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vThg Neutron—Proton Interaction

Richérd é, Christian and Edwerd W, Hart

.~ Radiation Laboratory, Departmnent of Physics
University of Californieas, Berkeley, Californla

September 21, 1949

Introduction

The purpose of the pregent‘paper is to agcertain if it is possible to
determine a phenomenologica} description of the neutron-proton intefaction in terms
of a potentiale A further aim is fo determine with what uniqueness this potential
cén be determined from the present experiments, particularly those at high energiese
The program will be to assume a number of potential models so-adjusted that they
£it the low energy region and abbempt to correlate the high energy scatbering with
the various features of each modele 1

iﬁ'is well lmown that the ekﬁerimgntal results in the low energy region
can be‘descfibéd by.gn interaction potential; however, for sufficiently high
evergies relativistic corrections may be expected to be of major importance.
Detailed scattering calculations, using a field theory, show that Ehe'use of
relat1v1st1c momenta corresponds to calculating the kinematical aspects rela-
t1v1stlcally, but that the dynamlcal corrections depend on the speclflc theory
employede. Scatterlng deduced from a field theory(l) has, in general, relat1v1stlc
correction proportional to (v/c) 2; for example, at 90 ilev (v/b is 0605 while
approximatel& iO percent cbrrections are found by application of tThe Mﬁlier méthod
to the écalar and vector meson theories.(z) Thus a choice cannot be made between
two models both of which agree withiﬁ 10 percent with the experimental results

at 80 Meve
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The experimentalrresults of the low emergy region (including_ﬁcme
derived quantities) are summarized in Table 1. ~Non¢vof thasé experiments give
information concerning the ezplicif radia}udepepdence of the forées or of the
forces in obher than S-stgtes, aﬂd,lin'factmeven the ranges are determined only
épproximatelyo In the triplet state there is a further uncertainty in the 
‘relétive central and teﬁsor rangess This latter uncertainty would be removed
considerably if it were assumed that the megne tic moment gave a measure of the
D-state admixture due to tensor forces. Unfortunately because of uncertain.
relativistic corrections(s) this fof@s an unreliable restrictions The depths of
the various potentials, i.e., singlet and triplet cenﬁral and triplet tensor,
aré, however, accurately determined for any specified combination of rangeé.-

The high ehergy experimentalvangﬁlar éistributions are shown in graphical

form in Fige le The expansion (in Legendre polynomials, P_(8)) for the 90 Mev

~distribution is

4T <0 (8) =01 - 0.14 P (8) + 0,75 P (8) 0,08 P,(8) + 0417 Pé(e)] ,

with an estimated error of ¥0,1 for thq céefficiéntsvof Pl(e)'ﬁhrough P4(6). The
most noteworthy result is the near symmetry about 90°, We have therefore assumed
that the 40 Mév‘éhgular distribution,which has beén determined only in ‘the rangs
700-180°, is symmetfical about 90° with the consequent expansion |

4T o™ (‘e) = 0 (1 + 26 Pz(e) + 402 P4(9) )

with an osbimated error of 0.1 for the Pz(é) and P,(8) coefficientss The experie
mental total cross sections are tabulated in Table 2. The low values for the tqﬁalv
cross sections appear to be further corrcboration of the lack of odd harmonics in
scatteringe

A unique analysis into phase shifts of the experimental angular distribu=-

tion is impossible due to the presence of the mixture of singlet and triplet states

\
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well as the compllcatlon of the tensor force. hevertheless, on the 51mp11fy1ng

assumptlon of scatterlng'w1th no spin dependence, the 90 Mev angular distribution
may be analyzed to give the order of magnitude of the phase shifts, The results
of this sre: S-wave, 53° ¥ 5°; P-wave, -1° * 10; D;Wave,‘SO * 10, Since the P
and D phase shif'ts ére_so small, we may conclude that at 90 Mev the S scattering
accounts for about 90 percent of the total scattering cross section. The high
energy orgss\gections, thqrefore, determine the S scattering fairly unambiguously.
The potentials usuelly considered show significant differences in § scattering
above 30-40 Mev when adjusted to have the seme low energy propertiese The compari-
son then of the S-wave cross sections provides one method of determining the
potential shape, .

The angular distribution at a particular energy yields information
primarily concerning the exchange character of the forces. For example, theories

such as the "charged" or "neutral" which predict large scattéring in odd states

may be immsdiately discaréed as uﬁacceptableg The low values of the high energy.

cross sections also favor theories without large scattering in odd statese

Finally, comparison of angular distributions at two or more high energiles
engbles one to distinguish shape features of the verious potentialse This final
comparison is a critical test of the potential shape since, while it is possible
with any shapé, by a proper choicé of range, to fit the angular distribﬁtion at
90 Mev and the low ensrgy dabta simulbansously, it will not in general, be possibl@

to also fit the 40 Mev angular distribution.

Computetional Methods

Various approximate methods were employed to avoid the many tedlous
nuerical integrations required for a comprehensive invesbtigation of the effect

of the many paremeters, These are principally concerned with the integration of
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the,radialleQuations to yield phase shifts or eigenvalues.

M§s£ of the calculations were done by iteration of trial fuﬁc#ions in
‘the integfal form of the equations. In order that this procedure might~£onﬁerg5
rapidly, it was necessary to have good initial trial functions, especiaily ih 
the cese of potentisls wibh a deep hole at the origin. Suiteble brial functions
were provided by the WKB approximation (explicitly using 1/3 order Bessel functions
as the asymptotic'representations),(14) Thié approximation has been further
extended to the case of coupled equations as followse

Let the differential equabions to be solved be:

u" + A(x)u + B(x)w 0

0 .

w" & C(x)w +‘B(x)u

The desired representation of the solution is then

2 VZ 1/3 (s)

o
i

cos V . (s/s")

1/3 (S) *

w

siny o (s/s”)l/2 Z

i

(s3) = 2 (m ¢ % [(a0)? + 43%] Ve } :

ten v) = _(ij_-2 - A)/B .

The + and -~ signs 6orré3pond to ‘two indepehdént representations. The Z%'s are
Bessels functions of order 1/3. -The usual phaée integral condition fortthe bound

state is replaced by the similar condition,

where,xl and x, are the turning pbints and S, 1is a root of

2
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. V2 .____._: S S o
G (S? [‘?1/3 (S) + ;-1/3 (S) ] —o

These representations have been found to yield close approximations to the wave
functions at all energies, the S-wave phase shifts being in general in error by

less than five degrees, and the wave functions exhibiting the correct general

- behaviore When applied to the bound state, 'bhe phase integral condition ylelds

potential depths that are within 10 percent of the correct valuee
"The bound deuteron state was numerically iterated using the variation-
iteration(ls) method, using as a trial function the epproximate WKB functions

above. Three iterations ylelded an eigenvalue and wave functions with an accuracy

‘of about one percent. The accuracy was essentially limited by the numerical methods

vsed (inbervals corresponding to one to two tenths of ‘the effective range were used) o

For the Ssl + 3p scattering state the appropriate WEB functions above

furnished trial functions for the coupled integral system

[+
[

A sin kx + M/‘hszo(kx,kx’) [Vc(x')u(x) + 2"5"/2 Y v,c(xt_)w(xt):] axt
B g,(ix) + M/hszz_(lcc,,lcc*){ [Vc(x')-Zb'Vt(x')] vv(x‘)+23/2YV£(x')u(x')] axt,

° ) .07 oo

I

W

L
where A = 1, B=0 corresponds to the choice of the positive sign in (S"')2 and
%]
M
A= _;‘?—- cos kx [’v‘ (f')u(x?)-l-zs/zb’ v (x')w(x')] dxt, B=l correspondg to
0 .

the negative sign. Further

Go(bc,bc'_)= (l/k)sin o, cos lx,

Gy (I, ket )= (1/k) gzua:) ¥ g..z(kx)

where x< means the lesser of X and xt.

The potential has beenwr:.t’cen in the form

V(r,oo) = Vc(r) +“o_’ SlZ-Vt(r) .
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The iteration of the 1ntegra1 eouatlons above was carrled out numerlcally'W1th the

normallzatlon of the trial functions so chosen that the 1ter ated functlons matched
the trial Iuncﬁlons in the region where the ‘kernel of the integral system 1s
largeste Three iterations for the o-danlnant wode (1.6., with A = 1.5@“' 0 ) and
one for thefDadaminant mode yielded pha§é shifts with an accuracy ofvéﬁgut 2
percent. |
The phase shift in the 3D2 state was calculated using the véﬁiatibnal
procedure with the 5D2 component of ‘the plane wave as a trial function. The
3

D3 + 3F3 state was compubted using the same procedure as for

the 5Sl + 3D1 states One iteration yielded aﬁ Accuracy of two peroenh;

phase shift in the

The Born approximation was used to effect the inclusion of the angulur
nomentum states for £24 in the scatterlng sume The sum was,;in general done
by actually summing the individual terms forffé;S, using calculated phage shifts,

and adding the Born cross section fromywhich these states had been sui%ébly

.pefcent.

subtracteds The anguler distributionsso ‘derived are accurate within

contral Fo roos.

| Wé.éhgll consider in this seétibn fhevresults of scattering.fréﬁ a
model which:coﬁsicts only of central fbf;ééiéince, as will be seen lat .
possible to<make -8 state by state conpar;son of the scattering from ax
force model and from one which 1nc1udos tensor forcese.

The detalls of low energy scat ter1ng“w111 not be treated here uf; rather,
the reader 1s¢referreq to the review of Blatt and Jackuong(;6) .One reuult of their
woxk is 'bha‘b in the expansion , | _ |
Xk cot_%gs #3;(1/3a)’+ l/?(sr)kz - 3Tk41+1§7. .

~—

the‘shape dependent coefficient, T, is sufficiently small that below 6 lev
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it can be negiected, and, in interpreting the experiments,vths shape independent

- approximation may be used. The effective rahge in the triplet state is determined,

therefore, by the approximate relation

(L/Sa)‘= (3/ry) |1- l/é (sr/fAi]

' Substibuting the experimental values from Teble 1, we obtain

3, = 1653 1 420 x 10713 cm,

Fige. 2 is a plot of effective range versus intrinsic range for the triplet state
of the various potentials., The singlet effective range is not Wwell determined by
the present experiments, as can be seen by reference to Figse 3 and 4. o

To simplify the analysis of the High energy data, it is convenient (and

. reasonable) to assume exact symmetry of scattering about 90 degrees, This méans

that the potential is assumed, to be zero in odd parity states. The experimental
results are aétually compatible with a small repulsive potential in odd states,
but this shall be considered as a small perturbation which will nqt essentially
alter any of the.folldwipg conclusionse The factor “:% (1 + Px) will,itherefore,
be included as a facfor in the potential éndAWill have as oﬁe'consequenqe that
the total cross section computed for any radial dependence will be the minimum
possiﬁle'ovéf any other qhoice of exchange dependence. The main effect'of any
admissible odd wave phase shifts is the interferenoe with the large stéve‘phése
shift, which is in evidence ‘only in the angular distribution, and its aﬁtual
effect on the total cross section is negligible.

In order to compare different potentiél shapes, ﬁhe effective range
ﬁas been taken as a commonvﬁarameter. For example, we have plotted (Fige 5)
the S-wave phase shift at 90 Mev for the various potentials versus the'effective

range, This device insures similar low energy behavior for the same abscissae
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~ In FPige 6 eare plots at 90 Nev for the various potentials of the total

——— . —_——

oross section and of 4T times the differential cross section for scattering at

- 90° énd 180° as functions of the effective range on the assumption of no'odd parity

<

¥

‘inﬁeractiono For the plots of complete total cross section, 1. ee; the sum. of

triplet and singlet scattering, it is necessary to gake some choice of & singlet
range corresponding to a particular triplet'rangeo The low energy region implies
only loose restrictions on.the singlet range; we may, therefore, choose the singlet
renge so that the singlet and triplet intrinsic ranges are equale The results

for the complete cross sections are also shown in Figo.é; From these plots it

is possible to make further limitations on the allowuble‘triplet renges by a
comparison with the experimental values of G (1809 /(90°)

With the Yukewa or exponential potential’a range'adjusted for the.QO-Mev
ratio %@?gi'e‘dicts a 40 Hev ratio within thc; experimental limits. However, with the
squar;:weil potential, thé range required at 40 lev is éonsiderably larger than
that required at 90 Meve This difference in behavior resuit§ primerily frem
the more rapid decrease in 0 (90°) with energy increase for the "oubeof "
potential then for the "long-tailed" potentials, This, in turn, cen be interpreted

in terms of the destructive interference between the S and D waves at 90 degreese

. In detail, the S-wave phase shift decreases more rapidly (as & function of energy)

for the "cut-off" potentials (Fige 7). Further the D-wave phase shift is nearly

a linearly incressing function of energy for the “1ong-tailed“‘potentials, while
the increase with energy is much more rapid for the "cutnbff"—potentials (Fige 8)e °
: For potentiels which have a "deep hole" at the oriéin (0oges the

Yﬁkawa and exponential) the “long—tailﬁ is nsceséary to gilve avsﬁfficiently long
effective range. IHowever, as the eneréy increases ‘the contributions to ‘the S-Wave
phase shift come from regions closer to the origin, and, consequently, at high

energies the Mdeep hole" (and, therefore, "long-tailed") potentials yield larger
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phase shifts than the "cut-off" potentials (egg,, the square well or gauss
potentials)s These remarks are further illustrated by reference to Figse 5 and 7e

While it is impossible to define the limits of the singlet effective
range with any accuracy, for 5y < 1.7 x 1013 enm the best fits for the angular
distribution are obtained with the singlet effective range between Z.5 - S.O X
10718 cm,

The complete angular distribution is shown in Figs. 9 and 10, for the
Yukawa and exponential potentials with rénges chosen such that they are both gﬁod
fits of the angulér'distribution at 90 Meve From this the superiority of the
Yukaia angular distribution at 40 Mev is apparent. The total cross seotipns,

however, are in much better agreement with the exponéntial potential,

The'only partial waves contribubing apprecisbly to the cross sections

‘are the S~ and D-waves, consequentlysthe angular distribution can be expanded

in termé.of.Legendre polynomials Po» P2 anﬁ‘Péo The éoefficient of Pé is idemtical
with the total cross sectlion, that of PZ arises pfimarily from the interference
betwéen the S; and ﬁ-states,,and that of P, arises primgriiy from the combinations
of the various D-states. These coefficients allow a rapid comparison of. theory
and experiment and are therefore tabulated ianable 3 for all models mentioned
e&plicitlyo |

If we consider the Yukawa and exponential potentials of Figs.‘9 and 10,
we see that the only discrepancy with the experimental values of the coefficients

occurs in the magnitude of the P coefficient which is perhaps'a factor of ‘two

4
to three too larges This is manifested in the engular distribution by a
theoretical prediction that is somewhat too flat in the region about 90°.

Fig. 9 and Teble 4 show the effect of adding a small repulsive potential

in the odd parity states. This modification may be expressed by a potential factor,

("1- a + sP )o The best £it for this type of exchange interaction is a = 0,55 % 0.05.
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The large odd state potentials in fhe singlet state required by the
symmetrical theory produces far too much exchange scattering for any potentials
with a tail and a range compatible with low energy scattering. For "cub-off"
potentials such as the square well the observed ratioro‘ (1800)/Er(96°) nay be

fitted at 90 Mev with a range of lo7 - 18 x 10713 om; however, at 40 Nev, a fit

“to o (180°) /g (909) would require a range lénger then 2,0 x 10713 cm, PFurthermore,

in ‘these latter cases the shape of the predicted angular distribution is not
similar to the experimental results for small_angle scattering., The symmetrical

theory can, therefore, be ruled out for central forces.

Tensor Forces

A, The bound state and low energy scabltering
The existence of the deuteron quadrupole moment requires the inclusion
of a tensor potential in the neutron-proton interaction. We consider first the

case where the radial dependence is chosen the same for both the central and tensor

potentials. The oxtreme cases of "long-tailed" and "cut-off" potentials are

exemplified by the Yukeawa end squafe well respéctiveiy. Caléulation; of the
quadrupole moment have been made for these potentials.as a function of range and
tensor depth with the central depth adjusted to give the correct binding energye
The results are presented graphically in Figs. 11, 12 and 13,

‘The calculations of Rafita and Schwinger(zz) have shown that at least
fof the choice of a square potential, there is only slight modification of the
low energy scabtering properties upon the introduction of tensor forcese. Sﬁoh a
behavior can be expected for more general potential shapes with ranges shorter
than the deuteron radius since the S-wave component is determined primarily from
the boundary conditions at the origin end asymptotioallye<23)‘

We can put these arguments on a quantitative basis by’ the consideration

of an "equivelent central potential," "V(r)." For the potential V(r) = To(r) +

)’Slz Vt(r), the "equivalent central potential® for the S-wave is
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. ()" = v (x) + 22 T(e) ¢ R(r)
where R(f)'?s the ratio of the Dewave to the S-wave, R(r) will be, inigeneralg
a slcwly'véfying function of the enérgy (et least in the région wheré}ﬁhe potentiai
is 1arge)ev'i§s formymay‘thén be estimatéd from considerations of thé;bmund state
solutionsor IE is fqund then that R(r) ig zero at the origin, ihcreaseé Lo a
maximum valueﬁ(about 062 or 0,3) soﬁeﬁhere between the maximum of theﬁéawave
radial function and the tensor force rangé, and decreases symptobically to a
small %alue (spmewheré vnder 0,1). Then if we consider the ratio of the equivalent
potential "V(r)" to the central poteﬁtial Vc(r) (the latter adjusted to give
binding byhitseif)a we would find the ratio to be less than  unity at the origin,
greszbber then unity in the neighborhood of the rangeg andvagainlless than uniﬁy
asymptéticéllye Thus.the.equivalent potential-will bevshallswef at the_origin_
and asympﬁotically9 and will be deeper in the neighborhood 6f the tené?r range.
fﬂis»gén be further illustrated in terms of the ﬁﬁB-approximétion;AvIn
this apprbximationg R(r} is independentvof énergy and decreases asyﬁpﬁéti&ally
to zeroe Tﬁe‘equivalent potential in this approximation is :i
W eV, = YT, e%- + [_(th + i,m 2w (Y VJG)ZZ];_"I/Z :
- - r . o .,.Iv . . — o
If the centfifugal potentlial is 1ﬂrgevcompared to thg tegsor potenfiai;‘this ney

)

be simplified %o :
. S Hvﬂ = 'v o+
- G

&)

(¥ )2

which is clearly in agreement with the preceding remarks.

The enalysis of the low energy scabbtering is agein couveniently carried

oub in bterms of the expansion of the phase shift in powers of the energye(24) Since
the shape independent approximstion is valld for Yukawa renges less than le¢ x 10713 -

cem end for all square well renges considered, the effective range is essentially
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determined from the ﬁriplgt soatt;ring lengthe (The ekplicit value of the shape
dependent coefficient as well as the effective réhges are shown in Table 4 for a
numbér of casese) We have chosen, therefbre, ip order to relate thevscattering
characteristic§ of a potential with its abllity to produce a guadrupole moment, to
plot L/ versus the scattering 1ength_(Figo 14) with the range indicated para-

metrically along the curves, From thisbplot we can conclude thét with the accepted

value of the scattering length, the proportion of tensor potential must be quite

| large,”the actual amount being lower for the long-tailed potentiale

The low energy constants for the case in which the tensor force range
is increased relative to the central force range are given in Table 4 and Fige 15
From the equivalent potential we see that the main effect is to increase the

"long-tailed" character of the potentiale This is evident by the decrease in the

percentage D state and by the increase in the shape dependent coefficient.

Bo High energy scatbtering
Wo will attempt in the next paragraphs to gain a qualitabtive understanding _

of the relation between central and tensor scattering., Then we will consider the

results of verious models, the calculations being carried out by the methods previously

~ describede

As in the case of central forces we must adjust the ranges so that only
the S~ and D= partisl waves contribute to the cross section. We would then expect
that if the tensor force were a weak effect we coul@ add the tensor scatbtering i
which would be present in Born approximatione Actually, as we have seen; thev
tensor force is fér from weak and the approximation can only be expected to give.
the general tfend; The characteristie peaking of the Bofnpapproximation cross

section around 45 end 135° (the exact angle depending upon the model, range and

energy with a meximum occurfing roughly where 2kR sin 8/2-~-1) is, in fact, the

type of correction necded to explain the discrepancy between the shapes of ‘the

7
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7> experimental curves and the central force curves shown in Figso:9'and 10,?i,e;,
such a correction could convert the Uéshaped central force~curves into the more
V=shaped éxperimental curvese
For a soméwhat-more detailed‘comparison we.will again use the WKB
epproximation %o approximate the "equivalent central potentials," "VLq°“ for

each of the states I and J,'With'éhe:result

' 1/2

1 . ) - 3 ' 7 - 2 >
iy - -9 [ 3 & + 2
V=V, =¥V S k) = XV,Q 8(¥vy)

)
L

T . ' - L . g \ 2 2 1/2
nvzn BV, VT, o S e ot YV + 8( bfvt)

S k5 2 2 t
r B r -
~ R T O
2 6
1 N & V R 2 V e
V2 AN =z

g

In the approximation where we neglect the asymptotic amplitude of the
cqupled mede, as above, in the evaluation of the phase shifts there will be no
difference4%étweeh states of different magnetic quantum number, m, however the
WEKB approximation yields angular distribubtions which agree with the results of a

_»;) mors accurabe calculation within 10 %o 20 percent,
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The results of using the Yukawa and exponential radial dependences
(cfo Figse léa 17 end 18) indicate that the addition of btensor forces causes
only relatively small changes in the séattering, The best fits of the angular
distributioﬁ require slightly longer ranges than for the purely tensér modele

.

A detailed comparison, using the Legendre coefficients, shows that the PA(G)

‘component is reduced in the ftensor model., It is this decrease which allows con<

siderably better fits of the angular distribution end is therefore evidence for
the presence of tensor forces in scattering. The total cross section is increased,
however, approximately 10 percent with the addition of ftensor forces so that the
agreenment with thev@xperimental value of the totai cross sectlon ils poorer,

The seme-situation holds for the tensor model as for the central
model regarding the intercomparison of the Yukewsa and exponential potentials.

That is, the Yukawa potential fits the angular distribubions at both 40 and 90 lev

noticeébly better, however the total cross section is 20 to 30 percent too highe

The total cross section with the exponential potential is only 10«15 percent %too

highe Sincé the "long-tail," which is necessary %to £it the angular distribution,
forces the potentials considered here to also have a "deep hole" and consequently
high eross section, it would seem thet an essentially'more compiicated radial
dependence would be necessary to £it the experimental results more closely. It
is’believed, though, that the present experimental data (as well as uncertain
relativistic effects) do not exclude either the Yukawsa or exponential potentials,
The.exchangu cheracter found necessary for the central force model is
also valid, in the main, for the tensor force model (cf. Teble 3). As an example
of spin depéndant exchange dependence we have considered the case when the central
force has a é% (1 + Px) exchange dependence andvthe tensor force exchange dependence

was of the form (1 + a = aPx). This does not produce as large asymetries in the
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gngular dis#ribution as;when‘(l + a - aPx) is taken as a factor of béth the central
and ‘tensor potentiale The restriction on the magnitude of a2, now arises mainly
from the insﬁaése in the total cross section. These limits are estimaﬁed to be
e=06t0de |

'fhé principal change in the high energy scattering with increése in

tensor rangeg is according to.the WKQ érguments, similar to an increase in the

"longmtailed“‘charaoter of ‘the poteﬁfialo The high energy scattering results are

shown in Fige. 19 for the cases listed in Table 4, There is an increase in

- scattering from the higher states which may be interpreted as the increase in

the "long-tailed" character or alternatively as showing that the cﬁaracteristic
Born approximatién tensor peaking is displaced to smaller aﬁglese

Wé'Wish to noﬁe here that all of the models seribusly considered (because
of thé smallness of the odd state potentials) predict nearly isotropic distribution
at 14 Mev in agreement with the fécent experiments of Barschall and Taschek(27) ﬁho

find isobropy within their statistical accuracy of 6 percent,

Conclusions’

Le >Exchange character. If the potential has approximately the same
radial dependence in all states (ioéo, even and odd parity, singlet end triplet)
and the range.is chosen within acceptable limits, we may conclude that for a good

it
a = 0355 i 0905

or; alternatively, the depths of odd potentials, Vodd’ must satisfy the relabion

0> (Woqa) + (g (Voyon)
2+ Radial dependences The (1 + Px)/é potentials, when compared for
equal effective ranges differ'by at most a factor of 2 in the total cross section
or in the ratio ¢ (180°)/¢(90%), Howéver, these differences may be correléted

with general shape features. Further the experiments are adequate to distinguish
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among the potential shapes,

.aé' A long-tailed potential is necessary to explain the large scatbtering
-from the higher angular momentum states at 40 Mev without violently affecting the
90>MeV‘scaﬁ£eringo On this basis the square and gauss pobentlials are unaccépﬁéﬁle
while the e#:ponential_ and Yulkewa potentials are allowable.

“ be The Yukawa‘potentials Beéause of its singular nature, predicts

high total cross sections(approximately 20 to 30 percent higher than the best
experimental value) for any comb%nation of ranges. The exponential potential for
approximately the same angular dependenm predicts cross sections 10 percent to 20
percent lowerd-hcwevera the detailed fit of the angular distribution is poorer.
Both are acceptable, however; with the present experimental wncertainties.

The best fit for these potentials is (assuming the same range for all

the.forces)

R = 0,75 x 10718 em  (exponential)
R = 1,35 x 107+ cm (Yﬁkawa)

(For calculations, where the tensor force is unimportant a central force
model with a ngawa range- of 1,18 x 10'13 em can be used.)

¢ The shape of‘the angular distribution about 90° is evidence of a
tensor force in scattering. Here, with a L%V(l + PX) dependence, a purely central
force yields'é flatter distribution than an interaétion including tensor forcese
The labter disbtribution agrees significantly betler with expérimente

3¢ Singlet range. The total cross section meésurements imply a singlet
effective range greaber than 2 x 10°13 on, A long singlet range is further favored
by the angular distribuﬁiono Low energy scattering yields only the requiremeﬁﬁ
that the singlet range be less then 3 x 10“13-cm,'

4, Triplet range. The low energy limits on the effective range are

1,53 F .20 x 10733 cm. ‘The determination of the limits on the range from high

energy scabtering depend upon ths ekplicit model used but for all models considered
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it has Been found to be within the above limits,

5+ Tensor force range., The tensor range may be increased relative

to thevceﬁéral range by as much as a factor of 2 without adversely affecting

ﬁeither“the low or high energy results,
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Table 1

Derived Quantities

Quantity Nobation Magnitude Source (with error)
singlet scattering length 1 - =23.70 ¥ ,10 x 307 on orthocpara‘scatterin§(4) (t 0,03 x 10°13 om)
: & : crystalascattering(5 “(f 0,05 x 10-13 em) .

zero energy cross section(6) (* 0,06 x 1013 am)|

radius of deuteron kP 4,332 * ,025 x 10°%° om binding energy(7)

triplet scattering length 3é 5,26 *.12 x 10%15_em orthHo-parae scattering (¥ .09 x 10=13 cm)
crystal scattering (I .15 x 10=13 em)
zero energy cross section (% .03 x 1013 cm)

triplet effective range 3y 1,53 % .20 x 10=13 om from 3a (£ .17 x 10713 cm)

(shape ind. approx.,) from Td (¥ .03 x 10=13 em)

singlet effective range 1. <3 x 10715 em scattering between O and 6 Mev

electric quadrupole moment Q 2,73 % -05 x 1027 om? directly determined(g)

percent D=state W 3,9 percent magnetic dipole moment, neglecting
relativistic effects

-

PosTAeY  $R2-THON
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ﬂTMﬂez
High Energy Total Cross Sections
beanfEnergy Total cross ssction Detection Average | Ref.
lev with stabistical . method sinf§
“error
10-24 om
41t 4 o174 * ,010 - Proton recoils 67 £ 11| (9)
0*a 2202 £ ,007 ¢12(n,2n)ctt o76 ¥ o11] (10)
863 % 7 (083 & ,004 cl2(n,2n)ctl | .66 % 08| (11)
9 * 3 079 & 5007 Proton recoils 68 * o081 (9)
95 & 5 073 £ ,002 Bi fission | 66 £ 06| (12)
| L

~ The error in the mean energy arises from uncertainties in detector
efficiéﬁmyg;ésgtronf bean diétribution,'and variation of cross section with energye
| T@e}%vefage" sin%&é is de%ermiﬁed by. subtracting the contributions of
‘the bighép:?éftial'wéées as derived from the angulaf distribution on the basié of

no spin dependente in scatlering.



v

“Model | 90 Mev 40 Mev -
xchenge Range. | Radial S - — g(i8C)
Dependence (10=13 | Depen- Y (10“?6 a._ a_ a, a (1026 | 5 & (90
em) | dence : cmd) 1 s 5 1 om? 2
%(l%Rx} 1.18 Y 0| 9.0 o 77 0 239 | 3,25 3,25 22,1 | .15 1.26
%{”+Px) 1,18 Y [5s6] 9.9 | © o785 0 041 2,91 2091 - - -
5{ 1+Px) 1.35 ' oll 9.3 0 298 0 ST 1 4,8 4.6 22.9 | .21 1,45
L(14Px) o185 | Y [1.9| 0.2 0 .78 o 214 3,20 | 3,20 23,1 | .24 | 1.46
(.37+.63Px)S; 5| 135 Y |1.91| 10.7 =020 - 70 .12 L1\ 3,04 2,95 - - -
(224+,76Px)S,5 | 1.35 Y 1.9 12,0 =o35. .66 .24 06 | 2.61 2,46 - - -
.45 + ,55Px 1.35 Y |1.9]] 10.3 =018 - 78 -,02 .18 | 3,52 2,84 - - -
104 + .6Px 1,35 Y [1.9]].10.4 =232 077 =,05 .16 3,78 2,48 = - -
%(1+Ex)' 0.7 . | . E ofl 7.9 0 »99 0 39 | 4,00 4,00 21,5 | .17 | 1.30
.45 + .55Px 0.7 E ol 7.9 =,10 99 =07 39 | 4,33 3,69 - - -
.4 + 6Px 0,7 B ol 8.0 =,20 1,00 -,16 41| 4.68 3,39 - - -
%{E&Px} 0,75 E 1.8 8.7 ¢ .92 o .03 3.8 3.8 21,7 | .18 | 1.33
m%&cicé)(TiT%) 2.0 s oll 7.1 ~ .86 1,13 -334 212 1 9,57 1.59 21.3 211 | 1,42
3%&r§5§)(TEI;) 1.8 5 ol 7.4 .61 .63 -.19 .05 | 3,50 1,30 22,2 | .04 | 1.14
EXPERIMENTAL VALUE 17.971,0 |=.14%,10 | ', 73¢.10{ .08k-10 | .175.100 3.6E.6 | 3,081,0 || 19.452.0| .26t,10 [1552.20

*The exchange dependence for the central force is %.(iﬂﬁc)o

Table 3., High energy scattering behavior of various models. In the above the
range (R) is the same in singlet and triplet states.
¥is adjusted to Q = 2,73 x 1027 cm?2,
cross section being 47e (8) =6, z

For all cases where 3" 75 0,

0

= 1,

G 1is the total cross section, the differential
e, Pn(e), where a

=ag~
pasTasy FRE=TI0NN
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Table 4

'

Properties: of Selected Yukawa Potentials

o

Centfal range TehSOF fange \ W 30, 3§; . gi\ . 3a,
(10=13 &m) (10713 om) 4 ) D (10”15 om) (10 *%%m) (1Q“éggm§)““ (lOulzcm)
71018 1.18 '5;6 5e3 1356‘ 1.48 ) o3 5,22
1,18 1,69 0.8 3.2 1.71 1649 1.0 5,29
1.18 1.98 0.5 2.8 | 1.76 c1e5§> 1.2 5530
1,18 3,91 0,16 | 1.7 1.90 1e45 2.1 5.35
1.18 (No tensor force) e o 1,67 1,54 .6, 5029
1.35 ~ 1.35 1.91 4.2 1,71 1.58 .55 5032
1,35 (No tensor force) - - ‘ 1.85 1.63 .96 5439

In the above %9 is the effective range as determined by using the deuteron
ST, the shape dependent coefficient, has been determined from
the approximate relation °T = %(5r)2(%o = Br), and checked by neglecting in
the exact expression for ST all terms involwing the coupled D state(24),
the above potentials gave a value of 0,28 (within 2 percent) for the ratio of
the cross sections for photomagnetic to photoelectric disintegrations of the

vwave function,

energy of the deuteron,

All

 deuteron for the 2,76 Mev Na J ray using a value of 2,23 Mev as the binding
(For experimental values see Ref, 25).

“hz=

pesTaRy H8e-TION



Table 5

UCRI~384 Revised

=2 See

Comparison of Contributions of Various States to Total Cross Se_é‘bion

State

Sqﬁare well ) Yukawa

Tensor forces Central forces Tensor forces Central forces

(10726 on?) (1026 em?) (10726 ¢m?) (1026 cm?)
331 2,95% 3.25%  g.82% 9,58%
3 - , - |
D, 0435 0.95% 0655 0.14%
$DZ,. 5o87" 1.58" 1.82% 0,247
3133 . 0o72* z.21t 0,147 033"




UCRL=384 Revised

-26-

Refsrences

Lo L, Rosenfeld, Nuclear Forces, Vole 2, Interscience Pub., New York, page-
311 et sege It might appear at first sight that corrections due to spin
orbit coupling are of order v/c. Actually in a field theory calculation
corrections which introduce this coupling include also a gradient of the
potential (eoge, the Thomas term for the hydrogen atom) which in scatter=
ing produces an additional factor of v/ce

2¢  He Snyder and Re E, Marshak, Physe Reve 72, 1253 (1947)e
3o Ra Ge Sachs, Physs Rev. 72, 91 (1947) ’
He Primakoff, Physe. Reve 7? 118 (1947)
Go Breit and I. Bloch, Physn Reve 72, 135 (1947)
4. R. B, Subbon et al., Physo Rew. 72, 1147 (1947)
5o  Co G Schull et al., Physe Reve 73, 842 (1948)
6o  W. B. Jones, Jre, Phys. Reve 74, 364 (1948)
B, Melkonian, L. Je Raimrater, #We We Havens, Jre., Bull, Am. deso Soce
24, Yoo 1, Papor Gl (1949)
To Re Eo Bell and Le Go Elliot, Physs Reve 74, 1552 (1948)
We Eo Stéphens, Reve Modo Physe 19, 19 (T§47)
Wo Eo, Stephens, Bulle Am. Phys, 500. 24, oo 4, Paper TL (1949)
Ao M. Tollestrup, et al., Physo Revo 75 1947 (1949) ' .

Ao, Wordsieck, Physe Rev 58 310 (1940)

(o2
¢

9.  J, Hadley, et als, Phys. Reve 75, 351 (1949)

10, R. Ho Hildebrand and C, E. Leith, Bulle Am. Phys. Soc. 24, No. 6, Paper C8
(1949)° also private communicatione .

1le L. Jo Cook, et ale, Physe Reve 72, 1264 (1947)

12. Je DeJursn, N, Kneble, and Be. LOJGFO Bulle Ame Physeo Soce 24, Noe 6, Paper
- E9 (1949) .

13, Ka Brue@xner, et ale, Phys. Reve 75, 555 .(1949)

14 Ro E. Langer, Phys. Reve 51, 669 (1937) ‘

150 No Svartholm, "The Binding Energies of the Lightest Atomic Kﬁciei,"'Lﬁnd
(1945)

Jo Schwinger, Phys, Pevaizz 742 A (1947)9 and hec%owraphed Notes on HNuclear
Theory, Harvard (1947) “



16,
17,

18,

19,
206

2le

27,

UCRL~384 Revised

2T

‘References (Continwed)

Je Me Blatt, Physe Reve 74, 92 (1948) _
Jo Mo Blabt and Je Do Jéfﬁéon Physe Rove 76, 18 (1949)

Co Do Bailey, et ale, Physe Rev, 7@ 583 (1946)
Professor Jo Ho Williams has kindly communicated to us more recent values
of the oxperiments of Eo E. Lampiy Go Freier end Jo He Williams, Bulle

Amo Phys. Soce 24, No. 4, Paper X6 (1949) Purther experiments are still
in progress, . .

W, Bleator, Jro, Phys. Reve 72, 207 (1947)
Ro Sherr, Phys. Rev. 68, 240 (1945)

The results for R = 1,185 x 10”0 em are in agreement with those from more
precise calculations communicated to the authors by He. Feshbache

Wo Rariba and Jo Schwinger, Phys. Reve 53., 436 (194:1)
W. Hefner end R Peierls, Proce. Roy. Soce 181, 43 (1942)
Ro Christien, Phys. Reve 75, 1675 (1949) |

Wo Mo Woodward and I. Halperno Phys. Reve 76, 107 (1949)
E. Meiners, Phys. Revs 76, 259 (1949)

- Eo Kellyﬁ ¢, leith and C, Wiegand, Bulle Amo Physe Soce Eég N00.69 Paper

ES (1949)

Ho H, Barschall and R. F. Taschel, Phys. Reve 75, 1819 (1949)



e

' . =27
DIFFERENTIAL CROSS SECTION (10 '¢m?)

40 MEV

\
4 N i
. N\
N
A S
~
e me—

ixperimental angular ‘distribution. The crosses are the co
the horigzontal lines at 90 Mev are the cloud chamber data.
norrnalization chosen agroes with the total cross section as given in

r data;(g)
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- ' ' Plgure 2
The triplet effective rengo for the Yukara (Y), exponential (E), and the
square well (5) potentials. The intrinsic range is 2.12 B, 3.54 2, and
R for the throe_.potentials in'the order hame d above. R is the uaual
pargietric range that occurs in the radial dependence, i.e., R/r e~ */h,
e‘r)h for the YukaJa and eyPonsntlal potentials and a constant potential

exuendlng a dlotance R for he square well potential.
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RANGE (10 > cm)

"Figure 6

Central force scattering at 40 and 90 llev. The first column gives the triplet scattering; the second, the

- ‘singlet scattering; and the third, the compleote scattering (eassuming ecual intrinsic ranges). The first

row is for the square well; the second, for the oxponential; and the third, for the Yukawa potential, In

each figure the upper set of 3 curves.is for 40 lev; the lover, for 90 iev,

7or each set of 3 curves the

‘upphermost is 4 W ¢ (1809); the middle curve is the total cross section; ond the lower is 41 « @ (90°),

(Illustrated in the first figure by A, B, and C, respectively.) In all cases the exchange dependence .is

assumed to be L(1 + ?..) (therefore, ¢ (180°) = ¢-(0°)), and the depths ere chosen to fit tho deuteron and -

the zero ener& scattering.,
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D-wave scattering.
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Pigure 9

‘Scattoring at 40 and 90 v from en exponential potentlal (R = 047 x 10713
~en_for both singlet ‘and triplet states)s The solid lifes are for a (1 +

“,/b exchange dependence- the dotted curves illustrate the offect of

- imcreasing the. anount of exchange forces., The total cross sections for

this potential are 21,7 x 10726 om? and 7.9 x 10~20 cm? at 40 end 90 lev

rospectively. The heavy points are the experimental points (cfe Fige 1)

with a nornallratlon chosen o best fit the angular dlstrlbutlon.
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o Figure 10

cat‘cerlng from the Yukawa potential at 40 and 90 Ilbev for a range of 1.35 '

x 10“:L cm for both s1n let and triplet states, The total cross 'sections
are 22,9 and 9.3 x 10°25 om? at 40 and 90 Ilev, respectlvely.
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T Figure 11 . o
Quadrupole moment for the squere well. The
binding erergy used is 2.23 lMev, and the.

" tensor and oentral. ranges,-R, ere equal, b

ig the oustomarg dimensionless well depth, .
equal to i . : ) .
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. Figure 12 (21) D
Quadrupole moment for the Yukewa well,
The binding ensrgy used is 2,183 Mov, and - :
the tensor and central ranges, R, are equal, . *
b is the customary dimensionless well depth, ) ’
equal to MVR/R .. The curve for R = 1,120 x
10"13 om, shown es dashed, is extrapolated.
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' Figure 14 :
Low . enerwy scatterlng with tensor forces for the Yukwna (Y) and the square

. well (S) poténtialse The range is indicated (in units of 10=13 cm)

"parametrically along the curves. (Depths are adjusbed to £it the binding

_ energy and the quadrupole moment of ‘the deuteron).

FIG. 14

02 664

FODYK 2YVEELA T

138



&, s

\ 0 NS
3 T T ] T T T T —T T
- : v/ 46
. b . ; .
_ N -
2 — ' 5
o Jda
o [ —13 A
o = N :
-~ l_ - - L a
o =2
- e | 2 C
8 Wp -
- — |
b .
(o] - L L ! L | L 1 ' | :‘.1 : | (o]
0 - : .o ' 0.5. . * 1:0

(CENTRAL RANGE )/ ( TENSOR RANGE)

' ]  Figure 15 : S N
Variation of deuteron fitting parameters for i irease of tensor range. The interaction is that of the Yukawa .
well for which the oentral range is 1,185 x 10=13 Vip is the percentsage of D state; b is the dlmen51onless
central well depth equal to MVR /1'\2; rb is the tensor well dep'bh. The binding ensrgy fitted is 24 183 Yev.

ShRWN RPYEELA T - - 02677



25
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.'~Scatter1ng ‘from the exponential potential (R=0475 x -

10-13 om) at 40 and 90 leve The total oross sections

ere 2147 % 10726 on? at 40 Mev end 847 x 1026 an® s
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Figure 19 . - o A
Bffect of increasing the tensor range (at 90 liev) . ‘ \
vwith constent binding energy and.quadrupole noment B
illustrated for a Yukwva potential (central range = \_~
1,18 x 10~13 cn) . ~-
Surve I: tensor range = 1,18 x 107 lscm, N ' :
complete cross section = 0,099 b, !
Curve II: . tensor range = l.69.x 10-13 e,
complete cross section = 04015 b.
Curve III: tensor ronge = 3491 x 10~13 cm,
complete cross section = 04107 b,
‘v
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