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ABSTRACT OF THE DISSERTATION

Competitive and Universal Learning

by

Yi Hao
Doctor of Philosophy in Electrical Engineering (Communication Theory and Systems)
University of California San Diego, 2021

Professor Alon Orlitsky, Chair

Modern data science calls for statistical inference algorithms that are both data-efficient
and computation-efficient. We design and analyze methods that 1) outperform existing algorithms
in the high-dimensional setting; 2) are as simple as possible but efficiently computable.

One line of our work aims to bridge different fields and offer unified solutions to multiple
questions. Consider the following canonical statistical inference tasks: distribution estimation,
functional estimation, and property testing, sharing the model that provides sample access to an
unknown discrete distribution. In a recent paper in NeurIPS "19, we showed that a single, simple,
and unified estimator — profile maximum likelihood (PML), and its near-linear time computable

variant are sample-optimal for estimating multiple distribution attributes. The result covers 1)

XV



any appropriately Lipschitz and additively separable functionals; 2) sorted distribution; 3) Rényi
entropy; 4) ¢> distance to the uniform distribution, yielding an optimal tester for distributions’
closeness. This work makes PML the first unified sample- and time-optimal method for the
learning tasks mentioned above. A single algorithm with such broad applicability is universal.

Another line of our work focuses on instance-optimal learning that designs algorithms
with near-optimal guarantees for every possible data input. A flagship problem is distribution
estimation over discrete or continuous domains, where ordering and geometry play an essential
role. Going beyond worst-case guarantees, researchers designed algorithms that compete with a
genie estimator that knows the actual distribution but is reasonably restricted. To obtain state-of-
the-art algorithms for both tasks, we leveraged the simple but nontrivial idea of “data binning”. For
discrete settings, we group symbols that appear the same number of times. And for continuous
settings, we partition the real domain and separate symbols according to pre-designed local
quantiles. The respective algorithms run in near-linear-time, achieve the best-known estimation
guarantees regarding the genie estimators, and appear in ICML’19 and NeurIPS "20. A genie-like
algorithm adaptive to almost every data sample is competitive.

We present a comprehensive understanding of universal and competitive algorithms
for multiple fundamental learning problems. Our ideas and techniques may shed light on key

challenges in modern data science and numerous applications beyond the scope of this dissertation.
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Chapter 1

Introduction

The primary purpose of our research lies in designing and analyzing statistical inference
algorithms, with a focus on several challenges emerging from modern data science: dimensionality
and structure, sample and time efficiency, and algorithmic adaptiveness to data complexity.

To meet these challenges and narrow the gap between theory and practice, we strive
to propose and study methods that: 1) outperform existing algorithms in the high-dimensional
setting or data-sparse regime; 2) are as simple as possible but efficiently computable; 3) possess
near-optimal guarantees for every possible data input; 4) bridge and unify approaches in different
fields. Below, we illustrate these points through concrete results and examples and introduce

some general notation for subsequent sections along the way.

1.1 Universal Learning

Consider the following canonical statistical inference problems: distribution estimation,
functional estimation, and distribution property testing. They all share the setting that provides
access to samples from an unknown discrete distribution p. Respectively, they aim to learn
p or its probability multiset, approximate a (symmetric) functional f(p), and test whether p

equals or is far from a known distribution. Motivated by the diverse applications ranging from



ecology to language modeling, researchers in learning, information theory, computer science have
studied these fundamental statistical questions in the high-dimensional regime during the past
two decades, and proposed numerous methods.

Wouldn’t it be nice to have a unified and straightforward approach that optimally addresses
all three problems? We asked this question after working on some specific sub-questions such as
entropy estimation. We first observed that these inference tasks share the same sufficient statistic —
sample profile, defined as the multiset of empirical counts of different symbols. Concurrently,
a paper by our group showed that for a given sample profile, the respective (profile) maximum
likelihood distribution (PML) serves as the optimal plug-in estimators for four specific functionals,
including Shannon entropy and support size. Mathematically, given a sample X" ~ p, the
multiplicity of a symbol x is the number of times x appearing in X”. The sample profile, ¢(X"), is
the multiset of multiplicities of different symbols in X”. And the respective PML estimate is the
distribution that maximizes the probability of observing a length-n sample with profile @(X").

Impressed by how natural and intrinsic these arguments are, we realized that the PML
method holds the potential of being the first universal, sample- and time-optimal approach in high
dimensions for all the learning tasks mentioned above.

With the conjecture in mind, we showed that the simple PML (plug-in) estimator and
its near-linear time computable variant are sample-optimal for estimating 1) any appropriately
Lipschitz and additively separable functionals, such as Shannon entropy and ¢; distance to the
uniform; 2) sorted probability distribution under ¢; distance; 3) Rényi entropy of arbitrary order
o > 3/4; 4) ¢, distance to the uniform distribution, yielding an optimal tester for distributions’
closeness. Moreover, one can compute the PML once and simultaneously perform all these tasks
while maintaining high confidence in the estimation and testing accuracy.

The respective research paper [HO19a], titled “the broad optimality of profile maximum
likelihood”, appeared in NeurIPS 2019 as a spotlight presentation. At the heart of the work is a

broad class of explicit estimators with optimal sample efficiency and exponentially small error



probabilities, accompanied by a set of duality and chaining arguments.

1.2 Instance-Optimal Learning

The success of PML reveals the power of symmetry and maximum likelihood, but not
every learning problem has such elegant properties. A flagship problem is distribution estimation,
either over discrete or continuous domains, where ordering and geometry play an essential
role. Classical formulations aim to design min-max estimators. And it is well-known that the
naive empirical distribution and its add-constant variants are optimal under several performance
measures, including ¢; distance and KL divergence. However, practical distributions are rarely
the worst possible and often quite simple, such as power-law and exponential, rendering the
min-max approach overly pessimistic, and its estimators, typically sub-optimal in practice.

Researchers turned to competitive or instance-optimal formulations in the past decade,
seeking algorithms that compete with a genie estimator that knows the actual distribution but
is reasonably restricted. For discrete settings, the genie estimator is assumed to be natural.
Namely, it assigns the same probability to symbols appearing the equal number of times. For
continuous distributions, the genie estimator is chosen from an expressive class such as piecewise
polynomials. The former formulation reflects the best human-designed estimator without any
prior knowledge on the distribution, while the latter intends to exploit distribution structure
assumptions at hand.

Given these formulations, one designs learning algorithms whose estimation error, for
every distribution, is at most a constant multiple of that of the best genie, plus a distribution-free
slack term that vanishes with the sample size. As the genie incurs an error that represents the limit
of estimation for each distribution instance, research works along this line have been focused on
determining the best constant factor and the lowest error slack term. Mathematically, for any p,

let OPT,(p) be the n-sample loss of the optimal genie. Then, one wants to find an estimator p



whose n-sample estimation loss £, (p, p) is at most ¢ - OPT,(p) + f(n) for every p, where c is a
constant, and f(n) is an error function that vanishes with n, typically at an O(1/+/n) rate.

To obtain state-of-the-art algorithms for both problems, we leveraged the simple but
nontrivial idea of “data binning” that puts observed symbols into different categories. Intuitively,
a single observation’s behavior is often dominated by randomness, but that of a group of symbols
would be robust and predictable.

For discrete settings, we group symbols appearing an equal number of times. Our method
estimates the total probability mass in each group through an improved Good-Turing smoothing
scheme, then distributes the mass equally among the group’s symbols. For continuous settings,
we compete with a standard and powerful genie that approximates the underlying density with
the best degree-d piecewise polynomial(s). Our method greedily partitions the real domain into
disjoint intervals, then groups symbols within each according to pre-designed local quantiles.

Through the simple yet powerful binning idea, we created algorithms that achieve the
best-known competitive estimation guarantees. Recall from the last section that the profile of X"
is the multiset @(X") of the multiplicities of observed symbols. Define the dimension of a profile
¢ as the number D(@) of distinct multiplicities. Over discrete domains and under KL divergence,
our approach achieves an optimal factor of ¢ = 1 and learns each distribution to the optimal
slack f(n) of order n~' - D(@(X")) < 2n~'/2, with high probability. Over the real domain and
under /; distance, our method attains the best constants ¢ among all existing estimators that are
efficiently computable for multiple d values. For example, both the log-concave and monotone
density mixtures are well approximated by piecewise linear (d = 1) curves, for which our method
achieves a factor of ¢ = 2.25 without knowing the number of mixture components, while the best
current algorithm yields ¢ > 9.

For discrete distribution learning, the method is near-linear time computable, appearing
in an ICML 19 paper [HO19b]. We established the optimality of the respective slack error

term n~' - D(@(X")) in a subsequent work [HO20b] in NeurIPS *20. For continuous density



estimation, our algorithm runs in polynomial time for any d, presented in a separate NeurIPS *20

paper [HIOR20].

1.3 Data Amplification

A paradox frequently encountered in designing new learning algorithms is that we want
to approach an optimal algorithm’s performance, but have few clues for how the optimal learner
behaves, as it seems that otherwise, the problem is resolved. To get around this obstacle, we
proposed an intuitive and useful methodology, data amplification, with the idea of amplifying the
amount of data at hand for simple algorithms to boost their performance.

Consider the following generic learning formulation: given a sample X" from an unknown
distribution p, learn some of its attributes 7 (p). For distribution estimation, the attribute 7 (p) is
the distribution itself; for real functional estimation, 7 (p) is a functional value f(p); for parameter
estimation, 7 (p) is a collection of parameters controlling the behavior of the distribution. Also,
let 4 be any algorithm that takes X" to approximate 7 (p) by A4(X").

The method of data amplification takes as a benchmark a natural and commonly used
estimator A4, which should be relatively easy to analyze. For a large class of learning tasks, it
constructs an n-sample estimator that instance-by-instance performs as well as 4 would perform
with a much larger sample size 4(X"“), where a > 1 is a properly chosen factor. It therefore
effectively “amplifies” the amount of data available compared to common estimation techniques.

During the past three years, we applied the data amplification method to a sequence of
fundamental learning problems and obtained the best results for most of them. A cornerstone
example is Shannon entropy estimation. The best-known and most commonly used estimator is the
empirical (plug-in) estimator that evaluates the empirical distribution’s entropy. For distributions
over a large, size-k alphabet, the expected worst-case error achieved by the n-sample empirical

estimator is of order k/n, whenever n > k. In the past decade, a sequence of research works



showed that for n > k/logk, more sophisticated estimators achieve the min-max performance of
order k/(nlogn), demonstrating a logarithmic improvement.

Hence, in terms of the worst-case performance, the n-sample min-max entropy estimator
is as good as the nlogn-sample empirical estimator. Applying the data amplification method
with 4 being the empirical estimator and a = logn, we showed that this n-to-nlogn phenomenon
holds for each and every discrete distribution, regardless of the potentially unknown alphabet size.
As a direct corollary, we established that in the n < k/logk data-sparse regime, the min-max
estimation rate becomes order log(1+k/(nlogn)), revealing a surprising elbow effect.

Following the method’s general applicability, the n-to-nlogn data amplification phe-
nomenon holds for a broad class of functionals beyond Shannon entropy. For example, the above
result covers any functional in the Y, g«(p.) form, where p, is the probability of symbol x, and
gx is a given 1-Lipschitz real function over [0, 1]. The proposed algorithms require only a sample,
run in near-linear time, and amplify the effective sample size by order of magnitude for every
distribution, with high probability.

Inspired by federated learning with decentralized data from different local sources, we
also considered a more general data amplification setting where one has sample access to multiple
distributions and wishes to understand their relationships. Numerous essential learning problems
fall into this category and can be formulated as tasks of estimating multi-distribution functionals.
For example, mixture testing asks whether one distribution is (close to) a linear combination of
the rest, and independence testing queries if one distribution is near the others’ product.

Perhaps surprisingly, nearly all existing works address cases with at most two distributions,
and little is known about how to design sample- and time-efficient algorithms for such high-
dimensional functionals. Fortunately, data amplification again shed light on the new direction.

For a given sample size and distribution, the empirical-distribution plug-in estimator pos-
sesses a simple form and smooth expectation (viewed as a function of probabilities). Leveraging

this fact, we applied a smoothing method based on Bessel functions and derived a family of



estimators that match the empirical estimator’s performance with access to more samples. For
several essential statistical learning tasks, including the mixture and independence testing, we
obtained the first efficiently computable estimator whose sample complexity is sub-linear in the
distributions’ alphabet sizes.

Recently, we applied data amplification to a generalization of the well-known unseen
species problem, initially studied by Fisher in the early 1940s. The new method led to estimators
with optimal sample and time complexities, and recovered many notable results in prior works.
The respective paper [HL20b] is accepted to NeurIPS *20 as a spotlight presentation.

The generic approach for learning entropy, support size, and many other single-distribution
functionals appears in NeurIPS °18 [HOSW18] and ICML ’20 [HO20a], while paper [HO20a]
presents a stronger guarantee. The linear-time algorithm for learning the relationship among

multiple data sources appears in COLT *20 [HL20a].

1.4 Thesis Organization

The rest of this thesis is organized as follows:

e Chapter 2 establishes the universal optimality of the profile maximum likelihood (PML)
estimator for numerous fundamental learning tasks, ranging from estimating functionals to

approximating sorted distributions to testing distribution closeness.

e Chapter 3 designs a competitive distribution estimator that outperforms the widely renowned

Good-Turing smoothing technique, both theoretically and experimentally.

e Chapter 4 derives an instance-optimal estimator for entropy and many other Lipschitz
functionals. For every possible distribution, the method amplifies the effective data size
and uses only n/logn observations to approach the performance of the empirical plug-in

estimator corresponding to n observations.



e Chapter 5 proposes profile entropy, a novel complexity measure unifying the concepts of
estimation, inference, and compression for sequential models. The results built on this

measure connect and complete those in preceding chapters.



Chapter 2

The Broad Optimality of Profile Maximum
Likelihood

2.1 Introduction

A distribution p over a discrete alphabet X of size k corresponds to an element of the

standard simplex

Ay := {pERkZO: Zp(x)zl}.

xeX

A distribution property is a mapping f : Ax — R associating a real value with each
distribution. A distribution property f is symmetric if it is invariant under domain-symbol
permutations. A symmetric property is additive, i.e., additively separable, if it can be written
as f(p) := Y, f(p(x)), where for simplicity we use f to denote both the property and the
corresponding real function.

Many important symmetric properties are additive. For example,

e Support size S(p) ==Y, 1 p(x)>0> @ fundamental quantity arising in the study of vocab-
ulary size [ET76, McN73, TE87], population estimation [Goo53, MLO7], and database
studies [HNSS95].



e Support coverage C,,(p) := Y (1 — (1 — p(x))™), where m is a given parameter, the
expected number of distinct elements observed in a sample of size m, arising in biologi-

cal [Cha84, KLLR99] and ecological [Cha84, CC14, CL92, CCG™12] research;

e Shannon entropy H(p) := — Y, p(x)log p(x), the primary measure of information [CT12,
Sha48] with numerous applications to machine learning [Brel5, CL68, QKC13] and neu-

roscience [GKO02, MS95];

¢ Distance to uniformity D(p) := ||p — pu||, where p, is the uniform distribution over Ay,
a property being central to the field of distribution property testing [BFR*00, BFF101,
Canl7, Ron10].

Besides being additive and symmetric, these four properties have yet another attribute in
common. Under the appropriate interpretation, they are also all 1-Lipschitz. Specifically, for two
distributions p,q € Ay, letI';, , be the collection of distributions over X x X with marginals p
and g on the first and second factors respectively. The relative earth-mover distance [VV11b],
between p and ¢ is

R(p,q):= inf E

log
¥elp g (X.Y)~y

p(X) ‘
q(Y)

One can verify [VV11b, VV16] that H, D, and Cpp:=Cp /m are all 1-Lipschitz on the metric
space (Ax,R), and § := S/k is 1-Lipschitz over (A /x,R), the set of distributions in Ax whose
nonzero probabilities are at least 1 /k. We will study all such Lipschitz properties in later sections.

An important symmetric non-additive property is Rényi entropy, a well-known measure
of randomness with numerous applications to unsupervised learning [JHET03, Xu99] and image
registration [MHGMO0, NHZCO06]. For a distribution p € Ax and a non-negative real parameter
o # 1, the a-Rényi entropy [Rén61] of pis Hy(p) := (1—a) " 'log (¥, p%). In particular, denoted

by Hi(p) := limg_,1 Hy(p), the 1-Rényi entropy is exactly Shannon entropy [Rén61].

10



2.1.1 Problems of Interest

In this work, we consider three fundamental statistical learning problems concerning the

estimation and testing of distributions and their properties.

(Sorted) Distribution Estimation

A natural learning problem is to estimate an unknown distribution p € Ay from an i.i.d.
sample X" ~ p. For any two distributions p,q € Ax, let £(p,q) be the loss when we approximate p
by g. A distribution estimator p : X* — Ay associates every sequence x" € X* with a distribution

p(x"). We measure the performance of an estimator by its sample complexity

the smallest sample size that p requires to estimate all distributions in Ay to a desired accuracy

€ > 0, with error probability & € (0, 1). The sample complexity of distribution estimation is
n(e,d) := min{n(p,e,8): p: X* — Ax},

the lowest sample complexity of any estimator. For simplicity, we will omit § when & = 1/3.
For a distribution p € Ay, we denote by {p} the multiset of its probabilities. The sorted

¢y distance between two distributions p,q € Ay is

i - ; !
bipg)= _ min_[p'~ql,.

the smallest ¢/ distance between ¢ and any sorted version of p. As illustrated in Section 2.D.1, this
is essentially the 1-Wasserstein distance between uniform measures on the probability multisets

{p} and {q}. We consider both the sorted and unsorted ¢; distances.
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Property Estimation

Often we would like to estimate a given property f of an unknown distribution p € Ay
based on a sample X" ~ p. A property estimator is a mapping f : X* — R. Analogously, the

sample complexity of f in estimating f over aset P C Ax is

”Aﬁﬂ&®ﬁﬁmMWVp€ﬂXﬂ}ﬁ@@—f@ﬂZQSSL

the smallest sample size that f requires to estimate f with accuracy € and confidence 1 —§, for

all distributions in P. The sample complexity of estimating f over P is
ne(P,,8) :=min{ns(f,P,e38): f: X* - R},

the lowest sample complexity of any estimator. For simplicity, we will omit ¢ when P =

Ax, and omit 6 when 8 = 1/3. The standard “median trick” shows that log(1/8) - n¢(?,€) >
Q(nys(P,¢,8)). By convention, an estimator f is sample-optimal if ny(f,P,e) = O(ns(P,¢)).

Property Testing: Identity Testing

A closely related problem is distribution property testing, of which identity testing is the
most fundamental and well-studied [Can17, Gol17]. Given an error parameter €, a distribution g,
and a sample X" from an unknown distribution p, identity testing aims to distinguish between the

null hypothesis

Hy:p=gq

and the alternative hypothesis

Hi:|lp—q|, >«

A property tester is a mapping 7 : X* — {0, 1}, indicating whether Hy or H, is accepted.

12



Analogous to the two formulations above, the sample complexity of f is
ng(f,€,8) :==min{n: Vi€ {0,1} and Vp € H,-,X}i{p (F(X") # i) < 8},
and the sample complexity of identity testing with respect to ¢ is
ngy(€,8) := min{n(f,e,8): 7 : X* — {0,1}}.
Again, when § = 1/3, we omit 3. For ¢ = p,, the problem is also known as uniformity testing.

2.1.2 Profile Maximum Likelihood

The multiplicity of a symbol x € X in a sequence x" := xj,...,x, € X is u(x") :=|{J :
xj=x,1<j< n}|, the number of times x appears in x". These multiplicities induce an empirical
distribution p,(x") that associates a probability u,(x")/n with each symbol x € X.

The prevalence of an integer i > 0 in x" is the number @;(x") of symbols appearing i times
in x". For known X, the value of @g can be deduced from the remaining multiplicities, hence we
define the profile of X" to be @(x") = (@1 (x"),...,9,(x")), the vector of all positive prevalences.
For example, ¢(alfalfa) = (0,2,1,0,0,0,0). Note that the profile of x" also corresponds to the
multiset of multiplicities of distinct symbols in x".

For a distribution p € Ay, let

p(") = X},’jp(X" =x")

be the probability of observing a sequence x" under i.i.d. sampling from p, and let

13



be the probability of observing a profile ¢. While the sequence maximum likelihood estimator
maps a sequence to its empirical distribution, which maximizes the sequence probability p(x"),
the profile maximum likelihood (PML) estimator [OSVZ04] over a set P C Ax maps each profile
¢ to a distribution

Po i=arg m;lxp(@)

that maximizes the profile probability. Relaxing the optimization objective, for any € (0,1),
a B-approximate PML estimator [ADOS17] maps each profile ¢ to a distribution pg such that
Ph(9) > B+ po(0).

Originating from the principle of maximum likelihood, PML was proved [ADJ"12a,
ADOS17, ABKS18, AGZ17, Das12, OSVZ04] to possess a number of useful attributes, such as
existence over finite discrete domains, majorization by empirical distributions, consistency for
distribution estimation under both sorted and unsorted ¢; distances, and competitiveness to other
profile-based estimators.

Let € be an error parameter and f be one of the four properties in the introduction.
Setn:=n f(s). Recently, [ADOS17] showed that for some absolute constant ¢/ > 0, if ¢ <
¢’ and € > n~¢, then a plug-in estimator for f, using an exp(—n'~°“)-approximate PML, is
sample-optimal. Motivated by this result, [CSS19b] constructed an explicit exp(—O(n?/3log> n))-
approximate PML (APML) whose computation time is near-linear in n. Combined, these results
provide a unified, sample-optimal, and near-linear-time computable plug-in estimator for the

four properties.
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2.2 New Results and Implications

2.2.1 New Results

Additive Property Estimation

Recall that for any property f, the expression ny(€) denotes the smallest sample size
required by any estimator to achieve accuracy € with confidence 2/3, for all distributions in Ax.
Let f be an additive symmetric property that is 1-Lipschitz on (Ax,R). Let€ > 0 and n > ny(e)

be error and sampling parameters. For an absolute constant ¢ € (1072,1071), if e > n~,

Theorem 1. The PML plug-in estimator, when given a sample of size 4n from any distribution

p € Ax, will estimate f(p) up to an error of (2+o(1))g, with probability at least 1 —exp (—4+/n).

For a different ¢ > 0, Theorem 1 also holds for APML, which is always near-linear-time

computable [CSS19b].

Rényi Entropy Estimation

For X of size k and any p € Ay, it is well-known that Hy(p) € [0,logk]. The following
theorems characterize the performance of the PML plug-in estimator in estimating Rényi entropy.
For any distribution p € Ay, error € € (0, 1), absolute constant A € (0,0.1), and sampling

parameter n, draw a sample X" ~ p and denote its profile by ¢@. Then for sufficiently large &,

Theorem 2. For o€ (3/4,1), if n = Qq(k'/*/(e'/*logk)),

Pr (|Ha(po) — Ha(p)| = €) < exp(—v/n).

Theorem 3. For non-integer o.> 1, if n = Qq(k/(e"/*logk)),

Pr (’Hoc(ﬂp) — Hq(p)| > 8) < eXP(_”lik»
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Theorem 4. For integer o> 1, if n = Qq (k' ~1/%(e210g(1/€))~1*%) and Hy(p) < (logn) /4,

Pr(|Ha(pg) — Ha(p)| = €) < 1/3.

Replacing 3/4 by 5/6, Theorem 2 also holds for APML with a better probability bound

exp(—n?/3). In addition, Theorem 3 holds for APML without any modifications.

Sorted Distribution Estimation

Let c be the absolute constant defined just before Theorem 1. For any distribution p € Ay,

error € € (0,1), and sampling parameter n, draw a sample X" ~ p and denote its profile by ¢.

Theorem 5. Ifn = Q(n(e)) = Q (k/(e*logk)) and € > n™*,

Pr(¢}(pe,p) > €) < exp(—Q(v/n)).

For a different ¢ > 0, Theorem 5 also holds for APML with a significantly better probability
bound exp(—n?/3).

Identity Testing

The recent works of [DK16] and [Gol16] provided a procedure reducing identity testing
to uniformity testing, while modifying the desired accuracy and alphabet size by only absolute
constant factors. Hence below we consider uniformity testing.

The uniformity tester 7;,, shown in Figure 2.1 is purely based on PML and satisfies

Theorem 6. If e = Q(k—'/*) and n = Q(V/k/€?), the tester Ty, (X") will be correct with proba-
bility at least 1 — k2. The tester also distinguishes between p = p, and ||p — pu|, > &/ Vk.

The Q(-) notation only hides logarithmic factors of k. The tester T;,, is near-optimal as

for uniform distribution p,, [DGPP18] yields an Q(y/kTogk/€?) lower bound on n,, (€,k~2).
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For space considerations, we postpone proofs and additional results to the Appendices.
The rest of the paper is organized as follows. Section 2.2.2 presents several immediate implications
of the above theorems. Section 2.3 and Section 2.4 illustrate PML’s theoretical and practical
advantages by comparing it to existing methods for a variety of learning tasks. Section 2.5

concludes the paper and outlines multiple promising future directions.

Input: parameters k,€,and a sample X" ~ p with profile ¢.
if max,u,(X") > 3max{1,n/k}logk then return 1;

elif ||po — pul|, > 3¢/(4Vk) then return 1;

else return O.

Figure 2.1: Uniformity tester Tpy,

2.2.2 Implications

Several immediate implications are in order. We say that a plug-in estimator is universally
sample-optimal for estimating symmetric properties if there exist absolute positive constants ¢y, ¢
and c3, such that for any 1-Lipschitz property on (Ax,R), with probability > 9/10, the plug-in
estimator uses just c1 times the sample size n required by the minimax estimator to achieve c;
times its error, whenever this error is at least n= 3.

Note that the “1-Lipschitz property” class can be replaced by other general property
classes, but not by those containing only a few specific properties, since “universal” means
“applicable to all cases”.

Theorem 1 makes PML the first plug-in estimator that is universally sample-optimal for
a broad class of distribution properties. In particular, Theorem 1 also covers the four properties
considered in [ADOS17]. To see this, as mentioned in the introduction, C,,, H, and D are 1-
Lipschitz on (Ay,R); as for S, the following result [ADOS17] relates it to C,, for distributions in

A1k, and proves PML’s optimality.
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Lemma 1. For any € >0, m = klog(1/€), and p € A>y

1S(p) —Cin(p)log(1/e)| <e.

The theorem also applies to many other properties. As an example [VV11b], given an
integer s > 0, let f;(x) := min{x, |x — 1/s|}. Then to within a factor of two, fs(p) := Y., fs(px)
approximates the ¢; distance between any distribution p and the closest uniform distribution in
Ax of support size s.

In Section 2.3.1 we compare Theorem 1 with existing results and present more of its

strong implications.

Theorem 2 and 3 imply that for all non-integer a > 3/4 (resp. o > 5/6), the PML
(resp. APML) plug-in estimator achieves a sample complexity better than the best currently
known [AOST16]. This makes both the PML and APML plug-in estimators the state-of-the-art
algorithms for estimating non-integer order Rényi entropy. See Section 2.3.2 for a review of

known results, and see Section 2.3.2 for a detailed comparison between existing methods and ours.

Theorem 4 shows that for all integer o > 1, the sample complexity of the PML plug-in

estimator has optimal k11 dependence [AOST16, OS17] on the alphabet size.

Theorem 5 makes APML the first distribution estimator under sorted ¢; distance that is
both near-linear-time computable and sample-optimal for a range of desired accuracy € beyond
inverse polylogarithmic of n. In comparison, existing algorithms [ADJ"12a, HIW18, VV11a]
either run in polynomial time in the sample sizes, or are only known to achieve optimal sample
complexity for € = Q(1/+/logn), which is essentially different from the applicable range of

e > n~®W in Theorem 5. We provide a more detailed comparison in Section 2.3.3.

Theorem 6 provides the first PML-based uniformity tester with near-optimal sample
complexity. As stated, the tester also distinguishes between p = p, and ||p — pu||, > €/Vk.

This is a stronger guarantee since by the Cauchy-Schwarz inequality, ||p — p,||; > € implies
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lp = pull, > &/ Vk.
Note that several other uniformity testers in the literature (see Section 2.3.4) also provide
the same /5 testing guarantee, since all of them are essentially counting sample collisions, i.e.,

the number of location pairs such that the sample points at those locations are equal.

2.3 Related Work and Comparisons

2.3.1 Additive Property Estimation

The study of additive property estimation dates back at least half a century [Car69, Goo53,
GT56] and has steadily grown over the years. For any additive symmetric property f and se-
quence x", the simplest and most widely-used approach uses the empirical (plug-in) estimator
FE(x") := f(pu(x™)) that evaluates f at the empirical distribution. While the empirical estimator
performs well in the large-sample regime, modern data science applications often concern high-
dimensional data, for which more involved methods have yielded property estimators that are
more sample-efficient. For example, for relatively large k and for f being S, C,,, H, or D, recent
research [JVHW15, OSW16, VV1la, VV11b, WY 16, WY 19] showed that the empirical estima-
tor is optimal up to logarithmic factors, namely ns(P,e) = @¢(ns(fE, P,€) /logns(fE, P,€)),
where P is A for S, and is Ay for the other properties.

Below we classify the methods for deriving the corresponding sample-optimal estimators
into two categories: plug-in and approximation, and provide a high-level description. For
simplicity of illustration, we assume that € € (0, 1].

The plug-in approach essentially estimates the unknown distribution multiset, which
suffices for computing any symmetric properties. Besides the empirical and PML estimators,
[ET76] proposed a linear-programming approach that finds a multiset estimate consistent with
the sample’s profile. This approach was then adapted and analyzed by [VV11a, VV11a], yielding

plug-in estimators that achieve near-optimal sample complexities for H and S, and optimal sample
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complexity for D, when € is relatively large.

The approximation approach modifies non-smooth segments of the probability function
to correct the bias of empirical estimators. A popular modification is to replace those non-smooth
segments by their low-degree polynomial approximations and then estimate the modified function.
For several properties including the above four and power sum Py(p) := Y, p%, where o is a
given parameter, this approach yields property-dependent estimators [JVHW15, OSW16, WY 16,
WY 19] that are sample-optimal for all €.

More recently, [ADOS17] proved the aforementioned results on PML estimator and made
it the first unified, sample-optimal plug-in estimator for S, C,,, H and D and relatively large €.
Following these advances, [HIW18] refined the linear-programming approach and designed a
plug-in estimator that implicitly performs polynomial approximation and is sample-optimal for

H, S, and Py with o < 1, when € is relatively large.

Comparison I: Theorem 1 and Related Property-Estimation Work

In terms of the estimator’s theoretical guarantee, Theorem 1 is essentially the same
as [VV11b]. However, for each property, k, and n, [VV11b] solves a different linear program
and constructs a new estimator, which takes polynomial time. On the other hand, both the
PML estimator and its near-linear-time computable variant, once computed, can be used to
accurately estimate exponentially many properties that are 1-Lipschitz on (Ax,R). A similar
comparison holds between the PML method and the approximation approach, while the latter is
provably sample-optimal for only a few properties. In addition, Theorem 1 shows that the PML
estimator often achieves the optimal sample complexity up to a small constant factor, which is a
desired estimator attribute shared by some, but not all approximation-based estimators [JVHW15,
OSW16, WY16, WY19].

In term of the method and proof technique, Theorem 1 is closest to [ADOS17]. On

the other hand, [ADOS17] establishes the optimality of PML for only four properties, while
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our result covers a much broader property class. In addition, both the above mentioned ‘“‘small
constant factor” attribute, and the confidence boost from 2/3 to 1 — exp(—4+/n) are unique
contributions of this work. The PML plug-in approach is also close in flavor to the plug-in
estimators in [VV1la, VV1l1a] and their refinement in [HIW18]. On the other hand, as pointed
out previously, these plug-in estimators are provably sample-optimal for only a few properties.
More specifically, for estimating H, S, and C,,, the plug-in estimators in [VV11a, VV11a] achieve
sub-optimal sample complexities with regard to the desired accuracy €; and the estimation
guarantee in [HIW18] is provided in terms of the approximation errors of O(y/n) polynomials

that are not directly related to the optimal sample complexities.

2.3.2 Rényi Entropy Estimation

Motivated by the wide applications of Rényi entropy, heuristic estimators were proposed
and studied in the physics literature following [Gra88], and asymptotically consistent estimators
were presented and analyzed in the statistical learning literature [KLS12, XE10]. For the special
case of 1-Rényi (or Shannon) entropy, the works of [VV1la, VV11b] determined the sample
complexity to be ny(e) = O(k/(elogk)).

For general o--Rényi entropy, the best-known results in [AOST16] state that for integer and
non-integer o values, the corresponding sample complexities 77 (€, 8) are Og (k' ~1/*1log(1/3)/€?)
and Oy (k™nt1/®1}10g(1/8)/(e'/*logk)), respectively. The upper bounds for integer o are
achieved by an estimator that corrects the bias of the empirical plug-in estimator. To achieve the
upper bounds for non-integer o values, one needs to compute some best polynomial approxima-
tion of z%, whose degree and domain both depend on 7, and construct a more involved estimator

using the approximation approach [JVHW15, WY 16] mentioned in Section 2.3.1.
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Comparison II: Theorem 2 to 4 and Related Rényi-Entropy-Estimation Work

Our result shows that a single PML estimate suffices to estimate the Rényi entropy of
different orders a.. Such adaptiveness to the order parameter is a significant advantage of PML
over existing methods. For example, by Theorem 3 and the union bound, one can use a single
APML or PML to accurately approximate exponentially many non-integer order Rényi entropy
values, yet still maintains an overall confidence of 1 —exp(—k"?). By comparison, the estimation
heuristic in [AOST16] requires different polynomial-based estimators for different o values. In
particular, to construct each estimator, one needs to compute some best polynomial approximation
of z%, which is not known to admit a closed-form formula for a ¢ Z. Furthermore, even for a
single o and with a sample size v/k times larger, such estimator is not known to achieve the same
level of confidence as PML or APML.

As for the theoretical guarantees, the sample-complexity upper bounds in both Theo-
rem 2 and 3 are better than those mentioned in the previous section. More specifically, for
any o € (3/4,1) and § > exp(—k %), Theorem 2 shows that ns(g,8) = Oy (k'/*/(e!/*logk)).
Analogously, for any non-integer o > 1 and 8 > exp(—k~%), Theorem 3 shows that s (g, 8) =

Ou(k/(€'/*logk)). Both bounds are better than the best currently known by a log(1/3) factor.

2.3.3 (Sorted) Distribution Estimation

Estimating large-alphabet distributions from their samples is a fundamental statistical
learning tenet. Over the past few decades, distribution estimation has found numerous applications,
ranging from natural language modeling [CG99] to biological research [AIST08], and has been
studied extensively. Under the classical /; and KL losses, existing research [BS04, KOPS15]
showed that the corresponding sample complexities n(g) are ®(k/e?) and ©(k/¢), respectively.
Several recent works have investigated the analogous formulation under sorted ¢; distance,
and revealed a lower sample complexity of n(¢) = ®(k/(?logk)). Specifically, under certain

conditions, [VV11a, HIW18] derived sample-optimal estimators using linear programming, and
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[ADJ* 12a, Das12] showed that PML achieves a sub-optimal O(k /(%! logk)) sample complexity

for relatively large €.

Comparison III: Theorem 5 and Related Distribution-Estimation Work

We compare our results with existing ones from three different perspectives.

Applicable parameter ranges: As shown by [HIW 18], for € < n~1/3, the simple empir-
ical estimator is already sample-optimal. Hence we consider the parammeter range € = Q(n’l/ 3).
For the results in [ADJ"12a, Das12] and [VV1l1a] to hold, we would need € to be at least
Q(1/+/logn). On the other hand, Theorem 5 shows that PML and APML are sample-optimal for
€ larger than n~®1). Here, the gap is exponentially large. The result in [HIW18] applies to the
whole range € = Q(n_l/ 3), which is larger than the applicable range of our results.

Time complexity: Both the APML and the estimator in [VV11a] are near-linear-time
computable in the sample sizes, while the estimator in [HIW18] would require polynomial time
to be computed.

Statistical confidence: The PML and APML achieve the desired accuracy with an error
probability at most exp(—Q(y/n)). On the contrary, the estimator in [HIW 18] is known to achieve
an error probability that decreases only as O(n~3). The gap is again exponentially large. The

n0.0Z)

estimator in [VV11a] admits a better error probability bound of exp(— , which is still far

from ours.

2.3.4 Identity Testing

Initiated by the work of [GROO0], identity testing is arguably one of the most important and
widely-studied problem in distribution property testing. Over the past two decades, a sequence
of works [ADK15, BFF*01, DK16, DKN15, DGPP18, GR0O0, Pan08, VV17] have addressed

the sample complexity of this problem and proposed testers with a variety of guarantees. In
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particular, applying a coincidence-based tester, [Pan08] determined the sample complexity of
uniformity testing up to constant factors; utilizing a variant of the Pearson chi-squared statistic,
[VV17] resolved the general identity testing problem. For an overview of related results, we
refer interested readers to [Can17] and [Gol17]. The contribution of this work is mainly showing
that PML, is a unified sample-optimal approach for several related problems, and as shown in

Theorem 6, also provides a near-optimal tester for this important testing problem.

2.4 Experiments and Distribution Estimation

A number of different approaches have been taken to computing the PML and its ap-
proximations. Among the existing works, [ADM™10] considered exact algebraic computation,
[OSST04, OSVZ04] designed an EM algorithm with MCMC acceleration, [Von12, Von14]
proposed a Bethe approximation heuristic, [AGZ17] introduced a sieved PML estimator and
a stochastic approximation of the associated EM algorithm, and [PJW17] derived a dynamic
programming approach. Notably and recently, for a sample size n, [CSS19b] constructed an
explicit exp(— O(n?/31og> n))-approximate PML whose computation time is near-linear in n.

In Section 2.A we introduce a variant of the MCMC-EM algorithm in [Pan12] and
demonstrate the exceptional efficacy of PML on a variety of learning tasks through experiments.
In particular, we derive a new distribution estimator for (unsorted) ¢; distance by combining
the proposed PML computation algorithm with the denoising procedure in [VV16] and a novel
missing mass estimator. As shown below, the proposed distribution estimator has the state-of-the-
art performance.

In Figures 2.2, samples are generated according to six distributions of the same support
size k = 5,000. Details about these distributions can be found in Section 2.A.2. The sample size
n (horizontal axis) ranges from 10,000 to 100,000, and the vertical axis reflects the (unsorted)

¢ distance between the true distribution and the estimates, averaged over 30 independent tri-
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Figure 2.2: Distribution estimation under ¢; distance

als. We compare our estimator with three different ones: the improved Good-Turing estimator
in [OS15, HO19b], which is provably instance-by-instance near-optimal [OS15], the empirical
estimator, serving as a baseline, and the empirical estimator with a larger nlogn sample size. Note
that logn is roughly 11. As shown in [OS15], the improved Good-Turing estimator substantially
outperformed other estimators such as the Laplace (add-1) estimator, the Braess-Sauer estima-
tor [BS04], and the Krichevsky-Trofimov estimator [KT81]. Hence we do not include those
estimators here. The following plots showed that our proposed estimator further outperformed

the improved Good-Turing estimator in all the experiments.

2.5 Conclusion and Future Directions

We studied three fundamental problems in statistical learning: distribution estimation,
property estimation, and property testing. We established the profile maximum likelihood (PML)
as the first universally sample-optimal approach for several important learning tasks: distribution

estimation under the sorted ¢; distance, additive property estimation, Rényi entropy estimation,



and identity testing. Several future directions are promising. We believe that neither the factor of
4 in the sample size in Theorem 1, nor the lower bounds on € in Theorem 1, 5, and 6 are necessary.
In other words, the PML approach is universally sample-optimal for these tasks in all ranges of
parameters. It is also of interest to extend the PML’s optimality to estimating symmetric properties
not covered by Theorem 1 to 4, such as generalized distance to uniformity [BC17, HOSW18],
the ¢; distance between the unknown distribution and the closest uniform distribution over an
arbitrary subset of X.

Another important direction is competitive (or instance-optimal) property estimation.
It should be noted that all the referenced works including this paper are of the worst-case
nature, namely, designing estimators with near-optimal worst-case performances. On the contrary,
practical and natural distributions often possess simple structures, and are rarely the worst possible.
To address this discrepancy, the recent work [HO20a, HOSW 18] took a competitive approach
and constructed estimators whose performances are adaptive to the simplicity of the underlying
distributions. Specifically, for any property in a broad class and every distribution in Ay, the
expected error of the proposed estimator with a sample of size n/logn is at most that of the
empirical estimator with a sample of size n, pluses a distribution-free vanishing function of n.
These results not only cover S, C,,, H, and D, for which the log n-factor is optimal up to constants,
but also apply to any non-symmetric additive property Y, fi(px) where f; is 1-Lipschitz for
all x € X, such as the ¢;-distance to a given distribution. It would be of interest to study the
optimality of the PML approach under this formulation as well. Readers interested in estimating

non-symmetric properties may also find the paper [HO19c] helpful.
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2.A Numerical Experiments

A number of different approaches have been taken to computing the PML and its ap-
proximations. Among the existing works, [ADM™10] considered exact algebraic computation,
[OSST04, OSVZ04] designed an EM algorithm with MCMC acceleration, [Von12, Von14]
proposed a Bethe approximation heuristic, [AGZ17] introduced a sieved PML estimator and
a stochastic approximation of the associated EM algorithm, and [PJW17] derived a dynamic
programming approach. Notably and recently, for a sample size n, [CSS19b] constructed an
explicit exp(—O(n?/31og> n))-approximate PML whose computation time is near-linear in n.

In this section, we first introduce a variant of the MCMC-EM algorithm in [OSST 04,
OSVZ04, Pan12] and then demonstrate the efficacy of PML on a variety of learning tasks through

experiments.

2.A.1 MCMC-EM Algorithm Variant

To approximate PML, the work [OSS™04] proposed an MCMC-EM algorithm, where
MCMC and EM stand for Markov chain Monte Carlo and expectation maximization, respectively.
A sketch of the original MCMC-EM algorithm can be found in [OSST04], and a detailed
description is available in Chapter 6 of [Pan12]. The EM part uses a simple iteration procedure to
update the distribution estimates. One can show [Pan12] that it is equivalent to the conventional
generalized gradient ascent method. The MCMC part exploits local properties of the update
process and accelerates the EM computation. Below we present a variant of this algorithm that
often runs faster and is more accurate.

Step 1: We separate the large and small multiplicities. Define a threshold parameter

7:= 1.51og?n and suppress X" in p,(X") for simplicity. For symbols x with y,(X") > t, estimate
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their probabilities by p,(x) = ux(X")/n and remove them from the sample. Denote the collection
of removed symbols by R and the remaining sample sequence by X". In the subsequent steps, we
apply the EM-MCMC algorithm to X".

The idea is simple: By the Chernoff-type bound for binomial random variables, with
high probability, the empirical frequency u,(X")/n of a large-multiplicity symbol x is very close
to its mean value p(x). Hence for large-multiplicity symbols we can simply use the empirical
estimates and focus on estimating the probabilities of small-multiplicity symbols. This is similar
to initializing the EM algorithm by the empirical distribution and fixing the large probability
estimates through the iterations. However, the approach described here is more efficient.

Step 2:  We determine a proper alphabet size for the output distribution of the EM
algorithm. If the true value k is provided, then we simply use k — |R|. Otherwise, we apply the

following support size estimator [ADOS17] to X":

=) (1= (== 1))/ Pr(L > )))-9;(X"),

j>1

where t = logr and L is an independent binomial random variable with support size [% logz(%ﬂ

~1. For any ¢ larger than an absolute constant, estimator S

and success probability (r+1)
achieves the optimal sample complexity ns(Ax /,€) in estimating support size, up to constant
factors [ADOS17].

Step 3:  Apply the MCMC-EM algorithm in [OSST04, Pan12] to ¢(X") with the output
alphabet size determined in the previous step, and denote the resulting distribution estimate by
pr. (In the experiments, we perform the EM iteration for 30 times.) Intuitively, this estimate
corresponds to the conditional distribution given that the next observation is a symbol with small
probability.

Step 4: Let T, := Y g pu(x) be the total probability of the large-multiplicity symbols.

Treat p, as a vector and let p). := (1 —T;) - p,. For every symbol x € R, append p,(x) to p/, and
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return the resulting vector. Note that this vector corresponds to a valid discrete distribution.

Algorithm Code

The implementation of our algorithm is available at https://github.com/ucsdyi/PML.

For computational efficiency, the program code for the original MCMC-EM algorithm
in [OSST04, Pan12] is written in C++, with a file name “MCMCEM.cpp”. The program code
for other functions is written in Python3. Note that to execute the program, one should have a
64-bit Windows/Linux system with Python3 installed (64-bit version). In addition, we also use
functions provided by “NumPy” and “SciPy”, while the latter is not crucial and can be removed
by modifying the code slightly.

Our implementation also makes use of “ctypes”, a built-in foreign language library for
Python that allows us to call C++ functions directly. Note that before calling C++ functions in
Python, we need to compile the corresponding C++ source files into DLLs or shared libraries. We
have compiled and included two such files, one is “MCMCEM.so”, the other is “MCMCEM.dII”.

Functions in “MCMCEM.cpp” can be used separately. To compute a PML estimate,
simply call the function “int PML(int MAXSZ=10000, int maximum_EM=20, int EM_n=100)",
where the first parameter specifies an upper bound on the support size of the output distribution,
the second provides the maximum number of EM iteration, and the last corresponds to the sample
size n. This function takes as input a local file called “proFile”, which contains the profile
vector @(X") in the format of “1 4 7 10 ...”. Specifically, the file “proFile” consists of only
space-separated non-negative integers, and the i-th integer represents the value of @;(X"). The
output is a vector of length at most MAXSZ, and is stored in another local file called “PMLFile”.
Each line of “PMLFile” contains a non-negative number, corresponding to a probability estimate.

To perform experiments and save the plots to the directory containing the code, simply
execute the file “Main.py”. To avoid further complication, the code compares our estimator with

only three other estimators: empirical, empirical with a larger nlogn sample size, and improved
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Good-Turing [OS15] (for distribution estimation under unsorted /; distance). The implementation
covers all the distributions described in the next section. One can test any of these distributions
by including it in “D_List” of the “main()” function. The implementation also covers a variety
of learning tasks, such as distribution estimation under sorted and unsorted ¢; distances, and
property estimation for Shannon entropy, a-Rényi entropy, support coverage, and support size.
Finally, functions related to distribution and sample generation are available in file “Sam-
ples.py”. Others including the property computation functions, the sorted and unsorted ¢; distance

functions, and the previously-described support size estimator, are in file “Functions.py”.

2.A.2 Experiment Distributions

In the following experiments, samples are generated according to six distributions with
the same support size kK = 5,000.

Three of them have finite support by definition: uniform distribution, two-step distribution
with half the symbols having probability 2/(5k) and the other half have probability 8/(5k), and
a three-step distribution with one third the symbols having probability 3/(13k), another third
having probability 9/(13k), and the remaining having probability 27 /(13k).

The other three distributions are over {i € Z : i > 1}, and are truncated at i = 5,000
and re-normalized: geometric distribution with parameter g = 1/k satisfying p; o< (1 —g)’, Zipf

distribution with parameter 1/2 satisfying p; o< i~1/2 and log-series distribution with parameter

Y= 2/k satisfying p; < (1 —7)'/i.

2.A.3 Experiment Results and Details

The proposed PML approximation algorithm has exceptional performance.
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Distribution Estimation under ¢; Distance

We derive a new distribution estimator under the (unsorted) ¢; distance by combining the
proposed PML computation algorithm with the denoising procedure in [VV16] and a missing
mass estimator [OS15].

First we describe this distribution estimator, which takes a sample X" from some unknown
distribution p. An optional input is X, the underlying alphabet.

Step 1: Apply the PML computation algorithm described in Section 2.A.1 to X", and
denote the returned vector, consisting of non-negative real numbers that sum to 1, by V.

Step 2: Employ the following variant of the denoising procedure in [VV16]. Arbitrarily
remove a total probability mass of log~2 n from entries of the vector V without making any entry
negative. Then for each j < log®n, augment the vector by n/(jlog*n) entries of probability j/n.
For every multiplicity u > 1 appearing in the sample, assign to all symbols appearing u times the
following probability value. If u > log?n, simply assign to each of these symbols the empirical
estimate u/n; otherwise, temporally associate a weight of bin(n,v,u) := (Z) (1 —v)"Hy* with
each entry v in V, and assign to each of these symbols the current weighted median of V.

Step 3: If X is available, we can estimate the total probability mass M(X") :=

Y vex Lygxn of the unseen symbols (a.k.a., the missing mass) by the following estimator:

@1 (X") '
Y0 (X") iz + (G + D@1 (X)L j<g;,,)

M(X") =

We equally distribute this probability mass estimate among symbols that do not appear in the
sample. As shown below, this distribution estimator achieves the state-of-the-art performance.
In Figures 2.3, the horizontal axis reflects the sample size n, ranging from 10,000 to
100,000, and the vertical axis reflects the (unsorted) ¢, distance between the true distribution
and the estimates, averaged over 30 independent trials. We compare our estimator with three

others: the improved Good-Turing estimator [OS15, HO19b], the empirical estimator, serving as
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a baseline, and the empirical estimator with a larger nlogn sample size. Note that logn is roughly
11. As shown in [OS15], the improved Good-Turing estimator is provably instance-by-instance
near-optimal and substantially outperforms other estimators such as the Laplace (add-1) estimator,
the Braess-Sauer estimator [BS04], and the Krichevsky-Trofimov estimator [KT81]. Hence we
do not include those estimators below.

As the following plots show, our proposed estimator outperformed the improved Good-

Turing estimator in all experiments.
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Distribution Estimation under Sorted /; Distance

In Figure 2.4, the sample size n ranges from 2,000 to 20,000, and the vertical axis
reflects the sorted ¢; distance between the true distribution and the estimates, averaged over 30
independent trials. We compare our estimator with that proposed by [VV11a] that utilizes linear
programming, with the empirical estimator, and with the empirical estimator with a larger nlogn

sample size.



We do not include the estimator in [HIW 18] since there is no implementation available,
and as pointed out by the recent work of [VKVK19] (page 7), the approach in [HIW18] “is quite
unwieldy. It involves significant parameter tuning and special treatment for the edge cases.” and
“Some techniques ... are quite crude and likely lose large constant factors both in theory and in
practice.”

As shown in Figure 2.4, with the exception of uniform distribution, where the estimator
in [VV1la] (VV-LP) is the best and PML is the closest second, the PML estimator outperforms
VV-LP for all other tested distributions. As the underlying distribution becomes more skewed,
the improvement of PML over VV-LP grows. For the log-series distribution, the performance of
VV-LP is even worse than the empirical estimator. Additionally, the plots also demonstrate that

PML has a more stable performance than VV-LP.
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Shannon Entropy Estimation under Absolute Error

In Figure 2.5, the sample size n ranges from 1,000 to 1,000,000, and the vertical axis
reflects the absolute difference between the true entropy values and the estimates, averaged
over 30 independent trials. We compare our estimator with two state-of-the-art estimators, WY
in [WY16], and jiao2015minimax in [JVHW15], as well as the empirical estimator, and the
empirical estimator with a larger nlogn sample size. Additional entropy estimators such as
the Miller-Mallow estimator [Car69], the best upper bound (BUB) estimator [Pan03], and the
Valiant-Valiant estimator [VV11a] were compared in [WY 16, JVHW15] and found to perform
similarly to or worse than the two estimators that we compared with, therefore we do not include
them here. Also, considering [VV11a], page 50 in [ Yan16] notes that “the performance of linear
programming estimator starts to deteriorate when the sample size is very large.”

Note that the alphabet size k is a crucial input to WY, but is not required by either
jia02015minimax or our PML algorithm. In the experiments, we provide WY with the true value
of k = 5,000.

As shown in the plots, our estimator performs as well as these state-of-the-art estimators.

o-Rényi Entropy Estimation under Absolute Error

For a distribution p € Ay, recall that the o--power sum of p is Py(p) = ¥, p(x)%, implying
Hy(p) = (1 —a) " 'log(Py(p)). To establish the sample-complexity upper bounds mentioned in
Section 2.3.2 for non-integer a values, [AOST16] first estimate the Py(p) using the o--power-sum
estimator proposed in [JVHW15], and then substitute the estimate into the previous equation.
The authors of [JVHW15] have implemented this two-step Rényi entropy estimation algorithm.
In the experiments, we take a sample of size n, ranging from 10,000 to 100,000, and compare our
estimator with this implementation, referred to as jiao2015minimax, the empirical estimator, and
the empirical estimator with a larger nlogn sample size. Note that logn ranges from 9.2 to 11.5.

According to the results in [AOST16], the sample complexities for estimating o-Rényi entropy
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are quite different for o < 1 and o > 1, hence we consider two cases: a0 = 0.5 and oo = 1.5.

As shown in Figure 2.6 and 2.7, our estimator clearly outperformed the one proposed
by [AOST16, JVHW15].

We further note that for small sample sizes and several distributions, the estimator
in [AOST16, JVHW15] performs significantly worse than ours. Also, for large sample sizes,
the estimators in [AOST16, JVHW 15] degenerates to the simple empirical plug-in estimator. In
comparison, our proposed estimator tracks the performance of the empirical estimator with a

larger nlogn sample size for nearly all the tested distributions.

2.B Lipschitz-Property Estimation

2.B.1 Proof Outline of Theorem 1

The proof proceeds as follows. First, fixing n, X, and a symmetric additive property f

that is 1-Lipschitz on (Ax,R), we consider a related linear program defined in [Val12], and lower
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bound the worst-case error of any estimators using the linear program’s objective value, say v.
Second, following the construction in [Vall12], we find an explicit estimator f* that is linear, i.e.,
can be expressed as a linear combination of @;’s, and show optimality by upper bounding its
worst-case error in terms of v. Third, we study the concentration of a general linear estimator,
and through the McDiarmid’s inequality [McD89], relate the tail probability of its estimate to
the estimator’s sensitivity to the input changes. Fourth, we bound the sensitivity of f* by the
maximum difference between its consecutive coefficients, and further bound this difference by a
function of n, showing that the estimate induced by f* highly concentrates around its expectation.
Finally, we invoke the result in [ADOS17] that the PML-plug-in estimator is competitive to all
profile-based estimators whose estimates are highly concentrated, concluding that PML shares

the optimality of f*, thereby establishing Theorem 1.
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2.B.2 Technical Details

Let f be a symmetric additive property that is 1-Lipschitz on (Ax,R). Without loss of
generality, we assume that f(p) = 0 if p(x) = 1 for some x € X.

Lower bound First, fixing n, X, and f, we lower bound the worst-case error of any
estimators.

Let u € (0,1/2) be a small absolute constant. If there is an estimator f that, when
given a length-n sample from any distribution p € Ay, will estimate f(p) up to an error of €
with probability at least 1/2 + u. Then for any two distributions p1, p2 € Ay satisfying |f(p1) —
f(p2)| > €, we can use f to distinguish X" ~ p from X" ~ ps, and will be correct with probability
at least 1/2 4 u.

On the other hand, for any parameter ¢; € (1/100,1/25] and ¢, = 1/2 + 6¢;, consider
the corresponding linear program defined in Linear Program 6.7 in [Vall2], and denote by v the
objective value of any of its solutions. Then, Proposition 6.8 in [Vall2] implies that we can find

two distributions py, p» € Ay such that |f(p1) — f(p2)| > v- (1 —o(1)) —O(n“'logn), and no
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algorithm can use Poi(n) sample points to distinguish these two distributions with probability at
least 1/2 4 u.

The previous reasoning yields that v < (1+o0(1))e+ O(n~“1logn). By construction, v is
a function of X,n, and f, and essentially serves as a lower bound for €.

Upper Bound Second, fixing n, X, and f, we construct an explicit estimator based on
the previously mentioned linear program, and show optimality by upper bounding its worst-case
error in terms of v, the linear program’s objective value.

A property estimator f is linear if there exist real coefficients {¥;}i>1 such that the identity
F(&") = Lj=1 i - @:i(x") holds for all x". The following lemma (Proposition 6.10 in [Val12])

bounds the worst-case error of a linear estimator when its coefficients satisfy certain conditions.

Lemma 2. Given any positive integer m, and real coefficients {P;}i>o, define €(y) := f(y)/y —

e Y isoBi- (my)'/il. Let Bf :=Bi—1-i/m,Vi > 1, and B := 0. If for some a’,b',¢' > 0,
L [e(y)| <d'+b'/y,

2. B =Byl < c'\/Jj/mforany j and { such that |j—¢| < \/jlogm,

then given a sample X™ from any p € Dy, the estimator defined by ¥~ B7 - @; will estimate f(p)

with an accuracy of ' +b' - k+ ¢’ -logm and a failure probability at most o(1/poly(m)).

Following the construction in [Vall2] (page 124), let z := (z0,z1,...) be the vector of
coefficients induced by any solution of the dual program of the previously mentioned linear
program. For our purpose, the way in which these coefficients are derived is largely irrelevant.

One can show that |z¢| < v-n2, V¢ > 0. Let t, := 2n “!logn and a € (0, 1), and define

prim (e (E09) e s fal- 0 )

n i+1)

for any i < n, and B; := B3, for i > n. The next lemma shows that we can find proper parameters

a,b, and c to apply Lemma 2 to the above construction. Specifically,
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Lemma 3. For any o. € [1/100,1) and some a",b" > 0 such that a" 4+ b"k < v, if v < log*n and
c1,¢p satisfy dca + (3/2 — )y < 1/4, the two conditions in Lemma 2 hold for the above con-
struction withm=n/o, a’ = d” + O(n="/?log?n), ¥’ = b"(1+ O(t,)), and ¢’ = O(n~"*log*n).

Furthermore, for any i > 0, we have |B;| < O(n®2+(1-%)c1]og3 ),

This lemma differs from the results established in the proof of Proposition 6.19 in [Val12]
only in the applicable range of o, where the latter assumes that o € [1/2,1). For completeness,
we will present a proof of Lemma 3 in Appendix 2.F.

By Lemma 2 and 3, if v < log?n, given a sample X"/ from any p € Ay, the linear
estimator Y~ B} - @; will estimate f(p) with an accuracy of o'+ b’k + ¢'log(n/a) = a" +
O(n=1/21og?n) +b"k(14 O(t,)) + O(n~"*1log*n) < v(1+ 0(t,)) + O(n=<1/?log?n) and a fail-
ure probability at most o(1/poly(n)). Recall that for fixed X, n, and f, the value of v is a constant,
thus can be computed without samples. Furthermore according to the last claim in Proposi-
tion 6.19 in [Vall2], for v > log? n, the estimator that always returns 0 has an error of at most
(14 0(1))v. Hence with high probability, the estimator f* := Yis1(Br 1, gzn) - @; will estimate
f(p) up to an error of v(1+o0(1)) + O(t,logn), for any possible values of v.

Concentration of linear estimators Third, we slightly diverge from the previous
discussion and study the concentration of general linear estimators.

The sensitivity of a property estimator f : X* — R for a given input size n is
sp(f) := max {f(x") — f(") : ¥ and y" differ in one element},

the maximum change in its value when the input sequence is modified at exactly one location.
For any p € Ay and X" ~ p, the following corollary of the McDiarmid’s inequality [McD89]

relates the two-side tail probability of 7(X") to s,(f).
Lemma 4. For all t > 0, we have Pr (|f(X") —E[f(X")]| > ) < 2exp(—2t- (y/ns,(f))2).

Define /j := 0. The next lemma bounds the sensitivity of a linear estimator f := Yisili
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@; in terms of max;> |¢; — ¢;—|, the maximum absolute difference between its consecutive

coefficients.
Lemma 5. For any n and linear estimator f := Y.i>14i- @i, we have so(f) < 2max;>q [6; — 41|

Proof. Let x" and y" be two arbitrary sequences over X that differ in one element. Let i be the
index where x; # y;. Then by definition, the following multiplicity equalities hold: wuy, (x") =
g (V") + 1wy, (") = py, (x") 4+ 1, and e (x") = pe(y") for x € X satisfying x # x;, ;. For simplicity
of notation, let uy := wy, (X"), 1 1= py, ("), and for any i > 1, let fi := iy - @;—1 + ;- @;.

The first multiplicity equality implies @, (x") = @y, (") +1 and @uy—1(x") = Qup—1(y") —
1. Therefore, we have fy,, (¥") — fuy (") = £y — £yy—1- Similarly, the second equality implies

fm (x) — fyl (y") = =€y, + Ly, 1. The third equality combines these two results and yields
f<xn) _f(yn) =Ly — Lug—1+ (—luy + Ly —1).

Applying the triangle inequality to the right-hand side completes the proof. 0

By these lemmas, we have the following result for the concentration of linear estimators.

Corollary 1. Foranyt >0, p € Ay, and f := Yis1li- @i, if X" ~ p, then
Pr (|f(x") —E[f(X")]] > 1) < 2minexp(—*- (V2n(bi = £i-1)) 7).
>

Sensitivity bound Fourth, we bound the sensitivity of f* = Yi-1(Bi -1, ngn) -@;. By
Lemma 35, it suffices to consider the absolute difference between consecutive B?’s. We assume
v <log?n and o € [1/100,1), and analyze two cases below, depending on whether i is greater
than 400n¢' or not. By Lemma 3, for i < 400n°!, we have |B;| < O(n®2*(1=%)¢11og35). Define

B_1:=0. Then,

400n“! 41
n/a

B —Bil < ‘ Bi| + <0 (ﬂacﬁ(z*a)c‘fl log? n) .

400n“! B,
n/a i—1
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For i > 400n°!, we only need to consider i < n since 7, | = B} for all i > n. Then,

(@ o (i+ 1o
B Bl < | R a1 —n)' o1 -a) (g) -

yala-ay (7))
D 80) - (8 () o ()

Y (1= 1) o (1— o @ |

(=0

Y (el - ()

=0

L A (2
n n n

(g(nczlogzn)(l—t,,oc)i_l(Z—tnoc)+‘f<(i+l)a) —f(ig)‘ﬂ ~hali=1)-1

—

b)
<(nlog’n)

+ (n“?log*n)

n

(@) logn ) *0""! i+ 1 '
§2(n0210g2n) (1 . Sgi:ll> 4 ‘f ((l+n )O() —f (l:() ’ —|—2n_2/e

onc1 \ 8logn

5
@ P 2 _ lOgn logn (l"— 1)0( _ lOL )
=2(n?log”n) (1 50ncl) —|—‘f< . f " +2n < /e

Dyt ‘f ((i+n1)oc) iy (%)

where (a) follows from the triangle inequality; (b) follows from i < n, v < log2 n, and |z¢| <v-n®

Y

for all £ > 0; (c) follows from the binomial theorem and |f(x)| < x|logx| < 1/e for x € (0, 1]; (d)
follows from a > 1/100, i > 400n°!, and t,, = 2n~ ! logn; (e) follows from simple algebra; and

(f) follows from c; = 1/2+6¢; < 1 and (1 —1/x)* < e~ ! forx > 1.
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It remains to analyze the second term on the right-hand side.

RHS, ‘(f (1(; 1)0c) _f(ioc)‘ |

(@) 1+ o g . n
i T

(i+n1) NEalIt 11) < ( SC) e

@ (i+n1)oc1_+ 5 (logn) (2) 5 (10gn> |

where (a), (b) and (e) follows from simple algebra; (c) follows from |f(x)/x — f(y)/y| <

—
=

—
~

—
3
~

IN

|log(x/y)| for all x,y € (0,1]; (d) follows from log(1 + x) < x for x > 0 and x|logx| < 1/e
forx € (0,1].

Consolidating the above inequalities and applying Lemma 5, we get the sensitivity bound
Sn(f*) S O (nOCCZ{»(ZfO()C] —1 10g3 I’l) .

Competitiveness of PML A property estimator f is profile-based if there exists a
mapping & such that f(x") = g(¢(x")) for all x € X*. The following lemma [ADJ*12a, ADOS17,

Das12] states that the PML estimator is competitive to other profile-based estimators.

Lemma 6. For any positive real numbers € and 9, additive symmetric property f, and profile-

based estimator f, the PML-plug-in estimator f (po) satisfies

ny(£(pe),26,8-exp(3v/)) < nf(fe.9).

For any B-approximate PML, a similar result holds with &-exp(3+/n) replaced by &-exp(3+/n)/P.

The factor exp(3+/n) directly comes from the well-known result of [HR18] on integer
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partitions, since there is a bijective mapping from profiles of size n to partitions of integer n.
Final analysis Finally, we combine the above results and establish Theorem 1.
Denote by t(n) the previous upper bound on s,(f*). Let p be a distribution in Ay and

X" ~ p. Let ybe an absolute constant in (0, 1/4). Then by Lemma 4,
Pr(|f*(X") —E[/*(X™)]] > 2n' Y1(n)) < 2exp(—8n'~?Y).

Let € > 0 be an error parameter. Assume there exists an estimator f that, when given a length-on
sample from any distribution p’ € Ay, estimates f(p’) up to an absolute error € with prob-
ability at least 2/3. Then according to the results in the upper- and lower-bound sections,
with probability at most o(1/poly(n)), the estimate f*(X") will differ from f(p) by more

than v(1 +o0(1)) + O(n~/?1log?n) < &(1+o0(1)) + O(n~/?*1og?n). In addition, by the equal-
ity Y10 @;(X") = n and Lemma 3, we surely have |f*(X")| < | Lz (i/m)Bi—1 - 0:i(X™)| <
max;> |B;i| < O(n®2+1-®)c1 1003 ). Multiplying this bound by o(1/poly(n)) yields a quantity
that is negligible comparing to O(n!/21og?n). Therefore, the absolute bias [E[f*(X")] — f(p)|
is at most (1 +o(1)) + O(n=1/?*1og?n). The triangle inequality combines this with the tail

bound above:
Pr (17(X™) = £(p)| > £ (1+0(1)) + O(n=?logn) + 21 "x(n) ) < 2exp (~8n' ).

Let o = 1/4. For PML and APML estimators, set (y,c¢1) to be (1/4,1/31) and (0.166,1/91), re-
spectively. Combined, the last inequality and Lemma 6 imply Theorem 1. There is a simple
trade-off between o and ¢ induced by our proof technique. Specifically, if we increase the value
of ¢ to achieve a better lower bound on €, the value of o may need to be reduced accordingly,
which enlarges the sample complexity gap between our estimators and the optimal one. For
example, reducing o to 1/12 and 1/22, we can improve ¢; to 1/25 and 1/20, respectively, for

both PML and APML.
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2.C o-Rényi Entropy Estimation

For any p € Ax and non-negative o # 1, the a-Rényi entropy [Rén61] of p is
1
Hy(p) = log Po(p) =

L o (Trwe).

For X of finite size k and any p € Ay, it is well-known that Hy(p) € [0,1logk].

2.C.1 Proof of Theorem 2: o € (3/4,1)

For o € (3/4,1), the following theorem characterizes the performance of the PML-plug-in
estimator. For any distribution p € Ay, error parameter € € (0,1), and sampling parameter 7,

draw a sample X" ~ p and denote its profile by @. Then for sufficiently large &,

Theorem 2. Foran o€ (3/4,1), ifn = Qq(k"/*/('/*logk)),

Pr (|Halpo) — Ha(p)| = €) < exp(—/n).

We establish both this theorem and an analogous result for APML in the remaining section.
Let n be a sampling parameter and p € Ay be an unknown distribution. For some o-dependent
positive constants cq 1 and cq to be determined later, let T := cq 1logn and d := cglogn
be threshold and degree parameters, respectively. Let N,N' be independent Poisson random
variables with mean n. Consider Poisson sampling with two samples drawn from p, first of size

N and the second N’. Suppressing the sample representations, for each x € X, we denote by u,

and ¢/, the multiplicities of symbol x in the first and second samples, respectively. Denote by
q(z) = Y% _,amz" be the degree-d min-max polynomial approximation of z* over [0,1]. We

consider the following variant of the polynomial-based estimator proposed in [AOST16].

d o—m, N
N am (271 e o
Py=Y (Z M) g Dyert Y (%) Tyor
X

o
X m=0 n
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The smaller the value of ¢/, is, the smaller we expect the value of p(x) to be. In view of this, we

denote the first and second components of P, by 13&3) and Péf), and refer to them as small- and

large-probability estimators, respectively. Note that our estimator differs from that in [AOST16]

only by the additional 1, <4 term, which for sufficiently large cq 1, only modifies ]E[IS&Y)] by at
a

most n_2 .

Note that ¢/ naturally induces a partition over X. For symbols x with u, < 47, we denote

PEp)=Y p)%

X <4t

the small-probability power sum. Analogously, for symbols x with w, > 47, we denote by

P =Y p)°

Xy >4T

the large-probability power sum. These are random properties with non-trivial variances and are
hard to be analyzed. To address this, we apply an “expectation trick” and denote by Pa(s) (p) =

(p)] and P (p) = E[ngiz'

ayl (p)] their expected values, both of which are additive symmetric

properties.
Let € be a given error parameter and n = Qg (k'/*/(e'/*logk)) be a sampling parameter.
First we consider the small probability estimator. By the results in [AOST16], for sufficiently

large cq, 1, the bias of IS&S) in estimating PO(LS> (p) satisfies

k
nlogn

|E[ﬁ&”]—P&~"<p>|soa<1>-Pa<p>( ) 0 < ePo(p).

where we have used n=%* = Oy (ek~! (logk)®) < ePy(p). To show concentration, we bound the

sensitivity of estimator IS&S). For m > 0, we can bound the coefficients of g(x) as follows.

jam| = Oa((V2+1)7) = Ou(n2).
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Therefore by definition, changing one point in the sample changes the value of P&s) by at

most

am ocm am anym+1 B
(Z‘ o) <4r>) Z’ GO o (e togn)).

Let A € (0,1/4) be an arbitrary absolute constant. For sufficiently small ¢ », the right-hand side
1s at most Oy (nk*“). The McDiarmid’s inequality together with the concentration of Poisson

random variables implies that for all € > 0,

Pr (|p&3) _E[}A’&S)H > sPa(p)) < 2eXP(—Qq(SzPé(p)nzo‘*1*27»))_

Note that n = Qq (k'/*/(€'/*logk)) and Py(p) > 1, which follows from the fact that z*

concave function over [0, 1] for o € (0, 1). Hence we obtain

Pr (\ﬁ&” _E[EY)| > ePa(p)> < 3exp <—Qa <82n2°°_1_27“>> .

For o0 > 3/4, we can set A = (4a.— 3)/8. Direct calculation shows that for sufficiently large &,
the right-hand side is no more than exp(—8+/n). Analogously, we can show that for ot > 5/6, the
probability bound can be improved to exp(—@®(n?/3)).

Second, we consider the large probability estimator. To begin with, we set n = @a(kl/ 3.
By the results in [AOST16], for sufficiently large cq 1, the bias of Iséf) in estimating Péf) (p)

satisfies

B2 - P (p)] < Oy (Pa<P>) L

T n’

p(0)

which, for sufficiently large k, is at most €Py(p). Under the same conditions, the variance of Py,

1s at most

pOe**\ 1 _ (ePu(p))?
pE). e

Y
var(A)) < oa( . 55 <

X
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Then, the Chebyshev’s inequality yields

Pr (AL - £LY| > ePu(p) ) <

W =

The triangle inequality combines this tail bound with the above bias bound and implies

Pr (IPéf) (p)— 2| > 2£Pa(p)) <

Q| =

Therefore, utilizing the median trick and o < 1, we can construct another estimator 15&6’1) that

takes a sample of size n = Qg (k'/*/(e!/*logk)), and satisfies

Pr (1P (p) — V| > 26Pu(p) ) < 2exp(~Qa(n/k!))) < 2exp(~0(n*?)).

Recall that Py(p) = P&S) (p) + P&Z) (p). By the union bound and the triangle inequality, under

Poisson sampling with parameter n = @ (k'/*/(e'/*logk)),

Pr (1Pu(p) — (Y + B)| = 4ePu(p) ) < exp(—8v/n).

Since both N and N’ are Poisson random variables with mean n, we must have N + N’ ~ Poi(2n),
implying that Pr(N + N’ = 2n) = ¢~ 2"(2n)?"/(2n)!. A variant of the well-known Stirling’s
formula states that m! > em™*1/2e=" for all positive integers m. We obtain Pr(N+N' =2n) >
e~ 21(2n)?" - (e(2n)?t1/2¢72M)=1 > 1/(ey/2n) > 1/(4n). Hence, under fixed sampling with a

sample size of 2n, the estimator P&l) = (f’&s) + 13&5’1)) satisfies

Pr (|Poc(P) ~ Y| > 48Poc(l’)> < 4nexp(—8v/n).

Replacing n with n/2 and € with €/4, the sufficiency of profiles [AOST16] implies the existence
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of a profile-based estimator £ such that for any p € Ay,

P (Pulp) = X = ePa(p)) < 2nexp(—4v2n) < exp(—4y/h).

Let 3 denote the quantity on the right-hand side. For any x" with profile ¢ satisfying both p(¢) > 9,
we must have |P5(x") — Py(p)| < €Py(p). By definition, we also have pe(9) > p(@) > & and
hence |P5(x") — Pu(pe)| < €Py(pg). For any € € (0,1/2), simple algebra combines the two

property inequalities and yields

|Pa(P) — Pa(po)| < 28Pa(p).

On the other hand, for a sample X" ~ p with profile ¢, the probability that we have p(¢') < Jis
at most O times the cardinality of the set ®" := {@(x") : x" € X" }. The latter quantity corresponds
to the number of integer partitions of n, which, by the well-known result of [HR18], is at most
exp(3+/n). Hence, the probability that p(¢') < & is upper bounded by exp(—+/n). To conclude,

we have shown that

Pr (|Pu(p) — Pu(pe)| > 2ePy(p)) < exp(—+/n).

In terms of Rényi entropy values, applying the inequality e* —1 > 1 —e7% > z/2 for all z > 0, we

establish that for o > 3/4 and n = Qq(k/(e'/*logk)),
Pr(|Ha(p) — Ha(po)| = €) = Pr (Pu(pg)e™ ™% < Pu(p) < Pulpy)e® ") < exp(~v/).

2.C.2 Proof of Theorem 3: Non-Integer o > 1

The proof of the following theorem is essentially the same as that shown in the previous

section. However, for completeness, we still include a full-length proof.
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For any distribution p € Ay, error parameter € € (0, 1), absolute constant A € (0,0.1), and
sampling parameter n, draw a sample X" ~ p and denote its profile by ¢. Then for sufficiently

large integer k,

Theorem 3. For a non-integer o.> 1, if n = Qq(k/(e'/*logk)),

Pr (|Ha(po) — Ha(p)|  €) < exp(—n' ).

We establish this theorem in the remaining section. Let n be a sampling parameter and
p € Ax be an unknown distribution. For some o-dependent positive constants ¢ 1 and cq 2 to
be determined later, let T := cq 1logn and d := cqlogn be threshold and degree parameters,
respectively. Let N, N’ be independent Poisson random variables with mean n. Consider Poisson
sampling with two samples drawn from p, first of size N and the second N'. Suppressing the

sample representations, for each x € X, we denote by u, and ¢/, the multiplicities of symbol

x in the first and second samples, respectively. Denote by ¢(z) := qu:() an?" be the degree-d
min-max polynomial approximation of z% over [0, 1]. We consider the following variant of the

estimator proposed in [AOST16].

o
X m=0 n

d o—m M
. am(27 *
Pu=Y ( y m()—”?> Ly<ar-Ly<z+ ) (%) Ly
X

The smaller the value of ¢/, is, the smaller we expect the value of p(x) to be. In view of this, we

denote the first and second components of Py, by P&s) and }A’éf), and refer to them as small- and

large-probability estimators, respectively. Note that our estimator differs from that in [AOST16]

only by the additional 1, <4 term, which for sufficiently large cq,1, only modifies E[ A&s)] by at
a

most l’l_2 .

Note that ¢/ naturally induces a partition over X. For symbols x with u, < 47, we denote
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PY(p)= Y p)®

X <4t

the small-probability power sum. Analogously, for symbols x with w, > 47, we denote by

PU(p) =Y px)°

Xy >4T

the large-probability power sum. These are random properties with non-trivial variances and are
hard to be analyzed. To address this, we apply an “expectation trick” and denote by chs) (p) =

(P)] and Py) (p) - E[P(E)

E[P) ,
au

ayl (p)] their expected values, both of which are additive symmetric

properties.
Let € be a given error parameter and n = Qg (k/(e'/*logk)) be a sampling parameter.
First we consider the small probability estimator. By the results in [AOST16], for sufficiently

large cq, 1, the bias of P&s) in estimating P&s) (p) satisfies

k
nlogn

\E[ﬁ&”]—P&%nsoau)-Pa(p)( ) Fn® < ePy(p),

where we have used n=%* = Oy (ek~%(logk)*) < €Py(p). To show concentration, we bound the

sensitivity of estimator IA’&Y). For m > 0, we can bound the coefficients of g(x) as follows.
jam| < Ou((V2+1)9) = On(n2).

Therefore by definition, changing one point in the sample changes the value of IS&S) by at

most

o o -
m=0 n m=0 n

d a o—m m d a oym+1 i
2 ( Z lam|(27) (47) ) < Z M < Oy (nz‘owz_o‘(logn)a).

Let A € (0,1/4) be an arbitrary absolute constant. For sufficiently small ¢ 2, the right-hand side
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is at most Oy (n’““). The McDiarmid’s inequality together with the concentration of Poisson

random variables implies that for all € > 0,
Pr (1A~ EIRL]| = ePu(p) ) < 2exp(~QalEP2(p)n? '),
Note that n = Qg (k/(e'/*logk)) and Py (p) > k'~*. Hence we obtain

Pr <|IS&S) _ E[}S&S)H > SPOC(p)) < 3exp <_Qa(82k2—2an2a—1—2x)> .

By simple algebra, for sufficiently large k, the right-hand side is at most exp(—n1_37‘).

Second, we consider the large probability estimator. To begin with, we set n = @a(kx). By

the results in [AOST16], for sufficiently large cq 1, the bias of ﬁéf) in estimating P(gf) (p) satisfies

a0 _ pl0) Po(p)) 1
) - A )] < 0 (P42)) 4

which, for sufficiently large , is at most €Py(p). Under the same conditions, the variance of Iséf)

1s at most

Var(£)) < Og (Z” (x)m) L L (ER)

8o —
~ T n 3

Then, the Chebyshev’s inequality yields

Pr (AL - £LY) > ePu(p) ) <

W[ —

The triangle inequality combines this tail bound with the above bias bound and implies

Pr (!P&@ (p)— £ > ZePa(p)) <

W | =

Therefore, utilizing the median trick, we can construct another estimator ﬁéf’l) that takes a sample
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of size n = Qq(k/(e'/*logk)), and for sufficiently large k, satisfies
O N _ pl&l) _ A _1-2)
Pr(|Po’(p) = Pa| = 2Py (p) | < 2exp(—Qq(n/k")) < exp(—n""").

Recall that Py(p) = P&S) (p)+ P&e) (p). By the union bound and the triangle inequality, under

Poisson sampling with parameter n = Qq (k/(e'/*logk)),
_(pls) | pL1) 130
Pr{|Po(p) = (Po’ +Fo" )| = 4€Pu(p) | < exp(—n""").

Since both N and N’ are Poisson random variables with mean 7, we must have N + N’ ~ Poi(2n),
implying that Pr(N + N’ = 2n) = e~ 2"(2n)?"/(2n)!. A variant of the well-known Stirling’s
formula states that m! > em™ /26 for all positive integers m. We obtain Pr(N + N’ = 2n) >
e=21(2n)?" - (e(2n)?t1/2¢=21) =1 > 1/(ey/2n) > 1/(4n). Hence, under fixed sampling with a

(1) . (,1)

sample size of 2n, the estimator B = (IS&S) + 13& ) satisfies
Pr <|Pa(p) > 4£Pa(p)> < dnexp(—n'—3).

Replacing € with €/4 and A with A/5, the sufficiency of profiles implies the existence of a

profile-based estimator P such that for sufficiently large k and any p € Ay,
P (IPa(p) = PG(X™)| > €Pu(p)) < dnexp(—n'~%) < exp(—n'"77).
~p

Let 3 denote the quantity on the right-hand side. For any x” with profile ¢ satisfying both p(¢) > 9,
we must have |P5(x") — Py(p)| < €Py(p). By definition, we also have pe(9) > p(@) > & and
hence |P5(x") — Pu(py)| < €Py(pg). For any € € (0,1/2), simple algebra combines the two

property inequalities and yields
|Pa(p) = Pa(pe)| < 2€Pu(p).
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On the other hand, for a sample X" ~ p with profile ¢/, the probability that we have p(¢') < 8 is
at most O times the cardinality of the set ®" := {@(x") : x" € X" }. The latter quantity corresponds
to the number of integer partitions of n, which, by the well-known result of [HR18], is at most
exp(3+/n). Hence, the probability that p(¢') < & is upper bounded by exp(—n'~*). To conclude,

we have shown that

Pr (|Po(p) — Pu(pe)| > 2ePu(p)) < exp(—n'").

In terms of Rényi entropy values, applying the inequality e —1 > 1 —e % > z/2 for all z > 0, we

establish that for n = Qq (k/(e'/*logk)),
Pr (|Ha(p) — Ha(po)| > €) = Pr (Pa(pg)e™*~1% < Pu(p) < Pu(pg)e® %) < exp(—n' ).

2.C.3 Proof of Theorem 4: Integer o > 1

For an integer oo > 1, the following theorem characterizes the performance of the PML-

plug-in estimator. For any p € Ax, € € (0,1), and a sample X" ~ p with profile @,

Theorem 4. If n = Qq (k' ~1/*(e?|loge|)~(t%) and Hy(p) < (logn) /4,

Pr(|Hy(pg) —Ho(p)| > €) < 1/3.

Due to the lower bounds in [AOST16], for all possible values of o, the sample complexity
of the PML plug-in estimator has the optimal dependency in k. The remaining section is devoted
to proving the above theorem. Note that estimating the Rényi entropy Hy(p) to an additive error

is equivalent to estimating the power sum Py (p) to a corresponding multiplicative error. Given
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this fact, we consider the estimator Py, in [AOST16] that maps each sequence x* € X* to

p (X))

n%

Pa(¥) =Y

Y

where for any real number z, the expression z2% denotes the falling factorial of z to the power
a.. For a sample X" ~ p, we have E[P,(X")] = Py(p). The following lemma [OS17, AOST16]

states that Py (X") often estimates Py (p) to a small multiplicative error when  is large.

Lemma 7. Under the above conditions, for any €,n > 0,
Pr (|Pa(X") = Pa(p)| = €Pu(p)) = Oule™*n" (Pa(p))~"/%).

For sufficiently large n = Qo (k' V/%) this inequality together with Py (p) < k'~* implies

that

=

Pr(1Pu(X") - P = 3 Pulp) ) <

The following corollary is a consequence of the above lemma, the sufficiency of profiles,

and the standard median trick.

Corollary 2. Under the above conditions, there is an estimator }3& such that for any €,n > 0,

Pr (|B5(X") — Pu(p)| > €Py(p)) < 2exp (_Qa<ezn(Pa(p))1/a)> .

In addition, the estimator P is profile-based.

For simplicity, suppress X" in p,(X"). Since the profile probability p(¢) is invariant to
symbol permutation, for our purpose, we can assume that p,(y) < pu(z) iff pe(x) < pe(y), for

all x,y € X. Under this assumption, the following lemma [OSVZ11, AGZ17] relates p¢ to p,.
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Lemma 8. For a distribution p and sample X" ~ p with profile @,

2logn 1
Pr (max () (0] > 228" ) =0 1)

Consider € € (0,1/2) and x" satisfying |P5(x") — Py(p)| < €Py(p). If we further have

Py(p) > 2(n'/*(41ogn)~")'~* and max, 1Pe(y) — pu(¥)| < 2(logn)n~1/4, then,

—

a) (b) (c)
< Py(x") < Pa(pu) < 27 %Py(po),

=

Po(p)
2

where (a) follows from the above assumptions; (b) follows from A2 < AP for any A, B > 0; and

(c) follows from the reasoning below.

e Let S denote the the collection of symbols x such that p,(x) < 4(logn)n~'/4. Then a

convexity argument yields Y ¢ (py(x))Oc < (n'*(41ogn)~ 11—,

Using (a), (b), and Py(p) > 4(n'/*(4logn)~")'~*, we immediately obtain Py(p,) >

2(n'/*(41ogn) =)' =% and thus 2 c5 (pu(x)) " < Pa(pu) < 2Lz (pu(x)™.

—1/4

For any symbol x ¢ S, we have p,(x) > 4(logn)n™"/". This together with the assumption

that max, | pe(x) — pu(x)| < 2(logn)n~'/* implies p,(x) < 2pg(x).

Therefore, the inequality ¥, ( p,,(x))a < 2% z5(Po(x))* < 2%Py(pg) holds.
e Consequently, we establish Py (pu(x)) < 2¥,as (pu(x))” < 27%Py(py).

By the inequality Py (p)/2 < 2'7*Py(pe) and Corollary 2, if |P5(x") — Po(pe)| > €Pu(po)

Po(P) < 2exp (‘Qa(gzn(Poc(Pq)))l/a)) < 2exp (—Qa(ezn(Pa(p))l/‘*)> .

Let 8, denote the quantity on the right-hand side. If we further have p(¢@) > §,, then by

definition, py(¢@) > p(@) > 8,. Hence for any x" with profile ¢ satisfying both p(¢) > §,
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and |P(x") — Po(p)| < €Pu(p), we must have |P5(x") — Py(po)| < €Pu(pe). Simple algebra

combines the last two inequalities and yields

|Po(p) — Pa(pg)| < 4ePu(p).

On the other hand, for a sample X" ~ p with profile ¢/, the probability that we have both
p(¢') <8, and |B;(X") — Pu(p)| < €Py(p) is at most §,, times the cardinality of the set DL e(p) =
{o(x") : x* € X" and |P5(x") — Py(p)| < €Py(p)}. Below we complete this argument by finding
a tight upper bound on |®{ ¢(p)| in terms of its parameters.

For any sequence x" such that @(x") € ®f ¢(p), let No(x") denote the number of preva-

lences @;(x") that are non-zero. Then by definition, we obtain

Nl e e 5 3
Y S Xig o) =Pel") < SPu(p).
j=o e

Using the standard falling-factorial identity ((j+ 1)1+% — j1+%) /(1 + &) = j%, we can further
simplify the expression on the left-hand side:

No(x") o B (N(p(x”)—i—l)H—O‘
Z o (1+o)n®

j=0 "

This together with the inequality above yields No(x") < T (p) := (3(1 +a)n®- Py(p)/2)"/ 1+,
Further note that each prevalence in @(x") = (@1 (x"),...,9,(x")) can only take values in [n] :=
{0,1,...,n}. Therefore, |®g .(p)| is at most the number of T/ (p)-sparse vectors over [n]", which

admits the following upper bound

TN [1TEP) < (s 1278
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Therefore, for 3, - |Pf ¢ (p)| to be small, it suffices to have
Qq(e*n(Po(p)) /™) > 2T (p) log(n+1) = 2(3(1 + o)n® - Pu(p) /2)V/ ¥ log(n + 1),
which in turn simplifies to
e2n1/(149) (p () (©159) 5. @ (Togn).
Following this and Py (p) > 4(n'/*(4logn)~")'~%, we obtain the following lower bound on 7.
n>> O((e[logel) " (Pu(p))~1/%).

In this case, the probability bound 3, - |®F .(p)] is no larger than 1/6.
Finally, let C denote the collection of sequences x" with profile @ that do not sat-
isfy |P5(x") — Po(p)| < €Pu(p) or maxy|pe(x) — px(x")/n| < 2(logn)n~'/4. By Corollary 2,

Lemma 8, and the union bound,

P (X" €€) < 2exp (~Qulelra(p) /) + 0 (1),

For n satisfying the lower-bound inequality above, the right-hand side is again no larger than 1/6.

This completes the proof of the theorem.

2.D Sorted Distribution Estimation

2.D.1 Sorted /| Distance and Wasserstein Duality

For convenience, we first restate the theorem.
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Theorem 5. If n = Q(n(g)) = Q (k/(€*logk)) and € > n™*,
Pty (pp ) 2 ) < exp(—0(nl/11).

In this section, we relate the estimation of sorted distributions to that of distribution
properties through a dual definition of the 1-Wasserstein distance.
Recall that we let { p} denote the multiset of probability values of a distribution p € Ax.

The sorted ¢ distance between two distributions p,q € Ay is

i . : _
tlpg)= _ min_[lp=dl|;.

which is invariant under domain-symbol permutations on either p or g.
For two distributions ®, v over the unit interval [0, 1], let I'y, , be the collection of distribu-
tions over [0, 1] x [0, 1] with marginals ® and v on the first and second factors respectively. The

1-Wasserstein distance, also known as the earth-mover distance, between ® and Vv is

W(o,v):= inf E |X-Y]|.
Yelpy (XY)~y

Equivalently, let £; denote the collection of real functions that are 1-Lipschitz on [0, 1]. Through

duality, one can also define the 1-Wasserstein distance [KR58] as

W)= s (B 700~ £ 1))

feL, \1~

For any p € Ax, let uy,, denote the distribution induced by the uniform measure on {p}. For any

distributions p,q € Ay, one can verify [VV16, GR16, HIW18] that

b(psq) = k- Wi(ugpy.urgy) <R(p.q).
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Combining this with the dual definition of W/}, we obtain

aa =k (B 7@ 5 700) = s (L)~ Lrla)).

feLy \X~ugp Yruggy feL X

2.D.2 Proof of Theorem 5

For a real function f € £;, we denote by f(p) := Y., f(p(x)) the corresponding additive

symmetric property. The previous reasoning also shows that for any p,q € Ay,

R(p,q) = 4\ (p,q) > |f(p) — f(q)l-

Therefore, property f is 1-Lipschitz on (Ax,R).

Setn:=sup e, ny(€). The results in [HIW18] imply that if € > n=03,

k
=0 .
" (ezlogk)

Clearly, we only need to consider € < 2, implying k = O(nlogn). Let o,y be absolute constants

in [1/100,1/6) and € > 0 be an error parameter.
By the proof of Theorem 1 in Section 2.B.2, for any distribution p € Ay and X"/% ~ p,

with probability at least 1 —2exp (—4n1’27), the PML (or APML) plug-in estimator will satisfy
1f(P) = f(Pgrxniay)| <€(240(1)) + O(n=1210g” n) 4+ 4n' Y1 (n),

where ¢; € (1/100,1/32], ¢; = 1/24 6¢y, and t(n) = O (no‘c2+(2_°‘)cl_l log® n) Additionally,

in the previous section, we have proved that

41 (p,q) = sup (f(p) —f(q)) = sup |f(p) — f(q)l-

f€L feL;

59



Though it seems that the above inequality and equation imply the optimality of PML (since f
is chosen arbitrarily), such direct implication actually does not hold. The reason is a little bit
subtle: The inequality on |f(p) — f (pw(x'l/“)” holds for any fixed function f and p € Ay, while

the function that achieves the corresponding supremum in

sup fp) =7 (p(p(xn/a))) =1 (p7p¢(xn/a)>

depends on both p and X n/® and hence is a random function. To address this discrepancy, we
provide a more involved argument below.
Let f be a function in £;. Without loss of generality, we also assume that f(0) = 0. Let

N € (0,1) be a threshold parameter to be determined later. An n-truncation of f is a function

fTI(Z) = f(z)ﬂzéﬂ +f(n)ﬂz>n-

One can easily verify that f; € £;. Next, we find a finite subset of £; so that the n-truncation of
any f € L; is close to at least one of the functions in this subset.

For a parameter s > 3 to be chosen later. Partition the interval [0,7] into s disjoint sub-
intervals of equal length, and define the sequence of end points as z; :==1-j/s,j € [s| where
[s] :=={0,1,...,s}. Then, for each j € [s|, we find the integer ;' such that |fy(z;) —zy| is
minimized and denote it by j*. Since fy is 1-Lipschitz, we must have |j*| € [j]. Finally, we
connect the points Z; := (zj,z;+) sequentially. This curve is continuous and corresponds to a
particular M-truncation fn € L1, which we refer to as the discretized n-truncation of f. Intuitively,
we have constructed an (s+ 1) x (s+ 1) grid and “discretized” function f by finding its closest
approximation in £; whose curve only consists of edges and diagonals of the grid cells. By

construction,

max, [fa(@) = @] <m/s.

z€[0,1
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Therefore, for any p € Ay, the corresponding properties of f;, and fn satisfy

fa(p) = Fn(p)| <k-m/s.

Note that | j*| € [j| for all j € [s], and f;y(z) = z,+ for z > 1. While there are infinitely many

TM-truncations, the cardinality of the discretized n-truncations of functions in £ is at most

s s—1

[TCi+1) = (s+D)J]Q2j+1)(2s—2j+1) < (s+1)*F! = tDloglst]) < Astoes,

j=0 j=0
Consider any p € Ax and X /%~ pwith a profile @. Consolidate the previous results, and apply
the union bound and triangle inequality. With probability at least 1 —2exp (3s10gs —4n! _27) ,

the PML plug-in estimator will satisfy

1 (P) = fa(Po)l < 1fn(p) = Fn () + | fn(p) = Fn(Po)| + |/ (Po) — fu(Po)

<2k-m/s+e240(1))+ 0(n~/?log?n) +4n' V1(n),

for all functions f in L.

Next we consider the “second part” of a function f € £, namely,

fn(@) = f(2) = ful2) = (f(2) = fF(N)) Lzon.

Again, we can verify that fy € L. To establish the corresponding guarantees, we make use of
the following result. Since the profile probability p(¢) is invariant to symbol permutation, for
our purpose, we can assume that p(y) < p(z) iff pe(x) < pe(y), for all x,y € X. Under this
assumption, the next lemma, which follows from the consistency results in [OSVZ11, AGZ17],

relates pg to p. Let Y € (0,1/4) be an absolute constant to be determined later. Then,

61



Lemma 9. For any distribution p and sample X" ~ p with profile ¢,

Pr (1’1’1;1)( |po(x) — p(x)| > my*1/4> =0 <m1/4 exp(—Q(ml/erzy))) :

Simply following the proofs in [OSVZ11, AGZ17], we obtain: Changing 1/4 to any

(fixed) number greater than 1/6, the above lemma also holds for APML with m!/2+2/ replaced
by m2/3+2y'

For m = n/a, with probability at least 1 — O <(n Jo) /4 exp(—Q((n /o) /2 +2Y ))),

|fn(P) _fn(Ptp)’ = |an(l’(x)) _fn(l?cp(x))|

X

for all functions f in L.
Consolidate the previous results. By the triangle inequality and the union bound, with

probability at least 1 —2exp (3slogs —4n' %) — O ((n/oc)l/4 exp(—Q((n/(x)l/zJ’W))),

1£(P) = ()| < 1fm(p) — fa(po)| + | /n(P) — fa(Po)]

<2kn/s+€(2+0(1))+ O(n=V21og?n) +4n' Yt (n) + (2/n)(n/o)Y ~/4,

for all functions f in £;. Now we can conclude that /| (p, pq,) is also at most the error bound
on the right-hand side. The reason is straightforward: Since with high probability, the above

guarantee holds for all functions in £;, it must also hold for the function that achieves the
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supremum in

sup |f(p) — f(po)| = €, (P, Po) -
feL

It remains to make sure that all the quantities in the error bound except €(2+o0(1)) vanish
with n, and the probability bound converges to 1 as n increases. Recall that k = O(nlogn),
¢1 € (1/100,1/25), ¢2 = 1/2+6¢1, and t(n) = O (nf*cﬁ(z—a)ﬂ—l log3 n) .

By direct computation, we can choose o0 = 1/100, ¢; = 1/26, Y = 1/200, y= (5/2 +
500)c) + /2, s = Y T3/4¢ and ) = nY~1/4t¢1/2. Note that this is just one possible set of

parameters. Given this choice, we have
b, (ppg) <€(240(1)) + O(n~log’n),
with probability at least 1 —exp(—Q(n'/?)). Additionally, the equation

sup |£(p) — f(po)| =€, (p.Po)
feL

clearly yields that n(€) > supsc , ny(€). Hence for € > O(n=1/21log*n),

n(pe,(2+0(1))e) < 100n(e).

2.E Uniformity Testing

2.E.1 PML-Based Tester

Let € be an arbitrary accuracy parameter and X be a finite set. Let p, denote the uniform

distribution over X. Given sample access to an unknown distribution p € Ay, the uniformity
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testing distinguishes between the null hypothesis

HO:p:pu

and the alternative hypothesis

Hy :||p = pull; > &.

After a sequence of research works [GR00, BFF ™01, Pan08, AJOS13a, CDVV14, VV17, DKN15,
ADK15, DK16, DGPP18], it is shown that to achieve a k—©) bound on the error probability,
this task requires a worst-case sample size of order \/klogk/€?. The uniformity tester Ty, (X") in

Figure 2.8 is purely based on PML, and takes as input parameters k and €, and a sample X" ~ p.

Input: parameters k, €, and a sample X" ~ p with profile .
1. If maxyuy(X") > 3max{1,n/k}logk, return 1;

2. Elif ||po — pu||, > 3¢/(4Vk), return 1;
3. Else return 0.

Figure 2.8: Uniformity tester Tpy,

In the rest of this section, we establish the following theorem.

Theorem 6. If e = Q(k~'/*) and n = Q(Vk/€?), the tester Ty, (X") will be correct with proba-

bility at least 1 — k2. The tester also distinguishes between p = p, and ||p — pu|, > €/ Vk.

2.E.2 Proof of Theorem 6

Assume that € > (logk)/ k'/4. For a sample X" ~ p,, the multiplicity of each symbol x
follows a binomial distribution bin(n,k~!) with mean n/k. The following lemma [Che81] bounds

the tail probability of a binomial random variable.
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Lemma 10. For a binomial random variable Y with mean M and any t > 1,

Pr(Y > (1+1)M) <exp(—t(2/t+2/3)"'M).

Applying the above lemma to Y = u(X") and r = 3max{k/n,1}logk immediately
yields that Pr(u,(X") > (1+1)n/k) < k=3. By symmetry and the union bound, we then have
Pr(max, u(X") > (1+41t)n/k) < k2. In the subsequent discussion, we denote by @" the profile
set {@(x") : & € X" and max, u(x") < (1+1)n/k}.

Consider the problem of estimating the ¢>-distance between an unknown distribution and

the uniform distribution p,,, for which we have the following result [Gol17].

Lemma 11. There is a profile-based estimator 05 such that for any €9 < k=2, n = Q(kil/z/eg),

p € Ay satisfying P»(p) = O(k™1), and X" ~ p,
o if ||p— pull, > €0, then éz(X") > 0.9¢,

o if ||p— pull, < €0/2, then £r(X™) < 0.6¢,
with probability at least 2/3.

Set g9 = £/v/k in the above lemma. Then, by the sufficiency of profiles and the stan-
dard median trick, there exists another profile-based estimator fg that under the same con-
ditions, provides the estimation guarantees stated above, with probability at least 1 — d for
& := 2exp(—Q(ne?/v/k)). Scaling €y by positive absolute constant factors yields: If ||p — py||, >
0.67¢0, then />(X™) < 0.6¢o with probability at most &; if ||p — pul|l, < 0.75¢0, then £>(X") >
0.9¢( with probability at most 0.

Let @ be a profile. If we further have p(¢’) > §, then by definition, py (9') > p(¢@') > 8.
Hence for any x" with profile @', if ||p — py|l, > €0, we must have both /,(x") > 0.9¢; and
|pgr — pqu > 0.75¢g0; if || p — pull, < €0/2, we must have both /5 (x") < 0.6€0 and Py — Pqu <

0.67¢y.
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On the other hand, for a sample X" ~ p with profile @, the probability that we have both
(@) <6 and @ € P is at most  times the cardinality of the set ®'}.. By definition, if ¢ € 7,
then ¢; = 0 for i > (1+1)n/k. In addition, each @; can only take values in [k] = {0, 1,...,k}, im-
plying that |®".| < |[k] |(I4+0n/k < exp(6max{n/k,1}log? k). Therefore, we obtain the following
upper bound on the probability of interest: §- |®%| < 2exp(—Q(ne?/Vk) +6max{n/k,1}log*k).
In order to make the probability bound vanish, we need to consider two cases: n < k and n > k.
If n < k, it suffices to have n > (log2 k) \/%/82; If n > k, it suffices to have € > (10gk)/k1/4. In
both cases, the probability bound is at most exp(—log?k).

Next, consider estimating the power sum P, (p), which is at least k=1/2 for p € Ax. By
Corollary 2, there is a profile-based estimator P; such that Pryr,(|P5(X") — Po(p)| > (g/8) -
Py(p)) <2exp(—Q(ne?/vk)) = §. Following the same derivations as above and in Section 2.C.3

with ®F . (p) replaced by @'}, we establish that
Pr (|P2(pg) — Pa(p)| > P2(p)/2 and ¢ € @) < 8- |@%| < exp(—log’k).

Now we are ready to characterize the performance of the tester T;,, (X"). For clarity, we divide

our analysis into two parts based on which hypothesis is true.
e (Case 1: The null hypothesis Hj is true, i.e., p = py,.
— Step 1: By Lemma 10 and its implications, given p = p,,, the probability of failure at
this step is at most Pryn.,, (3x € X s.t. ue(X") > (1+1)n/k) < k2.
— Step 2: Note that P,(p) = k! and ||p — pu||, = 0, and recall that @ = @(X"). The

tester accepts H in this step iff ¢ € ;. and HP<P — pM”2 > 0.75¢p. By Lemma 11 and

the subsequent arguments, this happens with probability at most exp(— log? k).

— Step 3: The tester always accepts Hy in this step. Hence by the union bound, if the

null hypothesis Hy is true, then the tester succeeds with probability at least 1 — k2.
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e Case 2: The alternative hypothesis Hj is true, i.e., ||[p — pu||; > €.

— Step 1 to 2: The tester accepts H; if the conditions in either Step 1 or Step 2 are

satisfied, and hence incurs no error.
— Step 3: By the value of P»(p), we further divide our analysis into two parts:

x If Py(p) > 10k~ then || pp — pul|, < 0.75¢/Vk implies that P,(py) < 1.6k~
and |P>(pe) — Po(p)| > P>(p)/2. Hence, the tester accepts Hy only if both
|P>(pg) —P>(p)| > P2(p)/2 and @ € @'} happen, whose probability, by the above
disscusion, is at most exp(— log® k).

x If Po(p) < 10k~ 1, then all the conditions in Lemma 11 are satisfied. In addition,
by the Cauchy-Schwarz inequality, we have ||p — pull, > ||p — pull, -k~ 1/? > -

k~1/2. The tester accepts Hy iff both Hp(p — Pull, <0.75¢- k=12 and ¢ € @’} hold,

I,
which happen, by Lemma 11 and the subsequent arguments, with probability at

most exp(—logk).

This completes the proof of the theorem.

2.F Proof of Lemma 3

The proof closely follows that of Proposition 6.19 in [Val12] (page 131-136), which we
refer to as the proposition’s proof. Note that in the work [Val12], the definitions of k and n are
swapped, i.e., k stands for the sample size, and n denotes the alphabet size. For consistency, we
still keep our notation.

Recall that we set t,, :== 2n"“!logn and o € (0, 1), and define

Bi::(l_e—rnoci)f((ﬂrl)oc)( n +izz(1—ln)€0€ (1_001'—12(2)

n i+lo /=
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for any i < n, and ; := B, for i > n. Let w(i) denote the first quantity on the right-hand side, and
w:= (w(0),w(1),...) be the corresponding vector. Similarly, let 7, (i) denote the second quantity
on the right-hand side, and Z, be the corresponding vector. Assume that v < log?z.

First part of the proposition’s proof remains unchanged, which corresponds to the content

from page 131 to the second last paragraph on page 132, showing that
Vi ||Za|l, = O(n®et =% 1og3 ).

The assumption that o € [1/100, 1) implies v/t > 1/10, and hence we have |Z4(i)| <
Zall, = O(n®2F(1=%e1 103 1), Recall that for lemma 2 to hold, the coefficients B; must satisfy

the following two conditions,
L ey)| <d'+b'/y,
2. |B5=Bil <c'/j/nforany jand £ such that | j —£] < \/jlogn,

where £(y) := f(v)/y—e ™ LizoBi- (ny)'/i!, and B} := Bi—1-i/n,Vi > 1, and B := 0.
We first consider the second condition and find a proper parameter c’.

Our objective is to find ¢’ > 0 such that ¢/ > \/n/j B — By By the triangle inequality,

\/?B;—B,ﬂg\/?

We bound the two quantities on the right-hand side separately and consider two cases for

Laati=1) = gaatt=)|+ /5 o= )= St =)

each. If both j and ¢ are at most 400n°!, then

\/?

' l _ , .
ﬁza( J=1) ==zt~ 1)' < 0(n®/271/2) -max [z(0)| < O(n%2+B/2=0)a=1/21463 )
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Recall that |z¢| <v-n® ¥l > 0. If one of j and ¢ is larger than 400n°!, say j > 400n°!, then

\/?

' 1
” ]_1‘ Z\Zdl—tn” )JM(JE )
J—1 ) ji—1
< /jn 2 (log?n) ¥ (1 -1,) ’(1—a)11‘?( , )
(=0
= /jn>" 2 (log? n) (1 — t,00) /!
</ jn>"12(log? n) (1 —logn/(50nc1) )00

< \/}n02—1/2(10g2 n)n~S.
For j < 2n?, the last quantity is at most n~!. For j > 2n?, we have £ > n? and hence
Vi
Similarly, we can bound the other quantity, i.e.,

(1 _eftn(x(jfl))f (E) _ (1 _e*tnoc(é*l))f (g_a) ‘ .

n n

n

Lali—1) - fm - 1)‘ = \/§|j—€|za<n— 1) < Va(logn)n~" = (logn)n~'/2.

n

J

D=1 =we-)| = [

n o2 j

Since f (the property) is 1-Lipschitz on (Ax,R) and f(p) =0 if p(x) = 1 for some x € X, one
can verify that | f(x)| < x|logx| < e ! and |f(x)/x— f(y)/y| < [log(x/y)| for x,y € [0,1] (the

corresponding real function). We consider two cases and bound the quantity of interest. If j > /n,

n ol / ]OL [ n ja _

The same bound also applies to the other term where j is replaced by £. If j > \/n, then

e =1 < exp (—20u(logn)n'/>=¢1) = O(n=2). Analogously, the same upper bound holds for
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the other term e*(¢~1) Hence, we ignore these two terms and consider only

Jaslr () () <Vt () - (R)]+
Sﬁk’g%\*ﬁra‘w(m)
\/7|J /| \/J_n|J €| (m>
\/7|J q \/7|J ﬁl‘ <€0°>‘

logn | logn logn log (_) ‘
n

= O(n""?logn).

n n

joa  fla

()

n

\/ﬁ n

Since ocs + (3/2 — )y < 1/4, we have O(n®2+B/2=®a1=1/21603 ) = O(n~1/*10g>n).

Hence, we can set the latter quantity to be ¢’. The above derivations also show that

w(i)| = '(1—6’”“i)f<(i+l)a) i < ‘1og((i+n1)“)‘ — O(logn).

n i+1)a
Together with B; = w(i) + Zo(i) and |Z(i)| = O(n®2+1=%¢1 . 1og3 n), this inequality

implies

|Bl| S O(na62+(170,)61 10g3 I’l)

It remains to analyze the first condition of Lemma 2 and find proper values for a’ and
b'. For this part, the corresponding proof in [Val12] also holds for o € [1/100,1/2] (page 134
to the second last paragraph on page 135), hence no change is needed. One thing to note is
that 1/a and 1/4/a are both O(1). For some a”,b” > 0 such that a” + b"k < v, we can set

d =d"+ O0(n=1/?log?n) and b’ = b"(1+ O(n~'logn)). The proof of Lemma 3 is complete.
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Chapter 3

Doubly Competitive Distribution

Estimation

3.1 Introduction

Estimating large-alphabet distributions from their samples is a fundamental statistical-
learning staple. Over the past few decades, distribution estimation has found numerous appli-
cations, ranging from language modeling [CG99] to biological studies [AIS*08], and has been
extensively studied. In the following subsections, we formalize the discussion and present major

research frameworks used in the field.

3.1.1 Distribution Estimation

Let Ay denote the collection of distributions over the discrete alphabet [k] := {1,... k}.
Let [k]* be the set of finite-length sequences over [k]. An estimator is a mapping p : [k]* — A
that associates with every sequence x" a distribution p(x"*) € A. Let X" :=Xj,...,X, be an i.i.d.
sample sequence from an unknown p. Our objective is to find an estimator p such that p(X")

approximates p well.
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Specifically, for two distributions p,q € Ay, let £(p,q) be the loss when approximating
distribution p by estimate g. The loss of estimating p by p(X") is therefore ¢(p, p(X")). We also

consider the expected loss, known as risk,

ro(p,p) == Exn_pL(p, p(X")).

The two most important losses for distribution estimation are the KL-divergence D(p || ¢) :=
Yrefi Prlog %, and the ¢ -distance |p — q| := Ley |Px — qx|- We study mainly the KL-loss, hence

KL

abbreviate r** as simply r.

Next, we formalize the uncertainty about the distribution and the three common measures

for the approximation quality: min-max, structural, and competitive estimation.

3.1.2 Previous Works

Min-max While the underlying distribution p is unknown, it often belongs to a known

distribution collection P. The worst-case risk of an estimator p over all distributions in P is

(P, p) = r;lggrﬁ(p,ﬁ),

and the minimal possible worst-case risk for P, incurred by any estimator, is the min-max risk,

(P) := mjnrﬁ(ﬂﬁ) = mjnmaxrf;(p,ﬁ).
p p peP

rﬁ

The most classical and widely-studied class of distributions is simply the set Ay of all
discrete distributions. The problem of determining r¢(A;) up to the first order was introduced
by [Cov72] and studied in a sequence of papers [KT81, BFSS02, Pan05]. Among the many
results on the topic, [BS04] showed that for KL-divergence, as n/k — oo, the min-max KL-risk

satisfies r,,(Ax) = (1+0(1))%-L, achieved by a variant of the add-3/4 estimator. On the other hand,
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[Pan05] proved that as k/n — oo, the optimal KL-risk becomes r,(Ar) = (14 0(1))log %, which
is achieved by add-constant estimators. Similar results for other loss measures like ¢;-distance
can be found in [KOPS15].

Beyond min-max The success of add-constant estimators in achieving the classical
min-max risks does not extend to practical applications. One possible explanation is that practical
distributions, like power-law, or Poisson, are often rather simple and can be estimated more
efficiently and accurately than the worst distribution targeted by the min-max paradigm. The
desire to construct estimators that perform better on practical distributions has led to the following
two frameworks.

Structural Instead of considering arbitrary underlying distributions, the structural
approach focuses on learning distributions that posses a natural structure, such as monotonicity,
log-concavity, and m-modality. In many cases, structural assumptions lead to more effective
estimators that provably perform better on the corresponding distribution classes.

For example, [KOPS15] showed that for fixed k, as n increases, the empirical estimator

achieves the min-max /1 -risk over Ay,

(8 = (1 +o(1))y) 26D,

In many practical applications, the alphabet & is often large, hence several papers considered
structured distributions [ADLS17, DKS16b, Kam14, CDSS13, Das12, JW09, FOS08]. For
example, for the collection 9\/[,: "™ of t-mixture m-modal distributions over [k], more sophisticated

estimators, e.g., [ADLS17] attain

1/3
rﬁl(ﬂ/[ktm) _e (tmlogk) |

n

which for k/logk > n'/3(tm)?/3, is lower than rf' (A¢).

Drawbacks The structural approach leverages the structure assumptions to design more
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efficient estimators, thus has the drawback of relying on the hypothetical models.

For example, to learn -mixture m-modal distributions efficiently as above, one needs to
ensure the correctness of the structure assumption and know both ¢ and m up to constant factors.
While it may seem possible to use hypothesis testing to find the best parameters, existing work on
distribution property testing shows that even testing whether a distribution is m-modal requires a
non-trivial number of samples [CDGR18]. Hence, when ¢ and m are relatively large, finding the
best parameters may require many samples.

In addition, many structures possessed by real-world distributions, for example, mixtures
of log-concave and log-convex, have not been addressed before.

Competitive Instead of relying on often-uncertain structural assumptions, the compet-
itive distribution estimation framework takes a different view and aims to design universally
near-optimal estimators. Any reasonable estimator for i.i.d. distributions would assign the same
probability to all symbols appearing the same number of times in the sample, and we let Qpq
denote this collection of natural estimators.

Our objective is to design a distribution estimator p that estimates every distribution
nearly as well as the best estimator designed with prior knowledge of the true distribution p, but
is restricted to be natural. Specifically, for any distribution p € Ay, the lowest risk of a natural

estimator knowing p is

Fo(p, Q) == min rh(p, ),
P'€Quat

and the excess risk of an arbitrary estimator p is

rn(papA) = rft(p7pA) _?ﬁ(p7 Qnat>'

Therefore, the worst-case excess risk, or competitive risk, of the estimator p over all distribution
in Ay is

7(p) = ;ré%?ﬁ(p,ﬁ)-
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This formulation was introduced in [OS15] who showed that a simple variant of the Good-Turing
estimator pg; achieves a vanishing competitive KL-risk of 7,(per) < (3+0(1))/n'/3, regardless
of the alphabet size, and a more involved estimator py, achieves ®(min{k/n,1/\/n}), For ¢;-
distance, [VV16] designed a linear-programming-based estimator p,, and proved Fﬁl (Prp) =
O(1/polylog(n)).

Drawbacks The upper bounds provided by the competitive approach apply to all
distributions, and similar to the min-max approach, track the excess error of the worst distribution.
As we now show, they are too lax for many practical distributions. Consider the following
generalization of the ubiquitous power-law distributions. For ¢ > 0, a > 1, and large alphabet-size
k, define the enveloped distribution collection B* := {p € A : px < ¢-x~%}. It can be shown

that for n € [k*!, k?] there is a constant Co.c depending on o and c, such that the min-max KL-risk

of ?,f‘ “ satisfies

By simple algebra, for o > 2 and large n, this term is smaller than ®(min{k/n,1/\/n}), the
lowest competitive risk of any estimator [OS15]. Hence the guarantees the competitive framework

provides do not suffice to address relatively “simple” common distributions.

3.2 New Results

The foregoing section reviewed the merits and drawbacks of classical and modern ap-
proaches to distribution-estimation. It noted that the min-max approach is “pessimistic” and often
performs sub-optimally in both theory and practice. Of the modern frameworks, the structural ap-
proach works well if the structural assumptions are both correct and accurate, but fails otherwise,
hence this approach is “local” but not “global”. The competitive approach constructs universally
near-optimal estimators, but provides the same guarantees regardless of the distribution’s structure,

potentially resulting in sub-optimal estimators for practical distributions, hence this approach is
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“global” but not “local”.

This raises the question of whether a single estimator can be both “global” and “local”.
Namely, without any assumptions on the distribution, provide universal excess-loss guarantees for
general distributions, and stronger excess-loss guarantees for simple distributions. For example,
an estimator p such that for any distribution p, 7,(p,p) < n~ 12 and yet if the distribution p
happens to be in the enveloped power-law class ka3 “, then 7, (p, p) < n3/4,

We answer this question in the affirmative, and present the first competitive and structural

distribution estimator.

3.2.1 Definitions

Instant competitive loss For consistency, let us instantiate the loss ¢ as the KL-

divergence, i.e., for p,q € Ay,

Up,q):==D(p| q)

Let p € A; be an unknown discrete distribution, and let x" be a realization of X" ~ p. The best

natural estimator, knowing both p and x", incurs the minimal possible loss

Zx”(pa Qnat) = A/min f(p,p’\/(xn))’
P'€Quat

and for this particular pair (p,x"), the excess loss of an arbitrary estimator p is

U (p,p) = L(p, p(x")) — Ty (P, Quar)-

Hence for sequence x", the worst-case excess loss of p over Ay, or simply the instance competitive

loss of p, is

U () := maxlu(p, p).
PEAL

Permutation class For any distribution p € Az, we denote by (p) the collection of
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distributions in A that are equal to p up to some permutation over [k]. Knowing (p) is equivalent
to knowing the multiset of p but not p itself.

General notation For X" ~ p € Ay, the multiplicity of a symbol x € [k] is N, :=

"1 Lx,—x, the number of times x appears in X". The prevalence of an integer u is &, :=

Yxc[k] Ln,=u. the number of symbols that appear u times. Let D := 1}, P, be the number of

distinct symbols in X", and let D := ). ~.0 Lo,>0 be the number of distinct positive multiplicities.

Clearly, D > Dg, and typically, D > Dg. For example, if all symbols in the sequence X" are

distinct, then D = n, while D¢ is just 1.

3.2.2 Main Results

We construct an explicit, near-linear-time computable distribution estimator p* such that

Theorem 1. For any distribution p, let X" ~ p, then with probability at least 1 —n~8,

Ixn(p*) < O <%> :
n
Note that the right-hand side is determined by just X", its computation requires no
additional information about p.
The exact form of p* can be found in Section 3.5, and the proof of Theorem 1 appears in
the supplemental material.
Our main theorem implies the following new results and improvements on existing ones.
Global competitiveness In Section 3.3 we show that our estimator provides stronger
estimation guarantees than many existing estimators: adaptive estimators (Corollary 2) such as
the robust absolute discounting estimator [OD12, BHBO17]; competitive estimators (Corollary 4)
such as the modified Good-Turing estimator [OS15]; and min-max estimators (Corollary 5).
Example: Section 3.3 shows that Dg < min{ V2n, k}. Corollary 4 then concludes that the

excess loss Uxn(p*) is always at most O (min{y/n,k}/n), providing a guarantee not only stronger
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than the n~!/3 rate of the modified Good-Turing estimator, but also as strong as the more involved
estimator in [AJOS13b, OS15].

Local competitiveness In Section 3.4, we use the theorem to establish eight new
results on learning important structured distributions. We show that our estimator has strong
excess-loss bounds for three important structured distribution families: T-value (Corollary 7
and 8), log-concave (Corollary 9 and 10), and log-convex (Corollary 11, 12, and 13). Many
common distributions are covered by these three classes. In particular, our results for power-law
distributions (Corollary 12) are uniformly stronger than those in [FOOP17] for all parameter
regimes.

Example: Corollary 8 shows that for all uniform distributions, E[Dg]| is bounded above
by O(n'/3), hence the algorithm’s excess risk is at most O(n~2/3).

Robustness to model misspecification The structural approach often uses different
estimators for different distribution classes. By contrast, our single estimator provides robust and
adaptive guarantees for a variety of structural classes without any modification.

Example: Over uniform distributions, p* achieves an excess risk of é(n’z/ 3) (Corol-
lary 8), while for power law distributions with power parameter 1.5 , the same estimator achieves
an excess risk of O(n~3/%) (Corollary 11).

Robustness to domain permutations The structural approach often assumes that we
know how to order the symbols so that the underlying distribution would exhibit certain structure
(such as power-law). As discussed in Section 3.4, this assumption may be impractical. By
contrast, since the distribution of D is the same for all p’ € (p), the excess loss/risk guarantees
of our algorithm are invariant under any permutation of the domain symbols.

Example: If under some unknown ordering of the domain symbols, the underlying
distribution is a power-law with power parameter 1.5 , then Corollary 11 implies that our estimator
achieves an excess risk of O(n—3/3).

Outline Besides Section 3.3 and 3.4 mentioned above, we present the exact form of our
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estimator in Section 3.5.

3.3 Global Competitiveness

In this section, we present several implications of Theorem 1 for the universal estimation
guarantees of p*. In particular, we show that p* is near-optimal under various classical and

modern distribution learning frameworks, including min-max and competitive mentioned above.

Corollary 1. For any distribution p,

Fa(p,p*) < O (E[Dq’]> :

n

As in the proof of Theorem 1, Zxx(p, p*) < O(logn) always. The corollary then follows
from Theorem 1 itself.

Analogous to the previous definition of competitive distribution estimation, we can
consider competing with an estimator that knows the probability multi-set. Specifically, for any
distribution p € Ay, the lowest worst-case risk of a natural estimator knowing the multi-set of p is

.0

#,((p)) := min max ry,(p', p),
P pelp)

and an arbitrary estimator p has the multi-set excess risk of

For KL-divergence, the following lemma relates i to 7.

Lemma 1. [OS15] For any distribution p € Ay and estimator p,

A

max in(p’, p) < Fn(p, P).
P'e(p)
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Together with Corollary 1, the lemma yields,

Corollary 2. For any distribution p,

max i, (p, p*) < O (]E[D(D]) :
P'E(p) n

Adaptive optimality The min-max results [KT81] imply that for any estimator, learning
an arbitrary k-symbol distribution up to a certain KL-risk requires Q(k) samples in the worst case.
Since modern data science often considers applications over large alphabets, this is normally
viewed as a negative result. However, as experience suggests, many practical distributions have
small “effective alphabet sizes”. For example, if we draw 10 samples from a geometric distribution
with success probability 0.9, although the support size is infinite, with high probability, we shall
observe at most 3 distinct symbols.

To formalize this intuition, for a given n, let the effective alphabet size of a distribution p
be the expected number E[D] of distinct symbols that appear in X" ~ p. As in [FOOP17], given
n, k, and d, let P, be the collection of distributions in A satisfying E[D] < d. By Corollary 1, the

performance of p* over 2, is adaptive to d:

Corollary 3. For all d > 2 and every distribution p € P,
n

d ~(d
) < Slogk+ (1)),

The following lemma shows the optimality of Corollary 3.

Lemma 2. [FOOPI17] Let o. be any constant greater than 1. There exist constants co > 0 and n

such that for d = né, any estimator p, all n > ng, and all k > max{3n, I.Zﬁné},

d ~(d
max r,(p, p) > co—logk— O (—) .
n

pPEPy n
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Here we present two immediate implications. First, to learn a k-symbol distribution up to
a certain KL-risk, the number of samples we need is at most O(E[D]logk), which is often much
smaller than Q(k). Second, in the extreme case when k/n — oo, the upper bound on r,(p, p*) is
at most (1 +o(1))logk. Hence, our estimator achieves the min-max KL-risk over A to the right
constant.

Competitive optimality Now we show that p* is near-optimal under the competitive
formulation described in Section 3.1.2. We begin by finding a simple upper bound for De, the
number of distinct positive multiplicities. Since different multiplicities correspond to distinct
symbols, D¢ is at most the alphabet size k. On the other hand, since only distinct positive
multiplicities count, ):5;"1 u < n. Hence, Dg < min{k, \/ﬁ}, which together with Corollary 1

yields

Corollary 4. For any distribution p,
- o ~ (min{k,/n
Fn(p,p") <O <{T\/—}) :

The following lemma shows the optimality of Corollary 4.

Lemma 3. [OS15] For any estimator p,

maX?n(papA> > ﬁ
PEA

(min{k, \/ﬁ}) |

Min-max optimality The previous results show that p* often achieves the min-max

KL-risk r,(A) to the right constant. Specifically,

Corollary 5. Let o be any constant greater than 1/2. For any o. > 0 and k > n%,

n(A, P°) = (14 0,(1)) ra(Ag).
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3.4 Local Competitiveness

We use Corollary 1 and 3 to establish eight new results on learning important structured
distributions. We show that our estimator has strong excess-loss bounds for three important
structured distribution families: T-value (Corollary 7 and 8), log-concave (Corollary 9 and 10),
and log-convex (Corollary 11, 12, and 13). Many common distributions are covered by these

three classes.

3.4.1 A Simple Bound on E[Dg]

By Corollary 1, the excess KL-risk 7,(p, p*) of p* in estimating p is upper bounded by
O (E[Dg]/n). Perhaps the most natural question to ask is: given n and p, how large is E[Dg]? To
get a relatively simple closed-form expression for E[Dg|, we adopt the conventional “Poisson
Sampling” technique where the sample size is an independent Poisson variable with mean n. By
doing so, the multiplicities Ny ~ Poi(npy) independently of each other. Under Poisson sampling,

the linearity of expectation implies

ipa) = ¥ ] (1- k).

u>0xe[k] H:

Expanding the right-hand side would give us an expression consisting of n- (2K — 1) terms, which
is hard to analyze. Hence, instead of evaluating E[Dg| directly, we would like to work on its
simple upper bounds. Given sampling parameter n, we partition the unit-length interval (0, 1] into

a sequence of sub-intervals,

| I
= ((j_l)Zﬂ,fﬂ}’ << /IL,
n n ogn

For any distribution p, denote by py; the number of probabilities p, in I;. Then,
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Lemma 4. For any distribution p,

E[Dg] < O(Z min {py;,j})-logn.
j=1

. jzlogn
n

In addition, since p is a distribution, for all j, py < 1, which in turn implies

1

. . . noo. 1
min { py;, j} < min Floan [ <

More generally, let P;; denote the sum of probabilities py in 1;. Then,

LU < (nPy,)3
jzlogn’] )

min{plj,j} < min{

Combined, Corollary 1 and Lemma 4 yield

Corollary 6. For any distribution p,

Fa(p,p*) < O (%) Y min{ps,}.

izl

To illustrate the Corollary’s significance, we present its implications for various distribu-

tion learning problems.

3.4.2 'T-Value Distributions

A uniform distribution can be described as a distribution whose positive probabilities

take only a single value. As a generalization of this formulation, we call a distribution p a

T-value distribution if its positive probabilities p, can take T different values. Note that T-value

distributions over [k] can be viewed as mixtures of 7" uniform distributions over different subsets

of [k], and that these distributions generalize T-piecewise histogram distributions. Intuitively, for

smaller values of 7', we would expect the task of learning an unknown 7'-value distribution to be
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easier. The following corollary confirms this intuition.

Corollary 7. For any T-value distribution p and p' € (p),

Note that p € (p). To prove the corollary, observe that by our previous result, for all j,
. . 1
min {plja.]} < (I’lP]j)3 :

Note that for a T-value distribution, py; # 0 for at most T different j values, say ji,..., jr. By

the above inequality and Corollary 6,

combined with Corollary 4, this completes the proof.

Uniform Distributions Now we consider the collection U, of 1-value distributions, i.e.,
uniform distributions over non-empty subsets of [k]. Our objective is to derive a result stronger
than Corollary 7. Let S, denote the support size of a distribution p € Uy. For all x € [k], py is
either O or S;l. Since {I;, j > 1} is a partition of (0, 1], there exists a unique j’ such that Sljl ely,

i.e.,

_ logn /, . 2 2
Sp161j127<(]l—1) ,]/:|,
further implying 1+ +/n/(S,logn) > j'. Together with Dgp < D < S, and Corollary 6, this shows

Corollary 8. Let p be an arbitrary distribution in Uy, then
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Note that the right-hand side is no more than O(n~2/3). Furthermore, in both the small
alphabet regime where S, = O(1) and the large alphabet regime where S, = Q(n), we have

n(p, p*) < O(n~1), which is fairly tight.

3.4.3 Log-Concave Distributions

The class of discrete log-concave distributions covers a variety of well-known distribu-
tion classes including binomial, Poisson, negative binomial, geometric, hypergeometric, hyper-
Poisson, Skellam, and Polya-Eggenberger [QBW90]. We say a discrete distribution p € Ay is
log-concave if for all x € [k], p> > px_1- px+1, and denote the collection of all such distributions
by L. Further, for all ¢ > 0, let L,? ° denote the collection of p € £; whose standard deviation

n, o]. Intuitively, one would expect the learning task over L,': ° to be easier for

lies in (G -log™
smaller values of 6. The following corollary demonstrates the correctness of this intuition and
shows the competitive performance of our estimator. Due to space considerations, we postpone

its proofs to the supplemental material.

Corollary 9. For any distribution p € L"° and p' € (p),

Falp5) < 0 ((om) 5 1 2).

n

For any 6 >> 1, the right-hand side is uniformly smaller than the bound O(min{k,+/n} -
n~1) in Corollary 4.

For mixtures of distributions in L,': ° an analogous argument gives the following result.

Corollary 10. Let p be a t-mixture of distributions in L,? ° and p' be any distribution in (p),
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3.4.4 Log-Convex Distributions

While the T-value and log-concave families cover many common distributions, there are
certainly more distribution classes to be explored. For example, a truncated power-law distribution
is always log-convex. In this section, we consider two generic classes of log-convex distributions:
power-law and Hurwitz—Lerch Zeta distribution families.

Enveloped power-law distributions Consider the collection LP,SL = {pEeN :p: <
c-x~ %} of enveloped (truncated) power-law distributions. Note that this definition generalizes
power-law families, and that distributions in 5?,? “ are not necessarily log-convex. We have the

following result, whose proof appears in the supplemental material.

Corollary 11. For any distribution p € LPISc “and p' € (p),
Falp ) < O (n ™20

The distribution collection LP,? “ has the interesting property that it is closed under mixtures.
Hence, Corollary 11 also covers mixtures of enveloped power-law distributions.

Implications of Corollary 11 Let p* € A be the truncated power-law distribution with
power a that is truncated at k, i.e., p% o< x~%, Vx € [k]. Clearly, we have p®* € fP,f‘ “for all ¢ > 1.
The recent work of [FOOP17] shows that for k > {n,nﬁ} and any distribution p’ € (p®), the

A,

estimator p” proposed in [OD12] satisfies

20—1

(', p") < O <n_m) )

A simple combination of Lemma 1 and Corollary 11 yields

Corollary 12. For any distribution p’ € (p®),



Our approach has the following three advantages over the previous result in [FOOP17].
First, for all o > 0, we have —o/ (ot + 1) < —(2a—1) /(2. + 1), hence our guarantee is uniformly
better than the previous one. Second, the previous result requires k > {n, nﬁ} to hold, which
can be non-realistic for o close to 1. In comparison, our result does not require such conditions at
all. Third, for small o < 1/2, the previous result only implies a multi-set excess risk of O(nG(I)),
while Corollary 12 always yields O (n_]/ 2) regardless of a.

Enveloped Hurwitz-Lerch Zeta distributions For any distribution p € A, p is a

(truncated) Hurwitz—Lerch Zeta (HLZ) distribution [GGOSO08] if

1 o*
P T0,5.a.k) (atxpt

for some parameter s > 0, a € [0,1] and 8 € (0, 1], where the normalization factor 7'(8,s,a,k) :=
Yoie 8/ (a +x)**1. Analogously, consider 5—[,(e’s7a7c ={p €A :py<c-0/(at+x)"1} of en-
veloped HLZ distributions. HLZ distributions include the well-known Riemann Zeta, Zipf-
Mandelbrot, Lotka, Good, logarithmic-series, and Estoup distributions. These distributions have
various applications in many fields. For example, the Good distribution [ZA95] can be used to
model species’ frequencies and to estimate population parameters.

Note that 5—[,? $EE C fP,fH’C for o > 1. Hence, by Corollary 11, for any distribution

pE ﬂ,f’s’a’c and p’ € (p),

Let x; be the threshold parameter such that ¢ -0 = n~!,

Direct computation gives x| =
log(cn)/log 5. The symbols x € [k] that are no larger than x; contribute at most x; to E[Dg).
Furthermore, the proof of Lemma 4 essentially shows that symbols with probability no larger than
n~! contributes at most O(logn) to E[Dg]. We conclude that E[Dg] < O(log(cn)/log% +logn).

Corollary 3 combines the above results and yields
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Corollary 13. Forany p € ﬂ-[,ce’s’a’c and p' € (p),

1

. s _ = [(n72 1—log7'e
rn(p/,p)SOQs( A £ >

n n

1
Note that the right-hand side is the minimum of two quantities. For 6 € (1 —n" 52, 1], we

1

can reduce the upper bound to O, s(n_i%). On the other hand, for 6 € (0,1 —n™ s+2], the upper

bound becomes O, s((1 —log=18)-n1).

3.4.5 Robustness to Domain Permutations

Our results on learning structured distribution families differ significantly from nearly all
the existing ones. Prior work has mainly considered unknown distribution with a certain structure
over a known and ordered domain. In our formulation, we assume that the underlying distribution
has certain structure under some particular ordering of the domain elements, and this ordering is
unknown to the estimator.

Below we illustrate this by a concrete example.

Let ¥ be a finite discrete domain of size k. Consider learning an unknown log-concave
distribution P € A4 from its sample sequence Y. Traditional formulations like [CDSS13] assume
that we know an exact bijective mapping ¢ from ¥ to [k], such that reordering the probabilities of
P according to ¢ yields a log-concave distribution p € Ay. Further applying ¢ to Y and denoting
the resulting sequence by X" transforms the problem into learning p from a sample sequence
X" ~ p. Here, the assumption that p is log-concave is equivalent to requiring p2 > py_1 - pxi1,
for all x € [k] \ {1,k}. We can see that such formulation may be non-practical. For example,
in natural language processing, the observed samples are words and punctuation marks. Even
we know these samples come from a log-concave distribution, we don’t know how to order the
alphabet, i.e., find the right mapping o, so that the corresponding distribution p € A; would be

log-concave.
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3.5 The Estimator

Let p be an arbitrary distribution in Az, and let X" be a length-n sample sequence from p.
For simplicity, abbreviate 1% := 1y,—,. For any natural number g, denote the total probability

mass of the symbols that appear u times by

M=) pak.
xe[k]
After observing X", an estimator p approximates M, by

M=) pu(X").
X:Ny=u

Assume that p is a natural estimator. By [OS15], the excess loss of p over the best natural

estimator that knows the underlying distribution p is

~ . N M
u>0 Ml—‘
The above characterization of fx» (p, p) converts the problem of finding good natural estimators

for the underlying distribution to that of finding good estimators for

M= (My,...,M,).

Intuition We first motivate the estimator, whose form is similar to that in [AJOS13b],
but with some modifications. Since the estimator is natural, it needs to approximate only
M := (M, ...,M,). The construction is guided by analyzing the estimator bias and concentration
properties for various multiplicities u. To estimate M, we use the provably near-optimal [RTS17]

Good-Turing estimator. For the remaining multiplicities, analysis shows that for moderate, yet
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frequent multiplicities, namely u = O(logn) and ®, = Q(log” n), the Good-Turing estimator per-
forms nearly optimally. For infrequent multiplicities, the empirical estimator performs better. For
the remaining multiplicities, both estimates are sub-optimal. Applying polynomial approximation
techniques, we construct a more involved estimator that approximates the behavior of a genie
that knows that expected M, values. The estimator is slightly simpler than that in [AJOS13b], yet
achieves better performance.

Details Since our estimator p* is natural, we simply specify 1\71; = YN, =u Dy (X"). To
simplify the analysis, we adopt the standard “Poisson sampling” technique, and make the sample
size a Poisson variable N with mean value n.

For N < nlogn, let c1, c2, and c¢3 be properly chosen absolute constants. For any two

natural numbers u > i/, denote aﬁl = /! /u! and Efflu = ]lﬁ',aﬂ/ (N )“=*, where AB is the falling

factorial of A of order B. Let

1 ] ,
Exy=——— Z EY .
” / l M

crvu/ Ogn#’=ﬂfcn/ﬂ/10gn
We can show that Ej, := } ¢y Exyu 18 an unbiased estimator of E[®,]. Empirical-frequency
estimates M, by
6, =,
n

=Py

b

while Good-Turing estimates it by

AL u+1
G, = -

To avoid zero probability estimates, we modify the Good-Turing estimator to GAL :=max{1/n,G,}

and let

A :u+1E,u+1
0, =P, R
u
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and similarly set

0, := min{max{1/n,0,},log*n}.

For u < nlogn, our estimator is

N\

G/’J if u=0,
. (T)H if u>1and @, < cz(log2 n),

= ¥

0;1 if u > c3logn and @, > c2(log”n),

G, ifcslogn>pu>1and ®, > cy(log”n).

7

As Poisson variables are concentrated around their mean, for N > nlogn, which rarely happens,
and u € [0,N], we simply set M; = 1/(N+1). If these probability estimates do not sum to 1, we
normalize them by their sum.
Finally for each x € [k], our distribution estimator is
Vi

prlxn) = 2
X ¢Nx :

3.6 Numerical Experiments

The estimator is easy to implement. In Section 1 of the supplemental material, we present
experimental results on a variety of distributions, and show that the proposed estimator indeed

outperforms the improved Good-Turing estimator in [OS15].

3.7 Future Directions

The results obtained in paper strengthen and extend the competitive approach to distribu-

tion estimation taken in [OS15]. It would be of interest to obtain similar results for distribution
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estimation under ¢ distance. [KOPS15] showed that the simple empirical estimator achieves the
min-max ¢, -risk r! (Ar) = (1+0(1))\/2(k— 1)/(mn). Yet the excess risk of the estimator in the
nice work of [VV16] is O(1/polylog(n)). Hence, for k < O(n), this guarantee does not improve
that of the empirical estimator, raising the possibility of strengthening the competitive results.

A similar approach can be applied to the related property-estimation task. A property,
e.g., Shannon entropy, is simply a mapping f : Ay — R. Most existing property-estimation
results are worst-case (min-max) in nature. Yet practical and natural distributions are rarely
the worst possible, and often possess a simple structure. To address this discrepancy, recent
works [HOSW18, HO20a] took a competitive approach, constructing estimators whose perfor-
mance is adaptive to the simplicity of the underlying distribution. Specifically, the widely-used
empirical estimator estimates property values by evaluating the property at the empirical distribu-
tion. For every property in a broad class and every distribution in Ay, the expected error of the
estimator in [HO20a] with sample size n/logn is at most that of the empirical estimator with
sample size n, plus a distribution-free vanishing function of n.

These results cover several well-known properties such as entropy and support size, for
which the logn factor is optimal up to constants, and also apply to any property in the form of
Y. fx(px), such as the ¢; distance to a given distribution, where f; is 1-Lipschitz for all x € [k]. It

would be of interest to construct a doubly-competitive estimator for property estimation as well.
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Figure 3.1: Experimental results for support k = 10,000, number of samples » ranging from
10k to 100k, averaged over 30 independent trials.

3.A Experiments

Experimental plots and relevant details are shown below.

Estimators We consider three estimators: the proposed estimator with sample size n, the
improved Good-Turing estimator [OS15] with the same sample size, and the empirical estimator
with a larger nlogn sample size. As shown in [OS15], the improved Good-Turing estimator
considerably outperforms other estimators such as the Laplace estimator (add-1 estimator), the
Krichevsky-Trofimov estimator [KT81], and the Braess-Sauer estimator [BS04]. Hence we do
not include the latter estimators here.

Hyper-Parameters Our algorithm employs three hyper-parameters: ¢ is inversely
related to the variance of the probability estimates and is best chosen above 1, ¢; controls the
boundary between frequent and infrequent multiplicities and is best chosen below 1, and c3 is
proportional to the threshold separating small and large probabilities and is best chosen be around

1. In the experiments, we simply set c; =2, c; = 0.5, and c3 = 1.
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Distributions We choose alphabet size k = 10,000 and consider six different distri-
butions over [k]: a uniform distribution of support size k; a two-step distribution with half the
symbols having probability 1/(2k), and the other half having probability 3/(2k); a geometric
distribution with parameter g = 1/k, i.e., p; = (1 — g)i_1 g, truncated at i = k and renormalized;
a Zipf distribution with parameter 0.5, i.e., p; &< i~03_ truncated at i = k and renormalized; a
distribution generated by the uniform prior on A; and a distribution generated by a Dirichlet-2
prior.

Experimental settings For each distribution we repeated the experiments 30 times
and show the average KL-divergence between the underlying distribution and the distribution
estimates. The relative performance of the three estimators is consistent over a wide range of
sample sizes. To better differentiate the performance of the three estimators, we limit the dynamic
range of the error by showing the results for sample sizes n ranging from 10 -k to 100 - k.

Code The code is available at https://github.com/ucsdyi/Competitive.

Conclusions As can be observed in all six plots, the proposed estimator outperforms the
improved Good-Turing estimator. Because of the estimator construction, outlined in Section 5 of

the main paper, the improvement is most pronounced when n > k.

3.B Proof of Theorem 1

In this section we prove Theorem 1 in the main paper.
Proof sketch From the discussion in Section 5 of the main paper, we need to estimate
only M,,. Relations such as E[M,_,] = (u/n)E [®,] suggest constructing estimators for E [®,,].

By the identity E [®,] = ¥,y E [15]. we can further reduce the problem to estimating E [1%].
We then approximate E []lﬁﬂ by scaled versions of ]lﬁf/ where /' is close to u. This simple

/
approach yields unbiased estimators Ex « With sub-optimal variances. An important observation

/
is that 1% - 1§ = 0 for all u # ¢/, making it possible to construct a new estimator E, with
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near-optimal variance by averaging a sequence of these unbiased estimators. Note that Ey ;, is
still unbiased. Summing the estimators over [k], we estimate [E [CID,J by Ey := Y] Exu- As
shown in [AJOS13b], a genie that knows both E[®,. ] and E[®,] could accurately estimate M,,
by (®y(u+1)/n)(E[®,1]/E[P,]). Hence, to approximate the genie’s performance, we leverage
the estimator for E[®,] and use O, := (®,(u+ 1)/n)(E,+1/E,). Note that this estimator is the
ratio of two estimators and hence not easy to analyze. To simplify the analysis, we modify E,
slightly so that it has a structure similar to that of £, |. Then we prove that for relatively large,
and frequent multiplicities, namely u = Q(logn) and ®, = Q(log2 n), the proposed estimator
almost achieves the performance of the genie. As illustrated in Section 5 of the main paper,
for other multiplicities, analysis shows that Good-Turing and empirical estimators are already
near-optimal. Combined, these estimates form our final estimator for the vector M, and establish

the guarantees stated in Theorem 1.

The Expected Total Probability Mass

To simplify our analysis, we adopt the standard “Poisson sampling” technique [MUO5].
Instead of having a sample sequence of fixed length n, we make the sample size a Poisson random
variable N with mean value n. Let p be an arbitrary distribution over [k], and X" be a length-
Poi(n) sample sequence from p. Let N, denote the number of times symbol x appearing in X%,
and let @, denote the number of symbols appearing u times. For simplicity, denote 1% =1 Ne=pt-

Then, the total probability mass of the symbols that appear u times is

M, =) pdi.
x€E[k]

By the argument in Section 5 of the main paper, it suffices to design an estimator for M,,.
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The expectation of M, is

=Y pee npe)f! _ pt ] Y E[1t] = u [Pus1] -

E[M,] =E
g xek] u! ek

Z Pl

x€E[k]

Furthermore, as shown in [AJOS13b], a genie that knows both E[®,, 1| and E[®,] could estimate

M,, really well using the estimator

p+ 1 E[D, ]

0,=o .
K “'n  E[®,

Both observations suggest that we should find a good estimator for E[®,,,].

Estimating an Indicator Variable

The above derivation shows that £ [CIDMH} =Y e E [MH] . Symmetry further reduces
the problem to estimating a single term [E []lﬁé“] . For notational convenience, we change (u+ 1)

/
to u. For any two natural numbers y and ¢/, let @}, := ¢/!/u!. Direct computation yields

/

E[14] = E[1¥]a!! (np )"+ .
To further simplify our derivations, let us assume that another two independent length-

Poi(n) sample sequences from p are given, say X and X" where N’ ~ Poi(n) and N” ~ Poi(n).

Denote by Ny and Ny’ the number of times symbol x appearing, and @, and ®;; the number of

symbols appearing u times, in XV "and X', respectively. This is equivalent to the commonly-used
“sample splitting” technique [WY16], namely, we split the given sample sequence into three
independent subsequences of roughly the same length. It is not hard to see that even without
these additional sample sequences, performing sample splitting shall change the right-hand side
of Theorem 1 by at most a multiplicative factor of three, hence does not affect the statement

of the theorem. By the last identity and properties of Poisson random variables, for u > ¢/, the
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following estimator is an unbiased estimator for E[1],

/ /
T VT T AT
EY, =15 d, (N )=

where A8 is the falling factorial of A of order B.

Let c; be a positive absolute constant. In the subsequent proofs, we will assume that ¢y is
sufficiently small and lies in (0, 1) to avoid large constants in the expressions. For ¢; > 1, the
proof of Theorem 1 still follows from the remaining arguments. Other related constants have also
been chosen to simplify the proofs and expressions. For example, we set c3 = 100 to eliminate
some edge cases.

While the bias of E}, /y in estimating E[1%] is zero, the variance of E}, /,, satisfies
/ I\2 N 2 / Nu—if 2
Var(E,) < EI(EL,)) < (af ) E[1E]-E | (Ve )]

The quantity on the right-hand side is the product of three terms. We bound the first term

using the following lemma.

Lemma 5. For sufficiently large n and any two natural numbers u,u’ such that nlogn > u >

100logn and
p—eny oo < <1,
logn
we have
/ 4
N2
)" = Gy

97



Proof. The quantity of interest satisfies

aﬁl = %
R Y o
e )
< ! K
> ‘u,u—:“/ U—ci lolgn
1 1 /i

Replacing the first term by the upper bound in the lemma implies

var(Et) _ ((N;W’)Z —
) <

qu—/J’ X

It suffices to bound the last quantity. To proceed, we need the following concentration inequalities
for Poisson random variables . Note that these inequities hold for any Poisson random variables,

and simply follow from the well-known Chernoff bound [MUO5].

Lemma 6. For X ~ Poi(M) and any A > 0,
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and

e M _ min{A2 A}M
P(X > (14+MM) < m <e T

Let ¢ be a sufficiently large absolute constant. As a corollary of the lemma above, for any

natural number u > 100logn and j such that \/m >j>1,
Pr (N)’C > ,u-l—jm/,thn) Pr(1f=1) < ¢ OUvelogn)
and for any i > 1 and natural number g,
Pr (N, > u+iu) Pr(1¥ = 1) < ¢ ©0),

Intuitively, Poisson random variables are highly concentrated around their mean values. Hence,
for a Poisson random variable X and natural numbers a, b such that a > b, we should expect the

product Pr(X > a) - Pr(X < b) to be small. We are ready to bound the quantity of interest.

Lemma 7. For sufficiently large n and any two natural numbers u,u’ such that nlogn > u >

p—ciy/ o< <u—1,
logn

100logn and

we have

N\ 2
(Nt i e 1
X < C u .

Proof. The proof follows from the two concentration inequalities above. Note that for ¢/ < u—1,
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those inequalities still hold if we replace Pr(1% = 1) by Pr(]lﬁ =1).
GASAN .y
Ef| = | | Elly]
‘u:u_lJ

1 2(u=4) u/(clogn) : 2(u—4)
< (1 +c E) ]E[]lﬁj/] + Z (1 +(j+1)c _Ogn) o ©UiVelogn)
H =1 \ u

+ Y (1 G+ 1))2k—#) o= On)

i=yc
u/(clogn) oo
SezcE[]lﬁ:l]—{— 62(j+1)ce—®(j\ﬁlogn)+ Z e@(\/ﬁlogi)e—(a(iy)
Jj=1 i=y/c
/ 1
e M logi) ,—0O(iu)
<e E[ﬂx]+n®(ﬁ + Z VA
= E[14] + | ]
n®(/c)
Ignoring the 1 /n ) term, the proof actually shows that E)C ,u 1s at most a constant

multiple of E[]lﬁf |, with high probability.
Under Poisson sampling, the multiplicity N, is also a Poisson random variable with mean
npy. Note thatE[]l&/] — e P (np )M /L < (npy)e P (np W /(W — 1)1 = E[]lﬁc'lfl](npx). This

observation together with an argument analogous to that above yields

Lemma 8. Under the same conditions as in Lemma 4,

N\ 2
(Ny)E=E Wy 2 W, DPx
X < p2¢ u
E (u“‘“’ Ef1] <o (B[] + 505 ).

Since IE[]I&'/] =Pr(N, = ¢/), and Efly = O(y/E[1¥]) with high probability, there exists an

absolute constant ¢’ satisfying

Pr(EF, > ¢') <
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An Estimator for E[1%]

!
While Eff 4 1s an unbiased estimator for IE[]IQ’], in the last section we showed that it can

have a constant variance. To reduce the estimation variance, we estimate E[1%] by the following

estimator
1 “il )
Eyyi=——u— Ejj#.
‘v 'u/lognu’:ﬂ—cu/ﬂ/logn

/
The estimator simply averages a sequence of EY ,’s and remains as an unbiased estimator for
/! / !/
E[14]. An important observation is that E, , is the sum of EX, = 1% db (N)*“, and only
/
one of these terms can be non-zero, as 1% - 1% = 0 for all u # u/. Therefore, the inequality

Pr(E)’é;l > ') < py/n®©) immediately translates to

c Px
Pr| E, > < .
< " cn/,u/logn> ~ n®)
We have designed E, , in a way such that its variance would be small. Specifically,

Lemma 9. Under the same conditions as in Lemma 4,

u—1 ,
Var(Ex ) < © (@) y (E[]lﬁj |+ @1(’)‘@) .
H W =u—ci+/u/logn "
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Proof. The variance of Ey , satisfies

Var(E )(“) ( : >2Var v 1 g (Nt
xu) — \ — —/F/— x Gy Vg
c1/u/logn Y =p—ciy/p/logn
2
®) /1 #ol ;o ,
<0 (%) E Y 1¥a (N

u'=p—c14/uflogn

1 yil / / !/ 2
é@( °§”> y E[(]lﬁjaﬁ (V=) }
M =p—c14/p/logn

@) /logn wl / Dx
o(5) T (i)
W'=p—c14/p/logn

—
~

where (a) follows from Var(aX) = a*Var(X), (b) follows from Var(X) < EX?, (c) follows from

]lﬁl 1% =0 for all u # ¢/, and (d) follows from Lemma 1. 0

Estimating E[®,]

The last section shows that E, , is a well-behaved estimator for E[1%]. Following the

identity E[®,] = ¥, E [15], we naturally estimate E[®,] by

By construction, E,, is an unbiased estimator for E[®,]. Due to Poisson sampling, all the
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multiplicities Ny are independent. Following lemma 9, the variance of E, admits

Var(E Z Var(E

xe(k]

logn #ol
)T (et
xel[k] W=pu—ci+/u/logn

logn uol
(%) T (smaia)
W' =p—ciy/p/logn

Furthermore, by a non-asymptotic version of the Stirling’s formula,

e 1
,Ll'u+1/2_ /2Tc‘u

E

E[]l“] _e—npx( npx ),u

” <e - (2m)2

u'_

Combining this with the following inequality mentioned in the last section,

c Dx
Pr| E > S )
< XU ¢l /—/J/logn> n®(c)
we immediately get

/

c 1 ' px
Pr| |Exy,—E[14]| > ———— | <Pr| E., > —
(' B> ,u/logn>_ <’“’“ Vo ng)

where we have increased the value of ¢’ by 1.

We are ready to characterize the tail probability of E,, for which we use the following

variation [AJOS13b] of the well-known Bernstein inequality.

Lemma 10. Let Y1,...,Y,, be m independent variables such that with probability > 1 — g;,

|Y; — E[Yi]| < M, then for any d € (0,1),

Pr(

2

1
> \/ZZVar )log < —|-3M10g6> §28+Z£,~.
1
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Set 8=n"1°, m =k, and Y, = E, , for all x € [k], and choose M = ¢’/c;+/u/logn and
& = px/ n®(©) for all x € [k]. For a sufficiently large absolute constant c4, the concentration

inequality above combines all the previous results and yields

3 i
log2n | 1 e 1
U w=p—ci\/ujlogn

Next we derive a similar inequality for which E[®,,]’s in the inner sum are replaced with E[®,].
To do this, we utilize the following lemma [AJOS13b], which shows that E[®,] and

[E[®,_1] are often close to each other. Note that we have made the constants explicit.

Lemma 11. For u > 100logn,

logn 3
B[] ~ El®1]] < 54/~ “E[@u 1]+

i0,] < 0 (logn)s(@, 11+ ).

and for u > 1,

n

By the above lemma, for nlogn > u > 100logn,

E[¢M1]+y% < <1+10, /%) (]E[cp,,]+(u+1)%>.

This recursive inequality implies that for sufficiently small constant ¢ and any u’ satisfying
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p—ciy/uflogn <y’ <p—1,

where we have used the fact that (1 + 1/x)* < e for x > 0. Consequently, under the same

conditions,
3 7logn
IE[(I)H/] <2E[®,] +2(u+ 1); <2E[®,] + pa—
Hence for sufficiently small ¢y,
p=1 7logn Tlogn
Z E[cb,u’] <2ci1+\/u/logn <E[q),u] + ng ) < 2c ﬁE[q),u] + \/g .
W'=p—c1+/uflogn g

This together with the previous tail bound yields

Lemma 12. For nlogn > u > 100logn,

3
logzn |1 u 1
— +2c1y ) ——E[®,] | <O —5 |-
i \/C%-I— 1 logn [ #]) = (nlo)

An Alternative Estimator for E[®,_]

Pr (\EH—E[QDHH > cy4

Under the proper conditions mentioned previously, Ey ;1 is not only unbiased in esti-

mating E[]lﬁ}l_l], but also has small variance. However, our latter analysis calls for bounding
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the difference between E\ ;1 and E, ,, and it is inconvenient to use Ey , | since it may have

fewer terms than E, ,. Hence to simplify our derivations, we construct the following estimator for

—1
E[15 ],
1 [logn wl /
r_ 1
Exvu-1= 10 u ) E -1y
W =u—c1+/u/logn

and consequently estimate E[®,_;] by

E[{l—l = Z E)/C,,u—l'
XE[k]

By an argument that is almost the same as that in the last few sections,

Lemma 13. For nlogn > u > 100logn,

3
logzn | 1 u—1 1

!/
Pr ‘E/J_] _]E[CD;U_]H >C47 24—26'] @E[CDH_]] S@(-) .

The Difference between Two Estimators

In this section, we consider

the difference between the two estimators E, and E,/;—l- We show that, El(,l), as an unbiased
estimator for E[®,] — E[®,_], highly concentrates around its mean. In the subsequent sections,
we leverage this property to design an accurate estimator for the total probability M,,.

Similar to the previous derivations, we start by considering a single term

1
E)Enu) = EX,,L[ - E)/C,yfl °
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(1)

We can bound the absolute value of Ey ;; as follows.

1
EY)| = EL, i

u—1 u—1
_ |1 Z g 1 logn y 10
c e u x,(u—1)
p'=u—ci+/u/logn u'=p—ciy/p/logn

1 H , 1

- v e

= L |et-e
W =p—ci/u/logn

u—1

Z

W =p—ci/u/logn
1 logn ,u 1 o “1—d
=C—,/ 14t (N) B (N — ) = (=) + 1.
=u—cy /logn

The above inequality together with Var(Exl,)) < IE?(E)EQ)2 implies

1
1

14 at! (NLE=t ]l'“/aZ_ (N

VarE () < SBR[V~ sty 1)
P ' =p—c1//logn

where we have used ]lﬁfl -1% = 0 for all u # u/. Note that the bound on the right-hand side is a

sum of three-term products. Assume that n > 1 and nlogn > u > 100logn, and consider one

of these products that corresponds to an arbitrary y satisfying u — cq(u/logn) <y <u—1.

Lemma 5 bounds its first term as (aﬁl)2 < 4/(u**)2. Replacing the first term with this bound,

the following lemma further upper bounds the resulting quantity.

Lemma 14. Under the same conditions as in Lemma 4,

1) =d 2 logn / 1
E (M)W (N g0) = (=) +1]) g@(%)l@[ngum.
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Proof. Since (N, —u) can be negative, we need the concentration inequality

Pr (N)'C —u< —c\/,ulogn) Pr(14 = 1) < ¢ OVelogn),

which follows from Lemma 6. Similar to the proof of Lemma 4, we have

E[ng’]E((N;)M [(Ny —p) = (u—u) + 1|)2W

2 2((u—1)—4/) ’
<E[1] (ZCx/ulogn) <1+c 10gn> +(2u—1) o~ O(Velogn)
It | u u

u/(clogn) 2(u—4) -
+ Z (1 +(j+ ey b%) e~ ©@Uiveclogn) | Z (14 (i+ 1))2(#—,“’)6—@(1',“)_

j=1 i=y/c

Since (14 1/x)* < e for x > 0, the first term on the right-hand side can be bounded by 4(c? -

ezC)IE[ILfC'/] (logn)/u. The sum of the remaining three terms is at most

Vu/(clogn) oo
4o~ @(elogn) Z 2+ e,~O(jy/elogn) Z £O(VAlogi) ,~O(in) 1 ‘
= i=e o n®(\/E)
Consolidating these bounds yields the desired result. [

By E[]lﬁf/] < E[ﬂﬁ}/_l] (npy), an analogous argument yields

Lemma 15. Under the same conditions as in Lemma 4,

E[]lﬁc/] I\ (u=1) =g | (At / 2 logn i Px
(#y—y’)Z]E((Nx)‘(Nx —u) = (u—4')+ 1‘) <0 T E[14]+ NN

There is always a unique y’ such that ]lﬁf/ = 1. The proof of Lemma 14 together with

IE[]IQ/] < IE[]IQ'LI] (npy) also shows that for a sufficiently large absolute constant ¢”,

//
(1), _ ¢ logn Dx
Pr (]EW| > ’ ) < o)
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Furthermore, the expectation of E)EIH) satisfies

Lemma 16. For any natural number u such that nlogn > u > 100logn,

1
E[E]| < 1/
Proof. Recall that E )EIJ is an unbiased estimator for E[15] — E[]lﬁf_] ]. Therefore,

RIEL)]| = [E[14] - E[147)]

— [ (npx)* e Px (np)!
i (u—1)!

— | "Px (npx)'uil (npx _:u)

= ol .

In general, consider the function g, (y) := e >y*~!(y —u)/u! for y > 0. The first-order derivative

of g,(y) with respect to y is

1
gL(y)z—lje Yy TP 4y — p(1+2y))

which has two roots, y; := u— \/u and y» := u+ ,/u. Since both g,(0) and lim,_,.. g(y) equal to

zero, the maximum of |g,(y)| for y > 0 is max{|g(y1)|,|g(»2)|}. By a non-asymptotic version of
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the Stirling’s formula,

- -1
|g()’l)‘:g*#+\/ﬁ(.u \/,Z?u Vi

< e H VR P i
V2mut
-1
_ e\/ﬁ('u_ \/I_J)'u 1
u V2
_ e\/ﬁ(l B L) VE(VE=(1/vR)
Vil V2
1
< eVHe—(VE=(1/ym) ____
<eVe NS
eV ]
pu— S —_—.
V2mu T u
Similarly, we can also show that |g(y;)| < 1/u. N

Increase the value of ¢’ by 1. The above lemma implies

l/l
Pr<|E§},3—]E[E,S},2]|> < Og”) <

u )= pee

Turning back to E,F,l) and using Lemma 15, we can bound the variance of E,Sl) as

| 1 ogn) ) !
Var(EL") < ¥ Var(EL) < ®( e ) Y (Bl mmm )
X€Ek] W' =u—ci+/u/logn

Let ¢} be a sufficiently large absolute constant. By the Bernstein-inequality variation in Lemma 10,

log? ul 1
pr| BV —EEV) > 2L 1+ Y E@,]|<© (W) .
H M =u—ci+/u/logn

By Lemma 11, for sufficiently small constant ¢ and any g satisfying u—cy+/u/logn <g <u—1
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u—1

71 71
Y E[®y] <2ey/uflogn <IE[CI>H] + j’f”) <21, /ﬁE[cp,,] v \‘}%“
W =p—ciy/u/logn g

Combined, the two inequalities above yield

Lemma 17. For nlogn > u > 100logn,

logzn u 1
242 —E|® <O|—=|.
u \/ Tea \ logn [ “]> - (nw)

Estimating the Total Probability Mass

Pr (‘E,(,l) —]E[E,(,l)]‘ >

A genie estimator that knows both E[®,| and E[®,,_{] could accurately estimate M,,_; by

M E[®,]
"D, ]

OIU,1 =

and achieve the following guarantee [AJOS13b] for a sufficiently large constant .

Lemma 18. For y satisfying nlogn > u > 100logn and E[®,,_1] > 1,

,,¢E[¢y_1]<u—1>log2n> . o( ! )

Pr <|M#—1 —Ou-1| 2 ¢4 "

Replace E[®,]/E[®,] with E,/E, ;. Our estimator is simply

Note that we use EL_l instead of E, 1 just to simplify the proofs. Clearly, our objective is to
characterize the estimation error |[M,,_| — OAN_l |. By the triangle inequality and the above lemma,

it suffices to bound (0,1 — OAy,l ‘ To do this, we use the following interesting result.
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Lemma 19. Ifb >0, b+ Ab > 0, and |Ab| < 0.9b,

|Ab||a| + |Aa||b|
< ol tlsalbl)

a+Aa a

b+Ab b

The above lemma appears in [AJOS13b] and follows by simple algebra. Set a = E[®,, —
P, 1], b=E[®P,_1]|, Aa = E, _E;/;—l —E[®, —®,_1], and Ab = El’h1 — E[®,_1]. Note that
a= ]E[E,gl)] and Aa = E,f,l) — E[Elgl)]. Assuming that nlogn > u > 100logn, we analyze each
term below.

For a = E[®, — ®,_], by Lemma 11,

logn 3
<5y —E[®,- —.
jal < y (@, 1]+n2

For Aa = EL(,I) — E[Elgl)], as shown in Lemma 17,

log®n u 1
2+2 —E|P <O|—|.
u \/ ea \/ logn : “]) - (nl(’)

For b = E[®,_;], Lemma 11 implies a lower bound

-1
logn 3 2 2
b> <1 +5 ) (E[CI),,] — —2> > gE[CI)y] — =,

Pr <|Aa| > ¢y

u

as well as an upper bound
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For Ab = E//J—l —E[®,_1], Lemma 13 states that

Our bound on |b| further implies

3
login | 2 1 1
Pr| A > cs—2 2\ | = 4601y | —E[@,) | <O - ).
N\ logn nlo

Here, we can choose a sufficiently large constant cs so that, if n > 1, u > 100logn, and E[CIDH_l] >
cs(log?n)/10, then |Ab| < 0.9b with probability at least 1 — ®(n~'%). Also note that ®, =
Yorcl 14. In Lemma 10, set 8 =n~'°, m =k, and Y, = 1¥ for all x € [k], M = 1, and choose

€, = 0 for all x € [k]. Then,

20 2
Pr||®,—E[®,]] > \/20 ) Var(]l’;)logn—k?logn < T
xe[k]
Together with Var(1y) < E(1%)? = E[1%], the above inequality implies

Lemma 20. For sufficiently large n, and p satisfying u > 100logn and E[®,_1] > cs (log?n)/10,

Pr (!CI)P—IE [@,]] > 1/20E[®@,]logn + 23—010gn) < %.

For our purpose, it suffices to apply the estimator OA,,,l to indices u satisfying u > 100logn
and E[®,] > 0.5¢5 log® n. While not knowing p, we can use the independent sample sequence
XN to ensure that with high probability, E[®,] > 0.5¢;5 log® n. More concretely, we only apply

O, to indices u satisfying | > cs log*n. By construction, E [®,] = E [®]. Then for

113



sufficiently large cs and n, and E[®,_1] < 0.5¢slog?n, Lemma 20 implies

Pr (CIDZ,I > s logzn) <Pr <| Z*l —E [CD#,I] ‘ > \/ZOE[CID#,I]logn—i— ?logn) < %.

Hence for u satisfying the conditions mentioned previously, we can assume that E[®,,_] >
0.5¢510g? n. Under this assumption, Lemma 11 implies that E[®,] > E[®,_1]/3 > cs5(log”n)/6.
By the same reasoning, E[®,|/18 <E[®,_1]/6 < &, < 6E[D,_] < 18E[P,] with probability
at least 1 —®(n~'9). In other words, we can also assume that ®,_| = O(E[®,_]) = O(E[®,]).

Recall that a = E[®, — P, 1], b =E[®,_1], Aa=E, — E;lfl —E[®, —P,—1],and Ab =
E L_l —E[®,_1]. The union bound together with Lemma 19 combines all the results in this section

and yields that with probability at least 1 — @(n~'9),

A M| Ey E[D,]
Oy1—0,_ 1| =P, 1= —
pt e “n|Ey E[@]
_ _11_1 E,—E, ]E[‘Du]—E[cDu—l]'
g E, ]E[q)u—l]
ula+Aa a
=P, = =
b+ Ab b
w1 |AD||al + |Aal|b|
S O(q)lu_lz b2
3
log2 —1 1
<ol|® #(Ogﬁn V{@E[q)“]) et B Pu-1]
i (E[®@,])?
1 2
(2 i) Ele,
+0 | Py -
n (E[®,])?

B log’n u
N ( n \ lognE[q)“]) ’

Again, we can make c5 sufficiently large so that with probability at least 1 — O(n~?), the upper
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bound is at most 0.90,,_1 and O, = O(E[®,_1]u/n). Combined, the upper bound of 0.90,,_1,
the identity ®,,_; = O(E[®,_;]) = O(E[®,]), and Lemma 18 imply

Lemma 21. For u satisfying nlogn > u > 100logn and CDZ > cslog’n,

. E[®, (](u—1)log?
Pr(lMu—l—Ou—ﬂZzCZ\/ Ty n) SO< : >

n nlo

Therefore, with probability at least 1 — O(n~1°), we have both 0,1 = O(E[®,_1]u/n)

and

|M’u_| _éﬂ—l| <0 (\/E[q),u—l](,“— 1)10g2n> _0 (mlog2n> |

n

Furthermore, if these two claims hold,

Myt — 01 )? <o (((\/E[cbyl](y— 1)10g2n)/n)2> <0 (10i4n]ld>y1>0) .

éy—l E[CI)#,I]‘U/H

Finally, we note that these results hold with high probability, i.e., I — O(n~1°), instead of surely.
To make sure that the KL-divergence between the underlying truth and our estimates is not infinity,

we modify our estimator slightly and denote
0!, :=min{max{1/n,0,_},log’n}.

We use OI’J_I to estimate M), 1 iff u satisfies nlogn > u > 100logn and ®; > 2c¢s log®n. Note
that this estimator also admits the above inequalities, since with probability at least 1 — O(n~19),
the value of the original estimator satisfies O, = @(u®,_1/n) < O(N/n) = O(logn) < log*n

and O, = ®(u®,_1/n) > Q((log>n) /n) > 1/n, implying that OA;FI =0, 1.
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The Good-Turing Estimator

The Good-Turing estimator estimates M, by
A H

Gy-1:==P,.

pele=

Let c5 be a sufficiently large absolute constant. The following lemma [DM04] characterizes the

performance of G, in estimating M.

Lemma 22. For u satisfying E[®,_1] > 1 and 8 € (0,1),

plog” s

Pr (!My_l — G| > Ay JE[@,] + 1

For indices u satisfying 2 < u < 100logn and CIDILI > 2¢5(log?n), we simply use the

following variant of the Good-Turing estimator,

n

A 1 A
G;l_l = max{—,Gy_l} .

Given @) _; > 2cs (log?n), by derivations in the last section, we can assume that @, = ®(®,) =
O(E[®,_1]) = O(E[®,]) > log?n, and with probability at least 1 — O(n~'?), we would be correct.

Choose & = n~ 1Y in Lemma 22. Then,

2
A 2 ulog”n 1
Pr(|M,,_1—G,,_1| > 15%c5 /E[®,] - > < 7o

Additionally, note that u < 100logn. Hence with probability at least 1 — O(n~10),

A log? \/ﬁl 5/2
M1 —Gyi] < O( ]E[¢H]PL“) < O( u—1(u—1)1log”“n |
n

n

116



and

(VER,ueen)’

[ log? log”

ulog™n og'n
| —0 =0 1 :
Gut EE[D,] ( n ) no w0

The estimator G;Fl also admits these inequalities since with probability at least 1 — O(n~19), we

have G,,_| = u®,/n > 2(log*n)/n > 1/n, implying G, =Gy

An Estimator for M

For u =1, regardless of the value of CIDZ_l, we estimate the total probability M, = My,
by the estimator G}y = max{1,®;} /n. We divide our analysis into two cases according to E[®y).

Case 1: IfE[®g) > 1, then by Lemma 22, with probability at least 1 — O(n_lo),

o A 1 log?
Mo~ Gi| < [Mo—Go| + - < O(ME[(I)I]JFI i ”)

If E[®] > ¢s log?n, then by Lemma 20 and arguments in the last section, with probability at
least 1 — O(n~19), we have E[®] = ©(®P;) > Q(log?n). This together with the above inequality

further implies G}, = ®; /n and

. log®
Mo — G| < o<\/c1>1 Oi ”)

Therefore, with probability at least 1 — O(n~1?), we have ®; > 0 and

2 2
A2 < @1““57”) 4
o —Gi7 _ Coflgn, Y

G6 CD]/I’L 1>0
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If E[®;] < cs5log? n, then by the first inequality, with probability at least 1 — O(n~10),

. log? log*
\Mo—G6!§O< R[] 12 ”)so(og )
n

n

which further implies

~ log3n>2

o (e 6

<M0AGO) SO n SO logn .
G 1/n

Case2: IfE[®y] <1, then by Lemma 11,
1
@] < O (logn)Ela] + 1 ) < Ofogn)
n
Furthermore, by Lemma 20, with probability at least 1 — O(n~19),

dy < O(logn).

For & € (0,1) and symbols x satisfying p, > log(n/8)/n, we have Pr(10 = 1) = e™"Px < §/n.

Note that the number of such symbols is at most n. Hence by the union bound,

Pr<E|xE k] s.t. px>M,12:1> gn-§:8.
n

n

Setting & = n~'? in the above inequality yields

111
Pr (vx c [k] s.t. py > M,ng = 0> >1-n10
n
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Therefore if we further have ®y < O(logn),

111 log?
MO—Z]l - pe < O(Py) - M:O(og n)

xe[k] n n

In addition, since E[®;] < O(logn), Lemma 20 implies that with probability at least 1 — o(n~19),
®; < O(logn).

Consolidating these results shows that with probability at least 1 — O(n~19),

. log’n 1 log?
|M0—Ggy§o(0g"+°g”):o(°g ”)

n n n

and
Mo — G2 <_10g2”>2 loo®
06 o[ (5] ) o (1t
G, 1/n n
Summary of case 1 and 2: With probability at least 1 — O(n~1?),
A V@ +1)log?
|Mo—06|:O<( 1+n)og n)
and

(MOTGE))Z <0 (logG”) .
G, n

The Empirical Estimator

For (I)Z_l < 2cs (log2 n) and u > 2, we use the empirical estimator,

u—1
¢,ul:T u—1-
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By Lemma 20, since &} | < 2¢5(log?n), we can assume that E[®,_;] < O(log®n) and ®,_; <
O(log? n), and be correct with probability at least 1 — O(n~10).

The next lemma in [DMO04] characterizes the performance of qA)“_l in estimating M.

Lemma 23. Foru>2and d € (0,1),

N log %
PI‘(|MH_1—(])N_1|§O((I)H_|\/ﬁ g5)>21—8.
n

10

2

Setting 8 = n~!¥ in the lemma implies that with probability at least 1 —n~

n

b 1 VB 1 1log?
|MN—1—¢y_1| < O(@N_IM) < O( u 1(,“ ) og n)
n

Assume that all the inequalities above hold. Then,

. Vulogn 2
(My1—4u 1) _ —o L) _ 0B Ry, ).

> = ]
Pu—1 el T

As a final remark, we can choose ¢y = 2c¢s.

Final Estimator

In case our estimates sum to 1, we can simply estimate each M,, by

( A .
G, ifu=0,
. oy ifu>1and @, < cr(log’n),

0, if u>cs3logn and @, > c2(log?n),

(A?l’l if c3logn > u > 1 and @, > cz(logzn),
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Otherwise, we normalize these probability estimates by their sum,

T := Z ]\71”,
u=0

and approximate each M,, by M, = Mﬂ /T.

First we show that T is often close to 1. By Lemma 6, under Poisson sampling,

Pr (1 < Y @u="Poi(n) < nlogn) >1-0(e™").
p>1

By the union bound and results in the previous sections, with probability at least 1 — O(n_g),

Mu n
. L (B +1
|M0—Mo|§0( L )
n
and
(Mo — Mo)*
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These inequalities further imply that with probability at least 1 — O(n8),

T 1] < ¥y — Mol + X ¥ — M,

_@<@§lﬂ§@(@)
“ro()

< @( [ X1 ]1c1>y>0> ,
n

where the second inequality follows from },~; u®;, < nlogn and the Cauchy-Schwarz inequality.
To characterize the performance of estimator M* := {M ﬁ }u>0, we bound the KL diver-

gence by the y-squared distance. By the above inequalities, with probability at least 1 — O(n~8),

“<ZM —M)?

u>0 u>0

§2(T—1)2+ Y ort
u=>0 M,U

- (Y1 1a,50 ~ (1 ~ (Lo,>0
o(==) o (y) - £ o (=)
Y>11a,>0

n
Do
(%)

Finally, for each x € [k], define our probability estimate by

IN

Il
e}

I
e}

LX) =
X @Nx
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The following identity [OS15] completes the proof of Theorem 1.

. M
Uxn(p,p*) = ZMylog MI:
u=0 u

3.C Proof of Corollary 9

We begin with a lemma that partially characterizes the shape of a log-concave distribution.

Lemma 24. [DKS16a] Let p be a log-concave distribution with mean u, and standard deviation
6. Let a,,B € [k] be integers satisfying o. < u, — Q(c,(1+1log(1/¢€))) and p > u, +Q(c,(1+
log(1/€))). Then,

o k
Y bt ) pe<2e
x=1 x:B

In addition, for 6, larger than an absolute constant, the maximum probability satisfies

max py € [1/(86,),1/0,].

x€lk|

Settinge =1/ n> in the above lemma, we obtain

Pr(Dg > Q(log(n’)5)) < Pr(D > Q(log(n’)))

< Pr(Ix,s.t. x & (0, B),Ny > 1)
k

o
Z npx+ Z npy
x=1

x=p

IN

—4

VAN
()

‘n

Therefore, E[Do] < O (log(n®)c). Now, we use the second part of Lemma 9 to derive a different
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Jmax *

upper bound on E[Dg]. Let jmax be the index such that max,cy px € I;

) logn logn
—1)? < < ===,
(Jmax —1) o S maXpe< =

The above inequality implies jmax < 1/2n/6 + 1. Using the same reasoning as in Section 4.2 in

the main paper, we get

Wity

1

E[Dg] < O ((\/r%) -n?> logn =0 <(cm)_

W=

).

Combining the above two upper bounds on E[Dg| yields
Corollary 14. For any distribution p € L;"° and p' € (p),

1

Fulp', ) < O (om) FA ).

3.D Proof of Corollary 11

Consider the collection 1’,? “:={p € Ar: px < c-x*} of enveloped (truncated) power-law
distributions. Note that this definition generalizes power-law families, and that distributions in
QP,? “ are not necessarily log-convex. Let B € (0,1) be a parameter to be determined, and x( be
the threshold such that 2n(c - x, *) = nP. The symbols x € [k] that are no larger than xo contribute
at most xg to De. On the other hand, for any x > xq, we have E[N,] = np, < n(c-x~%) < 0.5nP.

Therefore, for x > xg,

npx
1 - px

<2np,Pr (Nx > E[Ny] +nB>

Pr(N, > 2nP) < Pr(N, > 2nP)

< 2npyexp <—”B/3) ,
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where the first inequality follows from direct comparison and the last follows from the Chernoff

bound for binomial random variables. By the union bound,

Pr(3x € [k] 5.t. Ny > 2nP) < Z Pr(N;, > 2nP)
x€[k]

< 2nexp (—nB/3) )
Therefore, with probability at least 1 —2nexp <—nB / 3) ,
Do < xo+2nP = (ZC)én% +2nP.
Optimizing the right-hand side by choosing B = 1/(a+ 1), the inequality simplifies to
Do < ((2¢)d +2)na.
Since D¢ < n, we can convert this high-probability result into the expectation bound,

E[Dg) < O(n).

Along with Corollary 6 in the main paper this implies

Corollary 15. For any distribution p € B and p' € (p),

7n(Pl7ﬁ*) < éc,oc <n—max{a%_l,%}) .
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Chapter 4

Data Amplification: Instance-Optimal

Property Estimation

4.1 Introduction

Recent years have seen significant interest in estimating properties of distributions
over large domains [VV1la, JVHWI15, JHW16, WY 16, OSW16, ADOS17, HOSW18, WY19,
HO19a, HO19c, CSS19b, HL20a]. Chief among these properties are support size and coverage,
Shannon entropy, and L; distance to a known distribution. The main achievement of these papers
is essentially estimating properties of distributions with alphabet size k using just k/logk samples.

In practice however, the underlying distributions are often simple, and their properties
can be accurately estimated with significantly fewer than k/logk samples. For example, if the
distribution is concentrated on a small part of the domain, or is exponential, very few samples
may suffice to estimate the property. To address this discrepancy, [HOSW 18] took the following
competitive approach.

The best-known distribution property estimator is the empirical estimator that replaces

the unknown underlying distribution by the observed empirical distribution. For example, with
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n samples, it estimates entropy by the formula — Y ;(N;/n)log(N;/n) where N; is the number of
times symbol i appeared. Besides its simple and intuitive form, the empirical estimator is also
consistent, stable, and universal. It is therefore the most commonly used property estimator for
data-science applications.

The estimator in [HOSW18] uses n samples and for any underlying distribution achieves
the same performance that the empirical estimator would achieve with n/logn samples. It
therefore provides an effective way to amplify the amount of data available by a factor of \/logn,
regardless of the domain or structure of the underlying distribution.

In this paper we present novel estimators that increase the amplification factor for all
sufficiently smooth properties including those mentioned above from +/Iogn to the information-
theoretic bound of logn. Namely, for every distribution their expected estimation error with n
samples is that of the empirical estimator with nlogn samples and no further uniform amplification
is possible.

It can further be shown [VV11a, JVHWI15, ADOS17, WY 19] that the empirical estimator
estimates all of the aforementioned four properties with linearly many samples, hence the sample
size required by the new estimators is always at most the k/logk guaranteed by the state-of-the-art
estimators.

The current formulation has several additional advantages over previous approaches,
which we illustrate as follows.

Fewer assumptions It eliminates the need for some commonly used assumptions. For
example, support size cannot be estimated with any number of samples, as arbitrarily-many
low-probabilities may be missed. Hence previous research [ADOS17, WY 19] unrealistically
assumed prior knowledge of the alphabet size k, and additionally that all positive probabilities
exceed 1/k. By contrast, the current formulation does not need these assumptions. Intuitively, if
a symbol’s probability is so small that it won’t be detected even with nlogn samples, we do not

need to worry about it.
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Refined bounds For some properties, our results are more refined than previously shown.
For example, existing results estimate the support size to within ¢k, rendering the estimates
rather inaccurate when the true support size S is much smaller than k. By contrast, the new
estimation errors are bounded by £¢€S, and are therefore accurate regardless of the support size.
A similar improvement holds for the support coverage that we introduce below.

Graceful degradation For the previous results to work, one needs at least k/logk
samples. With fewer samples, the estimators have no guarantees. By contrast, the guarantees of
the new estimators work for any sample size n. If n < k/logk, the performance may degrade, but
will still track that of the empirical estimators with a factor logn more samples. See Theorem 1
for an example.

Instance optimality With the recent exception of [HOSW 18], all modern property-
estimation research took a min-max-related approach, evaluating the estimation improvement
based on the worst possible distribution for the property. In reality, practical distributions are rarely
the worst possible and often quite simple, rendering min-max approach overly pessimistic, and
its estimators, typically suboptimal in practice. In fact, for this very reason, practical distribution
estimators do not use min-max based approaches [GS95]. By contrast, our competitive, or
instance-optimal, approach provably ensures amplification for every underlying distribution,
regardless of its complexity or support size.

In addition, the proposed estimators run in time near-linear in the sample size, and the
constants involved are very small, attributes shared by some, though not all existing estimators.

Below, we formalize the foregoing discussion in definitions.

Let Ay denote the collection of discrete distributions over [k] := {1,...,k}. A distribution

property is a mapping F : Ay — R. It is additive if it can be written as

F(p):= ). filpo),

i€ k]
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where f; : [0,1] — R are real functions. Many important distribution properties are additive:

Shannon entropy H(p) := Yick] —pilogpi, is the principal measure of information
and randomness [CT12], and arises in many machine-learning [CL68, QKC13, Brel5], neuro-
science [MS95, VSLS 97, GK02], and other applications.

L, distance D, (p) := Licy |Pi — qil- where g is a given distribution, is one of the most
basic and well-studied properties in the field of distribution property testing [BFR*00, Ron10,
VV16, Canl7].

Support size S(p) := Yiclk] Lp>0, is a fundamental quantity for discrete distributions,
and plays an important role in vocabulary size [McN73, ET76, TE87] and population estima-
tion [Goo53, MLO7].

Support coverage C(p):= Ycpq(1— (1 —p;)™), for a given m, represents the number
of distinct elements we would expect to see in m independent samples, arises in many ecologi-
cal [Cha84, CL92, CCG™12, CC14], biological [Cha84, KLR99], genomic [ILLLO09] as well as
database [HNSS95] studies.

4.2 Prior and New Results

Given an additive property F and sample access to an unknown distribution p, we would
like to estimate the value of F'(p) as accurately as possible. Let [k]” denote the collection of all
length-n sequences, an estimator is a function F : [k]" — R that maps a sample sequence X" ~ p
to a property estimate £ (X"). We evaluate the performance of £ in estimating F(p) via its mean
absolute error MAE) !,

Lp(pin)i= B [FX")=F(p)].

I As we aim to estimate only a single property value, the estimators in this paper all have negligible variances,
e.g., O(1/n%%). Hence the MAE is the same as MSE for our purpose, and we choose the former because it induces
cleaner expressions.
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Since we do not know p, the common approach is to consider the worst-case MAE of F over A,

Lp(n) = ;ngaAfLﬁ(p,n)

The best-known and most commonly-used property estimator is the empirical plug-in estimator.
Upon observing X", let N; denote the number of times symbol i € [k] appears in X". The empirical

estimator estimates F(p) by
R N;
FEx™ =Y f (—’) :
ick] N\

Starting with Shannon entropy, it has been shown [WY16] that for n > k, the worst-case (max)

MAE of the empirical estimator A is

k logk) ‘ @1

Lie(n) =© (Z o

On the other hand, [JVHW15, WY 16, ADOS17, HO19a, HO19c] showed that for n > k/logk,

more sophisticated estimators achieve the best min-max performance of

(4.2)

L(n) :=minLy(n) = © ( k +@> .

nlogn  /n
Hence up to constant factors, for the “worst” distributions, the MAE of these estimators with n
samples equals that of the empirical estimator with nlogn samples. A similar relation holds for
the other three properties we consider.

However, the min-max formulation is pessimistic as it evaluates the estimator’s per-
formance for the worst distributions. In many practical applications, the underlying distri-
bution is fairly simple and does not attain this worst-case loss, rather, a much smaller MAE
can be achieved. Several recent works have therefore gone beyond worst-case analysis and

designed algorithms that perform well for all distributions, not just those with the worst perfor-

mance [OS15, VV16, HO19b].
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For property estimation, [HOSW18] designed an estimator F** that for any underlying
distribution uses n samples to achieve the performance of the n/logn-sample empirical estimator,

hence effectively multiplying the data size by a \/logn amplification factor.

Lemma 1 ([HOSW18]). For every property F in a large class including the aforementioned four
properties, there is an absolute constant cr such that for all distributions p, all € < 1, and all

n>1,

Lga (p,n) —LFE<p,£n\/logn> <cp-€.

In this work, we fully strengthen the above result and establish the limits of data amplifi-
cation for all sufficiently smooth additive properties including four of the most important ones,
and all that are appropriately Lipschitz.

Using Shannon entropy as an example, we achieve a logn amplification factor. Equa-
tions (4.1) and (4.2) imply that the improvement over the empirical estimator cannot always
exceed O(logn), hence up to an absolute constant, this amplification factor is information-
theoretically optimal. Similar optimality arguments hold for our results on the other three
properties (e.g., see Table 1 in [ADOS17]).

Specifically, we derive efficient estimators H, D, S, C, and F for the Shannon entropy, L
distance, support size, support coverage, and a broad class of additive properties which we refer
to as Lipschitz properties. These estimators run in near-linear time, take a single parameter €, and
given samples X" ~ p, amplify the data as described below.

For brevity, henceforth we shall write a A b and a < b instead of min{a,b} and a = O(b),
respectively, and abbreviate support size S(p) by S, and coverage C(p) by C,,.

The following five theorems hold for all € < 1, all distributions p, and all n > 1.

Theorem 1 (Shannon entropy).

S 1
Ly (p,n) — Lye(p,enlogn) SeA (Zp +W> )
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Note that the estimator requires no knowledge of S, or k. When € = 1, the estimator
amplifies the data by a factor of logn. As € decreases, the amplification factor decreases, and
so does the extra additive inaccuracy. One can also set € to be a vanishing function of n, e.g.,
€ = 1/loglogn.

This result may be interpreted as follows. For distributions with large support sizes such
that the min-max estimators provide no or only very weak guarantees, our estimator with n
samples always tracks the performance of the nlogn-sample empirical estimator. On the other
hand, for distributions with relatively small support sizes, our estimator achieves a near-optimal
O(S,/n)-error rate.

Similarly, for L distance to a fixed distribution ¢,

Theorem 2 (L distance). For any g, we can construct an estimator Dq for Dy such that

S 1
qu(p,n) _LDE (p,eznlogn) <eA (\/ f—l——no.@) )

Besides having an interpretation similar to that of Theorem 1, the above result shows that
for each ¢ and each p, we can use just n samples to achieve the performance of the nlogn-sample
empirical estimator. More generally, for any additive property F(p) := Yic( fi(pi) that satisfies

the simple condition: f; is O(1)-Lipschitz, for all i,

Theorem 3 (General additive properties). Given F, we can construct an estimator F such that

/S 1
Lp(p,n)—Lge (p,eznlogn) <eAN ( f—i——no_@) .

The results in [KOPS15] show that no plug-in estimators provide those theoretical guar-
antees presented in Theorem 2 and 3. Henceforth, we refer to the above collection of distribution
properties as the class of Lipschitz properties. The L; distance D, for any ¢, is in this class.

Lipschitz properties are essentially bounded by absolute constants and Shannon entropy
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grows at most logarithmically in the support size, and we were able to approximate all with
just an additive error. Support size and support coverage can grow linearly in k and m, and
can be approximated only multiplicatively. We therefore evaluate the estimator’s normalized
performance, regarding the property value.

Note that for both properties, the amplification factor is logarithmic in the property value,
which can be arbitrarily larger than the sample size n.

The following two theorems hold for € < 2,

Theorem 4 (Support size).

1 logSp)) \11s\_%
— ( Le(p,n) — Les| pon- <ed85,% T
Sp< S( ) SE(p log28 P

To make the slack term vanish, one can simply set € to be a vanishing function of »n (or
Sp), e.g., € =1/logn. Note that in this case, the slack term modifies the multiplicative error
in estimating S, by only o(1), which is negligible in most applications. Similarly, for support

coverage,

Theorem 5 (Support coverage).

1 logC), Toge] lvg\ -3
— | La(p,n) — Lx - <e+Cp™* .
Cp ( com) CE(p " 10g28)> SR

The next section presents implications of these results.

4.3 Implications

Data amplification Numerous modern scientific applications, such as those emerging
in social networks and genomics, deal with properties of distributions whose support size S, is
equal to or even larger than the sample size n.

In this data-sparse regime, the estimation error of the empirical estimator often decays at

a slow rate, e.g., 1/logn for some ¢ € (0, 1), hence the proposed estimators yield a much more
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accurate estimate, paralleling that of the empirical with nlogn samples. For applications where
n > 25,000 and regardless of the distribution structure, our approach significantly amplifies the
number of samples by at least a factor of 10, known by practitioners as an “order of magnitude”.

As for the data-rich regime where n>> §),, our method essentially recovers the the standard
\/m rate of maximum likelihood methods in general, without knowing S,.

Instance optimality With just n samples, our method emulates the performance of the
nlogn-sample empirical estimator for every distribution instance. The method hence possesses
the vital ability of strengthening all MAE guarantees of the empirical estimator by a logarithmic
factor, which is optimal in many settings.

The significance of such “instance optimality” arises from 1) empirical estimators are
often simple and easy to analyze; 2) there is a rich literature on their estimation attributes, e.g.,
[Bus17] and the references therein; 3) empirical estimators are the best-known and most-used.

Consequently, we can work on a simple problem, analyzing the performance of the
empirical estimator, and immediately strengthen the result we obtain by a logarithmic-factor using
the theorems in this paper. In many cases, the strengthened results are challenging to establish via
other statistical methods. We present two examples below.

Entropy Consider entropy estimation over A;. As Equation 4.2 shows, the min-max
MAE is known for n > k/logk, and essentially becomes a constant when n gets close to the
k/logk lower bound. Nevertheless, over an alphabet of size k, the value of entropy can go up
to logk. Hence, it is still possible to get meaningful estimation results in the n = o(k/logk)
large-alphabet regime.

We follow the above strategy to solidify the statement. First, for empirical estimator HF,
[Pan03] [see Proposition 1] provides a short argument showing that its worst-case MAE, for all n

and k, satisfies

k—1 logn
Lge(n) < log (1 + T) +%.

Consolidating this inequality with Theorem 1 then implies
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Corollary 1. In the n = o(k/logk) large-alphabet regime, the min-max MAE of estimating

Shannon entropy satisfies

L(n) < (1+o0(1))log (1+ 1 )

nlogn

Lipschitz Property The same type of arguments apply to any Lipschitz property F.
Again, we begin with characterizing the performance of the empirical estimator #F. By Lemma 3
and the Cauchy-Schwarz inequality, the bias of FE is at most O(\/l%) By the Efron-Stein
inequality, the standard deviation is no more than O(1//n).

It then follows by Theorem 3 that: F estimates F over A; to an MAE of &€ with
O(k/(€*logk)) samples. Note that 1) this yields the first estimator for Lipschitz properties
with optimal sample dependence on k; 2) after a draft of this paper became available online,

[HO19¢] improved the sample dependence on € to the optimal €.

4.4 Estimator Construction and Analysis

For clarity, we focus on the proof of Theorem 1 about entropy estimation, and explain
only necessary modifications for similar arguments to go through for other properties. We begin
by relating the empirical entropy estimator to the “Bernstein polynomial” of function —xlogx.

Notation For a sampling parameter n and accuracy € < 1, define the amplification
factor as a := €logn. Without loss of generality, assume that € > 1/logn and hence a > 1.
For simplicity, write i(x) := —xlogx, m := na, T, := ©(logn/n) and d,, := @(logn), where the

asymptotic notations hide only properly chosen absolute constants.
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4.4.1 Bernstein Polynomial

Drawing i.i.d.samples Y™ from any distribution p, the expected value of the empirical

estimator for entropy is

EA" (Y™ =Y bl ) [h (%ﬂ '

iclk) M

Note that for any function f, me€N, and x € [0, 1], the degree-m Bernstein polynomial of f is

o (E)

Therefore, we can express the expectation of the empirical entropy estimator as

E [A%(y™)
| = ) Bu(h.pi).
i€lk]
As modifying a sample changes the value of A%(Y") by at most 2logm/m, the Efron-Stein
inequality bounds its variance by 2log*m /m, which is negligible in magnitude. Hence, for our

purpose, we focus on finding a good approximation of each By, (h, p;).

4.4.2 Estimator Construction and Computation

In the subsequent sections, given i.i.d.samples X" ~ p, we construct our estimator as
follows.
Substitute n by 2n for simplicity. According to Section 4.4.4, we first split the samples

into two halves, X{' and X 2n

"1, and respectively denote by N; and N; the empirical counts of each

symbol i € [k] in them.

Then, we follow [Dob58] to classify the symbols into two categories and decompose the
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sum

JE (AR = Y Bulhp)
~P ic[k]

into two parts by thresholding the empirical counts N/ at level 1/e. The first part, V] :=
Yick B (h,pi)1 NI>1/e> corresponds to the contribution of symbols with potentially large proba-
bilities. Illustrated in Section 4.4.3, this quantity is well approximated by the large-probability

estimator
. N
q/L = Z h (7) ']lNi/>é7
ic[k|

to an MAE of 2(e\S,,/n). As for the small-probability part,

Vsi=) Bul(h,pi) 1y
i€ k]

1,
I3

we follow the arguments in Section 4.4.4 and 4.4.5 to learn each summand adaptively (to the
magnitude of the probability) and compute the summation.

Concretely, recall t, = @(logn/n) and d,, = ®(logn). For a given function and domain,
the polynomial achieving the minimal maximum deviation from the function over the domain is

the min-max polynomial. Then, denote by
~ dn
hn(x) ==Y b’
t=0

the degree-d,, min-max polynomial of B!, (h, p;) over interval I,, := [0, T,|. The small-probability

estimator 1is

1,
€

) d+lp N
Vsi= ). (Z — ')-Msogn-]wg

nt :
iclk] \r=1 -
where for each symbol i, the term in the parentheses is an unbiased estimator for H,,(p;) :=
5 " h,u(s)ds. Next, we illustrate the technique and intuition behind the construction.

Differential smoothing The construction of ‘IA/S presents a generic method for designing
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a polynomial G that closely approximates a given differentiable function G with pointwise error
bounds.

More precisely, for a fixed interval 7 := [0,1] and degree bound d € N, we want to find a
polynomial G of degree at most d, satisfying

max |G(x) — G(x)| < c-x,
xel

for a number ¢ > 0 that is as small as possible.
We propose a novel method, differential smoothing, that addresses this approximation

problem and operates as follows.
1. Compute G’'(x) and write g := G'.
2. Approximate g by its min-max polynomial g over /.
3. Let ¢ be the min-max approximation error in Step 2.
4. Compute G(x) := [§ §(t)dt.

By the triangle inequality for integrals, the resulting ¢ and G satisfy the desired inequality. Besides,
Step 2 and 3 can be jointly performed using the well-known Remez algorithm [PT09, Trel3].

Turning back to our estimator Vs, by the reasoning in Section 4.4.6 and 4.4.7, the min-max
polynomial /,,(x) approximates B/, (h,x) to within O(g) over I,. Hence, applying the method of
differential smoothing yields

B, ) — A ()] S &-x.

Further relating this inequality to the expectation of the empirical entropy estimator implies

JE AR = Y Au(p)| S Yeepi=e.
~P ic[k] ic[k]
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In Section 6.1 of the supplementary, we prove that the absolute bias is also at most O(S,/n),
which requires some additional work. Finally, Section 7.1 bounds the mean absolute deviation of

the estimator by O(1/n%%).

Consequently, we approximate H(p) by
H:= ’IA/L + ‘IA/S

Computational complexity The dominant computation step is finding the min-max
polynomial of B),(h,x), for which we utilize the well-known Remez algorithm [PT09, Tre13]. In
Section 9 of the supplementary, we shall argue that the algorithm takes only O(n) time to well

approximate B, (h,x).

4.4.3 Large-Probability Estimator

Following the previous arguments, we say that i € [k] is a large-probability symbol if

N! > 1/¢. To the expectation of the m-sample empirical estimator, these symbols contribute

Vo=Y Bulh,pi) Ly 1.
ic[k] e

We estimate 1} by respectively reweighing the empirical estimator associated with the first-half

samples:
- N
V=Y h (;) Ayt
i€lk]

To bound the estimation bias, we leverage the next lemma, stating that the Bernstein polynomial

of h closely approximates the function over [0, 1].

Lemma 2. Foranyt € Z" and x € [0,1],
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The number of symbols satisfying N/ > 1/¢ is at most ne. Together with the lemma and

triangle inequality, this yields

E[7] —]E[QA/L” < Z (1 +a)<1 —pi)E []IN;%] < 2e.

ick) N M

Furthermore, the number of such symbols is also at most S, implying an alternative upper bound
of 25, /n.

For Shannon entropy, we note that adding 1/(2n) to the empirical estimate i(N;/n)
may reduce its bias. This particular method, known as the “Miller-Mallow estimator”, appears
in [Mil55] and eliminates the first-order term of B,(h,x) — h(x). Applying the method will
introduce extra complications in the analysis, and hence for entropy and general non-differentiable
properties, we employ the original empirical estimator. On the other hand, substituting the Miller-
Mallow estimate into our algorithm in Theorem 1 retains its theoretical guarantee.

For Lipschitz properties, the rich literature on Bernstein operators presents us with the

following bound.
Lemma 3 ([Bus17] Proposition 4.9). For anyt € Z*, x € [0, 1], and c-Lipschitz function f,

x(l—x).
t

1B:(f,x) = f(x)| < ¢

Combined with the Cauchy-Schwarz inequality, the lemma shows that the estimation bias

B[]~ E[#1]] <2 <sA\/%> -

This completes the bias analysis of the large-probability estimator, while Section 6.2 in the

of the respective 4 admits

supplementary provides additional technical details. For the variance analysis, see Section 7.2.

The following three sections proceed to construct the small-probability estimator and introduce
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fundamental results from polynomial approximation theory.

4.4.4 Choice of Parameters and Sample Splitting

Section 4.4.1 calls for estimating B, (h,x). Applying the method of differential smoothing
in Section 4.4.2, we first choose some domain / = [0,1] and degree d, and estimate B),(h,x) by

its min-max polynomial ,,(x) = Y9, b,x' over I. Then, we approximate B,,(h,x) by

d
br 441

Fp(x) = /O ()t =Y

To estimate H,,(x), note that given a binomial variable X ~bin(n,x), an unbiased estimator for x’
is X*/nt, where t € N and AZ denotes the B-th order falling factorial of A. Hence, we employ

d
H,(X) =

+

lbtfl XL
t  nt’

1

-
I

an unbiased estimator for H,,(x) that corresponds to the parenthetical component in estimator
{AVS,S expression. Next, we illustrate the intuitions behind our choice of T and d.

For any X ~ bin(n,x), the variance of H,,(X) generally gets larger as the degree d
increases. On the other hand, a higher-degree polynomial is able to achieve a lower approximation
error. To balance this bias-variance trade-off, we want to reduce both the interval length, T, and
the polynomial degree, d, while maintaining the approximation power.

As in Section 4.4.2, we set parameter T = T, = ®(logn/n) since below this threshold,
sample statistics are insufficient for inferring the relative magnitudes of the underlying probabil-
ities with high confidence. Regarding the degree parameter T = 1, = ®@(logn), below the logn
threshold, the approximation H,, loses the € - x guarantee; in contrast, above the threshold, the
final estimator may no longer possess a vanishing variance. For more details, see derivations in

Section 7.1 and Appendix A of the supplementary.
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One thing that follows the construction of H,, and H,, is how to apply these approximations
to only probabilities of order T,. This issue arises from the fact that we observe symbol counts,
not ranges of the actual probability values. It is straightforward to deal with such uncertainty by
inferring the magnitudes of unknowns leveraging the counting statistics concentration.

For concentration, binomial random variables are sums of independent indicator variables
and possess Gaussian-type tail bounds. To avoid introducing additional statistical dependency, we
1) split the sample sequence into two halves of equal length; 2) denote respectively the empirical
counts of each symbol i in the first and second halves by N; and N/ (where we slightly abused
the notation); 3) classify each i € [k] as a large- or small- probability symbol by thresholding the
count N/ at 1/¢. The supplementary material presents relevant details in Section 5 and 6.2.

In the literature, the above procedure is often referred to as sample splitting. This idea
of classifying the symbols in the alphabet into two categories dates back to [Dob58], and has
been applied to estimate a variety of specific distribution properties in the past decade [AOST14,
JVHW15, WY 16, HOSW18]. Recently, [HO19c] generalize this idea to estimate general prop-
erties by partitioning the unit interval into @ (/) pieces; [HO19b] apply the method to derive
state-of-the-art distribution estimators.

Sample splitting and additiveness of the property enable us to estimate the contributions
from the large and small probabilities separately. The rest sections assume this separation and

address the small-probability approximation error.

4.4.5 Min-Max Polynomial

Polynomials have extensive applications to statistical inference, ranging from approxi-
mating the norms of Gaussian parameters [CL11] to learning structured distributions [CDSS14,
ADLS17,HO19b] to estimating properties of distributions [JVHW15, OSW16, WY 16, HOSW18,
HO19c].

As illustrated in Section 4.4.2 and 4.4.4, we aim to find a polynomial ,,(x) of degree
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d, = O(logn) that satisfies the pointwise bound |B/, (h,x) — h,(x)| < € over I, = [0,71,].
The task naturally calls for a polynomial achieving the minimal maximum deviation from
B!, (h,x), commonly known as the respective min-max polynomial. Moreover, direct computation

shows that B, (h,x) is the order-(m—1) Bernstein polynomial of another function:

B!, (h,x) = By—1(hm,x),

where function £, is defined as

()= 10g™ L4 (=) (1 (345 ) =09).

m—1

Hence, our objective reduces to bounding the error of min-max polynomial approximations of
By—1 (hy,x) over I,. As one could expect, the analysis gets more involved since 1) By, (A, x) is
a high-degree polynomial with transcendental coefficients; 2) in general, there are no closed-form
formulas for the min-max polynomials of a real function.

Though sophisticated in its form, function B, (%, x) is continuous and relatively smooth,
as hinted by Lemma 2. This simple observation serves as the starting point for our subsequent
analysis. In the next section, we dive into approximation theory and present fundamental
connections between the smoothness of a function (characterized by specific quantities) and its
min-max polynomial approximation error over a given interval. The desired result then follows
by a sequence of inequalities and simplifications that enable us to gauge the smoothness of
By1 (B, x).

For the proof of the derivative identity on 4,, and a more straightforward argument leading

to a weaker result, see Section 4 and 5 of the supplementary.
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4.4.6 Moduli of Smoothness

In this section, we introduce some notable results in approximation theory [DT12] that are
crucial for simplifying the problem. Denote @(x) := /x(1 —x). For any function f: [0,1] — R,

the first- and second- order Ditzian-Totik moduli of smoothness quantities of f are

we(f,1) :=sup{|f(u) = F(V): 0 <u,v <1,

u-+v
— <t. -

and

i) =sw |1t + 1) -2 (57|

0<uv<1,lu—y SZt-(p(u;v)},

respectively. Let P; denote the collection of polynomials with real coefficients and degree
at most d. For any d € Z™, interval I C R, and function f : I — R, denote by

Eq[f 1] := minmax | f(x) — f(x)]

fePd xel

the best approximation error of the degree-d min-max polynomial of f over /. For a bounded
domain 7, we can always shift and rescale f to make it a real function over [0, 1]. Hence, without
loss of generality, it suffices to consider and analyze E,;|[f] := E4[f, [0, 1]].

The connection between the best polynomial-approximation error E,[f] of a continuous
function f and the second-order Ditzian-Totik moduli of smoothness w(zp (f,t) is established in

the following lemma [DT12].

Lemma 4. There are absolute constants Cy and C, such that for any continuous function f over
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[0,1) and d > 2,
Eqlf] < Ciwg(f,d ™),

and

d
d_lzlg(” DE[f] = Cowg(f,d 7).

The above lemma shows that the second-order smoothness quantity w(zp( f,-) essentially

characterizes E.|[f], and thus transforms the problem of showing
| (X) = Bin—1 (B, x)| S €, Vx € I,

to that of establishing

w(zp(Bm,l(hm,’cn x),d, 1) <k,

where T, = ©(logn/n) and d, = ®(logn) by definition.

4.4.7 Simplification via Poissonization

The last block in our analysis is Poissonization, which helps decompose and simplify the

function to approximate. For any y € [0, ], define two functions:

[eo)

J
fi0)=, B IO0)= e Y T(jle )

and

fl)=, B X+1]

Let z(x) := (m — 1)x for simplicity. The following lemma, appearing in Appendix A.1 of the

supplementary relates By, (hy,x) to these functions and base function A(x).
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Lemma 5. For any m € 7" and x € [0,log*m/m),

hn (%) =Bm—1 (A, %) = [h(2(x) + 1) = fa(z(x))]

— [h(z(x)) — fi(z(x))] + a(l).

m

In particular, the above equation holds for any sufficiently large n and x € I, = [0, 7,].
Since 1/m =1/(na— 1) <min{1/logn,S,/n}, the last term on the right-hand side is negligible.
These results, together with the function-wise triangle inequality on w(zp, further reduce the last

inequality in Section 4.4.6 to bounds in the form of
wo(g(x).d, ') S,

for function g(x) being Ay, (T, - x), h(z(x)), h(z(x) + 1), fi(z(x)), and f2(z(x)), respectively.

We prove these bounds in Appendix A.2 and A.3 of the supplementary. In Appendix B, a
similar yet more involved argument extends the result to all Lipschitz properties. One reason for
the extra complication is the absence of concrete expression, as we impose only the Lipschitz
condition.

While these proofs are technical, a critical insight is that the optimization problems
induced by computing w(zp for the above choices of g are all convex. Consequently, it suffices to

consider only the boundary cases of parameters.

4.5 Experiments

We demonstrate the efficacy of the proposed estimators by comparing their performance to
two state-of-the-art estimators [WY 16, WY 19], and empirical estimators with logarithmic larger
sample sizes. Due to method similarity, we present only the results for entropy and support size.

Additional estimators for both properties were compared in [OSW16, WY 16, WY 19, HOSW18,
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HO19a] and found to perform similarly to or worse than the estimators we tested, hence we
exclude them here. For each property, we considered nine natural-synthetic distributions, shown
in Figure 4.1 and 4.2.

Settings We experimented with nine distributions having support size S = 10,000:
uniform distribution; a two-steps distribution with probability values 0.55~! and 1.55~!; Zipf
distribution with power 1/2; Zipf distribution with power 1; binomial distribution with success
probability 0.3; geometric distribution with success probability 0.9; Poisson distribution with
mean (0.3S; a distribution drawn from Dirichlet prior with parameter 1; a distribution drawn from
Dirichlet prior with parameter 1/2.

The geometric, Poisson, and Zipf distributions were truncated at S and re-normalized.
The horizontal axis shows the number of samples, 7, ranging from S°2 to S. Each experiment
was repeated 100 times and the reported results, shown on the vertical axis, reflect their mean
values and standard deviations. Specifically, the real property value is drawn as a dashed black
line, and the other estimators are color/shape coded, with the solid line displaying their mean
estimate, and the shaded area corresponding to one standard deviation.

We compared the estimators’ performance with n samples to that of two other recent
estimators as well as the empirical estimator with n, ny/logA, and nlogA samples, where for
Shannon entropy, A = n and for support size, A = §), the actual distribution support size (which
is S). We chose the parameter € = 1. The graphs denote our proposed estimator by Proposed, FF
with n samples by Empirical, FF with n,/IogA samples by Empirical+, F¥ with nlogA samples
by Empirical++, the entropy and support-size estimators in [WY16] and [WY19] by WY.

Results As Theorem 1 and 4 would imply and the experiments confirmed, for both
properties, the proposed estimators with n samples achieved the accuracy as the empirical
estimators with at least nlogn samples for entropy and nlogS, samples for support size. In
particular, for entropy, the proposed estimator with n samples performed significantly better than

the nlogn-sample empirical estimator, for all tested distributions and all values of sample size n.
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Figure 4.1: Shannon entropy estimation

For both properties, the proposed estimators outperformed the state-of-the-art estimators in terms
of accuracy and stability regarding distribution structures.

In Figure 4.1, the horizontal axis is in logarithmic scale. The WY curve is flipped vertically
around Truth for all the curves to have similar trends. Besides the samples, the WY estimator
takes as input an upper bound of the support size, which is set to be the actual support size in the
experiments. The vertical axis shows only nonnegative values.

In Figure 4.2, the horizontal axis is in logarithmic scale. Besides the samples, the WY
estimator takes as input a lower bound of the smallest positive probability p$in, which is set to

be max{1/(10S),4p.. } in the experiments. Here, 1/(10S) is used to avoid division by zero in

numerical computation, and factor 4 represents a reasonable uncertainty about p$in' For several
distributions, such as uniform and geometric, knowing P;;in yields the full knowledge of the entire
probability multiset. Finally, while estimator WY’s bias is slightly lower on a few distributions,

the corresponding standard deviation is too high to be acceptable.
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4.A Appendix Outline

For notational convenience, let /(p) := —plog p for entropy, ,(p) := |p—q| —q for L;
distance, s(p) := 1~ for support size, and c(p) := 1 — (1 — p)™ for support coverage. Below,
we provide an outline of the remaining contents and a high-level overview of our techniques.

In the main body, we focus on Shannon entropy and prove a weaker version of Theorem 1.

Theorem 6. For all € < 1 and all distributions p, the estimator H described in Section 4.D

149



satisfies

S 1
Ly(p,n) —Lge(p,enlogn) < (14+c-€) A (£+nOT9) )

The proof of Theorem 6 in the rest of the paper is organized as follows. In Section 4.B,
we present a few useful concentration inequalities for Poisson and binomial random variables.
In Section 4.4.1, we relate the n-sample empirical estimator’s bias to the degree-n Bernstein
polynomial B, (h,x) via By,(h, p;) = E[h(N;/n)]. In Section 4.C.1, we show that the absolute
difference between the derivative of B, (h,x) and a simple function %, (x) is at most 1, uniformly
forallx<1—(n—1)"".

Let a := €logn be an amplification parameter. In Section 4.C.2, we approximate /,,,(x)
by a degree-®(logn) polynomial /,,(x) and bound the approximation error uniformly by ¢ €.
Let Hyy(x) := [3 hna(t)dt. By construction, | B, (71,X) — fina(x)| < |Blg (7,%) = hia (x)] =+ [ ina (x) —
a(x)] < 14-c-¢, implying |Hyq(x) — Bua(h,x)| < x(1 +c-¢€).

In Section 4.D, we construct our estimator A as follows.

First, we divide the symbols into small- and large- probability symbols according to
their counts in an independent n-element sample sequence. The concentration inequalities in
Section 4.B imply that this step can be performed with relatively high confidence. Then, we
estimate the partial entropy of each small-probability symbol i with a near-unbiased estimator of
H,,(p;), and the combined partial entropy of the large-probability symbols with a simple variant
of the empirical estimator. The final estimator is the sum of these small- and large- probability
estimators.

In Section 4.E, we bound the bias of A. In Sections 4.E.1 and 4.E.2, we use properties of
H,, and the Bernstein polynomials to bound the partial biases of the small- and large-probability
estimators in terms of n, respectively. The critical observation is | Y;(H,a(pi) — Bua(h, pi))| <
Y. pi(l1+c-€) =1+c-¢, implying that the small-probability estimator has a low bias. To
bound the bias of the large-probability estimator, we principally rely on the elegant inequality

|Bu(h,x) —h(x)| < 1/n.
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By the triangle inequality, it remains to bound the mean absolute deviation of A. We bound
this quantity by bounding the partial variances of the small- and large- probability estimators
in Section 4.F.1 and Section 4.F.2, respectively. Intuitively speaking, the small-probability
estimator has a small variance because it is constructed based on a low-degree polynomial; the
large-probability estimator has a small variance because 4 (x) is smoother for larger values of x.

To demonstrate the efficacy of our methods, in Section 4.5, we compare the experimental
performance of our estimators with that of the state-of-the-art property estimators for Shannon
entropy and support size over nine distributions. Our competitive estimators outperformed these
existing algorithms on nearly all the experimented instances.

Replacing the simple function 4,(x) by a much finer approximation of B, (h,x) based on
differential smoothing, we establish the full version of Theorem 1 in Appendix 4.H. Applying
similar techniques, we prove the other four results in Appendices 4.1 (Theorem 2 and 3), 4.J
(Theorem 4), and 4.K (Theorem 5).

Computational complexity Section 4.G presents the Remez algorithm [Rem34, PT09,
Trel3] for computing the best polynomial approximation of a function, and shows that it takes

only O(n) time to compute our approximation-based estimators.

4.B Concentration Inequalities

The next lemma gives tight tail probability bounds for Poisson/binomial random variables.

Lemma 6 ([GL17]). Let X be a Poisson or binomial random variable with mean u, then for any

4>0,
8

u
P(X > (14+8)u) < ((IJFEW) < o (B33,
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and for any 8 € (0,1),
e d g 2
PX <(1-9%)u) < <m> < e H/2,
4.C Approximating Bernstein Polynomials

With n samples, the bias of the empirical estimator in estimating H(p) is
Bias, (A", p) := E[A* (X")| — H(p).

By the linearity of expectation, the right-hand side equals

BIA* (X0 (p) = T (2[n(3)] -#).

iclk n

Noting that the degree-n Bernstein polynomial of /4 is

s 5, )] (e

we can express the bias of the empirical estimator as

Bias, (A~ p) = Z[,] (Bu(h, pi) —h(pi))-
iclk

Given a sampling number n and a parameter € < 1, define the amplification factor a := €logn.
Let ¢; and ¢, be sufficiently large and small absolute constants, respectively. In the following
sections, we find a polynomial g (x) of degree d — 1 :=d, — 1 := ¢;logn — 1, whose error in

approximating B, (h,x) over I, := [0,7,] := [0,¢;(logn) /n] satisfies

[Bra(,%) = hna(x)] < 1+ O(e).
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By the triangle inequality of integrals, the degree-d polynomial

approximates B, (h,x) with the following pointwise error guarantee.

Lemma 7. For any x € I,
|Bpa(h,x) — Hyo(x)| < x(14+0(¢)).

In Section 4.C.1, we relate B),(h,x) to a simple function A, (x) that can be expressed in
terms of i(x). In Section 4.C.2, we approximate h,(x) by a linear combination of degree-d

min-max polynomials of /(x) over different intervals. The resulting polynomial is /1, (x).

4.C.1 Derivative of Bernstein Polynomials

According to [Bus17], the first-order derivative of the Bernstein polynomial B, (h,x) is

B! (h,x) ::gn (h (J: 1) —h (i)) ("; l)xj(l —x)=1=J,

Hence, letting

we can write derivative B), as

n—1 Jj

B, () :z;h( LY (" )= = )
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Recall that i(x) = —xlogx. After some algebra, we get

ha(x) = —log <”;1> +(n—1) (h <x+n11) —h(x)).

Furthermore, utilizing analytical attributes of 4(x) [BLM72], we can bound the absolute difference

between /(x) and its Bernstein polynomial as follows.

Lemma 8. For any m > 0 and x € [0, 1],

As an immediate corollary,

Corollary 2. Forany x € [0,1—(n—1)71],

B (h,x) = n(x)| = |Bp—1 (n, ) — ha(x)| < 1.

Proof. Given the equality B, (h,x) = B,_1(h,,x) forx € [0,1 — (n—1)71],

[Bu1(hn,x) = (x)] < (n = 1)|(Bu-1(hx+(n—1)7") —h(x+(n—1)7"))

— (Bn-1(h,x) — h(x))|

l-x—(n—1)"" 1—x
<(n—1
<(n )‘max{ — ’n—l}‘
<1,
where the second inequality follows by Lemma 8. 0
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4.C.2 Approximating the Derivative Function

Denote the degree-d min-max polynomial of % over [0, 1] by
~ d .
x):= Z bix’.
j=0
As shown in [WY16], the coefficients of /(x) satisfy
bl $2°,

and the error of /(x) in approximating A(x) admits

~ 1
max |h h < .
x6[0§]| () ~h(x)| 3 log?n

By a change of variables, the degree-d min-max polynomial of 4 over I, = [0,¢;logn/n] is

d n O\ "
:ij( ) x-’—l—(log )x.
=0 cilogn cilogn

Correspondingly, for any x € I,, we have

max h(x) — i (v)] < —

x€l, ~ nlogn’

To approximate /,,(x), we approximate h(x) by i (x), and h(x+ (na—1)~1) by hy(x + (na —

1)~1). Then, the resulting polynomial is

na—1 - -

+(na—1) (hi(x+ (na—1)"") =y (x))

log 4! 1) Zb e Y
=—lo (na— x —X .
g clalogn c logn na—1
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By the above reasoning, the error of Ryg in approximating h,, over I, satisfies

na

h —h < <e.
r){g}ﬂ na(X) na(X)| S nlogn ~

Moreover, by an application of Corollary 2,

Bl h; — hya = Bya— hna; —hyq <1
xer[%%]l na(1,%) (x)] xeﬂ%ﬁ’}z]‘ a—1(hna,x) (x)| <

The triangle inequality combines the above two inequalities and yields

max |B.,,(h,x) — hpa(x)| <14 0(e).

x€l,

Therefore, denoting

and noting that B,,(h,0) = 0, we have

Lemma 9. For any x € I,

Bua110) = o) < [ BlylIst) =g 0)ldt < (14-0(€).

4.D A Competitive Entropy Estimator

In this section, we design an explicit entropy estimator A based on H,,, and the empirical

estimator. Note that A,,, (x) is a polynomial with a zero constant term. For ¢ > 1, denote

'—Xdl bj n N1 T g+
gl'_j:[j—i—l c/logn na—1 j—t+1)°

na—1
cjalogn’®

Setting b; = g; fort > 2 and b} = g; — log

we have the following lemma.

156



Lemma 10. The function H,,(x) can be written as
B d
Hyo(x) =Y b
=1

In addition, its coefficients satisfy

—1
|bl| <24d n !
H~ c/logn '

The proof of the above lemma is postponed to the end of this section.

To simplify our analysis and remove the dependency between symbol counts, we use the
conventional Poisson sampling technique [WY16, ADOS17]. Specifically, instead of drawing
exactly n samples, we make the sample size an independent Poisson random variable N with mean
n. This does not change the statistical nature of the problem as N ~ Poi(n) highly concentrates
around its mean (see Lemma 6). We still define N; as the count of symbol i in X N Due to Poisson
sampling, these counts are now mutually independent and satisfy N; ~ Poi(np;), Vi € [k].

For each i € [k], let Ni := an;lo(Ni —m) be the t-th order falling factorial of N;. The

following identity is well-known:
E[N] = (npi)', ¥t <n.

Note that for sufficiently small c; or sufficiently large n, the degree parameter d = cslogn < n,Vn.

By the linearity of expectation, the unbiased estimator of H,,(p;) is

Nl.i

nt

d
Hna(N,') = Z b;
t=1

Let N’ be an independent Poisson variable with mean n, and XV " be an independent length-N’

sample sequence drawn from p. Analogously, we denote by N/ the number of times that symbol
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1

€ [k] appears. Depending on whether N/ > €~ or not, we classify p;,i € [k], into two categories:

small- and large- probabilities. For small probabilities, we apply a simple variant of H,,(N;); for
large probabilities, we estimate /(p;) by an empirical-estimator variant.

Specifically, for each i € [k], we estimate A(p;) by
BN, = Blaa(N) - Ty<cytogn - Ty<et -+ (ZZ ) Lyset.
Consequently, we approximate H(p) by
AN xM) =Y h(N;,N}).
For the simplicity of illustration, we will refer to

H XN XN Z ]1N<cllogn ]lN’<£*
E

as the small-probability estimator, and

A (xN,xV) Zh( ) Lyse

i€lk]

as the large-probability estimator. Then, H is the sum of these two estimators.
In the next two sections, we analyze the bias and mean absolute deviation of H. In

Section 4.E, we show that for any p, the absolute bias of H satisfies

E[A (XN, X" —H(p)| < ’ |Bias(H",na)| + (1+ O(¢)) (1/\(8_14-1)1—17).
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In Section 4.F, we further show that the mean absolute deviation of H satisfies

1
1—0(cy)”

E \ﬂ(xN,xN’) —E[AXY,xV)]

S
For sufficiently small c;, the triangle inequality combines the above inequalities and yields
5 ON oN . AR Sp 1
E)H(X X )—H(p)‘SBlas(H na)+(1+c-e) A L+ .
n

110-49

This basically completes the proof of Theorem 6.

Proof of Lemma 10

We begin by proving the first claim:
~ d
=1

By definition, H,,(x) satisfies

— -1 J o gl
(na )<jzlj—|—1 <cllogn) <x+na—1) (na—l) *
—1 i—1 m .
_y b, no Y\’ JZ 1 em (i1
j:1j+1 cilogn o \na—1 m+1
_ix, i b; n N1 N g+
] = Jj+1 \clogn na—1 j—t+1) )’

where the last step follows by reorganizing the indices.
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Next we establish the second claim. Recall that d = ¢;logn, thus,

na—1 < otd

log S
cialogn

Since b; = g, fort > 2 and b} = g1 —log -2

ca 10g —, it suffices to bound the magnitude of g;:

b [ n N1 N+
‘gl‘<2]+l(cllogn) (na—l) <j—t—|—1>
(i
—
<2l (gea) ()
n (i
<(sta) £01()
n t—1 4
<(awen) Z1(,%)
-1

<24d(—” ) .
~ cilogn

4.E Bounding the Bias of A

By the triangle inequality, the absolute bias of H in estimating H (p) satisfies

Y (E[A(N;,N)] = h(pi))| <

i€[k]

Y (Bua(h, pi) = h(pi))

ic[k]

_|_

Z[‘,](E[il(Ni,M/)] _Bna(hapi))' :
iclk

Note that the first term on the right-hand side is the absolute bias of the empirical estimator

with sample size na = e€nlogn, that is,

Biasna(I:IE, p) =

Z (Bna(h, pi) _h(pi))‘ :

i€k

160



Hence, we need to consider only the second term on the right-hand side, which admits

X, (BN, ND] B 9)
iclk

< Biasg + Biasy,

where

Biasg := Z E [(Hna(]vl) ']lN,-gcllogn _Bna(hapi)) : ]lNi’SS*l]

i€[k]

is the absolute bias of the small-probability estimator, and

iez[;Z]E Kh <%) _B”“(h’Pi)) '1N{>el]

is the absolute bias of the large-probability estimator.

Bias;, :=

Assume that ¢; is sufficiently large. In Section 4.E.1, we bound the small-probability bias
by

Biasg < (1+ 0O(g)) (1/\(2—:_l + I)Sf) :

In Section 4.E.2, we bound the large-probability bias by

S
Bias; <2 (8/\ —p> .
n

4.E.1 Bias of the Small-Probability Estimator

We first consider and analyze Biasg. By the triangle inequality,

Biasg < Z ’E[I:Ina(]vl) ']lN,-gcllogn] _Bna(h7pi)| 'E[]lNi’gs*l]
i:pi¢ln

Y [ [a(N)] — Bl ) Elfyee o

i:pi€ly
+ Z ‘]E [Hpa(Ni) - Ly,>cilogn] - E []lNi’gs—'] ‘
i:pi€ly
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Let us assume €logn > 1 and consider the first sum on the right-hand side. By the general
reasoning in the proof of Lemma 11, we can show that

55d. log*n

I:Ina(Ni) ) ]lNiSCllOg” S n

Further assume that ¢ and c¢; are sufficiently small and large, respectively. For large enough n,

the above inequality bounds the first sum by

1 n 1
<

Z I:Ina(Ni)']lNiﬁqlogn —B,m(h,p,-)| ‘E[]lNi’gs*l] < Z ]E[]lNi/ge*l] <
i:pi¢ly, i:pily

nS c/logn = n*’
For the second sum on the right-hand side, by Lemma 9,

Z ‘E [I:Ina<Ni)} _Bna(h7pi)| 'E[]INI{SS*I] < ‘E [ﬂ”a(Ni)} _B”a(h’pi)| 'E[]lszggil]
i:pi€l, Epich
- ‘Hna(pi) _Bna(hvpl')‘ 'E[ILMEVI]
< (1+0(&)) pi- E[lyr<e-1]

<(1+0()) (1 NCRE 1)%) .

The following lemma bounds the last sum and completes our argument.

Lemma 11. For sufficiently large cy,

Y [ (Ao ) Ty tozn] B [agcet |
ic k]
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Proof. For simplicity, we assume that ¢; > 4 and €logn > 1. By the triangle inequality,

‘E [I:Ina(Nz) : 1N->c;logn] ‘B []IN{gs*l}

Z ‘ l cz(j+1)logn>N,>c;jlogn] ‘E []INZ{SS*I} :

To bound the last term, we rely on the following result: For any j > 1,

S (1 +£_1) npl . e_®(c]j10gn)_

‘E [1cl(j+l)lognzNi>cljlogn} ‘E [1]\[1@8*1}

To prove this inequality, we apply Lemma 6 and consider two cases:

Case 1: If np; < (3¢;/8) jlogn, then

—0(c;jlo
E [Le,(j41)togn=niscylogn] < npi-e” 78",

Case 2: If np; > (3¢;/8) jlogn, then
E []legsfl} <npie " e Olailoen),
This essentially completes the proof. Next, we bound H,,(N;) for N; € [c;jlogn,c;(j+ 1)logn:

d
na N
lo L
( ¢ alogn) Z n'
cslogn t—1 . t
<M, y ( n ) (ci(j+1)logn)

= \clogn n

|I:Ina(Ni)| -

cslogn

< 55d . C[]lOgI’l Z

<05, lelOg”< jcslogn 1 e logn).

n
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Hence, for sufficiently large ¢y,

>

‘E [ na(Ni) : 1Ni>cllogn} ‘E []lNi’ggfl]

IA
s

‘E [I:Ina(Ni) . ]lcl(j+1)logn2Ni>cljlogn} ‘E |:]1Ni’§8*1]

~.
Il

O(zsd) crjlogn(j* logn 1. cslogn)-|E []lcl(j+1)lognZNi>C1j10gn:| ‘E [L\]{ge*l}

IN
™3

~
I
—_

2/\

Z (1+e 1 pi- e Oleuilogn) -crjlogn(j¢ 198" 4 ¢ logn)

Summing the right-hand side over i € [k] yields the desired result.

4.E.2 Bias of the Large-Probability Estimator

This section proves the bias bound Bias; <2 (e A (S,/n)). By the triangle inequality,
Bias; < Z

N;
E {h <—) _Bna(hapi):| ‘ E []IN[>£*1}
ic[k] n

< Z \h(pi) — Bua(h, pi)| - E |:]1N/>8 ]

E {h (%) —h(p,-)} ’ E [nN;%_l} .

We need the following inequality to bound the right-hand side.

0 <xlogx—(x—1) < (x—1)%, Vx € [0,1].
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For simplicity, denote p; := N;/n. Then,

N; A
’]E [h (;’) —h(p,-)} ‘ = |E[pilog p; — pilog pi]|

< |E[pilog p; — pilog pi]| + |E[pilog p; — pilog pi|

E [&log &]

=Di-
Pi Di
pi P\’
SH(ERRERI
Pi Di
_1
=

Replacing n by na in the above argument yields

1
|h(pi> _Bna(h;pi)| < E

Consider the first term on the right-hand side. By the last bound and Markov’s inequality,

1
Z \h(pi) = Bua(h, pi)| - E []lNi’>e*1] < — E [ILN{>8*1}
=0 " ik
1
<— (]lpi>0 /\Snpi)
na ;]
<en
n

165



4.F Bounding the Mean Absolute Deviation of A

By Jensen’s inequality,

E|A XN, xV)—E[AXY, xV)]| < \/Var (XN, XNY)).

Hence, to bound the mean absolute deviation of H, it suffices to bound its variance. Note
that the symbol counts are mutually independent. The inequality Var(X +7Y) < 2(Var(X) +
Var(Y')) implies

Var(H (X", xV)) =Y Var(h(N;,N})) < 2Varg +2Varg,

i€lk]

where

Varg := Z Var (I:Ina(Ni) “An;<citogn - ]l]\[i/§871>
i€lk]

is the variance of the small-probability estimator, and

N:
Vary .= Z Var (h (—’) ']lN{>81>
iclk] n ’

is the variance of the large-probability estimator. Assume that ¢; and c¢; are sufficiently large and

small absolute constants. In Section 4.F.1 and 4.F.2, we will respectively establish

and Vary <

Varg < (logn)?
~ n °

nl—0(cs)
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4.F.1 Variance of the Small-Probability Estimator

First we bound the small-probability variance Varg and prove Varg < O (1 / n1_®(cﬂ')>.

Following the sequence of derivations in Section 4.E.1,

Varg <2 Z Var( ]lN,>c,logn ]lN’<£_ )
+2 Z Var ( ]lN’<e* )
i€[k]
<2 Z E[ ]lN >c[10gn] 'E[]INI-'SE*I]

+2 Z Var ([:Ina(Ni)) 'E[]INZSS—I] +2 Z (E[I:Ina(Ni)])z 'Var(]lNi’gs—l)

ic[k] i€[k]

<2 E[([:Ina(Ni»z ) ]lNi>6110gn] -]E[]lngggq]
i€lk]

+2 ) Var (Bua(N:)) - Eflye1]+2 ) (A, 2 Var(Ly<e1),
i€[k] i€ k]

where the first step follows by Var(X —Y) < 2(Var(X) + Var(Y)), the second step follows from
Var(A - B) = E[A?]Var(B) + Var(A)(E[B])? for any independent random variables A and B, and
the last step follows from our construction, which satisfies E[ﬁna (N))] = Hua(pi).

Similar to the proof of Lemma 11, for the first term on the right-hand side and sufficiently

large ¢y,

4 . 2 . . , _
l;{] ‘E [(Hna(Nl)) ]1Ni>c;10gn} E |:]1Ni§£ 1:| = ie[k} I’l3 I’l3 .
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As for the second term on the right-hand side,

RHS, := Z Var (I:Ina> ‘]E[]llegsfl]
i€k

d n 20-1) yar Nf
528d' ZdZ( ) %.E[ﬂwgsl]

iclk] t=1

d 1
<28. =
- nzlez[;‘c]t; c/logn
d
iclk]t=1
d 1
nziez[;c]t; cilogn
d v & 1
8d
<2¢. =Y )

(e

<2 n? Z )3 (cz l(l)gn>2(t1) (npi)lt_i (;) (npi)j% Ellyse)
(eoen)
(e

Jj=0

(np:)! (t +np;)" - E[Lyr 1]
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It remains to bound the third term. Leveraging |H,,(p;)| < pi2°? shows that

Z (Hna (Pi))2 : Var(]lNi’SS*l)
i€lk]

8d d n 2D 2
< pod 2L Var(T vy
h ze[k]tzi (Czlogn> P Varlly<e-t)
d n 2(t—1)
<28, pitPr(N/ <e™ )
a ick]i=1 \¢I logn l T
2(l—1) g_l (n )m
=28, Di ( ; ) pZt_l : e_"pf—pl
=1l ;:ZI cilogn ! mzz'o m!
d 21-1) oy 1 Le-1\ 2!
<2V p Y < l" ) (—+) Pr(N; <2t—1+¢ 1)
i i1 \cilogn n
1
< 28 pi-cslog ciiogn
ic[k] n
9d
<2
~ on

Consolidating all the three bounds above yields

2 oan d 2% 1
< = s )<
Vars < 05 +0(2%) n+o( n )~ pl-0k)’

where the last step follows by d = cslogn.

4.F.2 Variance of the Large-Probability Estimator

In this section we bound the quantity Var; and establish Var; < (logn)?/n. Due to

independence,

Var, = Z Var (h (1&) -]lN(>8_1) .
iclk] n '

The following lemma bounds the right-hand-side summation.
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Lemma 12. For any integer s > 1,

ZVar( ( ) ]1N1>Y)§(logn)24;s.

Proof. First, we effectively decompose the variances:

ez[;z Var( ( ) nN/>s) = Var(1 ., )E [hz (%)] +i62[;,<] (E[lN;>s])2Var (h (%))

vl (8)] - £ (2)

To bound the first term on the right-hand side, note that

&)] < Var(]lN[>s)E

n

(logn)? (5)2]

(logn) " <1 +np,Var(]lN/>s)> )

Var(1y;..s)E [hz (

where the term in the parentheses further admits

piVar(ly) < pi-P[N; <]

:e—nmi (npi)’ ™ j+1

=0 (+D! n
< S+lefnpizs" (”pi)j+l
~ n =0 (j+1)!
s+
on

<S+1.

P(1<N;<s+1)

n
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To bound the second term, let N; be an i.i.d. copy of N; for each i,

(s (1)) v (3) ()
() (3))

N
f Nl
< (logn)’E ( — —)

n

2 Pi
e

=2(logn

A simple combination of these bounds yields the lemma. [

1

Setting s =€~ in Lemma 12 and assuming €logn > 1, we obtain

N; 4(logn)?
Var, = Z Var (h (—l> -]lN(>£1> < M.
n 1

iclk] n

4.G Computational Complexity

The dominant computation step is finding the min-max polynomial of B), (h,x), in which
we use the well-known Remez algorithm [PT09, Tre13]. Below, we shall argue that the algorithm

takes only O(n) time (number of bit operations) to well approximate B!, (h,x).

4.G.1 Remez Algorithm

The algorithm named after [Rem34] is an efficient iterative algorithm that numerically
computes the minimax polynomial. For a valid domain [a, b], set our objective to well approxi-
mating the function f(x) : [a,b] — R by a degree-d real polynomial P(x), in the min-max sense.

We briefly illustrate a simple version of the algorithm below.

1. There are several different ways to initialize the algorithm. A popular initialization is to
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use the Chebyshev nodes. Specifically, we compute d 4 2 points xp,x1,...X7+1 as

1 1 2i+1
Xi = E(a—i—b)—f—z(b—a)cos (2(;——:_2)70 ,i=0,1,....,d+ 1.

2. For x¢,x1,...X4+1, solve the linear system of d 4 2 equations
bo+bi-Xi+...4+bg-x +E-(=1)' = f(x;) (wherei=0,1,...d+1),

for the unknowns bg,b1,...b;, and E.

3. (Re)form the polynomial P(x) as
P(x) =bo+b1-x+...+by X

4. Compute the d + 2 local extrema of the error function

over the sign-invariant regions, and denote them by xg, ... X}, |, sorted in descending order.
5. Replace x; by x} fori =0,1,...d + 1 and go back to Step 2 until quantity E converges.

Next, we analyze the time complexity of the Remez algorithm when applied to our setting.

4.G.2 Complexity of Evaluating f(x)

To compute our estimator, the function to approximate is the degree-0(n) polynomial
f(x) :== By(hm, Ty - x) with m = na — 1 (different from the prior version to simply the notation),
a € [1,logn], and t, = ¢;(logn)/n for a properly chosen absolute constant ¢; > 1. The degree

and interval for the approximation are d = d,, = ®(logn) and [0, 1], respectively.
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For our purpose, it suffices to approximate f(x) to an order-1/n error.
First-level truncation of f(x) First, we show that only the lower-order part of f(x)
matters in the computation. By the definition of Bernstein polynomials and |A,+1(y)| < 1,Vy €

[0,1],

Y
BB 1) = YNbinIEnr x) [hmﬂ (%)}
m
t .
= Z’hmH (n_1> -Pr(bin(m, 7, -x) =1)

4c/log n
= Z hm+1( ) -Pr (bin(m, ©) =1) | +O(Pr(bin(m, ©1x) > dcrlog’n)).

Note that mT,, - x < ¢; logzn for x € [0,1]. Then, by standard binomial tail bounds, e.g,
Lemma 6,

1
<

Pr(bin(m,’tn 'X) >4y 10g2 n) < efcl(logzn) < plogn —

S| =

Hence, we can redefine the function to approximate as

4c1 log n 4c1 log n

Z hm+1< ) Pr (bin(m,T,x) =t) Z hm+1< ) (T) (Tux) (1 — Tx)™ .

A natural step to take is expending the polynomial function into its standard form.

“zg st (5) () Gt (1 =5
40% nhmﬂ< ) ( )‘Enxt’:;z( ) (=)t

min{s,4¢;log’n}

B (E e ()

t=0

For simplicity, let us denote the coefficient of x* in f(x) by Cs. Below, we bound the magnitude of
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Cs for s =0,1,...,m. Recall that a < b represents a = O(b) which hides only absolute constants,

|hm+1(y)| S 1forally € [0,1], and T, = ¢;(logn) /n for an absolute constant ¢;. Then,

min{s,4c;log?n}

€= s (2)-(7) (71
() 500

N

< <cllogn) (2m)°

1
< (Cl ogn) (2nlogn)*
= exp(®(sloglogn)).

Second-level truncation of f(x) Following the above derivations, we can derive an
alternative upper bound on Cy. This bound basically shows that for large s, the term corresponding

to C; is negligible. Specifically, consider any s > 2(c;e)?log*n > (c;e)?log* n + 8¢;1og? n where
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c>1,

min{s,4c;log’n}

ICs| = |t Z i (

(cllogn)s 4c110g n( ) ( )
<C110gl’l)s 4¢;log?n . mSt
m .

S|~
~—

(s—1)!
4¢; logzn
C logn 1
< (nlogn)® —_—
t;’) (s—1)!
(c;log?n)’ (cielog®n)*

AN

<
(s_4cl10g2 ) ~ (s_4cllog2n)s—4czlog2n

((cre)*1og* n)*/
T (s —4clogPn)s—4erloghn

< ! 7]
((cle)210g4 n)3log n
1 1
< < —

n’logn — mn’

Since x € [0, 1], we can truncate f(x) at degree d := 2(c;e)*log* n and redefine it as

a;
= sz -G,
s=0

where Cy, as specified above, satisfies |Cs| < exp(®(log*n)) and

min{s,4¢;log’n}

™ e () (0) ()

t=0

This modification changes the value of f(x) by at most 1/n, for all x € [0, 1].
Third-level truncation of f(x) Now we evaluate each coefficient Cs to an error of

1/(nd}), so that we can compute f(x) to an error of 1/n, for all x € [0, 1]. This can be accom-
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plished by computing every

e (5) 5() (7)o

to an O(1/(nsd;;)) absolute error. Note that C;, is a product of five terms, with each of them
bounded by m* < exp(®(log’ n)) in magnitude. Simple algebra further reduces our objective to
approximating every term in the product to an exp(—®(log®n)) error.

We analyze each term as follows: 1) computing (—1)*"' takes O(max{logs,logt}) =
O(loglogn) time; 2) computing the product of A integers of magnitude < B takes O((AlogB)?)
time, which can be achieved by recursively calculating the pairwise products 2; 3) point 2)
shows that we can compute (7), ("7/), and n® exactly in ploylog(n) time; 4) now consider
evaluating (n7,)* = (c;logn)’: since |a® — b*| < |a — b|-smax{|al,|b|}*~! < |a—b|- O(log’n)
if |al,|b| < O(logn), it suffices to compute c;logn to an exp(—®(log®n)) error, which can be

performed in ploylog(n) time; 5) it remains to compute
t
hint1 (n—1> =log(m+ 1) — (14 1)log(t + 1) +1tlogt,

to an exp(—©(log’ n)) error, which again takes ploylog(n) time.
Therefore, we can evaluate each C;,, and their sum Cj, to an error of 1/(ndy) in time
ploylog(n). We can further define C* as the closest integer multiple of 1/(nd})  to Cs, and

redefine
dy
flx)=) x-C;.
s=0

2We assume that computing the product two integers < B takes O(log2 B) time, achievable through the standard
schoolbook “long multiplication”. A more efficient integer-multiplication algorithm is the Harvey-Hoeven that takes
only O(logB) time, yielding an O(Alog B) complexity for the problem considered here.

3 Assume that d is an integer. Otherwise, replace it by [d*].

176



4.G.3 Lagrange Interpolation with Chebyshev Nodes

Recall that the degree of the min-max approximation polynomial is d = d,, = ®(logn).

We initialize the Remez Algorithm by the Chebyshev nodes:

2i+1
2(d+2)

1 1
x,~:z§+§cos( 7t>,i:O,1,...,dn+1.

Then, for any integers i # j € [0,d + 1],
1
i —xj| =5

2|°%® < 2?21 12) n) T eos (2?51: ;) n) '
on(zz) o (7))
> sin’ (2(411 2) ) “ i 2)2

Now, consider the following function relating to the i-th Lagrange basis polynomial:

li(x) := H(x—xj).
J#i

For any T > 0 and approximation sequence {x;}jfé in [0, 1] satisfying |x; —x}| < 1, denote by

7;(x) the corresponding product [T ;;(x — x;). Then, for any x € [0, 1],

[6i(x) = fi(x)| < [[ T —2) = [T(x =)

Jj#i J#i
<Y lw—x)—@=2) [T k=xpl [T =+l
J#i J<iJ'#i J'>i0#
<(d+1)t.
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Under the same setting with T < 1/(4(d +2)?), the i-th Lagrange basis polynomial L;(x) :=
0;i(x)/¢;(x;) and its approximation L;(x) := ;(x) /Z;(x;) differ by

L] < | E6) LX)
|Li(x) = Li(x)| < o) T
_ Ki(x)g,(xi) —Nfi(x)&(x,)
Ci(xi) Ci(x;)
< |(Biwi) = i) (ff)(g>(x) +‘(£l~(x)—1<x)) g(ffggfzx)

Denote by L and L the Lagrange interpolation operator associated with {x j}‘j{lié and {x; ?;Lé,

respectively. Then for any x € [0, 1], the interpolation polynomials of f differ by

|[LIf1(0) = ZIAG)] < Y1 () Li(x) = f () Li(x)]

< Y17 0) — FE)Lix) + F () (Lilx) — L))
< VUL Y (5 ) -+ A EiC) — EiC))|

i s=0

< 1-exp(®(log*n)).

Set T = exp(—®(log*n)) /n and recall that E,[g] denotes the best approximation error of

the degree-d min-max polynomial over [0, 1]. By the previous derivations and result of [HO20a],
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for T, := 2+ Zlog(d +1) and any x € [0, 1],

|LIf)(x) = By, (h,x)| < %+ |LIf1(x) = By, ()|

< %+ |L{£1(x) = L[Byy (h,)](x) + L[B,, (h, )] (x) — By, (h,x)]

< o T (Bal By )]+ Ealf] + EalBly () + /() — Bl (4, )
< 3T EalB )]+ (T 1) max 10— B (0.

SACEAS)

< ¢-loglogn.

Therefore, if we compute each x; to an exp(—®(log* n)) error, the resulting polynomial Z[f](x)
approximates Bj,(h,x) to an error of O (g -loglogn), for any x € [0, 1]. This yields a result only

slightly weaker than that in Theorem 1, with the inequality being

S 1
Ly —Lae(p,enl <g-loglognA | £+ — .
H(pvn) HE(Pa nlogn) < €-loglogn <n+n0.49>

Choose the approximation nodes x;- € [0, 1] to be integer multiples of exp(—@(log4 n)). Finally,
we consider the time complexity of expanding L[f](x) into its standard form, which basically

characterizes the time required for constructing the estimator. Note that

[T)2i(x— X))
LIf0) = Y fd) - 1 25
Since exp(®(log*n)) € N for any j and f(x) = Zfio x* - C¥ with C} being multiples of 1/(ndy),
it takes polylog(n) time to evaluate f(x;) and []j(x; — ;) exactly, with results expressed as
rational numbers. In addition, computing each coefficient in the standard form of [T, ;(x — x’])

takes 0(2¢-s%) = O(y/n) * time. Hence, finding the explicit expression of the standard form of

4Recall that d = ¢, logn. Here we choose ¢; < 1/2.
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L[f](x) takes O(y/nlog?n) = O(y/n) time. Let us denote this standard form by

d+1

Lif](x) == ;)b, i

The small probability estimator is thus

R d+2 b, NL
R — l
‘VS = Z Z p E ']lN,»/S% ']lNiglogna
ielk] \r=1
where N; and N/ are sample symbol counts in [0,7]. Note that computing each Nl-t* or n* takes
O(log? n) time, and there are at most O(y/n) distinct (N;, N/ < 1/€) pairs. Hence, we can evaluate
the small-probability estimator in O(n) time. In addition, the evaluation of the large-probability
estimator is essentially the same as that of the empirical plug-in estimator. Consolidating these

facts yields the desired near-linear-time computability.

4.G.4 Remez Algorithm with High Precision

Note that the first step of the Remez algorithm is initialization and will be executed only
once. The last step of the algorithm serves as the initialization step for the next round of iteration.
Exact evaluation of the initial nodes is not required in each round for convergence.

As shown by our previous discussion, it suffices to approximate the initial nodes to
an accuracy of exp(—polylog(n)), which takes polylog(n) time for the first step. Denote by
Xy, ---Xy,1 € [0,1] the initial nodes for a particular iteration and assume that x;/3, € N,i =
0,...,d+1.

We proceed to analyzing the second step of the Remez algorithm. According to Sec-

tion 4.G.2, we will approximate the polynomial

d;
fo =Y e c
s=0
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where d* = ©(log*n) and C}’s are integer multiples of 1/(nd*) satisfying |C¥| < exp(@(log*n)).
Computing the sequence of f(x) values exactly for x/’s takes polylog(n) time. We can express each
f(x}) as a rational number with both its nominator and denominator being at most exp(polylog(n)).
These claims clearly also hold for the evaluation of x' at each x with ¢, j < d +2 = ©(logn).
Denote by V), g := (bo,...,b4,E )T the vector of unknown variables. Multiplying both sides of
each equation

bo+bi X+ ... +by - XI+E-(—1) = f(x})

by the least common multiple of the denominators of xﬁd and f(x}), we transform the second
(d+2)x (d+2)

step to solving a system of linear equations in the form AV, g =y, where A € Z, and
yE nglﬂ) “! are matrices with entries bounded by exp(polylog(n)). If the initial nodes x;-’s are

distinct and sorted accordingly, the system AV, g = y has a unique solution. Utilizing the algorithm
proposed by [Dix82], we can solve this system in time O((d +2)3log(||A|| + [|y||)) = polylog(n)
where ||-|| represents the maximum entry in absolute value.

Once we obtain the coefficient vector V,, g, Step 3 of the algorithm takes polylog(n) time

to form the approximation polynomial

P(x) :=bo+by-x+...+bg-x°.

The fourth step of the Remez algorithm calls for computing the local extrema of the error function

over the d + 2 sign-invariant regions. Noting that £(x) is a degree d;; polynomial, it suffices to
approximate all the real roots of its derivative £’(x) to an exp(—polylog(n)) accuracy.
To do this, we first transform Z’(x) to a polynomial with integer coefficients of size

exp(polylog(n)). Then, we apply the quadratic interval refinement algorithm [Abb14] to ap-
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proximate the real roots of the transformed polynomial. Shown in the paper of [Ker(09], for a
degree-d square-free polynomial with integer coefficients bounded by 2° in absolute value, an
€-accuracy approximation of the real roots using this algorithm requires a time complexity of
O(d*c? +d*log(1/¢)). For the task considered here, this again converts to a time complexity of
polylog(n).

Finally, we can view Step 5 as the initialization step in the next iteration, implying a
per-iteration complexity of polylog(n) for the Remez algorithm. Note that quantity E corresponds
to a lower bound on the max approximation error of each iteration. As for the number of iterations,
[Vei60] essentially shows that under differentiability, this process has a quadratic convergence.
More specifically, let Ey denote the error bound E of the the v-th iteration, then { Ey }y>; converges

to the optimal degree-d approximation error E;[f] with

Ealf] = Ev| S (Ealf) = Ev-1)*.

It takes only polylog(n) iterations for E to converge to the exp(—polylog(n))-neighborhood of
its limit E;4[f]. Therefore, the total time required for computing the approximation polynomial
with Remez algorithm is O(polylog(n)). Consolidating this with the reasoning in the last section
shows that our estimator can be evaluated in time near-linear in n. On the practical side, see [PT09,

Trel3] for an optimized Matlab implementation of the Remez algorithm.

4.H A Refined Estimator for Shannon Entropy

In this section, we replacing the function 4, (x) employed in Section 4.C by a much finer

approximation of B, (h,x). Through this refinement, we establish the full version of Theorem 1.
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To begin with, we define the following two f-functions for z € [0, 0]

a7
= E [h(X)]=—e* —jlogj
A=, B 0] = e % Zloe
and
= E [h(X+1)]=—-€e7* —(j+1)1 i +1).
f2(z) proi(z)[( +1)]=—e J;j!(ﬂr )log(j+1)

4.H.1 Relating f-functions to Bernstein Approximation Errors

For x € [0,1], set z = z(x) := nx. The following lemma relates fi(z) and f>(z) to the

Bernstein approximation error of 4,1, that is, &,41(x) — By (hp+1,X).

Lemma 13. For any x € [0,log*n/n],

I’ln+l(x)—Bn(hn+la ) ( (Z+1) fz( )) ( (Z)_fl(Z))—Fé(%) )

As a corollary, for any sufficiently large n and x € I, = [0,1, := ¢;(logn)/n],

hna(x)_Bna—l(hnaa ) ( <Z+1) fz( )) ( (Z)_fl(z))+b(nal_1>'

Since 1/(na—1) <min{1/logn,S,/n}, the last term on the right-hand side is negligible. These
results, together with the function-wise triangle inequality on w(zp, further reduce the desired
inequality

W(zp(Bna—l (hnaatn 'x)adn_l) Se

~Y

to bounds in the form of

wo((x).d, ') S,

for function g(x) being 7, (T, - x), h(z(x)), h(z(x) + 1), fi(z(x)), and f>(z(x)), respectively.
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Proof. Let h_1(x) := h(x+n~"). By the linearity of expectation,

hpt1(x) — Bu(hyt1,x) = n(h_1(x) — h(x) — By (h—_1,x) + B, (h,x))

=n(h_1(x) —By(h_1,x)) —n(h(x) — By(h,x)).

Note that z = nx implies z € [0,log* n]. Hence, we have

n(h_1<x>—Bn<m,x>>=—<nx+1>log(”x“)+i G+ Dtog (250} ()i -y
o E2) e 2) ()
— (e Dtog+ 1)+ (1) LG+ D1og (1) (7 a2
—(z+1)1og(z+1)+(1—§) '
(e Dlog(e+ 1) +e =Y

— e+ 1) -5+ 0 (1),

The second last equality is the most non-trivial step. In order to establish this equality, we will

need the following three inequalities (assume z € [0, log* nl and n>> 1).
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Inequality 1:

| /\

o= (1
(1

<e*

Z\" : nl 2\ ~J
—) J+1)1og(]+1)—.,—<1——)
n nl j! n
j= log n+1
n J 2 J
2) J+1)log(j+1)2j(nn_ )j( .Z,)
j= log n+1 < J:
<e*t y 1)1 1 (22)’
<e ) (j+D)log(j+1)
j= 10g5n+1 ‘]
< . 2z)/
Y 25— 1)t .,)
j=log> n+1 J:

n 2 i

|
j:10g5 n—1 J:

< 8(log®n) Pr(Poi(2z) >log’n—1)

IA
S =

Inequality 2:

[

0<e* Z

j=log’

j
E(j+1)log(j+1) = 2(log® n) Pr(Poi(2z) > log¥n — 1) <
, g g g

nt+1’’

S| =
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Inequality 3: For any j < log’n,

J
<l (-2 (-3 -5
n n (n—z)/
2 J
Z n’
<e t—+e*|l— .
se n+e (n—2)
2 J —log>n)’
S PR PV PO et )
n (n—z)/ (n—z)/
< e_zi +et & (log’n)
) n—z(j+1) n—z
_Z2log10n
e .
B n
Note that Inequality 3 further implies
log>n j nlogsn Joj o
. 7. : ( z> . : nlz ( z> J
- 1)1 H—(1—-= 1)1 )——(1—=
e jgoj!(ﬁ )log(j+1) p jgo(ﬁ NMog(j+1) 55 (1=,
5 .
210g'%n 1"
< et —(2j(j—
S, et L 5@it-n)
j=0
< 210g'%n 22
n
S410g18n.
n

This, together with Inequality 1 and 2, proves the desired equality. The same reasoning also gives

oo ] B 1
n(h(x) —By(h,x)) = —zlogz+e* Z %jlogj—k o (Z) ,
=1

which completes the proof. [
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For any x € I, let z; = (na— 1)x, then z; € I, :== [0, ac;logn]. Therefore, by Lemma 13,

Pa(x) = Bpa—1(hpa,x) = (W(z1 + 1) = fo(z1)) — (h(z1) — fi(z1)) + O (%) ,

In the next section, we approximate function f(z) over I/, with a degree-d polynomial.

4.H.2 Approximating f;(z)

Consider the first function

oo
filz) =—e Zzﬁjlogj-

J=1

We want to approximate f] with a low-degree polynomial and bound the corresponding error. For

this purpose, we establish some basic properties of f1(z) as follows.

Properties of fi(z)

Property 1: The function f(z) is a continuous function over [0, ), and f;(0) = 0.
Property 2: For all z > 0, the value of fj(z) is non-negative.
Property 3: Denote u(y) := (y+2)log(y+2)+ylogy —2(y+1)log(y+1). Then, for
any z > 0,
fi'(z) =—e*¢ i f—: -u(t) and —log4 < f,"(z) <O0.
=0t

Proof. We begin by establishing the equality.

t— 127 2log(t < 27 og(t > t7'log(t
(r—Dr’z Og“_zeﬂz z og()+efzzz0g()

—fi'() ="
; t! = t! = 1!
e Z(t+2)log(t+2) e+ Dlogt+1) &t log(r)
— Z _ Z <
—¢ gg) t! 2 [;) t! e [;) t!
ot
:e*ZZZ—M(t)
=t
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To prove the inequality, we utilize the following lemma.

Lemma 14. Foranyt > 0,

log4
—— 2 u(t) > —.
t—f—l_u()_t—i—l

By Lemma 14, we obtain

w1 e 7 w7 log4 l—e ¢
0<e ZZ?!'lege Z;()E-u(t)z—f]”(z)ge Zt;)t—!-H_—l:(log@ — <log4

The proof of the lemma follows by standard algebraic calculations and is omitted. 0
Property 4: For z > 0,

fi"(z)
h//(Z)

0< <log4.

Proof. Recall that h(z) = —zlogz. Therefore, h”(z) = —1/z and

where the third step follows by Lemma 14. [

Moduli of Smoothness

In this section, we introduce some notable results in approximation theory [DT12] that

are crucial for our simplification of the problem. Let @(x) := y/x(1 —x). For any function
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f:10,1] = R, the first- and second- order Ditzian-Totik moduli of smoothness quantities of f are

whtrr)i=sop{ 1w~ S0 :0 v < Ll <0 (57 ],

and

u-+v
2

)‘ :Ogu,vg1,\u—v|§2t-(p<u—gv>},

respectively. Let P; denote the collection of polynomials with real coefficients and degree at most

Wﬁﬁ0ﬁ=wPHfW%hﬂW—2f(

d. For any d € Z*, interval I C R, and function f : I — R, denote by

Eqlf.1] :zjgréilglrgg;\f(@ — f(x)]

the best approximation error of the degree-d min-max polynomial of f over /. For a bounded
domain 7, we can always shift and rescale f to make it a real function over [0, 1]. Hence, without
loss of generality, it suffices to consider and analyze E,;[f] := E4[f, [0, 1]].

The connection between the best polynomial-approximation error E,[f] of a continuous
function f and the second order Ditzian-Totik moduli of smoothness w(zp (f,t) is established in the

following lemma [DT12].

Lemma 15. There are absolute constants Cy and Cy such that for any continuous function f over
[0,1) and d > 2,

Eq[f] < Ciwg(f.d ™),

and

1 4
d—thO(tJr DE([f] = Cowg(f,d ™).

The above lemma shows that the second order smoothness quantity wé (f,-) essentially
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characterizes E.|[f], and thus transforms the problem of showing
(%) = Bt (i, )| S &, Vx € I,

to that of establishing

W?P(Bm,l(hm,’tn x),d, 1) <e,
where T, = ©(logn/n) and d, = ®(logn) by definition.
Bounding Errors in Approximating £ (x)

For simplicity, define x’ := (ac;logn) - x and consider the function

Sf1(x) :== fi((ac;logn) - x).

Under proper scaling, approximating f(x’) over I = [0,ac;logn] is equivalent to approximating
f1(x) over [0,1]. By Lemma 15, it suffices to bound wé(fl/, -) for our purpose.

In particular, we know that

min max | f1 (x) — g(x)| = Ea[f11] < Ciwg(fir,d ™).
8EP xel,

By definition, w(zp (fir,d _1) is the solution to the following optimization problem.

sup |1+ ) 271 (5 ’

subject to

2 u-+v
o< <1 —yp < —. .

First, consider the optimization constraints. Analogous to the arguments in [JVHW15], we define
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M := (u+v)/2and § :=d~'\/1/M — 1. The feasible region can be expressed as

M—d /M1 —M),M+d'\/M(1—-M)]N[0,1] = [M—M,M+3M]N|0,1].

By Property 3 in Section 4.H.2, fi(x’), or equivalently f/(x), is a strictly concave function.
Therefore, the maximum of |f(u) + f(v) —2f(u+v/2)| is attained at the boundary of the feasible
region.

Note that

and

We need to consider only three cases:

Case 1:
u=0,v=2MMe[0,1/(d*+1)].
Case 2:
u=2M—1,v=1,Me[d*/(d*+1),1].
Case 3:

u=M—3M,v=M+3M M e [1/(d*+1),d*/(d*+1)].

To facilitate the discussions, we utilize the following lemma.

Lemma 16. Let f € C'([a,b]) have second order derivative in (a,b). There exists ¢ € (a,b) such
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that

fl@)+0)-2f (57 ) = j0-a2 1)

We begin with Case 1. By the Lemma 16, there exists ¢ € (0,2/(d? + 1)) satisfying

’ 1 1 2 \% ., 1\, ,
frO)+fi | 5— | —2fr [ - <— (= 1A ()] = = i (c)]
d=-+1 d-+1 4 \d-+1 d-+1

By the definition of function fj/,

A" (x)| = |(ac logn)zg’{((acl logn)-x)| < (log4)(ac; logn)z.

Therefore, we obtain

1 2
(o57) Il se

This, together with an analogous argument on Case 2, implies that the objective value is bounded
by O(€?) in both cases. It remains to analyze Case 3. We proceed by considering two regimes:
Regime 1: If M <4/(d*>+1), then |u—v| =2d~'\/M(1 —M) < 4/d*. The above

reasoning again shows that

Regime 2: If4/(d*>+1) <M <d*/(d*+1),

—1 _ 2 _
M_5M2M<1_MTl)>M<1_M>Zg
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By Lemma 16, there exists ¢ € (M —M,M + M) C (M/2,3M/2) satisfying

Firlu) + fu () = 2fy (””)‘ = (%JM)Q ol

2

Then, by Property 4 in Section 4.H.2,

1
1) = I(acrlogn)? f{ (acrlogn) )| < (acrlogn)?(10g4)- - < (log8)- “FE".
This bound immediately implies
1 /2 2, 1 ac/logn cie
1 (GVAT=30) 1) < J3M(1 - M) (log8)- “L2E" < 1ogs) - %5

Consolidating the previous results yields

minmax | f1(x) — ¢g(x)| < e.
minmax i (5) = 9] S

For function f;, an analogous argument shows that

minmax | (x) — g(x)| < e.
minmax |/2(x) — 8(1)| <

In the next section, we apply these inequalities to analyze our refined entropy estimator.

4.H.3 Proving Theorem 1: A Refined Entropy Estimator

We aim to approximate By (hng,X) — hne(x) over I, = [0,c;logn/n] by a degree-d

polynomial. By Lemma 13, for any x € I, and z; := (na— 1)x € I, = [0, ac; logn],

hna(%) = Ba—1(hnas x) = (h(z1 +1) = f2(z1)) = (h(z1) = fi(z1)) + O (%) .
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By the results in [Kor91],

. . acilogn
minmax |h(x) — g(x)| = (ac;logn) min max |h(x) —g(x)| < ———=
min max (x) —(x)| = (acrlogn) min max 1h(x) ~g(9)] o (o2 <

and

minmax [h(x+1) —g(x)| <e.
minma (x-+1) = g()] S

Combining these bounds with the last two inequalities in the previous section, we obtain

. B _ <
gl’erlljldrllr)?ea}nxl(hna<x) Bnafl(hnﬂhx)) g(.X)‘ ~ €.

Denote by g(x) the min-max polynomial that achieves this minimal error. By the derivations in

Section 4.C.2, the degree-(d — 1) polynomial 4, (x) satisfies

max | A (x) — hpa(x)| S €.

x€l, ~

Denote /*(x) := —&(x) + huq(x), and note that by definition, B, (h,x) = Buy_1(hna,x). Then, the
triangle inequality implies
max |Bl, (h,x) — h*(x)| = max |Bua—1(hpa,x) —h* (x)| < e.

X€Elp

xel,

By the triangle inequality of integrals, the degree-d polynomial

A(x) = /O R ()

approximating B, (h,x) possesses the following pointwise error guarantee.

Lemma 17. For any x € I,

By (h,x) — H* (x)| < xe.
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Hence, H*(x) is a degree-d polynomial that well approximates By, (h,x) pointwisely.

Next, we argue that the coefficients of H*(x) can not be too large. For notational conve-

nience, write /* (x):= Zf;é a,x’. By Corollary 2, for any x € I,

|hna(x) —Bua—1 (hnaax)| <L
Furthermore, h,,(x) is an increasing function over ,,, and thus

0] = {00 (227 ) 4 < o,

Therefore, for any x € I,,,

[ (x)| < logn.

The boundedness of /*(x) implies that its coefficients cannot be too large:

< (7454, ) n _
] S < oen c/logn

Write H*(x) as H*(x) = Y9_, ax'. Then, by H*(x) = [ h*(t)dt and the bound on |a, |,

t—1
n
gl ( )
cilogn

The construction of the new entropy estimator follows by replacing H,,(x) by H*(x) in Sec-

tion 4.D. The rest of the proof is also similar to that in the main paper and thus omitted.
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4.1 Competitive Estimators for General Additive Properties

Consider an arbitrary real function f : [0,1] — R. Without loss of generality, we will

assume that f(0) = 0. According to the derivations in Section 4.C, we can write B, (f,x) as

B () () (o

Our aim to approximate B),,(f,x) with a low degree polynomial. For simplicity, we assume that

f is a 1-Lipschitz function. For x € [0, 1], set z = nx, and define g,+(j) ;== (n+1)f (ﬁ),

- o7
finri(z)i=e ZzgnH(JﬂLl)ﬁ,
j=0 '

and

v N
fant1(z) :=eF ) g1 ()5
j=0 '
The following lemma relates f1,+1(z) and f2 ,41(2) to B), | (f,x).

Lemma 18. For any x € [0,log*n/n] and z = nx,

n

B, ((f,x) = fin+1(2) — fant1(z) + 0 (l) )
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Proof. Note that z = nx implies z € [0,log*n]. Hence, we have

(1) (- o (2

b P
=(1=3) Lo ()70
=(1-3) Zgn+1 J+1>njjjv(1‘§>j

ngnH J+1)—J,+é(%)
i@+ (5 ).

The second last equality is the most non-trivial step. In order to establish this equality, we will
need the following three inequalities (assume z € [0, log* nl and n>> 1).

Inequality 1:

n nl 7/ 7\ ~/

) [8n1(j+ 1|5 ,(1——)
J! n

Jj= log n+1

| /\

0= (1-
(-

EIN

n nl (Zz)f
2i(n—z)4 j!

BIN

Jj= log n—H
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Inequality 2:

- N - A
0<e™ Y} len(+DI5<e™ ) G+ <
j:logs n+1 J: j:]og5 n+1 J:

Inequality 3: For any j < log’n,

Z\" Z\ " ni
< —Z—(1——> (1—-) - ,
= n + n (n—z)/
2 J
<e*ZZ——|—e*Z
n (n—2z)J
2 J —logdn)/
<e i pei 12 .vl—(n logﬁ)
n (n—z)/ (n—z)/
2 1 5, .
<o 4ot exp( & )—1’v (log”n Z)]>
n n—z n—z
< efzi +e t 2 log’n)j
~ n n—z(j+1) n—z
2log'%n
< —Z
e "
Note that Inequality 3 further implies
log’ n J nlogsn joj .
Y G- (1-5) ) (1 2)
e ng)j!gnntl(]‘i‘ ) " j;)gnJrl(J"‘ )njj! n
5
21og!%n zlog "
—U+1)
n ];) J!
21og'n
<222 1 (1422)
n
5log'*n
n
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This, together with Inequality 1 and 2, proves the desired equality. The same reasoning also gives

307 (7)) = w0 +0 (3,

120 n+1
O]

which completes the proof.

By slightly abusing the notation, we redefine z := (na — 1)x. Lemma 18 immediately

implies that for any x € I, = [0,¢;(logn)/n] C [0, (log* (na — 1))/ (na —1)],

B:za(fax) - ana(Z) —fz,na(Z) + f) (%) .

Note that z € I}, = [0,ac;logn] in this case. Define t,,(2) := f14a(2) — f2na(z) and rya(j) :=

8na(J+2)+ gna(j) —2gna(j+1). Then, direct calculation yields

tna(2) = Zrna ]+1 Zrna

j=0
Z]Jrl

Z
:e_zzrna(j‘f‘l)f_e_zrna Z”na J+1)
= J! = (j+1)!

) — € rna(0).

7/ Z]+l

Zr"a J+1) (J‘ (j+1)!

Since f is 1-Lipschitz, we obtain |r,,(j)| < 2. Therefore, for any z € I/,

o 7t N
tha(2)| < e7* Z\rna1+1)\(1,+(j+l),)+e | rna(0)] < 6.
& ! !

We can bound each summand in the expression of 7, by the following lemma.

Lemma 19. Forany j > 1 and 7z > 0, we have

1

(7 P <
‘ (ﬁ‘(m)z)‘—m<<j+1>—¢—j+1>
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and

e - Z—j— I <§
i) T

Proof. For the ease of exposition, denote

Then, the derivative of ¢ (z) is

T (=2 +Dz+j(i+1)+2%).

Set ¢ (z) = 0 and note that g; (0) = lim,_,.q1(z) = 0. Hence, the maximum of |g;(z)| is attained
ateither z; := (j+1)—+/j+1orz = (j+1)++/j+ 1. We first consider the function value at

21-

Jjt1

—. 2 j+1
Z = e Zl—' ——1
el = A
< e T4 1) =TT —— S !
- 1/27-5(‘]'_‘_1)1+1+1/2,/j_|_1_1
m( 1 )f“ 1 1
<eVT 1 —— -
Vi+1 V2 j+1vj+1-1
1

S VG ) —viTD

By the same reasoning, we also have |q1(z2)| < 1/(vV2=n((j+ 1)+ +/j+ 1)) for z;. Analogously,

to establish the second inequality, we first denote

B Zj—H Zj+2 )
7)i=e | —— — — .
2() ( it +n!
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Then, the derivative of ¢»(z) is

‘ (=(2j+3)z+ (j+1)*+2%).

Set ¢5(z) = 0 and note that g»(0) = lim;_,..g2(z) = 0. Hence, the maximum of |g2(z)| is attained
at either z3 := ((2j+3) —+/4j+5)/2 or z4 := ((2j+3) + v/4j +5) /2. Furthermore, note that

both |z3|, |z4| < 2(j+2). Therefore, we obtain

2(j+2) :
VARG + 0 i

|42(23)] = |zsllq1 (z3)] < 2(j +2) max|q: (2)] <

Finally, the same proof also shows that |g2(z4)| < 5. O

4.1.1 Proving Theorem 2: The L Distance

Now, let us focus on the problem of estimating the L; distance between the unknown
distribution p € Ay and a given distribution g € Ag. Since our estimator is constructed symbol by
symbol, it suffices to consider the problem of approximating ¢,(x) := |x —g| —g.

Let g,+1(j) == (n+1)4, (#) We note that r,,,(j) equals O for all but at most two dif-
ferent values of j. Therefore, by Lemma 19, for all z € I, we have |¢” (z)| < 1,and |t/ (z)| <271,
where the first and second inequalities resemble Property 3 and 4 in Section 4.H.2, respectively.
Using arguments similar to those in Section 4.H.2 and 4.H.3, we can construct an estimator for
D,(p) that provides the guarantees stated in Theorem 2. Note that concavity/convexity is actually
not crucial for establishing the final result in Section 4.H.2. Also note that we need to replace
our analysis in Section 4.E.2 and 4.F.2 for the corresponding large-probability estimator by that

in [HOSW18].
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4.1.2 Proving Theorem 3: General Additive Properties

More generally, our result on L; distance extends to any additive property F(p) =
Yicii fi(pi) that satisfies the simple condition: f; is O(1)-Lipschitz, for all i. Without loss
of generality, assume that all functions f;’s are 1-Lipschitz and satisfy f;(0) = 0. By the previous
derivations, we immediately have [z, (z)| < 6, which recovers Property 3 in Section 4.H.2. Again,
concavity/convexity is actually unnecessary for establishing the final result in Section 4.H.2. The
proof will be complete if we also recover Property 4 in that section. In other words, we only need
to show |t,,(z)z| < 1, where

Z]+1 Zj+2

t,i;(z)zzezg)rna(j—i—])( i — (j—f—l)!) — %7 124(0).

Z]+1 Z]+2

Fix z € [}, and treat it as a constant. Let b; :=r,,(j+1) and a;j := e * ( i W) By
Lemma 19, we have |a_,-] < 5,Vj > 1. Note that there is need to worry about the slack term
€ *zrnq(0) and the first term in the sum which corresponds to j = 0, because both terms contribute
at most O(1) in absolute value to the above expression for any z > 0. The key observation is
that any consecutive partial sum of sequence {b;} ;> is also bounded by O(1) in magnitude.

Specifically, for any ny,n; € Z™ satisfying the inequality n; + 2 < ny,

ny no
ij = Zrna(j+1)
J=ni Jj=n

= Z (8na(j+3)+8gna(j+1)—28m(j+2))

ny ‘

Jj=ni
no+3 np+1 no+2
= Z gna(j)—‘f_ Z gna(j)_z Z g"a(j)
j=n1+3 j=n1+1 j=n1+2

= [(8na(n2+3) — gna(n2 +2)) + (gna(n1 + 1) — gna(m +2))|

<2.
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Furthermore, the sequence {a;} j>1 can change its monotonicity at most two times, which can be

proved by considering the sign of a; —a;_. More concretely,

j+1 j+2 j j+1
sign (aj—aj_1) =sign| e* S —e ¢ S
vt G+n! (=Dt J!

=sign (2(j+ )z—2* = (j+1)))

= sign (—j° +j(2z— 1)+ (22— 2%)).

Since z is fixed, the last expression can change its value at most two times as j increases from 0 to

infinity. The last piece of the proof is the following corollary of the well-known Abel’s inequality.

Lemma 20. Let {a'}’.":1 be a sequence of real numbers that is either increasing or decreasing,

and let {b';}"! | be a sequence of real or complex numbers. Then, for B := Y, by,
Z a;bjl < max \B/\(2\an! +lay).

By the previous discussions, we can find two indices j; and j,, such that {a j}jlzl
{a;}’ ij,+1-and {a;} >, 41 are all monotone subsequences.
Then, we apply Lemma 20 to each subsequence and further bound the resulting quantity

by the inequalities established above: ‘Z b ’ < 1and |aj| <6,Vj> 1. This concludes the

Jj=n
proof.
Finally, we point out that the above argument applies to a much broader class of additive

properties beyond the Lipschitz ones, which is not addressed here for the sake of clarity and

simplicity.
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4.J A Competitive Estimator for Support Size

4.J.1 Estimator Construction

Denote by p and ), an unknown distribution and its support size, respectively. For € < e 2,
redefine the amplification parameter as a := | log’zsl -log§). Let X" be an i.i.d. sample sequence
drawn from p, and N’ be the number of times symbol i appears empirically.

The na-sample empirical estimator approximates the support size S, =} jcx) 1p;>0 by

Xna . Z ILN”>O
i€lk]

Taking expectation, we have

E[S*(X")]:= ) E[Lyrsol = Y (1—(1—p)"™).

i€lk] i€lk]

For a length-Poi(n) sample sequence X, denote by ¢ ; the number of symbols that appear j times.

Following [ADOS17, OSW16], we can estimate E[S (X")] by
Z a—l))fPr(Z>]))

where Z ~ Poi(r) for some smoothing parameter r. Similar to the previous notation, we define N;

as the number of times symbol i appears in XV. Then, all the N;’s are mutually independent.

4.J.2 Bounding the Bias

The following lemma bounds the bias of $(XV) in estimating E[SE (X"4)].
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Lemma 21. Foranya > 1,
|]E[§(XN)] — IE[SE(X"“)]\ < min {na,Sp} e +2.
Proof. Note that for any m > 0 and p € [0, 1],
0<e ™ —(1—p)"<2p.
Hence, we obtain

[ES(X™Y)] - E[S* (X))

(o] (o]

=|E | 0i| —E Y oj(~(a=1)YPr(Zz= )| = ) (1—(1—p)™)
J J i€ k]
=) (1-e")~E Z¢j(—(a—1))jPr(ZZj)] =2 (1= (1=p)")
ic k] J ic k]
<| X (e B L oj(~(a= YRz 2 )| = ¥ (e )| +2 ¥ p
i€[k] J i€ k] i€[k]
= | Y e i@ 1) —E | Y 0;(—(a— )Y Pr(Z > j)|| +2
i€[k] J
<min{na,S,} e +2,
where the last step follows by Lemma 7 and Corollary 2 in [OSW16]. [

4.J.3 Bounding the Mean Absolute Deviation
Bounds for S(XV)

In this section, we analyze the mean absolute deviation of S(XV). To do this, we need the

following two lemmas. The first lemma bounds the coefficients of this estimator.
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Lemma 22 ([ADOS17]). Forany j > 1anda > 1,
1= (—(a—1))/Pr(Z > j)| < 1+ee7 D,

The second lemma is the well-known McDiarmid’s inequality.

Lemma 23. Let Yy,...,Y,, be independent variables taking values in ranges Ry,...,R,, and

let F : Ry X ... X R, — C with the property that if one freezes all but the w'" coordinate of

F(y1,-..,Ym) for some 1 <w < m, then F fluctuates by only most c,, > 0, thus

|F(y17"'7yw—17yW7yW+17"’7yM) _F(y17'"7yW—17y:v7yW+17"'7ym>| S Cy

forallyj € Rj andy,, € R,, for 1 < j < m. Then for any A > 0, one has Pr(|F(Y) —E[F(Y)]| >
AG) < Cexp(—cA?) for some absolute constants C,c > 0, where 62 := ) c%

Note that S(X"), viewed as a function of N;’s with indexes i satisfying p; # 0, fulfills
the conditions described in Lemma 23, with parameter m = S, and ¢,, = 2 + 2¢"(@=1) for all

1 < w < m. Therefore, for 6% := 48,(1 +er(a71))2,

Pr(|S(X™) —E[S(XM)]] > Ac) < Cexp(—cA?).

This inequality further implies

E|$(x") —ESxXV)]| = /0 TPe(IS(XY) —ES(XN)]| > 1) di
- /O TPe(IS(XY) —ES(XV)]| > Ao) d
<Co /O " exp(—cA2)dM

< VS (1),
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Analogously, treating S(X) as a function of X;’s yields
E|S(x™) —E[S(XM)]| < va(1 +e D).
Consolidating the previous results, we obtain

E|S(XY) —ES(XM)]| < y/min{S,,n}(1+e1D).

Bounds for SF (X"%)

The following lemma bounds the variance of $£(X™) in terms of S -

Lemma 24. Form > 1 and X" ~ p,
Var(SE(X™)) < S,

Proof. In this proof, we slightly abuse the notation and denote by N; the number of times symbol

i appears in X" Incorporating the definition,

2
Z :[L]\[l>() .
i:pi>0

Let Y be an independent length-Poi(m) sample sequence from p, and N/ be the number of times

2
Var(SE (X™)) =Var< ) ILM.>0> :IE( ) ]1Nl>o) — (E

i:pi>0 i:pi>0
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symbol i appearing in X™. Then,

IE( Y ]1N,.>0>2E

i:pi>0

Z ]1N5>0 + Z ]]-N,'>0]1Nj>0
i:pi>0 i#j:pi>0,pj>0

= Y (1-Ely-o)+ Y E[(1-1y=0)(1—1y-0)]

i:pi>0 i#j:pi>0,p;>0

= ) (1-(1=p)")

i:pi>0

+ ), (1=0=p)"=(=p)"+(1=pi—p)").
i#j:p,'>0,pj>0

Note that for any m > 0 and p € [0, 1],
0<e™—(1—p)"<2p.
Then, we must have both
(1= (1=pi)") = (L= "")[ < 2p,
and
(1=(1 = pi)"= (1= pj)"+(1 = pi = pj)") = (1= "Pime™"Pipe™"PIHPI))| < 4(pi+ p)).

Therefore,

2 2
E( Z ]lNi>0> —E( Z ]lNi/>()> < Z 2pi+ Z 4(pi+pj)

i:pi>0 i:pi>0 i:pi>0 i#j:pi>0,p;>0
<4 Y Y (pitp))
i:pi>0j:p;i>0
<8S,,.
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Similarly,

Z ]lNi’>0

2 2
i:pi>0 i:pi>0

=E| ) Inso|-E| ) Lyo|||E Y Inso| +E| Y ]1N£>0]
i:pi>0 i:pi>0 i:pi>0 i:pi>0
<( Z 2pi) AT
i:pi>0
<4S,

Finally, note that changing the value of a single observation changes the value of };.,,. o 1 N!>0 by

at most one. Hence, by McDiarmid’s inequality,

Var( Y ]1N;>0> <S,.

i:pi>0

The triangle inequality combines the previous inequalities and yields

Var( ) ]1Ni>0> <S8, O

i:pi>0

By Jensen’s inequality, the above lemma implies that

E [SE(X") —B[$F (x")]| < \/ Var(SE (X)) S \/S,,.

4.J.4 Proving Theorem 4

Setting r = |log€|, we obtain

—1
er(afl) < S|PIOg €|
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and

e "= llosel g,
Therefore, by the previous results,
E[S(X™) -85 (x")| <E[S(X"™) —E[S* (X")]| + E |E[S® (X")] — $F (X™)|
S SJ,,IOg?lSH% +5, €.
Normalize both sides by S,. Then,

N XN JE xna 1
ES( )_S ( ) §S|plOg 2+€.
SP SP

4. K A Competitive Estimator for Support Coverage

4.K.1 Estimator Construction

Recall that ¢(p) = 1 — (1 — p;)", where m is a given parameter. For € < e~2, redefine
the amplification parameter as a := |log~2¢| - log Cp. Similar to the last section, let X"“ be an
independent length-na sample sequence drawn from p, and N;’ be the number of times symbol i
appears empirically.

The na-sample empirical estimator estimates the m-sample support coverage C, =

1! 1/ m
éE(Xna)::ZC(N_i>:Z(1_(1_&> )
ick] \"4 ic[k] ha

Taking expectation, we obtain

)= T B - (1- N_)m} .

na

Yicy c(pi) by
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For the ease of exposition, let us denote

ZE[l—e m]r\:la]

i€lk]

Noting that for any # > 1 and p € [0, 1],
le”? —(1—p)'| <2p,

hence, we have

N/l
E[CE(X")]-T(p)|< Y E { ]
l;(] na

Then, it suffices to estimate 7'(p), which satisfies

Il
M
=
e
[—
|
~.
I g
o
s
~.
~__
>
~.,
—~
—
i~
N~—
=
S
~
Q
g~
N~

Analogous to the definition of 7'(p), let us denote

Z <1 —exp( na(1 —e’%)pi» :

ic k]

Since (1 —e ) - p; € [0, 1], we must have
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Define a new amplification parameter a’ := a(1 — e na). Then, we can express T (p) as

Ti(p) := Z (1—exp(—nd'p;)).

i€lk]
For simplicity, we will assume that m > 1.5n and a > 1.8, ensuring

d =a(l—e ) >a(l —e_%) > 1.

Analogous to case of support size estimation, we draw a length-Poi(n) sample sequence X"V and

estimate E[CF (X"%)] by the estimator

i (d' — 1))/ Pr(Poi(r) > j)),

where ¢; denotes the number of symbols appearing j times.

4.K.2 Bounding the Bias

We bound the bias of C(X") in estimating E[CE (X"¢)] as follows.

[E[C(X™)] ~E[C5(X™)]| < [E[C(X™)] = T1 ()| +|Ti (p) — E[C" (X")]|

< [E[C(X™)] - Ti(p)| +4

Ze np, fn (d-Vp;i _ 1)

i€lk]
—(d — \J
_ Z e P Z (a "l)npl) PI‘(POI(}") > J) +4
ic[k] J=1 J:

+4.

<|ye (i ”’” Pr(Poi(r) < j))
i€[k] =1

To bound the last sum, we need the following lemma.
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Lemma 25. For any y,r >0,

Z r(Poi(r) < j)| <e "(1—e7”).
Proof. By Lemma 6 of [OSW16],
y r(P )| < max [E C (1= e
= oi(r) < j) _I?gyx L~Poi(r) |~y (I—e™)

= max |Jo(2v/sr)| e (1 —¢7)

s<y

< e_r(l - e_y)7

where Jj is the first-order Bessel function of the first kind, and satisfies the elegant inequality

Jo(x)| < 1,Vx >0 [AS65]. O

Leveraging the above lemma, we obtain

[E[C(XY)] - E[C*(x™)]| < +4

Z e i (i SlC —.1)11]?,')] Pr(Poi(r) < ]))

ic[k] =1 J!

Z e npz _ a—l)npl)+4
i€ k]

<o Y (1-er) 44

iclk]

Note that na’ = na(1 — e ) < m. Therefore,

IE[C(XM)] —E[CE(X™)]| <e™" Z (1—eP)+4=¢""C,+4.
i€ k]
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4.K.3 Bounding the Mean Absolute Deviation
Bounds for C(X")

First, we bound the mean absolute deviation of C(X") in terms of C,. By Jensen’s

inequality,

Y Y E 1] (1 - (—( — 1) Pr(Poi(r) > j))?

ick j=1

<(1+@D) Y-,

ick

By our assumption that m > 1.5n,

E[IC(xXY) ~ECEM)]] < (1 4+ [y (1-e7i)

ick

< (14 @0y Y (1 —emmpi)
ick

(14D Y (1= (1= py)m
ick

= 1+ )\/C,.

Bounds for CF (X"%)

Next, we bound the mean absolute deviation of the na-sample empirical estimator. To

deal with the dependence among the counts N;’s, we need the following lemma [JDP83].
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Definition 1. Random variables X1, ...,Xs are said to be negatively associated if for any pair of

disjoint subsets A1,Ay of 1,2,....,S, and any component-wise increasing functions fi, f2,

COV(fl(Xi,iGAI) f2( ]7] €A2)) 0.

The next result can be used to check whether random variables are negatively associated.

Lemma 26. Let X1, ...,Xs be S independent random variables with log-concave densities. Then

the joint conditional distribution of X1, ...,Xs given Ziszl Xi is negatively associated.

Lemma 26 shows that N/’s are negatively correlated. Furthermore, note that

is an increasing function, and we can write the quantity of interest as

CE(xm) = Y (V)

i€[k]

Hence, for any i, j € [k] such that i # j, Cov(c*(N/'),c*(N})) < 0. Consequently,

Var CE (X)) Z Var(c*(N!")) +2 Z Cov(c*(N/'),c*(N}))

ie[k] i,jElk],i#]

< Y Var(c*(N/) < Y E(c
i€[k] i€[k]

Yo ]<22Em1
i€[k] Jj=0 i€ (k]

_ Z 1_ 1 — D na).
i€[k]
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Without loss of generality, we will assume that a is a positive integer. Then,

a—1 )
Y (1=(1=p)") =3 (1= (1=p)") (Y (1=p)")
ic[k] i€ k] Jj=0
<a) (1-(1-p)")
i€[k|
<a) (1-(1-p)")
i€[k]
=aC,.

Finally, Jensen’s inequality implies
E |CF(X") —E[C* (X")]| < 4/ Var(CE(X"@)) < \/aC).

4.K.4 Proving Theorem 5

The triangle inequality consolidates the major inequalities in the previous sections and
yields
E|C(XY) —CE(X")| < e"Cp+4+/aCy+ (1 4+ D) /C,.

By the fact that a’ < a = |log~%¢| -logC,, we set r = |loge| and obtain
R R —1
E|C(XY) = CE(X"™)| S eCp+4+ (1+Ch% 1+ /logC,)\/C,.

Then, normalizing both sides by C), gives
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Chapter 5

Profile Entropy: A Fundamental Measure
for the Learnability and Compressibility of

Distributions

5.1 Introduction

Recent research in statistical machine learning, ranging from neural-network training
and online learning, to density estimation and property testing, has advanced evaluation criteria
beyond worst-case analysis. New performance measures apply more refined metrics relating the
algorithm’s accuracy and efficiency to the problem’s inherent structure.

Consider for example learning an unknown discrete distribution from its i.i.d.samples (see
also Section 5.2.2). The classical worst-case analysis states that in the worst case, the number
of samples required to estimate a distribution to a given KL-divergence grows linearly in the
alphabet size.

However, this formulation is pessimistic, since distributions are rarely the worst possible,

and many practical distributions can be estimated with significantly smaller samples. Furthermore,
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once the sample is drawn, it reveals the distribution’s complexity and hence the hardness of the
learning task.

Going beyond worst-case analysis, one can design an adaptive learning algorithm whose
theoretical guarantees vary according to the problem’s simplicity. For example, [OS15] recently
proposed an estimator that instance-by-instance achieves nearly the same performance as a genie
algorithm designed with prior knowledge of the underlying distribution.

We introduce profile entropy, a fundamental measure for the complexity of discrete
distributions, and show that it connects three vital scientific tasks: estimation, inference, and
compression. The resulting algorithms have guarantees directly relating to the sample profile
entropy, hence also adapt to the intrinsic simplicity of the tasks at hand.

The next subsection formalizes relevant concepts and useful notation.

Sample Profiles and Their Entropy

Consider an arbitrary sequence x”" over a finite or countably infinite alphabet X. The
multiplicity u,(x") of a symbol y € X is the number of times y appears in x". The prevalence of
an integer y is the number @, (x") of symbols in x" with multiplicity u. The profile of x" is the
multiset @(x") of multiplicities of the symbols in x"*. We refer to it as a profile of length n. For
example, consider the sequence x” = bananas, in which a appears thrice, n appears twice, and b
and s each appears once. Then, the profile of the sequence is multiset ¢(x’) = {3,2,1,1}.

The number D(S) of distinct elements in a multiset S is its dimension. For convenience, we
also write D(x") for profile dimension. In the above example, we have D(x’) = D((x”)) = 3,
corresponding to values 1,2, and 3. The dimension of a length-n profile over X is at most
min{+/2n,|X|}. In general, the profile entropy #,(p) is no more than 3,/n.

Let A be the collection of all discrete distributions, and Ax be the collection of those over
X. Draw a size-n sample X" from an arbitrary distribution in p € A. Then, the profile " of X" is

a random multiset whose distribution depends on only p and n. We therefore write ®" ~ p, and
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call H,(p) := H(P") the profile entropy with respect to (p,n). For example, if we draw a sample
of size n =3 from p = (1, 1), then profiles {1,1,1}, {2,1}, and {3} appear with probabilities 0,

, and }‘, respectively. And the profile entropy is thus }[3(%, %) =H(0, %, %) ~ 0.56.

Al

Analogously, we call D, := D(P"), the profile dimension associated with (p,n), and
write D, ~ p.
For notational simplicity, we will assume that #,(p) > 1 throughout the paper, and

respectively write a ~ b, a 2 b, and a < b instead of a = ©(b), a = Q(b), and a = O(b), where

the asymptotic notation hides logarithmic factors of n.

Applications of Sample Profiles

Sample profiles have essential applications in numerous aspects of scientific research,
ranging from property inference to the study of degree distributions of networks/graphs.

Property inference As Section 5.2.3 shows, profiles are sufficient for inferring all
symmetric properties, such as entropy, Rényi entropy, and support size, not only in the sense of
sufficient statistics, but also in the sense of Theorem 3, stating that profile-based estimators are as
good as any others.

Distribution learning The entropy of a sample profile, equaling its dimension in order
with high probability (Theorem 1), directly characterizes how well we can estimate a distribution
and approach the performance of the best human-designed estimator (Theorem 2), for every
distribution.

Theory of long tail The notable long tail theory in economics [And06] describes the
strategy of selling a large number of different items that each sells in relatively small quantities.
The profile of the product selling data, and the induced (PML) probability multiset estimate
(Section 5.2.3), accurately characterize the tail shape of the data, and that of the underlying
distribution, respectively.

Password frequency lists In the research of password defense, it is vital to understand
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the distribution of passwords. Due to security concerns, organizations typically do not publish the
complete data displaying each password and its frequency. Instead, they reveal the anonymized
list of password frequencies, with each password hashed or replaced by some dummy string,
which is equivalent to showing the password data’s profile.

Degree distributions of networks Degree distribution is one of the most widely studied
attributes of networks (and graphs) that describes the fractions of nodes with different degrees.
As the degree distribution ignores symbol labeling and focuses only on the frequency of each

degree, it is equivalent to the profile of the node degree data.

5.2 Main Results

This paper aims to provide a thorough theory of profile entropy. Most of the results either
are the first of their kind or significantly improve the state-of-the-art.

Specifically, Section 5.2.1 presents the fundamental equivalence relation between profile
dimension and entropy (Thm. 1). Building on the equivalence, we respectively establish essential
connections between profile entropy and the estimation of discrete distributions (Section 5.2.2;
Thm. 2), inference of their properties (Section 5.2.3; Thm. 4), and compression of sample profiles
(Section 5.2.4; Thm. 5). These results characterize how well one can compete with an instance-
optimal algorithm for each task, over every single distribution. For a real sense of how profile
entropy behaves, Section 5.2.5 ultimately determines its magnitude for three prominent structural
distribution families, log-concave (Thm. 6), power-law (Thm. 7), and histogram (Thm. 8). Going
even further, Section 5.3 presents several additional applications and extensions of our theory and
results, including robust learning under domain symbol permutations, profile entropy for mixture
models, competitive property estimation, adaptive testing and classification, and connection to
the method of types.

For space considerations, we relegate detailed reviews on related work, most technical
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proofs, and numerical experiments to the supplementary material.

5.2.1 Dimension-Entropy Equivalence of Profiles

The following theorem shows that for every distribution and sampling parameter n, the

induced profile entropy and dimension are of the same order, with high probability.

Theorem 1 (Entropy-dimension equivalence). For any distribution p € A and D, ~ p,

Pre(D, ~ H,(p)) =

/-

We briefly comment on Theorem 1.

First, the theorem reveals a novel and fundamental relation between profile dimension and
entropy. The relation also yields an intrinsic method to approximate the entropy of the sample’s
profile, a fairly involved functional, by only counting its dimension. In general, the number of
possible length-n profiles of a distribution could be as large the number of partitions of integer n,
and grows with n at a sub-exponential speed. Hence, even if p is known, computing the exact
value of #,(p) could be hard. On the other hand, if one applies our theorem to approximate
H,(p), we only need to draw a sample X" ~ p, and find its profile dimension, which is computable
in linear time through counting. Appendix 5.A.4 further illustrates how to estimate %, with
m < n observations.

Second, the theorem serves as an essential building block for the subsequent results on
distribution estimation, property inference, and profile compression, and enables us to establish
their optimality. For example, in the process of deriving the optimal profile compression scheme
and proving Theorem 5, we reason with D, to bound the space of storing the profile, and utilize
H,(p) as an essential lower bound for lossless compression.

Third, despite the simple form of the theorem, the proof of this result is highly nontrivial,

and relies on a recent breakthrough in solving the Shepp-Olkin monotonicity conjecture [HJ19],
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which asserts that the entropy of a Poisson-binomial random variable is monotone in the defining

success probabilities, over a hypercube near the origin.

5.2.2 Competitive (Instance-Optimal) Distribution Estimation

Estimating distributions from their samples is a statistical-inference cornerstone, and has
numerous applications, ranging from biological studies [AIST08] to language modeling [CG99].
A learning algorithm p in this setting is called a distribution estimator, which associates with
every sequence x" a distribution p(x") € A. Given a sample X" ~ p, we measure the performance
of p in estimating distribution p by the Kullback-Leibler (KL) divergence D(p || p(X")).

Let r,(p, p) := min{r:Pr(D(p || p(X")) <r)>9/10} be the minimal KL error p could
achieve with probability at least 9/10. Then, the worst-case error of estimator p over P C A
is r,(P, p) := max,epr,(p, P), and the lowest worst-case error for P, achieved by the optimal
estimator, is the minimax error r,(P) := miny r,(P, p’). The most widely studied distribution set
P is simply Ay. With X being finite, it has become a classical result that r,(Ax) = O(|X|/n),
which is achievable, up to constant factors, by an add-constant estimator [BS04, KOPS15].

Beyond minimax Despite being minimax optimal, the | X|/n-result and the algorithm,
are not satisfiable from a practical point of view. The reason is that the formulation puts much of its
emphasis on the worst-case performance, and ignores the intrinsic simplicity of p in a pessimistic
fashion. Hence, the desire to design more efficient estimators for practical distributions, like
power-law, or Poisson, has led to algorithms that possess adaptive estimation guarantees.

Concretely, the minimax formulation has two modifiable components — the collection P
and the error function D. A common approach to specifying P is adding structural assumptions,
such as monotonicity, m-modality, and log-concavity, which, in many cases, makes algorithm
refinement possible by leveraging structural simplicity. An orthogonal approach to encouraging
adaptability without imposing structures is to replace absolute error by relative error, which we

illustrate below.
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Competitive estimation Without strong prior knowledge on the underlying distribution,
a reasonable estimator should naturally assign the same probability to symbols appearing an equal
number of times. Competitive estimation calls for finding a universally near-optimal estimator
that learns every distribution as well as the best natural estimator that knows the true distribution.
Denote by A’ the collection of all natural estimators. For any distribution p € A and
sample X" ~ p, a given estimator p incurs, with respect to the best natural estimator knowing p,

an instance-by-instance relative KL error of

Do (p [l p(X")) :==D(p || p(X")) —;Iéi;\zD(p 14(X"™)).

Analogous to the minimax formulation, we denote by

rp'(p, p) »= min{r : Pr(Do. (p [| p(X")) <r) = 9/10}

the minimal relative error p achieves with probability at least 9/10, by ri*(P, p) the worst-case
relative error of p over P C A, and by r*(P) the minimax relative error.

Old and new results Initiating the competitive formulation, [OS15] show that a sim-
ple variant of the well-known Good-Turing estimator achieves r*(A) < 1/n'/3, and a more
involved estimator in [AJOS13b] attains the optimal r(A) ~ 1/+/n. For a fully adaptive guar-
antee, [HO19b] further refine the bound and design an estimator p* achieving ri(p, p*) <
Eqg,~p[Dn/n] S ry(A), for every p € A, but provide no lower bounds.

In this work, we completely characterize i (p, -) with essentially matching lower and

upper bounds. Surprisingly, we show that for nearly every sample size n, the quantity behaves

like H,(p)/n.

Theorem 2 (Optimal competitive error). There is a near-linear-time computable estimator p*,

such that for any distribution p and n,
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where p* is the near linear-time computable estimator in [HO19b] mentioned above. On the

other hand, for any H € [0,+/n),

min  max_ r"(p,p) 2
P opH(p)SH "

First, we comment on the lower bound. Due to the classical minimax formulation, one
might expect a lower bound in one of the following two forms — for every p, r'(p, p) 2 H,(p)/n
for 1) some p or 2) every p. Form 1) turns out to be weak under the competitive formulation.
Specifically, let p be a trivial distribution that assigns probability 1 to some symbol. Then, both
the profile entropy and the error of the best natural estimator are zero, and the inequality trivially
holds for every p. Form 2), on the other hand, is purely impossible. Specifically, for every
distribution p, one can set p to be best natural estimator, which leads to a relative error of zero,
greater than #,(p)/n unless p is trivial.

Second, we illustrate the significance of the result. The notable work of [HR18] shows
that the number of integer partitions of n, which equals the number of length-n profiles, is at most
exp(3+/n), implying that H,(p) < 3/n for any p € A. Therefore, the H,(p)/n upper and lower
bounds in the theorem yields 7 (A) ~ 1/+/n, recovering the main result of [OS15]. Besides set
A, the theorem and its proof also imply nearly tight minimax relative-error bounds on numerous
distribution sets P. Below, we present two results that fall into this category. In both cases, the
minimax relative error is much lower than 1/4/n if the parameter involved is o(/n).

The first example addresses set Ay of distributions whose n-sample profile entropy is H.
Corollary 1. For any H 2 1, the minimax relative error over Ay is ri'(Ay) ~ H /n.

For a more concrete example, denote by L the collection of log-concave distributions

over Z whose variance is 6. Theorem 2 and the profile entropy bounds in Theorem 6 imply
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Corollary 2. For any 1 < 6 <+/n, the minimax relative error over Lg is r'( L) ~ G/n.

5.2.3 Competitive-Optimal Property Inference

Numerous practical applications call for inferring property values of an unknown distri-
bution from its samples, including entropy for graphical modeling [KF09], Rényi entropy for
sequential decoding [Ari96], and support size for species richness estimation [Mag13]. Therefore,
property inference has attracted considerable attention over the past few decades. For inter-
ested readers, please refer to Appendix 5.B.3 for a detailed two-page review of prior works and
discussions about relevant methods.

Property inference Formally, a distribution property over some collection P C A is a
functional f : P — R that associates with each distribution a real value. Given a sample X" from
an unknown distribution p € P, the problem of interest is to infer the value of f(p). For this
purpose, we employ another functional f : X* — R, an estimator mapping every sample to a real
value. We measure the statistical efficiency of f in approximating f over P by its absolute error
FX™) = £(p)].

Given X" ~ p € P, the minimal absolute error rate, or simply error, that f achieves
with probability at least 9/10 is r,,(p, f) := min{r : Pr(|f(X") — f(p)| < r) >9/10}, where the
dependence on f is implicit. While p is often unknown, the worst-case error of an estimator f
over all distributions in P is 7, (P, f) := max,cp r»(p, f), and the lowest worst-case error for P,
achieved by the optimal estimator, is the minimax error r,(P) := min 7 ra(P, ).

Profile maximum likelihood An important class of properties is the collection of
symmetric ones, which encompasses numerous well-known distribution characteristics, such
as Shannon entropy, Rényi entropy, support size, and ¢; distance to the uniform distribution.
Symmetry connects the estimation of such property to the sample profile, a sufficient statistic for
the task in hand. The general principle of maximum likelihood then provides an intuitive estimator,

profile maximum likelihood (PML) [OSVZ04], that maximizes the probability of observing the
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profile.

Naturally and generally, we study symmetric property inference over a distribution collec-
tion P C A that is also symmetric, i.e., if p € P, then P as well contains all the symbol-permuted
versions of p. For every sample x* € X" and symmetric P, the PML estimator over P maps x"* to
a distribution

Fo(x") == argmaXXIl?r (e(X") =o(x")).
peP ~p

Given a sample X" ~ p € P and a symmetric property p, the PML plug-in estimator uses
foP(X") to estimate f(p). The PML estimator often behaves differently from the classical
empirical distribution estimator. For example, if P = A and ¢ = {2, 1, 1}, the PML estimate turns
out to be Py = (%, %, %, %, %), deviating from the empirical distribution (%, zl'w }T) by 0.8 in (sorted)
L, distance.

Recent researches [ADOS17, HO19a] show that for an extensive family of symmetric
properties, including the previously mentioned four, the PML plug-in estimator universally
achieves minimax error in the large-alphabet regime, up to constant factors.

The formulation of PML makes it part of two estimator classes, the maximum-likelihood
and the profile-based, where the latter corresponds to estimators whose values depend on only
the profile. The theorem below shows that profile-based estimators are sufficient for inferring

symmetric properties.

Theorem 3 (Sufficiency of profiles). For any symmetric property f and set P C A, and estimator

f, we can construct an explicit estimator F over length-n profiles satisfying

A A

rn(paf) = I’n(P,FO(P),

where both estimators can have independent randomness.

The next result shows that the PML estimator is adaptive to the simplicity of underlying

distributions in inferring all symmetric properties, over any symmetric P. Specifically, the theorem
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states that the n-sample PML plug-in essentially performs as well as the optimal n/ #H,(p)-sample
estimator, which approaches the performance of the optimal n-sample estimator if p has a small
H,(p). Furthermore, for any property and estimator, there is a symmetric set P’ for which this

1/ Hy(p) ratio is optimal.

Theorem 4 (Competitiveness of PML). For any symmetric property f and set P C A, and every

distribution p € P, the PML plug-in estimator satisfies

rn(p,fOT(p) < 2rnp(P)7

where ny, 1> n/Hy(p). On the other hand, for any estimator f and symmetric property f, there

exists a symmetric set P' C A such that for some p € P/,

rn(paf) > 2rnp(P/) .

We provide some brief comments here and more in Section 5.3. First, the above theorem
holds for a polynomial-time PML approximation [ACSS20], and for any symmetric property,
while nearly all previous works require the property to possess certain forms and be smooth. In
particular, the algorithm in [ACSS20] achieves the best-known guarantees for approximating PML,
requires no additional assumptions on the distribution/property’s structure, and works universally
on all symmetric properties and adaptively on all profiles (hence distributions). Second, the
result holds for any symmetric distribution set P C A, which covers numerous domains of interest
that appeared in the literature, such as the widely studied A, and its subset A, for the study of
support size estimation, where each distribution’s positive probabilities are at least 1/|X|. Third,
the result trivially implies a weaker version in [ADOS17] where #,(p) is replaced by \/n, which,

as we show in Section 5.2.5, can be significantly larger.
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5.2.4 Optimal Compression of Profiles

None of the scientific applications in Section 5.1 is possible without first storing the
sample profile.

Hence, we focus on the task of lossless profile compression in this section. Besides
the theoretical fundamentality and numerous applications, the task is essential as storing a
sample’s profile, compared with storing the entire sample sequence, often takes much less space.
Specifically, Shannon entropy is the measure of limit of lossless compression, which, for sample
X" ~ p € A, is nH(p), and for the sample’s profile, is H,(p). In particular, the sample entropy
grows as Q(n) whenever p has an entropy of at least one, while the profile entropy is at most
34/n by our argument in Section 5.2.2.

While the n-to-y/n improvement is already significant, the compression schemes we
propose under the standard block and sequential settings surely take profile compression to the next
level. Specifically, for every distribution p and sample size n, both schemes essentially compress
the sample profile @(X") to its entropy #,(p), the information-theoretic limit, in expectation.
In other words, our algorithms are instance-by-instance optimal and essentially unimprovable.
Furthermore, we achieve this instance optimality with near-optimal time complexity — both
algorithms have a running time near-linear in the sample size n.

Block compression We propose an intuitive and easy-to-implement block compression
algorithm.

Recall that the profile of a sequence x" is the multiset @(x") of multiplicities associated
with symbols in x". The ordering of elements in a multiset is not informative. Hence equivalently,

we can compress @(x") into the set C(@(x")) of corresponding multiplicity-prevalence pairs, i.e.,

C(O(x")) == { (1, 0u(x")) - w € 9(x")}.

The number of pairs in C(@(x")) is equal to the profile dimension D(@(x")). Besides, both
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prevalence and its multiplicity are integers in [0, 7], and storing the pair takes 21logn nats. Hence,
it takes at most 2(logn) - D(@(x")) nats to store the compressed profile. By Theorem 1, for any

distribution p € A and sample X" ~ p,

E[2(logn) - D(X")] =~ Ha(p).

We have shown that storing a profile ¢ as C(@) is a near-optimal block compression scheme.

Sequential compression For any sequence x”, the setting for sequential profile com-
pression is that at time step ¢ € [n], the compression algorithm knows only @(x') and sequentially
encodes the new information. This process is equivalent to providing the algorithm g, (x' 1) at
time step 7.

Suppress x,x' in the expressions for the ease of illustration. For efficient compression,
we sequentially encode the profile ¢ into a self-balancing binary search tree T, with each
node storing a multiplicity-prevalence pair (u,¢,) and u being the search key. We present the

compression scheme as Algorithm 1, and establish the following guarantee.

Theorem 5. Algorithm 1 runs for exactly n iterations, with an O(logn) per-iteration time com-
plexity. For an i.i.d.sample X" ~ p, the expected space complexity is ©(H,(p)). On the other

hand, any algorithm that compresses the profile losslessly has an expected space complexity of at

least Hy,(p).

5.2.5 Optimal Characterization for Structured Families

In this section, we characterize the profile entropy of several important structured distribu-
tion families, including log-concave, power-law, histogram, and their mixtures. All the matching
lower bounds are entirely new, and all the upper bounds, with the exception of that in Theorem 8,
are much stronger than those induced by the prior work [HO19b] via Theorem 1. For interested

readers, see Appendix 5.D for a detailed comparison.
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Algorithm 1 Sequential Profile Compression

input sequence (uy, (X)), tree T = @
output tree 7 that encodes the input sequence
fort=1tondo
if 4= p,, (X ~1) € T then
if u+1¢€ 7 then
Qui1 =T (u+1) < T(u+1)+1
else
add (u+1,1)to T
end if
if ¢, = 1 then delete (u, ¢,) from T
else ¢, := T (u) < T (u) — 1 endif
else
if | 7 thenadd (1,1) to T
else 7(1) < 7(1)+ 1 endif
end if
end for

Log-concave The log-concave family encompasses a broad range of discrete distri-
butions, such as Poisson, hyper-Poisson, Poisson binomial, binomial, negative binomial, and
geometric, and hyper-geometric, with broad applications to statistics [SW14], computer sci-
ence [LVO7], economics [An97], and geometry [Sta89].

Formally, a distribution p € Ay is log-concave if p has a contiguous support and p? >
Px—1- Px+1 for all x € Z. The next result bounds the profile entropy of this family, and is tight up
to logarithmic factors. For simplicity, henceforth we write a A b for min{a,b} (and V for max),

and slightly abuse the notation and write a ~ b for a+1 = @(b+1), which does not change the

nature of the results.

Theorem 6. Let L C Ay, denote the collection of log-concave distributions with variance 2.

Then,

In particular, if we discretize a Gaussian variable X ~ N (u,6?) by rounding it to the nearest

integer, the distribution of the resulting variable achieves the maximum, up to logarithmic factors.
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Moreover, such a discretization procedure preserves log-concavity for any continuous distribution

over R.

Power-law Power-law is a ubiquitous structure appearing in many situations of scientific
interest, ranging from natural phenomena such as the initial mass function of stars [KroO1],
species and genera [HQD™ 10], rainfall [MR93], population dynamics [Tay61], and brain surface
electric potential [MSODNO9], to human-made circumstances such as the word frequencies in a
text [Baa02], income rankings [DYO01], company sizes [Axt01], and internet topology [FFF99].

Formally, a discrete distribution p € Az is a power-law with power o > 0 if p has a support
of [k] :={1,...,k} for some k € Z* U {eo} and py =< x~ for all x € [k]. Note that if o € [0, 1],
the distribution is well-defined for only finite k. The next result fully characterizes the profile

entropy of power-laws over all o, n, and k ranges, and significantly improves that in [HO19b].

Theorem 7. Let p € Ay be a power-law distribution with power 0. Then,

. k1+(x k2
k lfOC>T\/10r12(X>7,

. 1+a
RO if—>a>1,

I 12 I—-a
%(p) = (kln—(x> o lf%/\l >0 > kTa

o — % iflea/\IZOLandOLZZIng(7\/§+1>,

kAot i”T“A1zaand210gk(7\/§+1>>a.

. . . 1
In particular, as o0 — 0, the bound degenerates to k )\ \/% which is at most n3.

Since a power-law sample profile is completely specified by «, k, and n, the above theorem
directly applies to model parameter estimation. Specifically, we first compute D, ~ p, which is a
simple function of the symbol counts. By Theorem 1, we can then use it to approximate H,(p).
Finally, we utilize the characterization theorem and find the parameter relations (testing might be

necessary).
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Histogram While histogram is among the most widely studied representations, histogram
distributions’ importance also rises with the rapid growth of data sizes in modern scientific
applications. For example, subsampling, a generic strategy to handle large datasets, naturally
induces a histogram distribution over different categories of the data. This induced distribution
often summarizes vital data statistics, leveraging which yields efficient and flexible inference
procedures.

Formally, a discrete distribution p € Az is a t-histogram if we can partition its support
into at most ¢ pieces such that p takes the same probability value over each piece. The theorem

below provides near-optimal bounds on the profile entropy of the ¢-histogram distributions.

Theorem 8. Denote by I, C Ay the collection of t-histogram distributions. Then,

max H, (p) ~ (nt%)3 A/n.

pEL

In practical settings, the value of ¢ is often poly-logarithmic in n, and the bound reduces to
@(nl/ 3). For the particular case of ¢ = 1, distribution p is uniform over some unknown contiguous

support. This result overlaps with Theorem 7 with o0 = 0, yielding the following bound.

Corollary 3. For any uniform distribution p with support size k, we have H,(p) ~ k A \/%

5.3 Applications and Extensions

Robust learning The profile of any sequence is invariant to domain-symbol permutations.

Since entropy is a symmetric property, the profile entropy of an i.i.d.sample is also permutation
invariant. Consequently, a result in this paper that holds for a distribution will also hold for any
distributions possessing the same probability multiset. For numerous practical applications, this
robustness to symbol permutation is a desirable and novel notion of robustness that particularly
resides in discrete domains, as samples often come as categorical data, while the alphabet ordering

for the underlying distribution to exhibit certain structure is frequently unknown [HO19b].
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For example, the sample may consist of different fruits, not integers. But suppose there is
a hidden mapping from the fruit domain to integers that makes the distribution log-concave over Z.
Then, all our results such as Theorem 2, 4, 5, and 6 are in effect. For another example, in natural
language processing, we observe words and punctuation marks. Even we know that observations
come from a power-law distribution [Mit04], it is often unclear how to order the alphabet to
realize such a condition. The robustness of our approach again enables us to achieve a variety
of learning objectives, such as understanding the relation between different model parameters

(Theorem 7).
Mixture models The results in Section 5.2.5 provide optimal characterization for simple

structured families. A standard extension to incorporate more complex structures in the model
is spanning a distribution family by including (weighted) mixtures. A typical example is the
Gaussian mixture model, which is among the most widely studied probabilistic models.

In the supplementary material, we present such results for all three families in Sec-
tion 5.2.5, and for mixtures of discretized high-dimensional Gaussians. In fact, we obtain a simple
and intuitive profile-entropy characterization for all distributions. Partition the unit interval into
a sequence of ranges, [; := ((j— 1)210%, jzlo%} 1<) < @, and for any distribution p,

denote by py; the number of probabilities in ;. Then,

Lemma 1. For any n € Z" and p € A, we have H,(p) ~ ¥ ;> min {plj,j-logn} :

Competitive property estimation Theorem 2 on PML holds for every distribution, any
symmetric property, and distribution collection, such as a finite-dimensional simplex, regardless
of other parameters such as the alphabet size. To the best of our knowledge, this is one of the
most general results in the field. Below we provide a basic example for its applications.

For an arbitrary > 0, let f be the order-f§ Rényi entropy, and P be the set of distributions
whose probability multisets correspond to power-laws with power o > 3. The minimax error
rate r,,(P) is unknown for this problem as recent works (e.g., [AOST16]) mainly focused on the

standard simplexes. On the other hand, Theorem 4, together with Theorem 7, shows that the
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n-sample PML plug-in estimator essentially performs as well as the best n3/4

-sample estimator.
Note that while the guarantee of PML uniformly holds for all B, the best estimator can optimize its
performance for every . Following the same rationale, we can derive such nontrivial competitive

estimation results for numerous properties and distribution families without having to analyze

them in detail.

Adaptive testing and classification Profile entropy also directly connects to adap-
tive testing and classification. Such a connection arises from computing the profile proba-
bility [ADJ*11, ADJ"12b], the probability of observing the sample’s profile under the same
sampling process.

Specifically, the first paper designs an algorithm that distinguishes two unknown distribu-
tions using near-optimal sample sizes whenever the optimal algorithm has an exponentially small

error probability. In addition, the algorithm is simply a ratio test between the probabilities of two
profiles. Given sample X" ~ p over a finite domain, we can compute its profile probability in
exp(O(#,(p)) operations. For example, if the underlying distribution is a 4-histogram, then by

1/3

Theorem 8, the running time exponent is of order n'/~. The result follows by the equivalence of

the problem and computing the permanent of a rank-2),, matrix [Bar96, Von12, Vonl14, Bar16].
Method of types We connect our approach to the method of types, an important technical

tool in Shannon theory and many other fields [CK11, Wol12]. In the notation of this paper, the
type of a sequence x" over some finite domain X is the ordered list of multiplicities u,(x"), which
associates symbol y with its number of appearances in x". For this multiplicity list, the method
of types associates each uy(x") with the number of symbols having this multiplicity, which is
precisely @, () (x"). Hence, the profile of a sequence is the type of its type.

Given the above arguments, understanding the deep connection between profile-based

algorithms and the method of types is a meaningful future research direction to explore.
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5.4 Conclusion and Broader Impact

Classical information theory states that an i.i.d.sample contains H (X" ~ p) = nH(p)
information, which provides little insight for statistical applications. We present a different view
by decomposing the sample information into three parts: the labeling of the profile elements,
ordering of them, and profile entropy. With no bias towards any symbols, the profile entropy rises
as a fundamental measure unifying the concepts of estimation, inference, and compression. We
believe this view could help researchers in information theory, statistical learning theory, and
computer science communities better understand the information composition of i.i.d.samples
over discrete domains.

The results established in this work are general and fundamental, and have numerous
applications in privacy, economics, data storage, supervised learning, etc. A potential downside is
that the theoretical guarantees of the associated algorithms rely on the assumption correctness, €.g.,
the domain should be discrete and the sampling process should be i.i.d.. In other words, it will be
better if users can confirm these assumptions by prior knowledge, experiences, or statistical testing
procedures. Taking a different perspective, we think a potential research direction following
this work is to extend these results to Markovian models, making them more robust to model

misspecification.
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Appendix organization In the appendix, we order the results and proofs according to
their logical priority. In other words, the proof of a theorem or lemma mainly relies on preceding

results. For the ease of reference, the numbering of the theorems is consistent with that in the
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main paper.

5.A Entropy and Dimension of Sample Profiles

Consider an arbitrary sequence x"* over a finite or countably infinite alphabet X. The
multiplicity u,(x") of a symbol y € X is the number of times y appears in x". The prevalence of
an integer y is the number @, (x") of symbols in x" with multiplicity u. The profile of x" is the
multiset @(x"*) of multiplicities of the symbols in x"*. We refer to it as a profile of length n.

The number D(S) of distinct elements in a multiset S is its dimension. For convenience,
we also write D(x") for profile dimension. The dimension of a length-n profile over X is at most
min{+/2n, | X|}.

Let A be the collection of all discrete distributions, and A be the collection of those over
X. Draw a size-n sample X" from an arbitrary distribution in p € A. Then, the profile " of X" is
a random multiset whose distribution depends on only p and n. We therefore write ®" ~ p, and
call #,(p) := H,(p) the profile entropy with respect to (p,n). Analogously, we call D, := D,
the profile dimension associated with (p,n), and write D, ~ p.

Consider an arbitrary sequence x"* over a finite or countably infinite alphabet X. The
multiplicity p1,(x") of a symbol y € X is the frequency of y in x”. The prevalence of an integer u
is the number @, (x") of symbols in x" with multiplicity u. The profile of x" is the multiset @(x")

of multiplicities of the symbols in x"*, which we describe as a profile of length n.

5.A.1 Concentration of Profile Dimension

First we express the dimension of a sample profile in terms of the symbol multiplicities.

Denote by V/ the logical OR operator. For any distribution p and X" ~ p,

n
Dy = Z \/ Lo oemy=pe-
u=1 xex
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The statistical dependency landscape of terms in the summation is rather complex, since u,(X")
and py(X") are dependent for every (x,y) pair due to the fixed sample size; and so are 1, (xn)—,
and 1, (xn)—,, for every pair of distinct u; and wp. To simplify the derivations, we relate this

quantity to its variant under the Poisson sampling scheme, i.e., making the sample size an

independent N ~ Poi(n). Specifically, define

@N = @(XN) = Z \/ ﬂuX(XN):U'

Note that this is not the same as Dy since the summation index goes up only to n.
Denote the expected value of Dy by E,(p), which will frequently appear in the rest
discussions. Our first result shows that the original D, satisfies a Chernoff-Hoeftding type bound

centered at E,(p).

Theorem 9. Under the above conditions and for any n € Z, p € A, and Y> 0,

Pr (IQJ?:Y > En(p)) < 3y/ne” MY AEP)/3

and for any y € (0,1),

Pr (f"y < En<p>) < 3y/re TE)2

Proof. A nice attribute of Poisson sampling is that all the multiplicities u,(X") are independent
of each other. We will first consider Dy and relate it to the fixed-sample-size version later.

For simplicity and clarity, we suppress X" in u,(X") and write v, instead of u, when
the multiplicity is obtained through Poisson sampling. For any i € [n], denote G;({Vy}y) :=

Vex Lv,=i. As mentioned previously, instead of analyzing Dy, we consider

Zn) \/ ly,—i= Zn;Gl ({Vihx)-
i=lxex

i=1

237



Note that for any disjoint 7,J C [n], the functions Y;c; G;({Vx}x) and ¥ jc; G({Vx}) are discor-
dant monotone by each argument, namely, when we increase the value of each vy, the increase in
the value of one function implies the non-increase of the other. Then, by the results in [Leh66],
the values of the two functions, when viewed as random variables, are negatively associated.
Next we show that quantity Dy satisfies a Chernoft-type bound.
Let ybe an arbitrary positive number. Note that G; is a Bernoulli random variable with

parameter ¢; := E[G;({V,})]. Then for the expected value of Dy, we have

n

Z ({Vats) ] = Zi:qi-

Eq(p):=E

For simplicity, temporally write ¥ := Dy and u := E,(p). Then, by Markov’s inequality and the

monotonicity of function e’ overt > 0,

tY
Pr(y > (147)u) = Pr (¥ > o050) < T
e

It suffices to bound E[e’Y] by a function of other parameters.

E[etY] i) E |exp (t (iGz({MX}X))>]
exp (1G1({Mx}y)) - ex ( (j Gil{Mx M))]

||:
=

()
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where (a) follows by the definition of ¥; (b) follows by e = % - ¢”; (c) follows by the fact
that Gy is negatively associated with ' , G;; (d) follows by an induction argument via negative
association; (e) follows by the fact that G; is a Bernoulli random variable with mean g;; (f)
follows by the inequality 1+ x < €%, Vx > 0; (g) follows by e%-e” = ¢%*?; and (h) follows by
M= Yiqi-

Applying standard simplifications, we obtain
Pr(Y > (1+y)u) <e ™M vy o,

and

Pr(y < (1—y)u) <e V2 wye (0,1).

The proof will be complete upon noting that: 1) the probability that N = n is at least 1/(3+/n);

2) conditioning on N = n transforms the sampling model to that with a fixed sample size n. [
As a corollary, the value of D, is often close to E,(p).

Corollary 4. Under the same conditions as above and for any n € Z, p € A, with probability at

least 1 —6/+/n,
1
EEn(P) —4logn < D, <2E,(p)+3logn.

Proof. To establish the lower bound, note that if E,(p) > 3logn, setting Y= 1 in Theorem 9
yields
3
Pr(D, > 2E,(p) +3logn) < Pr(D, > 2E,(p)) < 3v/ne 5P)/3 < NG
n

else if E,(p) < 3logn, setting Y= (3logn)/E,(p) yields

Pr (D, > 2E,(p) +3logn) < Pr(D, > E,(p)+3logn) < 3y/ne~Blogn/3 — —_

N
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As for the upper bound, if E,(p) > 8logn,

Pr<@n+4logn§ (1 —%) En(P)> gPr(@n < (1 —1) En(p)) <3yne 8 < 7

and for any E,(p) < 8logn,

1
Pr (Q),,+410gn < <1 - 5) En(p)) <Pr(?D,<0)=0< —.

n

Combining these tail bounds through the union bound completes the proof.
In addition to the above, we establish an Efron-Stein type inequality.

Theorem 10. For any distribution p and D,, ~ p,
Var(D,) < E[D,].
Proof. First, note that for any j,7 € [n] and j #1,

Cjs = Cov (g, (xr)0, Ly (x7)0
= Pr(@;(X"),9:(X") > 0) —Pr (¢;(X") > 0) - Pr(¢:(X") > 0)
= (Pr (;(X") > 0¢y(X") > 0) — Pr (9;(X") > 0)) -Pr (¢ (X") > 0)
= (Pr(g;(x") > 0|/ (X") > 0) —Pr(¢;(X") > 0¢;(X") =0))
x Pr(@,(X") =0)-Pr(¢g;(X") > 0)

<0
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Therefore, the variance of the profile dimension D, satisfies

Var (D,) = Var ( ]l(pi(xn)>0>
=1

1

S ZV&I' (]l(Pi(X")>O) + Z Cov <]]‘(P_,‘(X")>O7 ]]'(Pt(Xn)>O>
i=1 JFEt

< Y E[1g,xm)=0] + Y Cja
i=1 JFt

< . E []lq)i(X")>0}

5.A.2 Theorem 1: Dimension-Entropy Equivalence

The following theorem shows that for every distribution and sampling parameter n, the

induced profile entropy and dimension are of the same order, with high probability.

Theorem 1 (Entropy-dimension equivalence). For any distribution p € A and D, ~ p,

Pr(D, ~ H,(p)) =

5=

5.A.3 Proof of Theorem 1

Proof outline We decompose the proof of the theorem into three steps.

First, we show #,(p) < D, with high probability, which is a consequence of Theorem 9
(which shows that D, highly concentrates around its expectation) and Shannon’s source coding
theorem. Second, we introduce a simple quantity #’(p) that approximates the expectation of
D, to within logarithmic factors of n. Finally, leveraging this approximation guarantee, we
establish the other direction of the theorem. This step is more involved due to the aforementioned

complications.
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Step 1: Bounding Profile Entropy by Its Dimension

By the tail bounds (Theorem 9) and trivial lower bound of 1 on the profile dimension,

with probability at least 1 — 1//n, the expectation of D, satisfies
E[D,] < D,.
By our result on block profile compression (Section 5.2.4), storing profile " ~ p losslessly takes

Otogn)- B[, + 0 (7= ) logF(n) S B[]

nats space in expectation. By Shannon’s source coding theorem, the expected space to losslessly

storing a random variable is at least its entropy. Hence, with probability at least 1 — O(1/+/n),

Hy(p) SE[Dy] < D

Applying D, > 1 completes the proof.

Step 2: Simple Approximation Formula for Profile Dimension

Next, we show that H,(p) = D,, with high probability. Note that D, ~ p is often close
to E,(p), the expectation of its Poissonized version Dy, with an exponentially small deviation
probability. Hence, to approximate D, it suffices to accurately compute E,(p).

By independence and the linearity of expectations,

The expression is exact but does not relate to p in a simple manner. For an intuitive approximation,
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we partition the unit interval into a sequence of ranges,

. logn ,logn ' [n
I]: ((]_1)2 7 7.]2 n :|71§.]§ 10gl’l7

denote by py; the number of probabilities py belonging to /;, and relate E, (p) to an induced

shape-reflecting quantity,

H3(p) =Y min{py,j-logn},

j>1
the sum of the effective number of probabilities lying within each range [HO19b]. To compute

#H;(p), we simply count the number of probabilities in each /;. Our main result shows that #’(p)

well approximates E,(p) over the entire A, up to logarithmic factors of n.

Theorem 11. For anyn € Z* and p € A,

1
Vlogn

-Q(H;(p)) < En(p) < O(H, (p)).

Proof. The fact that O(H3 (p)) upperly bounds E[Dy] simply follows by the concentration of
Poisson variables, and is established in [HO19b]. Below we show that the quantity also serves as
a lower bound. By construction, for any given sampling parameter 7, index j, and symbol x with

probability p, € I;, the corresponding symbol multiplicity g, ~ Poi(np,). Hence, we can express

the expectation of Dy as

|

Juy

Il
_

I I
D= I7s
AN N &=
(SN
|
=
=
*
S~

Juy
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This proves the aforementioned formula. Then, for every sufficiently large index jand i€ §S; :=
[(j—1)2, j?]1ogn, define a sequence of intervals,
i . .\/logn

Ii=—+[—j,j .
=t =nil—

Then for any i € S; and p, €/ ; M1}, the corresponding Poisson probability satisfies

e Wx _(nPX)i = e_iii . (ei_"l’x . —(I’lpx)i>

l‘i

:efiii‘ (e(npxi)_ (H_npx—i)z>
i! ]

i

:e_ill,—' -exp (—(npx—i)+i~10g (H— npx.—l>)

l
1 2 npx—i)z
> .exp| -2
340 p( 3 ( i

1 1
> > .
~9yi — 9jylogn

Now we analyze the contribution of indices i € §; to the expected value of Dy. For clarity, we
divide our analysis into two cases: py; > jlogn and pj; < jlogn.

Consider the collection P; of probabilities p, € I}, and the collection I; of intervals / ;,i €
S;. By construction, each probability in P; is contained in at least j\/logn many intervals in I;.
Hence the total number of probabilities (repeatedly counted) included in J; is at least py; - j Vlogn.
Note that the number of intervals in I; is less than 2 jlogn. We claim that there exists one (or
more) interval [ ;/ € I; containing at least py, /(2+/logn) probabilities. By construction, there are

at least jy/logn/2 neighboring intervals of I;/ that contain at least py;/(4+/logn) probabilities.
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The contribution of these these intervals to the expected value of Dy is at least j/Iogn /2 times

Pl

>1

| 1 1 4y/logn Di; 1 1 1
| 1—— —ex 0 e
9j+/logn - P 4./logn 8 9j+/logn
P1;
- exp( 40jlogn)

- ®( 'Plj ) |
- jlogn

where the last step holds if p;, < jlogn. This yields a lower bound of ®(py,/+/logn).

It remains to consider the p;;, > jlogn case. Again, the total number of probabilities
included in I; is at least py, - jy/logn. Furthermore, each interval Ij. contains at most py; proba-
bilities and there are less than 2 jlogn intervals. Therefore, the number of intervals that contain
at least jy/logn/4 probabilities is at least jy/logn/2. Otherwise, the number of probabilities

included in I; is less than

jvlogn _ . jv/logn )
1 -2jlogn+py; - > < p1;-j\/logn,

which leads to a contradiction. Analogously, the contribution of these these intervals to the

expected value of Dy is at least j VIogn/2 times

Jj\/logn

1 4 V1 1
l—(1——— >1—exp / Ognlog l - —
9jvlogn 4 9jvlogn

1
>1—exp (—%>

=0(1),

which yields a lower bound of @( jy/Togn) on the expected value of Dy .
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Consolidating the previous results shows that

1
logn

-Q(Zmin{plj,j'logn}). O
=

.

Step 3: Bounding Profile Dimension by Its Entropy

Next, we establish that for any distribution p € A, " ~ p, with probability at least
1—1/ya,
H(p) 2 Da-

Let p be an arbitrary distribution in A. Recall that we partition the interval (0, 1] into a sequence

. logn ,logn ) [ n
IJ: ((.]_1)2 n 7]2 n :|; 1§]§ lOgl’l,

and denote by py; the number of probabilities py in I;.

of sub-intervals,

Our current objective is to bound H(®" ~ p) from below by a nontrivial multiple of
H3 (p). For simplicity of derivations, we will adopt the standard Poisson sampling scheme and
make the sample size an independent Poisson variable N ~ Poi(n). For notational simplicity,
we suppress XV in all the expressions and write the profile as @ := ®V by slightly abusing
the notation.

Note that the profile can be equivalently expressed as a length-n vector

¢ = ((Pla"'a(pn)7

where @; denotes the number of symbols appearing exactly i times.
For a sufficiently large absolute constant ¢, decompose ¢ into ¢ parts according to /;

such that the z-th part ( = 1,...,c) consists of @;’s satisfying i € nl; with j =¢ mod c. Since by
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definition,

HS(p) = Z min{py;, j-logn},
Jj>1

one of the ¢ parts corresponds to a partial sum of at least H> (p)/c. Without loss of generality, we

assume that it is the second part, i.e.,

H; (p)

Z min{py;, j-logn} >

j=1 modc
Apply standard Poisson tail probability bounds. For example,

Lemma 2. Let Y be a Poisson or binomial random variable with mean value A. Then,

A
Pr(X <M(1-8)) <exp(——-A), ¥8<[0.1],

and
A

(X 2 2148) <o (5

). w=o

For any j = 1 mod ¢ and with probability at least 1 — 1/n*, one can express the truncated
profile (9;)icns; over I; as a function of u, for x satisfying np, € I, j' € (j—c¢/2,j+c¢/2).

Basically, this says that for every x, the number of its appearance is not too far away from
the expected value. By the union bound, this is true for all j =1 mod ¢ with probability at least
1 —1/n3, as j can take only n possible values. Denote the last event by A.

To proceed, we recall the formula of [HR18] on the number P(n) of integer partitions of

n, which happens to equal to the number of length-n profiles:

loglP(n) = ZE\/E(I +o(1)).
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Below, we will use a weaker version that works for any n:
logP(n) < V3n.

Then, conditioning on A, the truncated profiles ((p,-)ie,ﬂj for j =1 mod c are independent.

Since conditioning reduces entropy,

H((p) 2 H(((Pi)ienlj,jzl modc)
ZH(((Pi)iEnlj,jEI modc‘]lA)
2 H(((Pi)ienlj,jzl modc‘]lA - 1) ‘PI‘(A)

= Y H((@)icny|la=1)-Pr(A)

j=1 modc
= Y H((@ien|1a)— Y, H((9)ien;|1a =0)- (1 —Pr(A))
j=1 modc j=1 modc
> Y (H( @)~ HI)— s L H(@ew[1a=0)
J=1 modc J=1 modc
> H(L)+ Y H(@)iew,) — 5 n-log(exp(O(VA)
Jj=1 modc
= - (%) + ' 12 . H(((pi)iEan)a
j=1 modc

where the third last step follows by

HX|Y)=HX)—-IX,Y)=HX)-HY)+H(Y|X)>H(X)-H(Y);

the second last follows by H(X) < logk for any X with a support size of k, and the fact that there
are at most exp(3+/m) many profiles of length m, as we explained above; and the last step follows

by the elementary inequality

H(Bern(8)) < 2(log2)+/6(1—6), V8 € [0,1].
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Our new objective is to bound H ((9:)icns;) from below. We will find a sub-interval /; of /; and

bound H (((pi)ignlj;) in the rest of the section, since
H((9i)ient;) = H((9i)ienr)-

For all j =1 mod c, our lower bound is simply

1 . .

which, together with Y. ;—j moq . min{py,, j-logn} > H? (p)/c, implies that

o) = -0( ) v L H(@hn) 20 ()5

Henceforth, we assume that j is sufficiently large and denote L; := j./logn.

For any j and every integeri € S; := [(j — 1)?, j?]logn, define a sequence of intervals,

L0 L
Ii=— 4L [—1,1].
j n+n[ 1]

Then for any i € S; and p, € I j M1}, the corresponding Poisson probability satisfies

e P _ il o (—(npx —i)+i-log (1 + P l))
i! i! !

SR <_2<npx—i)2)
30 3 i
SN

Vi T IL;
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On the other hand, the following upper bound holds.

i e _
enpx@:ell._'.exp(—(npx—l‘)—i—i'log(1+npx. l>)
i i! !

- 7l.i"< 11
e — >~ 57 -
i T \2mi T 2L

In other words, for any p,,i/n € I; that differ by at most L; /n,

111
Pr(Poi =i)€—|=,=-
r(Poi(npy) = i) L [9 2}

Partition /; into sub-intervals of equal length L;/n. The partition has a size of at most 2+/logn.
Assign each probability p, € I; a length-L;/n interval I, centered at p,. Then, each interval I,,,
covers at least one of the sub-intervals in the partition. Since there are exactly py; intervals [, ,
one can find a partition sub-interval I} contained in at least py;/(2y/logn) of them. Denote by X;
the collection of symbols corresponding to these intervals.

Next, we bound from below the entropy of the truncated profile ((pl-),-e,d; over nl j Denote
by j the left end point of nlj . By the chain rule of entropy for multiple random variables,

Jst+Lj—1

H((@)ien) = Y, H(®il@j,..,9i-1).

i=Js

Consider a particular term on the right-hand side with i € [js, j;+L; — 1]. By the conditional

independence and fact that conditioning reduces entropy,

H((pl|(P]v’ s >(Pi71) > H((pl’(pjm ce ﬂ(pifl;]ljsf,uxﬁifl’x € X)
=H(@i|Lj,<py.<i—1,x € X)

= H(Qi|1j<p<i—1,X € X3 Lj <p<io1,X € X)
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To characterize the condition, we define a random variable

S . . .
Ki T Z ]lfsgluxglfl‘
XEXs

Note that E[1; <, <i—1] = Z;;}-S Pr(Poi(npyx) =t) < (i — js)/(2L;), which is at most 1/10 for

i < js+L;/5. The following lemma transforms this into a high-probability statement.

Lemma 3. Let Y;,i € [1,m] be independent indicator random variables. Let Y = ;Y; denote

their sum and A := E[Y] denote the expected sum. Then for ¢ > 0, we have
Pr(Y > A(1+4c¢)) < exp(—Ac?/(242¢/3)).

Below we consider only i < j;+L;/5. Note that ¢/(2+2c/3) is increasing for ¢ > 0.

Since E[K7] = Y e x, E[1 <y, <i—1] < |X[/10,
Pr(K} > | X,|/2) < exp(—36/35) < 1/2.

where we set ¢ = 4 in the above lemma and assume that | X;| > 3 (assuming only |X;| > 1, the

upper bound becomes 3/4). Recall that

H(Qi| Q- 9i-1) > H(Qi| 1 j<py<i—1,X € X3 Lj<p<io1,X & X5)

= Y  Hillj<p<io1 =coxeX)
(Cx)xexe{OJ}X

X Pr(]ljxg,uxgi_l =Cx,X € x;)

Denote by V; C {0, 1} the collection of (cy)yex satisfying ¥ e x. cx < |Xs|/2. The above deriva-

tion shows that

1
Z Pr(]ljsgluxﬁifl =Cx, X € XS) Z E

(cx)xex €Vs
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By independence, for any (c¢y)yex € Vs, we have

(@i 1j<pzit =cox € X) = Y (Ly=illji<p<io1 = 0)
XEX:cx=0

= Z (]lll’lX:il]ljsglLlXSi_l = 0)

XEX;:cr=0

+ Z (]l;ux:i’]ljsg.uxgifl = 0)
XZXs:cx=0

For any x € X; with ¢, = 0, the corresponding indicator variable satisfies

Pr(l,,i and . & [jy,i — 1))
Pr(lle Z [jS?i_ 1])

o Pr(]l,ux:i)

1 —Pr(,ux € [js:i_ 1])

]E[]l.ux:l'“ljsgluxgi_l = 0] -

1-[0.%] £ [.4]
1t
L1979

Therefore, the corresponding indicator variable satisfies

1 1
Pr(L,—i) z; 0,3] 51
E[ly =il j<p<i-1 =0] = Bl < / <>._.
Ix sSHx> 1 . P . 1 L: 1 9 L
e € Uissi=10) 7 g [O,?’] -7 10,3] /
To summarize, we have shown that (@;|1; <, <i—1 = ¢x,x € X;) is the sum of |.X| independent

Bernoulli random variables. Among these Bernoulli variables, at least [Xs|/2 > py,/(2+/logn)

: 1715 : : 5 1
have a bias of Z 53], while others have a bias of at most 3 - -
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The following lemma, recently established by [HJ19], shows the relation among the

entropy values of sums of independent Bernoulli random variables with different bias parameters.

Lemma 4. Let X;,Y;,t € [m] be independent indicator random variables. Denote by X and Y the

sums of X;’s and Y, ’s, respectively. If E[X;] < E[Y;] < 1/2,V¢ € [m],

H(Y X)<H()_ %).

This lemma, together with the previous results, shows that
H(Qi|lj,<u<i—1 = cx,x € Xs) > H(bin(py; /(24/logn), 1/(9L;)).

The next lemma further bounds the entropy of a binomial random variable.
Lemma 5. Foranym > 1 and g € [1/m,1 —1/m],

1

H(bin(m,q)) > 5 1og (21)! 170" mg(1 —q)) —

Proof. By definition, the left-hand side satisfies

e 0 G

=3 ()¢ -0 oga+ (m—nytog(1 —a)

t=0

+logm! —logt! —log(m —1t)!)

= mH (Bern(q)) —logm! + i (T) g (1—q)" " (logt! +log(m—1)!).
=0

By Stirling’s formula, for any ¢t > 1,

1 1
logt! > (t + 5) logt + Elog(Zn) —
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Substituting the right-hand side into the above equation yields

sula)i= Y (1)1 =" ot = 31— (1- 0" og(21) - mg
+i] (T)q’(l g <r+%> log?.

Let g(x) :=0forx € [0,1) and g(x) := (x+ 1/2)logx for x > 1. Simple calculus shows that the

function is concave. Applying the concavity of g to the last sum yields

l_i (T) q(1—q)™" (t + %) logt > g <§‘6 <T) q(1—q"" ‘t> = <mq+ %) log(mg),

where the last step follows by the fact that mg > 1. A similar inequality holds for the weighted
sum of log(m —t)!. Consolidating these inequalities, we obtain

$0(a) +5n(1~ ) (mq-+ 5 ) ogma) + (m(1 =)+ ) oglm(1 )

4501 (1—q)")log(27) — mq + 3 (1 —¢")log(2m) ~m(1 —q)

= (m-+ 1)logm — mH(Bem(g)) + 5 log(g(1 ~4))

2—(1—g)" —¢")log(2m) —m.

| =

_'_
On the other hand, for the logm! term,

1 1 1
I < - - —mt—
logm! < (m—i— 2) logm + 210g(27£) m+ o

Substituting the previous term bounds into the H (bin(m,q)) expression yields

H(bin(m,q)) = mH (Bern(q)) —logm! + S,,(q) +Sn(1 — q)
1

1 1=(1—-¢)"—q" _
> 5 log ((270 mq(1 —Q)> ~ T O
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Before continuing, we remark that the bound in the above lemma has the right depen-
dence on mq(1 — g) in the sense that if we fix ¢ and increase m, the lower bound converges to
31og(®(mg(1—q))). Another point to mention is that the above bound covers g € [1/m,1—1/m],
while Lemma 6 appearing later in this section covers g ¢ [1/m, 1 — 1 /m]. Note that the dependence
on mq(1 — q) changes from logarithmic to linear, showing an “elbow effect” around 1/m.

Assume that py,/(2+/logn) > 9L;, then for any (cy)xex € Vs,

) 1
H(Qi|1j, <y <i—1 = cx,x € Xs) > H(bin(py;/(2+/logn),1/(9L;)) > 5

Consolidating this with the previous results yields that

| =
| =
o

1
H((pi|(Pjs7"‘7(pi—1) 2 Z 5 .Pr(]]'jsgluxgi_l = CX?x € ‘XT) Z

(Cx)xe)( €Vs

where we utilize py;/(2v/logn) > 9L; > 9 and (1 —¢)" +¢™ < 1/e for Vm > 3,q € [1/m,1/2].

We can then bound the quantity of interest as follows.

Jst+Lj—1

H((9i)ien) = Y, H(Qil@j,,-- . 9i-1)
=]Js
js+L‘j/5

> Y H(ioj,....9i-1)

i=Js

J _Lj

SLi 1L

— 5 4 20

:;min{pl.,]’-logn}.
20+/logn !

On the other hand, if 9L; > p;;/(2+/logn) >> 1, we can further “compress” the truncated profile

i)ienl® S i o i ’ i s
(9i)ic 13 over nl; to reduce the effective value of L;. Specifically, for any integer ¢ < L;, we define
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the 7-compressed version of ((Pi)ienlj as

js-i‘gl‘—l

(9icns; = ( “’i) |
i=js+({=1)t CelL;/t]

Note that for each 7, the length of (@;)}_,s is L’j := L;/t. For each entry in the compressed version,
J

we can again express the entry as the sum of independent indicator random variables. Specifically,

JsHlt—1
Z Gi = Z ]lﬂxe[js"‘([*l)tvjs‘k&*l]'
i=js+(0—1)t xeX

Furthermore, for any x € X, the expectation of each indicator variable satisfies

jo+0t—1 ]
]‘YJE o Px (npy)'

E[1yejy+-1),jy+o-11] = T

i=js+ (1)t
_t[l 1]_1{1 1}
L;[9°2] I |92]
Similarly, for any x € X, we have E[L,, c(; (1) j;+a—1] < 1/(2L)).
Now, choose ¢ large enough so that 18L"; > p;; /(2+/logn) > 9L’j. Following the reasoning
in the previous case shows that

1 ) .
H((9i)ienss) = H(((Pi)ﬁenzj.) > Q (Tgnmm {p1; ] '10g”}) :

It remains to consider the case of O(y/logn) > p1; = 1, for which we adopt our previous analysis.

Again, partition /; into sub-intervals of equal length L;/n. Then, assign each probability
px € Ij alength-L;/n interval I, centered at p,. By construction, each interval I,  covers at least
one of the sub-intervals in the partition. Redefine any of these covered sub-intervals as /7. Denote
by X; the collection of symbols corresponding to the covering intervals.

Note that O(v/logn) > py; > |Xs| > 1. For any i € [js, js+L;/5], the previous analysis
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shows that
H(9i|9j,, ..., 9i—1) > H(bin(|Xs[,1/(9L;)) - (1 —-3/4).

We bound the right-hand side with the following lemma.

Lemma 6. For anym > 1, and g < min{1/2,1/m} or ¢ > max{1/2,1—1/m},

. m . 1
H(bin(m,q)) > 7-min{g,1 —q} > 7mg(1—q).

Proof. By symmetry, we need to consider only the case of ¢ € [0, 1/m].

H(bin(m,q)) > H(Lpin(n.q)>1)
=H((1-¢)", 1= (1-¢)"))
> —(1—¢q)"(mlog(1—gq))
> —%log(l —q)

> —q. =

&3

Consolidating the lemma and the chain rule of entropy yields,

JstLj—1

H((@i)icar) =}, H(9il®j--- 9i-1)
1=]Js
js+Lj/5

> Z H((pi|(Pjs7"'7(Pi*1)

i=Js

SLi 3y
=5 4.9.1 4) 720

1 . .
(\/@mln{p[j,]-logn}) .

Alternatively, we can use the fact that adding independent random variables does not

o
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decrease entropy, i.e., H(Y +Z) > H(Y) for any independent variables Y and Z. Note that

((pl)ienlj‘ = Z (]lﬂx=i)ielj-

xeX

Let y be an arbitrary symbol that belongs to X;. Then,

H((9)ienss) > H(((Pl')lltenlj.) > H((Lyy=i)ier) = H((Lpy=j, Lpy=ji+1))-

By the previous derivations, both Pr(u, = j;) and Pr(u, = js+ 1) belong to L% [1/9,1/2]. Hence,

2 2 1
B s > —_— > —_ = 1 . . .
H(((pl)zenlj) > H (Bern (11>) =3 Q( lognmln{PI]a] IOgn})

Note that this argument does not apply to other cases, since

H((1y=i)ie;) = OllogL;) = O(logn),

while min {plj., j-logn} can be as large as O(n'/3) in general.

The proof is complete upon noting that indices with j = O(1) corresponds to a total
contribution of at most O(1) to HS (p) and Hy (p) = O(E[D(9)]) = O(D(9)), with probability
atleast 1 — O(1/+/n).

Summary The simple expression shows that #’(p) characterizes the variability of
ranges that the actual probabilities spread over. As Theorem 1 shows, H.°(p) closely approximates
E,(p), the value around which D, ~ p concentrates (Theorem 9) and #,(p) lies (Thoerem 1).
Henceforth, we use #°(p) as a proxy for both #,(p) and D, and study its attributes and values.

Let p € A be an arbitrary discrete distribution. Recall that in Section 5.A, we partition the
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unit interval into a sequence of ranges,

. logn ,logn ' [n
I]: ((]_1)2 7 7.]2 n 171§J§ 10gl’l7

denote by py; the number of probabilities py belonging to /;, and relate E, (p) to an induced

shape-reflecting quantity,

H:(p) =Y min{py,j-logn},

=1
the sum of the effective number of probabilities lying within each range.

The simple expression of H;(p) shows that it characterizes the variability of ranges the
actual probabilities spread over. As Theorem 1 shows, #’(p) closely approximates E,(p), the
value around which D, ~ p concentrates (Theorem 9) and #,(p) lies (Thoerem 1). In this section,
we use #°(p) as a proxy for both #,(p) and D,, and study its attributes and values.

To further our understanding of profile entropy and dimension, in the next two sections,

we investigate the analytical attributes of #(p) concerning monotonicity and Lipschitzness.

5.A.4 Extension: Profile Entropy Estimation via Monotonicity

Among the many attributes that #’(p) possesses, monotonicity is perhaps most intuitive.
One may expect a larger value of #’(p) as the sample size n increases, since additional obser-
vations reveal more information about the variability of probabilities. Below we confirm this

intuition.

Theorem 12. Foranyn>m > 1 and p € A,

H:(p) > Hy (p).

The above result that lowerly bounds #°(p) with Hs (p) for m < n. Besides this, a

more desirable result is to upperly bound #(p) with some function of HS (p). Such a result
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will enable us to draw a sample of size m < n, obtain an estimate of H> (p) from D,, (by the
entropy-dimension equivalence), and use it to bound the value of H;’(p) for a much larger sample
size n.

With such an estimate, we can perform numerous tasks such as predicting the performance
of PML when more observations are available, or the space needed for storing the profile of a
longer sample sequence. These applications are closely related to the recent works on learnability
estimation by [KV18, KVB19], namely, one wish to know how many (additional) observations
are required for a learning algorithm to achieve a certain level of performance.

The next theorem provides a simple and tight upper bound on #*(p) in terms of Hy (p).

Theorem 13. Foranyn>m > 1 and p € A,

Hip) <\ e ()

Estimation Before continuing to the proof, we present some direct implications.
1. If for m = Q(n*°!), we have H (p) < /m, then H; (p) < \/n.

2. For any two integers m < n and distribution p,

H,(p) _ H;(p)
vmlogm — +/nlogn’
In other words, the sequence A, := Hs (p)/+/mlogm, m < n, is monotonically decreasing
and converges to A,. As we increase the value of m, (\/nlogn-A,,), which can be viewed
as our estimate of H: (p), is getting more and more accurate. For the purpose of adaptive

estimation, if n = 2!, we can choose m = 20,21 ... 2!

Proof. Below we prove both the lower and upper bounds. For clarity, denote by p(m, j) the value

of py; corresponding to H3(p), and p(n, j) the value of pi; corresponding to H3 (p). Furthermore,
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denote r := +/(n/m)((logm)/logn), which is treated as an integer. Then, by the definition of H?,

rHy(p) =r Y min{p(m, ), j-logm}

i1
rj
= Zmin re Z p(n,i), rj-logm
j>1 i=rj—r+1
rj
>Y me Y, p(ni), (rj—1)-logm
j>1t=0 i=rj—r+1
>Y me{p n,rj—t), (rji—t)-logm}
j=>1t=0
=Y min{p(n,i), i-logm}
i>1
logm
> H

The lower-bound part basically follows by reversing the above inequalities.

H,;g(p) = Zmin{p(n,i), i-logn}

i>1

= Z me{p n,rj—t), (rj—t)-logn}

Jj>11=0

> Z Zmln{p n,rj—t), (rj—r+1)-logn}

j>1t=0

> me{an rj—t), r]—r+1)-logn}

j>1

- Z]min{p(m,j), (rj—r+1)-logm}
J2

> Hy(p).

This completes the proof of the theorem. [
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5.A.5 Extension: Lipschitzness of Profile Entropy

Note that we can view #’(p) as a distribution property. In this section, we establish
the Lipschitzness of #°(p) under a weighted Hamming distance and the ¢; distance between

distributions. Precisely, given two distributions p,q € A, the vanilla Hamming distance is

h(pvq) = Zﬂpx?é%c’
X

This may not be suitable for the purpose of statistical inference since the two distributions could
differ at many symbols, while these symbols account for only a negligible total probability and
has little effects on most induced statistics. To address this, we propose a weighted Hamming

distance

hy(Psq) =Y, max{py,qu} - 1) 2g,-
xeX

The next result measures the Lipschitzness of HS under & w

Theorem 14. For any integer n, and distributions p and q, if h_(p,q) < € for some € > 1/n,

H3(p) —H; (q)| < O(\Ven).

Proof. Recall that the quantity of interest is

H;(p) =Y min{py,j-logn}.

J=1

Given the bound of /_(p,q) < €, we denote by 9 the collection of symbols x at which

Px 7 qx. By definition, we have both } ..o px < € and } .. g» < €. Below, we show that these

symbols modify the value of #*(p) by at most O(y/€n). By symmetry, the same claim also holds
for the distribution g. Combining the two claims yields the desired result.

First, we consider x € 9 satisfying px =0 or p, € I} = (0, (logn)/n]. Such a symbol either
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does not contribute the value of #;(p), or affects only the value of the first term min{py,,logn},
which is at most logn. Hence the claim holds for this case.

Next, consider symbols x € 9 satisfying p, € I; = ((j — )22, 21°€"] for some j > 2
and denote the collection of them by Z C . By the above assumption, we have )} ..~ px < €. To

maximize their impact on #;(p) under this constraint, we should set their values to be

logn .
pj=(— —1)2== j=2,...J,
n
for some J to be determined, where each p; repeats exactly jlogn times. Then, the symbols in Z

contributes at most Z§:2 jlogn = (logn)(J —1)(J +2)/2 to H;(p), and the above constraint on

the total probability mass bounds transforms to

J 2
logn _ (logn)*  ,
g> (j1 —1)? > J(I* = 1)(=2+3)).
XEZ =
Therefore in this case, the contribution is again O(y/€n), which completes the proof. [

Replacing max{py,qyx} with |py — g,| induces a common similarity measure, the ¢;

distance. The next theorem is an analog to Theorem 14 under this classical distance.

Theorem 15. For any integer n, and distributions p and q, if {1(p,q) < € for some € > 0,

H; (p) —cHy (¢)] < O((en)*?),

where c is a constant in [1/3,3]. Note that the inequality is significant iff € < ©(1/n'/*), since

the value of #?(p) is at most O(y/nlogn) for all p.

By symmetry, it suffices to prove that under the conditions in Theorem 15,

H; (p) < 3H; (9) + O((en)*?).
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Proof. Consider the optimization problem of modifying p by at most € and maximizing the
increase in Hy (p). For each j and each probability p, € j, denote by p. the modified value.
Depending on the location of p’, there are three types of possible modifications, as illustrated

below.

e For the first type, we still have p/. € I;. This does not change the value of pi1; and hence

does not increase H (p).

e For the second type, we have p) € I; 1 or p\ € I;11. If pj; < j-logn, this will decrease
the value of min{py;, j-logn} by 1 and increase the value of min{p; ,,(j—1)-logn} or
min{py,,,(j+1)-logn} by at most one. Hence in this case, the value of H; (p) can only
decrease. If py;, > j-logn, then min{plj,j-logn} = j-logn. For a particular j, all such
modifications can increase the value of H? (p) by at most (j — 1)logn + (j+ 1)logn =
2 jlogn, which is twice the value of min{py;, j-logn}. Hence, all such modifications, when

combined, increase the value of H? (p) by at most 2H (p).

e For the third type, we have p/. € [; and |i — j| > 2. If i < j, we require a probability mass
of at least ((j — 1)*logn — i*logn)/n > (ilogn)/n, where j > 3. If i > j, we require a
probability mass of at least ((i — 1)?logn — j2logn)/n > (ilogn)/n. The number of such
modifications that could lead to an increase in the value of H (p) is at most ilogn. For
each i, let ¢; denote the number of such modifications that will lead to an increase of H3 (p).
Then, the total increase is ) ; ¢;, each c¢; is at most ilogn, and the total required probability
mass required is at least ¥, ¢; - (ilogn)/n < €.

Let {c;} be the optimal solution that maximizes ), ¢;. Assume that there are two indices
i < j satisfying ¢; < ilogn and c¢; > 0. Then, if we replace ¢; and ¢; by ¢;+ 1 and ¢; — 1,
respectively, Y ; ¢; will not change and }'; ¢; - (ilogn) /n will decrease. Hence, we can assume

that there exists /' satisfying ¢; = ilogn,Vi < i’ and ¢; = 0,Vi > i'. In addition, assuming
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en > logn implies that i’ > 2. Hence, we have Y;¢; < (logn)i’(i’+1)/2 and

ne 2/3
;<35 . ]
Fa<as (i)

5.B Competitive-Optimal Property Inference

5.B.1 Theorem 3: Sufficiency of Profiles

Numerous practical applications call for inferring property values of an unknown dis-
tribution from its samples, such as entropy for graphical modeling [KF09], Rényi entropy for
sequential decoding [Ari96], and support size for species richness estimation [Mag13]. Therefore,
property inference has attracted considerable attention over the past few decades.

Property inference Formally, a distribution property over some collection P C A is a
functional f : P — R that associates with each distribution a real value. Given a sample X" from
an unknown distribution p € P, the problem of interest is to infer the value of f(p). For this
purpose, we employ another functional 7 : X* — R, an estimator mapping every sample to a real
value. We measure the statistical efficiency of f in approximating f over P by its absolute error
FX™) = £(p)]-

Given X" ~ p € P, the minimal absolute error rate, or simply error, that f achieves
with probability at least 9/10 is r,,(p, f) := min{r : Pr(|f(X") — f(p)| < r) >9/10}, where the
dependence on f is implicit. While p is often unknown, the worst-case error of an estimator f
over all distributions in P is r,(P, f ) 1= maxep rn(p, f ), and the lowest worst-case error for P,
achieved by the optimal estimator, is the minimax error r,(P) := min  r, (P, .

Symmetric properties An important class of properties is the collection of symmetric
ones, which encompasses numerous well-known distribution characteristics, such as Shannon
entropy, Rényi entropy, support size, and ¢; distance to the uniform distribution. Symmetry

connects the estimation of such property to the sample profile, a sufficient statistic for the task in
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hand. The general principle of maximum likelihood then provides an intuitive estimator, profile
maximum likelihood (PML) [OSVZ04], that maximizes the probability of observing the profile.
An estimator is profile-based if its values depends on only the profile. The theorem below

shows that profile-based estimators are sufficient for inferring symmetric properties.

Theorem 3 (Sufficiency of profiles). For any symmetric property f and set P C A, and estimator

f, we can construct an explicit estimator F over length-n profiles satisfying

A A

rn(paf) = rn(P,FO(P),

where both estimators can have independent randomness.

Proof. First we show that given estimator f, there is an estimator f; which is symmetric, i.e.,
invariant with respect to domain-symbol permutations, and achieves the same guarantee. To
see this, consider a random permutation & chosen uniformly randomly from the collection of
permutations over the underlying alphabet. Let f; := f 0. Then for any p € P,

= P (|fo6(X") —f(p)| >¢)

®) ZXE’EP(VOG(X”)—f(p)} >8‘ 6:(5) -Pr(6 =0)
—Z Pr }focX” —f(p)| >¢€)-Pr(6=0)

X"~p

CL L (T (o) > €) Pris =0

A
v

< Zs-Pr(a:c)

o)

:6’

where (a) follows by the definition of f;; (b) follows by the law of total probability; (c) follows

by the independence between G and X"; (d) follows by the symmetry of f and the equivalence of
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applying ¢ to X" and to p; (e) follows by the fact that 6(p) € P and the guarantee satisfied by
the estimator f; and (f) follows by the law of total probability.

Before we proceed further, we introduce the following definitions. For any sequence x”,
the sketch of a symbol x in x" is the set of indices i € [n] for which x; = x. The type of a sequence
x" is the set T(x") of sketches of symbols appearing in x".

Since f; is symmetric, there exists a mapping f; over types satisfying f; = f; oT. Due to
the i.i.d.assumption on the sample generation process, given the profile of a sample sequence,
all the different types corresponding to this profile are equally likely. Let A be a mapping that
recovers this relation, i.e., A maps each profile uniformly randomly to a type having this profile.

Then, for any p € P and X" ~ p,
fi(X") = frot(X") = froAoo(X").
Consequently, the mapping F := f; o A is a profile-based estimator that satisfies

P (B0 —f(p)| ) = Pr (AX)~f(p)| >€) <8 ¥peP. O

5.B.2 Theorem 4: Competitiveness of PML

Naturally and generally, we study symmetric property inference over a distribution collec-
tion P C A that is also symmetric, i.e., if p € P, then P as well contains all the symbol-permuted
versions of p. For every sample x" € X" and symmetric P, the PML estimator over P maps x" to

a distribution

(") := argmax_Pr (9(X") = 9(x"))
peP ~p

Given a sample X" ~ p € P and a symmetric property p, the PML plug-in estimator uses

foP(X") to estimate f(p). Recent researches [ADOS17, HO19a] show that for an extensive

family of symmetric properties, including the previously mentioned four, the PML plug-in
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estimator universally achieves minimax error in the large-alphabet regime, up to constant factors.

The next result shows that the PML estimator is adaptive to the simplicity of underlying
distributions in inferring all symmetric properties, over any symmetric P. Specifically, the theorem
states that the n-sample PML plug-in essentially performs as well as the optimal n/ H,(p)-sample
estimator, which approaches the performance of the optimal n-sample estimator if p has a small
H,(p). Furthermore, for any property and estimator, there is a symmetric set P’ for which this

1/ H,(p) ratio is optimal.

Theorem 4 (Competitiveness of PML). For any symmetric property f and set P C A, and every

distribution p € P, the PML plug-in estimator satisfies

rn(p7fOT(P) S 2rnp(P)7

where ny, i~ n/Hy,(p). On the other hand, for any estimator f and symmetric property f, there

exists a symmetric set P' C A such that for some p € P/,
rn(p,f) > 21y, (P') )

5.B.3 Prior Work and Discussions

Results Recent years have shown interests in determining the limits of inferring sym-
metric distribution properties. Building upon worst-case analysis, the major contribution of these
works is showing that for several specific properties, one can design more involved estimators
whose worst-case performance is better than the empirical-distribution plug-in estimators (em-
pirical estimators), over Ay for some finite alphabet X. Note that Ay is a special symmetric
distribution collection.

For example, the empirical estimator for Shannon entropy has a worst-case error rate of

O(|.X|/n), whereas the minimax error rate is ®(|X|/(nlogn)) [VV1la, VV13, JVHW15, WY 16,
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ADOS17, HO19a, HO19¢, HO20a]. Similar results also hold for support size and ¢; distance to
the uniform distribution over X (See [VV1la, VV13, ADOS17, JHW16, WY 19, HO19a, HO19c,
HO20a]). One observation is that all these properties are in the form of Y, f(px), where f, is a
relative smooth real function (for support size, one needs a lower bound like 1/|.X| on the positive
probabilities, which effectively smoothes the function).

It is apparent that most symmetric properties are not in the Y, f.(p,) form. A simple
example is Rényi entropy, for which the learning error rates exhibit a significantly different
behavior. Specifically, for a power parameter o > 1, € N, the minimax error of inferring Rényi
entropy varies according to | X| and n as follows [AOST16].

If n < | X|'~1/® (sample-sparse regime), then r,,(Ax) > max,, f(p) (consistent estimation
is impossible); if n > | X|'*1/* (large-sample regime), then r,(Ay) ~ (| X|'~1/*/n)!/2 which
is achieved by the empirical estimator (trivial regime); if [X|'~1/% < n < | X|'*1/®, then the
empirical estimator has an order max{|X|/n, 1} worst-case error, whereas the minimax error is
(]X|'=1/®/n)1/2 (potentially much lower than that of empirical).

The recent work of [HO19a] significantly extends our understanding of symmetric prop-
erty estimation by showing that the PML estimator is sample optimal for all ¥, f,(p,) properties
that are approximately Lipschitz, and is as good as the best known estimators for Rényi entropy
of power o > 3/4. The paper also presents resulting on other tasks such as testing.

Given the special structures, even the combination of all the properties mentioned above
corresponds to only an extremely small subclass of symmetric properties. The general landscape
for how the worst-case error rate behaves when we consider either the empirical or the minimax
estimator is far from understood, even for just Ay. In fact, even for Rényi entropy, a simple and
widely studied property, the minimax rates are not fully characterized — the lower and upper
bounds in [AOST16] for non-integer powers do not match in all parameter regimes. Ideally, there
should be a set of formulas such that once the explicit form of f is available, the respective error

rates can be computed, and more importantly, an explicit algorithm can be derived.
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Our result pushes forward the general understanding of symmetric property estimation.
It leverages the method of PML to derive competitive learning guarantees for all symmetric
properties and distribution collections. The theorem even adapts itself to individual distributions,
leading to numerous nontrivial estimation results without introducing sophisticated analysis or
additional algorithms.

Methods As the task involves two components, the property and distribution (probability
multiset), the design of statistical methods also advances in two veins.

The first vein concerns constructing a universal plug-in estimator for all symmetric
properties. A symmetric property is invariant under symbol permutations, hence it suffices to
obtain an accurate estimate of the probability multiset.

One method is PML, the approach that our theorem adopts. Recently, following the papers
by [Das12, ADOS17], the work of [HO19a] shows that for any symmetric property that is in the
form of Y, f-(px) and appropriately Lipschitz, both the profile maximum likelihood [OSVZ04]
and its near-linear-time computable variant in [CSS19b] achieve the optimal sample complexity
up to small constant factors.

Another method is moment matching via linear programming (LP). In typical works using
LP, such as [VV1la, VV13, VV16, HIW18], one first estimates the (lower-order) moments of
the underlying distributions (e.g., ¥, p’. for i < logn), which are also symmetric properties, and
then finds a distribution through an LP method (up to domain-symbol permutations), whose lower
order moments match with the estimates. These methods are known to achieve the minimax error
rates over Ay for only a few specific properties, such as entropy, support size (also assume a
1/]X| lower bound on the positive probabilities), and ¢;-distance to the uniform distribution.

The second vein of methods addresses the bias of empirical estimators and (often partially)
replaces the given property by a bias-corrected polynomial, for which we can efficiently construct
a near-unbiased estimator. There are mainly three different types of constructions for the bias-

corrected polynomial: using classical minimax approximation [JVHW15, JHW16, WY 16, WY 19,
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HO19c], applying smoothing techniques to the coefficients of the unbiased estimator [OSW16,
HOSW18, HL20a], and computing the derivative of the (property’s) Bernstein polynomial and
employing the integral of its minimax approximation [HO20a].

Early works in this direction address specific properties, such as entropy [JVHW15,
WY 16], support size [WY19], support coverage [OSW16], and ¢;-distance to the uniform dis-
tribution [JHW16], and determine their respective minimax error rates. Recent works consider
broader families of properties [HOSW18, HO19c, HO20a, HL20a], in particular those in the
Y. fr(px) form and appropriately Lipschitz. Besides these results, some state-of-the-art Rényi
entropy estimators [AOST16] also use polynomial approximation. Excluding properties in these
special forms, it is unknown whether these techniques/methods work for the large amount of
symmetric properties in general, even just over Ay.

Outline The rest of Appendix 5.B presents the proof of the our result on PML. For
clarity, we divide the full proof into three parts: a) the sufficiency of profiles for estimating
symmetric properties (already established above); b) the standard “median trick” often used to
boost the confidence of learning algorithms; c) the PML method and its competitiveness to the

min-max estimators. As one may expect, the proof utilizes several previously established results.

5.B.4 Proof of Theorem 4

Proof outline We begin with a proof sketch on the high level. While our theorem
states only a constant-error-probability result for the vanilla PML, the guarantee holds for
approximations of PML and any general error probability bound 9, and this outline corresponds

to the general setting.

1 For simplicity, let k denote the (expected or high-probability) dimension of a length-n profile

from an unknown p € A, and refer to the actual random quantity D, ~ p as “dimension”.

2 Let’s say p € P (which is symmetric), and we have an m-sample estimator over P with an
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6.1

6.2

7.1

(€,d) guarantee, i.e., for every distribution in P, the estimator learns its property value up
to an € error, with probability at least 1 — . In addition, we assume that m < n with the

ratio r := n/m to be determined.

Now, assume that r has been properly chosen, and we could utilize at most r copies of
the m-sample estimator to construct an n-sample (€, - exp(—2k)) estimator (the existence
of r follows by the standard “median trick™). Furthermore, by the sufficiency of profiles

(Theorem 3), there is a profile-based estimator that achieves the same guaranty.

Divide all length-n profiles into two groups: one group with dimension at most of order k

(hiding logarithmic factors), the other with dimension much larger than k.

By the concentration of sample profile dimensions (e.g., Theorem 9), the profile of an
arbitrary sample from p belongs to the first group with high probability (say at least 1 —1/n),

we can safely ignore the second group.

Pick a profile from “the first group”, if its probability is > & - exp(—k), the approximate
PML (APML) will have a probability of > &-exp(—2k). Here, the definition of APML
is based on profile probabilities — for every length-n sample, its profile probability under
the true distribution and the APML estimate should differ by a factor of at most exp(k)
(more generally, a fixed factor of at least 1, which covers the vanilla PML). This definition

is analogous to those in [ADOS17] and [CSS19a, CSS19b].

So, the profile-based estimator must work properly on both distributions, the original and
the APML. Triangle inequality then relates the property values of these distributions (by

eliminating the estimator’s value) and yields a 2 € estimation guarantee for the APML.

On the other hand, if the profile we picked has a probability at most & - exp(—k), then the

APML may fail, i.e., not produce a reasonable estimate.
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7.2 However, there are at most (ignore logarithmic factors in the exponent) exp(k) such profiles,

hence by the union bound, the total probability of failing is at most  + 1/n.

8 Finally, we tune parameter r, which becomes something like k, up to logarithmic factors.

Utilizing our entropy-dimension equivalence (Theorem 1) completes the proof.

Median Trick The following argument is standard method for boosting the confidence

of learning algorithms, commonly known as the median trick.

Lemma 7 (Median trick). Let o, € (0, 1) be real parameters satisfying 1/10 > a. > B. For an

accuracy € > 0 and a distribution set P C A, if there exists an estimator f4 such that

4n
log ﬁ

we can construct another estimator fg that takes a sample of size m := [ log %—‘ and achieves

P (17 = f(p)] > €) <B, vp 2.

Proof. Givent € Ni.i.d.copies of f4 (X™), the probability that less than half of them satisfy the

inequality in the parentheses is at least

t t t
Pr (Z 14, < 5 for A;’s satisfying Pr(A;) < OL) > Pr (bin (r,0) < 5) :
i=1

By the law of total probability, the right-hand side equals to

1 1 1
_ i >2)>1- - S i
1—Pr (bln(t,oc) > 2) > 1—exp ((<2a 1) e log 2&) Oct)

>1—e tlo !
— X [ — —_—
- P 4 g20c ’

~

where the first step follows by the Chernoff bound of binomial random variables, and the second
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step follows by o < 1/10 and the inequality ¢ — 1 — §logc > 0,Vc > 5.

log ﬁ

Therefore, given a sample of size m =t -n, we can partition it into ¢ sub-samples of

Sett:= [ 4 log %-‘ , the right-hand side is at least 1 — 3.

equal size, apply the estimator f4 to each subsample, and define the median of the corresponding
estimates as fg.
By the previous reasoning, this estimator satisfies

B ([7(0™) =f(p)| > €) <B, Vp € 2. O

Proof of the theorem. For any tolerance § € (0, 1) and distribution p € A, define the (8, n)-typical
cardinality of profiles with respect to p as the smallest cardinality Cs ,(p) of a set of length-n
profiles such that the probability of observing a sample from p with a profile in this set is at least
1 — 8. The following lemma provides a tight characterization of Cs ,(p) in terms of the dimension

of @" ~ p.

Lemma 8. For any p € A and ®" ~ p, with probability at least 1 —6/+/n,

8(D,+201
. (p) <0200,

The proof of the lemma follows by recursively applying Theorem 9. Specifically, let
d :=2E,(p)+3logn, which is at least D, ~ p, with probability at least 1 —6/+/n. Then,

n\ (n+d—1 2d—1 _  2(2Eq(p)+31 8D(®") 4201
C%ﬂ(p)g (d)( d—1 ) <n <n (2En(p) Ogn)gn (@) ogn,

where the last inequality holds with with probability at least 1 —6/+/n.
Now, let f be a symmetric property over . For simplicity, we will establish the theorem
for the vanilla PML, since as our proof outline shows, the proof for any approximate PML (APML)

is essentially the same. In addition, for a sequence x" with profile ¢ := @(x"), we write Py for the
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PML estimate Py (x"). According to Theorem 3, for any parameters € > 0 and 6 € (0, 1), if there

exists an estimator f such that

For an arbitrary length-n profile ¢ that satisfies Pren~,(®" = ¢) > 29, these error bounds yield
Pr(|fo(0) — f(p)| >€) < 3, and since Proi g (P" = 0) > Pron,(P" = ¢) > 23 by the definition

of PML (as we take the distribution that maximizes the probability),
Pr(|o(0) ~ /(B)] > €) < 5.
ol 2
By the union bound and triangle inequality,
Pr(|f(p)—f(B)| >2¢) <1 <= |f(p)— f(B)] <2¢& surely.

Furthermore, by Lemma 8, with probability at least 1 — 6/1/n, the total probability of length-n

profiles ¢ satisfying Pren.,(P" = ¢) < 28 is at most

6 6
28-C <028 8D,+20logn —
6 7n( ) + \/ﬁ < n + \/ﬁ
which basically upperly bounds the probability that | f(p) — f(Ppn)| > 2€. Next we will assume
that there exists an estimator f satisfying Prym.,(|f(X™) — f(p)| > €) <8, ¥p € P. By Lemma 7,

4—’”llog§ (n

if 8 < 1/10, we can construct another estimator f’ that takes a sample of size n = og
2%
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is assumed to be an integer here) and achieves a higher-confidence guarantee

D (|f(x™) = f(p)| >¢) <&, Vpe .
~p

Then by the above reasoning, with probability at least 1 — 6/+/n,

P 6
n <28 . ,3Dn+20logn
(Dan(‘f( ) f( CD)‘>2£>_ 20" -n +\/ﬁ

1 6
= 2exp <—%log% + (8D, —|—2010gn)logn> + NG

For the first term on the right hand side to vanish as quickly as 1/+/n, it suffices to have

1 1
4—10g2—8 > 20- D, logn and —log 55 > 40 -log? .
Simplifying the expressions and applying the union bound yield that | f(p) — f(Per)| < 2€ with
probability at least 1 — 1/+/n, given both

2

— andn>8m. O]
Q) lo g B

o=

5.B.5 Experiments

Prior works such as [HO19a, PIW17] have experimentally demonstrated the efficiency
of PML on estimating several classical properties, including the Shannon and Rényi entropy,
support size, and ¢; distance to the uniform distribution. Our result further extends and establishes
the efficiency of PML for numerous symmetric properties that are under-explored. Given the
broadness of this property class, the potential applications are countless.

Consider a variant of Shannon entropy, f(p) := Y, px log? p,, that mildly puts more

emphasis on small probabilities. As the property is relatively new and non-Lipschitz, prior works
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and approaches do not easily yield a satisfiable learning guarantee. Our result hence comes into
play, because f is symmetric, which suffices for Theorem 4 to take effect. Below, we will estimate
this property by an n-sample PML plug-in, and compare its performance to two estimators: the
n-sample empirical estimator that evaluates the entropy of the empirical distribution, serving as a
baseline, and the 10n-sample empirical estimator whose sample size is larger than others by an
order of magnitude.

We considered six natural distributions: uniform, Zipf(1/2), Zipf(2), Dirichlet(1)-drawn-,
Dirichlet(2)-drawn-, and geometric, all having support size k = 5,000. The plots are presented in
Figure 5.1, with both vertical and horizontal axes showing in log-scale (base 10). The sample
size n ranges from 10° to 10°, and every data point represents the average absolute error over 20
independent simulations.

Specifically, the geometric distribution has a success probability of (k— 1) /k; the Zipf(1/2)
and Zipf(2) distributions have probability p; o< i~1/2 and p; o< i~2 for i > 1, both being truncated
at k and re-normalized; drawing a distribution from the Dirichlet(1) prior is equivalent to drawing
one uniformly from the k-dimensional standard simplex.

As the experiments demonstrate, the PML plug-in estimator significantly improves over
the empirical estimator (note that the axes are in log-scale) and is as good as an estimator having
access to samples larger by order of magnitudes. There are multiple PML implementations and
we have used the one by [HO19a] (Section 4 of that paper presents a list of PML computation
algorithms). Code is included in the supplementary material. For instructions on how to use
the code, please refer to the inline comments and Section 4.1 in the supplementary material

of [HO19a].

277
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Figure 5.1: Inferring property f via the PML plug-in.

5.C Competitive Estimation of Distributions and Entropy

5.C.1 Theorem 2: Competitive Distribution Estimation

Estimating distributions from their samples is a statistical-inference cornerstone, and has
numerous applications, ranging from biological studies [AIST08] to language modeling [CG99].
A learning algorithm p in this setting is called a distribution estimator, which associates with
every sequence x" a distribution p(x") € A. Given a sample X" ~ p, we measure the performance
of p in estimating distribution p by the Kullback-Leibler (KL) divergence D(p || p(X")).

Let ry(p, p) := min{r:Pr(D(p || p(X")) <r)>9/10} be the minimal KL error p could
achieve with probability at least 9/10. Then, the worst-case error of estimator p over P C A
is 1,(P, p) := max,ep r»(p, p), and the lowest worst-case error for P, achieved by the optimal
estimator, is the minimax error r,(P) := miny r,(P, p’). The most widely studied distribution set
P is simply Ay. With X being finite, it has become a classical result that r,(Ax) = O(|X|/n),

which is achievable, up to constant factors, by an add-constant estimator [BS04, KOPS15].
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Beyond minimax Despite being minimax optimal, the | X|/n-result and the algorithm,
are not satisfiable from a practical point of view. The reason is that the formulation puts much of its
emphasis on the worst-case performance, and ignores the intrinsic simplicity of p in a pessimistic
fashion. Hence, the desire to design more efficient estimators for practical distributions, like
power-law, or Poisson, has led to algorithms that possess adaptive estimation guarantees.

Concretely, the minimax formulation has two modifiable components — the collection P
and the error function D. A common approach to specifying P is adding structural assumptions,
such as monotonicity, m-modality, and log-concavity, which, in many cases, makes algorithm
refinement possible by leveraging structural simplicity. An orthogonal approach to encouraging
adaptability without imposing structures is to replace absolute error by relative error, which we
illustrate below.

Competitive estimation Without strong prior knowledge on the underlying distribution,
a reasonable estimator should naturally assign the same probability to symbols appearing an equal
number of times. Competitive estimation calls for finding a universally near-optimal estimator
that learns every distribution as well as the best natural estimator that knows the true distribution.

Denote by A the collection of all natural estimators. For any distribution p € A and
sample X" ~ p, a given estimator p incurs, with respect to the best natural estimator knowing p,

an instance-by-instance relative KL error of

Do (p [l p(X")) :==D(p || p(X")) —greli;\}D(p 14(X™)).

Analogous to the minimax formulation, we denote by
rp'(p,p) :=min{r: Pr(D..(p || p(X")) <r) = 9/10}

the minimal relative error p achieves with probability at least 9/10, by (P, p) the worst-case

relative error of p over P C A, and by r*(P) the minimax relative error.
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Old and new results Initiating the competitive formulation, [OS15] show that a sim-
ple variant of the well-known Good-Turing estimator achieves *(A) < 1/n'/3, and a more
involved estimator in [AJOS13b] attains the optimal *(A) ~ 1/+/n. For a fully adaptive guar-
antee, [HO19b] further refine the bound and design an estimator p* achieving ri(p, p*) <
Eqg,~p[Dn/n] S 1 (A), for every p € A, but provide no lower bounds.

In this work, we completely characterize i (p, -) with essentially matching lower and

upper bounds. Surprisingly, we show that for nearly every sample size n, the quantity behaves

like H,(p)/n.

Theorem 2 (Optimal competitive error). There is a near-linear-time computable estimator p~,

such that for any distribution p and n,

where p* is the near linear-time computable estimator in [HO19b] mentioned above. On the

other hand, for any H € [0,+/n),

nat

min max_r;"(p,p)
b pH(p)SH "

Vv
e

5.C.2 Proof of Theorem 2

Proof. The upper bound follows by the main result of [HO19b] and Theorem 1 asserting the
entropy-dimension equivalence. To establish the lower bound, denote s := (H/log n)l/ 2 1=

{s,s+1,...,2s}, and P := Uje/P; := U;jeU; /n where

U := UUi — U{izlogzn,izlogzn—i— I,... ,i210g2n+i10gn},
i€l i€l
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where H < \/n/logn for the total to be at most n. Let A-{B} denote the length-A constant
sequence of value B. Let C be the set of distributions in the form of
1
p:=L- {n_Q} U (U(ilogn) {gior ¢ : ng; = i*log® n,nq}; = i*log*n + ilogn}) .

1

where the probability values are sorted according to the ordering they appear above, L is a proper
variable that makes the probabilities sum to 1, and the range of support of distribution p is
irrelevant for our purpose and hence unspecified. Equip a uniform prior over C (equivalently,

construct a random distribution). We have several claims in order:

e For any i € I and u € U, by the construction and independence,

Pr(g, = 1|g; is chosen) ~ (ilogn) <Pr(Poi(nqi) — 1) - (Pt(Poi(ng;) # y))“%’"*l)

~ (ilogn) - <

> Q(1).

Similarly, we have Pr(¢, = 1|g} is chosen) > Q(1). Hence,

Pr(g, = 1) > Q(1).

e Forany i €/ and u € U;, by Bayes’ rule,

Pr(@, = 1|g; is chosen) - 0.5 > ().

Pr(g; is chosen|@, = 1) = Pr(oy=1) >

Similarly, we have Pr(g/ is chosen|p, = 1) > Q(1).

e Forany i € I and u € U, the value of M,,, the total probability of symbols appearing u times,

is g; if @, = 1 and g; is chosen; and is ¢} if ¢, = 1 and g; is chosen. Any estimator E, will
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incur an expected absolute error of Q(i(logn)/n) in estimating M,, given @, = 1.

e Note that for any o € [0,1] and x,y > 0,
oy —2)° + (1) (z—x)* > (1 — o) (x—y)*.
e Therefore, the expected squared Hellinger distance H?(-, ) of any estimator E,, in estimating

(M) >0 satisfies, by the linearity of expectation,

1

s L E(VE- V)2 1Y Y E[(VE~ ) 0, =1] Prie, = )

u=>0 2i€1,u€U,'
2
1 E,—M
= E||—=—2—=] |o.=1|Pr(g,=1)
2;#;],' (VEP+\/MF> ! !
2
1

i€l i2(log*n) /n

S 5.0 (slogn>
n
H
:Q(_) .
n

e Consequently, by the inequality D(P || Q) > 2H?(P,Q),

E(D(E || M)] > E 2EP(E,M)] > © (E) |

n

e Finally, combining Theorem 1, 9 and 1 yields that, with high probability,

Hu(p) = Dy =~ En(p) ~ H;(p) =Y j>1 min{py,, j-logn},

which, by our definition, is at most O(logn + s(slogn)) = O(logn+ H). O
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5.C.3 Extension: Competitive Entropy Estimation

Recall that a distribution estimator is natural if it assigns the same probability to symbols
of equal multiplicity, and a property estimator is plug-in if it first finds an estimate of the
distribution and then evaluates the property at this estimate. As an off-the-shelf method, the
plug-in approach is widely used in estimating distribution properties.

As we mentioned in Appendix 5.B.3, to estimate a symmetric property, an accurate
estimate of the probability multiset of the underlying distribution suffices. Intuitively, it should
be easier in terms of statistical efficiency to recover just the probability mutiset than to learn the
entire distribution. For example, over distribution collection Ay, the PML plug-in estimator is
minimax optimal for learning entropy, while the empirical distribution, being minimax optimal
for distribution estimation, is suboptimal as a plug-in entropy estimator.

However, the analysis and computation (though efficient) of such multiset-based estima-
tion methods are often involved [VV1la, VV13, VV16, HIW18, CSS19b, ADOS17, HO19a].
For this reason, plug-in estimators that first estimate the true distribution are still popular in
practice, and often, the distribution component is natural.

For example, several notable and widely used entropy estimators are natural plug-in,
including the empirical estimator that simply uses the empirical distribution, James-Stein shrink-
age [HSO9] that shrinks the distribution estimate towards uniform, and Dirichlet-smoothed [SG96]
that imposes a Dirichlet prior over Ay.

The logic behind these estimators is simple — if two distributions (e.g., the true distribution
and our estimate) are close, the same is expected for their entropy values. The next theorem shows
that for every distribution and among all plug-in entropy estimators, the distribution estimator
in [HO19b] is as good as the one that performs best in estimating the actual distribution.

Denote by A the collection of all natural estimators, and write |H(p) — H(q)| as {5 (p,q).

Theorem 13 (Competitive entropy estimation). For any distribution p, sample X" ~ p, and the
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respective best natural estimator pps := arg min,cqr D(p || Pyn ), with probability at least 1 —1/n,

tu(p, P) =t (p, n) < O( M).

n

Proof. Given any natural estimator and a sample X" ~ p, we denote by ¢ the distribution estimate.

The entropy of ¢ differs from the true entropy by

H(q)—H(p) ==Y qx10gq.+ Y prlogp,
X X
= prlogpx - prlog%c +pr10g(Ix - qulogqx
X X
_prlog_+z —qx)logq;

D(plq +Z — gx)log .

Denote by P,(X") and Q,(X") the total probability that distributions p and g assign to symbols
with multiplicity u. Since ¢ is induced by a natural estimator, we also write g,(X") for the
probability that ¢ assigns to each symbol with multiplicity p in X". Recall that prevalence ¢, (X")
denotes the number of symbols with multiplicity ¢ in X". Therefore, Q,,(X") = @u(X") - g.(X").

Henceforth, whenever it is clear from the context, we suppress X" in related expressions.

Then, the second term on the right-hand side satisfies

Z(px —gx)loggx = Z(Z L= px— Z L= qu) log(z In=u" qu)
x x u T
=YY Ly (Px—4u)logay
X
- Z(Z L= P — Z L=y - qu) l0g g
u x X

:Z P QH logg,.
u

Let gmin be the smallest nonzero probability of g. By the triangle inequality and Pinsker’s
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inequality,

<Z| P Qﬂ) logqy|

Z P Qy logg,
u

< |10ngin|Z|P,U_Q,U|
u

< [loggmin| v/ 2D(P || Q).

For simplicity, suppress the subscript X" from all estimators, e.g., write p ;= ﬁXNn. Now we show
that if a symbol x has multiplicity u, the estimator p*C will assign a probability mass of P,/@,. In

other words, Pﬁ\[ = P, since p € A(. Indeed, the corresponding KL-divergence values differ by

pr log — Zz]l,ux—,u Px log Z log — Zz]l,ux—,u pxlog (Ig
x

b X u

P
:Zzﬂﬂxzﬂ'pxlog £
X u ¢

udu

=Y. P Og——D(P Q) =0

u .U

Then, the above equalities yield that,

H(p) = H(p) = D(p || )+ ¥ (P~ B) 1og piX = D(p || p).
u

Next consider the other estimator p*, which is also natural. Let D, = D, be the profile dimension

of X". By the results in [HO19b], estimator p* achieves a D, /n excess loss, i.e.,

N . R R /D
D(p | p;n)—lgch(p | Ben) = D(P || P*) < o(—"> :

n

for every p and X" ~ p, with probability at least 1 — O(1/n). In addition, by its construction, the
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minimum probability of p,, is at least 1/n*. Therefore, with probability at least 1 — O(1/n),

N ~ D,
< [10g a1/ 2D(P | P*) < 0(\/ 7") ~

Finally, the triangle inequality combines the above results and yields

Y (px— p})log p}

X

= ‘Z(Pu—ﬁﬁ) log p,
u

Cu(p, p*) — Lu(p, p) = |H(p) — H(p")| — [H (p) — H(pX)|

]pu +E - ploe | - ‘{ninD(pHﬁ)’
PEN

Z(px - pA;) log ﬁ;

X

. 'D(P |52) - min D(p | ﬁ)‘ n
D(P| £y + é(@)
(%)

This together with Theorem 1 completes the proof. [

IN

5.C.4 Experiments

The experiments in [HO19b] have demonstrated the efficiency of p*, showing that the
estimator frequently and uniformly outperforms an improved version of the well-known Good-
Turing estimation scheme [OS15], for numerous distributions and parameter settings. Our results
confirmed the optimality of estimator p* from a theoretical point of view, and moves forward
considerably our understanding of how well one can approach the performance of a genie having
the full knowledge of the true distribution, but restricted to be natural as all human beings.

In the following, we do not repeat the experiments in [OS15] (see Section 2 of its
supplementary), and instead, investigate a novel and highly related task — employing p* as a

plug-in estimator for Shannon entropy. By Theorem 13 and its proof, we already see that the
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resulting plug-in estimator H o p* is as good as any plug-in estimator with a natural distribution
component, and how well it performs, to a certain extent, depends on how well it approximates
the true distribution under the KL divergence. But is this plug-in estimator still competitive when
compared to estimators having observed samples of much larger sizes, or to the state-of-the-art
estimators that are designed just for entropy estimation? The following experiments answered
this question in the affirmative.

Below we demonstrate the efficiency of p* when used as a plug-in entropy estimator. We
will compare its performance with a size-n sample to three estimators: the n-sample empirical
estimator that evaluates the entropy of the empirical distribution, the nlogn-sample empirical
estimator that has access to much more information, and a state-of-the-art entropy estimator
in [WY16] based on minimax polynomial approximations (which we refer to as WY). Shown by
the experiments in [WY 16], under numerous settings, the WY estimator frequently outperformed
several classical estimators and other minimax estimators such as [VV1la, VV13, JVHWI15].
Hence, we maintain simplicity and do not compare our approach to the latter ones.

We considered six natural distributions: uniform, two-steps-, Zipf(1/2), binomial, geo-
metric, and Dirichlet(1)-drawn-, all having support size kK = 5,000. The plots are presented in
Figure 5.2, with both vertical and horizontal axes showing in log-scale (base 10). The sample
size n ranges from 10° to 10°, and every data point represents the average absolute error over 20
independent simulations. We refer to the plug-in estimator using p* as HO.

Specifically, 10% probability values of the two-steps distribution o< 9/k, and the rest
o< 1/k; the binomial and geometric distributions have success probabilities of 10/k and (k — 1) /k,
respectively; the Zipf(1/2) distribution has probability p; o< i~!/2 for i > 1, and is truncated at k
and re-normalized.

We see that the performance of the WY estimator and our plug-in approach are essentially
the same. In particular, for Dirichlet(1)-drawn-, WY is better, but for binomial, WY is worse; for

all other cases, the two error curves basically follow the same trend and lie in the same region.
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This is somewhat surprising since intuitively, p* is a distribution estimator and its design has no
consideration about entropy estimation, while WY is geared towards this task. On the other hand,
the performance of the induced plug-in estimator should be both efficient and competitive, as

guaranteed by Theorem 13.

uniform distribution two-steps distribution Zipf-half distribution

HO
= empirical 10°

HO
— empirical
— empirical-nlogn
— WY

HO
= empirical 10°
— empirical-nlogn
—_

— empiricalnlogn
I

Average estimation error

10% 104 10° 10% 10* 10% 10% 10* 10%
sample size sample size sample size

dirichlet-one distribution binomial distribution Geometric distribution

HO
— empirical

HO
— empirical
w— empirical-nlogn 1071
—_—

HO
— empirical 100
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—_—y

= empirical-nlogn
—_—

Average estimation erro
s

Average estimation error

5 B

Average estimation error

10% 104 10° 10% 104 10° 10% 10* 10%
sample size sample size sample size

Figure 5.2: Competitive entropy estimation

5.D Optimal Characterization for Structured Families

Following the previous discussions, we will derive nearly tight bounds on #,(p) for three
important structured families — log-concave, power-law, and histogram. These bounds clearly
demonstrate the power of profile entropy in charactering natural shape constraints.

For the subsections below, we adopt the convention of specifying structured distributions

over X = 7.
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5.D.1 Theorem 6: Log-Concave Family

The log-concave family encompasses a broad range of discrete distributions, such as
Poisson, hyper-Poisson, Poisson binomial, binomial, negative binomial, and geometric, and
hyper-geometric, with broad applications to statistics [SW14], computer science [LV07], eco-
nomics [An97], and geometry [Sta89].

Formally, a distribution p € Ay is log-concave if p has a contiguous support and p)% >
DPx—1- Px+1 for all x € Z. The next result bounds the profile entropy of this family, and is tight up
to logarithmic factors. For simplicity, henceforth we write a A b for min{a,b} (and V for max),

and slightly abuse the notation and write a ~ b for a+1 = ®(b+1), which does not change the

nature of the results.

Theorem 6. Let L5 C Ay denote the collection of log-concave distributions with variance 6.

Then,

n
~OCA—.
by ThiP) =00

In particular, if we discretize a Gaussian variable X ~ N (u, 62) by rounding it to the nearest
integer, the distribution of the resulting variable achieves the maximum, up to logarithmic factors.
Moreover, such a discretization procedure preserves log-concavity for any continuous distribution

over R.
A similar bound holds for -mixtures of log-concave distributions. More concretely,

Theorem 14. For any t-mixture p € Az, of log-concave distributions with variances (5%, 1<i<y,

Ho(p) < (;G’) /\miaX{(%} ,

where the right-hand side is assumed to be at least t since otherwise Hy,(p) <t, and in practice, t

is often a small quantity, e.g. a constant.
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5.D.2 Proof of Theorem 6 and 14

We start by showing the #,(p) 2 6 An/c lower bound. A requirement is that p must be a
discrete log-concave distribution. We show that one can take p as a discretized Gaussian A (u, 62).
In addition, the discretization procedure works for any continuous distribution and preserves
log-concavity and essentially also the variance. We will start by introducing the discretization

procedure.

Proof. Log-concavity is a generic structure exhibited by numerous classical distributions, both
those discrete (introduced above) and continuous ones, such as Gaussian, exponential, uniform,
logistic, and Laplace distributions. Below, we present a discretization procedure that preserves
distribution shapes such as monotonicity, modality, and log-concavity. Applying this procedure
to a Gaussian distribution A((u, 6?) yields the lower bound in Theorem 6.

Let X be a continuous random variable with density function f(x). For any x € R, denote
by [x] the closest integer z such that x € (z —1/2,z+ 1/2]. The distribution of [X | is over Z and

satisfies

z—i—%
p(z) = /Z—l f(x)dx, Vz € Z.

We refer to the random variable [X | as the discretized version of X.

Shape Preservation By the definition of [x]|, one can readily verify that the above
procedure preserves several important shape characteristics of distributions, such as monotonicity,
modality, and k-modality (possibly yields a smaller k). The following theorem further covers

log-concavity.

Lemma 9. For any continuous random variable X over R with a log-concave density f, the

distribution p € Ay, associated with [X | is also log-concave.

To show this, we need the following basic lemma about concave functions.
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Lemma 10. [f f is a real concave distribution, for any real numbers x1,x3,y1, and y, satisfying

x1 <x2, y1 < y2, x1 <Y1, and x3 < ya,

fO) = fla) o fl2) = flxa)

y1—X1 I i %}

By the above lemma, for any x,y € R such that |x —y| < 1, and any function f that is

log-concave, log f(x+1) —log f(x) <log f(y) —log f(y—1) <= fx+1)f(y—1) < f(x)f(¥).

Proof of Lemma 9. By definition, distribution p is log-concave if p has a consecutive support and
p(z)? > p(z+1)p(z—1),Vz. The first condition holds for [X | since X is has a continuous support
on R, and p(z) is positive as long as f(x) > 0 for a non-empty sub-interval of (z—1/2,z+1/2].

Below we show that p also satisfies the second condition. Specifically, for any z € Z,
1 3

pla—1)p(a+1) = ( / ij(x)dx) ( [ f(X)dX>

2

_ (/ZZ+2f(x— 1)dx> (/Zz+2f(x+ 1)dx>

where the inequality follows by Lemma 10 and its implication. [

Moment preservation Denote by p the distribution of [X | for X ~ f. Let u and ¢?
be the mean and variance of density f, given that they exist. The theorem below shows that

distribution p has, within small additive absolute constants, a mean of u and variance of ®(c?).
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Lemma 11. Under the aforementioned conditions, the mean of [ X | satisfies

1

E[X|=u+t—,

2

and the variance of [X | satisfies
(6—1)* <E([X]-E[X])* < (c+1)*
Proof of Lemma 11. First consider the mean value of [X | for X ~ f. We have
1
E[X|=E[[X]| -X]|+EX]|=u+ 5

Consider the variance of [X | and apply inequality (a+b)? < a®(1+1/t) +b*(1+1),¥t > 0.

(o]
—o0

B(X)-EX|P = [ (fx]~E[X] f(x)dx

= [ ()~ (- BX) +BX —E[X]? -/ ()dx

(o<}
— 00

IN

/_: ((M—HEX—E(XJ)Z (1+%>+(X—EX)2(1+t))f(x)dx

< /_Z <(1+%) +(x—IEX)2(1+t)) f(x)dx

1
- 1—1—;—}-1‘62—{—62

= (c+1)°.
By a different inequality, (a+ b)? > a*>(1 —1/t) +b*(1 —1),Vt > 0, we also have
E([X]-E[X])*> (c—1)% O

By the above lemma, for almost any ¢ > 1, we can construct a discrete log-concave

distribution of variance o2 if there is a continuous one with roughly the same variance.
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Next, letting p,, denote the distribution of [X | for X ~ A((u,6?), we lower bound % (p,,)
(effectively, the profile entropy #,(p,)). By definition, this discretized Gaussian, which we write

as [\(] (u,0%), has a distribution in the form of

1

_ 1 an) (x —u)?
pe(2):= / exp (— sor ) dx V€L,

2nG /-4

Through the subsequent analysis, we show that

Lemma 12. Under the aforementioned conditions,

w20 ()00

The lower bound in Theorem 6 follows by these inequalities.

Proof. At it is clear from the context, we write p instead of p,. Recall that

H; (p) =) min{ps,, j-logn},
=1

where pj; denotes the number of probabilities belonging to I; = ((j — 1)2, %] - (logn)/n. Com-
puting the quantity for part of the distribution can only reduce the value of H> (p). Hence, we
will focus on symbols in the (1 + 1,0) NZ range, over which the probability mass function p(z)
is monotone.

We will further assume that n/logn > 6 > logn, since otherwise the right-hand side of
the inequality reduces to O(1), and the result follows by H: (p) > 1 for all n and p. In addition, we

focus on j > 1 in the following argument, as the contribution from j = O(1) is relatively small.
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Given these assumptions, we have

exp (_(zil/Z—,u)2> . <(j_ 1)210gn7j210gn}

cl;, <—
P(Z) J n n

— z£1/2—ueV2o [\/c(c,n) —2log j,\/c(o,n) —2log(j — 1)),

where ¢(0,n) :=log (n/(v/2nclogn)) and the interval is well-defined iff

n
c(o,n) >2logj <— — >2j.
(@.n) &/ \/2nclogn \/ 27t610gn \/ clogn /

For clarity, we divide our analysis into two cases: y/n > 6 > logn and n/logn > ¢ > /n.

For the first case and j < y/c/logn/2 < \/n/(clogn)/2, the length L; of the above

interval, which equals to pj; up to an additive slack of 2, satisfies

—_ = /c(o,n)—2log(j— 1) —\/c(o,n) — 2log j

2log(j/(j— 1))

(c(6.n) —2log(j — 1)) + (c(0.n) — 2Iog )
)

log (n/(v21j(j — 1)ologn))

Therefore, we have L; = Q(c/(jlogn)). Since 6 >> logn ensures L; > 3 and j < y/c/logn/2
is equivalent to 6 > 4 j2logn, the lower bound on L j transforms into py, > Q(j). Hence in this

case, H? (p) admits the following bound

H; (p)=Y min{py, j-logn} > Z Q(j) =

jz1

\/6/logn/2
o
Q
logn
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In the n/logn > o > \/n case, we have \/c/logn > \/n/(clogn). Repeating the previous

reasoning for j < /n/(clogn)/2, we again obtain L; = Q (c6/(jlogn)) and p;; > Q(j).

Therefore,

Hi(p)=Y min{p;,j-logn}> Y  Q@)=Q
j=>1 j=0(1)

\/n/(clogn)/2 ( n )

clogn

Finally, note that in the first case, min{c,n/6} = G, and in the second, min{c,n/6} = n/c.

Consolidating these results yields the desired lower bound

Next we proceed to the upper bound.

For any sample X" ~ p, the profile dimension D(X") is at most the number of distinct
symbols in the sample. It is well known that the tail probability of a log-concave distribution
decays exponentially fast. Hence, the effective support size of p with respect to X" is O(c + 1),
beyond which the tail probabilities can be as small as 1/n? (the asymptotic notation hides
logarithmic factors of n). Given this, even we sample from p for n times, the probability that
we get only O(c + 1) distinct symbols is at least (1 —1/n%)" > 1 —1/n. Therefore, we have
Hy(p) ~ D(X") <o+1.

Now, we extend this argument to a -mixture of log-concave distributions with variances

2

67,1 € [t]. For a length-n sample from this a distribution, the number of sample points from each
mixture component is is at most n. Hence, with high probability, the number of distinct symbols
in a length-n sample is at most ) 6; +¢, up to logarithmic factors of n.

For the other part of the upper bound, we can assume that 6 > /n (otherwise we need to
consider only the above case) and n is larger than some absolute constant. Then by a concentration

inequality in [DKS16a], the maximum probability pmax of p belongs to [1/(85),1/c]. Hence,
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the last index J for which pj, # 0 satisfies

1 1
G122 e < [
n o clogn

Therefore, we have

\/n/(clogn)+1 n
H’(p) = Z min {plj,j-logn} <logn-+ Z Jj-logn < O(logn) (1 +E> :

=1 =1
Our upper bound is uniformly better than the min{c, (n>/c)'/3} bound in [HO19b], which is
derived for D, ~ p. More importantly, we actually provide a complete characterization of the
profile entropy value that is optimal up to logarithmic factors.

Next, we extend the n/6 bound to the mixture model. Write the mixture distribution as

p:=Y,;w;- pi, with w;’s being the mixing weights and p;’s being log-concave distributions with

2

variances o7, respectively for 1 <i <. Itis clear that pyax in this case is at most the maximum

probability of some p;, which at most max; 1 /6;. The rest of the proof is the same as above. [

5.D.3 Theorem 7: Power-Law Family

Power-law Power-law is a ubiquitous structure appearing in many situations of scientific
interest, ranging from natural phenomena such as the initial mass function of stars [Kro0O1],
species and genera [HQD™10], rainfall [MR93], population dynamics [Tay61], and brain surface
electric potential [MSODNO9], to human-made circumstances such as the word frequencies in a
text [Baa02], income rankings [DYO01], company sizes [Axt01], and internet topology [FFF99].

Formally, a discrete distribution p € Az is a power-law with power ot > 0 if p has a support
of [k] :={1,...,k} for some k € Z* U {eo} and py < x~* for all x € [k]. Note that if o € [0, 1],
the distribution is well-defined for only finite k. The next result fully characterizes the profile

entropy of power-laws over the entire ranges of o, n, and k.
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Theorem 7. Let p € Ay be a power-law distribution with power 0. Then,

. k1+(x k2
k lfOC>T\/10r12(X>7,

_1 AN
RO ife=>a>1,

n -

1 k2 I-o
%(p) = (kln—(x> o lf%/\l >0 > kTa

o — % iflea/\IZOLandOLZZIng(7\/§+1>,

kA o gf”T“A1zaand210gk(7\/§+1>>a.

. . . 1
In particular, as o0 — 0, the bound degenerates to k )\ \/% which is at most n3.

Since a power-law sample profile is completely specified by ., k, and n, the above theorem
directly applies to model parameter estimation. Specifically, we first compute D, ~ p, which is a
simple function of the symbol counts. By Theorem 1, we can then use it to approximate #,(p).
Finally, we utilize the characterization theorem and find the parameter relations (testing might be
necessary).

The theorem fully characterizes the profile entropy of power-laws and is significantly
better than the basic {k,/nlogn} bound for both k > \/n and k < /n. We can see how different
parameter interplay with each other and leverage these relations in applications such as parameter
estimation. In comparison, a result in [HO19b], when combined with our entropy-dimension
equivalence theorem, yields only an pl/(+a) upper bound (and no lower bounds nor the right
dependence on k), which is clearly suboptimal and provides no improvement over /nlogn

fora < 1.
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5.D.4 Proof of Theorem 7

Proof. For the ease of exposition, write the probability of symbol i assigned by distribution p as

pi = cq' -i~% where cq, is a normalizing constant that implicitly depends on k. Note that

k' R (k+1D)e 1
o +—>1+/ Oca’x>co€—ztl°°>/ %dx = a1 o

By basic calculus and up to logarithmic factors, we can approximate the normalizing constant by

kol
=L =k
Recall that the quantity of interest is essentially

Hy(p) =Y min{py,j logn}.
=t

It will be convenient to denote ¢ := c(ot, k,n) := (cqlogn) /n ~ (k'~*V1)/n. First, consider py,

for a sufficiently large j (i.e., j > 1) and note that

pi€lj —

. logn ,logn
S ((J— 1)2i,12i}

o n n

= iclj:= [(jzc)_é‘ (- 1)2c)‘flx> :

Observe that the length L; of interval I’, which differs from the value of p1; by at most 2, is

proportional to (j — 1)~%/®— j=2/@

, and hence is a decreasing function of j. Furthermore, each
term min{py;, j-logn} ~ min{L;, j-logn} is basically the minimum between this decreasing

function and jlogn, an increasing function of j. This naturally calls for determining the value of
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J at which the two functions are equal. Concretely,

1

((=1)%) @ = () :

e
= jlogn=—= j~J:= (—) ,

Sl

o%c

where J implicitly depends on o and 7. In addition, since probability p; vanishes if i & [1,k], we

need to consider only y/1/(ck®)+1 < j<+/1/c.

We can decompose the summation H (p) into two parts. The first part consists of indices

J<J,
INA/1/c INA/1/c
Hil(p) = Z min {plj,j-logn} ~ Z j.
J=+/1/(ck*)+1 J=v/1/(ck*)+1

Correspondingly, the second part consists of indices j > J. For these indices j, we have L; <

j -logn. Recall that I} specifies the range of i satisfying p; € I;. Then the second part satisfies

H;iz(p) = Z min {plj,j'logn} ~ Z Lj,
=V (/1] (k) +1) J=IV (/1] (k) +1)

where the inequality follows by the fact that the intervals / ; are consecutive. In addition, note that
the left end point of I’ equals (ch)’é = (a/c) T,
The rest of the proof follows by dividing the analysis into several cases according to
whether o > 1 and the relative magnitude of J, y/1/c, and (/1/(ck®*)+1).
For a concrete example, if o > 1, then our approximation of ¢y becomes co, >~ 1, hence
¢~ 1/n, and it is also clear that J = 1/(0c“c)ﬁ+2 < y/1/c. Therefore,
J

Hlil(]’) i Z J-
j=/1/(ck%)+1

Now, consider the relation between J and +/1/(ck®). By the continuity of profile entropy, we
can treat ¢ as 1/n. If o> k'T%/n, then J < /1/(ck®) and our upper bound for HZ (p) vanishes.
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The quantity of interest hence becomes H? | (p), which equals to

v 1/c
J=v/1/(ck*)+1

On the other hand, if o < k'*%/n, then J > /1/(ck®) + 1 and H? | (p) satisfies

J 1
. n\ o+t
j=+/1/(ck®)+1

Our approximation of H>,(p) reduces to

1
(g) %~ (Om)o%+1 ~

Q-
I

s e 2 \-
H»(p) ~ Z Li~ (J°c)
=7

1

Consolidating these bounds and noting a.a+T € (1,2) yield that H3 (p) ~ n@ 1. The expressions

for o0 < 1 can be derived in the similar manner. ]

5.D.5 Theorem 8: Histogram Family

Histogram While histogram is among the most widely studied representations, histogram
distributions’ importance also rises with the rapid growth of data sizes in modern scientific
applications. For example, subsampling, a generic strategy to handle large datasets, naturally
induces a histogram distribution over different categories of the data. This induced distribution
often summarizes vital data statistics, leveraging which yields efficient and flexible inference
procedures.

Formally, a discrete distribution p € Az is a t-histogram if we can partition its support
into at most ¢ pieces such that p takes the same probability value over each piece. The theorem

below provides near-optimal bounds on the profile entropy of the #-histogram distributions.
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Theorem 8. Denote by I, C Ay the collection of t-histogram distributions. Then,

max H,(p) ~ (ntz)%/\\/ﬁ.

pel

In practical settings, the value of ¢ is often poly-logarithmic in n, and the bound reduces to
@(nl/ 3). For the particular case of ¢ = 1, distribution p is uniform over some unknown contiguous

support. This result overlaps with Theorem 7 with o0 = 0, yielding the following bound.
Corollary 5. For any uniform distribution p with support size k, we have H,(p) ~ k A \/g
Next we consider mixtures of histogram distributions.

Theorem 9. Let T be the positive integer sequence {t;}}_,. Denote by St the sum Y ;t;, and by

It the s-mixture of t-histograms with parameters specified by T. Then,

max H, (p) ~ (nS%)3 A/

pelr

Proof. The proof follows by Theorem 8, which holds for any 7, and the fact that I7 coincides

with the collection of all S7-histogram distributions. [

5.D.6 Proof of Theorem 8§

Proof. First we establish the lower bound. Recall that the quantity of interest is essentially

=1

Our construction depends on the value of ¢ as follows. Let A - { B} denote the length-A constant

sequence with value B. If t = 1, distribution p has the following form

301



where py is a properly chosen probability in /,1/3 so that p is well-defined, and the range of support
of distribution p is irrelevant for our purpose and hence unspecified. If 2 < r < n'/*/(2./logn),

then for some parameter s > 0 to be determined, the distribution p has the following form

bt {;z}u(jjgj ((1oen-{ zlogn})),

where the probability values are sorted according to the ordering they appear above, and L is a

properly chosen to make the probabilities sum to 1. For the distribution to be well-defined, we

require
s+1—1 1 1/3
Z (jlogn) - ( 2 ogn) <1 <« t(s+1)’ < T — s < ( nz ) —1.
Pt n ~ log®n tlog“n

Note that the last inequality is valid if r < n'/4/(2y/logn). Let s be the maximum integer

satisfying the above inequality. Then, H> (p) admits the lower bound

sl 25+1)(t 1 1 173
H,f(p) > Z (jlogn) > wlogn > (Lz) tlogn = Q((ntzlogn)l/3).
S 2 4 \tlog"n

Finally, if 1 > ng := n'/*/(2,/logn), distribution p has the following form
ro=1 logn
pe=(—m+1)-{po}U ( U ((jlogn>-{j27})),
j=1

where pg is a properly chosen to make the probabilities sum to 1. According to the previous

reasoning, distribution p is well-defined and quantity Hy (p) satisfies

o ~1
Z (jlogn) > %logn > Q(y/n).

Consolidating these results yields the desired lower bound.
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Regarding the upper bound, the work of [HO19b] studies the profile dimension for

distributions p € I, and shows that
E[D,] S (n?)5 AV,

Consolidating this inequality with Theorem 1 (dimension-entropy equivalence) and Corollary 4

(dimension concentration) yields the desired upper bound. [

5.E Extensions

5.E.1 Multi-Dimensional Profiles

As we elaborate below, the notion of profile generalizes to the multi-sequence setting.

Let X be a finite or countably infinite alphabet. For every vector i := (np,...,ny) € N¢
and tuple ' := (x]',...,x") of sequences in X*, the multiplicity ,uy(xﬁ) of a symbol y € X is
the vector of its frequencies in the tuple of sequences. The profile of x" is the multiset ¢(x")
of multiplicities of the observed symbols [ADO™ 10, Das12, CSS19b], and its dimension is the
number Q)(xﬁ) of distinct elements in the multiset. Drawing independent samples from each
distribution in j := (py,...,pq) € AY, the profile entropy is the entropy of the joint-sample profile.

Many of the previous results potentially generalize to this multi-dimensional setting. For

example, the v/2n bound on D(x") in the 1-dimensional case becomes

Theorem 20. For any X, i, and X' € X" there exists r > 0 such that

Zniz%(d;itv and <d:;r>—1za)(xﬁ).

i
Note that this recovers the v/2n bound for d = 1.

Proof. For simplicity, we suppress x in Q)(xﬁ) Let A; denote the standard d-dimensional
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simplex. As each multiplicity corresponds to a vector in N¢, in the ideal case, the profile that has
the maximum dimension 9 corresponds to the integer points in the scaled simplex (r-Ay), for

some properly chosen parameter » > 0. For a valid choice of r, we have
Z i t-l-d—l _(r+1)(r+2) d+r+1
= - d+1 d—1

and

s () (1)

Consolidating these two inequalities yields the desired result. 0

5.E.2 Discrete Multivariate Gaussian Mixtures

Let X be a d x d symmetric matrix with eigenvalues G(% > ... > (52 > 1 and u be a d-
dimensional integer vector. The discrete d-dimensional Gaussian induced by (u,X) is specified

by its probability mass function

p(x) = éexp (—% (x—p)'x! (x—y)) Vx e Z4.

where Cy := C(n,d,X) > 0 is a normalizing constant. In this section, we show that for d > 9,

2
C('ydexp (6d ) <210gn) ) ,
1 d

where 7, is a constant that appears in Lemma 14 and depends only on d. The bound resembles

Hu(p) <

als

that in Theorem 6 for log-concave distributions. For d = 1 with X = &2, the normalizing factor is
Cy = /270, and the right-hand side reduces to O(6 An/c) in Theorem 6.

Let us denote the multiplicative factor in the parentheses by Fs. := F (n,d,X). Just like The-
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orem 6 generalizes to 14, the above result generalizes to also mixtures of discrete d-dimensional

Gaussians.

Theorem 21. For a t-mixture p € Aya of discrete d-dimensional Gaussians with covariance
matrices X;, where 1 <i <t, its profile entropy satisfies
n
Hy(p) < ZCiFZi /\mlax {E} ,
i 1
where the right-hand side is assumed to be at least t since otherwise H,(p) < t, and in practice, t

is often a small quantity, e.g. a constant.

Proof. Below we establish Theorem 21 for ¢t = 1. The proof of the general case follows by the
subsequent reasoning and the arguments in Appendix 5.D.2.
Lower bound on C First, we bound Cy, from below in terms of the eigenvalues and other

parameters. By symmetry, we can decompose the covariance matrix X as
L =VAVT,

where A is a diagonal matrix with A;; = 61-2, and V is an orthonormal matrix whose i-th column is
the eigenvector v; associated with GIZ.

Next, partition the real space R? into unit cubes whose vertices belong to Z¢. For any
two vectors d@,b € RY that belong to the same unit cube, we will bound the ratio between p(a)
and p(b). Denote a := d—u and b := b — u, and express a and b as linear combinations of
eigenvectors,

d
Xi-Vi and b := Zy,--v,-.
1 i=1

i
-
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The log-ratio between the induced probabilities satisfies

—ZIOgM =d'> la—p"s " 1p
p(b)

“a—b)

Y (xi+yi)- )VA vt (Z( i—yi)'vi)

i

e
( Y (xi+yi)- l)A‘l (;(xi—y,-)-ei)
B

x _yl

Since by construction, @ — b = a — b and @, b belong to the same unit cube, hence ¥;(x; — y;)? =

|la— sz = Y,(d@; — b;)* < d. Consequently, we bound the absolute value of the ratio by

) ZG xF—y?)
< ;Giz o7 — (i — (i = 1))
<2Y 677 (F+ (5~ y)?)
<202 (inerd)

i

=207 (|la—pl3+d).

pla
log —==
gb’

Now, consider the hyper-ellipse E associated with

(x—w)' =7 (x—p) <d.

For any x € E, simple algebra shows that ||x — ,U||% < dc?l' Hence by the previous discussion, for
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any unit cube U with vertices in 74, there exists a vertex vy (of U) such that for anyxe UNE,

2
p(x) ‘ 72< 2 -2 2 (Gd)
loe—— <o X — +d>§6 dos+d) <2d| — ) .
gp(vu) 1 | :“Hz 1 ( d ) o

Note that x € E is equivalent to p(x) > exp(—d/2)/C. Then, the probability mass over E is at

least

exp(—d/2) _ exp(—d/2) _exp(—d/2) (nd)¥? £
/xEEp(x)dxz/er c ~ ¢ YE=T¢ 'r(d/2+1)g0i'

On the other hand, this probability mass is at most

/erP(X)dx: %:/xp(x)-]lermde < ;p(vU) “exp <2d (%) 2) < exp <3d ((;_il)z) |

Consolidating the lower and upper bounds and multiplying both sides by C yield

o4\’ d (rd)¥/? A
czen(4(3) Jow () g o
o\’ (nd/e)!/? 4 _
—ezen|-(3) ) Sl

os\° (2m)d/2 A

O;.

—C>exp| —3d

T
_:

6.\ 2
—C>exp| —3d (—d)

where the first step follows by the lemma below.

Lemma 13. For any integer or semi-integer x > 1/2,

Vare (2) <TG+ 1) < veme (2)
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Upper bound We proceed to bound #;(p) = ¥ ;> min { p;, j -logn}.
Below we assume that C < n/logn, since otherwise p(x) < (logn)/n,Vx, yielding an

O(logn) upper bound on #;(p). Then, by definition, the last index j for which p;; > 0 satisfies

logn 1 I n I n
1)< = <14y =— <2y =——.
(=1 n —C 7= +\/Clogn_ \/Clogn

Denote by J the quantity on the right-hand side. Then,

J
Zmin {plj,j-logn} < Zjlogn §J210gn < 4En
j=1 Jj=1

Furthermore, by a reasoning similar to the above, the collection of points x € Z¢ satisfying
p(x) < 1/(Cn) = p(u)/n < 1/n contributes at most O(logn) to #’(p). Hence we need to

analyze only points x satisfying p(x) > 1/(Cn). Equivalently, those in
E* .= {x eZ: (x—p)" 2 (x—p) < 2logn} .

Clearly, these points contribute at most |[E*| to the sum. Noting that E* is a discrete hyper-ellipse,

we can bound its cardinality by the following lemma in [BG97].

Lemma 14. Let u € RY be a mean vector, and ¥ € R4 be a real covariance matrix with nonzero

eigenvalues G% <.. .Gfl. Foranyd > 9 andt > (53, the discrete ellipsoid

E(t) = {xe 74 (x— )T = (v —p) < z}

admits the following inequality on its cardinality,

a1 (0 )y &
E()] < (” r o3 (01) r(d/2+1)g°”
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where Y; > 1 is a constant that depends only on d.

Applying the above lemma to bound |E*| (where t = 2logn) and combining the result

with our lower bound on C yield

2d+4 dj2 2
Yd 1 Oy (27t10gn) <Gd>
E(21 <11 — | — —_ 3d | — C
|E(2logn)| < ( +210gn(5?l ((51> ) T(d/2+1) exp o1
2d+4 /2
<[1+-K %(%> ! (4en1°g”) (/o)
210gn(5d (o] v/ Td d

3d a2
< <1+ Ya <ﬁ> ) (ZIOgI’L) eSd(Gd/Gl)ZC
2logn \ 01 d

3d d/2
<Ya (%) (210gn> / €5d(6d/01)zc

(3] d

)2
<Ya (213‘%”) 6661(601/01)26‘7

where the second step follows by Lemma 13.

To summarize, we have established the desired bound

H, (p) < O(logn) (1 +min{g,vd(ocz-ﬁd7n)d C}) : O
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