r 1 0 53 ± 020 x 10=13 em 
(shape indo approx.,) from I'd (± 003 x 10=13 cm) 

I 
I 

.... 

I singlet effective range 1 < 3 x. 10:=13 em scattering between 0 and 6 Mev I' 
i 

2 Q 73± 005 x 10=27 cm2 directly determined(S) 
! 

eJ..eetric c quadrupole moment Q 

percent D=state W 3 0 9 percent magnetic dipole moments neglecting 
D relativistic effects ... . , .. ,.. . ~. ~ . -.~, ... 

\ 
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Table 2 

High Energy Total Cross Sections 

---. _." - -

Mean-Energy Total cross section Detection Average Raf. 
Mev ,with statistical method sin20 

- , s 
" error 

10-24 em 

41 :!: 4 .. 174 + 
0 0 10 Proton recoils 067 + 011 (9) - -

,,-

40 :;: 4 .. 202 ± .. 00'7 012(n,2n)011 676 + 011 (10) ~ 

83 + '7 &083 ± 0004 012(n .• 2n)011 - .,66 + 008 (11) <d -
90 41' 3 ,,079 ± ,,007 Pro'con recoils 068 + 008 ' (9) ... ". 

95 '" 5 .. on; :!: .. 002 Bi fission &66 + ,,06 (12) ... ... 
'-

The error in the mean energy arises from. uncertainties in detector 

effici.ency:) neutron. beam distribution,and variation of cross sec'\:;ion with energyo 
--:.... - -

The "averagelY sin2& is determi.ned by, subtracting the contributions of _ s ' 

the higher partial waves as derived from the angular distribution on the basis of 

'. no spin dependen6e in scattering .. 

,~ 

.. 
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Ta.ble 3 

-
Udel 90 Mev 40 Mev , 

Radial Exch.!:mge Ra.nge () tJ118O) o-~Or: (J 

Dependence (10-13 Depen= y (10=26 8.
1 

a, a a 6=r90) ()(9Q) (10=26 
2 3 4 cm2 ) em) dence 2 

~= 
.em) 

=,....6~ F-~=~ ~=r~= -
}(l+Px) _ 1018 Y 0 9 0 0 " 077 0 ,,39 3 0 25 3 0 25 23 0 1 .... ' 
~~.= .p,-.~ c.c..~=.- -.....:;:.=...:::c.~. -
If~ +Px) LI8 Y SaB 9 0 9 0 075 0 004 2 0 91 -2 0 91 = ?<,\.i _. 
tC, 

" . -'- .-
..L, ) 
~l+Px 1035 Y 0 9 0;-3 0 098 0 ~57 406 406 22 0 9 

~(l+Px) 1,,35 Y l.,9 10.2 0 078 0 ' ".14 3020 3 0 20 23 01 
t(, . 

(e37+063Px)Sl~ . 
, 

le35 Y '1 09 10,,7 =.20 .70 .12 .l~'" 3 .. 04 2.95 = 
'. 

(024+ o 76Px)S12 1 035 Y 109 12 00 =035. 066 .24 006 2 061 2.46 = 

.45 + .55Px 1 0_35 Y 1,,9 10 03 .=016 078 =002 l~ o v 3 0 52 2 0 84 = 

.4 + .6h: 1035 Y 109 .10Q4 =032 077 =005 ~i6 3 0 78 2048 = 

1 - . 
7 0 9 099 0 039 4,00 4 000 2105 ~(l+Px) .0 07 .E 0 0 , 

.45 + .55P:x 0.7 E 0 7 09 =010 099 =.07 .39 4.33 3.69 = 

04;, + 06Px 0.7 E 6 8 00 ';"020 1 0 00 =.16 041 4068 3 0 39 = 

r}<l+Px) . 0.75 E 1.8 8.7 0 .92 0 .03 3.8 3,8 2107 

=;(C""iOZ) ~Ti T2 ) 2,,0 s 0 701 =086 L13 =~34 012 9 0 57 1059 2103 

=iCcriOZ) (TiI;) 1 0 8 s 0 7,,4 :"061 .63 =,19 ,,05 :3,,50 1 030 2202 

!ExPERIMENT At V.AI, DE 7091100 -k. =014= .10 o 73i .10 <> oBi 010 ol7±.lO 306± 06 S,OtIoO 190 4t2o0 
_ .. ~ - ------- -

*The exchange dependence for the central force is }(l+.Px) 0 

Table 3 0 High energy scattering behavior o.r various models <> In the above the 
range (R) is the same in singlet and triplet states 0 For all cases where Y' F 0 9 

'Ois adjusted to Q = 2073 x 10=27 cm2.rs is the total cross sectionithe differentia.l 
cross section being,4-n-(J(@) =<lo L an P

n
(@), where 80

0 
= Is 

a 
2 

015 
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017 
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==-=; 

1 0 26 I 

~ 

= I 
\ 

1045 

1046 

= 

= 

= 

= 

1030 

= 

= 

1033 

1042 

1014 

k55.:toro 

g 
~ 
i 

C>:I 
0'.) 

i-I'> 

'1 ::a 
NCD 
C>:I<j 
n ~o 

tn 
CD 
p., 



" -. 

Central range 
(10=13 em) 

1018 

L18 

1018 
i=-=-~-

1 .. 18 

1.-18 

1.35 

1.35 
L.... .. 

.. 

~, 

Table 4 
., 

.. Properties' of Selected Yukawa Potentials 

,. ___ =e . .,;:, = 

Tensor range y W
D 3,..0'3 

3r 3T 
,(10=13 em) ~13tirr:) (10=39~. 3)' 

~~.~ ""----= 
(10<><~ em) .. ",rum ~ 

) 
.. - .. 

le18 5,,6 5~3 1.56 1048 .,3 
~~ 

1 0 69 0 0 8 3.2 Ln 1049 ' 100 
- ~. 

\ 

1 0 98 0 .. 5 2 0 8 1.76 1 e 50 102 

3 0 91 0~16 
1 ,.,. 
..L ~ I 1.90 1.,45 201 

.' 

(N; tensor force) ~= ="" 1 0 67 1054 06, 

./ 1.35 1.91 4.2 L71 1 0 58 055 

(No tensor force) =~ == 1.85 1063 .96 
. ________ ._l ___ l 1 

-.-----.----.--- - --~-.~--.- -.------ - -- -- -- - - --.- ----.--- ... .. - ---- - - --- --

In the above 3,0 is the effective range as determined by using the deuteron 
lNave function. 3T 9 the shape dependent coefficient, has been determined from 

the approximate relation 3T = i<3r )2(3p = 3r ), and ch"ecked by neglecting in 
the exact expression for 3T all terms involving the coupled D state(24).. All 
the above potentials gave a value of 0 0 28 (,vi thin 2 percent) for the ratio of 
the cross sections for photomagnetic to photoelectric disintegrations of the 
deuteron for the 2,,76 Mev Ne, If'ray us ing a value of 2023 Mev as the binding 
energy of the ,deuteron. (For experimental values see Ref .. 25) 0 

3a 
I (10=13cm) 

.. 

5022 

5 0 29 

5-030 

5.,35 

5~29 

5 0 32 

5.39 
t_ __. _____ ,. _____ .,. __ ._ 

q 
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B 
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Table 5 

Comparison or Contributions or Various states to Total Cross Section 

r------- L= -- a c 

state Square 1!.,re 11 - Yukawa 

Tensor f.orces Central forces Tensor forces Central forces 
(10-26 (Jm2) (10-26 cm2) . (10",26 cm2) ( 10-26 cm2) 

., 
" -

3S -+ 3,,25+ 8.,82+ 9058+ 
1 

2 0 95 

3 ... + ., 
0 0 55- 0.14+ Dl 0 0 35 0 .. 95 

3D 5687+ L.5S+ 1.82+' 0 0 24+ 
2 

3D 0 0 72 + 2 .. 21+ 0.,14- Oe33+ 
3 

r---"" 

" 

" 
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Fif"ure 19 
Effect of increasins the tensor range (at 90 LIev) 
wi th const'?..nt 11inding energy and quadrupole l10ment 
illustrated for a Yukavla potential (central range = 
1.18 x 10-13 cm) \ 

Curve I: tensor ranGe = 1.18 x 10-13cm, 
cO~Dlete cross section:: 0.099 b. 

Curve II:ten;or 1'1111£::0 = 1.6'9 x 10-13 cm, 
complete cross section = 0.Oi5 b. 

Curve III: tensor range :: 3.01 x 10-13 em, 
complete cross section = 0.107 b. 
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