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BEAM-SURROUNDING INTERACTIONS AND THE * 
STABILITY OF RELATIVlSTI,C PARTICLT<; BF'.AMS 

Andr_ew M. Sessler 
I.e.wr.ence Radiation Laboratory 

University of California 
Berkeley, California 94720 

Prelude 

In accord with recent custom, the organizing 
committee for this conference has scheduled this re­
view paper em beam instabilities. In viey_~f the 
various l'eview papers which already exist and the 
fact that the fundamentals of the subject have even 
been treated in a textbook,~ I thought this paper · 
might best be devoted to a limited part of the rather 
large neld of beam instabilities. Thus, I have 
selected only an aspect of the general subject, but 
an aspect which has during the last years been very 
much at the center of activity, and will--if my judg­
ment is correct--be even more so in the years to come. 
i \fish tc concentrate, here, on the interaction of a 
relativistic particle beam with itself which is a 
result of the coupling of the beam with its surrmmd­
ing<J. 

Before approaching this topic, a few remarks on 
the existir~ review papers are in order. A comprehen­
sive treatment of beam instabilities nay be fotmcl in 
Ref. 1, where, also, the reader <Till fin1 some 48 
references to the original literature. In Refs. 2 and 
3, the general subject ~s approached from other p~ints 
of viev. Reference 4 is concerned wtth some spec1.al 
topjcs, .but treats them in depth; and the text of 
Ref. 5 closely follo~Vs the original papers. 

I. Static Self-Field Phenomem: 
----Three Exainples 

The interaction of a beam <Tith its surroundings 
will influence the static self-field of the beam and 
conseCJ.uently the incoherent behav-ior of individua~ 
particles, whose motion is determined by the comb~na­
tion of externally applied fields and self-consistent 
beam fields, Thus the equilibrium properties of beams 
--inclndj.ng the possibility of the absence of an 
eq_uilibrium configuration--is determined, in part, by 
beam-surroundin3 interactions. 

1.1 Transverse 0Gcillations 
One example of this phenomenon is supplied by the 

transverse (betatron) oscillations of particles in a 6 
cjxcular accelerator. It was·first observed by Kerst 
that the beam self-fields reduce the betatron osciJ.la­
tion freq_uency v by an amount 6 v, from the zero­
beam value. 

If tbe beam self-fields are computgr for a uni­
form (stra~ght) beam in free space then 

N R r 0 F 
t.v (l) 

2 2 ' v f3- -? 21t a 

where N is the nilmber of particles in a torus of 
major raclius R and minor radius a, (3c is the 
particle ·velocity, the associated relativistic factor 
is -v 1 'r is the classical radius of' the particles, 
and the fagtor F eq_w>ls unity. 

* vlork supported by the U. S. Atomic Energy 
Co!lllllisdon. 
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The important : nf7uence of beam surroundings was 
pointed out by Lasl<:tt who showed--for example--that 
for a unjform beam 1 etween conducting walls (vacuum 
tank) VTith separatic•n 2h , and iron (m.-:J.gnet) surfaces 
of se:r:uration 2g i.he factor F in (l) becomes 

F 2a 
2 2 

[ 2 2 2 2 h
2 

] 1 + -~ ( In- ) (l + f3 1 ) + f3 r g2 h2 '10 
(2) 

In a strong focu::;ing machj_ne the beam will be 
unstable if v is shifted to the nearest resonance 
and thus 6 v is typically limited to a value 
6 v ::: 1/4. 'rhus (l) may be employed to estimate a 
limiting value of N. The influence of surroundings 
may, from (2), be seen to be dominant at high energies 
where the l:j.mit on N varies only as 7 , in contrast 
with the 'lJ dependence given by (l) when F is set 
eq_ual to unity. We shall not further pursue, here, 
the literature in which this subject is more fully 
developed. 

1.2 Longitudinal Oscillations 
Another example, of the influence of surrounding 

media upon the self-field of a relativist;ic beam, is 
supplied by the diffraction radiation reactioh force 
on an electron ring moving in an acceleration column. 

It is 1-rell 1:nown that the d:L.ffr·c.:.cLion radiation 
by an electron ring in the acceleration column of an 
electron ring accelerator (ERA) is a strong function 
of the e;eomctry of' the accelera tJ.on colu:rJJ and, 
furthermore, is an importan'u effect insof~r as it can 
cause si£;nii'icant loss of energy of the rlnfj. The 
diffraction radiation reaction effect upon the axial 
stabilit-v of rint;s has been evaluated in a recent 
raper, 9 ~here it has been bhovn to be only a small 
defocusing effect and unir.:portomt in co;np:lrison even 
with the rather ~Veak axial focusing supplied by ions 
and images. 

Although the above effect is \mimportant, it is 
a clear--yet complicated--example of the self­
interaction of a beam via interaction ~Vith surrounding 
media; and actually in this problem the small .answer 
was by no !!leans obvious vrio1· to an extensive calcula­
tion. 

1.2 B1.U1ch Lcnr.th in Electron Storage Rinp;s 
As a final example of a static self-field phenom­

enon --or -at 1cust a phenomenon -;rhich could have this 
as its root cause--consider the azimuthal lencth of 
bunches in electron-positron storage rir~s. ;t Orsay 
and Ji'rascati the bunch length is observed to be a 
function of stored current, although no such effect 
has been observed at Stanford or Novosibirsk.l0 

These observ-a.tions have stimulated considerable 
theoretical effort ,11-15 Theories basc;d upon coherent 
synchrotron radiationl1, 12 prelicted a shorterdne of 
bunches' with incr0asing current, in contradiction <rith 
the observations. Resonances as,;ociated with clearing­
field eleetroles13 and reponanccs associated with 
radio-t"reg_uency cavitieG1·• ha·;e been suggested as the· 
source of the-.phcnornenon. 



All the above. theories are equilibrium calcula­
tions; thn.t is, they are. theories in which the.effec­
tive azimuthal potential well .is modified in strength 
as a result of the high beam current. One analysisl5 
suggests·that the bunch lengthening is_due to an 
inntabj.lity of the internal coherent synchrotron 
oscillations, but t~e pu-ametric dependence ·or the 
bunch lengthening in .this theory is not in good agree­
ment with the observatiqrts. The equilibrium theories 
have, re::ently, all been ·in·corpora.ted into a general 
formulation ·of the problem in which the beam- 6 ·surrounding interaction is explicitly exhibited. 1 

}?ollowing Ref. 16, 'the beam self-interaction WlY 

be. ·descrj.bed by a Green 1 s i:'unction ll'~l (a) such that 
if }..(a) is the linear charge density of the bunch. 
as a function of the distance a from the synchro­
nous }Xlrticle, .. then the energy cbllnge of a pa.rticl.e 
due to self-forces per revolution, eU, is given by 

eU(a) -•I: ""' A(o') $co• -a).· .. (3) 

The gradient of U(a), evaluated at the synchronous 
pa.rticle a =. 01 produces a change in :J;ihe synchrotron 
oscillation frequency from ns 2 to if,· where 

R TJ oos2 e ~ 
2n f32 E s 

(4) 

Es is the ·total e~ergy, oo is the. revolution 
frequency_, and R is the ofhit radius of the syn- :. 
chronous :n.article. The dispersion coeffid.ent 11 j s 
-given by 

.1) ~2~ doo. ·1· . 
00 dE E=E 

s 

.The mean square ,bun~h length tf is 
·the menn oquare b~ch length in the limit 
bunch current. Li) by · . 

tf ~2 [ 1 +· ":.~ n; r ' 
(5) 

related to 
of zero 

(6) 

. The combining of (6), (5), (4), (3), and the formula 

' 2 2 
- · Ne . exp( -a /2!5. ) 

(21t )1/2 1::. 
(7) 

yields an r,xpl.icitly formula for bunch length in . 
terms of· ~J (a) or--of.ten ·more conveniently--in tenils 
of its FoUrier transform, the impedance Z(oo) defined 
by . . . 

Z(w) ncr 
f3c 

(8) 

. The reader interested in the subject of bunch 
length in storage rings should consult Hef. 16, wb'ere 
ex.tcn:..:i ve discu:;r;ion !llB.y be. found of the· theory· and . 
the observations •. l~or our purposes, here; it ·. · 
suffices to merely disr;uss the functions },.1 (a) ·and 
Z(~>) for come typical structLU'ec which.ar~ always · 

2 

pr~sent in storage r:IJ1g~--such as 'rf cavities, 
pickup electrodes, and clearing electrodes. 

. For . a smooth · :hamber approximated. by two }Xlrallel 
perfectly conductilog infinite planes separated l::ly 
distan~e H, · . 

.· . 

4I (a) _ 2nBc [-!:... (1 + 2 .en 2H ) + 
oo · 2 · lta 

s . ' . ·. . 
( ~ ) 2]. 5' (a) ~ 

.· (9) 

where. a is the b(am minor radius, R is· the beam 
major radius,··and' 5'(a) ·is the first derivative of 
the Dirac delta fw ction.l2 Thus, r'or this case 

Z(oo)=~~ [12 
. s r. 

(1 + 2Jn : ) + . (~ / J ru , (10) 

which is valid onl~ ·for frequenci'es oo < JtfjC/H • 
This caJXlc:it:i.\e impef:ance leads, above transition, to 
bunch snortening. ' 

. 17 18 
For an rf cavity ' of radi.us b: and iength 

L, 

f~ .f 
s=l. .p=O 

(-l)P cos ~L .) 
'v 

.J 

(li) 

where. v = 13c, 

2 
c2f ~ 2 ~ 2] (12) (f) '+ ( L) ps . s 

and ~s is determined by 

·for s = 11 2·,. • · ;. ·.~. .(l3) 

When L and b are much smaller. than the length 
of a bunch, then the term 5 = 11 p~~·o dominates 
in the . sum ·and 

where PJ. b = 2. 41 and J;(~ib) ,;, 0;52. In the case 
in which the ranse . of interesting freciuency is. such. 
that . (f) << c~, z(w) becomes 

Z(oo) ~ -8iit.o 
(15). 

c2 hbJl (1-\b)t 

which is o! the same fU:!lctional form o'titained by 
Hobinson. 1 Hotc that .the rf cavity at freq_uencie3 
m, · less than its resonant frequency, it: inductive · · · 
"'hich--a::ove tr~nsltion--leads to bunch J,cilgthening~. · 

The first study of the interaction of a beam with 
clearing ~lE:ctroles was by. r.aslett J9 I~ has been· 
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followed by many papers, iucluding computations for 
general ~bectrodes by·Ruggiero, Strolin, and 
Vaccaro. For the special case of a pickup electrode 
which extends around the full chamber, is of length 
£ , and is terminated in its characteristic imped­
ance Zo' the Green's function for a relativistic 
beam is 

1J (o) 
i ] . 
_Q [5( ..5!... ) - 5( .E..- 2£ ) • 
2 f:lc f:lc c 

For electrodes short compared to bunch length, the 
interaction produces buP.ch lengthening. 

IL Dynamic Self-Fie}.d Phenomena: 
The Cohere;nt Longitudinal Im;tabili ty 

of a Uniform Beam 

(16) 

It is in connection with dynamic self-field 
effects, which subject includes beam instabilities, 
that beam-surrounding interact1ons have been most 
closely studied aml most clearly of great importance. 
I think you will agree that I am not exaggerating 
about t£8 importance, when you recall Amman's 
r·eport, at the last meeting of this conference, 
that upon removing the clearing electrodes from the 
ADONE storage ring the c~herent transverse instabil­
ity threshold increased by a factor of 15! 

I can not do justice, in the present review, to 
the extensive literature, but shall attempt to 
indicate the range and nature of the activityby 
considering one topic in detailj namely the longitu­
dinal instability of azimuthally uniform beams. 

Of course there has been ·significant work done 
on transve1~se coherent instabilities--much of it very 
beautiful work--but I must fo1·cgo reviewing that 
material here, as I believe my goals are best accom­
plished by going--in depth-~into the one subject. 

In both proton storage rings anrl electron ring 
accelerators the maintenance of stability of the 
stored beam against·longitudilk'l.l bunching is of great 
importance and--probably--the single most difficult 
feat to be accomplished. Since the last f'ew years 
hrl.s seen considerable work devoted to high-current 
effects in the ISR at CERN and the ERA's in Dubna and 
Berkeley, there now exists a relatively highly devel­
oped theory on the subject under discussion. 

2.1 Classical Period 
In the ye~2 first papers on the negative mass 

instabilit/ ' the threshold and growth rate were 
expressed in terms of a geometrical factor called g. 
Taking a "rectangular distribution" for the beam 
energy, the threshold is given by 

2 
~(~)...L(Edro) (L'IE) 
2 r

0 
g w dE 

6 
E (17) N 

where fE is the full energy spread in a beam of N 
particles circulating at (angular) frequency ru· on 
an orbit. of radius R with total energy E • sThe . s 
geometrical factor--which, in fact, describes the 
beam-surrounding coupling--was originally evaluated 
for a beam of minor radius a , inside a perfectly 
conducting tube of' radius b as 

1 
2 r 

[1 + 2 .tn(b/a)] (18) 

3 

As long as ten years ago, a study was made of 
the azimuthal stability of a uniform beam passing 
through an externally unexcited rf cavity. 23 It 
was shown that the beam would be st'iblej i.e., not 
spontaneously bunch on the !!_th azimuthal mode, 
provided the shunt impedance Z of the cavity (at 
frequency nw ) satisfied n 

s 

1 (~ dro) (L'IE)2 
NrudE .E' 

s 
(19) 

where · z
0 

is the impedance of' free space (equal to 
377 ohms in mks units, and 4Jr/c in cgs units). 

2.2 Medieval Period 
It has been seen that evf:ll in the earliest papers, 

beam-surrounding factors were isolated. However, in 
those days it •ras not appreciateJ ho<T sensitively 
these factors dep,~nded upon the nature of the 

24 surroundings. It •ras the •rork of Bri.ggs and Neil 
which first emphasized the importance of wall mate­
rials, and even suggested walls which wouJ.d dramat­
ically increase the threshold of both transverse and 
longitudinal coherent instabilities. For example, 
they showed that a layer of thic};ness T and di­
electric constant E inside a tut)e of radius b 
would have a geometrical factor 

1
2 [1 + 2 £n(b/a)] 2 K tan KT g j 2 r € K b 

(20) 

with 

2 2 
K !:1_ (f:l2 € - l) . 

R2 
(21) 

Since for a loss-less dielectric the nc~[;::tti ve mass 
instability i::; or.ly lll'esent for positive g, one can 
see, from (20), that in this case--and e3pecially i'or 
ultra-relativistic beams-- it is possible to elim­
inate the instability by means of a thin dielectric 
layer. 

'l'he first attempt to isolate--in a general vay-­
the beam-surrounding interaction factor appeared in "' 
1967, having been stimulated by the work of Ref. 2lf, 2 :J 

In this paper the beam dynamics (dispersion analysis) 
was done in general, and the stability limit expressed 
in terms of a beam coupling im:pedaace Z . The 
impedance Z is defined by n 

n 

- Z .In 
!). 

where In is the ~th Fourier compoijent of beam 

(22) 

current and E, ~s the nth component of the 
azimuthal electJ1ic field at the beam. The result of 
careful beam dynamics yielded (19), but with a factor 
of (0.7/8) inserted on the right. 

In Ref. 251 the electrodynamics was also done in 
general by splitting Z into two terms. One term 
describes the impedancenof a beam inside a perfectly 
conducting pipe of re.dius bj namely, as in (18 )--or 
(10 )--

(23) 

1'hc other term :.\12 vri1s shown to be rPlated to the 



wall impedance per unit length Zn by 

..... r 1 Jl (qb, ] 
zn2 2rc R znLqb Jo(qb) (24) 

where q = in/rR. In the Hmit of long wave-,length 
perturbat~ons it can be seen, from (24), that 
zn2 = 2rcRZn. 

It was emphasized·-~nd, in fact, it was the main 
point of Hef. 25--that Zn described the impedance 
of the wall elements and was, thus, amenable to 
computation--or measurement--by means of all the 
standard techniques employed in electrical engineer­
ing. For example, if the outer wall were resistive 
with conductivity a, then clearly 

"' 1 - i z 2rcb 5 a n 
(25) 

with the skin depth 5 given by 

5 c (2/4rca m )1/ 2 (26) 

and m = nf3c/R 
yields2bin the 
result 

Combining (23 ), (2l} ), (25 ), and (26) 
long 1vave-length limit--the well-known 

z 
n 

where 

21! in 
--2 
l3c r 

[1 + 2 £n b/a] 

+ 41! Rti)(l- i), 
cb \1\. 

(f( (m/8-l(a )1/2 • 

(27) 

This "engineering technique" was applied to a 2, 
number of problems--such as helical conducting walls J 

--and allowed complicated structures to be readily 
analyzed. For eYbmple, the impedances presented in 
Section 1.3 may be employed to study the azimuthal 
stability of beams interacting with various elements 
such us pickup electrodes. 

2. 3 Modern Period 2s 
In 1969, Keil and Schnell observed that "By 

combining formulae in various papers it is, however, 
possible to arrive at an expression which is very 
easily understood.", and proceeded to derive a formula 
which \·las identical--except for the numerical factor 
of (0.7/8)--vlith the long-since-forgotten formula (1'9). 
Their work was, however, important for it stimulated 
a large program at CERN'of computation and measurement 
of the elements which were to go into the new proton 
storage ring (ISR). 

As part of the ISR program, Ruggiero, Strolin, 
and Vaccaro presented a comprehensive theoretical 
investigati~8 of clearing electrodes and pickup 
electroder;. Their results n.re, in general, very 
cor1plicated; one limiting case of their 1-10rk has 
already been presented in (16). 

The effect of laminated. vacmun chamber walls 
(for exani)Jle, layers of metalized ceramic inside an 
outer c.gsriuctor) was comprellensi vely studed by 
Zotter, L Hhose work, subsequently, I>roved of great 
value to the J<'lli\ Group in Berkeley. Shortly there­
after, Keil and ?;otter, in an 'impressi.ve set of p:1perr, 

4 

evaluated
30

he coupling impedance of corrugated vacuum 
chambers • 

On the experimental side, Schnell and Thorndahl, 
using an <tnalogue mC>del, measured the cou~!ing 
impedance of the ISH clearing electrodes •. 

The coupling impedance for the beam of an electon 
ring accelerator has been the subject of very exten­
sive study, especially by the Dub= Group. Since a 
contribution on this very topic is to be presented in 
this session (Contribution M-18), no further remarks 
will be made. 

Recently, Rl~giero has--evidentl~2 independently-­rediscovered the approach of Rei'. 25,) and then 
applied it to a number of problems. In p:.J.rticular, he· 
has studied the effect of the HAL-Booster magnetic 
laminat1.ons by means of a radial transmission line 
model.5J The same problem has also been studied by 
Snowdon34 (and I think it was analyzed by Chirikov, 
in 1964, in connection with a plasma betatron, but I _ 
can not locate the reference). The work of Ruggiero33 
can be recommended as an excellent example of the 
application of the "engineering technique" to the 
solution of beam instability problems. 

III. The Main 'rheme--Succinctly Stated 

Emphasis has been directed in this review to the 
interaction of a beam with its surroundings. Concen­
tration upon this particular subject has not meant to 
.imply that deep understanding and insi~ht is not also 
required into the other aspects of beam dynamics; in 
fact, one needs only think of the very beautiful work 
req,uired for the ·development of the theory of the 
head-tail effect35 to see hoVT wrong such a vie<l would 
be. 

Rather, the point has been that for many 
phenomena the beam dynamics 1:art can readily be done 
--and, in fact, has been done--and the resulting 
formulas involve factors vhich alone describe the 
beam-surrounding coupling. (See, for example, the 
factor F in (1) and (2); or the factor Z(w) which 
determines bunch length via (3) throue;h ( 8); or the 
coupling impedance Z of (19) and (2'().) For such 
phenomena the "weakes~ link" in the theory is the 
beam-surrounding coupling factor, which factor it is 
worth isolating. 

One reason for the importance of isolating the 
beam-surrounding cm1pling factors is that they are 
often extremely difficult to calculate in that they 
depend sensitively on the beam smToundings. Once 
isolated, however, they may be measured or intuitively 
estimated. I especially look forward to a much 
greater application to tP.is subject--in the future--of 
an engineering approach, which should result in the 
development of a suitable highly-convenient phenom­
enology. 

More importantly, these factors can influence 
beam behavior--for example, instability thresholds-­
in a very major way; in fact, usually more so than 
any other factor under the machine desi3ner's control. 
Once isolated, hovrever, the be'l.m-surrounding coupli.ng 
factors can be included in the over-all optimization 
of the design. 

Fi.nally, it is necessary to remark that in recent 
years ID'.lCh attention has been devoted--on the tbeoret­
icu.l side--to beam-surround·ing interactions: good and 
bad geometries h?.ve. been identifiG-d, and devices have 
been desiencd on the ba:;is of these theo1·ies. There 

• 
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is, however, a great paucity of experimental confirma­
tion of these calculations. One hopes that the next 
f,)w years >Till see u change in this situation, and 
consequently the development of a substantial.base 
u1~n which 1nrticle handling devices of ever greater . 
p.~rformance capabilities may be confidently designed, 
successfully constructed, and effectively employed. 
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