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Abstract

Witten Deformation on noncompact manifolds and Landau-Ginzburg B-model
by

Junrong Yan

Motivated by the Calabi-Yau/Landau-Ginzburg correspondence, we study BCOV-type
torsion for Landau-Ginzburg B-models. To pave the way for understanding the Landau-
Ginzburg model from the index theoretic point of view, we study Witten deformation,
which was introduced in one of Witten’s extremely influential papers in 1987, on non-
compact manifolds. In Part I, we explore the analysis of Witten deformation on non-
compact manifolds: we show the asymptotic growth of eigenvalues and the decay of
eigenfunctions near infinity as well as the expansion and the estimate of the heat kernel
for Schrédinger-type operators on noncompact manifolds. With heat kernel expansions
of Schordinger-type operators, we define the Ray-Singer metric (analytic torsion) for
the Witten deformation associated with some flat vector bundle and explore several
nice properties of it (independence of metrics, Cheeger-Muller /Bismut-Zhang theorem,
e.t.c.). Next, we move on to study Landau-Ginzburg B-models in Part II. In chapter 6, we
investigate the genus-zero theory for Landau-Ginzburg B-models, and establish Calabi-
Yau/Landau-Ginzburg correspondence for the tt* structure and the Weil-Peterson type

metric.
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Chapter 1

Introduction

1.1 Background and Motivations

The mirror symmetry, first formulated in the 1990s, is a correspondence between the
symplectic geometry (A-model) of a Calabi-Yau manifold X and the complex geometry
(B-model) of its mirror XV. Since its formulation over three decades ago [1I, 2], the mirror
symmetry conjecture has had a profound influence on mathematics. The A-model on a
Calabi-Yau manifold X is the famous Gromov—Witten theory of X. The genus 0 theory
of Calabi-Yau B-model is related to the variation of Hodge structure, whereas the higher
genus B-model theory is known as BCOV theory [3], [4].

Simultaneously, physicists extended the above discussion to singularity theory, which
became known as the Landau-Ginzburg model. A Landau-Ginzburg model is defined
on the pair (X, f), where X is a complete noncompact Kéhler manifold and f is a
holomorphic function. For the A-side, the Landau-Ginzburg A-model is constructed by
Fan-Jarvis-Ruan [5] following Witten’s proposal [6], which is known as FJRW-theory.
Moreover, Chang-Li-Li [7] recently formulated FJRW-theory in an algebraic geometric

formulation. On the B-side, Saito’s theories of primitive form [8] and the higher residue
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Introduction Chapter 1

pairing [9] generate the structure of a Frobenius manifold on the singularity’s universal
deformation space [10], which yield the the genus-0 theory of Landau-Ginzburg B-model.
Also, some Hodge theoretical aspect in LG B-model, called the tt*-geometry, is discovered
by Cecotti-Vafa [I1], whose integrability structure is studied by Dubrovin [I2]. Later,
Hertling [I3] carefully researched the ¢t* geometric structure and organized a variety of
known structures into the so-called TERP structure. Additionally, Fan [14] introduced
an analytic approach in the spirit of N = 2 geometry by studying the spectral theory of
a twisted Laplacian operator. Besides, Li-Wen [15] used the L? Hodge theory to give a
Frobenius manifold structure for the case f with compact critical locus. Furthermore,
motivated by the Virasoro equations and localization calculation in the A-model at a
higher genus, Givental [16] gave a remarkable formula for the partition function in the
semi-simple case.

The Calabi-Yau/Landau-Ginzburg correspondence connects nonlinear sigma models
on Calabi-Yau manifolds with Landau-Ginzburg models. It turns out that CY /LG corre-
spondence and mirror symmetry have served as guidelines in the study of many branched

of mathematics (see the following diagram):

CY/LG
Calabi-Yau A-model <+—— | Landau-Ginzburg A-model
I Mirror Symmetry Mirror SymmetryI
Calabi-Yau B-model <«— | Landau-Ginzburg B-model
CY/LG

We attempt to understand the LG B-model and LG/CY correspondence from an
index theoretic perspective. In [3], Bershadshy-Cecotti-Ooguri-Vafa (BCOV) showed
that the genus-one term F) for Sigma model on CY manifolds is computed by some
analytic torsion (BCOV torsion) and obtained a holomorphic anomaly formula. In the

spirit of the LG/CY correspondence, one might conjecture that the genus-one term for
2



Introduction Chapter 1

the LG model could be expressed as a torsion-type invariant (We call it BCOV type
torsion).

The CY /LG correspondence for the A model is partially done by Chiodo-Iritani-Ruan
[17]. The question of whether the LG/CY correspondence holds true for the B-model is
an intriguing and challenging one. To address this question, we should understand Witten
deformation on noncompact manifolds. Here the Witten deformation dy is introduced in
the extremely influential paper [18], by considering the new differential d; = d+df, where

d is the conventional exterior derivative on forms, and f is a Morse function. Setting

dyy = d + Tdf,

Witten observed that the eigenfunctions of the small eigenvalues for the corresponding
deformed Hodge-Laplacian, the so-called Witten Laplacian, concentrate at the critical
points of f. As a result, Witten deformation builds a direct bridge between the Betti
numbers and the Morse indices of the critical points of f.

Witten deformation on closed manifolds has resulted in a wealth of beautiful ap-
plications, ranging from Demailly’s holomorphic Morse inequalities[19], to the proof of
Ray-Singer conjecture and its generalization by Bismut-Zhang [20], to the instigation of
the development of Floer homology theory.

The analysis of elliptic and parabolic PDEs on noncompact manifolds is critical in
Part T of this thesis, as it leads to an understanding of the asymptotic growth of eigen-
values and decay of eigenfunctions near infinity(Chapter [3), as well as the expansion
and the estimate of the heat kernel for Schordinger type operators on noncompact man-
ifolds (Chapter . Moreover, these analyses, for example, pave the way for connecting
the L? cohomology of the Witten deformation on noncompact manifolds (Quantum vac-

uum space of LG models) to other cohomologies, allowing for the definition of important

3



Introduction Chapter 1

geometric/topological invariants such as the Ray-Singer analytic torsion for Witten de-
formation on noncompact manifolds (Chapter [3)).

Following that, we move to the complex setting and examine the LG/CY corre-
spondence for the B-model. We establish LG/CY correspondence for genus 0 theory in
B-model (¢¢* structures) structures in Chapter [6] In fact, Carlson-Griffiths [21] compared
the cup product and symplectic pairing on the CY and LG sides. Also, Cecotti [22] in-
vestigated the tt* geometry structure on both sides from a physical standpoint. Besides,
Fan-Lan-Yang [23] partially proves that the two ¢t* structures are isomorphic via the
CY/LG correspondence except for the real structures. Here we use different methods
than [23, 24] to show the full CY/LG correspondence: we introduce two U(1) actions
(called U(1) charges in the physical literatures), which act as certain bi-grading for LG
B-models. We also establish CY /LG correspondence for Weil-Peterson type metrics us-
ing these two U(1) actions. Furthermore, the Agmon estimate derived in [25] plays an
essential role in our method.

To investigate the LG/CY correspondence for the genus 1 term in B-theory, we must
generalize our discussion in Chapter 4] and Chapter [5| to families of LG models and the

complex/holomorphic setting, which remains unexplored.

1.2 Definition and Notations

1.2.1 Tameness Conditions

Since we are working on noncompact manifolds, several tameness conditions are

needed.

Definition 1.2.1 (Bounded Geometry). Let (M, g) be an n-dimensional noncompact

connected complete Riemannian manifold with metric g. (M, g) is said to have bounded

4
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geometry, if the following conditions hold:
1. the injectivity radius ro of M is positive.

2. |[V"R| < C,,, where V™R is the m-th covariant derivative of the curvature tensor

and C, s a constant only depending on m.

On such a manifold, the Sobolev constant is uniformly bounded, see e.g. [26]. Now
let f: M — R be a smooth function. In [I4], several notions of tameness for the triple

(M, g, f) are introduced.

Definition 1.2.2 (Strongly Tameness). The triple (M, g, f) is said to be strongly tame,

if (M, g) has bounded geometry and

V2 fl(p)

lim sup ———~ =0,

oo |V 2(P)

and

lim |V f| — oo,
p—r00

where V f,V2f are the gradient and Hessian of [ respectively.

Remark 1.2.3. Fiz py € M, and let d be the distance function induced by g. Here

p — oo simply means that d(p, py) — oc.

Definition 1.2.4 (Well Tameness). The triple (M, g, f) is said to be well tame, if (M, g)
has bounded geometry and

[V2£1(p)

lim sup =5+~ < 00,

poo |V f*(D)

and

lim inf |V f| > 0.
Pp—00
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As usual, the metric g induces a canonical metric (still denote it by ¢) on A*(M),

which then defines an inner product (-, )2 on Qf(M):

(6,012 = /M (6,0) ydvol, 6, € (M),

Let L?A*(M) be the completion of Q*(M) with respect to || - ||z, and for simplicity,
we denote L*(M) := L*A°(M).

For any T > 0, let dpy := d+ Tdf N : Q*(M) — Q"1 (M) be the so-called Witten
deformation of de Rham operator d. It is an unbounded operator on L?A*(M) with
domain (M). Also, dry has a formal adjoint operator 67, with Dom(drf) = Q5(M),

such that

(de¢7 w)LQ = (¢7 5wa)L27 ¢,¢ € Qz(M)

Set Ay = (dry + 5Tf)2, and we denote the Friedrichs extension of Ay ry by Urpy.
As we will see (Theorem 3.1.1)), if (M, g, f) is well tame, then Ay is essentially self-
adjoint (and hence Oy is the unique self-adjoint extension). In Appendix [A] (also see
Theorem , we will prove the Hodge-Kodaira decomposition when (M, g, f) is well

tame and 7" large enough,
L*A*(M) = ker Op; @ Imdr @ Imdry, (1.1)

where dr; and d7; are the minimal extensions of dz; and 7 respectively.
Setting Q) (M) = L2A*(M) N Q*(M), we have a chain complex (of unbounded
operators)

dT_f)QE‘Q)(M) dT_f>sz2w;1<M) drr

Let H (*2)(M ,dry) denote the cohomology of this complex. In Appendix [A] we will show
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that H(*Q)(M, dry) = ker Opy, provided (M, g, f) is well tame and T is large enough.

Finally, we note the following well-known fact(Cf. [18 27]).

Proposition 1.2.5. The Hodge Laplacian Ay 1y has the following local expression:
Apry=A+TVE  fleA ] + TV (1.2)

Here {e;} is a local frame on TM and {e'} is the dual frame on T*M, A is the usual

Hodge Laplacian.

We now introduce several stronger tameness conditions we need in treating the local

index theorem.

Definition 1.2.6 (k-regular Tameness). Let (M, g) be a complete Riemannian manifold

with bounded geometry, and k € [0,1). We say (M, g, f) is k-regular tame if

. vm
1. limsup,_, ., IVf:(m% < 0o, for anym > 1;

2. lim, o |V f| = o0.

In typical examples from Landau-Ginzburg models, M = C" with the Euclidean
metric and a nondegenerate quasi-homogeneous polynomial f. Then (C", f) is k-regular
tame for some x < 1, see the discussion in the last chapter. For our purpose, we refor-
mulate one of the consequences of k-regular tameness. Indeed, an inductive argument

yields that, if (M, g, f) is k-regular tame, then for V = |V f|?, we have, for all k € N,

) vV
13‘_3011) [V [k t2)/2 00

Remark 1.2.7. In [28], in order to prove Weyl’s law for Schridinger operator on R™,
Rozenbljum imposed similar k-tameness conditions (see (0.6) in [28]). In the appendiz,

7



Introduction Chapter 1

we will show that with k-tameness condition, one can prove a weaker version of Weyl’s

law.
Our next condition ensures that we have a good local index theory.

Definition 1.2.8 (a-polynomial Tameness). Fiz o > n/2. A triple (M,g, f) is called
a-polynomial tame, if (M, g, f) is k-reqular tame for some k € (0,1), and in addition,

there is some constant C, such that for all A > 0,

/ (N — |V £|2)2dvolyy < CN.
{peM:|V f2(p)<A}

Again we will see that typical examples coming from Landau-Ginzburg models are

polynomial tame.

Remark 1.2.9. This condition should be interpreted in terms of the (semiclassical)
Weyl’s law for Schriodinger operators in FEuclidean space ( Cf. [28,[29] ), which would
guarantee the polynomial growth of the eigenvalues. However, though expected, we could
not find in the literature such Weyl’s law on manifolds. To focus our discussion on the
asymptotic expansion of heat kernel and local index theorem, we only prove a weaker

verston of Weyl’s law here under our assumption.

1.2.2 {t* Structures

To analyze the holomorphic anomaly formula and the CY /LG correspondence for
genus-one terms, we investigate the tt* geometry structure, which captures the 2D vac-
uum geometry in string theory. People believe that the tt* structure of the B-model
carries all the information of genus-zero terms. We will see later that both the CY

B-model and the LG B-model have #t* structures.
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Here we briefly illustrate the concept of ttx geometry; interested readers can refer
to [30] for more information: Let H be the Hilbert space of a QFT. Assume V' C H is
a distinct subspace with a fixed finite dimension. For instance, let V be the space of
ground states |0). Assume we have a family of physical theories parametrized by the
moduli space M and the full Hilbert space of physical theories stays unchanged, i.e., the
Hilbert space H is a trivial bundle over M. The distinguished subspace V' (m), on the
other hand, now depends on m € M. If V = UpermV(m), then V — M is a vector
bundle.

In the case of (2,2) theories, it will turn out that M carries a Kéhler structure, and
VY — M is a holomorphic vector bundle, then we could assume m = (¢,1).

Let ‘a (mi)j> be an orthonormal basis of V(m), i.e.,
{(m)i | a(m);) = dj

The triviality of the Hilbert space bundle over M naturally defines a connection D on

a(m)j> :

Moreover, fix m € M, follows from state-operator correspondence in CFT, one has

the V-bundle,

(9mz-

Kodaira-Spencer type map C : T,, M — End(V,,). It follows from some physical argu-

ments (not rigorous in mathematics since path integral is involved) that

(1.3)
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where D; = Datinz‘ = Daziv C; = C(0,),C; = C(d,). As aresult, V* = D+D+%C’+ZC_’
is a flat connection for any z € C*.

Lastly, V — M carries a natural real structure s induced from H — M, which
satisfies several nice properties that we will state in a moment.

In summary, one has

Definition 1.2.10 (tt* structures). Let M be a complex manifolds, a tt * geometry

structure (K — M, k,g,D, D,C,C) consists of the following data:
e K — M 1is a holomorphic vector bundle,
e a complex anti-linear involution r : K — K, i.e. k? =1d, k(Aa) = Ak(a), ¥\ € C,
e a Hermitian metric g(u,v),

e a one parametric family of flat connections V* = D + D + %C + 2C', where D + D
is the Chern connection of g, D is the (1,0) component of Chern connection, D is

the (0,1) component of Chern connection, C,C are the C°°(M)-linear map
C:C®K) = C®(K) ALY, C:C®(K)— (K)o ALY

satisfying

1. g is real with respect to k : g(k(u), K(v)) = g(u,v),
2. (D+D)(Kk)=0,C=k0Cok,

3. C is the adjoint of C with respect to g, i.e. g(Cxu,V) =g (u, C_'XU) , X € T
Then we say such structure (K — M, k,g,D,C,C) is a tt * geometry structure.

Definition 1.2.11 (Morphism of ¢t* structures). Let G; = (Ki — M, ki, n;, D;, C;, C’i) 1=

1,2, be two tt* geometric structures. An morphism ¢ : K1 — Ky of two holomorphic bun-
10
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dles is called a morphism of two tt* geometric structure G1 and Gy if the following hold:

Vpe M, X € T,M,u,v € (Hy),,
1. m(u, v) = 12 (6(w), $(v)).
2 Kyod=cok,.
3. ¢ ((D1)x u) = (Da)x (d(u) and ¢o ((D1) g (k1(w))) = (D2) g (k2 (6(u))
4 ¢ ((C)x u) = (Ca)x ($(u)) .
Two tt* structures are isomorphic if there exists morphism ¢ : G1 — G, ¥ : Gy — Gy,

s.t. ¢O¢ - IdG27 ¢o¢: IdG’l‘

1.2.3 Mixed Hodge Structures and {¢t* Structures on LG B-

models
Mixed Hodge Structures on LG Models

Following Steenbrink [31], we explore the mixed Hodge structures of LG B-model for
a quasi-homogeneous polynomials: we consider a pair (X = C", fy), where f: C" — C is

a quasi-homogenous polynomial, i.e., there exist ¢y, ..., ¢, € Q such that for any \ € C*,
FOAT 2z, 0 A2 = A f(21, .0y 20)-
Each ¢; is called the weight of z;, denote by wt(z;) = ¢;.
While, for convenience, we assume that f is non-degenerate, i.e. we require that
1. f contains no monomial of the form z;z; for i # j,

2. f has only an isolated singularity at the origin.

11
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The polynomial f plays the role of superpotential for LG model. For any t € C*,
Vi == {2z € C": f(z) = t}. Then we consider a projective compactification of V; in a
weighted projective space. Let ¢; = a;/b; with (a;,b;) = 1, and d = lem (by, ..., b,), i.e.
d is the least common multiple of by, ...,b,. We put Q; = ¢;d. Let z = (21,...,2z,), and

Z = (2, Zp+1), then the polynomial

F(Z)=f(2)— tzgﬂ.

is also quasi-homogeneous. Let M = P (Q1,Qs, ..., Qn, 1) be the weight projective space

with weights (Q1,Qa, ..., Qn, 1), then V; := {[Z] € P (Q1,Qo,...,Qn, 1) : F(Z) = 0}. If
we identify C™ with the open set in M where z,,1 # 0, we see that V; = V, N C™.
Generically, V; is not smooth: it is an orbifold. Let M. be the hypersurface in M given
by X,41 =0. Then My, =2 P (Q1,Qs,...,Q,). Consider the part of V; at infinity,

Ve =V\V, = VN M.,

i.e. the hypersurface in M, given by the equation

f(z)=0.

Again, V, is an orbifold (in general). It follows from the Mayer-Vietoris exact sequence

of the couple (Vt, V}) and the Thom isomorphism H* (Vt, Vt) ~ H*72?(V,,) that
v HY(V) = H (V) — H™ (Vo) = HTH (V) — -+ (1.4)

Hence

H" (V) = H™ ' (V)o@ H" ™ (Vi) »

12
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where

H”fl(‘_/)o = coker (H"*?’ (Voo) = H”fl(l_/t)) ,

H"2 (V) = ker (H"2 (Vo) — H™(V})) .
From the Lefschetz theorem it is clear that H" 2 (V) is just the primitive cohomology

of the Kéahler orbifold V.. The weight graduation of H"~! (V}) is

Gr,_ H" ' (V) ~ HY(V
(V) 2 HOD)g s
Gr,H" ' (V;) ~ H" % (V) [-1].

Hence H" Y(V)o and H" 2 (V,,) carry pure Hodge structures which define the Hodge
filtration of the group H"~! (V;). In (1.5)), [~1] means “Tate twist”, i.e., a degree shift

by —1 in the Hodge filtration:
FPGr, " (V) = FP H" 2 (Vi)

which defines a morphism of Hodge structures of type (—1,—1).

Let Q%(C") be the space of holomorphic k-forms, H, (’3) (C", 9;) be the k-th L2-cohomology
w.r.t. Witten deformation 9; := 9 + dfA, Jac(f) := Clz1, ..., 2,]/ < Oif, ..., Onf >, then
one can show that (c.f. [25 23] [14]), as vector spaces,

H(V) = Hy (€7, 3) = Q2 (C7) fdf AQ=H(C) = Jac(f).

Now we would like to describe mixed Hodge structure on Q"(C")/df A Q" 1(C") ~
Jac(f) directly.

.....

let A, := ¢adzy...dz, € Q"(C")/df N Q"HC").

13
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Definition 1.2.12. For A = 20" .. 2Pvdz A - A dz,, we define

n

1(A) =) (Bi+1)Qi.

=1

Now assume that f is homogeneous of degree n. In this case, Q; = 1.

Let Jac(f) := Span{¢, : n|l(A,)}, then by [31], as a vector space
Gr,H" 1 (V}) ~ Jac(f).
Moreover, one also has
FPCr, H" ™ (V) ~ Span{¢, € Jac(f) : l(4,) < n(n—1—p)}.

In Section we will define a map R : Jac(f) — H" %(V)o[—1] that preserve the

filtration. In particular, R(1) € Q"2%(V,.).

Monodromy, Leray Coboundary Map and Lefschetz Thimble.

Let ¢;(s) := te?™*, 0 < s < 1, then ¢; induces a monodromy operator M : H, (V;) —
Hn—l(‘/;f)'
Dualize (1.4)), one shows

o Hy(V)) = Hyoo (Vo) = Hoy (Vi) = Ho 1 (V) — -+,

where 7 is the Leray coboundary map.

Then following Steenbrink [31], one has

Gr,H" ' (V})" ~ker(M —1d) ~ 7(H),

14
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where V* denotes the dual space of a vector space V.

Let s > 0, and consider the sets
FZ*={zc C"|Re(F(z,u)) >s}, F=*={zcC"|Re(F(z,u)) < —s}.

By Morse theory, we know that if there is no critical values of Re(F'(z,u)) between [a, b],
then the set f=¢ is the deformation kernel of F<° by the flow generated by the vector
field VRe(F(z,u))/|V Re(F(z,u))|. So if s is large enough, there is no critical points in
F=7% and each F=~° has the same homotopy type. We denote their equivalence class by
F~°°. Similarly, we have F*>°. We have the relative homology group H, (C", F~°°;Z)
and H, (C", FT*°; Z).

Following [23], we fix a basis {o}}4—} of H, 1(V_;), such that o} € ker(M — Id) for
0 <k < ' — 1. Hence, there exists 0 € H, 2(Voo)o := (H" %(Vao)o)*, s.t. o = 7(d) for
0<k<py —1 Fort>0,let ®,:V_; — V4 be the map (z1,..,2,) — (t_%zl, s _%zn),
and set

Vi 1= Up=0(Pr) 0%,

then one can see easily that {v; ¢} is a basis of H,(C", f~>°) (called Lefchetz thimble).
Similarly, one can construct a basis {¥; }¢—, of H,(C", ).
Now we set up some notations for intersection matrices: let (1);;(0 <i,5 < p—1) be
the intersection matrix (see Definition for the definition), Z = I I};(0 < 4,5 <
@/ —1) be a submatrix of I, and Z' = (I')~'; (I¢Y);; = §; N d; be the intersection matrix,

and Z¢ = (I1¢Y)~L.

15
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tt* Structures on LG Models

For simplicity, consider a marginal deformation of f:
F<u’x) = f(l’) + Zuz¢2(x)7
i=1

e l(Ydz...dz,) = 1(fdz...dz,), i =1,...,v. We denote M by the space of parameters
u’, which should be a small neighborhood of the origin in C”. As a result, we have a
family of supersymmetric algebra operators O, O, 0%, 0%, Ar parameterized by u € M.

First, we have the following trivial complex Hilbert bundle L2A*(X) x M — M. For

simplicity, denote by L?A its L*integrable section space. There are two natural parings,

h: LPAx L*A — C>®(M) h(a,ﬁ)Z/ a A,
X

0 L2A x [2A — C(M) n(a,ﬁ):/ o A #B.
X

Moreover, there is a canonical real structure on the Hilbert bundle, which is given by
the complex conjugate 7g. Then h(a, ) = n(a, TrS)

Let H" := H} be the Hodge bundle over M, and its fiber at uw € M is the space of
all harmonic n-forms of Ap(,). We denote the space of its section by H.

Let II, : L*>A — H be the harmonic projection, G' be the inverse operator of Ap
on im(dp) @ im(d;), then G commutes with the operators Op, O, 05, 0%, A, and the

operator form of Hodge decomposition reads
Id=1II,4+ ArG =11+ GAp.

On the Hodge bundle, we have
(1) The connection D, D

16
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Notice that the Hodge bundle is embedded into the Hilbert bundle, so we can define

D, D in a natural way:

D;=11,00;,, D;=1,00; i=1,..s.

(2) The operators C;, C;

We define C; = II,, 0 0,F = II, o ¢;, C; = I, 0 O;F = I, o ¢;. We can also compute

that

By definition, Cj is the adjoint operator of C; with respect to the tt* metric h, i.e.

h(Cia, B) = h(a, C3).

Proposition 1.2.13 (tt* equation). The operators D;, D3, C;,C; satisfy the following

equations
1. ]G, G5l =0, [C5,C5 =0, [D;,C5=[D;,Cy]=0;
2. [Di,Cj] = [D;,Ci], [D;,C5] = [D;,Ci;
3. |D;,D;] =0, [D;,D;]=0, [D;,D5]=—[C; C5l.

As a result, (H — M, 7g, h, D,C,C) carries a tt* structure.

Now assume that f is homogeneous of degree n.

Definition 1.2.14 (small ¢* structure on LG models). Let H' C H be the subbundle
generated by wy,, where [(Ay,)/n € Z. By Proposition restriction of Tr, h, D,C,C

to H' defines a tt* structure, called small tt* geometry structure on LG models.

17
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1.3 Main Results

1.3.1 On Agmon Estimate and Thom-Smale-Witten Complex

In this subsection, we assume that (M, g) has bounded geometry, f is a Morse function
with finite many critical points. Clearly this will be the case if (M, g, f) is well tame and
f is Morse.

As we mentioned the main technical result here is the Agmon estimate for the eigen-

forms of the Witten Laplacian.

Theorem 1.3.1. Let (M, g, f) be well tame, and w € Dom(Ors) be an eigenform of Oy

whose eigenvalue is uniformly bounded in T'. Then
w(p)| < CT 2 exp(—apr(p))||wll .z,

for any a € (0,1) (provided T is sufficiently large and C' is a constant depending on the
dimension n, the function f, the curvature bound, the injectivity radius lower bound ry,
and a; for the precise choice of T, C' see the end of Section 3). Here the definition of the

Agmon distance pr(p) will be given in Section [3.9

The proof of the Agmon estimate, given in Section [3.5] is to carry out the idea of [32]
in this more general setting.

Set b;(T) = dim H€2)(M’ dry). If x is a critical point of f, denote ns(z) the Morse
index of f at x. Let m; be the number of critical points of f with Morse index i. Then

the strong Morse inequalities hold.

Theorem 1.3.2. If (M, g, f) is well tame, then we have the following strong Morse

inmequality

(=D Y (=1'W(T) < (=1)" Y (=1)'my, Vk<n,

18
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provided T is large enough. And the equality holds for k = n.

In general, b;(T) may be very sensitive to 7. However, we have the following result
regarding the independence of b;(T") in T'. Assume that the Morse function f satisfies the
Smale transversality condition. Let (C*(W"),d’) be the Thom-Smale complex given by
f. It is important to note that in general, since M is noncompact, it could happen that
(5’)2 # 0. Also let ¢ > 0 be big enough, U. = {p € M : f(p) < —c} and (2*(M,U,),d)

be the relative de Rham complex.

Theorem 1.3.3. If (M, g, f) is well tame, then (9')2 = 0, and therefore the cohomology

H*(C*(W™),d') is well defined. Moreover, there exists Ty > 0, such that H{y (M, dry)

is isomorphic to H*(C*(W™),d') for all T > Ty. In addition, H*(C*(W*"),d), hence

H{y (M, dry) is isomorphic to the relative de Rham cohomology Hjp(M,U.).
Remark 1.3.1. When (M, g, f) is strongly tame, Ty = 0.
By Theorem [I.3.3] we can refine our result of Theorem [1.3.2]

Corollary 1.3.4. If (M, g, f) is well tame, then b;(T) is independent of T when T is big

enough. When (M, g, f) is strongly tame, b;(T') is independent of T > 0.

Remark 1.3.2. Assume that M is oriented and let * be the Hodge star operator. Then

*Urp = O_rpx. Hence we have the following Poincaré duality:

H*(M,drs) = H" (M, d_ry).

1.3.2 Heat Kernel Expansion and Local Index Theorem

As we will see in the next section, the a-polynomial tame condition guarantees that
exp(—tUyy) is of trace class. Our first contribution is the pointwise asymptotic expansion

of the heat kernel of the Witten Laplacian with a strong remainder estimate.
19
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Let (M, g, f) be a-polynomial tame, and Krs(t,z,y) denote the heat kernel of the
Witten Laplacian Oz ;. Denote by hr(z,y) the average of the potential function 72|V f|?

on the geodesic segment from x to y, Cf. (4.8).

Theorem 1.3.5. The heat kernel Kry has the following complete pointwise asymptotic

expansion. For any x,y € M such that d(x,y) < %

exp(—d®(z,y) /4t) exp(—thr(z,)) Y 0r,(z,y),

j=0

ast — 0. Fach 07 is a polynomial of T':

[2]+j

Or;(z,y) Z TZHZJ (x,y),

and, when restricted to the diagonal of M x M, 0, ;(y,y) can be written as an algebraic
combination of the curvature of the metric g, the function f, as well as their derivatives,
at y; in addition, Oro(y,y) = Id. Moreover, we have the following remainder estimate.

For any k sufficiently large and any a € (0,1),

k

T exp(—d*(z,y) /4t) exp(—t hr(z,y)) Z t07,(z.y)

—2k
§(—mh— g2 g g1 =2t

3 exp(—aJT(t,:(:,y)),

KTf(t> Z, y) -

<Ct

fort e (0,1] and T € (0, 2].

Here JT(t, x,y) is the parabolic distance alluded at the beginning of the introduction,
see ([4.14]) for the precise definition. By relating it to the Agmon distance we can obtain

an effective bound on JT(t, x,y), which, when combined with the theorem above, yields
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E [3]+7
- 2ﬁl] x,T)

the following corollary
Corollary 1.3.6. ForT' =t 2, and any k sufficiently large, any a € (0,1)
exp(—|Vf[*(@) Y
7=0 1=0

1f(t,x,x) — (47T B

atl_n 2 1-k

P2 exp(—aB|V ST (x)

for t € (0,1], where B > 0 is a constant depending only on the bounds in the tameness

condition. In particular, we have the following small time asymptotic expansion of the

oo [3]+i
/exp (= |V F2(2)) trs (00, 7))

heat trace:

l)
2
gozo

Tr, (exp(—tDt_

as t — 0, with the remainder estimate
! kL4
1
T, (exp(~0, 3 ) = £ / exp(— |V f%(2)) try(61, () d
(4mt) j=0 1=0 M
< crieog,

Here Try and try denote the global supertrace and pointwise supertrace respectively

On the other hand, by Theorem 1.3 in [25] and the a-polynomial tame condition, the

n

index of the Witten Laplacian
D (=1)0(T), bi(T) = dim(Hiy) (M, dry))

X(M7 de) -
=0
is independent of 7" > 0. In fact we have that Tr,(ezp(—tOyy)) is independent of ¢ and
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X(M,dry) = ind(Ory) = Trs(—texp(Dt,%f)) = / trs(Kpp(t, z, z))dx.
M
Now apply our new rescaling technique, one has

Theorem 1.3.7 (Local index theorem and index formula for Orf). For any x € M, we
have

1) B €T ~
P_r)%trs(l(t_%f(t,x,x)):%exp(ﬂVf(x)F)/ exp(_R( ) V2f(z))

In particular, for any T > 0,

1) B » -
wd(Cr) = S5 [ en(-9rP) [ e - ). (1.6)

Here [ B denotes the Berezin integral, which will be introduced in a moment, and
R, V2f € Q*(M)&Q* (M) are defined as

R=— > Ryue'éeéte,

1<j,k<l

-, ) o
Vaf = Vei’ejfele]

for some orthonormal frame {e;} in TM and its dual frame {e'} in T*M. We have

used {é;} to denote the same orthonormal frame in the second copy of T*M. For any
w € V(M) (TM), I = {iy,...,ix} C1,2,...,n, we write w as

w = E wrél,
I

22
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where ¢/ = é A ... A é%. Then the Berezin integral is defined as

/Br Q" (M)@Q" (M) — Q" (M), /szwm ..... n-

Remark 1.3.3.

1. Here the index density is computed by coupling tT? = 1. Our arguments still work if
we set tT? to be any positive constant Ty. As Ty, — oo, the integral of index density
localizes at critical points of f. On the other hand, when Ty — 0T, the index of Ory
should depend on “the topology away from infinity” and the behavior of f near the
infinity. This will be discussed in more detail in a separate paper where we extend

our treatment to Dirac/Callias type operators.
2. When M 1is compact, @ is a special case of a formula in Chapter 3 of [27].

3. Notice that [ exp(=V2f) = (=1)Eldet(=V2f). Thus, when M = R,

reduces to
n

X(Rn? df) = (_

™

n
2

/ exp(—|V f|?) det(—V?f)dvol.

In particular, when M = C", f is a holomorphic function such that its real part

Ref is polynomial tame, we have

x(C",dy) = in/ exp(—|VRef|*)det(—V*Ref)dvol
T

n

=L [ exp(lostyden(—at v
T n

is given by the Milnor number of f. This is a generalization of a result in [33], see

the last section for more discussion.
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1.3.3 LG/CY Correspondence for Weil-Peterson-type Metric

and tt* Structures

Let f: C" — C be a quasi-homogeneous polynomial, F'(z,u) be a marginal deforma-
tion of f:

Fla,u) = f(z) + Y ui(a),

e l(Ydz...dz,) = U(fdz...dz,), 1 = 1,...,v (Recall Definition [1.2.12 for the definition
of [). We denote M by the space of parameters u’, which should be a small neighborhood
of the origin in C".

For each A, = ¢qdz...dz,, there exists a harmonic form w,(u) € ker(Ap()) (c.f.

Proposition [6.1.2)), s.t.

Wa(u) = Ag + Op(.uyva(u)
for some v,, such that n, has at most polynomial growth.

Theorem 1.3.8. M carries a Weil-Peterson type metric G. More explicitly, one has

h(Cle (U), CJwO(u))

G = &5]- log h(wo(u), we(u)) = h(wo(), wolw)

where G5 = G(0;, J0;),0; = 8‘21_,5]- = 8%]_, J 1s the canonical complex structure on C™.

Now assume that f is homogeneous of degree n. Fix a homogeneous basis
{pa}'=5 of Jac(f), such that I(A,) < I(Ay) if @ < b, ¢ = 1. Moreover, assume that
{qﬁai}f;gl is a basis of Jac(f)". Let |u| be small enough, such that {¢,}"—} is still a basis
of Jac(F (-, u)), {7k }_o constructed in Section is still a basis of H,(C", F(-,u)").

By [25] or Theorem , one can see that {eFFw,} ({e F~F % w,}) is a basis of

24



Introduction

Chapter 1

H™"(C™, F(-,u)~>) (H"(C", F(-,u)™>°)). Consequently, the matrix

and

are invertible.

Let

and

(A)ga := / 6F+Fwa
T

then there exist matrices 7 and 7, such that B = 7.A and B = T A.

In [11], using Leznov-Saveliev method, Cecotti-Vafa shows that there exists (c.f. (A.9)

in [11]) a block-diagonal and holomorphic matrix F, a unit lower triangular matrix A,

such that T = e”N. As a result, there exists a holomorphic function A(u), such that

/ ety = MW / et'dzy...dz,.
Tk Yk

However, we have a more explicit description of 7. Moreover, A\(u) =0 :
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Theorem 1.3.9. 7 and T are (block) unit lower triangular matriz. More explicitly,

(Taa =1 for0<a<pu-—1;

(T)ab =0 ifa < b;
0, if 1(Aa)—1(Ap) §é VAR

(T)ab = z
(_1) = Zlc:lb f(Cn flabAa /\ *wchd); Zf lab = l(A—a);l(Ab) E Z+

lap!

(We will see that by Agmon estimate, [, flav Ay A %y < 00. )

Here (h®) is the inverse of (hay), hay = h(wa, wy). In particular,

/ eF+Fw0:/ ef'dz...dz,

Tk Tk

/ eFF*woz/ e’F*dzl...dzn,
Vi Yk

Let X, = {[z] € CP"! : F(z,u) = 0}. In Section [6.3, we will define a map R :
Jac(F(-,u)) — H"2(X,)o[—1] that preserves the Hodge filtration. In particular, R(1)
is a nowhere vanishing holomorphic (n—2)-form on X,,. Now let G := 99 log [ x, B(LA
*m, then G¢V is the Weil-Peterson metric on M. It follows from Theorem m, that

Theorem 1.3.10. G = G,
Eventually,

Theorem 1.3.11. The small tt* structure on LG’s side (See Definition |1.2.14]) and the
tt* structure on C'Y’s side (See Definition[2.4.7) are isomorphic.
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Preliminary

2.1 Witten Deformation on Closed Manifolds

In this section, we will have a brief review on Witten deformation on closed manifolds.

2.1.1 Hodge Theory

Let (M, g) be an n-dimensional closed Riemannian manifold.
Recall that with the exterior differential d : QF(M) — QF1(M), we have a cochain

complex

(Q*(M),d) : 0 — QM) S Q' (M) S - S ar (M) S0

called the de Rham complex, with de Rham cohomology:

HY (M;R) = M‘
e Imd|ﬂk—1(M)
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The Riemannian metric g induces an inner-product on QF(M) via

(v, B) 2 :/Ma/\*/é’

where * : QF(M) — Q"~*(M) is the Hodge star operator. If we denote by & : QF(M) —
QF1(M) by

5 — (_1)nk+n+1 % d*,

it is easy to see that

{da, B) = (@, 0) .

That is, 0 if the formally adjoint of d.
If we denote the de Rham-Hodge operator by D = d + ¢, then the Hodge Laplacian
A = D? = dj + dd. In particular, one has the Kodaira-Hodge decomposition theorem
holds,
Q" (M) =ker A ®Imd @ Imo.

We call «v is a harmonic form if a € ker(A). As a corollary, we have the isomorphism
ker A ~ Hj,(M;R).

We can obtain a nice local expression if we introduce the Clifford operators, which

give an action of TM on Q*(M). If v € TM, set
c(v) :=v* A -1, and  é(v) =¥ A+,

where ¢, is the interior product and v# € T*M is the dual of v under g. We will also
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denote ¢ (v#) = ¢(v) and ¢ (v#) = é(v). One has Clifford relations for these maps:

c(v)e(w) + c(w)e(v) = —2¢g(v, w)
c(v)é(w) + é(w)é(v) = 2g(v, w)

c(v)é(w) + é(w)e(v) =0

Given a local orthonormal frame {e;}!; for TM with corresponding dual basis {e'}!
of T*M, and denoting by V the Levi-Civita connection, we have the following local

expressions:

n
d= Zei A Ve,
=1
n
§==> 1,Ve,
=1
n

D = Zc(ei) Ve,.
i=1

2.1.2 Witten Deformation

Let f € C*°(M) be a Morse function on M, and for T' € R define the deformation of

the exterior diferential differential as:
dry =e de" ' =d+Tdf A
One can see that dry : Q¥(M) — Q¥ (M), for any k. Also,
dsz )
Therefore, we have a cochain complex

(Q* (M), drs) - 0 — QM) 25 QY (M) 2 . 5 gnar) T
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and the cohomology space

ker de Q* (M)

H;f,dR(M;R) = Tm do

Q==1(M)

Let 675 be the formal adjoint of dy; with respect to L? metric

(o, B)r2 = /Moz/\*ﬁ.

That is,
<deOé75> = <0475Tfﬁ>~

If we denote the de Rham-Hodge operator by Dy = drs + drf, then the Hodge
Laplacian Ay := D2 = drsdrs + drpdry. In particular, one has the Kodaira-Hodge

decomposition theorem holds,
Q" (M) =ker Ap & Imdry & Im oy
We call « is a harmonic form if o € ker(Ar). As a corollary, we have the isomorphism
ker Ar ~ Hy; jp(M;R).

We can obtain a nice local expression by using the Clifford operators: Given a local

orthonormal frame {e;}?_; of TM with corresponding dual basis {e¢'}"; of T*M, and
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denoting by V the Levi-Civita connection, we have the following local expressions:

n

drp =Y € AV, +TdfA,

=1
0= — Z Leivei + Tva,
=1
D =Y c(e;) Ve, + Te(df).
=1

Moreover, by a direct computation, Ay = A +TV? , fe(ei)c(e;) + T2V f|*.

2.1.3 Witten’s Idea

Now, we can briefly illustrate Witten’s idea here: look at an eigenform u of Ar with
respect to eigenvalue A\, one can see easily that if the value of u doesn’t concentrate on
the nearby of cirtical points, i.e., the place where Vf = 0, then it must concentrate at
somewhere, say U, that |V f| > ¢ for some ¢ > 0. Restricted on U, Ap > % if T' is big.
As a result, one must have \ > % In other words, if we focus on the eigenspaces with
respect to eigenvalues A = O(1) as T' — oo, then we can localize our discussion at the

critical points of f. See [27, 25] or Chapter |3| for more details.

2.2 Analytic Torsion on Closed Manifolds

In this section, we will review analytic torsion on closed manifolds.

2.2.1 The Finite-dimensional Case

If V is a finite-dimensional k-vector space of dimension n, then we define the deter-
minant of V' by

det(V) := A"V.
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One can see that det is a functor from the category of finite-dimensional vector space to
the category of one-dimensional vector space.

If L is a one-dimensional vector space, then we have a canonical isomorphism
End(L) = k

Under this identification the morphism det(A) : det V' — det V' induced by a morphism
AV — V is exactly mapped to the element det(A) € k.

We now consider a finite chain complex over k,
C: OO O —

of finite-dimensional k-vector spaces.

Definition 2.2.1. We define the determinant of the chain complex C to be the one

dimensional k-vector space
det C := ® (det ™))"

The determinant det(C) only depends on the underlying Z-graded vector space of C and

not on the differential.

The cohomology H(C) of the chain complex C can be thought as a chain complex
with trivial differentials. Hence det H(C) is also well-defined.

Moreover, one has

Proposition 2.2.2. We have the so-called torsion isomorphism

7o+ det C = det H(C).
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We now assume that k = R or £ = C. Given a metric A on V. It induces a metric
hdetV on det V.
On a chain complex C, Let h¢ be a collections of metrics (hC”)n Such a metric induces

a metric A% on det C. Hence induce a metric 7¢.h¢ on det H(C).

Definition 2.2.3. Let C be a finite chain complex and h¢ and h'©) metrics on C and

its cohomology H(C). Then the analytic torsion
T (C,h¢, ")) e RT
is defined by the relation
pdet HC) _ (C. ie, hH(C)) Te ohdetC,

where h4tH(©) js the metric on det H(C) induced by hH(C) hd*©) js the metric on det(C)

induced by hE.

We consider the Z-graded vector space

C::@C"

nez

and the differential d : ¢ — C' as a linear map of degree one. The metric h¢ induces a
metric h¢ on C. Using h¢ we can define the adjoint d* : C' — C which has degree —1.

We define the Hodge Laplace

A= (d+d*)* = dd* + d*d.
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We have the Hodge decomposition

C=kerA®Im(d) & Im(d*), Ker(d) = Ker(d)®ImA.

In particular, we get an isomorphism of graded vector spaces
H(C) = ker(A)

This isomorphism induces the Hodge metric hgég;e on H(C).

One can show that

Proposition 2.2.4. We have the equality

T (C.he hi. ) = \/H det (A7) V"

nez

This proposition enables us to extend the definition of Analytic torsion to infinite-

dimensional vector spaces.

2.2.2 Determinant in Infinite Dimensional Case

By Proposition to define analytic torsion, we have to extend the definition of

the determinant of an operator to the infinite-dimensional case.

First, observe that if V' is a finite dimensional vector space of dimension n over R or

C, A:V — V is positive definite, then A is diagonalizable. Suppose A has eigenvalues

A1, ... A, (Counting with multiplicity), then

Indet(A) =) In(x) =) a;;
=1

i=1
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Now define Z4(s) := Y ., Af. Since for A > 0, \* = ﬁ [t e dt, one has

1 [ . , 1 [
Zy(s) = m/o 51 Ze‘t’\zdt = ) / 51 Tr(e ) dt.
i=1

0

Hence, if A = A, then we could make sense of det(A) by using heat kernels.

2.2.3 Infinite Dimensional Case

Let now (M, g™) be a closed Riemannian manifold, and let (E, V¥ h¥) be a flat

vector bundle with metric h¥. Then we can equip the de Rham complex Q*(M; E) with

)

a a metric hlegM;E given by

hggMJE) (a7 B) = / (Oé, B)QTM,hE dVOlM7
M

where (a, 3),rum e is defined as follows: if @ = w® 5,8 = W' ® s € O (M, E) for
w,w €O (M),s, s € (M, E), then

(@, B)gran pe = g™ (w0, W )hE (5, ).

Now the connection V¥ : Q°(M, E) — Q' (M, E) extends uniquely to a derivation of
Q(M)-modules
d¥ . (M, E) — QY M, E)

of degree one and (d¥)? = 0. Then the Laplace operator

A= (dPF + dP)*
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preserves degree and its components

Ay : QM E) - Q"(M,E), keN

are of Laplace type.

Notice that on a closed manifold, the heat kernel K (t,z,x) of a Laplacian type oper-

ator A has the following asymptotic expansion near the diagonal:

K(t,z,y)=> &tz y)t"0(z,y),

k=0

1 @y

where & (t, z,y) = v

In particular, one has

and
00 t,%+k o)

Tr(e ) = Z N O (x, z)dvoly = Zakt_%Jrk.

k=0 k=0

Naively, the zeta function is defined by

1

Cals) = (s) /000 " Tr(e"2)dt.

However, it doesn’t make sense. Hence we need to regularize it:

(2.1)

1. If ker(A) # 0, then for any s € C, | [[St ' Tr(e 2)dt| > [T R~ 1dt = .

Hence, we restrict on the orthogonal complement of ker(A). Let A" = Al ac.

2. By Weyl’s law, since the eigenvalues of A has polynomial growth, | 100 51 Tr(e ") dt

is holomorphic for any s € C.
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3. By (2.1), %S)fol A (Tr(e‘tA') Zk ot ak) dt is holomorphic for Re(s) >

-

4. When Re(s) >> 0,

1 15—1 l 24 71 1
o, (Z“ ) ‘=2

k=0

MN

k::() ———l—k:—i—s T(s)

As a result, %S) fol 51 (Zizo t*%““ak) dt could be extended to a holomorphic

function near s = 0.

In a word, there is a way to regularize the zeta function (a/(s) such that (as(s) is
holomorphic near s = 0.

Now we can define det(A’) := efar(©)

Definition 2.2.5. We define the analytic torsion of (M, V,hTM, hE) by

Ton (M, VBT hE) = [T (det A})
It is the analog of T (Q*(M E), hQ (MLE) hg;gé\gﬂ)) .

2.3 Cheeger-Muller/Bismut-Zhang Theorem

In this section, we will briefly introduce Cheeger-Muller/Bismut-Zhang theorem. For
simplicity, now we let £ = M xR be the trivial line bundle, (M, g) be a closed Riemannian

manifold.
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2.3.1 Thom-Smale-Witten Theory

Definition 2.3.1. A Morse function f € C*°(M) is a smooth function on M, such that
V2f(z) is non-degenerate at every critical point x € M of f. The index of a critical
point i¢(x) is the number of negative eigenvalues of V2 f(x).

For i € N, we let Crit(i) denote the set of critical points of index i so that Crity =

U,en Crity(i) is the set of critical points of f.

Definition 2.3.2. The stable (unstable) manifold W*(x) (W"(x)) of a critical point x €
Crity is the subset of M of all pointsy € M such that limy_, ®4(y) = = (limy_,_ $i(y) =

x). Here ®; is the flow with respect to =V f.

Definition 2.3.3. We say that the triple (M, g, f), where f is a Morse function, satisfies
the Morse-Smale condition, if for every pair of critical points x,y € M the intersection

of W*(x) and W*(y) is transversal.

Fix a Morse function f, the set of metric g that makes the triple (M, g, f) satisfy the
Morse-Smale condition is a dense open set in the space of Riemannian metric on M.

Classical Morse theory tells us that a Morse function f gives a CW structure of a
closed manifold, whose cellular chain complex (called Thom-Smale-Witten chain com-
plex) could be described as follows:

First, fix orientations on unstable manifolds W*"(x). The vector space of degree i-
chains is given by

Ci(W*) := R [Crit¢(7)]

The chosen orientations of the unstable manifolds induce orientations. The same choices

induce coorientations of the stable manifolds. For a pair

z,y € Crity with if(y) =is(z) +1
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the intersection

W (y) N W*(z)

is transversal, consists of finite number of curves. As an intersection of an oriented and

a cooriented manifold, it is oriented. We define the multiplicity of v € W*(y) N W*(z)

m(y) € {1, -1}

such that the gradient m(v)V f is positively oriented on 7. We can now define the

differential of the Morse-Smale complex by

0:Cip1—C y— Z Z m(y)x.

z€Crit (1) yE(WH(y)NW(z))

2.3.2 Milnor Metric and Ray-Singer Metric

Let (C*(W"),d) denote the Thom-Smale-Witten cochain complex, H*(C*(W®),d')
denote the Thom-Smale-Witten cohomology. We also introduce an inner product on
C;(W") as follows:

if z,y € Crits(i), then (z,y) =0if v # y; (v,x) = 1.

This induces a metric R W") on C*(W*).

Recall the canonical map 7o+ given in Proposition [2.2.2]

Definition 2.3.4. We define the Milnor metric on det H*(C*(W*"), J') by

M,V * u
| - HdetH{(M,[R) = 7'C*(W")thtC W,

We now consider the de Rham complex Q(M,R). Its cohomology will be denoted

by H(M,R). The Riemannian metric on M induces an L*- metric hgg%’lR) on the coho-
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mology. We get an induced metric h?;;geMR on det H(M,R) and the analytic torsion

Ton (M .d, g™ ), see Definition W (Here d is the de Rham differential).

Definition 2.3.5. We define the Ray-Singer metric
—1 ; det H(M,R
| - H(}i%eiH'(M,R) i=Ton (M> d, gTM) hHodgé :

Theorem 2.3.1 (Cheeger-Miiller/Bismut-Zhang theorem). If (M g™ ) is a closed odd-

dimensional Riemannian manifold, then we have the equality of metrics

MV f
I 1868 ere army = - i 7% army-

This is not the most general version, we refer to [20] for the general case.

Sketch of the proof. 1f we replace the de Rham differential d by Witten deformation d +
Tdf for T € R. Its cohomology will be denoted by H(M,R)r. The Riemannian metric
on M induces an L?- metric h HO{Z]E) (T") on the cohomology. We get an induced metric

h(ﬁzgiM’R) (T') on det H(M,R)7 and the analytic torsion || - “é\:tZI]: (MR-

We could also define the Ray-Singer metric
—1, det H(M,R
I 3 reaa ey (T) 1= Tam (Mg, ™)™ Bige™(T).

One can show that if dimg M is odd, ||-||55 . gy (1) is independent of T'. Let T — 0,

|15 weoury (L) = | | &S e r)- Let T — oo, the discussion localize at the critical points

of f (See our discussion in Subsection 2.1.3)), eventually [|-[|3 e (15 (T) — |- ||£:tz,{ (M)’

which finishes the proof of Theorem [2.3.1} O]
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2.4 tt* Structure on Calabi-Yau Manifolds

In this section, we will review variation of Hodge structures and ¢t* structures on a

Calabi-Yau manifold X.

2.4.1 Variation of Hodge Structures

Definition 2.4.1. A Hodge structure of weight m is given by a data (Hg, F?) where Hg
is a finitely generated Q-vector space, and FP,p = (0,...,m) is a decreasing filtration
on the complexification H = Hg ® C such that FP @& Fm—ptt = H_ for all p. Setting

HP® = FP N\ F9 one has

H = EB HPY,  HPY = [[9P

ptg=m
VA
Hence FP = @y, HP 7P,

Example 2.4.2. Let X be a compact Kdhler manifold, then

Vk e N,H*X,C)= @ HP(X), H" =Hr

p+q=k

gives a Hodge structure.

Definition 2.4.3. A polarized Hodge structure of weight m is given by the data (Hg, F?, Q)

where (Hg, F?) is a Hodge structure of weight m and
Q : H@ X H@ — @

1s a bilinear form satisfying the conditions

i Q(U,U) = (_1)mQ(U7u)
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e Q(F?, FrH) =0
e The Hermitian form i*~9Q(u, v) is positive definite , where u,v € HP1.

Example 2.4.4. Let X be a compact Kdhler manifold of complex dimension n, then

H"(X) admits a polarized Hodge structure by setting Q(u,v) = (—1)"""D/2 [ u A wv.

Definition 2.4.5. A variation of polarized Hodge structure is given by the data

(S7HQ7FP7V+@7Q)7

where
e S is a smooth complex algebraic variety.
e Hq is a local system of Q-vector spaces on S.

o H ="Hg® Og is a holomorphic vector bundle with a filtration FP by holomorphic

sub-bundles.

e V+V:H— QL®H is an integrable connection. Here V is the (1,0) component

of the connection and V the (0,1) component.

o (V+V)HQ=O

e For each s € S, on each fiber the induced data (Hgs, FP) gives a Hodge structure

of weight m.

e The Griffiths transversality conditions

(V+V)FPC Qi FP!

are satisfied.
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e The bilinear form @
Q : HQ & 7‘[@ — @

satisfying (V + V)Q = 0 and inducing polarized Hodge structure on each fiber.

Example 2.4.6. Let 7 : X — S be a family of compact Kahler manifold with typical
fiber X (dime¢ X = n). Consider vector bundle Hg = R"m.Q. Fiberwisely, Hg is the
space of middle cohomology of the fiber. Let F be the filtration induced by fiberwise
filtration, V + ¥V be the Gauss-Manin connection on Hg, Q be the fiberwise pairing.

Then (S, Hq, F,V,Q) gives a variation of polarized Hodge structure.

Variation of Polarized Hodge Structure and t¢t* Structure

Consider a variation of Hodge structure (S, Ho, FP,V + V, Q), and let H = Ho®0Og,
then H admits a natural real structure x. Next, let g(u,v) := 7 91Q(u,v),u,v € HP1
be the hermitian metric on #H, {ex} be a local frame with respect to metric h. By
Griffiths transversality condition, we could decompose V.= D+ C, V = D + C, s.t.
D + D is the Chern connection with respect to metric h. Then one can check easily that
(H — S,k,9,D, D.C, C’) gives a tt* structure. Hence, we can view a tt* structure as a

generalized version of variation of polarized Hodge structure.

2.4.2 {t* Structure on Calabi-Yau Manifolds

Let M be the moduli stack of complex structures of Calabi-Yau manifold X of di-
mension n, with the universal family 7 : X — M. Todorov-Tian’s smoothness theorem
implies that M is smooth of dimension dim H' (X, Ty) = h""!(X). We denote by HG"
the vector bundle

HG = R'm.(Q)o
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on M. Fiberwisely, Hgy is the space of primitive forms in the middle cohomology of
the fiber. Let HY := HGY ® O, then HEY admits a real structure . Also HY
has a flat holomorphic structure given by the Gauss-Manin connection. We will use
V&M to denote the (1,0) component of the Gauss-Manin connection and V&M the (0, 1)

component. Let FPHSY be the Hodge filtration, and
HPPTP FpHCY/FpHrHCY

is the Hodge bundle of type (p,n — p).

By Griffiths transversality condition, £ := H™? is a holomorphic subbundle of
HEY. LC s called the vacuum line bundle in the physics literature. For a given
point [X] € M, ,C[C)g]/ is the space of holomorphic volume form on X. Let QY (u,v) :=
(=)= [ u A v, and g% (u,v) = P79Q(u, D) for u,v € HP(X), then for any
holomorphic section of Q € L the Weil-Peterson metric GYY on M is given by
oMM log(g(£2,€)). By our discussion in last subsection, the Gauss-Manin connection
admits a decomposition V&M = DCY 1 ¢V yv&M — DY 1 O Moreover, in this

case, CO : HPmP — QIO (M) @ HP~1~PF1 is the Kodaira-Spencer map. Now
(HCY N M, RCY7gCY,DCY, DCY,CCY, C«CY) (22)

is a tt* structure.
Let f : C" — C be a homogeneous polynomial of degree n, F(z,u) be a marginal

deformation of f:

F(z,u) = f(z) + Z u'i(x),

i.e. ¢; has degree n.

We denote M by the space of parameters u, which should be a small neighborhood
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of the origin in C”. Foru € M, X, := {[z] € CP""!: f(z) = 0} is a Calabi-Yau manifold

of dimension n — 2. There exists a map i : M — M.

Definition 2.4.7. The tt* structure (H¢Y — M, k%Y ¢¢Y, DY DY CY CY) on

Calabi-Yau’s side is the the restriction of tt* structure on M.

2.5 BCOV Torsion and Holomophic Anomaly For-
mula on Calabi-Yau Manifolds

We review the story of the Calabi-Yau B-model first: We consider a family of Calabi-
Yau manifolds X — M with a typical fiber X, where M parameterize different complex
structure of X. Indeed, it is well known that the CY B-model concerns the deformation
of the complex structure. The genus 0 theory is equivalent to the variation of Hodge
structure (equivalently, t¢* structure). The study of the higher genus theory is much more
challenging and interesting. In this direction, Bershadshy-Cecotti-Ooguri-Vafa (BCOV)
showed that the genus one term F; for CY B-model admits a holomorphic anomaly

equation as follows (see Subsection for further explanations of each term)

CcY

_ 1 _
MIMFy = S 0V — G2—4X(X), (2.3)

where x(X) is the Euler number of X.
Let AP be the restrict of Hodge Laplacian on p, ¢ forms QP?(X), then the BCOV

torsion is defined as

Tpcov = 1l 4 det (Ap’q>(_1)p+qP .

See Subsection for the definition of det(A).
For a family of Calabi-Yau B-model X — M, fixing a Kahler structure on X, then
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we define fiberwise BCOV torsion, still denoted by 7zcov .

ZH’CZp

Next, condsider the determinant line bundle A = Ao, ., (det Rim,QP(X/M DT,

where QP(X /M) is the sheaf of relative p-forms. Then on line bundle A — M, there are

two natural metrics, the usual L? metric || - ||z2 induced by the harmonic forms, and the
Quillen metric || - |lg given by || - [lo = || |l 2 T5E0v-
Hence

MM log | - [lg = MM log || - || 2 — dM 9 log Tpcov .

Then using Bismut-Gillet-Soulé (BGS) type curvature formula [34], BCOV [3] and

Fan-Fang-Yoshikawa [35] shows that

M AN GCY
070" log || - HQ:_TX(X)’

B 1 _
OMoMlog || - |2 = itr coYoeY

Thus, comparing with ([2.3]), the F7 term should be log Tscov, up to some holomorphic

and anti-holomorphic corrections.

2.6 Motivation of This Thesis Project

We can now discuss why this thesis project is significant to us in greater detail. The
CY B-model is concerned with the deformation of the complex structure, as discussed
in Section The genus-zero theory is equivalent to the study of ¢t* structure (see
Definition of Calabi-Yau manifolds; the genus-one term Fj is computed by BCOV
torsion.

Then in keeping with the spirit of the LG/CY correspondence, we should have a simi-

lar story for the LG B-model, which involves the deformation of singularities. Indeed, its

46



Preliminary Chapter 2

genus 0 theory is given by Saito’s theory of primitive forms and higher residue pairing(c.f.
[8, @]), originating in Saito’s study of period integrals over vanishing cycles associated
to an isolated singularity. Compared with the CY B-model, one might conjecture that
the genus one term could be expressed as a torsion type invariant (We call it BCOV
type torsion for LG B-model). In [33] and [36], Fan-Fang and Shen-Xu-Yu defined such
a counterpart of the BCOV torsion for LG models on C". Moreover, in [37], X. Tang
deduced a holomorphic anomaly formula for this torsion for the case of C".

It will be interesting to ask if the LG/CY correspondence holds for the B-model.
To address this question for the genus 0 case, we show LG/CY correspondence for ttx
structures in Chapter @ In fact, Fan-Lan-Yang in [23] partially prove that the two tt*
structures are isomorphic via the CY /LG correspondence, except for the real structures
. Here we use different methods to show the full LG/CY correspondence: we introduce
two U(1) actions that act as certain bi-grading for LG B-models. With the help of these
two U(1) actions, we also show LG/CY correspondence for Weil-Peterson type metrics.
Additionly, in our method, the Agmon estimate derived in Chapter |3| plays an essential
role.

Following that, we investigate the LG/CY correspondence for the genus-one term
in B-models.The genus-one term of the LG B-model is conjectured to be computed via
some analytic torsion with respect to the Witten deformation 0y = 9+ df A . Hence, the
first section of this thesis studies Witten deformations on noncompact manifolds. The
Agmon estimate in Chapter (3 also plays an important part in the heat kernel expansion
and the proof of LG/CY correspondence for genus 0 theory. As discussed in Subsection
[2.2.2] to make sense of the determinant of Laplacian, i.e. analytic torsion, one must first
understand the heat kernel expansion, which is our main task in Chapter 4] In Chapter
b, we define analytic torsion for Witten deformations on noncompact manifolds using

the heat kernel expansion from Chapter . To study LG/CY correspondence for genus
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1 term, we must generalize the previous discussion to the case of families of LG models

and the complex/holomorphic setting, which is still under exploration.
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Analysis of Witten Deformation on

Noncompact Manifolds
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Chapter 3

On Agmon Estimate and

Thom-Smale-Witten Complex

In this chapter, we study the Agmon estimate, and explore the relations between the
Thom-Smale complex for a Morse function f on a noncompact manifold M and the
deformed de Rham complex with respect to f.

The crucial technical part of this work is the Agmon estimate for eigenforms of the
Witten Laplacian which is essential in extending the usual analysis from compact setting
to the noncompact case. The Agmon estimate was discovered by S. Agmon in his study of
N-body Schrodinger operators in the Euclidean setting and has found many important
applications. The exponential decay of the eigenfunction is expressed in terms of the
so-called Agmon distance, Cf. [32]. We make essential use of this Agmon estimate to
carry out the isomorphism between the Witten instanton complex defined in terms of
eigenspaces corresponding to the small eigenvalues with the Thom-Smale complex defined
in terms of the critical point data of the function. We remark that the Agmon estimate
near the critical points also plays an important role in the compact case , see [38] and also

[20]. The novelty here is that we make essential use of the exponential decay at spatial
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infinity provided by the Agmon estimate. Later on, we will see that Agmon estimate
also plays a very important part in the proof of LG/CY correspondence for Weil-Peterson
metrics.

The first difficulty one encounters here is the presence of continuous spectrum on a
noncompact manifolds and for that one has to impose certain tameness conditions. This
consists of the bounded geometry requirement for the manifold as well as growth condi-
tions for the function. The notion of strong tameness is introduced in [I4] in the Ké&hler
setting which guarantees the discreteness of the spectrum for the Witten Laplacian. Here
we introduce a slightly weaker notion which allows continuous spectrum but only outside
a large interval starting from 0.

It is important to note that, and this is another new phenomenon in the noncompact
case, the Thom-Smale complex may not be a complex in general. Namely, the square of
its boundary operator need not be zero, since M is noncompact. However we prove that

with the tameness condition, it is.

3.1 The Spectrum of Witten Laplacian

In this section we study the spectral theory of the Witten Laplacian on noncompact
manifolds. In particular we establish the Kodaira decomposition and the Hodge theorem

for the Witten Laplacian under our tameness condition.

3.1.1 Essential Self-adjointness of dy + ¢y

Theorem 3.1.1. On a complete Riemannian manifold, if

V2 fl(p)

lim sup == < o0,

poo [V ()

o1
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then dy + 05 is essentially self-adjoint.

Proof. Since limsup,,_, ., % < 00, Uy is bounded from below by Proposition |1.2.5|

The rest of the proof is essentially the same as in Section 4 of [39]; see also the proof of

Theorem 1.17 in [40]. O

3.1.2 On the Spectrum of [z,

From now on we will assume that (M, g, f) is well tame. Let K be a compact subset,
which can be taken to be a compact submanifold with boundaries that contains the
closure of a ball of sufficiently large radius of M (we will make a more specific choice of K
later in section , such that e;(K) = infp,_x |V f] > 0,¢p(K) := supy,_x % < 00.
Then on M — K,

Vi > er 193] < 26V £ (3.1

Let Cx = maxy |V2f]|. First, we establish the following basic lemma.
Lemma 3.1.1. Fiz any b € (0, 1), there exists Ty = Ti(cy, Cr, €f,b) > 0 so that whenever

T >17, ¢ S DOH’I(DTf)

/ (Orso, d)dvol > / (V6, Vo)dvol + / TV (6, 6)dvol
M M M

-K

—(Cr+TCx) /K (6, $)dvol. (3.2)

Here Cg is a constant depending only on the sectional curvature bounds of g.

Proof. Tt suffices to show the inequality for a compactly supported smooth form. By
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Proposition [1.2.5] together with the Bochner-Weitzenbock formula, we have

/ (Orsp, ¢)dvol > / (Vop,Vo)dvol — (Cr + TCk) / (¢, ¢)dvol
M M K
+ er(p)(¢, )dvol,

M—-K

where er = T2V f|2(1 — % — 4CR) Thus, for any b € (0,1), let

80f \/SCR } (3 3)
1—02" e /T—02 '

T1(K) := max{

4c
Then whenever T' > T7, one can see 1 — Tf — 7451;

> b?. Consequently,

/(Dngb,qu)dvol > /(ng,ng)dvoH—/ 6TV f|?(¢, ¢)dvol
M M

M-K

—(Cr+TCk) /K(gb, ¢)dvol.

]

Remark 3.1.2. When (M, g, f) is strongly tame, we can take K to be sufficiently “large”
so that ¢y and % are as small as one wants. As a result, Ty can be made as small as one

wants by choosing appropriate K.

Theorem 3.1.2. Let o be the set of spectrum of Org. Then when T > Ty, oN|O0, (b%f)zTQ]

consists of a finite number of eigenvalues of finite multiplicity.

Proof. Let P : L?A*(M) — L?*A*(M) be the integral of the spectral measure of Uy on
[0, (%)2T2]. It suffices to prove that L := I'm(P) is finite dimensional. For any ¢ € L,

we have

/ (Or ¢, ¢)dvol < (—L)*17? / |p|*dvol. (3.4)
M
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Combining with (3.2)), we have

pre [ Jopavet = [ (Vo.vomer+ [ ViR
—(Cr +TCk) / (¢, ¢)dvol
K

provided T" > Ty. That is,

[,,(Vo, Ve)dvol + [,,_ . BTV f|2(¢, $)dvol

< (BT + 5250 + ilsz) [io(6, @)dvol + (5)*T? [y, (&, §)dvol.

Since BTV f|> > (%£)?T? on M — K, when T > Ty,

/(qu, V)dvol < (b2 PT?(1 + (bff(;fﬁ + (bi(;;’gT)/K(qb,qb)dvol. (3.5)

Now define Q : L — L*A*(K), by Qu = u|g. By (3.5)), it’s easy to see that Q is
injective, and Im(Q) C WH?(A*K). Since Wh?(A*K) — L2A*(K) is compact, dim(L) =
dim(Im(Q)) must be finite. O

We now state the important consequence of this section. By combining Theorem

and Theorem with Proposition [A.2.1{ decomposition (A.4]), we have

Theorem 3.1.3. Assume that (M, g, f) is well tame. Then when T > Ty, we have the

Kodaira decomposition

L*A*(M) = ker Op; @ Im(dyy) © Im(d74).
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Furthermore, the Hodge Theorem holds:
H(*Q)(M, de) =~ ker DTf.

Remark 3.1.3. If (M, g, f) is strongly tame, T\ could be arbitrarily small, hence Theorem
holds true for any T' > 0.

3.2 The Agmon Estimate

In this section, we assume that (M, g, f) is well tame, and T > T, where T} is
described in Lemma [B.1.11

Let gr := b*T?|V f|?g be the Agmon metric on M. Let K be the compact set as in last
section. In this and later sections we define the Agmon distance pr(p) be the distance
between p and K induced by gr. Then we have |Vpr|*> = 0?*T?|Vf|? a.e. p ¢ K, where
the gradient V is induced by g.

For simplicity, denote b*T?|V f|? by Ar. We need the following two technical lemmas,

whose proofs are postponed to Section [3.5

Lemma 3.2.1. Assume w € L*(M),0 < u € L* (M), and (A + Mr)u < w outside the

compact subset K C M in the weak sense. That is

/ VuVv + Aruvdvol < / w-vdvol, VO0<wveCr(M-K).
M-K

M-K

Then for any j € N, there exists another compact subset L D K of M such that

/ [u|*Ar exp(2bpr ;)dvol < Cg/ lw|* At exp(2bpr ;) dvol
M—L - K
(3.6)
+ C’l/ [u|* A1 exp(2bpr;)dvol
L-K
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2
fO’/’C&:%, szﬁ

Here pr; == min{pr, j}.

Corollary 3.2.1. If w = cu for some ¢ >0 and T > Q—ngl;rc, then

I(u) := / |u|? exp(2bpr)dvol < oo.
M

Proof. With this choice of T, Ay > 1+ ¢ outside K. Now replacing Ay with Ay — ¢ and

w with 0 in Lemma [3.2.1} we get

/ |u|? exp(2bpr j)dvol < / [ul*(\r — ¢) exp(2bpr;)dvol
M-L

M-—L

< C’l/ [u|* A7 exp(2bpr;)dvol < Cl/ |u|* Ay exp(4b)dvol < oo.
L-K L-K

Now let 5 — oo. By the monotone convergence theorem, we finish the proof. O

By refining the argument above, we have the following corollary which will be used

in the proof of our Agmon estimate for eigenforms.

Corollary 3.2.2. If0 < u € Dom(Oyry), and Orpu < (c+ T|V2f|)u for some ¢ > 0 and

T > max{, /%, %%fc, 2¢;Cy}, then

I(u) == / lu|? exp(2bpr)dvol < OT?||ul?
M

where the constant C = C(C*, ¢, ep,b,¢), L ={p € M : pr(p) < 2},C* > max; |V f|*.

Proof. Following the proof of Lemma m given in Section 7.1, put L = {p € M :

pr(p) < 2}. Since u € Dom(Ory), |V flu € L*(M).
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Then by Lemma [3.2.1] we deduce

/ [ul2Ar exp(2bpy j)dvol < C’l/ [ul?Ar exp(2bpr ;) dvol
M-L

L-K

+ CQ/ (c+ T|V2f)AL u)? exp(2bpr ;) dvol
M-K

for C4, Cy as above.
Since u € L2(M), [,,_x(c+ T|V2f)Az [u? exp(2bpr,;)dvol < oo.
We split the second integral on the right hand side into two; the one over L — K will

be absorbed into the first term. The second term is (we omit the volume form here)

& / (e + TIV2F DA ul? exp(2bpr,)
M—-L

4020 QCQCf 9

Combining the above one arrives at

4C5¢ 2C5¢
[ arexp@bon) <0 [ uPOr+ 2 + 22 expl2bor,)
M—-L Ef

L-K

4c 2¢cy

+C —+—/ ul® exp(2bpr ;).
2(b2T26? T> M_L| | ( T.])

Thus,

4Cs¢ 205¢
/ |ul*(Ar 2+ ==Ly exp(2bpr)
M—-L

CpT2eT T
4Cy¢ 2C5¢
L322 2 2CF N 4b 2
<2C1(CHH T + b2T2€?c + s e ||l

where C > maxy [V f|?. If T > maX{Z%)’:, 2—;)6(“;20, 2¢;Cy}, then

4020 QCQCf)
b*T2e7 T

/\T—( >1
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outside L. Hence

2c 26f
+ —
b2T2€f T

/M ; lu|? exp(2bpr j)dvol < 2C, (CLH*T* + Cyf e ||ul?,

and consequently

ZCQC i ZCQCf

1 4b 2
e + ) el

/ lul? exp(2bpr ;) dvol < [20,(CHV*T? +
M

for T > max{%s, Q—bef?c, 2c5Ch}.

Now let j — oo. By the monotone convergence theorem again, we finish the proof. [

Remark 3.2.2. It may seem that C* and Cy, depend on'T as L ={p € M : pr(p) < 2}.
However, notice that as T becomes bigger, L gets smaller. Hence we can choose Ct >

max,er, |Vf|(p), Cr > max,cr |V?f(p)|, which are then independent of T

Lemma 3.2.3 (De Giorgi-Nash-Moser Estimates). For r > 0, let B,(p) be the geodesic
ball around p with radius r (in the metric g). Let 0 < u € L*(M), and Au < cu on Ba,.(p)
in the weak sense for some constant ¢ > 0. Then there exists constant Cs(n,c, 9, R) > 0
depending only on the dimension n, the Sobolev constant (which depends on the injectivity

radius lower bound ry and curvature bound on R) and c, such that for r < rg

Cs
sup u(y) < —2 llull 225, ())-
y€Br(p) r

With these preparation we are now ready to prove our first main estimate for the

eigenforms of Uypy.

Proof of Theorem [1.3.1] Consider an eigenform w of Opy. That is Opjw = p(7)w, where

the eigenvalue (7T satisfies |u(T)| < ¢ for some constant c. Then letting u = g(w, w)*/2,

by a straightforward computation using the Bochner’s formula (for forms) and the Kato’s
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inequality, we have

Orju < (c+ |R| + TIV*f|)u,

where |R| is the upper bound of curvature tensor. Hence by Corollary [3.2.2, we have, for
T> max{%g, 2—\/02(C+|R‘)’ 2¢4Cy},

be ¢
I(u) = / (2 exp(2bpy)dvol < CT2Jul|?
M

where the constant C' = C(C¥ ¢y, er,b, ¢, |R|,n).
Recall that for the compact set K, (3.1) is satisfied. Hence by Proposition [1.2.5] the

conditions of Lemma [3.2.3| are satisfied for v on M — K. Namely, for T" > T,
Au < (c+ |R|)u

on M — K. Also, the Agmon distance pr(p) is the distance between p and K induced by
grand L ={p € M : pp(p) < 2}. Suppose p € M — L. Denote by B,(p) the jr-geodesic
ball around p with radius r. Set | = sup ¢z, [TV f|(g), and r = 1/(2l). Then one can

easily verify that By,.(q) C Bsy(p), Vg € Bi(p).

Choose gy € By(p) so that |TV f|(q) € (1/2,1]. By Lemma|3.2.1| and de Giorgi-Nash-

Moser estimate (Lemma [3.2.3), we have

Cs(n,c,ro, R
) P exp(2bpr () < ST I e, esp(@on ()

< C4<n7 ¢, To, R) /

= n ~ [u*(q) exp(2bpr(g))dvol
" Ba(p)

S 05(OL7 Cr, €5, b7 ¢, R7 n, T0>|va(QO)|n](u)
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We will prove that

V(a0 < sup [V (8" expl i or(an) (3.7

in Lemma [3.3.6 Hence,

IV f(q0)> < sup IVfIQ(p’)exp(i%pT(qO)) < sup |[Vf*(p') exp(epr(qo))
peEK peK

for any small €, provided T' > QCf It follows then that,

lu(p)|* < C6(C, ety €5,a,b, ¢, Rym, o) I (u)T" exp(—2apr(p)),

TLCf

for any a < b provided T' > o a) Hence if

T > Ty(K) = ma {ng QVCQb:fHR 2 CQ,b(b_ b (3.8)

|U(p)|2 < C7(CL7 Cy,€f, @, b7 ¢, To, ‘R’7 n)TnJrQ exp(—QQpT(p))HuHQ
]

Remark 3.2.4. The proof above gives the inequality for p € M — L = {pr(p) > 10} for
some constant Ty independent of T', which is what we needed for later applications. For
p € L, using the same reasoning as in Remark[3.2.9, there exist constant C > 0, which
15 independent of T', such that

Au < CTu. (3.9)

for all p € L. Therefore via Moser iteration as in Lemma and similar arguments

as above, one can show that

[ul*(p) < C'T"ullz> < C"exp(2a)T™ exp(—apr)||ulz-.
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Remark 3.2.5. When (M, g, f) is strongly tame, Ty can be arbitrarily small.

3.3 Thom-Smale Theory

In this and the next section, we assume that f is a Morse function on M. Moreover,
let K be a suitable compact subset of M such that e;(K) > 0, € > 0 be small enough (to

be determined later), Ts(e, K) := <. Then outside K, we have
TV | < e TV 1P, (3.10)

provided T" > T5.
Remark 3.3.1. We can take T5 to be arbitrarily small if (M, g, f) is strongly tame.

In this section, we always assume that 7" > T5. Under these conditions we will define
the Thom-Smale complex (C,(W*),d) but leave the proof that 0> = 0 to Section .
The remaining of the Section is devoted to the pairing between the Thom-Smale complex
and the Witten instanton complex.

Before defining the Thom-Smale complex, there is still a subtle issue for noncompact
cases. That is, the gradient vector field —V f may not be complete, i.e., its flow curves
may not exist for all time. But notice that if we rescale the vector field by some positive
function, the corresponding integral curves will simply be reparameterizations of the
original integral curves.

For this purpose, we fix a positive smooth function F' such that,

1
Flu w=——
a1k bT |V f|?

Then we have
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Lemma 3.3.2.

(1)
bT|f(p) — f(@)| < dr(p,q), Vp,q € M. (3.11)

(2) Let ® be the flow generated by Yy := —FV f, and p € M. If the flow line ®*(p),t €
[s1, 89] is outside K, then it’s the minimal geodesic connecting ®*'(p) and ®*(p) with

respect to metric gr. Moreover,
dr(®* (p), ®*(p)) = OT| (D" (p)) — F(* ()| = |52 — s1]. (3.12)

(3) Yy is a complete vector field.

Proof. (1). Let ~y : [0,dr(p,q)] — M be the minimal geodesic connecting p and ¢ with

respect to §r. Let V7T be the Levi-Civita connection induced by §r. One computes

SO0 = (T (9) = s 1 (5)

. Vf Vf 1
S gT(22 27 12772 2):_'
RTAN [ BTNV [ b7
Consequently, b7 f(p) — f(¢)] < dr(p.q).
(2). We give a direct proof (See [38] Lemma A 2.2 for another).
Let’s first show that y(s) := ®(p),s € [s1, 9] is a geodesic. Since gp(Yy,Vy) = 1
outside K, we let éf(s), ...,é(s) be a local orthomormal frame on v with éf = Y}. One

can easily show that outside K, —Y;/(bT") is the gradient of f with respect to gr. In

order to prove 7" = 0, it suffices to prove gr(v”,él') = 0,i > 2.
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Indeed,

gr(y" el = gr(Vy, Yy, é))

= —0r(Yy, [Yy. &)

= [V}, & lf
- r Yoy Vi
=0.

We now prove that 7 is the shortest geodesic connecting 7(sy) and (s2) in (M, gr).
Assume that o : [s1,s)] — M is another normal geodesic connecting v(s;) and 7(s2)
induced by gr. Then gr(o'(s1),Yr) < 1. Set a(s) = foy(s), B(s) = foo(s), then we have
a(s1) = (s1), and o/(s) = —1,(s) = —gr(0'(s), Yy o y(s)) > —1. Hence by a comparison
theorem in ODE, we must have a(s) < (s). Now o(s}) = y(s2), and s —s; = Length(o).
Thus, a(s)) < (s5) = a(sz). Since « is decreasing, we must have s; > s,.

Therefore, ®*(y), s € [s1, 52] is one of shortest geodesic connecting y and ®*(y).

Hence dp (' (p), ®%2(p)) = |s3—s1|. Moreover, since %f(és(p)) =Y;f=9(VfYs) =

OT|F(2% (p) = F(22(p)] = |52 — sul.

(3). To prove that Y; is complete, we show that for any p € M, there exists a uniform
constant €y > 0 such that ®*(p) is well defined on (—¢g, €).

Recall that L := {p € M : dp(p, K) < 2}. It suffices to show that for any p € M — L,
®*(p) is well defined on (—1,1), as L is compact.

But this is clear: on M — K, bTF'g(Y};,Y) = gr(Yy,Y;) = 1, and (M, bTF'g) is

complete, and & (p), t € (—1,1) is a geodesic inside M — K with respect to bTF~'g.

63



On Agmon Estimate and Thom-Smale-Witten Complex Chapter 3

Now we can talk about the unstable and stable manifolds of Y}:

Let = be a critical point of the Morse function f, W?*(z) and W"(z) be the stable and
unstable manifold of z with respect to flow ®* defined in Lemma (See Chapter 6
in [27] for a precise definition of stable and unstable manifolds). We will further assume
that f satisfies the Smale transversality condition, namely W?*(x) and W"(y) intersect

transversally. Then the Thom-Smale complex (C,(W*),d) is defined by
Ci(W*") = @zecrie(ny RW" (),

and

Ci(W") = Srecuis(f)ns (@)= RW" ().

To define the boundary operator, let  and y be critical points of f, with ns(y) = ns(xz)—1.

For x € Crit(f), set

W (x) = > m(z,y)W*(y).
yeCrit(f),ns(y)=ny(x)-1
Here the integer m(z,y) is the signed counts of the flow lines in W*(y) N W*(x).
In order to see that the integer m(x,y), and hence the coboundary operator, is well
defined, we now make a more judicious choice of K. Fix any py € M. Let d be the

distance function induced by (the Agmon metric) |V f|?g, and set

D= sup d(y,po)+2 sup d(y,z). (3.13)
yeCrit(f) y,2€Crit(f)

We choose K so that

BDH (po) C K°,
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where K° denotes the interior of K, B,(po) := {p € M : d(p,po) < r}. From the definition
of D, it’s clear that all critical points are contained in K°. Moreover we make the following

remark.

Remark 3.3.3. The choice of K together with guarantees that for any x,y €
Crit(f), W#(z) N W"(y) C K°. See also Lemmal[3.5.6] for more detail.

Thus, just like the compact case, by the transversality, m(x,y) is well defined.
We will prove in Section m that under our tameness condition, 9> = 0. Thus,
(CL.(W*),d) is a complex.

Let FR@I]’* be the space spanned by the eigenforms of [lyy with eigenvalue lying in

[0, 1]. By Theorem [3.1.2 F}Of’”’* is finite dimensional when T is big enough. By previous

discussions, the cohomology of the Witten instanton complex is H (*2)(M ,dry) when T is

large enough.

To prove Theorem [1.3.3] we now consider the following chain map 7 : (F%O J}H’*, dry) —

C*((W™Y,d'). Here C*((W*"), &) denote the dual chain complex. Let W*(z)' be the dual
basis of W*(x). Then

Jw = Z W“(x)’/ exp(Tf)w.
z€Crit(f) W (x)

However there is a technical issue here we need to address. When W¥(z) is compact,
the integral fwu (@) exp(T' f)w is clearly well defined, but W“—(x) here may be noncompact.
We will be content here only with the well-definedness of the map and leave the proof
that J is indeed a chain map to Section 7.3, see Corollary [3.5.2]

Let r > 0 small enough, Bff(x)(x) C K be the ny(x)-dimensional ball in W*(x) with
center z and radius 7 with respect to metric g. As before, let ®¢ be the flow generated

by —FVf. Then W¥(z) = Upo®*(B’ ) (x)). Moreover, by the definition of unstable

manifold, if t; < ¢, étl(Bff(m) (x)) C (:T?tQ(Bff(m)(x)).
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Therefore, for any w € FT[,OJLI]’*

‘/ exp(T' f)w
“(z)

< Cexp(Tf(z)) lim

700 B (@)

lim exp(T' fw
e @B @)

|w| o | det((D').)|dvolyyu(a

The well-definedness of 7 is now reduced to the following two technical lemmas, as well

as Theorem and the well tameness of (M, g, f).

Lemma 3.3.4. Suppose t > 0 is big enough, y € an(z)( ) — ®'K. Then

lor(®'(y)) — t| < T'sup|V f| diam(K),

peEK
where diam(K) is the diameter of K with respect to metric g.

Proof. For any y € B’ (=) (z) — 'K, l' and the triangle inequality give

pr(®'(y)) — t| = |dr(®'(y), K) — dr(P'(y), )|

< Tsup |V f|diam(K),
peK

where dy is the distance induced by gr. O

Lemma 3.3.5. Fiz any y € B’ (z) — ®*K and set p = ®(y). we have

3 (5)] < Oo(1) exp(“LTE))

Hence,
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Here C; is a constant independent of y. In particular, for the fived a € (0,1) in Theorem
and b € (a,1), any choice of 0 < € < % will guarantee that J is well defined for
T > T5<€).

Proof. Let e be a unit tangent vector of W"(x) at y, extend e to a local unit vector field

(still denoted by €) of W*(x) near y. Noting that from (3.10))

~ RI
Va1 (). (¥7)] < ZI(@).el,

we have

By a classical result in ODE, we have

o((8).e(9), ().c(y) < Coexp(*r0).

Our lemma follows from Lemma [3.3.4] m

Now when (M, g, f) is well tame, we set T to be the smallest nonnegative number,

such that Vo > 0,

1. whenever T' > T+ 6, Theorem holds true for the Agmon distance with respect

to some compact subset K(4) C M depending on ¢;
2. Theorem holds true whenever T' > Tj;

3. The map J is well defined whenever T" > Tj,.
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Fix a compact set K as before. Then
TO S maX{Tl(K),TQ(K),T5(K)} (314)

(Cf. (3.3) for the description of T3, (3.8)) for T,.) Moreover, if (M, g, f) is strongly tame,
TO - 0
We note in passing the following lemma which plays an important role in estimating

the eigenforms previously.

Lemma 3.3.6. Suppose T' > Ty. Then for any q € M,

V51(0) < sup [V (p) expl 1 (a)

Proof. Let v : [0, pr(q)] — M be a normal minimal gy-geodesic connecting K and gq.

Then we have g(7',7') = ey outside K.

V2T2[VS?

Let h(t) = |V f|?> o, then

26f

2
< JEIVIP = T,

W (1) = 29(VVF V) < IV ] < =

Hence [V f[*(q) < |V f]? 0 4(0) exp(5 pr(q)). O

3.4 Morse Inequalities

In this section, we assume that T' > Tj. In fact, we also assume that in a neighborhood

U, of critical points z of f, we have coordinate system z = (z1,...,2,), such that for

k=mng(x),

f=f@)—2— =42 o2k g=dd .+ d (3.15)
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This is a generic condition. Without loss of generality we assume that U, is an Euclidean
open ball around x with radius 1. Also, these open sets are disjoint.
Recall that m; denotes the number of critical points of f with Morse index i. We have

the following proposition.

Proposition 3.4.1. There exists T3 > Ty big enough (see for the definition of
T0)), so that whenever T > Ty, the number of eigenvalues (counted with multiplicity) in

. 0,1],%
[0,1] of DTf|sz>(M) equals m;. ILe. dlmF%fl] =m;.

The proof of Proposition follows from that of Proposition 5.5 in [27], except for
the proof of the following proposition, which requires a slight modification using the well

tame condition.

Proposition 3.4.2. There exist constants C > 0, Ty > 0 such that for any smooth form

o € Q’(“z)(M) with supp(¢) C M — UgecritfUs and T > Ty, one has

[Bzs¢llL2 = CT[ ]| 2

Here supp(¢) denotes the support of ¢.

Proof. Since f is well tame, there exist d;,d, > 0, such that |V f| > 6, and |[V2f| <
82|V fI? on M — Ugecris #Uz. Then our proposition follows from the same argument in

Proposition 4.7 of [27]. O

On the other hand, (Fﬁ)}l]’*,de) form a complex, the so called Witten instanton
complex, whose cohomology is H{y (M, dry), when T' is big enough, by Theorem [3.1.3|
As a result, our Theorem m (the strong Morse inequalities) follows from Proposition
and our Hodge theorem when 7' > Tj. For the case of T' € (Tp, T3], see Section .
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3.5 The Agmon Estimate—Technical Parts

In this section we first carry out the main technical estimates of the paper. Then, in
Section we establish the Stokes formula for the Thom-Smale complex in our setting
and deduce among its consequences that the square of the coboundary operator for the
Thom-Smale complex is zero. The remaining subsections are devoted to the rest of the

proof for Theorem [I.3.3] and Theorem [1.3.1]

3.5.1 Proof of Lemma [3.2.1]

Proof. Our proof is adapted from that of Theorem 1.5 in [32].
Let L={pe M : pr(p) <2}. Let n, € C(R) (k large enough) be a smooth bump

function such that

0, If |t| <lor|t|>k+1;
L If Jt] € (2,F),
and [, (t)] <2, ne(t) € 0,1],Vt € R.

Set pr,; = min{pr, j}, and

)\Ta if pr < j7

A =

0, otherwise

Clearly |Vpr;|? = Ar; a.e. and A\ > Arj.

Now set ¢y ; = (n, o pr) exp(bpr ;). Then by assumption, we have

/ VuV (g3 ju) + Ar(uepy,;) dvol §/ wey sudvol.
M M
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Noting that VuV(¢f ju) = [V(pru)|* — [Ver;[Pu* > —|Vy j|*u?, we have

/ (Ar|ugr i — [u*| Ve j|?)dvol < / wucpéjdvol. (3.16)
K

Since (we now omit the volume form dvol in what follows)

1 _ 1—b2
/ wwi,j < TbQ/ (A7) 1“’2%02,]‘ + 1 / )\TU2<P2,J‘7
M-K M-K M-K

and
o _ 1+0° 2 2 L+v 2 2
Vepr° < (e © pr)" |V pr |~ exp(2bpr) + 750l © pr) [V pr " exp(2bpr )
1+ b 1+ b2
=—5 (mo pr)* A1 j exp(20pr ;) + T2 pr)*Ar exp(2bpr;),

by (3.16)), we have
3 + b2 2 2 1 + b2 2 2
Ar(ny o pr)~u” exp(2bpr,;) — Ar,;(Mk © pr)“u” exp(20pr ;)
4 Ju-x 2 K

1 —
< 5 / w?(nk 0 pr)? A7t exp(2bpr;)
1 =0 Jyk

1407
s [ who prParesp(2bpr,)
- M-K

1 _
< T /M . w?Ap" exp(20pr,;)

1+ b2 14+ b2 '
+ 2]_ — b2 / u2)\T eXp(szT,j) + QW /~ ~ UQ)\T exp(2bj)
L=K By+1— By

(3.17)

Letting k — oo, by the monotone convergence theorem and the fact that | Y Aru? < oo,
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we have

3+ b? 1+ 02
/ Aru® exp(2bpr ;) — / Arju’ exp(2bpr,;)
4 Ju-r 2 Ju-r
1 1+ b?
< / w? A" exp(2bpr ;) + QL / u? Ay exp(2bpr ;).
1—b% Jy-k ’ 1=b%J -k ’

3.5.2 Proof of Lemma [3.2.3

Proof. The proof is a standard argument of Moser iteration and we present it here for
reader’s convenience.

The starting point is the differential inequality

cu > Au (3.18)

weakly on Ba,.(p).
Set 11 = 2r, 131 = 1 — (1/2)%r,np = (n/(n — 2))**

Let n € C°(By,) be bump functions s.t.

lon B
M =
0 on By, — B,,,

Tk+1)

and ’vnk(Q)’ < 2 ) nk(Q) € [07 1]7Vq € B2r-

Tk+1—Tk

Set u,, = min{u,m}, and ¢, = niu,, € H}(Ba,). Notice that ¢; = 0 and V¢, = 0 in
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{u > m}. Hence, by ({3.18)), we have

/ (U )?dvol 2/ cupidvol > VuV prdvol
Brl Bar Ba,
= / 72 [Vt | + 20 V)V, up,dvol
BQT
> / 2V |? — 1/207 |Vt |* — 2| V1w, 2 dvol
B2r

> / nf\VumP — 1/277f]Vum\2 — 2|V17um\2dv0l
BET

> 1/2/ \VumIdeol—él/(rQ—rl)Q/ |ty |2 dvol

Bry Bry

Hence, we have

J

By Sobolev inequality,

\Vum|2dv0l < (2¢+8/(r1 — 7,2)2)/

B

() *dvol < C(n)/(r — 7’2)2/ (U, )*dvol.

79 9 BT'2

( /B a2 dvol) V72 < C(n)/(r1 — 72)? /B ()2 dvol.

1 2

That is
[wmllz2ns B,y < (C(n)/(r1 —12)) |tml 21 (5,,)

Let m — oo, we have

[ull2na(s,,) < (C(n)/(r1e = r2))llull2m 5,,)
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2ng—1

21y € H}(Bsy,). By the same arguments as above, we have

Consider ¢y, = ni(u

el 2o g,y < (CO)/ (= i) [l g2, -

As a consequence,

fullzes = Jim fullone s,
< O, (C(n)/ (ri = i)V |l p2(ma)
= C(C(n)/r) iz V) iy b/ [

< C/r"2lull pa(p,,)-

We state two Lemmas that will be needed shortly,

Lemma 3.5.1. Suppose that u € L*(M), w € LY (M) for some N > n/2, and Orpu < w
in the weak sense (and u > 0.). Forr > 0 small enough, p ¢ L, let B,(p) be the geodesic

ball around p with radius v induced by g. Then

sup u(y) < Colr™2|Jull 2By m)) + N W] LN (B (o))
yE€Br(p)

where Cy > 0 is a constant that depends only on the dimension n, the injectivity radius

lower bound ry and the curvature bound.

Proof. The proof is actually similar to the proof Lemma [3.2.3] requiring only some slight

modification. See Theorem 4.1 in [41] for a reference. O

By the same argument as the proof of Theorem [1.3.1] we have
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Lemma 3.5.2. Let (M, g, f) be well tame, w € L™ (M) N LN (M) satisfying
[[wl| T 12/ lw|™ exp(2a” N pr)dvol < oo
wt M

for some a” € (0,b), where N* = % If $ € L*(M) is a weak solution of Orsd < w,

then

wt

60)] < € (19l + sup{ il o, Wil ) exp(—a”pr(p))

3.5.3 On the Thom-Smale Complex

In this subsection, we will show that the Thom-Smale complex defined previously in
Section is indeed a complex. The key here is to establish the analog of the so called
Stokes formula in our setting. We use a doubling construction to reduce it to the compact
case and makes essential use of the uniform lower bound of |V f| outside suitably chosen
compact sets, which guarantees that the flow lines coming out of the compact region will
never return; see also Remark 7.7.

Intuitively the idea may be explained as follows. When the Morse function f is proper,
such compact regions can be chosen to be the sublevel set a < f < b. Since f decreases
along its negative gradient flow, flow line out of the region will obviously not return. In
general, however, f may not be proper, but it turns out that the Agmon distance is a
good replacement. Indeed, when f is proper, f measures the Agmon distance between
its level sets.

First, let’s recall the Stokes formula in the compact case. The following is a restate-

ment of Proposition 6 in [42].

Proposition 3.5.3. Let (N,g) be a compact Riemannian manifold (without bound-
ary), and f a Morse function. Assume that (N, g, f) satisfies Thom-Smale transver-

sality condition. Then, for any critical point v € Crit(f) with Morse index n¢(z), any
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¢ € Q@=Y(M), one has the following so called Stokes Formula

/W Lo 3 m(z,) /W e

yeCrit(f),ny(y)=ns(z)—1

For our noncompact case with tame conditions and Thom-Smale transversality, we

have similarly

Proposition 3.5.4. For any critical point x € Crit(f) with Morse index ng(x), any

NS Q?f(m)_l(M), one has the following so called Stokes Formula

/W R 3 m(z,) /W e

yeCrit(f),ns(y)=ny(x)—1

Before giving the proof of this proposition, we first draw a couple of consequences.

Corollary 3.5.1. Let 9 : C,(W") — C,_(W") be the map constructed in Section
then 9> = 0.

Proof. Otherwise, 9?W"(x) # 0. Then there exists ¢ € sz(x)_Q(M), s.t.

[, oro
O2Wu(x)
But by Proposition [3.5.4]

/ o= [ oo,
2Wu(z) Wu(z)

a contradiction. ]

Corollary 3.5.2. Let w € F%Ojll}’nf(m)*l, one has

/Wu(x) (T f)drsew = > m(z, ) /W o, T

yeCrit(f),ny(y)=nys(z)—1
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In particular, the map J introduced in Section 1 a chain map.

Proof. By Theorem and Lemma [3.3.5, for any € > 0, there exists ¢ € Qo’ _l(M )

such that, for any y € Crit(f) with ns(y) = ns(z) — 1,

/ lexp(T'f)drjw — do| < 6,/ lexp(Tfw — ¢| < e.
We(z)

W (y)
Now our Corollary follows from Proposition [3.5.4] O

We now turn to the proof of Proposition [3.5.4. We start with the following observa-

tion.

Lemma 3.5.5. Let (N,0N) be compact manifold with boundary. Moreover, assume that
near the boundary ON, the manifold is of product type (0,1] x ON. Suppose that f is a
Morse function on N — [1/2,1] x ON. Then there exists a Morse function f on N, s.t.

ﬂN—[l/4,1]><8N =T, f\ 3/41]xon = 1. Here r is the standard coordinate on (0,1] factor.

The proof is essentially the same as that of Theorem 2.5 in [43].

Recall from Section that d denote the distance function induced by the Agmon
metric |V f|2g. Let ®' denote the flow generated by —V f. By reparameterization the
results in Lemma can be restated for ® (and J) Namely, we have

1f(p) = f(q)] < d(p,q), Vp.q€ M. (3.19)

and

(2" (p), @%(p)) = [£(2" (p)) — f(2"(p))]. (3.20)

Set (Cf. (3.13))

D= sup d(y.p)+2 sup d(y,z).
yeCrit(f) y,2€Crit(f)
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Lemma 3.5.6. For any fized x € Crit(f) and any D > D and let Bp(x) be the ball
centered at & with radius D in the distance d and B%(:c) the interior of Bp(z), Then for
any y, z € Crit(f), W*(y) N W?*(z) C E%(m) Moreover, if p ¢ Bp(x) lies in the unstable

manifold W*(zx), then {®(p) : t > 0} N Bp(z) = 0.

Proof. Since f is decreasing along the flow @, by (3.20]), for any p € W*(y) N W*(z),

d(y,p) = f(y) — f(p) < fy) — f(2) = d(y, 2).

Hence

d(x,p) < d(x,y) +d(y,p) < d(z,y) +d(y,z) < D.

Similarly, if ¢ ¢ Bp(x) lies in the unstable manifold W*(z), then for any ¢t > 0,

d(x,®'(q)) = f(z) = f(®'(q)) = f(x) = f(q) = d(2,q) = D

as desired. O
Now we are ready to prove Proposition

Proof. We reduce it to the compact case by a doubling construction and make use of

Proposition [3.5.3

For any ¢ € ng(x)(M), let

D:=  sup  d(p,po)+2 sup  d(p,q),
p€eCrit fUsupp(¢) p,q€Crit fUsupp(¢)

we can find a compact submanifold (N, 9N) with boundary, such that Bp(z) ¢ N°. Here
supp(¢) denotes the support of ¢, N° denote the interior of N. Thus, supp(¢) C B;’—)(m).

Now consider the double (DN = NT U N~ ,gpy) of N, 9DN|BE(x) = ¢g. By Lemma
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, we can find a Morse function f on DN, such that f| By@) = f. We may as well
assume that (DN, gpy, f) satisfy Thom-Smale transversality condition. Then for any
y, z € Crit(f) with Morse index nf(y) = ng(z) + 1, let mpy(y, z) be the signed count of
the number of flow lines in W} (y) N W)y (z), where W}, and W}, denote the stable
and unstable manifolds with respect to f on DN.

Then, we note the following observations:

1. By Lemma and its proof, if z € Bp(x) is a critical point of f with ni(z) =
nj(z) — 1, we have mpy(z, 2) = m(z, z). Indeed, suppose 7 is a flow line on DN
connecting x and z, and 7y is not contained in BD(x). Let w e yN 835(3:) be the

place where + first meets dBp(z). Then

D >d(x,2) > f(x)=f(2) = [(x)=[(2) > f(2)=[(w) = f(z)=f(w) = d(z,w) = D,

which is a contradiction. Here the strict inequality above follows from the fact that
f decreases along its flow lines, and the second to the last equation follows from

the fact that the part of flow lines of f inside Bp(x) coincides with flow lines of f
as 9DN|§D(JC) =9 fT|]§D(m) = [
As a result flow lines (if exist) connecting x and z in DN must be contained in

Bp(z). By Lemma [3.5.6, they are exactly flow lines connecting z and z in M.

Therefore, mpy(z, z) = m(x, z).

2. If z ¢ Bp(z) is a critical point of £, and Wy (2) N Wiy (z) # 0, then Wy (2) N
supp(¢) = 0.

This is because, let v be a flow line connecting # and z in DN, w € v N dBp(x)

be the first place where v meets dBp(z). By , f(z) = f(2) > f(z) — flw) =
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f(z) — f(w) = d(z,w) = D. Hence,

f(z) < inf f(p). (3.21)

pEsupp(e)

Otherwise, there is p € supp(¢) such that f(z) > f(p). Then by (3.19), D >

d(z,p) > f(x) = f(p) = f(x) = f(p) > f(z) — f(z) > D. By B.21), Wpy(z) N
supp(¢p) = 0.

As a result, by Proposition [3.5.3

/wuu) 0= /wuN(x) a6 = > mpy (2, 2) /Wu ¢

D z€Crit(f),n7(z)=nf(z)—1 b (2)

- Z mpn(z, y)/ ¢ (By Observation
We(y)

y€eCrit(f),ns(y)=ny(x)—1

= Z m(x,y)/ ¢ (By Observation ,
W (y)

yECrit(f),nf (y):nf (z)—1
as claimed. O

Remark 3.5.7. Here we have made essential use of the fact that |V f| has a positive lower
bound outside some compact set Ky. Indeed, in this case, (M, |V f|?g) is complete and
hence, Br(p) 1s compact for all v > 0,p € M. Therefore one can always find a compact
manifold with boundary N containing BD(x). Moreover, by our choice of D, for all ¢ €
(M — Bp(z)) N W(z), f(q) < infyesppioyucis) f(@). Therefore, since f is decreasing
along the flow, once a flow line escapes Bp(z), it never flows back to supp(¢) U Crit(f).
Consequently, we have Lemma[3.5.6 , Observation[1] and[3

A Counterexample

To close out this subsection, we present a counterexample provided by Shu Shen

which showes that, if one drops the condition that |V f| has a positive lower bound near
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infinity, the conclusion % = 0 can fail.

Consider the following heart shaped topological sphere S with f being the height
function. Then we have four critical points x,y, z, w as indicated below. Let v be a flow
line connecting y and w, and remove a point p on 7. Make a conformal change of metric
near the point p so that S — {p} is complete under this new metric. Now one can check
that [Vf(q)] — 0, as ¢ — p. On the other hand, since the flow line is invariant under
the conformal change of metric, v — {p} is still a (broken) flow line. And in this case,
0% = w, which is nonzero.

In our previous arguments, the fact that |V f| has a positive lower bounded near the

infinity play a crucial role. See Remark above.

Remark 3.5.8. We would like to thank Shu Shen for providing this interesting example.

3.5.4 Isomorphism of H*(C*(W*"),d') and H:,(M,U,)

For simplicity, we assume that f is a self-indexed Morse function, i.e., if x is a critical
point of f with Morse index i, we require f(x) = i.

Let V; = f~!(—o00,i+ 3], 0 <i<n.
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Recall that we assume in a neighborhood U, of critical points x of f, we have coor-

dinate system z = (21, ..., 2,), such that

f=F@) =2 — =2 o)+ 2 @1 T 2

g=dz +...+d2,
Moreover U, is an Euclidean open ball around x with radius 1. Also, these open balls are
disjoint.
We have the following observation:

Lemma 3.5.9. Vj can be written as disjoint union of UmGCm’t(f),nf(x)zoﬁx and V', where
V' is some open subset diffeomorphic to U,, U, is an Euclidean ball around x with radius

%. Also, V,, is diffeomorphic to M.

Proof. Let Xy := |Vv—ff|2, P’ be the flow generated by X;. Then we have

(Cbc‘l‘%(Uc)) N <Uw€Crit(f),nf(Z):(]Ux) = @

This is because:

o If f(p) <c— %, then f(@”é(p)) < 0. Hence (IDC%(p) ¢ Uzecm(f),nf(x):oﬁx.

elf c—1 < f(p) < ¢ and if ®t2(p) € U, for some z € Crit(f) with Morse

index ny(z) = 0. Then ®“*2(p) € W*(x), which implies p € W#(z). But this is

impossible since f(p) < —c <0 = f(z).
We can similarly prove that V,, is diffeomorphic to M. O
Let C.(V;,U,.) be the complex of relative singular chains. Then we have

C(Vi, U) D Col Vi1, U) D -+ Cu(Viy, U).
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By Lemma and a spectral sequence argument similar to the proof of Theorem

1.6 in [20], one can show that
H,(C*(W"),d) ~ H.(M,U,).
Thus, it follows from the universal coefficient theorem that

H* (C*(W"),d) ~ H}p(M,U,).

3.5.5 Isomorphism of H(, (M, dry) and H*(C*(W™), ')

We will first show that the chain map J : (F%O]él]’*,de) = C*((W"Y,d') defined in
Section is in fact an isomorphism when 7' is sufficiently large. Hence J induces an
isomorphism between Hpy, (M, dry) and H*(C*(W*"),0) in that case.

More precisely the arguments follow those in Chapter 6 of [27], with a necessary
modification, and we will only indicate the modification here. The basic idea is to
construct an explicit map which approximate the inverse of J (up to constant multiple)
as T' — oo. Therefore, there exists Tg > Ty, such that J is an isomorphism whenever
T > Ts. (We point out that the explicit description of Tg is more involved than Tj.)

In fact, the modification we need is a more refined estimate in Theorem 6.7 of [27].

Namely, we have

\Pror — Tar| < Cexp(—ad'T/ p? + 1)||7er] 12, (3.22)

where P is the orthogonal projection from L2A(M) to FI%* and C, ¢’ < a are positive
constants.

Here 7, 7 is defined as follows (and the explicit map from C*((W*), &) to (FT[,OJLI]’*, dry)
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assigns a (normalizing) multiple of P, to W*(x)*). Notice that in Section we
require that in a neighborhoof U of x, the metric and Morse function is of the form
(3.15). Let a, be a bump function whose support is contained in U and o, = 1 in a

neighborhood V' of z, and set
Tor = g eXp(=T?[2*)dz1 A+ A dzy o).

Then Ursr, 7 =0in V and M —U.
To obtain the estimate (3.22)), pick a bump function 1 with compact support , such

that n =1 on K. Then our Agmon estimate yields

(1 =) (Progr — )| < Cexp(—al'p)|| 7ol r2.
On the other hand, the estimate
NPTy — Tor)| < Cexp(—cT) ||| 12

follows from exactly the same argument in the proof of Theorem 6.7 of [27].

Now it remains to prove that when T' € (To, 15|, Hy (M, dry) and H*(C*(W*"),0)
are still isomorphic.

We only present the proof for the case when (M, g, f) is strongly tame, the case of
well tame being exactly the same except notationally. In this case, we have Ty = 0. The

idea is to show that if S > 0, then for any T" € [7/8S, S|, H{y (M, dry) and H(.

(oy(M, dsy)

are isomorphic. Hence H{y (M, dry) is independent of T" € (0,00), which finishes the
proof of isomorphism of H, (M, dry) and H*(C*(W"),0).
For simplicity, we prove that H, 6“2)(]\/[ ,drs) and H fz)(M ,dgs) are isomorphic, the gen-

eral case being similar.
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Thus fix coefficients a = 2431’ b= 3; in Lemma and Theorem m
Define M; : (F* 011 dgs) (o) (M), dry); Yw € Fg; My (w) = exp(f)w. Simi-
larly M_; : (F;f ! ,d7f) = () (M), dsy); Yw € F7JL[0’1], M_¢(w) = exp(—f)w.
Clearly these are chain maps once we check that M; and M_; are well defined. To
this end, let’s verify that | f(p)| < sup,cx [f(q)] + zrpr(p). Indeed, let 7 : [0, pr(p)] be a

normal minimal geodesic connecting K and p, in the metric gr. Then

d

-, 1
SFor® =1 < VI >a | < o

vl

Now the L? bound of My(w) (resp. M_;(w)) follows by Theorem and the
standard volume comparison. Hence M induces a homomorphism (still denote it by
My) from H(y (M, dsy) to Hy (M, dry).

Our next step is to show that M; is injective. Suppose we have w € ker(Ogy),
s.t. Myw is exact, which means that we can find o € Im(d7¢), s.t exp(f)w = drra(=
(drg + d7p) ).

Thus

Drpa = (drg + b7) exp(f)w = exp(f)dspw + exp(2f)depw
=0+ exp(2f)(dsfw — topw) = —exp(2f)iofw.

By Lemma 2, |a] < Cexp(—1/3p;). Consequently, exp(—f)a € L*A*(M), and
w = dggexp(—f)a is exact.
As a result, My is injective. Similarly, M_; is also injective. Therefore, H (M dsy)

and H(, (M, d7y) are isomorphic.
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Chapter 4

Heat kernel Expansion and Local

Index Theorem

In this chapter, we study the asymptotic expansion of the heat kernel associated to
the Witten Laplacian which is essentially a Schrodinger operator. Not much is known
previously about asymptotic expansions of heat kernels and heat traces of Schrodinger
operators on non-compact spaces. Even for cases as simple as C™ with polynomial po-
tentials, it is already very complicated. Motivated by path integral formulation of the
heat kernel, we found that a parabolic distance, introduced in Li-Yau’s famous work on
the parabolic Harnack estimate, provides a much simpler and satisfying approach. Using
the Li-Yau parabolic distance, we derive a pointwise asymptotic expansion of the heat
kernel for the Witten Laplacian with strong remainder estimate. When the deformation
parameter of Witten deformation and time parameter are coupled, we derive an asymp-
totic expansion of trace of heat kernel for small-time ¢, and obtain a local index theorem.
In the special case of C™ with a quasi-homogeneous polynomial, the corresponding index

formula reduces to the Milnor number of the polynomial.

86



Heat kernel Expansion and Local Index Theorem Chapter 4

4.1 Weak Weyl Law

In this section we will show that the polynomial tame condition implies that exp(—tOyzy)
is of trace class. This is achieved by proving a weak Weyl law which shows that the eigen-
values of the Witten Laplacian grows polynomially. The Agmon estimate developped in

[25] plays a crucial role here.

4.1.1 Review of Hodge Theory for Witten Laplacian

For any T" > 0, let
drp =d+Tdf A : Q*(M) — Q1 (M)

be the so-called Witten deformation of de Rham operator d. As usual, the metric g
induces a canonical metric (still denote it by g) on A*(M), which then defines an inner

product (-, -)g2 on Q%(M):

(¢7 ¢)L2 = /]\/[(¢’ w)gdUOZ» ¢a w € Q:<M)

Let L?A*(M) be the completion of (M) with respect to || - ||z, and L?*(M) :=
L2AO(M).
Then dr; is an unbounded operator on L*A*(M) with domain Q*(M). Also, it has a

formal adjoint operator dr s, with Dom(drf) = (M), such that

(de¢> w)LQ - <¢7 5wa)L2a ¢,¢ € Qz(M)

Set Agr; = (dry + drf)?, and we denote the Friedrichs extension of Ay r; by Ory.

If (M, g) is complete then Ay rs is essentially self-adjoint (and hence Oy is the unique
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self-adjoint extension). In [25] We proved that when (M, g, f) is tame,
L*A*(M) = ker Op; @ Imdr @ Imdry, (4.1)

where dr; and 7y are the graph extensions of dry and drf respectively.

Setting Q7 (M, T'f) := Dom(dy;) N Q*(M), we have a chain complex
d . d . d
s =5 Q) (M Tf) =5 O H(MLTf) =5

Let H,) (M, dry) denote the cohomology of this complex. In [25], we have shown that
H(*Q)(M, dry) = ker Opy, provided (M, g, f) is well tame and T is large enough. Note
that the notion of well tame [25] is strictly weaker than that of regular tame.

Finally, we note the following well known

Proposition 4.1.1. Denote Ly = Vgi’ejf[ei/\,bej] locally, where {e;} is a local frame
on TM and {€e'} is the dual frame on T*M. Then the Witten Laplacian Ap 1y has the
following expression:

Aprp=A—TL; +T*|Vf|. (4.2)

Here A denotes the Hodge Laplacian.

4.1.2 Weak Weyl Law for Witten Laplacian

Let (M, g, f) be a-polynomial tame defined in the previous section. Then, (M, g, f)

is regular tame and there is some constant C', such that for all A > 0,

/ (A = [V £ 2dvoly; < O,
{peM:|V fI2(p) <A}

This has the following immediate consequences.
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Lemma 4.1.2. Let Ky :={p € M : |V f|*(p) < A}, then
Vol(K,) < OX*7 %,

Furthermore, for any k > 0, there is a constant Cy. depending only on k and the tameness

condition such that

/ exp(—|Vf|?) |V f|Fdvol < Cy.
M

Proof. We have

MVl < [ (A= DA <

To prove the second estimate, we notice that

| exp(=IV )V 1ol = Z /K (VP Sl dvol

[e.9]

< eI+ 1)% Vol (Kt — K))

1=0
<CY el +1)57E = O < oo,
1=0

as desired. O

Note that, in particular, if « = n/2, then M must have finite volume.
We now turn our attention to the growth of eigenvalues of the Witten Laplacian.
First, by refining the argument of Theorem 1.1 in [25], we have the following exponential

decay estimate for eigenforms.

Proposition 4.1.3. Let (M, g, f) be strongly tame, and w € Dom(Of) be an eigenform
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of Of with eigenvalue X > 1. Then

wp)| < C(M; a)(1 + 0p)Aexp(—apsx(p))[wllz2, (4.3)

for any a € (0,1) whenever p ¢ Ksx. Here py is the Agmon distance induced by Agmon

metric gy == (|Vf|*> = Ny g, with ([Vf|*> = X); denoting the nonnegative part, é; is a

|Hess(f)|
(IVfI+1)%”

positive number such that 0y > sup,e and C' is a constant depending on the

curvature bounds and a.
Proof. Indeed, in the proof of Lemma 3.1 in [25], we let K = K, L = KoxN{p: pA(p) <

2}, o = prexp (bpry), Ar = a*(|[Vf]* = \); for some a € (0,1), w = 0 instead. Here

for k large, p is a bump function that satisfies

(a) [V <C(1+6)Nin L — K.

(b) [Vi*(p) < 2(IVfI* = A)y when p € {q € M : px(q) € (k,k+1)}.
(c) ue(p) =1 whenpe M —LN{qge M : pr(q) <k}

(d) px(p) =0whenpe KU{qge M :pr(q) > k+1}.

Indeed, it suffices to verify @, to this end, we show that

C

Di—dist(K,.M—L)> —C°
ist( )—(5f+1)A

(4.4)

with respect to metric g. Let v : [0, D] — M be a shortest normal geodesic connecting
K and M — L with respect to metric g, such that y(0) € 0K, v(D) € OL. We must have
v C L. Moreover, if py o y(D) = 2, then since |Vpy|? = (|Vf|> = A)y < X on L, we must

have D > 2. If py o y(D) < 2, we must have |V f|oy(D) = v2\. Since |V|Vf|| <

|Hessf| < 6;(1+ |V f]*) < 30;\, we must have D > ﬁ > ﬁ. Consequently, (3.13

is true.
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Now we still have (see the proof of Lemma 3.1 in [25]):

[ P2 = N exp (2bpa) dvol < CUB)(L+ 5N [ [ul?exp (2bpa,) del
M—L K

< Cy(b)(1 + 5f))\/ lu|?dvol,

L-K

where py; = min p, ; for all j € Z*.

Since on K3y, (J[Vf]> —A)™ > 5\, one has

L-K

/ [ul? exp (2bpy ;) dvol < C3(b)(1 + 5f)/ |u|*dvol.
M—Kga

Proceed as in [25], one can see that when p € M — K3, (4.3) is true.

With the help of Proposition 4.1.3, we now deduce a weak version of Weyl’s law:

Proposition 4.1.4. If (M,g, f) is a-polynomial tame, then the spectrum of O has
polynomial growth. More precisely, there exist constants 6 > 0 and C' > 0, such that
Me(Oyp) > CK°, where \y(Oy) denotes the k-th eigenvalue of Oy (counted with multiplic-

ity). Consequently, exp(—tOry) is of trace class for all T > 0,t > 0.

Proof. Let E(X) be the number of eigenvalues not exceeding A, and u be an eigenform

with eigenvalue A\g < A. We normalize u so that ||u|2 =1 .
By Proposition £.1.3]

lu(p)| < CAexp(—apx(p))-

We claim that there exists ng > 1 independent of A > 1 and wu, such that

1
/ fuf2dvol < . (4.5)
M—Kp» 2
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To prove the claim we first estimate the Agmon distance. Thus, for p € K;11)x — Kp»,
let v : [0,{] = M be a minimal curve in the Agmon metric g, connecting p and Kjy;
moreover, |7/ (s)| = 1 with respect to the metric g. Then we may as well assume that
v C K(r41)a; otherwise, we can find Iy € [0, (], such that |y, 1 C K41)x and we can take

p = 7(lp). Hence by the tameness condition, there exists ¢ > 0, s.t.

L9 onlt) < AV < el DNF

It follows by integrating that [ > %. In particular, if L is the g)-length of ~
FN) T

such that that |V f|*(p) = (k + 1)\, then for some ¢ > 0

(k—1):\%" _ A"
Z K+l t
2

(k+1)% k

N|=

L= / (VA2 = N or(t)dt >

Hence, if © € K(j41)» — Kja, then (say k > 3)

for some constant ¢’ > 0.
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Therefore, assuming ny > 5,

o
/ lu|?dvol = Z/ lu|?dvol
M—=Kngx k=ng K(k+1)A—Kk>\

oo

< Z / ACe P dvol
Keria—ry,

k=ng

o 11—k 1—k
< Z Che ATk VOI(K(k+1))\>

k=ng

> FE B n
< 3O (k4 AR

k=ng

> ’ 1 /)\I—Tnkilgn > ’ 1 //kilg"E
< g CiC'e 2% < g CiCe 2%

k=ng k=ng

for A > 1. Here ¢" = max,~ nmlinf e=20e"n, Clearly there is some ny independing A

such that the last term in the inequality above is less than 1/2, which finishes the proof
of the claim.
Let N(e, A) be the minimal number of elements in an e-dense subset of K, . Then

—VOI(?’OA). We now follow the argument in the

by the volume comparison, N(e, A) < Cy
proof of Theorem 5.8 of [44] to show that E()\) < N(e,A\) for suitable e. Indeed, if
E(\) > N(e, A), then there exists u € F()\) with unit L? norm which vanishes on an

e-dense subset of K. By using the elliptic estimate as in [44] one deduces

sup |u| < eCi(1 4+ \F)

K‘rLO}\

for any 2k > 2+1. But this is clearly impossible if we take €' := 2C, (1+A*) Vol(K,,,)"/?,

as

/ lu|*dvol > 1/2.
K

ngA
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As a result, if we choose the minimal k, s.t. 2k > % + 1, then by Lemma W,

VOI(KnO,\)

< O\ Fata+n
e - '

E(\) < N(e,)\) <&y

The rest of the proposition follows. O

Remark 4.1.5. The a-polynomial tame condition is a technical one for the usual heat
kernel approach to local index theorems. For example, on R consider f = |x|In |x| outside
2| < e. Let A\ be the k-th eigenvalue of Oy. Then by Weyl’s law (Cf. [29]), A S +/In(k).
For such slowly growing eigenvalue distributions, it is unreasonable to consider the limat
lim;_,o T'rs(exp(—tLy)). On the other hand, this assumption is not essential if one is only
interested in an index formula. This issue will be elaborated in a separate paper when we

discuss the Dirac/Callias type operators.

Thus, assuming the a-polynomial tame condition, exp(—tOyy) is of trace class. It
follows that
h(t,T) = Trs(exp(—tOry)) (4.6)
is independent of ¢. Moreover, as t — oo, h(t,T") — x(M,dry), where
(M, drg) = 3 (=1)(T), b, = dim(Hiy) (M, dry).

=0

Now by Theorem 1.3 in [25], h(t,T) is independent of 7" > 0. As a result, h(t,7T) is

independent of both ¢ > 0 and T" > 0.

4.2 Construction of Parametrix

In this section, we extend the parametrix construction of the heat kernel to the Witten

deformation. The case of Euclidean space is treated in [33].
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Fix x € M, and let d(y,z) be the distance function. Let 7 > 0 be the injectivity

radius of M. Then for y € B,(x), define

Eolt,z,y) = exp(—d®*(x,y)/4t). (4.7)

1
(47t)2

For simplicity, we denote Vi = T?|V f|?> and V = |V f|?>. Suppose 1 is the normal geodesic

connecting x and y, and 7,(y) = d(x,y). Set

1 T2 (y) ) 1 e (y)
br(es) = = [ Ve 6)ds = TG, b = — [ Viat)s
(4.8)
We define
Eir(t,z,y) = exp(—thy(x,y)). (4.9)

Then direct computation gives us the following formulas (the first two are well known).

Proposition 4.2.1. Fory € B;(x) in the normal coordinates near x, we have

&o 0 &o

Vgo = —%T’VT, (E + A)go == RVTVTG.

errhT(‘ra y) + hT(‘r7 y) - VT(?J) = 0.
Here G = det(g;;) and derivatives are taken with respect to y.

Let p; : M x M — M be the projection of i-th factor of M x M to M, i = 1,2.
We define the vector bundle £ — M x M to be E = (p1)*(A*(M)) @ (p2)*(A*(M)).
Let s(t,z,y) = S0, t'0,(x,y), where ©;(x,y) € T'(E). Since y is within the injectivity
radius of x, we use parallel transport along radius geodesics to identify Aj(M) with
AX(M). In this way, ©;(z,y) € T'(F) is identified with an endomorphismm of A*(M)
using the metric. Again by a straightforward computation and using Proposition [£.2.1]
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we have

Proposition 4.2.2.

0
— +0d
(815 + Ory)(Eo&ir,rs)
k—1 » 1 ;
= 5051,T{ Z (J+1+ EVTVT'G)@j+1 + V9,041 + AO; —TL;O,]t
k+1 ’ (4.10)
+[AO, — TLOt" + > [~Ahr©;_ + 2V, 0,4t

J=1

j=—1

k+2

+ Z[—|VhT|2@j—2]tj}7

=2
where the derivatives are taken with respect to vy.

Now we can follow the standard procedure to find suitable ©; = O ; with O7(z, ) =

Id, 7 =0,1, ..., k, such that

0

(57 T Drs)(&olrs) = t* Ry r(t, x,y), (4.11)

where Ry r(t,z,y) is C° in ¢ € [0, 00). This amounts to solving ODEs inductively.

For j = —1, we have & (G'/*Or) = 0. Together with the initial condition O7,(z, z) =
Id, one has O = G~Y/*1d.

For j = 0, we have %(rGl/‘l@TJ) = G1/4(TLf — A)O7; hence we can solve O
explicitly in terms of 7, by integrating along the geodesic.

Similarly, for 1 < j <k —1, O7 ;41 can be solved recursively from the equation

d , .
%(T]—HGl/Zl@T’jJrl) = —T]Gl/4(A@T,j — TLf@TJ — AhT@T,jfl

+ QVVhT@T,j—l — |VhT|2@T,j_2>.
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With these choices for Or ;’s, we obtain (4.11f), where

Ryr = 5051{[A@T,k —TL{O7y — AhrOri_1 + 2Vyn, Ork—1 — |Vhr|[*Or o]

+ [~ AhrOrk + 2Vyn, Or ) — |Vhe[*Op 1]t + [—|VhT|2@T7k]t2} (4.12)
The following proposition follows from the above construction via an argument of
induction, using the k-regular tame condition.
Proposition 4.2.3. Each Ot ; can be written as a polynomial of T':

[Z]+j

G)T,j(xvy) = Z Tl@l,j(x7y)a
=0

where O, ; is independent of T', [a] denotes the integral part of a real number a. Moreover
O (w,y)| < C(V) T,

where k' = "T”, V, = sup,e, |V (p)|, v is the shortest geodesic connecting x and y. When
restricted to the diagonal of M x M, Or ;(y,y) can be written as an algebraic combination

the curvature of the metric g, the function f, as well as their derivatives, aty; in addition,

Oro(y,y) =1d.

Let n € C2°(R) be a bump function, such that the support of 7 is contained in [—1, 1],

and nf_1 1y =1. Let ¢ € C*°(M x M) be defined as

11
272

o(x,y) = n(d*(z,y)/7°). (4.13)
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Proposition 4.2.4. Set
k
Kéc“f(ta z, y) - ¢($, y)g()(tu z, y)gl,T(ta z, y) Z t]@T,j<x7 y)7
j=0

then

0

(@ + DTf)Kézf(ta Z, y) = tk¢(9~77 y>Rk,T(t7 Z, y) + A¢([l§', y)Kf“f(t? Z, y)

- 2(V§b([)§, y)’ VK%“f(tv Z, y)),

where Ry, 1 1s given by .

The following lemma provides the estimate saying that Kéif(t,x,y) is a suitable
parametrix for the heat kernel of the Witten Laplacian. The proof uses Lemma [4.3.9

which will be shown in the next section when we introduce the necessary notions.

Lemma 4.2.5. Assumet € (0,1]. Let
Ry = t*¢(x,y) R (t, x,y) + Ad(x, y) Kip(t, z,y) — 2(Vo(x,y), VKL, (t,2,y),

then for T € (0,t72], any a € (0,1),

—2k+44

~ ! ! n d2
(1)) < Coxan, (O H =3 T=52 o —atT2h(z, y) exp(— 2108

4t

).

Here Cy ) is a constant depends on a,k, k' = HTH (from Proposition , B, ={y €

M :d(z,y) < 1}, and xp,(y) denotes the characteristic function of B,.

Proof. Since the support of A¢(z,y) and Vo(z,y) is a subset of {(x,y) € M x M :
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Cly) ¢ (3,1)}, by Proposition {4.2.3] Lemma [4.3.9| and the fact that 0 < a < 1,

T2

|A¢(JI, y)KéC“f(t? Z, y) + (V¢<I, y)? VKéwa(t, Z, y))’

(1 — a)dQ(x, y)
4t

)exp(—atT*h(z, ) exp(~ 212
ad’(z, v,
4 7

< Ck,aXBzf% exp(—

< C’k,a,kXth(lf””/)k*“/*% exp(—atT?h(z,y)) exp(—

The last inequality follows form the fact that the function t' exp(—t) < C; for t €
(0,00),1 > 0.
Similarly, by Proposition 4.2.3] Lemma and the fact that t72 < 1, we have
k42

6z, y) Rl < Cixp, Y ¥ E TPV exp(—t hp(, y)) exp(—
j=k

d*(x,y)
At

d*(z,y)

4t )

ad*(z,y)
4t

)

< Cpxp 3T 5T VE 6D exp(—tTh(x, ) exp(—

< Copxp t T ST exp(—atT?h(z, y))) exp(—

).

This finishes the proof. O

4.3 Li-Yau’s Parabolic Distance and Heat Kernel Es-
timate

With the construction of the parametrix and the error estimate in the last section,
we are now faced with the task of proving that it gives the desired asymptotic expansion
of heat kernel. To this end, we need to estimate the convolutions of these terms, which
seem quite daunting. Remarkably we found that a parabolic distance that appeared
previously in Li-Yau’s famous work [45] on the Harnack estimate of the heat kernel of

Schrodinger operators greatly simplifies the task, both computationally and conceptually.

99



Heat kernel Expansion and Local Index Theorem Chapter 4

Our inspiration actually comes from the path integral formalism of quantum mechanics.
Another remarkable feature of Li-Yau’s parabolic distance is its connection with the
Agmon distance [32], [20], [25], which we will use to establish the needed lower bound for
the parabolic distance. The resulting pointwise asymptotic expansion of the heat kernel
will then be strong enough to pass to the trace of the heat kernel in the noncompact
setting.
Let Kéif be the parametrix of 9, + Ury constructed in Section , ie.

k
Kézf(tv xz, y) = ¢($a y)gﬁ(ta z, y)gl,T(tv z, y) Z tj@T,j(CB7 y)v

Jj=0

where ¢ is the cut-off function defined in (4.13).

We define convolution of f(t,z,y),g(t,z,y) € T'(F) as

(fxg)t,z,y) = /0 /M(f(t —s,1,2),9(8, 2,9)).dvol(z)ds.

Let Kr; denote the heat kernel of Ury. By the Duhamel Principle, we have

Lemma 4.3.1. The heat kernel Kry is given by

o0

KTf(t,-T,y) = Kéif(th? y) + (K’éif * (_1)l(ék,T)*l)(ta xay)
=1

Here

~ .0 ~ ~
Rk,T = Rk,T * ...k Rva.
I times

Motivated by the path integral formalism of quantum mechanics, for any piecewise
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smooth curve c¢: [0,¢] — M, s.t. ¢(0) = x,c(t) =y, we define

Stay(c) = /O t (@ + T2V(c(s))) ds.

Let Cypy := {c: [0,t] = M | c is piecewise smooth, ¢(0) = x,¢(t) = y}. Define

Li-Yau’s parabolic (meta-)distance as following
dr(t,z,y) == inf S, ,(c). (4.14)
The following lemma summarizing its fundamental properties follows mostly from the
definition.
Lemma 4.3.2. dy(t,x,y) is a parabolic (meta-)distance; that is
o dp(t,x,y) >0;

g dNT(tvx>y) = dNT(tvy7x);

e for 0 < s <t, we have

dr(t —s,z,y) +dr(s,y,z) > dr(t, x, z). (4.15)
Moreover,

5 2

dr(t,z,y) < % + thr(z,y). (4.16)

The last inequality follows from taking a minimal geodesic ¢ connecting x and y and

noting that S;.,(¢) = d2(4—”§’y) + thr(z,y). The inequality (4.16) connects the parabolic

distance to our parametrix.
Conceptually the most crucial property of the parabolic distance for the estimation

of the convolutions of the error terms is the triangle inequality (4.15)). We illustrate this
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by an example. If V3 = 0, then CZT(t, x,y) = P@y) Ty this case, the triangle inequality

1t
(4.15)) reduces to the well known

2 2 2
Cay) , P2) @, 2)
t—s ] - t

which plays a crucial role in the classical asymptotic expansion for the heat kernel.
The following lemma will be also needed in the heat kernel estimate involving the

convolutions, and whose proof follows from a standard argument of volume comparison.

Lemma 4.3.3. For x € M and § < 7, denote B, = {y € M : d(x,y) < §}. Then there

erists A = A(Fy, 7,0,n) > 0, s.t.

Recall that Fy is the curvature bound, T 1s the injectivity radius bound.

With these preparations we now turn to the estimation of the convolution terms in
the Duhamel Principle, Lemma [4.3.1, From now on, we fix an integer k sufficiently large

so that

K+2 n
——+1>0.
5 2"

alk,k,n) = %(1 — R)k —

Lemma 4.3.4. Assume that t € (0,1] and T € (0,¢72]. Then for any a € (0,1), there
exist C = C(k,a, k, T, Fy) > 0, such that, for alll € N,

Lol Bl

T eXp(_ajT(t7xay>)7

’Kilﬁf * RZZ,T (t,z,y) <

—2k+4

where o = a(k, k,n) as above, and § = B(k) = =5
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Proof. Let B, ={y € M : d(x,y) < 7}, then by the volume comparison, we have

vol(B,) < C.. (4.17)

From Lemma [4.2.5| and (4.16)), we have for T € (0,¢"z], any a € (0,1),

|Rir(z,y)| < Cagxp, (W)t TP exp(—adr(t,z,y)).
Therefore by (4.15)),

R t ety t_o 3 .
|RZZ,T = / / / / / Ryr(t —t1, 2, 21) R (th — ta, 21, 22)
o Jo 0 M M

XRk7T(t2 - t3, 29, 2’3) tee Rk,T(tl—la Zl—1, y)dUOl(Zl_l) s dUOl(Zl)dtl_ldtl_Q tee dt1’

N // / / / RkT t17x>zl)Rk,T(t1—252,21,22)
z B

2l—2

X RkT(tQ—tg,Zg,Zg) RkT(tl 1, Rl—1, y d’UOl Zl 1) dUOl(Zl)dtl 1dtl 2-. dtl‘

< (CrCo i)' TP exp(—ady(t, z,y) / / / (t—t)* et tdty - dly
Clyel—178l ~
< Wexp(—adT(t,m,y)).

On the other hand, by Proposition 4.2.3, Ki(t,z,y) < Ct™% exp(—d'dp(t,z,y)),

where, for our purpose, a’ € (0,1) is chosen to be o' = 1;—“ =a+b, with b = 17 > 0.

Hence
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- CH—ITBI N
Kk Bl (t..9) < Ty // (t—s5) 35

x exp(—a'dp(t — s, , z)) exp(—adr(s, z,y))dvol(z)ds

Cl+1T,8l
= exp(—adr(t, z, 1))
bd*(z,y)
al=1 (t—s)” 2 exp dvol(z)ds
<[] (3 el
Aol Bl

< mexp( adT(t z,y)).

Here in the last inequality, we have made use of Lemma [4.3.3] O

We summarize our discussion so far.

Theorem 4.3.1. The heat kernel Kry has the following complete pointwise asymptotic

expansion. For any x,y € M such that d(x,y) < 1/2T,

oo

exp(—d®(z,y) /4t) exp(~t hr(z,y)) Y ¥'Or;(x,y),

=0

ast — 0. Each O is a polynomial of T':

(§)+i
Or;(z,y) Z T'0y;(z,y),

and, when restricted to the diagonal of M x M, ©,;(y,y) can be written as an algebraic
combination of the curvature of the metric g, the function f, as well as their derivatives,

at y; in addition, Orpo(y,y) = Id. Moreover, we have the following remainder estimate.
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For any k sufficiently large and any a € (0, 1),

exp(—d*(x,y) /4t) exp(—t hr(z,y)) Y 'O (z,y)

j=0

1

—2k+4

< Cts0=Ph="32 =515 oxp(—adr(t, z,y)),

fort e (0,1] and T € (0,t2].

Remark 4.3.5. Here the choice for t € (0,1] and T € (O,t’%] is for simplicity and
convenience. Our discussion works for t € (0,to] and T € (0, Tyt 2] but the estimates

will depend on those choices as well.

Without an effective lower bound on the parabolic distance JT(t,x,y) in our non-
compact setting, the pointwise asymptotic expansion for the heat kernel of the Witten
Laplacian will not be very useful beyond recovering the classical expansion. In particular,
in passing from the pointwise asymptotic expansion to the asymptotic expansion of the
(global) heat trace, we need remainder estimates which can compensate for the divergent
volume integral. Here we explore the interesting connection of the parabolic distance to
the Agmon distance and establish such an effective lower bound.

Recall that, in our setting, the Agmon metric (Cf. [32], [20], [25]) is T?|V f|*g. For
any piecewise smooth curve ¢ in M, denote Lys(c) the Agmon length of ¢, i.e., the length
of ¢ with respect to Agmon metric T?|V f|*g.

First of all, we note

Lemma 4.3.6. Let ¢ € Cy,, be a piecewise smooth curve. Then,

Stay(c) = Lry(c). (4.18)
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Proof. This follows from an elementary inequality as

St2.4(¢) / I | 7oy Vi(c(s))ds Z/O TIV fl(c(s))lc(s)lds = Lrg(c).

Thus the parabolic distance is bounded from below by the Agmon distance (but we

actually will be using the Agmon length later). O]

The following lemma says that the Agmon length can be bounded from below effec-

tively if the potential function varies considerably along a curve

Lemma 4.3.7. Let c € Cy,, be a piecewise smooth curve. If

inf V(e(s)) < ! sup V(c(s)),

sE[O,t] SE[O,t]

then there exists constant B > 0 depending only on the bounds in the tameness condition
such that

Lrs(e) > BT sup |V['7F(~(s)).
s€[0,t]

Proof. Set V. := supco, V(c(s)). Then we can find an interval |

a,b] C [0,¢], s.t.
Vie(a)) = %, V(c(b) =

V. (or vice versa, V(c(b)) = Y, V(e(a)) = V.). Moreover,

for all s € [a,b], V(c(s)) >

m|<'

Now by the x-regular tame condition,

Ve _
2

— [V(c(a)) - |</ TV (e(s))]|¢/(5) ds
<c/{v 1(s)|ds
<o / IV £1(c(s))1 () ds

< CT_I‘/CTLTJC(C’[G/, b))
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Thus, for g = % > 0,

Lrp(c) > Lyg(clun) = BTV = BT sup [V]'Z (4(s)). (4.19)

s€[0,t]

Finally we arrive at the following effective lower bound for the parabolic distance.
Lemma 4.3.8. One has

tT?V ()

dr(t,z,y) > min{ BTV =" (z), ) (4.20)
In particular, fort € (0,1],T = t2,
dr(t,z,y) > BV 2" (z) min{1, V(?ﬁ .y (4.21)

Proof. Let~ : [0,] = M be a curve minimizing Sy ... As before, set V; := sup ;o 1 V (7(s)).

If V(v(s)) > % for all s € [0, ], then we have

~ TV, _ tT?V
dnt,a,y) > TV V()

5 5 (4.22)

If not, by Lemma

Lrp(x,y) > TV, * > BTV (x). (4.23)

Therefore, by Lemma [4.3.6]

tT?V (x)

dr(t,z.y) > min{BTV %" (x), =

}.
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Our results follow. O
We also note the following lemma which was used in the previous section.

Lemma 4.3.9. Fora € (0,1),t € (0,1), [ > 0, there ezists Cy ey > 0, s.1.

d? d?
0 exp(= ) (47, 1) < ot exp(= ) xp(—atTh, ).

where v is the minimal geodesic connecting x and y, V., = sup,e., |V (p)l-

Proof. When inf,c, |V (p)| > Y h(z,y) > %, hence V!exp(—(1 — a)tT?h(z,y)) <

2

C’aJt*lT*Zl for some C,; > 0.

Otherwise, by Lemmas [4.3.6{ and |4.3.7] (x Y 4 4 T2h(x,y) > BT V

E'

Therefore, there exist Cg ,; such that

P exp(~(1 — )20 exp(— (1 ) T2h(a. ) < T exp(—(1 - a)B(T2V))

S Ca,fi,lT_Zl S Ca,/i,lt—lT_m
which yields the result. O]
Combining the above discussion with Theorem we have

Theorem 4.3.2. For T = t_%, the heat kernel Kt,%f of the Witten Laplacian has the

following complete pointwise (diagonal) asymptotic expansion. For any x € M,

]+J

1
K, éf(t,x,:c)w @m0 exp(—|Vf|*(x ZZtJ 261] x,x)

7=0 =0
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as t — 0. Moreover, for any k sufficiently large and any a € (0, 1),

00 [%H’J
1 9 "
K,y (ta,2) = WGXP(—Wﬂ (x)) on ;:0 t720,,(v, )

+

Ct%@*”)k*%*% exp<—aBIVf‘1in(«r))a

IN

fort € (0,1] and x € M. In particular, we have the following small time asymptotic

expansion of the heat trace:

0 [%]""]
1 .y
T (exp(—t0) ) ~ " / exp(—|V P () tr(Ou, (z, 2))da,
(4t) j=0 1=0 M
as t — 0, with the remainder estimate
] k2145
L
Tr <exp(—tD *%f)> 7en: Z Z t’ 2/ exp(—|Vf*(z)) tr(O(z, z))dx
(47t) j=0 1=0 M

Proof. This follows from Theorem and Lemma m by noting that V' > (25)%%1

outside a compact set. ]

4.4 Local Index Theorem for Witten Laplacian

We now turn to the local index theorem for the Witten Laplacian. From the discussion

at the end of Section 2 (see (4.6 and after) we have

n

x(M, dgy) = Z(—nidzm(HgQ)(M, dry)) = Try(exp(—tOry)) (4.24)

1=0
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is independent of ¢. Moreover, by Theorem 1.3 in [25], x (M, dry) is independent of T > 0.
As a consequence, Theorem reduces the index formula for Witten Laplacian to a
local index theorem, which we will develop in this section.

First we summarize what we know about the index of the Witten Laplacian as the

following McKean-Singer type formula.

Proposition 4.4.1. Assume that (M, g, f) is polynomial tame. Then forT > 0, x(M,dry)

is independent of T and

X(M,de):/Mtrs(KTf(t,x,x))dx

for anyt > 0. Here dz denotes the volume form induced by g.

In the usual approach to the local index theorem, one studies the integrand, the
pointwise supertrace try(Krs(t,x, x)), in the limit £ — 0 via the Getzler’s rescaling. To
proceed with Getzler’s rescaling technique, we now fix xo € M and let x be the normal
coordinates near xy. Thus z = 0 at xp, and we will use 0 and xy interchangeably in
this section. We trivialize the bundle A*(M) in the normal neighborhood U by parallel
transport along radical geodesic from xy. In fact, we can assume M = T, M for now by
extending everything trivially outside the normal neighborhood (we will see that we can
localize the problem because of Theorem .

For usual Getzler’s rescaling techniques (a la Bismut-Zhang [20] for the de Rham

complex), one defines ¢, as follows:

1. For function f € C*([0,00) x U), (0.f)(t,x) = f(et,e2x). As a consequence, we

have

11_{% f(t,0) = 11_13’(1)(56.]8) (t,0).

Moreover, é.f(t, )0, = f(et,e%x), 00,071 = e_%axi, 00,071 = €d;.

1€
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2. Let {e;}"_; be a local frame near g, {e'}", its dual frame. Then for c(e;) =
€A —tg,,8(e;) = € A +1o,, we define d.c(e;) = e a6t A —et,, bci(e;) = e det A
—I—E%Lei. Now let c.(e;) = e 1€t A —eiLei,éE(ei) = il A —FEiLei, then d.c(e;)o. ! =

ce(e;), 0c.c(e)0t = ec(ey).

Recall that K7y is the heat kernel of Upy. Then K'Tﬂ6 = egégKTf is the heat kernel for

O = €070t Moreover, for small e [20, (4.60)]

e = —An m ldaery v +% > Riu(0)e Al @ A+ O(ez),
i<j<k<l
where Ar, js is the Euclidean Laplacian on T, M, and R;jy(r) is the Riemannian cur-
vature tensor at x.

This is the usual Getzler’s rescaling. As € — 0, the information of f disappears. But
for the noncompact case, unlike the compact case, the index should depend on f. To
deal with this issue, we introduce the following rescaling technique: we let T join the
game.

As mentioned before, the index x(M,drs) = Trs(exp(—tOrs)) is independent of
T > 0. Hence, in our rescaling, we define, in addition, J.(7) = T

Now under new rescaling, then we have

Lemma 4.4.2. Let Oy, := €6.070-". Then

: 1 T DRV
|ij,O = 15% DTf,e = _ATJOMIdA*T;fOM —5 Z Rijkl(O)e /\63®6k/\6l—|—VT(I’O)+TLfVO.

i<j<k<l

Here Lo = V2 . f(z0)e; ® é;.

111



Heat kernel Expansion and Local Index Theorem Chapter 4

Proof. By Proposition m, Orp =A—TL;+ T*Vf[>. By [20, (4.60)],

1 ; A R 1
€5€A55_1 — _ATxOM IdA*T;OM +§ Z Rijkl(O)el Nel ® FLN. + O(Eé)

i<j<k<l

On the other hand, by the new rescaling in T', €6 (T%|V f|?)6-1 = T2|V f|2(z0) + O(e2).
Now Ly = V2, fle'A,te;] = e, Jele)e(e?). Hence

l\’)\»—t

E(SE(TLf>5;1 = —TV2 f(xo)ez ® 63 + O( )

Our result follows. O]

Denote R(x¢) = —Riju(wo)e’ A el @ é* Aél. Let Krpo be the heat kernel of Opyg.

Clearly —Ar, aIdp- “r M commutes with (xo) + T Ls(x) + Vr(xg). Therefore we have

R(;”O) (z0) + Vir(0)]). (4.25)

KTf’O = 80 exp(—t[

By Theorem [4.3.2, Krf(t, z,z) has the following asymptotic expansion,

Kpp(t,x,x) = (47t) "2 exp(—tVyp) Z t'0r;(z, 2),

J=0

with strong remainder estimate when 7 = ¢t~'/2. In particular,

Kt_%f(t,m,a:) — (47t) 2 exp(— Z tk Z O,,(z, ). (4.26)

keZN  j—Li=k1<j+[L]

Here N denotes the set of natural numbers which by our convention contains 0. Thus we

can upgrade Proposition to
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t,z,x))dx (4.27)

lim TrA*(TM)(K %f(

(M de)zgéTr(exp<—tmt%f)):/MHO

Proposition 4.4.3. For T > 0
[ eI Y a0y, 0)ds

1
- (4m)? L
—Li=2
Here (to emphasize) we use trd ™) 4o denote the pointwise supertrace on A* (TM) which
was previously denoted by trs.
Now for I = {i1,...,ix} C{1,2,...,n}, (i1 < ... <ix), denote c(ey) = c(e;,)...c(e;,), é(er) =
c(eiy)..cleqy). Write O = 371 10 oy Oujracler)é(es). The following Proposition on
the key property of the supertrace is well known
Proposition 4.4.4. For I,J C {1,2,...,n},
n(ﬂ+1)
* <_1) f[ =J= {1727 ) }
tr)" T (e(er)éles)) =
0, otherwise.
n}. We now recall

n(n+1)
= 2" @ljfn I where I = {1,2,
3 n, we can

= (-1)

Thus tré\*(TM)(@lJ)
the Berezin integral formalism. For any w € Q*(TM)®Q*(TM), I C 1,2
write w as

W= Z wyé!
I
Then the Berezin integral [~ : Q*(TM)®Q*(T'M) — Q*(T'M) is defined as

B
/ W = Wy, -

The following lemma is also well known in local index theory and the Getzler rescaling
113
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Lemma 4.4.5. We have

t—0 ° e—0

B
lim tr ™0 (K f)(t,xo,xo)dg;:(_1)*’“”2*”271 / lim e (0.K,_y )(t,70,7),  (4.28)

provided that the right hand limit exists.

Proof. Write Kt_%f(t,xo,x) =Y rica.. . ara(t,z)c(er)é(es). By Proposition (4.4.4]

n(n+1)

tré\*(TM)(K_%f(t,xo,xO)) =(=1)"2 2"ay, 1, (t, x0).

t

On the other hand,

n

(egéeKt_%f)(t, X, T) = Z aLJ(et,e%x)efcﬁ(ej)ée(ej).
Hence,

B
. n . 1 .
/ 11_{%62 (56Kt,%f)(t,:c0, r) = 11_{% ar, 1, (et,e2z)et Ao Ne = 11—% ar, 1, (t,xo)dx.

Our result follows. O

For the right hand side of the previous lemma, we have the following proposition.

Proposition 4.4.6. There exists a € (0,1) such that

|6%<5€K 1

t_?f)(t’ Z, 37) — K (t, x, QT)| S OEtQ—H—% eXp(—aVI_K).

250
Proof. Let Ko(t,z,y) = ¢(z,y)Krso(t,z,y). Then by the tameness condition, for some

a € (0,1) we have

—K

|(Orfe — Orpo)Kolt, z,y)| < Cxa, (y)Gth
114
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By the Duhamel principle,
€2 Krp,e — Ko = (€2 Krpe) * (Orze — Orgo) Kot 7,9))-

On the other hand, €2 Ky, = E%((SgKéwa + 2021 0Ky % RZZT), and it is straightfor-
ward to check that

atT? ad*(z,y)

V@) exp(- "),

€26, Krp(t,x,y)] < Cxp,t™ 2 exp(—

Proceeding as in the previous section we finish the proof of the Proposition. O

Finally, we arrive at our local index theorem for the Witten Laplacian. Recall that
R,V2f € Q*(M)®Q (M) are defined as (we abuse the notatin here by omitting the

wedge product signs)

R(z) = Ryn(x)éleiete, V2 f(x) = V2 o fx)ed.

Theorem 4.4.1. For any xo € M, we have

_1)["7“]

hmTrsA*(TM)(Kfl )(taﬂfo,ﬁo) = (—nexp(—|vf(xo)|2)/ exp(—R(xO) V

— V2 f(0)).

t—0 t2f T2

In particular, for T > 0,

(2 B o) -
(M dpy) = T [ exn(1vsp) [ v - ).
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Proof. By (4.28)) and Proposition [4.4.6]

n(n+1)

)(t, g, zo)dx = (—1)22”/ lim(e%(éeKt,%f)(t,xo,x))

e—0
= (—1)"= /B K_,
t=2f,0
7271 B ~

(G / epo@ L) — |V f(a0) )

L AN(TM)
fim tr (K-y

—1 [24] B R(x ~
-l e v ) [ e - 9 )
The second result then follows from Proposition [4.4.3] O

4.5 Examples From Landau-Ginzburg Models

In this section we will disucss in somewhat detail how our results apply to some
examples coming from Landau-Ginzburg models. Some of our discussions benefited from
those of [33].

Consider a triple (M, g, f), where (M, g) is a Kdhler manifold with bounded geometry,
and f : M — C a holomorphic function. In this case, one considers the Witten

deformation of the d-operator
Oy =0+ 0fN: QF(M,C) — Q"(M,C).

The corresponding Witten Laplacian is then [y ; = 5}@ + 5]@}.
On the other hand, one can also consider the underlying real manifold M with the

Riemannian metric given by g, together with the potential function given by 2Ref =
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f+ f. It follows from the Kihler identity that
2|:|5,f - DQRef.

As a consequence, (M, ;) = x(M, dgey).

A large class of Landau-Ginzburg models consists of (C", go, f) where go is the Eu-
clidean metric and f : C* — C a so-called nondegenerate quasi-homogeneous polynomial.
Here f € Clz1,- -+, 2,] is a quasi-homogeneous (also known as weighted homogeneous)

polynomial if there are positive rational numbers ¢y, - - - , ¢,,, called the weights, such that

f()\mzl’ A 7)\‘1”2”) = >\f(21, cee 7zn>7

for all A € C*. f is called nondegenerate if f contains no monomials of the form z;z; for
i # j and 0 is the only critical point of f (equivalently, the hypersurface f = 0 in the
weighted projective space is non-singular). By the classification result of [46] (see also
[47, Theorem 3.7]), if f is nondegenerate, then ¢; < %,W (and these weights are unique).

If f is a nondegenerate quasi-homogeneous polynomial, then (C", go, f) (or equiva-
lently, the corresponding real model) is polynomial tame. To see this, one uses a result
from [48]. Indeed, it is shown in [48, Theorem 5.8] that if f is a nondegenerate quasi-
homogeneous polynomial, then there exists a constant C' > 0 depending only on f such

that for all (uy,--- ,u,) € C", and each i =1,--- | n,

n 8f i
ui| < C Z|£(U1, Jup)| +1] (4.29)
j=1 =

qi

where Yi = m

As |[VRef[* = 3, | 9L|2, one obtains using the above estimate and quasi-homogeneity
J

117



Heat kernel Expansion and Local Index Theorem Chapter 4

that for m > 1,
lfmminj 95

[V™"Ref| < C(|[VRef| + 1) m=it=a),
where the constant C' now also depends on m, n. Since ¢; < %, the exponent here

1 — mmin; g; :
———= < 2(1 —mming;).
min; (1 —¢;) ~ ( )

Thus, if we let Kk = max{0,1 — 4min; ¢;} < 1, then the real model here (R*", gy, Ref) is

k-regular tame.

Remark 4.5.1. It is also clear from the above discussion that when mmin;q; > 1, we

can choose k = 0, and therefore the real model (R*", go, Ref) is effectively 0-reqular tame.

Also from the estimate (4.29) and ¢; < % one deduces that
12| < C(|[VRef|* +1).
It follows that

/ (A = |[VRef|?)*™2dvol < X" Vol(B(0,/C(A +1))) < C'\*".
|VRef|2<A}

And thus (R?", go, Ref) is polynomial tame. Therefore, Theorem yields the following
formula for the Milnor number of f, which is stated in [33] under additional restriction

on the weights of f.

Corollary 4.5.1. If f € C[zy,-- - , 2,] is a nondegenerate quasi-homogeneous polynomial,

then

«(©,3) = 8 [ cxp(- o) der(~27 vl

™ n
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Proof. Theorem applied to the real model (R?", gy, Ref) gives us

_ —1)1#5] B -
X(C", 05) = X(R*", dey) = % /Rgn exp(—|VRef|2)/ exp(—V?Ref)
_ (‘1)"/ exp(—|VRef ) (—1)" det(—VRe f)dvol

R2n

_ / exp(—|0f[?)|det(—0 ) 2dvol.

]

In the remaining part of the section we discuss the asymptotic expansion of the heat
trace for the Witten Laplacian of the Landau-Ginzburg model (C", go, f), or equivalently,
its real model (R?", gy, Ref), for f a nondegenerate quasi-homogeneous polynomial, but
without setting T = =2 as before.

By Theorem we have a pointwise asymptotic expansion for the heat kernel with
remainder estimate, which we will specialize here on the diagonal. For any k sufficiently

large and any a € (0, 1), there exists C' > 0 such that for ¢t € (0,1] and T" € (0, t’%],

k

Kre(t,z,z) — ﬁ exp(—tT?V (x)) Z 07 (z, )

< O Umb=52 =t lp =52 oon(—adyp(t, 2, ).
Here
of
V =|VRef|” =) |a_|2‘
T

We will first see that the remainder estimate is strong enough for the global heat

trace, namely it is convergent when integrated on C". By Lemma [4.3.8

dp(t,z, x) > min{BTVkTﬁ(x), m%(x)}

119



Heat kernel Expansion and Local Index Theorem Chapter 4

On the other hand, by [33, Lemma 3.11(i)], which follows from the fact that f is a

nondegenerate quasi-homogeneous polynomial,

1

e |
2min; (1 — g;)

tV(zg, ) 2 V(2,199 2,), )

Now set )
Q, {v < (f—ﬁ)li} . =C"-Q,.
Then on €,
dp(t,z, z) > tTQ;/(Z) > 1T2V(t5‘11z1, e 10,
Hence,

/ efad}(t,z,z)dvol < / eféaTZV(thqlzl,---,téqnzn)dvol _ t725|q|c<a7 T), |q’ _ Z q.
Q4 Cn j

On Q¢, dy > BTV 2", Thus,

J

e_aCZT(tﬂzrz)dvol S / e_BTV%KdUOZ = Cl (57 T)

c n
b C

And we arrive at
/ e (t22) dyol < 2014\ (a, T) + C1(B, T).

We now look at the terms in the asymptotic expansion given by Theorem .31} For a
multi-index o = (ay, -+ - , a,,) with a; nonnegative integer, we denote 0% f = %,
la] = a1+ - ay,. From the construction in Section , Or;(z, z) is a linear combination
of 9" f---9°"f, with | < j and (non-trivial) multi-indeces o', --- , ol satisfying |a!| +
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At this point we make the further assumption that f is homogeneous; namely

q1 © = ({n,

and we denote the common value by ¢. Differentiating the equation for quasi-homogeneity
gives,

Aq'“‘(ﬁaf)()\mzb'“ A 2,) = X0 f(21, 0, 2n),

from which one deduces that
tV(z1, -+ y2n) = V(t‘sqzl, .. ,t‘;qzn).
Hence,

/ e TV 07 fdvol = PIX IOz O (f),

where Cyi .. ,i(f) is a constant depending on f and o', --- , ol

We now summarize our discussion as the following result. For convenience we set
T =1 here. (Thus, for homogeneous f, we don’t need to couple t7? = 1 to get a local

index theorem.)

Theorem 4.5.2. For the Landau-Ginzburg model (C", go, f) where f is a nondegener-
ate homogeneous polynomial with weight q, we have the following small time asymptotic

expansion of the heat trace for the Witten Laplacian:

Tr (exp(—t0y)) 00 iy o |=l=2ndacy | at (),

]Ol<Ja1~o¢
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ast — 0, where |t + - -+ |a!| < 2j. Moreover, for k sufficiently large, and t € (0, 1],

k+1

Tr (exp(—tOy)) L o |—oi— miac, a(f)] < Ct'F e,

J=0 1<j al,-- ol

Here § = 2(11_q).

Proof. We note that x = 0 in this case. The result follows from combining the above

discussion. O

Remark 4.5.2. A similar but different expansion is in [33], and without the remainder

estimate.
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Chapter 5

Analytic Torsion on Noncompact

Manifolds

5.1 Introduction

In this section, we assume that our vector bundle £ — M is bounded:

Definition 5.1.1. A bounded vector bundle is a triple (E, M,VE), where E — M is a
complex vector bundle over Riemannian manifold (M,g), and V¥ is a connection on E

whose curvature tensor RY as well as all its m-th covariant derivative V™ RY is uniformly

bounded.

Thus, if (M, g) has bounded geometry, all its tensor bundles are bounded. As another
example, a flat vector bundle ' — M is always bounded.

Now let (F, V) be a flat vector bundle on M and ¢ a (fiberwise) metric on F. We
denote by Q*(M, F) the space of smooth forms on M with coefficients in /' and d the

exterior differential on Q*(M, F'). Given a potential function f, the Witten deformation
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in this setting is simply
di; =d" +TdfN: (M, F) — Q*(M, F), (5.1)

wheere T' is the deformation parameter. A Riemannian metric g on M together with a
metric g on F gives rise to an L? metric on Q4(M, F), those with compact supports.
The formal adjoint of the Witten deformation with respect to this L? metric will be

denoted by d{;;} If (M, g, f) is polynomial tame, the corresponding Witten Laplacian

is essentially self-adjoint in L?A*(M, F), the L*-completion of Q(M, F).

5.2 Redefining Ray-Singer Analytic Torsion

In this section we give an equivalent definition of the Ray-Singer analytic torsion which
will be crucial for the generalization to Landau-Ginzburg models. The re-definition is

motivated by our local index theorem in [49].

5.2.1 Previous Results for Witten Laplacian

In this subsection we review some of our previous results on the Hodge theory and
local index theory for Witten deformations on noncompact manifolds |25, 49]. These will
play important role in our current discussion. Note that in these work the flat vector
bundle is set to be the trivial line bundle. However the results extend with only notational
change.

Let (M, g, f) be polynomial tame and (F, V) be a flat vector bundle on M and g% a
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metric on F. For any T > 0, let df. ;= d¥ 4+ Tdf A\ be the Witten deformation as defined

in (5.1). As usual, the metrics g, g* induce an inner product (-,-)z2 on Q4(M, F):

(6,9)12 = /M (6,1) grdvol, 6, € (M, F),

Let L*A*(M, F) be the completion of Qj(M, F') with respect to || - [|z2. Then df,
is an unbounded operator on L?*A*(M, F) with domain (M, F). Also, it has a formal

adjoint operator dg;, with Dom(dy}) = Q(M, F), such that
(drs¢,¥) 12 = (6, drp) iz, 6,0 € Q(M, F).
Set Af; = (df +07;)* and denote A™ the Hodge Laplacian associated with d”. Let
Lys = d"igy +ivpd” (5.3)

be the Lie derivative acting on Q*(M, F').

Let VI* be the adjoint connection of V', i.e., for any s,t € I'(E), X € I'(T'M),
XhE (s,t) = h¥(VEs,t) + hf'(s, VD),

set V¢ = L(VF + V), w(F, g") = V* — V¥ One can see easily that df, = e’ AV +
TdfA, ds = —te, NVT* +1pvy, where {e;} is an orthonormal frame, {e'} its dual frame.
Let Dpy = dp; + dpj, Dgy = c(€')VE, + Té(V f), where for X € I(TM), let X* €

I'(T % M) be its dual, then ¢(X) = X* A —ix, ¢(X) = X* A 41x. One can see easily that

e 1.
DTf = ‘DTf — §C (61) w (F, gF) <€”L> .
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The following basic formula is from [20].

Proposition 5.2.1. The Witten Laplacian A%ﬁf has the following expression:

S 1
sty = L A )

c(e;)c(ej)cler)c(e) + 411 (w (F, gF) (ei))

1

— < (ele)ele) =2(e)ele) (w (F.g")

1

= gele)ele;) (VEw (F.g") (e) + VEw (F.g") ()

— Tw(F, g")(Vf) + TL; + TV f|?

2

2
(6,',63')

where Ly = Vzi’ejf[ei/\, te;], A = =VE Ve + Vi, , {e} is a local frame on TM and
{e'} is the dual frame on T*M, S is the scalar curvature.
Moreover, let

S 1
Ag’}) = A+ 1 + 3 Z (ex, R"™ (ei,ej) e0) — Tw(F,g" ) (Vf)+TLsy + TV f]?,

1<i,j,k,6<n

1 — ~

Aff == Y (ele)ele) —2e)ee) (@ (Fg")’ (eney)
1<i,j<n
1 ~
—7 2 elentle) (VEw (Fg”) (e) + VEw (Fig") ()
1<ij<n
Then one has Agf = A?’}) + Ag’;, *Ag’}) = Af’rgf* and *Ai} = —Afl}f*, where * s

the Hodge star operator.

We denote the Friedrichs extension of Af, by Of,. Since (M, g, f) is polynomial
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tame, AL s is essentially self-adjoint (and hence OF s 1s the unique self-adjoint extension).

In [25] or Chapter 3, we proved that when (M, g, f) is tame,
LA*(M, F) = ker OF, & Tmd%; & Imd?, (5.4)

where df; and df; are the graph extensions of df; and df} respectively.

Setting Qfy) (M, F,Tf) := Dom(d} ;) N Q*(M, F), we have a chain complex
dgf * dgf *+1 dgf
— 9(2)(M7F7Tf) — Q(2) (M>F7Tf) —

Let H(z)(M JF, dgf) denote the cohomology of this complex. In [25] or Chapter 3, we

have shown that H}

(2)(M, F dgf) =~ ker Dgf, provided (M, g, f) is well tame and T is

large enough.

In [49] or Chapter 4, we develop a framework for the asymptotic expansion of the
heat kernel for the Witten Laplacian in the noncompact case and proved a local index
theorem. In general the situation is very complicated but it simplifies when we couple
the deformation parameter 7' and the time parameter ¢ by setting 7% = 1. Below we
summarize the results in the form that we need here.

Let (M, g, f) be (k,a)-polynomial tame, and Krs(¢, z,y) denote the heat kernel of

the Witten Laplacian D{;f.

Theorem 5.2.1. ForT = t_%, the heat kernel Kr¢ has the following complete pointwise

asymptotic expansion on the diagonal. For any x € M,

Kre(t,x,x) ~ exp(— |V f|*(x Zt]@TJ

1
(47rt)
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ast — 0. Fach O is a polynomial of T':

(31+i
Op,(x Z T'O,,(z

and ©;;(x) can be written as an algebraic combination of the curvature of the metric g,
the function f, and the endomorphism w(F,g"), as well as their derivatives, at x

m

addition, Oro(x) = 1d. Furthermore, for any k sufficiently large, any a € (0,1)

o 1§+
1
Kt_%f(t,x,x) ~ @ exp(—|Vf|*(x ; lz; - 2613 x,x)

< O5@=IM oxp(—af|V | (@),
fort € (0,1], where B > 0 is a constant depending only on the bounds in the tameness

condition. In particular, we have the following small time asymptotic expansion of the
heat trace:

(n0)? 2.2 72 /Mexp(—|Vf] (x)) tr(0(x, x))dx,

ast — 0. Finally, assuming that g* is flat in the sense that Vgt = 0, then the following
local index theorem holds,

4]
AT TM) (e _ (=D
1151_1301 Tr <Kt—7f)<t’ x,x)

2 B Flx
Bl ea-vs@p) [ ew(- 1

-V’ f(@)).

Here [~ denotes the Berezin integral, to be recalled in a moment, and R, V2f €
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O (TM)QRQ*(TM) are defined as

R=— Y Ryue'déted, V’f=V2_ feél (5.5)
i<jk<l
for some orthonormal frame {e;} in TM and its dual frame {e'} in T*M.

As we see from the above result, the existence of the asymptotic expansion for the
heat trace and local index theorem is quite complicated and in general requires the
coupling of the deformation parameter T" and the heat parameter t. Correspondingly the
original definition of the Ray-Singer analytic torsion requires modification to take this

into account.

5.2.2 Estimation of Integrals

Proposition 5.2.2. Let (M, g, f) be (k,«)-polynomial tame, then fort > 0,1 € Z*, one

has

/ |||V I exp(—t|V f|*)dvol < oo, (5.6)
M

/ |V f|' exp(—tp)dvol < oo, (5.7)
M

Here p(z) = d(x, K) for some compact set K C M, d(z,x) is the Agmon distance
between x and xo with respect to Agmon metric |V f|?g. In particular, Theorem and
(@ tell us that Trg (f exp(—tOry)) is of trace class for allt,T > 0. As a result, follows

from the same arguments in [, we know that

g—i Tr, [N exp (—tD%)] — dT Trg [f exp (—tD%)} (5.8)

is a closed 1-form in RT x RT.

Proof. The estimation of (5.7)) follows from the similar arguments in the proof of Propo-
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sition 2.4 in [49].

For A > 1,let K\ := {p € M : |[Vf|> < A} and K, be the path-connected components
of K, containing K. then ]f(,\] < CyA* for some C)y; > 0. By tameness condition, we
also have

K+1
2

|Hessf| < ey (V2 +1) (5.9)

for some cp; > 0.

W, we must have B,.(p) C f(,\ﬂ for
ey (At

all p € Ky, where B,.(p) := {g € M : d(q,p) < r}, d is the distance with respect to g™

Moreover, we claim that whenever r <

Otherewise, there exists 1 < ———, p’ € Ky, such that B (p') touch 0Ky,
QCN[(A+2)T
then on B, (p'),

IVF?<A+1. (5.10)

Assume ¢ € By (p') NOKy,1. As a result, by (5.9) and (5.10),
1= |VIP(d) = [VfPW) < v'|HessfIIVf] <1/2,

which is a contradiction.
Fix A > 1. Let v be a curve connecting p € K and K;, then by the claim N(vy) C
Kyy1, where N(v) == {g € M : d(q,7) < ———=}. Let § be the length of v with

261»1()\-&-2)‘27
respect to g7™ | then there exists ¢j; > 0 such that

/!
cho

m <IN < |Kag1] < Car(X+2)%. (5.11)

Since | f(p)| < supyer, /(@) + (A4 2)0, by (5.11)), there exists Ay > 0, such that
1F(p)] < Ap(1+ X))+ whenever p € K. Since Uys1 Ky = M, proceed as what we did

in the proof of Proposition 2.4 in [49], we have the estimation ([5.6]).
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]

5.2.3 An Equality in Compact Cases

In this subsection, we will assume that (M, g) is a closed manifold. Let (F, V) be a
flat vector bundle with a metric g". Let f be a Morse function on M, OF; be the Witten
deformed Laplacian with respect to dgf. We denote by OF the Hodge Laplacian with
respect to d¥". As usual N is the number operator on Q*(M, F).

For 1 <i < n, let M? be the number of z € Crit(f) of index i. Set

X(F) = (=1)'dim H'(M, F,dy),

X'(F) =) (~1)idim H'(M, F,d}).

Clearly,
X(F) =rk(F) (-1,

z€Crit(f)

Set

Y(F)=1k(F) Y (-1)™@ind(z) = rk(F) ) (=1)"iM",
x€Crit(f) i=0

T = Y ()™M f(a).

reCrit(f)
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For s >> 0, consider the following holomorphic functions:

¢uj<s>=:f%;5]§ 5} (Tro (N exp(—10F)) — ' (F))dt,

1
o g(s) = ﬁ /0 (T, (N esp(—1 ) = ¥'(F))dr
2 [t ta", ))dt
i [ e T el )
= tho1,7(8) + V22,5 (),

where X'(M, F) = 31 ((=1)"ib;(M, F), b;(M, F) = dim(H"(M, F, dy)).

By the asymptotic expansion of heat kernels, ¥; and 1 extend to meromorphic

functions on C which are both holomorphic at s = 0. We begin with the following

observation. First of all, define as in [20]

o | 3o

Br == +TV*f + T*|Vf|? € Q"(TM)&Q* (T M),

where R and V2f are defined in (5.5)).

Proposition 5.2.3. When n is odd, we have

d d 0 B
oSl = gtas o+ [ 3 (Rg") [ dexp(-Bro),

M2

When n s even, then

(5.12)

d d B 0 B
Ewﬂs:o = EwQ’f’S:0+2rk(F)/]\4f/ exp(—Bo) +/M§ (F, QF)/ df exp (—Br=2) .
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Proof. By theorem 7.10 in [20],

Try(N exp(—t0f)) = gx(F) + a_lé +O(V1), (5.13)

where a_y = rk(F) [}, fB Lexp(—By) and L= 13" e'é' € Q(TM)Q* (T M).

By a similar argument but using the rescaling techniques in [49], we deduce that

Tr, <N exp(—tmi%f» - gX(F) + b_1% +O(V4), (5.14)

with b_y = rk(F) [}, [ Lexp(—By). Also,

Tr, (f exp(—tDi%f)> =c_1+ \/Edl/g + O(t), (5.15)

with c_y = [}, foeXp(—Bl),dl/g = [y 2 (F.¢") deAfeXp(—BTz).
By Theorem 5.6 in [20], we know that

10 P 0 s
2T Trg[N exp(—t07;)] = ~5 Tr,[f exp(—t0z). (5.16)
which means that
dt F F
ar = o Trg [NV exp(—tOr;)] — dT Trg[f exp(—tUyy) (5.17)

is a closed 1-form in Ry x R, Hence for € > 0, we can see that the integral of a1 on
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(1,1)

71

. : (1,€)
the loop indicated here is zero:

73
V2

1
_’ 6
(ﬁ ) where 73 denotes the curve

T =t~2. We now examine the integral over each individual piece of the loop.

e Integral over ~;:

1
L= / Tr, (Nexp(—tDJIf)) —

—ai(1—e3) = Tx(F) log(e).

Hence, as € — 0,

dt

2t
= /El (Trs (Nexp(—th:%f)) - a_1% — gx(F)) % (5.18)
Ld (5.19)

Nie—a e + (%X(F) Y (F)) log(e) = =~ bu]smo

e Integral over ~s:

2ds
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By Theorem 7.12 in [20],

Le:=— /ﬁ Tr, (f exp(—e0f;)) dT

1

:—% \;rk(F)/Mf/BeXp(—BT)dT—i—/Mg(F,gF) /BdAfeXp(—Bw)—i-O(e)

:_\% Olrk(F)/Mf/BeXp(—BT)dT—i—rk(F)/Mf/BeXp(—Bo)
+/Mg(F7gF) /B@fexp(—BTQ)JrO(G)

(5.20)

e Integral over s:

Isq. = 1 Tr, (N toF di
3,1, - — — ) I's ( exp(— tf%f)> %

. /61 <Trs (N exp(—tmfi%f)) - b_I% - gX(F)) d (5.21)

+boa(1— €73) + (GX(F) + X (F)) log(e)

Hence, as € — 0,

1 n 1 d
Isqc+bqe2 — ZX<F) log(e) — —§£¢2,1|s=0 (5.22)

1t
R —3/2 . F
I39, = 2/E t Tr, (f exp( tDt_%f)> dt

/1 3/ (Trs (f exp(—th_%f)> — c_1> dt (5.23)

€

1

—c1(1—¢€2)
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Hence, as € — 0,

1
I3pc—c 1672 —>——1P22‘s =0 (5.24)
Now looking at the divergent terms:

e For log(e) term:

By (5.18]) and ([5.21)), the coefficient of log(e) vanished.

e For \/ig term, by ([5.18]), ((5.20)), (5.21)) and ([5.23]), the coefficient is

1
b_1 —a_1 — C_1 — / / fexp(—BT)dT
0 M

which is zero by Theorem 3.17 in [20].

As a consequence, by (5.19)), (5.22)) and (5.24) and the fact that Iy (+1s 4151+ 132 =

d d B 0 B
£@ZJ1|S:0 = £¢27‘f|510 + 2’["]{3(F) /A/[ f/ exp(—Bo) —I— \/]W 5 (F’ gF) / df exp (—BTQ) .

Notice that when n is odd, [ B exp(—By) = 0, which finishes the proof.

5.2.4 Redefining Ray-Singer Metric

to be

Now we can redefine our Ray-Singer metric || - || 53 H (M, Fody)

Definition 5.2.4.

d
H* (M,F,dy) d39(3)|s:0,

log || - |H*(MFdf = log| -
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where

0(s) = ! /Oot“ (Try (N exp(—t0f)) — X' (M, F)) dt 4 1)o(s).

I'(s) J1
Proposition 5.2.5. If f, is a family of Strongly polynomial tamed function, then when

n is odd,

RS
H*(M,Fdj.)

log || - |

1s independent of T.

Proof. Let ¢ = O, fr|;=0. By (5.16]), one can see that

0, /loo = (Trg (N exp(—t0})) — X'(M, F)) dt|—o = 2 Try(¢ exp(—0y)) — 2 Try(¢P)

—2s /100 571 (Tr(p exp(—ty))) dt.

(5.25)
Moreover, by (5.16) again, if s >> 0,

1
87/ ts_l(TI“s(NeXp(—th_%f) — X' (M, F))dt
0
1 1
:/ —2t5_1/23t(Trs(gbeXp(—th%f))dt+1/2/ —2ts_28T(Trs(ngexp(—tDITJf))dﬂT_t_%
0 0 -

1 1
_(s—1/2) / 232 Ty (pexp(—1 )t +1/2 / 2020 (Tr. (¢ expl 10, )|
0 0

T=t"%
—2Trs(pexp(—0y)).

(5.26)

1
(97/ £575 Trs(fexp(—tljf_%f))dt
0 (5.27)

1 1
:/ ts_3/2Trs(q5exp(—th%f)dt—l—/ t5_3/2(TrS(f8Texp(—t[lfi%f))dt

0 0
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One can see that

2ts—3/2(TrS(faT eXp(—th_%f)) _ ts—ZaT(Trs(gb exp(—tmgf))lT:t,% (528)

By (5.25) (5.26)), (5.27) and ((5.28))), one has

O- /OO £~ (Trg (N exp(—t0})) — X'(M, F)) dt + 9,4,
1
— _9Tr(pP) — 25 / £ (Te(g exp(—t01,)) dt (5.29)
1
1
5—3/2 ol —10F | V.
—i—s/o 2t Trs (¢ exp( tDt_jf)dt

As a result

0-log || - I3

H(MFdg) = 0-

By Proposition [5.2.3 on closed manifold, we have

Proposition 5.2.6.

2log | - |12

(v, = 10g || - 52 ‘oa,pap) +log|| - [ (M,F,d_y)

Let R(M, g,h, F, f) = log ||-|| &

e (P 108 |-[]55 (M,Fd_p)» Where n is the dimension of

the manifolds M. Next, step, we would like to study the variation of R, that is, suppose we
have a family of metric g; on M and h; on F', we would like to compute QR(M, g, b, F, f).

To this end, using the same notation as in [20], let L := %' 2 x +h; ' 21y

5
We may also need Proposition 2.4 and Proposition 2.5 in [50], for the self-containess,

we restate them as below:
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Proposition 5.2.7. A Riemannian n -manifold M has bounded geometry if and only if

there is a ball B with center 0 in R™ such that
e B is the domain of a normal coordinate system at every point m of M

e the Christoffel symbols of M, considered as a family of smooth functions parametrized
by indices i, j, and k and by a point m of M, lie in a bounded subset of the Fréchet

space C>®(B).
Such a ball is called a good coordinate ball.

Proposition 5.2.8. Let M be a manifold of bounded geometry. A Clifford bundle S over
M has bounded geometry if and only if there is a good coordinate ball B such that the
Christoffel symbols for S lie in a bounded subset of C*°(B).

Given a family of metric (g, /), I € [0,1] on TM — M and F — M, let Vi¥
and V;f be the Levi-Civita connection and gradient induced by g, R, and (@2)1 f are

operators induced by g;.

Proposition 5.2.9. Suppose the variation of metric is controllable, then when n is even

one has anomaly formal:

n+1

i {(hf)_l 3;;} Hﬂé” /  exp <_ ) + Vi1~ N?»f(x))

0

_R(M7gl7hl7F7f) _2/
ol N

- 2/ 0 (F,g"),& (TM, V™ VY f),
M

where 0,(F,h*) = Tr((h)"*hy), e(TM, V™ VIM | f) is the Chern-Simon transgressed

form;

I B — ~ 2 o
él(TM,VTM,VEFM’f):/O/ (%V,TM%(VJ)#)@@ (_Rz(x)+|vlf12 (V )lf(:v)) "
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When n is odd, %R(M, g, hy, F, f) = 0.

Proof. For simplicity, let’s assume that H*(M, F) = 0 first. Let g;, h; be a family of
metric on M and F' correspondingly.
First, we compute & (12,1,(s) + 12,1, 4(s)): We notice that %d?’* = —[L, df*] Pro-

ceed as in the proof of Theorem 5.6 in [20], one can show that

%TTS[N exp(—tOrys)] = —t%Trs [L exp(—tOry)] (5.30)

By (5.30), we can see that

‘10
Try|Lexp(—tOyry)] = —/ gaTTS[N exp(—sOry)|ds + Trs[Lexp(—eOrs)]  (5.31)

€

By (5.31)) and Theorem 5.6 in [20], one has

0 ‘190 0 0
8—TT7"S[L exp(—tOry)] = —/6 E&TT@TTS[N exp(—sOry)|ds + a—TTrs[L exp(—eOry)]

Lo o 0
= /E 2a$Trs [f exp(—sOqry)|ds + a—TTrs[L exp(—elry)]

0 0 0
= 2aT7“s[f exp(—tOry)] — QETT’S [f exp(—eOrs)] + a—TTrS [L exp(—elry)]

Now we would like to compute
. 0 0
hr% —2=Trs[f exp(—eOqrs)| + ==T'rs[L exp(—elry)] + n.p.
e

ol or

Here n.p. denotes the terms that we replace f in previous terms by —f.
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To this end, we compute

0

ol

2% Tr (f exp(—eOryf)) +n.p. = —26% Trg (f exp(—eOrs — b[Dry, =

500 ) o +

= —2¢Tr; <[Dva flexp(—elry — baalDTf)) lb=0 + n.p.

= —2e T, (c(df) exp(—eOry — b[(df*), L)) |p=o + n-p.

= —2¢ Tr, ([dF*, c(df)] exp(—eOrs — bL)) |p=o + n.p.

= —eTr, (2T|Vf|* = é(e)c(Ve, V f) + c(e)c(Ve, V f) — 2Vgy) exp(—eOry — bL)) |p—o + n.p.
= —eTr, (2T|Vf? = V2., felei)cler) + cle)e(Ve, V) — 2Vyg) exp(—eOry — L)) [=o + n.p.

= —eTr, ((2T|V f|* = V2. fe(ei)c(er) + Af — 2Vyy) exp(—eOyy — bL)) |o—o + n.p.

(5.32)

Next, we compute

0

0
T Try (Lexp(—elry)) + n.p. = —eTry (L exp(—elys — b[Dr, 8_TDT]>> lb=0 + n.p.

exp(—eOrs — b[Dr, é(df)])) [p=0 + n.p.

(5.33)

Now let Prs(t,z,y) be the kernel of % exp(—tOrs + bL)|p=0-

For fix € > 0, integrate by part (we will prove this rigorously in Remark [5.2.10)), one
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has

O Trs (Af — 2Vyy) exp(—elypy — bL)) |p=0 = /M(Af — Vyp)trs(Prs(e, z,x))dvol = 0.

(5.34)

By (532), (5:33) and (5.34), one has

e When n is odd: First, notice that

9, 0
ETTS[N exp(—tDt,%f)] +n.p. = —taTTs[L exp(—t0ry)ll,_, 3 +n.p.  (5.35)

Moreover, by a straightforward computation,

0
— 2t Try(Lexp(—tUry))|,_, 3 +n.p.

% - ) (5.36)
= —2t§Tr5(L exp(—tDt_%f)) +t72 a—TTrs(L exp(—tlry))|,_,-1 +np.
Now
Qw (s)+n —Lfl ts’lgTr (Nexp(—td _1 ))dt +n
o1 PTG )y toa T TP ey P
D (Lexp(—tDrp)l. adi
=10 )y Ve o))yt
1 [0
——— | 2 (Lexp(—tO
o, CaT e (-0, )

N 2tsg%ﬂs[f exp(—t0,_y )ldt +n.p. By (£:35) and (5.36))

142



Analytic Torsion on Noncompact Manifolds Chapter 5

Hence, when s >> 0

0 s Lo 0
an,l,f<S)+n.p. = _m/o t TTS(Lexp(—tDt,%f))dt—FTrs[Lexp(—Df)]—a¢2727f(5)+n.p..

If n is odd, by our previous results in [49], T'rs[L exp(—tO _1 )|+Trs[L exp(—tO

by ﬂ‘f%f)]

has no constant term, hence

d o

£E¢2,f|s:0 +n.p. =0.

Consequently,

19)
ER(Maghh?f) =0.

e When n is even, proceed as in the proof of Theorem 4.20 in [20], one can show that

Try[Lexp(—tO _1 )|+ TryL exp(—tDit,%f)] has constant term

_1
t2f

2/Mtr {(hz)l a;ﬂ (_17;52] /B exp <—E(x) + Wf; _ @2f($)>

9 / 6,(F,hy) & (TM, V™ V™M 5,
M

which finish the proof.

Remark 5.2.10. We are going to prove that if t > 0 is small enough,

/Aftrs(exp(—tDTf))dvol:/ Vy strs(exp(—tOrq))dvol.
M M

To this end, fix a bump function n, s.t. nlpy = 1, supp(n) C [0,2]. Let ¢p(p) =

V 2
77(' fl\c(p)»

143



Analytic Torsion on Noncompact Manifolds Chapter 5

By Stoke formula,

/div(@Dka)trs(exp(—tDTf))dvol:/ VeV strs(exp(—tOry))dvol. (5.37)
M M

By the short asymptotic expansion of heat kernel, polynomial tameness of (M, g, f)

and dominated convergence theorem, let k — oo, the right hand side of goes to

/ Vytrs(exp(—tOry))dvol.
M

Notice that |Viy| < w, for the same reason, as k — oo, the left hand side of

goes to
/Aftrs(exp(—tDTf))dvol.
M

5.3 Nine Intermediary Results

Let (M, g, f) be strongly polynomial tame. Let f: M — R be a Morse function. Let
Crit(f) be the set of critical points of f. If x € Crit(f), recall that the index ind(x) is

the number of negative eigenvalues of the quadratic form d?f(x) on T, M.

Definition 5.3.1. For T > 1, let F[To’l] (resp. FQ’”, resp. IF{TO}) be the direct sum of the

eigenspaces of Ory associated to eigenvalues A € [0,1] (resp. X €]0,1], resp. A=10). Let

D%}} (resp. D%}]) be the restriction of Ory to F[jg’l] (resp. to IF(TO’I]). ForT >0, let Pp’l]

(resp. P}U’l], resp. Pr) be the orthogonal projection operator from L*Q*(M,F) on ]F[To’l]
(0,1]

(resp. Fy™, resp. IF{TO}) with respect to the scalar product (-, -)g. Here {-,-)p is the inner

product induced by g™ and g¥. Set P{ =1 — pi.

By Hodge theory, we know that for 0 <4 < n, H (M, F,df) and F;O}’i are canonically

isomorphic. As finite dimensional vector subspaces of the Fi., the IFZA{FO}’Z' inherit the scalar
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product (-, ). Thus the line det H*(M, F,df;) inherits a metric | - |9 H(MFdE,) which
is also called the L? metric.
Let Vf € TM be the gradient vector field of f. Consider the differential equation

dy

a ~Vf(y),

which defines a group of diffeomorphism (1), of M.

teR

If z € Crit(f), set

W(x)=4{y € M : limy_, U (y) =2},
We(x) ={y € M : limy_, 1 Y (y) = z}.

The cells W*(z) and W#(z) will be called the unstable and stable cells at z. We assume
that the vector field V f verifies the Smale transversality conditions. Let =,y € Crit(f)
with ind(y) = ind(z) — 1. Take v € I'(z,y). Then T,W"(y) is orthogonal to T,,IW*(y)
and is oriented. So for ¢ € (—oo,+00), the orthogonal space TﬁWS(y) to T,,W*(y)
in T, M carries a natural orientation. Also for ¢t € (—o0,+00), the orthogonal space
T;,W*(x) to =V f () in T,,W"(z) can be oriented in such a way that s is an oriented
base of T/ W*(x) if (=V f (), s) is an oriented base of T,,W"(z). Finally since W*(z)
and W*(y) are transversal along v, for ¢t € (—o0, +00), T5-W*(y) and T}, W"(x) can be

identified, and their orientations can be compared. Set

+1 if the orientations are the same,
n"/<x ) y) =
—1 if the orientations differ.

If x € Crit(f), let [W*(z)] be the real line generated by W*(z). Let F' be a flat vector
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bundle on M, and let F™* be its dual. Set

Co(W* F)= @ W)=k},
z€eCrit(f)

C;(W"F)= P W) erF;.

zeCrit(f)
ind (z)=t

If z € Crit(f), the flat vector bundle F* is canonically trivialized on W*(z). In particular,
if x,y € Crit(f) are such that ind(y) = ind(z) — 1, and if v € ['(z,y) s* € F}, let
7, (s*) € F; be the parallel transport of s* € F) into F,' along v with respect to the flat
connection of F™.

It x € B,s* € F}, set

W)@ f) = > > ny(z )Wy @7 (f).

y€Crit(f) €l(z,
ind(y)=ind(z)—1 7 ( y)

Then ¢ maps C; (W*", F*) into C;_; (W, F*).
If x € Crit(f), let [W*(z)]" be the line dual to the line [W*(z)]. Let (C*(W", F),0)

be the complex which is dual to (Ce (W*, F*),0'). For 0 <1i < n, we have the identity

C'Wh ) = @ W) @ Fe.

zeCrit(f)
in(z)=t

Then by [25], we know that
H* (C*(W",F),0) ~ H& (M, F,df),

where H?

&) (M, F,df) is F-valued L?-cohomology.
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As a result, we know that
det C* (W", F) ~ det Hyy (M, F,dy). (5.38)

Now we equip C* (W*) with a metric such that for any =,z € Crit(f) with = #

z, W¥(z)* and W*(2)* are orthogonal to each other, and that
(W ()", W(z)") =1

for each o € Crit(f). For « € Crit(f), let || - ||aet 7, be a metric on the line det F,. The

metrics || - [|aet 7, (2 € Crit(f)) induce a metric || - ||get co w7y on det C* (W*, F) .
Definition 5.3.2. The Milnor metric ||- Hjl\:t’?i(M’F’d?) on the line det H*(M, F,d}) is the

metric corresponding to the metric || - ||des co(we,F) Via the canonical isomorphism -
We now further assume that for any = € Crit(f), there exists a sufficiently small open
neighborhood U, of z and a coordinate system y = (y',...,4™.) on U, such that on U,

Ly 2

5 5 (yind(;r)+1)2 NI

(y")°

L
2 )
g™ = (dy')" o (")’

VF preserves the metric ¢! in U,. Certainly we can assume that for any z,y € zero(V f)
with  # y,U, N U, = 0 We still assume that V[ verifies the Smale transversality

conditions. Let K = UmGCrit(f)Ux7 b0 := infperr_x [V 2 (p).
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Theorem 5.3.1. The following identity holds,

2

T—~+o00

|- ReS ) .
i {10 (5] o 2

det H*® (M,F,d}p)
) n T I ”é\:{z{(M,F,dF) i
)BT + () = () o (1) = o | e
2 @ |- det H*(M,F,dF)

Theorem 5.3.2. Given ¢, A with 0 < ¢ < A < 400, there exists C' > 0 such that if

te€le, A, T > 1, then

|TrS [N exp (—tD%)} — )Z’(F)’ <

S0

Theorem 5.3.3. For anyt > 0,

- _ (17+OO) —
Tgrfoo Try [N exp (—tOry) Py 0.

Moreover there exist ¢ > 0 such that fort > 1,T > 0, then

Trg [N exp (—tOry) P}I’Jroo)] ‘ < cexp(—t/2).
Theorem 5.3.4. For T > 0 large enough, then
dim Fp' = rk(F) M,

where M; is the number of critical points with Morse indez 1.
Also
: 0,1
lim Tr [D[Tf]] = 0.

T—+oo
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Theorem 5.3.5. Ast — 0, the following identity holds,
T [N (—t[l )} — 1k(F) Cpep(ZB) L (F) + O(v%)
rs |V exp i) =T y exp > ) i 5 X :

where for any T > 0, By = RzM +VT e A Vg/]\TVf+T|df|2 € (M) ® Q" (M).

Proof. This follows from Theorem 1.1 and rescaling techniques in [49].
Theorem 5.3.6. For any t > 0, there is ¢ > 0 such that as T' — +o0,

n

o [ exp (—10r7)] = k() T+ () = 3TF) ) 3+ 0 ().

Proof. Let Kr(t,z,y) be the heat kernel of exp(—tOry), ¢ = d9/3. By Theorem 4.1 in

[49] and Proposition , when 7' > %, one has

| trs(fKp(t, z,x))dvol(z)| < CT”/ |FIIV fI*" exp(—T|V f|?)dvol(z)
M-K K

<ores-120) [ A9 eI v

< C'exp(—cT)

For the estimation of

[ e Kt apavolta) k() T2 - () - 570 7]

see section 12 in [20].

Theorem 5.3.7. For any d > 0, there exists C' > 0 such that for0 <t <1,1<T < %l,

then
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1 ~
= {Trs [fexp (—(tD + TV f))*)] —
B 0 B
M M
Proof. Still, this follows from Theorem 1.1 and rescaling techniques in [49]. ]

Theorem 5.3.8. For any T > 1, the following identity holds,

15%%2 {TrS fexp (— (tD + gg(Vf)) )] —rk(F') Trscrit[f]}

(P = X))

T tanh(7)

Proof. By a similar arguments in Theorem [5.3.6|

M-K

[ (K5 (2 2)dvol(x)| < Cexp(—3)

as long as t < %

For the estimation of

[t @ oavoite) - kT - () - 570 e |
see Section 14 in [20].
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Theorem 5.3.9. There exist ¢ > 0,C > 0 such that fort € (0,1],T > 1, then

1
t_2 {TI'S

_? (%X(F) - %5{’(F)> H < Cexp(—cT)

fesp (— (10+Fawn) )] — tk(F) T

Proof. By a similar arguments in Theorem [5.3.6],

[ (R )avol(e)] < Cexp(~5)

M-K

as long as t € (0,1],7 > 1.

For the estimation of

[y advoto) - k() T2 - 5 () - 5T

see Section 15 in [20]. O

5.3.1 Proof of Theorem [5.3.1}, [5.3.2}, [5.3.3| and

if T'> 1 is large enough, then the map
Por :Fp' — C" (W', F)

defined by

wR S — Z [W“(x)]*/ exp(Tflw | ® sg.

2eCrit(f) W (z)
Without loss of generality we assume that each U,, p € Crit(f), is an open ball around

p with radius 4. Let v : R — [0, 1] be a smooth function such that vy(z) = 1if |z| < 1
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and that v(z) = 0 if |z| > 2. For any z € Crit(f), set

o = / ([y])2 exp (=T [y[2) duol(y),

Uz

2
(D) (_T\yr )
Pz, T = €xXp " P,
Qg T 2

where p, = dy* A - - A dy™d®).

.

;

Let Jr be the unitary map from C* (W*", F') into Q*(M) such that for any = € Crit(f)
and T > T

Jr ((WH(2)]" @ 52) (2) = por ® 7(80),

where 7 is a curve connecting x and z in U, 7, is the parallel transform along ~.
Let er = P Jp, then both e : (C*(W*, F),8) — (*(M), drs) and Jy : (C*(W*", F),d) —

(Q*(M),dry) are quasi-isomorphic. Proceed as what we did in [, we have

Proposition 5.3.3. There exists ¢ > 0 such that as T — 400, for any ¢ € C* (W* F)
(ex — Jr)p =0 (e_CT(”H)) llollo uniformly on M

In particular, er is an isomorphism.

Let F € End (C* (W™, F)) which, for z € Crit(f), acts on [W*(z)]" by multiplication
by f(z). Let N € End (C* (W*, F)) which acts on C* (W*),0 < i < n, by multiplication

by i. By Proposition [5.3.3| proceed as in [20], one has

Proposition 5.3.4. There exists ¢ > 0 such that as T — +o0,

Pyrer =e'” <Z>N/2n/4

- (1+0 (=) .

In particular, P 1 is an isomorphism for T' > 0 large enough.
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By Proposition W, proceed as in [20], one can prove Theorem m
Proceed as Proposition 2.4 in [49], one can show that the k-th eigenvalue A, of O has

at least polynomial growth, i.e., there exists ap(n, o, k) > 0, s.t. A\, < C(dy, M, A)(Tk)*

|Hess(f)|
LV

where 0y = sup,c, It’s easy to see that dpy < T6; when T" > 1.

Hence, by Proposition [5.3.3], Theorem [5.3.2] 5.3.2] [5.3.3] follow.

5.4 Cheeger-Muller /Bismut-Zhang Theorem

With nine intermediary results above, proceeding as in Chapter 7 of [20], one has

Theorem 5.4.1. The following identity holds

|- 15 .
log d/\/tl}éf (L) :—/MH(F,gF) Vf* (TM,VTM),

” HdetH' (M,F.df)

where ¥ = [ prdT, pr = [® U exp(~Br), Br = B2 4 VT Y1t AVINVS +
T|df|? € Q*(M) @ Q*(M).
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Landau-Ginzburg B-models and

LG/CY Correspondence
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Chapter 6

LG/CY Correspondence for
Weil-Peterson-type Metric and ¢t*

Structures

In this chapter, we show LG/CY correspondence for ¢t* structures and Weil-Peterson
type metric.
Let f: C" — C be a quasi-homogeneous polynomial, i.e., there exist ¢;,...,q, € Q

such that for any A € C*,
FOAT 2z, 0 AT 2 = A f(21, .0y 20)-

Each ¢; is called the weight of z;.

Let ¢; = a;/b; with (a;,b;) = 1, and d = lem (by, ..., b,), i.e., d is the least common
multiple of by, ..., b,. We put Q; = ¢;d. Then we say f is quasi-homogeneous with weights
(@1, ...,Qn), and has degree d.
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Let F'(z,u) be a marginal deformation of f:
Ple,u) = f(2) + ) u'vi(x),
i=1

ie. l(Ydz...dz,) = 1(fdz...dz,), i =1,...,v (Recall Definition for the definition
of [). We denote by M the space of parameters u’, which should be a small neighbor-
hood of the origin in C'. Therefore, we have a family of operators dp, Or, 0%, 0%, Ap
parameterized by u € M.

For convenience, now we assume that F'(-,u) is non-degenerate, i.e. we require that
1. F(-,u) contains no monomial of the form z;z; for ¢ # j,
2. F(-,u) has only an isolated singularity at the origin.

First, we have the following trivial complex Hilbert bundle L2A*(X) x M — M. For

simplicity, denote by L?A its L*-integrable section space. There are two natural parings,

h: LPAx L*A — C>®(M) h(a,@):/ a A *p,
X

n: LPAx L*A— C®(M) n(a,ﬁ):/ a N *f.
b

In addition, if for differential forms u, v, such that u A *v is integrable, we still denote

Moreover, there is a canonical real structure on the Hilbert bundle, which is denoted

by 7r. Then h(a, 8) = n(a, 7rf)
Let H" := Hp be the Hodge bundle over M, and its fiber at u € M is the space of

all harmonic n-forms of Ag(,). We denote the space of its section by H.
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Let II, : L?>A — H be the harmonic projection, G' be the inverse operator of Ap
on im(Jr) @ im(d%), then G commutes with the operators dp, Or, 0%, 0%, Ar, and the

operator form of Hodge decomposition reads

Id=1I, + AprG =11+ GAp.

Let u = (uq, ..., us) be local coordinates of M, and 0; := 9,,. On the Hodge bundle,

we have
(1) The connection D, D

Notice that the Hodge bundle is embedded into the Hilbert bundle, so we can define

D, D in a natural way:

Di:Huo@-, D;:Huoé,z 7,-:1,...,8.

(2) The operators Cj, C:

We define C; = II,, 0 0;,F = II, o ¢;, C; = II,, 0 O;F = I, 0 ¢;. We can also compute

that

C; = (0iF) — 0p03G(O,F), C5 = (0;F) — 0p03G(O;F).
By definition, C; is the adjoint operator of C; with respect to the tt* metric h, i.e.

h(Cia, B) = h(a, C3).

Proposition 6.0.1 (t¢* equation,[37, 23, 14, 51]). The operators D;, D3, C;,C5 satisfy

the following equations

1. [Cza C]] = 07 [657 O_] - 07 [Dl? 05] = [D% CJ] = 0;
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2. [Divcj] = [Dj’OiL [Dia 3] = [D37 E];
3. [DiD;] =0, [DiD;]=0, [D,,Di]=—[CsC5).

Fix a homogeneous basis {¢,}"Zy of Jac(f), such that I(A,) < I(4) if a < b, and
¢o = 1. Moreover, assume that {gzﬁai}gigl is a basis of Jac(f)'. If f is homogeneous
of degree n. Let |u| be small enough, such that {¢,}/—; is still a basis of Jac(F(-,u)),
{7k }_o constructed in Subsection is still a basis of H,(C", F'(-,u)">).

6.1 Weil-Peterson-type Metric on LG Moduli

First, we will show that: for each A, = ¢,dz...dz,, there exists a harmonic form

W, = We(u) € ker(Ap(.y) (c.f. Proposition [6.1.2)), s.t.
Wa(u) = Ag + Op(uyva(u) (6.1)

for some v,. Moreover, v, has at most polynomial growth.

To do this, we follow the method in [52] to show that
Hn((cn’ 5F(,u)) = HZL(C”7 SF(,U))u

where H"(C", Op(..)) is the cohomology of smooth complex (i.e. smooth forms with dif-
ferential Op. ), and H(C", Jp(.)) is the cohomology of smooth complex with compact
support ( i.e. compactly supported smooth forms with differential 5F(.,u)).

Consider the operator

AP((C)7) = APTHI((CM)),
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where (C")* = C" — {0}, AP9(X) is the space of smooth p,q forms on X. Next, fix a

bump function p near 0, and let
T, : A ((C)) = AX(CY)), R, : AY((C")") — AY((C")")

be

T,(4) = pA+ O0Ve (A Rld) = (1= Ve

It can be checked easily that (c.f. [52])

Lemma 6.1.1. [0r,R,] = 1 — T, as operators on A(C"). Moreover, the embedding

(A(C™),0r) = (A(C™),0F) is a quasi-isomorphism.

As a result, T,(A,) is L*integrable (since it has a compact support), then we set

w, = 11,,(T,(A,)). Consequently
w, = (T)(A,)) = (Id = GAR)T,(As) = Ay — OpR,(A,) — OpGORT,(A,).
Now set v, = —R,(A,) — GI:T,(A,), we have (6.1)).
Moreover, let S := 11 o T}, then
Proposition 6.1.2. The map S satisfies the following properties:

1. S is a C°(M)-linear map;,

2. S is well defined, that is, S is independent of the choice of the representative in

C*(M)® Q?(XM/M/CZF A Q}_le/M and also independent of the cut-off function p.

Proof. (1) The C°°(M)-linearity follows from the definitions of 7}, and II,.

(2)
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e The independence of the choice of the representative:

Let A= A+ dF A B, for some B € C®(M) ® Qg;iM/M with polynomial growth.

By definition, there exist n — 1 forms v and v/ with polynomial growth such that
wi=S(A) = A+ 0pv, w =SA)=A+0pV.
Moreover, since B is holomorphic in the C™ direction,
w = S(A)=A+dF ANB+0pV = A+ 0p(B+ V).

Then one has

w—w' = 0p(uw(v+B—1),

where (v+ B—1") has polynomial growth. Then by Agmon estimate and integration

by parts, one has

h(w —w',w —w') = h(w — ', Op(u (v — V') = h(Of (W = w'),v =) =0,

which implies that w = w'.

e The independence of the choice of the cut-off function:

Let S and S’ be the map with respect to the cut-off functions p and p’ respectively.
Then

A= S(A) - OF(.,U)V = S,(A) - aF(.m)V,

for some differential forms v and v/ with polynomial growth. Then repeat the same

argument as above, one shows that S(A) = S’(A) easily.
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O
Proposition 6.1.3. The section w,(u) is a holomorphic section, i.e. Dyw, = 0

Proof. Let 0; := 8%1-’ then it’s straightforward that [0;, Op(..)] = 0. Hence

Following the same arguments as in the proof of Proposition [6.1.2] one shows that

for any harmonic form w, h(d;w,, w) = 0. As a result,

6.1.1 U(1) Actions on A(C")

C" admits a unitary U(1) action associated with f, which is given by

e’ . (21, ..y 2n) = (eitezl, e ,eieQ"zn) )

In particular, if f is homogeneous,

This action induces a unitary action 7 of U(1) on differential forms, such that for any

p,q form a = a(2y, ..., 2n, Zn)dz;, ...d2;, dZ;, ...dZ;,

T(0)a = €0 Xhar Qutiiica Qi) (¢ 71R10 ) @107 70 07 Yz, Lz dz;, . dZ, .
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In particular, if f is homogeneous,
T(O)a = TP (2 ez, ... e 72, eV 2,)d2, . dzi d5;, ... dZ;,.
Now consider the following U(1) action P on L?AP4(C"),
P0)(a) = P’ T(0)a, o € L*API(C™).
Similarly, we have another U(1) action Q(0) := 4T (—60) on L2AP4(C"), where d is the

degree of quasi-homogeneous polynomial f.

Remark 6.1.4. One can see later that the infinitesimal action of P and Q plays the roles
of p,q degree in LG models. Comparing with C'Y’s case, let X be a compact Calabi-Yau
manifold, on AP(X), one defines PEY (0)w = e?’w, QY (0)w = ew for w € API(X).

Immediately, we have,
Lemma 6.1.5. The U(1) action P and Q satisfy the following properties:

(1) P and Q are unitary, i.e.,

h(Q(0)a, Q(0)8) = h(P(0)a, P(0)B) = h(a, B), a, B € L*A™I(C").

(2) [P(6),0r] =0, [P(0),05] =0, [P(6),Ar] = 0.
(3) P(Q)@FP(Q)—l = e"deﬁp, 73(0)8}7?(9)—1 = e—"‘”&;.
(4) [Q(0),0r] =0, [Q(0),05] =0, [Q(), Ar] = 0.

(5) Q(0)0rQ(0)" = edp, P(0)TLP(0) = e~@ds.

Moreover, @ and imply that P H —H, Q:H — H.
162



LG/CY Correspondence for Weil-Peterson-type Metric and ¢t* Structures Chapter 6

Remark 6.1.6. In CY’s case, one can also see that P¢Y, Q%Y are unitary; PY com-

mutes with 9; PYY (0)0PCY (0)~1 = 0.
Recall that

Definition 6.1.7. For A =z .. 20ndz A - A dz,, we define

n

1(A) == (B + 1)Qu.

i=1
Moreover, let I, = l(A,).

Lemma 6.1.8. The U(1) action P and Q commute with the map S, that is
S(P(0)A) = P(0)(S(A)), Ae€C®(M)®Q"/dF(-,u) AQ""

and

Thus, we could define the U(1) charge of w, to be l,. This lemma could be rephrased
as follows: if a harmonic form w has U(1) charges I, that is, w = S(A) for some

homogeneous n-form A with [(A) = [, then
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Remark 6.1.9. If f contains a unique isolated singularity at the origin, the strong
nullstellensatz implies the existence of a sufficiently large N such that zN € (0., f, ..., 0., f)
foralli =1,2,....,n. As a result, if ¢ is homogeneous with a sufficient large degree D,
¢ € (0,f, 0., f). In fact, lemma m could provide an explicit description of D.
To keep things simple, we will consider only the case where f satisfies the Calabi- Yau
condition. A harmonic form’s U(1) charge cannot exceed n(n — 1) in this case. Thus,
if w = S(¢dz...dz,) for some homogeneous polynomial ¢ of degree n(n — 2) + 1, w
must have a U(1) charge of n(n — 1) + 1. As a result, w should be trivial, implying that

¢ €0 [,y 0., f). As a result, we have D = n(n — 2) + 1 in this case.

Proof. 1t suffices to check the result for A, = ¢,dz; A --- A dz,. First, notice that

P(0)A, = e'nd-l4a))b 4 (6.2)
Since
Aa = S(Aa) — 5F(-,u)ya7 (6 3)
by Lemma [6.1.5, we have
P(0)As = P(0)S(Aa) — Op(P(0)7a); (6.4)

then multiply e/ ~)? on the both sides of 1D one has
ei(ndfl(Aa))HAa _ ei(ndfl(Aa))Gs(Aa) . 5F (ei(ndfl(Aa))G,ya) ) (65)
(6.2), (6.4) and (6.5) imply that

eind=UADOG(A Y — P(0)S(A,) = Dppta
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for some differential form p, with at most polynomial growth.

By Agmon estimate and the fact that [P(0), As] =0, we get
P(0)S(A,) = e’ 1ADIG(A,) = S(P(6) Aa).

O
In CY’s case, if u € AP"P(X),v € A" P (X), then [(uA*v # 0iff p = p'.
Similarly, by unitary property of P and Lemma [6.1.8] it is easy to obtain
Corollary 6.1.1. If h(wg, wy) # 0, then I(Ay) = 1(Ap).

Proof. Just notice that, by Lemma [6.1.8],
h(wa, wy) = h(P(0)we, P(O)wy) = h(e!mdla)ly, eind=o)0q;y — oile=le)0p (4, apy).

Hence, if h(wg, wy) # 0, we must have I, = [,,. O

Definition 6.1.10. We define the bi-grading p,q : H — Q as follows,

R e w
p<wa) _n_g_;%a

I, <
J(we) === .
d =1

Then one can see that, restricted to H,

d R n
@Pw)ya:o = d x p(w,) + ; Q;

and

d n
2520 lo=0 = d x G(wa) + ; Qi,
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Then Corollary could be interpreted as if p(w,) # p(wy), then h(w,, wy) = 0.
Let hgg = h(wg, wy),

0 = hOa = h(wo, wa),

then by Proposition [6.1.3
(?Z-h(wo, U)O) = h(Din, U)o) + h(U}(), D{U)O) = h(Din, wo),

0 = O;h(wo, w,) = h(Dywg, we) + h(wy, Dw,) = h(Dswg, wy).

Hence, we have

Diwo = (hgolaz‘hoﬁ) wo, (6.6)

which means that we have a line subbundle £ of H" with connection D + D(Comparing
with £¢Y and DY 4+ DY in Section .

Similarly, for each w, = S(A,), D;w, is a linear combination of {w;} with [, = [,, i.e.
D and D preserve the bi-grading (p, q)

In Section , one can see that C°Y shifts the bi-grading (p,q) — (p—1,¢+1), and
CCY shifts the bi-grading (p,n —p) — (p +1,¢ — 1). Similarly, one can check easily
that P(0)(Cyw,) = e'md=la=D0, - and correspondingly, P(0)(Ciw,) = e!nd=latd)ly,
Hence C' shiftes the bi-grading (p,q) — (p — 1,4 + 1), and C shiftes the bi-grading
(p,4) = (p+ 1,4 —1). Again, since wy is the unique section with the fiberwise lowest

g-grading (up to a multiplication of C*°(M)), we have

Cswo = 0. (6.7)
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Proof of Theorem[1.3.8. First, by Proposition [6.1.3] one computes

h(Din> wo)

ai log(h(wo,wo)) = h,(u]o wo) .

Then

9,0, 08(0 ) = P ) D Dyt)_ WD b, Dy
D;D;
_ h(hzw;f”i;;”(’) (By [65)
— h([%{ii]z}s)’ o) ( By Proposition
— _h([(;f(’zii,]zz’)w(]) ( By Proposition
— hfﬁ”{}z:%"“) ( By ().

o h(w,, wj)

N h(wo, U)()) ’

6.2 Real Structures

Now assume that f is homogeneous of degree n, i.e. ); =1, d =n.
In this case,
la
D(Wy) =n — — —1,
P(wa) "

R lq
G(wg) = - 1.

Using the isomorphism S, we define a real structure x on C*(M)Q"/dF(-,u) AQ" ! :
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Since Tgr(w,) = w, € H, there exists a p X p matrix M(u, ), s.t.

Tr(We) = W, = M2 (u, @)wy,
then we define an anti-linear map x by
K(Ag) = M (u,q)As. (6.8)

One can check easily that if w, = S(A,), then w, = S(k(A)), moreover:

Proposition 6.2.1. Let A € C®(M)®Q"/df ANQ" has homogeneous degree [(A), then

k(A) is also homogeneous with degree l(k(A)). Furthermore,
I(A) + I(k(A)) = n?.

. 1—1
Proof. Tt suffices to prove it for {A,},—,.

Let w, = S(A,), i.e.
w = A+ dpv, for some (n — 1)-form v,(with polynomial growth).

Then
Wy = Ay + Opi,. (6.9)

First by Lemma [6.1.5, (6.9), and P(0)9r = €?0xP(), proceeding as what we did in
Lemma [6.1.8] one has

P0), = ", = €'y " M, (6.10)
b
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On the other hand,
w, = k(Ag) + Op, for some (n — 1)-form 7, (with polynomial growth),
and r(Aq) = >, M(u,w)?A,. Hence
P(0)i, = » ™0 Nl (6.11)

(E10)—(E-11), one has

Z(e“”tlb) — e My, = 0.
b

Since {w,} is a basis, one has M® = 0 if n?> — [, # [,, which implies that x(4,) is

homogeneous of degree n? — [,,. O

One can also interpret Proposition as p(wy) = q(wy).

Hence, the small ¢t* structure for LG model is well defined:

Proposition/Definition 6.2.2 (small ¢t* structure in the Landau-Ginburg B models
[23]). Let f be a quasi-homogeneous polynomial and F' be its marginal deformation with
parameter space M. Let H' C H be the subbundle generated by wy, = S(Ax,), where
I(Ag,)/n € Z. By Proposz'tion restriction of Tr, h, D, C,C to H' defines a tt* struc-

ture, called small tt* geometry structure in the Landau-Ginzburg B models.
Proof. The restriction gives a well defined tt* structure, since
(1) D preserves the bi-grading of each wy,:
Since w, is holomorphic, i.e. D;w, = 0, we have
Oih(wq, wy) = h(Dswg, wy) + h(wa, Dywy) = h(Dsw,, wy).
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By the non-degeneracy of h and Corollary [6.1.1], we can see that D and D preserve

the bi-grading.
(2) C; shifts the bi-grading (p,q) — (p — 1,4+ 1).

(3) H' is stable under 7 by Proposition [6.2.1] Combining with (1) and (2), (3) also

implies that H’ is stable under D; and C;.

6.3 Residue Maps

Set ¢, = G(w,). Then for each ¢, € Jac(f), po € ZT. Let Q := > 7" (=1)"Fzdz A

&ZZ ...dz,, and denote Q, = ‘;@‘;? Then one can see that Q, € H"1(CP"! — X}),
where X :={[z] € CP"': f(2) =0}. Let res : H" }(CP" ' — X;) — H"%(X/) be the

residue map, then it was shown that (c.f. [21])
res(€,) € FP*H"%(X),, (6.12)

where H"%(Xy)o denotes the space of primitive forms in H" ?(X;). In particular,
res(2g) is a nowhere vanishing holomorphic (n — 2,0) form on X;.
Moreover, let 7 : H, »(X;) = H,-1(CP" ' — X) be the Leray coboundary map,

then for any cycle 6 € H,_o(Xy),

27Ti/res(Qa) :/ Q.
] 7(6)

Definition 6.3.1. We define the map : Jac(F) — H"?(Xr) via

Paf2

R(¢y) = res( e
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In particular, R(1) is a nowhere vanishing holomorphic (n — 2,0) form on Xp.

6.4 Intersection Matrix and Riemann Bilinear For-
mula

Before moving on, let’s recall the construction of v;: Let ¢;(s) := te?™ 0 < s < 1,
then ¢; induces a monodromy operator M : H, 1(V;) — H,_1(V;). Following [23], we fix
a basis {oy}i—, of H, 1(V_1), such that oy € ker(M —1Id) for 0 < k < p/ — 1. Hence,
there exists 0y € H, 2(Vao)o := (H" 2(V)o)*, st o = 7(d) for 0 < k < p/ — 1. For

t>0,let &, : V_; — V4 be the map (21, .., 2,) = ( —nz, ...,t_%zn), and set
Vi := Upso(Pe) "o,

then one can see easily that {7 }4_} is a basis of H,,(C", f~>°) (called Lefchetz thimble).
Similarly, one can construct a basis {; }i—, of H,(C", ).
Now we would like to define intersection matrix, first, we show that:

For each v, € H,(C", F~°), w f% e Fw is linear for all w € ker Ap(. ), hence by

Riesz representation, there exists oy, € ker Ap(. ), s.t.

ety = w Ak = e wne ' xay.
ryk n n

Then set PD(vy) := e/~ % oy, € H*(C*, F**°). Similarly, we could define PD(v}),

such that

/eFF*w:/ PD(F) Ae P F sw

Tk

for all w € ker Ap(. ).
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Definition 6.4.1. The intersection matriz I is defined by

;= [ PDG;) = [ PDG) AxPD(),

Vi

for0<u,7 <pu—1.

While I' is a submatriz of I, that is Ij; = Ij; for 0 < i,j < p' — 1. Now set T =
7 = (1)

From the definition, it seems that PD(v;) depends on u, however,

Proposition 6.4.2. [ is locally constant, i.e. when |u| is small, I = I = 0.

Proof. Suppose w is Ap(.-harmonic, then if |u| is small, by Agmon estimate, w' :=
eFCw=H+FCu)=Ffy) has exponential decay and is dore(p)-closed. Then proceed as what
we did in Section 7.5 of [25], we can find v, s.t. w'—Ilgw’ = dore(s)V, and v has exponential

decay. Here II, is the projection L? — ker A F(-u)- Hence,

/6F+FU):/ ol /:/ ef+fH0w’.
Tk Tk Yk

Again, proceeding as what we did in Section 7.5 of [25], yoeFGw=H+FCu=f . H, (C™ dp(u) —
H{(C",dy) is isomorphic. For a similar reason, one can see that PD(v;)(u,u) —
PD(v)(0) = du for some differential form g with exponential decay on Re(f) < 0.

Hence, I is locally constant. O]

By the definition of intersection matrix, the following Riemann bilinear formula is

straightforward:

Proposition 6.4.3. If w and w' are harmonic, then

oo m(f o),

k,l
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Actually, one also have

Proposition 6.4.4. If w is harmonic,

/ne_FAa/\*w:Z(/%eFAa) () (/%e_F_Fw>‘

k.l

We will prove this proposition in the appendix.

6.5 Period Integrals

Next, we would like to study period integrals on LG models. There are two different
notions of period integrals. This section is dedicated to proving Theorem [I.3.9]

Firstly, by [25] or Theorem one can see that {e" T w,} ({e F~F xw,}) is a basis
of H"(C", F(-,u)~>°) (H™"(C", F(-,u)*>)). Consequently, the matrix

and

are invertible.

Secondly,
and

As a result, there exist matrix 7 and 7T, such that B = T.A and B = T.A. More

specifically,
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/ F A — Z(T)ab / Py,

Tk b Tk

Proof of Theorem [1.5.9. By Riemann bilinear formula, on the one hand,

h(e ¥ Ay, w,) = < /7 k eFAa> T ( A | e F=F x wc>. (6.13)

On the other hand,

(/wc eFAa) Tii </% o—F—F 4 wc) = Z (T)aph (wp, we). (6.14)

bil(Ac)=1(Ap)

Let t = €, then
h(e™ Ag,we) = (P (O)e ™" Ag, P(O)we) =t~ h(e™ " Ay, we). (6.15)

o If % ¢ 7, then take t to be the n-th root of 1, such that tle~'« £ 1. By 1)
we can see that

h(e T Ay, w,) = 0.

This together with (6.13)), (6.14), and the fact that the matrix (h(ws, w;))i,=i. is

invertible implies that (7)), = 0 if = ¢ 7.

o If [, — [, = nl. for some integer l.,, then we consider the function
Vae(s) = h(e_SFAa, We).

By Lemma [6.5.1} it is holomorphic when |s| < 2. Then

— if [y > 0: when |s| = 1, by (6.15) s"*v4.(5) = vae(1), which implies v,.(s) =
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s ap,.(1) when |s| = 1. However, by the properties of holomorphic functions,
we must have vq.(s) = s7v,.(1) when 0 < |s| < 2. Since v, is a holomorphic

function on |s| < 2, we must have v,.(1) = h(e FA,, w.) = 0.

—if I,, < 0: follows from the same argument as above, one has v,.(s) =

s leay,.(1) when |s| < 2. In particular, one must have

s:Ovac<$)>

ie. h(e T Aq, w.) = ﬁ Jon E7lee Ay A 5@,

In particular, when /., = 0,
h(eipAaa wc) == h(Aaa wc) == h(waa wc) - h<5F(-,u)Vaa wc) = h<wa7 wc)-

As a result, Theorem follows.
[
Lemma 6.5.1. The function ve.(s) = [, e=5F Ay A, is holomorphic on the disk |s| < 2.
Proof. This is because [Op(. ), 5;(,#)] = Ldore(r), d3ge()): and by Agmon estimate, there
exists Cj, > 0 for any b € (0,1), s.t.

‘wc‘ < CbeiprwcHL%

where p(z) is the Agmon distance between z and 0 with respect to Agmon metric

2|VRe(F)|?. Tt follows from the properties of Agmon distance and holomorphic func-
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tions that p(z) > 2|Re(¢? F)| for any § € R. As a result, for any a < b, if |s| < 2a,

n

/ G_SFAQ /\ *wc S C/ GQQRe(F)e_bpdVO].(Cn S C/ 6_(b_a)pdV01(Cn < Q.
Cn "

Hence v,.(s) is holomorphic when |s| < 2. O

6.6 LG/CY Correspondence for Period Integral

By Theorem [1.3.9, we also have

Lk eFHFy, = Lk (eFAa — Z (T)abeFAb> . (6.16)

bilp<la

Definition 6.6.1. Now we define the map r : H' — H"%(X,) via

r(w,) = 2mi ((—1)"a1(na — D!R(¢pa) — Z (T)ap(—=1)" " (ny — 1)!R(¢b)> :

bily<la
where X, :={[z] € CP""': F(z,u) = 0}.

Remark 6.6.2. Then by (6.19), one can see that if p(w) = p € Z, then r(w) €
FPH™2(X,)o.

Lemma 6.6.3. For 0 <k <y’ —1,¢, € Jac(F),

/ el" A, = 27mi(—1)" " (n, — 1)!/ R(¢a),

Vi Ok

and

/ e x Ay = 2mi(—1)" (ng — 1)!/ *R(g).

Yk Ok
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Proof. 1t suffices to compute at u = 0.
Let oy (t) = (Pr)*or € H,(V_t). For each t # 0, let ¢,(0) == —t + %, T(ok)(t) =

UsPy(0k(—2%)), where Py : Hn(V,%) — H,,(Vz,0)) is the parallel transport along ¢;. Then

[ = [ /ﬂﬁ“
27”/ / T(ow(t))

then v(t) = t"~'v(1) (recall that n, = ), proceed as in the

(6.17)

Let v(t fT (0w (1)) f+t’

proof of Lemma A.2 in [I7], differential ¢, one has

u(t) = (—1)"a1t”a1/ A,

T(opey) (f + 1)

It follows from Theorem 4.2 in [23] that

A A
—“_hm/ e 0mi)? | R(dn).
/T(ak(t)) (f+)m 50 Jr @y (f +1)m (2riy Sr (%)

Proposition 6.6.4. For 0 < k <y’ — 1, one has

/7 k ey = /6 kr(w) (6.18)
/% e T sw= /&C ser(w) (6.19)

and

for any w € H'.

Moreover, let p, = p(wa), Ga = G(w,), then r(w,) € HP»%(X,)y and r(w,) = r(w,)
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for any ¢, € Jac(f)'. As a result, by and the definition of r and R,
r(wy) = (2m) (=1)" (ng — DIR(¢q )P %, (6.20)

where for a € A¥(X,), aP? denotes the p,q part of o

Proof. By Lemma and (6.16), for 0 < k < p' —1,Vw € H',

/% ey = /5k r(w). (6.21)

As a result,
/eF+Fwa:/ 7(0q)
Vi Ok
Moreover,
/eFJrF,u—]a_/ €F+Fwa:/ T(wa):/ r(w,)
Vi Tk Ok Ok
Thus,

r(w,) = r(w,) € FPe H"2(X,,)o, (6.22)

One the other hand, since w, = S(k(¢).dz1...dz,), by Remark and Proposition
, r(,) € Fla H"2(X,)o = F" PH"%(X,)o. As a result,

r(w,) € FPaH"2(X,)o N F" P H" *(X,)o = H?%(X,)o. (6.23)

(6.22) and (6.23)) tell us that r(w,) € HP*%(X,),. O
Theorem 6.6.1. If ¢o, ¢y, € Jac(F)', then [, wq A xw;, = (227%)22 qu r(wa) A *r(wp).

Proof. By Lemma, and Lemma [6.2.1] if I, 4+ I, # n®, [, wa A *w, = 0. While by

Proposition W, if I, + 1 # n?, qu r(wy) A *r(wy) = 0 too.
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By (6.20)), Theorem 3.4 in [53] and Theorem 3 in [21],

—1)me=De=D+1(n — 1)I(ny, — 1)! - -
/ W, A KWy = ( ) (n ) (nb ) / R(¢a)pa7Qa A *R(gbb)pzﬂqb

gn-2 )
= (22:)2 / r(we) A *r(wp).

u

6.7 LG/CY Correspondence for Intersection Matri-
ces

Let (I);;(0 <1i,j < p—1) be the intersection matrix (see Definition [6.4.1)), Z = I;
1[0 < i,j <y — 1) be a submatrix of I, and Z' = (I')™; (I°V);; = §; N §; be the

intersection matrix, and Z¢Y = (1¢¥)~1,

If ¢, € Jac(f),
o A
eFAa:/ e_t/ m—
/’ch 0 Ok dr

where 42 is the Gelfand-Leray form (c.f. Lemma 10.3 in [54]).

Integration by substitution tells us that

Ay 0
o AF
if Moy # o, which implies if & > p/
/ e A, = 0. (6.24)
Tk

Theorem 6.7.1. 7' = 2:[—:ICY.
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Proof. On the one hand, by (6.24]) and Riemann bilinear formula,

/ Wy N ¥Wp = (/ 6F+Fwa) (Z (/ e F-F *wb)
" Tk gl

_ ( /5 k r(wa)) (T ( /5 | *r(wb)> (By (6.16) and Lemma §:63).

On the other hand, by Theorem [6.6.1

2
Hence, 7' = J—,QICY. O

Proof of Theorem [1.5.10. By Theorem [6.7.1) and Lemma [6.6.3], it’s easy to see that

2
/ wo A *Wy = 2:72 / r(wo) A *r(wp).

Moreover, noticing that Gy; = 9;0;10g( [e. wo A o), G%Y = 0,0 log(qu r(wo) A

xr(wp)), we have Theorem |1.3.10 O

To show LG/CY correspondence for tt* geometry, we first show that:

Lemma 6.7.1.
ai/ eFHFy, = / eF+F(Di + Cy)wg,
Vi Vi

0; / eF i, = / " F(Ds + Co)w,.

Tk Tk
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Proof. First, notice that

8,~/ eF+Fwa = / 8i(eF+Fwa) = / 6F+F(8,~ + ;) wq. (6.25)
Vi

Tk Tk

Since def+F w, is d-closed for all u, ef +F (0; + ¢;)w, is also d-closed, which implies
that (0; + ¢i)w, is dore(r)-closed. Proceeding as in the proof of Proposition [6.4.4) one

shows that
(0; + ¢i)wa = Iy ((0; + ¢i)wa) + dare(ryr = (D + Ci)w, + dore(r)ox

for some differential form « with exponential decay.

As a result,

/ (D, 4 )y — / P (Dy 4 Cr . (6.26)

Tk Tk

By (6:25) and (6.26), one has
8,/ €F+Fwa:/ 6F+F(Di—|—C’,~)wa.
Tk

Tk

Similarly, one can show that

[]

Proof of Theorem[1.3.11. First, let ' = 2%  rr. By Theorem and Proposition m,

181



LG/CY Correspondence for Weil-Peterson-type Metric and ¢t* Structures Chapter 6

it suffices to prove

r'(Dw,) = DY/ (w,), ' (Dw,) = DY/ (w,)
(6.27)

7 (Cwy) = CVr' (wy), 7' (Cw,) = CVr (wy)

for ¢, € Jac(f)".

Then ' : H' — H, (X, ) induced an isomorphism of ¢t* structure.

By (6.18)), one has
@/ =0, | +(w),
Yk Ok

8;/ eF+Fw:8;/ r'(w).
Yk Ok

Hence by Lemma [6.7.1

' (D 4 Cw,) = (DY + C)r! (w,), 7’ ((D + C’)wa) = (DY + CMYr' (w,). (6.28)

Suppose w = A = ¢dz...dz, such that [(A) = [(A,), then By Riemann bilinear

formula and Proposition [6.6.4}

/n Wo A ¥ = /u ' (wge) A *r'(w).

As a result,

O | waNxw=20; [ 7'(wy) Ax*r'(w).
cr X

Then noticing that

81»/ Wo N *W = D;wg N *w,
n C”l

and

o [ () Ar) = / D) A7)
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one has,

r'(Dw,) = DY (w,).

Similarly,
r(Dw,) = DY r(w,).

Together with (6.28]), we have (6.27)).
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Appendix A

Kodaira-Hodge Decomposition

In this section, we investigate the decomposition (4.1]). For this purpose we first have to
understand the Friedrichs extension of Ay s. Here we assume that all operators consid-

ered in this section are closable, as are our dry, oy (Cf. [55], Theorem VIII.1J).

A.1 Review on Friedrichs Extension

Let A be a nonnegative, symmetric (unbounded) operator on Hilbert space H, with

Dom(A) =V, ie.
(Aa, By = (a, AB)y, Ya,€V; (Ao, )y > 0.
Define a norm || - [[y; on V' by
laells = (@, @) + (o, A )y

Let V} to be the completion of V under || - ||y;,. Then for any 8 € H, one can construct a
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bounded linear functional Lg on V; as follows

Ls(9) = (¢, B)n. ¢ € V1. (A1)

Since |(¢, B)ul < |10llullBllx < l|@llxllB]lvi, Lgs is indeed bounded functional on V;. By
Riesz representation, there exist v € Vi, s.t. (¢, 7)v, = (¢, B)n-

Let B: H — Vi,8 — ~, then B is bounded and injective. Taking 0 = B™' —1,
where I is the identity (inclusion) map, then [J is the Friedrichs extension of A, with

Dom(0) = Im(B).

Remark A.1.1. From the construction of Friedrichs extension [ of A, we can see that

Dom(0) = Im((I+0)71).

Let T, S be two unbounded operators on Hilbert space H, s.t.

(i)
V = Dom(T) = Dom(S), TV C V.

(ii) S is a formal adjoint of T': Va, f € V,

(Ta,B)u = (a,S B)x,

Let || - |lw be the norm on V' given by

HQH%/V = (Oé, Oé)y.[ + (T Oé,TCY)H,Oé € V7

and W be the completion of V under the norm || - ||y. Then we can extend T to Tuin

with Dom(T,,;,) = W.
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Let S,nqe be the closure of S with Dom(S,..) = {a € H : |(a, T ¢)u| < Mo||¢|l#, Vo €

V}. Namely, for any o € Dom(S,,4.), since V' is dense in H, by Riesz representation,
there exists a unique v € H, such that (v, ¢)y = (a, T ¢). Now define S,,q, () = v.

Since TV C V, ST is symmetric and nonnegative with Dom(ST) = V.
Proposition A.1.2. The Friedrichs extension I\ of ST is just Syaz Tmin-

Proof. Since TV C V, we see that V; constructed in (A.1) is the same as W. Indeed, for

any ¢,1¢ € V, we have

(¢, 0)n+ (T, T o) = (¥, 0)n+ (ST, @)y

Hence, we have

Dom(A) ={a e W :a=(I+A)'f feH}
Dom(S,a2Timin) = {0 € W : Tpinae € Dom(Snaz) }-

We now divide our discussion in two cases.

(a) We first prove that DomS, 4z Tnin C Dom(A), and Vo € Dom (S 4z ), Smaz Tmine =
Aa.

For any o € DomS, 05 Tmin, let

B =a+ Sma:vainO" (AQ)
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Then for any ¢ € W, we have

(&7 ¢)W = lim ((X, ¢N)W

n—oo

= i_}r{.lo(Oé, (bn)H + (Tmin&7 T ¢n)7—[

n

= lim (@, ¢n)% + (Smaz Tminc, &n)n (Since ¢, € V, Tppinae € Dom(S,naz) )

= lim (O./ + Smameina/a ¢n)'H = (Oé + Smameinaa ¢)H

n—oo
where ¢, € V', and ¢, — ¢ in || - ||y norm. By the construction of Friedrichs extension

and (A.3), we deduce that o € (I + A)™'H and (I + A)a = 3. Comparing with (A.2)),
we obtain S,uas Tmin = Aa.

(b) We then show that Dom(A) C Dom(S,az Tmin)-

Take any a € Dom(A) C W, we can find f € H, st. a = (I + A)~'f. We now
just need to show that T, € Dom(S,,q:). For this, it suffices to prove that Vg € V,

|(‘Tinc, T )| < M||gll% for some M > 0.

In fact, by standard functional calculus,

|(Thinc, T g)n| = |(a, STg) 3| (vVia o, € V, vy — v in ||| )
= (I +A)7'f, Ag)wl
= |(f, (I +A) ' Ag)ul

< Mlglls
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A.2 The Friedrichs Extension of Ay

By Proposition [A.1.2] the Friedichs extension Oy of Ap y is

(df + 0f)maz(ds + 0f )min-
If 0 is an eigenvalue of Uy with finite multiplicity, we have the following decomposition
LA (M) = ker Oy @ Im(df + 0;)mas- (A.4)
Could we say more about decomposition ?

Proposition A.2.1. Let T, S be two unbounded operators on Hilbert space H, such that

V = Dom(T) = Dom(S), TV C V.

2. Im(T) is orthogonal to Im(S), and

(T a, B)H = (a7 S /B)’H

3. T+ S is essential self-adjoint, i.e. (T +S) . = (T+59)

min max”

Then

T+S5= Tmin|Dom§mmﬂDomem + Smin‘DomgmmﬂDomem

= ma$|Dom§mMﬂDomeaI + Smal‘|DomgmaggﬁDomea:c

Proof. Since Dom(T + S),,... is the closure of V' under metric

(@, 0)n + (T +S5)p, (T + S)P)y = (¢, 0)1 + (T, TP)p + (Sb, Sb)3, ()
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we have Dom(T + S),_. C DomS,,;, N DomT,,,;,. Also, for any ¢ € Dom(T + S)

min min

n—o0

where ¢, € V — ¢ in the metric (xx).

For each ¢ € DomS, 4 N DomT} 4z, ¥ €V,

(0. (T + S) ) = (0. TY)3 + (¢, SY)n
- (Tmam¢a ¢>H + (Smaz¢’ 1/})7-{,

< Ol

Therefore ¢ € Dom((T + 5) and (T +5),, .. = Tiae® + Simar¢, which means

ma:c)7

that DomsS,,;;, N DomT,,,;,, € Dom((T + S) O

ma:v) :

Our Theorem [3.1.3] the Kodaira decomposition for the Witten decomposition, follows
from (A.4), Theorem and Proposition above.
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Appendix B

More Refined Agmon Estimate

This chapter establishes a more precise Agmon estimate, which will be needed in Chapter

[6l Following that, we move on to prove Proposition [6.4.4]

B.1 Agmon estimate

In this section, we let V' € C*°(R") be a nonnegative function with finite isolated

zeros. Moreover
. IVV|
lim

The metric g := Vo is called Agmon metric with respect to V', where gy is the
standard metric on R™. Let d is the distance function induced by the Agmon metric, and

p(z) := d(x,0). We summarize several nice properties of Agmon distance here (c.f. [25] )
Lemma B.1.1. 1. |[Vp|*=V, a.e.
2. IfIVf| <V, then |f(x) — f(y)| < d(z,y). In particular, if f(0) =0, |f|(z) < p(z).

Lemma B.1.2. Assume that w € L*(R"),0 < u € L*(M), s.t. (A+V)u < w outside a

compact subset K C M in the weak sense (where the interior of K contains all the zeros
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of V). That is
/ Vqu+Vuvdvol§/ w-vdvol, V0<wveCrM-K).
n_K n—K

If [on_ g lwPV " exp(2bp)dvol < oo for some b € (0,1), then for any compact set such

that L° D K, one has

/ V]ul? exp(2bp)dvol < C(b, K, L)/ lw|*V "t exp(2be))dvol
n_J, n_K
(B.1)
+C(b, K, L) / V)ul? exp(2b))dvol.

L-K

Proof. This is exactly Lemma 3.1 in [25]. O
First, let’s recall the De Giorgi-Nash-Moser theorem:

Theorem B.1.1. Let B, := {z € R" : |z| < r}. Suppose that u € L*(B,), w € LV (B,)

for some N >n/2, s.t. Au < w in the weak sense (and uw > 0.). Then

sup u(y) < O™ llull zagma,) + 7" Mlwll oy s,,)),
yebr

where C' > 0 is a constant depending on n and N.
Proof. See Theorem 4.1 in [41] for a reference. O
Lemma B.1.3. Suppose u,w satisfy the same conditions as in Lemma for any

compact set containing the zeros of V. Moreover, assume that w and satisfies

[Jwl| ::/ lw|™ exp(Nbp)dvol < oo,
wt M

HwHiglt = /M |w|? exp(2bp)dvol < oo,
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where N* = 2. Then for a € (0,b)

jul < €, Vi, N, a,0) (lfullze + [y, + el 2, ) exp(—ap)

wt

Proof. Fist, we fixed a compact subset K, such that outside K, (V|Z1‘;£ < (bg“), and let

L:={zxeR":d(z,K) < 3}.
Denoted B, (z) := {y € R" : d(y,z) < r}. For 2o ¢ L, set | = SUD,e B, (20) V (¥), and

7 =1/(21). Then one can easily verify that Ba, (o) C By (o).

Choose yo € By(zo) so that V(ye) € (1/2,1]. By Lemma [B.1.2 and de Giorgi-Nash-

Moser estimate (Theorem [B.1.1]),

’u(xo)’2€2bp(xo) < C’(n, N)(TinHUH%Q(B%( )e2bp(xo) + 7,72n/NHw||%N(32r(x0))62bp(xo))

) ey

z0)

<Ny (0 [ ey e f
Bi(x0) g
< C(n,N,b,a,V) <7“_”/ |u|2e2b”dy —i—r_"/
L

Bl(af)o)
|w |2 dy + T_QH/NHwHi{Xt)
< C(n,N,b,a,V) <|V(110)|”||UH%2 + |V (yo)["[wll72, + |V(yO)!2”/NHw||igt>

_K n—K

Proceeding as in [25], one has
V(yo)* < C(V, a,b) exp((b — a)p(yo))- (B.2)

Hence, the result follows.

For zy € L, we have classical de Giorgi-Nash-Moser estimate
|ul(z0) < C(a, b, V, N, n)(||ullr> + [[w]|Lv).

Since in L, exp(—ap) has an upper and a lower bound depending on a,b and V| the
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result follows. O

B.2 Witten deformation and Agmon estimate

Suppose that f is a non-degenerate homogeneous polynomial on C", then for any
a € (0,1), there exists ro := ro(a) > 0, s.t outside B,, := {x € R" : |z| < ro}, the Witten

Laplacian Agpe(s) > A + al2VRe(f)|? (c.f. [25] and [27]), i.e. for any smooth form w,

90(Dare(ryw, w)(p) = go((A + al2VRe(f)[*)w, w)(p)

for any point p ¢ B,,.
Then if Agge(syu = v for some differential forms v and v, Bochner formula and Kato’s

inequality tells us that
(A + al2VRe(f)[*)]ul < |v] (B.3)

weakly.
In this case, let p be the Agmon distance with respect to V := |V2Re(f)[*>. The

Agmon estimate discussed in the previous section is applicable for Witten deformation.

B.3 Proof of Proposition [6.4.4

It suffices to prove the case of u = 0.

Recall that by our construction, vx = sup,., ®; (o) for some oy, € H,_o(V_1). Let

€1:=(2 sup |z|)™"™

-1
zeu‘,jzo ok
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Let
Vi={zeC":|z] = 1,|Re(f)| > e1},

and U be the cone
z

UiI{ZE(Cnime‘/},

then one has UY_ v, C U.

Lemma B.3.1. For every sufficiently small € > 0, there exists a smooth function f :

C" = R, s.t.
e f > [Re(f)|. Moreover, f = |Re(f)| in U.

o |[VF| < (1+ec(n, £))|VRe(f)| for some c(n, f) > 0. Hence by Pmposition

we also have

Ut eclrf)), B0

f<
o [>elz|m
Proof. Let n € C*(R), € < €y, s.t.
o /2 <n(x)<eif |z| <e and n(z) = |z|, if |z| > ¢
o >c/2

o 7| <1

Let (r,0) be the polar coordinates of C", and V? be gradient with respect to the
standard metric on $2" 1 := {z € C" : |z| = 1}. Now set f(r,0) := ™ o Re(f)(1,6).

By our construction, one can see that

elz]"/2 < f <e€lz|"if 2 ¢ U, and f(2) = |Re(f)|(z) if z € U (B.5)
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=

> el2|"/2; (B.6)

VO fI < [V Re(f)]. (B.7)
Note that in U, |V f| = [VRe(f)|. In polar coordinates,

VR 0) = P P R(DP(1.0) £ VRN OR
VP (r.60) = 2?2 F(1,0) + 22V (1, 6) . |

Let € := inf|,—y [VRe(f)], then by (B.5)), (B.7) and (B.§), one can see easily that
outside U,

Vi <1+ n%)IVRe(f)L
]

Notice that e~/ Aq 18 dare(y) closed, although e/ A, is not L? integrable, one still have

the following formulation of Hodge decomposition:

Lemma B.3.2. One has the following decomposition
e A, =uw + dore(1) 3,

where w' is a harmonic form. Moreover, B satisfies

o ef+fﬁ has exponential decay on U, i.e., there exists ¢, C' > 0, s.t. ]ef+fﬁ| < Cecl"

i U.
o There existsa € (0,1),C > 0, such that |3| < Ce?*, where p is the Agmon distance.
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Once we have the decomposition in the lemma, one can see

/ean:/ eIy
T Vi
/ean/\*w:/ w' A sw.

(This is because, since (3 satisfied the estimate above, by Stoke formula

and

/ d€f+f5 =0,

Tk

and integration by parts,

/ dore(f)B N\ *w = BN *d;Re(f)w =0.)
n (Cn

By Proposition [6.4.3 one has Proposition [6.4.4
Now it suffices to prove Lemma [B.3.2]

Proof of Lemma[B.3.3 We fix a function f that satisfies the conditions in Lemma

for a fixed € < min{ey, m}

Step 1 Let dyypp = e~ 2Re(N)=3f/2 5 o 2Re(N+3]/2 — =3F/2 dore(f) © 372 and Ao =
diw,0dyy, o+ dfy 0diw,o be the Witten Laplacian with respect to dy, 0. Then one can
see that e=3//2-F A, € L2(C") (since |e=3//2-T A,| < CeI/2|z|la < CemclA"/2|z]le),
and

dtwe_3f/2_an =0.

As a result, we have Hodge decomposition (c.f. [25])

e—3f/2—an = wp + dtwﬂﬁ()?
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Step 2

where wy is Ay, p-harmonic, and we can also assume that 5y € Im(d},, ).

Since ’V(2Re(f)+3f/2)‘ > 2|VRe(f)| — 3/2|Vf| > 13/32|VRe(f)|, Agmon
estimate tells us that

jwo| < Cem?/10 (B.9)

for some C' > 0.

Moreover, by our choice of 3y, one has

d;:kw,oe_?)f/z_an = dyy 0Wo + diy, 0 dtw,000 = iy 0,080 = Atw,00-

Let €3 := nsupy,—; [V2Re(f)|, then p < e3]z|". Hence, there exists b > 0, s.t.
eb"dpre_?’f/z_an is both L™ and L? integrable for some N > n. Hence, by
Agmon estimate again,

|Bol < Ce™”. (B.10)

Now let BO = e3f/250, Wy = e3f/2w0, then e*an = Wp + dQRe(f)/@O. Moreover, wy
is dope(r)-closed. In U, f = [Re(f)], hence |e/*f 5| < Ce~1/?=% < Ce="; and

|Bo| < Cedf/2=tr < CeB1+9/4-br Hence f, satisfies the estimate stated above.

However, although w0y is dage()-closed, it is not harmonic. Also, @y may not be
L? integrable. To continue, we will use techniques similar to those used in Section
7.5 of [25]. Let dy,1 = e 4o i © ef/4 = e=5/AF2Re(f) o g o £5/4F+2Re(f)  and
Ay be the Witten Laplacian with respect to dyy 1.

By and 1) ap = el is dy1 closed and L*-integrable. Hence, we

have Hodge decomposition

ay = Wy + diy,1 51,
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where w; is Ay, 1 harmonic, and we may assume 3; € Im(d}, ;).

Since

Y (5/4f + 2Re()) | = 2/VRe(f)| - 5/4|V ]

> 2|VRe(f)| — 3/2|V f| > 13/32|VRe(f)],

we also have |w;| < Ce=30/16,

Then, let @, = e>//4w,, 3, = €>//43,, then we have

Wy = W1 + dare(s)B1-

Here Bl satisfies the estimates stated above, and w, is dare(y) closed (but may not

be L? integrable).

Step 3 Now let dy,x = e kF/A o diw o © ekf/4. Repeating the arguments in Step 2 for 6
times, eventually we get ag = ef/4ws is diw,6(= dare(y)) closed and L? integrable.
Hence we have Hodge decomposition ag = wg + dre(s)Bs, Where wg is Agre(y)

harmonic, and g satisfies the estimates stated above.

Eventually, set w' = wg, 8 := BO + 55 + Bg, we finish the proof. O
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