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Myopia in human and animals is caused by the axial elongatfdhe eye and is closely linked
to the thinning of the sclera which supports the eye tissugs thinning has been correlated with
the overproduction of matrix metalloproteinase (MMP-2), enzyme that degrades the collagen
structure of the sclera. In this short paper, we propose erigéise model of a regulatory network
with hysteresis, which seems necessary for creating asmijl behavior in the hybrid model between
MMP-2, MT1-MMP and TIMP-2. Numerical results provide inkitgn the type of equilibria present
in the system.

1 Introduction

This short paper presents a descriptive model of a gengtidatry network in the mammalian sclera us-
ing the formalism of hybrid dynamical systems. This modeleduced from experimental observations
of enzyme interactions that govern the remodeling of thi&ageh tissue in the sclera. A number of re-
search publications indicate that myopia is closely rel&mean unbalanced remodeling in scléra [12, 22].
Myopia is an optical condition in which the eye grows abndiyna the axial direction, causing images
to form in front of the retina compared to on the retina, a®inmally occurs[[9], 12, 13, 18]. The exces-
sive length of the eye is driven by the remodeling of the stlextra cellular matrix (ECM) (e.g., loss of
Type | collagen, COL1A1), leading the progressive thinmifthis tissuel[ll, 11, 12]. Scleral remodeling
is regulated by a large number of growth factors, membrarepters, proteases, and protease inhibitors,
which work in concert to optimize the dynamic synthesis aegrddation of COL1A1L[3, 11, 27]. One of
the most studied actors in sclera remodeling is the Type ttimmetalloproteinase (MMP-2), because
of its role in the degradation of COL1A1l[6,112,/116]. MMP-2 egulated by the Type Il tissue inhibitor
of the matrix metalloproteinases (TIMP-2), and when the énpymes are properly balanced, the sclera
develops normally. MMP-2 regulation by TIMP-2 shows a martir mechanism in which TIMP-2 not
only inhibits the proteolytic activity of MMP-2, but is alseecessary for the production of this metallo-
proteinase in its active form [12, P4,126]. Such a mechangskery important for the balance between
COL1A1 production and degradation in sclera, and henceyldhpday a key role in a model of a genetic
regulatory network in this tissue.

The remainder of the paper is organized as follows. SeLlimr@duces the mechanisms govern-
ing the regulatory network of interest and proposes a hykygtem model. Sectidd 3 presents results
from simulations of the proposed model, which, for a patécset of parameters, identify both isolated
equilibria and limit cycles. Final remarks and a discussibthe current efforts appear in Sectidn 4.
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2 A Hybrid Model of a Genetic Regulatory Network in Mammaliadl&a

2 Modéding

We develop a model of a regulatory network in mammalian adlem the following experimental obser-
vations. Sufficient high levels of MMP-2 protein cause thpression of TIMP-2[[12, 21] (considering
expression as the result of transcription, translation agtd/ation of the protein latent form). When
the concentration of TIMP-2 exceeds a minimum thresholid, glotein indirectly modulates the incre-
ment of MMP-2: TIMP-2 triggers the expression of active meame-type | matrix metalloproteinase
(MT1-MMP) [12,[21,24], which is necessary for the activatiof latent MMP-2 [12] 24, 26]. When the
concentration of TIMP-2 protein is sufficiently high, TIMPmnhibits the proteolytic activity of MMP-2
and MT1-MMP [12[ 19, 21, 24, 26]. As we mentioned above, MTlARItriggers the activation of latent
MMP-2 when sufficiently high[[g, 15]; therefore, by blockibT 1-MMP, TIMP-2 is also inhibiting the
activation of latent MMP-2[[12, 24, 26]. In facf, [12,126] aeythat the increased TIMP-2 mRNA and
protein levels are significant as TIMP-2 is not only a profeimbitor of both the active and latent form
of MMP-2 but also paradoxically essential for the MT1-MMPpdadent activation of MMP-2. The
genetic network capturing these mechanisms is depictedjiméf].

LT iy -l
: MP-2 :TIMP-Z I»MTl—MMP

mmp-2 timp-2 mt1l-mmp

Figure 1:Proposed genetic regulatory network for sclera. Lowercaames refer to genes, uppercase
names refer to proteins. Lines ending in arrows represeptession triggers and lines ending in flat-
heads refer to inhibition triggers.

The mechanisms described above can be encoded in a piedeweedifferential equation follow-
ing the modeling technique inl[6, 14]. However, the resgltmodel of the genetic network in sclera
would not incorporate hysteresis, which is a key player inegie regulatory networks [2] 7, 10, 120].
To incorporate hysteresis, we follow the approachlin [23] aropose a hybrid system model in the
framework of [4]. To this end, we define the state of the hykyistem as

Z= [X17X27X3>Q1>QZ>Q3>Q4]T (l)

whereze Z:= IR{3>O x {0,1}4. The continuous states, x,, X3 represent the protein concentrations, where
X1 represents the protein concentration of TIMP«2the concentration of MT1-MMP, anxk the con-
centration of MMP-2. Positive constangs, y», 5 define the decay rates akg kp, ks define the growth
rates, respectively, for each of the concentrations. Téerelie states (logic variables), g, 03, g4 define

the boolean value (1 or 0) of the hysteresis functions aatatiwith each of the thresholds, 6,, 63, 6,
and the hysteresis half-width constahish,, hz, hs associated with each of the thresholds, respectively.

Threshold Definition
61 TIMP-2 level for MT1-MMP expression
6, MT1-MMP level for MMP-2 expression
65 TIMP-2 level for MT1-MMP/MMP-2 inhibition
64 MMP-2 level for TIMP-2 expression

Table 1: Definition of protein thresholds in the genetic tatary network for sclera.
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Following the definitions in Tablel 1, the thresholds and éxestis half-width constants are used to
determine when, for current values of the protein conctatrs and of the logic variables, changes of
the logic variables should occur. For instance, accordintpé mechanisms described aboveyift= 0
andxs is small, therx; should decay according to its decay rgeHowever, ifgs = 0 andxs becomes
large (i.e., the concentration of MMP-2 is large) ttegrshould change to 1 and should be expressed
according to its own growth ratg. The continuous evolution o0& can be captured mathematically by
the differential equation

X1 = KiQ4 — y1Xa

while the discrete change gf can be captured by the difference equation
qj{ =1-oa when s =0 andxz > 05+ hy, or u=21landx3<0;—hy

In this way, theflow mapof the hybrid system defining the continuous dynamicsisfgiven by

K10a — yiXa
. ko0 (1—03) — yoXo
F(2) = 2
@ kad2(1—03) — y5X3 2)
Osx1

Changes of the variables occur whais in thejump setwhich is conveniently written as

4
D:.= U D;
i=1

where
Dii={z:h=1% <6 —h}U{z:q1 =0, > 6+ M}
Dy={z:p=1%<6—-—h}uU{z:qp=0,x2> 6+ hy}
D3:={z:3=1,x < B3 —hg}U{z: 93 =0, > B3+ hs}
Dsi={z:a=1x3 < 6 —ha} U{z: Ga=0,xs > 6 +ha}
The right-hand side of the difference equation discretelgating the logic variables is given by the
jump map
(20 z€ D1\ (D2UD3UDy)
(20 ze D\ (D1UD3UDy)
G(z) ={03(2) zeD3\(D1UD2UDy) 3)
94(2) z€ D4\ (D1UD2UDg)
6z zeDiND2ND3NDy4

where

[ X1 i R i R i [ X1 i

X2 X2 X2 X2

X3 X3 X3 X3

u@=|1-a |, R@=|a , B2)=| | , W@=| |

g2 1-o 02 02

(o] ol 1-0gs ol
L Q4 i e’ i e’ i [ 1-04
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andd(z) = {01(2),02(2),03(2),04(2) }. Note thatx; and its associated logic variablgs andgs are the
only “inputs” to the dynamics o%p, which suggests thal; + h; < 63 — hz should hold forx, to ever
grow. Moreoveryx; and its associated logic varialdg are “inputs” to the dynamics o, while x3 and
gq are “inputs” to the dynamics of;, in what resembles to a feedback interconnection.

With the definitions mentioned before, a hybrid systeth= (F,C,G,D) in the framework of[[4]
capturing the mechanism in the genetic network of sclerh hysteresis is given as

z=F(2 zeC:=Z\D

H: z€Z {z+eG(z) zeD “)

3 Simulation Results

We simulate the hybrid model of the scleral genetic netwaithkiwa Matlab/Simulink toolbox[20]. Un-
less otherwise stated, the growth ristand decay rateg, i = 1,2, 3 for the three proteins are identically
set to 1 and the hysteredisi = 1,2,3,4 are set to @1.

3.1 Isolated Equilibrium Points

Figure[2(a) and Figuife 2(b) present simulation results iitkvthe hybrid system evolves to the equilib-
rium point atx* = (0,0,0). Under these initial conditions and protein thresholds, dbncentration of
TIMP-2 (x1) is not sufficiently high to permit continued expressionwé MT1-MMP &) and MMP-2
(x3) genes. The protein concentration associated with the M\MjEne continues to grow, but when the
MT1-MMP gene is inhibited, MMP-2 will become inhibited wittme.

Figure[2(c) and Figurie 2{d) show that the solution of the talybystem goes toward the equilibrium

point atx* = (k—yi, o, %) With the given initial conditions and parameters, the emtiation of TIMP-2
(x1) is not high enough to inhibit the expression of the MT1-MM®) @and MMP-2 &3) genes. This

situation can be a cause of high myopial[12, 17].

3.2 Limit cycles

Figure[3(d) and Figurfe 3(b) illustrates the oscillatorydedr in the hybrid system when the concentra-
tion of TIMP-2 exceed®; and the concentration of MMP-2 exceelisrecurrently. In this scenario, the
discrete state behavior stabilizes to a periodic orbits Bpparent that the TIMP-2 protein as modeled
here has a stabilizing effect on the other two protein comagans when it is at a sufficiently high level.
In this scenario, the sclera develops normally. To illustthat such normal development of the sclera
is only possible when hysteresis is present, the prevignalation is repeated for half-width hysteresis
constants equal to zero. Figufe 3(c) and Fidure]3(d) shovedhesponding system response. The
solution to the hybrid system converges to an isolated ibgiuiin point.

4 Conclusion

A mathematical model of a regulatory network with hysteseésidescribe the mechanisms in the mam-
malian sclera was introduced. The model captures the oiterabetween MMP-2, MT1-MMP, and
TIMP-2. Numerical results indicate that the system can hmté isolated equilibria and limit cycles
in the 3-dimensional space of protein concentrations. Rermrbitrarily chosen parameters, numerical
results seem to suggest that hysteresis is needed for ndewellopment of sclera. Current efforts in-
clude characterizing the type of equilibria in terms of th&ues of the systems constants using the hybrid
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Figure 2: Solutions to7 for different parameters and initial conditions. For thesdn values, solutions
converge to isolated equilibrium points.

systems techniques employed[inl[23] and the design of in-&Xperiments to identify the parameters of
the genetic model.
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