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Interference of a pair of symmetric
partially coherent beams
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Abstract:  We study theoretically and experimentally the interference
of light produced by a pair of mutually correlated Schell-model sources.
The spatial distributions of the fields produced by the two sources are
inverted with respect to each other through their common center in the
source plane. When the beams are in phase, a bright spot appears in the
center of the spatia distribution of the beam intensity. When the beams
have a phase shift ¢ = &, a dark spot appears in the center of the spatial
distribution of the beam intensity. Experimental results that illustrate these
results are included. Both bright and dark spots diverge more slowly with
the increasing distance from the sources than the beam itself.

© 2010 Optical Society of America

OCIS codes: (030.1670) Coherent optical effects; (140.3300) Laser beam shaping; (350.5500)
Propagation.
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1. Introduction

In arecent paper [1] theinterference of light produced by apair of mutually correlated Gaussian
Schell-model sources[2, 3] was investigated. The spatial distributions of the fields produced by
these sources were assumed to be symmetric with respect to a plane through their common
center, and to differ by a phase factor exp(i¢). One of the results of this investigation was that
when ¢ = O theresulting radiation isabeam with an intensity distribution that displaysanarrow
bright line at its center. When the parameters characterizing the Gaussian Schell-model source
are chosen in such a way that it becomes a Collett-Wolf source [4], the resulting bright line
diverges much more slowly than the radiated beam itself. These theoretical predictions were
confirmed experimentally, and suggested that the interference of a pair of correlated Collett-
Wolf beams can be used to produce a pseudo-nondiffracting beam.

In this paper we extend the investigation in [1] in several ways. First of all we assume that
the spatial distributions of the fields produced by the two sources are inverted with respect
to each other through their common center in the source plane and differ by a phase factor
exp(ig). Second we assume a more general expression for the cross-spectral density in the
source plane of each of the two sources producing the interfering beams than was used in [1],
namely a Schell-model source [5] instead of a Gaussian Schell-model source. On the basis of
scalar diffraction theory, we obtain an expression for the mean intensity of the field produced
by the interference of these two beams in terms of the spectral density and spectral degree of
coherence of each source. This result is illustrated by applying it to situations in which the
cross-spectral density function in the source plane has a non-Gaussian form.

It is found that the angular divergence of the bright spot in the intensity distribution of the
field produced by the interference of the fields produced by two sources with these properties
is determined by the width of the initial beams and, as a result, is considerably smaller than
that of the initial beams, which is determined by the spectral degree of coherence. Since the
divergence of the interference feature can be much smaller than that of a beam of the same
size, this result supports the suggestion that the interference of two mutually correlated beams
produced by Schell-model sources can be used to produce a pseudo-nondiffracting beam.

2. The Radiated Intensity Distribution

We denote a component of the radiated field in the source plane (x3 = 0) at frequency w by
U(x,0l®), where X = (x1,X2,0) isan arbitrary point in this plane. The cross-spectral density
of thisfield in the source plane is then defined by [6]

W (x, 01}, 0) = (U (x,0l@)U" (x|,0]@)), €

where the angle brackets denote an average over the ensemble of realizations of the functions
{U(x|,0]w)}. Since everything in this paper occurs at frequency o, we omit it in writing the
cross-spectral density. The superscript (0) in Eq. (1) and in subsequent expressions emphasizes
that the corresponding quantity refers to the source plane x3 = 0.

The class of cross-spectral density functionsW (¥ (x, 0lx( ,0) that we consider in this paper
has the Schell-model form [5]

W ) (xy,01x],0) = [ (x))] 2g® (x) — x| [5® (x| )] 2. )
In this expression S (x) = (JU(x;,0]w)|?) is the spectral density (intensity) of the light at a
typical point in the source plane, and g(© (x| — xﬂ) is the spectral degree of coherence of the
source in the source plane. It is Hermitian,

99 ¢ —x)) =g (x| —x))", (€)
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and has the additional properties [6]
0<[9@ 0 —x))| <1 (4
and
g%(0)=1. ®

In the Fresnel approximation, the field that propagates in the x3 direction can be expressed in
terms of the field in the source plane as [7]

U (x| xsl) = <2n?;x3>ex |—X3 / d2xexp[ o (X1 x’)Z]U(x1|70|m). ©)

L et us consider a quasi-monochromatic beam in free space that is a superposition of two beams
produced by mutually correlated Schell-model sources characterized by identical cross-spectral
density functions of the form given by Egs. (1), (2), so that

U (X)), X3|®) = U1(X), X3|®) +U2(X|, X3| @) exp(i¢), (7

where ¢ is a phase independent of the coordinates. The spatial distributions of the fields are
assumed to be symmetric with respect to inversion in the x;x, plane,

Uz (X1, X2, X3|@) = U1 (—X1, —X2,X3| ). (8)

Since the spatial distributions of the fields of the two beams obey the symmetry conditions
expressed by Eq. (8) at a distance xs, they also obey the same conditions at x3 = O, i.e. in the
source plane.

The mean intensity at a distance x3 from the source plane is given by

(1(x),X3|@)) = (U (x),X3|®)|?)

:(2’?2x3)2/ ) dzxne"p[ o0 1~ “)2}

(D *
30x X1~ X)7 | (U0 0l@)U* (] Ol))

— <27;)C)(3)2/d2x/d2x“ exp[ ? (x| — 1|)2}

o)
X exp __IE(XH _XH) | {2\/\/( )(x”,O|XH, 0)

x exp | —i

+<U1(X’»Olw)UE(X’/70Iw)>eXP(—i¢)+<UI(X1|’»0|60)U2(X’>0|w)>e><p(i¢)}~ ©)

In view of the spatial symmetry of the fields the ensemble averages (U1 (x H’0|w) 5(x] i 1,0lw))

and (U7 (x H70|a))U2( H’0|w)> entering Eq. (9) can be written in the forms

<U1(XH,O|(D)U5(XE‘/,O‘(D)> = <U1(x’1,x’2,0\a))uf(—x1, X2,0|CO)
= W (X||a0‘ XH? ) (103)
and
(U1 (x],0l@)Uz(x],0l@)) = (U3(—X1,—X3,0]@)Uz(x1, X3, 0l®))
= wO (X||a0‘ XHa) (10b)
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With these results the mean intensity of the beam, Eq. (9), becomes

(X xsl@)) = (1 (x,x3|@)) +cos¢ (I (x|, x3|®)), (12)
where
winsson ~ 3(55) o fcl g 47
xexp[ 2:;) (x| = x{) }W( (X0 £x{,0). (12)

We substitute into Eq. (12) the expression for W (©) (x H’0|XH’ 0) given by Eq. (2) and obtain

1

(X Xsle0)) =2 <2nwcx )2 [ 63 [ 3@ =) [s€0)]°

<[s0x)] e it - ep [ ) ] a9

The changes of variables x|| ixﬁ + u followed by the change ixH to x|| transform Eq.
(13) into

<'+(X7Xslw)>=2(2ncx) /d ug® UWP[ - “u} p:—'c(:;x Un}
/ d2X|feXp{ [u- X}} [Sm)('XTHUHDF [S(O)(Xﬁ)_% (149)

<.<x,x3|w>>z(2;;X3)2 20w e o] e |1

« Jeon i 2 0 -20) 51} [sO0 +uy)] [s0x] (140)

Equations (11) and (14), are the main results of this section.
We now turn to several applications of these results.
3. A Gaussian Spectral Density in the Source Plane

We begin by assuming that the spectral density of the radiated field in the source plane has the
Gaussian form

sO(x) = exp(—xt/202). (15)

On carrying out the integration over x|| in Eq. (14) with the spectral density given by Eq. (15)
we obtain

(14 (x), x| @) = 1(w GS)/O'ZUQ (U)EXP{ '*Xll “}

c2x2
[ 1 w?c?
X exp{—u |:&‘_2 + 2C2X52 s (16a.)
1 [ w?c2 0o, 0?02
(- (X %sl@)) = ( C2X§>9Xp[ >ae X] /d Uy’ (Un)exp{ =l X]

1 w?c?
><e><p{—u2 {Jr s ] } (16b)

1802 " 2022
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Equations (16) describe the evolution of the beam as it propagates away from the source plane.
The angular divergence of the beam, however, is determined by the behavior of these integrals
in the far-field zone where x3 >> 2(w/c)o2. In this far-field regime, and if we also assume that
the width of the spectral coherence function is much smaller than that of the source, Egs. (16)
take the forms

2,2

(Lo (x), X3 @) = % ((22;25 ) /dzqu(o)(u”)exp <_ic(:<)3x 'U), (179
2,2 2

(I-(x,x3lw)) = % (i;g) exp{z <(::)Xo:> xz} /dzqu(o)(u”). (17b)

Two important conclusions can be drawn from Egs. (17). First of dl, it follows from Eq. (17a)
that the angle of divergence of the primary beam, associated with (1 (x|, x3|®)), depends on
the spectral degree of coherence through what is essentially a Fourier transform operation.

Incontrast, from Eq. (17b), we see that the interference feature associated with (1 (x|, x3|®))
is independent of the form of the spectral degree of coherence, and has a Gaussian shape
(1-(x), x3|@)) ~ exp[—(x /x3)?/A?], where A; is the angular divergence and is given by

1
\/é(a)/C)Gs'

We note, that the superposition of the initial beam and its inverted version leads to an inter-
ference feature only within a coherence area around the center of inversion. Outside this area
the beams add incoherently. Thus, it is not surprising that in the far field the divergence prop-
erties of this interference feature coincide with those of a speckle. The relative intensity of the
interference pesk is determined by the phase shift ¢ between the initial beam and its inverted
version and can be changed from 2 (¢ = 0) to O (¢ = &) as the interference regime changes
from constructive to destructive interference.

Before proceeding, it is of interest to consider two extreme limits of the secondary source.
In the case where the radiated field is completely coherent, i.e. the spectral degree of coherence
isg(® (uj) = 1, theinitial beam and its inverted version interfere over the entire beam area, so
that the total intensity of the beam is

Ai = (18)

2(1 X
(1(x|,X3|)) = (+7cosq>)zexp - H 5T (- (19)
1+(22f§3) 207 [1+ (zZ§g> }

In contrast, if the field isincoherent, g(o)(uH) is essentially adeltafunction and far field condi-
tions occur very rapidly. Asaresult, the interference feature appears on a uniform background,

2 2
(1(x,x3|@)) = % (i))Z,S) {1+cos¢> exp [—2 ((;ZS> xﬂ } , (20)
where
A= /‘dzqu(O)(uH) (21)

isameasure of the area under the coherence function.
We now consider different forms of the spectral degree of coherence, illustrating the results
through some examples.
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4. Examples

In this section we apply the results of the preceding section to several choices for the spectral
degree of coherence g(°>(uH). To make comparisons among the results meaningful, we will

normalize each expression for g(o)(u”) insuch away that asu; — O it hastheform

9 =1~ 207 +o(u). (22)

In all calculations carried out here the values of the parameters os, oy, and the wavelength
A are o5 = 2.432 mm, og = 179.6um, and A = 632.8 nm. They correspond to the values
characterizing the Collett-Wolf source studied experimentally in Ref. [1].

4.1. Gaussian spectral degree of coherence: g (u) = exp(—uﬁ/Zcrgz).

For this circularly symmetric form for g'®(u;) we use Egs. (11) and (16) to evaluate
(1 (x|, X3|w)) analytically, with the result

(1(x,X3|®) = 40 exp| — Xﬁ 1+ cos¢ ex —46—52 Xﬁ (23)
P 62 (xa) P g (xa) P 0§ 05¢(xa) | |

where

242

CX 1 2

Gesz(x?:) :2652"’ w23 (262 + 02> : (24)
S

InFig. 1 we present plots of the normalized intensities | (x|, x3) = (I(x|,X3|®))/(1(0,xs|®)
of the beamsthat are inverted with respect to their common center at two values of the distance
from the source planes x3 = 1m (Figs. 1(a) and (b)), and x3 = 100m (Figs. 1(c) and (d)).

In the far field where x3 >> 2(w/c)o2 and when s > oy as a Collett-Wolf source [1, 4],
Eq. (24) becomes

V2

mXS = ApXs, (25)

Oetf(X3) =

so that Eqg. (23) takesthe form

(1(x), X3l @)) = (@Ms%)zexp {_ (X||/X3)2}

2
C X3 A

A2

1+ cos¢ exp{—(x/x?’)2 H . (26)

where Ay, isthe angular divergences of the beam and the angular divergence of the interference
feature A; is given by Eq. (18). Therefore, in the case considered (os > o) the bright or dark
feature diverges significantly more slowly than the beam itself. The evolution of the beams that
results from the interference of circularly symmetric beams as they propagate along the x3 axis
isshown in Fig. 2. It is seen that in both cases, when ¢ = 0 and ¢ = =, the central interference
peak or dip diverges considerably more slowly that the beams themselves.

4.2. Lorentzian spectral degree of coherence: g'° (u) = 20¢ /(207 + uf)
For this form for g<°>(uH) we use Egs. (11) and (16) to evaluate (I (x|, xs|w)). To simplify
the calculations we use the fact that the spectral degree of coherence g(o)(u”) — g<°)(uH) is
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15+ ()

xz[cm]

0

02 0.1 0 0.1 02
xz[m] X,

Fig. 1. The spatial distribution of the normalized intensity of the beams that are inverted
with respect to their common center with (a) and (c) ¢ = 0 and (b) and (d) ¢ = &. The
distance from the source plane isxz = 1 m (@) and (b), and x3 = 100m (c) and (d).

1

0.9
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20
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Fig. 2. Theoretical plot of the evolution along the x3 axis of the cross section xo = 0 of
the normalized intensity of the beamsthat are inverted with respect to their common center
with ¢ =0(a) and ¢ = x (b).

circularly symmetric. In this case the angular integrations in Egs. (16) can be carried out ana-
Iytically, leaving only one-dimensional integralsto evaluate numerically. Thus, if we denote the
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azimuthal angles of the vectorsx and u| by ¢ and ¢y, respectively, we can rewrite Eq. (16a) as

1 262 1
(L (X, xa @) = — ( 2 ) /du”qu )<U>E‘Xp[ (Z)Czc;%+8az>“}
x/dq)uexp {ic(;;xu COS(QD(PU)}

0262\ T 0 10) w*o¢ 1
2<sz§> O/duug( (U)o <CX3X“> &P { <202xS§ * 862) u”} 0

where Jo(x) isthe Bessel function of thefirst kind and zero order.
The evaluation of the angular integral in the expression for (I (X, xs|®)) isonly abit more

x,lem] 1A ' x,lem]

0.2

2 01 °
X, Im] 02 02

02  -01 0 0.1 02
xom] X, [m]

Fig. 3. The spatia distribution of the normalized intensity of the beams that have the spec-
tral degree of coherence of the Lorentzian form and are inverted with respect to their com-
mon center with (@) and (c) ¢ = 0 and (b) and (d) ¢ = =. The distance from the source
planeisxz = 1 m (@) and (b), and x3 = 100m (c) and (d).
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Fig. 4. Theintensity (a) and the normalized intensity (b) of the beam as a function of x; at
X2 = 0 at adistance from the source plane x3 = 500m. The spectral degree of coherence of
in the source plane has a Lorentzian form (black curve) or a Gaussian form (red curve).

subtle. Thus, theintegral over u; in Eq. (16b) can be written as

1 [ w?0? 0?02 =
(- (X, x| @)) = — ( sz§ ) exp (‘22)@5"2)/0 duyug"® (uy)

2~2

2~2
X eXp [ (wczjsz + 802> U} /dq)uexp{ @ % XHUH cos(¢ — (Pu)}

0?02 0?02 0oy
=2 ( o2 ) exp ( e Xu) / duy g ® (up)lo (CX3> Xjuy
w’c? 1

X exp {— <202XS% + 80'2) u”} (28)

where lo(z) isthe modified Bessel function of thefirst kind and zero order.
The results of anumerical evaluation of (1. (x|, xs|®)), Egs. (27) and (28), are shown in Fig.
3. The striking result that can be easily seen when comparing Figs. 3(a) and 3(c) isthat in the
far field [Fig. 3(c)] the beam narrows down to the interference peak. Thisis easy to understand

on the basis of Eq. (16a). Indeed, as u; — < the decay of the integrand is determined by the
Gaussian function exp[— uH (802)], rather than by the asymptotic behavior of the spectral de-

gree of coherence g© )(u”), as is the case for the Gauss-Schell model source. Therefore, the
angle of divergence of the beam is determined by itsinitial width o, Ap = ¢/(v2w0os), rather
than by the correlation length oy. The analogous effect was pointed out in Ref. [9] for a one
dimensional partially coherent beam whose spectral degree of coherence hasaL orentzian form.

To demonstrate this more clearly, in Fig. 4 we present the cross-sectionsx, = 0 of thefar field
intensity distribution of the beam produced by a pair of Schell-model sources whose spectral
degree of coherence has a Lorentzian form, which produce fields inverted with respect to each
other through their common center in the source plane and are in phase. The distance from the
source plane is x3 = 500m. For comparison, in the same Figure we plot the cross-section of
the far field intensity distribution of the beam produced by the interference of the two Collett—
Wolf beams (red lines). For clarity, we present the absolute intensities in Fig. 4(a), and the
normalized intensities in Fig. 4(b). We aso point out that the integrated intensities of the two
beams coincide, as they should.

This example shows that by choosing the spectral degree of coherence suitably, e.g. with a
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L orentzian form, the beam can be narrowed to the point whereit is as narrow astheinterference
feature. We have not sought other functional forms for g(© (uy) for which thisis the case, but
conjecture that they exist.

4.3. Spectral degree of coherence g(© (uy) = sinc(v/3u1/og)sinc(v/3uz/ o)

01 g e 0 -0.2 -0.1 0 0.1 0.2
x,[m] 02 -02 JIm] xz[m]

Fig. 5. Plots of the normalized intensity of the beamsthat have the spectral degree of coher-
ence of the form g% (u;) = sinc(v/3u1/ay)sinc(v/3uz/ay), and are inverted with respect
to their common center with ¢ = 0 (&) and (c) and ¢ = 7 (b) and (d). The distance from the
source planeisxz = 1 m (a) and (b), and x3 = 100m (c) and (d).

For this non-circularly symmetric form for the spectral degree of coherence g(© (u;) we use
Egs. (11) and (16) to evaluate (I (x|, xs|®)) numerically. The results are shown in Fig. 5.

The beam characterized by such a form of the spectral degree of coherence evolves on
propagation into a flat top beam in a square domain. The angle of divergence of this beam

isAp =3¢/ (w0ay).

5. A General Circularly Symmetric Spectral Density in the Source Plane

Although the Gaussian form [Eq. (15)] is perhaps the most common form of the spectral den-
sity in the source plane, it is not the only one that has been used. As an example in this section
we consider the interference of the beams produced by the sources whose spectral densities al-
though circularly symmetric are not Gaussian, namely, they are constant in the circular domain
(“flat top” beam ). The beams are inverted with respect to their common center and can acquire
an additional phase shift r.
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x,1m] 22 X,[m] X, [m]

Fig. 6. Plots of the normalized intensity of the beams whose spectral density in the source
plane is a constant within a circular domain and their spectral degree of coherence has a
Gaussian form. The beams fields are inverted with respect to their common center with
¢ =0(a) and (c) and ¢ = & (b) and (d). The distance from the source planeisxz = 1m (a)
and (b), and x3 = 1Km (c) and (d).

We assume that
1 X < O
(0) — ) [ s
S (XH) o { 0, X|| > Os ’ (293
99(x)) = exp(—xt/20). (29b)

For this form for $(© () we use Egs. (11) and (14) to evaluate (1. (x|, x3|@)) numerically. The
results of this numerical evaluation are presented in Fig. 6.

6. Experimental Details and Results

The schematic diagram of the optical system employed is shown in Fig. 7. The illumination
is provided by a HeNe laser beam (A = 633 nm). After passing through a spatial filter, the
diverging Gaussian beam passes through a rotating ground glass. The light emerging from the
diffuser is allowed to propagate a small distance and illuminate a circular aperture, behind
which we placed a collimating lens. The light emerging from the lens constitutes a secondary
light source that can be regarded as a partially coherent source with a Gaussian spectral degree
of coherence and a uniform intensity distribution within a circular domain. The radius of the
beam is approximately 1cm and the parameter og ~ 1mm. The value of oy is simply the size
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of the speckle produced by the light transmitted through the rotating diffuser at the plane of the
secondary source (plane of the lens), and was estimated from the size of the illumination beam
on the diffuser and its distance to the lens.

To study the interference of the field produced by apair of such partially coherent beams, the
original beam is sent to a modified Michelson interferometer. The modification consists of the
insertion of aspherical lensin one of the arms of the interferometer in such away that the wave
front is reversed about the axis of the lens. For this, the mirror of that arm of the interferometer
must be placed on the focal plane of the lens. The output of the interferometer then consists of
the superposition of apair of partially coherent beams, where the first beam is symmetric with
respect to the second about their common center.

[EmE  mirror
Ao
rotating glass diffuser

beamsplitter X
spherical lens
NV \\ mirrol
He-Ne laser ’7
> |> { 5
N -

_—

Fig. 7. Schematic diagram of the experimental arrangement used.

When the beams are in phase, a bright spot appears in the center of the beam spot. The
experimental interference pattern showing constructive interferenceis shownin Fig. 8(a). When
the mirrors of the modified Michelson interferometer are arranged to induce a path difference
of /2, the output is a pair of Collet-Wolf beams that have a phase shift ¢ = . The resulting
pattern displays a dark spot in the spatial distribution of the intensity, asin Fig. 8(b).

7. Summary and conclusion

We have shown theoretically and experimentally that the interference of the radiation produced
by a pair of mutually correlated Schell-model sources produces a beam in the far field with an
intensity distribution that displays a narrow bright or dark dot of small radius at its center, both
of which diverge much more slowly with the increasing distance from the source plane than the
beam itself. The bright dot arises when the fields produced by the two sources are inverted with
respect to each other through their common center in the source plane, and are in phase. In the
case where the inverted fields produced by the two sources are out of phase their interference
produces the dark dot.

These results support the suggestion that the interference of the beams produced by two mu-
tually correlated Schell-model sources can be used for the creation of a pseudo-nondiffracting
beam.

We have al so shown that when the spectral density of each source has a Gaussian form, while
the spectral degree of coherence of each source has a Lorentzian form, theinitial beams evolve
upon propagation in such away that in the far field the angular divergence of theinitial beams

#121785- $15.00 USD  Received 21 Dec 2009; revised 2 Feb 2010; accepted 12 Feb 2010; published 23 Feb 2010
(C) 2010 OSA 1 March 2010/ Voal. 18, No. 5/ OPTICS EXPRESS 4827



(a)

30 240

200 160

80
100y

50 100 150 200 250 300 350 0 50 100 150 200 250 300 35
pixels pixels

Fig. 8. Experimental gray-level images of the normalized intensity of the symmetric beams
for (@) constructive interference and (b) destructive interference. The horizontal linesin the
images show the positions where the intensity scans in the lower graphs were taken.

coincides with the angular divergence of the interference peak.
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