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ABSTRACT

In a world with exact SUN symmetfy Veneziano has proposed a
topological expansion in terms of the small dimensionless parameter
l/N2 . Ve re;ate this convergencé factor to the density.of hadronic
states. The wealkness of higher order corrections (i.e. l/Nz)

is interpreted as reflecting the small proportion of states that can

flow through a "cylinder.” . States that communicate with the cylinder-

may be strongly affected thereby, but the number of such states is

" -relatively small.

Sl
I. INTRODUCTION

With SUﬁ internal symmetry, successive components of

- Veneziano's topological expansion in orienteble two-dimensional

. h
surfaces have been shown to carry factors (l/NE) , where h is the
number of handles.l A mnemonic for this rule is to visuAalize a handle

as a cylinder whose two ends are internally.attached to the two-

‘dimensional surface and to characterize the coupiing'of each cylinder

end as carrying a factor ,l/N . In the first part of this paper Qe
point out that this 1/N2 cylinder coupling reflects nothing more

than the statement that 'SUN-singleta are the only representations

allowed to "flow" along the cylinder. That is, the l/N2 convergence

of the topological ex;ansion is a consequence of the low relative
probability of states that communicate with the cylinder {or with
handles). Such a line of thought is helpful when-contemplating the
real hadronic world where SUN symmetry is badly broken for N > 2

but where the topological expansion tu;ns out to possess great utility?

Such an interpretation also eliminates any need for field-theoretic

' models to motivate l/N2 convergence of the S-matrix expension.

In Section II we show how the wegkness of the cylinder coupling
(e/VN) arises from the SU, singlet mature of the cylinder. As
illustrations of the subtleties which arise from the singlet chéracﬁer
of the cylinder we cite in Sgctions ITII and IV examples where the
cylinder effect is large and prominent. In Section IIT we talk aboutv
the pomeron, while in Section IV we examine a puzzling phyéical

question relating to cylinder weaskness and charge conjugation (or

signature). The topological distinction between simple planar sur-

faces and cylinders or handles rests on the possibility of "twisting" |




~5-

the two-dimensional surface to reverse its orientation. Since rassage

from one orientation to the other is related to charge conjugation and
s:.gnature, it mey be wondered how twists under any clrcu.msta.nces can
be regarded as "weak"? .We shall discuss this question with a concrete
example, hopiné fo cla.rlfy misunderstandings about the physical V
significance of the topoiogica.l expansion--misunderstandings that have
p]agued our own thinking and tha.t may have troubled others as well.

We are then led 1n Section V to conJecture that independent )
of internal symmetry, there will occur " 1/1\12 convergence' of the
typologlcal expansion to the ex‘bent that two conditions are satisfied:
(a.) Wi‘thip planar unitarity sums  over intermediates states, there are
significant contributions from a variety of diff.‘erentr cémbinations of

. internal quantum numbers. (b) Seversl different planar states are
mutually coupled to a subsf;antial degree by the cylinder. We aréue
that such conditions are better and better satisfied as + increases
negatively. . ‘

In discussing the " l/l\l2 weakness” of cylinders and handles .
there is risk of confusion with the concept of "asymptotic 1:~].ana.ri'cy"3
--tile N-independent weakening of the eyl'inder with increasing mass-

. squared (t) 'vflc»'win'g slong the cylinder. The latter weakening results
from the phase factor -and consequent sign ‘oscillation associatea with

surface twists.h’5 The present paper .deals only with that aspect of

cylinder weakness stemxﬁing from the largness-of N at any value of +.
The cylinder weakness of concern here is present at tb = 0, Dbeing,
for exampl_e, responsible for the relative weakness of t = O pomeron
couplings. There is no connection between l/I\l2 . ¢cylinder weakness
and the Okubo-Zweig-Tizuka rule, which becomés useful at large t as

’

coupling of cylinders and handles.

’ i_ndex, as 1nd1cated in Fig.l.
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a “consequen‘ce of asymptotic planarity. .
iTh.e analysis presented in the bvody of this paper is.'es/sentially
pe_rtui‘bative in nature. We ne.ke a first step toward removing this
perturbative restr-ictioxi on our reasoniﬁé by presenting in.o'u.r )
Appendix an exact unitarity;equation for the cylinder. The planar
®plahar coﬁplings whicl_l are the be.sis of our l/N countiné in

Sections II-V, appear in the unitarity product, so we expect the

unitarity equation to provide nox_lperturbatiire Justification for our

arguments. " Such Justification is in fact achieved for the results

of Section IV and is included in our Appendix.

II. THE INTRINSIC WBAKNESS OF SINGLET COUFPLINGS
It is well-known that with 'SUN symmetry the cylinder
commnicates along its axis only with singlet states. One may say,

corz_’espondingly, thet handles _ We wish to ‘point

"earry” only singlets.
out how this fact immediately suffices to explain the 1/1\1‘/a weak

Our reasoning will employ dual

" diagrams whose boundaries carry gquark indices.

Consider a .planar vertex with streng‘th g independeﬁt of _quark
What is the residue of a singlet pole
in a four-line elastic planar connected pe.rt such as that of Fig. 27
On the right side of Fig. 2 we show the "stretched” form of the surface
that focuses attention on horizontal-channel poles. The complete
planar pole residue is evidently g2 . To project out the singlet
coﬁponeh_t we recognize that a singlet {in the horizontael channel)
.corresponds to the “wave function” of Fig. 3, which must be "emitted"
at one vertex 'end "absorbed” at the other. Thus a horizontal-channel |

pole of the planar amplitude of Fig. 2, when projected onto the
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singlgt, has a residue ée/N . The full plénér fesidue is g2 becauée
of the degenérate presence of higher dimensional representations in
sddition to the singlet. The factor l/N reflects the loﬁ étatistical
weight of the singlef. "According to planar bootstraﬁ.requireﬁents, to
be discussed further below, geN is of order unity,6 ;; singlet -

couplings are already at the planar level of order l/NQ..

Let us look next at a two-particle discontinuity in the
borizontal channel, where a cylinder contribution will arise. The
plangr part of the discontinuity is depicted inh Fig. h, where fhe
symbols (+) and (-) dindicate that the sépgrate factors are to be
'evalﬁated dn<pposité'sides of the cut; We shall henceforth drop
(+, -) symbols as irrelevant to the N dependence. The important
aspect of Fig. 4 for our purposes is the oécurrence of several dif-
ferent but eqﬁivalent intermediate states. The contribution of all
possiblejintermediaries when weighted by the appropriate SﬁN Clebsch
Gordon coefficients is to provide an extra factor of N. This ié
‘readily reproduced in the quérk diagram mneﬁonic b&'the presence of
N different quark lines giving rise to all the intermediary particles.
Henceforth we shall count intermediaries By the different number of
quark lines. If each member of the product ié of order 32 » the two-
particle d;scontinuity is of order guN ~-~the same prder of magnitude
as the amplitudevitseif if g2N ~ 1. The simplestb'ﬁerivation" of
the latter condition, in fact, is to observe that for Regge behavior
amplitudes and discontinuities musf be of the ssme order. _

The. cylinder may be said to arise because the planar S matrix
fails to satisfy unitarity; Plapar discontinuity produéts such as that

of Fig. 4 correspond to matching permutations for the two prdduct

-8-

meﬁberé (étrong ordering) but since the full planar connected part is
a sum over ?ermutations of external lines, unitarity requires bilinear
products with'differing permutations for the ﬁwq ﬁembers (see Appendix).
An example of a nonmatching product is shown in Fig. 5,.which may be
exﬁreSsed with twist notation as Fig. 6. Here we have a typical
g&linder configuration (with horizontal cylinder axis). Either in ‘the
form of Fig. 5 or that of Fig. 6, the_eéséntial féature-of this cyl-
inder product isithe-presence of only oné intermediate stéte. ‘For the
other N-1 intefmediate states, strong ordering is unavoidable. The
cyiinder';art of the discontinuity is thus of order gh, sﬁallef than

the planar discontinuity by a factor l/N . But, if we project out of

‘the pianar discontinuity its singlet component we shall find a factor

1/N --just as in the pole-residue projection. In contrast such a
projection of the cylinder discoptinuity gives a factor 1 because the
cylinder is purely singlet in character. H}EE;B the singlet component
the cylinder discontinuity is'thﬁs of the §§Eg‘order of magnitude és
the plénar discontinuity, both being of the same order as thé singlet
amplitude itself. ‘ )

The l/l\l2 cylinder weakness is therefore to be understood as
an intrinsic weakness of singlet couplings. Within a singlet amplitude
the contribgtion of the cylinder is not l/l‘l.2 wéak;»itris equally as
important as the planar compone;t in the sense of a l/N2 expansidn.

Before leaving our example of the.two-particle discontinuity
it may be helpful to see expliéitly‘wh&:the singiet projection of the
cyiinder does not lead to a factor .l/N . The reason is that cylinder
discontinuites arise not only for.reactions of the.type of Figf 2 but

also for reactions forbidden. at the planar level. That is; with SUN




-0-

bs'ymmetry the cylinder discontinuity depicted in Fig. 7 for any 'com—'
“tination of j end j' is equal to tﬁat of Fig. 6. In the singlet
projection one must sum over these additional amplitudes, leading to
s fector N +that compensates the 1/N in the singlet wave function
nonnaiization, _ N .

. It myvtrouble readers that "full strength” of the cylinder
in plenar amplitudes depends on reactions of the type of Fig. 7 with
5 # 3" --forbidden by the Okubo-Zwelg-Iizuka (0z1) rule. It is
nécess’a‘ry to appreciate that the phenpmenological validity of th.e.
_latter rule is not a éonsequence of. l/I\I2 .cylinder weakn_éss but

N

rather of SU -symmetry breaking in combination with gsymptotic
planarity--~the latter term deséri‘bing the suppression of nonplapar

effects by the alternation in sign of twisted-link pole residues.

pe

III. POMERON PROPERTIES AS AN IILUSTRATION
The best-known ph&sical manifestation of the cylinder _(and of
handle‘s) is through the bare pomeron. The 1/1\12 wealness of ﬁare’
.pomeron couplings is of great practical importance, being reflected
.in the smll_n}a_gnitude of total cross sections at high energy aﬁd the
relative weaiméss of -pomé;'oﬁ ;:uts. * The u.sefulne‘s.s for hiéﬁ-energy
_mﬁlt'ir;le productibn of the éonéept of short-range order in rapidity

correlations depends crucially on pomeron weakmess. What we are

euiphasizing here is that ail t_he'se physical effects ‘become.under_stan; B

dable as soon &s the bare pomeron is identified as a singlet in a
spectrum where higher multiplets- occur. r:L‘h:'.s explanation of pomeron
weakness was proposed before developme_nt of the topological expansion

by Abarbanel et a.l.,7 on the basis of a multiperipheral model.
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In previous publications we have emphasized the usefulness of

recognizing the pomeron té be a planaf £ tré.,jectory that has been

displaced upward and mixed with the f' by the effect of the cylinder. .

It is automatic in this view that pomeron couplings should be of the

same order as planar f and f' couplings. All are of order 1/1\I2 . L3 _
The trajectory shift at t = O ' on the other hand is of order unity £

since this is an effect within the singlet amplitude. Also, the o

degree of mixing of planar f and £' depends_hot on J./I\]2 but on Fas
the ratio of pomeron shift t§ £-f' splitting. The.asymptotic .
planarity mechanism, ‘unrelated to ,l/Nz, reduces 'thé shift and ;bhe- u:
mixing as % increéses. . ' ' 7 »
. . <

IV. THE p-o WIDTH PARADOX: A LARGE ROLE FOR THE CYLINDER P

‘ Let_. us turn now to an aspect of the cylinder that involves’ < ‘*
cha.rge. conjugation and signature. At the plénar lev_el‘_, not including v
cylinder effects, trajectories aré grouped into degenei‘ate families. =~
With SU, lsymmet;‘y.‘(equivalent' P and n quark indices) there are <o
four ]‘.ead;ingAdegenerate vacuum-co:ﬁﬁunicating trajectories-- pp or

n_.r—x boundaries with either even or odd charge conjugation symmetry.

Although by taking suitable linear combinations of pp &nd nm one

my form I =0 and I =1 ti'ajectories, at the planar level the
iso.singlet 1s degenerate with the isotriplet.

Consider the two odd-cha.rge-cdn,jugation- planar trajgctqries
that {ze expect to associate with « (I = 0) amd p (I =1). V
Degenerécy means not only that the real parts of w and p wmasses
should be eqﬁal but also the imaginary parts or widths. Since the
cylinder does not communicate with I =1, the physical p ‘width of

140 MeV, dominated by nx chahnels, should be close to the simple.
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plapar approximation. It follows that the planar I = 0 o width is
also predominently two-pion {and ~ 140 MeV). But .the w, with odd
C-parity does not commnicate with the nx channel! At the planar
‘level _nn and 7N 'channels are degenerate _with nr , but = .. has
the wrong isospin and 1nn the wrong G'-pe.rity to comxnunicate with o .
I.ac}king the =t mode of decay the actual . width is only 10 MeV.

Resolution of ;chis dilemma is achieved through the cylinder
terms in the I = 0 odd charge-conJugation discontinuity, which
iarecisely cancel the =nx planar contribution. In other words, G
parity is net consistent with‘ two—pe.rticle discontinuifies a.t; the
planar level but only with the cylinder-planar combination. \

The planar amplitude itself forbids - 2n physical transi-
tions inasmuch as the two planar terms shown in F;ig. 8, when super- v
posed in a manner appropriate to I = 0 and odd_charge conjugat_ion,
cancel each other. But among the bilinear terms associated with 2x
i_ntemedlate states in a unitarity product there appear not only
planar forms such as shown in Flg 9, but an equa.J: number of cylinder
“‘orms such as that in Fig 10. For odd G parity it is the sum of
» _simply—planar and cyllnder discontlnuity products that vanishes. The
'charged pion, in other words, is the superposition indicated in Fig.1l.
If only simply-ple.nar products are included, odd and even G parity
have the same 2x discontinuity. -

The foregoing argument i_s. incomplete in that we have used a
'simply-planar representation for the w . This defect is remédied in
the Appendix where t-channel unitarify equations for' the cylinder are
discussec_i. ‘The p-w -width difference illustrates that within

individual singlet states the cylinder may not be regarded as‘weak.

real world where, although SU2 symnetry is accurate, already SU.
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Why is the real part of the n-a) mass difference so small" Firstly,
it is probably accidental that the real-part difference is much
smaller than the width difference. Secondly, a mecmnism to- explain
a p-w ma;ss difference of tne order of 40 MeV has been pr‘esented.inv
Ref. (4) within a general discussion of asymptotic planarity. This

mechanism is unrelated to’ 1/N factors.

V. WHAT IS N2 IN THE ABSENCE OF SUN SYMMETRY ?

How are such pe.rameters as pomeron couplings determined in the

3

is badly broken? This question must be answéra.ble within the'-

topological exiansion, which does not require internal symmetry for

its formulation. . -Altho.ugh clean understanding is so far lacking, the

eonsiderations of Section II motivate the speculations that follow.
Corresponding to an average plapar coupling g2 we conjecture

that the cylinder coupling will be gE/Ncyl , Wwhere N?;,;,

is in
general the average number of plapar trajectories strongly mixed by
the cylinder. It 1s piausible that the trajectories to be counted are
th‘ose within the J interval "spanned" by cylinder mixing--this span
being of the order of magnitude of the (¥-independent ) trajecfory
shift indueed' by the cylinder. Trajectories whose separations are
much larger than tne cylinder spen will not be appreciably mixed.

cyl

At t = O one expects that N s is greater than 2 but

.‘s.,ubstanti}_ally below 3, because the cylinder shift of about 0.4 in

J 1is large compared to the gap between planar nn and pi
trajectories but of the same order as the spacing between these two

and ‘Ehe .kx trajectory. Trajectories like )?5 are thus only

e
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partially mixed by the cylinder with trajectories like w .

A These considemtions can be made concrete by rgferring to the
simple model of Ref. (3) and the detailed fits for the parameters of
It was f‘ounds‘

this model in Ref. (8). that the pomeron was shifted

upvard from the plamar value of 0.58 by 0.38. This is to be
. compared to a A\ gap of 0.35 from the pp and mn trajectories.

The_trajeétory shifts determine mixing parameteré, and it was found

that at t = O the ' §, ® mixing angle is ~ -34°, where full
mixing would correspond to -55°.
eyl

" We can calculate an N in this model by considering the

eff
triple cylinder coupling which will be g/ V compared to a triple

planar coupling of g . In terms of 6, the f, f' mixing angle,
the triple cylinder coupling is

, N 5
S/VN:gf = g(————?\;_:_ ® 4+ sidd 9)

=2.56 for & =20.3°.

. . eyl i
implying on Nef ?

Such an effective N depends on t +to the extent that the
'cylinder. span varies with t . According to asymptotic plana;rity,
ti_le cylindef shift is mc;notonic decreasing; so if planar trajectory
seﬁarationé are-roughly constant, we expect N:lr%
grows. Thé cylinder "Q_ue_nching interval,” t % 0.5 GeV", estimated

to diminish as ¢

eyl
eff

cylinder span ié much less than the separation between %X and

in Ref. (4), implies N x 2 for t 0.5 GeV2 because here the

cyl
eff

3 as t decrea;ses to values below -0.5 Ge\?,‘

(pp, Dm) . On the other hand,” N should increase to values near

because here the

cyliﬁder span has become large in comparison to SUB' symnetry

eyl -
off will grow further as t

breaking. It is plausible that N

~1h-
. N .
becomes more negetive and the cylinder span expands to include
additional degrees of freedom; at some stagé the V ‘and’ even lower
trajectories may begin to be significant. If there exist Rosner-type
‘drajectories9--associated with baryon number--these may cause Ne}f%
to incx"ea's,e beyond 3 already at inodestly negative values of t .
Should the fo‘regoiﬂg conjecture prove correct, pomeron coupling

will progressively weaken as t grows in the negative direction and

the pomeron "wave function' absorbs more and more hadronic degrees of

freedom. Such behavior is a curious counterpart to asymptotic
Planarity--which corresponds to a weakening of cylinder influence as.
t grows positively. The distinction between these two different

trends toward simplicity--one stemming from an increasing number of

“active internal hadronic degrees' of freedom and the other from sign

alternation of pole residues in twisted links--requires a distinction -
between pomeron and cylinder, Cylinder weakening at large positive ¢
does not imply pomeron wéal;ening ; the pomeron asymptotically becomes
more and more nearly a plaﬁar trajectory rb(the f) and its icoupling
does not diminish.‘ At large negative t , in contrast, the cylinder
influence might be said to grow in that it mixes together more and more
planar tragectorles, the result is a weakening of pomeron coupling.
Although in both limits--large positive t and le.rge negative
t --similaritles ma.y be recognlzed to the field-theoretical notion
of asymptotic freedom (associating cylinders somehow with gluons), the
statements are different. A pi_‘ofou.nd distinction, not to be forgotten,
is that_ the planar limit of the topologicai expansion does not cor-

respond to weak coupling.

N3
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cyl

We have proposed the replacement of l/N2 by g /N , but

there remains the question of the planar coupling g . What magnitude
dq.we éxpect for g2 in the absence of SUN
it is useful to think of an effective N , but this time we want to

symmetry? Once again

count. the number of important intermediate states that contribute to
planar discontinuities. The bootstrap condition that a discontinuity’
is of the same order of magnitude as the amplitude then leads to the

requirement that g Nplan be of the order unity. Combining the two

cyl Nplan

eff eff °
In Ref. (10) a multipéripheral model was used to estimate

effective N's , l/N2 becomes 1/N

that Npizn ¥ 2.3 at t =0, roughly the magnitude we expect there

for Ncyl . Given the positive definite structure of plapnar dis-

continuity formulas (no alternation of sign) it is unlikely that

plan
Neff

are as yet insufficiently developed to provide guidance as to the t

should ever be less than 2 . Althoﬁgh planar bootstrap models
plan

dependence of Neff , one notes the experimental fact that at

increasing transverse momenta an increasing variety of comparably-

probable particles is observed. It seems plausible that as t grows

Nplan

et It

negatively “there will be a corresponding increase in

might even turn out--from & mechanism as yet unrecognized--that at all

Nplan ~ I\Icyl

t, eff eff -~

'SUMMARY
We have pointed out hpw the l/N? convergence factors Qf'the
topological expansion reflect the statistical weight of cylindér
communicatlng states. The l/N2 weakness of cylinder coupllngs

corresponds to the small proportion of states allowed to "flow" througn

L16-

the cylinderf For t 0 the cylinder is not weak with respect to
states with which it communicates and indeed produces large shifts and
mixings. Iﬁ the.ébsence of_éxact. SUN symmetry the number of.different
planar states substahtially mixed by the eylinder determines an
effective N which, according to asymptoﬁic planarity, is a mon-
otonically decreasing function of t . The cylinder or handle coupling
is then of order gQ/Ncyl with g2 a typical planar coupling. With

Ng;;n determined by the average number of intermediate states in

g2 Nplan

planar'discontinuity products such that of -~ 1 the convergence

factor for the typological expansion is of order l/Ncyl Nplan .
) eff “eff
While this 1s not an especially smell number (e.g. ~ 1/6) it is

sufficlently small to justify treating the topological expansion as

cyl Nplan 11

an expansion in powers of l/Neff off -
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APPENDIX: UNITARITY FOR THE CYLINDER

It has recenﬁly been shown by Venezia.nolz that for two.particle

channels a partieculsr combination of cylinder and plensr amplitudes
satisfies a éimpl_e t-chénnel unitarity equé.’cion. We generalize his

results to multiparticle unitarity and discuss some implications of

these equations.

If we denote by C . the cylinder amplitude for
a.l-ua.k,‘bl'“bj T
8y ray = bj+e-b, shown in Fig. 12 we can define the "eull" cylinder-

amplitude C as

C . = C ‘b ee o]
al-uak,bl- bj » al- a.k,b_l bJ.
+ V P boeesp
1 . [ &y a’k’bl b,]
P[al' “ayd Plb, -+ 'bj]
(a.1)
P, ’“ak;bl"”b'» is the plapar amplitude for a,:--a, = bl'“bj ' (see

1 : :
Fig. 13) and P eee] implies that we should sum over all possible

_ cyclic permutations of the objects in .[ ]. The unitarity equation

for . C then reads

“
|
L

Dise, C s
o t 8y ak>b1 X bj Cl-”n;bl'"bj

(a.2)
. A typical contribution from P & P. +to the unitarity sum for

i Cab;cd 1§ displayed in Fig. 1k, v . ,

218-

The unitarity equation (A.2) makes the discussion of the mx
contribution to the discontinuity -of the @ pole particularly
transparent. If we project (A.2) onto the ® pole and restrict

ourselves to the'two-particle intermediste state, the cyclic permuta-

~N .
‘tions of the intermediate particles will include the anticyclic

permutation for ® - ab (i.e‘. @ —+ba). In general the restoration
of G parity depénds on summing over cyclic 'plus. anticyclic order.ing's
of the planar diagrams.B Thus for all two-particle (or: qua_si two-

particle) intermediate states the full cylinder, since it includes all
permutations reqﬁired by unitarity, will respect G parity. For muiti-

particle intermediate states, permutations other than cyclic will be

necessary to restore the G-parity constraints. This will lead to more

complex t'op_ologies. In general, to respect.G parity at ﬁhe n-particle
level, we have to considef topologies with n-2 handles.

The reader may also verify from the p.rescript_ion (A.2) that
-the simple counting exercises undertaken in Section II rémain valid

for multiparticle contributions to the cylinder.
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FIGURE CAPTIONS

‘A planar vertex.

A planar elastic amplitude.

The singlet "wave function" cérresponding to a planar pole.

A two-particle p]_b.nar discontinuity product. »

A cjlinder' term in a two-particle discontinuity product.

The cylinder term of Fig. 5 expressed in twist notation.

The off-diagonal cylindér discontinﬁity correspon;iing to Fig. 6.
Planar vertices involved in the‘transitions ®w~>2x and p - 2.
A plapnar contribution to the width of the p and the o . .

A cylinder contribution to the widtﬁ of the p and the w .
The superpositibn of 'planar poles corresponding to the charéed
pion. | L .

A general cylinder amplitude.

A general planar ampiitude .

A plapar plﬁnar contribution to the discontinuii:y of the

cylinder.
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This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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