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ABSTRACT 

The ground state ~ave function and energy of a finite system 

of interacting fermions are eX]?a.nded in terms of multi~le particle 

excitations on an uncorrelated zero order state. The resulting 

set of coupled equations constitutes a systematic variational 
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generalizatl;ton of Hartree··Fock theol'Y. , 
many-body pe,rturbation theory and it is 

1 . 

2 

Comparison is zd:I.de with 

I 

shown thae to any order 

the theory incol--pol'ates an infinite number of perturbaticn theory 

tel"ms. Solutions of the equations for ground state 3.t~nic systems t 

are discussed and related to previous work. using many-boo.y per

turbation theory. It is shovln that the Sl:.lllS of perturbation terms 

necessary forconvel'gence are automatically inclu~1.ed in tb.e 

equations 1'Ol" t't:lc-:?article excitations. AlJ})} ication of the 

equations to open shel:. atOllls is described. 

I. INTRODUCTION 

Many systems of il"tcracting ferm.ions are iV'ell a:pproximated by 

unco:crelated wave 1'unc.:t:i.ons ana. in particular by cleterJJlinants of single-

particle states determ.ined by Hartr'3e-Fock thecry. It is natural to attempt 

to expand the true wave function for such systems in multiple-particle 

excitations on the zero order ap:9l'oxima t:i.on. He presei1t here such a 

systematic expansion which corresponds ic :lncluding firstly one-particle 

excitations; secondly two-particle e)~cite..tions, and. in succeeding orders 

excitations of more and more Darticles. The magnitudes of the excitations 

are .determined by a variational approach. The resulting coupled equatiors 

are del~ived in Sec. II. SiI:::.ilar equations ,,,ere previously derived by 

1 . 
Nesbet ; our equations differ from his in that they show the explicit 

dependence upon the potential V which is used to determine the single

particle states for the expunsion of the wave function Iw). Section II 

also contains a treatment of the effect of choosing V as the Hartree-Fock 
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i 

potential and thb apprOXimate inclusion of three-particle and higher ex-, i 
l 

citations. 

In Sec. III the solutions of the coupled equations are discussed 

and related to a previous calculation of the ground state of the beryllium 
') . 

atom using many-body perturbation theory.- r, that calculation it was 

necessary to include high orders in the perturbation expansion. It is 

. shown in Sec. III that the important infinite sums of perturbation terms 

are automatically included in the coupled equations for two~particle 

.' excitations. Application of the equations to open shell atoms is described 

'flt the end of Sec. III. 
'\', 

II. THE COUPLED EQuATIONS 

1. Derivation 

In order to solve the eq~~tion 

Hit) = E It) , (1 ) 

.,~oth H and It) are expanded in terms of a complete set of sj,ngle-particle '. 
j;: 
" ;"~~tates In) which are determined from the eigenvalue equation 

':V 

... j 
,.,( 

(T + V) In) = €n In) • 

rhe OI)erator T represe;n-cs the one-body operators of the Hamiltonian. In 
i 
the ato~ic cas~, 

2-2 2 
T = -ii'V/2m - Ze /r .. 
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. The potential V liS a one-body potent:i.al which appl~oxima.tely a.ccounts for 
i 
:\ 
"1 

the effects of the interacting fel~ions. Tbb rsrticular choice of V is 

arbitrary except that it must be Hermitian; it is often chosen to be the 

Hartree-Fock potential. 

The Hamiltonian H in second-quantized form is 

The sums are taken over all ~~e single-particle states. In the second 

summation only distinct matrix elements are included; for example, 

{bal v Idc} is not distinct from {abl v ICd}.3 It is assumed for sim-

plicity that the ground state wave function Iw} may be approximated by an 

unperturbed solution Iq)o} which is a single detel~inant composed of the N 

states In} which are lowest in energy_ . vllien it is necessary to express 

the unpertUl'bed state I~o} as a linear combination of dete~inants, the 

following approach is still applicable, but it is then necessary to con-

sider correction terms for each of the determinants and the equations 

become more lengthy. 

The ground state ,V'ave function is e>"1>anded as 

The states labeled k are excited states and not occupied in Iq)o). The 

states labeled with Greek letters are states which are. occupied in Iq)o} 

and are called unexcited states. An unoccupied, unexcited state is called 
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a hole state. ]n all the sums only distinct terms are incluhed. 
I .' 

Terms 
, I 

which differ oni~ in pe~utations of the excited states' or the hole states 
i, 

are not distinct. 

vllien Eqs. (2) and (3) are substituted into Eq. (1) an infinite 

set of coupled equations is obtained by equating terms ",ith the same 

single-particle states. It is important in the appreciation of the theo-

retical.basis of these equations to realize that this procedure is equiva-

lent to a variational approach where the f I S are determined by minimizing 

('lI1 H I'll) subject to the constraint (\jr I \jr) = constant. Anticipating the 

. rapid convergence of the approximation scheme, the following discussion 

is limited to one-particle and two-particle excitations. Higher order 

excitations are discussed in Sec. II 3. 

The first equation in the system is obtained by taking the l4:>o} 

component of the result of inserting Eqs. (2) and (3) into Eq. (1): 

N N N 

L. €n + L. (I'51 v 11'0) - L. (I'I V 1"1) 
n=l 1'<0 "1= 1 

+ L. {L. (0:1'1 v Ik'r) - (0:1 V Ik)} f(l~; 0:) 
0:, k Y 

+ L. (o:p I v 11&1) f(kk I; 0:13) = E 
o:Pkk' 

(4 ) 

"here (ib! v led) = (abl v led) - (ba! v led). The 1)k+ 1)0: ICPo> component 

yields: 

., 

,;' ~ -
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N N 

'(€k + ~1 €n - €a) f(k; d) + r. (~I v lar) - (kl vI 10:) 
" n='t ' ),=1, ,I 

" , 

+ E (Ykl v Ikta) f(k;; 1) + L {r. (~I v ik'r) - (kl V Ik l
)} f(k'; ex) " 

, k',rla ' k', ric. . . , 

- 77a ~(751 v laD) - (71 v la}}f(k; 7) 

+ r. f r. (r51 v I ro) - (r I v I r)} f (k; 0) 
r1a lola ' 

+ r.. (tr I v I k 'ex) f(klt'; f3r) 
f3faJ rfa 

+ r.. f L (i5\ v Ik'o) - (rl v Ik'.)l f(kk'; or) 
k' ,r lofa ) 

, 
+ 2: (krl v Ik'k") f(k'k"; exr) = E f(k; a) . 

It' ,k",r 

The third equation in the series is obtained by multiplyiug Eq. (1) from 

the left by (4)0 1 l1ex + 11f3 + 11 k , 1lk • The result is: 

N 

(€k' + €k' + n~l €n - €a-€(3) f(kk'; ex(3 ~ 

+ r. f' L ( 15'1 v I ro) - (r I v I r )} f (kk I; a(3) 
, rfaJ~ 101a,~' -

+ (kk' I vld(3) + L. (kit' I v I k":K,lIl) f(kl1:K,ltlj a(3) 
kll,k'" 

" 
" 
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. + L. {rei v 10:f3} f(kk'; 10) + L. f_r. {151 v 1t30} + 61 v 1f3}} f(kk';0:1) 
. 1-fa,f3 . 1ff3 tala . 

,0ia,(3 . . ' . . 

+ L. {- r. { 10 I v lo:o} + ( 1 J V 100}}:1:'( lck '; r:3) 
," "Ita of.p . 

+ r. {kk'l v Ikllp} f(k"; a) + r. {kk'i v 100le"} f(k"; (3) 
kl! k" 

I -J L. {1k l v 11f3} - (kl V 113>}f(k ' ; 0:) 
lrla· . 

+ {r. (iYl v 10:1) - (kl V la>~ f(k'; (3) 
r/=(3 ) 

." 
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2. The Har'!iree.;.Fock Potential 
~ . . . 

A greatsimplif1cat1on in E~s. (4), (5), and (6) results from 

choosing V to be the Hartree-Fock potential VHF' defined by matrix elements 

N 

(al VHF !b) ~L (ani v Ibn) • 
n=l 

(7 ) 

Equation (4) becomes 

(8 ) 

where 

N N N N N 

EHF = L €n +L ('15 1 v 1'10 ) - L. ('11 V 1'1) = L. €n - ~ L ('11 V 1'1) ; 
. n=l '1<13'1=1 n=l '1=1 

while Eq. (5) for 1'(k; a) reduces to 

(€k - €a) 1'(k; a) + L. (ykl v Ik'a) 1'(k'; r) 
y,k ' 

(a) (b) 

+ L 
y,l3,k' 

(trrl v Ik'a) 1'(kk'; pr) 

(c) 

+ L (kYl V Ik'kll) 1'(k'k"; ttl') = (E - ET:r"C') f(k; a). 
k I k" ... J.L' , 

(d) 

(9 ) 

(10 ) 
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The sums over u4exci-ced states are no longer restricted beca,~se now there \ 
~ I! 

,~. . I' 
are additional terms arising f:.'om incomplete cancellations with the 

I 
Hartree-Fock potential V

IIF
• They correspond to diagrams in perturbation 

theory in which the' exclusion principle is violated in the intermediate 

states. 2 ~~e te~s of Eg. (lO) are represented by d~~grams in Fig. 1. 

The diagrams provide a connection with the corresponding terms of perturba-

tion theolJ(. In order to correspond more closely to the diagrams of 

Goldstone perturbation theory, 3 the term (a) of Eg. (10)' should be brought 

:. to the rhs and then the \ equation divided by (€o: - €k + E - EHF ). In 

:Goldstone ' s theory, the enex'gy denominator would be (€a - €k)' The term 
'." 

(E - ~) incorporates the summation of many-higher-order terms in perturba- '1 

tion theory and corresponds to inclusion of the third class of EPV diagrams 

of reference 2. It is assumed in this paper that (E - EaF) is not large 

relative to (€a - €k) and this assumption' constitutes a restriction to 

finite systems. 

When V is chosen as VHF' Eq. (6) reduces to 

+ L. 
kllk'" 

(i) 

+L. ( I'k I I v I kltp ) f(kkll ; al') + L. (k'YI' I v IO:ltll) f(kkll; I'!3 ) 
kill' kill' 

(ii) (iii) 

+ L. (I'kl v I k"!3 ) f(k"k'; a,),) + L. (I'kl v Ik"a) f(k"k'; ri3 ) 
k"r kill' 

(iv) (v) 
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+ L. ~,51 v laf,) f(kk'; ,0) - L. (ik'i V la(3) f(k; ~) 
10 , 

(vi) (vii) . 

~ L. (i1t v lap) f(k';,) + L. (kk'i V Ik"f3) f(k"; a) 
1 k" . 

(viii) (iYo) 

(11) 

(x) 

Again, as in Eg. (10), the S'l1!llS over hole states are unrestricted because 

of coutributions from the potential VHF' The diagrams for Eg. (11) are 

given ,in Fig. 2. 

3. Higher Excitations 

The discussion so far has only included one- and two-part~cle 

eJecitations, and there are, of course, excitations up to N particles. Wh,en 

higher excitations are includecl, Eq. (4) still involves only one- and tvTG· 

particle excitations directly. Equations (5) and (10) for f(k; a) must be 

modified to include .~oupl:L'1g with f(kk'k"; af31) and Eqs. (6) and (11) for 

f(kk'j et(3) must include terms coupling ",ith f(kk'k"; af31) and f(kklkllk"~; 

ap10). The importance of higher excitations depends both on the size of 

the system and the IIgoodness ll of the single-particle 'Wave functions used 

in the expansion. In perturbation theory, both one-and two-particle 

excitations enter in first order. Thre,e- and four-particle excitations 

enter in second order. vmen good Single-particle 'Wave functions are used 

the matr~: elements involVing unexcited to excited states may be expected 

to be small, as found in reference 2. In Eg. (5) for f(k; a) and Eq. (6) 

\. 



11 

for f(kk '; CtI3), I the thl'ee- and fOUl~-pa.rticle terms corrc;spo~d to two 
. l~ I 

higher orders o~ perturbation theory than do the loweet ord~r terms. ~len' 
1 ; 

N is not so large that the possj.ble numper of hig.~er excitations can over-

come the reductions due to terms reduced by two orde~s of perturbation 

theory, higher excitat:i.ons are not expected to be very important. 

When three-particle excitations are included, the term 

L.(i31/ V Iklkll) f(kklkll; Of3r) 
f3'Yklkll 

(12) 

is added to the lhs of Eqs. (5) and (10) for f(k; ex). The foD.owing terms 

are added to the lhsof Eq. (6) due to triple excitations: 

L. 
O,'Yfi3;k" 

(151 vli31tll ) f (ltk I k"; o'Yo ) 

+ L (l\:'Y'Y1 v Ik'!km) f(kk"l~l1; oi3r) 
'Y k" kilt , ,. 

L. (yo I v 10k") f(kk I k"; 'Yi3o) . to. 11 'Y,o ;k 

+ Z (krl v Ik"ku~ f(k"klklll; O(3'Y) 
'Y k" kill , , 

Coupling with four-par-t;icle excitations adds the term 

L. 
'Y 0 k" kill " , 

(13 ) 

(14 ) 
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I 
to the lhs of E~. (6) for f(kk'; al3). Equation (11) for f(klc' jap), using 

t 
VHF' is mOdified\ on the lhs by the last four terDlo of Eq. (13) (vTit."lout 

restrictions on tbe St~S over hole states) and by Eq. (14). 
\ 

The terms f(kk tkll; O:Pr) and f(kk 'klllt"; a~ro) are d.etermined 

from eq'uations which are similar to Bqs. (5) and (6). Hhen N is not large, 

it sho1.'.ld be quite valid to truncate terms beyond four excitations in the 

equations for f(kk'k"; af3r) and f(l{k'k"lt'; Ct/3ro) and to exclude all highexo 

excitations. A simpler a,pprc'ximation is to approximate thl4 ee- and four-

particle excitations by products of one- and two-particle excitations and 

" 
to omit three-body and hi~"ler clusters, as has been discussed by Sinanoglu. 4 

III. APPLICATIONS OF THE EQUATIONS TO ATOMIC STRUCTUP.E CALCULATIONS 

1. Solutions and Perturbation Theory 

The set of coupled equations (4), (5), and (6); or (8), (10), 

and (11) if VHF is used; may be solved for the ground state energy E. That 

is, the matrix determined by the complete set of equations must be diago-

nalized. The lowest eigenvalue is the gl'c'..1ud state energy and higher 

eigenvalues correspond to excited states with the same symmetry. The set 

has already been truncated because higher excitations have been omitted. 

The continuum may be divided into finite blocks such that the variation of 

l' VTithin any given block is small and the calculation is then reduced to 

that of a finite number of coupled equations provided a finite number of 

bound excited states is used. 

l~en VHF is used, the one-particle excitations f(k; a) are 

relatively unimportant compared to the two-particle excitations f(kk'; ai3), 

and only the f(hlt ' ; a(3) are needed to determine E - ~F' 



!' 

I 

I 1 , 
The sd,lution of Eg. (11) is, in the first approx~tionJ 

! 

13 

f(kk'; a(3) = (€a+ €f3 - €k - €k' - {a~1 v I~} + E- EnFrl
, {kk t

, v 1af3) • 

(15) 

The term (af31 v la(3) in Ell- (15) comes from the diagonal part 

of tel~ (vi) of Eg. (11). It is the same term used in reference 1 to shift 

all energy denominators of the terms in perturbation t."leory. It might be 

expected on physical grounds because € + €R - (a~ I v I arB ) is just the a I-' . 

effective two-particle ~riergy for particles in states la) and 113). The 

,) .. adder diagram term (i) of Eg. (ll) accounts for the intel'ac'cion of two 
.:,1 

,./particles in states Ik) and lIt'). Since the states Ik) are determined by 

< a potential in' which ali the unexcited states are filled (in the HF caSEd, 

i'~ there is also a correction to accou.Ylt for the fact that I k) and I k') are 

,., propagating with la) and 1(3) unoccupied. This correction comes from the 

;:terms '1 = f3 in (ii) and (iv) of E~l' (11) and from terms '1 = a in (iii) and 

.t/I(· ) f"" (11) '. v oJ;!;q. • These terms were called hole-particle EPV (exclusion 

frinciPle violating) tenlls in reference 2 because they involv:e hole-pal·ticle 
'. . 

.,}nteractions(and exchange) in which the exclusion principle is violated in 
-: ,.1 

)'foing from one hole f?tate to the same hole state. 

, 
; . In the numerical calculations on Be it was found necessary to 
. f 
~nclude certain terms beyond second order in perturbation theory, namely 
t 

~he ladder diagrams and the hole-particle EPV diagrams. 5 If only these 
I , 
~ 
terms are retained, then" Eg •. (11) becomes 
i 
; 
! 
~ . 

f(kk'; CX(3) = D- l (kit'l v la(3) , (16 ) 

',: . 
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wh.ere 
j 
i 

\ 

l: (kk'i v Ik"~") f(k"~U; Of:) )/f(l~'; o:~) 
k"k'" 

- L. (o:'kl v Ik"a) f(kllkl~ .. O:P)/f(kk'; <=$). 
kll 

(17 ) 

The last four terms on the rhs of Eq. (17) "are related to the expression 

(4a + 2b) which was used in reference 2 to sum the hole-part.icle EPV 

diagrams. The ladder term of Eq. (17) is related to the factor t of 

rel'erence 2 which summed the ladder diagrams. E:auations (16) and (17) 

are equivalent to the .calculation of reference 2. The necessary higher 

order tenns of perturbation theory are thus seen to be included in the 

multiple-particle excitation theory in a straightforward manner. 

The last five terms on ·~he rhs of Eq. (17) may have a dependence 

on It andk' which simplifies the calculations. This was found to be true 

in the numerical calculations for Be where each of the five terms could 

be written to a good approxil:oo.tioll as Ci(e:a + €(3 - e: k - €k' -(a~1 v!at:»), 

where C. is an appropriate constant for the ith term. 2 
J. . 

i , 
"~... . 

/ 
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i, 2. Application to Open Shell Atoms I 
, I 

Since the Hamiltonian H commutes with the to-~al orbital and spin 

angular momentum 0pel~tors Land S, the eigenstates for this Hamiltonian 
. '" '" 

must be eigenstates of L2 and s2. The unperturbed eigenstate I~o} should 

have the correct synunetry (in Land S) of th~ true ground state l'it) which 

may be Written 

(18 ) 

Equation (2 ) may be Written as 

H :::: HO + v - V , 

N N 

where v = " -1" I I ~ (rij ) , V :::: ~~l veri)' and HO . ~O) :::: EO ~O) 
i<j ... 

"Then Eqs. (18) and (19) are substituted into (1), there results: 

1L::.'l!) = (H - Efl [L::.E - (v - V)) I~o)' (20 ) 

where L::. E = E - EO' Since Land S commute with H and v, the calculated 
'" "-

ground state l'it) will be an eigenstate of L2 a.nd 82 if Land S commute with 
'" '" 

2 2 V and I~o) is an eigenstate of Land S. For closed-shell atoms, VHF 

defined by Eq. (7) commutesw~th 1 and~ a.nd I~o) is a s~~gle determinant. 

For open-shell atoms 1 and ~ in general do not commute with VHF 

and so it is desirable to choose a VCr) which approximates VHF as closely 

as possible but which commutes with Land S. As described in Sec. II 1, 
'" '" 

..,.' .. 
' .. ~~. 



., 

". 

16 

it is convenien~ but not necessary that I~o) be described by a single 

determinant. In' calculating the gl'oUIld state of Irany open~shell atoms it 

is possible to choose I~o) as a single determinant because the ground 

state usually has the maAimum. spin consistent vTith the eJ:clusion principle. 

The energy is independent of 1\ and Ms and the choice ~ = Land Ms = S 

often makes I~ 0) a single determinant. 

Calculations for open-shell atoms, using Eqs. (4), (5), and (6), 

are planned. The numerical work described in reference 2 indicates the 

feasibility of these ~alculations. 
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FIGURB CAPTIONS 
;\ 

Fig. 1. Diagrams corresponding to the terms of Eq. (10 ).(a) Diagrams 

for f(k; a) and f(kk'; ~). Diagrams (b), (0), and (d) correspond 

to the terms labeled (b), (c), and (d) in Eq. (10). 

Fig. 2. Diagrams corresponding to terms of Eq. (11). (a.) Ladder diagram 

for term (i). (b) Ring diagram and hol.e-partiq'le diagram of 

term (ii).The diagrams for (iii), (iV), and (v) are similar. 

(c) Hole-hole I, :i.b.teraction diagram of term (Vi). (d) Diagram for 

coupling ot one"'particle and tyro-particle excitations of term 

om.itted .. 
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