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Abstract

Quantum Gravity in Three Dimensions from Higher-Spin Holography

by

Hai Siong Tan

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Ori Ganor, Chair

In this thesis, I explore various aspects of quantum gravity in three dimensions from the per-
spective of higher-spin holography in anti-de Sitter spacetime. The bulk theory is a higher-
spin Vasiliev gravity theory of which topological sector can be described by a Chern-Simons
theory equipped with some suitable Lie (super-)algebra, whereas the boundary conformal
field theory is conjectured to be a coset minimal model which contains W symmetries. I
present new black hole solutions and investigate the thermodynamics of these solutions, in
particular, I establish a relationship among black hole thermodynamics, asymptotic sym-
metries and W algebras. I also construct new conical defect solutions, supersymmmetric
RG flow solutions in the bulk gravity theories, and present the bulk-boundary propagator
for scalar fields interacting with a higher-spin black hole. The main examples used in this
thesis are illustrated in the framework of SL(N) and SL(N |N −1) Chern-Simons theories,
and I point out how these new solutions can be used to yield some insights into the nature
of quantum gravity.
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Chapter 1

Introduction

This thesis is devoted towards understanding the topic of quantum gravity by the principle
of holography which, roughly speaking, states that quantum gravity in d+ 1 dimensions is
somewhat equivalent to a local field theory in d dimensions. There is an obvious analogy
of this phenomenon to that of a hologram which stores information of a three-dimensional
image in a two-dimensional picture, and hence the name ‘holography’. This idea owes its
roots to the study of the thermodynamics of black holes. As was demonstrated beauti-
fully by Bekenstein [1] and Hawking [2] in the 1970s, when the laws of quantum mechanics
are applied to a certain approximate extent, a black hole can be understood as a ther-
modynamical ensemble and in particular carries an entropy proportional to the area of its
horizon. This is at first sight rather mysterious because the number of degrees of freedom
should scale with the volume of the gravitational theory, unless somehow, d+1-dimensional
quantum gravity is a d-dimensional local field theory in disguise.

In our modern understanding, one of the most concrete realizations of the principle
of holography lies in the AdS/CFT correspondence. The prototype example, as was first
conjectured by Maldacena [3], is type IIB strings compactified on AdS5 × S5 being dual
to four-dimensional N = 4 supersymmetric Yang-Mills theory. Since this seminal work,
a plethora of other examples and generalizations of such dualities have been discovered,
including those where strings are not on AdS spaces (and neither is the dual field theory
conformal). As we shall explain more elaborately within the context of AdS3/CFT2 in Sec-
tion 2.3 in the next chapter, the AdS/CFT correspondence is fundamentally a open/closed
string duality and in particular, implies a gauge/gravity duality. Apart from the principle
of holography, we should mention that this correspondence is intimately related to an idea
due to ’t Hooft [4] - that a large N gauge theory (where N is the rank of the gauge group)
is equivalent to a string theory. Consider a perturbative expansion of a large N gauge
theory in 1/N and g2

YMN of the form Z =
∑

g≥0N
2−2gZg(g

2
YM) which resembles the loop

expansion in string theory which goes as Z =
∑

g≥0 g
2g−2
s Zg, with the string coupling being

gs ∼ 1/N . Roughly speaking, Feynman diagrams of the gauge theory in this limit are
turned into surfaces depicting interacting strings.

One of the precursors of the AdS/CFT correspondence comes from a study of quantum
gravity in three dimensions. Henneaux and Brown [5] discovered that the asymptotic
spacetime algebra of AdS3 is simply two copies of Virasoro algebras of central charge
c = 3l/2G where l is the radius of curvature of AdS3 and G the Newtonian gravitational
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constant. This is strongly suggestive of the existence of a CFT living on the boundary
cylinder of AdS3 (which is topologically a solid cylinder). This forms a suitable point for
us take a step back to discuss what is special about gravity in three dimensions. In this case,
the Einstein’s field equations with a negative cosmological constant turn out to dictate all
solutions to be locally AdS3. Although this implies the absence of gravitational waves, the
gravitational theory is not altogether trivial because there are black hole solutions [6] which
correspond to taking some suitable global quotients of AdS3. Above three dimensions, the
presence of gravitational waves implies that it would be highly improbable for us to be able
to solve the theory exactly.

Nonetheless, quantum gravity in three dimensions involves many subtleties which are
yet to be understood completely. For example, if we simply consider it purely as a theory
without any additional field, it was argued by Witten and Maloney [7] that the Euclidean
one-loop partition function does not make sense for any putative dual CFT living on the
boundary1, and that unless we embed the pure gravity theory in a more complicated one,
such as string theory, it does not seem possible to have a well-defined quantum gravity
theory which admits a semi-classical limit and, at the same time, has a dual CFT.

Emdedding pure three-dimensional gravity in string theory, we have had some success
in AdS3/CFT2. A convenient framework to understand AdS3/CFT2 is type IIB string
theory. In the near-horizon limit of D1/D5 branes, a factor of AdS3 geometry appears.
Open/closed string duality essentially determines the duality mechanism here. Strominger
and Vafa [11] did a stringy computation of the black hole microstates which matches with
Bekenstein-Hawking entropy, although it was later appreciated that the entropy formula
carries a wider universality and that what is required for matching is the existence of any
low-energy CFT that exhibits a Cardy limit at high temperatures (see for example [12]).
Closed strings on AdS3 (with some suitable internal space) can be solved if we add NS-NS
flux because one can write the theory as a WZW model. However, it remains challenging to
understand many other aspects of quantum gravity, for example, the notion of ‘topology-
transition’ requires us to understand the closed string tachyon propagating on the space,
and the vertex operators corresponding to these tachyons have yet to be found. We should
also note that it is not easy to solve the dual CFT in the strongly coupled regime. To
solve AdS3 string theory exactly, we had to send all Ramond-Ramond fields to zero, yet
this implies that the dual CFT is at a singular point in the moduli space. One can invoke
string dualities to understand the picture, such as using M-theory or heterotic strings. In
a short review in Chapter 2, we will also mention briefly about the ‘Farey tail expansion
of the elliptic genus method’ [13] later. This is particularly interesting because the elliptic

1The central point of their argument or computation is that when summing over all SL(2,Z) quotients
of the spacetime, the partition does not exhibit holomorphic factorization and predicts negative numbers
for degeneracy number of some of the primary fields. Earlier, Witten argued in [8] that any consistent
CFT dual to pure quantum gravity in 3D should be an extremal CFT and likely to possess Monster
symmetry. The condition of extremal refers to a condition on the mass gap, and the Monster symmetry
was motivated mainly via counting of degeneracy of low-lying states to the Hawking entropy of a BTZ
black hole. Unfortunately, it was shown by Gaberdiel [9] and Gaiotto [10] later that extremal CFTs do not
exist for all k.
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genus (see for example [14]) is easier to compute than the partition function, and when
expanded in a certain way, admits an interpretation as a sum over all geometries. However,
we note that the successes of these stringy programs mentioned rely on supersymmetry-
related arguments. Generically speaking, these arguments break down when we wish to
embed non-supersymmetric black holes in string theory, and things become difficult to
compute.

It is then natural to ask if there exists a self-consistent non-minimal model of quantum
gravity in three dimensions, apart from string theory. Two-dimensional conformal field
theories are certainly more well-understood than their higher-dimensional counterparts due
to the existence of the infinite-dimensional Virasoro symmetry that controls the structure
of their Hilbert spaces. In this sense, at least from the perspective of holography, working
in three dimensions offers us the best bet to find a model of quantum gravity that we can
solve exactly, and ultimately draw useful universal lessons from.

Against the backdrop sketched above, the subject of this thesis revolves around a holo-
graphic conjecture, due to Gaberdiel and Gopakumar [15], that relates a gravity theory,
known as Vasiliev higher-spin theory [16, 17], to minimal coset conformal field theories
which contains an infinite-dimensional W-symmetry. By this, we mean that there exists
conserved currents in these CFTs of which OPEs yield certain classes of W algebras.

Let us first introduce the bulk gravitational theory. The higher-spin theories contain
apart from the graviton, an infinite tower of higher-spin fields. Although there is no known
Lagrangian formulation of these theories, the equations of motion (which are rather com-
plex) follow from consistency conditions related to gauge symmetries. If we consider the
linearized limit, each higher-spin fields obey the Klein-Gordan equations on AdS3 space-
time. One can also couple external scalar fields to the theory. The general symmetry
properties of various fields of this theory descend from an infinite-dimensional Lie-algebra
known as hs[λ]. This group-theoretic parameter λ will also turn out to be the ‘t Hooft
parameter in the conjecture. Just like in the case of ordinary gravity, there is a special
bonus that comes in three dimensions for these higher-spin gravity theories. The massless
higher spin gauge fields possess no local degrees of freedom and can be regarded as higher
spin versions of the graviton which is topological in three dimensions. The global degrees
of freedom are those which are associated with boundary excitations of the fields. Further,
it is consistent to truncate the infinite tower of higher spin fields to those with spin s < N
[18], unlike higher-dimensional Vasiliev theories.

On the other hand, the conjectured boundary theory is a family of conformal field
theories which are diagonal cosets of WZW models of the form

SU(N)k ⊕ SU(N)1

SU(N)k+1

where k is the level of the affine algebra of one of the sectors of the Hilbert space. There is
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a well-defined large N limit for these two-dimensional theories which corresponds to taking

k,N →∞, λ =
N

k +N
being fixed. (1.1)

When the conjecture was first proposed in [15], the duality is between the bulk Vasiliev
theory and the boundary CFT in this limit, where λ serves the role of the ’t Hooft param-
eter. As we shall also briefly discuss in Chapter 5, there is another limit which is likely to
provide us insights into the workings of the duality, namely the limit

c→∞, N finite (1.2)

This is known as the semi-classical limit. For both the limits (1.1) and (1.2), the bulk
theory needs to be equipped with massive complex scalar field(s) of which masses depend
on the parameter λ or c and N . This constraint on the mass comes from identification
between the scalar field states in the bulk and the coset CFT states in the boundary. We
will mention more about these two limits later in Chapter 5.

Since Vasiliev theory is a highly complex gravitational theory, it is natural to ask why
then are we considering this model of quantum gravity? The crux is that the minimal
coset conformal field theory is exactly solvable for any admissible N and k. For N = 2,
this family of CFTs is nothing but the minimal series of CFTs well-studied in the context
of classification of rational CFTs. Thus, on the boundary theory side, this is a significant
advantage as compared to say the sigma model on a symmetric orbifold - the dual CFT in
AdS3/CFT2, or other reincarnations of it (which descend from open-string dynamics) when
we perform string dualities on D1/D5, or extremal CFTs with monster symmetry in the case
of pure gravity for which we are not even sure whether they exist for a generic value of the
cosmological constant. It is this solvability that renders this duality conjecture attractive
to study in recent years. Nonetheless, the price that comes with it is the complexity of
quantum Vasiliev theory in the bulk. At least at the time of writing, quantum Vasiliev
theory is yet to be solved and constitutes an important research goal in this area.

In this thesis, I will present ‘evidences’ for this holographic duality. Below is a short list
which highlights some of the original contributions that will be explained in greater detail
in later chapters:

• New higher-spin black holes: we construct new black hole solutions in SL(4) ⊕
SL(4) and SL(N |N − 1)⊕ SL(N |N − 1) Chern-Simons theories which are the topo-
logical sectors of Vasiliev theories, and demonstrate that there is a well-defined grav-
itational thermodynamics for these black holes that appears to be compatible with
higher-spin holography.

• Supersymmetric generalization of the topological sector of the bulk theory:
we initiate a study of a suitable supersymmetrization of the topological sector of the
bulk theory, namely SL(N |N−1)⊕SL(N |N−1) Chern-Simons theories, including the
supersymmetry transformation laws, and demonstrate how to recover super-Virasoro
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algebras from its asymptotic spacetime symmetries.

• Relationship between higher-spin black hole thermodynamics and W al-
gebras: we furnish a clear evidence that the first law of thermodynamics usually
encountered in Euclidean gravitational theories can be realized in a similar fashion
for the higher-spin black holes and that this is related to the existence of W algebras
as symmetry algebras at asymptotic infinity. We mainly compute various quantities
in a gauge where these black holes are described by a non-gauge invariant metric
describing a class of transversable wormholes.

• Derivation of the bulk-boundary propagator for a scalar field probing a
higher-spin black hole: we present a computation of the bulk-boundary scalar
propagator in the background of a higher-spin black hole in hs[λ] Chern-Simons the-
ory. Our result holds for any value of λ between zero and one, and should correspond
to an integrated torus three-point function of the boundary coset CFT. The derivation
turns out to be rather ‘delicate’ due to the group-theoretic properties of hs[λ].

The organization of the rest of the chapters goes as follows: in Chapter 2, we present
a discussion of the role of Wilson loops in three-dimensional gravity and how holonomies
characterize classical solutions which correspond to quotients under discrete subgroups
of the isometry group. We will also include notes on stringy realizations. In Chapter
3, we present derivation of the bulk-boundary propagator and also include a review of
salient properties of Vasiliev gravity and its formulation. In Chapter 4, we will discuss the
topological sector of Vasiliev gravity as realized via Chern-Simons theories, in particular,
using the cases of SL(4) and SL(N |N − 1). In Chapter 5, we have collected some notes on
the CFTs which form the background of our understanding of the two different limits of the
higher-spin holographic conjecture as discussed above. In Chapter 6, we demonstrate how
asymptotic spacetime symmetries are related toW algebras and super-W algebras. Finally
in Chapter 7, we present new higher-spin black hole solutions various types of higher-spin
theories and discuss their gravitational thermodynamics. Other classical solutions such as
conical defect solutions and RG flow solutions will be presented too. Then, this thesis ends
with a brief discussion on future directions in Chapter 8.
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Chapter 2

On 3D Quantum gravity: sketches from different

perspectives

This Chapter presents a brief discussion of three different frameworks in understanding
quantum gravity in three dimensions, namely Chern-Simons theory in Section 2.1, string
theory in Section 2.3 and higher-spin holography in Section 2.4. In Section 2.2, we present
an independent formulation of the role of Wilson loops in three-dimensional gravity and how
holonomies characterize classical solutions which correspond to quotients under discrete
subgroups of the isometry group.

2.1 On pure gravity in three dimensions

In this section, we discuss Chern-Simons formulation of 3D gravity - as was first pointed
out by Townsend, Achucarro and Witten [19, 20]. Denote the dreibein by ea = eaµdx

µ and
the spin connection by ωa = 1

2
εabcωbcµdx

µ. The Einstein-Hilbert action can be re-written
in the form of the difference1 between two Chern-Simons actions as follows (M denotes the
3-manifold):

I =
1

8πG

∫
M

ea ∧
(
dωa +

1

2
εabcω

b ∧ ωc
)

+
Λ

6
εabce

a ∧ eb ∧ ec = Ic.s[A]− Ic.s[Ā] (2.1)

Ic.s =
k

4π

∫
M

Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
, A =

(
ωa +

1

l
ea
)
τa, Ā =

(
ωa − 1

l
ea
)
τ̄a

(2.2)
where Λ = −1/l2,τa, τ̄a are 2 independent sets of generators of SL(2, R), A are thus
SL(2, R)-valued gauge potentials, and the Chern-Simons level k ∝ l/G with the propor-
tionality constant depending on the trace convention. Classically, this nice coincidence is
embellished by the fact that general diffeomorphisms (which are smoothly connected to the
identity) are related to gauge transformations on-shell, because it can be checked that the
Lie derivative of the gauge connection LξA is

LξA = d(ξ.A) + ξ.dA = ξ.F +DA(ξ.A) (2.3)

1If we take the sum instead of difference, we obtain Chern-Simons gravity.
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where the curvature F = dA+A ∧A, DA is the usual gauge-covariant exterior derivative,
and ξ is some vector. Since it can be further checked that the flat connection condition
(F = 0) is equivalent to the field equations, what (2.3) tells us is that on-shell, performing a
co-ordinate transformation is the same as an ordinary gauge transformation with parameter
λ = ξµAµ. For completeness, let us summarize the gauge groups of Chern-Simons including
the Euclidean and Λ > 0 cases:

1. AdS3: SL(2, R)× SL(2, R)

2. Euclidean AdS3: SL(2, C) as a complexification of SU(2)

3. Euclidean dS3: SU(2)× SU(2)

4. dS3: SL(2, C) as a complexification of SL(2, R)

It is important to note that when the gauge group is SL(2, C) as a complexification of
G, then A, Ā are hermitian conjugates, but when the gauge group is of the form G × G,
then the two connections are independent. Now, in each case, the target space geometry
is either SL(2, C)/G or G × G/G. In particular, AdS3 ∼ SL(2, R) × SL(2, R)/SL(2, R)
(universal cover of SL(2, R)) and Euclideanized AdS3 ∼ SL(2, C)/SU(2) ∼ H3 where H3

is the hyperbolic 3-space.

Now, since the equations of motions give flat connections, one may wonder if the ex-
citations of the theory can be classified under ‘pure gauge’ excitations. However, these
become physical at the conformal boundary, i.e. physical observables need not be invariant
under gauge transformations at the boundary. To see this, consider Chern-Simons the-
ory on a (2+1) manifold R × Σ where Σ is a 2-manifold with boundary. Upon canonical
quantization, it can be checked that since A0 is a lagrange multiplier, its corresponding
first-class constraints G(0) generate gauge transformations. But they can be checked to be
non-differentiable, and are actually second-class constraints at the boundary. In such a
framework, the CFT that describes quantum gravity is obtained by a suitable restriction
of the bulk gravitational dynamics to the boundary. Begin by performing a gauge trans-
formation Ag = g−1Ag + g−1dg, then it is straightforward to check that the action Ic.s
transforms as

Ic.s → Ic.s −
k

4π
Tr

∫
∂M

(
dg g−1) ∧ A

)
− k

12π
Tr

∫
M

(
g−1dg

)3
(2.4)

For a closed manifold, the last term is a topological winding number and upon suitable
quantization of the level k, exp(iIc.s) is invariant. However, for a manifold with boundary,
this term cannot be discarded and will reside in the eventual WZW theory. Next, consider
the variation of Ic.s which can be shown to yield δIc.s = k

2π

∫
M

Tr (δA(dA+ A ∧ A)) −
k

4π

∫
∂M

Tr (A ∧ δA). We see that we need to add boundary contribution to the action to
cancel the boundary term. To do that, it is convenient to choose a complex structure
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dz ∧ dz̄ on the boundary, and prescribe the boundary value. We can fix half of the gauge
fields, i.e. either (Az, Āz̄) or (Az̄, Āz). This implies that we add the boundary term

Ib =
k

4π

∫
∂M

TrAzAz̄ (2.5)

It can be straightforwardly checked that the sum of the Itotal = Ic.s + Ib transforms as
Itotal → Itotal + kIWZW where

IWZW [g−1, Az] =
1

4π

∫
∂M

Tr
(
g−1∂zgg

−1∂z̄g − 2g−1∂z̄gAz
)

+
1

12π

∫
M

Tr
(
g−1dg

)3
(2.6)

This is the chiral WZW action in which the gauge element g is coupled to a background
gauge field Az. When we apply this to Ic.s[A] − Ic.s[Ā], and evaluate the action on clas-
sical solutions (in which Az = Āz̄ = 0), then using Polyakov-Wiegman identities, the two
chiral WZW actions combine to form an ‘non-chiral’ WZW action which depends on the
combination g = gḡ−1. Explicitly,

I = kIWZW [g−1, Az = 0]− kIWZW [ḡ−1, Āz̄ = 0] = kIWZW [g = gḡ−1] (2.7)

This non-chiral WZW model is thus a sigma model with target space SL(2, C)/G (or
G×G/G) [21].

Let us briefly touch on two arguments made against Chern-Simons theory as the correct
theory of quantum gravity as summarized in [8]. Perturbatively, if one perform a path
integral around the background of a valid classical solution, Chern-Simons theory will not
take us out of the region in which the metric is invertible. However, non-perturbatively, the
vierbein may cease to be invertible and there is nothing at first sight to constrain the path
integral to run over invertible metrics. Also, we expect to sum over different topologies,
but there is no natural instruction for us to sum the Chern-Simons action over different
3-manifolds. Recently in [22], Deser published a very brief but interesting note to address
the first issue in the classical picture. Recall that the metric’s invertibility is a tacit, basic
assumption of classical gravity, and one might ask (even without concerns with quantum
gravity) why this metric variable has no zero vacuum. He proposed to append the term

LD = M
(√

gh− φ2
)

(2.8)

to the usual gravitational action, where φ can be interpreted as a Higgs scalar which has a
non-zero VEV, g is the metric determinant, M is some tensor density and h is some tensor
anti-density (the tensorial nature of M and h is to ensure diffeomorphism invariance).
Varying with respect to M , we obtain g 6= 0 (metric invertibility is thus embodied as a
field equation). On the other hand, varying with respect to h implies vanishing of M , and
thus the usual equations of motion are not disturbed.

In the following, we will attempt to study what such an attempt implies in the language
of Chern-Simons and its boundary WZW theory. We consider Lorentzian AdS3 as a first



CHAPTER 2. ON 3D QUANTUM GRAVITY 9

example. Now, the metric determinant G can be expressed as (setting l = 1 for simplicity)

√
G d3x =

1

6
εabce

a
i e
b
je
c
kdx

i∧dxj∧dxk =
1

48
εabc∆A

a
i∆A

a
j∆A

a
kε
ijkd3x, ∆A ≡ A−Ā (2.9)

Recall that the boundary dynamics essentially arises from the way the Chern-Simons ac-
tion changes under gauge transformations. For us to see the consequence of (2.8) on the
boundary CFT, we will use (2.9) as the ansatz for the fields M as well. We will denote
this independent gauge field as B. We will assume that the anti-density h can be realized
by a function of a suitably defined ‘dual’ gauge field Ã, and that h(Ã) transforms as the
inverse of 1/

√
G, and defer a more serious treatment to future work. Thus, in addition to

A, Ā, we have also B, B̄, Ã, ˜̄A and a scalar field φ of which VEV is defined to be non-zero.2

What we want to determine is how their combined behavior under gauge transformation
affects the boundary CFT. Just like in topological BF theory, the new gauge fields have
to be also valued by two independent SL(2, R) connections since this is the case for the
primary gauge field A. As a first step, we consider an infinitesimal gauge transforma-
tion g ≈ 1 + u, ḡ ≈ 1 + ū, and keep terms to linear order in u and ū. Then one can
show after some tedious but straightforward algebra that the change δLD is (note that the
contributions due to

√
g
√
h is multiplied to M which vanishes on-shell)

δLD
(1 + φ2)

=
1

16
εabcd∧

(
(u− ū)a(Bt)

b ∧ (Bt)
c
)
+

1

8
(u−ū)aεijk

(
(B̄j −Bj)aB

e
i B̄

k
e − εabc∂i(Bt)

b
j(Bt)

c
k

)
(2.10)

Bt ≡ B + B̄ (2.11)

Since there are no kinetic terms for B, and the field equations only demand B = B̄, we see
that the LD is only invariant if we further impose the vanishing of curvature FBt ≡ dBt+B

2
t

of Bt. This can be done by adding a Chern-Simons term for Bt (and perhaps coupled to
other fields). Such an on-shell condition then simplifies (2.10) to a boundary term that
looks like

ID = (1 + φ2)εabc

∫
∂M

(u− ū)aBb
tB

c
t (2.12)

It is interesting to note that gḡ−1 ≈ 1+(u− ū)+ . . . and thus it is likely that if we perform
full analysis (to all orders), we obtain a non-chiral WZW model with gauge group GC/G,
but ‘deformed’ by auxiliary fields Bt and possibly Ã.

2.2 Playing with Wilson loops

Apart from the BTZ black hole, a large variety of space-times can be obtained by identifying
points in AdS3 by means of a discrete group of isometries. Begin by considering a killing

2As commented by Deser himself, such an approach may not appear to be completely satisfactory as it
does not really give physical insights to this problem. Nonetheless, it does effectively set up a very simple
model in which G is restricted not to vanish by the field equations.
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vector ξ that defines a one-parameter subgroup of isometries of SO(2, 2): P → etξP , the
mappings for which t is an integer multiple of some basic step. Since the transformations are
isometries, the quotient space obtained by identifying points in a given orbit inherits from
AdS3 a well-defined metric which has constant negative curvature and is a valid solution.3

In [10], a complete classification of the 1-parameter subgroups of SO(2, 2) was done, and we
will discuss this shortly in the language of the conjugacy classes of SL(2, R) and SL(2, C).

2.2.1 Worm-holes and black holes from the Mobius transformations of the
Poincaré disk

Consider AdS3 as the quadric surface X2 + Y 2 − U2 − V 2 = −1 embedded in ds2 =
dX2 + dY 2 − dU2 − dV 2, where we set l = 1 for convenience. We write the defining
equation of the quadric as condition on the determinant of a matrix

|X| ≡
∣∣∣∣ V +X Y + U
Y − U V −X

∣∣∣∣ = 1 (2.13)

Such a condition is clearly preserved by a transformation X → gXḡ−1 where g, ḡ belong
to two SL(2, R). The trace of g is invariant under conjugation and the classes are defined
as: (i)elliptic, (|Tr g| < 2) (ii)parabolic, (|Tr g| = 2) (iii)hyperbolic, (|Tr g| > 2). Now,
introduce intrinsic coordinates (t, ρ, φ) via

X =
2ρ

1− ρ2
cosφ, Y =

2ρ

1− ρ2
sinφ, U =

1 + ρ2

1− ρ2
cos t, V =

1 + ρ2

1− ρ2
sin t (2.14)

The metric becomes4

ds2 = −
(

1 + ρ2

1− ρ2

)2

dt2 +
4

(1− ρ2)2
(dρ2 + ρ2dφ2) (2.15)

At constant t, we have the Poincaré disk. For static black hole spacetimes, it turns out to
be convenient to focus on the initial surface t = 0. (Once the t = 0 plane is understood, one
just evolves the identification in time to obtain the spacetime.) This surface is preserved by
the discrete group Γ which is a subgroup of the diagonal subgroup of SL(2, R)×SL(2, R).
We have mentioned briefly about the conjugacy classes which for the Poincaré disk are
described as: (i)elliptic: 1 fixed point within disk, (ii)parabolic: 1 fixed point at boundary,
(iii)hyperbolic: 2 fixed points at boundary. The action of Γ on the disk can be understood

3For the quotient space to have an admissible causal structure, closed curves generated by the identi-
fication should not be timelike or null, a necessary condition being ξ2 > 0. Thus, the covering space of
all good solutions are open regions of AdS3 such that the flows of all ξ that create the subgroup Γ are
spacelike.

4The covering space is now the interior of the cylinder ρ < 1 and conformal compactification is done by
adjoining the surface of the cylinder ρ = 1.
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by finding the fundamental region.5

Let’s consider some examples [23]: first, the static BTZ black hole of which Γ consists
of a single hyperbolic element γ. The fundamental region is that between two geodesics
mapped into one another by generator γ. The distance between the two geodesics measured
along their common normal is precisely the horizon circumference. As an second example:
consider the group Γ generated by two hyperbolic elements γ1, γ2. The fundamental region
to be part of the disc between 4 geodesics which are identified cross-wise. The geometry
has only one asymptotic region and topology inside the event horizon can be shown to
be a torus. As a final example, consider another group Γ of two hyperbolic elements but
they identify the geodesics side-wise instead. There are now three asymptotic regions and
corresponding event horizons6.

If we take the group Γ to be more complicated, one can construct an enormous class
of spacetimes, with any number of asymptotic regions and any number of handles hidden
behind the horizons. We also note that the conjugacy classes have the following physical
meanings: hyperbolic elements correspond to general BTZ black holes, parabolic elements
correspond to extremal ones (if both g, ḡ ∈ parabolic, then M = 0, if one is parabolic and
the other hyperbolic, we have the case of J = Ml) while elliptic elements correspond to
particles creating conical singularities). The main class of wormholes constructed via this
method has all elements of the discrete subgroup with g, ḡ ∈ hyperbolic. Here’s a practical
way [12] of realizing the elements γ and relating them to g, ḡ: let JXY = X∂Y −Y ∂X , JY V =
Y ∂V + V ∂Y , etc, and let γ{0,1,2} be the usual gamma matrices in 2+1 dimensions, then we
can identify

−1
2
(JXU + JY V ) = J1 = −1

2
γ1, −1

2
(JXU − JY V ) = J̃1

−1
2
(JXV − JY U) = J2 = −1

2
γ2, −1

2
(JXU + JY V ) = J̃2

−1
2
(JXY − JUV ) = J3 = −1

2
γ0, −1

2
(JXU + JY V ) = J̃3 (2.16)

Let us briefly relate what we have discussed to the theory of uniformization of Riemann
surfaces.The t = 0 surface is non-compact and are obtained from the disc by discrete
identifications by Fuchsian group, yet these are not the classical Fuchsian groups because
one gets non-compact surfaces. (If the t = 0 slice is compact, then the subgroup generated
by 2G elements has a fundamental region = 4G-sided polyhedron and resultant geometries
are compact genus G Riemann surfaces. These were studied as interesting cosmological
models in [24].

We now consider analytic continuation to Euclidean AdS3 which we shall model by the

5The fundamental region D of the unit disc H for group Γ is such that any point on H can be obtained
as an image of point in D under Γ but no two points of D are related.

6Let a circle depict the Poincaré disc, and draw 4 semi-circular geodesic arcs at the north, south, east
and west portions of the circle. The fundamental regions are visualized by identification of these arcs, and
so are the asymptotic regions.
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upper half-space H3. The Euclidean BTZ black hole is a solid torus. What about the
more exotic black objects considered above? Instead of the usual Wick rotation, let us
consider identifying points in H3 using the same group Γ. This is of course consistent since
SL(2, R) ⊂ SL(2, C) which is the group of isometries of H3. What is then the relation
between the t = 0 slice and the conformal boundary of the Euclideanized solution which is
just the Riemann sphere? It turns out that the latter is the Schottky double of the former.7

Indeed, this is simply uniformization by Schottky groups Σ which are discrete subgroups
of SL(2, C) freely generated by a number, say q, of loxodromic generators L1, . . . , Lq ∈
SL(2, C).8 Formally, the Euclidean manifolds are quotients of H3 by a certain quasi-
Fuchsian group. Consider the toroidal wormhole discussed earlier - if it is of genus g and
K asymptotic regions, then it can be shown that the genus of the Euclidean boundary is
gE = 2g +K − 1, and the Euclideanized 3-manifold is thus a gE-genus handle-body.

Practically, here’s the recipe: we know that SL(2, C) can be represented as a direct

product of two copies of SU(2), and it acts on X (see 2.13) by X→ SXS†, S ≡ e
i
2
σi(a

i−ibi).
We can analytically continue S into an element of SL(2, R) by

ibi → bi, iσ1 → γ1, iσ2 → −γ0, iσ3 → γ2. (2.17)

After applying the map (2.17) to both S and S†, we then obtain the left(g) and right(ḡ)
parts of the SL(2, R) isometry.

2.2.2 Where the Wilson loops are

Since Wilson loops are all the physical observables in Chern-Simons theories, these loop
holonomies should play a crucial role in the gravitational setting. As was first mentioned
in [6], these holonomies are actually of the form enξ, and this correspondence appears to
hold under general conditions on the manifold. There is thus a correspondence between
the identification matrix γ and the holonomies of the connection W = ei

∫
A.

For a single Euclideanized BTZ black hole, this is exactly the same, with the Wilson
loop defined along the non-contractible cycle of the solid torus. Let us briefly review
how this can be understood. When V of (2.13) is Wick-rotated, we can redefine X →(

V + U X + iY
X − iY U − V

)
. Perform a boost along the UX plane with parameter −b and an

anti-clockwise rotation in the Y V plane with parameter a, then it can be shown that the
identification matrix acting on X is

L1 = exp

(
iσ1

2
(a+ ib)

)
. (2.18)

7This arises commonly in boundary CFTs. Briefly speaking, the Schottky double of a surface X with a
boundary is made by glueing two copies of X along the boundary to obtain a connected surface.

8Note that the classes of parabolic, elliptic and hyperbolic remain as defined in the case of SL(2, R),
while a loxodromic L is defined as 0 ≤ Tr2(L) ∈ C\[0, 4].



CHAPTER 2. ON 3D QUANTUM GRAVITY 13

We now need explicit coordinates to compute the Wilson loop. The Poincaré coordinates
can be obtained from the quadric by defining z = 1

U+X
, β = y

U+X
, α = −V

U+X
, then the

metric reads

ds2 =
1

z2

(
dz2 + dβ2 + dα2

)
=

1

R2 sin2 χ

(
dR2 +R2(dχ2 + cos2 χdθ2)

)
(2.19)

where we have further invoked spherical coordinates: α = R cos θ cosχ, β = R sin θ cosχ, z =
R sinχ9. Now, let r2

± = 1
2

(
M ±

√
M2 − J2

)
, where r± denote the radius of the event and

Cauchy horizon respectively. Note that we define M,J as the ADM mass and angular
momentum. When expressed in Poincaré coordinates, the metric is just (2.19) but with
the identifications

(R, θ, χ) ∼
(
Re2πr+ , θ + 2π|r−|, χ+

π

2

)
, b = 2πr+, a = −2π|r−| (2.20)

where the fundamental region is described by R ∈ (1, e2πr+). In the Euclidean picture, the
Chern-Simons connection A = ω + ie. Now, χ =constant is some non-contractible cycle
in the solid torus, with χ = 0 being the boundary T 2 and χ = π/2 the degenerate core.
We have now all the ingredients to compute the Wilson loop along a constant χ = χ0

longtitude. After some algebra, we find10

Wχ = exp i

(∫
χ=χ0

A

)
=

(
cos$ − cotχ sin$ −i sin$cosecχ
−i sin$cosecχ cos$ − cotχ sin$

)
(2.21)

where 2$ ≡ −a − ib. A straightforward check ensures that indeed, we have the nice
relation Wχ0=π/2 = L1. This Wilson loop at the core of the solid torus changes upon gauge
transformation, but remains in the same conjugacy class since its trace is gauge-invariant.

Consider now the exotic wormhole of which Euclideanized handle-body can be generated
by the discrete group having loxodromic letters

Γ =

{
L1 = exp

(
iσ1

2
(a+ ib)

)
, L2 = exp

(
iσ3

2
(a+ ib)

)}
(2.22)

We have studied the Wilson loop equivalent of L1. What about L2? Clearly, it is a rotated
version of L1 since it belongs to the same conjugacy class. To see this more convincingly,
we attempt to locate the second Wilson loop relative to the first one. We will see that they
are in fact orthogonal, but we will have to resort to some geometrical computations. Begin
by observing that L2 is related to L1 by switching X ↔ V as it can be checked that L2 is
equivalent to an inverse boost along the UX-plane and rotation in the Y V -plane. We also

9This helps us check that it is a solid torus.
10Our result differs from [25], but is probably due to a different choice of representation of SL(2, C) We

thank S. Carlip for discussion.
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write down the inverse map:

z′ =
2z

1 +R2 − 2α
, β′ =

2β

1 +R2 − 2α
, α′ =

R2 − 1

1 +R2 − 2α
(2.23)

where the primed Poincaré coordinates refer to those of L1 but with X, V switched. Recall
that the curve χ = π/2 is simply α = β = 0, z = R. Let us denote the curve of Wilson loop
of L2 by C2. This is defined by α′ = 0, β′ = 0, z′ = R′. The inverse map (2.23) allows us to
picture this curve in the fundamental domain of unprimed coordinates, and this gives:

C2 = (R = 1, β = 0, z = R′(1− α)) (2.24)

which is a finite circular arc in the unprimed chart since the length corresponds to the
interval that defines the fundamental region R′ ∈ [1, e−b]. Another way to see that these
two Wilson loops are orthogonal geometrically is to invoke the embedding co-ordinates. In
terms of quadric coordinates, the two Killing vectors that generate L1 and L2 are ξ1 =
(bU, 0, 0,−aX) and ξ2 = (0, 0,−bU,−aV ) in the basis {∂V , ∂U , ∂X , ∂Y }. Clearly, the orbits
lie in orthogonal planes, and thus remain orthogonal within the submanifold H3. More
formally, a flat connection is determined by its holonomy, and what we have demonstrated
are examples of the homomorphism

ρ : π1(M)→ SL(2, C) = Isom(H3) (2.25)

2.3 Notes on string theoretic realizations

In this section, we will very briefly sketch a couple of well-known stringy constructions of
AdS3 geometries, our focus being on understanding how to reproduce the partition function
(and thus the spectrum of states) from both the CFT and bulk gravity side as coming from
an approximate computation in the wider framework of string/M theory. Our eventual
purpose is to furnish a broader context to see the motivation for understanding higher-spin
holography.

The two contructions that we will be reviewing in the following (see for example, [12]
and references therein) are

(a) Type IIB string theory on R4,1 × S1 ×
{

T 4

K3

}
and D1/D5 branes

(b) M5 branes wrapped on AdS3 × S2 ×


T 6

K3× T 2

CY3

.

Let us begin with the set-up in (a), where we have Type IIB string theory on the ambient
spacetime as shown, with the following non-perturbative objects included (denoting the
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internal space simply by M4:

• N5 D5-branes wrapped on S1 ×M4

• N1 D1-branes wrapped on S1

Such a brane configuration preserves eight susy charges (which is 1
4

of the original thirty-
two). Now, consider the regime of weak string coupling, i.e. gs ≤ 1, and impose the overall
size of M4 to be much smaller than S1. The low-energy dynamics is now contained in the
intersection S1×R(time). When the open strings are quantized, the Chan-Paton degrees of
freedom imply the existence of a U(N1)×U(N5) gauge theory. It also turns out that in the
infra-red, the theory flows (in the sense of the renormalization group) to a conformal field
theory with (4, 4) SUSY, with thus SU(2)left×SU(2)right R-symmetry. For each sector, the
R-symmetry currents are anomalous when coupled to external gauge fields. The anomaly
arises from a one-loop effect which yields k = N1N5, where k is the level of the current
algebra. The central charge c = 6k = 6N1N5. This summarizes, in a sense, a microscopic
derivation of the central charge.

From the IIB supergravity description, the classical solution has a metric which has
AdS3 × S3 ×M4 near horizon geometry. In the low-energy effective action, apart from the
metric, the dilaton field and the Ramond-Ramond three-form are turned on. To compute
the central charge, one gauges the global SO(4) isometry of the S3 factor as follows: replace
the S3 metric by

dΩ2
3 →

(
dni − Aijnj

)2
(2.26)

where
∑

i n
2
i = 1, Aij = −Aji are the SO(4) Kaluza-Klein gauge fields, and importantly,

we note the invariance under the gauge transformation

Aij → dαij + [α,A]ij, ni → ni + αijnj (2.27)

where α is the gauge parameter. Under (2.27), the IIB supergravity low energy effective
action which reads

I ∼
∫

dx
√
Ge−2Φ

(
R + 4(∂Φ)2 +

1

2
e2Φ|G3|2

)
(2.28)

where Φ is the dilaton field and G3 the RR 3-form and G the metric determinant, must
remain unchanged up to some boundary term. This turns out to demand a modified G3

which originally reads for the solution (which has the AdS3×S3×M4 near horizon geometry)
as 2gN5α

′(η3 + i ?6 η3) where η is the S3 volume form and ?6 is the 6D Hodge dual. An
explicit computation shows that after modifying G3, the induced boundary term goes as

δI = −iN1N5

4π

∫
∂AdS

Tr
(
ΛdA− ĀdĀ

)
(2.29)

from which we can read off the level k = N1N5 and the central charge agrees with the IIB
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string theory computation, or more precisely, its low-energy CFT living on the intersection
between the branes.

The case of wrapped M5 branes in case (b) is similar. Consider M theory on AdS3 ×
S2 ×M6 where M6 is one of the following {T 6, K3× T 2, CY3}, and denote a set of four
cycles in M6 by the volume form ΩB. The M5 brane wraps the set of four cycles P = pBΩB,
and thus is manifest as a string-like object in the remaining AdS3 × S2. Compactifying
the spatial direction of the string to be S1, the low energy theory turns out to be a CFT
with (0, 4) supersymmetry. The central charge can be computed by taking into account
the massless fluctuations of the M5 brane, and it can be written in the form

c = cIJKp
IpJpK + (c2)Mp

M (2.30)

where cIJK is the number of triple intersections fo the three four-cycles and c2 is the second
Chern-class of M6 expanded in the basis of the four-cycles. These are topological invariants
so the central charge is moduli-independent. How does one reproduce the central charge
from the gravitational side then? It is essentially the same as in case (a). We begin witht
the 11D supergravity action

I =
1

2κ112

[∫
d11x
√
g

(
R +

1

2
|F4|2

)
+
i

6

∫
A3 ∧ F4 ∧ F4

+N

∫
A3 ∧

(
TrR4 − 1

4
(TrR2)2

)]
(2.31)

where N is some normalization constant ∼ κ4/3. One then further reduces the effective
action (2.31) to five dimensions in the presence of the M5 branes. To proceed with the
gravitational computation of the central charge, one considers the asymptotically flat so-
lution of the resulting five-dimensional theory and finds that the near-horizon geometry is
AdS3 × S2. Finally, in a similar spirit as what was done in case (a), one gauges the global
SO(3) isometry of the S2 factor, and compute the induced boudary terms, from which one
can read off the central charges.

The matching of central charges in both cases rely on the existence of a low-energy CFT
with some supersymmetry that relates the central charges to the R-symmetry anomalies.
This reproduces the black hole entropy at the level of Cardy, i.e.

S = 2π

√
c

6

(
L0 −

c

24

)
+ 2π

√
c̄

6

(
L0 −

c̄

24

)
(2.32)

which is valid in the high-temperature limit. It is natural to ask if it is possible to check
the validity of

ZCFT = ZAdS (2.33)

beyond the Cardy limit. In such a case, one needs to include all states of the full string
theory which is not a tractable computation. Note that both sides of (2.33) descend from



CHAPTER 2. ON 3D QUANTUM GRAVITY 17

string theory, the LHS being open strings and the RHS being closed strings. We will
mention more about AdS3/CFT2 at the end of the section. The previous arguments we
have sketched relies on low-energy approximations, and the fact that the central charges are
fortunately protected by supersymmetry to be valid in the absence of many other terms.
For example, for the M5 brane computations, there are infinitely many higher derivative
terms in the action (2.31) which we omitted because they do not contribute to the central
charge. Beyond the Cardy limit, we would need to either understand (2.33) as tractable
perturbation sum or compute some other quantities less difficult but enough to give us a
sound idea of what the gravitational Hilbert space is. An example of such a quantity is the
‘elliptic genus’.

Let us thus finally end this section by briefly discussing the notion of the elliptic genus
(see for example, [13, 14] and references therein). Apart from the mass, let us also con-
sider the presence of other conserved Noether charges {Qj} and their associated chemical
potentials {zj}. Then, instead of the partition function, consider the following trace over
the Ramond sector (denoted as the subscript below) for the (0, 4) CFT in case (b).

χ(τ, zj) = TrR

[
e2πiτ(L0− c

24
)e−2πiτ̄(L̄0− c̄

24
)e2πizjQ

j

(−1)F
]

(2.34)

where we have denoted F to be the R-charge. In the trace above, the inclusion of the
(−1)F , like the fermion number in the Witten index in supersymmetric gauge theories,
implies Bose-Fermi cancellation among states except for states which obey L̄0 = c̄

24
- the

Ramond ground states. Meanwhile, all left-moving states contribute. The general strategy
is to compute this quantity in the approximation that the CFT consists of free fields
only, then extrapolate to strong coupling before comparing with the same quantity in the
supergravity picture.

There are two symmetry properties of (2.34) that reveal the elliptic genus to be a weak
Jacobi form of weight zero. The first is the modular property

χ

(
aτ + b

cτ + d
,

zj
cτ + d

)
= e2πi cz

2

cτ+dχ (τ, zj) (2.35)

where z2 ≡ kijzizj, with the metric kij arising from the relation among the modes of the
conserved currents J i, namely, [J im, J

j
n] = m

2
kijδm+n,0. The second is the property

χ(τ, zj + ljτ +mj) = e−2πi(l2τ+2lkzk)χ(τ, zj) (2.36)

It turns out that these two properties imply that there exists a transform, known as a
‘Farey-Tail’ transform, of the elliptic genus of which form is strongly suggestive of a gravi-
tational interpretion that one is computing a sum over different geometries. The Farey-Tail
expansion is as follows.

χ̃(τ, zj) =

(
∂τ
2πi

+
∂2
z

16π2

)3/2

χ(τ, zj) (2.37)
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On the gravity side, the contributions to the Farey-tail transformed elliptic genus originate
from (a)supergravity states from the KK spectrum in the higher-dimensions, which consist
of the vector multiplets, hypermultiplets, gravitino and gravity multiplets in case (b) for
instance (b)branes wrapping cycles of the internal space (M6 in case (b) for instance). This
computation is difficult to perform in the general case on both sides, but it is insightful
because it can be written as a sum over global quotients of states which correspond to BPS
states below the zero mass black hole.

Finally, let us mention a few salient points about AdS3/CFT2 from the viewpoint of
string theory. A formal derivation of AdS3/CFT2 is usually given via strings propagating
on AdS3 × S3 ×M4, where M4 is T 4 or K3. The key point is that this geometry arises as
the near horizon limit of the D1/D5 brane system. The dual CFT is then the field theory
that captures the degrees of freedom of this brane system. In this set-up, the dual CFT
arises from open string dynamics on the D1/D5 branes. The bulk is described by closed
strings propagating on AdS3 × S3 ×M4. AdS3/CFT2 is then manifestly an open/closed
string duality.

Let us mention briefly about some key points in this realization. For definiteness, we
take M4 to be T 4 in the following summary. The dual CFT that describes the bound
states of N1 D1 branes and N5 D5 branes is a (4, 4) sigma model with target space
(T 4)N1N5/S(N1N5), where we have orbifolded the product of T 4 by the permutation group
S(N1N5). This descends from a description of D1 branes as instantons on the D5 branes,
with the degrees of freedom being captured by the instanton moduli space.11 What is the
structure of the underlying Hilbert space? It consists of twisted sectors labeled by con-
jugacy classes of the permutation group S(N1N5) that contains cyclic groups of various
lengths, ie. denoting Mn to be the multiplicity of the cycle and n to its length, we have
the defining relation

∑N1N5

n=0 nMn = N1N5 (see for example, a nice discussion in [26].)

On the other hand, the type IIB closed string theory can be solved exactly as a SL(2,R)
WZW model if we add in the NS-NS B-field (which corresponds to the winding number
term in the WZW), and setting all Ramond-Ramond fields to be zero.12 It is also useful
to note that the bulk theory flows in the low-energy limit to a supergravity theory which
contains a sector that is described by Chern-Simons theory equipped with the super-Lie
algebra SU(1, 1|2)×SU(1, 1|2). This fact was utlized to identify conical defects with vertex
operators in the dual CFT. The higher temperature thermal partition function of the dual
CFT was also computed to agree with that in the bulk. We can also understand the bulk
spectrum as follows. BTZ black holes were shown to correspond to density matrices (or
equivalently thermal states) of the dual CFT in the Ramond sector. The ground state
AdS3 belongs to the NS sector, and a spectral flow connects it to the massless BTZ.

11There is an alternative description which gives a different dual theory. Open strings stretching between
D1 and D5 branes give rise to the sigma model with target space (T 4)N1N5/S(N1)×S(N5) instead. There
should however exist an isomorphism between these two theories.

12This thus constitutes a special point in the moduli space where in general, the RR fields are non-
vanishing. This turns out to be a singular point, i.e. the dual CFT is singular, and in the bulk, this is
manifest in the continuum of long strings.
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2.4 Higher-spin holography: quantum Vasiliev gravity from coset
CFTs

Let us now discuss some generalities concerning higher-spin holography in three dimensions,
as first conjectured by Gaberdiel and Gopakumar. We note that since their seminal paper
on the duality between the higher-spin Vasiliev theory and coset minimal models, there has
been proposals to refine this conjecture. We will mention briefly about these refinements
towards the end of this section.

As mentioned in the introduction, in Gaberdiel-Gopakumar conjecture, the boundary
CFT can be represented as a diagonal coset of WZW models of the form

SU(N)k ⊕ SU(N)1

SU(N)k+1

, (2.38)

with the large-N limit corresponding to taking

k,N →∞, λ =
N

k +N
being fixed (2.39)

where λ serves the role of a ’t Hooft parameter. On the CFT side, it is known that theWN

CFT is integrable, and in principle, correlation functions can be computed precisely for all
N and k. It relies on the equivalence between theWN algebra and Vasiliev-type higher-spin
algebra, and how the former dictates the representation theory of the minimal CFT (see [27]
for related evidences). In the limit (2.39), the central charge goes as c = N(1−λ2) and thus
behaves like a vector model. Generally for AdS/CFT to work, one needs a large number
of degrees of freedom in some large N limit to recover bulk gravity at least parametrically
from the finite N region. The higher-spin holography passes this basic consistency check.

The bulk Vasiliev gravitational theory contains an infinite tower of higher-spin fields.
To match with states in the CFT, one adds massive complex scalar fields which interact
with the higher-spin fields in the bulk. When linearized, these scalar fields satisfy the
Klein-Gordan equation on the background AdS3 spacetime. The topological sector of the
theory is hs[λ] Chern-Simons theory. The mass of the complex massive scalar fields reads
M2 = −1 + λ2, which give rise to two possible conformal weights h± = 1

2
(1± λ). In the

’t Hooft limit, these two values correspond to the conformal dimensions of two primary
fields labelled by the primitive representations of the cosets (we will discuss this in greater
detail in Chapter 5), which are labelled as (2; 0) and (0;2), where the first label refers to
an affine weight of SU(N)k and the second an affine weight of SU(N)k+1.

There is however a problem with the finite N limit. In [29], the three and four point
functions in the minimal CFT were computed, and it was argued that there are several
additional light states difficult to see in the bulk and which do not decouple (see also [30]
for related issues). At the same time that this problem surfaced in the literature, it was
realized that there are non-perturbative objects in the bulk which are generalizations of the
conical defect spacetimes in ordinary gravity [31], that could be possible bulk candidates
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to be identified with the boundary light states of the form (Λ; Λ). These objects however
are manifest in SL(N,C) Chern-Simons theory, so it was argued that for finite N , one
should perform an analytic continuation to λ = −N to interpret the light states as non-
perturbative objects. Only one perturbative scalar field (2; 0) should be kept, while (0;2)
should be interpreted as a non-perturbative state after an analytic continuation λ→ −N .
Thus, it was suggested that there is another limit which is likely to provide us insights into
the workings of the duality, namely the limit

c→∞, N finite (2.40)

Most recently in [32], a more refined analysis of the structure of null states in the CFT
in this limit together with an analysis of the symmetries that govern the perturbative
fluctuations about the conical defect spacetimes reveals that it seems more appropriate
to interpret the bulk conical defect spacetimes as dual to the state (0;2), whereas the
light states should be interpreted as bound states of the scalar field and the conical defect
spacetimes.

The caveat is that taking the semi-classical limit actually brings us to the non-unitary
regime of the coset CFTs, because the conformal weights become negative. For example,
that of the state (0;2) goes like − c

2N2 . The corresponding bulk theory is also Euclidean
if we wish to match the bulk objects and the CFT states. This leaves us with the crucial,
open question of what is the correct analytic continuation to take to understand the whole
setting in Lorentzian signature, and the analytic continuation from the semi-classical limit
to the ’t Hooft limit.

In the rest of the chapters, we will be presenting results which would appear to be
directly relevant in each of the limits, depending on the topological sector of the theory. If
the gauge group is hs[λ], then the ’t Hooft limit is easier to see, whereas the cases of SL(N)
and SL(N |N − 1) should be taken as analytically continuing λ = N , and then taking large
c. In both cases, it is apparent that we are in the semi-classical regime.
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Chapter 3

Adventures in Vasiliev Gravity I: probing spacetime

with scalar fields

In this chapter, we will derive the bulk-boundary propagator for a scalar field propagating
on the background of a higher-spin black hole. We expect it to serve as an important
quantity in future developments of higher-spin holography. We begin with a brief survey
of important points in Vasiliev gravity in Section 3.1 and demonstrate that the topological
sector of this gravity theory can be described by Chern-Simons theory in Section 3.2. After
reviewing the group-theoretic properties of hs[λ] in Section 3.3 and the generalized Klein
Gordan equation in Section 3.5, we present the derivation of the bulk-boundary propagator
in Section 3.6.

3.1 Some aspects of the master field equations

In this section, we furnish a brief review of some essential aspects of Vasiliev gravity in three
dimensions [16, 17]. We discuss its basic formulation and in particular, for the purpose of
pedagogical clarity, consider the dynamics of scalar fields in the linearized limit.

This higher-spin gravity does not admit any known Lagrangian, and its self-consistent
existence and formulation relies thinly (but firmly) upon a higher-spin gauge symmetry.
As we shall see, it has a rather intricate structure. Let us first introduce the matter and
gauge field contents of Vasiliev gravity. There exists one higher spin gauge field for each
integer spin s ≥ 2, coupled to matter fields in a manner which we will describe shortly. It
turns out that the dynamics is rather complex, and it is more convenient to describe the
ingredients of the theory via a set of three classes of ‘master fields’, namely

Spacetime one-form Wµdx
µ

Spacetime zero-form B

Auxiliary twistor field Sα, α = 1, 2.

We now summarize the physical meanings of each of these ‘master fields’ (see for example
[33, 34, 35] for a nice introduction). The spacetime one-form W captures the gauge sector
of the theory, and in particular it contains a pair of Chern-Simons gauge field A, Ã which
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parametrizes the topological sector of the theory as a Chern-Simons theory equipped with
the infinite-dimensional Lie algebra hs[λ]⊕hs[λ] where λ is related to the mass of the scalar
matter. W can be interpreted as a generating function for the infinite tower of higher-spin
gauge fields (note that the sl(2) subalgebra corresponds to the spin-2 graviton). On the
other hand, the spacetime zero-form B is the generating function for the matter fields,
and as we shall explain later, it parametrizes the anti-de Sitter vacua of the theory. The
auxiliary field Sα is invoked to ensure that the higher-spin theory has the required internal
gauge symmetry.

To discuss these three master fields more precisely, we need to explain about the vari-
ables of which they are functions of. The fields depend on, apart from spacetime co-
ordinates,

1. Auxiliary bosonic twistor variables zα, yα

2. Two pairs of Clifford elements ψ1,2, {κ, ρ} that satisfy the following algebra

{ψi, ψj} = 2δij,
{κ, ρ} = 0, κ2 = ρ2 = ψ2 = 1,
{κ, yα} = {κ, zα} = [ρ, yα] = [ρ, zα] = 0. (3.1)

We remark that the twistor indices are raised and lowered by the rank two Levi-Civita sym-
bol εαβ as follows: zα = εαβzβ, zα = εβαz

β. Functions of the twistors {z, y} are multiplied
by the Moyal star product

f(z, y) ? g(z, y) =
1

4π2

∫
d2u

∫
dveiuβv

β

f(z + u, y + u)g(z − v, y + v) (3.2)

from which it is straightforward to show that the following Moyal star-commutation rela-
tions hold.

[yα, yβ]? = −[zα, zβ]? = 2iεαβ, [yα, zβ]? = 0. (3.3)

Roughly speaking, the properties of the elements {zα, yα, κ, ρ} realize the internal gauge
symmetries and the master fields can be treated as a set of generating functions for the
various fields of the theory. In the higher-spin literature, the fields are sometimes written
in the form of an expansion in the variables {κ, ρ, ψ, z, y} as follows.

F (z, y;ψ, κ, ρ|x) =
∑
b,c,d,e

∞∑
m,n=0

1

m!n!
Fα1...αmβ1...βn
bcde (x)κbρcψd1ψ

e
2zα1 . . . zαmyβ1 . . . yβn (3.4)

where F can be any of the master fields. Now, the full non-linear equations of motion of
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Vasiliev gravity can be written as follows1

dW = W ∧ ?W (3.5)

dB = W ? B −B ?W (3.6)

dSα = W ? Sα − Sα ? W (3.7)

Sα ? S
α = −2i(1 +B ? κeizαy

α

) (3.8)

Sα ? B = B ? Sα (3.9)

These highly non-linear equations of motion are invariant under the infinitesimal higher
spin gauge transformations

δW = dε+ [ε,W ]? (3.10)

δB = [ε, B]? (3.11)

δSα = [ε, Sα]? (3.12)

where ε is the infinitesimal gauge parameter independent of ρ. As mentioned earlier, W is
the generating function for higher spin gauge fields, B is that for the matter fields, and Sα
describes auxiliary degrees of freedom. There is a simplification of the equations of motion
often alluded to in the modern literature. Note that (3.5) enjoy the symmetry

ρ→ −ρ, Sα → −Sα

upon which the system can be truncated to a simpler one in whichW and B are independent
of ρ, while S is linear in ρ.

3.2 On the vacuum/topological sector

As the most basic point in understanding the nonlinear Vasiliev equations, let us consider
the vacuum solutions, for which we will simply add a superscript (0) onto the notations
for the master fields. We wish to demonstrate below that there is a limit in which Vasiliev
theory reduces to a direct sum of Chern-Simons theories equipped with some infinite-
dimensional gauge algebra, describing a purely gravitational theory containing an infinite
tower of higher-spin versions of the graviton. This limit is simply

B(0) = ν ⇒ Chern-Simons with gauge algebra hs

[
1

2
(1± ν), κ = ∓1

]
(3.13)

1The factor κeizαy
α

that appears in one of the equations of motion is sometimes known as the Kleinian.
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In the above limit, the field equations are reduced to

dW (0) = W (0) ? ∧W (0) (3.14)

dS(0) = [W (0), S(0)
α ]? (3.15)

S(0)
α S(0)α = −2i

(
1 + νκeizy

)
(3.16)

To solve the above equations, it turns out to be convenient to define new twistor variables
by using κ and the Kleinian K ≡ κeizy as follows.

z̃α = zα + νwακ, ỹα = yα + νwαK, (3.17)

w ≡ (z + y)

∫ 1

0

dt teit(zy) (3.18)

These deformed ỹ, z̃ satisfy the commutation relations

[ỹα, ỹβ]? = 2iεαβ(1 + νκ), [ρz̃α, ρz̃β]? = −2iεαβ(1 + νK), [ρz̃α, ỹβ]? = 0 (3.19)

from which it can be verified straightforwardly that the auxiliary fields S(0) satisfy the field
equations if we write it as

S(0) = ρz̃ (3.20)

The last equation in (3.5) implies that W (0) should commute with S(0) which can be satisfied
by taking W (0) to be independent of κ and z̃. Therefore W (0) depends only on the variables
x, ψ, ỹ, and we can expand it as (following the notation in (3.4))

W (0)(ỹ;ψ|x) =
∑
d,e

∞∑
n=0

1

n!
W β1...βn

00de (x)ψd1ψ
e
2ỹβ1 ? . . . ? ỹβn (3.21)

The relation to the Lie algebra then arises as follows. Under the Moyal star product,
the auxiliary variables ỹ generate the higher-spin algebra hs[λ]. A symmetric product
ỹα1 ? . . . ? ỹαn corresponds to a generator of hs[λ] with spin n+ 1. Projecting onto κ = ±1
gives us the commutation relations of those of hs[λ]. The last equation of motion (3.14) to
solve can be written as simply the flatness condition of Chern-Simons theory. To see this,
we introduce hs[λ]⊕ hs[λ]-valued gauge fields A and Ā by writing

W (0) = −
(

1 + ψ1

2

)
A−

(
1− ψ1

2

)
Ā (3.22)

where A and Ā are functions of x, ỹ. Then (3.14) can be written as

dA+ A ∧ ?A = 0, dĀ+ Ā ∧ ?Ā = 0 (3.23)

which is nothing but the flatness condition for a Chern-Simons theory equipped with a
direct sum of two independent hs[λ] algebras.
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3.3 About the infinite-dimensional Lie algebra hs[λ]

In this section, we discuss some main points concerning the infinite-dimensional Lie algebra
hs[λ] (see for example, [27] for a nice exposition). This one-parameter family of higher spin
Lie algebra has generators

V s
n , s ≥ 2, |n| < s. (3.24)

of which V 2
0,±1 form an sl(2) subalgebra under which V s

n has spin s− 1, i.e.

[V 2
m, V

s
n ] = (−n+m(s− 1))V s

m+n. (3.25)

The bulk Chern-Simons gauge fields conjugate to the generator V s
n will have spacetime spin

s. The full commutation relations are typically written as

[V s
m, V

t
n ] =

s+t−1∑
u=2,4,...

gstu (m,n;λ)V s+t−u
m+n (3.26)

with the structure constants gstu (m,n;λ) as

gstu (m,n;λ) =
qu−2

2(u− 1)!
φstu (λ)N st

u (m,n) (3.27)

where q is a normalization that can be scaled away by re-defining the generators but which
we will take as 1/4 for definiteness, and

N st
u (m,n) =

u−1∑
k=0

(−1)k
(
u− 1
k

)
[s− 1 +m]u−1−k[s− 1−m]k[t− 1 + n]k[t− 1− n]u−1−k

φstu (λ) =

[
1
2

+ λ , 1
2
− λ , 2−u

2
, 1−u

2
3
2
− s , 3

2
− t , 1

2
+ s+ t− u

∣∣∣∣∣1
]

(3.28)

where [a]n is the descending Pochhammer symbol defined as

[a]n = a(a− 1) . . . (a− n+ 1) (3.29)

Before we move on to discuss a deeper way to understand hs[λ], let us briefly discuss the
relation to Moyal star product (3.2). The commutation relation (3.26) is defined with
respect to a ‘lone-star’ product that reads

V s
m ? V

t
n =

1

2

s+t−|s−t|−1∑
u=1,2,...

gstu (m,n;λ)V s+t−u
m+n (3.30)

from which one recovers (3.26) via the relation

gstu (m,n;λ) = (−1)u+1gtsu (n,m;λ) (3.31)
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The relevance to the Moyal star product (3.2) is that the lone-star product acting on hs[λ]
generators is isomorphic to the Moyal product involving deformed oscillators ỹ, z̃ with
an identification between the generators and oscillator polynomials, i.e. there exists an
isomorphism between the generator and polynomial bases. It turns out that this comes
with the relation λ = (1 − νκ)/2. For example, one can identity the sl(2) subalgebra
spanned by the symmetric polynomials Sαβ = ỹ(αỹβ), which can be shown to satisfy sl(2)
subalgebra of hs[λ], spanned by the generators V 2

0 , V
2
±1. More precisely, the identification

turns out to be simply

V s
m =

(
−i
4

)s−1

Ssm (3.32)

where Ssm is the symmetrized product of 2s − 2 oscillators, with m as half the difference
between the number of ỹ1 and the number of ỹ2.

There exists a deeper and at the same time more intuitive description of hs[λ] to which
we will allude to now. Consider the quotient of the universal enveloping algebra U(sl(2))
by the ideal generated by (C2 − µI), formally,

B[µ] =
U(sl(2))

〈C2 − µI〉
(3.33)

where C2 is the quadratic Casimir of sl(2). Let us denote the generators of sl(2) to be
J0, J± satisfying [J+, J−] = 2J0 and [J±, J0] = ±J±, then C2 ≡ J2

0 − 1
2
(J+J−+J−J+). Since

unitary representations of sl(2) have C2 > −1
4
, C2 is parametrized by

µ =
1

4
(λ2 − 1).

The Lie algebra hs[λ] is then identified as a subspace of B[µ] of (3.33) which can be
decomposed as B[µ] = hs[λ] ⊕ C, where the vector corresponding to C is the identity
generator which can be formally identified with V 1

0 . We can neatly identify the modes
V 2

0,±1 in the sl(2) subalgebra with J0,±1, while for n ≥ 2, we write

V s
n = (−1)s−1−n (n+ s− 1)!

(2s− 2)!

J−, . . . [J−, [J−︸ ︷︷ ︸
s−1−n terms

, Js−1
+ ]]

 (3.34)

Formally, B[µ] is an associative algebra whose product is the lone-star product. The Lie
algebraic structure of hs[λ]⊕C is then defined via the commutator. The identity generator
V 1

0 is central. Moreover, if λ = N with integer N ≥ 2, then the following quadratic form
degenerates

tr (V s
m ? V

r
n ) = 0 ∀s > N (3.35)

implying that an ideal ϕN emerges, consisting of all generators V s
n , with s > N . Factoring

out this ideal then truncates hs[λ] algebra to the finite algebra sl(N). We can write this
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fact as
sl(N) = hs[N ]/ϕN (N ≥ 2). (3.36)

Finally, let us mention a few special cases of λ. For λ = 1, this algebra is the wedge
subalgebra of a certain W∞ algebra considered by Pope, Romans and Shen in [36] (we
will discuss in detail the notion of W-algebras later), and represents the maximal coupling
limit in the Gaberdiel-Gopakumar conjecture. For λ = 1

2
, this is sometimes known in the

literature as hs(1,1) or the ‘undeformed’ case. In fact, historically speaking, this was the
first case considered for higher-spin gravity in AdS3. In the infinite λ limit, after re-scaling,
the generators J0, J± can be considered as co-ordinates on a 2D hyperboloid, and hs[∞]
is the area-preserving diffeomorphisms acting on the hyperboloid. It is also worthwhile to
note that for all λ, the zero modes V s

0 commute since they are simply polynomials of J0

after quotienting out the Casimir. Thus, there are infinitely many commuting charges.

3.4 On coupling to the matter fields

Having understood the topological sector, let us introduce propagating matter fields. We
shall consider simpler scenario in which we want to understand fluctuations of the field B
to linear order around a constant background B(0) = ν. Thus, let us write

B = ν + C (3.37)

For W and Sα, we suppress the fluctuations. Substituting this into the fields equations, it
can be shown that we obtain two equations for C which read

dC −W (0) ? C + C ? W (0) = 0[
S(0)
α , C

]
?

= 0 (3.38)

Recalling that S
(0)
α = ρz̃α, it is easy to see that (3.38) can be satisfied if C does not

depend on z̃α or κ, and hence is only a function of ỹ, ψ, x. Vasiliev and Prokushkin further
demonstrated that without loss of generality, one can write C as

C = C(ỹ|x)ψ2 + C̃(ỹ|x)ψ2 (3.39)

where one can check that essentially, we are decomposing C like in (3.40), since

C =

(
1 + ψ1

2

)
C, C̃ =

(
1− ψ1

2

)
C. (3.40)

Finally, the equations of motion imply that

dC + A ? C − C ? Ā = 0, dC̃ + Ā ? C̃ − C̃ ? A = 0 (3.41)
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which capture the dynamics of the matter interacting with an arbitrary higher spin back-
ground (up to linear order) that is specified by the gauge fields A, Ā. The latter can be
written in terms of a generalized vielbein e and generalized spin connection ω as follows

A = ω + e, Ā = ω − e (3.42)

We will see explicit examples of these gauge fields later in the framework of sl(N) and
sl(N |N − 1) Chern-Simons theories.

3.5 Generalized Klein-Gordan equations

Before we end our review on the bulk Vasiliev gravity theory, let us briefly mention two
very recent investigations of the field equations when we want to study linearized matter in
[33, 34]. The first is the extraction of the correction scalar field equation in the background
of some higher-spin fields, and the second is the derivation of the bulk-boundary propagator
in the background of a higher-spin black hole. In our modern understanding, these have
turned out to be useful starting steps in understanding coupling of matter of higher-spin
gravity.

We begin by writing down the gauge fields that correspond to AdS3. Since we know
that when the gauge algebra is sl(2) and in the absence of all other scalar fields, the theory
is ordinary gravity, the gauge connection is valued in just spin-2 generators. Working in
the Euclidean signature in Fefferman-Graham gauge, the connection can be written as

A = eρV 2
1 dz + V 2

0 dρ, Ā = eρV 2
−1dz̄ − V 2

0 dρ (3.43)

This gives rise to the metric gµν ∼ Tr
(
e(µeν)

)
ds2 = dρ2 + e2ρdzdz̄ (3.44)

and vanishing higher-spin fields. Note that in the above, ρ refers to the radial co-ordinate,
and at the boundary, we have a 2-sphere. (In the Lorentzian signature, the boundary
is a cylinder, and the entire spacetime is a solid cylinder, as opposed to a solid ball in
the Euclidean case.) Substituting this ansatz into (3.41), and decomposing along both
spacetime and internal gauge algebraic space, and using the lone-star product, we find

∂ρC
s
m + 2Cs−1

m + Cs+1
m g

(s+1)2
3 (m, 0) = 0 (3.45)

∂Cs
m + eρ

(
Cs−1
m−1 +

1

2
g2s

2 (1,m− 1)Cs
m−1 +

1

2
g

2(s+1)
3 (1,m− 1)Cs+1

m−1

)
= 0 (3.46)

∂̄Cs
m − eρ

(
Cs−1
m+1 −

1

2
g2s

2 (−1,m+ 1)Cs
m+1 +

1

2
g

2(s+1)
3 (−1,m+ 1)Cs+1

m+1

)
= 0(3.47)

where |m| < s and ∂ = ∂z, ∂̄ = ∂z̄, and we have suppressed the λ−dependence of the
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structure constants for notational simplicity.

The generalized Klein-Gordan equation can be now be derived using the equations for
the set {C1

0 , C
2
0 , C

3
0 , C

2
1}. These equations straightforwardly give us(
∂2
ρ + 2∂ρ + 4e−2ρ(∂∂̄ − η∂3)− (λ2 − 1)

)
C1

0 = 0 (3.48)

which is the Klein-Gordan equation in AdS3 with the scalar mass-squared m2 = λ2− 1. Of
course, the master field C contain C1

0 and infinitely many mixed and higher derivatives of it.
Using the same approach, we can then derive the scalar field equation for any higher-spin
background. For example, consider a general chiral spin-s deformation of AdS3 for which
the connection reads as

A = eρV 2
1 dz − µe(s−1)ρV s

s−1dz̄ + V 2
0 dρ

Ā = eρV 2
−1dz̄ − V 2

0 dρ (3.49)

One can show that the generalized Klein-Gordan equation now reads as(
∂2
ρ + 2∂ρ + 4e−2ρ(∂∂̄ − µ(−∂)s)− (λ2 − 1)

)
C1

0 = 0 (3.50)

3.6 Propagators in the background of a higher-spin black hole

In this section, we will derive the bulk-boundary scalar propagator for any general value
of λ, in the background of a higher-spin black hole. Our analysis is inspired by the work
in [33] which deals with the specific case of the scalar field under alternate quantization
and the symmetry algebra being hs[λ = 1

2
]. In the following, we will present results for any

generic λ and for both methods of quantizations of the scalar field.

We begin by discussing some generalities that concern the computation of the scalar
field propagator. Writing Euclidean AdS3 in the chart

ds2 = dρ2 + e2ρdzdz̄. (3.51)

For 0 ≤ λ ≤ 1, the scalar field admits standard and alternate quantizations which we will
denote using the subscripts ± in the expressions for the bulk-boundary propagator obeying
th following boundary conditions at ρ→∞.

G±(ρ, x;x′) ∼
[
e−(1∓λ)ρδ(2)(x− x′) + . . .

]
+
[
e−(1±λ)ρφ1(x− x′) + . . .

]
(3.52)

Note that φ1(x−x′) refers to the scalar vacuum expectation value. In the above chart, the
bulk-boundary propagator reads

G±(ρ, x;x′) = ±λ
π

(
e−ρ

e−2ρ + |z − z′|2

)1±λ

(3.53)
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We wish to derive (3.53) in the language of sl(2) Chern-Simons theory. First, let us write
down the flat connections corresponding to the AdS3 background, choosing a gauge such
that2

A(ρ, z, z̄) = az(z, z̄)dz + az̄(z, z̄)dz̄ + V 2
0 dρ

= b−1ab+ b−1db
Ā(ρ, z, z̄) = āz(z, z̄)dz + āz̄(z, z̄)dz̄ − V 2

0 dρ
= b−1āb+ bdb−1, (3.54)

with b = eρV
2
0 . To compute a, ā, recall that the generalized vielbein e and spin connection

ω are related to the metric via

A = ω + e, Ā = ω − e, gµν ∼ Tr(eµeν)

which allows us to read off

aAdS = V 2
1 dz, āAdS = V 2

−1dz̄. (3.55)

For the various higher-spin backgrounds that we shall discuss later, both a and ā are
independent of z, z̄. Then, to make it apparent that the connections are pure gauge locally,
we can write

Λ = aµx
µ, Λ̄ = āµx

µ, g = eΛ ? b, ḡ = eΛ̄ ? b−1 (3.56)

and thus
A = g−1 ? dg, Ā = ḡ−1 ? dḡ. (3.57)

It also turns out to be convenient to introduce the quantity

Λρ = b−1 ? Λ ? b, Λ̄ρ = b ? Λ̄ ? b−1. (3.58)

It can be shown straightforwardly that Λρ, Λ̄ρ can be obtained from Λ, Λ̄ by the replacements
V s
m → emρV s

m and V s
m → e−mρV s

m respectively. Via the fact that the connections are locally
pure gauge, we can proceed to prescribe a way to derive the scalar propagator. We first
solve the Klein Gordan equation in the gauge A = Ā = 0 and then act with a gauge
transformation to obtain the solution in AdS3.

3.6.1 Traces of master fields from an infinite-dimensional representation of
sl(2)

In the following, we shall use M± to denote the scalar master field C in this gauge. The
AdS3 master field reads

C± = e−Λρ ? b−1 ?M± ? b
−1 ? eΛ̄ρ . (3.59)

2It is straightforward to see that flatness of (A, Ā) implies the flatness of (a, ā).
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For some generic λ, taking M± to be highest weight states of hs[λ] leads to the appropriate
bulk-boundary scalar propagators Φ± with delta-function boundary conditions.

It is natural to ask if we can find a CFT explanation in the spirit of holography. We
recall that the bulk scalar is dual to a scalar primary O in a CFT with W∞[λ] symmetry
which is the asymptotic symmetry algebra of hs[λ] gravity in AdS3. This algebra contains
an infinite set of conserved currents which denote as J (s), where s = 2, 3, . . . refer to the
spin. They admit a Laurent expansion of the form

J (s)(z) = − 1

2π

∑
m∈Z

J
(s)
m

zs+m
. (3.60)

To relate it to hs[λ], we note that the modes with m < |s| are the wedge modes which

generate hs[λ], i.e. the modes J
(s)
m = V s

m, |m| < s. The CFT primary state |O±〉 is a highest
weight state and an eigenstate of the spin-s zero modes V s

0 , i.e. V s
0 |O±〉 = f±(s)|O±〉, with

f±(s) some spin-dependent coefficients, and V s
m>0|O±〉 = 0. In the bulk theory, the gauge

master fields M± lead to the scalar propagators in AdS3 with delta function boundary
conditions are highest weight state of hs[λ] and obeying V s

0 ?M± = f±(s)M±, V
s
m<0 ?M± =

0.

The propagator can be computed in a generic background (A, Ā), since it is the trace
of C±. After algebra, from (3.59), we have

Φ± = e(1+λ)ρTr
(
e−Λρ ?M± ? e

Λ̄ρ
)

(3.61)

For example, in the Poincare chart of AdS3, the expression (3.61) reads

Φ
(AdS3)
± = e(1+λ)ρTr

(
e−ze

ρV 2
1 ?M ? ez̄e

ρV 2
−1

)
(3.62)

Note that even in such a case, computing Φ involves an infinite sum. There exists an infinite-
dimensional matrix representation of hs[λ] which is induced from an infinite-dimensional
represnetation of sl(2) via the universal enveloping algebra construction. This tends to
simplify the actual computation of this sum. For the case of positive quantization, this
reads3

(J0)mm =
1− λ

2
−m

(J+)m+1,m = −
√

(−m− λ)m

(J−)m,m+1 =
√

(−m− λ)m (3.63)

where m = 1, 2, . . . ,∞. One should regard this as a represention of sl(2) for arbitrary
spin, from which one could construct the full hs[λ] algebra. We can also truncate this
representation to the fundamental of sl(N) by setting λ = −N and restricting to the upper

3Henceforth, we write the modes V 2
0,±1 in the sl(2) subalgebra as J0,±1.
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left N × N block. To compute the scalar propagator, one needs an explicit realization of
M, which reads

Mij = δi1δj1 (3.64)

In the sl(2) algebra, we observe that

J0M = −
(

1 + λ

2

)
M = MJ0, J−M = MJ+ = 0 (3.65)

with similar equations for all other higher spin generators, following the enveloping algebra
construction. One can obtain a similar representation for the alternative quantization by
switching λ→ −λ above. Substituting (3.63)-(3.63) into (3.61), one obtains

Φ+ = e(1+λ)ρ
[
eΛ̄ρe−Λρ

]
11

(3.66)

Thus, the computation of the propagator is reduced to computing a single matrix element.

3.6.2 Chiral higher spin deformations of AdS3

As a warm-up to computing the scalar propagator in the background of a higher-spin black
hole, we shall first understand the case of a chiral spin-3 perturbation of the AdS3 vacuum.
The connections read

a = J+dz − µV 3
2 dz̄, ā = J−dz̄ (3.67)

where µ is constant. From the viewpoint of holography, this is the dual to a deformation of
the boundary by a dimension (3,0) operator W(z) with constant coupling, schematically,
δSCFT = µ

∫
d2zW(z). The higher-spin black hole solution with chiral charge is a finite

temperature version of this solution. To compute the propagator in this background, we
first calculate

Λρ = eρzJ+ − µe2ρz̄J2
+, Λ̄ρ = eρz̄. (3.68)

The propagator can then be computed straightforwardly as

Φ+ = e(1+λ)ρ
(
ee
ρz̄J−e−e

ρzJ++µe2ρz̄J2
+

)
11

(3.69)

To proceed, we derive a list of identities to aid us in the computation. Firstly, using
[J±, J0] = ±J±, [J+, J−] = 2J0, it is straightforward to derive the following ‘braiding’
identities:

ec+J++c−J−J0e
−c+J+−c−J− = cos(2

√
c+c−)J0 +

sin(2
√
c+c−)

2
√
c+c−

(c+J+ − c−J−) , (3.70)

ec+J++c−J−J+e
−c+J+−c−J− = J+ −

c−√
c+c−

sin(2
√
c+c−)J0 −

1− cos(2
√
c+c−)

2c+

(c+J+ − c−J−) ,
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(3.71)

ec+J++c−J−J−e
−c+J+−c−J− = J− +

c+√
c+c−

sin(2
√
c+c−)J0 +

1− cos(2
√
c+c−)

2c−
(c+J+ − c−J−)

(3.72)

We also need [
eΛ−J−e−Λ+J+Jn+

]
11

=
Γ(λ+ n+ 1)

Γ(λ+ 1)
Λn
− (1 + Λ−Λ+)−(λ+n+1) (3.73)

To see (3.73), consider for example n = 2.

[
eΛ−J−e−Λ+J+J2

+

]
11

=
∑
q,q̃

(−Λ+)q̃Λq
−

q!q̃!

(
Jq−J

q̃
+J

2
+

)
11

=
∑
q,q̃

(−Λ+)q̃Λq
−

q!q̃!

√
2(λ+ 2)(λ+ 1)

(
−Jq−J

q̃
+

)
13

(3.74)

Since

(Jq−)1l

q!
= (iq)δl,1+q

√
(λ+ q)!

q!λ!(
J q̃+
)
l3

q̃!
= (−i)q̃δl−q̃,3

√
(λ+ l − 1)!

q̃!(λ+ l − 1− q̃)!

√
(l − 1)!

q̃!(l − 1− q̃)!
, (3.75)

simplifying (3.74) then gives us

[
eΛ−J−e−Λ+J+J2

+

]
11

=
∞∑
q=2

(−1)qΛ)q−Λq−2
+ (λ+ 2)(λ+ 1)

(λ+ q)!

(q − 2)!(λ+ 2)!

= (λ+ 2)(λ+ 1)Λ2
−(1 + Λ−Λ+)−(λ+3) (3.76)

The proof works similarly for all other values of any positive integral n. Similarly, it is
straightforward to derive

[
Jn−e

Λ−J−e−Λ+J+
]

11
=

Γ(λ+ n+ 1)

Γ(λ+ 1)
(−Λ+)n (1 + Λ−Λ+)−(λ+n+1) (3.77)

Returning to the computation of the (3.69), after some algebra, we thus have

Φ+ = e(1+λ)ρ

(
∞∑
s=0

ee
ρz̄J−e−e

ρzJ+
(µe2ρz̄J2

+)s

s!

)
11

= e(1+λ)ρ

∞∑
0

(µz̄3e4ρ)s

s!

(λ+ 2s)!

λ!(1 + e2ρz̄z)1+λ+2s
(3.78)
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A similar derivation holds for the case of alternative quantization, and together with this
case, we can state the result for the chiral spin-3 background’s propagator as

Φ± =

(
eρ

1 + e2ρ|z|2

)1±λ ∞∑
n=0

cn,±

(
µz̄3e4ρ

(1 + |z|2e2ρ)2

)n
,

cn,± ≡
n∏
i=1

(i± λ) (3.79)

3.6.3 Scalar propagator in the BTZ background and physical interpretations

Before we compute the propagator in the background of a higher-spin black hole, it is
instructive to use the above procedure to compute the propagator in the background of the
BTZ black hole. The Chern-Simons connections in this case read

a =

(
J+ +

1

4τ 2
J−

)
dz, ā =

(
J− +

1

4τ̄ 2
J+

)
dz̄, (3.80)

This gives rise to the BTZ metric in Euclidean signature

ds2 = dρ2 +
2π

k

(
Ldz2 + L̄dz̄2

)
+

(
e2ρ +

(
2π

k

)2

LL̄e−2ρ

)
dzdz̄ (3.81)

where L = −k/(8πτ 2), L̄ = −k/(8πτ̄ 2) are the left and right moving components of the
boundary stress-momentum tensor. Note that τ is the modular parameter of the Euclidean
boundary torus and that Euclidean BTZ has the topology of a solid torus. The black hole
horizon is located at ρhori. = −log(4τ τ̄)/2. The scalar bulk-boundary propagator is known
to be

G±(ρ, x) =

(
e−ρ

e−2ρ cos( z
2τ

) cos( z̄
2τ̄

) + 4τ τ̄ sin( z
2τ

) sin( z̄
2τ̄

)

)1±λ

(3.82)

Below, we will re-derive (3.82) as a matrix element. This will serve as a good consistency
check of our computational approach. First, we need the following BCH theorem for SU(2)

e(λ+J+−λ−J−) = eΛ+J+e−lnΛ3J0e−Λ−J− (3.83)

where

Λ3 = sech2
√
λ+λ−, Λ± =

λ±√
λ+λ−

tanh
√
λ+λ− (3.84)

For the BTZ, the connections imply that we need to compute the matrix element

ΦBTZ
± = eρ(1±λ)

[
ea+J+−a−J−eã+J+−ã−J−

]
11

(3.85)
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where

a− = −eρz̄, a+ =
e−ρz̄

4τ̄ 2
, ã+ = −eρz, ã− =

e−ρz

4τ 2
. (3.86)

From (3.83), and the relation (J0)11 = −1+λ
2

, we find (3.85) to simplify to

ΦBTZ
± = Υ

(1±λ)/2
3 Υ̃

(1±λ)/2
3 (1 + Υ−Υ̃+)−(1±λ), (3.87)

Υ3 = sech2α, Υ̃3 = sech2α̃, Υ− =
a−
α

tanhα, Υ̃+ =
ã+

α̃
tanh α̃, α = i

z̄

2τ̄
, α̃ = i

z

2τ
(3.88)

After some simplification, one can straightforwardly verify that indeed, (3.87) is the scalar
propagator (3.82). Before we extend this result to higher-spin black holes, let us briefly
comment on the physical implications of the scalar propagator. Now, the Lorentzian BTZ
has a Kruskal extension with two asymptotically AdS3 regions at ρ→ ±∞. In the spirit of
holography, the BTZ solution can be interpreted as being dual to an entangled state in a
tensor product of two CFTs. In calculating the two-point function of scalar fields, we can
take the two operators to be associated with the same CFT(ρ → ∞) or each of the two
(ρ → −∞). If both scalar operators are defined within the Hilbert space associated with
the boundary at ρ→∞, then the two-point function is extracted from the large ρ limit of
the propagator, from (3.82) and goes like (sin(z/2τ) sin(z̄/2τ̄))−(1±λ). On the other hand,
in the ρ→ −∞ limit, the mixed correlator propagator goes as (cos(z/2τ) cos(z̄/2τ̄))−(1±λ).
Note that since in the Lorentzian signature we take z = φ + t, z̄ = φ − t, the single sided
two point function is singular on the light cone φ = ±t where the mixed correlator is not.
This reflects the causal disconnection between the two asymptotic boundaries of the BTZ
black hole solution.

3.6.4 A derivation of the scalar propagator on a higher-spin black hole

The connection for the higher-spin black hole with spin-3 charge reads

az = J+ −
2πL
k
J− −

πW
2k

J2
+

az̄ = −µ(az ? az − trace). (3.89)

and similarly for the anti-holomorphic connection,

āz = J− −
2πL̄
k
J+ −

πW̄
2k

J2
+

āz = −µ̄(āz̄ ? āz̄ − trace). (3.90)
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Defining the spin-3 chemical potential α = µτ̄ , ᾱ = µ̄τ , the charges, up to first order in α
read

L = − k

8πτ 2
+O(α2), L̄ = − k

8πτ̄ 2
+O(ᾱ2), W = − k

3πτ 5
α+O(α3), W̄ = − k

3πτ̄ 5
ᾱ+O(ᾱ3),

(3.91)
To proceed, we have, from (3.58) and up to first order in α,

Λρ = eρzJ+ +
e−ρz

4τ 2
J− + α

((
e−2ρz

6τ 5
− e−2ρz̄

16τ 4τ̄

)
J2
− −

e2ρz̄

τ̄
J2

+ −
z̄

2τ̄ τ 2
(
1

3
J2

0 +
1

6
{J+, J−})

)
+ . . .

Λ̄ρ = eρz̄J− +
e−ρz̄

4τ̄ 2
J+ + ᾱ

((
e−2ρz̄

6τ̄ 5
− e−2ρz

16τ̄ 4τ

)
J2

+ −
e2ρz

τ
J2
− −

z

2τ τ̄ 2
(
1

3
J2

0 +
1

6
{J+, J−})

)
+ . . .

(3.92)

where we have taken the trace of {J+, J−} to be −1
3
(λ2 − 1), and the relation {J+, J−} =

2J2
0 − 1

2
(λ2 − 1). It is also important to note that this turns out also to be the unique

combination of J2
0 and {J+, J−} that will preserve periodicity in the eventual expression

we have for the scalar propagator.

In the limit of vanishing α, ᾱ, we recover the BTZ black hole, and thus we regard the
propagator Φ± as a perturbation sum around the BTZ result ΦBTZ

± ≡ Φ
(0)
± . Thus,

Φ± = Φ
(0)
± +

∞∑
n=1

Φ
(n)
± , Λρ = Λ(0)

ρ +
∞∑
n=1

αnΛ(n)
ρ , Λ̄ρ = Λ̄(0)

ρ +
∞∑
n=1

ᾱnΛ̄(n)
ρ , (3.93)

In the following, we will focus on computing Φ
(1)
± , by expanding about α = 0, and for

simplicity, setting ᾱ = 0. We begin with

Φ
(1)
± = e(1±λ)ρ

∫ 1

0

ds Tr
(
α
(
e−sΛ

(0)
ρ ? (−Λ(1)

ρ ) ? e−(1−s)Λ(0)
ρ ?M± ? e

Λ̄
(0)
ρ

))
(3.94)

Using the infinite-dimensional matrix realization of sl(2) discussed earlier, we can write
(3.94) as

Φ
(1)
± = −αe(1±λ)ρ

[∫ 1

0

ds eΛ̄
(0)
ρ e−sΛ

(0)
ρ Λ(1)

ρ esΛ
(0)
ρ e−Λ

(0)
ρ

]
11

(3.95)

Introducing the notations

Z ≡ z

2τ
, Z̄ ≡ z̄

2τ̄
, T ≡ τeρ, T̄ ≡ τ̄ eρ,

and after invoking the braiding formulae (3.71), we obtain for each term that appears in

Λ
(1)
ρ ,

e−sΛ
(0)
ρ J2

+e
sΛ

(0)
ρ = (cos4(sZ))J2

+

(
sin2(2sZ)

4T 2

)
J2

0 +

(
sin4(sZ)

16T 4

)
J2
−
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+

(
cos2(sZ) sin(2sZ)

2T

)
{J+, J0}+

(
cos2(sZ) sin2(sZ)

4T 2

)
{J+, J−}

+

(
sin(2sZ) sin2(sZ)

8T 3

)
{J0, J−} (3.96)

e−sΛ
(0)
ρ J2
−e

sΛ
(0)
ρ = (cos4(sZ))J2

+

(
4T 2 sin2(2sZ)

)
J2

0 +
(
16T 4 sin4(sZ)

)
J2
−

−
(
2T cos2(sZ) sin(2sZ)

)
{J−, J0}+

(
4T 2 cos2(sZ) sin2(sZ)

)
{J+, J−}

−
(
8T 3 sin(2sZ) sin2(sZ)

)
{J0, J+} (3.97)

e−sΛ
(0)
ρ J2

0e
sΛ

(0)
ρ = (cos2(2sZ))J2

0

(
T 2 sin2(2sZ)

)
J2

+ +

(
1

16T 2
sin2(2sZ)

)
J2
−

− (T cos(2sZ) sin(2sZ)) {J+, J0} −
(

sin2(2sZ)

4

)
{J+, J−}

+

(
sin(2sZ) cos(2sZ)

4T

)
{J0, J−} (3.98)

e−sΛ
(0)
ρ

1

2
{J+, J−}esΛ

(0)
ρ = (T 2 sin2(2sZ))J2

+ −
(
sin2(2sZ)

)
J2

0 +

(
sin2(2sZ)

16T 2

)
J2
−

−
(
T sin(4sZ)

2

)
{J+, J0}+

(
cos4(sZ) + sin4(sZ)

2

)
{J+, J−}

+

(
sin(4sZ)

8T

)
{J0, J−} (3.99)

Then, integrating over s, and summing up the coefficients for each term, we obtain∫ 1

0

ds e−sΛ
(0)
ρ Λ(1)

ρ esΛ
(0)
ρ =

(
F++J

2
++F00J

2
0 +F−−J

2
−+F+0{J+, J0}+F+−{J+, J−}+F0−{J0, J−}

)
(3.100)

where

F++ =

(
−Z̄

8
+
Z

3

)(
12Z − 8 sin(2Z) + sin(4Z)

2Z

)
− Z̄(12Z + 8 sin(2Z) + sin(4Z))

16Z

−Z̄
(

1

2
− sin(4Z)

8Z

)
, (3.101)

F+− =
Z̄(−4Z + sin(4Z)

64T 2Z
−

(
− Z̄

8
+ Z

3

)
(−4Z + sin(4Z))

8T 2Z
−
Z̄
(
−1

2
+ sin(4Z)

8Z

)
4T 2

(3.102)

F0− =

(
− Z̄

8
+ Z

3

)
(−1 + cos4(Z))

T 3Z
− Z̄ cos2(Z) sin2(Z)

4T 3Z
− Z̄ sin4(Z)

8T 3Z
(3.103)
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F+0 =
4
(
Z̄
8
− Z

3

)
sin4(Z)

TZ
+
Z̄ cos2(Z) sin2(Z)

TZ
− Z̄ (−1 + cos4(Z))

2TZ
(3.104)

and F−− = F++

16T 4 , F00 = 4F+−. Note that at this stage, we have computed (3.95) to read as

Φ
(1)
± = −αe(1±λ)ρ

[
eΛ̄

(0)
ρ e−Λ

(0)
ρ eΛ

(0)
ρ

(
F++J

2
+ + F00J

2
0 + F−−J

2
− + F+0{J+, J0}

+F+−{J+, J−}+ F0−{J0, J−}

)
e−Λ

(0)
ρ

]
11

(3.105)

We can now invoke the braiding formulae again to simplify (3.105) to be

Φ
(1)
± = −αe(1±λ)ρ

[
eΛ̄

(0)
ρ e−Λ

(0)
ρ

(
F++J

2
+ + F00J

2
0 + F+0{J+, J0}+ F+−{J+, J−}

)]
11

(3.106)

where we have discarded the terms in J2
− and {J−, J0} since these vanish upon computing

the matrix element, and

F++ = F++ cos4(Z) + F00T
2 sin2(2Z) + 2F+−T

2 sin2(2Z) + 16F−−T
4 sin4(Z)

+2F+0T sin(2Z) cos2(Z) + 8F0−T
3 sin(2Z) sin2(Z)

=
1

6

(
12(Z − Z̄)− 8 sin(2Z) + sin(4Z)

)
F+0 = F++

sin2(2Z)

4T 2
+ F00 cos2(2Z)− 2F+− sin2(2Z) + 4F−−T

2 sin2(2Z)

−F+0
cos(2Z) sin(2Z)

T
+ 2F0−T sin(4Z)

= − 1

6T 2

(
4(Z̄ − Z) + sin(4Z)

)
F+− = F++

cos2(Z) sin2(Z)

4T 2
+

1

4
F00 sin2(2Z) + F+−

(
cos4(Z) + sin4(Z)

)
+ F−−T

2 sin2(2Z)

−F+0
sin(2Z) cos(2Z)

4T
+ 2F0−T sin(4Z)

=
1

24T 2
(cos(4Z)− 2)

(
4(Z̄ − Z) + sin(4Z)

)
F+0 = −F++

(
1

2T
sin(2Z) cos2(Z)

)
+ F00 (T sin(2Z) cos(2Z)) + F+−(T sin(4Z))

+8F−−T
3 sin2(Z) sin(2Z) + F+0

(
cos(2Z) cos2(Z)− 1

2
sin2(2Z)

)
+F0−(2T 2 sin2(2Z) + 4T 2 sin2(Z) cos(2Z))

=
4 sin4(Z)

3T
(3.107)
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Further, one can use (3.83) to simplify (3.106) to read

Φ
(1)
± = −αe(1±λ)ρe−log(sec2(Z̄))(J0)11

[
e(2T̄ tan(Z̄))J−e(−2T tan(Z))J+e−log(sec2(Z))(J0)e−(

tan(Z)
2T

)J−

×

(
F++J

2
+ + F00J

2
0 + F+0{J+, J0}+ F+−{J+, J−}

)
e

tan(Z)
2T

J−

]
11

(3.108)

We can then use the braiding relations (3.70)-(3.71) to write (3.108) as

Φ
(1)
± = −αe(1±λ)ρe−log(sec2(Z̄))(J0)11

(
F++

[
NJ2

+

]
11

+

(
F+0 +

tan(Z)

T
F++

)
[N{J+, J0}]11

+

(
2 tan(Z)

T
F+0 +

tan2(Z)

T 2
F++ + F00

)[
NJ2

0

]
11

+

(
tan(Z)

2T
F+0 +

tan2(Z)

4T 2
F++ + F+−

)
[N{J+, J−}]11

)
(3.109)

where we have defined the infinite-dimensional matrix N to be

N ≡ e2T̄ tan(Z̄)J−e−2T tan(Z)J+e−(log sec2(Z))J0 .

Finally, we invoke (3.73) and (3.77) to obtain, after some algebra,

[
NJ2

+

]
11

=
sec(±λ+5)(Z)(±λ+ 2)(±λ+ 1)(2T̄ tan(Z̄))2

(1 + 4T T̄ tan(Z) tan(Z̄))±λ+3
(3.110)

[N{J+, J0}]11 = −sec(±λ+3)(Z)(±λ+ 2)(±λ+ 1)2T̄ tan(Z̄)

(1 + 4T T̄ tan(Z) tan(Z̄))±λ+2
(3.111)

[
NJ2

0

]
11

=
sec(±λ+1)(Z)(±λ+ 1)2

4(1 + 4T T̄ tan(Z) tan(Z̄))±λ+1
(3.112)

[NJ0]11 = − sec(±λ+1)(Z)(±λ+ 1)

2(1 + 4T T̄ tan(Z) tan(Z̄))±λ+1
(3.113)

Defining Θ ≡ 4T T̄ tan(Z) tan(Z̄), the final expression for Φ
(1)
± reads

Φ
(1)
± = −αe

(3±λ)ρ sec(1±λ)(Z̄) sec(1±λ)(Z)

(1 + Θ)1±λT 2

(
(1± λ)G+− +

(1± λ)2

4
G00

−G+0 sec2(Z)(2± λ)(1± λ)(2T T̄ tan(Z̄))

1 + Θ
+

G++ sec4(Z)(2± λ)(1± λ)(2T T̄ tan(Z̄))2

(1 + Θ)2

)
(3.114)
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where we have defined

G+− =

(
sec2(Z)

192

)(
− 80(Z̄ − Z) + 24(Z̄ − Z) cos(2Z) + 16(Z̄ − Z) cos(4Z) + 8Z̄ cos(6Z)

−8z cos(6Z)− 18 sin(2Z)− 4 sin(4Z)− sin(6Z) + 2 sin(8Z) + sin(10Z)

)
(3.115)

G++ = (12(−Z̄ + Z)− 8 sin(2Z) + sin(4Z))/6 (3.116)

G+0 = −2 tan(Z)(Z̄ − Z + cos(Z) sin(Z)) (3.117)

G00 = − sec(Z)2(4(Z̄ − Z)− 2(Z̄ − Z) cos(2Z) + sin(2Z))/3 (3.118)

One can perform a simple consistency check for this result by considering the limit

τ →∞, τ̄ →∞, Z → 0, Z̄ → 0. (3.119)

which should take the solution to the O(µ) part of the propagator in the background of the
chiral spin-3 deformation (3.79). Indeed, in this limit, it is straightforward to check that
the propagator becomes

Φ± → ΦBTZ
± ×

(
µZ̄3e4ρ(2± λ)(1± λ)

(1 + |Z|2e2ρ)2

)
(3.120)

which agrees with (3.79). There is also another limit that one can take to elucidate the
physical interpretation of the scalar propagator we found. The boundary CFT correlators
capture singularity structure of the spacetime geometry, and these can be computed by
taking the large |ρ| limits.

At ρ→∞, T, T̄ →∞ and the term in G++ dominates and we have

Φ
(1)
± |ρ→∞ ≈

−αe−(1±λ)ρ(2± λ)(1± λ)G++

(4 sin(z̄) sin(z)τ τ̄)1±λτ 2 sin2(2z)
(3.121)

This yields the boundary correlator in which both scalar operators are on the same bound-
ary. There is an absence of singularities away from the origin (and its thermal images
obtained by summing over z ∼ z + 2πZ and z̄ ∼ z̄ + 2πZ ). Near the origin, we have

Φ
(1)
± ≈ ΦBTZ

± ×
(

(2± λ)(1± λ)z̄µ

z2
+ . . .

)
(3.122)

where near the origin, we have ΦBTZ ≈ (e−ρ/|z|2)1±λ since we took the infinite ρ limit first.
The spin-3 deformation of the CFT sharpens the UV singularity at the boundary near the
origin. Similarly, one can take the limit ρ→ −∞, in which case we would have the mixed
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boundary correlator. In this limit, we have

Φ
(1)
± |ρ→−∞ ≈ −α

e(1±λ)ρ(1± λ) (4G+− + (1± λ)G00)

4τ 2 cos(1±λ) Z̄ cos(1±λ) Z
(3.123)

This gives us some valuable insights into the causal structure of the higher-spin black hole
solution. If one computes the metric from the black hole’s Chern-Simons connections, it
is one in which a traversable wormhole connects two asymptotic regions. Naively, the
two boundaries (at ρ being plus and negative infinities) appears to be causally connected.
Typically it implies that a minimally coupled scalar field’s correlator would exhibit some
singularities in the mixed boundary correlator. In this case, the higher-spin symmetry, via
the group theoretic properties of hs[λ], control the coupling of spacetime to the set of higher
spin fields. Hence, the physical causal structure is determined not purely by the apparent
metric, but by the full set of higher spin fields. Evaluated in the Lorentzian signature,
(3.123) is nonsingular. This gives us the physical picture that the two boundaries should
be taken as being causally disconnected, just like how the two boundaries of the Lorentzian
BTZ are spacelike separated.

Finally, let us comment that the scalar propagator is manifestly periodic under the
thermal identification of (z, z̄)

z ∼ z + 2πτ, z̄ ∼ z̄ + 2πτ̄ (3.124)

This charateristic feature of the propagator acts as a good consistency check that we have
taken the trace factor in the expression of the Chern-Simons connections correctly, since
it is straightforward to check that other values would actually give rise to a non-periodic
expression, by virtue of producing non-periodic terms in Z and Z̄ which are not of the form
Z − Z̄.

There exists an argument to see why the thermal periodicity is a property of all the
other fields of the Vasiliev master field C±. As we will elaborate more in later chapters, the
higher-spin black hole is constructed by imposing the condition that the Wilson holonomies4

H = Pe
∮
A, H̄ = Pe

∮
Ā (3.125)

are gauge equivalent and continuously deformable to the BTZ. The higher-spin black holes
have flat Chern-Simons connections that generalize those of the BTZ to include higher-spin
chemical potentials and charges. The requirement of being gauge-equivalent to the BTZ
can be imposed as follows. Denoting

∮
A = ω,

∮
Ā = ω̄, being gauge equivalent to the BTZ

implies the condition
Tr(ωn) = Tr(ωnBTZ) (3.126)

These conditions also ensure that the higher-spin black holes admit sensible thermodynam-
ics properties that match those of a putative boundary CFT. The BTZ’s holonomy belongs
to the center of the group HS[λ] and thus, so is H, H̄. Now recall that the Vasiliev master

4Please note that in (3.125), P denotes path-ordering being imposed.
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field read
C± = e(1±λ)ρ

[
e−Λρ ?M± ? e

Λ̄ρ
]
,

where
Λρ = Az(ρ)z + Az̄(ρ)z̄, Λ̄ρ = Āz(ρ)z + Āz̄(ρ)z̄.

Using the flatness condition and the fact that the holonomy belongs to the center of the
group, it is straightforward to show that

C±(ρ, z + 2πτ, z̄ + 2πτ̄) = C±(ρ, z, z̄). (3.127)

This furnishes a supporting evidence that higher-spin black hole background admits a
thermal nature.
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Chapter 4

Adventures in Vasiliev Gravity II: the topological

sector

In this chapter, we present a detailed formulation of the SL(4, R) Chern-Simons theory
as the topological sector Vasiliev gravity when λ is analytically continued to 4, including
various non-principal embeddings. In Section 4.3, we supersymmetrize the framework to
study SL(N |N − 1) Chern-Simons theories, including a derivation of the supersymmetry
transformation laws. In particular, we noted that global AdS3 preserves eight supercharges,
the massless BTZ preserving four and the extremal BTZ preserving two. By performing
an analytic continuation on N , we have also checked that this classification holds in the
infinite-dimensional shs[λ] gauge algebra case. The consistency of some aspects of our
computations was verified by checking that, upon truncating some of the gauge fields,
we obtain ordinary SUGRA defined via Chern-Simons with osp(2|2) and osp(1|2) gauge
algebras which are sub-superalgebras of SL(N |N − 1). From a partial analysis of the
asymptotic symmetry algebra, we recovered the N = 2 superconformal algebra (for each
chiral sector), and computed explicitly the Sugawara redefinition of the energy-momentum
tensor. The u(1) field generates spectral flows of bulk solutions, and is quantized to ensure
either the φ-periodicity of the Killing spinor or smooth holonomies. Various results of this
section form the backdrop for our discussion of spacetime asymptotic symmetry in Chapter
6 and higher-spin black holes in Chapter 7, and they could be found in our papers [39, 40].

4.1 Chern-Simons theories as the topological sector of the bulk

Let us begin by reviewing the basic formulation of higher-spin gravity in the framework
of Chern-Simons theory. As was briefly discussed earlier in Chapter 2, recall that the
Chern-Simons action reads

SCS[A] =
k

4π

∫
tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
. (4.1)

and that the combination (with the same Chern-Simons level k)

S = SCS[A]− SCS[Ã] (4.2)
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where A and Ã are independent Chern-Simons connections labelled in SL(2,R), reduces
to the Einstein-Hilbert action1 if we identify

A =

(
ωa +

ea

l

)
Ja , Ã =

(
ωa − ea

l

)
Ja (4.3)

where the one-forms ea, ωa are the vielbeins and spin connection, and Ja are the SL(2,R)
generators. This identification is up to boundary terms, and, in particular, is made with
the normalization Tr(JaJb) = 1

2
ηab, and the identification k = l

4G
. This can be generalized

to an SL(N,R)× SL(N,R) Chern-Simons action, with the vector potential expressed as

A =

(
ωa +

ea

l

)
Ja +

N−1∑
i=2

(
ωa1a2...ai +

ea1a2...ai

l

)
Ta1a2...ai (4.4)

where ea1a2...ai , ωa1a2...ai are the analogous gauge potentials for the higher-spin fields, and
Ta1a2...am are the spin-m generators which are completely symmetric and traceless in their

indices (i.e. T bba3...ai
= 0). Like (4.3), the expression for Ã is similar but with e→ −e.

The higher-spin generators satisfy

[Ja , Jb] = εabcJ
c,

[
Jb , Ta1a2...as−1

]
= εmb(a1Ta2...as−1)m , (4.5)

and they clearly transform as SL(2,R) tensors. For a general N , when the vector potentials
are valued as in (4.4), we have a consistent description of a ‘gravitational’ sector. More
precisely, when the equations of motion are linearized, we obtain the physics of a spin-N
field propagating on an AdS3 background (see, for example, Section 2 of [37] for a brief
review). Let us now write down the full non-linear action and the field equations for spin-4
gravity. In terms of the vielbein-like and the spin connection-like fields, the action (4.2) in
the case of N = 4 reads, after some algebra,

S =
1

8πG

∫
ea ∧ dωa + 2eabc ∧ dωabc +

1

6l2
εabce

a ∧ eb ∧ ec +
1

2
εabce

a ∧ ωb ∧ ωc

+2eab ∧ dωab +
2

l2
εabce

a ∧ ebα ∧ ecα + 2εabce
a ∧ ωbα ∧ ωcα + 4εabcω

a ∧ ωbα ∧ ecα

+2eabc ∧ dωabc +
2

l2
εabce

a ∧ ebαβ ∧ ecαβ + 2εabce
a ∧ ωbαβ ∧ ωcαβ + 4εabcω

a ∧ ωbαβ ∧ ecαβ

εabc

{
2ωaαβ ∧ ωbαγ ∧ ecγβ +

2

3l2
eaαβ ∧ ebαγ ∧ ecγβ + 2ωaα ∧ ωbβ ∧ ecαβ

+
2

l2
eaα ∧ ebβ ∧ ecαβ + 4ωaα ∧ ebβ ∧ ωcαβ

}
(4.6)

1We note in passing that if the Chern-Simons levels are allowed to be different, we then have topologically
massive gravity[41], of which a higher-spin analogue was considered most recently in [42].
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The equations of motion for the gravitational fields are

dea + εabcωb ∧ ec + 4εabc
(
ebd ∧ ωcd + ωbαβ ∧ ecαβ

)
= 0 ,

dωa + εabc

(
1

2
ωb ∧ ωc +

eb ∧ ec
2l2

+ 2ωbd ∧ ωcd + 2
ebd ∧ ecd

l2

+2ωbαβ ∧ ωcαβ +
2

l2
ebαβ ∧ ecαβ

)
= 0. (4.7)

from which we note that the higher-spin fields, like torsion fields, destroy the metric com-
patibility condition. The field equations for the spin-3 fields are

deab + εcd(a| (ωc ∧ ed|b) + ec ∧ ωd|b)
)

+ εcd(a| (ωcβ ∧ ed|b)β + ecβ ∧ ωd|b)β
)

= 0,

dωab + εcd(a|
(
ωc ∧ ωd|b) +

1

l2
ec ∧ ed|b) + ωcβ ∧ ωd|b)β +

1

l2
ecβ ∧ ed|b)β

)
= 0 . (4.8)

Finally, the field equations for the spin-4 fields are

deabc = −2

3
εed(a| (ωbc)e ∧ ed + ebc)e ∧ ωd

)
− 1

3
εef(a| (ωb|ek ∧ e|c)fk + ωb|e ∧ e|c)f

)
,

dωabc =
2

3
εef(a|

(
1

l2
ebc)f ∧ ee + ωbc)f ∧ ωe +

1

4

(
ω
b|
ek ∧ ω

|c)fk

+ωbe ∧ ω|c)f + e
b|
ek ∧ e

|c)fk + ebe ∧ e|c)f
))

(4.9)

From these explicit expressions, we can write down precisely the entire set of gauge trans-
formations acting on the higher-spin fields. Besides the usual diffeomorphism, the spin-2
fields acquire new gauge transformations proportional to the spin-3 gauge parameters ξab

and Λab and spin-4 gauge parameters ξabc and Λabc:

δea = 4εabc ωbd ξ c
d + 4εabc ebd Λc

d ,

δωa = 4εabc ωbd Λc
d + 4

1

l2
εabc ebd ξ c

d . (4.10)

For the spin-3 and spin-4 fields, we have the gauge transformations

δe ab = dξ ab + εcd(a| ωc ξ d
|b) + εcd(a| ec Λd

|b) + εcd(aωb)c ξd + εcd(aeb)c Λd ,

δωab = dΛ ab + εcd(a| ωc Λd
|b) +

1

l2
εcd(a| ec ξ d

|b) + εcd(aωb)c Λd +
1

l2
εcd(aeb)c ξd .(4.11)

Thus, both spin-3 and spin-4 fields transform under spin-3 and spin-4 gauge transformations
and diffeomorphisms.2

2In our derivations above, we have used various trace relations like tr (JaJbJc) = 1/4εabc, tr (JaJcTef ) =
ηacηfe + ηafηec, tr (JaTefTij) = εaeiηfj , etc. For the general spin-N , the trace relations for the various Ja
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Another useful basis which we will rely on in later sections is one in which one does not
have to take into account the trace constraints on the generators. One general expression
for such a basis for higher-spin fields (see, for example, [38]) is

[L+ , L−] = 2L0, [L± , L0] = ±L±,[
Li ,W

l
m

]
= (il −m)W l

i+m,

W l
m = (−1)l−m

(l +m)!

(2l)!
adl−mL−

(
Ll+
)
. (4.12)

In the above notations, the spin is (l + 1), i = 0,±1, −l ≤ m ≤ l, and adL(f) = [L, f ]
refers to the adjoint action of L on f . This is easily motivated by letting W l

l = Ll+ in the
fundamental, and then deriving the rest of the generators by the lowering operator L−. In
[37], the isomorphism in the case of spin-3 between the spin generators Ta1a2...as−1 and the
W l
m generators is computed. Similarly, we derive the isomorphism in the spin-4 case. Up

to one constant scaling factor, we find that for the ten spin-4 generators, the mapping goes
as

T222 = U0, T220 =
1

2
(U1 + U−1) , T221 =

1

2
(U1 − U−1) , T200 =

1

4
(U2 + U−2) +

1

2
U0,

T012 =
1

4
(U2 − U−2) , T211 =

1

4
(U2 + U−2)− 1

2
U0, T000 =

1

8
(U3 + U−3 + 3(U1 + U−1)) ,

T001 =
1

8
(U3 − U−3 + U1 − U−1) , T011 =

1

8
(U3 + U−3 − U1 − U−1) ,

T111 =
1

8
(U3 − U−3 + 3(U−1 − U1)) (4.13)

where we have denoted Um =W3
m. For the general spin-N case, we can derive this isomor-

phism straightforwardly by starting with the ‘highest-weight’ generator T22...2.

The physical interpretation of these Chern-Simons theories begins after we identify
metric-like fields. They are identified by demanding invariance under local Lorentz in-
variance parametrized by the gauge parameters Λa,Λab, and Λabc. This condition is only
sufficient for the spin-2 (metric) and spin-3 fields. In [38], it was explained that for higher-
spin fields, the choice of identification is unique for spin-4 and spin-5 fields if we further
demand that in the linearized regime, rewriting them in terms of vielbeins reproduces the
definition in the free theory. Then, it can be shown (see [37, 38]) that this leads to the
following definitions of metric-like fields:

g ∼ tr(e · e), ψ3 ∼ tr(e · e · e), ψ4 ∼ tr(e4)− 3λ2 − 7

10

(
tre2

)2
(4.14)

and T a1a2...as−1 are determined by all possible contraction of indices of the generators in the product via
the tensors η and ε.
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where λ is related to the quadratic Casimir by

L2
0 −

1

2
(L+L− + L−L+) =

λ2 − 1

4
. (4.15)

In our case, λ = 4, but is not necessarily an integer if we consider the larger framework of
hs[λ] algebra. Consider building an infinite tower of higher-spin (l + 1) fields in the basis
of generators W l

m, each appearing once, so l in (4.12) runs from 1 to ∞. In general this
algebra hs[λ] = ⊕∞l=1g

(l) (where λ is as defined in (4.15)) is distinct for different values of
λ, and when λ = N ∈ Z, all higher-spin generators for spin > N can be truncated and the
algebra reduces to SL(N,R) algebra. An interesting fact is that the commutator between
even-l W ’s yields a sum of odd-l W ’s, whereas the commutator between even-l W ’s and
odd-l W ’s yields a sum of even-l W ’s. A related implication of this is that it is possible
for the algebra to be truncated of all even-l generators (which correspond to odd spins).
In four dimensions, the well-known counterpart is the minimal Vasiliev model.

4.2 Non-principal Embeddings

Before we proceed to discuss the spacetime interpretation of the ansatz (6.10), let us
mention that there are other Drinfeld-Sokolov procedures with which one can construct
W-algebras. What we have done above corresponds to the choice of the “principal embed-
ding” of SL(2,R) in SL(4,R). Let us first quickly review the meaning of having different
embeddings of SL(2,R) in the general SL(N,R) theory.

As explained in for example [43], that one considers SL(2,R) embeddings is closely
related to the requirement that one wants the algebra to be an extended conformal algebra,
i.e. containing the Virasoro as a subalgebra and other generators to be primary fields with
respect to this Virasoro algebra. To each SL(2,R) embedding within the simple Lie algebra
that underlies the affine algebra, one can associate a generalized classical Drinfeld-Sokolov
reduction of the affine algebra to obtain a W-algebra.

For SL(N,R), the number of inequivalent SL(2,R) embeddings is equal to the number
of partitions of N , and the standard reduction leading toWN algebras is associated with the
so-called principal embedding. Also, the inequivalent SL(2,R) embeddings are completely
characterized by the branching rules of the fundamental representation. In our discussion
below where we will give explicit examples of the statements above, we will parametrize
the branching by various SL(2,R)-multiplets, and “spin” in this context refers to the
dimensionality of the representation. The conformal weight of each field is obtained from
the SL(2,R) spin by adding one.

What is the relevance of these non-principal embeddings in a three-dimensional SL(N,R)×
SL(N,R) higher-spin theory? A nice discussion was first made in [50], where it was pointed
out that non-principal embeddings describe AdS3 vacua of possibly different radii, with the
corresponding W-algebra as the asymptotic symmetry algebra. Specifically in the case
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of N = 3, the Polyakov-Bershadsky algebra W(2)
3 is the only non-principal embedding in

SL(3,R). A solution that represents an interpolation between the W(2)
3 (in the UV) and

W3 vacua (in the IR) was constructed, and an elegant linearized analysis of the RG flow
background was presented in [50].

Let us very briefly review the N = 3 case as presented in [50]. For the principal
embedding (W3), we have one spin-1 multiplet generated by (L0, L±1) and one spin-2

multiplet generated by (W0,W±1,W±2). For W(2)
3 , the branching reads as: (i)one spin-1

multiplet
(

1
4
W2,

1
2
L0,−1

4
W−2

)
, (ii)one spin-0 multiplet (W0), (iii)two spin-1/2 multiplets:

(W1, L−1) , (L1,W−1), where the W(2)
3 ’s generators have been expressed in terms of the

W3’s. An analysis similar to that done for W3 can be done to obtain the classical W(2)
3

algebra.

In terms of the Chern-Simons connections, we have

AAdS3 = eρ
(

1

4
W2

)
dx+ +

(
1

2
L0

)
dρ,

ĀAdS3 = −eρ
(

1

4
W−2

)
dx− −

(
1

2
L0

)
dρ (4.16)

which translates to the metric (the higher spin field ψabc = 0)

ds2 =
l2

4

(
dρ2 − e2ρdx+dx−

)
(4.17)

which is AdS3 with radius = l
2
, if we assume the same metric normalization as that for the

principal embedding.

The difference in the AdS radius can be traced to the trace relations of the new SL(2,R)
generators, in particular that of L0 which is also known as the defining vector of the

embedding. For W(2)
3 , we note that Tr

((
1
2
L0

)2
)

= 1
4
Tr (L2

0), giving rise to an AdS3 of half

the radius of that of the principal embedding. This implies that the overall normalization
of the Chern-Simons action restricted to the SL(2,R) subalgebra must be reduced by an
overall factor of 1/4, and thus both the Chern-Simons level k and central charge of the

W(2)
3 would be reduced by a similar factor.

It is straightforward to make similar statements in the general N case. What one needs
to do is to find an explicit representation of the generators of various SL(2,R)-multiplets,
in particular that of the three gravitational spin-one generators in terms of the original
ones associated with the principal embedding. Retaining the original metric normalization
factor, and denoting the defining vector of the non-principally embedded SL(2,R) algebra
by L̃0, we then have the metric describing an AdS3 of radius RAdS3 and vacuum’s central
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charge c, with

R2
AdS3

l2
=

Tr
(
L̃2

0

)
Tr (L2

0)
=

c

6k
, (4.18)

while noting that l is the radius of the AdS3 vacuum of the principal SL(2,R) embedding.

In [44, 43], the general embedding of SL(2,R) in SL(N,R) was discussed very nicely,
and this gives one the basic tools for analyzing this aspect of these higher-spin gravity
theories. Following [43], let (n1, n2, . . .) be a partition of N , with n1 ≥ n2 ≥ . . . , then
define a different partition (m1,m2, . . .) of n, with mk equal to the number of i for which
ni ≥ k, and let st =

∑t
imi. The embedded SL(2,R)’s generators (L̃0, L̃±) can then be

expressed explicitly as [43]

L̃+ =
∑
l≥1

nl−1∑
k=1

El+sk−1,l+sk ,

L̃0 =
∑
l≥1

nl∑
k=1

(
nl + 1

2
− k
)
El+sk−1,l+sk−1

,

L̃− =
∑
l≥1

nl−1∑
k=1

k(nl − k)El+sk,l+sk−1
, (4.19)

where Eij denotes the matrix with a one in its (i, j) entry and zeroes everywhere else.
Applying (4.19) to the SL(4,R) case where there are 15 generators, we can describe the
branching of each non-principal embedding as a direct sum of (2j + 1)-dimensional irre-
ducible SL(2,R) representations

⊕
j∈ 1

2
N nj ·2j + 1, where nj is the degeneracy of the spin-j

representation. The branching of the SL(4,R) fundamental representation 15(n1,n2,... ) goes
as

(1) 15(2,2) ∼ 4 · 3 + 3 · 1. Apart from (L̃0, L̃±), this representation consists of three spin-1

multiplets and three singlets. We compute Tr(L̃2
0) = 1, RAdS3 =

√
1
5
.

(2) 15(3,1) ∼ 3+5+2 ·3+1 . Apart from (L̃0, L̃±), this representation consists of two spin-1

multiplets, one spin-2 multiplet and one singlet. We compute Tr(L̃2
0) = 2, RAdS3 =

√
2
5
.

(3) 15(2,1,1) ∼ 3 + 4 · 2 + 4 · 1 . Apart from (L̃0, L̃±), this representation consists of four

spin-1/2 multiplets, four singlets. We compute Tr(L̃2
0) = 1

2
, RAdS3 =

√
1
10

.

We note that in the notations above, the principal embedding is 15(4) ∼ 3 + 5 + 7, and we
have set the radius l = 1. We will use the above results in understanding a subtle aspect
of the asymptotic behavior of the black hole solutions in Chapter 7.
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4.3 Supersymmetric generalizations and a class of higher-spin
supergravity theories

4.3.1 General remarks on higher-spin AdS3 SUGRA as a Chern-Simons theory

Below, we review some basics of ordinary and higher-spin anti-de Sitter SUGRA based
on Chern-Simons theory, mainly following the introduction in [69]. There are two ba-
sic requirements of the superalgebra associated with an AdS3 SUGRA: (i) it contains an
sl(2,R)⊕ sl(2,R) as a sub-algebra, and (ii) the fermionic generators transform in the 2 of
the sl(2). This condition is satisfied by seven classes of superalgebras (see table 1 of [69]. In
this section, our main interest lies in a higher-spin counterpart of osp(2|2,R)⊕ osp(2|2,R),
which belongs to the general class of osp(N |2,R)⊕osp(M |2,R) Chern-Simons theory (these
are SUGRA theories which have N = (N,M) supersymmetry).

In the non-supersymmetric case, a consistent higher spin gravity can be defined as a
sl(N,R) Chern-Simons theory which includes higher spin gauge fields up to spin ≤ N .
In a particular N → ∞ limit, the gauge algebra becomes an infinite-dimensional hs(2,R)
algebra. Supersymmetrization of this construction was first discussed in [69] in which the
infinite-dimensional superalgebra shs(N |2,R) ⊕ shs(M |2,R) is studied as the higher-spin
extension of osp(N |2,R)⊕ osp(M |2,R). The first can be represented as the quotient of the
universal enveloping algebra of the latter by a certain ideal.

In the framework of Chern-Simons theory, supersymmetrization implies among other
things, that the Lie algebra is replaced by suitable superalgebras, along with the supertrace
in place of the ordinary one. In the following, we will study the particular case of sl(N |N−1)
superalgebras as the higher-spin gauge algebras, with N = 3 as our main example. We
should remark that sl(N |N −1) is not a consistent truncation of shs[λ] in the sense that it
is not a subalgebra of the latter. Indeed, the only non-trivial sub-superalgebra of shs[λ] is
osp(2|2). Nonetheless, sl(N |N − 1) contains sl(2|1) ' osp(2|2) as a sub-superalgebra, and
further there is a well-defined analytic continuation procedure to send it to shs[λ]. This
situation appears identically in the sl(N) case. As noted in [48], sl(3) cannot be obtained
as an algebraic truncation of hs[λ]. However, if we force terms valued in higher spin fields
of spin greater than two to be zero by hand, then the truncated algebra is isomorphic to
sl(3). We are interested in sl(N |N − 1) as a higher-spin SUGRA theory which is a natural
supersymmetric generalization of the sl(N) higher-spin theories.

Another important relation which we will discuss further is that to super-W algebras.
As is well-known, the Drinfeld-Sokolov Hamiltonian reduction procedure, when applied to
WZW models, takes affine sl(2) current algebra to Virasoro algebra. Generalization of this
method has been recently used to explain howWN andW∞[λ] can be obtained from affine
sl(N) and hs[λ] algebras respectively, in the context of higher-spin gravitational theories.
Supersymmetrization of this computation was done in [69]. Although we do not explicitly
carry out the full computation to obtain the classical N = 2 W3 algebra (see [72] for the
full quantum N = 2 W3 algebra and [73] for the classical algebra), later we shall truncate
some of the gauge fields to recover the N = 2 superconformal algebra, and in the process,
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compute the Sugawara redefinition of the energy-momentum tensor. We should note that
for non-higher spin supergravity theories, the relationship between superconformal algebras
and asymptotic dynamics has been explained elegantly in the nice work of [74] for the finite-
dimensional gauge algebras, and the Hamiltonian reduction procedure explained in [75].

In the ordinary case of osp(N |2) gauge algebra, the odd-graded generators are funda-
mental spinors of sl(2) and vectors of so(N), while the even-graded ones consist of the sum
of sl(2) and so(N) generators. In particular, the N = 2 case is important for us due to
the isomorphism osp(2|2) ' sl(2|1), the latter being a sub-superalgebra of sl(N |N − 1).
Henceforth, we will pay attention to the N = 3 case. The Killing spinor equations were
solved for a number of classical backgrounds, and global AdS3 and the massless BTZ black
hole [6] arise as the Neveu-Schwarz and Ramond vacua of the theory. The supersymmetric
higher-spin theories based on sl(N |N−1) gauge algebra will have N = 2 supersymmetry in
either/both chiral sectors of the Chern-Simons theory, due to the osp(2|2) sub-superalgebra.

4.3.2 About sl(N |N − 1) in the Racah basis

Now, the general sl(N |N − 1) element can be decomposed as [76]

sl(N |N − 1) = sl(2)⊕

(
N−1⊕
s=2

g(s)

)
⊕

(
N−2⊕
s=0

g(s)

)
⊕ 2×

(
N−2⊕
s=0

g(s+ 1
2

)

)
(4.20)

where g(s) is defined as a spin-s multiplet of sl(2). This is one less than the conformal or
spacetime spin3. Hence, for example, for sl(3|2), the even-graded sector will consist of three
sl(2) generators, five spin-2 generators, one abelian gauge field, one spin-1 field, whereas
the odd-graded part consists of two copies of a spin-1/2 multiplet and a spin-3/2 multiplet.

Let us begin with the action which is the difference between two super-Chern Simons
action at level k,

SCS[Γ, Γ̃] =
k

4π

∫
str

(
Γ ∧ dΓ +

2

3
Γ ∧ Γ ∧ Γ

)
− k

4π

∫
str

(
Γ̃ ∧ dΓ̃ +

2

3
Γ̃ ∧ Γ̃ ∧ Γ̃

)
(4.21)

where ‘str’ stands for the super-trace, and Γ(chiral sector) and Γ̃(anti-chiral sector) are the
connection one-forms valued in the elements of the superalgebra. When the higher-spin
theory is cast as a Chern-Simons theory, it is essential to specify how the gravitational sl(2)
sector is embedded in the gauge algebra. For example, in the sl(N) case, Chern-Simons
theory based on the gauge algebra sl(N) can realize physically distinct higher-spin theories
arising from inequivalent embeddings of sl(2).4 Demanding that the gravitational sl(2) is
part of the osp(2|2) superalgebra, we can work in the so-called ‘Racah’ basis to write down
the commutation relations that are more suited for us to identify the physical interpretation

3From now on, by ‘spin’ we refer to the sl(2)-spin unless otherwise stated.
4There can however be problems with unitarity for the non-principal embeddings as discussed in [77].
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of various fields. We will leave explicit details of the matrix realization of the superalgebra
to the Appendix B, but now, let us summarize and review some essential points about the
way we describe the sl(N |N − 1) in the Racah basis following [76].

It is convenient to start from gl(N |N−1) and obtain sl(N |N−1) by quotienting out its
center. The generators are Z2-graded by the usual Grassmann parity function: the bosonic
ones we denote by T, U which generate gl(N) and gl(N − 1) in (4.20), and the fermionic
ones by Q, Q̄ which generate the half-integer spin multiplets.5 The supercommutation
relations read schematically (the structure constants are multiples of Wigner 6j-symbols
(see Appendix B)):

[T, T ] ∼ T, [U,U ] ∼ U, {Q, Q̄} ∼ T + U (4.22)

[T, Q̄] ∼ Q̄, [U, Q̄] ∼ Q̄, [T,Q] ∼ Q, [U,Q] ∼ Q. (4.23)

In the notation of (4.20), we denote T sm,−s ≤ m ≤ s, to generate each g(s) multiplet, and
similarly for U,Q, Q̄. The identity matrix 1 =

√
NT 0

0 +
√
N − 1U0

0 is the center, and after
modding it out, we have sl(N |N − 1) ∼ gl(N |N − 1)/1.

Further for our purpose, we should re-define the generators such that we can form a
basis for the sl(2) in (4.20) with all the other generators transforming under its irreducible
representations. This is the gravitational sl(2) sub-algebra when sl(2) is embedded princi-
pally in sl(N |N − 1). Henceforth, we will allude to the specific case of N = 3 as a concrete
example. First, let us consider linear combinations of the T sm, U

s
m as follows

L0 =
1√
2

(
2T 1

0 + U1
0

)
, L±1 = 2T 1

±1 + U1
±1,

A0 =
1√
2

(
2T 1

0 − U1
0

)
, A±1 = 2T 1

±1 − U1
±1.

W±2 = 4T 2
±2, W±1 = 2T 2

±1, W0 =

√
8

3
T 2

0

U0 =
1√
3
T 0

0 +
1√
2
U0

0 (4.24)

which realize the even part of sl(3|2) as

[Li, Lj] = (i− j)Li+j, [Ai, Aj] = (i− j)Li+j, [Li, Aj] = (i− j)Ai+j

[Wi,Wj] =
(j − i)

3

(
2j2 + 2i2 − ij − 8

)
× 1

2
(Li+j + Ai+j)

[Li,Wj] = (2i− j)Wi+j, [Ai,Wj] = (2i− j)Wi+j. (4.25)

The generators Li form the basis for the total sl(2). Note that the commutator between
the W ’s is the same as that in sl(3) but with A → L. Indeed, the subset of generators

5Formally, let the Grassmann parity function be P (T ) = P (U) = 1 = −P (Q) = −P (Q̄), and define the
supercommutator by [A,B} = AB − (−1)P (A)P (B)BA.
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{(Li + Ai)/2,Wi} forms the sl(3) algebra. Also, some commutation relations involving
Q, Q̄, U0 and Jm can be written as

{Q( 1
2

)
r , Q̄

( 1
2

)
s } =

1

3
Ja (γaγ0)rs + (γ0)rs U0, (4.26)

[
U0, Q

( 1
2

)
r

]
=

1

6
Q

( 1
2

)
r ,

[
U0, Q̄

( 1
2

)
r

]
= −1

6
Q̄

( 1
2

)
r , (4.27)

[Jm, Q
( 1

2
)

r ] = −1

2
(γm)rsQ

( 1
2

)
s , [Jm, Q

( 3
2

)
r ] =

1

2

(
γ

( 3
2

)
m

)
rs
Q

( 3
2

)
s , (4.28)

where r, s = −1
2
, 1

2
and we define

J0 =
1

2
(L1 + L−1) , J1 =

1

2
(L1 − L−1) , J2 = L0. [Ja, Jb] = εabcJ

c

γ0 =

(
0 −1
1 0

)
, γ1 =

(
0 1
1 0

)
, γ2 =

(
−1 0
0 1

)
. [γa, γb] = 2εabcγ

c.

γ
( 3

2
)

0 =


0 −

√
3 0 0√

3 0 −
√

4 0

0
√

4 0 −
√

3

0 0
√

3 0

 , γ
( 3

2
)

1 = −


0
√

3 0 0√
3 0

√
4 0

0
√

4 0
√

3

0 0
√

3 0

 , γ
( 3

2
)

2 = 2[γ0, γ1]

where γ
( 3

2
)

m are spin-3
2

matrix realizations of sl(2). Identical relations hold for the Q̄ gen-
erators. Thus, the fermionic generators Q, Q̄ transform as irreducible sl(2) tensors. With
the identification of the gravitational sl(2), we checked that the Chern-Simons level k can
be identified as

k =
l

4G
(4.29)

provided we normalize the supertrace ‘str’ = 1
3
(
∑3

i=1−
∑5

i=4)Mii where M is any super-
matrix.

4.3.3 A class of gauge transformations

We now turn to the subject of deriving the suitable supersymmetry transformation laws
for the sl(3|2) Chern-Simons theory. Our consideration below lies in the chiral sector, but
applies equally to the anti-chiral sector. Now, the gauge connection Γ is sl(3|2)-valued and
parametrized as

Γ = (ea+ωa)Ja+ΥiKi+U U0 +WmWm+ψ
( 1

2
)

r Q
( 1

2
)

r +ψ̄
( 1

2
)

r Q̄
( 1

2
)

r +ψ
( 3

2
)

r Q
( 3

2
)

r +ψ̄
( 3

2
)

r Q̄
( 3

2
)

r (4.30)

with

K2 = A0, K1 =
1

2
(A1 − A−1) , K0 =

1

2
(A1 + A−1) .
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Also, we should relate the gravitational vielbeins ea and spin connection ωa = 1
2
εabcωbc to

the relevant fields in the other copy of Chern-Simons by setting

Γ̃ = (−ea + ωa)Ja + . . . (4.31)

Now, it is useful to begin by considering the invariance of the action under a gauge trans-
formation that is valued in Q( 1

2
), Q̄( 1

2
) (in the notation introduced in the previous section),

i.e.
εsusy = εrQ

( 1
2

)
r + ε̄sQ̄

( 1
2

)
s (4.32)

Then, the invariance of the action under δΓ which reads

δΓ = dεsusy + [Γ, εsusy] (4.33)

is guaranteed up to total derivative terms. From (4.33), we can then compute the super-
symmetry transformation laws purely from the superalgebra. This method relies on the
coincidence that we can write the gravity theory as a Chern-Simons theory of which bulk
action is gauge invariant, modulo total derivatives which may not vanish at the boundary.
Equation (4.33) can then be used to derive the supersymmetry transformation laws, based
on the sl(2|1) ' osp(2|2) subalgebra, albeit a subtlety that involves the reality conditions
of the fermionic fields. We note that when written in components, the kinetic terms read
schematically as

Lkin. = (ea + ωa) ∧ d(ea + ωa) + 2(ea + ωa) ∧ dΥa + Υa ∧ dΥa + U ∧ dU +Wm ∧ dWm

−ψ̄( 1
2

)γ0 ∧ dψ( 1
2

) − ψ( 3
2

)γ̃0 ∧ dψ̄( 3
2

), (4.34)

where the indices are contracted via the Killing metric of sl(3|2), and

γ̃0 =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 .

Now, there is a crucial yet subtle point that affects how one derives the supersymmetry
transformation laws. We note that if ψ̄ and ψ are independent, real Grassmann fields, then
their kinetic terms are not real. As in the case of osp(N |M) Chern-Simons theories, one
inserts extra factors of ‘i’ in the Lagrangian appropriately.

In the following, we will keep track of these insertions by imposing suitable reality
conditions on the fermionic fields ψ as follows.

ψ̄
( 1

2
)

r = iψ
( 1

2
)†

r , ψ̄
( 3

2
)

r = −iψ( 3
2

)†
r . (4.35)

We should note that the number of degrees of freedom involving ψ remains the same, and

that the sub-superalgebra generated by the generators Li, U0, Q
( 1

2
)

r , Q̄
( 1

2
)

r closes, and can be
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identified as sl(2|1) ' osp(2|2). More precisely, we find that these algebras are isomorphic
upon the identifications (please see Appendix A for the generators of osp(2|2) displayed
below):

E ∼ L−, F ∼ −L+, H ∼ 2L0,

J12 ∼ i6U0, Q
( 1

2
)

± 1
2

∼ − i

2
√

3

(
R±1 + iR±2

)
, Q̄

( 1
2

)

± 1
2

∼ 1

2
√

3

(
R±1 − iR±2

)
. (4.36)

We note from (4.36) that the matching between sl(2|1) and osp(2|2) involves changing

the reality conditions of the generators U0 and Q
( 1

2
)

± 1
2

. These conditions ensure the reality

of the superysymmetric Lagrangian, since they generate appropriate factors of ‘i’ in the
coefficients of the fermionic kinetic terms. Later, we shall use both (4.35) and (4.33) to
derive the supersymmetry transformation laws, but first let us consider the cases where the
fields are truncated to those in osp(1|2) and osp(2|2) Chern-Simons supergravity theories.
The sl(3|2) field content differs from that of the osp(2|2) case by the additional N = 2
multiplet {Υ,W , ψ(3/2)}. The supersymmetry transformation laws for these theories have
been derived some time ago, and we want to re-derive them by using (4.33) and (4.35),
after setting the irrelevant fields in sl(3|2) Chern-Simons theory to vanish. This should
serve as a good consistency check of our approach.

4.3.4 On the supersymmetry of osp(1|2) and osp(2|2) Chern-Simons theories

We begin with a comparison to osp(1|2) Chern-Simons theory [20]. This theory can be
recovered after a truncation of the sl(3|2) theory, by setting

W = Υ = U = ψ( 3
2

) = ψ̄( 3
2

) = 0, (4.37)

ψ̄( 1
2

) = −iψ( 1
2

). (4.38)

To motivate (4.38), we set the fields conjugate to the generator R±2 (see (4.36) and Appendix
A) to be zero and the fields conjugate to R±1 to be real. After taking into account the overall
trace normalization factor, we compute the action to be 6

S =
1

8πG

∫
d3x ea ∧

(
dωa +

1

2
εabcω

b ∧ ωc
)

+
1

6
εabc

(
ea ∧ eb ∧ ec

)
+iψ( 1

2
)γ0 ∧

(
d− 1

2
(ea + ωa) γa

)
∧ ψ( 1

2
) (4.39)

where the part consisting only of the vielbein and spin-connection one-forms is the usual
Einstein-Hilbert action with a negative cosmological constant, and the fields ψ( 1

2
) are real.

6We take the cosmological constant to be unity, and henceforth, rescaled all the fermonic fields, including

the gauge parameters ε and ε̄ by a factor of
√

3
2 .
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This, including the factor of i, is the action for osp(1|2)⊕ sl(2) Chern-Simons supergravity
[20]. From (4.38) and (4.33), we obtain7

δea =
1

2
εγ0γ

aψ( 1
2

) (4.40)

δψ( 1
2

) =

(
d− 1

2
(ea + ωa) γa

)
ε (4.41)

where we have also taken ε̄ = −iε. We checked that (4.40) agrees with the supersymmetry
transformation laws for osp(1|2) Chern-Simons supergravity as stated in the literature.
Similarly, we can consider the osp(2|2)⊕ sl(2) Chern-Simons theory where the u(1) gauge
field U plays a role. Instead of (4.37), we set

W = Υ = ψ( 3
2

) = ψ̄( 3
2

) = 0, (4.42)

U = i6B, ψ̄( 1
2

) = iψ( 1
2

)†, (4.43)

which is motivated by constraining the fields conjugate to R±1,2 and J12 to be real. This
leads to the action

S =
1

8πG

∫
d3x ea ∧

(
dωa +

1

2
εabcω

b ∧ ωc
)

+
1

6
εabc

(
ea ∧ eb ∧ ec

)
−iψ( 1

2
)†γ0 ∧

(
d− 1

2
(ea + ωa) γa + iB

)
∧ ψ( 1

2
) + 2B ∧ dB, (4.44)

where the fermonic fields are now complex, and thus possess twice the degrees of freedom
as in the osp(1|2) case. We checked that this is indeed the action for osp(2|2)⊕sl(2) Chern-
Simons supergravity [79] as stated in the literature. From (4.43) and (4.33), we obtain the
supersysymmetry transformation laws to be

δea = − i
4

(
ε†γ0γ

aψ( 1
2

) + ψ( 1
2

)†γ0γ
aε
)

(4.45)

δψ( 1
2

) =

(
d− 1

2
(ea + ωa) γa + iB

)
ε (4.46)

δB =
1

4

(
ε†γ0ψ

( 1
2

) + ψ( 1
2

)†γ0ε
)
. (4.47)

We checked that (4.45) is indeed the transformation laws for osp(2|2) Chern-Simons su-
pergravity as stated in the literature [79]. We now proceed to derive the supersymmetry
transformation laws for sl(3|2) Chern-Simons supergravity theory, based on (4.35) and
(4.33). The results of this subsection vindicated the consistency of such an approach when
the fields are truncated to yield osp(1|2) and osp(2|2) theories.

We should remark that the equations for ψ( 3
2

) in (4.35) cannot be derived by seeking

7Since we are supersymmetrizing only a copy of Chern-Simons theory, δe = 1
2δA. The spin-connection

one-forms are treated as auxiliary forms.
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consistent truncations to the osp(N |2) cases since in the first place, they are absent in these
theories. But, as we shall observe next, this relation can be easily motivated by the form of
some of the equations that we obtain from (4.33). Finally, let us summarize our approach in
the following. One starts with sl(3|2;R) superalgebra in deriving the Chern-Simons action,
but then, insert factors of ‘i’ into appropriate parts of the Lagrangian by hand to ensure
reality. Starting with (4.35) can be viewed as a way to keep track of these changes. The

results of this subsection showed that in each sector, when the multiplet (Υ,W , ψ( 3
2

)) is
truncated, this procedure reduces the sl(3|2) theory to the osp(2|2) Chern-Simons theory.

4.3.5 N = 2 supersymmetry and Killing spinors

Upon substituting (4.30) and (4.35) into (4.33), excluding the equations for ψ( 3
2

) in (4.35),
and inserting factors of ‘i’ in the generators U0 and Wm, we find the following supersym-
metry transformation laws

δψ( 1
2

) =

(
d+ iU − 1

2

(
(ea + ωa) +

5

3
Υa

)
γa

)
ε (4.48)

δψ̄( 1
2

) =

(
d− iU − 1

2

(
(ea + ωa) +

5

3
Υa

)
γa

)
ε̄ (4.49)

δψ(3/2) = (iWmηm + Υaλa) ε (4.50)

δψ̄(3/2) = (iWmηm −Υaλa) ε̄ (4.51)

δU =
1

4

(
ε†γ0ψ

( 1
2

) + ψ( 1
2

)†γ0ε
)

(4.52)

δWm =
i√
8

(
ψ̄( 3

2
)αmε+ ψ( 3

2
)αmε̄

)
(4.53)

δea = −5

6
(δΥa)− i

4

(
ε†γ0γ

aψ( 1
2

) + ψ( 1
2

)†γ0γ
aε
)

(4.54)

δΥa = ψ̄( 3
2

)βaε− ψ( 3
2

)βaε̄ , (4.55)

where the field U is multiplied by a factor of 6, and the field ψ( 1
2

) by a factor of
√

3
2

as in

Section 4.3.4 for convenience. The non-vanishing elements of the 4 × 2 matrices β, η, λ, α
are

α0
( 1

2
,− 1

2
)

= α0
(− 1

2
, 1
2

)
= −α−1

( 1
2
, 1
2

)
= −α1

(− 1
2
,− 1

2
)

= 1.

α−2
( 3

2
, 1
2

)
= α2

(− 3
2
,− 1

2
)

= −α−1
( 3

2
,− 1

2
)

= −α1
(− 3

2
, 1
2

)
=

√
1

3
.

λ2
( 1

2
, 1
2

)
= λ2

(− 1
2
,− 1

2
)

= −2
√

2

3
, −λ1

( 3
2
, 1
2

)
= λ1

(− 3
2
,− 1

2
)

=

√
2

3
, −λ1

( 1
2
,− 1

2
)

= λ1
(− 1

2
, 1
2

)
=

√
2

3
.
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λ0
( 3

2
, 1
2

)
= λ0

(− 3
2
,− 1

2
)

=

√
2

3
, λ0

( 1
2
,− 1

2
)

= λ0
(− 1

2
, 1
2

)
=

√
2

3
.

ηm =
1√
8
γ̃0 str (WmWn)αn, βa = −i3

8
γ̃0λ

a.

Equation (4.51) suggests we should look for a reality condition relating ψ̄( 3
2

) and ψ( 3
2

) since
ε̄ = iε†. A simple observation tells us that imposing

ψ̄
( 3

2
)

r = −iψ( 3
2

)†
r (4.56)

throughout is consistent with (4.50) and (4.51). This then completes the derivation of
(4.35). We should recall again that this analytic continuation is accompanied by inserting
‘i’ in the generators U0 and Wm. Now, the Killing spinor equations can then be directly
read off from (4.48)−(4.51) to be(

d+ iU − 1

2

(
(ea + ωa) +

5

3
Υa

)
γa

)
ε = 0, (4.57)

(iWmηm + Υaλa) ε = 0. (4.58)

As we shall observe later, if we demand all fields to be real-valued, (4.58) presents a
rather stringent condition on the higher-spin fields that are allowed for a non-vanishing
two-component complex spinor ε. These results apply equally to the anti-chiral sector.

4.3.6 Solving the Killing spinor equations

As a warm-up, we begin with an ansatz for a class of flat connections with the vielbein and
spin connection as the only non-vanishing fields,

Γ =
(
eρL1 − Le−ρL−1

)
dx+ + L0 dρ (4.59)

Γ̃ = −
(
eρL−1 − L̃e−ρL1

)
dx− − L0 dρ. (4.60)

In ordinary gravity where the gauge group is sl(2)⊕ sl(2), the parameters L, L̃ are related
to the ADM mass M and angular momentum J via the following equations

L =
M − J

2k
, L̃ =

M + J

2k
. (4.61)

In particular, global AdS3 corresponds to taking L = L̃ = −1
4
. Extremal black holes with

positive J correspond to taking L = 0, L̃ > 0, while those with negative J correspond to
taking L̃ = 0,L > 0.

Consider the copy of Chern-Simons theory parametrized by flat connections Γ. The
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corresponding Killing spinor equations read

(
∂+ − eργ+ + Le−ργ−

)
ε = 0,

(
∂ρ −

1

2
γ2

)
ε = 0, ∂−ε = 0. (4.62)

where we have defined

γ± ≡
1

2
(γ0 ± γ1) . (4.63)

If we let the spinor ε to be variable separable in ρ, x±, then (4.62) gives us(
e−

ρ
2∂+K(x+)

e
ρ
2K(x+)

)
, ∂2

+K = LK. (4.64)

This implies the following classification: for L > 0, since K is a sum of hyperbolic functions
which are not periodic in x+, there is no admissable Killing spinors. For L = 0, K ∼
c1x

+ + c2 where c1,2 are constants. We have to set c1 = 0 to preserve the periodicity, and
hence the Killing spinor preserved is of the form

εL=0 ∼
(

0

e
ρ
2

)
. (4.65)

Finally, for negative L, we have

K = c1 sin
(√
|L|x+

)
+ c2 cos

(√
|L|x+

)
. (4.66)

These are periodic for |L| = N2, N ∈ Z+ and anti-periodic if |L| =
(

2N+1
2

)2
. In particular,

if we restrict ourselves to L ≥ −1
4
, then the only supersymmetric case corresponds to global

AdS3 which will have two linearly independent ε’s. Identical results hold for ε̄, and thus
the number of real Killing spinors preserved in each case is to be doubled.

We can also supersymmetrize the other copy of Chern-Simons theory, and obtain similar
results depending on the sign of L̄. We found that substituting (4.60) into (4.57) amounts
to switching

x± → x∓, γ2 → −γ2, γ± → −γ∓. (4.67)

Instead of (4.65), the Kiling spinors are(
e
ρ
2 K̃(x−)

e−
ρ
2∂−K̃(x−)

)
, ∂2

−K̃ = L̃ K̃. (4.68)

This implies that in the N = (2, 2) theory based on sl(3|2)⊕sl(3|2), global AdS3 (L = L̃ =
−1

4
) preserves 8 real supercharges, the massless BTZ preserves 4, and extremal black holes

with non-zero angular momentum preserve 2. The generic BTZ with J 6= M will break all
supersymmetries. These results agree with those belonging to the case of osp(2|2)⊕osp(2|2)
Chern-Simons supergravity theories [80].
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To be more general, given any x±-component of the gauge connection Γ, it is straight-
forward to solve for the form of any admissable Killing spinors as:

ε = e(−iU+m0)x

[
αeA+x

(
A+

m+

)
+ βeA−x

(
A−
m+

)]
(4.69)

A± = −m+m0 ±
√
m2

+m
2
0 +m+m−, mi ≡

(
ei + ωi +

5

3
Υi

)
, x ≡ x± , (4.70)

with α, β being arbitrary complex constants. The remaining spinor equation (4.58) con-
strains the Killing spinors to lie within the null-space of the following matrix of one-forms
Wm and Υm: 

−iW−1 + 2Υ−1 −4iW−2

iW0 −Υ0 3
2
iW−1 + Υ−1

−3
2
iW1 + Υ1 −iW0 −Υ0

4iW2 iW1 + 2Υ1

 . (4.71)

This turns out to be highly restrictive on the fieldsW and Υ in the gauge connection, apart
from the periodicity conditions that one should further impose on the spinors in (4.69).

4.3.7 On the u(1) gauge field

As mentioned earlier, it is well-known that N = 2 superconformal algebra admits an
automorphism, with the spectral flow generated by the zero mode of the u(1) field. We
expect to find this automorphism symmetry in the bulk Chern-Simons theory. Let us first
consider the chiral sector with a generic gauge connection Γ that contains only even-graded
generators. It is easy to observe that a constant shift of the u(1) field component in the
x+ direction

U → U + δU

can be realized by performing a large gauge transformation

Γ→ Γ + e−iδU U0x+

deiδU U0x+

, (4.72)

since U0 commutes with all the even-graded generators. Also, as observed earlier, any
Killing spinor attains a phase factor

ε→ e−iδUx
+

ε. (4.73)

Similarly, for the anti-chiral sector, we have

Γ̃→ Γ̃ + eiδŨ U0x−de−iδŨ U0x− , ε̃→ eiδŨx
−
ε̃. (4.74)

From (6.53), we can compute the changes to the energy-momentum tensor

T++ → T++ + 2δU + δU2, T̃−− → T̃−− + 2δŨ + δŨ2. (4.75)
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Starting from any generic solution with zero u(1) charge, one can generate a family of
solutions. For supersymmetric ones which preserve Killing spinors, the u(1) charge is thus
quantized as, in our choice of normalization,

U ∈ Z/2, Ũ ∈ Z/2. (4.76)

It turns out that this quantization is also consistent with the requirement of a smooth
holonomy. As an explicit example, consider the ansatz (4.59) and (4.60), and recall from
earlier discussion that for supersymmetry to be preserved, we require L ≤ 0. This implies
the existence of a family of supersymmetric solutions satisfying√

|L|+ U ∈ Z/2,
√
|L̃|+ Ũ ∈ Z/2. (4.77)

It is straightforward to check that imposing a trivial holonomy along the φ-direction for
this class of solutions yields both (4.77) and (4.76). Also, generalizing (4.61), the physical
charges of mass (M) and angular momentum (J) read

M = k
(
L+ L̃+ U2 + Ũ2

)
(4.78)

J = k
(
−L+ L̃ − U2 + Ũ2

)
. (4.79)

In supergravity theories that arise from type IIB string theory compactified on some in-
ternal space, the conical defect spacetimes in ordinary 3d gravity, with masses interpolating
between AdS3 and the massless BTZ (i.e. in our notation, −1

4
< L < 0), can be embedded

as solutions and made supersymmetric by turning on the U(1) charge [26, 81, 82]. Here,
they are also supersymmetric solutions in the higher-spin supergravity theories, but we
note that the trivial holonomy condition will be lost. The solutions in (4.77) correspond
to conical surpluses instead, with L < −1

4
. We will discuss more about conical defect

spacetimes later in Section 7.6.3.
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Chapter 5

Notes on the boundary CFT

This is a rather short chapter that furnishes a brief summary of some important points
about the coset CFTs (see [45, 46] for an excellent introduction). We begin with a review
of the structure of Hilbert space of the coset minimal models, and then in Section 5.2, we
discuss the two different limits of this family of CFTs which are of direct relevance to many
results presented in this thesis.

5.1 A review of important points about the coset models

The family of boundary theories that are conjectured to be dual to the Vasiliev theory in
the bulk are coset CFTs with the following Lie-algebraic symmetry

SU(N)k ⊕ SU(N)1

SU(N)k+1

(5.1)

This is a special case of the general G/H coset construction. In our case, we are considering
a WZW theory based on the algebra SU(N)⊕ SU(N) and gauge the diagonal subalgebra
H = SU(N). More generally, for diagonal coset models of the form (g1 ⊕ g2)/g, the
generators of the diagonal are simply the sum of the generators of each copy of g. We can
write

Jadiag = Ja(1) + Ja(2) (5.2)

with [Ja(1), J
b
(2)] = 0. The level of the diagonal algebra is the sum of the other two. The

stress-energy tensor reads Tcoset = T(g1⊕g2) − Tg, with the Virasoro modes thus satisfying

Lcosetm = L(g1⊕g2)
m − Lgm (5.3)

leading to the commutation relation

[Lcosetm , Lcosetn ] = (m− n)Lcosetm+n − (c(g1⊕g2) − cg)m
3 −m
12

δm+n,0. (5.4)
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which is the Virasoro algebra with the central charge

c = dim(g)

(
k1

k1 + g
+

k2

k2 + g
− k1 + k2

k1 + k2 + g

)
(5.5)

where we have defined g to be the dual Coxeter of g. Since for our case (5.1), dim(g) = N−1,
g = N , k1 = k, k2 = 1, from (5.5), it is straightforward to derive the central charge to be

c = (N − 1)

[
1− N(N + 1)

(N + k)(N + k + 1)

]
(5.6)

From (5.6), it is easy to see that it is bounded from the above by N − 1. Some comments
on special values of various parameters: (i) for N = 2, this family of cosets forms the well-
studied unitary series of the Virasroro minimal models with c = 1−6/((k+2)(k+3)) (ii)for
generalN , the coset theory with the minimum k = 1 has central charge c = 2(N−1)/(N+2)
can be realized by parafermions. (iii)for a finite N but infinite k, c = N−1 and the algebra
is the Casimir algebra of the SU(N) affine algebra at level one and in this limit, the CFT
simplifies to a free boson theory.

Let us now briefly discuss the structure of the Hilbert space. It can be understood
primarily via the decomposition (G ≡ SU(N)k ⊕ SU(N)1, H = SU(N)k+1)

H(Λ)
G

⊕
Λ′

(
H(Λ,Λ′)
G/H ⊗H

(Λ′)
H

)
(5.7)

where Λ,Λ′ are the highest weight representations. They are related by a simple selection
rule as follows. We can parametrize Λ as

Λ = ρ⊕ µ (5.8)

where ρ is a highest weight representation of SU(N)k, µ is a highest weight representation
of SU(N)1 and letting Λ′ = ν be a highest weight representation of SU(N)k+1, the selection
rule reads

ρ+ µ− ν ∈ Λroot (5.9)

where omitting the affine Dynkin label for the moment, we can treat ρ, µ, ν as weights of
the finite-dimensional algebra SU(N) with the root lattice Λroot. To be more precise, we
need to add the affine Dynkin label. We can write the highest weight representations of
each of the affine algebra as{

[l0; l1, . . . lN−1] : lj ∈ Z+
0 ,

N−1∑
j=0

lj = k

}

Since we have the selection rule, the highest weight representation of the coset theory can
be labelled by simply (ρ; ν). They are Young diagrams of at most N rows, and at most
k and k + 1 columns respectively. Note that from (5.9), µ can be uniquely determined by
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ρ and ν. Further, from a Drinfeld-Sokolov description of the coset CFTs, the conformal
weights can be computed to be

h(ρ, ν) =
1

2(N + k + 1)(N + k + 2)

(
|(N + k + 1)(ρ+ ŵ)− (N + k)(ν + ŵ)|2 − ŵ2

)
(5.10)

where we have denoted ŵ as the Weyl vector of SU(N). A convenient representation is to
regard Λ as a N-dimensional vector with components

Λi = ri −
B

N
, i = 1, 2, . . . N (5.11)

where B stands for the number of boxes in the Young diagram, and ri denote the number
of Young diagram boxes in the ith row. In this notation, the Weyl vector reads

ρi =
N + 1

2
− i (5.12)

As a simple example, let us consider N = 2, and denote the number of boxes in ρ be α and
that in ν be β. Then, we have

h(α, β) =
1

4(k + 2)(k + 3)

(
((k + 3)(α + 1)− (k + 2)(β + 1))2 − 1

)
(5.13)

where the constraints on the sizes of the Young Tableau read 1 ≤ α ≤ k, 1 ≤ β ≤ k + 1.
For the case of ρ being trivial and ν being the fundamental representation (and thus so is
µ), we have

h(0;2) =
N − 1

2N

(
1− N + 1

N + k + 1

)
(5.14)

whereas for the case of ρ being the fundamental representation, ν being trivial (and thus
µ is the anti-fundamental representation), we have

h(2; 0) =
N − 1

2N

(
1 +

N + 1

N + k + 1

)
(5.15)

These two cases will each play an important role in the higher-spin holography conjecture,
as we shall discuss shortly. We should also mention that there are also field identifications
to be made. By this, we mean taking the equivalence of the following two representations
of the coset algebra.

(ρ, µ; ν) ∼ (Aρ,Aµ;Aν) (5.16)

where A = ZN is an outer automorphism of the affine SU(N)k and generated by cyclic
permutations of the Dynkin labels, i.e. [l0; l1, l2, . . . , lN−1]→ [l1; l2, . . . , lN−1, l0].

Next, let us discuss the higher-spin currents. We begin by considering the following
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cubic combination of currents

W (3)(z) = dabc

(
c1

(
Ja(1)J

b
(1)J

c
(1)

)
(z) + c2

(
Ja(2)J

b
(1)J

c
(1)

)
(z) + c3

(
Ja(2)J

b
(2)J

c
(1)

)
(z)

+c4

(
Ja(2)J

b
(2)J

c
(2)

)
(z)

)
(5.17)

where dabc is the totally symmetric cubic invariant of SU(N), the ci are some parameters
which one can set to ensure that W 3 has a regular OPE with Ja(1) + Ja(2). This defines the
chiral spin-3 current of weight 3 in the coset theory. For a useful record, let us write down
the precise expression for the spin-3 current W (3)(z).

W (3)(z) ∼
∑
i+j=3

(−1)j
3∏

p=i+1

(
k + (p− 1)

N

2

) 3∏
q=j+1

(
1 + (q − 1)

N

2

)
T̃ (i,j)(z),

T̃ (i,j)(z) ≡ 1

i!j!
da1a2a3

(
Ja1

(1) . . . J
ai
(1)J

ai+1

(2) . . . Ja3

(2)

)
(z) (5.18)

Similarly, since SU(N) has independent invariant symmetric tensors for each rank s ≤ N ,
which are just the independent Casimirs of SU(N), we can construct similarly the other
higher spin currents, each of spin s ≤ N . This procedure actually works for general cosets,
though when one of the levels is one, it can be shown that the OPEs of the higher-spin
currents close among themselves. The other fields become null and decouple, leaving us
with the WN algebras generated by the higher-spin currents W (s)(z). Another quantity
which turns out to be useful are the higher-spin charges, i.e. the eigenvalue of the zero
modes W

(s)
0 . As a concrete example, the spin-3 charge w(3) of the primary in the (ρ, ν)

representation can be computed to be

w(3) = −

√
2N(N2 − 1)

(N − 2)(3N2 + (c− 1)(N + 2))

1

3

∑
i

(θi)
3, (5.19)

where θ is the vector

θ =

√
N + k + 1

N + k
(ρ+ ŵ)−

√
N + k

N + k + 1
(ν + ŵ) (5.20)

5.2 Two different limits for the holography conjecture

5.2.1 The ’t Hooft limit

For AdS/CFT to work, one generally requires a large number of degrees of freedom in the
boundary CFT to recover a classical gravitational theory in the bulk, for instance in a large
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N vector-like or gauge-like model, where N is the rank of some underlying gauge group.1

When the higher-spin holography conjecture was first proposed by Gopakumar and
Gaberdiel, the following ’t Hooft limit of the coset minimal model was first considered.

N, k →∞, (5.21)

while keeping the parameter

λ =
N

N + k
(5.22)

fixed. In this limit, it is straightforward to check that the central charge behaves as

c = N(1− λ2). (5.23)

Hence, in this ’t Hooft-like limit, the coset minimal model has the degrees of freedom
scaling in the same way as a vector-like theory. Due to modular invariance, one expects
the Hilbert space of this coset model to consist not merely of the vacuum representation
(where both ρ and ν are trivial). All admissible non-trivial representations can however
be regarded as being built up from tensor products of two basic representations and their
complex conjugates, i.e. (ρ, ν) are direct products of the following four elements.

(2; 0), (2̄; 0), (0;2), (0; 2̄) (5.24)

Thus, it is natural to consider adding to the bulk higher-spin theory a scalar field of suitable
mass for the correspondence to hold. Unlike in the case of four-dimensions, the scalar field
is not part of the higher-spin multiplet and can be added by hand. Denote the conplex
scalar field by Φ, and its mass by M . From our understanding of AdS/CFT , the relation
between mass and conformal dimension (∆) in three dimensions reads

M2 = ∆(∆− 2) (5.25)

Taking the ’t Hooft limit of (5.14) and (5.15), the L0 weights of the representations
(2; 0), (0;2) read

h(2; 0) ≡ h+ =
1

2
(1 + λ), h(0;2) ≡ h− =

1

2
(1− λ). (5.26)

and similarly for the anti-holomorphic sector. Thus, if we let M2 = λ2 − 1, then ∆ =
1 ± λ = (h± + h̄±). It is then a possibility that we can identify the scalar fields with the
primary states as labelled as (2; 0) and (0;2). We note that since 0 ≤ λ ≤ 1, there are two
possible quantization conditions2 for the scalar fields which we will label by Φ+,Φ− each
corresponding to the two distinct values of ∆ and thus h, h̄. It was first proposed that one

1The number of degrees of freedom of the vector-like and gauge-like model would scale as N , and N2

respectively.
2This stems from two possible boundary conditions for Φ.
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could match

(2; 0)CFT ↔ Φ+ (Bulk Scalar with standard quantization)
(0;2)CFT ↔ Φ− (Bulk Scalar with alternate quantization) (5.27)

One of the first checks of the above identification is the computation of the one-loop thermal
partition function. For the bulk gravitational theory, this includes the contributions of
both the higher-spin fields (only the kinetic terms in the equations of motion are needed
at one-loop) and the scalar field of either quantization (only the conformal dimensions
enter into the computation since at one-loop, we can consider the non-interacting limit).
For the boundary theory, one computes the vacuum character of the W algebra (which
corresponds to the higher-spin fields’ contributions), and also other representations via the
branching functions that correspond to either representation (and which corresponds to
the bulk scalar fields’ perturbative spectrum). The partition functions were computed to
agree on both sides, and can be written as

Zpert = (qq̄)−c/24

∣∣∣∣∣∏
s=2

∏
n=2

|1− qn|−2

∣∣∣∣∣
2 ∣∣∣∣∣

∞∏
j,j′=0

1

1− qh+j q̄h+j′

∣∣∣∣∣
2

(5.28)

where q = e2iπτ , and we have noted that this partition function captures the dynamics of
perturbative fluctuations about the vacuum. To relate this result to the complete CFT
partition function, one needs to ensure that the null states that appear in the ’t Hooft limit
are decoupled and can be taken out of the sum. In the N → ∞ limit, one can show that
indeed, they are. But this turns out not to be true for any finite N . The so-called light
states are of the form (ρ, ν) = (λ, λ) for some non-trivial representation λ. For these states,
the conformal dimension read (from (5.10) )

h(Λ,Λ) =
C2(Λ)

(N + k)(N + k + 1)
(5.29)

where C2(Λ) is the eigenvalue of the quadratic Casimir in the Λ representation. In the ’t
Hooft limit (yet one has to take strictly N →∞), these dimensions vanish thus forming a
continuum of states near vacuum. At finite N , these states do not decouple [29], and one
must work in a different limit to understand the physical meaning of these states, or at
least what they correspond to in the bulk gravity theory. This limit involves sending the
central charge to infinity while fixing a possibly finite N .

Before we leave our discussion on the ’t Hooft limit, let us mention briefly that the
consistency of taking a large N limit also passes a couple of consistency tests on the
matching of correlation functions. The three-point function involving two scalar primaries
with one spin-s current 〈OŌJs〉 was computed in the bulk [34] assuming that the bulk
theoy has W∞[λ] symmetry and the corresponds with the expected CFT result. This is
relevant to the ’t Hooft limit in the sense that such a limit ofWN models haveW∞ algebra.
Apart from the above three-point functions, the four-point functions of primary fields built
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from tensor products of (2; 0) and (0; 2̄) factorize at large N , have a well-defined large N
limit, and behaves as multi-particle states [35].

5.2.2 The semiclassical limit

Let us now treat the primary field (0;2) more carefully, and shortly we shall review a
modification of the identification in (5.27). The limit that we will now consider is as
follows.

c→∞, N fixed. (5.30)

From the exact formula for the central charge, we can compute k to be

k = −N − 1

2
± 1

2

[
1− 4N(N2 − 1)

c+ 1−N

]1/2

(5.31)

In the following we shall adopt the negative branch in (5.31). In the limit of (5.30), we find

k ≈ −N − 1 +
N(N2 − 1)

c
+O

(
1

c2

)
(5.32)

Note that in this limit, λ→ −N .3 This implies that the bulk theory undergoes an analytic
continuation in λ. Recall that for hs[λ], an ideal forms when λ = −N , and upon factoring
out this ideal, we obtain higher-spin gravity theory equipped with sl(N) Lie algebra. Later,
we will match the states with objects in this bulk theory. But first, let us remark the
important fact that in this limit, the conformal dimensions fo the primaries (apart from
the trivial representation) become negative and the coset CFT is non-unitary. In particular,
let us revisit the conformal dimensions of the fields (2; 0), (0;2), (Λ,Λ) which in this limit
read

h(2; 0) ≈ −N − 1

2
, h(0;2) ≈ − c

2N2
, h(Λ; Λ) ≈ − c

N(N2 − 1)
C2(Λ) (5.33)

Hence we see that since the conformal dimension of (0;2) scales as c in this limit, the
large number of degrees of freedom suggest strongly that we should identify this state
with some non-perturbative objects in the bulk gravity theory (instead of a perturbative
scalar field of alternate quantization in the ’t Hooft limit). These objects [31] turn out
to be generalizations of conical defects in ordinary three-dimensional gravity. They are
generalizations because although one can find a gauge in which the metric has explicitly
conical defects/surpluses, the metric is not gauge invariant, and one uses the notion of
holonomies to characterize these classical solutions.

There is a one-to-one correspondence between these spacetimes and sl(N) Young tableau,
which makes it easy to match between boundary and bulk states. Essentially, recall that the
Chern-Simons connection associated with each conical defect spacetime can be expressed

3Choosing the other branch gives us an infinite λ.
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as
A = e−ρL0a(z)eρL0dz + e−ρL0d(eρL0), (5.34)

where

a(z) = L+ +
N∑
s=2

NsW
s
0V

s
1−s (5.35)

where W s
0 are the spin-s charges and Ns are some normalization constants. Imposing a

trivial holonomy along the φ -circle, trivial in the sense of sl(N,Z) and thus e
∮
adφ = e

2πim
N 1,

where m is some integer, we find that a(z) has the eigenvalues −inj which turn out to read

nj = rj −
∑

k rk
N

+
N + 1

2
− j, r1 ≥ r2 ≥ r3 . . . ≥ rN = 0 (5.36)

where rj, j = 1, 2, . . . N − 1 are positive integers, and we have imposed the connection to
satisfy the condition that at infinity we have AdS3 geometry as the induced metric. We
observe that we can take rj to denote the number of boxes in the jth row of a Young
diagram, and that (5.36) then reads as

nj = Λj + ŵj (5.37)

where ŵ is the Weyl vector as before. Equation (5.37) spells out the matching between
the bulk and boundary states (0,Λ) explicitly. One may wonder if this matching is unique.
Given a weight Λ, apart from (0,Λ), one can also consider (Λ,Λ). To probe this issue, let
us first consider the conformal dimension in the semi-classical limit of the general case of
(Λ+,Λ−). Denoting n± = Λ± + ŵ, it reads

h(Λ+,Λ−) = c

[
− C2(n

N(N2
1 )

+
1

24

]
+

[
C2(n−)

N(N + 1)
− N − 1

24
+
∑
i

Λ−i n
−
i −

∑
i

Λ+
i n
−
i

]
+O(1/c)

(5.38)
where we have included the zeroth order piece as well, and ignored higher orders in 1/c.
Thus, we see that the leading order term is independent of Λ+. If we write (5.38) more
suggestively as

h(Λ+,Λ−) = h(0,Λ−)−
∑
i

Λ+
i Λ−i + (O)(1/c) (5.39)

and observe that the inner product in (5.39) is always positive, the energy of the state is
mainly due to (0,Λ−) and there is a continuum of states of energies below that of (0,Λ−)
which one may interpret as bound states between multi-particle states (Λ+, 0) of the scalar
field Φ+ ∼ (2, 0) and the non-perturbative state (0,Λ−). Indeed, a similar statement holds
for the higher-spin charges which read

ws(Λ+,Λ−) = cfleading(N, s,Λ
−) + fsub−leading(N, s,Λ

+,Λ−) +O(1/c) (5.40)

where fleading and fsub−leading are some functions. An analysis of fsub−leading reveals that
they originate from zero-mode eigenvalues of scalar fluctuations about the conical surplus
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spacetime identified to be (0,Λ−). Also, the null states of (0,Λ−) were found to furnish a
non-unitary representation of the symmetries of the conical surpluses’ backgrounds. These
are supporting evidences of how to interpret (0,2), (0,Λ−) in the higher-spin holography.
In general then, (Λ+,Λ−) can be interpreted as the bound state between some multi-particle
excited states of the perturbative scalar fields (represented by (Λ+, 0)), and a conical surplus
background (non-perturbative) represented by (0,Λ−). A preliminary computation of the
bulk and boundary partition functions in this limit supports this picture [32] (in this case,
the conical surplus background is the saddle point in the path integral). The caveat is that
right from the outset, we are considering a non-unitary coset CFT.



71

Chapter 6

Asymptotic Spacetime Symmetries and W algebras

In this chapter, we demonstrate that the asymptotic spacetime algebras of SL(N) Chern-
Simons theories are W algebras, using the case of SL(4) as an explicit example. This is
essentially achieved by showing that bulk field equations with suitable boundary conditions
yield Ward identities on the boundary CFT side, and then invoking Noether’s theorem to
read off the OPEs among the Virasoro primary fields of the WN algebras. This entire pro-
cess is actually equivalent to performing a Drinfeld-Sokolov reduction of the affine SL(N)
algebras. We begin with a review of the relevant W algebras following [45, 46], and then
consider the SL(4) case in Section 6.2. Finally, in Section 6.4, we consider the super-
algebras SL(N |N − 1), and showed that the same procedure allows us to recover N = 2
super-Virasoro algebra in each sector of the theory.

6.1 On W algebras

W algebras are extensions of Virasoro and Kac-Moody algebras with their defining feature
being that they are non-linear. The non-linearity refers to the presence of polynomial terms
in the OPEs (or equivalently, in the commutation relations among their Laurent modes)
that depend on the fields and their derivatives. In the following, we will be mainly using
a field-theoretic language to describe W algebras. They are then defined as meromorphic
CFTs of which Hilbert space consists of the entire space of fields/states (equivalent via
the state-operator correspondence) are normal-ordered products of fields W (s)(z) and their
derivatives. The fields W (s)(z) are quasi-primary fields, s = 2 being the energy-momentum
tensor, and s = 3, 4, . . . are generalized conserved currents which could be interpreted
as higher-spin currents. They have integral conformal dimensions s. The OPEs among
the fields could be determined by imposing the above definition and demanding crossing
symmetry which is a consistency condition on four-point functions (or conformal blocks
when the four-point functions are expressed in terms of the blocks). Nonetheless, such
a direct construction turns out to be rather tedious except for a few W algebras, and
in physics applications, and more common constructions are the coset constructions and
Drinfeld-Sokolov reduction.

We should mention that there is a large family of W algebras, and very likely, many
more remain to be discovered. In the present context,W algebras constitute the symmetry
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of the boundary CFT, and they are manifest in the asymptotic spacetime symmetry of the
bulk gravitational theory. The class of W algebras that we are specifically interested in
is usually denoted as W [µ] algebras. For each value of µ, the algebra is parametrized by
the central charge. As we have seen earlier in our exposition of coset minimal models, for
the coset CFT which contains N conserved currents W (s) (N can be infinite), the central
charge is bounded by N − 1. We shall now turn to the cases where µ ∈ Z+

0 .

(a) µ = 1. For this value, the W algebra is a Lie algebra because there are no non-linear
terms arising in the OPEs of the fields! One can realize this algebra via free bosonic
fields as follows. Consider M free and independent complex bosons φi, i = 1, 2, . . .M
satisfying the standard OPE relation

∂φ̄i(z)∂φj(0) ∼ −
δij
z2

One finds that there exist M higher-spin currents which read simply as

W s
boson(z) ∼

s−2∑
k=0

fk,s∂
s−k−1φ̄ ∂k+1φ (6.1)

where s runs from 2 to ∞, fk,s are constant coefficients fixed by demanding that the
currents are quasi-primary. The OPEs can be computed straightforwardly and the
linearity of the algebra follows nicely from the quadratic nature of (6.1). The currents
are the singlets under the global SU(M), and one can check that in this case, the
central charge c = 2M .

(b) µ = 0. For this value, the algebra can be realized byM free Dirac fermions ϕi satisfying
the OPE

ϕ̄i(z)ϕj(0) ∼
δij
z

and the higher-spin currents

W s
fermion(z) ∼

s−1∑
k=0

gk,s∂
s−k−1ϕ̄∂kϕ (6.2)

The OPEs can be computed straightforwardly. There is a small caveat that is absent in
the case of µ = 1, namely that the spin-3 current is not quasi-primary unless we project
out the spin-1 current by hand, and thus s runs from 2 to ∞. This could be seen from
the OPE T (z)W 3(0) where the energy momentum tensor T (z) = −1

2
(ϕ̄i∂ϕi − ϕi∂ϕ̄i).

After projecting out W 1(z), the spin-3 current is quasi-primary, and the resulting W-
algebra is a Lie algebra that is sometimes denoted as w1+∞ in the literature. The
central charge in this case reads c = M .

(c) µ = 2, 3, . . . For integral values of µ, the algebra truncates consistently to one with
currents of maximum spin s = µ = N for some finite N . The resulting algebra is



CHAPTER 6. ASYMPTOTIC SPACETIME SYMMETRIES AND W ALGEBRAS 73

then the WN algebra. This algebra, as explained in the previous chapter, could be
realized via a coset minimal model - this is of course the boundary CFT of interest in
the higher spin holography. From the viewpoint of the coset minimal CFT described
previously, it enjoys a W∞[λ] symmetry, for a generic N and k, where we recall that
in this realization, λ = N/(N + k). Since the same CFT also realizes WN algebras,
this implies that there should be an isomorphism between the two. It is not so obvious
why this is expected since in the former case 0 ≤ λ ≤ 1, and this isomorphism is
related to an analytic continuation of λ to be N . More generally, it turns out that this
isomorphism is part of a ‘triality’ relation in the quantum W∞[µ] algebras which read

W∞[N ] ≈ W∞
[

N

N + k

]
≈ W∞

[
− N

N + k + 1

]
(6.3)

The way W algebras would emerge in our current context is related to the asymptotic
spacetime symmetry. This Brown-Henneaux like analysis determines the Poisson brackets
of the W algebra generators and thus the derived OPEs or commutation relations are
only valid at large c. These are classical WN or W∞[N ] algebras. In this thesis, we will
not attempt to derive the quantum W algebras from higher-spin holography, but only
the classical versions. We note that the quantum algebras are significant deformations of
their classical counterparts and in principle can be derived from the latter by replacing the
Poisson brackets by commutators and then imposing Jacobi identities. On the other hand,
to obtain the classical versions from the quantum ones, one should take the large central
charge limit.

6.2 Asymptotic Spacetime Symmetries

We first summarize how WN -algebras emerge from the asymptotic symmetries of AdS3,
and certain holographic aspects of the boundary CFT with WN symmetry. Let us begin
with the metric that describes the entire set of asymptotically AdS3 solutions with a flat
boundary metric (see [53]):

ds2 = l2
{
dρ2 − 8πG

l

(
L (dx+)2 + L̃ (dx−)2

)
−
(
e2ρ +

64π2G2

l2
L L̃ e−2ρ

)
dx+dx−

}
(6.4)

where (ρ, x± ≡ t±φ) describes the solid cylinder, and L = L(x+), L̃ = L̃(x−) are arbitrary
functions of x±1. In terms of the Chern-Simons connections, denoting b = eρL0 ,

A = b−1a
(
x+
)
b+ b−1db, Ā = bā

(
x−
)
b−1 + bdb−1,

a =

(
L1 −

2π

k
LL−1

)
dx+, ā =

(
−L−1 +

2π

k
L̃L1

)
dx− (6.5)

1For example, L = L̃ = −M
4π for the static BTZ of mass M , with the global AdS3 vacuum corresponding

to M = −1/8G. If L = L̃ = 0, we recover the Poincaré patch of AdS3.
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It was argued in [37] that in the context of this higher-spin theory, a more appropriate
definition of an asymptotically AdS3 solution is the set of conditions:

(A− AAdS3)
∣∣∣
boundary

= O(1), Aρ = L0, A− = 0 (6.6)

where the first equation in (6.6) refers to a finite difference at the boundary (as ρ → ∞).
Similar expressions hold for the anti-holomorphic sector. It was then explained in [37, 38]
that (6.6) translates into the Drinfeld-Sokolov condition on A, and if we consider the
branching of g according to the sign of the eigenvalues of the adjoint action of L0, this
implies, by (4.12) that we can set terms in W l

m where m is positive to vanish. These are
first-class constraints which generate gauge transformations, and we can fix the residual
gauge freedom by letting only terms in W l

−l to survive.2 A similar procedure works for the
anti-holomorphic Ā. Altogether, we end up with the ansatz for the connections:

a =

(
L1 +

∑
l

W l
−lW

l
−l

)
dx+, ā = −

(
L−1 +

∑
l

W̄ l
lW

l
l

)
dx− (6.7)

with theW , W̄ ’s being general functions of φ, and A, Ā obtained by gauge transforming via
b as in (6.5). The global symmetries of the space of solutions described by a are described
by the gauge transformations

λ(φ) =
∑
i

ξi(φ)Li +
∑
l,m

χlm(φ)W l
m . (6.8)

Identifying those that leave the structure of (6.7) invariant, we can express each gauge
parameter χlm,m < l as functions of the fields W l

−l, χ
l
l and their derivatives. Finally, we

can write down the gauge transformations δχW of W l
−l with respect to the parameters χll.

In [37, 38], from this point, the asymptotic symmetry algebra is then obtained from the
Poisson brackets of the charges that generate these transformations, and we obtain the two
copies of WN -algebra.

Now in [49, 50], a slightly different approach was adopted to elucidate both the emer-
gence of the WN -algebras and some holographic aspects at the same time. It was shown,
explicitly in the case of spin-3, that the bulk field equations evaluated on a more general
ansatz than (6.7) (which corresponds to generalized boundary conditions) yields the Ward
identities in the CFT in the presence of spin-3 sources. This means that certain terms in the
connection can be related precisely to extra source terms in the boundary CFT lagrangian,
making feasible the existence of an AdS/CFT dictionary for the higher-spin sources. This
was argued to be important in demonstrating that we have a consistent holographical dic-
tionary for computing correlation functions of the stress tensor and spin-3 currents. By

2This procedure is the Drinfeld-Sokolov reduction in the highest-weight gauge. See, for example,[43]
and [45].
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invoking Noether’s theorem

δO = 2πResz→0

[∑
l

χll(z)W l
−l(z)O(0)

]
, (6.9)

upon obtaining the various δW , one can also read off the OPEs between the Virasoro
primary fields of the WN algebra conveniently. In [50], this was done for the W(2)

3 algebra.

6.3 Ward Identities and the case of SL(4) Chern-Simons theory

We now proceed to study explicitly if the procedures developed for the spin-3 case in [49, 50]
generalize neatly to the spin-4 case as well. In this Section, we shall perform an analogous
calculation for the spin-4 case below.

We begin with the ansatz

a = (L1 + αLL−1 + βWW−2 + γUU−3) dx+ +
(∑2

m=−2 χmWm +
∑3

m=−3 fmUm + νL−1

)
dx−

ā = −
(
L−1 + αL̄L1 + βW̄W2 + γŪU3

)
dx− −

(∑2
m=−2 χ̄mW−m +

∑3
m=−3 f̄mU−m + ν̄L1

)
dx+ ,

(6.10)

where W ’s are the spin-3 generators, U ’s are the spin-4 ones, all fields are functions of x±,
and {α, β, γ} are scaling parameters to be specified later.

In the language of Chern-Simons theory, the bulk field equations are conditions for
flat connections. From the viewpoint of the boundary CFT with W4 symmetry, the fields
W and U are dimension (3, 0) and (4, 0) primary fields, the anti-holomorphic ones being
(0, 3) and (0, 4) primaries. The ansatz (6.10) generalizes the one in (6.7) and the modified
boundary conditions can be interpreted as adding to the boundary CFT sources terms

I → I −
∫
d2x

(
χ2(x)W(x) + χ̄2(x)W̄(x) + f3(x)U(x) + f̄3(x)Ū(x)

)
(6.11)

It turns out that the functions χ2, χ̄2, f3, f̄3 can be identitifed with those in the connections
(6.10) by imposing the bulk field equations to yield the Ward identities of the CFT in the
presence of these spin-3 and spin-4 sources. As explained in [49], the higher-spin operators
are irrelevant in the RG sense and adding them changes the UV structure of the CFT.
Correspondingly, the bulk geometry will asymptote to a different AdS3 geometry.

Below, we analyze the holomorphic connection a which is gauge-equivalent to A.3 The
flat connection condition da + a ∧ a = 0 gives rise to the following system of differential
equations for sixteen unspecified functions of x±. There are fourteen equations with two
free parameters χ2, f3 that can be chosen freely. For notational simplicity, we denote

3The corresponding computation for Ā is similar.
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χ2 ≡ χ, f3 ≡ f , and superscripted primes denote ∂x+ . For the χ’s:

χ1 = −χ′

χ0 = 2αLχ− 6βfW +
1

2
χ′′

χ−1 = 4βWf ′ − 2

3
αχL′ + 2βfW ′ − 5

3
αLχ′ − 1

6
χ′′′

χ−2 = α2L2χ− 3γUχ− 3

2
βf ′W ′ + 7

12
αL′χ′

− 13

10
βWf ′′ +

1

6
αχL′′ − 1

10
f (48αβLW + 5βW ′′) +

2

3
αLχ′′ + 1

24
χ(4)

(6.12)

while for the f ’s, we have

f2 = −f ′

f1 =
1

2
(6αfL+ f ′′)

f0 = −8

3
αLf ′ − αfL′ − 1

6
f ′′′

f−1 =
1

24

(
48βWχ+ 22αf ′L′ + 28αLf ′′ + 6f

(
12α2L2 + 12γU + αL′′

)
+ f (4)

)
f−2 =

1

120

(
− 264α2L2f ′ − 216γUf ′ − 72γfU ′ − 48βχW ′ − 192βWχ′

− 50αL′f ′′ − 28αf ′L′′ − 8αL (27αfL′ + 5f ′′′)− 6αfL′′′ − f (5)

)

f−3 =
1

720

(
288γf ′U ′ + 240βW ′χ′ + 544α2L2f ′′ + 360γUf ′′ + 78αf ′′L′′ + 48βχW ′′

+ 432βWχ′′ + 90αL′f ′′′ + 34αf ′L′′′ + 2αL (720βWχ+ 482αf ′L′ + 25f ′′′′) + 6f(120α3L3

− 480β2W2 + 36α2L′2 + αL (264γU + 46αL′′) + 12γU ′′ + αL(4)) + f (6)

)
(6.13)
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Finally, the higher spin-fields and ν are subject to the following equations:

ν =
6

5
(9γUf − 4βWχ) (6.14)

α∂−L = ν ′ +
12

5
βWχ′ − 18

5
γUf ′ (6.15)

β∂−W = −3γ [U ′χ+ 2U χ′ ] +
α

12
[2L′′′χ+ 9L′′χ′ + 15L′χ′′ + 10Lχ′′′ ]

+
8α2

3

[
LL′χ+ L2χ′

]
+

1

24
χ(5) −

(
24

5
αβL′W +

34

5
αβLW ′ + 1

2
βW ′′′

)
f

−
(

44

5
αβLW + 2βW ′′

)
f ′ − 14

5
βW ′f ′′ − 13

10
βWf ′′′

(6.16)

γ∂−U =
β

15
[W ′′′ χ+ 6W ′′ χ′ + 14W ′ χ′′ + 14W χ′′′ ]

+
2αβ

15
[25L′Wχ+ 18LW ′ χ+ 52LW χ′ ]

+
γ

10
[U ′′′ f + 5U ′′ f ′ + 9U f ′′ + 6U f ′′′ ]

+
α

360

[
3L(5)f + 20L(4)f ′ + 56L′′′f ′′ + 84L′′f ′′′ + 70L′f (4) + 28L f (5)

]
−12β2

[
WW ′f +W2f ′

]
+

14

5
[αL′ γUf + αL γU ′ f + 2αL γU f ′ ]

+
α2

180

[
177L′L′′f + 78LL′′′f + 295L′2f ′ + 352LL′′f ′ + 588LL′f ′′ + 196L2f ′′′

]
+

8α3

5

[
3L2L′f + 2L3f ′

]
+

1

720
f (7). (6.17)

We now come to an important point(the logic here parallels the spin-3 analysis in [49]):
adding the source terms to the CFT action causes the stress tensor to attain z̄ dependence.
Upon inserting

e
∫
d2x(χ2(x)W(x)+χ̄2(x)W̄(x)+f3(x)U(x)+f̄3(x)Ū(x)) (6.18)

within the expectation value of the stress-energy tensor, and invoking the OPEs between
the stress-energy tensor and higher spin operators which read

T (z)W(0) ∼ 3

z2
W(0) +

1

z
∂W(0) +O(1), T (z)U(0) ∼ 4

z2
U(0) +

1

z
∂U(0) +O(1),

(6.19)
we obtain

1

2π
∂z̄〈T (z, z̄)〉χ,f = 2W ′χ+ 3Wχ′ + 3U ′f + 4Uf ′ (6.20)

where 〈. . .〉 denotes inserting (6.18) within the expectation value. Note that in obtain-
ing (6.20), we have expanded in powers of χ, f and invoke the useful formula ∂z̄(1/z) =
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2πδ(2)(z, z̄). Now, observe that if we set

β = − 5

12
α, γ =

5

18
α (6.21)

then upon setting
2πL = T (6.22)

we find that (6.20) is nothing but (6.15). Thus, the stress-energy tensor corresponds to one
single term in the connection. This was observed for the spin-3 case in [49], and it is nice
to see explicitly that it is true for the spin-4 case as well. To fix α, we note that in the
absence of all the higher-spin charges and conjugate potentials, if we demand the solution
to reduce to BTZ in the chart (6.4), then

α =
2π

k
, (6.23)

which can be checked to yield precisely the Brown-Henneaux central charge c = 6k. The
normalization of the parameters in (6.21) will enter into the geometries of the classical
solutions.

Apart from the stress-energy tensor Ward identity, we can also use the bulk equations
and (6.9) to read off the higher-spin OPEs or Ward identities. As a concrete example, we can
easily read off the OPEs between two spin-3 and two spin-4 currents in our normalization.
From (6.16), (6.17) and (6.9) (letting O = W and U), we have (suppressing the scaling
constants to compare with existing results in literature, see for example [38] ) 4

2π〈W(z)W(0)〉 =
5

z6
+

5L
z4

+
5L′

2z3
+

(
8
3
L2 + 3

4
L′′ − 6U

)
z2

+

(
−3U ′ + 1

6
L′′′ + 8

3
LL′

)
z

(6.24)

2π〈U(z)U(0)〉 =
1

z

(
1

120
L(5) − 12WW ′ + 14

5
(UL)′ +

1

10
U ′′′ + 177

180
L′L′′ + 13

30
LL′′′ + 24

5
L2L′

)
+

1

z2

(
1

18
L(4) +

1

2
U ′′ − 12W2 +

28

5
LU +

59

36
L′2 +

88

45
LL′′ + 16

5
L3

)
+

1

5z3

(
9U +

14

9
L′′′ + 98

3
LL′

)
+

6

5z4

(
3U +

7

6
L′′ + 49

9
L2

)
+

14L′

3z5
+

28L
3z6

+
7

z8
(6.25)

The above results provide a foothold for understanding the holography dictionary in the
presence of spin-3 and spin-4 sources, and is essentially, the spin-4 generalization of what
was achieved in [49].

4Observe that if instead of (6.21), we have set β = α
4 , then (6.24) agrees exactly with equation (4.8) of

[49].
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6.4 Super-W algebras and SL(N |N − 1) Chern-Simons theories

6.4.1 On super-W symmetries as asymptotic spacetime symmetry

In the following, we shall briefly discuss the asymptotic spacetime symmetry of sl(3|2)
higher-spin SUGRA. This was initiated briefly in [67]. Our results generalize straight-
forwardly to the general sl(N |N − 1) cases. We begin by taking the manifold for the
Chern-Simons theory (both copies) to be R×D2, with co-ordinates (ρ, φ) and t ∈ R. The
radial co-ordinate is ρ and the boundary cylinder at infinite ρ is parametrized by x± ≡ t±φ.

Consider the chiral sector (our analysis that follows generalizes straightforwardly to the
anti-chiral sector). We can fix some of the gauge freedom by choosing

Γ− = 0, Γ+ = e−ρL0a(x+)eρL0 , Γρ = L0 (6.26)

where Γ± = Γt±Γφ. By imposing the boundary condition that we obtain an asymptotically
AdS3 space, one can write, in a ‘highest-weight’ gauge,

a(x+) = L1 + LL−1 +WW−2 + U U0 + ΥA−1 + ϕ+Q
1
2
1
2

+ ϕ̄+Q̄
1
2
1
2

+ Φ+Q
3
2
3
2

+ Φ̄+Q̄
3
2
3
2

. (6.27)

It can be shown straightforwardly that such a gauge choice is still preserved by gauge
transformations of the form

Λ(x+) = e−ρL0λ(x+)eρL0 (6.28)

where the gauge parameter λ is valued (with x+ dependence in the components suppressed
in notation) in the basis generators as follows:

λ = ξnLn + χnWn + αnAn + η U0 +
∑

i=− 1
2
, 1
2

νiQ
1
2
i +

∑
i=− 1

2
, 1
2

σiQ
3
2
i +

∑
i=− 3

2
, 3
2

ζiQ
3
2
i

+
∑

i=− 1
2
, 1
2

ν̄iQ̄
1
2
i +

∑
i=− 1

2
, 1
2

σ̄iQ̄
3
2
i +

∑
i=− 3

2
, 3
2

ζ̄iQ̄
3
2
i . (6.29)

Performing this gauge transformation at fixed time, the gauge connection a changes as

δa = dφλ+ [a, λ] (6.30)

upon which we require that the form of the ansatz (6.27) be preserved. This will lead to a
set of constraint equations for the variations of various fields. At the boundary, the gauge
transformations may generate a physically inequivalent state. These physical symmetries
are generated by boundary charges. From the Chern-Simons action, one can compute the
classical Poisson brackets among these charges.

In the non-supersymmetric case, this procedure yields the WN algebras[37, 38]. Essen-
tially, imposing the condition that we have AdS3 boundary conditions at infinity turns out
to be equivalent to the Drinfeld-Sokolov reduction of the current algebra. In an identical
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fashion, we can perform the same analysis in the supersymmetric case. We solve the con-
straint equations due to (6.30) and compute the variation of various fields. The various
parameters are reduced to the following set of independent ones which we denote as

η, ξ ≡ ξ(1), χ ≡ χ(2), α ≡ α1, ν− ≡ ν− 1
2
, ν̄− ≡ ν̄− 1

2
, ζ− ≡ ζ− 3

2
, ζ̄− ≡ ζ̄− 3

2
. (6.31)

The variation of various fields can be computed straightforwardly, but it is very cumbersome
even for the case of sl(3|2). The OPEs can be computed straightforwardly because by the
Ward identities, the fields’ variations are identical to those generated via

δO = 2πRes (J(φ)O(0)) (6.32)

where the Noether current J taking the form of

J =
1

2π

(
ξL+ ηU + αΥ + χW + ν−ϕ̄+ + ν̄−ϕ+ + ζ−Φ̄+ + ζ̄−Φ+

)
. (6.33)

The OPEs depend on the choice of basis and are sensitive to field/parameter redefinitions.
To adopt the appropriate convention, it is natural to do so such that the N = 2 super-
Viraoso algebra can be obtained after a truncation. We will not explicitly carry out the full
computation to obtain the classical N = 2 W3 algebra (see [73] for the classical and [72]
for the quantum N = 2 W3 algebra), but in the next section, after truncating some fields,
we recover the N = 2 superconformal algebra, and in the process, compute explicitly the
Sugawara redefinition of the energy-momentum tensor.

6.4.2 Recovering the N = 2 super-Virasoro algebra

As explained earlier, sl(3|2) contains as a sub-algebra, sl(2|1) ' osp(2|2). Below, we
demonstrate explicitly, as a consistency check, that restricting to fields valued in this sub-
algebra, we recover precisely the OPE relations pertaining to the well-known N = 2 super-
Virasoro algebra. This is the symmetry algebra that dictates the boundary degrees of
freedom correponding to bulk Chern-Simons fields valued in the sl(2|1) sector, as we shall
shortly verify.

In the following, we first present the relevant variations of the relevant fields ϕ+, ϕ̄+,L
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and U .

δϕ+ =
3

2
ϕ+ξ

′ + ϕ′+ξ +
1

6
Uϕ+ξ −

1

6
ϕ+η +

(
5

3
Υ + L+

1

6
U ′ + 1

36
U2

)
ν− +

1

3
Uν ′− + ν ′′− + . . . ,

(6.34)

δϕ̄+ =
3

2
ϕ+ξ

′ + ϕ′+ξ −
1

6
Uϕ+ξ +

1

6
ϕ+η +

(
5

3
Υ + L − 1

6
U ′ + 1

36
U2

)
ν− +

1

3
Uν ′− + ν ′′− + . . . ,

(6.35)

δL =
1

2
ξ′′′ + 2Lξ′ + L′ξ −

(
1

18
U ϕ̄+ +

1

6
ϕ̄′+ +

5

4
√

6
Ψ̄+

)
ν− −

1

2
ϕ̄+ν

′
− + . . . (6.36)

δΥ = Υ′ξ + 2Υξ′ +

√
3

32

(
Ψ̄+ν− −Ψ+ν̄−

)
+ . . . (6.37)

δU = η′ + ϕ̄+ν− − ϕ+ν̄− + . . . (6.38)

where we refer the reader to Appendix B for the ellipses which are not important for
the following discussion. After some algebra, we found that the suitable field/parameter
redefinitions are as follows (hatted variables are the new ones):

ϕ̂+ =
c

3
ϕ+, ϕ̂− =

c

3
ϕ̄+,

Û = − c

18
U ,

T̂ =
c

6

(
L+

5

3
Υ +

1

36
U2

)
η̂ = −1

6

(
η +

18

c
(U ξ)′

)
(6.39)

with c a constant which, as we shall see shortly, has the meaning of the central charge.
Upon the above redefinitions, we found that (6.34)-(6.38) can be written as (the ellipses
refer to other terms unimportant for this particular computation)

δÛ =
c

3
η̂′ + Û ′ξ + Ûξ′ + · · · (6.40)

δT̂ =
c

12
ξ′′′ + 2T̂ ξ′ + T̂ ′ξ + · · · (6.41)

δϕ̂+ =
3

2
ϕ̂+ξ

′ + ϕ̂′+ξ + ϕ̂+ η̂ +
c

3
ν ′′− − 2Ûν ′− +

(
2T̂ − Û ′

)
ν− + · · · (6.42)

δϕ̂− =
3

2
ϕ̂−ξ

′ + ϕ̂′−ξ − ϕ̂− η̂ +
c

3
ν̄ ′′− − 2Û ν̄ ′− +

(
2T̂ + Û ′

)
ν̄− · · · (6.43)

The relevant Noether current which we denote as Js reads

Js =
1

2π

(
ξT̂ + η̂Û + ν−ϕ̂− + ν̄−ϕ̂+

)
(6.44)

and it generates the variations (6.40)-(6.43). Invoking Cauchy’s residue theorem and (6.32)



CHAPTER 6. ASYMPTOTIC SPACETIME SYMMETRIES AND W ALGEBRAS 82

yields the following OPEs:

T̂ (z)T̂ (0) ∼ c

2z4
+

2T̂

z2
+
∂T̂

z
(6.45)

T̂ (z)Û(0) ∼ Û

z2
+
∂Û

z
(6.46)

T̂ (z)ϕ̂±(0) ∼ 3ϕ̂±
2z2

+
∂ϕ̂±
z

(6.47)

ϕ̂±(z)ϕ̂∓(0) ∼ 2c

3z3
+

2T̂

z
± 2Û

z2
± ∂Û

z
(6.48)

Û(z)ϕ̂±(0) ∼ ± ϕ̂±(0)

z
(6.49)

Û(z)Û(0) ∼ c

3z2
. (6.50)

From the OPEs, we see that the constant c can be identified as the central charge. One
can expand the fields in terms of their Laurent modes

T̂ =
∑
n

L̂n
zn+2

, ϕ̂± =
∑
r

ϕ̂±r
zr+3/2

, Û =
∑
n

Ûn
zn+1

, (6.51)

upon which the OPEs lead to the following commutation relations displayed below for
completeness.

[L̂m, ϕ̂
±
n ] =

(
1

2
m− n

)
ϕ̂±m+n

[L̂m, Ûn] = −nÛm+n

[Ûm, Ûn] =
1

3
cmδm+n,0

[Ûm, ϕ̂
±
r ] = ±ϕ̂±m+r

{ϕ̂±r , ϕ̂∓s } = 2L̂r+s ± (r − s)Ûr+s +
c

3

(
r2 − 1

4

)
δr+s,0 (6.52)

We can immediately recognize (6.52) as the N = 2 super-Virasoro algebra. Apart from
being a good consistency check on our computations, the above exercise demonstrates that
the Sugawara redefinition of the energy-momentum tensor should read as

T̂ =
c

6

(
L+

5

3
Υ +

1

36
U2

)
=

c

36
str
(
a2
)

(6.53)

where the gauge connection a takes the form in (6.27).5 Finally, we recall that the N = 2

5The second equality in (6.53) relies on inserting a factor of ‘i’ in the generator U0. As explained later,
it turns out this is also required by a consistent reduction of this theory to osp(N |2) theories.
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superconformal algebra enjoys the following spectral flow as an automorphism [78]

Ûm → Ûm +
1

3
αcδm,0,

ϕ̂±r → ϕ̂±r±α,

L̂m → L̂m + αÛm +
1

6
α2cδm,0. (6.54)

Later, we will see this automorphism manifest when we discuss some flat connections in
the bulk Chern-Simons theory. A constant shift of the field conjugate to the generator
U0 induces a phase shift in the Killing spinor, and modifies the energy-momentum tensor
following (6.53).
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Chapter 7

Higher-spin black holes

In this chapter, we present new higher-spin black hole solutions in the framework of SL(4)
and SL(N |N − 1) theories. We first discuss the role of Wilson holonomies in SL(N)
theories and their relations to black holes and conical defect spacetimes. This is followed
by an explicit construction of the SL(4) black hole, and how this class of black holes exhibits
consistent gravitational thermodynamics deeply related to the emergence of W4 algebra at
the boundary. In Section 7.4, we present the higher-spin black holes in SL(3|2) theory
and demonstrated how their gravitational thermodynamics is related to N = 2 super-W3

algebras. In Section 7.5, we present RG flow solutions carrying an abelian charge. They
are a class of supersymmetric solutions (preserving four supercharges) which are massless
BTZ solutions carrying higher-spin fields. Finally in Section 7.6, we extend our results to
SL(N |N − 1) theories, and also present new conical defect solutions.

7.1 The role of Wilson loops

As we have discussed earlier in Chapter 2, the 3D Hilbert action is well-known to be
equivalent to a SL(2,R)×SL(2,R) Chern-Simons theory. In the framework of SL(N,R)×
SL(N,R) Chern-Simons, where the SL(2,R)’s can always be embedded, one can, of course,
also recover pure gravity, after setting all higher-spin fields to be zero.

The SL(2,R)’s are the isometries of AdS3, and apart from the vacuum, one can generate
a rich class of non-trivial spacetimes by orbifolding AdS3 by a pair of suitable generators.
One particular example is the BTZ solution which derives from the action of two hyperbolic
generators. Realizing SL(2,R) × SL(2,R) in terms of their left- and right- action on the
embedding hyperboloid X2 + Y 2 − U2 − V 2 = −1, we can write

J1 = −1

2
(JXU + JY V ) , J̃1 = −1

2
(JXU − JY V )

J2 = −1

2
(JXV − JY U) , J̃2 = −1

2
(JXV + JY U)

J3 = −1

2
(JXY − JUV ) , J̃3 = −1

2
(JUV + JXY ) (7.1)

where Jab ≡ xb∂a−xa∂b, and Ji, J̃i are the generators of the left and right SL(2,R) groups.
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As explained in [6], the identification group generated by the Killing vector ξ = −r+(J1+J̃1)
yields a quotient space which is the BTZ black hole of radius r+.

We can choose to represent the quotient space construction via matrices. Let us write
the defining equation of the AdS3 quadric as the condition on the determinant of a matrix
X as follows

X =

(
V +X Y + U
Y − U V −X

)
, det|X| = 1 (7.2)

This condition is preserved by a transformation

X→ glXg
−1
r (7.3)

where (gl, gr) ∈ SL(2,R) × SL(2,R). The trace is invariant under conjugation of which
classes determine different spacetime solutions. For the BTZ, (gl, gr) are hyperbolic gen-
erators, and in general, it is natural to ask how these matrices can be mapped via a
homomorphism to (7.1)-(7.1) (i.e. in this context, we want to represent etξ as an action on
X). Relating this to our conventions for SL(2,R), we find

L−1 = J3 − J2, L1 = J3 + J2, L0 = J1 (7.4)

and similarly for the anti-holomorphic quantities. As an explicit example, consider the
static BTZ. One can first parametrize the SO(2, 2) group element as

X =

(
reφ et

√
r2 − 1

e−t
√
r2 − 1 re−φ

)
, ds2 = −(r2 − 1)dt2 +

dr2

r2 − 1
+ r2dφ2 (7.5)

The hyperbolic quotient by etξφ is realized by taking1

gl = g−1
r =

(
etr+ 0

0 e−tr+

)
, (7.6)

from which we see that since t = 2πZ, making a BTZ is equivalent to identifying φ as a
periodic coordinate. Rescaling r → r/r+, φ ∼ φ+2π and we can interpret the spacetime as
having a horizon at r+, and with ADM mass ∼ r2

+. Going once around the non-contractible

cycle along φ, we have e
∮
φ ξφ acting on X via (gl, gr) as demonstrated explicitly.

Let us now view things from the Chern-Simons perspective. In the SL(2,R)×SL(2,R)
Chern-Simons theory, the solutions are flat connections and thus locally can always be
expressed as pure gauges, i.e. A = g−1dg. Globally, when the spacetime has non-trivial
topology, then the gauge function g is not single-valued. When the spacetime has a non-
contractible cycle C, as we go around the cycle once, g attains a factor of the holonomy
Pexp

(∮
C
A
)
. Up to an overall gauge transformation, the flat connections are thus uniquely

specified by their holonomies around non-contractible cycles of the manifold.

1We can explicitly realize the SL(2,R) generators as L0 = −σz/2, L± = (iσy ± σx)/2.
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Indeed, the holonomies (of (A, Ã)) are precisely the (gl, gr) described above. 2 For the
BTZ, the φ-cycle is non-contractible, and will have a non-trivial holonomy. From (6.5), we
have checked that the eigenvalues of

∮
aφdφ = 2πa+ are precisely those of e−2πr+L0 , and

similarly
∮
āφdφ = −2πā− shares identical eigenvalues with e−2πr+L̃0 . Now, there is another

time-like Killing vector ξt ∼ −
(
J1 − J̃1

)
. After a Wick rotation, the thermodynamics of

the black hole can be obtained by demanding that the SL(2,R) connection be single-valued
along Euclidean time direction which is periodic. This cycle is contractible and vanishes at
the horizon. The periodic identification of the thermal time can be represented via a pair
of (gl, gr) acting on X. From the metric in (7.5), we compute the period to be 2π. This

means gl = e2πL0 , g−1
r = e−2πL̃0 . Like in the case of the φ direction, this is equivalent to

the action of e
∮
τ ξτ if we take ξτ = −r+

(
L0 − L̃0

)
since τ = 1/r+. The eigenvalues are ±π

which we check to be equivalent to that of
∮
aτdτ = 2πτa+ and

∮
āτdτ = 2πτā−.

For our purpose, it is natural to ponder about whether a similar interpretation for Wil-
son loops holds for the gravitational thermodynamics in the context of higher-spin space-
time geometries? We can begin to answer this question by first embedding pure gravity,
and thus the ordinary BTZ, in the SL(N,R) × SL(N,R) theory. After a straightforward
computation, we find that the N -dimensional fundamental representation of SL(2,R) yields
the following set of N eigenvalues for the holonomies for any even N > 2:

(±(N − 1)π,±(N − 3)π,±(N − 5)π, . . . ± π) (7.7)

with a similar result for any odd N but with the last pair of values replaced by 0. In
higher-spin theories, the connection is now also valued in other higher-spin generators, and
thus the holonomies no longer correspond neatly to the quotienting action by subgroups of
isometries. Nonetheless, we can still classify various solutions according to the holonomies’
eigenvalues, as explained nicely in [31] and [51]. Apart from higher-spin black holes, as
shown recently in [31], when the φ-direction is a contractible spatial cycle, demanding the
holonomies to be trivial elements of the SL(N,R) gives us a discrete set of solutions which
are higher-spin generalizations of conical defects in the pure gravity case.

Before leaving this brief discussion, let us remark that the above argument does not
hold for all gauge groups. For example, when Λ = 0, and the group is ISO(2, 1), the
identification holonomies are no longer the Wilson loops of the theory, but simply

∮
ωa.

This is because the connection ω and the vielbein ε are valued differently, i.e. in this case
(see, for example, [54] for a nice review),

A = eaJa + ωaPa, with [Ja, P b] = εabcPc, [J
a, J b] = εabcJc, [P

a, P b] = 0. (7.8)

In our case, they are both valued in the same set of generators and the holonomies are
precisely the Wilson loops.

2We note that this relationship between identifications and holonomies is emphasized and discussed
nicely in Section 1.3 of [54].
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7.2 Higher-spin black holes and spacetime geometry

7.2.1 The case of SL(N) black holes

In [49], the bulk field equations for SL(3,R) × SL(3,R) Chern-Simons were solved to
yield an ansatz that was interpreted to be a generalized BTZ solution which carries a
spin-3 charge. These ‘black-hole’ solutions are defined not by a manifest event horizon
(which would be inappropriate since the metric changes under a a general spin-3 gauge
transformation), but by demanding that the Wilson holonomy along the time-like direction
of (6.4) has eigenvalues identical to that of the ordinary BTZ black hole. This places
constraints on the functions L and W which are, in principle, functions of the Euclidean
time τ and the chemical potential % = −τχ, where χ is the spin-3 charge (similar relations
hold for the anti-holomorphic entities).

Apart from satisfying gauge invariance, such a prescription was argued to be tenable
based on the following resulting conditions: (i)the variables L and W in the ansatz (6.10)
satisfy a nice integrability condition:

∂L
∂ρ

=
∂W
∂τ

(7.9)

(ii)in the limit when the spin-3 field vanishes, the BTZ is recovered smoothly, and (iii)that
there exists a gauge in which the solution exhibits a regular event horizon and spin-3 field,
both of which are smooth in the Euclidean (τ, ρ) plane. Such a black hole is then argued
to be a saddle point contribution to a partition function of the form

Z = tr
(
e4π2i(τL+ρW−τ̄ L̄−ρ̄W̄)

)
(7.10)

By performing a Legendre transform, we can compute the entropy from this partition func-
tion. This generalizes the usual notion of the area law. On general grounds of symmetry,
it may be natural to expect that if the above procedure works fine for the spin-3 case, it is
likely to be valid as well for all higher spins, since WN symmetry arises as the asymptotic
symmetry of these higher-spin theories as demonstrated in [38].

But we think that the consistency of such an approach cannot be guaranteed by asymp-
totic symmetry arguments alone, and it would be important to analyze some manageable
cases in the absence of a general and rigorous proof.

In this Section, we will study the case of spin-4 carefully, and demonstrate that the
Wilson-loop-defined black holes can be understood precisely in the same elegant fashion as
described above. Let us begin by reviewing the general algorithm of constructing higher-
spin black holes as instructed in [52]: (i)begin by computing the flat connection for the
ordinary BTZ in the SL(N,R) × SL(N,R) theory (ii)extend this connection by includ-
ing higher-spin charges together with their conjugate chemical potentials (iii)compute the
Wilson loop in the time-like direction of the Fefferman-Graham chart and constrain the
holonomy’s eigenvalues to be identical to those of the BTZ.
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Following [52], the eigenvalue constraint equation can be formulated via a system of
trace equations:

Tr (ωn) = Tr (ωnBTZ) , n = 2, 3, . . . (7.11)

Note that we computed these eigenvalues earlier in (7.7). In the case of spin-3, (7.11)
terminates at n = 3, and can be solved via a quartic equation. In the general case, a
perturbative approach is easier. For example, as briefly mentioned earlier, in a certain
N → ∞ limit, one can lift the algebra of SL(N,R) × SL(N,R) to hs[λ] ⊕ hs[λ], and an
illuminating perturbative analysis of (7.11) was performed in [52] for this case.

For the spin-4 black holes, from the bulk equations, we can straightforwardly compute
the connection to be

A =
(
eρL1 + Le−ρL−1 +We−2ρW−2 + Ue−3ρU−3

)
dx+ + L0dρ

+

(
χ

(
e2ρW2 + 2LW0 + 2We−ρU−1 −

24

5
We−ρL−1 +

(
L2 − 3U

)
e−2ρW−2 + 2LWe−3ρU−3

)
+ f

(
e3ρU3 + 3LeρU1 − 6WW0 +

(
3L2 + 3U

)
e−ρU−1 +

54

5
Ue−ρL−1 −

24

5
WLe−2ρW−2(

L3 +
11

5
LU − 4W2

)
e−3ρU−3

))
dx−

(7.12)

where the factors of enρ for n = −3 . . . 3 originate from conjugating a ρ-independent a with
b = eρL0 . Please note that we have rescaled the variables αL → L, βW → W , γU → U in
this Section to avoid cluttering the notations, but will emphasize at appropriate moments
later on, when the constants α, β, γ are needed to be restored.

The other anti-holomorphic SL(4,R) connection reads

Ā = −
(
eρL−1 + L̄e−ρL1 + W̄e−2ρW2 + Ūe−3ρU3

)
dx− − L0dρ

−

(
χ̄

(
e2ρW−2 + 2L̄W0 + 2W̄e−ρU1 −

24

5
W̄e−ρL1 +

(
L̄2 − 3Ū

)
e−2ρW2 + 2L̄W̄e−3ρU3

)
− f̄

(
e3ρU−3 + 3L̄eρU−1 − 6W̄W0 +

(
3L̄2 + 3Ū

)
e−ρU1 +

54

5
Ūe−ρL1 −

24

5
W̄L̄e−2ρW2(

L̄3 +
11

5
L̄Ū − 4W̄2

)
e−3ρU3

))
dx+

(7.13)

From these connections, we can derive the metric as explained in the discussion surrounding
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(4.14) with the normalization

gµν =
1

Tr (L2
0)

Tr (eµeν) (7.14)

Note that the above is consistent with the choice made in the particular SL(3,R) case
presented in [49]. We have checked that this normalization condition corresponds to AdS3

spacetime with unit radius in the limit of vanishing higher-spin charges. Since the differ-
ence between the connections is proportional to the vielbein, we can already read off the
asymptotic behavior from (7.13).

For completeness sake, let us display the metric explicitly3:

ds2 = dρ2 +
1

5

(
2(−3fW + χL)dx− + 2(−3f̄W̄ + χ̄L̄)dx+

)2

+
12

5

∣∣∣∣(e2ρχ+ e−2ρW̄)dx− + (−24

5
W̄L̄e−2ρf̄ + χ̄e−2ρ(L̄2 − 3Ū)dx+)

∣∣∣∣2
− 6

25

∣∣3fLeρdx− +
(
2χ̄W̄e−ρ + 3f̄ e−ρ(L̄2 + Ū)

)
dx+

∣∣2
−18

5

∣∣∣∣(e3ρf + e−3ρŪ)dx− + (2χ̄L̄W̄ + f̄ L̄3 +
11

5
f̄ L̄Ū − 4f̄W̄2)e−3ρdx+

∣∣∣∣2
−
∣∣∣∣L̄e−ρdx− + (eρ − e−ρ24

5
χ̄W̄ + e−ρ

54

5
f̄ Ū)dx+

∣∣∣∣2 , (7.15)

where the notation |. . .|2 refers to multiplying the enclosed expression with its conjugate, i.e.
all barred quantities become unbarred and vice-versa, and dx± ↔ dx∓. It is straightforward
to check that when all higher-spin charges and their conjugate potentials vanish, the metric
(7.15) reduces to that of the BTZ with its Noether charges proportional to L, L̄. From
(7.15), we see that as ρ→∞, the terms ∼ e3ρ dominate, and the metric asymptotes to

ds2 = dρ2 −
(

18

5
f̄fe6ρ

)
dx+ dx− (7.16)

After re-scaling the boundary cylinder, (7.16) is just global AdS3 with radius = 1
3
. From

a holographical perspective, we can say that the addition of spin-4 potentials in the bulk
corresponds to adding to the boundary CFT an irrelevant dimension 4 operator, thereby
changing its UV behavior. Indeed, from the general algorithm of constructing this class of
higher-spin black holes, it is clear that the metric asymptotes to an AdS3 with radius = 1

N−1
,

where N is the largest spin added. This is independent of the rank of the Chern-Simons
gauge group that embeds the solution.

Consider switching off the spin-4 field, and we would expect to find the SL(3,R) so-
lutions of [49] embedded in our SL(4,R) framework. This is almost the case, as can be

3Please refer to the Appendix A for our choice of basis for the SL(4,R) generators.
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seen easily from (7.15). The trace of the spin-4 generators affects the scaling constants of
each line of (7.15) and we find that it is not possible, via simply a re-scaling of coordinates,
to obtain exactly the SL(3,R) solutions of [49]. We choose to interpret this difference by
looking at the asymptotic behavior ρ→ −∞. If the spin-4 potential is kept, this limit takes
us again to AdS3 with radius = 1

3
. When the spin-4 potential is discarded and the spin-3

potential retained, this limit still remains. In conventional GR language, this traversable
wormhole4 asymptotes between two distinct AdS3. On the other hand, for the SL(3,R)
solutions in [49], we have, instead, a wormhole with two asymptotic AdS3 with identical
radius = 1

2
.

Incidentally, another related point is that for the spin-3 solution in the principal em-
bedding, since the metric asymptotes to an AdS3 with radius = 1

2
, it was interpreted in

[50] as being the W(2)
3 vacuum. In this case, we observe that clearly, this is not the case

for the spin-4 solution in the principal embedding, i.e. (7.15). The asymptotic AdS3 vacua
of solution (7.15) cannot be identified with any of those that belong to non-principalW4’s,
after the metric is normalized to yield an AdS3 of unit radius in the limit of vanishing
higher-spin charges. We conclude that this is the case in general for higher-spin black holes
of this type, as can be checked from the expression for the defining vector L̃0 in (4.19).
Thus, the identification/interpretation made in this particular aspect for the spin-3 case is
due to more of a coincidence.

In [49], the spin-3 ‘black-hole’ solutions are defined by a manifest event horizon by
demanding that the Wilson holonomy along the time-like Killing direction of (6.4) has
eigenvalues identical to that of the ordinary BTZ black hole. Such a procedure was shown
to be equivalent to (7.64) which is a necessary condition for the consistency of the grav-
itational thermodynamics of the solutions. As a bonus, it was checked that the resulting
constraints placed on the variables L and W lead to the solution approaching the BTZ
(and its thermodynamical behavior) in the limit of vanishing higher spin and potential. A
caveat is that when the holonomy constraint is imposed, the solution does not exhibit an
event horizon, but, in the conventional sense, is instead a transversable wormhole connect-
ing two AdS3 vacua. It was further shown in [50] that there exists a gauge transformation
that takes the metric to one in which gtt has a double zero relative to the radial direction,
and thus there could be an event horizon. This is reasonable as higher-spin gauge trans-
formations make the usual notions of Riemannian geometry non gauge-invariant, and one
is naturally led to proposing gauge-invariant entities like Wilson holonomies to discuss the
physics of these solutions.

In such an approach, that the thermodynamical consistency has been invoked to be
the fundamental definition of a ‘black hole’ is clearly motivated by holography. At this
point, it is pertinent to recall that in a certain N → ∞ limit, one can lift the algebra of
SL(N,R)×SL(N,R) to hs[λ]⊕ hs[λ]. In this limit, and if we add two additional complex
scalar fields in the bulk (to be interpreted in the ’t Hooft limit), we arrive at the bulk
picture of the Gaberdiel-Gopakumar conjecture.

4We will explain later why the event horizon is absent in this solution in the next Section.
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Next, we will mainly be concerned about checking the validity of the integrability con-
dition and the interpretation of the gravitational thermodynamics of the spin-4 solutions.
We will see that our results demonstrate clearly that the spin-4 generalization of the frame-
work discussed in [49, 50] is valid, and thus if this program is to work for all N , it has, at
least, passed an explicit non-trivial check.

7.3 On the first law of higher-spin black hole thermodynamics

Let us begin this subsection by performing an elementary review of some basic thermo-
dynamical relations like (7.10). Mainly, this spells out various sign conventions, scaling
factors and, of course, to set up the basic interpretative framework.

Since we have two higher-spin fields, (7.10) should now be

Z(τ, %, µ, τ̄ , %̄, µ̄) = tr
(
e4π2i(−τL+%W+µU+τ̄ L̄−%̄W̄−µ̄Ū)

)
(7.17)

where τ is the inverse Euclidean temperature of the BTZ in the limit of vanishing higher-
spin, and % = −τ χ, µ = −τ f are the chemical potentials5. For a static BTZ limit, we
can relate the holomorphic and anti-holomorphic quantities to be

τ = −τ̄ , % = %̄, µ = µ̄, L̄ = L, W̄ = −W , Ū = −U (7.18)

The spin-4 solutions contribute to the above generalized partition function which includes
chemical potentials %, µ conjugate to the spin-3 and spin-4 currentsW ,U respectively. From
the CFT perspective, assigning the dependence of L,W ,U on τ, %, µ (and hence generalizing
the BTZ) amounts to the following equations for the expectation values:

〈L〉 =
i

4π2

∂lnZ

∂τ
, 〈W〉 = − i

4π2

∂lnZ

∂%
, 〈U〉 = − i

4π2

∂lnZ

∂µ
. (7.19)

This gives us, as necessary conditions, the integrability constraints:

∂L
∂%

= −∂W
∂τ

,
∂L
∂µ

= −∂U
∂τ

,
∂W
∂µ

=
∂U
∂%

. (7.20)

We note that in the spin-3 case, only the first two relations of (7.20) are relevant in ensuring
the validity of the Wilson loop prescription. In the following, we will see that all the three
equation of (7.20) are satisfied, and thus this constitutes an important and non-trivial
evidence for the program to hold for the spin-4 case as well.

In the absence of a geometric area law for the entropy, one can still define it via a
Legendre transform of the free energy. Such a definition implies that the first law of ther-
modynamics will be automatically satisfied, when L is identified as the energy-momentum

5The rest of this Section will demonstrate why such an interpretation is viable.
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tensor divided by 2π. The entropy S reads

S = lnZ − 4iπ2
(
−τL+ %W + µU + τ̄ L̄ − %̄W̄ − µ̄Ū

)
(7.21)

which can be computed once L,W ,U are determined. In the spin-3 case, determining these
relations from the Wilson loop prescription is still feasible analytically, but it proves to be
difficult in spin > 3 cases. Inspired by the treatment for the hs[λ] ⊕ hs[λ] case [52], we
shall perform the analysis perturbatively.

As a warm-up, let us re-visit the spin-3 case [49]. Absorbing various scaling constants
in L,W , the Chern-Simons connection is A = b−1ab+ L0dρ, with a being

a+ = L1 − LL−1 −WW−2, a− = χ(W2 − 2LW0 + L2W−2 + 8WL−1) , (7.22)

for which, upon taking n = 2, 3, (7.11) reads

−2

τ 2
= 8L − 96χW +

128

3
χ2L2,

0 = −W +
8

3
χL2 − 16χ2LW + 64χ3

(
W2 − 2

27
L3

)
(7.23)

We note that when the higher-spin fields are set to zero, the BTZ Euclidean temperature
τ can be computed by demanding that the Euclidean section is smooth and is related to L
by L = −1/4τ 2. Now, we can expand the variables as

L =
∑
n

cnχ
nτ−n−2, W =

∑
n

dnχ
nτ−n−3 (7.24)

where n ∈ Z+
0 . Substituting (7.24) into (7.23), it can be checked that the following recursion

relations are solutions:

cn =
16(2n+ 1)

3(n− 1)

∑
i+j=n−2

cicj, dn−1 =
4n

3(n− 1)

∑
i+j=n−2

cicj (7.25)

From (7.25), we can see that
ncn = 4(2n+ 1)dn−1 (7.26)

Upon restoring the scaling constants L → αL = 2π
k
L,W → βW = α

4
W , then (7.26)

immediately implies the integrability condition (7.64). We note that in the original work
of [49], the integrability condition was verified by differentiating (7.23) instead.

We can seek the analogue of (7.26) in the case of spin-4, and see whether the integrability
conditions (7.20) hold. The gauge connection was previously displayed in (7.13), and by
setting ρ = 0, we can obtain a as the simpler yet also valid variable to compute the
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holonomy’s eigenvalues. The three holonomy equations are

Tr(a+ + a−)2 = − 5

τ 2
, Tr(a+ + a−)3 = 0, Tr(a+ + a−)4 =

41

4τ 4
. (7.27)

Substituting (7.13) into (7.27), and expanding the variables as

L =
∑
n,m

cnm
χn fm

τn+2+2m
, W =

∑
n,m

dnm
χnfm

τn+3+2m
, U =

∑
n,m

bnm
χnfm

τn+4+2m
, (7.28)

we can express the holonomy equations (7.27) as polynomial equations in the coefficients.
For example, the first one (which is the simplest) reads

0 = −20cnm + 144dn−1,m − 288bn,m−1 − 144bn−2,m + 64
∑

i+j=n−2

∑
k+l=m

cikcjl

+432
∑

i+j=m−2

∑
k+l=n

dk,idl,j −
2496

5

∑
i+q=n−1

∑
j+r=m−1

cijdqr

−576

5

∑
i+j+k=m−2

∑
p+q+r=n

cpicqjcrk −
1008

5

∑
i+j=m−2

∑
p+q=n

cpibqj. (7.29)

We verify, up to the 5th order, that the following recursive relations analogous to (7.26)
solve (7.29) and the other two holonomy equations in (7.27)

− 5

18
mcnm = (2n+3m+1)bn,m−1,

5

12
ncnm = (2n+3m+1)dn−1,m, 3nbnm = −2(m+1)dn−1,m+1

(7.30)
It is remarkable to note the appearance of the scaling constants β, γ defined earlier in (6.21)
in (7.30). Indeed, the integrability conditions (7.20) are precisely equal to (7.30) only upon
rescaling

L → αL =
2π

k
L, W → βW = −5α

12
W , U → 5α

18
U . (7.31)

Now recall that earlier, we mentioned that (7.51) is necessary if we demand that the bulk
equations (6.14), (6.15) are equivalent to the OPE between the stress-energy tensor and
the higher spin operators. In this aspect, it is nice to see that the consistency condition
for holography is precisely the one that surfaces when we equate the holonomy condition
to the integrability condition. With this compelling evidence, on top of the spin-3 case in
[49], it is natural to expect this to hold generally for this class of higher-spin gravitational
theories.

This strongly suggests that in fact, writing down a valid gravitational thermodynamics
for these geometries can be understood as demanding a consistent holography dictionary,
in particular, that the boundary WN symmetry’s Ward identities emerge from the bulk
equations.

Let us close this Section by displaying, to some finite order, all the relevant parameters
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in terms of τ and the higher-spin chemical potentials. The partition function and entropy
can be calculated using (7.29), (7.30), (7.21), (7.19) to be

S = 4π2i

(
1

2ατ
− 4%2

5ατ 5
+

27µ2

50ατ 7
+

63µ3

125ατ 10
+

21µ%2

5ατ 8

)
+O(4) (7.32)

lnZ = 4π2i

(
1

4ατ
− %2

5ατ 5
+

7µ%2

10ατ 8
+

%4

ατ 9
− 91µ2%2

50ατ 11
+

9µ2

100ατ 7
+

63µ3

1000ατ 10

)
+O(5)

(7.33)

We expect (7.32) to furnish the leading order approximation of the partition function of
any candidate boundary CFT with W4 symmetry. From (7.32), we observe that when the
higher-spin currents vanish, the BTZ entropy, and thus the familiar area law, is recovered.
Finally, the curents L, W ,U read as

L = L0 − χ2
(
16αL2

0

)
+ f 2

(
1008

25
α2L3

0

)
− f 3

(
4032

25
α3L4

0

)
− χ2f

(
1792

5
α2L3

0

)
+O(4)

(7.34)

W = −χ
(

8

3β
α2L2

0

)
− χf

(
112

3β
α3L3

0

)
+ χ3

(
320

3β
α3L3

0

)
− χf 2

(
5824

15β
α4L4

0

)
+O(4)

(7.35)

U = −f
(

16

5γ
α3L3

0

)
+ f 2

(
336

25γ
α4L4

0

)
+ χ2

(
112

9γ
α3L3

0

)
+ χ2f

(
11648

45γ
α4L4

0

)
−f 3

(
38528

125γ
α5L5

0

)
+O(4) , (7.36)

where L0 = 1
4ατ2 gives us the relation between the τ and L in the BTZ when all higher-spin

fields are zero. We note that the perturbative expansions are governed by L,U having even
χ-parity, and W having odd χ-parity.

With the higher-spin parameters L,W ,U computed to be (7.34),(7.35) and (7.36) via
the holonomy prescription, it is straightforward to check that the resulting solution does
not possess an event horizon. As mentioned earlier, the higher-spin gauge transformations
imply that notions like horizons are not gauge-invariant quantities, and the definition of a
higher-spin black hole has been based on the holonomy prescription. As explained in [49]
and nicely demonstrated in [50], along the gauge orbit of these solutions, one can find an
unique geometry which exhibits a smooth horizon.

Although in the general case, even for the simplest spin-3 solution, it is tediously chal-
lenging ([50]) to write down the precise gauge that unveils the event horizon explicitly,
an easy linearized analysis can already be useful in helping us understand related aspects.
Below, we will allude to the linearized spin-4 solution, and furnish some preliminary evi-
dence that the holonomy prescription yields in some gauge, an Euclidean geometry carrying
higher-spin fields, all of which are free of conical singularity at the Lorentzian event horizon.
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If we keep only terms that are linear in the chemical potentials and the higher-spin
currents in (7.12) and (7.13), then explicitly, the holomorphic connection reads

Alinear = L0dρ+
(
eρL1 + Le−ρL−1 +We−2ρW−2 + Ue−3ρU−3

)
dx+ +

+ f
(
e3ρU3 + 3LeρU1 + 3L2e−ρU−1 + L3e−3ρU−3

)
dx−

+ χ
(
e2ρW2 + 2LW0 + L2e−2ρW−2

)
dx− , (7.37)

with a similar-looking expression for Ā. Keeping to first order, this gives us the BTZ metric
since the corrections to the metric are second order and above, with the horizon located at

ρ+ =
(

Log(
√

2π|L|/k
)
/2. Also, imposing smoothness of the Euclidean geometry in the

(τ, ρ) plane gives us a relation for W ,U in terms of χ and τ which correspond to the first
terms in (7.35) and (7.36), as expected.

For the higher-spin fields defined in (4.14) (setting λ = 4 since we are working in
SL(4,R) Chern-Simons theory), we define smoothness at the horizon by demanding re-
lations among the field components identical to those determined when we impose the
regularity of the (τ, ρ) plane of the Euclidean BTZ. Explicitly, we demand

∂2
ρψφφtt

ψφφρρ

∣∣∣∣
ρ+

=
∂2
ρψφtt

ψφρρ

∣∣∣∣
ρ+

=
16πL
k

=
∂2
ρgtt

gρρ

∣∣∣∣
ρ+

(7.38)

where φ is the spectator direction. Implementing this procedure by expanding aroud the
horizon, we find that at the first order, the spin-4 field naturally satisfies the condition
(7.38) because6

ψφφρρ =
πL
k

(
1 + (ρ− ρ+)2

)
+ . . . , ψφφtt =

8L2π2

k2
(ρ− ρ+)2 + . . . . (7.39)

However, the spin-3 fields are not smooth even at the first order, so a natural question is
whether, analogous to the spin-3 case [49], one can perform a gauge transformation to let
it develop a double zero at the Lorentzian horizon.

After some experimentation, we simply find that the ansatz that was used for the spin-3
case in [49] does the job here as well. The spin-3 fields can be computed to be

ψφρρ =
16πLχ
k

+ . . . , ψφtt =
40πW
k

(ρ− ρ+)−
(

60πW
k

+
896π2L2χ

k2

)
(ρ− ρ+)2 + . . .

(7.40)
We then gauge transform on the background connection (that gives purely the BTZ) via a
gauge parameter F (ρ), i.e.

δA = dλ+ [A, λ], λ = F (ρ) (W1 −W−1) = −λ̄ (7.41)

6We adopt the normalization for components ψabb and ψaabbb such that their definitions in (4.14) is
divided by the number of distinct permutations of the indices.
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to obtain

δψφtt = −192

√
2π3|L3|
k3

(
F (ρ+) (ρ− ρ+) + F ′(ρ+)(ρ− ρ+)2

)
(7.42)

δψφρρ = 24

√
2π|L|
k

F ′(ρ+) (7.43)

Comparing (7.42) and (7.40), a straightforward calculation shows that if we set

F (ρ+) =
5W
24

√
k

2π|L3|
, (7.44)

then the term in (ρ−ρ+) vanishes, removing the previous singularity. Also, upon demanding
(7.38), we obtain the first term of (7.35), and thus showing a nice consistency with the
holonomy condition.

7.4 The case of SL(N |N − 1) black holes

7.4.1 Holonomy conditions and higher-spin black holes

In the sl(N) Chern-Simons theory, higher-spin black holes and conical defects are de-
fined via holonomy conditions. For black holes, the holonomy along the Euclidean time
direction is trivial whereas for conical defects, the holonomy along the angular direction
φ is trivial. In the sl(3|2) ⊕ sl(3|2) theory, consider first the case where only the fields
L, L̃ survive. As shown in 4.3.5, global AdS3 and extremal BTZ are shown to be super-
symmetric solutions in the theory. As reviewed earlier, their corresponding gauge con-
nection Γ can be parametrized as (L1 − LL−1) of which eigenvalues of

∮
Γφdφ read as

2π(0,
√
L,−
√
L, 2
√
L,−2

√
L), with L = −1/4 for global AdS3.

If we wick-rotate the time-like direction t → −iτ , and let the Euclidean time period
(∆τ) be such that the Euclidean manifold is smooth, then for the BTZ black hole, we have
∆τ = π√

L . For thermal AdS3 or the Euclidean BTZ, the holonomy along τ -direction reads

ei
∮

Γdτ ∼
[

13×3 0
0 −12×2

]
. (7.45)

We should note that although (7.45) is not the center of sl(3|2), it is a central element among
all group elements derived from exponentiating even-graded generators. To see this, we note
that (7.45) is a linear combination of the identity and U0. On the other hand the holonomy,

e
∮

Γdφ possesses the eigenvalues (1, e2π
√
L, e−2π

√
L, e4π

√
L, e−4π

√
L). In the limit L → 0+, the

holonomy along the φ-direction becomes precisely the identity (the Euclidean-time direction
becomes non-compact in this limit). This is the holonomy condition for the massless BTZ.
An important result of [49] is that for sl(N) higher-spin black holes constructed in this
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manner, the holonomy conditions coincide with the integrability conditions (which we shall
review in a moment) that point towards the existence of a partition function containing
the boundary source terms.

To find appropriate generalizations of the higher-spin sl(3) black holes in the sl(3|2)
theory, it seems natural to begin by considering an ansatz where Γ+ is in the highest-weight
gauge7. Paralleling the approach in [49], we begin with

Γ = b−1a(x+)b+ b−1db, Γ̄ = bā(x−)b−1 + bdb−1 (7.46)

where b = eρL0 , and

a = (L1 − LL−1 +WW−2 + ΥA−1) dx+ +

(
2∑

i=−2

χiWi +
1∑

i=−1

ξiLi +
1∑

i=−1

AiAi

)
dx−,

ā = −
(
L−1 − L̄L1 + W̄W2 + ῩA1

)
dx− −

(
2∑

i=−2

χ̄iW−i +
1∑

i=−1

ξ̄iL−i +
1∑

i=−1

ĀiA−i

)
dx−.

(7.47)

In the above, the unspecified functions are functions of the boundary co-ordinates (x±). To
furnish a prescription for bulk computations in the presence of source terms, the underlying
principle is that the sources are associated with generalized boundary conditions for the
various bulk higher-spin fields. Similar to the sl(N) story, we wish to propose that functions
(ξ1, χ2,A1) are proportional to the sources in the putative CFT, and below, we will support
this claim at the level of perturbation theory in the sources. This is done simply by
comparing bulk field equations to the CFT’s Ward identities, which will be performed
explicitly below for the chiral sector.

Now, the bulk field equations are just the conditions for a flat connection. For the
ansatz (7.46), it is straightforward to solve for the various functions in terms of products
of derivatives of the following set (L,Υ,W , χ ≡ χ2, ξ ≡ ξ1,A ≡ A1), in particular, with
the fields (L,Υ,W) obeying the following differential equations.

∂−L =
1

2
∂3

+ξ + 2L∂+ξ + ξ∂+L+A∂+Υ + 2Υ∂+A− 6W∂+χ− 4χ∂+W ,

∂−Υ =
1

2
∂3

+A+ 2L∂+A+A∂+L+ ξ∂+Υ + 2Υ∂+ξ − 6W∂+χ− 4χ∂+W , (7.48)

∂−W = 3W(∂+ξ + ∂+A) + (ξ +A)∂+W +
8

3

(
(L+ Υ)2∂+χ+ χ(L+ Υ)∂+(L+ Υ)

)
+

1

24
∂5

+χ+
5

6
(L+ Υ)∂3

+χ+
5

4
χ∂+(L+ Υ) +

3

4
∂+χ(∂2

+L+ ∂2
+Υ) +

1

6
χ(∂3

+L+ ∂3
+Υ).

(7.49)

On the other hand, from the perspective of the boundary CFT, upon the insertion of the

7We set the abelian field U = 0 for simplicity in this Section.
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source terms in the Lagrangian, in the form∫
d2x

(
χ(x)W(x) +A(x)Υ(x) + ξ(x)L(x) + χ̄(x)W̄(x) + Ā(x)Ῡ(x) + ξ̄(x)L̄(x)

)
(7.50)

the various expectation values of (L,Υ,W) will pick up the source terms due to the singular
terms in the OPEs, as explained in [49]. We have assumed that the source terms are
precisely the set of (ξ,A, χ) in the bulk ansatz. To validate this assumption, we need
to ensure that the OPEs among the fields belong to that of the N = 2 W3 algebra. To
conveniently compare with the bulk equations (7.48), we first switch to Euclidean co-
ordinates (z = it + φ, z̄ = −it + φ), and perform the re-scaling for the fields in the bulk
ansatz

L → αL,Υ→ βΥ,W → γW . (7.51)

After some algebra, we find that (7.48) lead to the OPEs

L(z)L(0) ∼ 3

αz4
+

2L
z2

+
∂L
z
, (7.52)

Υ(z)Υ(0) ∼ 3

βz4
+

(
α

β

)(
2L
z2

+
∂L
z

)
, (7.53)

L(z)W(0) ∼ 3W
z2

+
∂W
z
, (7.54)

Υ(z)W(0) ∼ 3W
z2

+
∂W
z
, (7.55)

W (z)Υ(0) ∼
(
−γ
β

)(
6W
z2

+
4W ′

z

)
, (7.56)

W (z)L(0) ∼
(
−γ
α

)(6W
z2

+
4W ′

z

)
(7.57)

L(z)Υ(0) ∼ 2Υ

z2
+
∂Υ

z
, (7.58)

Υ(z)L(0) ∼
(
β

α

)(
2Υ

z2
+
∂Υ

z

)
, (7.59)

W(z)W(0) ∼ 5

γz6
+

1

6γ

(
∂3(αL+ βΥ)

z
+

9∂2(αL+ βΥ)

2z2
+

15∂(αL+ βΥ)

z3
+

30(αL+ βΥ)

z4

)
+

4

3γ

(
2(αL+ βΥ)2

z2
+
∂(αL+ βΥ)2

z

)
, (7.60)

where in particular, we note the non-linear terms arising in the W(z)W(0) OPE. Indeed,
we find that we can choose appropriate scaling parameters (α, β, γ) such that (7.52) are
actually those of the N = 2 W3 algebra restricted to the bosonic fields (excluding the U(1)
field omitted for simplicity of discussion). For a precise comparison, let us adopt the basis
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of the super W3 algebra as constructed in reference [73]. We find that upon choosing

α = β = −2γ =
3

c
(7.61)

and re-defining

T =
1

2
(L+ Υ), T̄ =

1

2
(L −Υ), W̃ = 2W, (7.62)

the fields (T, T̄ , W̃ ) generate the relevant OPEs in eqn. 19 of reference [73]. In particular,
we have established that χ acts as the source for the spin-3 field W .

We now turn to the subject of constructing higher-spin black hole solutions, and inves-
tigating if the integrability of the higher-spin charges are related to the holonomy condition
(7.45). Consider the same ansatz (7.47) but now with all the functions set to be constants.
The connection now reads as8

a+ = L1 − LL−1 −
1

2
WW−2 + ΥA−1,

a− =

[
(2Wχ+ ΥA)L−1 +

(
(L −Υ)2χ− 1

2
AW

)
W−2 + χW2 + 2χ (−L+ Υ)W0

− (−2Wχ+ LA)A−1 +AA1

]
(7.63)

where, for simplicity of discussion, we have set ξ - the source for L - to be zero. Apart
from L, the parameter space of the ansatz consists of the fields W ,Υ and their conjugate
potentials χ,A.

What are the ‘integrability conditions’? Now, in the context of the solution as described
in (7.63), the chemical potentials for the fields W and Υ read as

µW ≡ −τχ, µΥ ≡ −τA

respectively, up to some normalization. The integrability conditions refer to the relations

∂L
∂µW

=
∂W
∂τ

,
∂L
∂µΥ

=
∂Υ

∂τ
,

∂W
∂µΥ

=
∂Υ

∂µW
, (7.64)

which is motivated by the existence of a partition function at the boundary that reads

Z (τ, µW , µΥ) = Tr
(
ek(τL+µWW+µΥΥ−τ̄ L̄+ ¯µWW̄+µ̄ΥῩ)

)
(7.65)

where, for a static BTZ limit, the chiral and anti-chiral quantities are related as

τ = −τ̄ , µW = −µ̄W , µΥ = −µ̄Υ,L = L̄,W = −W̄ ,Υ = −Ῡ. (7.66)

8The factor of −1/2 was inserted in accordance with (7.61).
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Let us now demand the holonomy to be that of (7.45) and study its compatibility with
(7.64). For the solution (7.63), after some algebra, we find that the five eigenvalues can
be reduced nicely to the three roots of one cubic equation and the remaining two taking a
rather nice form

Eigenvalues = {±(A− 1)
√
L+ Υ, Roots of x3 −Bx+ C = 0}. (7.67)

where B,C are polynomial functions in {L,W ,Υ, χ,A}, which read as

B ≡ −4

3

(
16L2χ2 − 3(1 +A)2Υ + 16χ2Υ2 + L(3 + 6A+ 3A2 − 32χ2Υ) + 18(1 + 2A)χW

)
(7.68)

C ≡ 4

[
256L3χ3 − 144(1 +A)2χΥ2 − 48L2χ(3 + 6A+ 3A2 + 16χ2Υ)− 27(1 +A)2(−1 + 2A)W

+432(3 + 2A)χ2ΥW + 48Lχ(6(1 +A)2Υ + 16χ2Υ2 − 9(3 + 2A)χW)− 128χ3(2Υ3 +W2)

]
(7.69)

We now impose the BTZ holonomy condition by solving for the fields (L,W ,Υ) in terms of
inverse temperature τ , and potentialsA, χ. The ‘12×2’ factor in (7.45) gives us conveniently,
from (7.67),

Υ =
π2

τ 2(1−A)2
− L(τ,A, χ). (7.70)

For the ‘13×3’ factor in (7.45), the zero eigenvalue demands setting C = 0, which in turn
gives us a quadratic equation for W . The other two eigenvalues of (±2πi) are then the
roots of the cubic equation in (7.67), i.e.

B = −4π2

τ 2
. (7.71)

Substituting the expressions for Υ and W into B in (7.71), we can re-arrange the various
terms to obtain a quartic equation for L. Although an analytic, closed form for L is not
manageable, we can perform a perturbative analysis to any desired order rather easily, and
obtain L (and thus also Υ and W) as a Taylor series in (A, χ). Below, we present the
expressions for the various fields and the free energy up to some order.

L =
π2

τ 2
+

40π4χ2

3τ 4
+

3π2A2

τ 2
− 80π4Aχ2

τ 4
+

1280π6χ4

3τ 6
+

280π4χ2A2

τ 4
+

5π2A4

τ 2
+O(5),

W =
16π4χ

3τ 4
− 80π4χA

3τ 4
+

80π4χA2

τ 4
+

5120π6χ3

27τ 6
− 5120π6χ3A

3τ 6
− 560π4χA3

3τ 4
+O(5)

Υ =
2π2A
τ 2
− 40π4χ2

3τ 4
+

4π2A3

τ 2
+

80π4χ2A
τ 4

− 1280π6χ4

3τ 6
− 280π4χ2A2

τ 4
+O(5).

(7.72)
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It can then be checked that the integrability conditions of (7.64) are indeed satisfied, and
that free energy in (7.65) is integrable. Indeed, the free energy can be computed from
(7.65) and (7.72) after taking into account the contributions from the anti-chiral sector,
and we obtain

lnZ = −2k

(
π2

τ
+

8π4µ2
W

3τ 5
+
π2µ2

Υ

τ 3
+

40π4µ2
WµΥ

3τ 6
+

40π4µ2
Wµ

2
Υ

τ 7
+
π2µ4

Υ

τ 5

)
+O(5) (7.73)

If further, as first proposed in [49], the entropy is defined via a Legendre transform of the
free energy, then the first law of black hole thermodynamics is naturally satisfied. Our black
hole solutions thus provide a concrete evidence that defining higher-spin black holes via
the BTZ holonomy condition, as originally proposed in the sl(N) case [49, 50], generalizes
consistently to the sl(N |N − 1) theories. On the other hand, as briefly pointed out earlier,
there exists a subtle difference with the sl(N) theories, since (7.45) is not the center of the
group. One may ask if imposing the supermatrix identity as the holonomy condition can
also be compatible with the integrability conditions, for example, by taking L = −Υ in
(7.67), and whether there exists a gauge in which we can find a smooth horizon. We leave
these questions for future investigations.

Finally, we point out that these solutions do not preserve supersymmetries due to the
higher-spin fields they carry. In the next section, we will study a class of solutions that do
preserve some amount of supersymmetry. It turns out that this requires us to strip off all
the higher-spin fields except for the one conjugate to the lowest weight generator.

7.5 Other classical solutions: RG flow solutions

7.5.1 Supersymmetric solutions with higher-spin fields

If one demands the non-vanishing of any of the fields W = Υ = χ = A = 0, then for the
ansatz (7.63), (4.71) implies Υ−1 ≡ Υ = 0, which forces eitherW−2 ≡ W = 0 or the spinor
component ε2 = 0, the latter condition fixing L = 0. Solving the other two spinor equations
and adding the U(1) charge yields the following supersymmetric class of connections9

Γ = (eρL1 + 6U U0) dx+ + µe2ρW2dx
− + L0 dρ , (7.74)

Γ̃ =
(
−eρL−1 − 6ŨU0

)
dx− − µ̃e2ρW−2dx

+ − L0dρ. (7.75)

Just as in the case of a vanishing µ, demanding the holonomy e
∮

Γdφ to be trivial turns out
to be equivalent to (4.76). There is no additional constraint arising from the parameter µ,
but as in the non-supersymmetric theory, its non-vanishing implies that the metric grows
as e4ρ and is thus asymptotic to AdS3 with half its original (µ = 0) radius. Invoking the

9We note that this class of solutions is the RG flow solution of [50], carrying some U(1) charge.
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relation

gµν =
1

str(L2
0)

str(eµ · eν), e =
1

2

(
Γ− Γ̃

)
, (7.76)

we can compute the line element to be

ds2 = dρ2 −
(
e2ρ +

16

3
µµ̃e4ρ + 2UŨ

)
dx+ dx− +

(
U2dx2

+ + Ũ2dx2
−

)
. (7.77)

To ensure the correct signature at infinity, we impose the parameter constraint

µµ̃ ≥ 0.

Further, one can compute the spin-3 field Q ∼ str (e · e · e) (in the absence of U and Ũ) to
read

Q ∼ e4ρ
(
µ̃dx3

+ + µdx3
−
)
. (7.78)

As explained earlier, this class of solutions preserves two real supercharges in each chiral
sector. We should also remark that (7.74) and (7.75) can be further generalized to include
a term ∼ W2 in Γ+ (and correspondingly another term ∼ W−2 in Γ̄−), but including these
terms destroy the asymptotically AdS3 condition.

7.6 Extension of results to sl(N |N − 1) for a general finite N .

7.6.1 On the Killing spinor equations

Recall from equation (4.20) how the general sl(N |N − 1) element can be decomposed as
a direct sum of sl(2) multiplets. In Appendix B, we present explicit expressions for the
generators and commutator relations for sl(N |N −1). Below, we shall briefly present some
important points following [76]. The gravitational sl(2) is generated by L1

m, of which the
other generators are irreducible representations of. They can be expressed as

L0 =

√
N(N + 1)

12

(√
N + 2T 1

0 +
√
N − 1U1

0

)
, (7.79)

L±1 =

√
N(N + 1)

6

(√
N + 2T 1

±1 +
√
N − 1U1

±1

)
, (7.80)

while V 1
m generates h(1) (another spin-1 multiplet of sl(2)). The spin-0 sector (i.e. h(0)) is

generated by
U =

√
NT 0

0 +
√
N + 1U0

0 (7.81)

which commutes with all even-graded generators. Together with L0, L±1, they generate the

even part of the sl(2|1) sub-superalgebra, whereas Q
( 1

2
)

r and Q̄
( 1

2
)

r generate the odd part of
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it. To describe the other sectors, it is convenient to define

Lsm ≡

√
(N + s+ 1)!

(2s+ 1)!(N − s)!
T sm +

√
(N + s)!

(2s− 1)!(N − s− 1)!
U s
m,

V s
m ≡

√
(N + s+ 1)!

(2s+ 1)!(N − s)!
T sm −

√
(N + s)!

(2s− 1)!(N − s− 1)!
U s
m, (7.82)

which generate g(s) and h(s), s = 3, 4 . . . N − 2 respectively. Finally, TN−1
m generate g(N−1).

In Appendix B, we collect the structure constants, which can be derived via intertwining
properties of the Clebsch-Gordan coefficients. Just as we have demonstrated for the sl(3|2)
case, one can invoke (D-1) to derive the supersymmetry transformation laws. In particular,
we wish to write down the Killing spinor equation to classify the classical solutions. This

relies on the commutation relations between {T s=0,1,2
m , U s=0,1,2

m } and
{
Q

( 1
2

)
r , Q̄

( 1
2

)
r

}
, which we

display below to be explicit. Consider first the commutation relations between the spin-0
and spin-1 fields with the Q′s. Keeping the same notation as for the sl(3|2) case, we denote
the generators of the spin-1 multiplet h(1) by A ≡ V 1

m, we have10

[A0, Q
( 1

2
)

r ] = r

(
2N + 1

3

)
Q

( 1
2

)
r −

√
2(N − 1)(N + 2)

3
Q

( 3
2

)
r ,

[A±1, Q
( 1

2
)

∓ 1
2

] = 2

√
(N + 2)(N − 1)

6
Q

( 3
2

)

∓ 3
2

,

[A±1, Q
( 1

2
)

± 1
2

] = ∓
(

2N + 1

3

)
Q

( 1
2

)

∓ 1
2

+
2

3

√
(N + 2)(N − 1)

2
Q

( 3
2

)

∓ 1
2

,

[U,Q
( 1

2
)

r ] =
1√

N(N + 1)
Q

( 1
2

)
r , [U, Q̄

( 1
2

)
r ] = − 1√

N(N + 1)
Q̄

( 1
2

)
r , (7.83)

noting that the gravitational sl(2) subalgebra is generated by L1
m. This serves as a con-

sistency check that the sl(2|1) sub-superalgebra is embedded in the same manner. Using
(7.83), we can write down the Killing spinor equation generalizing (4.57) as(

d+ i
1√

N(N + 1)
U − 1

2

(
(ea + ωa) +

(
2N + 1

3

)
Υa

)
γa

)
ε = 0. (7.84)

We observe that it is essentially the same except for N -dependent scaling constants which
can be absorbed into the various fields. The other fields do not play any role here, basically
due to a simple constraint imposed by the Wigner-6j symbols appearing in the structure

10The commutation relations between A and Q̄ are identical, and thus omitted.



CHAPTER 7. HIGHER-SPIN BLACK HOLES 104

constants in the relevant commutation relations. Recall that the Wigner-6j symbol{
s s′ s′′

a b c

}
= 0 unless s = |s′ − s′′|, . . . s+ s′′. (7.85)

For the supersymmetry transformation laws, the index s′ in (7.85) takes the value of 1
2
.

Since (7.84) is derived from the vanishing of δψ( 1
2

), the index s′′ takes the value of 1
2

as
well, and the relevant values for s are restricted to {0, 1}. Thus, (7.84) takes on essentially
the same form as (4.57).

Similarly, for the analogues of (4.58) in the sl(N |N − 1) higher-spin theory, for each
3
2
≤ s′′ ≤ 2N−3

2
, the vanishing of δψ(s′′) induces a constraint equation that involves even-

graded fields of spin index s = s′′ ± 1
2
. Hence, the equation (4.58) generalizes to a series of

linear constraint equations (each labelled by s and r) of the following form∑
l=− 1

2
, 1
2

(
ζ

(s− 1
2

)

rl V(s− 1
2

)

l−r + ζ
(s+ 1

2
)

rl V(s+ 1
2

)

l−r + η
(s− 1

2
)

rl L(s− 1
2

)

l−r + η
(s+ 1

2
)

rl L(s+ 1
2

)

l−r

)
εl = 0 (7.86)

which ensures the vanishing of the rest of the fermionic fields other than ψ( 1
2

), i..e.

δψ(s)
r = 0, s =

3

2
,
5

2
, . . .

2N − 3

2
, |r| ≤ s,

where η, ζ are constant matrices that can be computed straightforwardly from the structure
constants. We note that

η(1) = 0, ζ(N+ 1
2

) = 0, (7.87)

since [L1
m, ψ

( 1
2

)] ∼ ψ( 1
2

), and the multiplets h(s) terminate at s = N − 2. Similar relations
hold for the barred variables.

We note that the above conclusions extend to the case of the infinite-dimensional algebra
shs[λ], since as explained in [76], the generators (7.82) are those of shs[λ], provided we
analytically continue the integer N to a positive real value λ and abolish the restrictions
to the index s. Further, there is a certain limit that involves taking N →∞, in which case
we have a higher-spin gravity theory based on the infinite-dimensional algebra shs[∞].11

Essentially, we perform a redefinition of the generators as follows

L̃sm = N−s+1Lsm, Ṽ
s
m = N−sV s

m, Q̃
s
m = N1/2−sQs

m,
˜̄Qs
m = N1/2−sQ̄s

m, (7.88)

Then, we take the limit N →∞ and further perform another step of redefinition

Lsm = L̃sm −
(s− 1)

2
Ṽ s
m, (7.89)

11As explained in [76], this is the supersymmetric analogue of hs[∞] which can be physically understood
as the algebra of area-preserving diffeomorphisms of 2D hyperboloids.
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noting that the gravitational sl(2) is generated by L1
m. In this limit, we can choose the

generator U0 to be normalized as

U0 = −L0
0 − 2V 0

0

and we check, using the new commutation relations obtained after this limiting procedure,
that the Killing spinor equation (7.84) is preserved and reads(

d+ iU − 1

2

(
(ea + ωa) +

2

3
Υa

)
γa

)
ε = 0. (7.90)

Thus, the supersymmetry classification of ordinary solutions like the BTZ remains the
same. Like in the finite-dimensional gauge algebra case, one can derive straightforwardly
the rest of the supersymmetry transformation laws based on the structure constants - which
we review in the Appendix B.

7.6.2 On solutions with higher spin fields

In the general sl(N |N−1)⊕sl(N |N−1) theory, the supersymmetry properties of solutions
without higher-spin charges are thus identical as described earlier in Section 4.3.6. In the
following, we will briefly present the supersymmetric solutions with non-zero higher spin
fields that we studied earlier in Section 7.4.1 for the sl(3|2) theory.

We begin with the ‘highest-weight’ ansatz

Γ = b−1

(
L1 − LL−1 +

N−1∑
s=2

L(s)
−sL

(s)
−s +

N−2∑
r=1

V(r)
−rV

(r)
−r + UU0

)
bdx++Γ−dx

−+b−1db, b ≡ eρL0 ,

(7.91)
where we write

Γ− =
N−1∑
s=2

s∑
m=−s

µ(s)
m L(s)

m +
N−2∑
r=1

r∑
m=−r

Φ(r)
m V (s)

m . (7.92)

Here we are interested in solutions of the form (7.91) which preserve some amount of
supersymmetry. Applying the constraints (7.86) in the x+ direction, the higher-spin fields

L(s)
−s and V

(r)
−r in (7.91) must vanish, upon which we can compute Γ− rather simply. The

various generators transform under the embedded gravitational sl(2) as

[Lm, V
(s)
r ] = (sm− r)V (s)

m+r, [Lm, L
(s)
r ] = (sm− r)L(s)

m+r. (7.93)

Then, it is straightforward to show that for each multiplet in (7.92), the various fields can

be solved in terms of L and {µ(s)
s ,Φ

(s)
s }. Explicitly, we have

µ
(s)
s−2m = sCm (−L)m µ(s)

s , m = 1, 2, . . . s, (7.94)

µ
(s)
s−1 = µ

(s)
s−3 = . . . µ

(s)
−s+1 = 0, (7.95)
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and identically for the fields Φ
(s)
r . Applying the same constraint equations in the x− direc-

tion further kills off all fields, including L, except for µ
(N−1)
N−1 . Thus, the supersymmetric

solution reads simply as

Γ = (eρL1 + UU0) dx+ +
(
e(N−1)ρµ

(N−1)
N−1 L

(N−1)
N−1

)
dx− + L0dρ, (7.96)

with a similar expression for the anti-chiral sector. We observe that no component fields
of the entire set of multiplets h(s) in (4.20) survive in a supersymmetric ansatz of the form

(7.91). Apart from the highest-spin field µ
(N−1)
N−1 , this class of solutions is parametrized by

the fields U and Ũ which satisfy the quantization condition (4.76). Just like the L = 0
solutions embedded in osp(2|2) supergravity, in this case, we note that two real supercharges
are preserved in each sector.

7.6.3 On holonomy conditions and conical defects solutions

As discussed earlier, holonomy conditions play an important role in the study of sl(N) ⊕
sl(N) Chern-Simons theory. In Section 4.3.7, we have briefly studied the sl(3|2) case,
and it is straightforward to state some results for the general case of sl(N |N − 1). For
global AdS3, the gauge connection shares identical eigenvalues as iL0, and the eigenvalues
of
∮

Γφdφ are those of sl(N) and sl(N − 1). When exponentiated, the holonomy reads as

e
∮

Γφdφ ∼
[
±1N×N 0

0 ∓1(N−1)×(N−1)

]
, (7.97)

with the sign depending on whether N is odd or even. We note that (7.97) is, for any N , a
linear combination of the identity and the u(1) generator. We take both the supermatrix
identity and (7.97) to be the defining conditions for a smooth holonomy. We also note
that it is straightforward to show that, apart from unimportant normalization constants
which can be absorbed via a field redefinition, imposing the holonomy condition on (7.96)
yields also (4.76), which is also the (anti-)periodicity condition to be imposed on the Killing
spinors.

In the non-supersymmetric sl(N) Chern-Simons theory, there is an interesting class of
solutions which has been argued to be conical defects (and surpluses) spacetimes [31]. They
play a critical role in the holography duality conjecture, and we would like to investigate
if there are natural generalizations of them in the supersymmetric theory. First, we begin
with a brief review of some elementary aspects of these solutions following [31] but in the
context of sl(N |N − 1)⊕ sl(N |N − 1) theory.

Consider the ansatz

Γ = b−1

(
2N−1∑
k=1

Bk(ak, bk)

)
b dx++L0dρ, Γ̃ = −b

(
2N−1∑
k=1

Bk(ck, dk)

)
b−1 dx−−L0dρ, b ≡ eρL0 ,

(7.98)
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with
[Bk(x, y)]ij = xδi,kδj,k+1 − yδi,k+1δj,k.

The constant matrices Bk are linear combination of weight-one generators (i.e. T±1, U±1).
They are diagonalizable with imaginary eigenvalues. The interesting solutions are found
by imposing three essential conditions, namely (i)the metric induced by the connection
is locally AdS3, (ii)the holonomy along the φ-direction is trivial and (iii)the stress-energy
tensor is negative and bounded from below by its value for global AdS3.

To conveniently list the equivalence classes of solutions, we can restrict the ansatz to
consist of the following maximal commuting set as parametrized by Bk.

For even N, k = 1, 3, . . . , 2N − 3.
For odd N, k = 1, 3, . . . N − 2, N + 1, . . . , 2N − 2. (7.99)

with ak = bk = ck = dk for all cases. Our choice is slightly different from the sl(N)⊕ sl(N)
theories considered in [31] for the cases of odd N , due to the fact that we are now taking a
supertrace instead of the ordinary matrix trace. Then, from (7.98), we find the line element

ds2 = dρ2 − 1

str (L2
0)

(
eρ + Λe−ρ

)2
dt2 +

1

str (L2
0)

(
eρ − Λe−ρ

)2
dφ2, (7.100)

Λ ≡ 1

2

bN2 c∑
k=1

a2
2k−1 −

N−1−bN
2
c∑

k=1

a2
2k+N−1

 = −1

4
str
(
Γ2

+

)
, (7.101)

where we have shifted ρ → ρ + log(
√

Λ). Note that the negative sign in (7.101) is due to
the supertrace convention. The metric is locally AdS3 and we can interpret the higher-spin
fields as topological matter, with Λ capturing its global properties. Since δφ = 2π, one can
compute the conical deficit δc of the spacetime (7.100) to be

δc = 2π

(
1−

√
4Λ

str(L2
0)

)
, str(L2

0) =
N(N − 1)

4
. (7.102)

Further, the stress tensor for this class of solutions (in units of lAdS/G) can be expressed
as

M = − 8kΛ

N(N − 1)
.

In the case of global AdS3, the gauge connection Γ+ has identical eigenvalues as that of the
complex generator iL0, and a similarity transformation brings it to the form above, with
Λ = 1

4
str(L2

0), yielding δc = 0,M = −k/2 expectedly. This yields an upper bound for Λ as
set by global AdS3 (and thus lower bound for the mass M) for conical defect spacetimes

0 < Λ <
N(N − 1)

16
. (7.103)
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Using both the holonomy condition (7.97) and the trivial one, we can determine the set
of parameters {ak} that defines this class of spacetime. As the simplest example, for the
sl(3|2)⊕ sl(3|2) theory, the holonomy condition (7.97) translates into requiring a1 to be an
integer and a4 to be a half-integer, whereas the trivial holonomy condition imposes both
parameters to be integral. The valid interval (7.103) reads as

0 < a2
1 − a2

4 <
3

4
, (7.104)

where the possible values of the 2Λ are thus just either 1/4 or 1/2. These Diophantine
equations can be solved to show that for both cases, there are no solutions. Thus, analogous
to the sl(3)⊕ sl(3) case, the sl(3|2)⊕ sl(3|2) theory contains no conical defect spacetimes.

Let us move on to consider the sl(4|3) ⊕ sl(4|3) theory for which the bound (7.103)
reads as

0 < a2
1 + a2

3 − a2
5 <

3

2
, (7.105)

with the holonomy conditions translating into solutions of trivariate Diophantine equations:

(i)For the holonomy (7.97), both a1, a3 half-integers and a5 is integral, with all possible solu-
tions taking the mass M = −k

6
. There is an infinite set of solutions. An example for which

it is easy to obtain a closed form is the subset defined by a1 = a3 ≡ 2y+1 which reduces to a
Pell-like equation which we find to have the solution 8y = −4+2((3−2

√
2)r+(3+2

√
2)r), r ∈

Z+.

(ii)For the trivial holonomy, all parameters are integral with the mass M = −k
3
. There is

also an infinite set of solutions. A rather simple example is the family of solutions defined
by a1 = a5, a3 = 1.

Thus, the solution space is notably distinct from the sl(4) ⊕ sl(4) theory, where there
are only three distinct solutions labelled by (a1, a3) as follows:

(
1
2
, 1

2

)
, (1, 0) and (1, 1). One

can attribute the infinitely-degenerate spectrum in the case of the sl(4|3)⊕ sl(4|3) theory
to the fact that Λ is the difference between two separate sets of a2

k (see (7.101)) in this
case as we are computing supertraces. But in the sl(4) ⊕ sl(4) case, Λ is simply the sum
of all a2

k and thus for any given finite mass, the degeneracy is finite. It is straightforward
to carry out a similar analysis for other values of N . These solutions generically break all
supersymmetries. It would be interesting to understand these solutions from the dual CFT
point of view, just as in the case of the sl(4) theory in [31]. This would give us a clearer
picture of their physical significance and interpretation. We leave these investigations to
future work.



109

Chapter 8

Conclusion and future directions

In this thesis, we have explored a plethora of aspects of quantum gravity in three dimen-
sions in the framework of higher-spin holography in anti-de Sitter spacetime. The bulk
theory is a higher-spin Vasiliev gravity theory of which topological sector can be described
by a Chern-Simons theory equipped with some suitable Lie (super-)algebra, whereas the
boundary conformal field theory is a coset minimal model which contains W symmetries.
We have presented new black hole solutions and established a clear relationship among the
gravitational thermodynamics of these solutions, asymptotic spacetime symmetries andW
algebras. We also constructed a few classes of new conical defect solutions and supersym-
mmetric RG flow solutions in the bulk gravity theories. The main examples used in the
topological sector are illustrated in the framework of SL(N) and SL(N |N − 1) Chern-
Simons theories. For the latter, we derived the supersymmetry transformation laws and
recovered N = 2 super-Virasoro algebra when the higher-spin fields are truncated.

When the scalar field is taken into account, Vasiliev gravity imposes rather complex
interactions between the scalar and the massless higher-spin fields. Towards understanding
this class of problem, we have derived the bulk-boundary propagator for scalar fields in-
teracting with a higher-spin black hole which is a classical solution in hs[λ] Chern-Simons
theory having the same Wilson holonomy as the BTZ. This result should correspond to
an integrated torus three-point function of the boundary coset CFT (at least in the ’t
Hooft limit), and thus furnishes an interesting quantity for further investigations of the
higher-spin holography conjecture.

Let us end off by commenting on some future directions. We will begin with a few
straightforward and immediate generalizations of our results presented in the thesis, and
then discuss a couple of bigger issues.

In [52], the spin-3 black holes were lifted to solutions in hs[λ] Chern-Simons theory. This
was basically achieved by adding an infinite series of higher-spin charges and appropriately
inserting normalization factors N(λ) such that upon truncation of all spins s > 3, we
have the SL(3,R) solution with identical generator normalizations. The Wilson holonomy
prescription implies that we have to first compute the Wilson loop’s eigenvalues for the BTZ
via the infinite collection of traces Tr (ωnBTZ) ∀n ≥ 2, after choosing a trace convention for
the lone-star product that reduces correctly to the SL(3,R) conventions. The holonomy
constraints are then imposed similarly to the ansatz with spin-3 chemical potential. It
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was demonstrated remarkably in [52] that this hs[λ] solution yields a high-temperature1

partition function that agrees with that of the boundary CFT at λ = 0, 1 with spin-3
chemical potential inserted. A natural direction, thus, would be to turn on other higher-
spin potentials and if feasible, this may shed further light on the working principles of the
duality. For example, for λ = 1, this can be described by a theory of D free complex bosons
with central charge c = 2D, and the spin-4 current reads U ∼

(
∂φ∂3φ̄− 3∂2φ∂2φ̄+ ∂3φ∂φ̄

)
[57], and it would be useful to check if this agrees with the gravity result. Our spin-4 black
hole would serve as a useful limit in such a computation.

We have seen that within the topological sector of Vasiliev theory, Wilson holonomies
play a critical role in defining higher-spin black holes. Interestingly, in a different scenario,
holonomies also seem to play a crucial role when one discusses the entropy function in
AdS2/CFT1 [58] which computes the entropy of extremal black holes with a near horizon ge-
ometry of the formAdS2×K, whereK is a compact space, and with U(1) gauge fieldsAi and
charges qi. The well-known formula of Sen, dmicro(~q) = 〈exp[−iqi

∮
dτAiτ ]〉AdS2

2,computes
the microstates in the presence of an inserted Wilson loop lying along the boundary of
AdS2. Although these two settings are rather different, their geometrical aspects invite a
comparison. Note that at constant φ, the BTZ metric reduces to AdS2, and the Wilson
loop which we have used to define the black hole also bounds this AdS2 by definition.
More remarkably, we note that in both cases, the role played by Legendre transformation
is critical in defining entropy in the absence of a bifurcate horizon. For these reasons, it
may be interesting to explore this parallel on a deeper level.

Another natural avenue for further study is to investigate the properties, both from
the bulk and boundary perspectives, of the higher-spin black holes and conical defect
spacetimes discussed in this thesis. For example, in the arena of higher-spin black hole
thermodynamics, it was recently shown in [84]3 that the relation between integrability
conditions and smooth holonomy condition can be understood fundamentally as arising
from a careful computation of the on-shell Chern-Simons action. It may be interesting to
re-visit this computation in the context of SL(N |N − 1) theories.

A bigger question is whether we can extend the holography conjecture in a meaningful
way to the case of a positive cosmological constant. In the case of four-dimensions, it was
recently argued in [86] that Vasiliev higher-spin gravity in four-dimensional de Sitter space
is dual to a three-dimensional CFT living on the spacelike boundary at future timelike
infinity. The CFT is the Euclidean Sp(N) vector model with anticommuting scalars. This
conjecture is based some preliminary results on analytic continuations of bulk and boundary
correlators in the proposed duality relating the O(N) vector model with Vasiliev gravity in
AdS4 (see for example [87, 88]). It is then natural to ask if one could study an analogous
proposal in the three-dimensional case. This was first discussed in [89], where an analytic

1The limit taken in [52] was τ, %→ 0, %/τ2 fixed.
2The expectation value refers to the path integral over various fields on Euclidean global AdS2 associated

with the attractor geometry for charge qi. See, for example, [58].
3See also [85] for a clarifying discussion.



CHAPTER 8. CONCLUSION AND FUTURE DIRECTIONS 111

continuation of the radius of curvature

lAdS3 → ildS3 (8.1)

reveals immediately that a naive generalization of Gaberdiel-Gopakumar conjecture seems
to yield a dual CFT that is an exotic non-unitary WZW coset of the form

SL(N)k ⊕ SL(N)1

SL(N)k+1

(8.2)

It would be interesting to check in greater detail this proposal and explore other alternatives.
Note that although dS3 and AdS3 are related by an analytic continuation in l, there are
many physical quantities which admit vastly different interpretations. For example, in
dS/CFT , the CFT partition function now computes the Hartle-Hawking wavefunction of
the universe. Non-unitary WZW cosets are not well-understood and it is not clear whether
the admissible representations of the current algebra could be matched to entities in the
bulk de Sitter spacetime.

It would be very interesting to pursue higher-spin dS3/CFT2 further, perhaps with a
focus on how to perform the correct analytic continuation implied by (8.1) so as to seek
alternatives to (8.2) or to interpret it correctly. The work of Witten in [90] would be
relevant not only for this purpose but also for the AdS case where we still do not know how
to perform an analytic continuation from the ’t Hooft to the semi-classical limit of both the
coset CFT and the bulk Vasiliev theory. Finally, let us briefly remark that string theory
includes many higher-spin excitations whose detailed behavior is still largely unknown.
(See, for example, [91, 92, 93] for a review of recent, exciting work along these lines.)
It would be very interesting to see if the higher-spin fields descending from tensionless
strings/branes could be related to Vasiliev higher-spin gravity.
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Appendix A

SL(4,R) generators

Below, we collect the fifteen SL(4,R) generators which were used to derive the spin-4 black
hole solution in the principal embedding.

L0 =
1

2


−3 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 3

 , L1 =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 , L−1 =


0 0 0 0
−3 0 0 0
0 −4 0 0
0 0 −3 0

 ,

W0 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , W1 =


0 −1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , W−1 = 3


0 0 0 0
1 0 0 0
0 0 0 0
0 0 −1 0

 ,

W2 =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 , W−2 = 12


0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0

 , U0 =
3

10


−1 0 0 0
0 3 0 0
0 0 −3 0
0 0 0 1

 ,

U1 =
1

5


0 2 0 0
0 0 −3 0
0 0 0 2
0 0 0 0

 , U2 =
1

2


0 0 −1 0
0 0 0 1
0 0 0 0
0 0 0 0

 , U3 =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 ,

U−1 =
6

5


0 0 0 0
−1 0 0 0
0 2 0 0
0 0 −1 0

 , U−2 = 6


0 0 0 0
0 0 0 0
−1 0 0 0
0 1 0 0

 , U−3 = −36


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

 .

(A-1)

These matrices were constructed by starting with W2 = L2
+, U3 = L3

+ and then deriving
the rest by the lowering operator L−. The SL(2,R) generators (L0, L±) can be realized via
(4.19).
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Appendix B

On the isomorphism sl(2|1) ' osp(2|2)

We begin by displaying the commutation relations for osp(2|2) as reviewed in the Appendix
of [69]. R±i , i = 1, 2 are the four fermionic generators; E,F,H generate the sl(2) while
J12 = −J21 is the u(1) generator.

i{R+
i , R

−
j } = Jij − δij H, i{R−i , R−j } = −2δij F, i{R+

i , R
+
j } = 2δij E.

[H,R+
i ] = R+

i , [F,R+
i ] = R−i , [H,R−i ] = −R−i , [E,R−i ] = R+

i , [F,R−i ] = 0.

[H,E] = 2E, [H,F ] = −2F, [E,F ] = H, [Jij, R
±
k ] = δjkR

±
i − δikR±j (B-1)

We verify that this algebra is isomorphic to sl(2|1) via the following identifications between
the generators of the latter (written in our choice of basis) and those in (B-1) :

E ∼ L−, F ∼ −L+, H ∼ 2L0,

J12 ∼ i6U0, Q± 1
2
∼ −i

2
√

3

(
R±1 + iR±2

)
, Q̄± 1

2
∼ 1

2
√

3

(
R±1 − iR±2

)
, (B-2)

We note from (B-2) that the matching between sl(2|1) and osp(2|2) involves changing the
reality conditions of the generators U0 and Q± 1

2
. In our paper, the classification of solutions

based on the number of real supersymmetries preserved is performed after continuing U0 →
iU0 and treating ψ, ψ̄ as complex Grassmann variables. Although sl(2|1) and osp(2|2) are
isomorphic algebras, at the level of representation, sl(2|1) and osp(2|2) are distinct. The
latter admits only real representations whereas the former admits both real and complex
ones.
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Appendix C

Variations of the osp(2|2) gauge fields

In Section 6.4.2, we recovered the N = 2 superconformal algebra by considering the varia-
tions of the fields ϕ+, ϕ̄+,L and U under a gauge transformation that preserves the form of
the highest-weight ansatz. Although we do not need the full expressions for these variations
in our computation, we collect them here for completeness and verification.

δϕ+ =
3

2
ϕ+ξ

′ + ϕ′+ξ +
1

6
Uϕ+ξ +

5

6
ϕ+α

′ +

√
8

3
Ψ+α−

1

6
ϕ+η +

(
5

3
Υ + L+

1

6
U ′ + 1

36
U2

)
ν−

+
1

3
Uν ′− + ν ′′− + 5

√
2

3
Ψ+χ

′ +

(
4

√
2

3
Ψ′+ +

16

9
Υϕ+ +

√
8

27
UΨ+

)
χ

+

(
−
√

8

3
Υ′ + 4

√
2

3
W − 4

9

√
2

3
ΥU

)
ζ− −

(
8

3

√
2

3
Υ

)
ζ ′−

δϕ̄+ =
3

2
ϕ̄+ξ

′ + ϕ̄′+ξ −
1

6
U ϕ̄+ξ +

5

6
ϕ̄+α

′ −
√

8

3
Ψ̄+α +

1

6
ϕ̄+η +

(
5

3
Υ + L+

1

6
U ′ + 1

36
U2

)
ν̄−

+
1

3
U ν̄ ′− + ν̄ ′′− + 5

√
2

3
Ψ̄+χ

′ +

(
4

√
2

3
Ψ̄′+ −

16

9
Υϕ̄+ −

√
8

27
UΨ̄+

)
χ

+

(√
8

3
Υ′ + 4

√
2

3
W − 4

9

√
2

3
ΥU

)
ζ̄− +

(
8

3

√
2

3
Υ

)
ζ̄ ′−

δU = η′ − Ψ̄+ζ− + Ψ+ζ̄− + ϕ̄+ν− − ϕ+ν̄−

δL =
1

2
ξ′′′ + 2Lξ′ + L′ξ + Υ′α + 2Υα′ +

(
17

12

√
2

3

(
Ψ+ϕ̄+ + Ψ̄+ϕ+

)
χ− 4W ′ − 5

6
(ϕ̄+ϕ+)′

)
χ

+

(
5

36
(ϕ+ϕ̄+)− 6W

)
χ′ −

(
1

18
U ϕ̄+ +

1

6
ϕ̄′+ +

5

4
√

6
Ψ̄+

)
ν− −

1

2
ϕ̄+ν

′
−

+

(
5

8

√
3

2
(Υ− L) +

5U ′

144
√

6
− 5U2

864
√

6

)
ϕ̄+ζ− +

(
5

8
√

6
ϕ̄′′+ +

5U
72
√

6
ϕ̄′+ −

1

8
Ψ̄′+ −

1

72
UΨ̄+

)
ζ ′−

−
(

5

6
√

6
ϕ̄′+ +

5

24
Ψ̄+

)
ζ ′− −

5ϕ̄+

12
√

6
ζ ′′− +

(
5

8

√
3

2
(−Υ + L) +

5U ′

144
√

6
+

5U2
0

864
√

6

)
ϕ+ζ̄−
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+

(
5

8
√

6
ϕ′′+ +

5U0

72
√

6
ϕ′+ −

1

8
Ψ′+ +

1

72
UΨ+

)
ζ̄ ′− +

(
5

6
√

6
ϕ′+ −

5

24
Ψ+

)
ζ̄ ′− +

5ϕ+

12
√

6
ζ̄ ′′−

δΥ = Υ′ξ + 2Υξ′ + 2Lα′ + L′α +
1

2
α′′ +

√
3

32

(
Ψ̄+ν− −Ψ+ν̄−

)
+

(
5

4
ϕ+ϕ̄+ − 6W

)
χ′ +

(
5

6
(ϕ+ϕ̄+)′ +

25

24

(
ϕ̄+Ψ+ + ϕ+Ψ̄+

)
− 4W ′

)
χ

+

(√
3

128
ϕ̄′′+ +

U
24
√

6
ϕ̄′+ +

(
U ′

16
√

6
+

√
27

128
(L −Υ) +

U2

288
√

6

)
ϕ̄+ +

3

4
Ψ̄′+ +

U
24

Ψ̄+

)
ζ−

+
5

8
√

6
ϕ̄+ζ

′′
− +

(
Ψ̄+ +

1√
6
ϕ̄′+ +

U
12
√

6
ϕ̄+

)
ζ ′−

where the superscripted primes refer to derivatives with respect to φ.
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Appendix D

Structure constants

Following Racah [76], introduce a basis as follows, where Eij refers to a matrix with unity
in the ith row and jth column (our convention for the even-graded generators differs slightly
from [76], but is presented in full here for clarity)

T sm =

√
2s+ 1

N + 1

∑
r,q

C
N
2
sN

2
rmq EN

2
+1−q,N

2
+1−r, (s = 0, 1, . . . N)

U s
m =

√
2s+ 1

N

∑
r,q

C
N−1

2
sN−1

2
r m q E 3(N+1)

2
−q, 3(N+1)

2
+1−r, (s = 0, 1, . . . N − 1)

Qs
m =

√
2s+ 1

N

∑
r,q

C
N
2
sN−1

2
rmq E 3(N+1)

2
−q,N

2
+1−r, (s =

1

2
,
3

2
, . . . N − 1

2
)

Q̄s
m =

√
2s+ 1

N + 1

∑
r,q

C
N−1

2
sN

2
rmq EN

2
+1−q, 3(N+1)

2
−r, (s =

1

2
,
3

2
, . . . N − 1

2
)

The structure constants read

[T sm, Q
s′

m′ ] =
∑
s′′,m′′

(−1)(s+s′− 3
2

+N+m)
√

(2s+ 1)(2s′ + 1)

{
s s′ s′′

N−1
2

N
2

N
2

}
Cs s′ s′′

−mm′m′′Q
s′′

m′′

[T sm, Q̄
s′

m′ ] =
∑
s′′,m′′

(−1)(s′′− 1
2

+N+m)
√

(2s+ 1)(2s′ + 1)

{
s s′ s′′

N−1
2

N
2

N
2

}
×Cs s′ s′′

−mm′m′′Q̄
s′′

m′′

[U s
m, Q

s′

m′ ] =
∑
s′′,m′′

(−1)(2(s+s′)− 1
2

+N+m−s′′)√(2s+ 1)(2s′ + 1)

{
s s′ s′′
N
2

N−1
2

N−1
2

}
×Cs s′ s′′

−mm′m′′Q
s′′

m′′

[U s
m, Q̄

s′

m′ ] =
∑
s′′,m′′

(−1)(s+s′+ 1
2

+N+m)
√

(2s+ 1)(2s′ + 1)

{
s s′ s′′
N
2

N−1
2

N−1
2

}
×Cs s′ s′′

−mm′m′′Q̄
s′′

m′′

[T sm, T
s′

m′ ] =
∑
s′′,m′′

(−1)(s′′+N)
(

1− (−1)s−s
′−s′′
)√

(2s+ 1)(2s′ + 1)

{
s s′ s′′
N
2

N
2

N
2

}
×Cs s′ s′′

mm′m′′T
s′′

m′′
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[U s
m, U

s′

m′ ] = −
∑
s′′,m′′

(−1)(s′′+N)
(

1− (−1)s−s
′−s′′
)√

(2s+ 1)(2s′ + 1)

{
s s′ s′′

N−1
2

N−1
2

N−1
2

}
×Cs s′ s′′

mm′m′′U
s′′

m′′{
Qs
m, Q̄

s′

m′

}
=

∑
s′′,m′′

Cs s′ s′′

−mm′m′′

√
(2s+ 1)(2s′ + 1)

(
(−1)(s+s′−1+N)

{
s s′ s′′
N
2

N
2

N−1
2

}
T s
′′

−m′′

+ (−1)(s′′+N)

{
s s′ s′′

N−1
2

N−1
2

N
2

}
U s′′

−m′′

)

The above formulae are used in explicit computations in the sl(3|2) Chern-Simons theory.

Please note that

{
s s′ s′′

a b c

}
are the Wigner 6j symbols, while Cs s′ s′′

mm′m′′ denote Clebsch-

Gordan coefficients.




