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Abstract

Spiders and Cobwebs Galore

by

Sarah P. Mantell

The SLn spider from [8] is a diagrammatic category that describes the repre-

sentation theory of the quantum group Uq(sln). Cobwebs, first defined in [1],

are another type of diagram that encode the combinatorial data of sln. I de-

fine a new set of cobweb relations, including the pop-switch relation from [12],

and prove that these relations compute the Ocneanu cells in type An. With

this modified set of cobweb relations, I demonstrate how cobwebs provide a

diagrammatic way to compute the Ocneanu cells.

The main result in [8] implies that any closed web in the SLn spider can

be reduced to a scalar multiple of the empty diagram, by repeatedly applying

spider relations. Computational evidence strongly suggests that any closed web

simplifies to a symmetric unimodal polynomial over the Laurent ring Z[q, q−1].

I make significant progress towards a proof of this conjecture by defining a col-

lection of relations in the SLn spider that preserve the symmetric and unimodal

properties. Each relation must also maintain or decrease the total number of

vertices present in the web. When a web can be fully reduced using this collec-

tion of relations, I prove that the result is a symmetric unimodal polynomial. I

also define and implement an algorithm that evaluates any closed web diagram.
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Chapter 1

Introduction

This chapter contains a brief introduction to the majority of the background

necessary for the remaining chapters. The material can be found in any stan-

dard text in representation theory and Lie theory (see for instance [11, 13, 14]).

The content of my dissertation falls into two main projects. The first estab-

lishes a diagrammatic method to compute the Ocneanu cells for type An webs.

The second describes an evaluation algorithm for any closed web diagram. Fur-

thermore, this result is shown to be a unimodal symmetric polynomial under

certain assumptions. This chapter will define the background necessary for

both parts of the dissertation. Results relevant to only one of the projects will

be defined later on, as needed.

1.1 Lie theory

A Lie group has the structure of a group and a differentiable manifold in

such a way that the two structures are compatible. Lie groups are used to

model continuous symmetries. For example, the special orthogonal group SO3

1



Introduction Chapter 1

is the group of rotations about the origin in three-dimensional Euclidean space.

Common applications include particle physics, gauge theory, and statistical

mechanics. However, there are symmetries in a quantum mechanical system

that cannot be directly explained via Lie groups. Chapter 2 defines a quantum

group, constructed as the deformation of a semisimple Lie algebra.

1.1.1 Preliminary definitions

The main results in Lie theory relevant to the remainder of the dissertation

are collected here. For a detailed discussion of these topics, see [13, 14]. This

paper focuses on a specific Lie group:

Definition 1.1: The special linear group SLn(C), or just SLn, is the collection

of n× n matrices over C with determinant 1.

Every Lie group has a related structure, called a Lie algebra:

Definition 1.2: A Lie algebra is an algebra L whose multiplication map [·, ·] :

L× L→ L is called the Lie bracket and satisfies:

(i) Antisymmetry: [x, y] = −[y, x];

(ii) The Jacobi identity: [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0

for all x, y, z ∈ L.

The Lie algebra associated to SLn(C) is the special linear Lie algebra:

2



Introduction Chapter 1

Definition 1.3: The special linear Lie algebra sln(C) is the Lie algebra of n×n

matrices over C with trace zero. The bracket is given by

[X, Y ] = XY − Y X.

Example 1.4: Consider the Lie algebra sl2(C) = sl2. This is the collection of

2× 2 matrices over C with trace zero. The matrices

X =

(
0 1

0 0

)
, Y =

(
0 0

1 0

)
, H =

(
1 0

0 −1

)
are a basis for sl2. A quick computation shows that

[X, Y ] = H, [H,X] = 2X, [H, Y ] = −2Y.

Definition 1.5: Let g and h be Lie algebras. A linear map φ : g→ h is a Lie

algebra homomorphism where φ([X, Y ]) = [φ(X), φ(Y )] for all X,Y ∈ g. That

is, a Lie algebra homomorphism must preserve the bracket.

Example 1.6: Let g be a Lie algebra and let X ∈ g. Define a linear map

adX : g→ g by

adX(Y ) = [X, Y ].

Then, ad : g → End g where ad : X 7→ adX is a Lie algebra homomorphism,

called the adjoint map or adjoint representation. The adjoint representation is

discussed further in Section 1.1.2.

1.1.2 Representations of Lie algebras

Because SLn is simply connected, there is a one-to-one correspondence be-

tween the representations of SLn and the representations of sln. Generally, it

3



Introduction Chapter 1

is easier to study the representation theory of a Lie algebra rather than a Lie

group and this result says that the two are one in the same. As we will not

work with Lie group representations directly, this section focusses only on the

representation theory of Lie algebras. Unless explictly mentioned otherwise, all

representations are assumed to be finite-dimensional and over C.

Definition 1.7: A representation of a Lie algebra g is a (finite-dimensional)

vector space V (over C) along with a map

ρ : g→ gl(V )

that preserves brackets. Such a representation is denoted by the pair (V, ρ), or

simply V if ρ is clear from context.

By definition, any Lie algebra g is a finite-dimensional vector space over

C and therefore can be viewed as a representation of itself. The Lie algebra

homomorphism ad : X 7→ adX is therefore a representation of g called the

adjoint representation. The trivial representation of g is π : g → C given by

π(X) = 0 for all X ∈ g.

Observe that the elements of sln can be viewed as linear maps on Cn.

Then, V = Cn is a representation of sln defined via matrix multiplication.

This representation is the standard representation of sln.

Example 1.8: The standard representation of sl2 is V = C2 where sl2 acts via

4
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matrix multiplication. Let {e1, e2} be the standard basis for V . Then,

H · e1 = e1 H · e2 = −e2

X · e1 = 0 X · e2 = e1

Y · e1 = e2 Y · e2 = 0

Observe that the subspaces C{e1} and C{e2} are each invariant under the

action of H. Furthermore, the action of X on C{e2} is C{e1}. Likewise, the

action of Y sends C{e1} to C{e2}.

As seen in the previous example, the subalgebra of sl2 generated by H acts

diagonally on the standard representation of sl2. In fact, every sln contains a

subalgebra h that acts diagonally on the standard representation V = Cn.

Definition 1.9: For each i = 1, . . . , n− 1 define

Hi = Ei − Ei+1

where Ei is the n × n matrix with a 1 in the (i, i) entry and zeros elsewhere.

The subalgebra h = ⟨Hi⟩ of sln is called the Cartan subalgebra.

If V = Cn is the standard representation with basis {e1, . . . , en}, then h acts

diagonally on V . In Section 1.1.4, the Cartan subalgebra plays an important

role in characterizing the irreducible representations of sln. To characterize the

irreducible representations, we need a generalized version of eigenspaces.

Definition 1.10: Let (π, V ) be a representation of sln and λ : h→ C a linear

functional on the Cartan subalgebra of sln. The weight space of V with weight

5
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λ is

Vλ = {v ∈ V | π(H)v = λ(H)v for all H ∈ h} .

A weight vector for the weight λ is a nonzero element of Vλ.

Example 1.11: We continue with Example 1.8. The standard representation

V = C2 decomposes into a direct sum of its weight spaces:

V = C{e1} ⊕ C{e2} = V1 ⊕ V−1.

The weight spaces are invariant under the action of H.

Because sln is semisimple, any representation can be written as a direct

sum of irreducible representations. Therefore, to understand the representation

theory of sln, it suffices to characterize the irreducible representations.

Definition 1.12: Let (V, π1), (W,π2) be representations of sln. Then, V ⊗W

is also a representation of sln, with action given by

(π1 ⊗ π2)(X) = π1(X)⊗ I + I ⊗ π2(X).

If (V, π) is a representation of sln, then so is (V ∗, π∗) with

π∗(X) = −π(X)T.

1.1.3 Root spaces

Let h ⊆ sln be the Cartan subalgebra, containing all diagonal matrices with

trace zero.

6
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Definition 1.13: A nonzero element α ∈ h is a root if there exists a nonzero

X ∈ sln such that

[H, X] = ⟨α, H⟩X

for all H ∈ h. If α is a root, then

gα = {X ∈ g | [H, X] = ⟨α, H⟩X for all H ∈ h}

is a root space. The nonzero elements of gα are called roots.

Let Eij be the n × n matrix with a one in the (i, j) position and zeros

elsewhere. Let H = diag(λ1, . . . , λn) be in h. Then,

HEij = λiEij and EijH = λjEij (1.1)

implying that

[H, Eij] = (λi − λj)Eij. (1.2)

When i ̸= j, Eij ∈ sln. Therefore, Eij is a root vector and λi − λj is a root.

That is, the roots of sln are

αij = ei − ej i ̸= j

where e1, . . . , en are the standard basis vectors for Cn. These roots form the

An−1 root system which we shall now explicitly define.

Definition 1.14: Let E ⊆ Rn be the subspace of all vectors whose entries sum

to zero. The roots of the type An−1 root system are the vectors of the form

ej − ek, j ̸= k

7
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where e1, . . . , en are the standard basis vectors. The An−1 root system is gen-

erated by the vectors

e1 − e2, e2 − e3, . . . , en−1 − en

which are called simple roots. The rank of the An−1 root system is n− 1.

Because h is abelian, the adjoint maps {adH : H ∈ h} are simultaneously

diagonalizable.

Proposition 1.15: [13, Proposition 7.16] There is a direct sum decomposition

of sln given by

sln = h⊕
⊕
α∈R

gα

where R denotes the set of all roots.

1.1.4 Highest weight theory

The irreducible representations of sln are classified by the theory of highest

weights. Let h be the Cartan subalgebra of sln and R the associated root

system. Let R+ and R− denote the positive and negative roots, respectively.

For every α ∈ R there is a hyperplaneHα in Rn along with a reflection operator.

The reflection operators generate the Weyl group. Each hyperplane Hα is a

connected, open, polyhedral cone and is called a Weyl chamber.

For sln, the Weyl group is isomorphic to the symmetric group Sn. The

dominant Weyl chamber consists of all (n−1)-tuples (λ1, . . . , λn−1) satisfying

λ1 ≥ λ2 ≥ · · · ≥ λn−1 and λi − λi+1 ∈ Z≥0.

8
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Theorem 1.16: [13, Theorem 9.4]

1. Every irreducible, finite-dimensional representation of sln has a highest

weight.

2. Two irreducible, finite-dimensional representations of sln with the same

highest weight are isomorphic.

3. There is a one-to-one correspondence between dominant integral weights

and irreducible finite-dimensional representations of sln.

Theorem 1.16 says that the irreducible representations of sln are in bijec-

tion with the dominant integral weights. Alternatively, the dominant integral

weights can be viewed as integer partitions. Then, the irreducible representa-

tions are in natural bijection with Young diagrams.

Example 1.17: The irreducible representations of sl2 are indexed by the natu-

ral numbers. Every dominant integral weight is some k ∈ N. The corresponding

irreducible representation of sl2 is Sym
k(C2). It is straightforward to verify that

Symk(C2) has highest weight k.

1.2 Representation theory in type A

As mentioned previously, this paper focusses on type A quantum groups.

The representation theory of the quantum group Uq(sln) is almost the same as

the representation theory of the underlying Lie algebra sln. In particular, the

9
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irreducible representations for the classical and quantum cases are in one-to-

one correspondence, provided that q is generic. In particular, this statement

is false when q is a root of unity. We shall assume that q is generic, except

explicitly mentioned otherwise.

1.2.1 The representation category

It will be useful to consider the representation theory of sln as a category,

with representations as objects and intertwining maps as morphisms. If V,W

are representations of sln, then V ⊕W , V ⊗W , and V ∗ are also representations

of sln. We wish to define a category that allows for analagous operations on

objects.

To take tensor products of representations, we need the representation cat-

egory to have a monoidal structure.

Definition 1.18: A monoidal category is a category C along with

• a functor ⊗ : C×C→ C called the monoidal product ;

• an object 1 ∈ Ob(C), called the unit object ;

• a family of isomorphisms {αX,Y,Z} called the associativity constraint ;

• a family of isomorphisms called the left unitality constraint ;

• a family of isomorphisms called the right unitality constraint.

defined so that certain coherence conditions are met. The isomorphisms in the

associativity constraint are called associators. The isomorphisms in the left

10
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(right) unitality constraint are called left (right) unitors.

In this paper, we assume that all monoidal categories are strict. That is,

for any objects X, Y, Z in the category, (X ⊗ Y ) ⊗ Z = X ⊗ (Y ⊗ Z) and

1⊗X = X = X ⊗ 1. This means that the associators, left unitors, and right

unitors are all identities.

To allow for dual representations, we require the representation category to

be rigid :

Definition 1.19: A rigid category is a monoidal category in which every object

A has a dual object A∗. Every object A has an evaluation map evA : A∗⊗A→ 1

and a coevaluation map coevA : 1→ A⊗ A∗.

At the level of vector spaces, V ∗∗ ∼= V . Therefore, the representation

category must be pivotal :

Definition 1.20: A pivotal category is a rigid category equipped with a monoidal

natural isomorphism A→ (A∗)∗.

We are now ready to define the representation category of sln:

Definition 1.21: The representation category Rep(sln) of sln is the pivotal

category whose objects are finite-dimensional representations of sln and whose

morphisms are intertwining maps.

Remark 1.22. We often denote Rep(sln) by Rep(SLn). While this notation

might appear sloppy, it is justified per the discussion in Section 1.1.2. The

representation theory of sln, SLn, and U(sln) are the “same” and therefore it

11
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makes sense for the representation categories to have interchangeable notation.

For the remainder of this paper, we shall always use the notation Rep(SLn).

Rather than working directly with Rep(SLn), we pass to a full subcategory

whose idempotent completion recovers all of Rep(SLn) [8]. The objects in this

subcategory are tensor products of the fundamental representations
∧

kCn of

sln. The generating morphisms are

∧
kCn ⊗∧lCn → ∧

k+lCn and
∧

k+lCn → ∧
kCn ⊗∧lCn

Combined with the duality, pairing, and copairing maps, these morphisms gen-

erate all SLn-linear maps between the objects in the subcategory [17, Proposi-

tion 3.5.8].

1.2.2 Type A1

The A1 root system is associated to the Lie algebra sl2. The generators for

sl2 are H = diag(1,−1), X = E12, and Y = E21. As usual, let V = C2 be the

standard representation with basis {e1, e2}. Let α = e1 − e2 be the positive

simple root. The linear functional on h corresponding to α is generated by

H 7→ λ1 − λ2 = 2.

Indeed, α is a root: [H, X] = 2X = α(H)X. Additionally, −α is a root:

[H, Y ] = −2Y = −α(H)Y . It is clear that sl2 has the decomposition

sl2 = h⊕ gα ⊕ g−α (1.3)

where each summand is invariant under h.

12
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Remark 1.23. Given a semisimple Lie algebra g and a root α, there exists

a subalgebra of g isomorphic to sl2 [13, Theorem 7.19]. The subalgebra is

generated by {Hα, Xα, Yα} where Hα ∈ h, Xα ∈ gα, and Yα ∈ g−α. That

is, the subalgebra is generated by a root Hα ∈ h, a root vector Xα in the

positive root space, and a root vector Yα in the negative root space. As the

notation suggests, Hα acts like H, Xα acts like X, and Yα acts like Y in the

previous example. Therefore, a thorough understanding of the representation

theory of sl2 provides valuable information about the representation theory of

any semisimple Lie algebra.

Theorem 1.24: [11] Any irreducible representation of sl2 is a symmetric power

of the standard representation V ∼= C2.

The integral elements in the dominant Weyl chamber are the nonnegative

integers. By Theorem 1.16, the irreducible representations of sl2 are in bijection

with Z≥0. Explicitly, k ∈ Z≥0 is the irreducible representation Symk(C2) with

highest weight k.

1.2.3 Type An−1

Let n ≥ 2. The An−1 root system is associated to the Lie algebra sln. Let

h be the Cartan subalgebra and for each i = 1, . . . , n define ϵi to be the linear

functional on h that sends H ∈ h to the (i, i) entry of H. The roots for sln are

αi, j = ϵi− ϵj assuming that i ̸= j. Choose a set of simple roots {α1, . . . , αn−1}

defined by

αi = ϵi − ϵi+1.

13
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Every simple root defines a triple {Ei, i+1, Ei+1, i, Hi} which generates a subal-

gebra isomorphic to sl2.

A basis for the weight lattice of sln is given by the fundamental weights

ω1, . . . , ωn−1. The irreducible representation of sln corresponding to ωk is the

exterior power
∧

k(Cn). Every irreducible representation of sln appears as a

summand of a tensor product of the fundamental representations. Given a

length (n−1)-tuple of nonnegative integers (a1, . . . , an−1), the corresponding

irreducible representation appears as a summand of

(
V
)⊗a1 ⊗

(∧
2(V )

)⊗a2 ⊗ · · · ⊗
(∧

n−1(V )
)⊗an−1 (1.4)

14



Chapter 2

Quantum groups

A quantum group is a non-commutative, non-cocommutative Hopf algebra.

Quantum groups were invented to systematically generate solutions to the

Quantum Yang-Baxter equation. The classical Lie groups only give rise to

trivial R-matrices, suggesting that a different mathematical framework was

needed. One possible construction is the Drinfel’d-Jimbo type quantum group,

which is constructed as a q-deformation of the universal enveloping algebra

Uq(sln). As q → 1, the classical algebra Uq(sln) is recovered. The Drinfel’d-

Jimbo construction of Uq(sln) is naturally equipped with a universal R-matrix

that automatically satisfies the Yang-Baxter Equation. For more details and

additional references, see [2]

2.1 A few helpful lemmas

When working with quantum groups, it is common to encounter quantum

integers. There are related quantities in combinatorics called Gaussian bino-

mial coefficients which have a number of nice properties.

15
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Definition 2.1: The nth quantum integer is defined to be

[n]q =
qn − q−n

q − q−1

or equivalently,

qn−1 + qn−3 + · · ·+ q−(n−3) + q−(n−1).

The quantum factorial is

[n]q! = [n]q[n− 1]q · · · [2]q[1]q

and the quantum binomial is [
n

k

]
q

=
[n]q!

[k]q![n−k]q!
When q is clear from context, it can be dropped from the notation, writing

[n] instead of [n]q. The above definition works for any non-negative integer n.

If n ≤ 0, then [n] = [−n] by convention. For convenience, we collect a few

lemmas that prove useful identities involving quantum integers.

Lemma 2.2: For any distinct integers a, b, c,

[a+ 1][b− 1][c] + [a][b+ 1][c− 1] + [a− 1][b][c+ 1] + [a+ b+ c] = [3][a][b][c].

Lemma 2.3: For each integer n ≥ 2,

[2][n] = [n− 1] + [n+ 1].

Proof. Observe:

[2][n] = (q + q−1)

(
qn − q−n

q − q−1

)
=

qn−1 − q−n+1

q − q−1
+

qn+1 − q−n−1

q − q−1

= [n− 1] + [n+ 1]

16



Quantum groups Chapter 2

In particular, note that

[2]2 = [1] + [3] = 1 + [3].

Lemma 2.4:

[n+ 1] = [2][n] + [3][n−1]− [2]2[n−1]

Proof. This easily follows from the identities

[2][n] = [n− 1] + [n+ 1]

[2]2 = 1 + [3]

2.2 Uq(sln)

Definition 2.5: The quantum group Uq(sln) is a Hopf algebra generated by

the symbols Ei, Fi, K
±
i for i = 1, . . . , n− 1 subject to the relations:

KiKj = KjKi, KjEiK
−1
j = q⟨i,j⟩Ei, KjFiK

−1
j = q−⟨i,j⟩Fi

[Ei, Fj] = δi,j
Ki −K−1

i

q − q−1

[2]EiEjEi = E2
i Ej + EjE

2
i if |i− j| = 1, [Ei, Ej] = 0 if |i− j| > 1

17
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where

⟨i, j⟩ =


2 if i = j

−1 if |i− j| = 1

0 otherwise

The Hopf algebra structure has coproduct

∆(Ei) = Ei⊗Ki+1⊗Ei, ∆(Fi) = Fi⊗1+K−1
i ⊗Fi, ∆(Ki) = Ki⊗Ki (2.1)

antipode

S(Ki) = K−1
i , S(Ei) = −EiK

−1
i , S(Fi) = −KiFi (2.2)

and counit

ϵ(Ki) = 1, ϵ(Ei) = 0, ϵ(Fi) = 0 (2.3)

Let x1, . . . , xn be the standard basis of the Uq(sln)-module V = Cn
q . The

generators for Uq(sln) act on this basis as follows:

Ei(xk) =


xk−1 if i = k − 1

0 otherwise

Fi(xk) =


xk+1 if i = k

0 otherwise

Ki(xk) =


qxk if i = k

q−1xk if i = k − 1

xk otherwise

18
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Combining these actions with the coproduct describes the action of Uq(sln)

on tensor products of the xi. Similarly, the antipode gives an action of Uq(sln)

on the dual space V ∗.

2.3 Representations of Uq(sln)

Let Rep(SLn) denote the representation category of Uq(sln). The objects in

Rep(SLn) are isomorphic to tensor products of the fundamental representations

of Uq(sln). Just as in the classical case, the fundamental representations of

Uq(sln) are
∧

k
q(Cn

q ) for k = 1, . . . , n − 1. Morphisms in Rep(SLn) are built

from the following generating morphisms:

Mk, l :
∧

k
q(Cn

q )⊗
∧

l
q(Cn

q )→
∧

k+l
q (Cn

q ) (2.4)

Sk, l :
∧

k+l
q (Cn

q )→
∧

k
q(Cn

q )⊗
∧

l
q(Cn

q ) (2.5)

Dk :
∧

k
q(Cn

q )→
(∧

n−k
q (Cn

q )
)∗

(2.6)

Basis elements of
∧

k
q(Cn

q ) are of the form xi1 ∧q · · · ∧q xik where 1 ≤ i1 <

· · · < ik ≤ n. In the quantum exterior algebra
∧•

q(Cn
q ),

xi ∧q xj = −qxj ∧q xi

whenever i < j and xi ∧q xi = 0. By repeatedly applying this relation, any

wedge product can be reordered (at the expense of some power of q) so that

the indices appear in increasing order. For instance,

x1 ∧q x5 ∧q x3 = −q−1 (x1 ∧q x3 ∧q x5)
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and

x5 ∧q x1 ∧q x3 = (−q)−2 (x1 ∧q x3 ∧q x5) = q−2x1 ∧q x3 ∧q x5.

An element of
∧

k
q(Cn

q ) with terms written in increasing order is called stan-

dard. The process of applying swaps to obtain a standard element is called

standardizing.

Remark 2.6. This terminology is meant to agree with the language used in

Young diagrams and Standard Monomial Theory.

More generally, let σ ∈ Sk be a permutation and consider the element

xiσ(1)
∧q · · · ∧q xiσ(k)

of
∧

k
q(Cn

q ), assuming i1 < · · · ik. Then,

xiσ(1)
∧q · · · ∧q xiσ(k)

= (−q)−sxi1 ∧q · · · ∧q xik

where s is the number of simple transpositions in Sk needed for σ.

Example 2.7: Suppose we wish to standardize x5 ∧q x1 ∧q x3. Let i1 = 1, i2 =

3, and i3 = 5 and consider the permutation σ = (1 2 3)−1 = (1 3 2) ∈ S3.

Then, σ = (2 3) (1 2) is the product of two simple transpositions and

x5 ∧q x1 ∧q x3 = xi3 ∧q xi1 ∧q xi2

= xiσ(1)
∧q xiσ(2)

∧q xiσ(3)
.

Because σ is the product of two simple transpositions, there are two swaps

required to sort the xj. Therefore,

x5 ∧q x1 ∧q x3 = (−q)−2xi1 ∧q xi2 ∧q xi3 = q−2x1 ∧q x3 ∧q x5.
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Remark 2.8. The fact that any wedge product can be standardized means that

elements of
∧

k(V ) are defined by specifying a subset of {1, . . . , n} of cardinality

k. If T = {i1, . . . , ik}, and i1 < · · · < ik, define

xT = xi1 ∧q · · · ∧q xik .

The merge morphism Mk, l :
∧

k
q(Cn

q )⊗
∧

l
q(Cn

q )→
∧

k+l
q (Cn

q ) in Equation 2.4

is defined by

Mk, l(xK ⊗ xL) 7→


(−q)ℓ(K,L)xK⊔L K ∩ L = ∅

0 otherwise

(2.7)

where K and L are subsets of {1, . . . , n} of sizes k and l, respectively. The split

morphism Sk, l :
∧

k+l
q (Cn

q )→
∧

k
q(Cn

q )⊗
∧

l
q(Cn

q ) in Equation 2.5 is

Sk, l(xT ) = (−1)kl
∑
K⊂T

(−q)−ℓ(T \K,K)xK ⊗ xT \K

where T is a subset of size k + l and K ⊂ T ranges over all subsets of size k.

Finally, Dk :
∧

k
q(Cn

q )→
(∧

n−k
q (Cn

q )
)∗

in Equation 2.6 is given by

Dk(xK)(xT ) =


(−q)ℓ(K,T ) if K ∩ T = ∅

0 otherwise

where K and T are subsets of cardinalities k and n− k, respectively.
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Spiders

3.1 A brief history of spiders

Spiders were first defined in [15] for the rank 2 simple Lie algebras, A2,

B2, and G2. This was later generalized to Lie algebras of type An in [8] using

quantum skew Howe duality.

3.2 The SLn spider

We begin by recalling the free spider category FSpn as defined in [8]. The

objects in FSpn are finite sequences k in {1±, . . . , (n − 1)±}. Morphisms are

(Cq-linear combinations of) oriented planar graphs locally modeled on the ver-

tices depicted in Figure 3.1.

k l

k+l k l

k+l k

n− k

k

n− k

Figure 3.1: The possible vertices in a web.
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Morphisms in Hom(k, l) are called webs. The bottom boundary of a web in

Hom(k, l) is k where the sign of each entry determines whether the strand points

up (positive) or down (negative). The top boundary is l and is constructed

similarly.

The spider category Spn is the quotient of FSpn modulo the following

relations, along with all mirror reflections and arrow reversals.

k

n− k

= (−1)k(n−k)

k

n− k

(3.1)

k + l

k + l

k l =

[
k + l

l

]
q

k + l (3.2)

k

k

l k + l =

[
n− k

l

]
q

k (3.3)

k l m

k + l

k + l +m

=

k l m

l +m

k + l +m

(3.4)

k l

n−k−l

k+l =

k l

n−k−l

n−l (3.5)
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k+l k

n−l

l =

kk+l

n−l

n−k−l (3.6)

k l

k−s−r l+s+r

s

r

k−s l+s
=

[
r + s

r

]
q

k l

k−s−r l+s+r

r+s
(3.7)

k l

k−s+r l+s−r

s

r

k−s l+s =
∑
t

[
k − l + r − s

t

]
q

k l

k−s+r l+s−r
s−t

r−tk+r−t l−r+t (3.8)

These relations can be used to deduce the following identities, which appear

quite often and thus are worth explicitly mentioning:

k

=

[
n

k

]
q

(3.9)

k

n−k
k

= k (3.10)

Consider the functor Γ : Sp(SLn)→ Rep(SLn) that acts on objects by

(kϵ1
1 , . . . , kϵm

m ) 7→
(∧

k1Cn
q

)ϵ1 ⊗ · · · ⊗ (∧kmCn
q

)ϵm
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and on the generating morphisms by

k l

k+l

7→Mk, l and

k l

k+l

7→ Sk, l

Theorem 3.1: [8] The functor Γ : Sp(SLn) → Rep(SLn) is an equivalence of

pivotal categories.

3.2.1 A different set of relations

The relations defined in [8] are equivalent to the relations given in [1]. The

“new” spider relations have a different tag convention, but all webs can be

converted back and forth. The “new” relations are simpler to work with. We

state them here for convenience:

Tag switch:

k

n− k

= (−1)k(n−k)

k

n− k

(3.11)

Tag cancellation:

k

=

k

(3.12)

I=H relation:
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l

k

m

=

l

k

m

(3.13)

Bursting a digon:

k

1 = [k]

k

(3.14)

Bursting a square:

1

11k

k 1

=

k 1

k 1

+ [k − 1]

k 1

(3.15)

Proposition 3.2: [1, Proposition 1] The relations listed above are equivalent

to the defining relations given in [8], with a different convention for tags.
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Diagrammatic computations of
Ocneanu cells

4.1 Ocneanu cells

Consider SL3 and let ρ denote the standard representation of SL3. As

discussed in [9], there is a MacKay graph G associated with SL3 whose vertices

are labeled by irreducible representations of SL3. The number of edges between

two vertices i, j in G encodes information about the multiplicity of i in the

decomposition of j ⊗ ρ into irreducible representations. Because ρ ⊗ ρ ⊗ ρ is

the trivial representation, the graph G is built from triangles, each of which

has a complex number called an Ocneanu cell. The Ocneanu cells for SL3 are

computed in [9] using algebraic methods. For a more detailed discussion on

Ocneanu cells and their applications in physics see [18, 19, 20, 21].

More recently, a new type of diagram called a cobweb was defined [1]. With

a slightly different set of relations, cobwebs provide a diagrammatic method to

compute the Ocneanu cells for SLn.
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4.2 Cobwebs

Fix n ≥ 3 and let N = {1, . . . , n}. For each {i, j} ⊆ N .

Definition 4.1: Let K ⊆ N be a set with |K| ≥ 2. A color in K is a subset

{i, j} ⊆ K with i ̸= j. Each color has two orientations, denoted ci, j and

cj, i, which should be thought of as the same color, but oriented in opposite

directions.

Recall that the strands in a web in the SLn are labeled by k ∈ {1, . . . , n−

1}. In the representation category, these labels correspond to the fundamental

representations of SLn. We now define another type of diagram, called a cobweb

where strands are labeled by colors.

Definition 4.2: A cobweb is a collection of oriented strands drawn in the plane.

Each strand is labeled by a color ci, j with i, j ∈ {1, . . . , n}. A cobweb can have

virtual crossings and bivalent vertices. In a bivalent vertex, two strands of the

same color, but opposite orientations, meet. That is, a bivalent vertex has two

strands, both oriented in or both oriented out, labeled ci, j and cj, i and a tag

that points to one side.

ci, j

ci, j

ck, l

ck, l ci, j

cj, i

ci, j

cj, i

Figure 4.1: Virtual crossings and bivalent vertices in a cobweb.

Cobwebs can be simplified locally using the following relations:
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= (-1) (4.1)

= (4.2)

ci, j

+

ci, j

= [2] (4.3)

ci, j ci, l

+

ci, j cj, l

+

ci, l cj, l

= [3] (4.4)

= (4.5)

Equation 4.1 is called tag switching, Equation 4.2 is called tag cancellation,

Equation 4.3 and Equation 4.4 are called [2]-bubble and [3]-bubble relations

respectively, and Equation 4.5 is called the pop-switch relation. The pop-

switch relation and [2]-bubble relation come from [12]. Tag switching and tag

cancellation were defined in [1].

4.2.1 Some notational conveniences

Let K,L be disjoint subsets of {1, . . . , n}. It will be convenient to have a

diagrammatic shorthand for a collection of strands in a cobweb
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ci1, j1 cim, jm

where cis, js ranges over all is ∈ K and js ∈ L. The abbreviated diagram

for this cobweb is

K
L

The shorthand when cis, js ranges over all is ∈ K and js ̸∈ L is

K
L

where the shaded background stands for the complement of the set.

To emphasize that the previous diagram has several strands, the lines are

drawn thicker. The diagram should be interpreted as a collection of strands in

a cobweb, all with the same orientation, with labels ck, l ranging over all k ∈ K,

l ∈ L. If the strands have labels of the form ci, j where i ∈ K and j ̸∈ K, then

the diagram

K

can be used instead.
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Remark 4.3. The diagrammatic shorthand introduced in this section is well

defined because strands that are labeled by distinct colors can freely pass over

each other.

It will also be convenient to have shorthand for a specific kind of diagram.

Let i, j ∈ {1, . . . , n} be distinct. Let (i j) denote the clockwise cobweb bubble

with label ci, j. The bubble bursting relation immediately implies that

(i j) + (j i) = [2]

since a bubble’s orientation can be reversed if the order of i and j is swapped.

Let D be the diagram with two positively-oriented bubbles, labeled ci, j

and ck, l. Assuming that the bubbles commute, we can denote D by (i j) (k l).

Recall that the pair of bubbles commutes as long as they are different colors,

or whenever {i, j} ̸= {k, l}. This notation extends to allow for a diagram with

any number of commuting bubbles.

Note that this is not the same thing as cycle notation in a permutation

group. Namely, for transpositions, (1 2) (1 3) ̸= (1 3) (1 2) but the diagrams

corresponding to (1 2) (1 3) and (1 3) (1 2) are equivalent.

If a diagram D contains k bubbles, we say that D has degree k.

4.2.2 A few more relations

Cobwebs are highly combinatorial. For instance, there are
(
n
2

)
relations of

the form

(a b) + (b a) = [2]
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and
(
n
3

)
relations of the form

(b a) (c a) + (a b) (c b) + (a c) (b c) = [3].

These relations are indexed by subsets of N of cardinality 2 and 3, respectively.

We denote the [2]-bubble relation on {a, b} by Rel([2], {a, b}). Likewise, the [3]-

bubble relation on {a, b, c} is denoted by Rel([3], {a, b, c, }). For each 4 ≤ k ≤ n

and subset K ⊆ N of cardinality k, there is a [k]-bubble relation,

∑
a∈K

∏
i∈K
i̸=a

(i a) = [k]

denoted by Rel([k], K). The remainder of this section is dedicated to proving

that any Rel([k], K) follows from the cobweb relations. Before doing so, we

introduce some helpful terminology and notation.

Definition 4.4: Let 2 ≤ k ≤ n and K ⊆ N be a subset of k. The [k]-bubble

relation, denoted Rel([k], K) is

∑
a∈K

∏
i∈K
i̸=a

(i a) = [k].

Observe that Rel([k], K) has k terms, each of degree k − 1.

Lemma 4.5: Let n = 4. Then,

∑
a∈K

∏
i∈K
i̸=a

(i a) = [k] (4.6)

for any subset K ⊆ {1, 2, 3, 4} of cardinality 2, 3, or 4.

32



Diagrammatic computations of Ocneanu cells Chapter 4

Proof. If k = 2 and K = {a, b}, the left side of Equation 4.14 is

(a b) + (b a)

which equals [2] following directly from the cobweb [2]-bubble relation Rel([2], {a, b}).

When k = 3 and and K is a subset of cardinality k, the result is implied by

the [3]-bubble relation Rel([3], K).

Let K = {1, 2, 3, 4}. We must show Rel([4], K) holds. That is,

(2 1) (3 1) (4 1) + (1 2) (3 2) (4 2) + (1 3) (2 3) (4 3) + (1 4) (2 4) (3 4) = [4].

There are four terms on the left side of the equation, and each term is the prod-

uct of three bubbles. Let ci denote the ith term of this sum. For each subset of

{1, 2, 3, 4} with cardinality three, there is a corresponding [3]-bubble relation.

For instance, the Rel([3], {1, 2, 3}) can be applied to c1 = (2 1) (3 1) (4 1) to see

that

(2 1) (3 1) = [3]− (1 2) (3 2)− (1 3) (2 3) .

By applying Rel([3], K ′) for various sets K ′ ⊆ K of cardinality 3, we find

that

c1 = (4 1)
(
[3]− (1 2) (3 2)− (1 3) (2 3)

)
(4.7)

c2 = (3 2)
(
[3]− (2 1) (4 1)− (2 4) (1 4)

)
(4.8)

c3 = (2 3)
(
[3]− (3 1) (4 1)− (3 4) (1 4)

)
(4.9)

c4 = (1 4)
(
[3]− (4 2) (3 2)− (4 3) (2 3)

)
(4.10)

Notice that each expression now has a term of the form (a b) [3]. Grouping

33



Diagrammatic computations of Ocneanu cells Chapter 4

these terms together and applying the [2]-bubble relations yields

(
(4 1) + (1 4) + (3 2) + (2 3)

)
[3] = 2[2][3].

Then,

4∑
i=1

ci = 2[2][3]− (4 1) (3 2)
(
(1 2) + (2 1)

)
− (2 3) (1 4)

(
(3 4) + (4 3)

)
− (4 1) (2 3)

(
(1 3) + (3 1)

)
− (1 4) (3 2)

(
(2 4) + (4 2)

) (4.11)

= 2[2][3]− [2]
(
(1 4) + (4 1)

)(
(2 3) + (3 2)

)
(4.12)

= 2[2][3]− [2]3 (4.13)

By Lemma 2.4, the proof is complete.

Lemma 4.6: Fix n ≥ 3. Then, for each k ∈ {1, . . . , n} and any subset K ⊆

{1, . . . n} of cardinality k the equation

∑
a∈K

∏
i∈K
i̸=a

(i a) = [k] (4.14)

is satisfied.

Remark 4.7. Without loss of generality, it can be assumed that K = {1, . . . , k}.

A different choice in K is simply a relabeling of the colors and does not affect

the validity of the equation. We proceed by induction on n. For a fixed n, it

suffices to prove Equation 4.14 when k = n and K = {1, . . . , n} as the cases

when k < n follow from the induction hypothesis. Lemma 4.5 is the base case.

Proof. Assume that the result holds for each m ≤ n. That is, for any subset

M ⊆ {1, . . . , n + 1} of cardinality m we assume Rel([m],M) is true. We shall
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prove that
n+1∑
a=1

∏
i̸=a

(i a) = [n+ 1] (4.15)

Define K = {1, . . . , n + 1}, K1 = {1, . . . , n}, and Kn+1 = {2, . . . , n+1}. For

i = 2, . . . , n define Ki = {1, i, n + 1}. Let ci =
∏

a̸=i (a i) be the ith term in

Equation 4.15.

First consider c1. Applying Rel([n], K1) to c1 we find that

c1 = (2 1) · · · (n 1) (n+1 1) (4.16)

=

[n]−
∑

i∈K1\{1}

∏
j ̸=i

(j i)

 (n+1 1) (4.17)

Similarly, if we apply Rel([n], Kn+1) to cn+1,

cn+1 = (2 n+1) · · · (n n+1) (1 n+1) (4.18)

=

[n]−
∑

i∈Kn+1\{n+1}

∏
j ̸=i

(j i)

 (1 n+1) (4.19)

Next, let i ∈ {2, . . . , n} and recall Rel([3], Ki):

(i 1) (n+1 1) + (1 i) (n+1 i) + (1 n+1) (i n+1) = [3]. (4.20)

Then,

ci = (1 i) (n+1 i)
∏
a̸∈Ki

(a i) (4.21)

=
(
[3]− (i 1) (n+1 1)− (1 n+1) (i n+1)

)(∏
a̸∈Ki

(a i)

)
(4.22)

where Equation 4.22 is obtained via Equation 4.20.
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As seen in Equation 4.17, c1 contributes one term of degree 1 and n−1 terms

of degree n. Likewise, Equation 4.19 shows that cn+1 contributes one term of

degree 1 and n−1 terms of degree n. For each i = 2, . . . , n, Equation 4.22

shows that ci contributes one term of degree n− 2 and two terms of degree n.

First consider the degree one terms from c1 and cn+1. The sum of the degree

one terms is

[n] (n+1 1) + [n] (1 n+1) = [2][n]. (4.23)

Let i ∈ {2, . . . , n} and consider the degree n−2 term in ci:

[3]

(∏
a̸∈Ki

(a i)

)
.

By applying Rel([n − 1], {2, . . . , n}), we see that the sum of the degree n−2

terms is

[3]

(
n∑

i=2

∏
a̸∈Ki

(a i)

)
= [3][n−1]. (4.24)

The remaining terms in
∑

ci are each of degree n. Fix i ∈ {2, . . . , n}. From

c1, there is

−

 ∏
a∈K1\{i}

(a i)

 (n+1 1) = − (n+1 1) (1 i)

(∏
a̸∈Ki

(a i)

)
(4.25)

and from cn+1,

−

 ∏
a∈Kn+1\{i}

(a i)

 (1 n+1) = − (1 n+1) (n+1 i)

(∏
a̸∈Ki

(a i)

)
(4.26)

There are two terms of degree n in ci:

− (i 1) (n+1 1)

(∏
a̸∈Ki

(a i)

)
(4.27)
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and

− (1 n+1) (i n+1)

(∏
a̸∈Ki

(a i)

)
(4.28)

The sum of Equations 4.25, 4.26, 4.27, and 4.28 is

−[2]2
∏
a̸∈Ki

(a i) (4.29)

after applying Rel([2], {1, i}), Rel([2], {1, n+1}), and Rel([2], {i, n+1}). In

total, there are 4(n − 1) terms of degree n in
∑

ci. The sum of all degree n

terms is

n∑
i=2

(
−[2]2

∏
a̸∈Ki

(a i)

)
= −[2]2[n− 1] (4.30)

using Rel([n − 1], {2, . . . , n}). A quick counting argument verifies that all

terms appearing in
∑

ci have been accounted for. Therefore, Equations 4.23,

4.24, and 4.30 along with Lemmas 2.3 and 2.4 imply that

n+1∑
i=1

ci = [2][n] + [3][n− 1]− [2]2[n− 1] = [n+ 1]

as desired.

4.3 From Webs to Cobwebs

We must show that the map defined in [1]is still well-defined, with the new

set of cobweb relations. For clarity, we restate the map’s definition before

proving it is well-defined. The map will be defined in terms of a state sum.
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4.3.1 State sums

Definition 4.8: A state σ on a web W is an assignment of subsets of N =

{1, . . . , n} to each strand, satisfying the following:

(i) A strand labeled k is assigned a set of cardinality k.

(ii) The strands at a trivalent vertex are assigned sets K,L, and K ⊔ L.

(iii) The strands at a bivalent vertex are assigned sets K and {1, . . . , n} \K.

Implicitly, (ii) requires that K and L are disjoint.

Definition 4.9: The boundary data of a web W is an assignment of subsets of

N to each strand in W that intersects the boundary. These assignments must

satisfy the definition of a state on W .

Given a relation of webs, we call a set of boundary data valid if it assigns

each boundary strand the same set in every diagram in the relation. A state

consistent with the chosen boundary data is an assignment of subsets of N to

all interior strands that satisfies the definition of a state. A state sum for a set

of boundary data is taken over all states that are consistent with the choice in

boundary data. If there are no such states, the state sum is zero.

4.3.2 The Map

The map F sends each spider web W to a linear combination of cobwebs,

determined by the terms in the state sum. Explicitly,

F : W 7→
∑

states σ

Cob(W,σ)
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where Cob(W,σ) is the cobweb for W associated to the state σ. It suffices to

describe the action of F on strands and vertices in a spider web. To apply

F to a web, we apply F locally to each strand/vertex and then connect the

resulting strands in the cobweb. Following the discussion in [1], extending F

to a general web is well-defined.

A strand assigned a set K is mapped to a collection of parallel strands in

the cobweb, labeled by ci, j for every i ∈ K, j ̸∈ K.

F :

K

7→ K

Recall that K is shorthand for a collection of parallel strands each

labeled by a root ci, j for i ∈ K, j ̸∈ K. Since the strands are of distinct colors,

they can be freely reordered.

A trivalent vertex

K L

K ⊔ L

is mapped to a cobweb with the following strands:

K
L

L
K

K
K ⊔ L

L
K ⊔ L
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A bivalent vertex

K L

is mapped to a cobweb with the following strands:

K
L

L
K

4.4 Computing Ocneanu cells with Cobwebs

To prove that F is well-defined, we must show that it respects each of the

relations in the spider. That is, for each spider relation we must show that the

left and right sides of the equation get sent to the same linear combination of

cobwebs.

4.4.1 Orientation reversal, tag operations, and the I = H

relation

The proofs in [1] for strands labeled n, reversing all orientations, tag op-

erations, and the I = H relation do not use the bubble bursting relation.

Therefore, the proof that the map is well-defined with respect to each of these

spider relations remains the same with our new cobweb relations.

4.4.2 Bursting a digon

Consider the digon relation:
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k

1 = [k]

k

(4.31)

We proceed by induction on n ≥ 3. A stated web in the SLn spider assigns

each strand a subset of {1, . . . , n}. It suffices to prove that the digon relation

holds for k = n− 1. When k < n− 1, we can view the diagram as a web in the

SLn−1 spider and obtain a valid state (perhaps relabeling to ensure that the

state is actually a state in the SLn−1 spider).

Let DL and DR denote the diagrams on the left and right sides of Equa-

tion 4.31, respectively. The proof strategy is as follows:

1. Assign DL and DR an arbitrary set of (valid) boundary data.

2. For each state σ consistent with the chosen boundary data, compute

Cob(D, σ). Then, F(D) is the sum over all such cobwebs:

F(D) =
∑

states σ

Cob(D, σ)

3. Verify that F(DL) = F(DR) by checking that the strands in the cobwebs

agree.

To better understand the proof strategy, consider the digon relation in the

SL3-spider. The following example gives explicit details of valid boundary data,

states consistent with a given set of boundary data, and the resulting cobwebs.

These computations are not specific to the digon relation and give insight for

how to perform cobweb computations.
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Example 4.10: Let n = 3. Strands in the SL3 spider have labels k ∈ {1, 2}.

When k = 1, the left side of the bubble has label 0 and thus can be deleted,

making the relation trivially true.

Now let k = 2. Assign the top and bottom strands of both diagrams a set

K ⊆ N of cardinality k. There are
(
3
2

)
= 3 possible sets of valid boundary

data:

{1, 2}

{1, 2}

= [2]

{1, 2}

{1, 2} {1, 3}

{1, 3}

= [2]

{1, 3}

{1, 3} {2, 3}

{2, 3}

= [2]

{2, 3}

{2, 3}

For simplicity, set K = {1, 2}. Choosing a different set of boundary data

does not change the proof. For instance, the proof when K = {2, 3} is the

exact same, after replacing each 1 with a 2, and each 2 with a 3.

A state on the web on the left side of the equation corresponds to a choice

of a ∈ K. For the chosen state, assign K \ {a} to the left side of the digon and

{a} to the right side. Then,
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{1, 2}

{1, 2}

F

c1, 3 c2, 3

c1, 2 c2, 1

c1, 3 c2, 3

+

c2, 3 c1, 3

c2, 1 c1, 2

c2, 3 c1, 3

=

c1, 3 c2, 3
c1, 2

+

c1, 3 c2, 3
c1, 2

=

 c1, 2
+

c1, 2


c1, 3 c2, 3

= [2]

c1, 3 c2, 3

where the last line is exactly F(DR), as desired.

Lemma 4.11: F(DL) = F(DR) for any choice in valid boundary data.

Proof. Fix n ≥ 3 and consider the digon with k = n− 1. We may assume that

the boundary data assigns the set K = {1, . . . , n− 1} to all boundary strands.

For this boundary data, a state corresponds to a choice of a ∈ K which results

in n− 1 cobwebs.
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Consider the cobweb Cob(DL, a). For each i ∈ K and j ̸∈ K, there is a

vertical strand labeled ci, j from the bottom to the top of the cobweb. For each

i ∈ K \ {a}, there are strands labeled ci, a and ca, i. It follows that

Cob(DL, a) =
K\{a}
{n}

ca, n

K \ {a}
{a}

{a}
K\{a}

recalling that strands of distinct colors commute which allows us to group

together the vertical strands.

Applying tag cancellation, each of the non-vertical strands becomes a positively-

oriented bubble with label ci, a. This leaves us with the diagram

K

{n}
{a}

K\{a}

which can be rewritten using the ”bubble-shorthand” as

Cob(DL, a) =
∏
i∈K
i̸=a

(i a)

 K


Notice that the vertical strands are the same for each state a and thus can
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be factored out of the state sum. Therefore,

F(DL) =

∑
a∈K

∏
i∈K
i̸=a

(i a)


 K

 (4.32)

= [k]

 K

 (4.33)

where (4.33) follows from Lemma 4.6.

Since there is only one state for DR,

F(DR) = K .

Clearly F(DL) = F(DR) as desired.

4.4.3 Bursting a square

Recall the square bursting relation:

1

11k

k 1

=

k 1

k 1

+ [k − 1]

k 1

(4.34)
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Abbreviate the diagrams with D1, D2, and D3 so that Equation 4.34 be-

comes

D1 = D2 + [k − 1]D3.

We wish to prove

Lemma 4.12: F(D1) = F(D2 + [k − 1]D3) for any choice in valid boundary

data.

There are three cases to consider when assigning sets to each of the four

boundary strands. We shall handle the proof of Lemma 4.12 for each case

separately.

Case 1: Let K have cardinality k and let y ∈ K. Assign K to the top left

and bottom left strands of each web and {y} to the top right and bottom right

strands.

Proof. A state on D1 corresponds to a choice a ∈ K. With this state, assign

K \{a} to the left side of the square, {a, y} to the right side of the square, and

{a} to the top and bottom of the square:

{y}

{a, y}

{y}{a}K

K \ {a}

K
{a}

Let K ′ = K \ {a, y}. The strands in the associated cobweb are:
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K K \ {a, y} {y}
{a, y}

cy, a

For each i ∈ K, j ̸∈ K there is a vertical strand with label ci, j from the

bottom left to top left of the web. For each j ̸= y there is a vertical strand with

label cy, j from the bottom right to top right of the web. For each i ∈ K \ {a},

there is a positively oriented bubble with label ci, a after cancelling the tags in

the loop. Each term contains the same vertical strands. As shown in the proof

of the digon relation,

∑
a∈K\{y}

∏
i∈K\{a,y}

(i a) = [k − 1].

Then,

F(D1) =
∑
a

Cob(D1, a) = [k − 1] K {y}

On the right side of the equation, the first term has no states that are

consistent with the boundary data since y ∈ K by assumption. The second

term has one possible state – the resulting web agrees with F(D1) as desired.

Case 2: Let K ′ have cardinality k − 1 and let x, y ̸∈ K ′. Assign K ′ ∪ {x}
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and {y} to the bottom left and bottom right strands of each web. Assign

K ′ ∪ {y} and {x} to the top left and top right strands of each web.

Proof. There is only one state on D1 that is consistent with this boundary

data. Assign K ′ to the left side of the square and {x, y} to the right. Assign

{x} to the bottom and {y} to the top of the square.

{y}

{x, y}

{x}{y}K ′ ∪ {y}

K ′

K ′ ∪ {x} {x}

Let K1 = K ′ ∪ {x}, K2 = K ′ ∪ {y}, and L = K ′ ⊔ {x, y}. The strands are

then:

{y}
L

{x}
L

K ′

{y}
{y}
K ′

K ′

{x}
{x}
K ′

K ′

L

cx, y cy, x

cy, x cx, y
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There is only one consistent state for D2 – this state assigns the set K ′ ∪

{x, y} to the vertical strand. The strands are as follows:

K1

L

K1

{y}
{y}
K1

{y}
L

K2

L

K2

{x}
{x}
K2

{x}
L

L

There are no consistent states for D3. Up to reordering strands of distinct

colors, the cobwebs for D1 and D2 are equivalent as desired.

Case 3: Let K have cardinality k and y ̸∈ K. Assign K to the top left

and bottom left strands of all webs and {y} to the top right and bottom right

strands.

Proof. A state on D1 corresponds to a choice of a ∈ K. For each state, assign

{a} to the top and bottom strands of the square, and assign K \{a} and {a, y}

to the left and right sides of the square.

Define K1 = K \ {a} and K2 = {a, y}. Then, strands in Cob(D1, a) are as

follows:

49



Diagrammatic computations of Ocneanu cells Chapter 4

Cob(D1, a) =

{a}
K\{a}

{a}
K\{a}

{a}
{a, y}

K\{a}
{a}

{y}
{a, y}

K\{a}
K

{a}
K

{a}
K ca, y

cy, a

ca, y

cy, a

(4.35)

=
{a}

K∪{y}
K\{a}

K

{y}
{a, y}

{a}
K\{a}

ca, y cy, a

ca, y cy, a

(4.36)
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=
{a}

K∪{y}
K\{a}

K

{a}
K\{a}

{y}
{a, y}

ca, y cy, a

ca, y cy, a

(4.37)

= {a}
K∪{y}

K\{a}
K

{a}
K\{a}

cy, a

ca, y cy, a

{y}
{a, y}

(4.38)

= K

{a}
K\{a}

cy, a

{y} (4.39)

where (4.36) follows from tag cancellation, (4.37) and (4.39) follow from the

fact that strands of distinct colors commute, and (4.38) follows from the pop
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switch relation.

Observe that the vertical strands in (4.39) are independent from the choice

in a. Therefore, the vertical strands can be factored out of the sum
∑

aCob(D1, a):

∑
a∈K

Cob(D1, a) =
K {y} ∑

a∈K

 ∏
j∈K\{a}

(j a)

 (a y) (4.40)

Let a ∈ K. The corresponding term in Equation 4.40 is a product of bubbles

and can be written ∏
j∈K\{a}

(j a)

 (a y) = [2]

 ∏
j∈K\{a}

(j a)

− (y a)

 ∏
j∈K\{a}

(j a)


after applying Rel([2], {a, y}). Then,

∑
a∈K

 ∏
j∈K\{a}

(j a)

 (a y) = [2][k]− [k + 1] +
∏
j∈K

(j y) (4.41)

= [k − 1] +
∏
j∈K

(j y) (4.42)

where (4.41) follows from Rel([k], K) and Rel([k + 1], K∪{y}). Therefore,

∑
a∈K

Cob(D1, a) =

(
[k − 1] +

∏
j∈K

(j y)

)
K {y} (4.43)

Next we compute the cobweb for D2. There is only one state consistent

with the given boundary data – it assigns the middle strand the set K ∪ {y}.

Then,
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Cob(D2, K ∪ {y}) =
K

{y}
{y}
K

K

{y}
{y}
K

K

K∪{y}
{y}

K∪{y} (4.44)

=
K

{y}
{y}
K

K

{y}
{y}
K

K

K∪{y}
{y}

K∪{y} (4.45)

= K {y}{y}
K (4.46)
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=
∏
j∈K

(j y) K {y} (4.47)

where (4.46) is obtained from (4.45) by applying the pop switch relation and

tag cancellation to the highlighted portion of the strands.

There is only one state on D3 consistent with the given boundary data. The

cobweb is

K {y} (4.48)

Therefore,

F(D2 + [k − 1]D3) =

(∏
j∈K

(j y) + [k − 1]

)
K {y} (4.49)

which clearly agrees with F(D1).
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Chapter 5

Evaluating Closed Webs

The main theorem in [8] implies that any closed web diagram in the SLn spider

is equivalent to a scalar multiple of the empty diagram. Here “scalar” means

an element of the Laurent ring Z[q, q−1]. If a web W is equivalent to p times

the empty diagram, it’s convenient to say that W evaluates to p, or W is p.

Without loss of generality, we may assume that W is connected. If not, the

connected components of W could be reduced independently and the whole

web would be the product of the components.

Throughout this section, assume that W is a closed web. W can be reduced

by successively applying the spider relations. The main result of this chapter is

an algorithm that reduces W , the details of which are discussed in Section 5.6.

Conjecture 5.1: Any closed webW in the SLn spider simplifies to g ∈ Z[q, q−1]

where g is a unimodal symmetric polynomial.

The main theorem in [8] proves that W simplifies to some g ∈ Z[q, q−1].

To prove Conjecture 5.1, it suffices to prove that g is a unimodal symmetric

polynomial. The evaluation algorithm provides the computational framework
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necessary to make further progress on Conjecture 5.1.

5.1 Unimodal symmetric polynomials

Recall that to prove Conjecture 5.1 it suffices to prove that the resulting

polynomial in Z[q, q−1] is unimodal and symmetric (defined below). The pur-

pose of this section is to prove that quantum integers, factorials, and binomials

are all unimodal symmetric polynomials. In Section 5.2, these results are used

to prove Conjecture 5.1 on webs with a small number of vertices. In addition,

the results are used to describe a collection of web relations that preserve the

unimodal and symmetric properties of a web. That is, the relations can be

applied one at a time where at each step, the coefficients are always unimodal

and symmetric.

Definition 5.2: A sequence a0, a1, . . . , an of real numbers is said to be unimodal

if for some 0 ≤ j ≤ n we have a0 ≤ a1 ≤ · · · ≤ aj and aj ≥ aj+1 ≥ · · · ≥ an.

Definition 5.3: The sequence a0, a1, . . . , an is symmetric if ai = an−i for 0 ≤

i ≤ n.

Let P ⊆ Z[q, q−1] denote the collection of polynomials that are unimodal

and symmetric with respect to the degree of q.

Example 5.4: Consider the quantum integer [n] = qn−1+ qn−3+ · · ·+ q−n+3+

q−n+1. The sequence of coefficients is both unimodal and symmetric. Therefore,

[n] ∈P.
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Definition 5.5: The q-analog, or q-number, of an integer n is

{n}q =
1− qn

1− q
= 1 + q + q2 + · · ·+ qn−1.

The q-factorial is

{n}q! = {n}q{n− 1}q · · · {1}q

and the q-binomial is {
n

k

}
q

=
{n}q!

{k}q!{n− k}q!
.

When q is clear from context, the subscript may be omitted. It is often

advantageous to rewrite a quantum integer in terms of a q-number, motivating

the following lemmas.

Lemma 5.6:

[n]q = q−n+1{n}q2

Proof. Observe that

{n}q2 = 1 + q2 + q4 + · · ·+ q2(n−1).

Then,

q−n+1{n}q2 = q−n+1 + q−n+3 + · · ·+ qn−1 = [n]q

as desired.

Lemma 5.7:

[n]q! = q−n(n−1)/2{n}q2 !

Lemma 5.8: [
n

k

]
q

= qk
2−nk

{
n

k

}
q2
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Proposition 5.9 ([22]): Let A(q), B(q)∈P have nonnegative coefficients.

Then, A(q)B(q)∈P.

It follows directly from Proposition 5.9 that the product of quantum integers

is a symmetric unimodal polynomial in q.

Theorem 5.10 ([22]): The q-binomial coefficient
{
n
k

}
is symmetric and uni-

modal.

Then,
[
n
k

]
is symmetric and unimodal as both qk

2−nk and
{
n
k

}
q2

are sym-

metric unimodal polynomials.

5.2 Simplifying small webs

Before describing the evaluation algorithm, we discuss various simplification

moves that reduce the number of vertices present in a web. Throughout this

section, let W be a closed connected web in the SLn spider with v vertices.

Lemma 5.11: W has an even number of vertices.

Proof. Replace each bivalent vertex in W with the corresponding trivalent ver-

tex so that every vertex in W is degree three. Viewing W as a graph with V

vertices and E edges,

2E =
∑
vi

deg(vi) = 3V.

proving that V is even.
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In fact, the number of trivalent and the number of bivalent vertices are both

even. If T and B are the number of trivalent and bivalent respectively, then

the Fundamental Theorem of Graph Theory gives

2E = 2B + 3T

implying that T is even. Since V = B + T is even, B must be even as well.

Using tag migration and tag cancellation, remove each pair of bivalent vertices

until only the trivalent vertices remain. We may therefore assume that W has

only trivalent vertices.

If W has a vertex of the form

then the leftmost edge has label zero and can therefore be deleted. The re-

maining loop can be reduced via Lemma 5.12.

There are at most three edges connecting any pair of vertices in W .

Lemma 5.12: A closed web without vertices is in P.

Proof. If W has v = 0 vertices, then W is either the empty diagram or is a

bubble

k

.
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In the case that W is a bubble, Equation 3.9 implies

W =

[
n

k

]
q

.

In either case, Theorem 5.10 gives the desired result.

Lemma 5.13: The theta web is in P.

Proof. Let v1, v2 be vertices in W connected by three edges. Since W is con-

nected and every vertex is degree three, it follows that

W =

k

k + l

l

After bursting the top digon via Equation 3.2, we have

W =

[
k + l

l

]
k + l

.

By Lemma 5.12 and Theorem 5.10,W is a symmetric unimodal polynomial.

Remark 5.14. Lemma 5.12 and Lemma 5.13 prove Conjecture 5.1 for webs with

at most two vertices.

5.3 Removing small faces

A small face in a web is a face that is bounded by two or three edges.

This section describes how the small faces in a web can be iteratively removed.
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The resulting web has strictly fewer vertices than the original web and its

coefficient is in P. It will be convenient to understand a web in terms of

its “flow”. Every vertex in W is assigned a flow, either positive or negative,

depending on whether the vertex is a split or a merge. Recall that every vertex

in W is degree three as the bivalent vertices occur in pairs, which can then be

removed via tag migration and tag cancellation.

Definition 5.15: The flow of a vertex vi in W is

f(vi) =


1 vi is a merge

−1 vi is a split

.

If W ′ is a web contained in W , then the flow in W ′ is f(W ′) =
∑

vi∈W ′ f(vi).

The global flow of W is f(W ) =
∑

f(vi).

Lemma 5.16: Any 2-face in W can be removed at the expense of a factor of

an element of P.

Proof. Apply Equation 3.2 or Equation 3.3 to W to remove the 2-face, multi-

plying the resulting web by some quantum binomial. By Lemma ??, the result

holds.

Lemma 5.17: The flow on any 3-face W ′ in W is f(W ′) = ±1.

Proof. Let W ′ ⊆ W be the web

W ′ =

v3

v1 v2

.
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If f(W ′) = 3, then all three vertices are merge type. By inspection, this is

impossible. Likewise, f(W ′) ̸= −3. Therefore, f(W ′) = ±1. Without loss of

generality, suppose that f(v1) = f(v2) = 1 and f(v3) = −1.

Definition 5.18: Let W ′ ⊆ W be a web of the form

If f(W ′) = ±2, then W is I=H compatible.

Remark 5.19. The terminology “I=H compatible” is meant to emphasize that

Equation 3.4 can be applied to the web. Whenever a web contains a pair of

adjacent vertices with the same flow, the I=H relation can be applied. This

property is used in the following lemma, to remove any 3-face in a web.

Lemma 5.20: Any 3-face in W can be replaced with a trivalent vertex, mul-

tiplied by an element of P.

Proof. Let W ′ ⊆ W be a 3-face. Without loss of generality, assume f(W ′) = 1.

Up to mirror-reflections, arrow reversal, and rotation, there is only one valid

orientation for W ′:

W ′ =

m

m− lk +m

k l

k + l
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Notice that W ′ is I=H compatible. Therefore,

m

m− lk +m

k l

k + l

= m− lk +m

k l

k + l

k + l
=

[
n− k − l

m− l

]
q

k l

k + l

where the last equality uses Equation 3.3. Since any quantum binomial is a

symmetric unimodal polynomial, the proof is complete.

Let W ′ be the web obtained by removing all small faces in W . The coeffi-

cient ofW ′ is a product of quantum binomials and is therefore in P. Therefore,

we have proven Conjecture 5.1 for anyW where all faces are degree two or three.

Without loss of generality, let W be a closed connected web with no bivalent

vertices and every face of degree at least four. If there were a face of degree

two or three, it could be removed via Lemma 5.16 or Lemma 5.20, reducing

the total number of vertices in W by two while preserving the symmetric and

unimodal properties.

5.4 A collection of valid moves

Working towards a proof of Conjecture 5.1, we describe a collection of

“valid moves” in the SLn spider that preserve the unimodal and symmetric

properties. Precisely, a valid move is a relation in the SLn spider that replaces

existing strands and vertices without introducing any new coefficients or terms,
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or replaces part of a web and multiplies by a polynomial in P. Further, a valid

move cannot increase the number of vertices present in a web. This requirement

ensures that any algorithm defined on valid moves is getting closer to the empty

diagram.

Proposition 5.21: The following moves preserve the symmetric unimodal

property:

(a) Switching a tag

(b) Cancelling tags

(c) Popping a bubble

(d) Removing a digon

(e) Removing a 3-face

(f) I=H

Proof. Each of (a), (b), or (f) clearly meet the criterion of a valid move. (c) is

a valid move via Lemma 5.12, (d) is a valid move via Lemma 5.16, and (e) is

a valid move via Lemma 5.20.

5.5 Morsifying W

The goal of this section is to rewrite a closed web so that each horizontal

slice contains a single elementary web, possibly with identity morphisms on

either side.

64



Evaluating Closed Webs Chapter 5

We follow the notation introduced in [10]. Let W be a web. A strand

labeled k is now labeled by the corresponding minuscule weight, ωk. Since

the fundamental weights of SLn are all minuscule, this does not change any of

the web properties. Pick an isotopy representative for W such that the height

function is a Morse function and the boundary of W is at the top level. There

is a sequence of horizontal lines ℓ0, . . . , ℓm that slices W into its elementary

pieces. That is, between each ℓk−1, ℓk there is a single cup, cap, or vertex,

possibly tensored with an identity morphism. Let Wk be the portion of W

between ℓk−1 and ℓk. Each Wi is a morphism and W = Wm ◦ · · · ◦W1.

k
k

k l

k+l k l

k+l
Figure 5.1: Elementary web pieces (cup, cap, merge, and split).

For each horizontal line ℓk, let λ(k) be the vector labels of the edges that

intersect ℓk. If an edge with label ωk is pointing downwards, replace its label

with ω∗
k = ωn−k. Observe that if W is a closed web, then W1 contains a cup

and Wm contains a cap. In particular, λ(0), λ(m) = ∅ .

Example 5.22: Consider the closed “theta” web in the SL4 spider:

Θ = 1 2 3

Recall that webs that are equivalent under planar isotopy are equal in the

spider. Therefore, Θ is equivalent to this web:
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ℓ0

ℓ1

3

ℓ2
1 2

ℓ3

ℓ4

The vector labels for each of the horizontal lines are λ⃗(0) = ∅, λ⃗(1) =

{ω3, ω1}, λ⃗(2) = {ω1, ω2, ω1}, λ⃗(3) = {ω3, ω1}, and λ⃗(4) = ∅. Then, Θ =

W4◦W3◦W2◦W1 whereW1 is a cup,W2 is a split,W3 is a merge, andW4 is a cap.

Technically, W2 and W3 are tensor products of an elementary web type with an

identity morphism, but this does not affect the computations discussed in the

following sections.The key idea is to ensure that each horizontal slice contains

exactly one elementary web, possibly tensored with identity morphisms on

either side.

5.6 The Algorithm

Definition 5.23: Let Tn(2) be the collection of tuples containing the empty

tuple and tuples of length at most 2 with entries in {1, . . . , n}. Define a strict

partial order ≺ on Tn(2) as follows:

(a) ( ) ≺ (n)

(b) (k + l) ≺ (k, l)

Definition 5.24: Let C be the (strict) monoidal category defined as follows:
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The set of objects in C is Tn =
⋃∞

k=1 Tn(k) where Tn(k) contains all tuples of

length at most k. The monoidal product on objects is given by concatenation:

if S = (s1, . . . , sk) and T = (t1, . . . , tm), then the monoidal product is

S ⊗ T = (s1, . . . , sk, t1, . . . , tm)

The unit object is the empty tuple ( ). Notice that ( ) ⊗ S = S = S ⊗ ( ) for

any object S.

Suppose that k, l ∈ {1, . . . , n−1} and k+ l ≤ n. The generating morphisms

in C are:

1. Split: Sk, l : (k + l)→ (k, l)

2. Merge: Mk, l : (k, l)→ (k + l)

3. Insertion: I : ( )→ (n)

4. Deletion: D : (n)→ ( )

along with the identity morphisms ιj : (j)→ (j). The monoidal product of

two morphisms is obtained by applying each morphism to the corresponding

entries of the resulting object. For example,

I ⊗ S2, 1 : (3) = ( )⊗ (3) 7→ (n)⊗ (2, 1) = (n, 2, 1)

Remark 5.25. Let S = (s1, . . . , sk, . . . , sm) be an object in C and suppose that

f is a generating morphism. Then, f can be applied to the kth position of S

via the morphism

(ιs1 ⊗ · · · ⊗ ιsk)⊗ f ⊗
(
ιSk+1

⊗ · · · ⊗ ιsm
)
.

67



Evaluating Closed Webs Chapter 5

This notation quickly becomes cumbersome and thus we write f(S) when the

position at which f is applied is clear from context. If the generating morphisms

are applied at position j of T = (t1, . . . , tm), this means: The split morphism

applied to position j of T yields

S(j)
k, l : T 7→ (t1, . . . , tj−1, k, l, tj+1, . . . , tm)

The merge morphism applied to position j of T yields

M(j)
k, l : T 7→ (t1, . . . , tj−1, tj+tj+1, tj+2, . . . , tm)

assuming that tj = k and tj+1 = l. The insertion and deletion morphisms

applied to position j of T are

I(j) : T 7→ (t1, . . . , tj−1, n, tj, . . . , tm)

and

D(j) : T 7→ (t1, . . . , tj−1, tj+1, . . . , tm)

respectively (assuming that tj = n for deletion).

For instance, if I is applied to the 4th position of T = (1, 3, 5, 2, 1), we write

I(4)(T ) in place of
(
ι(1, 3, 5) ⊗ I ⊗ ι(2, 1)

)
(T ). Then,

I(4)(T ) =
(
ι(1, 3, 5) ⊗ I ⊗ ι(2, 1)

)
(T ) = (1, 3, 5)⊗ (n)⊗ (2, 1) = (1, 3, 5, n, 2, 1).

Definition 5.26: Let C be as defined previously. Define a partial order ⪯ on

the objects in C: R ⪯ T if and only if there exists a morphism from R to T

that is generated only by the split, insertion, and identity morphisms.

68



Evaluating Closed Webs Chapter 5

Example 5.27: Let n = 4. Set R = (1, 2, 4, 1) and T = (3, 1). Observe that

(
S1, 2 ⊗ I ⊗ ι(1)

)
(T ) = S1, 2

(
(3)
)
⊗ I

(
( )
)
⊗ ι
(
(1)
)

(5.1)

= (1, 2, 4, 1) (5.2)

= R (5.3)

and thus T ⪯ R.

Example 5.28: Let n = 4. Consider the collection of objects R ∈ C where

(4) ⪯ R via a morphism built only from split and identity morphisms. The

Hasse diagram for these objects is

(4)

(2, 2)(1, 3) (3, 1)

(1, 1, 2) (2, 1, 1)(1, 2, 1)

(1, 1, 1, 1)

Before describing the evaluation algorithm, we define a functor G from Spn
to C. We may assume that every web in Spn is written in Morse position. In

Spn, a strand pointing downward with label k corresponds to the object {k−}.

The functor Γn described in [8] sends {k−} to
(∧

kCn
q

)∗
. In the representation

category,
(∧

kCn
q

)∗ ∼= ∧n−kCn
q meaning that {k−} can be “replaced” with the

object {n − k} in Spn assuming that all strands in the resulting web connect

properly.
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On objects, G sends (kϵ1
1 , . . . , kϵm

m ) to (t1, . . . , tm) where

ti =


ki ϵi > 0

n− ki ϵi < 0

On morphisms, G is generated by the following actions on elementary webs:

k l

k+l

7→ Sk, l : (k + l)→ (k, l) (5.4)

k l

k+l

7→ Mk, l : (k, l)→ (k + l) (5.5)

k 7→ Sk, n−k ◦ I : ( )→ (k, n− k) (5.6)

k
7→ D ◦Mk, n−k : (k, n− k)→ ( ) (5.7)

Example 5.29: Consider the following web in the SL4 spider:

W =

ℓ0

ℓ1

3

ℓ2
1 2

ℓ3

ℓ4

Each ℓi is an object in Sp4:

• ℓ0 is ( )

• ℓ1 is (3+, 3−)
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• ℓ2 is (1+, 2+, 3−)

• ℓ3 is (3+, 3−)

• ℓ4 is ( )

The corresponding objects in C are:

• G(ℓ0) = ( )

• G(ℓ1) = (3, 1)

• G(ℓ2) = (1, 2, 1)

• G(ℓ3) = (3, 1)

• G(ℓ4) = ( )

The slice between ℓi−1 and ℓi contains exactly one elementary web. Let Wi

be the slice between ℓi−1 and ℓi. Then, G acts on the slices Wi as follows:

• G(W1) = S3, 1 ◦ I : ( )→ (3, 1)

• G(W2) = S1, 2 ⊗ ι(1) : (3, 1)→ (1, 2, 1)

• G(W3) =M1, 2 ⊗ ι(1) : (1, 2, 1)→ (3, 1)

• G(W4) = D ◦M3, 1 : (3, 1)→ ( )

Upon inspection, G(W4 ◦W3 ◦W2 ◦W1) = G(W4) ◦ G(W3) ◦ G(W2) ◦ G(W1).
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Remark 5.30. Notice that each G(ℓi) in the previous example appears as a node

in the Hasse diagram

(4)

( )

(2, 2)(1, 3) (3, 1)

(1, 1, 2) (2, 1, 1)(1, 2, 1)

(1, 1, 1, 1)

Furthermore, the nodes corresponding to G(ℓi−1) and G(ℓi) have an edge con-

necting them in the Hasse diagram. If G(ℓi−1) ⪯ G(ℓi) then G(Wi) is a split

or insertion. If G(ℓi) ⪯ G(ℓi−1), then G(Wi) is a merge or deletion. The com-

position W is therefore a walk in the Hasse diagram, starting and ending at

( ).

We are now ready to describe the algorithm that reduces any closed web

in the SLn spider to a polynomial in Z[q, q−1]. Assume that W is a closed,

connected web written in Morse position. Suppose that W is not connected.

Then Algorithm 1 is applied to each connected component separately. The

value of W is obtained by multiplying the output of Algorithm 1 on each of

the connected components.

Let ℓ0, . . . , ℓm denote the horizontal lines that slice W into a composition

Wm ◦ · · · ◦W1 of webs that contain exactly one split, merge, cup, or cap. Since

W is closed, ℓ0 = ( ) = ℓm. Each Wi is a morphism from ℓi−1 to ℓi in Spn. With

respect to the partial order defined in Definition 5.26, either G(ℓi−1) ⪯ G(ℓi) or
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G(ℓi) ⪯ G(ℓi−1). It is now clear that each slice in W falls into exactly one of

the cases described in Algorithm 1 .

Algorithm 1 takes (ℓ0, . . . , ℓm) as input and initializes x = x1∧· · ·∧xn. The

algorithm iterates over the slices Wi. During each iteration of the loop, Wi is

matched to one of the generating morphism types (split, merge, insertion, or

deletion) and applied to x. The result is stored in x before returning to the

beginning of the loop.

5.6.1 An example computation

Recall the morsified Θ web

Θ =

ℓ0

ℓ1

3

ℓ2
1 2

ℓ3

ℓ4

and the corresponding morphism in C obtained via the functor G. In the repre-

sentation category, Θ is a morphism from Cq to Cq. As Uq(sl4) representations,

Cq
∼= ∧4(V ) which is generated by x{1,2,3,4} = x1 ∧ x2 ∧ x3 ∧ x4. For brevity, we

write x1234 instead of x{1,2,3,4}. We apply Algorithm 1 to prove

Θ ≡ [4]q[3]q = q−5 + 2q−3 + 3q−1 + 3q + 2q3 + q5.

73



Evaluating Closed Webs Chapter 5

Algorithm 1: Evaluation of a closed web

Input: Sequence (ℓ0, . . . , ℓm) of label vectors in a closed web W

Output: Image of x1 ∧ · · · ∧ xn under W

x← x1 ∧ · · · ∧ xn

for i in range(m):

j ← index where G(ℓi) and G(ℓi+1) first differ

if G(ℓi) ⪯ G(ℓi+1):

if (k + l) replaced with (k, l):

x← S(j)(x) /* split morphism at position j */

else:

x← I(j)(x) /* insertion morphism at position j */

else:

if (k, l) replaced with (k + l):

x←M(j)(x) /* merge morphism at position j */

else:

x← D(j)(x) /* deletion morphism at position j */

return x

74



Evaluating Closed Webs Chapter 5

Equivalently, we must show

Θ(x1234) = (q−5 + 2q−3 + 3q−1 + 3q + 2q3 + q5)x1234

using the isomorphism Cq
∼= ∧4(V ). We shall step through each slice of Θ to

illustrate how the algorithm works.

The first slice is a cup, W1 = S3, 1 : ( ) → (3, 1). Applying W1 to x1234

yields

W1(x1234) = − (x123 ⊗ x4) + q−1 (x124 ⊗ x3)

− q−2 (x134 ⊗ x2) + q−3 (x234 ⊗ x1)

(5.8)

The next slice is W2 = S1, 2 ⊗ id : (3, 1) → (1, 2, 1). Since the generating

morphisms are Cq-linear, we can apply them to Equation 5.8 term-by-term:

W2 (−x123 ⊗ x4) = −x1 ⊗ x23 ⊗ x4 + q−1x2 ⊗ x13 ⊗ x4

− q−2x3 ⊗ x12 ⊗ x4

(5.9)

W2

(
q−1x124 ⊗ x3

)
= q−1x1 ⊗ x24 ⊗ x3 − q−2x2 ⊗ x14 ⊗ x3

+ q−3x4 ⊗ x12 ⊗ x3

(5.10)

W2

(
−q−2x134 ⊗ x2

)
= −q−2x1 ⊗ x34 ⊗ x2 + q−3x3 ⊗ x14 ⊗ x2

− q−4x4 ⊗ x13 ⊗ x2

(5.11)

W2

(
q−3x234 ⊗ x1

)
= q−3x2 ⊗ x34 ⊗ x1 − q−4x3 ⊗ x24 ⊗ x1

+ q−5x4 ⊗ x23 ⊗ x1

(5.12)
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Then,

W3 ◦W2 (−x123 ⊗ x4) = (−q2 − 1− q−2) x123 ⊗ x4 (5.13)

W3 ◦W2

(
q−1x124 ⊗ x3

)
= (q + q−1 + q−3) x124 ⊗ x3 (5.14)

W3 ◦W2

(
−q−2x134 ⊗ x2

)
= (−1− q−2 − q−4) x134 ⊗ x2 (5.15)

W3 ◦W2

(
q−3x234 ⊗ x1

)
= (q−1 + q−3 + q−5) x234 ⊗ x1 (5.16)

Now,

W4(x123 ⊗ x4) = −q3 x1234 (5.17)

W4(x124 ⊗ x3) = q2 x1234 (5.18)

W4(x134 ⊗ x2) = −q x1234 (5.19)

W4(x234 ⊗ x1) = x1234 (5.20)

Combining these results, we see that W sends x1234 to (q−5+2q−3+3q−1+

3q + 2q3 + q5)x1234. Therefore, W equals q−5 + 2q−3 + 3q−1 + 3q + 2q3 + q5, a

unimodal symmetric polynomial.
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Future directions

6.1 Extending the algorithm

At present, the implementation of Algorithm 1 is a proof of concept and

has not been optimized. Therefore,

Problem 6.1: Analyze the time complexity of Algorithm 1 .

It would be interesting to compare this algorithm to an analogous ver-

sion defined via cobwebs. Remark 5.30 discusses a graph theoretic version of

Algorithm 1 . A closed web becomes a closed walk in a graph. If a web con-

tains a digon, then the corresponding walk contains a segment of the form

A → B → A. This begs the question, can the other spider relations be de-

scribed via graph theory?
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6.2 Big-data approach

The Kazhdan-Lusztig polynomials for the type A Coxeter group are studied

in [16]. The authors take a “big-data” approach to develop various conjectures

about the structure of Kazhdan-Lusztig polynomials.

Problem 6.2: Use techniques akin to those in [16] to develop conjectures about

the value of a closed web.

6.3 A geometric perspective

The methods discussed thus far are algebraic and make little (if any) use

of the underlying geometry. Recall that the fundamental representations of sln

are given by

V ∼= Cn,
∧

2(V ), . . . ,
∧

n−1(V ).

These representations are Grassmannian varieties.

Definition 6.3: Let V be an n-dimensional vector space over C. A Grass-

mannian Gr(k, V ) is a differentiable manifold that parametrizes the set of k-

dimensional linear subspaces of V . When V is clear from context, we write

Gr(k, n).

In Section 5.5, a web is sliced into horizontal strips, each of which contains

exactly one elementary web. Between each horizontal strip is a vector of labels.

An entry k in the vector means that the slice contains a copy of the fundamental

representation
∧

k(Cn). From the geometric point of view, the entry k in the
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vector of labels corresponds to the Grassmannian Gr(k, n). The Geometric

Satake correspondence establishes a link between the representation category of

sln and the affine Grassmannian. This is an example of where the representation

theory of sln and Uq(sln) differ – the original version of geometric Satake is

incompatible with the quantum deformation used to define Uq(sln).

An alternate version of geometric Satake for Uq(sln) is conjectured in [10,

Conjecture 6.3], and proved when n = 2 and n = 3. However, the machinery

does not work for a general quantum parameter q. Cautis and Kamnitzer define

a quantum K-theoretic version of geometric Satake for Uq(sln) in a series of

papers [3, 4, 5, 6, 7].

Problem 6.4: Make the connection between Algorithm 1 and the quantum

K-theoretic version of geometric Satake for Uq(sln) explicit.
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