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ABSTRACT OF THE DISSERTATION 

 

 

Energy Based Thermo-Elastoviscoplastic Damage-Self Healing Formulations 

for Bituminous Composites 

 

by 

 

Seongwon Hong 

Doctor of Philosophy in Civil Engineering 

University of California, Los Angeles, 2014 

Professor Jiann-Wen Ju, Chair 

 

New initial strain energy based thermo-elastoviscoplastic isotropic and two-parameter 

damage-self healing formulations for bituminous materials are proposed and employed for 

comparisons between model predictions and experimental measurements. First, a class of 

elastoviscoplastic constitutive isotropic damage-self healing model, based on a continuum 

thermodynamic framework, is developed within an initial elastic strain energy based formulation. 

An Arrhenius-type temperature term is proposed and uncoupled with Helmholtz free energy 

potential to account for the effect of temperature. In particular, the governing incremental 

damage and healing evolutions are coupled and characterized through the net stress concept in 



iii 

 

conjunction with the hypothesis of strain equivalence. The viscoplastic flow is introduced by 

means of an additive split of the stress tensor. The (undamaged) energy norm of strain tensor is 

redefined as equivalent strain and employed for damage and healing criteria. A rate-dependent 

(viscous) damage model with a structure analogous to viscoplasticity of the Perzyna type is used 

for rate sensitivity of bituminous materials.  

Computational algorithms based on the two-step operator splitting methodology are 

systematically proposed and implemented for numerical simulations. The elastic damage 

self-healing predictor and the viscoplastic corrector coupled with Arrhenius-type temperature 

term via the net stress concept in conjunction with the hypothesis of strain equivalence are 

considered as numerical implementation of the models. Experimental validation of the proposed 

formulations against monotonic constant-strain test under different temperatures and 

controlled-strain cyclic tension test is presented. Qualitative and quantitative agreement between 

experimental results and numerical simulations is observed. In particular, the softening behavior 

of the bituminous materials is well predicted for monotonic constant-strain rate-test and the 

viscous damage behavior can be reasonably captured by the proposed new damage models with 

the Arrhenius-type temperature term and step-by-step computational algorithms.   

Secondly, new initial strain energy based thermo-elastoviscoplastic two-parameter 

damage-self healing formulations for bituminous composites are developed and employed for 

comparisons between computational simulations and experimental data. In general, the 

fourth-order form of isotropic damage tensor is composed of two independent parts: the 

volumetric and deviatoric parts. If the damage in volumetric part has the same magnitude as 

deviatoric part, the damage tensor can lead to a scalar damage model which implies that the 
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Poisson’s ratio remains constant when degradation continues pointed out by Ju (1990). A class of 

elastoviscoplastic two-parameter constitutive damage-self healing model, based on a continuum 

thermodynamic framework, is proposed within an initial elastic strain energy based formulation. 

Helmholtz free energy potential is employed and uncoupled with an Arrhenius-type temperature 

term in order to account for the effect of temperature. In particular, the governing incremental 

damage and healing evolutions are coupled in volumetric and deviatoric parts and characterized 

through the net stress concept in conjunction with the hypothesis of strain equivalence. The 

(undamaged) energy norm of volumetric and deviatoric strain tensors as equivalent volumetric 

and deviatoric strain is redefined and used for two-parameter damage and healing criteria. A 

rate-dependent (viscous) volumetric and deviatoric damage model with a structure analogous to 

viscoplasticity of the Perzyna type is used for rate sensitivity of bituminous composites. 

Completely new computational algorithms are systematically developed based on the two-step 

operator splitting methodology. It is observed that numerical simulations by two-parameter 

model agree well with experimental results. In particular, the softening responses of the 

bituminous composites is well predicted for monotonic constant-strain rate test and the viscous 

damage behavior can be reasonably predicted by the proposed two-parameter damage models 

with the Arrhenius-type temperature term and step-by-step computational algorithms. It is noted 

that the two-parameter model can better predict the thermo-mechanical behavior of asphalt and is 

more versatile than the isotropic damage-self healing model. 
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1. INTRODUCTION  

1.1 Motivation 

Bituminous composite materials, such as asphalt concrete pavement, are very complex 

systems with respect to their thermal sensitivity, loading-rate sensitivity, and healing properties 

during rest periods. These properties are affected by various factors, such as a variety of 

combinations of traffic loadings, i.e., type, time, and rate of loading and rest periods, and 

environmental conditions, i.e., aging, moisture, and temperature. Therefore, development of a 

realistic, mathematical, constitutive model of bituminous composites is a critical and challenging 

task that poses significant and complex problems for engineers. Over the past two decades, 

various rational, thermodynamics-based, constitutive models have been proposed and developed 

for metal and polymers. However, in spite of the contributions of these studies, a reliable 

constitutive model of the mechanical behavior of bituminous materials has not been clearly 

studied and developed to date. In addition, experimental observations in many different fields in 

the last few decades have clearly shown that some materials can be partially or even fully healed, 

recovered, or repaired automatically and autonomously, i.e. without any external intervention. In 

particular, during the unloading process and rest periods with above certain temperature level, 

microcracks, cavities, and voids in asphalt concrete gradually become smaller and eventually 

recover their original strength and stiffness. Consequently, the system can be rehabilitated and 

the integrity of the materials is repaired to a certain extent. A few studies that have been reported 

in the literature have shown that the damaged materials can fully recover their strength and 

stiffness so that they have the same properties as undamaged materials. Given our knowledge of 
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the healing process in bituminous materials during unloading and rest periods, it is apparent that 

the healing effect must be considered when the loading is below a certain level. Therefore, there 

is a fundamental need for models that can provide a comprehensive assessment of the damage 

and healing of bituminous composites under complex and cyclic loading and different 

temperature conditions. 

 

1.2 Objectives and Outline  

The primary objective of this research is to develop initial strain energy based 

thermo-elastoviscoplastic isotropic and two-parameter damage-self healing models and their 

computational frameworks. The major tasks of this research are concluded as follows:   

1. Development of new initial elastic strain energy based thermo-elastoviscoplastic 

isotropic damage-self healing formulation for bituminous composites: A class of 

elastoviscoplastic constitutive damage-self healing model, based on a continuum 

thermodynamic framework, is proposed within an initial elastic strain energy based 

formulation. An Arrhenius-type temperature term is uncoupled with Helmholtz free energy 

potential to account for the effect of temperature. In particular, the governing incremental 

damage and healing evolutions are coupled and characterized through the net stress concept 

in conjunction with the hypothesis of strain equivalence. The viscoplastic flow is introduced 

by means of an additive split of the stress tensor. The (undamaged) energy norm of strain 

tensor is redefined and employed as equivalent strain. A rate-dependent (viscous) damage 

model with a structure analogous to viscoplasticity of the Perzyna type is used for rate 

sensitivity of bituminous materials. In net space, Drucker-Prager yield function and Perzyna 
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viscoplastic model are employed. 

2. Development of computational framework for new initial elastic strain energy based 

thermo-elastoviscoplastic isotropic damage-self healing model: Computational algorithms 

based on the two-step operator splitting methodology are systematically developed and 

employed for numerical simulations. The elastic damage self-healing predictor and the 

viscoplastic corrector coupled with Arrhenius-type temperature term via the net stress 

concept in conjunction with the hypothesis of strain equivalence are entirely considered as 

numerical implementation of the models. Several numerical examples of one-dimensional 

problems are first presented to show the effect of temperature and rest periods for healing. 

Experimental validation of the proposed formulations against monotonic constant-strain test 

under different temperatures and controlled-strain cyclic tension test is presented. Qualitative 

and quantitative agreement between experimental results and numerical simulations is also 

observed. In particular, the softening behavior of the bituminous materials is well predicted 

for monotonic constant-strain rate-test and the viscous damage behavior can be reasonably 

captured by the proposed new damage models with the Arrhenius-type temperature term and 

step-by-step computational algorithms. 

3. Development of new initial elastic strain energy based thermo-elastoviscoplastic 

two-parameter damage-self healing formulation for bituminous composites: A class of 

elastoviscoplastic two-parameter constitutive damage-self healing model, based on a 

continuum thermodynamic framework, is developed within an initial volumetric and 

deviatoric elastic strain energies based formulation. Helmholtz free energy potential is 

employed and uncoupled with an Arrhenius-type temperature term in order to account for the 
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effect of temperature. In particular, the governing incremental damage and healing 

evolutions are coupled in volumetric and deviatoric parts and characterized through the net 

stress concept in conjunction with the hypothesis of strain equivalence. The (undamaged) 

energy norm of volumetric and deviatoric strain tensors as equivalent volumetric and 

deviatoric strain is redefined and employed for two-parameter damage and healing criteria. A 

rate-dependent (viscous) volumetric and deviatoric damage model with a structure analogous 

to viscoplasticity of the Perzyna type is used for rate sensitivity of bituminous composites.  

4. Development of computational framework for new initial elastic strain energy based 

thermo-elastoviscoplastic two-parameter damage-self healing model: Novel 

computational algorithms based on the two-step operator splitting methodology are proposed 

and employed for numerical results. The elastic two-parameter damage self-healing predictor 

and the viscoplastic corrector are first coupled with Arrhenius-type temperature term via the 

net stress concept in conjunction with the hypothesis of strain equivalence and then 

systematically used for numerical implementation of the models. Four numerical examples of 

three-dimensional problems are first demonstrated for the effect of temperature and rest 

periods for healing phenomenon. Finally, experimental validation of the proposed model 

against monotonic constant-strain test under different temperatures and controlled-strain 

cyclic tension test is presented. It is observed that numerical simulations by two-parameter 

model agree well with experimental results. In particular, the softening responses of the 

bituminous composites is well predicted for monotonic constant-strain rate test and the 

viscous damage behavior can be reasonably predicted by the proposed two-parameter 

damage models with the Arrhenius-type temperature term and step-by-step computational 



5 

 

algorithms. It is note that the two-parameter model can better predict the thermo-mechanical 

behavior of asphalt and is more versatile than isotropic damage-self healing model. 

The remainder of this paper is organized as follows: Chapter 2 includes the review of the 

general laws, theories, concepts, and healing phenomena. In Chapter 3, new initial strain energy 

based thermo-elastoviscoplastic isotropic damage-self healing models are presented. Chapter 4 

summarizes the computational algorithmic frameworks based on the proposed damage-self 

healing model, as shown in Chapter 3. new initial strain energy based thermo-elastoviscoplastic 

two-parameter damage-self healing models are developed in Chapter 5. In Chapter 6, the 

algorithmic frameworks by using the proposed two-parameter damage-self healing models are 

used for predicting the temperature-dependent mechanical behavior of bituminous materials 

under complex loading conditions with different temperatures. The conclusions and future works 

of this research are summarized in Chapter 7.  
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2. LITERATURE REVIEW  

This chapter summarizes the basic laws, theories, and concepts applicable to this research. 

The first section of the chapter describes the primary principles for constitutive modeling of 

materials based on the thermodynamic approach. The second section presents definitions of 

damage phenomena, the fundamental concept of effective stress, and the hypothesis of 

equivalent strain. In third section, general mechanical models of bituminous composites are 

reviewed. Different healing processes of materials such as asphalt, concrete, metallic materials, 

composites, and ceramics are presented in the fourth section.  

 

2.1 General Principles 

Figure 2.1 shows the overview of general principles in order to describe continuum 

mechanics based on thermodynamics laws. The first law of thermodynamics can be combined 

with balance of momentum and mechanical energy balance to present energy equation. The 

second law of thermodynamics is concerned with how the energy is transferred between systems. 

In continuum mechanics, another way of expressing the second law of thermodynamics is the 

Clausius-Duhem inequality. This inequality (or Clausius-Planck inequality) is a statement 

concerning the irreversibility of natural processes, when energy dissipates, and particularly 

useful in determining whether the constitutive relation of a material is thermodynamically 

allowable or not. The general principles are basic ingredients to model mechanical behavior of 

bituminous materials in this research [101].  
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Figure 2.1 Overview of general principles 

 

2.1.1 Balance of Momentum 

Euler’s Laws are an equivalent set of dynamics law appropriate for finite-sized collection 

of moving particles and can be used for the force and moment equilibrium in terms of integrals. 

Once an object is in motion, momentum is a measure of the tendency of an object to keep 

moving and then the product of the mass and velocity of an object, p vm . The rate of change 
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8 

 

of momentum p is as follows: 

 p v
a F

d d
m m

dt dt
    (2.1) 

Eq. (2.1) can be generalized to the continuum mechanics and the total linear momentum 

of the mass of the material is  

      , ,L x v x
v

t t t dv   (2.2) 

where  ,x t is spatial mass density and  ,v x t is spatial velocity description.  

Let us consider the derivative of the total linear momentum of the mass of the material.  

 
           , , , ,L x v x x v x F

v v

d
t t t dv t t dv t

dt
      (2.3) 

where  F t is the resultant of the forces acting on the portion of material.  

The total external resultant force acting on the body is the sum of two parts: the surface 

tractions acting on over surface element and body forces acting on volume elements.  

  F t b
s v

t ds dv    (2.4) 

Therefore, the balance of momentum can be expressed as follows:  

 
   , ,t b x v x

s v v
ds dv t t dv     or div  σ b v  (2.5) 

 

2.1.2 Work-Energy Principles (Mechanical Energy Balance)  

Let us consider the balance of mechanical energy.  

 
ext intW W K   (2.6) 
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where extW is the work by the external forces, intW is the work by the internal forces, and K is 

kinetic energy.  

The rate from of Eq. (2.6) is as follows: 

 
ext intP P K   (2.7) 

where extP is the external power, intP is internal power, and K is the rate form of kinetic energy.  

Since Eq. (2.4) is the total external resultant force acting on the materials, the external 

power can be expressed as  

 
ext t v b v

s v
P ds dv      (2.8) 

When the internal forces are conservative (no energy dissipation and all energy stored as 

internal energy), the power of the internal forces can be expressed in terms of a potential function 

or stress power as follows   

 
int :σ ε

v v

du
P dv dv

dt
     (2.9) 

The Kinetic energy and its rate from are as follows: 

 1

2
v v

v
K dv   (2.10) 

 
v v

v
K dv   (2.11) 

The conservation of mechanical energy is now as follows:  

 
 d  d : d  dt v b v σ ε v v

s v v v
s v v v          (2.12) 

The first and second terms in Eq. (2.12) are called the power of surface forces and body 

forces, respectively. Third term is the power of internal forces and last term is the rate of change 
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of kinetic energy. From the balance of mechanical energy, it is concluded that some of the power 

exerted by the external forces can transform the kinetic energy and/or internal energy statues.  

 

2.1.3 Laws of Thermodynamics  

The classical thermodynamics has been extended to the thermo-mechanics of a 

continuum since the 1960s [15][17][18][27]. The state variables are enabled to vary throughout a 

material body and the processes are allowed to be irreversible and move far from thermal and 

mechanical equilibrium. Therefore, thermodynamics can provide significant restrictions on the 

form of constitutive equations and these restrictions are useful in the treatment of switch 

conditions such as the loading-unloading conditions in plasticity. However, a constitutive relation 

cannot be derived from thermodynamics; only its general admissible form can be checked. In 

this chapter, the two laws of thermodynamics and its approaches generally accepted in the 

community of the solid mechanics are reviewed.  

 First Law of Thermodynamics 

The first law of thermodynamics is a version of conservation of energy and its rate from 

is expressed as   

 
extP Q U K    (2.13) 

where Q is the rate at which heat is supplied and U is the rate of change of the internal energy.  

The total heat supply to ta finite volume of material as an integral over the volume ca be 

written as  
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div  d  dq

v v
Q v r v     (2.14) 

where q is the heat flux and r is the heat source.  

Plugging Eqs. (2.8), (2.11), and (2.14) into Eq. (2.13) leads to  

 
:  d div  d  d  dσ ε q

v v v v
v v r v u v       (2.15) 

where u is the rate of the specific internal energy per unit mass.  

Since this equation holds for any partial volume within the material body, one has the 

local form of the first law 

 
: divσ ε q r u    (2.16) 

 

 Second Law of Thermodynamics 

The second law of thermodynamics states that the entropy of isolated system never 

decreases because isolated systems always evolve toward thermodynamic equilibrium: 

the maximum entropy state.  

The entropy and the entropy supply are defined as the scalar form:   

 
v

S sdv   (2.17) 

 
n

r

r q
s v

S s ds s dv      (2.18) 

where s is the specific entropy or entropy density, qs is the entropy flux through the element 

surface, and rs is the entropy supply due to sources within the element. Eq. (2.18) can be 

expressed as  
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 q
n n

r

r q
s v s v

r
S s ds s dv ds dv

T T
            (2.19) 

where T is the non-negative scalar absolute temperature.  

The entropy production is now defined and is a non-negative quantity.  

 
0i rS S S    (2.20) 

 

2.1.4 Clausisus-Duhem and Clausius-Planck Inequality 

From the definition of the entropy production, the Clausius-Duhem inequality is derived 

 
 d  d  d  d 0

q
ni

v v s v

r
s v s v s v

T T
          (2.21) 

where is is a specific entropy production.  

By applying the Gauss-Green theorem, the local form of the Clausius-Duhem inequality 

is obtained  

 
2

1 1
div 0q qi

r
s s T

T T T
        (2.22) 

This is the continuum statement of the second law of thermodynamics.  

By using Eqs.(2.16) and (2.22), the dissipation inequality is derived as:  

 1
 : 0σ ε qiTs Ts u T

T
         (2.23) 

The dissipation inequality can be expressed in terms of a specific free energy: 

 1
: 0σ ε qiTs sT T

T
          (2.24) 

In many applications, the thermal dissipation is very much smaller than the mechanical 

dissipation so that it is reasonable to assume that the thermal dissipation rate can be ignored. The 
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Clausius-Duhem becomes Clausius-Plank inequality which takes the form for any admissible 

process.   

 1
: 0σ εis Ts u


     (2.25) 

 1
: 0σ εis sT 


      (2.26) 

 

2.2 Continuum Damage Mechanics  

Models based on continuum damage mechanics (CDM) assume that the degradation of 

materials is macroscopically homogeneous and that such degradation is clearly explained by the 

mechanics of continuous media and the thermodynamics of irreversible processes. Thus such 

models do not take into account the complicated microstructures of the materials that have been 

used and continue to be used extensively for all types of construction materials such as alloys, 

concrete, metals, rocks, soils, steels, and various types of woods. Palmgreen (1924), Miner 

(1945), and Robinson (1952) conceived the concept of the progressive deterioration related to a 

variable prior to crack propagation and final failure. However, Kachanov (1958) was considered 

as the pioneer who introduced a field variable called ‘phenomenological continuity parameter’ 

which is related to the density of the defects in order to describe the degradation of the material 

before the initiation of macro-cracks. Lemaitre (1992) used Kachanov’s variable for fatigue 

problems, and Leckie and Hayhurst (1974), Hult (1974), and Lemaitre and Chaboche (1975) 

used it to solve issues associated with creep and creep-fatigue interactions. Rabotnov (1969) 

introduced the concept of effective stress within the framework of CDM which represents 
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average material deterioration based on the various types of damage at the micro-level, such as 

nucleation and growth of voids, cavities, microcracks, and other microscopic defects.  

In the 1980s, the thermodynamics-based framework of damage mechanics was actively 

studied and developed [27][34][35][88][89]. In addition to thermodynamics basis, Wu (1985) 

and Krajcinovic and Fanella (1986) developed the framework of damage mechanics based on 

micromechanics. CDM has now reached a stage that enables practical engineering applications 

in the modeling of elastic damage [19][20][34][43][44][57][77], damage in an elasto-viscoplastic 

models [29][85][86], ductile fracture based on the anisotropic damage mechanism [15][19][54] 

[87], ductile plastic damage [13][14][20][23][24][34][35][36][56][58][59][88][89][93], brittle 

and creep fracture using anisotropic damage models [49][51][72][73], damage in composite 

materials [37][38][52][92][97], and the damage-viscoelastic-viscoplastic model [91]. Moreover, 

the concept has been used in many other applications [57][58]. 

 

2.2.1 Definition of Continuum Damage Mechanics [60] 

Material damage has been defined as a progressive, physical process by which materials 

break, and the study of the mechanics of such damage is based on internal variables and the 

mechanisms involved in the deterioration under the loading condition. Damage of materials can 

generally be classified in terms of scale. At the microscale level of the representative volume 

element, damage is induced by the accumulation of micro-stresses in the neighborhood of 

interfaces and/or defects, resulting in the breaking of bonds. At the mesoscale level, damage 

results from the growth and the coalescence of microcracks and/or microvoids that initiate one 

crack. At the macroscale level, the cracks that have been formed expand and grow. 
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Micromechanical damage models are required for modeling microstructural change and 

individual microcracks, and phenomenological continuum damage models are required to model 

the microcracks are required in the first stage at the microscale level. The second stage, i.e., the 

mesoscale level, is usually studied by using the damage variables related to the mechanics of 

continuous media that have been defined for this level. The third stage, i.e., at the macroscale 

level is studied by fracture mechanics with the variables defined at this level. The consideration 

of a crack at the macroscopic level in the framework of fracture mechanics deduces a defect that 

substantially larger than the microscopic heterogeneities (grains, subgrains, other defects and 

microcracks, etc.) It is assumed that the main macroscopic crack is propagated through several 

grains to show a sufficient macroscopic homogeneity in size, geometry and direction, leading to 

possible treatment using the concepts of fracture mechanics. Chaboche’s (1981) schematic 

illustration of these concepts is shown in Figure 2.2 and Figure 2.3.  

 

Figure 2.2 Schematics of the fatigue crack growth (Chaboche, 1981) 
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Figure 2.3 Illustration of a macroscopic crack initiation concept (Chaboche, 1981) 

 

In continuum mechanics, quantities defined at a mathematical point have been dealt with, 

and they represent averages on a certain volume from the physical perspective. The 

representative volume element (RVE) is small enough to avoid smoothing of high gradients, but 

it is large enough to represent an average of the microprocesses. For the purposes of experiments 

and numerical analysis, various orders of magnitude of the RVE for different materials have been 

used, e.g., metals and ceramics  
3

0.1 mm , polymers and most composites  
3

1 mm , wood 

 
3

10 mm , concrete  
3

100 mm  [60].  

 

2.2.2 Concept of Effective Strain and Hypothesis of Stress Equivalence 

A principle must be postulated at the level of macro-scale to avoid a micromechanical 

 

Damage Mechanics 

Dislocations 

Macro-crack 

initiation 

Cavities 

slip 
bands 

(mm) 

0.01 0.1 1 

Micro-crack 

initiation 

Micro- 

propagation 

Macro- 

propagation 

Classical  

crack initiation 

Present definition 

of crack initiation 

Fracture Mechanics 



17 

 

analysis for each type of defect and mechanism of damage. From the method of local state in 

thermodynamics, it is assumed that the thermo-mechanical state at a point can be completely 

defined by the time values of a set of continuous state variables which depend upon the point 

considered. This postulate introduced by Lemaitre [56] imposes that the constitutive equations 

for the strain of a micro-volume element are not modified by a neighboring micro-volume 

element containing a microcrack. Extrapolating to the macro-scale, it means that the strain 

constitutive equations written for the damaged surface are not modified by the damage or that the 

true stress loading on the material is the effective stress σ  instead of σ . 

 

Figure 2.4 Schematic illustration of the derivation for undamaged and damaged materials 

(Lemaitre, 1992) 

 

Lemaitre [56] states the following principle results: 

“Any strain constitutive equation for a damaged material may be derived in the same way 

as for a virgin material except that the usual stress is replaced by the effective stress”. A 

schematic representation of this principle illustrated in Figure 2.4. 

Physically, degradation of the material properties is the result of the initiation, growth and 

coalescence of microcracks or microvoids. Within the context of continuum mechanics, one may 

model this process by introducing an internal damage variable which can be a scalar or a 
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tensorial quantity. M=(I-D) , a fourth-order tensor, characterizes the state of damage and 

transforms the homogenized stress tensor   into the effective stress tensor   (or vice versa). 

Accordingly, it can be written as  

 1M :   (2.27) 

For the isotropic damage case, the mechanical behavior of microcracks or microvoids is 

independent of their orientation and depends only on a scalar damage variable, . Accordingly, 

M  will simply reduce to   I1-d  where I  is the rank four identity tensor, and Eq. (2.27)  

collapses to  

  
 

 1

t
t

d t





  (2.28) 

where  t  is the Cauchy stress tensor, and  t  denotes the effective stress tensor, both at 

time t . The coefficient 1 ( )d t  dividing the stress tensor in Eq.(2.28) results in a reduction 

factor associated with the amount of damage in the material first introduced by Kachanov [42]. 

The value 0d   corresponds to the undamaged state whereas other value of d  corresponds to 

a damaged state. The damage parameter d  may be interpreted physically as the ratio of 

damaged surface area over total (nominal) surface area at a local material point. 

Lemaitre’s hypothesis of strain equivalence [56] states: 

“The strain associated with a damaged state under the applied stress is equivalent to the 

strain associated with its undamaged state under the effective stress” 

We can refer to Figure 2.5 for a schematic illustration of this hypothesis [88]. 

d
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Figure 2.5 Schematic illustration of the hypothesis of strain equivalence (Simo and Ju, 1987) 

 

2.3 Mechanical Modeling of Asphalt Concretes  

In order to establish the constitutive modeling of bituminous materials to describe the 

linear and nonlinear behavior, theory of viscoplasticity with yield function must be used and 

incorporated with continuum damage mechanics. In general, the Drucker-Prager yield function 

and Perzyna viscoplastic model are the basis for development of asphalt concrete materials 

because the experiment results for bituminous materials show the dependence upon the 

hydrostatic stress components and viscous-behavior. Therefore, these two models are briefly 

reviewed in this chapter.  

 

2.3.1 The Drucker-Prager Yield Criterion 

The Drucker-Prager criterion [11] as loading function can be written in the form 



 

 

 

 
11M I - D
 

Physical Space Effective Space
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     ,σ svp vpf A Bp     (2.29) 

where  is operation of tensor norm, s is the deviatoric stress tensor satisfying the condition 

 tr 0s , ‘tr’ is the trace operator,  tr 3p  σ  is the mean normal stress, and A and B are 

material constants. Lemaitre and Chaboche (1990) and Tan et al. (1994) show that B in 

Drucker-Prager model is almost constant as the material permanently deforms while A evolves 

with the permanent deformation. The evolution form of A is a function of equivalent viscoplastic 

strain given by 

     0 1 2 1 expvp vpA A A A      (2.30) 

where vp is the equivalent viscoplastic strain.  

Chen and Han (1987) showed that the loading function,  F  , can be expressed in terms of 

power form  

 
 σ n

eF C  (2.31) 

where  σ sF Bp  and 
e is equivalent stress 

For the uniaxial test (
1 e   and 2 3 0   ), we have  

 
 

2

3 3
σ s n

e e e

B
F Bp C        (2.32) 

Therefore,  

 
2

1, ,
3 3 2

3 3

s
    =     e

BpB
n C

B



  



 
(2.33) 

The equivalent viscoplastic strain increment in terms of the plastic work per unit volume 

is as follows  
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vp vp

ij ij

vp e vp

mn mn

d d nF
dW  d

F F

 
 

 
 

   
 (2.34) 

where    2 1mn mnF F B       and 1n  .  

 
2

2 3 3

1

vp vp

vp ij ij

B
d d d

B
  





 (2.35) 

 

2.3.2 Perzyna Type Viscoplasticity  

Experimental measurements for the bituminous materials indicate that the yield surface is 

not the same as the viscoplastic potential surface because the associative flow rule overestimates 

the behavior of dilation for asphalt composites [76] [79][99]. It is assumed that the flow function 

equals to nonlinear loading function, i.e. ( ) mg f f  and the non-associative flow rule yields 

shown in Figure 2.6. (see the Appendix) 

  
3

ε n 1
σ σ

m
p pvp

g gg f f D


 

      
    

   
 (2.36) 

where    pg C Dp   s is the viscoplastic potential function.  

 

Figure 2.6 Demonstration of yield surface and viscoplastic potential function 
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2.3.3 Viscoplastic Consistency Condition and Elastoviscoplastic Tangent Moduli  

For consistent (algorithmic) tangent moduli, the conventional Drucker-Prager model and 

the Perzyna type viscoplasticity are chosen and employed in this chapter.  

The symmetric stress tensor is denoted by   and its additive decomposition into 

volumetric and deviatoric parts gives  

 
p σ 1 s  (2.37) 

where 1 is the second-order identity tensor.  

For isotropic linearly elastic material, the elastic constitutive equations are  

 
vp K  (2.38) 

 
2Gs e  (2.39) 

where K and G are the elastic bulk and shear moduli, respectively.  trv  ε  is the volumetric 

strain and e is the deviatoric strain tensor satisfying the condition  tr 0e  This gives  

  0 02 : :e vp

vK G    σ 1 e C ε C ε ε  (2.40) 

where 0 1
2

3
C 1 1 I 1 1K G

 
     

 
 is the rank-four tensor of elastic moduli. Therefore, the 

rate constitutive equation is defined as (see the Appendix) 

    0 0: : 2vp G KD    σ C ε ε C ε n 1  (2.41) 

For loading 0  and 0f  ,  is determined by viscoplastic consistency condition 

0f  . (see the Appendix) 
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  

 
 2 : 2 :

2 '

n 1 ε n 1 ε

vp

G KB G KB

FG KBD A E




 
 
  
 

 (2.42) 

where 
2

2 3 3

1

B
E

B





 and  2 ' vpF G KBD A E   

 
 

Substitution of Eq. (2.42) into Eq. (2.41) yields :evpσ C ε  where evp
C is the 

elastoviscoplastic tangent moduli given by: (see the Appendix) 

  
22 22 2 2

2
3

C I 1 1 1 n n 1 n n
evp

GG K BD GKB GKD
G K

F F F F

 
           

 
 (2.43) 

By applying backward Euler algorithm and local Newton iteration, the viscoplastic 

consistency parameter can be derived and the following viscoplastic consistency parameter is 

derived when the flow function equals to linear loading function, i.e. ( )g f f . (see the 

Appendix) 

 
1

1
2ˆ 

1
2

trial

n

n

f

G
KBD

t G






 
 
  
 

 (2.44) 

The exact (consistent) tangent operator is defined by the rank-four tensor  

 
1

1

evp

n

n









σ
C

ε
 (2.45) 

With the aid of backward Euler algorithms Eq. (2.42) and Eq. (2.45), we obtain the 

following expression for 
1

ep

nC (see the Appendix) 

 0 1 1 1
1 1 1

1 1 1

ˆ ˆ
ˆ2evp n n n

CONS n n n

n n n

KD G
 

  
  

  

   
      

   
 

n
C C 1 n

ε ε ε
 (2.46) 

By computing the term of 1 1
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n n
  
 ε  and 1 1n n  n ε , we obtain the final expression  
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of the consistency tangent moduli. (see the Appendix) 
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where 
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C is the material tangent response, whereas 

1
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CONS n C  represent the material tangent 

response for numerical algorithm as well as the material tangent response. As 1
ˆ 0n    

1

evp

CONS n C becomes
evp

C . If non-associative flow rule is employed, 1

evp

CONS n C  becomes a 

non-symmetric operator. Radial return algorithm is summarized in BOX 2.2 and BOX 2.1. 
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BOX 2.1 Radial return algorithm 
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BOX 2.2 Consistency condition and determination of 
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2.4 Healing Phenomenon of Engineering Materials 

During the past two decades, experimental data in many different areas have clearly 

demonstrated that some engineering materials can be partially or even fully healed, recovered, or 

repaired automatically and autonomously, i.e., without any external triggering [8][9][28][30][31] 

[39][40][41][45][47][69][82][98][99]. In particular, during the loading or unloading processes 

with above certain temperature level, microcracks, microvoids, and cavities in polymers and 

bituminous materials slowly reduce in size and finally recover their undamaged strength and 

stiffness [1][21][22][48][55][65][95]. According to Wool and Oconnor (1981), this healing in 

polymers occurs due to (a) surface rearrangement, (b) surface approach, (c) wetting, (d), 

diffusion, and (e) randomization. Healing process can be defined as the antithesis to damage. 
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Consequently, the system can be rehabilitated and the integrity of the materials is repaired to a 

certain extent. A few reports in the literature have shown that the damaged materials can fully 

recover their original strength and stiffness, making them equivalent to undamaged materials 

[10][21][48][64]. In this chapter, the healing processes and mechanisms of engineering materials 

such as asphalt, concrete, metallic materials, composites, and ceramics, are reviewed.  

(1) Asphalt 

Complex irregular traffic causes the deterioration of asphalt concrete pavement and 

during the night the damaged asphalt concrete can be recovered partially and undergo automatic 

healing when there is less traffic loading. The main reason for the healing is the properties of 

bituminous materials, such as their viscosity. The extent of the healing of asphalt concrete was 

first measured by Kim et al. (1994) using the nonlinear viscoelastic correspondence principles; 

the impact resonance test method; and the stress-wave testing method.  

It was concluded that, after exposure to higher temperatures, there is a detectable 

increment of moduli that results from the microcrack healing of asphalt concrete. A 

twenty-four-hour stress-wave test demonstrated that the elastic modulus of asphalt mixtures 

decreases as their temperature increases. An increase in elastic modulus was observed after the 

rest period due to microcrack healing in the asphalt concrete layers. Since the healing 

phenomenon was confirmed, several constitutive models have been proposed for the prediction 

of the damage growth and partial recovery of asphalt mixtures under the tensile uniaxial cyclic 

tests and the cyclic loading condition. [1][10][55][64][65][79]  

(2) Concrete 

Ordinary Portland cement (OPC), which is used in making concrete, is the most 
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extensively used man-made building material worldwide, and vast quantities of it (~ 20 billion 

metric tons in 2010[68]) are being used to build infrastructure throughout the world. Although 

concrete structure can easily crack in tension, microcracks and microvoids due to the restraint of 

shrinkage deformations at early ages are the most unavoidable characteristics of OPC, and they 

are considered to be inherent, unavoidable features of this product. If these microcracks 

propagate and accumulate, they finally initiate large cracks than can cause damage and lead to 

the failure of the structure. In the 21
st
 century, several techniques have proposed and developed 

to prevent such microcracks and microvoids at early ages, ultimately preventing damage due to 

the loading and age effect. Two methods, i.e., healing agents and microcapsule embedment 

techniques, have been used extensively in the concrete construction industry. The main agents for 

healing the concrete are epoxy resins, cyanoacrylates, and alkali-silica solutions [63][70][75]. It 

has been determined that the effectiveness of the healing is due to the capillary forces and the 

viscosity of the repair agents. There are various encapsulation materials, including a 

microencapsulated, enclosing repair agent embedded in the concrete mixture; a continuous glass 

supply pipe to provide a supply of repair agent in concrete; and cyanoacrylate enclosed in 

capillary tubes sealed with silicon [70].  

(3) Metal and alloy 

Metals are solid materials that have been used in many roles throughout human history. 

An alloy is a mixture of metals or a ‘solid solution’ that consists of two (or more) metals. Alloys 

are typically hard, opaque, and have very good electrical and thermal conductivity. If metals and 

alloys are improperly designed and inappropriately used, failures can occur rapidly, including 

fatigue, creep, damage, and fracture. 
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Even if a material is appropriately designed, microcracks and microvoids in the materials 

can propagate under certain loading conditions and accumulated microcrakcs and microvoids can 

cause the materials to deteriorate and eventually fail. Designers are focused on increasing the 

reliability of structural materials, and one of the best solutions would be identifying self-healing 

materials. A common theme in the area of self-healing metals is the manipulation and control of 

the microstructure of the material. Self-healing metals are usually categorized as liquid-assisted 

healing and solid-state healing materials. The design of liquid-assisted self-healing metals has 

centered on metal-matrix composites reinforced with shape memory alloy wires in which the 

matrix partially liquefies at an elevated temperature [25][26][45][46][66][67]. The 

microstructure is designed to maintain structural stability during healing by only allowing the 

liquid available at the surface of the crack to participate in damage remediation. The metals in 

the second category rely on the solid-state self-healing mechanism to exploit the strong driving 

force for solute diffusion to high-energy surfaces such as cracks or voids.   

(4) Composites 

Composites (or composite materials) are made from the combination of two or more 

constituent materials to form new materials with enhanced properties [5]. Typical engineered 

composites can be broadly classified into four categories: (1) building composite materials, such 

as cements, concrete, and asphalt; (2) reinforced plastics, such as fiber-reinforced polymers; (3) 

metal composites; and (4) ceramic composites. In this section, fiber-reinforced polymers are 

reviewed. The self-healing of glass fiber-reinforced epoxy laminates has been proposed using the 

interalaminar dispersion of the healing agent and a ruthenimum catalyst [6]. A microencapsulated 

healing agent such as dicyclopentadiene (DCPD) is embedded and dispersed throughout 
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structural composites. A catalyst is also encapsulated and dispersed in a similar manner. The 

processes of automatic healing are as follows: (1) a crack propagates in the matrix when damage 

occurs; (2) the propagating crack breaks the microcapsules, releasing the healing agent into the 

plane of the crack through capillary action; and (3) the healing agent contacts the catalyst, 

triggering polymerization and resulting in crack closure, as shown in Figure 2.7. A continuum 

damage and healing model has been developed for predicting the effect of damage and 

self-healing as a function of loading history; this model includes generalized continuum damage 

mechanics combined with healing by a phenomenological thermodynamic approach [7].  
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Figure 2.7 Schematic representation of composite materials with embedded microcapsules 

(White et al., 2001).  

 

(5) Ceramics 

In the case of structural ceramics, the most severe damage results from surface cracks, 

which may be introduced by impacts, fatigue, thermal shock, and corrosion during their service 

time. Over the past three decades, ceramics have become the key structural materials for high 

temperature application due to their enhanced quality and good process ability. Structural 
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ceramics, because of their chemical stability, also are used in the corrosion environments. 

Therefore, the self-healing of surface cracks in structural ceramics materials is an important issue 

to ensure their structural integrity. In general, healing the surface cracks of structural ceramic 

materials is best performed in the following conditions: (1) healing must be triggered by cracking; 

(2) healing must occur at high temperature in the corrosive atmosphere; and (3) the strength of 

the healed zone must be superior to that of the base material. Figure 2.8 shows the schematic of 

the crack healing in the ceramics that contain SiC particles and that was heated at a high 

temperature in the presence of air. Cracking allows the SiC particles that are located on the walls 

of the crack to react with oxygen, resulting healing and significant increase in the strength of the 

materials [2][3][4][12][74].  

 
 

(a) Before cracking (b) After cracking 

 

After healing 

Figure 2.8 Schematic illustration of crack-healing mechanism (Nakao et al, 2005) 
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2.5 Appendix 

Summary of general mathematic rule is as follows:  

: 31 1 / : 0n 1 / 0 : 3C 1 1K / 0 : 2C n nG  

 

For isotopic linearly elastic material, the elastic constitutive equations are   
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For Perzyna type viscoplasticity, the derivation of flow function is  
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The derivation of the rate constitutive equation is as follows: 
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From viscoplastic consistency condition, viscoplastic consistency parameter can be 

calculated:   
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The derivation of the elastoviscoplastic tangent moduli is as follows: 
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Computational viscoplastic consistency parameter can be derived from the following 

procedure:  
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Derivation of consistent viscoplastic tangent moduli is as follows: 
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The increment from of constitutive equation with additive strain split is as follows: 
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3. NEW INITIAL STRAIN ENERGY BASED THERMO- 

ELASTOVISCOPLASTIC ISOTPRIC DAMAGE-SELF HEALING 

MODEL FOR BITUMINOUS COMPOSITES – PART I: 

FORMULATIONS  

 

3.1 Introduction  

New initial elastic energy based thermo-elastoviscoplastic isotropic damage-self healing 

formulations, based on continuum thermodynamics framework, are developed in the next section. 

In order to account for the healing effect, the concept of net space is defined because the 

effective space only considers the damage. In addition, an Arrhenius-type temperature term is 

proposed and uncoupled with Helmholtz free energy potential to account for the effect of 

temperature. The viscoplastic flow is introduced by means of an additive split of the stress tensor. 

In particular, the governing damage and self-healing evolutions are coupled in an incremental 

form with definition of damage and healing area and characterized through the net stress concept 

in conjunction with the hypothesis of strain equivalence in this chapter.  

 

3.2 A Coupled Isotropic Formulation  

A basic concept underlining the initial (undamaged) elastic strain energy based isotropic 

damage-healing model shown in this chapter is the hypothesis that incremental damage and 

self-healing histories in asphalt mixtures are directly linked to the history of total strains with 



51 

 

temperature. The notion of net healed stress along with the hypothesis of strain equivalence 

follows from the assumed form of free energy. In order to consider the effect of the temperature, 

the Arrhenius-type temperature term is chosen uncoupled for simplicity. The proposed isotropic 

damage, isotropic healing, and the combined (net) damage-healing variables are mainly focused 

in this chapter. 

 

3.2.1 Definition of Net (Combined) Variables of the Isotropic Damage and Healing 

Let us define d  as the damage variable and R  as the healing variable, respectively, 

below with the damaged area 
dA , the healed area

RA , and the unhealed 
uRA  presented in 

Figure 3.1. 

 dd A A  (3.1) 

 dRR A A  (3.2) 

 Due to the assumption that only undamaged and healed area can sustain the loading in 

continuum damage mechanics and the applied forces are equal in physical space and net space as 

shown in Eq. (3.3), we define netd as a scalar variable to describe the net (combined) effect of 

damage-healing 

 net netA A F σ σ  (3.3) 

  1netd d R   (3.4) 

Because of the assumption that applied forces in net space and effective space are 

identical presented in Eq.(3.5), the following relationship between stresses in net space and 
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effective space can be obtained and expressed in Eq.(3.6).  

 net netA A F σ σ  (3.5) 

  
 

1

1

net

net
d

d





σ σ  (3.6) 

Eq.(3.6) presents that the effective stress and the net stress are equal to each other only if 

either damage variable or healing variable is zero. Otherwise, the effective stress is always 

greater than the net stress since damage net variable is smaller than the damage variable due to 

the healing effect.  

 

Figure 3.1 Schematic illustration of the physical, net, and effective spaces 

 

3.2.2 Net Stress Concept and Hypothesis of Strain Equivalence   

Physically, degradation of the material properties is the result of the initiation, growth and 



 

net 

net net

 

 

 
1

I - D


  
1

I - D I - Dnet  
1

I - Dnet


Physical Space Net Space Effective Space

RA

uRA

d R uRA A A 
net uRA A A  dA A A 
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coalescence of microcracks or microvoids. Conversely, if the induced microdamage is gradually 

healed and subsequently its strength and stiffness are partially or fully recovered, it is called 

healing phenomenon. Within the context of continuum mechanics, one may model these 

processes by introducing an internal damage-healing variable which can be a scalar or a tensorial 

quantity. We denote by ( )net net M I D a fourth-order tensor which characterizes the state of 

damage net and transforms the homogenized stress tensor σ  into the net stress tensor netσ (or 

vice versa). Accordingly, it can be written as 

 
   

11
:σ M σ

net netT


   (3.7) 

where  T  is the Arrhenius-type temperature term and defined as follows  

  
0

exp 1
T

T
T

   
    

   
δ  (3.8) 

where δ is a material constant and 0T  is the reference temperature (℃).  

For the isotropic damage and healing case, the mechanical behavior of micro damage and 

healing is independent of their orientation and depends only on a scalar variable (1 )netd d R    

and 
net

M will simply reduce to  1 net-d I , where I  is the rank four identity tensor. Eq.(3.7) 

then collapses to 

  
 

 1

net

net

t
t

d t




σ
σ  (3.9) 

where   ct 0,net netd d    for t   is the net damage-healing variable ,  tσ  is the Cauchy 

stress tensor, and  σnet t  is the net stress tensor. Here, c 0,1netd   is a constant. The 
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coefficient,  1 netd t , in the denominator of Eq. (3.9) is a reduction factor associated with 

combined effect of damage and healing in the materials. The value 0netd   corresponds to the 

undamaged state or fully healing state whereas a value  c0,net netd d  represents a damaged 

state. The value net net

cd d  defines complete local rupture. The net damage-healing variable 

may be interpreted physically as a ratio of difference between damaged and healed surface area 

to total surface area at a local material point. In addition, Lemaitre’s hypothesis of strain 

equivalence [5] states: 

“The strain associated with a damaged state under the applied stress is equivalent to the 

strain associated with its undamaged state under the effective stress”  

However, this definition does not take into account healing effect. Therefore, we 

introduce the following hypothesis of strain equivalence by extending from the effective stress 

space to the net stress space: 

“The strain associated with a damaged and healed state under the applied stress is 

equivalent to the strain net associated with its damaged and healed state under the net stress”. 

See Figure 3.2 for a schematic illustration. 
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Figure 3.2 Schematic illustration of the hypothesis of strain 

 

3.2.3 The Additive Stress Split 

Within the present strain space framework, the viscoplastic flow is introduced by means 

of an additive split of the stress tensor into initial elastic and inelastic parts. By following the 

same concept within the net space owing to the healing phenomenon, one can yield   

  0

,net vp net


 



 


 (3.10) 

where net  is the net stress,   is the total strain,   0   is the initial elastic strain energy 

function of the undamaged material, and  ,vp net  denotes the net viscoplastic relaxation stress. 

For linear elasticity, we write 

 
 0 01

: :
2

C     (3.11) 

where 0C  denotes the linear elasticity tensor. Eq. (3.10) then can be rewritten as the following 



 

net 

net net

   
11

I - DnetT


Physical Space

RA

uRA

d R uRA A A  net uRA A A 

Net Space
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 0 ,:net vp net C    (3.12) 

 

3.2.4 The Thermodynamic Basis 

In order to introduce the net effect of the damage-healing, viscoplastic flow processes and 

temperature effect, a free energy potential in the following form is proposed: 

           0, , , , 1 : ,vp net net vp vpd T d T   q q          (3.13) 

where   denotes the total strain tensor, vp  is the viscoplastic relaxation stress tensor, q  is a 

suitable set of internal (viscoplastic) variables. netd  will be further discussed in the subsequent 

section.  0   is the initial elastic strain energy function of the undamaged material, and 

 , vp q   is the viscoplastic potential function.  

In many applications, the thermal dissipation is very much smaller than the mechanical 

dissipation so that it is reasonable to assume that the thermal dissipation rate can be ignored. The 

Clausius-Duhem becomes Clausius-Plank inequality which takes the form for any admissible 

process in this research 

 
: 0sT       (3.14) 

By taking the time derivative of Eq.(3.13), substituting it into Eq. (3.14), and making use 

of standard arguments [2] along with the additional assumption that the net effect of 

damage-healing and viscoplastic unloading are elastic processes, we can obtain the stress-strain 

constitutive law 



57 

 

  
   

 
     

0

1 1net vp net netT d T d T
    

      
   

 
     

 
 (3.15) 

, the dissipative inequalities 

  : 0vp

p
T

    
      
   

 q
q

  


 (3.16) 

    0 : 0  q
q

net vp

vp
d T

 

   

      
   

   


 (3.17) 

and the entropy 

  
 , , ,vp net

T
s d

T



 


q


   (3.18) 

It follows from Eq.(3.15) that within the present strain space formulation, the stress 

tensor is split into elastic-damage-healing and the viscoplastic relaxation parts. From Eqs.(3.16) 

and (3.17), we observe that the dissipative energy by viscoplasticity itself is positive; if 

damage-healing effect is involved, the sum of damage-healing and viscoplasticity effect is also 

positive. It is also noted from Eqs.(3.15), (3.16), and (3.17) that the present framework is capable 

of accommodating general (nonlinear) elastic response and general viscoplastic response. 

The potential  , vp q   is linked to viscoplastic dissipation. Its role is such that 

inequality (3.17) is satisfied for arbitrary processes. Note that we have assumed that ( , )vp q   

is independent of netd . From Eq.(3.13), it then follows that 

  
   0

, , , ,p net

net

d T
Y T

d





   



q 
   (3.19) 

Hence, the initial (undamaged) elastic strain energy  0  with Arrhenius-type temperature 

term  T  is the thermodynamic force Y  conjugate to the net damage-healing variable netd . 
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3.2.5 Characterization of Initial-Elastic Strain-Energy Based Isotropic Damage 

The progressive degradation of mechanical properties of asphalt concrete due to damage 

by means of a simple isotropic damage mechanism is first characterized. To this end, we propose 

to define the notion of equivalent strain ξ  as the (undamaged) energy norm of the strain tensor. 

 
 0 0

0

1
( ) : : exp 1

2

T
ξ T

T
 

    
       

     
ε ε C ε  (3.20) 

where δ is a material constant and 0T  is the reference temperature (℃).  

We now characterize the state of damage in asphalt mixtures by means of a damage 

criterion  , 0d

t tg   , formulated in strain space, with the following functional form: 

  , 0d

t t t tg g t                (3.21) 

where the subscript t  refers to a value at current time t  , and tg  is the damage threshold 

at the current time t . It is noted that the numerical value of tg  would be lowered due to the 

incremental healing (if any) from the previous time step. Let 0g  denote the initial damage 

threshold before any loading is applied; we then have 0tg g . Here, 0g  is considered as a 

characteristic material property. The condition (3.21) states that damage in asphalt is initiated 

when the energy norm of the strain tensor t  exceeds the initial damage threshold 0g . For the 

isotropic damage case, we define the evolution of the damage variable td  and the damage 

threshold tg , respectively, by the rate equations: 
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 ,t t td H d   (3.22) 

 
g   (3.23) 

where 0μ   is a damage consistency parameter that defines the damage loading/unloading 

conditions according to the Kuhn-Tucker relations 

 
   0, , 0, , 0d d

t t t tg g                      (3.24) 

The conditions (3.24) are standard for problems involving unilateral constraint. If 

 , 0d

t tg   , the damage criterion is not satisfied and by conditions (3.24), 0  ; hence, the 

damage rule (3.22) implies that 0d   and no further damage takes place. If, on the other hand, 

0  ; that is, further damage (“loading”) is taking place, then conditions (3.24) implies that 

 , 0d

t tg   . In this event, the value of μ  is determined by the damage consistency condition; 

i.e., 

    , , 0d d

t t t tg g           (3.25) 

and tg  is defined by the expression presented in Eq.(3.26)  

    0 , 1
( , )

max , maxt s h t
s t

g g g


 
   (3.26) 

where 
 1h t

g


 defines the reduced value for the current damage threshold due to the incremental 

healing (if any) from the previous time step. 

If  ,t tH d  in condition (3.22) is independent of td , the above formulation may be 

rephrased as follows. let :G   be such that     /t t tH G     . We shall assume that 
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 G   is a monotonic function. A damage criterion entirely equivalent to condition (3.21) is 

given by      , 0d

t t t tg G G g     . The flow rule and loading/unloading conditions then 

become  

  ,
,

d

t t

t t

t

g
d g

 
 




 


           (3.27) 

    0, , 0, , 0d d

t t t tg g                   (3.28) 

Conditions (3.27) and (3.28) are simply the Kuhn-Tucker optimality conditions of a principle of 

maximum damage dissipation. 

Existing experimental results of bituminous materials suggest that the amount of 

microcracks or microcavities at a particular strain level exhibits rate sensitivity to the applied rate 

of loading in a (high strain rate) dynamic environment. A simple phenomenological 

characterization of this effect may be obtained by means of a viscous regularization of the 

rate-independent strain-based damage model introduced previously. Formally, the structure of 

this regularization is entirely analogous to the classical viscoplastic regularization of the Perzyna 

type [8][9]. The resulting rate-sensitive damage model (a) requires only one additional material 

parameter, i.e. the damage fluidity coefficient (  ); (b) as   approaches zero exhibits 

instantaneous elastic response, whereas   approaches infinity reduces to the rate-independent 

damage characterization; and (c) predicts decrease in nonlinearity of the stress-strain curves as 

the strain rate is increased. In other words, microcrack or microcavity growth is retarded at low 

strain rates.  

Rate equations governing visco-damage behavior are obtained from their 
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rate-independent counterpart by replacing consistency parameter   by  dg  . Here   is 

the damage fluidity coefficient (a material constant). The scalar function  dg  represents the 

viscous damage flow function and d is defined in Eq.(3.21). Accordingly, we have 

    ,d

t t td g H d    (3.29) 

  d

tg g   (3.30) 

where   denotes the McAuley bracket (ramp function). For simplicity, in what follows we 

shall assume linear viscous damage, i.e.  d dg   . Hence, Eqs.(3.29) and (3.30) reduce to  

    , ,d

t t t t td g H d     (3.31) 

  ,d

t t t t tg g g        (3.32) 

The inviscid damage characterization and the instantaneous elasticity response can then 

be obtained as special cases of the rate-dependent damage formulation. These special cases and 

the related algorithmic treatments of visco-damage are addressed in details in Chapter 4.  

 

3.2.6 Characterization of Initial-Elastic Strain-Energy Based Isotropic Healing 

Similar to the characterization of damage in the previous section, we characterize the 

progressive recovery of mechanical properties of asphalt due to healing by means of a simple 

isotropic healing mechanism. However, there are required conditions to evolve healing in asphalt 

concrete; (a) the microcracks and microvoids are close to each other when there is healing, (b) 

healing cannot occur during the damage process (microdamage either propagate or heal at the 
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same time), and (c) healing rate is zero when damage is evolving ( d 0 ).  

We use the same notion of equivalent strain energy   as the energy norm of the strain 

tensor. We also characterize the state of healing in asphalt mixtures by using a healing criterion 

 , 0h

t tr   , formulated in the strain space, with the following functional form: 

  , 0h

t t t tr r t                (3.33) 

Here, tr  is the healing threshold at the current time t . We note that tr  will be lowered in 

value due to the incremental damage (if any) from the previous time step. If 0r  denotes the 

initial healing threshold before any healing occurs, we must have t 0r r . It is noted that 0r  is 

also considered as a characteristic material property. Condition (3.33) then states that healing in 

the material is initiated when the energy norm of the strain tensor t  is smaller than the initial 

healing threshold 0r . For the isotropic healing case, we define the evolution of the healing 

variable R  and the healing threshold tr , respectively, by the rate equations 

  ,t t tR Z R   (3.34) 

 
r   (3.35) 

where 0ζ   is a healing consistency parameter that defines healing loading/unloading 

conditions according to the Kuhn-Tucker relations 

    0, , 0, , 0h h

t t t tr r                     (3.36) 

Conditions (3.36) are also standard for problems involving unilateral constraint. If 

 , 0h

t tr   , the healing criterion is not satisfied and by conditions (3.36), 0  ; hence, the 
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healing rule (3.34) implies that 0R   and no further healing takes place. If, on the other hand, 

0  ; that is, further healing is taking place, then conditions (3.36) implies that  , 0h

t tr   . 

In this event, the value of   is determined by the healing consistency condition; i.e. 

    , , 0h h

t t t tr r           (3.37) 

and tr  is given by the expression 

    0 , 1
( , )

min , mint s d t
s t

r r r


 
   (3.38) 

where 
 1d , t

r


 is the value for the current healing threshold to be numerically increased due to the 

incremental damage (if any) from the previous time step. 

If  ,t tZ R  in condition (3.34) is independent of 
tR , the above formulation may be 

rephrased as follows. Let * :G   be such that    * /t t tZ G     . We shall assume 

that  *G   is a monotonic function. A healing criterion entirely equivalent to conditions (3.33) is 

given by      * *, 0h

t t t tr G r G     . The flow rule and loading/unloading conditions then 

become 

  ,
,

h

t t

t t

t

r
R r

 
 




 


           (3.39) 

    0, , 0, , 0h h

t t t tr r                  (3.40) 

 

3.2.7 Net (Combined) Effect of the Isotropic Damage and Healing 

Taking the time derivative of Eq.(3.1) would lead to 
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 dd A A  (3.41) 

As the derivations are based on linearization of the residual functions associated with the 

implicit backward Euler algorithms, the above equation can be expressed in the following 

incremental form for the updated damage variable:  

 
1 1n n nd d d    (3.42) 

In order to calculate the incremental form of healing variable, the same procedure can be 

applied under the condition of no damage evaluation because healing does not occur during the 

damage process or vice versa. However, during the damage process updated healing variable can 

be reduced by a ratio of damage variables since both the healed area, 
hA , and the damaged area, 

d h uRA A A  , are changed. Therefore the updated healing variable would be as follows: 

  1 1 1    0n n n nR R R d       (3.43) 

  1
1 1

1

    0
2

n
n n n

n n

d
R R d

d d


 



  


 (3.44) 

Taking the time derivative of (3.4) would yield   

 
1 1

net net net

n n nd d d    

(3.45) 
 

1 1 1

net net

n n n nd d R d       

Let us consider, for conceptual illustration, a system with four springs as shown in Figure 

3.3 and perform a series of cyclic conceptual tension- rest period (Four steps: T1-R1-T2-R2) 

tests on this hypothetical system 



65 

 

 

Figure 3.3 A system with four springs 

 

We assume that these springs will be broken under tension and healed during rest periods. 

At the first step, tension T1 is applied on the system and two out of four springs are assumed to 

be broken. The damage variable of the system is therefore 2/4 = 0.5 as shown in Figure 3.4 (a). 

Next, the system is left for the rest period R1 and one spring is assumed to be healed as shown in 

Figure 3.4 (b). Since one of the broken springs is assumed healed, the healing variable of the 

system is 1/2 = 0.5 and the net damage-healing variable of the system is therefore 1/4 = 0.25. At 

the third step, tension T2 is applied and this time, three springs are assumed to be broken. The 

net damage-healing variable of the system is thus 3/4 = 0.75. Finally, during the rest period R2 

all broken springs are completely recovered. The healing variable of the system at this stage is 

therefore 3/3 = 1 and the net damage -healing variable of the system is therefore 0. The 

computations of netd  by Eq. (3.45) at each time step for the system as shown in are listed in 

Table 3.1.  

The characterizations of damage and healing, as discussed in the previous sections, can 

be considered as the predictor formula in our damage-healing algorithms. Once the associated 

damage or healing variables are computed at time step n+1 (damage and healing will not occur at 

the same step), net damage-healing variable at time step (n+1) is finally calculated. More details 

on algorithms about the coupling of damage and healing are provided in details in Chapter 4. 
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Table 3.1 Computation of netd at different time step 

Step n+1d  n+1d  n+1R  n+1R  net

n+1d  
net

n+1d  

1 
2

4
 

2

4
 0 0 

2

4
 

2

4
 

2 0 
2

4
 

1

2
 

1

2
 

1

4
  

1

4
 

3 
2

4
 

4

4
 0 

1

3
 

2

4
 

3

4
 

4 0 
4

4
 1 

4

3
 

3

4
  0 

 

 

 

(a) System at step 1 (b) System at step 2 

 

 

(c) System at step 3 (d) System at step 4 

Figure 3.4 The associated damage and healing variables of four-spring system at each step 

T1

T1

R1

T2

T2

R2
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3.3 Characterization of Net Viscoplastic Response and Consistent Tangent Moduli 

In accordance with the notion of net stress, the characterization of the viscoplastic 

response should be formulated in the net stress space in terms of net stresses net  and ,vp net . 

Therefore, for the classical situation in which the yield function is postulated in the stress space, 

we replace the homogenized Cauchy stress tensor   by the net stress tensor net , so that the 

elastic-damage-healing domain is characterized by  , 0netf σ q . Here, q  represents the 

internal viscoplastic variables and the evolution of which is defined below. With the assumption 

of a non-associative flow rule, rate-dependent plastic response is characterized in the strain space 

by the flowing constitutive equations [3][4][8][9].  

 
0

, ,( )
, ( )

ε
σ σ q          

ε ε

pvp net vp net
g

non associative flow rule



  

   
  

 (3.46) 

 
0

,( )
, ( )

ε
q h σ q          

ε

vp net viscoplastic hardening law



 

  
 

 (3.47) 

 
0

,( )
, 0 ( )vp netf loading condition

 
  

 
q         







 (3.48) 

 
0

,1 ( )
, ( )

ε
q          

ε

vp netg f viscoplastic consistency parameter


 


  
   

  
 (3.49) 

where pg is the viscoplastic potential function, ,vp net  denotes the viscoplastic relaxation net 

stress rate tensor,   denotes the viscoplastic consistency parameter, h  signifies the hardening 

law,  0,   is the so-called fluidity parameter, and ( )g f  is a flow function, i.e.   mg f f . 

  is McAuley bracket. As 0   (no viscosity), one expects to recover the rate-independent 
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formulation, i.e. 
 ( )g f




  (finite). One argues that, as    (huge viscosity), states are 

instantaneous elasticity, i.e. 
 ( )

0
g f


  (no viscoplastic strain).  Eqs. (3.46) ~ (3.49) 

provide a characterization of viscoplasticity in the strain space. The loading/unloading conditions 

may be expressed in a compact form by requiring that  

 
0 0

, ,( ) ( )
, 0, 0, , 0

ε ε
σ q       σ q

ε ε

vp net vp netf f
 

 
    

       
    

 (3.50) 

Note that if 0f  , then 0  and the process is elastic damage. On the other hand, for loading 

0  and 0f  . In the latter,  is determined by requiring that 0f  , which is considered 

viscoplastic consistency condition.  

Making use of the notation 
0 ,( )σ ε ε σnet vp net    during loading, one arrives at  

 
: 0σ q

σ q

net

net

f f 
  

 
 (3.51) 

where σ
netf  signifies the partial derivative of  0 ,( ) ,ε ε σ q

vp netf    with respect to the 

first argument. From Eq. (3.15), one can obtain  

 
2 0 2 0

,

2 2

( ) ( )
: :

ε ε
σ ε σ ε

ε ε σ

pnet vp net

net

g 

  

    
   

 (3.52) 

where the non-associative flow rule (3.46) has been applied. Thus,   is determined from Eqs. 

(3.50) and (3.51) and the viscoplastic hardening law (3.47) as  
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2 0

2

2 0

2

( )
: :

( )
: :

ε
ε

σ ε

ε
h

σ ε σ q

net

p

net net

f

gf f






 

 
  

 
   

 (3.53) 

Substituting Eq. (3.53) into Eq. (3.52) yields 
, :σ C ε

net evp net , where 
,

C
evp net

is the net 

elastoviscoplastic tangent moduli given by  

 

2 0 2 0

2 0 2 2
,

2 02

2

( ) ( )
: :

( )

( )
: :

ε ε

ε σ ε σ εC
εε

h
σ ε σ q

p

net net
evp net

p

net net

gf

gf f

 




  


     
  

 
   

 (3.54) 

It is observe from Eq. (3.54) that 
,

C
evp net

is a non-symmetric tensor. If associative flow 

rule is selected σ σ
net net

pf g     , 
,

C
evp net

becomes the major symmetry of the constitutive 

operator.  

 

3.4 Model Example: Derivation of Consistent Tangent Moduli for Bituminous Materials 

in Net Space 

For consistent (algorithmic) tangent moduli, the Perzyna [7] is employed in this work. In 

particular, the conventional Drucker-Prager model is chosen as a model problem for 

demonstration because the experiment results for bituminous materials show the dependence 

upon the hydrostatic stress components.  

The Drucker-Prager criterion as loading function can be written in the form in the net 

space 

     ,σ s
net net net

vp vpf A Bp     (3.55) 



70 

 

where  is operation of tensor norm, net
s is the deviatoric net stress tensor satisfying the 

condition  tr 0net s , ‘tr’ is the trace operator, vp is the equivalent viscoplastic strain, 

 tr 3net netp  σ  is the mean normal net stress, and A and B are material constants. Lemaitre 

and Chaboche (1990) and Tan et al. (1994) show that B in the Drucker-Prager model is almost a 

constant as the material permanently deforms while A evolves with the permanent deformation. 

The evolution form of A is a function of equivalent viscoplastic strain given by  

     0 1 2 1 expvp vpA A A A      (3.56) 

where vp is the equivalent viscoplastic strain given by [1]   

 
2

2 3 3

1

vp vp

vp ij ij

B
d d d

B
  





 (3.57) 

For Perzyna-type viscoplasticity, it is assumed that the flow function equals to nonlinear 

loading function, i.e. ( ) mg f f  and the non-associative flow rule yields  

  
3

ε n 1
σ σ

m
p pvp net

g gg f f D


 

      
    

   
 (3.58) 

where net
n  is the unit normal vector of  net

s  defined as  
net

net

s

s
 and 

   net net net

pg C Dp  σ s is the viscoplastic potential function. Experimental measurements 

for the bituminous materials indicate that the yield surface is not the same as the viscoplastic 

potential surface because the associative flow rule overestimates the behavior of dilation for 

asphalt composites [6][10]. 

The symmetric net stress tensor is denoted by net and its additive decomposition into 
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volumetric and deviatoric parts gives  

 net net netp σ 1 s  (3.59) 

where 1 is the second-order identity tensor.  

For isotropic linearly elastic material, the elastic constitutive equations are  

 net

vp K   (3.60) 

 
2net Gs e  (3.61) 

where K and G are the elastic bulk and shear moduli, respectively.  trv  ε  is the volumetric 

strain and e is the deviatoric strain tensor satisfying the condition  tr 0e  This gives 

  0 02 : :σ 1 e C ε C ε ε
net e vp

vK G      (3.62) 

where 0 1
2

3
C 1 1 I 1 1K G

 
     

 
 is the rank-four tensor of elastic moduli. Therefore, the 

rate constitutive equation is defined as  

    0 0: : 2σ C ε ε C ε n 1
net vp G KD      (3.63) 

For loading 0  and 0f  ,  is determined by viscoplastic consistency condition 

0f  .  

  
 

 2 : 2 :

2 '

n 1 ε n 1 ε
net net

vp

G KB G KB

FG KBD A E




 
 
  
 

 (3.64) 

where 
2

2 3 3

1

B
E

B





 and  2 ' vpF G KBD A E   

   
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Substitution of Eq. (3.64) into Eq. (3.63) yields 
, :σ C ε

net evp net  where ,
C

evp net is the net 

elastoviscoplastic tangent moduli given by: 

 

 

2
,

2

2 2
2

3

22

C I 1 1 1 n

              n 1 n n

evp net net

net net net

G K BD GKB
G K

F F

GGKD

F F

 
       

 

   

 (3.65) 

By applying backward Euler algorithm and local Newton iteration, the viscoplastic 

consistency parameter can be derived (detailed derivation is demonstrated in Chapter 4) and the 

following viscoplastic consistency parameter is derived when the flow function equals to linear 

loading function, i.e. ( )g f f .  

 

,

1

1
2ˆ 

1
2

trial net

n

net

n

f

G
KBD

t G






 
 
  
 

 (3.66) 

The exact (consistent) tangent operator is defined by the rank-four tensor  

 ,

1

1

net
evp net

n

n










σ
C

ε
 (3.67) 

With the aid of backward Euler algorithms Eq.(3.64) and Eq.(3.67), we obtain the 

following expression for ,

1

ep net

nC  

 , 0 1 1 1
1 1 1

1 1 1

ˆ ˆ
ˆ2 

n
C C 1 n

ε ε ε

net net net
evp net net netn n n
CONS n n n

n n n

KD G
 

  
  

  

   
      

   
 (3.68) 

By computing the term of 1 1
ˆ ε

net

n n
  
   and 1 1n ε

net

n n   , we obtain the final expression  

of the consistency tangent moduli in the net space 
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1

1

1

ˆ2

s

net

n

n tr

n

G 
 





  (3.70) 

,evp net
C is the material tangent response, whereas ,

1 C
evp net

CONS n  represent the material tangent 

response for numerical algorithm as well as the material tangent response. As 1
ˆ 0net

n    

,

1 C
evp net

CONS n becomes 
,

C
evp net

. Since non-associative flow rule is employed, ,

1 C
evp net

CONS n  is a 

non-symmetric operator.  
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4. NEW INITIAL STRAIN ENERGY BASED THERMO- 

ELASTOVISCOPLASTIC ISOTPRIC DAMAGE-SELF HEALING 

MODEL FOR BITUMINOUS COMPOSITES – PART II: 

COMPUTATIONAL ASPECTS 

 

4.1 Introduction 

First, the two-step operator splitting methodology is systematically proposed and 

employed for the proposed thermo-elastoviscoplastic isotropic damage-self healing in Chapter 3. 

In particular, the resulting procedure takes the form of an elastic damage-self healing predictor 

and net viscoplastic return mapping corrector scheme. Secondly, a series of one-dimensional 

numerically driven simulations by different loading processes (loading-unloading-reloading and 

one cyclic loading) are given to illustrate the variables calculated by the model such as 

stress-strain curve, damage variable, and healing variable. Finally, experimental validations are 

presented to demonstrate the applicability of proposed damage-self healing models and 

algorithms in this chapter.  

 

4.2 Computational Algorithms 

4.2.1 Two-Step Operator Splitting Methodology 

In Chapter 3, new strain energy based isotropic damage-self healing models are 
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developed with the concept of net stress space and damage-self healing process [2][3][4][9][10]. 

This section presents the computational features of the proposed formulations by using the 

operator splitting methodology. Eqs. (3.22) ~ (3.25), (3.34) ~ (3.36), and (3.46) ~ (3.50) in 

Chapter 3 are referred.  
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(4.1) 

From an algorithmic viewpoint, the problem of integrating the evolution Eq.(4.1) reduces 

to updating the basic variables  , , ,net vp,netd  q  in a manner consistent with the proposed 

damage-self healing models. It is essential to realize that the history of strains ( )t tsu   is 
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assumed to be prescribed; i.e., a strain-drive computational algorithms. 

Equations of evolution are to be solved incrementally over a sequence of given time steps 

[ , ] , 0,1,2...n n+1t t n R . Therefore, the initial conditions for the governing evolution 

equations are 

    , , , , , ,
n

net vp,net net vp,net

n n n n
t=t

d dσ σ q σ σ q  (4.2) 

In accordance with the notion of operator splitting, we consider the following innovative, 

additive decomposition of the original problem of evolutions in Eq. (4.1)  into the 

elastic-damage-healing part and the plastic part as follows: 
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  

 
  

 

 (4.4) 

It is noted that Eqs. (4.3) and (4.4) do indeed add up to Eq. (4.1), in agreement with the 

notion of operator split. In the following, we propose two new computational algorithms. The 

first one is consistent with problem (4.3) (the elastic damage-self healing predictor) while the 

second one is consistent with problem (4.4) (the net viscoplastic return mapping corrector). In 

turn, the product algorithm obtained by successive application of these two algorithms is 

consistent with the original problem (4.1). 

 

4.2.2 The Elastic Damage-Self Healing Predictor 

A novel computational algorithm consistent with problem (4.1), referred to as the 

elastoviscoplastic-damage-healing predictor in this paper, is shown in the following step-by-step 

numerical strain-driven procedure. 

Step 1: Strain update: Given the incremental displacement field 1n+u , the strain tensor is updated 

as: 

 
1 1n+ n n+ s

u   (4.5) 
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Step 2: Compute the initial (undamaged) elastic strain energy 1nξ  coupled with Arrhenius-type 

temperature term 

 
 0 0 1

1 1 1 1 1

0

1
( ) : : exp 1

2
C n

n n n n n

T
T

T
 

    

    
       

     
       (4.6) 

Step 3: Update the current damage threshold 1n+g  for a damage criterion based on 1nξ   and 

time increment. 

 If the incremental healing at the previous time step is larger than zero, compute the 

 ,h n
g by using a nonlinear saturation type of functional evaluation 

   ,
1 bn

h n
g Q e 

and      , , 1h n h n
g b Q g n 


   

    1 0 ,
( , 1)

max , maxn s h n
s n

g g ξ g
  

   (4.7) 

Step 4: Compute the scalar damage predictor 1n+d  based on 1nξ  . 

If 1n  at the current time step is less than the current damage threshold 1n+g , no 

further damage occurs; set 
1

0
n+

d  . However, if 1nξ   is larger than the current 

damage threshold 1n+g , compute the scalar damage predictor 1n+d  by using a 

nonlinear saturation type of damage functional evaluation. Conceptually, if initial 

defects, damage, or interfacial debonding between aggregate and matrix (such as 

microvoids or microcracks) can be observed and quantified by nondestructive evaluation 

(such as by computed tomography), then the initial damage 0d  can be characterized 

and quantified accordingly. Otherwise, the initial damage 0d  is typically set as zero. 
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1 1n n nd d d    (4.8) 

Step 5: Compute the incremental isotropic damage predictor tensor 1n+D  and the damage 

tensor 1n+D  

 
1 1n+ n+d D I  (4.9) 

 
1 1n+ n n+ D D D  (4.10) 

Step 6: Update the current healing threshold 1n+r  for a healing criterion based on 1nξ  .  

 If the incremental damage at the previous time step is larger than zero, compute the 

 ,d n
r by using a nonlinear saturation type of functional evaluation. Otherwise, 

 ,d n
r is 

zero.  

    1 0 ,
( , 1)

min , minn s d n
s n

r r r
  

   (4.11) 

Step 7: Compute the scalar healing predictor 1n+R  based on 1nξ  . 

If 1nξ   at the current time step is larger than the current healing threshold 1n+r , no 

further healing occurs; set 
1

0
n+

R  . However, if 1nξ   is less than the current healing 

threshold 1n+r  , compute the scalar damage predictor 1n+R  by using a nonlinear 

saturation type of healing functional evaluation.  

  1 1 1    0n n n nR R R d       (4.12) 

  1
1 1

1

    0
2

n
n n n

n n

d
R R d

d d


 



  


 (4.13) 
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Step 8: Compute the incremental isotropic healing predictor tensor 1n+R   

 
1 1n+ n+R R I  (4.14) 

Step 9: Update the isotropic net (combined) damage-self healing tensor 1

net

n+D  based on the 

incremental isotropic net (combined) damage-self healing tensor 1

net

n+D  

 
1 1 1

net net

n+ n+ n n+   D D D R  (4.15) 

 
1 1

net net net

n+ n n+ D D D  (4.16) 

By substitution of the total strain tensor n+1  into the potential for the stress tensor, we obtain 

the trial (predictor) stress: 

 
 

0
0

1 1

0

1 1

1

n+ n+

trial,net vp,net

n+ n+ n

trial

n+ n






 



σ ε
ε

σ σ σ

q q

 
(4.17) 

 

4.2.3 The Net Viscoplastic Return Mapping Corrector   

To develop an algorithm consistent with the viscoplastic part of the operator split, we first 

check the loading/unloading conditions. 

Step 10: Check for net yielding: 

The algorithmic counterpart of the Kuhn-Tucker conditions is implemented in terms of 

the elastic-damage-self healing trial stress; cf. Simo and Ju (1987b). One simply checks: 
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1 1

0, elastic -damage - healing predictor = final state
( , )

0, viscoplastic return mapping

trial,net trial

n+ n+

   
f

   

 

 

σ q  (4.18) 

Step 11: Net viscoplastic return mapping corrector:  

In the case of net viscoplastic loading, the predictor stresses and internal variables are 

“returned back” to the net yield surface along the algorithmic counterpart of the flow 

generated by Eq. (4.4). The framework of the radial return algorithm is employed in this 

work.  

Step 12: Update the homogenized (nominal) stress 1n  : 

    1 1 1 1:net net

n n n nTI D   
  
 

    (4.19) 

 

4.3 Applications and Validations 

First of all, a one-dimensional driver problem based on the developed damage-self 

healing mechanism is conducted by the Matlab codes. Two models are demonstrated: (1) 

thermo-elastic damage-self healing model and (2) thermo-elastoviscoplastic damage-self healing 

model. Secondly, to validate the damage-self healing models, experimental data obtained by 

Texas A&M University (TAMU) and the North Carolina State University (NCSU) for asphalt 

mixtures are compared with numerical prediction by the proposed thermo-elastoviscoplastic 

isotropic damage-healing models.   

4.3.1 One-Dimensional Driver Problem 

Based on the proposed thermo damage-healing mechanism, the history of homogenized 

stress, net stress, damage and healing thresholds, and damage net variables can be calculated and 
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obtained under a specified cycle of strain control. Two cases are studied and presented using the 

(1) thermo-elastic damage model and (2) thermo-elastoviscoplastic damage-self healing model 

by adjusting temperature condition, the yield stresses, the initial damage thresholds, and the 

initial healing thresholds in the Matlab codes. The corresponding numerical results are presented 

and discussed in the following. 

Case I: Thermo-elastic damage-self healing model 

In this case, there are four different scenarios: (1) general loading-unloading-reloading 

(LUR), (2) cyclic loading (one cycle), (3) temperature effect for LUR, and (4) rest period effect 

for LUR. The initial damage threshold and the healing threshold are set as 0.08 and 0, 

respectively. Elastic behavior is only considered so that the yield stress is set as infinity. Figure 

4.1(a) shows that the decrease in stress is observed due to the evolution of damage after strain 

energy norm is greater than the initial damage threshold, 0.08. However, there is no stress 

reduction and the same shape and magnitude of stress in net space presented in Figure 4.1(b) 

because of no damage and thermo effect included. In Figure 4.1 (c), strain goes back to origin 

under the unloading situation and 300 steps later the reloading starts. The slope of the 

stress-strain curve after 300 steps is greater than that before 300 steps since self-healing lasts for 

300 steps. Figure 4.1(d) represents the evolution of the damage net variable and this process is 

now reversible because microcracks and/or other microscopic defeats can be recovered during 

the rest period. Similarly, healing variable is able to decrease in value because damaged area 

increases during reloading. On the contrary to damage net and healing variables, process of 

damage is assumed to be irreversible and the damage is a monotonically increasing function of 

strain energy norm as shown in Figure 4.1(e). Comparing 10 °C (the dashed line) and 20 °C (the 
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solid line), the stress for 10 °C is higher than that for 20 °C because viscosity of asphalt mixtures 

exposed to higher temperature is higher than lower one. In other words, bituminous materials 

exposed to 10 °C carry the higher load than 20 °C. For damage net and damage variables in 

Figure 4.1(d) and (e), the variable for 10 °C is higher since its strain energy norm is higher. In 

contrast, the healing variable for 10 °C is lower than that for 20 °C since a detectable increase in 

moduli after exposure to the higher temperature is observed due to viscosity of asphalt mixtures 

[5].   

Figure 4.2 demonstrates one cycle loading case. For simplicity, the behavior of material 

in tension and compression is assumed to be the same. The initial damage threshold and the 

healing threshold are set as 0.08 and 0.005, respectively. The same fashion of homogenized 

stress as general LUR in tension is shown in Figure 4.2(a), but different homogenized stress 

history in compression is recorded due to accumulated damage net variable when compressive 

stress starts. Therefore, the maximum compressive stress is smaller than the maximum tensile 

stress. In Figure 4.2(b), no damage and temperature effects are observed in net space. Since the 

yield stress is set as infinity, stress-strain curve always passes through the origin. Figure 4.2(d) 

represents the damage net variable and this variable decreases when the homogenized 

compressive stress reaches zero and strain energy norm is below certain point. 
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(a) Homogenized Stress (b) Net Stress 

 
 

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.1 Corresponding results of one-dimensional driver problems by thermo-elastic 

damage and healing model (10 °C and 20 °C) 
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(a) Homogenized Stress (b) Net Stress 

 
 

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.2 Corresponding results of one-dimensional driver problems by thermo-elastic 

damage and healing model (10 °C and 20 °C) 
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According to Kim et al. (1994), healing is a function of both temperature and rest periods. 

Figure 4.3 and Figure 4.4 are demonstrated to illustrate these two effects. The initial damage 

threshold and the healing threshold are set as 0.08 and 0 again. In Figure 4.3, the temperature is 

set the same, 20 °C, until the end of unloading. Then, one case keeps the same temperature 

(20 °C) for 300 time steps (from point A to B), and the other case increase the temperature to 

30 °C. Reloading starts after 300 steps (point B). The solid line and the dashed line represent the 

response at 20 °C and 30 °C, respectively. In homogenized stress history in Figure 4.3 (a), the 

maximum stress at 30 °C is clearly larger than that at 20 °C because more healing is accumulated 

during the rest period due to higher temperature. In Figure 4.3(b), the slope of stress-strain curve 

after exposure to higher temperature is definitely higher than one exposed to lower temperature. 

The smaller damage net variable is observed at 30 °C because it has more healing. There is not 

much difference for damage variable between two temperatures since the damage occurs during 

loading and unloading process. Figure 4.4 shows the healing effect due to the rest period under 

controlled temperature. In Figure 4.4(a), the difference of maximum stress between 100 steps 

and 300 steps is not clear because of time gap. It is also no difference in net space as presented in 

Figure 4.4(b). In case of homogenized stress-strain curve shown in Figure 4.4(c), the slope for 

300 time steps is higher than one for 100 steps in the beginning of reloading and the 

homogenized stress for 300 steps of the rest period is entirely larger than one for 100 time steps.  
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(a) Homogenized Stress (b) Net Stress 

 
 

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.3 Corresponding results of one-dimensional driver problems by thermo-elastic 

damage and healing model (20 °C and 30 °C for healing period) 
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(a) Homogenized Stress (b) Net Stress 

  

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.4 Corresponding results of one-dimensional driver problems by thermo-elastic damage 

and healing model (100 steps and 300 steps for healing period) 
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Case II: Thermo-elastoviscoplastic damage-self healing model 

Similar to Case I, four different scenarios are demonstrated: (1) general LUR, (2) cyclic 

loading (one cycle), (3) temperature effect for LUR, and (4) rest period effect for LUR. For the 

general simulation case, the initial damage threshold and the healing threshold are set as 0.08 and 

0.1, respectively, and the yield stress is assumed to be 1. Figure 4.5(a) indicates that the stress 

softening response is presented due to damage and viscoplastic deformation in physical space, 

whereas the stress decreases with time because of only viscoplastic deformation considered in 

net space in Figure 4.5(b). For the stress-strain curve in Figure 4.5(c), the softening is clearly 

observed due to the combination of viscoplastic strain and damage variable. Since healing occurs 

during the rest period, the elastic Young’s modulus for reloading is greater than that for 

unloading. The fashion of damage net, damage, and healing variables is the same as the 

thermo-elastic damage-self healing model because damage and healing process is completely 

independent on viscoplastic deformation process.  

Figure 4.6 demonstrates one cycle loading under two different temperature conditions. 

The initial damage threshold and the yield stress are the same as LUR case, while the healing 

threshold is assumed to be 0.03. Moreover, it is assumed that the model is isotropic hardening 

and the damage due to both compressive and tensile loading are the same for this simple 

demonstration. Decrease in homogenized stress in Figure 4.6(a) is caused by both viscoplastic 

deformation and damage, while the reduction in net stress shown in Figure 4.6(b) is due to only 

viscoplastic strain. The softening response is clearly observed in Figure 4.6(c) because of 

viscoplastic strain and damage variable. Since damage and healing processes are definitely 

independent, they are separately evolved. In other words, no healing evolves when damage 
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occurs. Vice versa, healing evolves only if no damage occurs. Moreover, healing is able to 

decrease in value when damage occurs again under the reloading because healing is reversible 

process. Therefore, the damage net variable can be reduced by amount of healing shown in 

Figure 4.6(f). 
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(a) Homogenized Stress (b) Net Stress 

 
 

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.5 Corresponding results of one-dimensional driver problems by thermo- 

elastoviscoplastic damage and healing model (10 °C and 20 °C) 
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(a) Homogenized Stress (b) Net Stress 

 
 

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.6 Corresponding results of one-dimensional driver problems by 

thermo-elastoviscoplastic damage and healing model (10 °C and 20 °C) 
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Figure 4.7 and Figure 4.8 provide healing effect due to either temperature or the rest 

period. It is assumed that the initial damage threshold and the healing threshold are 0.08 and 0.1, 

respectively, and the yield stress is 1. In Figure 4.7, increase in temperature for the rest period 

(point A to B) causes more healing. As a result, the homogenized stress at 30 °C is higher than 

that at 20 °C after reloading is completed in presented Figure 4.7(a). In contrast to the 

homogenized stress history, the net stresses are the same in Figure 4.7(b) because temperature 

effect, damage, and healing are not considered in net space. In Figure 4.7(c), the Elastic Young’s 

modulus at 30 °C is greater than that at 20 °C after reloading is finished since the bituminous 

material exposed to 30 °C is partially recovered. Damage occurs only when loading is applied so 

that the damage variables for both cases are the same shown in Figure 4.7(e) because the 

temperature for reloading is the same. However, the amount of healing is different due to 

temperature difference for the rest period as presented in Figure 4.7(f). Therefore, the damage net 

at 30 °C after completion of the rest period is smaller than that at 20 °C. The homogenized stress 

for 100 steps is slightly small than that for 300 steps shown in Figure 4.8(a), whereas the net 

stresses are the same for 100 steps and 300 steps. In Figure 4.8(c), it is observed that the Young’s 

modulus after 100 steps is slightly small than 300 steps. For damage variable in Figure 4.8(e), 

the final damage variable after 100 steps is definitely smaller than that after 300 steps because 

more healing makes the damage threshold lower and then more damage can occur. However, 

when the damage and the healing are combined to make damage net variable, it becomes very 

close to each other as presented in Figure 4.8(d). This is the main reason the Young’s modulus 

after 300 steps is slightly higher than that after 100 steps.  
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(a) Homogenized Stress (b) Net Stress 

 
 

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.7 Corresponding results of one-dimensional driver problems by 

thermo-elastoviscoplastic damage and healing model (20 °C and 30 °C for healing period) 
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(a) Homogenized Stress (b) Net Stress 

  

(c) Stress-Strain (d) Damage Net Variable 

  

(e) Damage Variable (f) Healing Variable 

Figure 4.8 Corresponding results of one-dimensional driver problems by thermo- 

elastoviscoplastic damage and healing model (100 steps and 300 steps for healing period) 

0 200 400 600 800
Time Steps

0

0.2

0.4

0.6

0.8

1
S

tr
es

s
300 steps

100 steps

0 200 400 600 800
Time Steps

0

0.4

0.8

1.2

1.6

2

S
tr

es
s

300 steps

100 steps

0 0.02 0.04 0.06 0.08 0.1
Strain

0

0.4

0.8

1.2

S
tr

es
s

300 steps

100 steps

0 200 400 600 800
Time Steps

0

0.2

0.4

0.6

0.8

1



0

0.2

0.4

0.6

0.8

1

d
n

et

300 steps

100 steps

d net(300 steps)

d net(100 steps)

0 200 400 600 800
Time Steps

0

0.2

0.4

0.6

0.8

1



0

0.2

0.4

0.6

0.8

1

d

(300 steps)

(100 steps)

d (300 steps)

d (100 steps)

0 200 400 600 800
Time Steps

0

0.2

0.4

0.6

0.8

1



0

0.2

0.4

0.6

0.8

1

R

(300 steps)

(100 steps)

R (300 steps)

R (100 steps)



97 

 

4.3.2 Comparison between Experimental Results and Model Prediction 

The initial energy-based thermo-elastoviscoplastic isotropic damage-self healing 

mechanism and computational framework developed in Chapter 3 and previous section is 

employed in this section for predicting fundamental characteristics of the behavior of bituminous 

composites within experimental error. In view of the wide scattering in available experimental 

data for asphalt mixtures and the present imperfection of experimental techniques, a precise 

quantitative evaluation of the predicting capabilities of a given constitutive model with this 

damage-self healing model may not seem to be guaranteed. However, a comprehensive 

qualitative production of the main features of asphalt material behavior should play a central role 

in material modeling.   

A two-invariant Drucker-Prager yield criterion with Perzyna viscoplasticity model is 

chosen and employed because it is hydrostatic stress dependent and a viscoplastic material. In 

addition, experimental measurements for the bituminous materials indicate that the yield surface 

is not the same as the viscoplastic potential surface because the associative flow rule 

overestimates the behavior of dilation for asphalt composites [8][12]. Therefore, non-associative 

flow rule is employed in the model. Lemaitre and Chaboche (1990) and Tan et al. (1994) shows 

that material constant A in Drucker-Pracker yield evolves the permanent deformation while B is 

almost a constant as the materials permanently deforms. Moreover, equivalent viscoplastic strain 

is used for the hardening law. Based on these reasons, radial return algorithm [2] is summarized 

in BOX 4.2 and BOX 4.2.  
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BOX 4.1 Radial return algorithm in net space 
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BOX 4.2 Consistency condition and determination of 1
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To validate the proposed damage-self healing model, the experimental data are taken 

from the well-documented experimental program preformed at the Texas A&M University 

(TAMU) and the North Carolina State University (NCSU) [1][6]. Due to the limitation of 

available experimental data, the thermo-elastoviscoplastic damage model against the monotonic 

uniaxial compression tests with different strain rates at different temperatures is first chosen and 

the elastoviscoplastic damage-self healing model against the cyclic strain loading control test at 

constant temperature for two different asphalt materials is shown for the verification in this 

section. The proposed thermo-elastoviscoplastic damage-self healing model is equivalent to the 

thermo-elastoviscoplastic damage model when the damage is considered only for monotonic 

uniaxial tests. As a result, the net space is equal to the effective space and damage net variable is 

the same as damage variable. In the case of the second example, the proposed model becomes 

the elastoviscoplastic damage-self healing model since the experiment was conducted under the 
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only one constant temperature. By comparing these two cases, the proposed models demonstrate 

capability in predicting the temperature-dependent mechanical behavior of bituminous 

composites.  

 

TAMU asphalt concrete data 

The experimental data for the following example are retrieved from the literature paper [1] 

on monotonic uniaxial compression tests of Hot Mix Asphalt. 10 mm Dense Bitumen Macadam 

which is a continuously graded mixture with asphalt binder content of 5.5% and Granite 

aggregates and an asphalt binder with a penetration grade of 70/100 were used for tests. The size 

of cylindrical specimen is 100 mm in diameter and 100 mm in height compacted by the gyrator 

compactor. The tests were conducted at three different temperatures, 10 ºC, 20 ºC, and 40 ºC. 

The three different strain rates were used from 0.005 1s to 0.00005 1s for 10 ºC and 20 ºC, 

while for 40 ºC only two strain rates, 0.005 1s and 0.0005 1s ,were tested. The experimental 

data for 20 ºC were considered as reference material properties. The optimal material parameters 

of the bituminous composites for simulations are obtained from the experimental data by fitting 

and summarized in Table 4.1.  

Table 4.1 The associated bituminous material properties at 20 ºC in simulations 

 10.005 s   10.0005 s    10.00005 s    

Young’s modulus  290,000 (kPa)  130,000 (kPa)  70,000 (kPa)  

Poisson’s ratio 0.35  

Viscosity 244 (kPa/sec)  

Lame constants  250,617 (kPa)  112.345 (kPa)  60,493 (kPa)  

Shear modulus 107,407 (kPa)  48,148 (kPa)  25,925 (kPa)  

Initial damage 

threshold 
2.0 

0A  20 (kPa)  
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Figure 4.9 shows the experimental and numerical results at two or three strain rates under 

different temperature conditions. The stress in y-axis in Figure 4.9(a), (c), and (e) is the stress in 

axial direction. Good qualitative and quantitative agreements between the proposed 

thermo-elastoviscoplastic damage model and the experimental data are clearly observed.  In 

particular, softening responses are well captured as presented in Figure 4.9(a), (c), and (e). The 

damage net variable is equivalent to the damage variable because the monotonic uniaxial 

compression experimental results were employed for comparisons between model prediction and 

simulation. Therefore, the thermo-elastoviscoplastic damage-self healing model was employed 

so that the damage net variable was used for the plots as shown in Figure 4.9(b), (d), and (f). 

Figure 4.9(b) describes that accumulated damage increases as strain increase and the maximum 

damage is approximately 0.9 when the strain reaches 12%. For 10.0005 s   case, the damage 

net variables are slight higher than 0.8 while in case of 10.00005 s   the damage net 

variables are clearly lower than 0.8. In view of temperature, the damage net for high temperature 

at the same strain rate is the lowest variable because the bituminous materials become more 

viscous and it lowers the damage level. Moreover, the damage starting point for lower 

temperature is close to zero strain level. In other words, the asphalt concretes are more 

susceptible to damage at low temperature because they lose viscous material properties and 

become brittle. Figure 4.9(c) and (d) show that the proposed model is able to capture the 

experimental data. However, there is a small gap between the model and the experimental data. 

Authors may expect the reasons of this small gap because the volumetric and deviatoric damage 

is different to each other [4]. The damage net variables for different strain rate, 0.0005 1s to 

0.00005 1s , are plotted in Figure 4.9(d) and (f), respectively. Their patterns are the exact same 
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as the strain rate of 0.005 1s . The damage net variables are replotted at the same temperature in 

Figure 4.10 to demonstrate viscous damage effect. The damage net increases with increasing 

strain rate. In other words, the fast loading causes more damage on bituminous materials.  
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(a) Stress-Strain ( 10.005 s  ) (b) Damage Net Variable( 10.005 s  ) 

  

(c) Stress-Strain( 10.0005 s  ) (d) Damage Net Variable( 10.0005 s  ) 

  

(e) Stress-Strain( 10.00005 s  ) (f) Damage Net Variable( 10.00005 s  ) 

Figure 4.9 Comparison between experimental data and model prediction for the uniaxial constant 

strain rate test in compression ( 10.005 ~ 0.00005 s  ) 
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(a) 10 °C 

 

(b) 20 °C 

 

(c) 40 °C 

Figure 4.10 Comparison for damage net variables at constant temperature 
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NCSU asphalt mixture data  

The experimental data for the following example are taken from Lee’s dissertation [6] on 

controlled-strain cyclic tension tests of two different asphalt concretes, AAD and AAM. AAD 

has a tendency for age hardening and cracking and AAM is described as a good performer with a 

low temperature susceptibility and potential for a low temperature cracking. The size of 

cylindrical specimen was 10.2 cm in diameter and 25 cm in height. The strain amplitudes of 

controlled-strain cyclic tests were 0.0009 and 0.001 for AAD and AAM mixtures, respectively, 

and the frequency of the test was set as 1 Hz. Due to the limitation of experimental tension data 

at different temperatures, the model and experimental results for the cyclic strain controlled in 

tension are compared at only one constant temperature, 25 ºC. Although healing theoretically 

occurs during unloading of the first cycle, it is close to zero because the amount of accumulated 

damage is small. As the number of cycles grows, the increase in accumulated damage result in 

increase in damaged healing threshold and increase in the amount of healing. Therefore, more 

healing can be observed as the number of cycles increases. The optimal material parameters of 

AAD and AAM for simulations are also obtained from the experimental data by fitting and 

summarized in Table 4.2 The associated asphalt material properties at 25 ºC in simulations.  
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Table 4.2 The associated asphalt material properties at 25 ºC in simulations 

 AAD AAM 

Young’s modulus  1,300,000 (kPa)  1,200,000 (kPa)  

Poisson’s ratio 0.3  

Viscosity 244 (kPa/sec)  

Lame constants  750,000 (kPa)  692,307(kPa)  

Shear modulus 500,000 (kPa)  461,538 (kPa)  

Initial damage 

threshold 
0.15 

Initial healing 

threshold 
0.13 

0A  20 (kPa)  

 

Figure 4.11 clearly shows that the proposed elastoviscoplastic damage-self healing model 

can capture the results of the controlled-strain cyclic loading tests for AAD and AAM. Since a 

two-invariant Drucker-Prager yield criterion with Perzyna viscoplasticity model is employed, the 

stress-strain curve moves down as increasing cycles. As a result, stress-strain loops for 287th 

cycle for AAD and 1188 cycle for AAM move down from the first cycle loop for each type of 

asphalt concrete. As shown in Figure 4.11(c), the 287th cyclic experimental data are close to the 

simulated results (red solid line) when the damage-self healing model is employed. However, if 

damage is only considered, damage variable is higher than damage net and the stiffness of the 

material is reduced (blue solid line). Figure 4.11(d) demonstrates that the numerical result (blue 

solid line) when the damage model is chosen does not predict the experimental data for 1188th 

cyclic loading due to too much damage. The history of damage net for AAD and AAM is plotted 

in Figure 4.11(e) and (f). The shape of these damage net variables seem to be similar to the 

damage variable as shown in Figure 4.10(b), (d), and (f). However, enlarging damage net 

variable shown in Figure 4.12, the damage net variable increases with increasing damage 

variable and decreases when healing occurs. Since the damage net is combination of damage 
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variable and healing variable, there are many possibilities for the same damage net variables so 

that only damage net variable is plotted in Figure 4.11 and Figure 4.12. When the energy norm 

due to cyclic loading exceeds healed damage threshold (point A) in Figure 4.13(a), damage and 

damage net variables increase until the end of reloading (B). The unloading reign is between 

points B and D and the healing occurs at point C in Figure 4.13(a) and damage net variable 

decreases when the energy norm is smaller than damaged healing threshold. At point D as 

presented in Figure 4.13(a), the reloading starts again and damage and damage net is constant 

until it reaches healed damage threshold at point E as shown Figure 4.13(a). Comparison 

between AAD and AAM in Figure 4.13(b) shows that damage net variable is clearly dependent 

on material properties.  
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(c) 287
th

 Cycle (AAD) (d) 1188
th 

Cycle (AAM) 

  

(e) Damage Net Variable (AAD) (f) Damage Net Variable (AAM) 

Figure 4.11 Comparison between experimental data and model prediction for the cyclic loading 

in tension 
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(a) Damage Net Variable (AAD) (b) Damage Net Variable (AAM) 

Figure 4.12 Enlarged damage net variables 

 

  

(a) Loading Cycle (AAD) (b) Damage Net Variable 

Figure 4.13 Loading cycle for AAD and comparison of damage net variables between AAD and 

AAM 
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5. NEW INITIAL STRAIN ENERGY BASED THERMO- 

ELASTOVISCOPLASTIC TWO-PARAMERTER DAMAGE-SELF 

HEALING MODEL FOR BITUMINOUS COMPOSITES – PART I: 

FORMULATIONS 

 

5.1 Introduction  

First, new initial elastic energy based thermo-elastoviscoplastic two-parameter 

damage-self healing formulations, based on continuum thermodynamics framework, are 

developed in this chapter. In particular, the governing volumetric and deviatoric damage and 

self-healing evolutions are coupled in an incremental form with definition of volumetric and 

deviatoric damage and healing area and characterized through the net stress concept in 

conjunction with the hypothesis of strain equivalence. Then, a conceptual example with two 

linearly independent springs which are in vertical and horizontal direction is conceptually 

illustrated for the proposed two-parameter model.  

 

5.2 A Coupled Isotropic Formulation  

A basic idea underlining the initial (undamaged) elastic strain energy based 

two-parameter damage-self healing formulations presented in this section is the hypothesis that 

incremental two parameter damage and self-healing histories in bituminous composite are 

directly linked to the history of total strains with Arrhenius-type temperature term. The notion of 
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net healed stress along with the hypothesis of strain equivalence follows from the assumed form 

of free energy. The Arrhenius-type temperature term is chosen uncoupled for simplicity in order 

to consider the effect of the temperature for bituminous materials. The proposed volumetric and 

deviatoric damage, healing, and their combined (net) damage-healing variables are mainly 

focused in this chapter. 

 

5.2.1 Definition of Net (Combined) Variables of the Volumetric Damage and Healing 

We conceptually assume that area A can be decomposed into two parts: the volumetric 

area vA  and the deviatoric area dA . Moreover, it is assumed that the overlapping area does not 

exist and they is linearly independent.  

 
v dA A   (5.1) 

Let us define vd  as the volumetric damage variable and 
vR  as the volumetric healing 

variable, respectively, in the following with the volumetric damaged area d

vA , the volumetric 

healed area R

vA , and the volumetric unhealed uR

vA .  

 d

v v vd A A  (5.2) 

 R d

v v vR A A  (5.3) 

Due to the assumption that only volumetric undamaged and healed area can sustain the 

volumetric loading in continuum damage mechanics presented in Figure 5.1, we define net

vd as a 

scalar variable to describe the net (combined) effect of volumetric damage-healing 
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 net net

v v v vA Aσ σ  (5.4) 

  1net

v v vd d R   (5.5) 

 

5.2.2 Definition of Net (Combined) Variables of the Deviatoric Damage and Healing 

Let us define dd  as the deviatoric damage variable and 
dR  as the deviatoric healing 

variable, respectively, below with the deviatoric damaged area d

dA , the deviatoric healed area R

dA , 

and the deviatoric unhealed uR

dA .  

 d

d d dd A A  (5.6) 

 R d

d d dR A A  (5.7) 

Due to the assumption that only deviatoric undamaged and healed area can sustain the 

deviatoric loading in continuum damage mechanics presented in Figure 5.1, we define net

dd as a 

scalar variable to describe the net (combined) effect of deviatoric damage-healing 

 net net

d d d dA Aσ σ  (5.8) 

  1net

d d dd d R   (5.9) 
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Figure 5.1 Schematic illustration of the physical, net, and effective spaces 

 

 

5.2.3 Net Stress Concept and Hypothesis of Strain Equivalence   

The initiation, growth, and coalescence of microcracks and microvoids result in physical 

and mechanical deterioration of the material properties. On the contrary to this degradation, if the 

damage is gradually and subsequently recovered due to the effect of temperature and 

compactions and its strength and stiffness are partially or fully healed, this is called healing. 

Within the continuum mechanics, one can model these processes by introducing the internal 

damage-healing variables which can be a tensorial quantity with two variables. We denote by 

( )net net M I D a fourth-order tensor which characterizes the state of damage net and transforms 

the homogenized stress tensor σ  into the net stress tensor net
σ  (or vice versa). Accordingly, 



 

net

net net



 

 
1

I - D


  
1

I - D I - Dnet  
1

I - Dnet


Physical Space Net Space Effective Space

R

vA

uR

vA

d R uR

d d dA A A 
net uR

d d dA A A  d

d d dA A A 

d R uR

v v vA A A 

R

dA

v d   

uR

dA

net net net

v d    v d   

net uR

v v vA A A  d

v v vA A A 
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   

11
:σ M σ

net netT


   (5.10) 

where  T  is the Arrhenius-type temperature term and defined as follows  

  
0

exp 1
T

T
T

   
    

   
δ  (5.11) 

wherein which δ is a material constant and 0T  is the reference temperature (℃).  

For the isotropic two-parameter damage and healing case, the mechanical behavior of 

microdamage and healing is independent of their orientation and depends only on two scalar 

variables (1 )net

v v vd d R   and (1 )net

d d dd d R   and Eq.(5.10) then collapses to (see the 

Appendix) 

      

           

( ) :

1 1

net net

net net net net

v v d d

t t T

d t t d t t T

σ I D σ

      σ σ

   

    
 




 (5.12) 

 1 1

3 3

net net net

v dd d
 

     
 

D 1 1 I 1 1  (5.13) 

where   0,net net

v v,cd t d    for t   is the volumetric net damage-healing variable, 

  0,net net

d d,cd t d    for t   is the deviatoric net damage-healing variable,  tσ  is the 

Cauchy stress tensor, and  σnet t  is the net stress tensor. Here, 0,1net

v,cd  and 0,1net

d,cd   are 

a constant. The coefficients,  1 net

vd t  and  1 net

dd t , in Eq. (5.12) are a reduction factor 

associated with combined effect of damage and healing in the materials. The value 0net

vd   

corresponds to the volumetric undamaged state or fully volumetric healing state whereas a value 

 0,net net

v v,cd d  represents a volumetric damaged state. The value net net

v v,cd d  defines complete 



117 

 

local volumetric rupture. The value 0net

dd   corresponds to the deviatoric undamaged state or 

fully deviatoric healing state whereas a value  0,net net

d d,cd d  represents a deviatoric damaged 

state. The value net net

d d,cd d  defines complete local volumetric rupture. We assume that it is 

complete local rupture when either the volumetric damage net variable net

vd or the deviatoric 

damage net variable net

dd is equal to either net

v,cd  or net

d,cd , respectively. The volumetric net 

damage-healing variable may be interpreted physically as a ratio of difference between 

volumetric damaged and healed surface area to total volumetric surface area at a local material 

point. Similar to volumetric net damage-healing variable, the deviatoric net damage-healing 

variable have the same concept because they are orthogonal.   

 We introduced the following hypothesis of strain equivalence by extending from the 

effective stress space to the net stress space [2]: 

“The strain associated with a damaged and healed state under the applied stress is 

equivalent to the strain net associated with its damaged and healed state under the net stress”. 

See Figure 5.2 for a schematic illustration. 
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Figure 5.2 Schematic illustration of the hypothesis of strain with Arrhenius-type temperature 

term 

 

5.2.4 The Thermodynamic Basis 

In order to introduce the net effect of the two parameter damage-healing, viscoplastic 

flow processes and temperature effect, a free energy potential in the following form is proposed: 

(see the Appendix) 

 
 

   0 0

, , , , , ,

1
(1 ) ( ) (1 ) ( ) : ,

2

v

v

ε e σ q

    ε e ε q σ

vp net net

v d

net net vp vp

v v d d

d d T

d d T



  
 

      
 

 
 (5.14) 

where  
1

3
ε ε 1v kk  denotes the volumetric strain tensor, e  is the deviatoric strain tensor, σvp  

is the viscoplastic relaxation stress tensor, q  is a suitable set of internal (viscoplastic) variables. 

Here, net

vd  signifies the scalar variable of net (combined) effect of volumetric damage and 



 

net

net
net

   
11

I - DnetT

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D 1 1 I
3
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v d devd d  

d R uR

d d dA A A 

d R uR

v v vA A A  net uR

v v vA A A 

net uR

d d dA A A 

R

vA

uR

vA

R

dA

uR

vA

v d    net net net

v d   
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healing, which depends on the volumetric damage variable vd , the incremental volumetric 

damage variable vd , the volumetric healing vR , and the incremental volumetric healing 

variable vR , all between 0 and 1 in numerical values. Similarly, net

dd  is the scalar variable of 

net (combined) effect of deviatoric damage and healing, which depends on the deviatoric damage 

variable dd , the incremental deviatoric damage variable dd  , the volumetric healing vR , and 

the incremental deviatoric healing variable dR , all between 0 and 1 in numerical values. 

Moreover,  0
εv v  defines the initial-elastic volumetric stored energy function of the 

undamaged material,  0 ed  is the initial-elastic deviatoric stored energy function of the 

undamaged material, and  , vp q   is the viscoplastic potential function. For the linear 

elasticity case, we have      
20 1 1

: : ,
2 2

v v v v kkK Kε ε 1 1 ε ε     where K denotes the bulk 

modulus and  0 :d Ge  e e  , where G represents the shear modulus. 

In many applications, the thermal dissipation is very much smaller than the mechanical 

dissipation so that it is reasonable to assume that the thermal dissipation rate can be ignored. The 

Clausius-Duhem becomes Clausius-Plank inequality which takes the form for any admissible 

process in this chapter 

 
: 0sT       (5.15) 

By taking the time derivative of Eq.(5.14), substituting it into Eq. (5.15), and making use 

of standard arguments [1] along with the additional assumption that the net effect of 

damage-healing and viscoplastic unloading are elastic processes, we can obtain the stress-strain 
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constitutive law 

  
 

 
 

 

      

0 0

1 1

1 1

v

v

ε e

ε e

   σ σ

v dnet net vp

v d

net net net net

v v d d

d d T

d d T

    
     

   

   

  



 (5.16) 

, the dissipative inequalities 

  
1
ε :σ 0

σ 2
q

q

vp

vp
T

    
      
   

  (5.17) 

      0 0 1
: 0

2
vε e q ε σ

q σ

net net vp

v v d d vp
d d T

 
 
   

       
   

  (5.18) 

and the entropy 

  
 , , , , ,vp net net

v d

T
s d d

T



 


vε e σ q


 (5.19) 

It follows from Eq.(5.16) that within the present strain space formulation, the stress 

tensor is split into elastic-damage-healing and the viscoplastic relaxation parts. From Eqs.(5.17) 

and (5.18), we observe that the dissipative energy by viscoplasticity itself is positive; if 

damage-healing effect is involved, the sum of damage-healing and viscoplasticity effect is also 

positive. It is also noted from Eqs. (5.17), (5.18), and (5.19) that the present framework is 

capable of accommodating general (nonlinear) elastic response and general viscoplastic 

response. 

The potential  , vp q   is linked to viscoplastic dissipation. Its role is such that 

inequality (5.18) is satisfied for arbitrary processes. Note that we have assumed that ( , )vp q   

is independent of net

vd  and net

dd . From Eq.(5.14), it then follows that 
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  
   0

, , , , , ,ε e σ q
ε

vp net net

v v d

v v vnet

v

d d T
Y T

d





    

  

(5.20) 

  
   0

, , , , , ,ε e σ q
e

vp net net

v v d

d dnet

d

d d T
Y T

d





    

  

(5.21) 

Hence, the initial (undamaged) volumetric elastic strain energy  0
εv v  is the 

thermodynamic force vY  conjugate to the net volumetric damage-healing variable net

vd ; the 

initial (undamaged) deviatoric elastic strain energy  0
ed  is the thermodynamic force dY  

conjugate to the net deviatoric damage-healing variable net

dd . Attention is then focused on the 

volumetric and deviatoric damage, the volumetric and deviatoric healing, and their interactions. 

 

5.2.5 Characterization of Initial-Elastic Strain-Energy Based Volumetric Damage  

The progressive degradation of mechanical properties of asphalt concrete due to damage 

by means of a simple isotropic damage mechanism is first characterized. To this end, we propose 

to define the notion of equivalent volumetric strain 
vξ  as the (undamaged) energy norm of the 

volumetric strain tensor. 

 
   

2
0

0

1
( ) exp 1

2
v v kk

T
ξ T K ε

T
  

    
       

     
 (5.22) 

where 22 33kk 11        

We now characterize the state of volumetric damage in asphalt composites by means of a 

damage criterion  , ,, 0d

v v t v tg   , formulated in the strain space, with the following functional 



122 

 

form: 

  , , , ,, 0d

v v t v t v t v tg g t                 (5.23) 

where the subscript t  refers to a value at current time t  , and v,tg  is the volumetric 

damage threshold at the current time t . It is noted that the numerical value of v,tg  would be 

lowered due to the incremental volumetric healing (if any) from the previous time step. Let 0v,g  

denote the initial volumetric damage threshold before any loading is applied; we then have 

0v,t v,g g . Here, 0v,g  is considered as a characteristic material property. The condition (5.23) 

states that volumetric damage in bituminous materials is initiated when the volumetric energy 

norm of the strain tensor ,v t exceeds the initial volumetric damage threshold 0v,g . For the 

volumetric damage case, we define the evolution of the volumetric damage variable v,td  and the 

volumetric damage threshold v,tg , respectively, by the rate equations: 

  , , ,,v t v v v t v td H d   (5.24) 

 
v vg   (5.25) 

where 0vμ   is a volumetric damage consistency parameter that defines the volumetric damage 

loading/unloading conditions according to the Kuhn-Tucker relations 

    , , , ,0, , 0, , 0d d

v v v t v t v v v t v tg g                       (5.26) 

The conditions (5.26) are standard for problems involving unilateral constraint. If 

 , ,, 0d

v v t v tg   , the damage criterion is not satisfied and by conditions (5.26), 0v  ; hence, 

the volumetric damage rule (5.24) implies that 0vd   and no further volumetric damage takes 
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place. If, on the other hand, 0v  ; that is, further volumetric damage (“loading”) is taking 

place, then conditions (5.26) implies that  , ,, 0d

v v t v tg   . In this event, the value of vμ  is 

determined by the volumetric damage consistency condition; i.e., 

    , , , ,, , 0d d

v v t v t v v t v t v vg g            (5.27) 

and v,tg  is defined by the expression presented in Eq. (5.28) 

    , ,0 , , 1
( , )

max , maxv t v v s vh t
s t

g g g


 
   (5.28) 

where 
 1vh, t

g


 defines the reduced value for the current volumetric damage threshold due to the 

incremental volumetric healing (if any) from the previous time step. 

If  , ,,v v t v tH d  in condition (5.24) is independent of v,td , the above formulation may 

be rephrased as follows. let :vG   be such that    , , ,/v v t v v t v tH G     . We shall 

assume that  vG   is a monotonic function. A damage criterion entirely equivalent to condition 

(5.23) is given by      , , , ,, 0d

v v t v t v v t v v tg G G g     . The flow rule and loading/unloading 

conditions then become  

  , ,

, ,

,

,
,

d

v v t v t

v t v t v

v t

g
d g          

 
 




 


 (5.29) 

    , , , ,0, , 0, , 0d d

v v v t v t v v v t v tg g                     (5.30) 

Conditions (5.29) and (5.30) are simply the Kuhn-Tucker optimality conditions of a principle of 

maximum volumetric damage dissipation. 

Existing experimental data of asphalt materials present that the amount of microcracks or 
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microcavities at a particular strain level demonstrates rate sensitivity to the applied rate of 

loading in a (high strain rate) dynamic environment. A simple phenomenological characterization 

of this effect may be obtained by means of a viscous regularization of the rate-independent 

strain-based damage model introduced previously. Formally, the structure of this regularization is 

entirely analogous to the classical viscoplastic regularization of the Perzyna type [2][3]. The 

resulting rate-sensitive damage model (a) requires only one additional material parameter, i.e. the 

volumetric damage fluidity coefficient (
v ); (b) as 

v  approaches zero exhibits instantaneous 

elastic response, whereas 
v approaches infinity reduces to the rate-independent volumetric 

damage characterization; and (c) predicts decrease in nonlinearity of the stress-strain curves as 

the strain rate is increased. In other words, microcrack or microcavity growth is retarded at low 

strain rates.  

Rate equations governing visco-damage behavior are obtained from their 

rate-independent counterpart by replacing consistency parameter 
v  by  d

v vg  . Here 
v  is 

the volumetric damage fluidity coefficient (a material constant). The scalar function  d

vg 

represents the viscous volumetric damage flow function and d

v is defined in Eq. (5.23). 

Accordingly, we have 

    , , ,,d

v t v v v v t v td g H d    (5.31) 

  ,

d

v t v vg g   (5.32) 

where   denotes the McAuley bracket (ramp function). For simplicity, in what follows we 

shall assume linear viscous damage, i.e.  d d

v vg   . Hence, Eqs.(5.31) and (5.32) reduce to  
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    , , , , ,, ,d

v t v v v t v t v v t v td g H d     (5.33) 

  , , , , ,,d

v t v v v t v t v v t v tg g g        (5.34) 

The inviscid volumetric damage characterization and the instantaneous elasticity 

response can then be obtained as special cases of the rate-dependent damage formulation. These 

special cases and the related algorithmic treatments of visco-damage are addressed in details in 

Chapter 6.  

 

5.2.6 Characterization of Initial-Elastic Strain-Energy Based Deviatoric Damage  

Similarly, we ascribe the notion of equivalent deviatoric strain dξ  as the (undamaged) 

energy norm of the deviatoric strain tensor. Motivated by Eq. (5.21), we define:  

 
   0

0

1
( ) : exp 1

2
d

T
ξ T G

T
 

    
       

     
e e e  (5.35) 

where 
1

3
kke ε 1    

Likewise, we characterize the state of deviatoric damage in asphalt composites by means 

of a deviatoric damage criterion  , ,, 0d

d d t d tg   , formulated in strain space, with the following 

functional form: 

  , , , ,, 0d

d d t d t d t d tg g t                (5.36) 

where the subscript t  refers to a value at current time t  , and d,tg  is the deviatoric 

damage threshold at the current time t . It is noted that the numerical value of d,tg  would be 
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lowered due to the incremental deviatoric healing (if any) from the previous time step. Let 0d,g  

denote the initial deviatoric damage threshold before any loading is applied; we then have 

0d,t d,g g . Here, 0d,g  is considered as a characteristic material property. The condition (5.36) 

states that deviatoric damage in asphalt materials is initiated when the deviatoric energy norm of 

the strain tensor ,d t exceeds the initial deviatoric damage threshold 0d,g . For the deviatoric 

damage case, we define the evolution of the deviatoric damage variable d,td  and the deviatoric 

damage threshold d,tg , respectively, by the rate equations: 

  , , ,,d t d d d t d td H d   (5.37) 

 
d dg   (5.38) 

where 0dμ   is a deviatoric damage consistency parameter that defines the deviatoric damage 

loading/unloading conditions according to the Kuhn-Tucker relations 

    , , , ,0, , 0, , 0d d

d d d t d t d d d t d tg g                      (5.39) 

The conditions (5.39) are standard for problems involving unilateral constraint. If 

 , ,, 0d

d d t d tg   , the deviatoric damage criterion is not satisfied and by conditions (5.39), 

0d  ; hence, the deviatoric damage rule (5.37) implies that 0dd   and no further deviatoric 

damage takes place. If, on the other hand, 0d  ; that is, further deviatoric damage (“loading”) 

is taking place, then conditions (5.39) implies that  , ,, 0d

d d t d tg   . In this event, the value of 

dμ  is determined by the deviatoric damage consistency condition; i.e., 
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    , , , ,, , 0d d

d d t d t d d t d t d dg g           (5.40) 

and d,tg  is defined by the expression presented in Eq. (5.28)  

    , ,0 , , 1
( , )

max , maxd t d d s dh t
s t

g g g


 
   (5.41) 

where 
 1dh, t

g


 defines the reduced value for the current deviatoric damage threshold due to the 

incremental deviatoric healing (if any) from the previous time step. 

If  , ,,d d t d tH d  in condition (5.37) is independent of d,td , the above formulation may 

be rephrased as follows. let :dG   be such that    , , ,/d d t d d t d tH G     . We shall 

assume that  dG   is a monotonic function. A damage criterion entirely equivalent to condition 

(5.23) is given by      , , , ,, 0d

d d t d t d d t d d tg G G g     . The flow rule and loading/unloading 

conditions then become  

  , ,

, ,

,

,
,

d

d d t d t

d t d t d

d t

g
d g

 
 




 


           (5.42) 

    , , , ,0, , 0, , 0d d

d d d t d t d d d t d tg g                    (5.43) 

Conditions (5.42) and (5.43) are simply the Kuhn-Tucker optimality conditions of a 

principle of maximum deviatoric damage dissipation. 

Analogous to the rate-dependent volumetric damage model, the resulting rate-sensitive 

deviatoric damage model (a) requires only one additional material parameter, i.e. the deviatoric 

damage fluidity coefficient (
d ); (b) as 

d  approaches zero exhibits instantaneous elastic 

response, whereas 
d  approaches infinity reduces to the rate-independent deviatoric damage 
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characterization; and (c) predicts decrease in nonlinearity of the stress-strain curves as the strain 

rate is increased. In other words, microcrack or microcavity growth is retarded at low strain rates.  

Rate equations governing visco-damage behavior are obtained from their rate-independent 

counterpart by replacing consistency parameter 
d  by  d

d dg  . Here d  is the deviatoric 

damage fluidity coefficient (a material constant). The scalar function  d

vg  represents the 

viscous deviatoric damage flow function and d

d is defined in Eq.(5.36). Accordingly, we have 

    , , ,,d

d t d d d d t d td g H d    (5.44) 

  ,

d

d t d dg g   (5.45) 

where   denotes the McAuley bracket (ramp function). For simplicity, in what follows we 

shall assume linear viscous damage, i.e.  d dg   . Hence, Eqs.(5.44) and (5.45) reduce to  

    , , , , ,, ,d

d t d d t d t d d t d td g H d     (5.46) 

  , , , , ,,d

d t d d d t d t d d t d tg g g        (5.47) 

The inviscid deviatoric damage characterization and the instantaneous elasticity response 

can then be obtained as special cases of the rate-dependent deviatoric damage formulation. These 

special cases and the related algorithmic treatments of visco-damage are addressed in details in 

Chapter 6.  

 

5.2.7 Characterization of Initial-Elastic Strain-Energy Based Volumetric Healing 

Similar to the characterization of volumetric and deviatoric damage in the previous 
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section, we characterize the progressive recovery of mechanical properties of asphalt due to 

healing by means of a simple two-parameter healing mechanism.  

We define the same notion of equivalent volumetric strain 
vξ  as the (undamaged) 

energy norm of the volumetric strain tensor. We also characterize the state of volumetric healing 

in bituminous composite by using a volumetric healing criterion  , ,, 0h

v v t v tr   , formulated in 

the strain space, with the following functional form:  

  , , , ,, 0h

v v t v t v t v tr r t                (5.48) 

Here, v,tr  is the volumetric healing threshold at the current time t . We note that v,tr  will be 

lowered in value due to the incremental volumetric damage (if any) from the previous time step. 

If v,0r  denotes the initial volumetric healing threshold before any volumetric healing occurs, we 

must have v,t v,0r r . It is noted that v,0r  is also considered as a characteristic material property. 

Condition (5.48) then states that healing in the material is initiated when the energy norm of the 

volumetric strain tensor ,v t  is smaller than the initial volumetric healing threshold v,0r . We 

define the evolution of the volumetric healing variable vR  and the volumetric healing threshold 

v,tr , respectively, by the rate equations 

  , , ,,v t v v v t v tR Z R   (5.49) 

 
v vr   (5.50) 

where 0vζ   is a volumetric healing consistency parameter that defines volumetric healing 

loading/unloading conditions according to the Kuhn-Tucker relations 
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    , , , ,0, , 0, , 0h h

v v v t v t v v v t v tr r                     (5.51) 

Conditions (5.51) are also standard for problems involving unilateral constraint. If 

 , ,, 0h

v v t v tr   , the volumetric healing criterion is not satisfied and by conditions (5.51), 

0v  ; hence, the healing rule (5.49) implies that 0vR   and no further volumetric healing 

takes place. If, on the other hand, 0v  ; that is, further volumetric healing is taking place, then 

conditions (5.51) implies that  , ,, 0h

v v t v tr   . In this event, the value of 
v  is determined by 

the volumetric healing consistency condition; i.e. 

    , , , ,, , 0h h

v v t v t v v t v t v vr r           (5.52) 

and v,tr  is given by the expression 

    , ,0 , , 1
( , )

min , minv t v v s vd t
s t

r r r


 
   (5.53) 

where 
 1vd , t

r


 is the value for the current volumetric healing threshold to be numerically 

increased due to the incremental volumetric damage (if any) from the previous time step. 

If  , ,,v v t v tZ R  in condition (5.49) is independent of 
v,tR , the above formulation may be 

rephrased as follows. Let * :G   be such that    *

, , ,/v v t v v t v tZ G     . We shall 

assume that  *

vG   is a monotonic function. A volumetric healing criterion entirely equivalent to 

conditions (5.48) is given by      * *

, , , ,, 0h

v v t v t v v t v v tr G r G     . The flow rule and 

loading/unloading conditions then become 
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  , ,

, ,

,

,
,

h

v v t v t

v t v v t v

v t

r
R r

 
 




 


           (5.54) 

    , , , ,0, , 0, , 0h h

v v v t v t v v v t v tr r                   (5.55) 

 

5.2.8 Characterization of Initial-Elastic Strain-Energy Based Deviatoric Healing 

We ascribe the same notion of equivalent deviatoric strain energy 
d  as the energy norm 

of the deviatoric strain tensor. We also characterize the state of deviatoric healing in asphalt 

mixtures by using a deviatoric healing criterion  , ,, 0h

d d t d tr   , formulated in the strain space, 

with the following functional form: 

  , , , ,, 0h

d d t d t d t d tr r t                (5.56) 

Here, d,tr  is the deviatoric healing threshold at the current time t . We note that d,tr  will be 

lowered in value due to the incremental deviatoric damage (if any) from the previous time step. 

If d,0r  denotes the initial deviatoric healing threshold before any healing occurs, we must have 

v,t v,0r r . It is noted that v,0r  is also considered as a characteristic material property. Condition 

(5.56) then states that deviatoric healing in the material is initiated when the energy norm of the 

deviatoric strain tensor ,v t  is smaller than the initial deviatoric healing threshold d,0r . We define 

the evolution of the deviatoric healing variable 
dR  and the deviatoric healing threshold d,tr , 

respectively, by the rate equations 

  , , ,,d t d d d t d tR Z R   (5.57) 
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d dr   (5.58) 

where 0dζ   is a deviatoric healing consistency parameter that defines deviatoric healing 

loading/unloading conditions according to the Kuhn-Tucker relations 

    , , , ,0, , 0, , 0h h

d d d t d t d d d t d tr r                     (5.59) 

Conditions (5.59) are also standard for problems involving unilateral constraint. If 

 , ,, 0h

d d t d tr   , the deviatoric healing criterion is not satisfied and by conditions(5.59), 0d  ; 

hence, the deviatoric healing rule (5.57) implies that 0dR   and no further deviatoric healing 

takes place. If, on the other hand, 0d  ; that is, further deviatoric healing is taking place, then 

conditions (5.59) implies that  , ,, 0h

d d t d tr   . In this event, the value of 
d  is determined by 

the deviatoric healing consistency condition; i.e. 

    , , , ,, , 0h h

d d t d t d d t d t d dr r           (5.60) 

and d,tr  is given by the expression 

    , ,0 , , 1
( , )

min , mind t d d s dd t
s t

r r r


 
   (5.61) 

where 
 1dd , t

r


 is the value for the current deviatoric healing threshold to be numerically 

increased due to the incremental damage (if any) from the previous time step. 

If  , ,,d d t d tZ R  in condition (5.57) is independent of 
d,tR , the above formulation may 

be rephrased as follows. Let * :dG   be such that    *

, , ,/d d t d d t d tZ G     . We shall 

assume that  *

dG   is a monotonic function. A deviatoric healing criterion entirely equivalent to 
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conditions (5.56) is given by      * *

, , , ,, 0h

d d t d t d d t d d tr G r G     . The flow rule and 

loading/unloading conditions then become 

  , ,

, ,

,

,
,

h

d d t d t

d t d d t d

d t

r
R r

 
 




 


           (5.62) 

    , , , ,0, , 0, , 0h h

d d d t d t d d d t d tr r                   (5.63) 

 

5.2.9 Net (Combined) Effect of the Volumetric Damage and Healing 

Taking the time derivative of Eq.(5.2) would lead to 

 d

v v v
d A A  (5.64) 

As the derivations are based on linearization of the residual functions associated with the 

implicit backward Euler algorithms, the above equation can be expressed in the following 

incremental form for the updated volumetric damage variable:  

 
, 1 , , 1v n v n v nd d d    (5.65) 

In order to calculate the incremental form of volumetric healing variable, the same 

procedure can be applied under the condition of no volumetric damage evaluation because 

volumetric healing does not occur during the volumetric damage process or vice versa. However, 

during the volumetric damage process updated volumetric healing variable can be reduced by a 

ratio of volumetric damage variables since both the volumetric healed area, h

vA , and the 

volumetric damaged area, d h uR

v v vA A A  , are changed. Therefore the updated volumetric 

healing variable would be as follows: 
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  , 1 , , 1 , 1    0v n v n v n v nR R R d       (5.66) 

  , 1

, 1 , , 1

, 1 ,

    0
2

v n

v n v n v n

v n v n

d
R R d

d d



 



  


 (5.67) 

Taking the time derivative of (5.5) would yield   

 
, 1 , , 1

net net net

v n v n v nd d d    

(5.68) 
 

, 1 , 1 , 1 ,

net net

v n v n v n v nd d R d       

 

5.2.10 Net (Combined) Effect of the Deviatoric Damage and Healing 

Taking the time derivative of Eq.(5.7) would lead to 

 d

d d d
d A A  (5.69) 

As the derivations are based on linearization of the residual functions associated with the 

implicit backward Euler algorithms, the above equation can be expressed in the following 

incremental form for the updated deviatoric damage variable:  

 
, 1 , , 1v n v n v nd d d    (5.70) 

In order to calculate the incremental form of deviatoric healing variable, the same 

procedure can be applied under the condition of no deviatoric damage evaluation because 

deviatoric healing does not occur during the deviatoric damage process or vice versa. However, 

during the deviatoric damage process updated deviatoric healing variable can be reduced by a 

ratio of deviatoric damage variables since both the deviatoric healed area, h

dA , and the deviatoric 
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damaged area, d h uR

d d dA A A  , are changed. Therefore the updated deviatoric healing variable 

would be as follows: 

  , 1 , , 1 , 1    0d n d n d n d nR R R d       (5.71) 

  , 1

, 1 , , 1

, 1 ,

    0
2

d n

d n d n d n

d n d n

d
R R d

d d



 



  


 (5.72) 

Taking the time derivative of (5.9) would yield   

 
, 1 , , 1

net net net

d n d n d nd d d    

(5.73) 
 

, 1 , 1 , 1 ,

net net

d n d n d n d nd d R d       

With known , 1

net

v nd  and  , 1

net

d nd  , the updated  fourth-rank damage net tensor can be 

obtained by Eq. (5.13).  

 

5.3 A Conceptual Example 

Let us consider, for conceptual illustration, a system with eight springs as shown in 

Figure 5.3 and perform a series of cyclic conceptual tension-rest periods (Four steps: 

T1-R1-T2-R2) tests on this hypothetical system.  
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Figure 5.3 A system with eight springs 

 

 

This conceptual illustration does not directly imply that volumetric part is in y-direction 

and deviatoric part is in x-direction because volumetric and deviatoric parts are only orthogonal 

in hyperspace. However, vertical and horizontal springs are linearly independent so that they do 

not influence to each other and they are good for the conceptual illustration. Therefore, we use 

the vertical and horizontal springs to represent volumetric and deviatoric systems, respectively, 

and we assume that the vertical and horizontal springs will be broken under vertical and 

horizontal tensions, respectively. Moreover, it is assumed that both damaged springs can be 

healed during rest periods in similar manner. At the first step, vertical and horizontal tensions T1 

are applied on the system and four out of eight springs are assumed to be broken. The volumetric 

and deviatoric damage variables of the system are therefore 2/4 = 0.5 as shown in Figure 5.4(a). 

Next, the system is left for the rest period R1 in step 2 and total two springs are assumed to be 

healed as shown in Figure 5.4(b). Since one of the broken springs is assumed healed, the 

volumetric and deviatoric healing variables of the system are 1/2 = 0.5 and the net volumetric 

and deviatoric damage-healing variables of the system are therefore 1/4 = 0.25. At the third step, 

vertical and horizontal tensions T2 are applied and this time, three springs of vertical springs are 
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assumed to be broken. It is assumed that only two of horizontal springs are broken due to 

horizontal tension. Thus, the net volumetric damage-healing variable of the system is 3/4 = 0.75 

and the net deviatoric damage-healing variable is 0.5. Finally, during the rest period R2 all 

broken springs are completely recovered. The volumetric and deviatoric healing variables of the 

system at this stage are therefore 3/3 = 1 and the net volumetric and deviatoric damage-healing 

variables of the system are therefore all 0. The computations of net

vd and net

dd  by Eq. (5.68) at 

each time step for the system as shown in are listed in Table 5.1 and Table 5.2. The 

characterizations of volumetric and deviatoric damage and healing, as discussed in the previous 

sections, can be considered as the predictor formula in our volumetric and deviatoric 

damage-healing algorithms. Once the associated volumetric and deviatoric damage or healing 

variables are computed at time step n+1 (volumetric and deviatoric damage and healing will not 

occur at the same step), net volumetric and deviatoric damage-healing variables at time step (n+1) 

are finally calculated. More details on algorithms about the coupling of damage and healing are 

provided in details in Chapter 6. 

Table 5.1 Computation of net

vd at different time step 

Step v,n+1d  v,n+1d  v,n+1R  v,n+1R  
net

v,n+1d  
net

v,n+1d  

1 
2

4
 

2

4
 0 0 

2

4
 

2

4
 

2 0 
2

4
 

1

2
 

1

2
 

1

4
  

1

4
 

3 
2

4
 

4

4
 0 

1

3
 

2

4
 

3

4
 

4 0 
4

4
 

3

3
 

4

3
 

3

4
  0 
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Table 5.2 Computation of net

dd at different time step 

Step d,n+1d  d,n+1d  d,n+1R  d,n+1R  
net

d,n+1d  
net

d,n+1d  

1 
2

4
 

2

4
 0 0 

2

4
 

2

4
 

2 0 
2

4
 

1

2
 

1

2
 

1

4
  

1

4
 

3 
1

4
 

3

4
 0 

3

8
 

1

4
 

2

4
 

4 0 
3

4
 

2

2
 

11

8
 

2

4
  0 

 

 

 

(a) System at step 1 (b) System at step 2 

 

 

(c) System at step 3 (d) System at step 4 

Figure 5.4 The associated damage and healing variables of four-spring system at each step 

 

T1

T1

T1T1

R1

T2

T2

T2T2

R2
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5.4 Appendix  

Proposed definition of physical stress tensor without Arrhenius-type temperature term in 

Eq. (5.12) leads to 

 

       

   

 

:

: :

1 1
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3 3
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3

3
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v d
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p d d p
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1 1

1 1

net net

d
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v d

net net net net

v v d d

d

d p d

d d

 
  

 

   

   

s

1 s

σ σ
 

where 
1 1

3 3

net net net

v dd d
 

     
 

D 1 1 I 1 1  and net net net net net

v d p   1 s    

 

Proposed free energy potential for two-parameter formulation (Eq. (5.14)) 

 

   0 0

, , , , , ,

1
(1 ) ( ) (1 ) ( ) : ,

2

vp net net

v d

net net vp vp

v v d d

d d T

d d T
 

      
 



  

v

v

ε e σ q

ε e ε q σ 
 

Take derivative of  , , , , , ,vε e σ q
vp net net

v dd d T , we can obtain 
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Plug in   into the following Clausius-Plank inequality : 0sT       

We can have  
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6. NEW INITIAL STRAIN ENERGY BASED THERMO- 

ELASTOVISCOPLASTIC TWO-PARAMERTER DAMAGE-SELF 

HEALING MODEL FOR BITUMINOUS COMPOSITES – PART 

II: COMPUTATIONAL ASPECTS 

 

6.1 Introduction 

The two-step operator splitting methodology is systematically developed and used for 

the proposed thermo-elastoviscoplastic two-parameter damage-self healing model in Chapter 5. 

In particular, the resulting procedure takes the form of an elastic volumetric and deviatoric 

damage-self healing predictor and net viscoplastic return mapping corrector scheme. In 

sequence, a series of three-dimensional numerically driven simulations by different loading 

processes (loading-unloading-reloading and one cyclic loading) are given for the illustration of 

the variables calculated by the model such as stress-strain curve, volumetric and deviatoric 

damage variables, and two-parameter healing variables. Finally, experimental validations are 

presented for the demonstration of the applicability of proposed two-parameter damage-self 

healing models and algorithms.  
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6.2 Computational Algorithms 

6.2.1 Two-Step Operator Splitting Methodology 

New strain energy based two-parameter damage-self healing models have been proposed 

with the concept of net stress space and damage-self healing process [2][2][5][6][10][11]. In this 

section, the computational algorithms of the proposed formulations by using the two-step 

operator splitting methodology are presented in detail. Eqs. (5.24)~(5.27), (5.37)~(5.40), 

(5.49)~(5.52), and (5.57)~(5.60) in Chapter 5  and (3.46)~(3.50) in Chapter 3 are referred. More 

precisely, the attention is placed on the following local two-parameter elastoviscoplastic 

damage-self healing rate constitutive equations: 

 

su( )
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 (6.2) 

 

From an algorithmic viewpoint, the problem of integrating the evolution Eqs.(6.1) and 

(6.2) reduces to updating the basic variables  , , , ,net net vp,net

v dd d  q  in a manner consistent with 

the proposed damage-self healing models. It is essential to realize that the history of strains 

( )t tsu   is assumed to be prescribed; i.e., a strain-drive computational algorithms. 

Equations of evolution are to be solved incrementally over a sequence of given time steps 

[ , ] , 0,1,2...n n+1t t n R . Therefore, the initial conditions for the governing evolution 

equations are 

    , , , , , , ,
n

net net vp,net net net vp,net

v d n v,n d,n n n
t=t

d d d dσ σ q σ σ q  (6.3) 

In accordance with the notion of operator splitting, we consider the following innovative, 

additive decomposition of the original problem of evolutions in Eq. (6.1) into the 

elastic-damage-healing part and the plastic part as follows: 

It is noted that Eqs. (6.4) and (6.5) do indeed add up to Eqs. (6.1) and (6.2), in agreement 

with the notion of operator split. In the following, we propose two new computational algorithms. 

The first one is consistent with problem (6.4) (the elastic two-parameter damage-self healing 
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predictor) while the second one is consistent with problem (6.5) (the net viscoplastic return 

mapping corrector). In turn, the product algorithm obtained by successive application of these 

two algorithms is consistent with the original problems (6.1) and (6.2). 
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(6.5) 

 

6.2.2 The Elastic Two-Parameter Damage-Self Healing Predictor 

A novel computational algorithm consistent with problems (6.1) and (6.2), referred to as 

the elastic two-parameter damage-self healing predictor in this chapter, is shown in the 

following step-by-step numerical strain-driven procedure. 

Step 1: Strain update: Given the incremental displacement field 1un+ , the strain tensor is 

updated as: 

 
1 1

s
u n+ n n+   (6.6) 

Step 2: Compute the initial (undamaged) elastic volumetric and deviatoric strain energies, , 1v nξ 

and , 1d nξ  ,coupled with Arrhenius-type temperature term 
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where , 1 , 1 11, 1 22, 1 33, 1v n kk n n n nε ε ε ε         and 1 1 , 1

1

3
n n kk n   e ε 1  

Step 3: Update the current volumetric and deviatoric damage thresholds, 1v,n+g and 1d,n+g ,for a 

volumetric and deviatoric damage criteria based on  , 1v nξ  and , 1d nξ   and time 

increment, respectively. 

 If the incremental volumetric healing at the previous time step is larger than zero, 

compute the  ,vh n
g by using a nonlinear saturation type functional evaluation 

   ,
1 bn

vh n
g Q e   and     , , 1vh n vh n

g b Q g n


  . Moreover, determine the  ,dh n
g by 

using a nonlinear saturation type of functional evaluation 
   ,

1 bn

dh n
g Q e  and  

    , , 1dh n dh n
g b Q g n 


   if the incremental deviatoric healing at the previous time 

step is greater than zero.
 

    , 1 ,0 , ,
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max , max
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 v n v v s vh n
s n
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    , 1 ,0 , ,
( , 1)

max , maxd n d d s dh n
s n

g g ξ g
  

   (6.10) 

Step 4: Compute the two-scalar damage predictor 1v,n+d  and 1d,n+d based on , 1v nξ  and , 1d nξ  , 

respectively.  

If , 1v nξ   at the current time step is less than the current volumetric damage threshold 

1v,n+g , no further volumetric damage occurs; set 
1

0
v,n+

d  . However, if , 1v nξ   is larger 

than the current volumetric damage threshold 1v,n+g  , compute the volumetric damage 
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predictor 1v,n+d  by using a nonlinear saturation type of damage functional evaluation. 

Similar to the volumetric part, if , 1d nξ   at the current time step is less than the current 

deviatoric damage threshold 1d,n+g , no further deviatoric damage occurs; set 
1

0
d,n+

d  . 

However, if , 1d nξ   is larger than the current deviatoric damage threshold d,n+1g  , 

compute the deviatoric damage predictor 1d,n+d  by using a nonlinear saturation type of 

damage functional evaluation. Conceptually, if initial defects, damage, or interfacial 

debonding between aggregate and matrix (such as microvoids or microcracks) can be 

observed by nondestructive evaluation (such as by computed tomography), then the 

initial volumetric and deviatoric damage 0vd  and 0dd can be characterized and 

quantified accordingly. Otherwise, the initial volumetric and deviatoric damage 0vd  and 

0dd are set as zero, respectively. 

 
, 1 , , 1v n v n v nd d d    (6.11) 

 
, 1 , , 1d n d n d nd d d    (6.12) 

Step 5: Update the current volumetric and deviatoric healing threshold, 1v,n+r  and 1d,n+r , for a 

healing criterion based on , 1v nξ  and , 1d nξ  .  

 If the incremental volumetric damage at the previous time step is larger than zero, 

compute the  ,vd n
r by using a nonlinear saturation type of functional evaluation. 

Otherwise,  ,vd n
r is zero. Similarly, compute the  ,dd n

r by using a nonlinear saturation 

type functional evaluation if the incremental deviatoric damage at the previous time step 
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is larger than zero. Otherwise,  ,dd n
r is zero.

 

    , 1 ,0 , ,
( , 1)

min , minv n v v s vd n
s n

r r r
  

   (6.13) 

    , 1 ,0 , ,
( , 1)

min , mind n d d s dd n
s n

r r r
  

   (6.14) 

Step 6: Compute the two-parameter healing predictors, v,n+1R  and d,n+1R , based on , 1v nξ  and 

, 1d nξ  . 

If , 1v nξ   at the current time step is larger than the current volumetric healing threshold 

1v,n+r , no further healing occurs; set 
1

0
v,n+

R  . However, if , 1v nξ   is less than the 

current volumetric healing threshold 1v,n+r  , compute the volumetric healing predictor 

1v,n+R  by using a nonlinear saturation type of healing functional evaluation. Analogous 

to the volumetric part, if , 1d nξ   at the current time step is larger than the current 

deviatoric healing threshold 1d,n+r , no further healing occurs; set 1 0d,n+R  . However, 

if , 1d nξ   is less than the current deviatoric healing threshold 1d,n+r  , compute the 

deviatoric healing predictor 1d,n+R  by using a nonlinear saturation type of healing 

functional evaluation. 

  , 1 , , 1 , 1    0v n v n v n v nR R R d       (6.15) 

  , 1

, 1 , , 1

, 1 ,

    0
2

v n

v n v n v n

v n v n

d
R R d

d d



 



  


 (6.16) 

  , 1 , , 1 , 1    0d n d n d n d nR R R d       (6.17) 
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  , 1

, 1 , , 1

, 1 ,

    0
2

d n

d n d n d n

d n d n

d
R R d

d d



 



  


 (6.18) 

Step 7: Compute the incremental two-parameter damage net predictors 1

net

v,n+d  and 1

net

d,n+d  

 
, 1 , 1 , 1 ,

net net

v n v n v n v nd d R d       (6.19) 

 
, 1 , 1 , 1 ,

net net

d n d n d n d nd d R d       (6.20) 

Step 8: Update the incremental two-parameter damage predictor tensor 1v,n+D  and 1d,n+D and 

the damage tensor n+1D  

 
1 1 1

1 1

3 3

net net net

n+ v,n+ d,n+d d  
 

     
 

D 1 1 I 1 1  (6.21) 

 
1 1

net net net

n+ n n+ D D D  (6.22) 

By substituting of the total strain tensor n+1  into the potential for the stress tensor, we 

obtain 

 
 

0
0

1 1

0

1 1

1

n+ n+

trial,net vp,net

n+ n+ n

trial

n+ n






 



σ ε
ε

σ σ σ

q q

 
(6.23) 

 

6.2.3 The Net Viscoplastic Return Mapping Corrector   

To develop an algorithm consistent with the viscoplastic part of the operator split, we first 

check the loading/unloading conditions. 

Step 9: Check for net yielding: 
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The algorithmic counterpart of the Kuhn-Tucker conditions is implemented in terms of 

the elastic two-parameter damage-self healing trial stress; cf. Simo and Ju (1987b), Ju et 

al.(2012b). One simply checks: 

 
1 1

0, elastic -damage - healing predictor = final state
( , )

0, viscoplastic return mapping

trial,net trial

n+ n+

   
f

   

 

 

σ q  (6.24) 

Step 10: Net viscoplastic return mapping corrector:  

In the case of net viscoplastic loading, the predictor stresses and internal variables are 

“returned back” to the net yield surface along the algorithmic counterpart of the flow 

generated by Eq. (6.5). The framework of the radial return algorithm is employed in this 

work.  

Step 11: Update the homogenized (nominal) stress 1n  : 

    1 1 1 1:net net

n n n nTI D   
  
 

    (6.25) 

 

6.3 Applications and Validations 

Firstly, a three-dimensional driver problem based on the developed two-parameter 

damage-self healing mechanism is conducted by the Matlab codes. Thermo-elastoviscoplastic 

two parameter damage-self healing models are demonstrated by using a two-invariant 

Drucker-Prager yield criterion and Perzyna viscoplasticity model. Secondly, for validation of the 

two-parameter damage-self healing models, experimental data obtained by Texas A&M 

University (TAMU) and the North Carolina State University (NCSU) for asphalt mixtures is 

compared with numerical simulations by the proposed thermo-elastoviscoplastic two-parameter 
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damage-healing models.   

 

6.3.1 Three-Dimensional Driver Problem 

Based on the proposed two-parameter thermo damage-healing mechanism, the history of 

homogenized stress, net stress, damage and healing thresholds can be estimated under a specified 

cycle of strain control such as loading-unlading-reloading (LUR) and one complete cycle. 

Elastoviscoplastic model case is studied and presented using the thermo-elastoviscoplastic 

damage-self healing model by adjusting temperature conditions, the yield stresses, the initial 

damage thresholds, and the initial healing thresholds in the Matlab codes. The corresponding 

computational results are presented and discussed in the following. 

 

Thermo-elastoviscoplastic two-parameter damage-self healing model 

Four different scenarios are demonstrated: (1) general LUR, (2) cyclic loading (one 

cycle), (3) temperature effect for LUR, and (4) rest period effect for LUR. For the general LUR 

case, the initial volumetric damage and healing thresholds are set as 0.06 and 0.055, respectively, 

while the initial deviatoric damage and healing thresholds are assumed to be 0.08 and 0.1, 

respectively. The reason these volumetric and deviatoric values are different to each other is that 

the volumetric equivalent strain is different from energy norm of deviatoric strain. 

Drucker-Prager yield function and Perzyan viscoplastic model are chosen for three-dimensional 

demonstration. Moreover, the axial homogenized and net stresses and axial strain are only 

employed for figures. Figure 6.1(a) shows that the decrease in stress under the loading condition 

is observed due to both the evolution of damage and viscoplastic deformation. However, the 



153 

 

stress decreases under the loading because of only viscoplastic deformation only considered in 

net space in Figure 6.1(b). Since we do not consider temperature effect in net space, the net 

stresses at 10 ºC and 20 ºC are the same. On the contrary to the net stresses, the magnitude of the 

homogenized stresses is different due to the use of Arrhenius-type temperature term in physical 

space. According to the experimental data, the magnitude of the normal stress at low temperature 

is higher than one at higher temperature presented in Figure 6.1(a). In Figure 6.1(c), strain goes 

back to certain strain point due to permanent deformation under the unloading condition and the 

reloading starts again after 300 steps. At 20 ºC in Figure 6.1(c), the increase in the slope of the 

stress-strain curve after 300 steps is obviously observed because self-healing lasts for 300 steps, 

while the slope of the stress-strain curve at 10 ºC under the reloading steps is not clearly greater 

than that before 300 steps because the amount of damage at 10 ºC under the loading condition is 

greater and the healing at 10 ºC for 300 steps is smaller than that at 20 ºC. Figure 6.1(d) 

demonstrates the energy norm of the volumetric and deviatoric strain tensors at 10 ºC and 20 ºC. 

Deviatoric equivalent strain is larger than volumetric strain and the energy norm of strain tensors 

at 10 ºC is larger than that at 20 ºC. Figure 6.2 shows the shape and magnitude of damage net, 

damage, and healing variables at each temperature condition. In Figure 6.2(a) and (b), the 

volumetric and deviatoric damage net variables is shown, respectively, and their shapes are 

similar to each other, but the magnitude is different due to difference between equivalent 

volumetric strain and the energy norm of deviatoric strain tensor. Under the loading the damage 

net variables increase with time and are constant under the unloading conditions. For 300 steps 

after completion of unloading, healing occurs so that the damage net variables are reduced by the 

amount of healing. If the energy norm of volumetric strain tensor is greater than healed 
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volumetric damage threshold again, the volumetric damage net variable increases again. 

Similarly, increase in the deviatoric damage net variable is observed under the condition that 

equivalent deviatoric strain is greater than healed deviatoric damage threshold. The magnitude of 

damage net variables at 10 ºC is larger than that at 20 ºC due to the temperature effect. On the 

contrary to volumetric and deviatoric damage net and healing variables, process of volumetric 

and deviatoric damage is assumed to be irreversible and the damage is a monotonically 

increasing function of strain energy norm as shown in Figure 6.2(c) and (d). In Figure 6.2(e) and 

(f), the volumetric and deviatoric healing variables are demonstrated and the amount of healing 

at 10 ºC is lower than that at 20 ºC because of the effect of temperature.  

Figure 6.3 shows one cycle loading case from tension to compression. The initial 

volumetric and deviatoric damage thresholds are the same as LUR case, while the volumetric 

and deviatoric healing thresholds are assumed to be 0.02 and 0.035, respectively. The magnitude 

of homogenized stress at 10 ºC is larger than that at 20 ºC presented in Figure 6.3(a) due to the 

temperature effect. Moreover, reduction in homogenized stress under tensile and compressive 

loading conditions is clearly due to both damage and permanent deformation. Since damage net 

variable is accumulated with time, tensile stress is obviously larger than compressive stress in 

physical space. Figure 6.3(b) represents the history of net stress. Decease in the net stress under 

the tensile and compressive loading is only caused by viscoplastic deformation because the 

effects of temperature and damage-self healing are not included in net space. In Figure 6.3(c), the 

shapes of stress-strain curve are similar to each temperature condition whereas the magnitude of 

homogenized stress at 10 ºC is clearly larger than that at 20 ºC. Figure 6.3(d) demonstrates the 

energy norm of volumetric and deviatoric strain tensor and there is no difference between 
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equivalent tensile and compressive strain.  

Figure 6.4 represents the histories of two-parameter damage net, damage, and healing 

variables for one cycle loading. In Figure 6.4(a) and (b), volumetric and deviatoric damage net 

variables initially increase when the energy norm of volumetric and deviatoric strain tensors 

exceed their damage thresholds, respectively. Under the tensile reloading condition, 

two-parameter damage net variables are constant and decrease with increasing healing variables. 

Increase in volumetric and deviatoric damage net variables is observed again under the 

compressive reloading condition and these variables are eventually constant when the 

compressive unloading starts. Volumetric damage variable is only evolved when the volumetric 

equivalent strain exceeds its threshold under the tensile or compressive loading conditions shown 

in Figure 6.4(c), while volumetric healing is only initiated when there is no damage evolution 

and energy norm of volumetric strain tensor is lower than its healing threshold in Figure 6.4(e). 

The same pattern of deviatoric damage net, damage, and healing variables is observed in Figure 

6.4(d) and (f). Both damage and damage net variables at 20 ºC are lower than those at 10 ºC, 

whereas healing at 20 ºC higher because more healing occurs at higher temperature.  
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(a) Homogenized Stress (b) Net Stress 

  

(c) Stress-Strain (d) Equivalent Strain 

Figure 6.1 Corresponding results of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (10 °C and 20 °C) 
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(a) net

vd  (b) net

dd  

  

(c) vd  (d) dd  

  

(e) vR  (f) dR  

Figure 6.2 Corresponding damage net variables of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (10 °C and 20 °C) 
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(a) Homogenized Stress (b) Net Stress 

  

(c) Stress-Strain (d) Equivalent Strain 

Figure 6.3 Corresponding results of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (10 °C and 20 °C) 
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Figure 6.4 Corresponding damage net variables of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (10 °C and 20 °C) 
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In Figure 6.5, the effect of healing due to different temperature conditions for 300 steps is 

demonstrated. It is assumed that the initial volumetric and deviatoric damage threshold and 

healing threshold are the same as general LUR case. The temperature is set as 20 ºC until the 

completion of unloading (point A). One case increase the temperature to 30 ºC for 300 time steps 

(from point A and B) and the other case do not change temperature condition. Reloading starts 

after 300 time steps (point B). In Figure 6.5(a) increase in homogenized stress (dashed line) at 30 

ºC is observed due to the temperature effect. However, there is no difference between net stresses 

at different temperature because temperature effect, damage, and healing are not included in net 

space. In Figure 6.5(c), the Elastic Young’s modulus at 30 °C is definitely greater than that at 

20 °C after reloading is finished since the bituminous material exposed to 30 °C is partially more 

recovered. The equivalent volumetric and deviatoric strains are the same for two different 

temperatures shown in Figure 6.5(d) because reference temperature is 20 °C for both cases. The 

same fashion of damage net, damage, and healing variables as general LUR is presented in 

Figure 6.6. Since the process of damage and healing is completely independent, damage occurs 

only when healing is not evolved, while healing starts when energy norm is smaller than healing 

threshold and there is no damage evolution. The amount of healing is different due to 

temperature difference for the rest period in Figure 6.6 (e) and (f). Therefore, reduction in 

volumetric and deviatoric damage net variables at 30 °C are greater than these at 20 °C as 

presented in Figure 6.6(a) and (b).  
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(a) Homogenized Stress (b) Net Stress 

  

(c) Stress-Strain (d) Equivalent Strain 

Figure 6.5 Corresponding results of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (30 °C for healing period) 
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(a) net

vd  (b) net

dd  

  

(c) vd  (d) dd  

  

(e) vR  (f) dR  

Figure 6.6 Corresponding damage net variables of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (30 °C for healing period) 
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Figure 6.7 and Figure 6.8 provide the healing effect due to the rest period. The initial 

volumetric and deviatoric damage threshold and healing threshold are assumed to be the same as 

general LUR case. Temperature keeps constant for entire loading condition, whereas rest periods 

are different to each other, 100 steps and 300 steps. In Figure 6.7(a), the homogenized stress at 

the end of reloading for 100 steps is clearly smaller than that for 300 steps. However, the final 

net stresses at different time steps as shown in Figure 6.7(b) are the same. In Figure 6.7(c), it is 

observed that the slope of stress-strain curve after 100 steps is slightly small than 300 steps due 

to the effect of healing. For volumetric and deviatoric damage variables in Figure 6.8(c) and (d), 

the final volumetric and deviatoric damage variables after 100 steps are smaller than these after 

300 steps because more healing makes the damage threshold lower and then more damage can 

occur. However, when the volumetric damage and healing variables are coupled to make 

volumetric damage net variables, they become very close to each other as presented in (a), (c), 

and (e). Similar to the volumetric case, the volumetric damage net variable is the same fashion in 

(b), (d), and (f). This is the main reason the Young’s modulus after 300 steps is slightly higher 

than that after 100 steps. 
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(a) Homogenized Stress (b) Net Stress 

  

(c) Stress-Strain (d) Equivalent Strain 

Figure 6.7 Corresponding results of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (100 steps and 300 steps for healing) 
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Figure 6.8 Corresponding damage net variables of three-dimensional driver problems by 

thermo-elastoviscoplastic damage-self healing model (100 steps and 300 steps for healing) 
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6.3.2 Comparison between Experimental Results and Model Prediction 

The initial energy-based thermo-elastoviscoplastic two-parameter damage-self healing 

mechanism and computational framework proposed in Chapter 5 and previous section are used 

in this section for capturing fundamental behavior of bituminous materials within experimental 

error. In view of the wide scattering in available experimental data for asphalt concrete and the 

present imperfection of experimental techniques, a precise quantitative evaluation of the 

predicting capabilities of a given constitutive model with this two-parameter damage-self healing 

model may not seem to be guaranteed. However, a comprehensive qualitative production of the 

thermo-mechanical behavior of bituminous composites should play a key role in material 

modeling.   

A two-invariant Drucker-Prager yield criterion with Perzyna viscoplasticity model is 

mainly selected and used for model prediction in the net space because it is hydrostatic stress 

dependent and a viscoplastic material. Moreover, non-associative flow rule is employed in the 

model. According to Lemaitre and Chaboche (1990) and Tan et al. (1994), material constant A in 

Drucker-Pracker yield evolves the permanent deformation while B is almost a constant as the 

materials permanently deforms. Therefore, equivalent viscoplastic strain is employed for the 

hardening law. Radial return algorithm [4] summarized in Chapter 3 and 4 is used for the model 

prediction  

In order to validate the proposed two-parameter damage-self healing formulation, the 

experimental data are retrieved from the well-documented experimental program preformed at 

the Texas A&M University (TAMU) and the North Carolina State University (NCSU) [1][7]. 

Because of the limitation of available experimental data, the thermo-elastoviscoplastic 
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two-parameter damage model against the monotonic uniaxial compression tests with different 

strain rates under different temperature conditions is first selected and the elastoviscoplastic 

two-parameter damage-self healing model against the cyclic strain loading control test at 

constant temperature for two different asphalt concretes is chosen for the second verification in 

this section. The proposed thermo-elastoviscoplastic two-parameter damage-self healing model 

is equivalent to the thermo-elastoviscoplastic two-parameter damage model when the damage is 

considered only for monotonic uniaxial tests. As a result, the net space is equal to the effective 

space and volumetric and deviatoric damage net variables are the same as volumetric and 

deviatoric damage variables, respectively. In the case of the second example, the proposed model 

becomes the elastoviscoplastic two-parameter damage-self healing model since the experiment 

was conducted under the only one constant temperature. By comparing these two cases, the 

proposed models well demonstrate capability in predicting the temperature-dependent 

mechanical behavior of bituminous composites. Moreover, the two-parameter damage-self 

healing model better predicts the temperature-dependent mechanical behavior of asphalt concrete 

pavement and is more versatile than isotropic damage-self healing model in Chapter 3 and 4.  

 

TAMU asphalt concrete data 

The experimental data for the following example are taken from the literature paper [1] 

on monotonic uniaxial compression tests of Hot Mix Asphalt. 10 mm Dense Bitumen Macadam 

which is a continuously graded mixture with asphalt binder content of 5.5% and Granite 

aggregates and an asphalt binder with a penetration grade of 70/100 were employed for 

experiments. The diameter and height of cylindrical specimen were 100 mm and 100 mm, 
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respectively, and the specimen was compacted by the gyrator compactor. The tests were 

performed at three different temperature conditions, 10 ºC, 20 ºC, and 40 ºC. The three different 

strain rates were employed from 0.005 1s to 0.00005 1s for 10 ºC and 20 ºC, while for 40 ºC 

only two strain rates, 0.005 1s and 0.0005 1s ,were conducted. The experimental data for 20 ºC 

were considered as reference material properties. The optimal material parameters of the asphalt 

concrete for simulations are obtained from the experimental data by fitting and summarized in 

Table 6.1. 

Table 6.1 The associated bituminous material properties at 20 ºC in simulations 

 10.005 s   10.0005 s    10.00005 s    

Young’s modulus  290,000 (kPa)  130,000 (kPa)  70,000 (kPa)  

Poisson’s ratio 0.35  

Viscosity 244 (kPa/sec)  

Lame constants  250,617 (kPa)  112.345 (kPa)  60,493 (kPa)  

Shear modulus 107,407 (kPa)  48,148 (kPa)  25,925 (kPa)  

Initial volumetric 

damage threshold 
1.8 

Initial deviatoric 

damage threshold 
2.0 

0A  20 (kPa)  

 

 Figure 6.9 presents comparison between the experimental data and computational 

results at two or three strain rates under different temperature conditions. In, the stress in y-axis 

and the strain in x-axis are the stress and the strain in axial direction, respectively. Good 

qualitative and quantitative agreements between the proposed thermo-elastoviscoplastic 

two-parameter damage model and the experimental measurements are clearly observed.  In 

particular, softening behaviors are well predicted as shown in. The volumetric and deviatoric 

damage net variables are equivalent to the volumetric and deviatoric damage variables, 
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respectively, since the monotonic uniaxial compression experimental results were used for 

comparisons. As a result, in Figure 6.10 the two-parameter damage net variables were used for 

the plots. Figure 6.10(a), (c), and (e) represent volumetric damage net variables for each strain 

rate at different temperature conditions, while the deviatoric variables are demonstrated in Figure 

6.10(b), (d), and (f). Since the shapes, magnitudes, and starting points of volumetric variables are 

different from deviatoric values, the thermo-mechanical responses of bituminous composites at 

different strain rates under different temperature conditions are well captured by the proposed 

two-parameter damage-self healing models. For strain rate ( 10.005 s  ) shown in Figure 

6.10(a) and (b), the maximum of volumetric and deviatoric damage net variables is slightly 

above 0.9 at 12% of strain and increase in damage variable is observed with increasing strain. In 

case of 10.0005 s   in Figure 6.10(c) and (d), the highest volumetric and deviatoric damage 

net variables at 10 ºC and 20 ºC are slightly below 0.9 when the strain approaches 12 %, while 

the volumetric and deviatoric damage net variables at 40 ºC are close to 0.7 at 12% of strain. For 

10.00005 s   case presented in Figure 6.10(e) and (f), the maximum of volumetric and 

deviatoric damage net variables are approximately 0.82. At higher temperature, damage for the 

same strain rate is initiated later because since bituminous composites materials become more 

viscous and it definitely lowers the damage level. In addition, the volumetric and deviatoric 

damage at lower temperature start at early stage of strain level. In other words, the asphalt 

concrete pavements are less susceptible to damage at higher temperature because they become 

viscous material properties. The damage net variables are redrawn at the same temperature 

condition as shown in Figure 6.11 for the effect of viscous damage. The damage net clearly 

increases with increasing strain rate. It means that the fast loading causes more damage on 
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bituminous materials. Figure 6.12 demonstrates comparisons between isotropic damage-self 

healing model prediction (blue lines) [2][2] and two-parameter damage-self healing model (red 

line). At 20 ºC, the prediction by two-parameter model is closer to experimental measurements. 

In particular, softening responses after peak point of stress are well predicted for each strain rate. 

Although prediction lines from isotropic and two-parameter damage-self healing models are 

close to experimental results, the latter models slightly well predicts the results of the experiment 

in terms of small gap between computational and experimental results.  
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(a) Stress-Strain ( 10.005 s  ) 

 

(b) Stress-Strain( 10.0005 s  ) 

 

(c) Stress-Strain( 10.00005 s  ) 

Figure 6.9 Comparison between experimental data and model prediction for the uniaxial constant 

strain rate test in compression (
10.005 ~ 0.00005 s  ) 
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(a) net

vd ( 10.005 s  ) (b) net

dd ( 10.005 s  ) 

  

(c) net

vd ( 10.0005 s  ) (d) net

dd ( 10.0005 s  ) 

  

(e) net

vd (
10.00005 s  ) (f) net

dd (
10.00005 s  ) 

Figure 6.10 Damage net variables for the uniaxial constant strain rate test in compression 

(
10.005 ~ 0.00005 s  ) 
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(a) net

vd (10 °C) (b) net

dd (10 °C) 

  

(c) net

vd (20 °C) (d) net

dd (20 °C) 

  

(e) net

vd (40 °C) (f) net

dd (40 °C) 

Figure 6.11 Comparison for damage net variables at constant temperature 
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(a) Stress-Strain ( 10.005 s  ) 

 

(b) Stress-Strain( 10.0005 s  ) 

 

(c) Stress-Strain( 10.00005 s  ) 

Figure 6.12 Comparison between isotropic model and two-parameter model prediction for the 

uniaxial constant strain rate test in compression (
10.005 ~ 0.00005 s  ) 
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NCSU asphalt mixture data  

The experimental measurements for the following comparisons are retrieved from Lee’s 

dissertation [7] on controlled-strain cyclic tension tests of two different asphalt concretes, AAD, 

which has a tendency for cracking and age hardening, and AAM, which is described as a good 

performer with a low temperature susceptibility and potential for a low temperature cracking. 

The dimension of cylindrical specimen was 10.2 cm in diameter and 25 cm in height. The strain 

amplitudes of controlled-strain cyclic tests were 0.0009 and 0.001 for AAD and AAM mixtures, 

respectively, and the frequency of the test was set as 1 Hz. Because of the limitation of 

experimental tension data at different temperatures, the model and experimental results for the 

cyclic strain controlled in tension are compared at only one constant temperature, 25 ºC. 

Although healing theoretically occurs during unloading of the first cycle, it is close to zero 

because the amount of accumulated volumetric and deviatoric damage is small. As the number of 

cycles grows, increase in accumulated volumetric and deviatoric damage results in increase in 

damaged volumetric and deviatoric healing threshold and increase in the amount of volumetric 

and deviatoric healing. Therefore, more volumetric and deviatoric healing can be observed as the 

number of cycles increases. The optimal material parameters of AAD and AAM for simulations 

are also obtained from the experimental data by fitting and summarized in Table 6.2.  
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Table 6.2 The associated asphalt material properties at 25 ºC in simulations 

 AAD AAM 

Young’s modulus  1,300,000 (kPa)  1,200,000 (kPa)  

Poisson’s ratio 0.3  

Viscosity 244 (kPa/sec)  

Lame constants  750,000 (kPa)  692,307(kPa)  

Shear modulus 500,000 (kPa)  461,538 (kPa)  

Initial volumetric 

damage threshold 
0.2 0.15 

Initial volumetric 

healing threshold 
0.17 0.13 

Initial deviatoric 

damage threshold 
0.15 0.15 

Initial deviatoric 

healing threshold 
0.13 0.13 

0A  20 (kPa)  

 

Figure 6.13 demonstrates that the developed elastoviscoplastic two-parameter 

damage-self healing model can well predicts the experimental measurements of the 

controlled-strain cyclic loading tests for AAD and AAM. The use of a two-invariant 

Drucker-Prager yield criterion with Perzyna viscoplasticity model causes that the stress-strain 

curve moves down as increasing cycles. In other words, stress-strain loops for 287th cycle for 

AAD and 1188 cycle for AAM move down from the first cycle loop for each type of bituminous 

materials. In Figure 6.13(c), the computational result (red solid line) well matches the 287th 

cyclic experimental data for AAD when the damage-self healing model is used, while there are 

gaps between the model prediction (blue solid line) and experimental results if damage is only 

considered for simulation. Figure 6.13(d) shows that the numerical result (blue solid line) when 

the damage model is only chosen does not capture the experimental measurements for 1188th 

cyclic loading because the healing is not coupled to the model. The histories of volumetric and 
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deviatoric damage net for AAD and AAM are plotted in Figure 6.13(e) and (f), respectively. The 

shape of these volumetric and deviatoric damage net variables seems to be similar to the 

volumetric and deviatoric damage variables as presented in Figure 6.11. However, enlarging 

volumetric and deviatoric damage net variables shown in Figure 6.14, increase in the volumetric 

and deviatoric damage net variables is observed with increasing volumetric and deviatoric 

damage variables, whiles the volumetric and deviatoric damage net variables decrease when 

equivalent volumetric and deviatoric strains are lower than their volumetric and deviatoric 

healing thresholds, respectively. Because the volumetric damage net is combination of 

volumetric damage and healing variables, there exist many different cases for the same 

volumetric damage net variables so that only volumetric damage net variable is plotted without 

volumetric damage and healing variables shown in Figure 6.13 and Figure 6.14. For the same 

reason, deviatoric damage net variable is only drawn in Figure 6.13 and Figure 6.14. When the 

energy norm of volumetric strain tensor under the reloading exceeds volumetric healed damage 

threshold (point A) in Figure 6.15(a), volumetric damage and volumetric damage net variables 

increase until the end of reloading (B). In Figure 6.15(a), the unloading area is between points B 

and D and the volumetric healing is restarted at point C and damage net variable decreases 

because volumetric healing causes the reduction in volumetric damage net variable. At point D in 

Figure 6.15(a), the reloading begins again and volumetric damage and volumetric damage net are 

constant until it reaches healed damage threshold at point E. We plot volumetric and deviatoric 

damage net variables for comparison between AAD and AAM in Figure 6.15(b) so that it is 

concluded that volumetric and deviatoric damage net variables definitely depend on material 

properties. Figure 6.16 demonstrates comparison between isotropic and two-parameter 
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damage-self healing models. From the comparison, it is noted that there are noticeable 

differences between isotropic model and two-parameter model. In addition, model prediction by 

isotropic model is entirely inside of that by two-parameter model, which is more general and 

realistic, because isotropic model is a special case of two-parameter and volumetric damage is 

not the same as deviatoric damage. For simplification purpose, isotropic model prediction may 

be acceptable under certain circumstance.  
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(a) 1
st
 Cycle (AAD) (b) 1

st
 Cycle (AAM) 

  

(c) 287
th

 Cycle (AAD) (d) 1188
th 

Cycle (AAM) 

  

(e) Damage Net Variable (AAD) (f) Damage Net Variable (AAM) 

Figure 6.13 Comparison between experimental data and model prediction for the cyclic loading 

in tension 
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(a) net

vd  (AAD) (b) net

vd  (AAM) 

  

(c) net

dd  (AAD) (d) net

dd  (AAM) 

Figure 6.14 Enlarged damage net variables 
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(a) Loading Cycle (AAD) (b) Damage Net Variables 

Figure 6.15 Loading cycle for AAD and comparison of damage net variables between AAD and 

AAM 
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(a) 287
th

 Cycle (AAD) 

 

(b) 1188
th 

Cycle (AAM) 

Figure 6.16 Comparison between isotropic model and two-parameter model prediction 
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7. CONCLUSIONS AND FUTURE WORK 

7.1 Conclusions  

In this research, new initial elastic strain energy based thermo-elastoviscoplastic 

isotropic and two-parameter damage-healing models accounting, based on a continuum 

thermodynamic framework, have been developed and implemented for comparisons between 

model predictions and experimental measurements. New initial strain energy based 

thermo-elastoviscoplastic isotropic damage-self healing models and the net stress in conjunction 

with the hypothesis of strain equivalence are introduced in Chapter 3. Chapter 4 presents 

two-step computational algorithms based on the proposed damage-self healing model, as shown 

in Chapter 3 and present several numerical examples of one-dimensional problems and 

experimental validation. new initial strain energy based thermo-elastoviscoplastic two-parameter 

damage-self healing formulations are proposed in Chapter 5. In Chapter 6, the algorithmic 

frameworks by using the proposed two-parameter damage-self healing models are employed for 

predicting the temperature-dependent mechanical behavior of bituminous materials under 

complex loading conditions with different temperatures. The conclusions of this dissertation are 

summarized below: 

1. An Arrhenius-type temperature term is proposed and uncoupled with Helmholtz free 

energy potential to account for the effect of temperature for bituminous composites.  

2. The concept of net space is defined for healing effect because the effective space only 

considers the damage. Moreover, the effective stress and the net stress are equal to each other 

only if either damage variable or healing variable is zero. Otherwise, the effective stress is 
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always greater than the net stress since damage net variable is smaller than the damage variable 

due to the healing effect.  

3. The governing incremental damage and healing evolutions are coupled and characterized 

through the net stress concept in conjunction with the hypothesis of strain equivalence.   

4. New methodology for two-step operator split algorithms is proposed and employed, 

involving the elastic damage-self healing predictor and the net viscoplastic return mapping 

corrector with Arrhenius-type temperature term.  

5. From the comparisons of two sets of experiments and model predictions, it is observed that 

the proposed constitutive models can qualitatively and quantitatively capture the nonlinear 

behavior of bituminous composites under the different loading conditions with the different 

temperatures. In particular, softening responses of the bituminous composites for monotonic 

constant strain tests are reasonably predicted.  

6. From the comparisons between isotropic and two-parameter models, it is noted that there 

are noticeable differences between isotropic model and two-parameter model. In addition, model 

prediction by isotropic model is entirely inside of that by two-parameter model, which is more 

general and realistic, because isotropic model is a special case of two-parameter and volumetric 

damage is not the same as deviatoric damage. For simplification purpose, isotropic model 

prediction may be acceptable under certain circumstance. It is noted that the two-parameter 

model can better predict the thermo-mechanical behavior of asphalt and is more versatile than 

isotropic damage-self healing model.  
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7.2 Future Work 

In this section, we present a plan and lay out a foundation for future research as extension 

of this doctoral dissertation: 

1. More Validation of the Proposed Damage-Self Healing Models: Due to the limitation of 

associated experimental data from the literature, our proposed damage-self healing 

formulations and algorithms have compared with two experimental data sets: (1) the 

monotonic uniaxial compression tests with different strain rates at different temperatures and 

(2) the cyclic strain loading control test at constant temperature for two different asphalt 

materials. In order to enhance the prediction and reliability of the proposed damage-self 

healing models, more validations to the parameters, i.e., damage and healing thresholds, in 

damage and healing evolutions must be performed once the experiment data is available. All 

possible experiments, such as uniaxial test, can be done in environmental chamber to control 

temperature.  

2. Relationship between Poisson’s Ratio and Two-Parameter Parts: For the isotropic model, 

the apparent Poisson’s ratio never changes because the volumetric and deviatoric parts must 

be degraded or healed together and at the same rate. Typically, the Poisson’s ratio changes as 

the number of cycle increases, such that the relationship between the Poisson’s ratio and the 

two-parameter parts must be considered to develop the two-parameter damage-self healing 

model for bituminous materials. The existing data in Chapters 4 and 6 are what we can find 

at this time in this dissertation; we will perform more comparisons in the future when we can 

find more experimental data from the University of California Pavement Research Center or 

other sources.  
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3. Anisotropic Damage-Self Healing Models: Isotropic damage-self healing models can 

extend anisotropic damage-self healing model by using the fourth-order transformation 

tensor because damage and healing can be initiated in an anisotropic manner and propagated 

inside the composite materials. Through the reliable experiments, the parameters in the 

anisotropic model must be identified and the validations have to be performed.  

4. Development of Moisture-Damage (Freeze and Thaw)-Self Healing Model: One of the 

environmental conditions is moisture condition, which must be considered to develop reliable 

constitutive models of mechanical behavior of bituminous composite. Therefore, a series of 

fundamental interlinked investigations have to be studied through experiments and the 

physical theories and their computational frameworks must be proposed for engineers and 

designers.  

5. Application to Self-Healing Composites: In Chapter 2, the self-healing materials describe 

the ability of composite materials with a polymeric-matrix or cementitious matrix to heal 

automatically. Such materials can reduce material degradation with the aid of a healing agent 

by means of chemical interactions. The system can be rehabilitated and the integrity of the 

materials is healed to a certain extent or even their original condition. The proposed 

energy-based thermo-elastoviscoplastic damage-healing models can be modified and applied 

to predict damage-healing and irreversible deformation processes for self-healing composite 

materials.   

6. Continuous Change of Temperature: We are not modeling continuous changes of 

temperatures because the existing experimental data were conducted at constant temperatures. 

However, in order to better predict the thermo-mechanical behavior of asphalt under changes 



189 

 

of temperatures, we must consider continuous changes of temperatures and the corresponding 

thermo-elastic strain ( e T  ) and thermo-viscoplastic strain (thermo-creep) should be 

included in the improved model in the future work.  




