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Abstract 

The geometric properties of polygranular microstructures of the 

Johnson-Mehl and cellular types have been studied through computer 

simulation. These prototypic microstructures arise naturally from the 

classical model of a phase transformation in a one-component solid 

through growth from a random distribution of nucleation sites. The 

Johnson-Mehl microstructure results in the kinetic limit of a constant 

nucleation rate over an essentially constant density of available nuclea­

tion sites; the cellular microstructure is produced in the kinetic limit 

of simUltaneous activation of the available nucleation sites. Members 

of each of these microstructure types are similar to one another in all 

aspects of their geometrical statistics; they differ only through a 

homogeneous expansion or contraction. Their geometric features have 

been characterized through a combination of analytic and computer simu­

lation studies. Comparison with available experimental results shows 

that the Johnson-Mehl microstructure compares well with such metallur­

gically diverse experimental structures as the recrystallization struc-

ture of silicon iron and the intermediate structures established during 

the ordering of lithium ferrite. These correspondencies suggest that 



the idealized microstructures studied here may be physically relevant as 

well as being pedagogically useful. 
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completed by the impingement of growing spheres centered on these 

nucleation sites. This "cellular" transformation process is use­

ful for modelling the kinetics of transformations which occur 

through essentially simultaneous nucleation on a volume dis­

tribution of heterbgeneous nucleation sites. 

The Johnson-Mehl and cellular processes have the interesting 

feature that, in addition to modelling the kinetics of phase 

transformations, they also generate characteristic product micro­

structures. If it is assumed that the growth of a nucl eated 

grain ceases locally when it impinges on a second growing grain, 

then a cellular transformation will generate a microstructure 

made up of irregularly-shaped grains with planar surfaces. Each 

grain contains all points which are closer to its nucleus than 

to any other. Under the same assumption, the Johnson-t~ehl process 

will generate a somewhat more complex aggregate of irregular grains 

with curved surfaces. Each grain, in this case, contains all points 

which are reached by linear growth from its own nucleus sooner than 

from any other. 

Given that the "Johnson-Mehl ll and "cellular" microstructures 

are distinct, irregular microstructures which are kinetically 

achievable through well-defined transformation processes, they 

represent potentially useful prototypes for the irregular micro­

structures resulting from nucleation and growth processes in real 

materials. Their geometric properties were studied in some detail 

by Meijering,(5) who obtained precise expressions or inequalities 



• -4-

for the mean values of several characteristic quantities, including 

the volume, surface area, and edge length of the average grain, 

as well as the average area per grain cross-section in a two­

dimensional section. The statistical methods employed by Meijering(5), 

however, do not yield the distributions of these quantities. 

From the point of view of metallurgical analysis, the dis­

tribution of geometrical features on a two-dimensional section is 

perhaps the most salient characteristic of a model microstructure, 

since these distributions may be compared directly to experimental 

results obtained through metallography. Moreover, physically relevant 

microstructural characteristics, such as the distribution of intra­

granular cleavage facets or slip plane sizes, maybe inferred from 

two-dimensional distributions. However, the relevant geometric distri-

butions are difficult to derive theoretically for irregular micro-

structures and are not known even for the classic cellular and 

Johnson-Mehl microstructures. 

In the present work a computer simulation procedure was utilized 

to draw and analyze two-dimensional sections of three-dimensional 

microstructures of the Johnson-Mehl and cellular types. The distri­

butions of important geometrical features were obtained by digital 

computation. 
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II. Computer Simulation Procedure 

The computer simulation code employed in this research has been 

described elsewhere(6,7). The physical process which it simulates 

corresponds to the transformation of a body modelled as a cube with 

periodic boundary conditions. ,The transformation is of the nucle­

ation and growth type and, insofar as the work reported here is con­

cerned, follows either the cellular or the Johnson-Mehl model. The 

microstructrure is studied through the analysis of two-dimensional 

sections as in conventional metallography. A two-dimensional section 

is constructed by the code by treating the section as a high 

resolution grid of points and identifying the grain to which each 

point belongs. The microstructural section may then be drawn and 

its geometric properties determined by point counting procedures 

which are easily and efficiently carried out in a high speed computer. 

The specific manner in which the computer code assigns points 

within a two-dimensional section to grains of the microstructure 

depends on the nature of the microstructure, or on the process by 

which it is assumed to have been established. 

In the case of the cellular microstructure, nuclei, or grain 

centers, are assumed to be randomly di stri buted with specified dens ity 

throughout the parent body. A point within a two-dimensional section 

is an interior point of the i-th grain of the cellular microstructure 

if it is closer to the i-th nucleus (or to its image across the 

periodic boundary) than to any other grain center. A two-dimensional 

section at some time, t, during transformation by a cellular process 

may be constructed by assigning to the i-th grain those points which 
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are both interior to i and closer to its nucleus than the distance 

X(t) = Gt (1) 

where G is the assumed linear growth rate. The points of the section 

which are assigned to no grain by this method are untransformed points 

of the p~rent matrix (Fig. 1). 

In the case of the Johnson-Mehl microstructure the nuclei are 

assumed to appear randomly in space and time (a Poisson process(8)) 

to yield a constant nucleation rate per unit volume of untransformed 

material. The nuclei which contribute to the transformation of a cube 

of volume V with periodic boundary conditions by a Johnson-Mehl pro-. 
cess having nucleation rate N per unit volume, may be identified in 

the following way. Ignoring the depletion of the volume available 

for nucleation during the transformation the probability that a 

nucleation- event will occur somewhere in the volume V in the time 

interval (.H, At + dt) after a previous nucleation event is . . 
p(At) = NV exp (-(NVAt)) dt~ (2) 

Using this relation a random sequence of time intervals separating 

successive nucleation events in V is selected. The result is a 

succession of times, Ti , for formation of nuclei. Similarly, for 

each nucleus a random position ~i in V is chosen. The nucleation 

sequence is then described by the set of pairs' {~i ,Ti }. Of 

these hypothetical nucleation events, only those which occur in previ-

ously untransformed material are IIrealll in the sense that they contrib-

ute grains to the final microstructure. The condition that the i-th 

pair (~i,Ti) be real is that 

,~ 
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IX. - X·I > G(T. - T.) 
~l ~J 1 J ••• ~ •.••.•• (3) 

for all pairs j~i. The set of "real" nucleation events, that is, 

the positions and times of the nuclei of grains occurring in the 

microstructure of a body transformed by the Johnson-Mehl process, 

may be identified by eliminating from the set of statistically chosen 

pairs {~i,Ti} those which do not satisfy the inequality (3). 

Once the set of "real" nucleation events for the Johnson-

Mehl microstructure has been identified, the construction of a two-

dimensional section through the microstructure is straight-forward. 

The i-th grain in a Johnson-Mehl microstructure contains all points 

which are first transformed by spherical growth from the i-th nucleus. 

Defining 

R·(X) = IX - X·I + GT· 
1 ~ ~ ~l l' 

the point ~ is in the i-th grain if 

Ri (V < Rj (V· 

• • • • • • • • •• (4) 

(j ~ i) • • • • • • • • •• (5) 

Using the inequality (5) the points of a grid covering a two-

dimensional section through a Johnson-Mehl microstructure may be 

readily assigned to their appropriate grains. 

In practice, of course, the computer code employs a grid of 

finite resolution to construct a picture of the microstructure. The 

cells of this grid are either interior points of the various grains, 

boundary points, in the sense that they contain a two-grain inter­

face, or nodal cells within which three or more interfaces meet. The 

algorithm which analyzes the grid and assigns each cell to the 

appropriate grain, boundary, or node works as follows. 
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Let A be a cross-sectional area through the microstructure and 

let {i} be the set of nucleation sites. For each i, ti(A,i) is 

the time at which a grain growing from nucleus i will first impinge 

on A, .and tf(A,i) is the time at whi~h the area would be completely 

transformed by'growth from nucleus i if no other nuclei intervened. 

The transformation of A is necessarily completed by the time 

tf(A,k) = min {tf(A,i)}. • ••••••••••• (6) 

Let GA{{i}) be the subset of {i} containing those nuclei which 

satisfy the relation 

. GA 1 e; • . ........ . (7) 

If GA contains only the single element k, then all points within A 

are interior points of grain k.Otherwise A may be polygranular. 

If GA contains more than one element, the area A is bisected 

and its subareas, A', examined in turn. Since for each of the sub­

areas A'cA it follows that GA'CGA, only those nuclei which are members 

of GA need b~ examined for intrusion into A'. If either of the sub­

areas A' is polygranular, i.e., if GA' has multiple elements, this 

subarea is bisected and each of its subareas A" is examined for in-

A' A" A' trusion of the more restricted set of grains, G ,since G CG • 

The process is continued until either the resulting area An is found 
n 

to be internal to a grain (GA has only a single element) or An = Ao' 

the ultimate resolution of the grid. If GAo contains two elements 

(j and k) then the grid area is marked as an element of the boundary 

between j and k. If GAo contains more than two elements, then the 

corresponding grid section is marked as a nodal point of the micro-

structure, where three or more interfaces meet. 
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The advantage of the recursive algorithm described above is 

that it substantially reduces the number of areal analyses which must 

be made to complete a picture of the microstructure. Furthermore, 

the number of nuclei which must be tested for intersection at each 

step is reduced. The code can complete the construction of a micro­

structural section containing 10 - 80 grains on a 500x500 grid (250,000 

point resolution grid) in only a few thousand iterative steps. The 

algorithm can, of course, be used in conjunction with virtually any 

nucleation and growth law. Its extension to three dimensions is straight­

forward, but is complicated by the difficulty of setting up a three­

dimensional grid of reasonable resolution in a computer with finite 

memory. An alternate approach has been used by Hanson(9) to construct 

microstructures of the cellular type in three dimensions. 

In a typical computer simulation experiment a 500x500 grid is 

used to construct two-dimensional sections through a cube having 

periodic boundary conditions and containing ~50-300 grains. A grid 

of this resolution is adequate to draw the microstructural sections 

and analyze virtually all relevant geometric characteristics to high 

accuracy. Qualitative inaccuracies in microstructures generated on 

a 500x500 grid are uncommon, but do occasionally occur. The three 

most frequent IIbugs li are: (1) IIFuzzy grain boundaries ll
: the conditions 

specified above, that the group GA of the area A contains more than 

one element,is a necessary condition for A to contain a segment of 

a grain boundary, but it is not a sufficient condition if A is finite. 

Under certain conditions the same element of the grain boundary will 

be claimed by adjacent elements of the grid, leading to a fuzziness 



-10-

in the boundary location. (2) "Four-grain junctions ll
: in either 

the Johnson-Mehl or cellular microstructure the probability that more 

than three grain boundary traces will intersect at a point in a two­

dimensional section is identicall~ zero. Apparent four-grain junctions 

are occasionally found in the computer~generated sections, due to 

the circumstance that the boundary segment separating two three-grain 

junctions is too short to be resolved. (3) IIThick boundaries ll
: a 

lenticular grain lying along the boundary of two adjacent grains 

may be too thin to be resolved, giving rise to an apparent single 

grain boundary which remains thick even after all fuzziness is removed. 

Special subroutines (principally magnification schemes) are included 

in the computer code to identify these pathological cases and correct 

for them. 

Careful construction of the two-dimensional sections allows for 

precise analysis of their geometrical features. Parameters such as 

crqss-sectional area and intercept length are computed by point-counting 

techniques and the data tabulated in the form of geometric distributions. 
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III. Results and Discussion 

A. Geometric similarity 

A useful property of microstructures generated by the Johnson-

Mehl or the cellular process is that either type of microstructure 

is geometrically unique to within a homogeneous expansion or 

contraction, i.e., a change of linear scale. In the case of the 

cellular microstructure geometric similarity is obvious. The micro-

structure is generated fro~ randomly distributed nucleation sites 

with density Nv per unit volume, or one per unit volume if the unit 

of length is taken to be the characteristic length 

............. (8) 

Since the randomness of the distribution of nucleation sites is not 

affected by a change in the scale of length, it follows that all 

cellular microstructures have identical geometric statistics when 

referred to the characteristic length b (or to any equivalent character­

istic dimension). Any histogram of any geometric property of a 

cellular microstructure referred to its characteristic length is valid 

for all microstructures generated by the cellular process. 

A similar result follows in the case of the Johnson-Mehl micro-

structure. The Johnson-Mehl process is characterized by the expected 

value of the nucleation rate per unit volume, N, and by the value of 

the linear growth rate, G. If length is measured in the character-

istic unit 

• • • • • • • • • • • • • •• (9) 

and time in the characteristic unit 

T = m (NG3)-1/4, • • • • • • • • • • • • • •• (10) 
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then both the nucleation and growth rates have the value one. Hence 

any histogram of any geometric property of a Johnson-Mehl microstructure 

referred to its characteristic length Om (or to any equivalent character­

istic dimension) holds for all microstructures generated by the Johnson­

Mehl process. 

The volume of an average grain within a cellular microstructure 

is clearly 

Vc = b3 = (Nv)-l. . • . . • • • . . . . . • .. (II) 

The average grain volume in the Johnson-Mehl microstructure has been 

computed by Johnson and Mehl(l), by Meijering(5), and by Evans (10) 

to be 

• • • • • • • • • • • • • •• ( 1'2) 

Table I presents the mean values of several properties of three-

di mens i onal crystallites in the cell ul ar and Johnson-Mehl mi crostructures 

as computed by Meijering(5). The properties of the Johnson-Mehl 

microstructure are tabulated both in units of om' the characteristic 

length based on the nucleation and growth rates, and in units of 

b (=vm
1/ 3), the effective grain size. 

B. Morphology of Two-Dimensional Sections 

Figures 1 and 2 show growth sequences leading to the cellular 

and Johnson-Mehl microstructures, respectively, as viewed on a two­

dimensional section through a transforming cube with periodic boundary 

conditions. Figure 3 presents a comparison of the sections through the 

two microstructures. 

Both growth sequences show apparent inhomogeneity in the developing 

microstructure. The frequent association of paired grains might, for 
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Time-lapse sequence showing development of the cellular 
microstructure as seen on a planar section through the 
transforming body. 
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Time-lapse sequence showing development of the Johnson­
Mehl microstructure as seen on a planar section through 
the transforming body. 
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Examples of sections through (a) the Cellular and 
(b) the Johnson-Mehl microstructure. 
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Table I 

Mean Characteristic Quantities for a Single Grain 

Quantity Ce 11 ul ar Johnson-Mehl 

Volume b3 b3 1.1l6(tSm)3 

Surface Area 5.821 b2 5.143 b2 5. 543( tS m)2 

Edge Length 17.50 b 14.71 b 15.25tS m 

Number of Faces 15.54 13.28 

Number of Edges 40.61 33.84 

Number of Verti ces 27.07 22.54 

example, be taken as evidence for sympathetic nucleation. Such features 

are, of course, straightforward results of the random nucleation process. 

The cellular microstructure, Figure 1 and 3(a), is the simpler 

of the two types. The grains are irregular in shape, but are bounded 

by straight lines. All grains have three or more distinct sides. 

The appearance of a two-dimensional section through the Johnson-

Mehl microstructure is more complex. As shown in Figure 4, the surface 

of contact separating two grains which were nucleated at times t1 

and t 2, t1 < t 2, is an hyperboloid of revolution. The surface is 

symmetric about a line joining the two nucleation sites and is convex 

toward the nucleus (1) which formed first. The surface obeys the 

equation (in polar coordinates centered on nucleus (1)): 

r* = / 2[1-r~coseJ, .............. (13) 

" 
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Johnson-Mehl microstructure. 
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where 

••••••••• ~ •••• (14) 

ro is the distance separating the two nuclei and e is the angle between 

the ray of length r from nucleus (1) to the surface and the reference 

line joining the two nuclei. As r+oo the surface asymptotically ap­

proaches a cone of angle given by 

cos ec = G(t2 - tI) / roe •••••••••••••• (15) 

The surface of a grain in the Johnson-Mehl microstructure is the 

inner envelope of the, set of surfaces, described by equation (13), 

which separate the nucleus of the grain from each of its neighbors. 

These surfaces are curved, as are the lines which represent their 

intersections with any two dimensional plane section through the 

microstructure. A two-dimensional section through the Johnson-

Mehl microstructure hence consists of irregular grains with curved 

boundaries as shown in figures 2 and 3(b). 

As a consequence of the curvature of grain boundaries in the 

Johnson-Mehl microstructure, two-sided and one-sided grains ("caps") 

appear in two-dimensional sections. Examples of "caps"are shown in 

figures 5 and lIb. These one-sided grains occur when the two­

dimensional section cuts through the nose of the hyperboloid surface 

separating adjacent grains. 

The curvature of grain boundaries in the Johnson-Mehl microstruc­

ture has a further interesting consequence. Since the boundary between 

two grains is always convex toward the grain which nucleated first, 

it is always possible to establish the relative chronological sequence 

of the grains appearing in a microstructural section. Moreover, the 
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A serial section through the Johnson-Mehl microstructure. 
The second and third frames contain grain "caps". 
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chemical potential differences across a boundary of non-zero surface 

tension is such that the boundary will always tend to migrate towards 

its center of curvature(!!). Thus in the initial stages of coarsening 

of the Johnson-Mehl microstructure a grain will always tend to grow at 

the expense of contiguous grains which follow it in the nucleation 

sequence. 

c. Geometric Distributions in Two-Dimensional Microstructural 
Sections 

The geometric properties given primary attention in this research 

were the number of sides per grain section, the cross-sectional area of 

the grain sections, and the intercept length, defined in figure 6. 

(1) Number of sides per grain 

In the case of the cellular microstructure, it may be easily 

shown that the expected number of sides per two-dimensional grain 
( 

section, (s> , is 6. If two-dimensional space is subdivided into 

cells which are simply-connected then the well-known Euler relation(!1) 

governs the relative number of cells, (c), of cell edges, (e), and of 

nodal points, (p), at which cell edges intersect. In two dimensions, 

the relation is 

c + p = e + 1, ............ (16) 

where c = number of grain cross sections, e = number of grain boundary 

traces, and p = number of nodal points. Thi s relation holds for the 

microstructural subdivision of any finite plane. Each nodal point in 

a two-dimensional section through the cellular microstructure is the 

intersection of three grain boundary traces, each of which is terminated 

by a nodal poi nt on either end. Hence 

'" 
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XBL 792-8447 

A planar section of the microstructure intersected randomly 
by a lineal grid, yielding a number of intercept lengths, 
.t l' .t 2' etc. 
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p = 2/3 e. (17) 

Since each boundary is shared by two grain cross-sections, 

<s) = 2(e/c) = b (18 

in the limit of large section size. 

The distribution of sidedness (i.e. of the number of grain boundary 

traces per grain cross-section) for two-dimensional sections through 

the cellular microstructure is given in figure 7. This distribution 

was determined by computer analysis of 5400 grain sections. Since 

grain sections in the cellular microstructure must have at least three 

sides,p(s) is zero for s<3. There is, of course, no upper bound on 

the number of sides a grain may have, but the computer results show 

that grains of thirteen or more sides are very uncommon. The mean 

of the distribution is 6. The standard deviation is 1.68; the vast 

majority of the grains have between 4 and 8 sides. 

The analysis of sidedness in the Johnson-Mehl microstructure is 

complicated by the presence of caps (figure 5). Caps are infrequent, 

but nonetheless real features of the Johnson-Mehl microstructure. 

Computer analysis has revealed the presence of caps within ~0.72% 

of the grain sections. 

Since the area of a grain section which contains a cap is not 

simply-connected, the Euler relation (eqn. 16) applies in a modified 

form. An isolated cap adds one grain section and one grain boundary 

trace to the microstructure, and must also be assumed to add one 

ndda 1 poi nt. The 1 atter is arbitrarily located on the peri phery of 

the cap but must be included to account for the unlikely but per­

missible case in which the cap is polygranular. If c' is the flumber 
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of grain cross-sections which are caps, the Euler relation becomes 

c + P = e + c l + 1. • • • • • • . • . • . . •• (19) 

In this case, 

p = 2/3(e - c l
) + c l • • • • • • • • • • • • •• (20) 

from which it follows that the mean number of sides per grain, 

<s), is 

<s) = 2(e/c) = 6[1 - (2c ' /3c)] 

",5.97 • • . . • • • • . •. (21) 

for a Johnson-~lehl microstructure in which ",0.7% of the grains are 

caps. 

If the caps are simply ignored, on the grounds that they"are 

infrequent and are very likely to be etched out during metallographic 

. preparation of microstructural sections of any real material having 

the Johnson-Mehl microstructure, then equations (16) and (17) apply 

and the mean number of sides per grain is 6. 

The distribution of sidedness for grain sections through the 

Johnson-Mehl microstructure is given in figure 7(b). This distri­

bution ignores the occurrence of caps, but is negligibly perturbed 

if the caps are included. It was obtained by analyzing 4200 grain 

sections. The distribution has a slightly wider spread than the 

corresponding distribution for the cellular microstructure. This 

broadening is largely due to the presence of a significant population 

of two-sided grain sections (lens-shaped figures apparent in figure 3a), 

whose occurrence is forbidden in the cellular microstructure. The mean 

of this distribution is 6; the standard deviation is 2.16. 
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(2) Cross-sectional area 

The expected value of the area of a planar section through a grain 

of the cellular microstructure was computed by Meijering(5). Using 

the result, by Smith and Guttman(12), that 
\ 

••...••..•.•.•.. ' (22) 

where PA is the number of nodal points at which three grain sections 

meet per unit area of a planar section and Lv is the cell edge length 

per unit volume, it follows from equations (16) and (17) and from the 

Meijering value for the expected edge length per cell (Table I) that 

NA = 1.458b-2, •••••••••••• (23) 

where NA is the number of cells per unit area of a random planar 

section. The expected area per grain is then 

• • • • • • • • • • •• (24) 

Computer analysis of planar sections of the cellular microstruc­

ture containing an aggregate of 5400 grains gave the result 

(NA> = 1.451b-2 •••••••••••• (25) 

in excellent agreement with the theoretical prediction. 

The corresponding analysis of the Johnson-Meh1 microstructure is 

again complicated by the presence of grain caps in two-dimensional 

sections; the available theory does not permit an exact calculation. 

The number (NA - Nt) of "norma 1" grai n cross-sections per unit area 

may, however, be found~ Us i ng equat ions (19) and (20), and the 

appropriate modification of equation (22), we obtain 

(NA - NA) = 1/2 (PA - NA) 
= 1/4 Lv' ~ ............. 

The theoretical calculations(5) for the mean grain boundary trace 

(26) 
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length per cell in the Johnson-Mehl microstructure then gives 

(NA - NA) = 1.140 (N/G)l/2 

= 1.225 b2• • • • • • • • • • • • •• (27) 

Computer analysis of sections of +'he Johnson-Mehl microstructure con-

taining a total of 2532 grains yielded the 
EXP 

(NA - NA> = 1.217 b2 , 
JM 

in agreement with theory. 

experimental result 

(28) 

Computer analysis found 18 grain caps among 2532 grain sections 

of the Johnson-Mehl microstructure, giving a frequency of appearance of 

(NA / NAh"O.0071 

It then follows from equation (22) that 

NA JM == 1.148 (N/G) 1/2 , 
= 1.238 b2 

and that 

(A>JM = (NA JM)-l == 0.871 (N/G)-1/2 , 
= 0.807 b2 , 

very close to the Meijering limit 

(A> JM (0.816 b2 • 

••••••••••••• (29) 

• • • • • • • • • • • • •• (~O) 

• • • • . . • . . . . • •• (31 ) 

• • • • • • • • • • • • •• (32) 

The computer-generated distributions of grain section sizes in 

the cellular and Johnson-Mehl microstructures are given in figures 

8 and 9. Figure 8 shows the functions p(A/<A»; figure 9 gives 

the functions p(D/(D», where 0 = J/f., the form in which grain size 

data is sometimes discussed and plotted. The normalized standard 

deviations of p(A/<A» are 0.43 for the cellular microstructure and 

0.51 for the Johnson-Mehl microstructure. 

The grain size distributions do reveal qualitative differences 
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between the two microstructures. The most immediately evident of these 

is the subsidiary maximum in the distribution of p (A/<A» for the 

cellular case, at A/<A>-l, which does not appear in the Johnson-Mehl 

distribution. This secondary maximum reflects the greater uniformity 

of grain size in the cellular microstructure, expected from the manner 

. in which the microstructure is formed. The relative sharpness of the 

grain size distribution for the cellular microstructure is also apparent 

in the plots of p{O/<O». It should, of course, be recognized that 

the distribution of (O/<D» may be derived from the distribution of 

(A/<A» and contains no new information. 

(3) Intercept length 

The mean value of the intercept length, or distance between suc-

cessive grain boundary traces intersected with a randomly scribed 

line (Fig. 6) can be calculated exactly for both microstructures. 

As Smith and Guttman(12) have shown 

•••••••••••••• (33) 

whereSv is the grain surface area per unit volume. It follows from 

equation (33) and from the data given in Table I, that 

while 

<JI.> = 0.687 b 
cell 

<JI.> = 0.778 b. 
JM 

(34) 

• • • • • • • • • • • • • •• (35) 

The larger value of the mean intercept length in the Johnson-Mehl 

microstructure appears to reflect the more equiaxed character of the 

grains in this microstructure, as seen qualitatively in figure 3b. 
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Computer analysis of 1241 test line intercepts obtained from the 

cellular rrricrostructure yielded an average segment length of 0.674b, 

while measurement of 982 intercept lengths through the Johnson-Mehl 

microstructure gave an average length of 0.744b, both in reasonable 

agreement with the theoretical prediction. 

The segment length distributions, p(t/(t», are plotted for the 

two microstructures in figure 10. While the two histograms are not 

identical, they are very similar. In particular, the qualitative 

difference evident in the areal distributions is not present. The 

standard deviations are -O.5Rt> and -0.63(t> for the cellular and 

Johnson-Mehl microstructures, respectively. The similarity in the 

deviations further documents the similarity between the distributions. 

IV. Discussion 

A. Microstructural Characteristics 

The complexity of the histograms of microstructural features is 

a consequence of the fact that each is a product of two statistical 

processes: the inherent irregularity in the grain size and shape 

within the microstructure, and the induced irregularity due to the 

bias introduced by the intersection of a random plane with the grains 

to produce a two-dimensional section. Available theoretical analyses 

do not permit a clear separation of the two effects in the absence 

of a full three-dimensional characterization of the microstructure. 

The most obvious and interesting feature of the geometric 

distributions is the clear qualitative difference between the areal 

distributions in the Johnson-Mehl and cellular microstructures, 
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coupled with the fact that this distinction is not observed in 

the intercept length distributions. 

These features of the distributions are consistent with an expected 

tendency for the grains of the cellular microstructure to be more 

nearly uniform in volume, but less nearly equiaxed, than the grains 

of the Johnson-Mehl microstructure. The more uniform volume distribution 

of the cellular grains is anticipated since these grains will be 

unusually small (large) only if they occur in a region which is 

restricted (expanded) by the presence (absence) of other nearby nuclei. 

Grains of the Johnson-Mehl microstructure will be unusually small either 

if they are restricted by adjacent nuclei orif they form very late 

in the transformation processs. The more angular appearance of the 

cellular grains (which was inferred by Meijering(5) and is apparent in 

the microstructure shown in figure 3a) is expected since the nuclei 

surrounding a growing grain are randomly distributed and un)ikely 

to be symmetrically disposed. In the Johnson-Mehl process, on the 

other hand, the spherical growth of a grain inhibits (by prior trans­

formation) the formation of immediately adjacent nuclei and promotes 

nucleation in spherical shells after some growth has taken place. 

While the distribution of grain section sizes is insensitive 

to the shape of the grain sections, the distribution of intercept 

lengths is very sensitive to grain shape; elongated grains lead to 

a high density of relatively short segments. The combination of 

grain size and grain shape leads to the similarity of the inter­

cept length dis~ributions for the two microstructures. 
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B. Experimental evidence for the Johnson-Mehl microstructure 

While there are a number of metals, for example, bronze and 

some stainless steels, which are often found to have microstructures 

with the straight grain boundaries characteristic of a cellular 

process, there do not appear to be published microstructural analyses 

which can be compared to the theory. On the other hand, examples 

of microstructures resembling the Johnson-Mehl microstructure are 

known. 

The classic example of a Johnson-Mehl microstructure type is re­

crystallized Armco iron, which was studied in detail by Schiel and 

Wurst(13) some years before the Johnson-Mehl process was described 

theoretically. In their original treatment, Johnson and Mehl(l) ob-

tained an approximate form for the distribution of grain diameters 

in the microstructure and found reasonable agreement with the 

Schiel-Wurst data. The agreement is made even better if the more 

precise computer-generated histogram is used, as shown in figure 11. 

Meijering(5) estimated the mean section size in the microstructure 

by graphically integrating the Schiel-Wurst data. His result, 

<A> = 0.80 b2 ••••••••••••••••••• (36) 

was in good agreement with his estimate «A> <0.816b2), and is in 

even better agreement with the computer result <A> = 0.807b2• 

The Johnson-Mehl microstructure may be common in recrystallized 

iron, as further evidenced by the microstructure of a sample of 

commercial Fe-Si, of uncertain processing history, available in our 

laboratory. Its microstructure is compared to the computer-generated 

Johnson-Mehl microstructure in figure 12. The qualitative similarity 
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Figure 12. (a) The microstructure of a sample of com~ercial re­
crystallized Fe-Si. 

(b) The computer-generated Johnson-Mehl microstructure. 

xeB 792-2552 
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is evident. The distribution of grain section areas is plotted in 

figure 13 in comparison with the corresponding distribution for the 

Johnson-Mehl microstructure. The quantitative agreement is also good. 

A rather different (and initially surprising) example of the 

Johnson-Mehl process was found by Van der Biest and Thomas(14) in 

their.i.!!. situ studies of the ordering reaction in lithium ferrite with i n 

a transmission electron microscope equipped with an environmental 

stage . By di rect measurement of nucl eat i on and growth rates, they 

determined that the reaction is well-approximated by the Johnson­

Mehl process. The similarity is illustrated in figure 14, in which 

we compare a transformation sequence of micrographs taken by Van 

der Biest and Thomas(14) with a similar sequence developed in the 

computer using the experimentally measured nucleation and growth 

rates. The correspondence between the two cases is still more 

evident when computer generated motion pictures are compared to the 

real time movie generated in the microscope. 

IV. Conclusion 

The Johnson-Mehl and cellular microstructure types arise natur­

ally from the classical model of a phase transformation in a one­

component solid through growth from a random distribution of nucle­

ation sites. The Johnson-Mehl microstructure results in the kinetic 

limit of a constant nucleation rate over an essentially constant 

density of available nucleation sites; the cellular microstructure is 

produced in the kinetic limit of simultaneous activation of the available 

nucleation sites. Members of each of these microstructure types 
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Histogram of grain areas for the microstructure shown in 
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GROWTH SEQUENCE FOR ORDERIN G IN Li Fe 5 Os 

COMPARED WITH A COMPUTER SIMULATED GROWTH SEQUENCE 

o 
o 

o 
o 
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o 

t:4s 
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Figure 14. T~me . l apse sequence of the or deri ng transformati o? jQ 

1 lthl um ferrl t e, made by Van Der Biest and Tho~2 s \ 1~ ) 
in a tran smis si on e lectron microstructure, co r.l;;a red to a 
comput er-generated sequence for the Johnson -Mehl process. 
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are similar to one another in all aspects of their geometrical statistics; 

they differ only through a homogeneous expansion or contraction. Their 

geometric features can be, and in many respects have been, characterized 

through a combination of analytic and computer simulation studies. 

Comparison with available experimental results shows that the Johnson­

Mehl microstructure compares well with such metallurgically diverse 

experimental structures as the recrystallization structure of silicon 

iron and the intermediate structures established during the ordering 

of lithium ferrite. These correspondencies suggest that the idealized 

microstructures studied here may be physically relevant as well as being 

pedagogically useful. 
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Figure Captions 

Figure 1. 

Figure 2. 

Figure 3. 

Fi gure 4. 

Fi gure 5." 

Figure 6. 

Figure 7. 

Figure 8. 

Fi gure 9. 

Figure 10. 

Fi gure 11. 

Figure 12. 

Time-lapse sequence showing development of the cellular 
microstructure as seen on a planar section through the 
transforming body. 

Time-lapse sequence showing development of the Johnson­
Mehl microstructure as seen on a planar section through 
the transforming body. 

~xamples of sections through (a) the Cellular and 
(b) the Johnson-M~hl microstructure. 

The surface of im~\ingement between two grains in the 
Johnson-Meh 1 mi crostructure. 

A serial section through the Johnson-Mehl microstructure. 
The second and third frames contain grain "caps". 

A planar section of the microstructure intersected randomly 
by a lineal grid, yielding a number of intercept lengths, 
tl' t2' etc. 

The distribution of the number of sides per grain for 
the (a) Cellular and (b) Johnson-Mehl microstructures. 

The distribution of grain section areas (A/<A» for 
planar sections through the (a) Cellular and (b) Johnson­
Mehl microstructures. 

The distribution of effective grain diameter (D/<D>; 
D = A-~) for sections through the (a) Cellular and 
(b) Johnson-Mehl microstructures. 

The distribution of intercept lengths for sections through 
the (a) Cellular and (b) Johnson-Mehl microstructures. 

The distr~~~tion of grain diameters measured by Schiel 
and Wurst ) for recrystallized Armco iron compared to 
the Johnson-Mehl distribution. 

(a) The microstructure of a sample of commercial re­
crystallized Fe-Si. 

(b) The computer-generated Johnson-Mehl microstructure. 
The arrows in the figures indicate comparable features. 
The apparent "four-grai nil junct i on in the Johnson-
Mehl microstructure is actually two three-grain junctions 
separated' by a short grai n boundary. 

Figure 13. Histogram of grain areas for the microstructure shown in 
Figure 12, compared to the Johnson-Mehl distribution 
(dotted line). 

Figure 14. Time lapse sequence of the ordering transformatio~IJ~ 
1 ithium ferrite, made· by Van Der Biest and Thomas 
in a transmission electron microstructure, compared to a 
computer-generated sequence for the Johnson-Mehl process. 
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