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COMPARATIVE ANALYSIS OF THE CELLULAR AND
JOHNSON-MEHL MICROSTRUCTURES THROUGH COMPUTER SIMULATION

Kim W. Mahin, Kenton Hanson, and J. W. Morris, Jr.
Dept. Materials Science and Mineral Engineering, University of

California, Berkeley; and Materials and Molecular Research Division,
Lawrence Berkeley Laboratory, Berkeley, CA 94720

Abstract

The geometric properties of polygranular microstructures of the
Johnson-Mehl and cellular types have been studied through computer
simulation. These prototypic microstructures arise naturally from the
c]éssica] model of a phase transformation in a one-component solid
through growth from a random distribution of nucleation sites. The
Johnson-Mehl microstructure results in the kinetic 1imit of a constant
nucleation rate over an essentially constant density of available nuclea-
tion sites; the cellular microstructure is produced in the kinetic limit
~of simultaneous activation of the available nucleation sites. Members
of each of these microstructure types are similar to one another in all
aspects of their geometfica] statistics; they differ only through a
homogeneous expansion or contraction. Their geometric features have
been characterized through a combfnation of analytic and computer simu-
lation studies. Comparison with available experimental results shows
that the Johnson-Mehl microstructure compares well with such metallur-
gically diverse experimental structures as the recrystallization struc-
ture of silicon iron and the intermediate structures established during

the ordering of Tithium ferrite. These correspondencies suggest that



the idealized microstructures studied here may be physically relevant as

well as being pedagogically useful.



completed by the impingement of growing spheres.centered on these
nucleation sites. This "cellular" transformation process is use-
Ul fdk mode]]ing the kinetics of transformations which occur
through essentia]]yvsimu1taneous nucleation on a volume dis-
tribution of heterogeneous nucleation sites.

The Johnson-Mehl and cellular processes have the interesting
feature that, in addition to modelling the kinetics of phase
transformations, they also generate characteristic product micro-
structures. If it is assumed that the growth of a nucleated
grain ceases locally when it impinges on a second growing grain,
then a cellular transformation will generate a microstructure
made up of irregularly-shaped grains with planar surfaces. Each
grain confains all points which are closer to its nucleus than
to any other. Under the same assumption, the Johnson-Mehl process
will generate a somewhat more complex aggregate of irregqular grains
with curved surfaces. Each grain, in this case, contains all points
which are reached by linear growth from its own nucleus sooner than
from any other. |

Given that the "Johnson-Meh1" and “cellular" microstructures
are diétinct, 1rrégu1ar microstructures which are kinetically
achievable through well-defined transformation processes, they
represent potentially useful protﬁtypes for the irregular micro-
structures resulting from nucleation and growth processes in real
materials. Their geometric properties were studied in some detail

by Meijering,(s) who obtained pkecise expressions or inequalities



for the mean values of several characteristic quantities, including
the volume, surface area, and edge length of the average grain,

as well as the average area per grain cross-section in a two-
dimensiona] section. The statistical methods employed by Meijering(s),
however, do not yield the distributions of these quantities.

From the point of view of metallurgical analysis, the dis-
tribution of geometrical features on a two-dimensional section is
perhaps the most salient characteristic of a model microstructure,
since these distributions may be compared directly to experimental
results obtained through metallography. Moreover, physically relevant
microStructura1.characteristics, such as the distribution of intra-
granular cleavage facets or slip plane sizes, may be inferred from
two-dimensional distributions. However, the relevant geometric distri-
butions are difficult to derive theoretically for irregular micro-
structures and are not known even for the classic cellular and
Johnson-Meh1 microstructures.

In the present work a computer simulation procedure was utilized
to draw and analyze two-dimensional sections of three-dimensional
microstructures of the Johnson-Mehl and cellular types. The distri-
butions of important geometrical features were obtained by digital

‘computation.



II. Computer Simulation Procedure

The computer simulation code employed in this research has been
described e]sewhere(6’7). The physical process which it simulates
corresponds to the transformation of a body modelled as a cube with
periodic boundary conditions. The transformation is of the nucle-
ation and growth type and, insofar as the work reported here is con-
cerned, follows either the cellular or the Johnson-Mehl model. The
microstructrure is studied through the analysis of two-dimensional
sections as in conventional metallography. A two-diménsional section
is constructed by the code by treating the section as a high
resolution grid of points and identifying the grain to which each
point belongs. The microstructural section may then be drawn and
its geometric properties determined by point counting procedures
which are easily and efficiently carried out in a high speed computer.

The specific manner in which the computer code assigns points
within a two-dimensiona]'section to grains of the microstructure
depends on the nature of the microstructure, or on the process by
which it is assumed to have been established.

In the case of the cellular microstructure, nuclei, or grain
centers, are assumed to be randomly distributed with specified density
throughout the parent body. A point within a_two-dimensiona] section
is an interior point of the i;th grain of the cellular microstructure
if it is closer to the i-th nucleus (or to its image across the
periodic boundary) than to any other grain center. A two-dimensional
section at some time, t, during transformation by a cellular process

may be constructed by assigning to the i-th grain those points which



are both interior to i and closer to its nucleus than the distance
X(t) = Gt cosess (1)

where G is the assumed linear growth rate. The points of the section
which are assigned to no grain by tQis method are untransformed points
of the parent matrix (Fig. 1).

In the case of the Johnson-Mehl microstructure the nuclei are
assumedrto appear random]y in space and time (a Poisson process(8))
to yield a constant nucieation rate per unit volume of untransformed
material. The nuclei which contribute to the transformation of a cube
of volume V with periodic boundary conditions by a Johnson-Mehl pro-
- cess having nucleation rate N‘per unit volume, may be identified in
the following way. Ignoring the depletion of the volume available
- for nucleation during the transformation the probability that a
nucleation event will occur somewhere in the volume V in the time
interval (at, At + dt) after a previous nucleation event is

p(at) = NV exp (-(NVat)) dt. cereene (2)

Using this relation a random sequence of time intervals separating
successive nucleation events in V is selected. The result is a
succession of timés, Ty, for formation of nuclei. Similarly, for
each nucleus a random position %1 in V is chosen. The nucleation
sequence is then described by the set of pairs‘{éi s T3} Of
these hypothetical nucleation events, only those which occur in previ-
ously untransformed material are "real" jn the sense that they contrib-
ute grains to the final microstructure. The_conditioh that the i-th

pair (éi’Ti) be real is that



X5 - Xl > 615 - Ty

j)
for all pairs j#i. The set of "real" nucleation events, that is,

cecrerseses (3)

the positions and times of the nuclei of grains occurring in the
microstructure of a body transformed by the Johnson-Mehl process,

may be identified by eliminating from the set of statistically chosen
pairs'{§j,T1} those which do not satisfy the inequality (3).

Once the set of "real" nucleation events for the Johnson-

Meh1l microstructure has been identified, the construction of a two-
dimensional section through the microstructure is straight-forward.
The i-th grain in a Johnson-Mehl microstructure contains all points
which are first transformed by spherical growth<from the i-th nucleus.
Defining

Ri(%) = [% - 411 + GTy, cosesssess (4)
the point X is in the i-th grain if

Ri(%) < RJ-(')\(J). (3 #1) ceeeneceee (5)
Using the inequality (5) the points of a grid covering a two-
dimensional section through a Johnson-Mehl microstructure may be
readily assigned to their appropriate grains.

In practice, of course, the computer code employs a grid of
finite resolution to construct a picture of the microstructure. The
cells of this grid are either interior points of the various grains,
boundary points,.in the sense that they contain a two—grain'inter-
face, or nodal cells within which three or more interfaces meet. The
algorithm which aﬁalyzes the grid and assigns each cell to the

appropriate grain, boundary, or node works as follows.



Let A be a cross-sectional area through the microstructure and
let {i} be the set of nucleation sites. For each i, ti(A,i) is
the time at which a grain growing from nucleus i will first impinge
- on A, and tf(A,i) is the time at which the area would be completely
transformed by ‘growth from nucleus i if no other nuclei intervened.
The transformation of A is necessarily completed by the time
te(A,k) = min {tg(A,i)}. RN ()
Let GA({i}) be the subset of {i} containing those nuclei which
satisfy'the reletion |
ti(A,1) < te(AK), ieGhy aereeeenes ()
 If Gh contains only the single element k, then all points within A
are interior points ef grain k. Otherwise A may be polygranular.
1f GA contains more than one element, the area A is bisected
and its subareas, A', examined in turn. Since for each of the sub-
areas A'CA it follows that GAfCGA, only those nuclei which are members
of GM need be examined for intrusion into A'. If either of the sub-
areas A' is polygranular, i.e., if GAI has multiple elements, this
subarea is bisected and each of its subareas A" is examined for in-
trusion of the more restrieted set of grains, GA', since g %ZGAI.
The process is contfnued until either the resulting area A" is found‘
to be internal to a grain (GAn has only a single element) or AN = Ao'
the u]timete reso]utien of the grid. If gho contains two elements
(j and k) then the grid area is marked as an element of the boundary
between j and k. If GAO contains more than two elements, then the
corresponding grid section is marked as a nodal point of the micro-

structure, where three or more interfaces meet.



The advantage of the recursive algorithm described above is
~that it substantially reduces the number of areal analyses which must
be made to complete a pitture of the microstructure. Furthermore,
the number of nuclei which must be tested for intersection at each
step is reduced. The code can complete the construction of a micro-
structural section containing 10 - 80 grains on a 500x500 grid (250,000
point resolution grid) in only a few thousand iterative steps. The
algorithm can, of course, be used in conjunction with virtually any
nucleation and growth law. Its extension to three dimensions is straight-
forward, but is complicated by the difficulty of setting up a three-
dimensional grid of reasonable resolution in a computer with finite
memory. An alternate approach has been used by Hanson(g) to construct
microstructures of the cellular type in three dimensions.

In a typical computer simulation experiment a 500x500 grid is
used to construct two-dimensional sections through a cube having
periodic boundary conditions and containing ~50-300 grains. A grid
of this resolution is adequate to draw the microstructural sections
and analyze virtually all relevant geometric characteristics to high
accuracy. Qualitative inaccuracies in microstructures generated on
a 500x500 grid are uncommon, but do occasionally occur. The three
most frequent "bugs" are: (1) "Fuzzy grain boundaries": the conditions
specified above, that the group GA of the area A contains more than
one e]ément,is a necessary condition for A to contain a segment of
a grain boundary, but it is not a sufficient condition if A is finite.
Under certain conditions the same element of the grain boundary will

be claimed by adjacent elements of the grid, leading to a fuzziness



-10-

in the boundary location. (2) “"Four-grain junctions": in either
the Johnson-Meh1 or cellular microstructure the probability that more
than three grain boundary traces will intersect at a point in a two-
dimensional section is identically, zero. Apparent four-grain junctions
are occasionally found in the computer-generated sections, due to
the circumstance that the boundary segment separating two three-grain
junctions is too short to be resolved. (3) "Thick boundaries": a
lenticular grain lying along the boundary of two adjacent grains
may be too thin to be resolved, giving rise to an apparent single
grain boundary which remains thick even after all fuzziness is removed.
Special subroutines (principally magnification schemes) are included
in the computer code to identify these pathological cases and correct
for them. |

Careful construction of the two-dimensional sections allows for
precise analysis of their geometrical features. Parameters such as
cross-sectional area and intercept length are computed by point-counting

techniques and the data tabulated in the form of geometric distributions.
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III. Results and Discussion

A. Geometric similarity

A useful property of microstructures generated by the Johnson-
Mehl or the cellular précess is that either type of microstfuéture
is geometrically unique to within a homogeneous expansion or
contraction, i.e., a change of linear scale. In the case df the
cellular microstructure geometric similarity is obvious. - The micfo-
structure is generated from randomly distributed nucleation sites
with density NV per unit volume, or one per unit volume if the unit
of length is taken to be the characteristié length

b= (N3, | ceereneneeees (8)
Since the randomness of the distribution of nucleation sites is not
affected by a change in the scale of length, it follows that all
cellular microstructures have identical geometric statistics when
referred to the characteristic length b (of to any equivaTent.character-
istic dimension). Any histogram of any geometric property of a
cellular microstructure referred to its characteristic length is valid
for all microstructures generated by the cellular process.

A similar result follows in the case of the Johnson-Mehl micro-
structure. The Johnson-Mehl process is characterized by the expected
value of the nucleation rate ber Unit-vo1ume, N, and by the value of
the linear growth rate, G. valength is measured in the character-
istic unit

s = N/G)~L/4 teeenneeeaneees (9)
and time in the characteristic unit

= (Ne3) /4, ceerereeneanen. (10)
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then both the nucleation and growth rates have the value one. Hence
any histogram of any geometric property of a Johnson-Mehl microstructure
referred to 1t$ characteristic length s (or to any equivalent character-
istic dimension) holds for all nﬁcrosfructures generated by the Johnson-
Mehl process.

The volume of an averagé grain within a cellular microstructure
is clearly
)L, eeveenenanness (11)
The average grain volume in the Johnson-Meh] microstructure has been
computed by Johnson and Mehl(l), by Meijering(S), and by Evans (10)
to be

Vo= (/3 e (5/a)) 7 6,)3 = b3 el (12)

m
Table I presents the mean values of several properties of three-
dimensional crystallites in the cellular and Johnson-Mehl microstructures
as computed by Meijering(s). The properties of the Johnson-Mehl
microstructure are tabulated both in units of &, the characteristic
length based on the nucleation and growth rates, and in units of
b (=Vm1/3), the effective grain size.

B. Morphology of Two-Dimensional Sections

Figures 1 and 2 show growth sequences leading to the cellular
and Johnson-Mehl microstructures, respectively, as viewed on a two-
dimensional section through a transforming cube with periodic boundary
conditions. Figure 3 presents a comparison of the sections through the
two microstructures.

Both growth sequences show apparent inhomogeneity in the developing

microstructure. The frequent association of paired grains might, for
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Time-lapse sequence showing development of the cellular
microstructure as seen on a planar section through the
transforming body.
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XBL 766-8042

Figure 2. Time-lapse sequence showing development of the Johnson-
Mehl microstructure as seen on a planar section through
the transforming body.
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CELLULAR JOHNSON-MEHL

XBL 766-8054

Figure 3. Examples of sections through (a) the Cellular and
(b) the Johnson-Mehl microstructure. o
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Table I

Mean Characteristic Quantities for a Single Grain

Quantity Cellular : Johnson-Mehl

Volume b3 b3 1.116(s )3
Surface Area 5.821 b2 5.143 b2 5.543(s, )2
Edge Length 17.50 b 14.71 b 15.258
Number of Faces 15.54 13.28

Number of Edges 40.61 33.84

Number of Vertices 27.07 22.54

example, be taken as evidence for sympathetic nucleation. Such features
are, of course, straightforward results of the random nucleation process.
The cellular microstructure, Figure‘l and 3(a), is the simpler
of the two types. The grains are irregular in shape, but are bounded
by straight lines. All grains have three or more distinct sides.
The appearance of a two-dimensional section through the Johnson-
Mehl microstructure is more complex. As shown in Figure 4, the surface
of contact separating two grains which were nucleated at times t,
and ty, t; < tp, is an hyperboloid of revolution. The surface is
symmetric about a 1ine joining the two nucleation sites and is convex
toward the nucleus (1) which formed first. The surface obeys the
equation (in polar coordinates centered on nucleus (1)):

r* = [1-(ro*)2] / 2[1-rgcose], ceeesescsssess (13)

h ]



Surface of
Impingement

Figure 4.
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XBL793-5930

The surface of impingement between two grains in the
Johnson-Meh1 microstructure.
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where
r* = r/G(ty - tq), evesesaeneses (14)

o is the distance separating the two nuclei and 8 is the angle between

w

the ray of length r from nucleus (1) to the surface and the reference
line joining the two nuclei. As P« the surface asymptotically ép-
proaches a cone of.angle given by |

cos . = G(t2 -ty) / ro® cessccsssscsss (15)

The surface of a grain in the Johnson-Mehl microstructure is the
inner envelope of the set of surfaces, described by equation (13),
which separate the nucleus of the gfain from each of its neighbors.
These surfaces are curved, as are the lines which represent their
intersections with any two dimensional plane section through the
microstructure. A two-dimensional section through the Johnson-

Mehl microstructure hence consists of irregular grainé with curved
boundaries as shown in figures 2 and 3(b).

As a consequence of the curvature of grain boundaries in the
Johnson-Meh1 microstructure, two-sided and one-sided grains ("caps")
appear in two-dimensional sections. Examples of "caps" are shown in
figures 5 and 11b. These one-sided grains occur when the two-
dimensional section cuts through the nose of the hyperboloid surfaée
sepdrating adjacent grains.

The curvature of grain boundaries in the Johnson-Mehl microstruc- ¥
ture has a further interesting consequence. Since the boundary between
two grains is always convex toward the grain which nucleated first,

it is always possible to establish the relative chronological sequence

of the grains appearing in a microstructural section. Moreover, the



XBL 766-8052

Figure 5. A serial section through the Johnson-Mehl microstructure.
The second and third frames contain grain "caps".
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chemical potentia] differences across a boundary of non-zero surface
tension is such that the boundary will always tend to migrate towards
its center of curvature(ll). Thus in the initial stages of coarsening
of the Johnson-Mehl microStructurq a gfain will always tend to grow at
the eXpense of contiguous grains which follow it in the nucleation

'sequence.

C. Geometric Distributions in Two-Dimensional Microstructural
Sections : :

The geometric properties given primary attention in this research
were the number of sides per grain section, the cross-sectional area of
“the grain sections, and the intercept length, defined in figure 6.

(1) Number of sides per grain

In the case of the cellular microstructure, it may be easily
shown that the expected number of sides per two-dimensional grain
section,( sy, is 6. If two-dimensional spaée is subdivided into
cells which are simply-connected then the well-known Euler re]ation(ll)
governs the relative number of cells, (c), of cell edges, (e), and of
- nodal points, (p), at which cell edges intersect. In two dimensions,
the relation is

ct+p=e+1l, ceesessesnss (16)
where ¢ = number of grain cross sections, e = number of grain boundary
traces, and p = number of nodal points. This relation holds for the
microstructural subdivision of any finite plane. Each nodal point in
. a two-dimensional section through the cellular microstructure .is the

intersection of three grain boundary traces, each of which is terminated

by a nodal point on either end. Hence
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Figure 6. A planar section of the microstructure intersected randomly
by a lineal grid, yielding a number of intercept lengths,
2;1, 22, Etc.
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p=2/3 e. cecscesescses  (17)

Since each boundary is shared by two grain cross-sections,

(sy = 2(e/c) =b cesssvssssses (18
in the Timit of large section size.

nThe dfstribution of sidedness (i.e. of the number of grain boundary

traces per grain cross-section) for two-dimensional sections through
4the cellular microstructure is given in figure 7. This distribution
was detérminéd_by computer ana]ysis of 5400 grain sections. Since
gfain sections in the cellular microstructure must have at least three
sides, p(s) is zero for s{3. Theré'is, of coqfse, no upper bound on
the number of sides a grain may have, but the computer results show
that grains of thirteen or more Sides are very uncommon. The mean
of the distribution is 6. The standard deviation is 1;68; the vast
majority of the grains have betweeh 4 and 8 éides. |

The ana]&sis of sidedness in the Johnson-Meh] microstructure is
complicated by the presence of caps (figure 5). Caps are infrequent,
but nonetheless real features of the Johnson-Mehl microstructure.
Computer analysis has revealed the presence of caps within ~0.72%
of the grain sections.

Since the area of a grain section which contains a cap is not
simply-connected, the Euler relation (eqn. 16) applies in a modified
form. An isolated cap adds one grain section and one grain boundary
trace to the microstructure, and must also be assumed to add one
nodal point. ‘The latter is arbitfari]y located on the periphery of
the cap but must be included to account for the inikely but per-

missible case in which the cap is polygranular. If c¢' is the number

b
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Figure 7. The distribution of the number of sides per grain for
the (a) Cellular and (b) Johnson-Mehl microstructures.
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of‘grain cross-sections which are caps, the Euler relation becomes

c+tp=e+c'+1. cesessasessass (19)
In this case,

p=2/3(e-c')+c' P (1)
from which it follows that the mean number of sides per grain,
(s), 1is

(s» = 2(e/c) = 6[1 - (2¢'/3c)]

5,97 cesecvsssss (21)

for a Johnson-Mehl microstructure in which ~0.7% of the grains are
caps.

If the caps are simply ignored, on the grounds that they "are

1nfreqﬁent and are very likely to be etched out during metallographic
- preparation of microstructural sections of any real material having
the Johnson-Meh1 microstructure, then equations (16) and (17) apply
and the mean number of sideé per grain is 6.

The distribution of sidedness for grain sections through the
Johnson-Meh1 microstructure is given in figure 7(b). This distri-
bution ignores the occurrence of caps, but is negligibly perturbed
if the caps are included. It was obtained by analyzing 4200 grain
sections. The distribution has a s]ightly wider spread than the
corresponding distribution for the cellular microstructure. This
broadening is largely due to the presence of a significant population
of two-sided grain sections (1ehs-shaped figures apparent in figure 3a),
whose occurrence is forbidden in the cellular microstructure. The mean

of this distribution is 6; the standard deviation is 2.16.
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(2) Cross-sectional area
The expected value of the area of a planar section through a grain
of the cellular microstructure was computed by Meijering(s). Using

(12), that

the result, by Smith and Guttman ‘
Py = 1/2 (L), S 23

where PA is the number of nodal points at which three grain sections
meet per unit area of a planar section and L, is the cell edge 1ength
per unit volume, it follows from equations (16) and (17) and ffom the
Meijering value for the expected edge length per cell (Table I) that

Ny = 1.458p7%, eeeeeenenes (23)
where Ny is the number of cells per unit area of a random planar
section. The expected area per grain is then

(A = 1/Ny = 0.686b°. ceerraennees (28)

Computer analysis of planar sections of the cellular microstruc-
ture containing an aggregate of 5400 grains gave the result

(Ny = 1.451p~2 eeeeareanes (25)
in excellent agreement with the theoretical prediction.

The corresponding analysis of the Johnson-Mehl microstructure is
again complicated by the presence-of grain caps in two-dimensiona]v
sections; the available theory does not permit an exact calculation.
The number (NA - NA) of "normal" grain cross-sections per unit area
may,bhowever, be found. Using equations (19) and (20), and the
appropriate modification of equation (22), we obtain

(Ng = Np) =172 (Py - Np)
1/4 L.~ cevesssascess (26)

The theoretical ca]cu]ations(s) for the mean grain boundary trace
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length per cell in the Johnson-Mehl microstructure then gives

(Ny - Ny) = 1.140 (N/G)1/2

1.225 b2, reenrnenesens (27)

Computer analysis of sections of the Johnson-Mehl microstructure con-
taining a total of 2532 grains yielded the experimental result
(Ny = Np) 2L b2, eeeereeenens (28)
JM
in agreement with theory.
Computer analysis found 18 grain caps among 2532 grain sections
of the Johnson-Meh1 microstructure, giving a frequency of appearance of
(Ng / Np)=0.0071 . cesseassnssss (29)
It then follows from equation (22) that
N gy = 1.148 (N/G)L/2
= 1.238 b? eeeeennanas .. (30)
and that
A gy = (Ny_g)™L = 0.871 (N/6)-1/2
= 0.807 b2,  iie... ceeeeees (31)
very close to the Meijering limit
(R gy €0.816 b2 . (32)
The computer-generated distributions of grain section sizes in
the ce]]d]ér and Johnson-Mehl microstructures are given in figures
8 and 9. Figure 8 shows the functions p(A/(A)); figure 9 gives
the functions p(D/(D ), where D = /A, the form in which grain size
data is sometimes discussed and plotted. The normalized standard
deviations of p(A/CA)Y) are 0.43 for the cellular microstructure and

0.51 for the Johnson-Mehl microstructure.

The grain size distributions do reveal qualitative differences
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The distribution of grain section areas (A/(A)) for

planar sections through the (a) Cellular and (b) Johnson-
Mehl microstructures.
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between the two microstrdctures. The most immediately evident of these
is the subsidiary maximum in the distribution Qf o (A/¢(Ay) for the
cellular case, at A/¢(A)~1, which does not éppear in the Johnson-Mehl
distribution. This secondahy m?ximum reflects the greater uniformity
. of grain size in the cellular microstructure, expected from the manner
“in which the microstructure is formed. The relative sharpness of the
grain size distribution for the cellular microstructure is also apparent
in the plots of p(D/<D)). It.shou1d, of course, be recognized that
the distribution of (D/(D)>) may be derived from the distribution of
(A/¢AY) and contains no new information.
(3) Intercept length

" The mean value of the 1ntercep£ length, or distance between suc-
cessive grain boundéry traces intersected with a randomly scribed
line (Fig. 6) can be calculated exactly for both microstructures.
As Smith and Guttman(lz) have shown

(8) = 2/S Y k)

'} ?

where S, is the grain surface area per unit volume. It follows from

equation (33) and from the data given in Table I, that

(2) = 0.687 b , cereereeenssens (38)
cell
while :
(1) = 0.778 b.  eieereeseeeees (35)
M

The Targer value of the mean intercept length in the Johnson-Mehl
microstructure appears to reflect the more equiaxed character of the

grains in this microstructure, as seen qualitatively in figure 3b.
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Computer analysis of 1241 test line intercepts obtained from the
cellular microstructure yielded an average segment length of 0.674b,
- while measurement of 982 intercept lengths through the Johnson-Mehl
microstructure gave an average length of 0.744b, both in reasonable
agfeement with the theoretical prediction.

Thé segment length distributions, p(2/(%) ), are plotted for the
th microstructures in figure 10. While the two histograms are not
1dentica1, they are very similar. In particular, the qualitative
difference evident in the areal distributions is not present. The
standard deviations are ~0.57¢%) and ~0.63(2) for the cellular and
Johnson-Meh1l microstructures, respectively. The similarity in the

deviations further documents the similarity between the distributions.

IV. Discussion

A. Microstructural Characteristics

The complexity of the histograms of microstructural features is
a consequence of the fact that each is a product of two statistical
processes: the inherent irregularity in the grain size and shape
within the microstructure, and the induced irregularity due to the
bias introduced by the intersection of a random plane with the grains
to produce a two-dimensional section. Available theoretical analyses
do not permit a clear separation of the two effects in the absence
of a full three-dimensional characterization of the microstructure.

The most obvious and interesting feature of the geometric
disfributions is the clear qualitative difference between the areal

distributions in the Johnson-Mehl and cellular microstructures,
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coupled with the fact that this distinction is not observed in
“the intercept length distributions.

These features of the distributions are consistent with an expected
tendency for the grains of the cel]u]ar microstructure to be more
nearly uniform in volume, but less nearly equiaxed, than the grains
-~ of the Johnson-Mehl microstructure. The more uniform volume distribution
of the cellular grains is anticipated since these grains will be
unusually small (large) only if they occur in a region which is
restricted (expanded) by the presence (absence) of other nearby nuclei.
Grains of the Johnson-Mehl microstructure will be unusually small either
if they are restricted by adjacent nuclei or if they form very late
in the transformation processs. The more angular appearance of the
cellular grains (which was inferred by Meijering(5) and is apparent in
the microstructure shown in figure 3a) is expected since the nuclei
surrounding a growing grain are randomly distributed and unlikely
to be symmetrically disposed. In the Johnson-Mehl process, on the
other hand, the spherical growth of a grain inhibits (by prior trans-
formation) the formation of immediately adjacent nuclei and promotes
nucleation in spherical shells after some growth has taken place.

While the distribution of grain section sizes is insensitive
to the shape 6f the grain sections, the distribution of intercept
lengths is very sensitive to grain s;ape; elongated grains lead to
a high density of relatively short segments. The combination of
grain sjze and grain shape leads to the similarity of the inter-

cept length distributions for the two microstructures.
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B. Experimental evidence for the Johnson-Mehl microstructure
While there are a number of metals, for example, bronze and
~some stainless steels, which are often found to have microstructures

with the straight grain boundariés characteristic of a cellular
process, there do not appear to be published microstructural analyses
which can be compared to the theory. On the other hand, examples
of microstructures resembling the Johnson-Mehl microstructure are
known. |

The classic example of a Johnson-Mehl microstructure type is re-
crystallized Armco iron, which was studied in detail by Schiel and

(13) some years before the Johnson-Mehl process was described

Wurst
theoretically. In their original treatment, Johnson and Mehl(l) ob-
tained an approximate form for the distribution of grain diameters
in the microstructure and found reasonable agreement with the

- Schiel-Wurst data. The agreement is made even better if the more
precise computer-generated histogram is used, as shown in figure 1l.
Meijering(s) estimated'tﬁe mean section size in the microstructure
by graphically integrating the Schiel-Wurst data. His result,

(A = 0.80 b2 ceereeeneneesensess (36)
was in good agreement with his estimate (<A <O.816b2), and is in
even better agreement with the computer result (A) = 0.807b2.

The Johnéon-Meh] microstructure may be common in recrystallized
iron, as further evidenced by the microstructure of a sample of
commercial Fe-Si, of uncertain processing history, available 1h our

laboratory. Its microstructure is compared to the computer-generated

Johnson-Meh1 microstructure in figure 12. The qualitative similarity



-34-

0.54 — ————

\
v : (131
"\ «4—Scheil, etal.

Frequency of occurrence

)
[
!

XBL 766-7007

Figure 11. The distrZPg}ion of grain diameters measured by Schiel
and Wurst for recrystallized Armco iron compared to
the Johnson-Meh1 distribution.



Figure 12,

XBEB 792-2552

(a) The microstructure of a sample of commercial re-
crystallized Fe-Si.

(b) The computer-generated Johnson-Mehl microstructure.
The arrows in the figures indicate comparable features.
The apparent "four-grain" junction in the Jchnson-
Mehl microstructure is actually two three-grain junctions
separated by a short grain boundary.
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is evident. The distribution of grain section areas is plotted in

figure 13 in comparison with the corresponding distribution for the

Johnson-Mehl microstructure. The quantitative agreement is also good.
A rather different (and initially surprising) example of the

(14)

Johnson-Meh1 process was found by Van der Biest and Thomas in

their in situ studies of the ordering reaction in lithium ferrite within

a transmission electron microscope equipped with an environmental
stage. By direct measurement of nucleation and growth rates, they
determined that the reaction is well-approximated by the Johnson-
Meh1l process. The similarity is illustrated in figure 14, in which
we compare a transformation sequence of micrographs taken by Van

der Biest and Thomas(14)

with a similar sequence developed in the
computer using the experimentally measured nucleation and growth
rates. The correspondence between the two cases is still more
evident when computer generated motion pictures are compared to the

real time movie generated in the microscope.

IV. Conclusion

The Johnson-Meh1 and cellular microstructure types arise natur-
ally from the classical model of a phase transformation in a one-
component solid through growth from a random distribution of nucle-
ation sites. The Johnson-Mehl microstructure results in the kinetic
1imit of a constant nucleation rate over an essentially constant
density of available nucleation sites; the cellular microstructure is
produced in the kinetic 1imit of simultaneous activation of the available

nucleation sites. Members of each of these microstructure types
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Figure 13. Histogram of grain areas for the microstructure shown in
Figure 12, compared to the Johnson-Mehl distribution
(dotted 1ine).
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GROWTH SEQUENCE FOR ORDERING IN LiFegOg
COMPARED WITH A COMPUTER SIMULATED GROWTH SEQUENCE

Figure 14.

o °© N
o T P @

1 L&

XBB 753-2231A
Time lapse sequence of the ordering transformatioplin
lithium ferrite, made by Van Der Biest and Thomas‘:i7/

in a transmission electron microstructure, congared to a
computer-generated sequence for the Johnson-Meh] process.
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are similar to one another in all aspects of their geometrical statistics;
they differ only through a homogeneous expansion or contraction. Their
geometric features can be, and in many respects have been, characterized
through a combination of analytic and computer simulation studies.
Comparison with available experimental results shows that the Johnson-
Mehl.microstructure compares we]]vwith such metallurgically diverse
experimental structures as the recrystallization structure of silicon

iron and the intermediate structures established during the ordering

of Tithium ferrite. These correspondencies suggest that the idealized
‘microstructures studied here may be physically relevant as well as being

pedagogically useful.
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Figure Captions

Figure 1.
Figure 2.

Figure 3.
Figure 4.
_Figure 5e

Figure 6.

Figure 7.

Figure 8.
Figure 9.

Figure 10.

Figure 11.

Figure 12.

Figure 13.

Figure 14.

Time-lapse sequence showing development of the cellular
microstructure as seen on a planar section through the
transforming body.

Time-lapse sequence showing development of the Johnson-
Mehl microstructure as seen on a p]anar section through
the transforming body.

Examples of sections through (a) the Cellular and
(b) the Johnson-Meh1 microstructure.

The surface of imﬁﬁngement between two grains in the
Johnson-Meh1 microstructure.

A serial section through the Johnson-Mehl microstructure.
The second and third frames contain grain "caps".

A planar section of the microstructure intersected randomly
by a lineal grid, yielding a number of intercept 1engths,
Q/l’ 242, etC.

The distribution of the number of sides per grain for
the (a) Cellular and (b) Johnson-Mehl microstructures.

The distribution of grain section areas (A/(A)) for
planar sections through the (a) Cellular and (b) Johnson-
Meh1 microstructures.

The d1str1but1on of effective grain diameter (D/<D);
D = A™%) for sections through the (a) Cellular and
(b) Johnson-Meh1 microstructures.

The distribution of intercept 1éngths for sections through
the (a) Cellular and (b) Johnson-Mehl microstructures.

The distrj ?g$1on of grain diameters measured by Schiel
and WUrst for recrystallized Armco iron compared to
the Johnson-Mehl distribution.

(a) The microstructure of a sample of commercial re-
crysta111zed Fe-Si.

(b) The computer-generated Johnson-Meh1 microstructure.
The arrows in the figures indicate comparable features.
The apparent "four- gra1n" junction in the Johnson-
Mehl microstructure is actually two three-grain junctions
separated by a short grain boundary.

Histogram of grain areas for the microstructure shown in
Figure 12, compared to the Johnson-Mehl distribution
(dotted Tine).

Time lapse sequence of the ordering transformat1o?11T
Tithium ferrite, made by Van Der Biest and Thomas

in a transm1ss1on electron microstructure, compared to a
computer-generated sequence for the Johnson-Mehl process.
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