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The Center for Planning and Development Research is a unit within the
Institute of Urban and Regional Development. It is devoted to the study of
a wide range of activities in environmental design and urban and regional
development. Researchers in the Center are engaged in investigating the
processes of urban and regional growth, the consequences of alternative
patterns of growth, and the scientific bases for development policy and
planning.

Toward these ends, current research is directed to improving theories and
methods of planning, to building models capable of simulating urban growth
processes, and to formulating improved criteria for urban and regional devel-
opment policies. Fields of interest to the Center include the development of
new and established communities, housing and renewal programming. the
effects of technological development on cities and urban life, metropolitan
planning, the economics of city-building in the United States and in develop-
ing nations, and the social planning and human development issues that
accompany urbanization.

The Center contains the Architectural Design Laboratorv. which is devoted
to research in building technology, the behavioral bases for desi gn, and design
processes.
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A NOTE ON THE TEMPORAL DECOMPOSITION
OF INTERPOINT TRANSITION MATRICES

Andrei Rogers*

1. INTRODUCTION

A problem of common interest to social scientists is the decomposition of
a transition matrix which describes interpoint movement during an # unit time
interval into the corresponding ‘“‘average’ transition matrix for a single unit
time interval. That is, given a transition matrix, G, with respect to a time
period of » units, find a transition matrix P such that:

(1) P"=G.

A convenient solution method is to find a collinearity transformation of G
such that:

(2) G=NVN,

where V is a diagonal matrix and N is a suitably chosen non-singular square
matrix of the same order as G. Because of the associative property of matrix
multiplication, such a transformation enables us to examine a number of poly-
nomial functions of G. For, in general, if f(-) is a polynomial function then
it can be shown that (Fraser, et al., [1; p. 67]):

(3) AG) = NAV)N!
and thus, for example,
G’ = (NVN)WNVN™)
= NV(N'N)VN™!
= NV’N™*.
Since our temporal decomposition problem, in effect, is to find G'", we may
use Equation (3) to establish the relationship:

(4) Gl/n 4ot NVl/nN—l ,

which in view of the diagonal nature of V, is relatively simple to solve.

2. ESTIMATING V AND N

A well-known result in matrix algebra establishes that at least one solution
for V, in Equation (2), is:
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" 0

0 v,
(5) V=1 "

0 . . . . . v
where v, vs,...v, are the characteristic roots of the determinental equation:
(6) foI—Gl||=0.

Moreover, it is also established that the columns of N are the characteristic
vectors which correspond to the characteristic roots of Equation (6) (Fraser, ef
al., [1; pp. 66-70])). That is, they are the column vectors of N where:

(7) GN=NV.

Since the set of linear equations represented by Equation (7) are homogeneous,
a unique solution does not exist. However, any solution will satisfy our
purposes. One such solution may be constructed by using the cofactors of the
first row of (v;.I — G) for the ith column of N.

3. EXAMPLE

At this point, an example may serve to clarify the above discussion.
Consider the following interregional population model:

(8) l_Ut+1=&¢(B—D+M)=QtGr
where

w, = a row vector whose ith element denotes the total population of region
7 at time f;
B, D = diagonal matrices whose ith diagonal elements denote the crude birth
and death rates of the ¢th region;
M = a migration transition matrix whose elements, #;, denote the proportion
of people who were in the jth region at time ¢ and in the jth region
at time ¢ + 1.

For illustrative purposes, consider the following two regions: California
and the Rest of the United States. Fitting the model to these two regions,
for the 1955-1960 period, we have (in thousands):

(9) (15,199; 163,040) = (12,988; 152,082) (1.0215 .0627)
.0127 1.0667
Now, for the G in Equation (9), we need to find a P such that:
P=G.

Solving the characteristic equation of Equation (6) for the two characteristic
roots »; and v, we have:

v—10215  — .0627|| _,
— 0127 »—1.0667]

which yields roots », = 1.0802 and v, = 1.0080.
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Hence
Ve (1.0802 0 )
0 1.0080
The two cofactors of the first row of (v,/ — G) are
n,y = 0135
N = 0127 .
Analogously, for (v,/ — G) we have
1y, = — 0587
Mg = 0127 .

Hence we may assemble the matrix

N (0135 —.0587)
- (.0127 0127

and find its inverse

N 13.8504 64.0173)
- (—13.8504 14.7229) °

As a check on our arithmetic, it is a simple matter to compute NVN'
and confirm that the result is indeed the matrix G.

With the collinear transform of G we now are in a position to find G'°.
The first step is to derive V'/°. Since V is a diagonal matrix we need only to
find ¥v;; which in our example yields:

pis_ (L0155 0 )
- (o 1.0016/ °

Recalling Equation (4), we have:

P o= G1/5 == NV}/SN—I
- ( .0135 -—.0587)(1.0155 0 >< 13.8504 64.0173)

0127 0127)\0 1.0016 \ —13.8504  14.7229
_ /1.0028 0113
- ( .0028 1.0128)'

Again, as a check on our arithmetic, we compute P°® and confirm that the
result is the matrix G.

4. CONCLUSION

This note describes a convenient method for temporally decomposing an
interpoint transition matrix. An example drawn from demography illustrates
a practical application. Together with recent efforts to estimate interpoint
transition matrices solely on the basis of distributional time series (Madansky
[2], Telser [4], Theil [5]), this technique should yield valuable insights into
interpoint flows. For example, in interregional migration analysis, an area
with a dearth of data concerning place-to-place movements, the possibility of
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deriving reasonably accurate estimates of transition structures should signifi-
cantly improve population forecasting efforts (Rogers and Miller [3]).
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