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Geometrical-Optical Illusions as Deformations during Remapping of Object 
into Visual Space

Summary

Differences between the geometrical properties of simple configurations and 
their visual percept are called geometrical-optical illusions. The clear distinction 
between object and visual space that they imply allows the question to be raised 
whether the transformation between the two spaces can be productively 
investigated in terms of differential geometry and metrical properties.

Definition

Illusions are situations when a percept differs from 
the generating stimulus in a meaningful yet 
misleading way.

Two Worlds: Objects and Visual Experience

In approaching illusions, two concepts are 
involved: the world of objects and that of an 
observer’s visual experience.  The two realms, the 
eye’s object space and the manifold housing visual 
percepts, are separate and quite distinct.  

The stimulus situation in the real world of visual 
objects is unproblematic: it is three-dimensional 
and Euclidean. The physical qualities of objects, 
including their location and geometrical 
properties, can be specified with arbitrary
precision and it is understood that this has been 
done prior to the discussion of an illusion.

If the real, physical world is one end of the arc in 
the scientific study of visual illusions, the other is 
that of the observer’s percepts.  Though percepts
are, in their essence, subjective phenomena, public 
knowledge of them being based on reports of 
observers’ visual experiences, they need  not be
regarded as nebulous entities. To the contrary, they 
may be characterized with much the same rigor 
that is customary in most branches of science.  
Good analytical tools are available for describing, 

in adequate detail, the representation of visual 
stimuli within the organism either by the report of 
the observer’s visual experience or by quantitative 
characterization of that imputed visual experience 
through manipulation of stimuli and observation 
of the associated behavior in an experimental 
subject, human or animal..

To use a specific example:  Suppose we are 
interested in the illusion where a straight line 
looks curved when an adjoining circle is added to 
the display.  The observer would report this 
experience or an animal trained, or human 
observer instructed, to respond differently to 
straight and curved lines reveals a change from 
“straight” to “curved” when the contextual circle is 
introduced. A particularly effective means of 
investigation is the “nulling” experiment in which 
the test line is given the opposite curvature 
required to make it appear straight. 

Geometrical-optical illusions

The distinguishing feature of these illusions is that 
they relate to misjudgments of geometrical 
properties of contours and are quite robust to 
contrast as well as to contrast polarity, that is, they 
show up equally for dark configurations on a 
bright background and the reverse.  It does not 
necessarily follow that the phenomena remain 
unaffected when the contrast polarity or 
chromaticity within a single configuration is 
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mixed. In their investigation, therefore, it is best if 
the contours are sharply delineated and this is 
most effectively achieved by showing them in 
black against a white background or vice versa.

Before proceeding further it may be wise to try for
a comprehensive definition of the geometrical part 
of the term geometrical-optical illusion.  Central to 
the whole discussion is the question of how to 
approach, both qualitatively and quantitatively,
the nature of the lay-out of contours as they appear 
to us.

Geometry and Visual Space

One of the tasks of the scientific discipline of visual 
perception is to seek a satisfying description of the 
mapping of the physical object space of visual 
stimuli onto visual space.  By and large, though not 
universally, the relative location of objects is
conserved in the mapping. Broadly defined, 
geometrical-optical illusions are situations in 
which there is an awareness of a mismatch of 
geometrical properties between an item in object 
space and its associated percept.

Although it can be accessed only indirectly, the 
private world of an observer’s visual experiences, 
containing perceived objects arrayed in their 
different locations, is undoubtedly a space 
according to all definitions of this word.  This 
visual space has, like the physical object space, three 
dimensions, but it cannot immediately be taken for 
granted that the two spaces are alike in all other 
respects. With some reservations and 
modifications, many of the techniques of studying 
the nature of spaces in general can, however, be 
utilized enabling us to call on a rich tradition of 
scholarship in geometry for help in delineating the 
relationship between physical object and visual 
space.  The mapping of the content of one space 
into another is a transformation and the current
inquiry centers on the question whether 
geometrical-optical illusions could possibly have 
their roots in laws governing the transformation 
between Euclidean object space and visual space.

The broadest qualitative questions are the deepest
because they border on imponderables such as 
what is a dimension of space or what is a straight 
line.  Geometers can invent constructs and their 
rules of manipulation, but in the end they still need 
to fall back on givens – the axioms, whose roots are 
actually in human perception.  The challenge here 
is not to go full circle, but to attempt a cohesive 
framework that encompasses perception as well as
the axiomatics and workings of geometry as a 
discipline. This necessitates leaving aside the more 
abstract kind of spaces that mathematicians have 
invented, and also some varieties of geometry that 
are obviously unsuitable to the current discourse, 
topology, for example, which sees no difference 
between a cube and a sphere.

A helpful approach is the influential one of Felix 
Klein in his Erlanger  Programm of 1872.  Klein 
starts with defining a space as a manifold 
containing structures, and this is evidently 
applicable to both the space of physical objects and 
that of visual percepts. According to Klein, in such
a manifold containing structures, the geometry is 
defined by the group of transformation that allow 
the structures to remain invariant.  Hence for the 
specification of a geometry, both the acceptable 
group of transformations and what is regarded as 
invariant have to be stated.  For example, the 
transformations considered may be just simple 
translations and rotations.  Structures are, at the 
outset, just lines and figures like squares and
triangles.   An attempt is made below to formulate 
an approach to geometrical-optical illusions as 
manifestations of metrical properties of the 
observer’s visual space.  In principle this is an 
inviting concept and, as has been demonstrated 
when applied to color vision, if carefully framed 
need not suffer from internal contradictions.  

In taking over into perception the concepts 
developed in geometry, very difficult problems 
arise at the very outset. These are much more 
penetrating than merely rejecting the failure to 
differentiate between cubes and spheres in 
topology. Mach already pointed out that observers 
would report a square as unchanged when 
displaced in the fronto-parallel plane, but not 
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when it is rotated through 45 degrees; a diamond’s 
geometrical properties (Fig. 1) may be identical 
with a square’s within the definition of Klein’s 
principal group, but this does not necessarily 
extend to the immediate perception. There is 
subtle distinction between the instant unfiltered 
report of a percept and the result of a reasoned 
analysis based on logical deduction from premises 
external to the current situation.  Helmholtz, 
quintessential physicalist that he was, was 
unwilling to make that distinction and conflated 
the two by his proposition of “unconscious 
inference.” But if one accepts Mach’s observation, 
then by Klein’s definition – a geometry is defined 
by the properties of structures that remain 
invariant with the principal group of 
transformations – a space wherein a diamond is 
something different than a square of equal physical 
dimension belongs to a family well beyond the 
confines of what geometers have considered. This 
opens up the challenging question of how many 
kinds of visual space there are and how to navigate 
between them, in particular since they are all only 
indirectly accessible yet should be capable of 
characterization by some operations.  Rather than 
embarking on an agonizing debate, it helps to 
defuse arguments by limiting consideration to 
situations amenable to experimental programs  in 
which stimuli are confined to an operationally 
definable set and responses to simple value- and 
preconception-free categories: Which of the two 
patterns is larger? Are specific features of patterns 
aligned or not?  Is the contour straight or not? This 
leaves a vast perceptual terrain wide open, but at 
least allows the more circumscribed one of the 
geometrical-optical illusions to be charted.    

The discussion of geometrical-optical illusions 
becomes a lot easier if consideration is restricted to
a Euclidean object plane of two dimensions.  For
areas extending only 10 or 20 degrees of arc in the 
fronto-parallel plane, this is surely true and objects 
can be specified on a Cartesian co-ordinate system 
centered on the fixation point.  

The third spatial dimension is encoded by the 
peripheral visual apparatus as a disparity, i.e., a 
difference between retinal images of the two eyes. 

It is utilized by a sophisticated neural machinery 
and produces a sensation quite separate from that 
arising from the two-dimensional spatial co-
ordinates that project the 3-dimensional outside 
world onto the 2-dimensional retina by way of 
lines of sight and visual angles.  The sensing of 
binocular disparity, folded in with the appreciation 
of depth from perspective and secondary clues 
such as interposition, yields a compelling three-
dimensional visual space.   Fortunately, the 
fundamentals of geometrical-optical illusions, most 
of which appear on inspection of figures drawn on 
a sheet of paper, can be studied without 
consideration of the third dimension in the realms
of object space, of the retinal imagery and of the
associated neural circuitry and observers’
perceptual experience.

Fig. 1.    Mach pointed out that an observer will not 
immediately perceive a diamond as being the 
same configuration as a square even though both 
have identical properties as defined  within all  
types of geometry. 

A faithful mapping implies that when two 
configurations, or components of configurations,
are identical in object space, their counterparts in 
perception are also identical.  Failure to achieve 
this is evident at many levels of vision;  
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geometrical-optical illusions deal specifically with 
failure in such basic properties of contours as 
curvature or straightness,  their orientation, and in 
the magnitude of distances and angles. All of these 
can, of course, be precisely established in object 
space, but with suitably designed experiments and 
full explanation of criteria there is little 
impediment to their characterization also in visual 
space.  The preconditions for scientific 
measurements of the transformation between the 
two have therefore been met.  On the other hand, 
attempts at more detailed categorization of
illusions, e.g., of size or alignment,  have not been 
so successful;  they are generally based on what 
properties might be grouped together.  This can, 
however, create difficulties, for example when 
illusory differences in magnitude of angles
manifest themselves in illusory differences in 
alignment, which in turn might be ascribed to 
illusory failure of rectilinearity.  Actually, there 
may even be simpler underlying principles, such 
as a vertical/horizontal anisotropy or one of 
oblique compared to cardinal orientation of 
contours.  In pursuing these questions of 
classification, it is desirable at the outset to retain a 
fluid stance, because of necessity any system of 
classification will involve externally imposed 
partitions.  

Geometrical-optical illusions viewed as arising 
from the transformation from object to visual 
space and their metrical properties 

As an example of the application of Klein’s 
program of laying out geometry as a study of 
structures and the transformations under which 
their properties remain invariant, consider at the 
outset the simple configuration of an equilateral 
triangle in a two-dimensional surface.  In a 
Euclidean plane, its properties include that its 
sides have equal length and that it has equal 
interior angles adding up to two right angles, 
properties that remain invariant with what Klein 
calls the principal group of transformations: 
translations, rotations, zooming and mirror 
reflection.

Suppose now that this triangle is transferred to the 
surface of a sphere, also two-dimensional.  Here, 
first of all, the concept of a straight line must be 
clarified to mean a geodesic, i.e., the shortest 
distance between two points, which now is a great 
circle.   As regards transformations that allow the 
properties of the configuration to remain invariant, 
these include translations and rotations: a triangle 
made up of great circles of equal side length can 
assuredly be translated and rotated within the 
surface. However, the property of all angles 
adding up to 180 degrees is now lost, and when 
such a triangle is enlarged by increasing the 
separation of its vertices, the interior angles, albeit 
equal, become still larger. The situation becomes 
more complex when the surface to which the 
Euclidean triangle is transferred is not that of a 
sphere, but of a football.  Now the triangle, if it 
retains sides of equal length, may not always have 
all of its interior angles equal and moreover, these 
angles will change not only with zooming, as on 
the surface of a sphere, but also with most 
displacements within the football’s surface.  

Hence delicate issues arise about congruence of 
configurations as they are transferred from one 
space to another.  A common way of looking at the 
situation, that of intrinsic curvature of a surface, is 
quickly understood in the two-dimensional case.  
A plane has zero curvature and the surface of a 
sphere’s is constant, whereas that of a football 
varies from place to place and even from direction 
to direction in a single location.  There is a close 
connection between the curvature and the 
distortions which configurations undergo on 
transfer between spaces.   If the concept of intrinsic 
curvature of a surface is now being introduced in 
connection with apparent change of configurations 
and visual illusions, it must be understood that in 
differential geometry as here applied it is just a 
way of dealing with metrical properties within the 
surface; it is a metaphor rather than an extension 
into a real third dimension. The analogy is apt with 
an ant crawling along the surface of a football and 
finding that the Pythagorean relation does not hold 
– tracing out the hypotenuse of a right-angled 
triangle may measure off a distance other than the 
square root of the squares of the other two sides, 
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and the difference can vary from place to place.  In 
fact, a measure of this difference at all points on 
the surface will give full characterization of the 
geometry of the surface without ever leaving it or 
even being aware of a third dimension.  

This is precisely the attempt made here:  A 
configuration in the physical fronto-parallel plane 
when it is transferred into visual space (i.e.,  when 
an observer describes the way it is seen) may 
undergo a transformation that makes it seen with 
an illusion.  Is there a way of formulating any of 
the changed geometrical properties of the seen 
configuration in terms of the mathematical 
expression of the metaphorical “curvature” of the 
fronto-parallel surface?   If there is, a full and 
satisfying phenomenal account will have been 
arrived at of such an illusion in terms of 
differential geometry.
The most general formulation of metrics of spaces 
is that of Riemann, who explained that the 
Pythagorean distance relationship  d2 = x2 +y2  in
a Euclidean surface must be widened, for a more 
general  two-dimensional case, to the form

      d2 = g11 x2 +2 g12 xy  + g22 y2      ………..(1)

where the g’s are parameters depending on the 
location and the coordinate system.   In some 
special cases a coordinate system can be found for 
which they are invariant with location, and then 
the surface has the property that a fixed 
configuration can be freely moved on the surface 
without distortion. Examples are the Euclidean 
plane, of course (where in a Cartesian coordinate 
system g11 and g22 are equal to 1 and g12 zero), and 
the surface of the sphere. In the more general case, 
when the g’s vary from place to place, one can 
think of the surface as being warped and then the 
distance between two locations separated by 
equivalent values of their coordinates differs over 
the surface.  

The kind of approach had been introduced into the 
psychometric analysis of color space which 
provides a helpful illustrative example of what will 
be considered below for the space of object 
locations. 

Fig. 2  Equiluminant plane in color space in which 
the just-detectable chromaticity differences have 
been plotted for various locations.  To achieve a 
remapping  in which the ellipses become circles of 
equal size requires the surface to be warped (see 
Fig. 3). From Wyszecki and Stiles, 1982.

When the three-dimensional color space is 
constructed to make equi-luminant stimuli  a two-
dimensional plane, the  just-discriminable 
differences (j.n.d.’s) vary depending on the color 
location. To a first approximation they may be 
fitted by ellipses (Fig. 2)  whose  size and 
orientation can be expressed in terms of g values 
in equation 1. These ellipses portray stimulus-
space distances that are equal in the perceptual 
color space, for by definition all chromaticity j.n.d. 
’s are equal perceptual steps.  Thus the ellipses in 
the equi-luminant plane of physical color stimulus 
space can be transposed into circles on the 
equiluminant surface in perceptual color space by 
giving each element of the latter the tilt necessary 
to project the ellipse into a circle, and then piecing 
the elements together into a continuous surface.  
As now depicted (Fig. 3), the latter has intrinsic 
curvature in the sense of differential geometry , but 
still remains a two-dimensional surface of equi-
luminant chromaticities.         Stimulus coordinates,
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Fig. 3 Remapping of equiluminant plane in color 
space onto a surface in which just-detectable 
chromaticity changes have everywhere the same 
size.  This representation is still two-dimensional, 
but has intrinsic curvature, i.e., is warped.  From 
Wyscecki & Stiles,1982

such as the spectrum locus can be marked on it.  
The virtue of this approach is that distances in the 
new surface relate directly to the perceived 
differences in chromaticity.  For example, the 
equiluminant surface is constructed so that the 
distance traveling on the surface between 530nm and 
540nm spectral loci is five times longer than 
between 600nm and 610nm, because 
psychophysically the former has about 5 times as 
many j.n.d. steps as the latter.

This approach to inventing a convoluted surface 
wherein intrinsic distances correspond to the 
perceptual distances between stimuli whose 
physical coordinates are laid out in a plane, was 
suggested originally by Helmholtz late in life
(Helmholtz, 1896), when he tried to derive color 
differences from the Weber/Fechner law applied to 
the fundamental colors.  It goes by the name of line 

element theory and is thoroughly explored in 
Wyscecki and Stiles’s magisterial  handbook
(Wyszecki & Stiles, 1982).  These authors make the 
distinction between inductive and empirical line 
elements.  The properties of the curved surface 
derived from psychophysical measurements of 
chromaticity j.n.d.’s, though there is a certain 
amount of calculation involved in their generation,  
are empirical.  The inductive procedure derives 
these quantities through a process that, also 
ultimately empirically-based, involves many 
assumptions that must always be stated explicitly 
to enable the validity of their utilization in the 
model to be evaluated.  As compared to color 
space, where it has made considerable headway, 
this approach has not as yet been notably 
productive when applied to the visual space of 
object location.   

An examination the relationship between the 
physical object space and its representation in 
visual space can of course not be done without 
some markers.  Translated to the representation in 
an observer’s visual space of a simple fronto-
parallel plane and phrased in the terms of Klein’s 
Erlanger Programm,  the inquiry concerns the extent 
to which  geometrical properties of simple 
configurations of black markers on a white sheet of 
paper are preserved (remain invariant) in the 
observers’ report of what is seen. The question 
“Are three actually collinear points reported as 
collinear?”  is a specific instance of testing for 
invariance of the collinearity property during a 
transformation. On the whole, for small distances 
in isolation and fronto-parallel viewing the answer 
is that it holds.  That checkerboards covering 
visual angles of 100 degrees of arc or more are seen 
as curved, a problem that exercised the minds of 
earlier generations of visual scientists (Tschermak, 
1947), can be ignored in connection with the study 
of  geometrical-optical illusions, where much more 
egregious distortions are evident in configurations 
extending just a degree of visual angle.
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Fig. 4  A square looks taller than wider, and when 
a structure is filled with a stack of horizontal lines
the vertical dimension appears larger than the 
horizontal, and when an otherwise identical 
structure is filled with a row of vertical lines the 
effect is reversed.

The situation as regards the next example is also 
still promising As was known at least since 
Malebranche before 1700, equal vertical and 
horizontal distances in physical space are not seen 
as equal: the vertical appears longer (Fig. 4).  There 
are many instances of this illusion.  In the same 
paper in which Oppel (1854) explicitly pointed to it 
(and in the process coined the term “geometrical-
optical illusion”) he offered a possible source:  We 
routinely look down in front of us.  By perspective, 
the vertical visual angle subtended by known 
figures when they lie on the ground before us is 
substantially less than in their direct view.  Hence, 
in Oppel’s words, “the eye” or, in Helmholtz’s,  
“unconscious inference,”  routinely enlarges the 
actual vertical dimension of retinal images to 
compensate for this perspective shortening. It is an 
example of the kind of answer offered to the 
“Why” of visual illusions and distinguishes it from 
the physiological approach, the “How?”  Here we 
are engaged in the discourse of how the illusion 
might be viewed in the light of geometrical 
scholarship.   As it happens, in this particular 
instance the answer is: quite easily.  Just stretching 
one dimension by a constant factor in the transfer 
from object space to visual space still leaves it 
Euclidean, the surface in visual space representing 
the objective fronto-parallel plane is still a plane 
and straight lines remain straight though distances 
and angles may undergo changes.  This kind of 
transformation is known as affine and the 
deformation suffered by configurations are least 
problematic of all that might be encountered; they 

can be accomplished by projecting markings 
located in the objective plane by parallel projection 
onto an imaginary tilted plane, rotated around a 
vertical axis (Fig.5).  Using this transformation, all 
real horizontal distances are seen foreshortened.  It 
is understood, however, that this visual-space 
equivalent of the real fronto-parallel plane will still 
appear fronto-parallel.  The exercise of tilting is 
merely a metaphorical device to illustrate how the 
transformation --   real object plane in which 
horizontal=vertical to visual fronto-parallel plane in 
which horizontal<vertical -- might be brought 
about.   Once physical horizontal dimensions of 
geometrical structures have been suitably adjusted, 
all operations can be carried out as before.

Fig.  5  Visualization of the transformation from 
object space to an observer’s visual space that
produces vertical/horizontal anisotropy.  Frontal 
plane ABCD should be imagined as having been 
rotated around a vertical axis while still viewed 
head-on.  The cross then will still be seen as right-
angled, but its horizontal limb ef, now seen as e’f’, 
is shorter relative to the vertical. 
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Plane tilt and parallel projection as the procedure 
for stretching one dimension with respect to an 
orthogonal one is a convenient way to envisage the 
transformation and serves well as a prototype of 
the wider type of operations.  In general, the 
needed distortions require the projection onto a 
warped surface whose metric may change from 
place to place and whose measure is given by the 
local values of the intrinsic curvature. But both the 
original object plane, and the perceived 
counterpart on which the geometrical structures 
have had their distortions generated in this 
fashion, are fronto-parallel in their respective 
spaces.

There is, however, a special difficulty attending 
this approach which is not present in the above 
case, nor in that of the color space, nor even in the 
three-dimensional non-Euclidean visual space
pioneered by Luneburg and his school (Luneburg, 
1947). It relates to the fact that most geometrical-
optical illusions are the result not of intrinsic 
distortions in the transformation from object to 
visual space, but depend on the content. Hence 
postulating merely a generalized stretching of 
vertical distances (or even an intrinsic non-
Euclidean hyperbolic metric, as Luneburg did of 
three-dimensional visual space) does not suffice.  
A more relevant example is the disturbance of the 
metric of three-dimensional physical space due to 
mass in the theory of general relativity.  Thus the 
simplicity and regularity demonstrated in this 
seminal exemplar of introducing a Riemannian 
metric in empirical science does not prevail here. 

The nature of the problem is best exemplified by 
the geometrical-optical illusion mentioned by 
Lotze (1852) and described in detail by Oppel:  
filled spaces are seen larger than empty ones.   If  
there were only one kind of filling effect, it might 
have been possible to postulate a warping of visual 
space that made distances longer.  One can 
imagine a theory in which the presence of a 
discontinuity  in the content of the space – say, a 
line or a border --  becomes the equivalent of a fold 
in the surface.  This is in principle a feasible mode 
of proceeding.   In particular Helmholtz’s pattern 

shown in Fig. 4 would be amenable to this kind of 
calculation.  But simplicity ended when Lotze 
pointed out that the phenomenon occurs over a 
wide range of filling patterns.  Then the tasks 
would become one of relating their shape and 
contrast properties to the deformation they cause 
in the overall visual extent.  Differential geometry 
can in principle deal with such situations by 
extending the formulations from cases in which the 
change in the intrinsic curvature of the fronto-
parallel surface in visual space is continuous, to 
ones in which there are discontinuities, as indeed 
the change in refractive index (Snell’s law) at a 
surface can be encompassed in the treatment of  
the trajectory of light rays as geodesics.

Change in apparent length are the defining feature 
of one of the most enduring of the geometrical-
optical illusion, that known as the Müller-Lyer 
illusion.  The contextual components that can
engender the illusion are extremely variegated 
and, moreover, as in many of these illusions, the 
distances need not even be laid down by explicit 
contours.  Hence one can foresee that any 
investigation of this kind will soon become mired 
in detail and fail to provide the generalities and 
regularities expected when embarking on a 
geometrical mathematical exploration. 

            A very large class of geometrical-optical 
illusion is comprised of those in which straight 
lines look curved in the presence of neighboring 
contours or a sheaf of intersecting lines.  In 
principle, this again can fall under the rubric of 
“warping” of the fronto-parallel surface in visual 
space: in transporting the straight line within an 
object-sided configuration into visual space, a 
hypothesized  intrinsic curvature of the fronto-
parallel surface in the latter would make a 
geodesic no longer appear straight.  In 
popularizations of general relativity one 
sometimes sees the example of a heavy weight 
being tossed on a trampoline: straight grid lines on 
the trampoline surface in the unperturbed states 
now become curved.  

This kind of analogy cannot be taken very far.  
Luneburg’s enterprise, based on and supported by 
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the relationship between the real and visual world 
locations of a few light points in the dark led to 
formulations which satisfied the sense of elegance, 
lucidity and concision of the mathematically 
inclined but failed to find traction once they 
encountered the richness, variety and complexity 
of every-day visual perception.  The application of 
differential geometry to the study of geometrical-
optical illusions seems destined to the same fate.

Incorporating the many empirical observations 
that necessarily have to be accommodated makes 
demands that at his stage are not readily 
surmountable. 

Figure 6.  Two geometrical-optical illusions that provide 
difficulty for a formulation in terms of object-space/image-space 
transformation. Upper: the Müller-Lyer illusion in which 
contextual “arrows” change the apparent length of two equal 
horizontal line segments, and lower, the Hering illusion, where a 
sheaf of intersecting lines induce curvature in a pair of parallel 
straight lines.
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